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Machine learning is being increasingly deployed in high-stakes domains such as finance, health-
care, and education, in ways that profoundly impact people’s lives. However, the decision-making
process of these complex black-box models is difficult to understand for human stakeholders such
as auditors, institutions, and end-users, raising questions about their adoption, accountability, and
trust. Regulatory and ethical standards increasingly advocate for reliable and trustworthy explanations
for automated decision-making, particularly in the case of adverse actions and denials. Trustworthy
adoption of machine learning requires more systematic and mathematically rigorous approaches for
explainability, as many existing methods rely on heuristics that may lack consistency. This dissertation
seeks to address emergent challenges in explainable and trustworthy machine learning by developing
novel mathematical frameworks deep-rooted in information-theoretic methods.

An emerging problem in explainability is the problem of robust counterfactual explanations.
Counterfactual explanations (CFEs) guide toward changing the outcome of a model with minimum

input perturbation, e.g., increase your income by 10K to qualify for a loan. However, such CFEs can



often become invalid if the machine learning model is updated even slightly. Models are in fact up-
dated quite frequently, leading to the phenomenon of model multiplicity (also known as the Rashomon
effect), where multiple models with comparable performance make conflicting predictions on the same
input. Such variability can cause previously issued CFEs to become invalid, undermining user trust
and the reliability of algorithmic recourse. To address this challenge, we propose a measure called
Stability, that captures the robustness of CFEs under natural model updates. We develop practical al-
gorithms to generate robust CFEs for neural networks along with theoretical guarantees, providing a
principled foundation for reliable algorithmic recourse in evolving machine learning systems.

Going beyond neural networks, we observe that Tabular large language models (LLMs) are also
affected by model multiplicity after fine-tuning. Such variability in predictions can raise concerns
about the reliability of Tabular LLMs even as they generate interest in critical domains such as fi-
nance for classification with limited labeled data. Interestingly, our stability measure helps quantify
the consistency of individual predictions for Tabular LLMs without expensive model retraining and en-
sembling. Our measure quantifies a prediction’s consistency by analyzing (sampling) the model’s local
behavior around the input in its embedding space. We provide probabilistic guarantees on prediction
consistency across a broad class of fine-tuned models, along with experiments on Tabular LL.Ms.

Expanding our investigation of LLM consistency, we move beyond the classification setting
and explore generative LLMs. In retrieval augmented generation (RAG) systems, users might expect
that paraphrased or reworded queries will yield outputs that convey the same underlying information.
However, existing RAG pipelines often show variability in both the retriever and the generator, under-
mining reliability in high-stakes applications. To address this challenge, we propose a reinforcement-
learning-based approach that improves consistency through group similarity rewards computed over

paraphrased input sets. Our training strategy yields Con-RAG, a reliable RAG system that improves



both consistency and accuracy across several question-answering (QA) benchmarks.

In addition to improving inference-time consistency and robustness, we explore how CFEs can
enhance training-time efficiency in LLMs. We propose CFE-infused Distillation (CoD), a new frame-
work to distill large teacher models into smaller students using few-shot task-specific data by systemat-
ically infusing training data with CFE examples. We provide both statistical and geometric guarantees
motivating this approach, and show empirically that CoD significantly outperforms standard distilla-
tion baselines in few-shot regimes, thus connecting explainability with model compression.

Finally, we turn to another dimension of trust - algorithmic fairness - where we explain fairness
trade-offs using information-theory. We reveal how local fairness (within each client) and global
fairness (across clients) interact under data heterogeneity in distributed and federated learning by using
a new tool in information theory called Partial Information Decomposition (PID). We further unify
classical group fairness notions, e.g., statistical parity, equalized odds, and predictive parity using the
same PID framework, offering a granular understanding of their overlaps and impossibilities.

This dissertation lays the foundational principles for data scientists and policymakers toward

trustworthy Al adoption, reducing reputational and regulatory risks, and fostering user acceptance.
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Chapter 1: Introduction

The growing use of machine learning (ML) in high-stakes applications such as finance, health-
care, and education brings significant performance benefits but also raises concerns around trans-
parency, robustness, and trust [4—7]. As automated decisions shape crucial outcomes, stakeholders
often struggle to understand the reasons behind their predictions. Regulatory and ethical standards
require ML models to offer trustworthy explanations for their decisions. For instance, the U.S. Equal
Credit Opportunity Act (ECOA) mandates lenders to explain credit denials [8], while the EU’s GDPR
upholds the right to explanations, particularly for adverse actions and denials [9]. These explanations
go beyond compliance: they enable individuals to understand, trust, and, if needed, challenge the au-
tomated decisions that impact their lives [10, 11]. This motivates an urgent need for a more rigorous
mathematical perspective on explainable machine learning, as many existing methods rely on heuris-
tics that may lack consistency [10, 11]. This dissertation proposes to address this need by leveraging
information-theoretic methods to meet emergent challenges in explainable ML, providing more reli-
able and fair insights into model decisions for trustworthy adoption of Al. The dissertation statement
is as follows: To address emergent challenges in explainable and trustworthy machine learning by
developing novel mathematical frameworks deep-rooted in information-theoretic methods.

In this dissertation, we start with an emergent problem in explainability — the problem of ro-

bust algorithmic recourse under model multiplicity (see Chapter 2). Model multiplicity, also known



Changed Model

Robust
x Counterfactual

Invalidated
Counterfactual

X Counterfactual

X X
Original Point Original Point

Reject Accept Reject

Region - Region + Region -

Original Model Original Model

Figure 1.1: (left) Original model’s decision boundary: Given a point in the rejected region, a
counterfactual explanation (counterfactual) typically refers to the closest point on the accepted
side. Counterfactual explanations provide guidance on actions for recourse. (right) A slightly
updated model for which the initial counterfactual becomes invalid, leading to reputational risks
and user distrust. A robust counterfactual should remain valid even when the model changes while
maintaining proximity to the original data point.

as the Rashomon effect or predictive multiplicity [12—15], is a phenomenon where multiple, equally
well-performing models can yield conflicting predictions for the same input due to random variations
in the training process, such as seed and random weight initialization. Multiplicity can significantly
affect the robustness of counterfactual explanations which are essentially institutional suggestions for
flipping a model outcome with minimal effort, e.g., increase income by 10K to qualify for a loan (see
Figure 1.1 for illustration). We introduce a new measure called Stability to quantify the robustness of
counterfactuals to model multiplicity, along with theoretical guarantees and practical algorithms to find
robust counterfactuals for neural networks. Going beyond neural networks, we study the robustness
and consistency of predictions under model multiplicity in large language models (LLMs) fine-tuned
for tabular data, a setup that is increasingly generating interest in high-stakes applications such as fi-
nance for classification with limited labeled data (see Chapter 3). Going beyond classification tasks,
we next study the output consistency of generative LLMs under semantically equivalent inputs. We
focus on achieving information consistency, i.e., paraphrased or semantically similar queries should

produce consistent outputs that preserve the underlying informational content (see Chapter 4). In ad-



dition to improving inference-time consistency, we also explore the use of explanations for improving
training-time efficiency. Specifically, we propose the use of counterfactual explanations as tools for
efficient few-shot knowledge distillation of LLMs (see Chapter 5). We leverage CFEs as informative
probes that help student models better approximate teacher decision boundaries under data-scarce set-
tings, supported by theoretical motivations and empirical gains. Finally, we turn to another dimension
of trust - algorithmic fairness - where we investigate the fundamental trade-offs among group fairness
notions in both decentralized (see Chapter 6) and centralized settings (see Chapter 7). In essence,
this dissertation lay the foundational guiding principles for data scientists and policymakers toward
trustworthy Al adoption, reducing reputational and regulatory risks, and fostering user acceptance.
The following sections provide a detailed overview of each chapter and its specific contributions.
Chapter 2: Robust Counterfactual Explanations Under Model Multiplicity. Counterfactual ex-
planations are changes to input features that would alter the prediction of an ML model, providing
actionable insights into how an individual could achieve a desired outcome (algorithmic recourse).
There is an emerging interest in generating robust algorithmic recourse that would remain valid if the
model is updated or changed even slightly (model multiplicity). Towards finding robust counterfac-
tual explanations, existing literature often assumes that the original model m and the new model M
are bounded in the parameter space, i.e., ||Params()/)—Params(m)||<A. However, we observe that
models can often change significantly in the parameter space with little to no change in their predic-
tions or accuracy on the given dataset. In this work, we introduce a mathematical abstraction, termed
naturally-occurring model change, which allows for arbitrary changes in the parameter space such
that the change in predictions on points that lie on the data manifold is limited. We propose a measure
— that we call Stability — to quantify the robustness of counterfactuals to potential model changes for

differentiable models, e.g., neural networks. Our main contribution is to show that counterfactuals
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Figure 1.2: (a) illustrates the process of fine-tuning LLMs for Tabular data using few labeled
examples. (b) demonstrates the concept of finetuning multiplicity. (c) introduces our proposed
local stability measure used to quantify the consistency of individual predictions without requiring
the retraining of multiple models.

with sufficiently high value of Stability as defined by our measure will remain valid after potential
“naturally-occurring” model changes with high probability (leveraging concentration bounds for Lip-
schitz functions of independent Gaussians). Since our quantification depends on the local Lipschitz
constant around a data point which is not always available, we also examine estimators of our pro-
posed measure and derive a fundamental lower bound on the sample size required to have a precise
estimate. We explore methods of using stability measures to generate robust counterfactuals that are
close, realistic, and remain valid after potential model changes.

Chapter 3: Robust Predictions in Tabular LLLMs Under Model Multiplicity. LLMs are increas-
ingly used in high-stakes tabular classification tasks, particularly due to their commendable perfor-
mance in scenarios with limited training data [1]. However, we find that fine-tuning LLLMs on tabular
data can lead to significant multiplicity (see Figure 1.2). This raises critical concerns about the robust-

ness and reliability of Tabular LLMs when deployed in critical applications. This chapter formalizes



Query 2

@[ Why do humans consume water daily? }

Query 1

@[ Why do we drink water every day? }

9 Your body loses water through sweat,
urine, and breathing, and it must be
replaced to maintain bodily functions.

Q Humans consume water every day
'B' mainly to help the kidneys flush out
toxins from the bloodstream.

X Inconsistent: One answer emphasizes general fluid loss, the other focuses on detoxification.

@ RAG System: Llama-3.1-8B. Corps: Wikipedia. Retriever: Intfloat e5 Base-v2.

Figure 1.3: Information Consistency in RAG Systems. Two semantically equivalent queries lead
to different outputs from a RAG system, despite both responses being factually correct. Such
variation may be acceptable in many applications, but in certain domains information consistency
across similar inputs may be required to ensure reliability, user trust, and compliance.

the unique challenge of fine-tuning multiplicity in Tabular LLMs and leverages our stability measure
to quantify the robustness of individual predictions without expensive LLM retraining. Our mea-
sure quantifies a prediction’s robustness by analyzing (sampling) the model’s local behavior around
the input in the embedding space. Interestingly, we show that sampling in the local neighborhood
can be leveraged to provide probabilistic robustness guarantees against a broad class of equally well-
performing fine-tuned models. By leveraging Bernstein’s Inequality, we show that predictions with
sufficiently high robustness (as defined by our measure) will remain consistent with high probability.
We also provide empirical evaluations on real-world datasets to support our theoretical results.

Chapter 4: Information Consistency in Retrieval-Augmented Generation Systems. To expand
our investigation of LLM consistency, we move beyond classification settings and explore generative
LLMs. In retrieval-augmented generation (RAG) systems, users expect that paraphrased or reworded
queries will yield outputs that convey the same underlying information (see Figure 1.3). However,
existing RAG pipelines often violate this expectation due to variability in both the retriever and the
generator (LLM), undermining reliability in high-stakes applications. We formalize this property as

information consistency, defined as the requirement that semantically equivalent inputs produce out-
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Figure 1.4: Intuition behind Counterfactual Explanations for Knowledge Distillation:(a) Teacher
trained on the full dataset with true decision boundary. (b—c) With few-shot supervision, many
classifiers can fit the sparse points; the resulting student boundaries (dashed lines) can vary and
do not always align with the teacher’s boundary (unfaithful distillation). (d) Pairing each point
with its CFE (x, linked to originals) during distillation makes the student match the teacher’s soft
predictions at these points. CFEs act as boundary-near pegs that clamp the student to the teacher’s
decision surface, producing a more faithful distillation even under few-shot budgets.

puts preserving consistent informational content. To analyze and improve this property, we introduce
a principled evaluation framework that decomposes RAG consistency into retriever-level, generator-
level, and end-to-end components, enabling a fine-grained understanding of inconsistency sources. To
improve consistency, we propose Paraphrased Set Group Relative Policy Optimization (PS-GRPO), an
RL method that aligns outputs across paraphrased inputs by assigning group similarity rewards. This
framework yields our Consistent RAG (Con-RAG) system, which produces outputs that remain stable
across semantically equivalent queries and robust to retrieval-induced variability. Empirical evalu-
ations across benchmarks datasets demonstrate that Con-RAG achieves significant improvements in
both consistency and accuracy over strong baselines, even without ground-truth supervision.

Chapter 5: Few-Shot Knowledge Distillation of LLLMs with Counterfactual Explanations. In
addition to improving inference-time consistency and robustness, we explore how CFEs can enhance
training-time efficiency in LLMs. We leverage CFE as a tool for efficient learning, using them as infor-
mative probes for few-shot knowledge distillation of LLMs (see Figure 1.4). Knowledge distillation

aims to transfer capabilities from a high-capacity teacher model to a smaller, resource-efficient student,
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Figure 1.5: Partial Information Decomposition (PID) is used to identify three distinct types of
disparity that contribute to global and local disparity in FL: Unique, Redundant, and Masked Dis-
parity. Venn diagram highlights agreement and disagreement regions of global and local fairness.

but its effectiveness often depends on the availability of large task-specific datasets. In many practical
settings, such data is limited, leading to suboptimal generalization in few-shot regimes. To address
this challenge, we propose Counterfactual-explanation-infused Distillation (CoD), a framework that
systematically infuses CFEs into the distillation training data. By enriching the few-shot training set
with CFEs, CoD enables the student model to better approximate the teacher’s decision boundary with
significantly fewer samples (see Figure 1.4 for intuition). We provide both statistical and geometric
motivations for our approach, and demonstrate empirically that CoD consistently outperforms standard
baselines in few-shot regimes. This work bridges explainability and model compression, showing how
explanations can serve as learning signals for more data-efficient knowledge transfer.

Chapter 6: Explaining Group Fairness Trade-offs and Impossibilities in Distributed Environ-
ments. To further advance the goal of trustworthy ML, we turn to the dimension of fairness. This
chapter presents an information-theoretic perspective to explaining group fairness trade-offs in feder-
ated learning (see Figure 1.5). In federated learning (FL), multiple clients collaboratively train a global
model while keeping their data local, leading to data heterogeneity and uneven representation across
certain groups. Recent works focus on finding models that are fair when evaluated on the entire dataset

across all clients, a concept known as global fairness. E.g., several banks may decide to engage in FL



to train a model that will determine loan qualifications without exchanging data among them. A glob-
ally fair model does not discriminate against any group when evaluated on the entire dataset across all
the banks. On the other hand, local fairness considers the disparity of the model at each client (when
evaluated on a client’s local dataset). Local fairness is important as the models are ultimately deployed
and used locally. Existing works often focus on either global fairness or local fairness, without al-
ways considering their trade-offs. There is a lack of understanding regarding the interplay between
global and local fairness in FL, particularly under data heterogeneity, and if and when one implies
the other. To address this gap, we leverage a body of work in information theory called partial infor-
mation decomposition (PID), which first identifies three sources of unfairness in FL, namely, Unique,
Redundant, and Masked Disparity (see Figure 1.5 for illustration). This decomposition helps us derive
fundamental limits on the trade-off between global and local fairness, highlighting where they agree
or disagree. We introduce the Accuracy and Global-Local Fairness Optimality Problem (AGLFOP), a
convex optimization that defines the theoretical limits of accuracy and fairness trade-offs, identifying
the best possible performance any FL strategy can attain given a dataset and client distribution.

Chapter 7: Explaining Group Fairness Trade-offs and Impossibilities in Centralized Environ-
ments. Having examined fairness trade-offs in distributed and federated settings, we now turn to
the centralized ML, where all data is available in a single location. This chapter introduces a novel
information-theoretic perspective on explaining the relationship between prominent group fairness
notions in machine learning, namely statistical parity, equalized odds, and predictive parity (see Fig-
ure 1.6). It is well known that simultaneous satisfiability of these three fairness notions is usually
impossible, motivating practitioners to resort to approximate fairness solutions rather than stringent
satisfiability of these definitions. However, a comprehensive analysis of their interrelations, particu-
larly when they are not exactly satisfied, remains largely unexplored. Our main contribution lies in
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Figure 1.6: Venn diagram showing the exact relationship between the various unfairness measures
using PID: A critical observation is that all four PID terms are nonnegative. This enables us to de-
rive several fundamental limits and tradeoffs among the unfairness measures, providing a nuanced
understanding of when they agree and disagree.

elucidating an exact relationship between these three measures of (un)fairness by leveraging a body of
work in information theory called partial information decomposition (PID). In this work, we leverage
PID to identify the granular regions where these three measures of (un)fairness overlap and where they
disagree with each other leading to potential tradeoffs.

Bibliographical Overview. The research presented in this dissertation is primarily based on the au-
thor’s first-authored, peer-reviewed publications. Chapter 2 is based on [16, 17], which study the ro-
bustness of counterfactual explanations under model multiplicity. Chapter 3 draws from [18], focusing
on prediction consistency in tabular LLMs. Chapter 4 is based on [19], which investigates information
consistency in retrieval-augmented generation systems. Chapter 5 builds on [20], exploring counter-
factual explanations for few-shot knowledge distillation. Chapter 6 incorporates work from [21, 22],
and Chapter 7 from [23], presenting an information-theoretic analysis of group fairness trade-offs. A

related work on privacy and algorithmic fairness [24] was conducted but omitted from this dissertation.



Chapter 2: Robust Algorithmic Recourse Under Model Multiplicity

2.1 Introduction

Algorithmic recourse [25-27] have garnered significant interest in various high-stakes applica-
tions, such as lending, hiring, etc. Algorithmic recourse aim to guide an applicant on how they can
change a model outcome by providing suggestions for improvement. Given an original data-point
(e.g., an applicant who is denied a loan), the goal is to try to find a point on the other (desired) side
of the decision boundary (a hypothetical applicant who is approved for the loan) which also satisfies
several other preferred constraints, such as, (i) proximity to the original point; (ii) changes in as few
features as possible; and (ii1) conforming to the data manifold. Such a data-point that alters the model
decision is widely referred to as a “‘counterfactual explanation,” as illustrated in Fig. 1.1.

However, in several real-world scenarios, such as credit lending, the models have to be updated
due to various reasons [28-30], e.g., to retrain on a few additional data points, change the hyper-
parameters or seed, or transition to a different model class [31]. Such model changes can often cause
the counterfactuals to become invalid because they are typically close to the decision boundary. For
instance, suppose the counterfactual explanation suggests an applicant to increase their income by
10K to get approved for a loan, and they act upon that, but now, due to updates to the original model,
they are still denied by the updated model (see Fig. 1.1).

If recourse becomes invalid due to model updates, this can lead to confusion and distrust in the

10



use of algorithms in high-stakes applications altogether. Users would typically act on the suggested
counterfactuals over a period of time, e.g., increase their income for credit lending, but only to find
that it is no longer enough since the model has slightly changed (perhaps due to retraining with a
new seed or hyperparameter). This cycle of invalidation and regenerating new counterfactuals can not
only be frustrating and time-consuming for users but also potentially hurt an institution’s reputation.
This motivates our primary question: How to provide theoretical guarantees on the robustness of
counterfactuals to potential model changes?

Towards addressing this question, in this work, we introduce the abstraction of “naturally-
occurring” model change for differentiable models. Our abstraction allows for arbitrary changes in
the parameter space such that the change in predictions on points that lie on the data manifold is
limited. This abstraction is centered on the inherent need for model explanations to remain robust
against variations such as weight initialization or minor adjustments in hyperparameters (changing
seed) [28, 29, 32-35]. Another insightful angle is the concept of machine unlearning, particularly in
light of regulatory frameworks like the GDPR [9]. The right to be forgotten necessitates the removal
of an individual’s data upon request, potentially leading to model updates. These updates could, in
turn, impact the validity of previously issued explanations, thus challenging the balance between the
right to explanation and the right to be forgotten [30].

This abstraction motivates a measure of robustness for counterfactuals that arrives with provable
probabilistic guarantees on their validity under naturally-occurring model change. We also introduce
the notion of adversarial or targeted model change and provide an impossibility result for such model
change. We examine estimators of our proposed measure and derive a fundamental lower bound on the
sample size required to have a precise estimate. Next, by leveraging this estimator, we explore methods
of using stability measures to generate robust counterfactuals that are close, realistic, and remain valid

11



after potential model changes. Our experimental results validate our theoretical understanding and
illustrate the efficacy of our proposed algorithms. We summarize our contributions here:
Abstraction of “naturally-occurring” model change for differentiable models: Existing litera-
ture [28, 29] on robust counterfactuals often assumes that the original model m and the new model M
are bounded in the parameter space, i.e., |[Params()/) — Params(m)||<A. Building on [32] for tree-
based models, we note that models can often change significantly in the parameter space with little
to no change on their predictions or accuracy on the given dataset. To capture this, we introduce an
abstraction (see Definition 2.5), that we call naturally-occurring model change, which instead allows
for arbitrary changes in the parameter space such that the change in predictions on points that lie on the
data manifold is limited. Our proposed abstraction of naturally-occurring model change also has inter-
esting connections with predictive/model multiplicity, also known as, the Rashomon Effect [12, 13].
We also make a clear distinction between our proposed naturally-occurring and adversarial
model change. Under the adversarial model change, we provide an impossibility result (Theorem 2.2)
that given any counterfactual for a model, one can always design a new model that is quite similar to
the original model and that renders that particular counterfactual invalid. However, our focus is on
non-targeted model change such as retraining on a few additional data points, changing some hyper-
parameters or seed, etc. which is captured in “naturally-occurring” model change (see Definition 2.5).
A measure of robustness with probabilistic guarantees on validity: Next, we propose a novel math-
ematical measure — that we call Stability — to quantify the robustness of counterfactuals to potential

model changes. Stability of a counterfactual € R? with respect to a model m(-) is given by:
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where N, . is a set of k points in R? drawn from the Gaussian distribution A/ (, 021,) with I, being the
identity matrix, and -, is the local Lipschitz constant of the model m(-) around x (see Definition 2.6).
Our main contribution is to provide a theoretical guarantee (Theorem 2.3) that counterfactuals
with a sufficiently high value of Stability (as defined by our measure) will remain valid with high
probability after naturally-occurring model changes. In Theorem 2.3, we assume a strict upper bound
|E[Z|M] —E[Z]| < €, where Z = %Ele(m(Xi) — M(X;)). We generalize this by introducing
a probabilistic bound Pr (|E [Z|M] —E [Z]| > ¢) < § (see Corollary 2.1). Further, we characterize
this bound ¢ under the conditions of naturally-occurring model change and specific assumptions about
the expected variability in a data point’s neighborhood (see Assumption 2.1). Leveraging this charac-
terization, we introduce Lemma 2.3, which serves as the foundation for proving Theorem 2.4. This
theorem offers a comprehensive probabilistic guarantee on the validity of counterfactuals with a high
value of Stability (as per our measure) on the data manifold. Our results leverage concentration bounds
for Lipschitz functions of independent Gaussian random variables (see Lemma 2.2).
Estimators of stability and their properties: Since our proposed measure depends on the local Lips-

chitz constant which is not known, we examine two practical estimators: (1) The Stability-Lipschitz es-

(@)= m(w:)|

[le—]

timator ( Definition 2.7) approximates the local Lipschitz constant using 4, = maxy,en, ,
This captures the worst-case variability in the model’s outputs in the neighborhood of x. We derive a
fundamental lower bound on sample size to ensure that the estimator approximates the true stability
within an € error (see Theorem 2.5). (2) We introduce the Stability-Soft estimator (see Definition 2.8)

as a less computationally expensive, albeit less accurate, alternative for estimating stability:
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The first term essentially captures the mean value of the model output in a region around it (higher
mean is expected to be more robust and reliable). The second term captures the local average vari-
ability of the model output around it (lower variability is expected to be more reliable). This intuition
is in alignment with the results in [32] for tree-based models (see Section 2.4.4).

Generating robust counterfactuals using stability: We explore strategies for using stability mea-
sures to generate robust counterfactuals for neural networks. We introduce T-Rex:I (Algorithm 1),
which finds robust counterfactuals that are close to the original data point. T-Rex:I can be integrated
into any base technique for generating counterfactuals to improve robustness. We also propose T-
Rex:NN (Algorithm 2), which generates robust counterfactuals that are data-supported (along the lines
of [32] for tree-based models). We propose a hybrid method T-Rex:Hybrid (Algorithm 3) that focuses
on finding robust counterfactuals on the data manifold, making them more realistic. The hybrid method
employs generative models to learn a latent representation of the data manifold, within which we con-
duct our search for counterfactuals.

Experimental results: We conduct experiments on several benchmark datasets, namely, HELOC [36],
German Credit, Cardiotocography (CTG), Adult [37], and Taiwanese Credit [38] to support our the-
oretical findings (see Section 2.5). Our experiments show that T-Rex:I can improve robustness for
neural networks without significantly increasing the cost, and T-Rex:NN consistently generates coun-
terfactuals that are similar to the data manifold, as measured using the Local Outlier Factor (LOF).
The Local Outlier Factor (LOF) is a popular evaluation metric that assesses the relative isolation of a

data point within their local neighborhood to identify anomalies (see Definition 2.4).
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2.2 Related Works

Counterfactual explanations have seen growing interest in recent years [25, 26, 34]. Regarding
their robustness to model changes, [39—41] argue that counterfactuals situated on the data manifold
are more likely to be more robust than the closest counterfactuals. Later, [32] demonstrate that gener-
ating counterfactuals on the data manifold may not be sufficient for robustness. While the importance
of robustness in local explanation methods has been emphasized [42], the problem of specifically
generating robust counterfactuals has been less explored, with the notable exceptions of some recent
works [28, 29, 32, 33, 43]. In [28], the authors propose an algorithm called ROAR that uses min-max
optimization to find the closest counterfactuals that are also robust. In [43], the focus is on analyt-
ical trade-offs between validity and cost. [33] introduces a method for identifying close and robust
counterfactuals based on a framework that utilizes interval neural networks. [29] propose that lo-
cal Lipschitzness can be leveraged to generate consistent counterfactuals and propose an algorithm
called Stable Neighbor Search to generate consistent counterfactuals for neural networks. Our re-
search builds on this perspective and further performs Gaussian sampling around the counterfactual,
leading to a novel estimator for which we are also able to provide probabilistic guarantees going be-
yond the bounded model change assumption. Furthermore, examining all three performance metrics,
namely, cost, validity (robustness), and likeness to the data-manifold has received less attention with
the notable exception of [32] but they focus only on tree-based models (non-differentiable). Follow-
ing our conference publication, [44] proposed a robust optimization framework to generate provably
robust and plausible counterfactuals for neural networks and proved its soundness, completeness, and
convergence. We also refer to [45] for a survey.

We note that [46, 47] propose an alternate perspective of robustness in explanations (called L-
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stability in [47]) which is built on similar individuals receiving similar explanations. [48-50] focus
on finding counterfactuals that are robust to small input perturbations (noisy counterfactuals). In con-
trast, our focus is on counterfactuals remaining valid after some changes to the model, and providing
theoretical guarantees thereof.

Our work also shares interesting conceptual connections with a body of work on model mul-
tiplicity or predictive multiplicity, also known as the Rashomon effect [12—-15]. [12] suggested that
models can be very different from each other but have almost similar performance on the data man-
ifold. The term predictive multiplicity was suggested by [13] which defined it as the ability of a
prediction problem to admit competing models with conflicting predictions. [14] investigates ways to
leverage model multiplicity beneficially in model selection processes while simultaneously addressing
its concerning implications. [51] offered a framework for measuring predictive multiplicity in clas-
sification, introducing measures that encapsulate the variation in risk estimates over the ensemble of
competing models. [15] unveiled a novel metric, Rashomon Capacity, for measuring predictive mul-
tiplicity in probabilistic classification. Our proposed abstraction of naturally-occurring model change
in this work can be viewed as a fresh perspective on model multiplicity that further emphasizes the

models that are more likely to occur.

2.3  Preliminaries

Let m(-) : RY — [0, 1] denote the original machine learning model that takes a d-dimensional
input value and produces an output probability lying between 0 and 1. The final decision is denoted

by 1(m(z) > 0.5) where 1(-) denotes the indicator function.
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Definition 2.1 (y—Lipschitz). A function m(-) is said to be y—Lipschitz if

im(x) —m(z)| < v|lz — 2| Va2 €R%

Here || - || denotes the Euclidean norm, i.e., for u € R% we have ||u|| = /u? + u2+ ...+ u2. In
Remark 2.2, we also discuss relaxations to local Lipschitz constants from global Lipschitz constants.
We denote the updated or changed model as M(-) : RY — [0, 1] where M is a random entity. We
mostly use capital letters to denote random entities, e.g., M, X, etc., and small letters to denote non-

random entities, e.g., m, x, 7y, n, etc.

Definition 2.2 (Closest Counterfactual C,(z,m)). Given x € R? such that m(z) < 0.5, its closest
counterfactual (in terms of l,-norm) with respect to the model m(-) is defined as a point ¥’ € R? that

minimizes the l, norm ||z — z'||,, such that m(z'") > 0.5.
Cp(x,m) = arg I/Igﬂ?d |z — ||, such that m(z") > 0.5.
o eRd

When one is interested in finding counterfactuals by changing as few features as possible, the
l; norm is used (enforcing a sparsity constraint). These are called sparse counterfactuals [39]. How-
ever, such closest counterfactuals often fall too far from the data manifold, resulting in unrealistic
and anomalous instances, as noted in [26, 34, 39—41, 52]. This highlights the need for generating

counterfactuals that lie on the data manifold.

Definition 2.3 (Closest Data-Manifold Counterfactual C, x(x,m)). Given x € R such that m(x) <

0.5, its closest data-manifold counterfactual C, x(x, m) with respect to the model m(-) and data man-
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ifold X C R is defined as a point ¥’ € X that minimizes the l, norm ||z — 2'||, such that m(z') > 0.5.
Cpx(xz,m) = arg min |z — &'||, such that m(z") > 0.5.
z'e

In order to assess the similarity or anomalous nature of a point concerning the given dataset
S C X, various metrics can be employed, e.g., K-nearest neighbors, Mahalanobis distance, Kernel
density. These metrics play a crucial role in understanding the quality of counterfactual explanations

generated by a model. One metric widely used in literature [32, 39, 40] is the Local Outlier Factor..

Definition 2.4 (Local Outlier Factor (LOF) [53]). For © € S, let Ly(x) be its k-Nearest Neigh-
bors (k-NN) in S. The k-reachability distance rdy, of x with respect to ' is defined by rdy(z,x') =
max{d(z, "), d,(x")}, where di(z') is the distance § between ' and its k-th nearest instance on S.
The k-local reachability density of x is defined by Irdy(x) = |L(z)|(X_ e, @) T (2, 2'))7L. Then,

the k-LOF of x on S is defined as follows:

I Irdg(z')
LOFys(z) = L (2)] Z : Irdi(x)

x'eLy(x

Here, §(x,2') is the distance between two d-dimensional feature vectors. The LOF Predicts —1 for

anomalous points and +1 for inlier points.

In this Chapter, our main goal is to provide probabilistic guarantees on the robustness of counter-
factuals to potential model changes for differential models such as neural networks. Towards achiev-
ing this goal, our objective involves: (i) introducing an abstraction that rigorously defines the class
of model changes that we are interested in; and (ii) establishing a measure, denoted as Rq(z, m), for
a counterfactual = and a given model m(-), that quantifies its robustness to potential model changes.
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Figure 2.1: Models can often change drastically in the parameter space causing little to no
change in the actual decisions on the points on the data manifold.

Here, ® represents the hyperparameters of the robustness measure. Ideally, we desire that the measure
Rg(x,m) should be high if the counterfactual x is less likely to be invalidated by potential model
changes. We seek to provide: (i) theoretical guarantees on the validity of counterfactuals with suffi-
ciently high value of Rg(x, m) with a deeper understanding of the guarantee under various assump-
tions; (i1) various estimators f%cp(x, m) and study fundamental requirements needed to ensure precise
estimates; and (iii) strategies to incorporate our measure into an algorithmic framework for generating

robust counterfactuals that are realistic (on the data manifold) with low cost.

2.4 Main Contributions

In this section, we first introduce our proposed abstraction of naturally-occurring model change
and then propose a novel measure — that we call Stability — to quantify the robustness of counterfactuals
to potential model changes. We derive a theoretical guarantee that counterfactuals that have a suffi-
ciently high value of Stability will remain valid after potential naturally-occurring model change with
high probability. But since our quantification would depend on the local Lipschitz constant around a

data point, which is not known, we also examine estimators of our proposed measure.
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Figure 2.2: Illustrates our proposed abstraction of naturally-occurring model change: The
distribution of the changed model outputs M () (stochastic) is centered around the original
model output m(z). The points specifically lying on the data-manifold acting as anchors
without much change as they exhibit lower variance in model outputs compared to points
outside the manifold. This visualization also connects with the Rashomon effect, encapsu-
lating the diverse yet similarly accurate models that can be learned from a given dataset.

2.4.1 Naturally-Occurring Model Change

A popular assumption in existing literature [28, 29] to quantify potential model changes is to

assume that the model changes are bounded in the parameter space, i.e.,

||Params (M) — Params(m)|| < A for a constant A.

Here, Params()/) denote the parameters of the model M, e.g., weights of a neural network. However,
we note that models can often change drastically in the parameter space causing little to no change in
the actual decisions on the points on the data manifold (see Fig. 2.1 for an example). In this work, we
avoid the bounded-model-change assumption and instead introduce the notion of a naturally-occurring
model change as defined in Definition 2.5. Our abstraction allows for arbitrary model changes such
that the change in predictions on points that lie on the data manifold is limited (see Fig. 2.2).

This abstraction is motivated from the observation that points residing in the data-manifold gen-

erally demonstrate reduced variance in model outputs compared to those outside the manifold. This
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behavior can be attributed to the fact that during training, the model is predominantly exposed to data
points from the data-manifold, leading to higher confidence in its predictions in that regions. Conse-

quently, the model’s behavior for points outside the manifold can be unpredictable (see Fig. 2.3).
Definition 2.5 (Naturally-Occurring Model Change). We make the following assumptions:

1. EIM(X)|X =2| = E[M(xz)] = m(z) where the expectation is over the randomness of M

given a fixed value of X = x € R%

2. Whenever m(x) is ,,-Lipschitz, any updated model M (x) is also v—Lipschitz for some constant
v. Note that, this constant vy does not depend on M since we may define y to be an upper bound

on the Lipschitz constants for all possible M as well as m.

3. Var [M(X)|X = x| = Var[M(z)] = v, which depends on the fixed value of X = x € R

Furthermore, v, is small for x lying on the data manifold X .

Closely connected to naturally-occurring model change is the idea of the Rashomon effect, al-
ternatively known as predictive or model multiplicity. [12, 13, 15, 39] which suggests that models can
be very different from each other but have almost similar performance on the data manifold. Model
multiplicity arises when models trained on the same dataset (with different weight initialization) assign
varying predictions to a given sample. This is mainly because the primary objective of training is to
minimize empirical risk loss. Consequently, several models can be distinctly different (even yielding
opposing predictions) but still maintain comparable accuracy levels. These models are generally more
confident on the data manifold, e.g., > | |[M(z;) — m(z;)| is small when the points z; lie on the

data manifold. Under the naturally-occurring model change, this holds in expectation:
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Theorem 2.1 (Connection to Rashomon Effect). For points x1,...,x, € X (lying on the data-

manifold) under naturally-occurring model change, the following holds:

1 O 1 O
E E;\M(xz)—m(xl)] <\, where V_ﬁizlyxi (2.1)

Rashomon effect [12, 13, 15, 39] or model multiplicity typically refers to the phenomenon of
a diverse models yielding similar accuracy levels on the same dataset. The Rashomon set [15] aims
to characterize the entire set of models whose predictions differ by a small amount with additional
constraints, e.g., models within a certain model class. We adopt a probabilistic stance on model multi-
plicity. Our proposed abstraction of naturally-occurring model change attempts to characterize the dis-
tribution of the models which are more likely to occur naturally rather than the entire set. Theorem 2.1
ties to the Rashomon effect by demonstrating how, under naturally-occurring model multiplicity, dif-
ferent models (despite their varied structures and predictions) can exhibit a surprisingly consistent
performance when evaluating on points lying on the data manifold. This consistency is quantified by
the expectation that the absolute difference in predictions across models is bounded, implying that a
diverse set of models can indeed yield similar accuracy levels on the same dataset. Thus, Definition 2.5

is better suited over boundedness in the parameter space. Proof of Theorem 2.1 is in Appendix A.2.

Remark 2.1 (Adversarial Model Change). In contrast to naturally-occurring model change, we also
introduce adversarial model change (targeted) which essentially refers to a model change that is more

deliberately targeted to make a particular counterfactual invalid.

Theorem 2.2 (Impossibility Under Adversarial Change). Given a model and counterfactual, one can

always design a similar model such that the particular targeted counterfactual can be invalidated.
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The proof, provided in Appendix A.3, shows that there is a new model M (z) = m(x) almost
everywhere except at or around the targeted point 2/, i.e., M (2") = 1 — m(z’). Such a model could
emerge from training with a poisoned data point or as a split model. These scenarios represent ad-
versarial manipulations rather than naturally occurring model variations, and illustrate non-standard

model behaviors that we distinguish from the naturally occurring model changes.

2.4.2 Measure of Robustness of a Counterfactual

Definition 2.6 (Stability). Given a model m(-), the stability of a counterfactual x € R? is defined as:

> (ml@) = Allr = ), (2.2)

xiGNzyk

| =

Ry o2(x,m) =

where N, is a set of k points drawn from the Gaussian distribution N (z,0%1,) and vy is an upper

bound on the Lipschitz constant for all models M (-) under naturally-occurring change.

Our stability measure generalizes to any predictive class, as it can be fundamentally tied to the
confidence of predicting a class (in our case class 1). For cases where a prediction needs to shift from
1 to 0, the concept can seamlessly apply by considering the logits (or softmax outputs) for predicting
class 0. This could also extend to multi-class classification providing logits for each class.

Since obtaining the precise Lipschitz constant for neural networks is a complex task; hence, we
operate under the assumption of a finite upper bound on the Lipschitz continuity for both our original
model and changed models. This assumption might be more likely to hold if all the models belong to
the same model class with roughly similar architectures. Furthermore, in practice models can also be

trained using regularization to prevent their Lipschitz constant from being very high [54].
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Remark 2.2 (Relaxations to local Lipschitz). While we prove our theoretical result (Theorem 2.3) with
the global Lipschitz constant vy, we can relax this to local Lipschitz constants ,, around a given point
x. This is because we sample from a Gaussian centered around the point x and hence mainly capture
the variability around x. So most points will be very close to x but a few points can still lie far away.
Potential extensions of our guarantees could apply to truncated Gaussian and uniform sampling meth-
ods, given their sub-Gaussian properties. This is because Lipschitz concentration inherently extends

to sub-Gaussian random variables [55].

2.4.3 Probabilistic Guarantees on Validity

To justify stability as a measure of robustness for a counterfactual to natural-occurring model

changes, we provide a probabilistic guarantee on the validity of the counterfactual in Theorem 2.3.

Theorem 2.3 (Probabilistic Guarantee). Let X1, Xo, ..., Xy be k iid random variables with distribu-
tion N(z,0%1,) and Z = %Zle(m(Xi) — M(X;)). Suppose |E [Z|M]| — E[Z]]| < €. Then, for any
€ > 2¢, a counterfactual v € X under naturally-occurring model change satisfies:

—ke?
Pr(M(z) > Ry (z,m) — €)> 1 — T ).
M (0) 2 Rea(n) 2 1= exp ()

Probability is over the randomness of both M and X;’s.

This stability metric (see Definition 2.6) is a way to measure the robustness of counterfactuals
that are subject to natural model changes (see Definition 2.5). The first term in the metric, represented
by % Zle m(X;), captures the average model outputs for a group of points centered around the coun-
terfactual x. The second term, represented by ||« — X;||, is an upper bound on the potential difference
in outputs of any new model on the points x and X; (Recall the Lipschitz property of M around the
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point x). Using our measure, the guarantee in Theorem 2.3 can be rewritten as:

??‘IQ

k k
1 —ke?

This form of the inequality allows for the following interpretation of Theorem 2.3: The distance be-
tween the output of the new model on an input z, i.e., M (z), and the average prediction of the neigh-
borhood of the given input by the old model, i.e., + >~ m(X;) is upper bounded by e-corrected, y mul-
tiplied average distance of the datapoints within the neighborhood of the input z, i.e., + > [lz — X;||.
Proof Sketch: The complete proof of Theorem 2.3 is provided in Appendix A.4. Here, we include a
proof sketch. Notice that, using the Lipschitz property of M (-) around x, we have M (z) > M (X;) —

v|lz — X;]| for all X;. Thus,

—~
Na

?rl»—t

a

k k
> 1 D000 sl = Xil) 2 £ 3 0m(X) e = Xl -

=1

?vl>—‘

where (a) holds from Lemma 2.1 with probability at least 1 — exp (ﬁ)

Lemma 2.1 (Deviation Bound). Let X1, X», ..., Xj, ~ N (z,0%1,), Z=1 S (m(X;)—M(X;)), and

|E [Z|M] —E [Z]|<€'. Then, under naturally-occurring change, E [Z] =0. Moreover, for any e>2¢,

—ke?

Proof Sketch: The proof of Lemma 2.1 leverages concentration bounds for Lipschitz functions of
independent Gaussian random variables (see Lemma 2.2). Detailed proof is provided in Appendix A.4.

]
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Lemma 2.2 (Gaussian Concentration Inequality). Let W = (W, Wa, ..., W,,) consist of n ii.d.

random variables belonging to N'(0,02), and Z = f(W) be a ~y-Lipschitz function, i.e., |f(W) —
fWV)| < ~||W — W'||. Then:
Pr(Z —E[Z] > €)<exp (W) forall e > 0. (2.4)

Refer to [56] in p.125. for proof of Lemma 2.2. Our robustness guarantee (Theorem 2.3) states
that Pr(M(z) < Ry ,2(z,m) —€) < exp (ﬁ) under naturally-occurring model change. For

instance, a counterfactual = such that Ry, ,2(x, m) — € is greater or equal to 0.5, then M (x) would also

be greater than 0.5 with high probability. The term exp (g el

W) decays with £.

In Theorem 2.3, we assume the bound |E[Z|M] — E[Z]| < €. In Corollary 2.1, we relax this
assumption to Pr (|E[Z|M] — E[Z]| > €') < 4, i.e., the bound is relaxed to allow a probability of § for
the deviation to exceed €’ (see proof in Appendix A.5). For small §, a high stability measure implies a

high probability of being valid for changed models.

Corollary 2.1. Let X1, X5,..., Xy ~ N(z,0%1,) and Z = %Zle(m(Xi) — M(X;)). Suppose
Pr(|E[Z|M] —E[Z]| > €) < 0. Then, for any € > 2¢€, a counterfactual x € X under naturally-

occurring model change satisfies:

PHM() 2 (o m)=6) 2 (1) (1-exp (g ) ).

Tm "J}/) 202

Probability is over the randomness of both M and X's.

Under certain assumptions, we are able to characterize J. For instance, in Assumption 2.1, we build on

condition (3) of Definition 2.5 by bounding the expected variance around the neighborhood of a point.

26



Assumption 2.1. Let x be a point that lies on the data manifold X. Assume that the random variable
X is drawn from a Gaussian distribution N (x, 0>1;). Under these conditions, we make the following
assumption: Ex[Var(M(X)|X)] = Ex[vx] < «, where « is a small constant. The expectations are

over X, and the variance over M.

This assumption posits that the expected variance of the changed models’ prediction around
the neighborhood is bounded by a small constant a.. Points residing on the data-manifold generally
demonstrate reduced variance in model outputs compared to those outside the manifold since the model
is predominantly exposed to training data points from the data-manifold, leading to higher confidence
in its predictions in those regions (see Fig. 2.3 for illustration).

Leveraging this Assumption 2.1, we introduce Lemma 2.3, which serves as the foundation for
proving Theorem 2.4 which offers a comprehensive probabilistic guarantee on the validity of counter-

factuals with a high Stability value on the data manifold (see Appendix A.5 for proof).

Lemma 2.3. Let X, X, ..., X} ~ N(x,0%1;) on the data-manifold and Z = %Zle(m(Xi) -

M (X;)). Then, for all € > 0, under naturally-occurring model change and Assumption 2.1,

(0%
-

Pr(|E [2|M] — E[E[Z|M]]| > ¢) < 2.5)

[}

Theorem 2.4. Let X1, ..., X}, ~ N (z,0°1,) on the data-manifold and Z=+ S (X)) —M(X5)).

Then, a counterfactual x € X under Assumption 2.1 and naturally-occurring model change satisfies:

Pr(M(z) > Ry,p2(z,m) — €) > (1 . %) (1 — exp <8(i)) .

Ymt)?0?

Probability is over the randomness of both M and Xs.
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Figure 2.3: Effect of stability measure on naturally-occurring model changes: (a) corre-
sponds to the original data distribution and the trained model. (b)-(e) demonstrate some
examples of changed models obtained on retraining with different weight initializations.
One may notice that the model decision boundary is changing a lot in the sparse regions
of the data-manifold (few data-points), possibly violating the bounded-parameter change
assumption but the predictions on the dense regions of the data-manifold do not change
much (in alignment with Rashomon effect). This motivates our proposed abstraction of
naturally-occurring model change which allows for arbitrary changes in the parameter
space with little change in the actual predictions on the dense regions of the data manifold.
(f) demonstrates our proposed measure of stability ]A%MQ (x, m) (high mean model output,
low variability, almost like a Gaussian filter) for which we derive probabilistic guarantees
on validity. In essence, we show that under the abstraction of naturally-occurring model
change, the stability measure captures the reliable intersecting region of changed models
with high probability. In the original model, we observe that certain non-robust regions
(i.e., those caused by overfitting to certain data points in the original model) have higher
local Lipschitz values and variability. Counterfactuals assigned to these regions (even if
m(z) is high) would be invalidated in the changed models. The stability measure, which
samples around a region, penalizes these higher local Lipschitz values.

2.4.4 Estimators of Stability and their Properties

Here, we provide practical estimators of stability measure since true stability (see Definition 2.6)
relies on the Lipschitz constant «y (or the local Lipschitz constant v, around the point x), which is often

unknown. We propose two practical estimators and study their properties.

Definition 2.7 (Stability-Lipschitz Estimator). Let N, j be a set of k points drawn from the Gaussian
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distribution N (x, 021,), the stability (Lipschitz Estimate) of a counterfactual x € R? is defined as:

Ry o2 (z,m) k Z — el — 2i])

xZENI k

[m(x) — m(z;)]

where = max
T el

(2.6)

The Stability-Lipschitz Estimate aims to approximate the local Lipschitz constant 7, through
the term 7,. By design, this estimate focuses on capturing the worst-case variability in the local
neighborhood of the point x.

Insight into the Stability-Lipschitz Relaxation: Through this localized assessment, our estimate offers a
fine-grained, yet computationally feasible, metric for stability. However, the accuracy of this estimate
is closely tied to the number of samples k£ drawn from the local neighborhood of x. In essence, a
sufficient £ is crucial for the robust approximation of the local Lipschitz constant 7,. We formally
address this requirement in Theorem 2.5, where we derive a fundamental lower bound on £ to ensure

that the Stability-Lipschitz estimator approximates the true stability within an e error.

Theorem 2.5 (Fundamental Lower Bound on Sample Size). Let M be a class of all models with

Lipschitz constant vy in domain =T, T|* C R? and bound on the second-order partial derivatives, i.e.,

Ym € M, (%d ‘<wf0rallx€Rdandzy€{12 ,d}. If,
SUP e mE [ ; (x,m) — Rk,ﬂ(ﬂf,m)u < €,
d
4 L [e%¢} .
then k > (Tﬁﬁjﬁ%f >> ,where I'(z) = [~ t*~'e~'dt (Gamma function).

Theorem 2.5 highlights that the estimation of our measure is adversely affected by the curse
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of dimensionality, meaning that as the dimensionality increases, so does the number of samples re-
quired for accurate estimation. This poses a computational challenge, particularly when employing
gradient-based methods to identify robust counterfactuals based on stability metrics. To mitigate this
computational burden, we introduce the Stability-Soft Estimator as a more efficient, albeit less accu-
rate, alternative for estimating stability. To arrive at this estimator, we utilize the Lipschitz property,

specifically, by approximating v, ||x — z;|| with |m(z) — m(z;)|.

Remark 2.3. A reverse statement of Theorem 2.5 would depend on the particular estimation technique.
Estimating the Lipschitz constant is challenging in general, and most estimators tend to underestimate
the true Lipschitz constant. This happens because even if there is a small region of the input manifold
where the model has erratic behavior, the global Lipschitz constant is high and this can be missed in
estimation if there are no samples collected from that small region. Proving a reverse might require
additional assumptions, e.g., the Lipschitz constant is further known to be bounded or has limited

variation which will be explored in future work.

Definition 2.8 (Stability-Soft Estimator). Let N, i be a set of k points drawn from the Gaussian dis-

tribution N (z,0*1y), the stability variance estimator of a counterfactual x € R is defined as follows:

Y (mla) = |m(z) — m(z))).

$i€Nz,k

> =

Rkpz (x,m) =

Properties of Stability Estimators: To gain a deeper understanding of stability, we now consider some
desirable properties of counterfactuals from [32], which proposed these properties for tree-based en-
sembles. The first property is based on the fact that the output of a model m(x) € [0, 1] is expected to

be higher if the model has more confidence in that prediction.
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Property 2.1. For z € RY, a higher m(x) makes it less likely to be invalidated due to model changes.

A high m(z) alone does not guarantee robustness, as local variability around x can make pre-

dictions less reliable, e.g., points with high m(x) near the decision boundary are more vulnerable.

Property 2.2. An x is less likely to be invalidated if neighborhood points (x') have a high m(x').

Counterfactuals may also be more likely to be invalidated if it lies in a highly variable region.

This is because the confidence of the model predictions in that region may be less reliable.
Property 2.3. An x is less likely to be invalidated if model outputs around x have low variability.

We recognize the insights provided by the three axiomatic properties which highlight individual
aspects contributing to robustness. We note that robustness cannot be ascribed to any single property
in isolation. Rather, it is that the collective integration of these properties—high confidence in pre-
dictions (Property 1), the reinforcement of confidence through neighborhood consensus (Property 2),
and low variability in model outputs around a point (Property 3)—is essential for the robustness of a
counterfactual. Our stability measures excel at collectively respecting these properties.

Given a point z, it generates a set of k points centered around x. The first term % Yo Ny (2')
is expected to be high if the model output value m(x) is high for x as well as several points close to
x. But the mean value of m(z’) around a point x may not always capture the variability in that region,
hence, the second term of the stability measure. In the Stability-Lipschitz estimator, the second term
T e N, Jo ||z — 2’ || captures the worst-case variability of the model outputs in the neighborhood of

. The second term of the Stability-Soft estimator, + >~ |m(z) — m(z")|, captures the average

x/ENI)k

variability of the model outputs around z. The variability term is only useful in conjunction with the
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mean term which captures the average confidence in the neighborhood of a given point. This mean
term along with the variability term make up our stability measure. Fig. 2.3 provides an example on a
synthetic dataset to show the effect of our stability measure on naturally changed models realized from

actual experiments by retraining with different weight initializations.

2.4.5 Generating Robust Counterfactuals using Our Proposed Measure: Stability

In this section, we examine several techniques of incorporating our proposed stability measure
for generating robust counterfactuals for neural networks. We first define a counterfactual robustness

test along the lines of [32].
Definition 2.9 (Counterfactual Robustness Test). A counterfactual satisfies test if: Rkpz (x,m) >T.

Closest Robust Counterfactual. We focus on finding a point that satisfies the robustness test. The
threshold value of 7 can be adjusted based on the desired effective validity. Hence, a larger threshold
would likely ensure that the new model, M, remains valid with high probability.

We propose Algorithm 1, T-Rex:I, which incorporates our measure to find robust counterfactuals
on top of any preferred base method for generating counterfactuals. It evaluates the stability of the
generated counterfactual and, if necessary, iteratively updates the generated counterfactual through
a gradient descent process until a robust counterfactual that meets the desired criteria is obtained.
We anticipate that since the robustness measure maximizes the mean value of the model prediction
probabilities, it would steer toward the more favorable region. We also check for m(z.) > 0.5 as
a stopping criterion. An alternative T-Rex variant could start directly from the original instance z,
aiming to find a counterfactual that is both close and robust by integrating multiple (differentiable)

loss functions including a distance metric and our stability measure.
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Algorithm 1 T-Rex:I: Theoretically Robust EXplanations: Iterative Version

Input: Model m(-), Datapoint  with m(z) < 0.5,
Algorithm parameters (k, o2, 1), 7, max_steps).
Generate initial counterfactual x’ using any technique.
Initialize robust counterfactual x. = x’ and steps = 0.
while Rkﬁz (z.,m) < 7 and steps < max_steps do

Compute Ry, 2 (2., m)

Compute gradient Vh}?;wQ (e, m)

Update . via gradient ascent:

Te = Te + NV Ry o2 (20, m)

Increment steps
end while
Output . and exit

Remark 2.4 (Gradient of Stability). In Algorithm 1 and 3, we compute the gradient of Ry, ,2(x, m)
with respect to x (not model m parameters). Such gradients w.r.t. x instead of m are also computed
commonly in adversarial machine learning and also in feature-attributions for explainability. We use
TensorFlow t f.GradientTape for automatic differentiation, which allows for the computation of

gradients with respect to certain inputs.

Robust Counterfactuals on Data Support. In certain cases, it may be desirable to generate coun-
terfactuals from a predefined set of data points (i.e., training dataset S. This is to remove the risk of
producing unrealistic or anomalous results. Hence, we define the Robust Data Support Counterfactual.

Definition 2.10 (Robust Data Support Counterfactual). Given x € R? such that m(x) < 0.5, its robust

nearest neighbor counterfactual C;:%(x, m) with respect to the model m(-) and dataset S is defined as

another point ' € S that minimizes the l, norm ||z — 2'(|, such that m (2') >0.5 and Ry o2 (2, m)>T

The closest data-supported counterfactual serves as a reliable reference, as it inherently has a
high Local Outlier Factor (LOF). We propose Algorithm 2, T-Rex:NN, for finding data-supported
counterfactuals. The algorithm begins by locating the K nearest neighbor counterfactuals to a given
point = within the dataset S. It then iterates through each of these candidates, evaluating them against
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Algorithm 2 T-Rex:NN: Theoretically Robust EXplanations: Nearest Neighbor Version

Input: Model m(-), Datapoint z with m(x)<0.5, Dataset S, Algorithm parameters (K, 02, k, 7).
Let NN, = (2,2}, ..., 2 ) be the K nearest neighbors to = with m(z") > 0.5,
for z; € NN, do

Perform counterfactual robustness test on z:

Check if Ry g2 (2}, m) > 7
if counterfactual robustness test is satisfied: then
Output 2, and exit

end if
end for
Output: No robust counterfactual found and exit

a robustness test, Rk,az (',m) > 7. If a counterfactual meets this criterion, it is considered robust and
the algorithm terminates.
Robust Counterfactuals on Data Manifold. Here, we focus on finding robust counterfactuals on
the data manifold X C R? (realistic samples; see Definition 2.3). We leverage generative models to
learn a lower dimensional latent representation of the data manifold in R! where [ < d. We focus
on the Variational Auto-Encoders (VAEs) [57]. We designate the encoder component of the VAE,
parameterized by 6, as Fy : R — R! which transforms any data point € X into its corresponding
latent variable z € R’. The decoder denoted as G : R! — RY, parameterized by ¢, maps the latent
variable back to the original data space.

Our method uses this latent space learned by a VAE for robust counterfactual search. Given that
the latent space captures the data manifold, searching for counterfactuals in this representation enables
us to discover instances coherent with the intrinsic data distribution and hence more plausible (higher

LOF). The objective is as follows:

2 = arg mziné(m(Gq;(z)), 1) 4+ Mz — Gy(2)|lp — MaRpo2(Gy(2), m).
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Algorithm 3 T-Rex: Hybrid: Theoretically Robust EXplanations: Hybrid Version

Input: Model m(-), Dataset S, Datapoint = with m(x) < 0.5,
Algorithm parameters (k, 0%, 1, 7, A1, Ao, max_steps)
Train VAE encoder Fy(-) and decoder G4(-) with dataset S
Initialize z = Fy(z)
while steps < max_steps do
24 2=V (l(m(Gy(2)), 1) + Milz — Go(2) ||
_)‘ZRk,Uz (G¢(Z)7 m))
steps < steps +1
if m(Gy(2)) > 0.5 and Ry, ,2(Gy(2), m) > 7 then
Return 2/ = G (2) and exit
end if
end while

Return No robust counterfactual found and exit

Here /(-, ) denotes a differentiable loss function (e.g. mean square loss, £(u,v) = (u — v)? or binary
cross-entropy, loss ¢(u,v) = —[vlog(u) + (1 — v)log(1l — w)]) that minimizes the gap between the
prediction and the favorable outcome of 1, and the counterfactual returned is G4(z’). The counterfac-
tual lies in the data manifold since our algorithm obtains the latent encoding of our sample x using the
encoder z = Fy(x). The gradient steps are in the latent space of the encoder to minimize our overall
loss function until we reach a z with robustness threshold Ry, ,2(G4(2), m) > 7 on the desired side of

the decision boundary. The details are in Algorithm 3: T-Rex: Hybrid.

2.5 [Experiments

Here, we present experimental results to demonstrate how our proposed Algorithm 1 & 2 utilizes
our stability measure to generate robust counterfactuals effectively.!
Datasets. We conduct experiments on several benchmark datasets, namely, HELOC [36], German
Credit, Cardiotocography (CTG), Adult [37], and Taiwanese Credit [38]. These have two classes,

with one class representing the most favorable outcome, and the other representing the least desirable

'Implementation is available at https: //github.com/FaisalHamman/TReX-Counterfactuals
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Table 2.1: Experimental results. Comparative results of counterfactual generation methods
across datasets showing that our proposed T-Rex variants achieve higher validity and LOF
while maintaining competitive cost.

11 based o based
Method COST LOF WIVAL. LOVAL. COST LOF WIVAL. LO VAL.
min Cost 0.40 0.49 38.8% 35.2% 0.11 0.75 13.5% 13.5%
8 min Cost+T-Rex:I (Ours) 1.02 0.38 98.2% 98.1% 0.29 0.68 98.5% 98.2%
—  min Cost+SNS 1.20 0.30 98.0% 97.8% 0.31 0.64 97.9% 97.0%
EA ROAR 1.69 0.41 92.6% 91.2% 1.91 0.43 86.3 % 84.8%
NN 1.91 0.80 51.1% 50.3% 0.56 0.80 51.1% 50.3%
T-Rex:NN (Ours) 2.50 0.92 84.0% 84.0% 0.77 0.92 84.0% 84.0%
- min Cost 1.42 0.77 58.8% 56.7% 0.48 0.81 26.6% 26.6%
< min Cost+T-Rex:I (Ours)  4.81 0.72 98.0% 96.5% 1.20 0.75 99.2% 98.7%
E min Cost+SNS 5.71 0.67 97.5% 98.1% 1.44 0.68 99.9% 98.9%
(U_% ROAR 7.63 0.54 96.3% 92.3% 6.81 0.58 87.8% 85.2%
NN 7.05 1.00 95.3% 95.4% 2.50 1.00 95.3% 95.3%
T-Rex:NN (Ours) 10.13  1.00 100% 100% 3.04 1.00 100% 100%
min Cost 0.21 0.94 74.6% 70.2% 0.08 1.00 19.7% 14.1%
- min Cost+T-Rex:I (Ours)  1.11 0.83 100% 98.8% 0.42 0.94 100% 99.7%
= min Cost+SNS 334  -1.00 100% 98.2% 1.07  -1.00 100% 99.3%
“  ROAR 3.68 0.64 98.7% 96.4% 1.35 0.59 98.9% 97.2%
NN 0.39 1.00 70.5% 67.5% 0.15 1.00 70.5% 67.5%
T-Rex:NN (Ours) 222 -0.33 100% 100% 1.00 -0.33 100% 100%

outcome for which we aim to generate counterfactuals. We normalize features to lie between [0, 1].

Performance Metrics. Our metrics of interest are: 1.) Cost: Average [; or [ distance between
counterfactuals 2’ and original points z. 2.) Validity (%): Percentage of counterfactuals that remain
valid under the new model M. 3.) LOF: Predicts —1 for anomalous points, and +1 for inliers. A high
average LOF essentially suggests the points lie on the data manifold and hence more realistic, i.e.,
higher is better (see Definition 2.4). We use an existing implementation to compute LOF from [58].
Methodology. We begin by training a baseline neural network model and find counterfactuals for
data points with true negative predictions. To test the robustness of these counterfactual examples, we
then train 50 new models (M) and evaluate the validity of the counterfactuals under different model

change scenarios, which include: (i) Weight Initialization (WI): Retraining new models using the same
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hyperparameters but with different weight initialization by using different random seeds for each new
model; and (ii) Leave Out (LO): Retraining new models by randomly removing a small portion (1%)
of the training data each time (with replacement) as well as different weight initialization. This can
be justified by the concept of machine unlearning, especially within the context of regulatory frame-
works like the GDPR [9]. The “right to be forgotten” mandates the deletion of an individual’s data
upon request, which may necessitate updates to the model. These updates can affect the reliability of
previously provided explanations, thereby posing a challenge to reconciling the “right to explanation”
with the “right to be forgotten” [30].

Hyperparameter selection. Our findings indicate that higher &£ improves robustness, but comes at
the cost of increased computational cost. Our choice of £=1000 also aligns with practices in the
adversarial robustness literature, where similar trade-offs between performance and computational
feasibility are considered. The value of o> was determined by analyzing the variance of the features.
In the dataset with the features between [0, 1], we found that a value of 0?=0.01 produced good results.
The threshold 7 is a critical aspect of our method and can be adjusted based on the desired effective
validity. A higher 7 value improves validity at the expense of cost. See Appendix A.7 for more details.
Baselines. We compare our approaches with established baselines. First, we find the min Cost (/; and
l3) counterfactual [25] and use it as our base method for generating counterfactuals. We then compare
T-Rex:I to the Stable Neighbor Search (SNS) [29] and Robust Algorithmic Recourse (ROAR) [28].
We evaluate the performance of our Robust Nearest Neighbor (Algorithm 2: T-Rex:NN) against the
Nearest Neighbor (NN) counterfactuals (closest data-support robust counterfactual in Definition 2.10).
We choose a value of 7 to get high validity and compare cost and LOF with baselines.

Results. Results for HELLOC, German Credit, and CTG datasets are in Table 2.1. Observe that the min

Cost counterfactual is not robust to variations in the training data or weight initialization as expected.
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ROAR generates counterfactuals with high validity, albeit at the expense of a higher cost. Our proposed
method, T-Rex:1, significantly improves the validity of the counterfactuals compared to the minimum
cost. The T-Rex:I algorithm achieves comparable validity results to the SNS method for both types of
model changes, and often accomplishes this with lower costs and higher LOF. This can be observed
across all three datasets for both /; and /5 cost metrics. The T-Rex:NN algorithm also significantly
improves the validity of the counterfactuals compared to the traditional Nearest Neighbor (NN) method
and maintains a high LOF, except for the CTG dataset with a low LOF score. This appears to be
an exception rather than the norm, possibly due to the specific characteristics of the CTG dataset
itself. T-Rex:NN shows competitive performance on other datasets, such as the Taiwanese Credit and
Adult datasets (see Appendix A.7). It comes at a price of increased cost, but the counterfactuals are
guaranteed to be realistic since they are data-supported. We observe a lower LOF score on the CTG
dataset. Refer to Appendix A.7 for additional results for Adult and Taiwanese credit datasets.

Ablation. To evaluate the efficacy of our proposed stability measure, we conduct an ablation study
on the German credit dataset. We first evaluate a robustness measure that solely relies on the model’s
prediction of the counterfactual, denoted as r(x’, m) = m(z’). We then examine a measure that only
incorporates the mean, the average predictions for k points sampled from the distribution N (2, 021,),
denoted as 52 (', m) = ¢ sz Ny, m(z;). We compare these with our proposed robustness mea-
sure Rk7a2 (', m), which also takes into account the variability around the counterfactual. The results

of the ablation study, for various 7 thresholds, are summarized in Table A.6 in Appendix A.7.
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2.6 Discussion

We introduce an abstraction called naturally-occurring model change and propose a measure,
Stability, to quantify the robustness of counterfactuals with probabilistic guarantees. We show that
counterfactuals with high Stability will remain valid after potential model changes with high probabil-
ity. We investigate various techniques for incorporating stability in generating robust counterfactuals
and introduce the T-Rex:I, T-Rex:NN, and T-Rex:Hybrid algorithms. We also make a novel conceptual
connection with the body of work on model multiplicity, further emphasizing on the models that are
more likely to occur.

The naturally-occurring model changes rest on assumptions that may not apply to all models
or datasets. Our stability estimators, although practically implementable, lack the same theoretical
guarantees as the initial stability measure. Estimating the Lipschitz constant around a counterfactual
can be computationally demanding, particularly when leveraging gradient descent to optimize stability.
Though generating robust counterfactuals is a key step towards trustworthy Al, it can fall short of other
important factors such as fairness [59-63]. Future research could explore links between robustness
and fairness, improving the estimation of stability, or integrating Stability into training-time-based
approaches for generating robust counterfactuals. Our current framework assumes a continuous space,

but exploring extensions to discrete feature spaces would also be interesting.
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Chapter 3: Prediction Consistency Under Model Multiplicity in Tabular LL.Ms

3.1 Introduction

Large language models (LLMs) are generating significant interest in high-stakes applications,
e.g., finance, healthcare, particularly in few-shot classification scenarios. Since many of these sectors
rely on tabular data, Tabular LLMs (TabLLMs) is emerging as a research priority [64]. Recent studies
have shown that TabLLMs perform commendably in scenarios with limited training data due to their
transfer learning abilities [1, 2, 65-67]. However, these models are often fine-tuned from large pre-
trained models with millions of parameters on small, proprietary datasets [68, 69]. This paucity of
training data and large parameter space introduces arbitrariness and inconsistency across fine-tuned
model variants, raising concerns about their trustworthy adoption in high-stakes applications.

One imminent challenge for TabLLMs is fine-tuning multiplicity, where multiple well perform-
ing models fine-tuned from the same pre-trained LLM under slightly varying conditions (e.g., different
seed, hyperparameters, or minor changes in training data) produce conflicting predictions for the same
inputs. This concept is closely related to predictive multiplicity, often referred to as the Rashomon ef-
fect in the context of decision trees and neural networks [13, 15, 70]. While multiplicity has also been
observed in LLMs for text classification [71], we are particularly interested in fine-tuning multiplicity
in TabLLMs due to their relevance in high-stakes classification tasks. E.g., in areas like finance [72]

and healthcare [73-75], arbitrary and conflicting predictions on the same input under minor model
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variations can lead to confusion, reputational risk, and distrust among stakeholders.

Aside from the inherent need for predictions to be consistent to minor model variations (due to
seed or hyperparameters), TabLLLMs deployed by institutions may also need to be updated for various
reasons, €.g., to retrain on a few additional data points [76], or even remove few data points for privacy.
Regulatory frameworks like the GDPR [9] introduce the right to be forgotten which allows unlearning
an individual’s data upon request, potentially leading to model updates. These model updates could, in
turn, impact previously issued predictions. Fine-tuning multiplicity also paves the way for fairwash-
ing and explanation bias [77-79], making quantifying consistency under fine-tuning multiplicity an
important and practically relevant problem.

Existing approaches to measure multiplicity in machine learning often involve retraining and
ensembling multiple models [13]. However, such approaches can be computationally expensive for
LLMs due to large parameter sizes. This raises a key question: Can we preemptively quantify the
consistency of individual predictions under fine-tuning multiplicity without actual retraining and en-
sembling? To address this question, we propose a novel measure, termed local stability, which lever-
ages the model’s local behavior around each input data point in the embedding space to estimate the

prediction’s susceptibility to multiplicity. Our contributions are summarized as follows:

* Study the intriguing nature of fine-tuning multiplicity in TabLLMs. We first demonstrate that
prediction inconsistency exists when we actually fine-tune several models from the same pre-trained
model, as observed through existing multiplicity measures such as Arbitrariness, Discrepancy, Pair-
wise Disagreement, as well as two of our proposed multiplicity measures, Prediction Variance,
and Range (defined in Section 3.4). We also visualize the decision boundary for several TabLLLMs

fine-tuned for a simple classification task and unravel an interesting “noise” pattern: unlike neural
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network classifiers which typically have locally-smooth decision boundaries, Tabular LLMs show
abrupt and impulsive variations (see Fig. 3.2). Thus, a model having high confidence in a prediction

alone does not guarantee its consistency under fine-tuning multiplicity.

A measure to quantify prediction consistency under fine-tuning multiplicity. We introduce a
novel measure, termed local stability (see Definition 3.5), to quantify the consistency of model
predictions under fine-tuning multiplicity without retraining several models. Given an input x and

a model’s prediction probability for a class ¢, i.e., f.(x) € [0, 1], our measure is Sy, (X, f.) =

%ZXIENXJC (fC<XZ> - |fC(X) - fc(xi>

), where Ny . is a set of k points sampled independently from
a distribution over a hypersphere of radius o centered at x. This measure uses the input’s local
neighborhood (in the embedding space) to inform the local stability, capturing both the mean model

confidence in the neighborhood and the variability in confidence in that region.

Probabilistic guarantees on consistency over a broad class of fine-tuned models. We provide
a theoretical guarantee (see Theorem 3.1) that predictions with sufficiently high local stability will
remain consistent with high probability over a broad range of equally-well-performing fine-tuned
models. To derive this, we make some mild assumptions on the behavior of this fine-tuned model

class (see Assumption 3.1). Our proof leverages Hoeffding’s Inequality (see Lemma B.2).

Experimental results. We show that our Local Stability measure (computed preemptively without
retraining or ensembling) is quite well-aligned with the consistency of data points under actual fine-
tuned multiplicity for several datasets, namely, the German Credit, Bank, Heart, Car, Diabetes,
and Adult datasets [37, 80, 81]. We employ the BigScience TO encoder-decoder model [82] and
Google FLAN-TS5 [83], fine-tuned via the T-Few recipe [69], and LoRA [68]. For each case, we
empirically evaluate the extent of fine-tuning multiplicity, and also study how our local stability
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Figure 3.1: (a) illustrates the process of fine-tuning LLMs for Tabular data using few
labeled examples [1, 2]. (b) demonstrates the concept of finetuning multiplicity. Mod-
els fine-tuned from the same pre-trained LLM under slightly varying conditions, such as
different random seeds, can exhibit comparable performance metrics but may yield con-
flicting predictions for the same input. (c¢) introduces our proposed local stability measure
designed to quantify the consistency of individual predictions without requiring the retrain-
ing of multiple models. By sampling points in a bounded neighborhood around a given
input in the embedding space, the consistency measure Sy ,(x, f) informs a prediction’s
susceptibility to multiplicity.

measure Sy (X, f), (measured only using one model f) can preemptively capture consistency under

fine-tuning multiplicity better than competing measures including prediction confidence alone.

3.2 Related Works

LLM:s for tabular data is a growing area of research [65—67, 84—91]. While neural networks and
gradient-boosted trees perform well with tabular data when ample labeled data is available, their effec-
tiveness drops considerably in data-scarce scenarios. LLMs can leverage their reasoning, in-context
learning, and pre-trained knowledge to maintain strong performance even on tiny tabular datasets [1].

[2] proposes LIFT, a method for adapting LLLMs to non-language classification and regression tasks
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without changing the model architecture or loss function. [1] studies the use of LLMs for zero-shot
and few-shot classification of tabular data and finds that this method outperforms previous deep-
learning-based approaches and is competitive with traditional baselines like gradient-boosted trees.
[73] presents MediTab, a method that uses LLMs to combine different medical datasets, significantly
improving predictions for patient and trial outcomes. Tabular LLMs have also been applied in other
high-stakes domains [72, 74, 75, 92]. [72] presents FinPT, an LLM based approach to financial risk
prediction. We refer to [93] for a detailed survey on LLMs for tabular data.

[70] introduced the idea that models can differ significantly while achieving similar average
performance, known as the Rashomon effect. [13] highlighted the prevalence of arbitrary decisions
in simple classification problems, calling this predictive multiplicity. [94] discuss the harms of pre-
dictive multiplicity and arbitrary decisions. Methods such as TreeFarms [95], CorelsEnum [96], and
RashomonGB [97] provide tools to enumerate models in the Rashomon set for different hypothe-
sis spaces. Efforts to leverage model multiplicity beneficially while addressing its implications have
been explored by [77, 95, 98, 99]. Model multiplicity in fairness and explainability are examined by
[16, 17,29, 32, 39, 100]. [15, 101] offered a framework for measuring predictive multiplicity in ma-
chine learning models, however, this involves retraining several models, with the exception of [102]
who propose a drop-out based approach to explore the Rashomon set for neural networks. Model
multiplicity under fine-tuning has not been extensively studied in TabLLMs. The closest work is [71],
which empirically investigates prediction arbitrariness for text classification (online content modera-
tion). In this work, we isolate and examine a specific form of multiplicity in TabLLMs that focuses
on minor model variations due to fine-tuning from the same pre-trained LLM (see Section 3.4). We
leverage the embedding space of LLMs to preemptively quantify consistency under fine-tuning mul-
tiplicity without expensive retraining (see Section 3.5). There are also other alternate directions in
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robustness literature that have focused on aspects other than multiplicity such as out-of-distribution

generalization, adversarial examples, and uncertainty estimation [103, 104].

3.3 Preliminaries

We consider a classification task for a tabular dataset D = {(x;,y;)}/_,, where each x; is a d-
dimensional feature vector (rows of a tabular input), and each label y; is binary, y; € {0, 1}. We focus
on n-shot classification where a pre-trained model is fine-tuned on a limited number of n examples.
Serialization of Tabular Data for LLLMs. To apply LLMs to tabular data, it is crucial to transform
the data into a natural text format. This process, known as serialization, involves converting the table
rows into a text string that includes both the column names and their corresponding values [1, 2, 65,
105]. The resultant serialized string is combined with a task-specific prompt to form the input for the
LLM. There have been various proposed methods for serialization, and this is still a topic of active
research [105]. Among the serializations we have examined are: list template (a list of column names
and feature values), and text template ( The <column name> is <value> ). The training process
uses the natural-language outputs of the LLM, mapped to valid classes in the target space, as part of
fine-tuning (see Fig. 3.1). To clarify, table values are serialized into serialize(x) and then transformed
into a format understandable by the LLM, tokenize(serialize(x)), which is an embedding. Since these
transformations are one-to-one mappings, we denote the embedded form of input x also as x € X to
represent x in the embedding space. This allows us to simplify the notation and directly use x to refer

to the input values in the embedding space.
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Figure 3.2: Decision boundaries for multiple fine-tuned models of an LLM on synthetic
datasets. We fine-tuned several models by only changing the random training seed. All
models achieve comparable training loss and accuracy, yet they converge to different func-
tions, exhibiting intriguing noisy patterns (a phenomenon absent in models like neural
networks which are typically locally-smooth). Interestingly, these noisy behaviors appear
even in regions where the model is expected to confidently predict a specifc class. Observe
the location and shape of these noisy patterns vary unpredictably across the various fine-
tuned models, making them a possible factor contributing to prediction multiplicity. This
highlights that model predictions alone may be unreliable and motivates our perturbation-
based approach to quantify multiplicity. The last two plots illustrate the local stability
measure applied to model f! across classes 0 and 1, i.e., S(-, f!). The local stability
measure effectively highlights regions where predictions are reliable (indicated by bright
yellow color) and areas where predictions may be unstable.

3.4 Multiplicity in Fine-Tuned Tabular LLMs

Let f(-) = [f1(:), f2(), ..., fe()] : X — AY denote an LLM that performs multi-class clas-
sification over C' classes, where A® is the C-dimensional probability simplex (e.g., softmax out-
puts). Let F denote a broad class of equally-well-performing fine-tuned models (a set of compet-
ing fine-tuned models as measured by the accuracy), i.e, Fs = {f : err(f) < err(fo) + d} where
err(fo) = ~ Zf\il I[fo(x;) # yi] for a reference model f; (with satisfactory accuracy) and test dataset
with N examples. Here, f(x) = arg maxX.c(c] f-(x) denotes the predicted label. This is a set of fine-
tuned models that perform just as well as the reference baseline classifier f,, where § € (0, 1) is the

error tolerance. The appropriate choice of J is application-dependent [13].
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Fine-tuning Multiplicity. We study the nature of multiplicity that arises in LLMs when fine-tuned for
tabular tasks. To illustrate fine-tuning multiplicity, we conduct experiments using synthetic 2D data
(see Fig. 3.2). We fine-tune several competing models using the text template and varying only the
random training seed. We reveal that fine-tuning LLMs on such non-language tasks exhibit noisy and
non-smooth decision boundaries, even in regions where the model is expected to confidently predict
a specific class. We hypothesize that this noisy behavior is likely because LL.Ms are optimized for
capturing complex language structures. When fine-tuned on tabular data tasks, which often involve
both text and numeric values, LLMs leverage their pre-trained knowledge but still exhibits instabilities.
Evaluating Fine-tuning Multiplicity. To evaluate the extent of multiplicity, we introduce specific

empirical metrics that assess how predictions may vary across different fine-tuned models.

Definition 3.1 (Arbitrariness [71]). Arbitrariness over set Fs measures the extent of conflicting pre-

dictions across the model space for a given set of inputs {x1, ...,x,}. It is defined as:
1< A .
As = — I3 ! : i ! i)l 3.1
. n;[f,f € Fsi f(xi) # f'(xi)] 3.1

Arbitrariness generalizes the Ambiguity measure which computes the fraction of points where at
least one model in F; disagrees with a reference model [13]. Abitrariness measures the percentage of
points that receive conflicting predictions from any two models within the set F;. Arbitrariness can

also be defined on a single input, i.e., A(x;) = I[3f, f' € Fs,: f(x;) # f(x:)].

Definition 3.2 (Discrepancy). Discrepancy quantifies the maximum proportion of conflicting predic-

47



tions between a reference model and any competing model in the set:

Ds(fo) = max(~ S (xs) # folx). (32)

fEFs N £

Discrepancy measures the maximum number of predictions that could change if a reference
model is replaced with a competing model. This means that, in practice, altering multiple predictions

requires that all conflicting predictions come from a single competing model.

Definition 3.3 (Pairwise Disagreement [77]). Pairwise Disagreement is the proportion of instances

where pairs of model predictions within the competing set disagree:
1 S .
PDs(x) := FEIZT Z I[f(x) # f(x)]. (3.3)
FFA-D , 2,
JIEFs frEf

Since existing measures of multiplicity focus on predicted labels, we propose two more nuanced

measures that leverage the predicted probabilities of model outputs:

Definition 3.4 (Prediction Variance). PV measures the variability of the model outputs for a given

input x and class c across different models in the set Fj:

1 1 , 9
PVs(x) == 2 > (felx) - Wf;é fo(x))”. (3.4)

feFs

Unlike threshold-based measures, Prediction Variance captures variability in predicted probabil-
ities. We also define Prediction Range to quantify the maximum spread in predicted probabilities:
PRs(x) := maxsecr, f.(x) — minser, f.(x) (also see [101]). For brevity, from now on we use f(x) to

refer to the predicted probability for the specific class of interest (typically the predicted class for x),
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rather than the full vector of probabilities. Thus, f(x) € [0, 1] will be a scalar.

3.5 A Novel Measure to Preemptively Capture Prediction Consistency

Our objective is to define a measure, denoted as S(x, f), for an input x and a given fine-tuned
model f, that would preemptively quantify the consistency of the prediction f (x) over a broad class
of equally-well-performing fine-tuned models. We desire that the measure S(x, f) should be high if
the predictions for the input x is consistent across this broad class of fine-tuned models (see Fig. 3.1).
Candidate Measure: Prediction confidence S(x, f) := f(x). While the prediction probability of
a model f(-) offers insights into its confidence in predicting a given class, they are insufficient for
assessing consistency under fine-tuning multiplicity (see Table 3.2, Fig. 3.3, i.e., data point with high
f(x) or confidence can still be susceptible to multiplicity). In our synthetic data experiments (see
Fig. 3.2), we also observe that noisy behaviors emerge in regions where the model should be confident
in its predictions, leading to conflicting outcomes across various fine-tuned models. This indicates that
relying solely on an input x may not provide a reliable assessment of consistency. To address this, we
propose a perturbation-based approach that leverages the local neighborhood around the input x in the

embedding space, ultimately leading to our measure of local stability.

3.5.1 Proposed Measure: Local Stability

Definition 3.5 (Local Stability). For a given data point x, let f(x) represent the predicted probability

(e.g., softmax logits) from a model f. The local stability is defined as:

Skolx f) =1 S0 o) =1 3 1560 = S0xi)l
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Nyp={x1,Xa,..., %, }CB(x,0)={x'€X|||x' — x|2<0} is a set of k points sampled independently

from a distribution over a hypersphere of radius o centered at x.

Our local stability measure is tied to the confidence in predicting a specific class (i.e., the prob-
ability values derived from softmax logits), and not on the predicted labels. It quantifies the stability
of a model’s predictions using the local neighborhood around an input x. The first term, ¢ > oy, f(xi),

captures the average confidence of the model in this region. The second term, Yo, [f(x) = f(xi)

)

penalizes variability by measuring how much the predictions fluctuate within the neighborhood. By
subtracting this variability from the local average confidence, the measure ensures that high scores are
assigned to predictions with high local neighborhood prediction confidence and low variability. This
formulation is motivated by our observations on synthetic data, where models exhibited irregular, non-
smooth decision boundaries despite high confidence in certain regions (see Fig. 3.2). See App. B.1 for

more intuitions and properties of stability measure.

3.5.2 Theoretical Guarantees on Consistency

We present theoretical insights that motivate our proposed stability measure S}, ,(x, f), in quan-
tifying the consistency of predictions across a broad class of fine-tuned models.

Let f(-; W) represent a target function and f;(-; W) denote a pre-trained model. Parameter-
efficient fine-tuning methods such as Low-Rank Adaptation (LoRA) adds a low-rank updates into the
weight matrices of a frozen pre-trained model to effectively approximate the target function [68]. In
this framework, the fine-tuned model is represented as F'(-; W + AW), where the low-rank weight
updates AW are added to the frozen model. We let the fine-tuned model be a random variable,

F(-; W + AW), where the randomness arises from the distribution of low-rank weights AW € W.
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For clarity, we use capital letters (e.g., F, X;, Z) to denote random variables, while lowercase letters

(e.g., x;, f, €) indicate specific realizations. For brevity, we omit the weight parametrization.

Assumption 3.1. Let f and F denote the target and adapted models, respectively. We assume:
*E[F(X)|X =x] = E[F(x)] = f(x), i.e., F(x) is an unbiased estimator of f(x).

cEx[|F(X) — f(X)|| | F = f] < «, and the expected norm of its gradient Ex[|V(F — f)(X)]| |
F = f] < t, where X is drawn independently from a distribution over the hypersphere B(x, o).

s F and f are twice differentiable with Hessians bounded by L, i.e., |V?F(x)||, ||V2f(x)|| < L.

Our Assumptions are motivated by recent work [106] which provides key theoretical insights
into the expressive power of LoRA adaptation for transformer models. Specifically, we assume that the
fine-tuned model F'(x) is an unbiased estimator of the target function f(x), meaning that across fine-
tuned variations, the expectation of the model remains centered around the true function. Their results
also establish the expected error over a bounded region, Ex[||F(X) — f(X)||F = f] < a. Under
certain conditions, they show the existence of adapter weights AW such that a — 0. Additionally,
we assume that the expected gradient norm is bounded by ¢, implying that while gradients may vary

across fine-tuned models, they remain close to the target function in expectation over a local region.

Theorem 3.1 (Probabilistic Guarantee). Given x, a target model f and stability measure Sy ,(x, F).

Under Assumption 3.1, and for all € > €', where ¢ = 2(a + to) + O(Lo?). We have:

Pr (f(x) > Spo(x,F) —€) > 1 —exp (‘fj) (3.5)

Theoretical Guarantee Interpretation. Our stability measure S(x, f) provides a probabilistic guar-

antee that if a data point x has a sufficiently high local stability score on a random model F', sampled
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from a broad class of equally-well-performing fine-tuned models, then the prediction on the target
model f(x) will be at least S(x, f) — e with high probability. For example, if S(x, f) = 0.8, we can
be confident that f(x) will be at least 0.8 — ¢ with high probability (i.e, the prediction will remain on
the positive predicted side). This implies that high local stability scores are indicative of consistent
predictions. The probability of the bound holding increases exponentially with the sample size k. Con-
versely, a low stability score does not provide significant information about the prediction’s behavior,
as it does not guarantee a lower bound on the prediction.
Goodness of Model Class. The term ¢’ is indicative of the quality or goodness of the fine-tuned model
class. A small € indicates a well-behaved model class, suggesting that different fine-tuned models
produce similar outputs in expectation within the local neighborhood of x even if predictions might
vary for a given data point. Similar behavior is visualized in Figure 3.2, where, despite the presence of
noisy variations in the decision boundaries, the local predictions around a given point remain relatively
consistent across models. This behavior is expected since these models are derived from the same pre-
trained model and trained to achieve similar accuracy on the dataset. In this case, our local stability
measure provides an informative lower bound on the predictions f(x) with a certifiably small gap.
Conversely, a large ¢’ indicates a more erratic model class. In this case, our bound becomes less
informative, and the local stability measure might perform poorly for a given point. We interpret our
results as follows: The model class is not well-behaved; thus, one cannot certify a small gap between
f(x) and our proposed measure. We do not provide guarantees for all types of model changes, as
this would be challenging with only a single model. For example, if fine-tuned models do not achieve
sufficient accuracy, encounter significant variations in hyperparameter choices, or large changes in the
training data, € is likely to be large. Our focus is on multiplicity that arises due to randomness in
training, such as changes in the training seed or minor adjustments in training settings (i.e., a broad
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class of equally-well-performing fine-tuned models). In our evaluations, we do not assume any specific
values for € and consider regular fine-tuned models without imposing any theoretical constraint. The

proof of Theorem 3.1 is provided in App. B.2.

3.6 Experiments

In this section, we experiment across different datasets to (i) quantify the prevalence of fine-
tuning multiplicity in TabLLMs, and (ii) validate the effectiveness of our proposed measure in quanti-
fying the consistency of predictions over a broad range of equally-well-performing fine-tuned models.
Datasets and Serialization. We experiment on the Diabetes [80], German Credit [81], Bank [107],
Heart, Car, and Adult datasets [37], serialized using the Text Template, i.e., tabular entry is converted
into a natural language: The <column name> is <value>. This approach helps align the inputs
with the training distribution of LLMs, enhancing their performance in few-shot scenarios [1, 2].
Models and Fine-tuning Methods. We use the BigScience TO [82] and Google FLAN-TS [83]
encoder-decoder models as our pretrained LLMs. TO is specifically pre-trained for zero-shot gen-
eralization through multitask learning. FLAN-TS is instruction fine-tuned on a diverse range of tasks,
achieving strong performance in few-shot settings. These make both models well-suited for our ex-
periments. For fine-tuning, we adopt the T-Few recipe [69], known for its effectiveness in few-shot
learning, and LoRA [68]. Detailed setup can be found in App. B.3.

Evaluating Extent of Fine-tuning Multiplicity. We measure the extent of fine-tuning multiplicity
across the various datasets and fine-tuning methods, we use the multiplicity evaluation metrics (see
Section 3.4). To evaluate these multiplicity metrics across our datasets, we fine-tune 40 models on

Tfew recipe and LoRA using different random seeds and test on a sample set.
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Table 3.1: Evaluated Multiplicity for Different Datasets and Number of Shots on BigScience TO.
Evaluated on 40 fine-tuned models on T-Few recipe using different random seeds. Multiplicity ob-
served in predictions across different fine-tuned model, even when models exhibit similar accuracy
(in this setting & = 0.02). Fine-tuning using LoRA achieves results in the same ballpark (see LoORA
Table B.1 in App. B.3)

Dataset No. Multiplicity Evaluation Metrics (BigScience T0)

Shots Arbit. Disc. Avg. Pair. Avg. Pred. Avg. Pred. Avg. Model
Disag. Variance Range Accuracy

64 10% 9% 7% 0.01 0.10 83%
Adult 128 10% 7% 8% 0.01 0.10 84%
512 11% 8% 7% 0.01 0.12 85%
64 18% 10% 6% 0.01 0.20 71%
German 128 17% 11% 6% 0.01 0.16 71%
512 23% 12% 7% 0.02 0.23 72%
64 29% 18% 10% 0.04 0.31 71%
Diabetes 128 13% 17% 11% 0.03 0.13 2%
512 16% 16% 10% 0.02 0.18 78%
64 11% 9% 6% 0.01 0.31 66%
Bank 128 15% 8% 7% 0.03 0.22 75%
512 14% 8% 7% 0.02 0.16 81%
64 6% 4% 2% 0.01 0.05 78%
Heart 128 9% 4% 3% 0.01 0.10 83%
512 18% 1% 5% 0.01 0.19 82%
64 19% 10% 6% 0.01 0.18 81%
Car 128 16% 7% 5% 0.01 0.14 86%
512 8% 4% 2% 0.01 0.09 94%

* We evaluate multiplicity on the BigScience T0O model fine-tuned using 7-Few (see Table 3.1).

* We evaluate multiplicity on BigScience T0 fine-tuned using LoRA (see Table B.1 in App. B.3).

* We evaluate multiplicity on FLAN-T5 model fine-tuned using 7-Few (see Table B.2 in App. B.3).
Comparing Local Stability Measure to Evaluated Multiplicity. We assess the utility of our pro-
posed stability measure Sy ,(x, f) in informing the presence of fine-tuning multiplicity. This utility
is measured using the Spearman correlation coefficient (see Definition B.1), between our stability
Sk.o(x, f) (estimated on just one model) and the evaluated multiplicity (evaluated on several finetuned
models), e.g., Spearman(S ,(x, f), PVs(x)) across the test set. Here, our local stability measure is
taken with respect to the model’s predicted class for f(x).

Baselines. For comparison, we include the following baselines: 1) Prediction probability f(x) which
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Figure 3.3: Evaluated multiplicity (assessed on 40 retrained models) versus our stability measure,
predicted probabilities, and drop-out method (evaluated on one model) for the 128-shot setting on
the Adult dataset. The plots demonstrate that high local stability values correspond to low multi-
plicity across various multiplicity evaluation metrics. Also, observe that high predicted probability
values (i.e., high prediction confidence) do not imply low multiplicity. Our stability measure pro-
vides better insight into the multiplicity of predictions compared to the predicted probabilities or
drop-out prediction. App. B.3 for visualizations on other datasets.

measures the confidence of the model in predicting a given class. 2) Binary Drop-Out Method [102]:
Since there are no other baselines, we adapt this Drop-out method for TabLLMs. This method drops
random weights of the model to explore models in the Rashomon set (i.e., set of competing models)
without retraining several models. For a fair comparison, we compare our method (sampling k points
in the neighborhood of our data point in the embedding space, and computing the local stability mea-
sure) to theirs (averaging the predictions of £ models with different dropped-out weights). Note that
these require the same number of inferences, hence complexity for both methods are around the same.
Here are the experiments we conducted:

* We plot the evaluated multiplicity against our stability measure, predicted probabilities, and the drop-
out method. See Figure 3.3 for illustration on the Adult 128 shot (BigScience TO model). For other
dataset refer to Figure B.2, B.3, B.4 in App. B.3.

* We compute the absolute spearman correlation between the stability measures and various multiplic-
ity evaluation metrics (128-shot setting on all datasets presented in Table 3.2). Results on BigScience
TO model with 64 and 512 shots are presented in Table B.3 in App. B.3. Results for FLAN-TS model

are presented in Table B.4 in App. B.3.
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Table 3.2: Absolute Spearman Correlation between the stability measure and various multiplicity
evaluation metrics for 128 shots on the datasets. In most cases, our stability measure Sy, ,(z, f)
shows a higher correlation with these multiplicity measures compared to predicted probabilities
and drop-out method, indicating that the stability measure Sy, ,(z, f) better informs about the mul-
tiplicity than other measures. See full Table B.3 with 64 and 512 shot cases in App. B.3.

Dataset Number Measure Arbit. Pairwise Prediction Prediction

of Shots Disag. Variance Range

Pred. Prob.  0.67  0.62 0.30 0.54

Adult 128 Drop-out 074 083 0.69 0.81
Stability ~ 0.80  0.96 0.84 0.91

German g Pred Prob. 057 057 0.86 0.86
Drop-Out  0.50 0.56 0.74 0.84

Stability =~ 0.54  0.54 0.87 0.87

. Pred. Prob. 0.8  0.93 0.93 0.95
Diabetes 128 'y hout 089 092 0.92 0.94
Stability =~ 092 095 0.93 0.95

Pred. Prob.  0.54  0.57 0.73 0.62

Bank 28 propout 062 0.70 0.75 0.51
Stability 079 0.84 0.87 0.86

Heart g Pred.Prob. 061 046 0.50 0.26
Drop-Out  0.64 0.76 0.74 0.83

Stability ~ 0.89  0.90 0.97 0.87

Cat lpg  Pred.Prob. 056 026 0.29 0.01
Drop-Out  0.63  0.66 0.57 0.52

Stability 097 091 0.93 0.94

Ablations and Hyperparameter Selection. Theorem 3.1 indicate that increasing the sample size k
exponentially improves the probability that the stability guarantee holds. However, this also increases
the computational cost of model inference. We use £ = 30, the maximum number that fits into one
inference pass on the GPU.

For the neighborhood radius o, we sampled perturbed points from a truncated Gaussian distri-
bution with a variance of 0.01, which consistently performed well across all experiments. To guide the
choice of o, we suggest the following data-driven approach. (1) Compute Pairwise Distances: For all

training samples, calculate the median distance d,,.; between each point and its k-nearest neighbors
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(e.g. £ = 5) in the embedding space. (2) Set o as a fraction of d, .4 (€.g., 0 = 0.1d,,.q). This captures
the natural scale of the data while ensuring perturbations stay within the local neighborhood. This mir-
rors neighborhood-scale hyperparameters used in clustering, kernel methods [108, 109], and certified
robustness [110, 111], which similarly rely on training data pairwise distances to set their parameters.
We used error tolerance 0 = 0.02 ( 2% margin of accuracy deviation). Evaluating multiplicity by
refining multiple models is computationally expensive. Thus, we limited our study to 40 models. For
the drop-out rate in the baseline, we use p = 0.1 following the recommendation in [102]. To evaluate
the impact of varying key parameters, we conducted the following ablation studies:
* We perform an ablation study on the sample size k, observing improved performance with increasing
k. Detailed results are provided in Table B.6 in App. B.3.
* We explore the effect of varying the neighborhood radius o. Results of this ablation study are sum-
marized in Fig. B.5 and Table B.7 in App. B.3. Best performance is observed at o = 1072, When o
is too small (10~%), we sample (almost) the same points and our local stability measure is not more
informative than the prediction probability. When o is too large (10~!), information about the data
point is lost.
» We also evaluate the Drop-Out method with varying drop-out rates p € {0.01,0.1,0.2,0.5}. The
correlation values between evaluated multiplicity and the stability measures for the 512-shot setting
on the Diabetes dataset are summarized in Table B.8 in App. B.3. Our stability measure outperforms
the dropout method for all p values.
* To assess the contribution of the variability term in our stability measure, we compare it to two base-
1

lines that capture only local variability: (i) absolute deviation S1(x) = ¢ >_[f(x:) — f(x)], and (ii)

squared deviation Sy(x) = 1+ > (f(x;) — f(x))®. As shown in Table B.5 in App. B.3, both alterna-

tives yield consistently weaker correlations with multiplicity metrics, highlighting the importance of
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Table 3.3: Correlations and runtimes on the Adult dataset (128-shot) (100 finetuned models with
an overall training time of 456 mins). Train time refers to the total time required to train the models
needed; Evaluation time includes inference and computation time of the method over the entire test
set. Stability achieves high correlations with multiplicity metrics at lower computational cost.

Measure Arbit. Pairwise Pred. Pred. Train Eval.
Disag. Var. Range Time Time

Re-training  1.00 1.00 1.00 1.00 456 mins  94.7 mins
Pred. Prob.  0.63 0.61 039 063 456mins 0.51 mins
Drop-Out 0.79 0.78 0.70 0.86 4.56mins 102 mins

AWP 0.65 0.71 0.55 0.72 4.56 mins 977.6 mins
Stability 0.81 0.96 0.80 093 456mins 19.4 mins

incorporating both local mean and variability terms.

* To evaluate the applicability of our stability measure beyond LoRA-based fine-tuning, we conduct
an ablation using two alternative tuning strategies: Prompt Tuning [112] and Prefix Tuning [113]. As
shown in Table B.9 in App. B.3, our Stability measure continues to correlate with multiplicity, though
the correlations are somewhat weaker than in the LoRA case, likely due to the limitations of these
tuning methods, which are known to be less effective than LoRA in few-shot settings.
Computational Efficiency. We compare the computational requirements of our Stability measure
against, retraining, dropout-based, prediction probability, and the Adversarial Weight Perturbation
(AWP) [15] in terms of both training and evaluation runtimes. Table 3.3 summarizes the cumulative
training time and the total evaluation time over the Adult test set. Figure 3.4 plots each method’s total
runtime and correlation with multiplicity metrics. We found AWP to be expensive for LLMs since
each gradient-optimization step requires full forward passes on the test set to enforce Rashomon-set
constraints, incurring heavy inference and gradient-computation costs. Dropout requires a prior check
to ensure all dropped-out models (the models to be aggregated) are in the competing model set, hence
our method would be more computationally efficient under the same k. Stability achieves the best

runtime—correlation trade-off compared to baselines (see Fig. 3.4).
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Figure 3.4: Total runtime across the Adult test dataset. Our proposed method (Stability) achieves
significantly lower runtime compared to the re-training and baselines while maintaining strong
average correlation with multiplicity evaluation metrics.

Table 3.4: Mean and standard deviation of stability values for correctly vs. incorrectly classified
data points on the Hospital dataset. Stability achieves a larger separation between correct (0.8710)
and incorrect (0.5729) data points than baselines, suggesting it is better at discriminating against
unreliable predictions.

Method Correct Incorrect

Mean Std Mean Std
Stability 0.8710 0.1465 0.5729 0.1458
Pred. Prob. 0.8994 0.2160 0.7965 0.2256
Drop-Out 0.8190 0.2832 0.7217 0.1929

Scalability to Large Datasets. We evaluate our method on the Hospital Readmission dataset [114]
(~100k data points, 50+ features). Retraining 40 models to evaluate multiplicity would takes over 5
days (3.5 hrs/model), while our method requires only a single model and a fast forward-pass sampling
step. We train one model and compare Stability and baselines across correctly and incorrectly classified
test points (see Table 3.4). Stability achieves a larger separation between correct and incorrect data
points than baselines. We can also use our measure to analyze data points that are both confident
and stable, or identify those that appear confident but are actually unstable. In Table 3.5, we grouped
predictions based on their confidence and stability values. Observe that while 41% of the predictions
were both confident and stable, a notable 20% of the predictions were confident but unstable, indicating

that high confidence alone is not enough.

59



Table 3.5: Breakdown of test predictions by confidence and stability (threshold = 0.75). 41%
of predictions are both confident and stable, while a significant 20% are confident yet unsta-
ble—revealing cases where high confidence masks unreliability and underscoring the value of our
stability measure.

Pred. Prob. Stability % Test Description

High (>0.75) High (>0.75) 41% Confident & Stable
High (>0.75) Low (<0.75) 20% Confident but Unstable
Low (<0.75) High (>0.75) 22% Unconfident but Stable
Low (<0.75) Low (<0.75) 17% Unconfident & Unstable

3.7 Discussion

Our multiplicity evaluation metrics, summarized in Table 3.1, B.1, and B.2 reveal significant
variability in model predictions across different fine-tuned variants, even when they exhibit similar
accuracy. This multiplicity is not captured by merely examining predicted probabilities, as predic-
tions with high confidence can still be susceptible to multiplicity (see Fig. 3.3). Our stability mea-
sure, Sy, (x, f), was compared with the prediction probabilities f(x). The results, presented in Ta-
ble 3.2, B.3, and B.4 demonstrate that our stability measure consistently shows mainly higher correla-
tion with multiplicity metrics across all models and datasets compared to prediction probabilities and
drop-out method. This indicates that Sy ,(x, f) is more informative than the baselines in informing the
fine-tuning multiplicity. The drop-out method is however better than the prediction probabilities alone.
We hypothesize that our method is more suitable for LLMs because the embedding space of LLMs is
significantly smaller than the parameter space (possibly more informative also). The drop-out method
might need significantly more inferences to compete due to this.

We study the unique nature of fine-tuning multiplicity in Tabular LLMs. [13, 79] argue for the
necessity of measuring and reporting multiplicity to better inform predictions. Traditional methods

to measure multiplicity in classical ML are impractical for LLMs due to the computational challenge

60



of retraining several fine-tuned models [13, 15, 101]. Our proposed measure, which requires only the
given model and leverages the embedding space to inform multiplicity, addresses this issue. This ap-
proach reduces the complexity from retraining and inference to just inference, making it more feasible
to apply in practice. Although, a large k& (number of sampled points) may be needed for accurate stabil-
ity estimation, it remains computationally more efficient than retraining multiple models. Compared
to existing methods, our stability measure achieves a superior trade-off between runtime and correla-
tion with evaluated multiplicity metrics, as shown in Figure 3.4. Our work provides practitioners with
meaningful information about the multiplicity of predictions, which may lead them to carefully evalu-
ate which predictions to trust and which to treat with caution. Our research has significant implications
in several high-stakes applications, e.g., hiring, finance, education, etc., where inconsistent predictions
can lead to distrust.
Broader Societal Impacts. The application of LLMs to tabular data, particularly in high-stakes do-
mains such as finance and healthcare, presents both opportunities and risks [115]. Our work aims to
address one of the critical challenges associated with these models: the instability introduced when
fine-tuning large models on small datasets. This instability, manifested as overfitting and multiplicity,
can undermine the reliability of model predictions in scenarios where stability is crucial. By measuring
multiplicity, our work contributes to the responsible deployment of LLMs in domains where erroneous
predictions can have severe consequences [94, 115]. Tabular data is central to these high-stakes do-
mains but remains underexplored compared to text and vision [1]. Recent work emphasizes the need
for reliable foundation models in this modality [64].

Our approach also supports regulatory compliance by enhancing transparency and accountabil-
ity in automated decision-making systems. Quantifying prediction consistency aligns with regulations
such as the General Data Protection Regulation (GDPR) [9] and upcoming Al legislation, which in-
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creasingly demand explainable and reliable Al models [116]. While LLMs are more computationally
expensive than traditional models, our method reduces the costs of assessing multiplicity. By avoid-
ing repeated retraining, it enhances cost efficiency and minimizes environmental impact, lowering both
energy consumption and carbon footprint [117].

Furthermore, observing the nature of fine-tuning multiplicity in Tabular LLMs pave the way
for future research into model stability. It also facilitates continual learning by informing the ro-
bustness of a prediction to potential model updates in a dynamic environments where data constantly
evolves [76, 118, 119]. Lastly, our work could play a role in mitigating fairwashing risks and expla-
nation bias [77-79]. This transparency is crucial for maintaining ethical standards and trustworthiness
in Al deployment [116].

Limitations. Our work provides a measure to assess fine-tuning multiplicity, but does not directly
resolve this issue. Future research could focus on mitigation methods to ensure more consistent model
predictions. A key constraint is the applicability to higher-dimensional datasets due to the limited
context window size of current LLMs, though extending context windows is an active area of re-
search [120, 121]. Additionally, our method’s performance can be sensitive to hyperparameters, such
as sample size and neighborhood radius; incorrect choices may lead to an inaccurate assessment of
robustness. Our approach also assumes access to the embedding space, limiting its application to
open-source models. Furthermore, the bound in Theorem 3.1 is not directly computable. Estimating
these unknowns such as € could be a direction for future work. Despite these limitations, our mea-
sure serves as a crucial step toward understanding and quantifying fine-tuning multiplicity, laying the

groundwork for future advancements.
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Chapter 4: Improving Consistency in RAG Systems with Group Similarity Rewards

4.1 Introduction

LLMs are increasingly used in open-domain applications where users expect them to behave
predictably, producing consistent outputs for semantically equivalent or paraphrased inputs. However,
they frequently generate divergent responses to such variations, raising concerns about their reliabil-
ity [122-124]. RAG systems are particularly prone to such inconsistencies [125]. These architectures
combine a retriever and a generator: the retriever selects top-k documents from a large corpus, and the
generator synthesizes a response conditioned on those documents [126]. Semantically similar queries
can lead to different retrieved document sets or rankings, resulting in divergent outputs [125]. [127]
also highlights a theoretical bottleneck in embedding-based retrieval, showing that the expressivity
of top-k retrieval is fundamentally limited—underscoring the need for systems that are robust to re-
trieval inconsistencies. Furthermore, even when the evidence is fixed, the generator may still produce
inconsistent responses due to the non-deterministic nature and phrasing sensitivity of LLMs [128].

This inconsistency is particularly problematic in high-stakes domains such as healthcare or le-
gal settings, where RAG systems are commonly deployed [129]. Inconsistent outputs can erode trust,
introduce liability risks, or even mislead users [122, 129]. For instance, a customer service RAG assis-
tant may offer different instructions for “How do I close my savings account?” and “What steps should

I take to shut down my savings account?” despite these queries being semantically equivalent [128].
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In this work, we focus on information consistency—the requirement that outputs convey the
same core content and information across paraphrased inputs (see motivational Figure 4.1). This con-
trasts with lexical consistency, which emphasizes word-level or structural similarity. While lexical
consistency is easier to measure, it can penalize legitimate variation (e.g., use of synonyms or stylistic
changes) and is insufficient in evaluating factual agreement. Crucially, the relationship between con-
sistency and accuracy varies across QA tasks. In short-form QA, where answers are typically concise
and factual, improving consistency often correlates with higher accuracy, models that are more consis-
tent tend to be more correct. In contrast, for long-form QA tasks, where multiple valid answers may
exist, consistency and accuracy become orthogonal dimensions: a model can be accurate yet incon-
sistent, or vice versa. Hence, in open-ended tasks, enforcing information consistency becomes a key
desideratum alongside answer quality.

Given the practical importance of consistent outputs, we aim to address the following ques-
tion: How can we measure & improve the information consistency of RAG system outputs across
semantically equivalent inputs, without compromising factual accuracy? To tackle this, we intro-
duce a new evaluation framework that decomposes consistency into retriever-level and generator-level
components, and propose a reinforcement learning approach to optimize for consistency using group

similarity rewards. Our contributions can be summarized as follows:

* A Framework for Measuring Consistency in RAG Systems. We present a principled framework
to evaluate consistency in RAG systems by disentangling three components: retriever consistency
(Jaccard overlap of documents), generator consistency (LLM outputs given fixed context), and end-
to-end consistency. We instantiate this using lexical and LLM-Judge based similarity metrics, offer-

ing insights into where and how inconsistencies emerge (see Section 4.3.1).
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Query 2

@[ Why do humans consume water daily? J

Query 1

@[ Why do we drink water every day? J

9 Your body loses water through sweat,
urine, and breathing, and it must be
replaced to maintain bodily functions.

Q Humans consume water every day
-B- mainly to help the kidneys flush out

'
I
I
'
I
I
1
1
1
1
1
1
'
'
I
H toxins from the bloodstream.
I

'

'

X Inconsistent: One answer emphasizes general fluid loss, the other focuses on detoxification.

@1 RAG System: Llama-3.1-8B. Corps: Wikipedia. Retriever: Intfloat e5 Base-v2.

Figure 4.1: Two semantically equivalent queries lead to different outputs, despite both responses
being factually correct. Such variation may be acceptable in many applications, but in certain
high-stakes domains (e.g., healthcare, finance, legal) information consistency across semantically
equivalent inputs may be required to ensure reliability, user trust, and compliance.

* Con-RAG: Improving Consistency via Paraphrased Set GRPO. To enhance consistency across
semantically equivalent queries, we propose Paraphrased Set GRPO, an RL approach that leverages
multiple rollouts across a set of paraphrased inputs to assign group similarity rewards. This forms the
core of our Information Consistent RAG (Con-RAG) framework (see Figure 4.2). Due to complexity
of computing the rewards, we introduce a relaxed approximation by subsampling paraphrases and
rollouts, reducing the number of comparisons from quadratic to linear in the number of paraphrases.

This allows us to train Con-RAG efficiently on large datasets while preserving reward fidelity.

* Experments. We conduct an extensive evaluation of Con-RAG across five QA benchmarks: short-
form, multi-hop, and long-form QA tasks on Llama3.1 and Qwen2.5 model families. (see Fig-
ure 4.3). Our results show that Con-RAG significantly improves both end-to-end and generator
consistency over a wide range of baselines, without degrading accuracy. In long-form QA tasks,
Con-RAG improves both consistency and LLM-judged factual accuracy despite being trained in the

absence of explicit ground-truth supervision.
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4.2 Related Work

Consistency in Language Models. Consistency has emerged as a key concern for safety and re-
liability in high-stakes LLM deployment [122, 129]. Prior work has introduced various notions of
consistency. Logical consistency refers to the ability of the model to make decisions without logical
contradiction [130—133]. Factual consistency, often discussed as faithfulness or hallucination, consid-
ers whether model outputs contradict the source content [130, 134—136]. Self-consistency evaluates
whether similar inputs yield stable explanations [137]. Nonlogical forms of consistency, such as moral
consistency, assess coherence of values across contexts [138, 139]. Prediction consistency examines
whether a model’s predictions remain stable across multiple fine-tuned variants that achieve similar
overall performance [71, 140]. Closest to our work is semantic consistency, which measures output
stability under semantically equivalent inputs like paraphrases. This has been evaluated using datasets
like ParaRel [123] and metrics such as BERTScore, entailment scores, and LLM judges [141-143].
Approaches to improve semantic consistenc include custom losses [123], knowledge distillation from
consistent teachers [124], and synthetic data supervision [144]. We refer to a recent survey exploring
current landscape, challenges, and future directions in consistency in LLMs [122].

Consistency in RAG Systems. RAG improves factual accuracy by conditioning outputs on retrieved
evidence [145-147]. However, it introduces new sources of inconsistency due to retriever sensitivity
and generator (LLLM) variability. Despite growing use in high-stakes applications, information consis-
tency in RAG remains underexplored, with the exception a few notable studies addressing robustness
in retrieval or prompt-level variation [125, 148—150]. Our work aims to evaluate and improve infor-
mation consistency in RAG, leveraging an RL-based optimization with group similarity rewards. Our

approach builds on recent advances in RL for LLMs [151], particularly GRPO [152], which trains on
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verifiable reward assignment across outputs. Our framework improves information consistency across

semantically equivalent inputs without relying on ground-truth labels, unlike prior methods.

4.3 Main Contributions

In this section, we first define a framework to measure consistency in RAG systems by isolating
retriever, generator, and end-to-end contributions (see Section 4.3.1), then introduce our Con-RAG

method to improve consistency via group similarity rewards and its relaxation (see Section 4.3.2).

4.3.1 Measuring Consistency in RAG Systems

We consider a RAG system composed of a retriever R and a generator (LLM). Given a user query
q, the system first retrieves a set of top-k documents from a corpus D, and then generates an output
y = LLM(q, R(q)) conditioned on these documents: R(q) = {dy,...,dx} C D. Let gy be a canonical
input query, and let P(qo) = {p1,p2,--.,pn} denote a set of paraphrased or semantically equivalent
inputs. Our goal is to assess the output consistency of the RAG system across this paraphrased set.
Retriever Consistency. Let R(p;) denote the set of documents retrieved for paraphrase p;. We define
retriever-level consistency as the average similarity between the document sets retrieved for all pairs
of paraphrases. We use Jaccard similarity [153], which measures the ratio of the intersection to the
union of two sets. This metric directly captures the overlap between retrieved evidence sets while

normalizing for their total size. The overall retriever consistency is then the average across all unique

2 Z |R(p:)NR(pj)|

paraphrase pairs: Cret(qo) = Ao 2uid [RGDURGO]

End-to-End RAG Consistency. Let y; = LLM(p;, R(p;)) denote the output of the RAG system for

paraphrase p;. End-to-end consistency measures alignment across outputs when the entire pipeline
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is allowed to vary, each paraphrase p; is passed to the retriever, which may return a different doc-
ument set R(p;), and the generator then conditions on this evidence to produce y;. Formally, we
compute pairwise similarity across all outputs: Ceen(qo) = n(n;—l) > _izj Sim(y;, y;). This captures the
overall stability of the RAG system under paraphrased inputs, reflecting the combined variability in-
troduced by both retrieval and generation. The similarity function sim(-, -) can be instantiated using
various metrics, including lexical similarity (e.g., BLEU, ROUGE), embedding-based similarity (e.g.,
BERTScore), entailment-based scores from NLI models, or LLM-based judgments using a strong lan-
guage model to assess consistency or contradiction between y; and y;.

Generator (LLM) Consistency. To isolate the generator’s contribution, we can fix the retrieved doc-
uments across all paraphrases and measure similarity among the outputs, i.e., y*¢ = LLM(p;, R(q)),
and compute consistency over {yfixed . ¢fxd} " This captures how consistently the LLM alone re-
sponds to semantically equivalent inputs when conditioned on identical evidence. Conceptually, this

is closely related to prior work on consistency in standalone LLMs, where the focus is on ensuring

paraphrase-invariant outputs under identical or similar prompts [122—124, 128].

4.3.2 Improving Consistency via Paraphrased Set GRPO

Given a RAG system comprise a retriever R and generator (LLM). A canonical query g, with
paraphrases P(qo) = {p1,-..,pn}, our goal is to maximize output consistency without degrading
factual accuracy. We propose Paraphrased Set GRPO, an RL algorithm that leverages GRPO’s multiple
rollouts across paraphrased inputs to assign group-level similarity rewards. Our objective is to directly
optimize the generator so that outputs across semantically equivalent inputs are consistent.

Group Relative Policy Optimization. GRPO is RL optimization algorithm that estimates advantage
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Figure 4.2: Overview of PS-GRPO and Information Consistent RAG (Con-RAG) framework.
A canonical query ¢ is expanded into a set of paraphrases {pi,...,pn}, each of which is passed
through the policy LLM to generate g sampled rollouts. For every rollout 0;;, we compute a group
similarity reward r;; by averaging its similarity with outputs from other paraphrases of the same
query (this produces an n x g reward matrix). Normalized advantages are then computed within
each paraphrase set, and the policy model is updated.

through group-normalized rewards rather than using a critic model [152]. For a given query ¢, GRPO
samples a group of g rollouts, i.e., multiple possible completions generated from the policy under
stochastic decoding (such as temperature or nucleus sampling), denoted by {o1,...,0,}, where each
rollout is drawn as o; ~ my(- | ¢). Each rollout receives a verifiable scalar reward ; = Reward(o; | q),
and the normalized advantage for each rollout is computed as Ai = (r; — uq)/oq, where 1, and o, are

the mean and standard deviation of rewards within the group. Let y; 1.,,| denote tokens of response o;

7o (Yi t|P,Yi,<t)
TOo1d (Wi, e|psyi,<t)

and p; ;= . The policy is then optimized by maximizing the objective using these group-

relative advantages, with an optional KL penalty to penalize deviation from the reference policy:

1Y |oi R .
Loneol0) = = D7 3 min (i As, clip(pia 1= €, 1+ )A;) = BDir(mo(- | ) | mea(- [ @) D)

9 =1 t=1

Group Similarity Rewards. PS-GRPO introduces a group-level objective that promotes consistent

generation across semantically equivalent queries. It leverages the unique property of GRPO which
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generates extensive rollouts per query. We aggregate all rollouts from all paraphrases into a group and
compute similarity-based rewards across the paraphrase set, so each output is rewarded according to
its similarity with outputs generated for the other paraphrases of the same canonical query. For each
canonical query g with paraphrases P(qy) = {p1,...,pn}, the policy LLM 7y generates g rollouts
per paraphrase: o;; ~ mo(- | pi, R(pi)),7 € {1,...,n}, j € {1,...,g}. Collect these into an n X g
matrix {o;;} (total n x g rollouts). We assign each rollout o;; a group similarity reward by averaging

its similarity to all rollouts generated for the other paraphrases (also see Figure 4.2 for illustration):

rij = 77— sim(oij, Oum)y (42)

where sim(+,-) is the agreement function. In practice, we instantiate sim using the BLEU metric,
motivated by recent findings that BLEU serves as a strong proxy for reward models in aligning LLMs
with human preferences [154]. As further validated in our ablation study (see Table 4.4), BLEU
consistently outperformed alternative similarity metrics while remaining computationally efficient.
Group-normalized advantages are then computed across each paraphrased rollout: A; ;= (ri; — i)/ o,
with p;, o; the mean and standard deviation of rewards for rollouts for p;. The policy is optimized with
the GRPO objective using /Alij and (optionally) a KL penalty to a reference policy with weight 3. If
ground-truth answers are available (e.g., in short-form QA tasks), we extend the reward to improve
consistency and accuracy. Specifically, for each rollout we define a combined weighted reward:

r?}lal = ozrf}ms + v Acc(0i5,y"), 4.3)

where ;7™ is the group similarity reward, y* is the ground-truth answer, and Acc(-,-) is measured
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using token F1 score. Importantly, our method does not require ground truths to improve consistency:
the accuracy reward term can be omitted, as demonstrated in our long-form QA experiments (see
Section 4.4), where questions are open-ended and no single ground-truth answer exists.

Efficient Computation of Group Similarity Rewards for Scalable Training. Computing group sim-
ilarity rewards can be expensive, especially in a training environment where rewards must be computed
at every gradient step. This overhead can significantly slow down training. For each rollout 0;;, com-
puting its reward requires comparing against all (n — 1)g rollouts from the other paraphrases. At the
query level, with n paraphrases and g rollouts each, the naive total costis ng x (n—1)g = n(n—1)g?
similarity computations. For example, with n = 5 and g = 6 amounts to 720 similarity comparisons
for a single query. Exploiting symmetry (a similarity between o;; and o,,, need not be recomputed
twice) reduces this to %n(n — 1)g?, but the cost still scales quadratically with n and g. To make
training feasible, we introduce a relaxed group similarity reward. Instead of averaging over all cross-
paraphrase comparisons, for each rollout o;; we subsample « paraphrases K C{1,...,n} \ {i} and s
rollouts per chosen paraphrase, and approximate: 7;; = = _x > cq SiM(04, Oum), Which is
an unbiased estimator under uniform sampling. This reduces the per-query cost from O(n(n — 1)g?)
to O(ngks), if Kk < n—1 and s < ¢. In practice, this approximation preserves the training signal for

cross-paraphrase consistency while keeping the reward computation tractable.

4.4 Experiments

In this section, we describe our experimental setup to evaluate the effectiveness of Con-RAG
across diverse QA tasks, outlining our datasets, paraphrase generation, consistency metrics, training

details, and comparisons with competitive baselines.
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Table 4.1: Disentangling sources of inconsistency in RAG systems (LLaMA-3.1-8B). Re-
triever consistency is low across datasets, suggesting that paraphrased queries often retrieve non-
overlapping documents. This introduces context variability that is reflected in the end-to-end con-
sistency scores. Fixing retrieval improves consistency, but variation remains, revealing the gen-
erator’s sensitivity to input phrasing even with identical evidence. We present accuracy values in
Table 4.5 (also see Table C.2 for Qwen-2.5-3B).

‘ End-to-End Consistency Generator (LLM) Consistency Retriever Consistency

Dataset

‘ Lexical LLM-Judge ‘ Lexical LLM-Judge Jaccard Overlap
TriviaQA 53.0 77.8 67.3 88.5 32.5
HotpotQA | 42.5 62.5 53.7 71.9 46.0
2Wiki 38.5 65.5 48.4 76.4 524
MuSiQue 27.9 48.2 44 .4 69.7 36.6
Eli5 8.56 62.8 15.1 74.2 27.1

Datasets. We evaluate our approach across three types of question answering (QA) tasks: Short-form
QA tasks: TriviaQA [155] and HotpotQA [156], both requiring concise fact-based answers. Multi-
hop QA tasks: 2WikiMultiHopQA [157] and MuSiQue [158], which involve reasoning over multiple
pieces of evidence. Long-form QA task: ELIS5 [159], where answers are open-ended and typically
span multiple sentences. None of these datasets provide paraphrased versions of the input questions.
To evaluate consistency, we synthetically generate paraphrases for each query.

Generating semantically equivalent queries. For each query ¢y, we use LLaMA-3.1-70B to generate
n paraphrases P(qo) = {p1, - .., pn}- To ensure answerability, we provide the ground truth answer as
part of the prompt and instruct the model to generate paraphrases that preserve the exact meaning
such that each paraphrase can be answered in the same way. This allows us to simulate semantically
equivalent inputs without altering the expected outputs (see prompt in Appendix C.2).

Setup. Our RAG system consists of a LLaMA-3.1-8B and Qwen-2.5-3B model serving as the gen-
erator, and a dense retriever built on top of the intfloat/e5-base-v2 embedding model [160]. We use
KILT Wikipedia snapshot [161] as our document corpus, where each article is segmented into chunks

of 512 tokens before embedding. All embeddings are indexed using FAISS for efficient retrieval. At
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Figure 4.3: Comparison between Con-RAG and baselines across accuracy and consistency di-
mensions on LLaMA-3.1-8B and Qwen-2.5-3B. Each plot summarizes performance on a single
dataset using accuracy measures (Exact Match, token F1, Relaxed Match) and end-to-end infor-
mation consistency (measured lexically and via LLM-judge). Con-RAG consistently outperforms
prior methods across models, achieving both higher factual accuracy and more consistent responses
across paraphrased inputs (see Table 4.2 for full numerical results).

inference time, the retriever selects the top-k = 5 documents per query, which are then appended
to the prompt for generation. To isolate effects from sampling inconsistencies, we use deterministic
decoding throughout all experiments.

Evaluating Consistency in RAG Systems. We evaluate performance along two dimensions: accu-
racy and consistency. For short-form and multi-hop QA datasets, accuracy is measured using: (i) Exact
Match (EM), (ii) token F1 score, and (iii) Relaxed Match (RM), which considers an answer correct
if the ground truth answer appears anywhere in the output. For long-form QA (e.g., ELIS), where
answers are open-ended and may be phrased in diverse ways, EM/F1/RM are too restrictive. Instead,
we evaluate accuracy using: (i) ROUGE, to capture content overlap with reference answers, and (ii)
LLM-judge accuracy, where a strong model (LLaMA 3.3 70B) assesses whether the generated answer
is factually correct. Consistency is evaluated at three levels (disentangling contributions from the re-

triever and generator): (i) End-to-end consistency, where each paraphrase retrieves its own documents
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and we compute agreement between outputs (via BLEU for lexical consistency and an LLM judge
for information consistency); (i1) Generator consistency, where retrieval is fixed across paraphrases
and agreements cross outputs are measured; (iii) Retriever consistency, defined as the average Jaccard
overlap between retrieved document sets across paraphrases (see Section 4.3.1). We use paraphrase
size n = 5 for evaluations (see Appendix C.2 for prompts templates).

We summarize consistency results across the datasets in Table 4.1. We observe that the re-
triever consistency is relatively low across the datasets, indicating that paraphrases often retrieve non-
overlapping sets of documents, a key source of downstream inconsistency. This is reflected in the
end-to-end consistency scores, which shows that these small changes in query phrasing can result in
different answers, due to shifts in both retrieved context and model generation. To isolate the genera-
tor’s contribution, we also evaluate generator consistency under fixed retrieval (i.e., same documents
across paraphrases). While consistency scores improve, substantial variability still remain, showing
that even with identical evidence, the generator (LLM) exhibits sensitivity to input phrasing.

We report accuracy for original queries, paraphrased queries, and paraphrased queries with fixed
documents in Table C.1. Across these settings, accuracy remains relatively stable, with only minor
fluctuations, suggesting that paraphrasing and retrieval shifts have limited impact on final answer cor-
rectness on average.

Con-RAG Training Setup. We train Con-RAG with BLEU as similarity function for computing
group similarity rewards. For short-form and multi-hop QA tasks, we use unigram BLEU (ngram=1)
and bigram BLEU (ngram=2) for long-form QA tasks to account for more contextual similarity across
longer answers. For short-form QA tasks, where ground-truth answers are available, we augment
the similarity reward with an accuracy reward based on token F1 score, which we found to be more

stable than other accuracy metrics. The final reward is computed using a weighted sum as defined in
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Table 4.2: Comparison between Con-RAG vs. Baselines (Short-form QA Tasks) (LLaMA-3.1-
8B). Lexical consistency measured via BLEU score while and information consistency measured
using an LLM-judge. Con-RAG is trained with a group similarity reward plus an accuracy reward
(no KL), and consistently yields higher end-to-end and generator-only consistency while also im-
proving accuracy over original queries (see radar plot illustration in Figure 4.3). Refer to Table C.4
for results on Qwen-2.5-3B model.

End-to-End Generator (LLM)
Accuracy (%) Consistency (%) Consistency (%)
Dataset Method EM F1 RM ‘ Lexical Inform. ‘ Lexical Inform.
RAG 56.0 66.1 74.0 53.0 77.8 67.3 88.5
DRAG 540 63.7 72.0 56.8 78.7 68.2 88.2
TriviaQA  CoT-RAG | 45.0 577 720 | 446 79.2 57.7 85.0
SFT 240 275 29.0 51.3 58.2 77.8 81.2
Con-RAG | 77.0 81.0 83.0 87.3 91.3 91.2 93.0
RAG 37.0 441 420 | 425 62.5 53.7 71.9
DRAG 37.0 438 430 | 41.1 61.6 50.5 73.1
HotpotQA CoT-RAG | 31.0 36.8 42.0 27.3 59.6 36.1 68.9
SFT 397 46.5 472 63.9 70.5 72.2 78.5
Con-RAG | 45.0 519 48.0 63.9 73.6 80.9 88.2
RAG 80 153 120 27.9 48.2 44 .4 69.7
DRAG 6.0 13.1 11.0 31.0 50.7 42.9 70.0
MuSiQue CoT-RAG 80 152 19.0 16.1 53.7 29.2 67.7
SFT 22.0 255 23.0 68.1 69.3 77.8 79.8
Con-RAG | 23.0 30.8 25.0 | 725 72.3 91.4 92.7
RAG 28.0 339 37.0 38.5 65.5 48.4 76.4
DRAG 20.0 269 34.0 36.8 65.5 49.3 76.1
2Wiki CoT-RAG | 20.0 255 41.0 22.8 59.3 29.9 67.8
SFT 33.0 34.0 330 69.4 66.2 84.4 83.3
Con-RAG | 39.0 40.6 40.0 | 78.2 77.8 94.1 95.5

Eq. 4.3, with equal weights («, vy = 1) for both consistency and accuracy. We set the KL regularization
coefficient § = 0.0 for these tasks, following recent findings [162] suggesting that GRPO performs
effectively without explicit KL penalties. In contrast, for long-form QA (ELIS), where questions
are open-ended and multiple valid answers may exist, we exclude the accuracy reward and optimize
solely for consistency using the group similarity reward. To prevent reward hacking in the absence of
ground-truth supervision, we apply a small KL penalty with 5 = 0.05 to regularize the policy against

a reference model.

75



Table 4.3: Comparison between Con-RAG vs Baselines (Long-form QA Task). Con-RAG is
trained using only the group similarity rewards with a small KL regularizer (no accuracy supervi-
sion). Despite no ground-truth, it achieves the best end-to-end and generator consistency and also
improves answer quality over baselines, whereas SFT on reference answers underperforms in this
open-ended setting.

End-to-End Generator (LLM)
Accuracy (%) Consistency (%) Consistency (%)

Dataset Method ROUGE LLM-Acc ‘ Lexical Inform. ‘ Lexical Inform.

RAG 21.9 74.0 8.6 62.8 15.1 74.2
DRAG 22.0 76.0 8.0 62.2 15.0 72.5
ELIS CoT-RAG 20.9 64.0 6.4 57.8 10.3 71.0
SFT 23.5 51.0 15.3 40.8 16.6 41.7
Con-RAG 24.2 78.0 14.6 72.7 21.7 80.8

We use n = 6 paraphrases per canonical query and g = 4 rollouts per paraphrase. To make
training scalable, we apply the relaxed approximation described in Section 4.3.2 to estimate group
similarity rewards. Specifically, we subsample x = 3 paraphrases and s = 1 rollout per selected
paraphrase when computing similarity, which significantly reduces the number of comparisons with
minimal impact on reward quality. We perform full model fine-tuning using the AdamW optimizer
with a learning rate of 1e—6. All training is conducted on LLaMA-3.1-8B and Qwen-2.5-3B.
Baselines. We compare Con-RAG against diverse baselines representative of current RAG systems:
(i) RAG: A standard RAG setup where the top-k retrieved documents are appended to the prompt and
passed directly to the generator for answer prediction. (ii) DRAG (Demonstrated RAG) [163]: An
inference-time scaling method that leverages few-shot demonstrations to improve performance. (iii)
CoT-RAG (Chain-of-Thought RAG) [164]: Extends standard RAG by prompting the generator to
produce intermediate reasoning steps before outputting a final answer, improving multi-hop and com-
positional question answering. (iv) SFT (Supervised Fine-Tuning) [83]: We fine-tune the generator
on paraphrased queries paired with their ground-truths. For long-form QA, where answers are free-

form, we fine-tune on the available reference responses. (v) Con-RAG (ours): Our proposed method

76



Table 4.4: Effect of Reward Similarity Metric on Con-RAG (ELI5- Qwen—2.5-3B). We vary the
similarity function used in the group reward to study its impact on information consistency. Lower-
order BLEU emphasizes word choice and local fluency, aligning better with the goal of preserving
core information across paraphrases. In contrast, higher-order BLEU and Exact Match enforce
stricter surface-level or sentence-level overlap, which can penalize valid rephrasings. BLEU-2
yields the best consistency and accuracy, indicating that rewarding semantic adequacy is better
aligned with information consistency.

Reward Metric ‘ Accuracy (%) End-to-End Cons. (%) Generator Cons. (%)
‘ ROUGE LLM-Acc ‘ Lexical LLM-Judge ‘ Lexical LLM-Judge

BLEU-1 22.6 54.0 6.9 38.2 14.8 69.8
BLEU-2 22.5 58.0 9.2 42.0 17.8 67.5
BLEU-3 22.4 49.0 6.7 36.3 14.8 66.0
BLEU-4 222 50.0 6.4 36.2 14.2 66.5
ROUGE-L 22.1 46.0 6.1 35.2 13.6 65.2
Exact Match 22.1 49.0 6.6 37.7 14.4 66.2

that leverages group similarity rewards to improve consistency (see Section 4.3.2). All baselines are
evaluated using the same retriever, generator, and document corpus to ensure fair comparison.
Results and Analysis. We present our results across short-form and long-form QA tasks in Figure 4.3
and Tables 4.2. To show that consistency improvements do not come at the cost of answer quality, we
report accuracy metrics on the original queries, avoiding generic but consistent outputs. Our results
demonstrate the following key observations:

Con-RAG improves both consistency and accuracy in short-form QA. Across all short-form datasets,
Con-RAG achieves significant gains in both end-to-end and generator-only consistency. For instance,
on TriviaQA, end-to-end consistency (lexical/information) improves from 53.0/77.8 to 87.3/91.3,
while generator consistency reaches 91.2/93.0. Notably, these improvements are not achieved at the
expense of accuracy. Con-RAG also achieves the highest EM, F1, and RM scores across all datasets.
This indicates that optimizing consistency can also enhance model robustness, likely due to the implicit
data augmentation effect of training across paraphrased inputs. Other baselines DRAG and CoT-RAG

provide only modest consistency improvements and fail to match Con-RAG across metrics.
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In Long-form QA, Con-RAG also boosts accuracy without ground-truth supervision. Results on ELI5
(see Table 4.3) are particularly interesting: even though Con-RAG is trained without any explicit
ground truth (or accuracy signal), it improves both consistency and accuracy over all baselines. Com-
pared to RAG, Con-RAG increases lexical and information consistency while also achieving higher
ROUGE and LLM-judged accuracy. In contrast, SFT trained on reference answers performs poorly
on ELIS, especially in terms of LLM-judge accuracy, highlighting the limitations of rigid supervision
in open-ended QA, where many valid responses exist. This underscores the strength of Con-RAG in
open-ended tasks, which does not rely on a single reference output.

Ablation Studies. To analyze design choices in Con-RAG, we run focused ablations on a lighter
generator, Qwen-2.5-3B for fast, controlled sweeps. 1.) Varying similarity function used in the group
reward. We replace BLEU in the group similarity reward with alternative choices and measure result-
ing consistency/accuracy. We consider: BLEU-n (n € {1,2,3,4}), ROUGE-L, Exact Match (results
are summarized in Table 4.4). 2.) Varying short-form accuracy reward metrics. On short-form QA,
we study the effect of different reward signals on accuracy and consistency by conducting ablations
with: (i) consistency term only training, (ii) accuracy term only training, and (iii) joint training with
consistency plus accuracy. For the accuracy component, we compare token F1 (ours), EM, and RM
(see Table 4.5). 3.) Effect of LLM decoding temperature on consistency and accuracy. We evaluate
how inference-time stochasticity impacts consistency and accuracy by sweeping temperature values

T € {0.0,0.5,1.0,2.0} during decoding (see results in Table C.6).
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Table 4.5: Effect of Accuracy Reward Variant on Con-RAG (TriviaQA - Qwen—2.5-3B). We
compare consistency-only training, accuracy-only training, and joint training with consistency plus
various accuracy metrics. The best performance is achieved when combining consistency with the
token F1 reward, which yields the highest accuracy and consistency values.

Reward Variant « v \ Accuracy (%) End-to-End Cons. (%) Generator Cons. (%)
| EM  Fl RM | Lexical LLM-Judge | Lexical LLM-Judge

Consistency only 1.0 0.0 | 515 532 59.0| 599 79.0 78.7 88.0
Accuracy only (F1) 0.0 1.0 | 54.0 56.0 604 | 52.0 75.0 62.0 84.1
Consistency + EM 1.0 1.0 | 56.2 635 650 | 61.5 80.2 76.0 88.4
Consistency + RM 1.0 1.0 | 57.0 64.0 660 | 62.3 80.5 71.0 88.5
Consistency + F1 1.0 1.0 | 60.0 66.0 68.0 | 67.1 81.8 80.5 89.5

4.5 Discussion

While Con-RAG achieves strong improvements in both generator and end-to-end consistency,
several important directions remain as next steps. (1) Beyond Lexical Rewards for Information Consis-
tency: In this work, we use lexical similarity metrics (e.g., BLEU) as a proxy to enforce information
consistency. While effective, such metrics emphasize surface-level alignment and penalize variations
in wording, even when the underlying information remains unchanged. In practice, we may allow
use of synonyms or outputs expressed differently, as long as they convey the same core content. A
key next step is to search for a signal that would directly optimize for information-level consistency
without enforcing lexical similarity between outputs. LLM as a judge seems promising, however, such
a signal introduces a tension between weak vs. strong supervision [165]. Ideally, we seek lightweight,
automatic signals that can still guide the model toward consistent output (leveraging entailment-based
rewards, BERTScore, etc.). (2) Joint Retriever and Generator Optimization: Con-RAG substantially
improves generator consistency, yet end-to-end consistency still lags behind, mainly due to variation
in retrieved documents across paraphrased queries. This inconsistency in retrieval results in different

contexts being provided to the generator. To address this, a promising next step is to jointly optimize
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the retriever and generator. By rewarding the retriever to return similar documents for semantically
equivalent queries, and simultaneously training the generator for consistency, the system can learn to
retrieve relevant evidence that best helps answer the question accurately, potentially further improving
both consistency and accuracy [147]. By introducing a principled way to measure RAG consistency

and a scalable method to improve it, we move toward more reliable and user-aligned RAG systems.
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Chapter 5:  Few-Shot Distillation of LLMs With Counterfactual Explanations

5.1 Introduction

LLMs have demonstrated state-of-the-art performance across a broad spectrum of tasks [166—
168]. However, as the size of LLMs grow, so does the associated computational burden, making
them difficult to deploy in resource-constrained environments, e.g., mobile phones, edge devices, and
embedded systems [169]. The challenge, therefore, lies in making large models more efficient and
accessible without sacrificing performance. To this end, knowledge distillation (KD) (initially pro-
posed in [170]; see surveys [171-173]) has emerged as a powerful technique for model compression,
enabling smaller student models to mimic the performance of a larger teacher model. In the con-
text of LLMs, KD plays a central role in transferring the broad capabilities such as natural language
understanding [174], reasoning [175], instruction following [176], etc, onto smaller models.

While LLMs are trained for a broad range of tasks, we may often want a smaller, task-specific
language model when full task coverage is not required. To support this, rask-aware knowledge distil-
lation [177, 178] has been proposed to selectively transfer task-relevant knowledge from teacher to stu-
dent language models. While effective, these methods typically assume access to large datasets [179].
However, in many real-world applications, the amount of data available is often limited [180-183].
Despite advances on algorithmic strategies for task-aware KD in LLMs [179], the problem of data

selection for KD has received limited interest, particularly in few-shot settings. In this work, we study
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few-shot and task-aware knowledge distillation for LLMs, where student models are distilled from
teacher models using a small number of samples labeled for a task (also called shots). Few-shot task-
aware distillation remains underexplored for LLMs. In classical ML, few-shot training has poor gen-
eralization [184], and thus causes ineffective distillation due to insufficient task coverage [185, 186].
However, few-shot distillation holds potential for LLMs because they are pretrained on a large corpora,
also drawing inspiration from the prior success of few-shot learning [187].

In this work, we propose a few-shot task-aware knowledge distillation by systematically integrat-
ing a type of post hoc explainability technique called counterfactual explanations (CFE) [25, 188, 189].
CFEs are inputs that flip the output prediction of a model with minimum input perturbations. We find
that CFEs can act as knowledge probes, helping the students mimic the teacher’s decision bound-
aries more effectively than standard data. Our work bridges explainability and model compression by
turning explanations into actionable training signals, guiding the student into learning the teacher’s
decision-making process more effectively. This results in more faithful knowledge transfer even with

very limited data. Our contributions can be summarized as follows:

* A counterfactual explanation-based strategy for few-shot distillation. We propose a novel frame-
work CoD, short for Counterfactual-explanation-infused Distillation, for task-aware knowledge dis-
tillation under few-shot regimes. By enriching the few-shot training set with CFEs, we improve the
student’s ability to mimic the fine-grained details of the teacher’s decision boundary with fewer la-
beled examples. We validate this intuition through a synthetic experiment on the 2D moons dataset,
showing that CFE-infused distillation better replicates the teacher’s decision surface compared to

using standard few-shot samples (see Fig. 5.3).

* Theoretical guarantees motivating the role of CFEs in distillation. We provide theoretical guar-
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antees that serve as motivation for our approach, from both statistical and geometric perspectives.
First, in a logistic regression setting, we show that CFEs improve parameter estimation by maximiz-
ing the Fisher Information (see Def. 5.2 & Thm. 5.1). Our proof specifically leverages the fact that
the CFEs lie quite close to the decision boundary to show that they reduce the expected estimation
error of the student model compared to standard distillation. Next, moving beyond statistical guar-
antees and linear models, we also provide a geometric analysis for non-linear models, establishing
that if a student matches the teacher’s predictions on the original data and their counterfactual pairs,
then their decision boundaries will remain close: this is quantified by a provably small Hausdorff

distance, a formal measure of distance between two subsets within a space (see Def. 5.3 & Thm. 5.2).

Empirical validation. We evaluate COD across six benchmark datasets using DeBERTa-v3 [190]
and Qwen2.5 [167] model families. We compare against strong baselines for task-aware knowl-
edge distillation including standard Knowledge Distillation (KD) [170], Layer-wise Distillation
(LWD) [178], and Task-aware layer-wise Distillation (TED) [177] under various few-shot settings (k
=38, 16, 32, 64, 128, and 512). Our results demonstrate that COD consistently outperforms baselines
in few-shot regimes, with particularly significant improvements in extremely data-scarce scenarios
(k < 64). Notably, COD only uses half of the original labeled samples used by the baselines (i.e.,
k /2 original infused with their corresponding k/2 CFEs, leading to k shots), and still gives im-
proved performance. For instance, with £ = 8 samples on IMDB dataset, LWD + COD improves

over standard LWD by more than 10 points (86.1% vs. 76.0%).
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5.2 Related Works

Knowledge distillation has emerged as a powerful framework for model compression [170].
While early works focused on transferring soft labels via output logits [191], subsequent advances
explored richer supervision signals such as intermediate feature alignment [178, 192-194]. As LLMs
grow in size and inference cost [195, 196], distillation has become increasingly important for trans-
ferring capabilities into smaller models [171-173, 179]. More recently, task-aware knowledge dis-
tillation for LLLMs has gained traction, aiming to selectively distill knowledge relevant to a specific
downstream task [177, 197]. Despite these algorithmic innovations [177], there has been relatively
little focus on data selection for distillation, particularly in few-shot settings. Most prior works as-
sume ample training data, leaving few-shot knowledge distillation largely underexplored. While some
works [181-183, 185] have studied distillation in classical ML under low-data regimes, they do not
address the challenges specific to distilling LLMs. In this work, we establish the paradigm of few-shot
distillation in LLMs by integrating explainable data selection. Our work is broadly aligned with the
spirit of data-efficient ML, which aims to improve performance under limited supervision [198-200].

Counterfactual explanations (CFEs) [25, 3941, 188, 189, 201] have been widely studied in
classical ML, particularly in high-stakes applications such as finance, healthcare, and law, where they
often provide algorithmic recourse to guide users toward desired outcomes [189, 202]. A closely
related work [201] leverages CFEs for model reconstruction by deriving theoretical relationships be-
tween reconstruction error and the number of counterfactual queries using polytope theory [203]. In
the natural language domain, some methods have been proposed to generate semantically valid CFEs
using either token-level perturbations [204] or controlled generation with language models [204-206],

but they have not been integrated for knowledge distillation. Another line of work is counterfactual
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Figure 5.1: Intuition behind our approach: (a) Teacher trained on the full dataset with true decision
boundary. (b—c) With few-shot supervision, many classifiers can fit the sparse points; the resulting
student boundaries (dashed lines) can vary and do not always align with the teacher’s boundary (un-
faithful distillation). (d) Pairing each point with its CFE (X, linked to originals) during distillation
makes the student match the teacher’s soft predictions at these points. CFEs act as boundary-near
pegs that clamp the student to the teacher’s decision surface, producing a more faithful distillation
even under few-shot budgets.

reasoning in causal inference, where the goal is to estimate the effect of interventions under a structural
causal model [207], which is different from our objectives. These counterfactual data have been used
to address the issue of spurious patterns in NLP tasks [208, 209], improve generalization [210, 211],
and enhance performance on out-of-distribution data [212, 213]. In contrast, our work studies the role
of CFE infusion in few-shot task-aware knowledge distillation, leveraging the teacher’s signal to more

effectively mimic the teacher’s decision boundary in few-shot data settings.

5.3 Preliminaries

LLMs are highly effective for natural language processing. Built upon the transformer architec-
ture [214], LLMs consist of multiple stacked layers, each containing a multi-head self-attention mech-
anism followed by a position-wise feed-forward neural network. Let ¢(-; #) denote a transformer-based
model parameterized by 6. The model takes an input sequence x € X where X is the input space. The
model output is a probability distribution over the vocabulary space, but for task-aware settings such
as sentiment analysis, it is a probability distribution over C' class labels, i.e., g : X — [0,1]°. The
loss function is defined as: £(0) = Ex.x[¢(g(x;6))], where ¢ denotes the task-specific loss, such as
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cross-entropy for classification tasks or causal language modeling loss for generative models.

Knowledge Distillation (KD). KD is a technique that transfers knowledge from a large, pre-trained
teacher model to a smaller, student model [215]. Let g,(+; #;) be the teacher model with parameters 6;
and g(+; 05) be the student model with parameters ;. The teacher model g,(-; 8;) provides soft labels
to assist in training the student model g;(-; 05). The student is trained using a loss function that is a
combination of the task-specific loss and the distillation loss as follows: ming, £(6s) + aLkp(6:, 0s).
Here, L£(6;) is the task-specific loss, e.g., the cross-entropy loss between the student’s outputs and
true-labels, and Lxp(6;,0s) = Exwx[d(g:(x;6;), gs(x; 05))] is the distillation loss which captures the
distance between the outputs of the teacher and student. Typically, the distance is computed using

©) (x:
the Kullback-Leibler (KL) divergence, i.e., KL(g:(x;0;) || gs(x:0)) = 3%, 919 (x; 6,) log % Ex’zt;,
gs "(XiUs

where the superscript (c) is for the assigned probability for class ¢ by each model.

Layer-Wise Distillation (LWD). In large transformer-based models, the teacher’s outputs may not
fully capture the knowledge embedded in intermediate layers. Beyond matching final outputs, one
can also align the intermediate features of the teacher and student [178]. At a few selected layers,
the teacher’s hidden activations k! and the student’s activations k' (optionally projected into the same
dimension) are computed and their difference is also penalized using a mean-squared-error loss [178].

The student is trained using a loss as follows:

min /:(@5) -+ oz[,KD(Gt,QS) + 6£LWD<0t;93) (51)

0s

Here, L1wp(6:, 0;) is the additional layer-wise alignment term added alongside the task-specific loss
and distillation loss, e.g., Exx[>_,c7 || bt — hl||3] where {A, hl};c7 are the teacher and student acti-

tr'%s

vations for a given input x over a set Z of layers, and «, 5 > 0 balance the three objectives.
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Figure 5.2: Overview of our framework: Counterfactual Explanation-Infused Distillation (COD).

Counterfactual Explanations (CFEs). Given a model’s decision on an input x, a CFE [25, 188, 189]
finds the minimal modification x’ such that the model’s output changes in a desired way. These expla-
nations help interpret model decisions and provide actionable guidance to users to flip the prediction.
In our context, we look into CFEs in the NLP domain where the inputs are token sequences. A coun-
terfactual in this setting is a minimally perturbed sentence that causes the teacher LLM’s prediction to
flip. For instance, given the sentence I loved the movie, labeled as positive sentiment, a CFE would be
I hated the movie, a semantically similar but sentiment-flipped variant.

Our Problem Setting. We consider a binary classification setting where the teacher model will be
denoted as f; : X — [0,1]. The input space X C R™*?, with n being the sequence length and d is
the model dimension, after the entire input sequence has already been passed through the tokenizer
and embedding layers of the LLM. The teacher model f;(x) gives the class-1 probability output of the
model for input x, i.e., fi(x) := gt(l)(x; 0;), where the superscript (1) is for the assigned probability

for class 1. The final predicted class is given by f,(x) = I[f,(x) > 0.5] € {0,1}.

Definition 5.1 (Closest CFE C(x, f;)). Given x € R™*? such that f;(x) < 0.5, the closest CFE is a

point x' € R™? with opposite prediction that minimizes the Frobenius-norm ||x — x'||p:

C(x, f;) = arg min||x — X'|| p such that f,(x') > 0.5. (5.2)

x/cRnXxd
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Definition 5.1 naturally extends to multiclass settings, where a CFE can be defined as the mini-

mum perturbation that changes the predicted class to any other target class.

Remark 5.1 (Data Manifold Counterfactual Explanations). In practice, unconstrained counterfactuals
may lead to unrealistic or out-of-distribution examples. To address this, we can constrain X' to lie
within the data manifold X' C R™ 9, ensuring that generated counterfactuals remain semantically
plausible. These data-manifold counterfactuals preserve natural language structure. In our work, we
use a hybrid generation strategy that combines LLM-based prompting with teacher model feedback to

generate such data-manifold CFEs. Further details are provided later in Section 5.4.

Given a training data budget k (few-shots) and a teacher model f;, our goal is to distill a smaller

student model f; : X — [0, 1] with high-performance at a specific task by leveraging CFEs.

5.4 Main Contributions

We begin with an experiment on 2D synthetic data that demonstrates how CFEs help student
models mimic the teacher’s decision boundary more effectively than standard data. Next, we provide
theoretical results motivating our approach from both statistical and geometric perspectives. Finally,
we describe our CFE generation pipeline for natural language inputs, which leverages LLMs to pro-

duce semantically plausible CFEs, leading to our proposed framework COD.

5.4.1 Synthetic Dataset Experiments to Illustrate the Role of CFE in Distillation

We conduct experiments on the 2D moons dataset [216] and show that infusing few-shot data
with CFEs significantly improves student-teacher alignment in distillation (see Figure 5.3). We train a
teacher model—a two-layer neural network with architecture [2 — 64 — 64 — 2| on the full dataset.
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Figure 5.3: Decision boundaries for teacher and two student models trained on a synthetic 2D
dataset under few-shot settings. The teacher (a) is trained on the full dataset and serves as the
distillation target. First student (b) is distilled using 20 randomly sampled data points, and results
in a poorly aligned decision boundary with the teacher. Second student (c) is also trained on 20 total
samples, 10 original data points and their 10 CFEs. This student learns a decision boundary that
aligns more closely with the teacher, as the KD loss encourages the student to match the teacher’s
soft predictions, guiding the CFEs to lie near the decision boundary.

The student network with a smaller architecture [2 — 16 — 2]. To simulate few-shot supervision,
we randomly sample £ = 20 original points (10 per class). For the original points, we compute their
closest CFE (recall Definition 5.1), a minimally perturbed input that flips the teacher’s predicted class.
We follow a gradient-based method [25] to compute CFEs by perturbing each point in the direction of
the teacher’s logit margin until the predicted class flips. We consider two student models: one trained
on the k few-shot samples alone, and another trained on k/2 few-shot samples and their CFEs. In both
cases, we perform knowledge distillation by minimizing a combination of cross-entropy loss on the
hard labels and KL-divergence between the student and teacher soft predictions. Figure 5.3 shows the
decision boundaries of the teacher, the baseline student, and the CFE-infused student. CFEs cluster
near the decision boundary, enriching the distillation data in high-uncertainty regions. The student
trained with CFEs aligns more closely with the teacher, thus motivating the use of boundary-targeted

examples for improved knowledge distillation.
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5.4.2 Statistical Guarantees Motivating Our Approach

Here, we provide a theoretical motivation for the use of CFEs in few-shot knowledge distilla-
tion. We analyze a logistic regression setting using a measure from estimation theory called Fisher
Information [217] (also see Definition 5.2) that captures the information contained by a random vari-
able about a parameter to be estimated. We show that a dataset containing CFEs, which essentially lie
much closer to the teacher’s decision boundary, yields a Fisher Information Matrix with higher overall
information content for parameter estimation. As a result, the student’s expected estimation error is

lower compared to training on standard samples.

Definition 5.2 (Fisher Information Matrix [217]). Let L(0) be the log-likelihood of a parametric dis-
tribution p(y, x; 0), where 0 is the parameter vector to be estimated. The Fisher Information Matrix

(FIM) at parameter 0 is defined as:

Z(0) = Ex,y [Volog p(y, x;0) Vologp(y,x;0) "] .

Fisher Information measures the curvature of the log-likelihood: flatter regions (low curvature)
imply high uncertainty in estimating ¢, while sharper regions (high curvature) indicate that small
changes in # cause large changes in likelihood, enabling more precise parameter estimation. We con-
sider a binary classification setting where the teacher and student are logistic regression models. The
teacher parameterized by w;, defines the true data-generating distribution with predicted probabilities
pi(y = 1|x) = o(w/ x) where o(+) a softmax. Suppose, the student, with parameters w, is obtained
via maximum likelihood estimation (MLE) [217] using either a standard dataset D or CFE-infused

dataset D.¢. Since CFEs x. lie close to the teacher’s decision boundary, we have th X, ~ 0.
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Theorem 5.1 (CFEs Improve Model Parameter Estimation). Let w, and ng) be the student param-
eters obtained via MLE on D (standard) and D¢ (CFE-infused). Assuming the teacher’s parameters
w; capture the true data-generating distribution, that CFEs lie near the decision boundary, and that
the second moments B, [xx"] ~ K [x.x]]. Then estimation error satisfies:

E [Iw') - wi[[?] <E [[lw, - wi]]?].

s

Proof Sketch: The key step in our proof relies on showing that the Fisher Information is given by
IZ(wy;; D) =, pe(y = 1|x:)(1 — pe(y = 1|x;))x;x; . The scalar weight p;(y = 1|x)(1 —p,(y = 1]x))
is maximized when p;(y = 1|x) = 0.5, i.e., x lies on the decision boundary. Standard samples
in few-shot settings typically lie far from the boundary and contribute little to the FIM, whereas
CFEs are constructed to lie near it and thus contribute significantly more. As a result, the FIM of
the CFE-infused dataset D.; dominates that of the standard dataset D in Loewner order [218] (i.e.,
Z(wy; Dey) = Z(wy; D)). The CFE-infused dataset provides strictly more information for parameter
estimation than the standard dataset, ultimately leading to the bound on expected estimation error (see
proof in Appendix D.2).

While this result mathematically motivates the advantages of CFEs in few-shot distillation, it
still assumes linear models and same student-teacher capacity (size). For more general non-linear

settings, we provide a geometric perspective as discussed next.

5.4.3 Geometric Insight for Using CFEs for Distillation

Here, we examine the geometric effect of CFEs on student-teacher alignment in non-linear set-

tings. Specifically, we show that when data points and their CFE pairs are included during distillation,
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Figure 5.4: Hausdorff Distance measures how far two subsets of a metric space are from
each other [3].

the student’s decision boundary comes much closer to the teacher’s boundary, as quantified by a formal
measure called Hausdorff distance [3] between their respective decision surfaces. The Hausdorff dis-
tance (see Figure 5.4) captures the worst-case discrepancy between two sets (in our case, the decision
boundaries of the teacher and student models) by quantifying how far any point on one boundary is
from the closest point on the other.

Let M;={x € R"™? | f,(x) = 0.5} and M,={x € R"™? | f,(x) = 0.5} denote the decision
boundaries of the teacher and student. Our goal is to examine how close is the student’s decision

boundary to the teacher’s. To quantify this alignment, we define the Hausdorff distance as follows:

Definition 5.3 (Hausdorff Distance). Let M;, M, C R™ 9 be two non-empty subsets of a metric

space. The Hausdorff distance is defined as:

H(M , M,;) = max{ sup inf ||x —ulg, sup mf Hu XHF}
xeM; UEMs

We observe that for each training sample x; and its CFE x/, the segment joining them cuts
the teacher’s decision boundary because they have different predictions. Essentially, there exists an

intersection point x} on this segment such that f;(x}) = 0.5. Now, if the student is taught to match the
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teacher at the sample x; and its CFE x, the student would also have another intersection point on this
segment. These two intersection points lying on the teacher and student decision boundaries will act
as clamps, pulling the two boundaries close to each other, since their own gap gets smaller as x; and
its CFE x| comes closer. We assume boundaries are closed and distance is measured within a compact

region (e.g., support of data).

Lemma 5.1 (Existence of Boundary Crossing for Counterfactual Pairs). Let f, : R"*¢ — [0,1] be a
continuous function. For a datapoint and its counterfactual pair (x;,X.), there exists a point X; =

ax; + (1 — @)x} foran a € (0, 1) (on the line joining x; and x}) such that: f,(x}) = 0.5.

Theorem 5.2 (Teacher-Student Boundary Proximity). Let f;, f, : R™4 —: (0, 1] be the teacher and
student model, with decision boundaries My = {x | fi(x) = 0.5} and M, = {x | fs(x) = 0.5},
respectively. Assume we observe a CFE-infused dataset D.; = {(Xi, X;)}le satisfying, for every
pair (x;,%;): (Al) Minimal perturbation: ||x; — X}||r < « with o > 0; (A2) Exact distillation:
fs(x;) = fi(x;) and fs(x}) = fi(X}); and (A3) e-spread along the teacher and student boundary, i.e.,
for each pair, there exist a teacher’s crossing point x; = ax; + (1 — )X for o € (0,1) such that
fi(zF) = 0.5 and for every a € M,, there exists an i with ||a — X}||2 < €. Then the Hausdor{f distance

between the decision boundaries obeys: H(Mg, M;) < a + e.

Consequently, tight (small «) and well-spread (small €) CFE pairs guarantee that the student
boundary remains inside an (« + ¢)-tube around the teacher boundary.
Interpretation of the assumptions and bound. Our theorem makes three intuitive assumptions. (A7)
Minimal perturbation requires each input and its CFE pair (x,x’) to differ by at most a. CFEs are
by definition the minimal changes that flips the teacher’s prediction, so « is typically much smaller
than the distance between arbitrary training points (note that we do no need CFEs to sit exactly on the
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teacher’s boundary, i.e., f; =0.5). It suffices that the perturbation is small and flips the label—capturing
the practical way CFEs are produced. (A2) Exact distillation agreement assumes the student matches
the teacher’s outputs on the input and CFE pairs. This is reasonable, as these examples are directly
used in training, and their logits are aligned through the distillation (KL) loss. (A3) e-spread assumes
the inputs are reasonably well spread. No region of the teacher’s boundary is more than € away from
a crossing point. Under these assumptions, the Hausdorff gap between student and teacher boundaries
is tightly bounded by a + . This ensures the student’s decision boundary stays within an (« + ¢)-tube
around the teacher’s, illustrating the geometric faithfulness we want in few-shot knowledge distillation.
See proofs in Appendix D.4.

Proposed Algorithm (CoD). We propose COD, a Counterfactual Explanation-infused Distillation
strategy for few-shot, task-aware distillation of LLMs. The first step is CFE generation. Existing meth-
ods primarily fall into optimization-based [25], search-based [219], and generative approaches [220].
These methods can be computationally expensive for LLMs, and frequently yield out-of-distribution
or semantically implausible examples. To address this, we adopt a hybrid approach that combines the
teacher model predictions with an LLM as an oracle for CFE generation. Specifically, given an input
and its original label, we prompt an LLLM (e.g., GPT—40 [221]) to generate a semantically similar
sentence intended to flip the label with minimal changes to the input. We then check whether this
generated example indeed flips the teacher model’s prediction, ensuring its utility as a true CFE. Once
validated, each CFE is paired with its original input (x,x’) and added to the training set. During dis-
tillation, we ensure that each input—CFE pair is included in the same mini-batch, enabling the student
to jointly learn from both examples. The student is then trained using a combination of task loss, KL-
based distillation loss, and optional layer-wise alignment. An overview of this process is described in

Algorithm 4, with full implementation details and prompts provided in Appendix D.5.
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5.5 [Experiments

The goal of our experiments is to evaluate the effectiveness of integrating CFEs for knowledge
distillation under few-shot learning settings. We investigate whether using limited real samples infused

with their corresponding CFEs enable better distillation compared to only using real samples.

Algorithm 4 CoD: CFE-infused Distillation
Require: Teacher g, student g5, data set D={(x;, yi)}le, CFGen, learning rate 7, loss weights o (KD), 3

(LWD)

I: D+ 0

2: for all (x,y) € Dy do

3: 2/ + CFGen(x, g;)

4: Dcf — Dcf U {(X/’ 1- y)}

5: end for

6: Dirain <~ Dr U Det

7. fore =1to E do

8:  forall (x,y) € Diin do

9: ﬁhard < CE(gs (X)a y)
10: Lxp < KL(g¢(x) [ gs(x))
11: LIwD < Y e ||h£l) - hgl)”%
12: L+ Lhad + o Lxp + B Lrwp
13: Update 0 <— 0, — 'V L
14:  end for
15: end for
16: return distilled student g,

Datasets. We evaluate COD across six text classification benchmarks that span a range of domains.
SST2 is a binary sentiment classification task derived from movie review snippets [222]. Senti-
ment140 consists of tweets labeled as positive or negative, reflecting user sentiment in short social
media posts [223]. IMDB is a binary sentiment classification dataset containing full-length movie
reviews [224]. CoLA (Corpus of Linguistic Acceptability) is a grammaticality judgment task that re-
quires the model to identify whether a sentence is linguistically acceptable [225]. Amazon Polarity
contains customer reviews labeled as positive or negative sentiment [226]. Yelp is another sentiment
classification dataset based on user-generated restaurant reviews [227].
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Model. We experiment with two prominent model families: DeBERTa-v3 [190] and Qwen2.5 [167].
For DeBERTa-v3, we use the “base” model (100M parameters) as the teacher and distill into two
smaller “small” (44M) and “xsmall” (22M) variants as students. For Qwen2.5, we use Qwen2.5-
1.5B as the teacher and distill into the smaller Qwen2.5-0.5B. Full training details are in Appendix D.5.
Baselines. We compare our method against three task-aware knowledge distillation baselines: (i)
Standard knowledge distillation (KD) where the student learns from the teacher’s soft predictions
using KL divergence [228]; (ii) Layer-wise distillation (LWD), which extends KD by additionally
aligning the student’s intermediate hidden representations with those of the teacher using mean squared
error [178]; and (iii) TED (Task-aware Layer-wise Distillation) which incorporates task-specific neural
filters at each layer to selectively transfer task-relevant information from teacher to student [177]. All
methods are evaluated under k-shot training settings, and student models are trained on identical few-
shot splits to ensure a fair comparison (see details in Appendix D.5).

Setup. As in prior works on task-aware distillation [177], we first train a teacher model on the full
training dataset to serve as a strong source of supervision. A student model is then initialized and
distilled using only % datapoints, where k£ € {8,16,32,64,128,512}. We apply our strategy COD
to three standard distillation baselines: KD, LWD, and TED. For a fair comparison, COD uses k/2
original samples and their k/2 corresponding CFE (a total of k shots) while the baseline methods are
trained on k original samples. Performance is evaluated using accuracy on the test set for each dataset.
All experimental results are averaged over five runs, with the mean and standard deviation reported.
Results for the DeBERTa-v3-base teacher and DeBERTa-v3-small student are shown in Table 5.1,
while results for the smaller DeBERTa-v3-xsmall student are in Appendix D.5. For experiments using
the Qwen2.5-1.5B teacher and the Qwen2.5-0.5B student, see Table 5.3. We report the accuracy of

teacher models trained on the full datasets in Table D.1 in Appendix D.5.
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Table 5.1: Classification accuracy (+ std) across datasets with varying total training sizes
k. For COD, training data consists of k/2 standard and k/2 CFEs. Teacher model
DeBERTa-v3-base and student model DeBERTa-v3-small.

Total Samples (k)
Dataset Method 8 16 32 64 128 512
KD 0.671 20046  0.71220.033  0.758+0.032  0.789+0.022 0.823 +0.016  0.846 +0.007
Amazon +CoD 0.758 0027 0.795x0.033 0.81910035 0.812:0.004 0.837 0014  0.860 +0.015
Polarit
Y LWD 0.676 20000  0.738 0.033  0.777 +0.009  0.809 0.015  0.827 +0.025  0.842 +0.019
+CoD 0.724 0052 0.779 0056  0.811+0.015 0.828 0015 0.816:0.020 0.841 +0.013
KD 0.693 0062  0.707 x0.029  0.721 0012  0.747 20005  0.758 +0.009  0.771 +0.003
CoLA +CoD 0.739 0026  0.755 0017  0.769 0011  0.769 0016  0.772 x0.006  0.791 +0.004
LWD 0.713 20031 0.698 +0.037  0.731 +0.021 0.744 0007  0.750x0.018  0.761 20.011
+ CoD 0.730 0.035  0.744 +0.031 0.762 +0.011 0.752 0009  0.756 z0.010  0.784 +0.003
KD 0.714 x0.047  0.81720.028 0.875+0.027 0.896 +0.008  0.912 +0.009  0.917 +0.006
IMDB + CoD 0.835+0.078  0.888 +0.005  0.890 +0.011 0.899 0007  0.907 z0.006  0.913 +0.005
LWD 0.760 0046  0.836+0.045 0.875+0.024 0.889+0.013  0.905 +0.008 0.914 +0.006
+ CoD 0.861 0017 0.886 0011  0.893 10006 0.898 0005 0.905 0010 0.913+0.010
KD 0.617 20042  0.712+0.052  0.757 20063  0.820+0.019  0.848 +0.013  0.899 +0.007
SST2 + CoD 0.719 20063  0.781 x0.034  0.821 10013  0.827 0008  0.853:0.015 0.892 +0.018
LWD 0.627 0053  0.72120.055  0.776 +0.031 0.817 £0.005  0.829+0.013  0.892 +0.012
+ CoD 0.694 0079  0.785x0.028  0.832 +0.011 0.830 0007  0.835x0.012  0.880+0.020
KD 0.714 0058  0.817 £0.031  0.855+0.021  0.878 x0.006  0.885 +0.018  0.916 +0.007
Yelp + CoD 0.740 0094  0.832 0045 0.860 0018 0.874 0006 0.888 +0.013 0.913 +0.011
LWD 0.733 0070  0.832x0.026 0.857+0011 0.868 x0.006  0.881+0.017  0.920 +0.010
+ CoD 0.738 20093  0.865 0010 0.870:0017 0.871 0019 0.885:0007 0.913+0.013
KD 0.5800.039  0.597 20042  0.64510023 0.690+0.035 0.752=x0.011  0.802 +0.006
+ CoD 0.629 +0.036  0.640x0.048  0.731 10022 0.754 +0017  0.778 0.007  0.784 +0.019
Sent140
LWD 0.581 0041  0.593 £0.039  0.665+0.027 0.708 20.029  0.751 +0.009  0.785 +0.019
+ CoD 0.628 +0.034  0.652 +0.038  0.706 +0.016  0.741 20014  0.729 +0.063  0.760 +0.023
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Results and Analysis. Across all datasets, we observe that COD significantly improves performance
in the low-data regime, particularly when £ < 64. For example, on Amazon Polarity with only 8
labeled examples, KD + CoD achieves 75.8% accuracy compared to 67.1% for standard KD (8.7
points improvement). Similarly, for IMDB at k£ = 8, LWD + CoD improves over standard LWD by
more than 10 points (86.1% vs. 76.0%). As the number of labeled examples increases, the benefits
of CFE augmentation diminish. At £ = 512, the performance of standard and COD becomes nearly
identical in many cases. However, even in these larger settings, it is important to note that our method
achieves comparable results while using only k/2 real samples and k/2 CFE, effectively halving the
amount of labeled data required to reach similar performance. The effectiveness of CFEs varies by
dataset. On CoLA, we observe consistent improvements across all k& values for both KD and LWD,
indicating that CFEs are well-aligned with the task’s grammaticality decision boundary. In contrast,
datasets like Sentiment140 show strong early gains. For datasets such as IMDB and SST2, CFE
provides substantial improvements at low k, but underperforms slightly at & = 512, possibly due to
redundancy. Among distillation methods, LWD generally performs on par with or slightly better than
KD across most settings, with COD offering similar relative improvements for both.

We also compare with TED [177] which has been found to work well with larger distillation
datasets. We note that TED introduces additional complexity by requiring the training of task-specific
filters prior to distillation. Interestingly, we find that TED does not consistently outperform classical
methods like KD or LWD in the few-shot settings (see Table 5.2). Nonetheless, TED + CoD yields
consistent gains over standard TED, demonstrating that our approach is broadly applicable. Our find-
ings suggest that simpler distillation approaches like KD or LWD are preferable when data is scarce:
they are easier to implement and, when combined with COD, deliver much stronger performance gains
without the overhead of filter training.
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Table 5.2: Classification accuracy (&£ std) with TED and TED + COD across datasets and
varying total training sizes k. For COD, training data consists of k/2 standard and % /2
CFEs. Teacher model is DeBERTa-v3-base and student model is DeBERTa-v3-small.

Total Samples (k)

Dataset Method 8 16 32 64 128 512
Amazon TED 0.646+0.075  0.697 20.033  0.758 +0.012  0.816+0.023  0.814+0.020 0.846 +0.025
Polarity + CoD 0.731 0054  0.754 0056  0.802 +0.007 0.818 0.013  0.805 +0.008  0.848 +0.010
CoLA TED 0.750 +0.022  0.737+0.028 0.731x0.020 0.746+0.011  0.760=+0.011  0.772 +0.010
+ CoD 0.748 +0.028  0.757 +0.023  0.767 +0.021 0.768 0.016  0.780 +0.007  0.791 +0.006
IMDB TED 0.695+0.018 0.8000.042 0.854+0.023 0.876+0.012 0.908 +0.009  0.917 +0.006
+ CoD 0.827 +0.056  0.879 x0.003  0.884 +0.007  0.887 +0.010  0.895x0.010  0.916 0.005
SST2 TED 0.597 +0.052  0.701 +0.055 0.732+0.026 0.812+0.026  0.829+0.002  0.904 +0.006
+ CoD 0.658 +0.087  0.779 0012  0.813 0017 0.833 0014 0.836+0.030 0.879 +0.011
Yelp TED 0.699 +0.048  0.81510.014 0.846+0.020 0.869+0.012  0.894 +0.009 0.914 +0.012

+ CoD 0.742 +0.095 0.837 20016 0.868 +0.018  0.878+0.019  0.886+0.013  0.913 +0.008

Ablations. (1) On template designing and prompt choices. We conducted an experiment varying four
prompt templates for generating CFEs and observed that COD is robust to prompt choices, showing
low standard deviation across variants and consistently outperforming the KD baseline low shot cases
(see Table D.4). This suggests CoD is not overly sensitive to prompt used. One possible direction
could be to use automatic prompt generation methods are these are typically more compute-intensive.
Given our already strong and stable performance using simple manually designed prompts, such com-
plex techniques may not be necessary. (2) Computational and Memory Requirements. We assess the
computational efficiency of COD under varying few-shot budgets & using the codecarbon pack-
age [229] to track runtime and energy consumption (see Table D.5). (3) Effect of soft-label supervi-
sion. To study the role of soft-labels in our approach, we conduct an ablation removing or corrupting
the teacher’s soft labels. (see Table D.6). Removing the soft label term (o = 0) leads to a substantial

drop in performance across all shot levels. Although CoD still improves over KD in this setting, the
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Table 5.3: Classification accuracy (£ std) of Qwen2.5 on CoLA and Yelp datasets with
varying training sizes k. For COD training data consists of k/2 standard and k/2
CFEs. Teacher model is Qwen2.5-1.5B and student model is Qwen2.5-0.5B. Refer to
Appendix D.5 for other datasets.

Total Samples (k)

Dataset Method 8 16 32 64 128 512
KD 0.681 +0.012 0.6760.023  0.668 +0.042  0.654 20032 0.676+0.020  0.732 +0.014
CoLA + CoD 0.683 +0.016  0.686 =0.018  0.697 0015 0.711=x0020 0.736+0.017  0.757 +0.011
LWD 0.681 +0.012  0.657 +0.031 0.678 x0.018  0.650+0.039  0.636+0.029 0.712 +0.014
+ CoD 0.682 +0.018  0.687 0013  0.704 0010 0.714+0.020 0.719 0022  0.755 +0.013
KD 0.684 +0.021 0.759 +0.040  0.827 x0.030  0.861 +0.017  0.887 +0.012  0.920 +0.010
Yelp + CoD 0.745 +0.029  0.779 0048  0.828 0072  0.886+0.007 0.883 x0.010  0.916 +0.008
LWD 0.685+0.019 0.777 0036  0.837 20027 0.876x0.020 0.898 +0.008  0.920 +0.005
+ CoD 0.746 +0.028  0.778 0.035  0.847 0020 0.876 0014 0.883+0.010  0.909 +0.009

gains are significantly reduced. This highlights that the soft label calibration from the teacher is a key
contributor to the effectiveness of counterfactual explanation data. Additionally, when replacing soft
labels with random values, performance degrades sharply, likely due to inconsistency with the hard

labels, introducing conflicting supervision signals in the training objective.

5.6 Discussion

We introduced COD, a novel approach for task-aware knowledge distillation in few-shot set-
tings that leverages CFEs to enhance the data efficiency of knowledge distillation. Our results show
that COoD consistently outperforms existing distillation approaches in low-data regimes. Importantly,
we demonstrate that COD can achieve improved performance over baselines while effectively using
only half the number of original data, with the remainder consisting of generated CFEs. This find-
ing has significant implications for reducing the cost of data collection in real-world scenarios where

sourcing high-quality data is expensive or time-consuming [230]. Our approach offers an explanation-
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driven perspective on distillation. By including CFE’s, we implicitly highlight the key features most
important to flipping a teacher’s decision. This may help the student model reduce its reliance on
spurious correlations, especially in few-shot settings. In effect, CFE’s guide the student to attend to
“why” a label changes, not just “what” the label is. This bridges explainability and compression, turn-
ing explanations into actionable data for knowledge distillation. As research increasingly focuses on
getting more from less data [231, 232], future work could extend our approach to generative sequence-
to-sequence models, enabling efficient distillation beyond classification. More broadly, our approach
offers a path toward data-efficient LLM distillation from minimal data while reducing cost and main-
taining performance.

Limitations. While the counterfactual-explanation-infused knowledge distillation (COD) method
demonstrates strong empirical performance, several limitations remain. First, generating counterfac-
tual explanations (CFEs) introduces additional computational overhead compared to standard distilla-
tion approaches. Moreover, our current CFE generation strategy, which relies on prompting LLMs,
does not guarantee that we would get the closest counterfactual (as defined in Definition 5.1), poten-
tially limiting the precision of our distilled knowledge. Future work could explore alternate methods
for generating closer and semantically valid CFEs. Additionally, as with knowledge distillation in
general, COD is inherently dependent on the quality of the teacher model. Any inaccuracies or biases
present in the teacher’s decision boundary may be inherited by the student. Addressing robustness to
flawed teachers remains an important direction for future research.

Societal Impact. CoD offers several potential societal impacts, particularly in reducing the cost and
effort associated with data collection [230]. By enabling the distillation of high-performance models
with fewer data samples, this approach can significantly lower data collection costs, making machine

learning more accessible in low-resource environments. This is especially valuable in industries where
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data is often scarce and expensive to obtain [230, 233]. Moreover, by requiring fewer samples and
targeting smaller student models, COD contributes to more efficient model training, lower energy
requirements, and scalable deployment. Our method leverages explanations as a tool for more effective

model compression. In doing so, it bridges the gap between explainability and model compression.
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Chapter 6: Explaining Fairness in Distributed Environments

6.1 Introduction

Federated learning (FL) is a framework where several parties (clients) collectively train machine
learning models while retaining the confidentiality of their local data [234, 235]. With the growing use
of FL in various high-stakes applications, such as finance, healthcare, recommendation systems, etc.,
it is crucial to ensure that these models do not discriminate against any group. [236]. While there
are several methods to achieve group fairness in the centralized settings [237], these methods do not
directly apply to a FL setting since each client only has access to their local dataset, and hence, is
restricted to only performing local disparity mitigation.

Recent works [238-240] focus on finding models that are fair when evaluated on the entire
dataset across all clients, a concept known as global fairness. E.g., several banks may decide to engage
in FL to train a model that will determine loan qualifications without exchanging data among them.
A globally fair model does not discriminate against any certain group when evaluated on the entire
dataset across all the banks. On the other hand, local fairness considers the disparity of the model at
each client (when evaluated on a client’s local dataset). Local fairness is important as the models are
ultimately deployed and used locally [241].

Global and local fairness can differ, particularly when the local demographics at a client differ

from the global demographic across the entire dataset (data heterogeneity, e.g., a bank with primar-
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ily younger customers). Prior studies have mainly focused on either global or local fairness, with-
out always considering their interplay. Global and local fairness align when data is i.1.d. across
clients [240, 241], but their interplay in other scenarios is not well-understood.

This work aims to provide a fundamental understanding of group fairness trade-offs in the FL.
setting. We first formalize the notions of Global and Local Disparity in FL using information theory.
Next, we leverage a body of work within information theory called partial information decomposi-
tion (PID) to further identify three sources of disparity in FL that contribute to the Global and Local
Disparity, namely, Unique Disparity, Redundant Disparity, and Masked Disparity. This information-
theoretic decomposition is significant because it helps us derive fundamental limits on the trade-offs
between Global and Local Disparity, particularly under data heterogeneity, and provides insights on
when they agree and disagree. We introduce the Accuracy and Global-Local Fairness Optimality Prob-
lem (AGLFOQOP), a novel convex optimization that rigorously examines the trade-offs between accuracy
and both global and local fairness. This framework establishes the theoretical limits of what any FL.
technique can achieve in terms of accuracy and fairness given a dataset and client distribution. This
work provides a more nuanced understanding of the interplay between these two fairness notions that
can better inform disparity mitigation techniques and their convergence and effectiveness in practice.

Our main contributions can be summarized as follows:

* Partial information decomposition of Global and Local Disparity: We first define Global Dispar-
ity as the mutual information I(Z; }7) where Y is a model’s prediction and Z is the sensitive attribute
(see Definition 6.2). Then, we show that Local Disparity can in fact be represented as the conditional
mutual information I(Z; }7|S ) where S denotes the client (see Definition 6.3). We also demonstrate

relationships between these information-theoretic quantifications and well-known fairness metrics
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(a) Pure Redundant Disparity (b) Pure Unique Disparity (c) Pure Masked Disparity
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Figure 6.1: Illustrative scenarios of global and local disparities in FL. (a) Client O primarily
serves younger adults, while Client 1 predominantly serves older adults. The model’s
prediction is entirely based on the client label. Within each client, both age groups are
treated equally (locally fair), but globally, one group is disproportionately favored (globally
unfair). (b) The model predictions are purely based on age, approving younger adults and
rejecting older adults across both clients. Since age groups are uniformly distributed across
clients, this results in both local and global unfairness. (c) The model approves younger
adults from Client 0 and older adults from Client 1, while all others are rejected. At each
client, the model exhibits a preference for a specific age group (locally unfair). However,
globally, both groups receive equal approval rates (globally fair).

such as statistical parity (see Lemma 6.1). Using an information-theoretic quantification then en-
ables us to further decompose the Global and Local Disparity into three non-negative components:
Unique, Redundant, and Masked Disparity. We provide canonical examples to help understand these
disparities in the context of FL (see Section 6.5.1). The significance of our information-theoretic
decomposition lies in separating the regions of agreement and disagreement of Local and Global

Disparity, demystifying their trade-offs.

Fundamental limits on trade-offs between local and global fairness: We show the limitations
of achieving global fairness using local disparity mitigation techniques due to Redundant Disparity
(see Theorem 6.1) and the limitations of achieving local fairness even if global fairness is achieved
due to Masked Disparity (see Theorem 6.2). We also identify the necessary and sufficient conditions
under which one form of fairness (local or global) implies the other (see Theorem 6.3 and 6.4), as

well as, discuss other conditions that are sufficient but not necessary.
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* A convex optimization framework for quantifying accuracy-fairness trade-offs: We present the
Accuracy and Global-Local Fairness Optimality Problem (AGLFOP) (see Definition 6.4), a novel
convex optimization framework for systematically exploring the trade-offs between accuracy and
both global and local fairness metrics. AGLFOP evaluates all potential joint distributions, thereby
setting the theoretical boundaries for the best possible performance achievable for a given dataset

and client distribution in FL.

* Experimental demonstration: We validate our theoretical findings using synthetic and real-world
datasets. We study the trade-offs between accuracy and global-local fairness by examining the Pareto
frontiers of the AGLFOP. We investigate the PID of disparities in the Adult dataset trained within a

FL setting with multiple clients under various data heterogeneity scenarios.

6.2 Related Works

There are various perspectives to fairness in FL [242]. One definition is client-fairness [243],
which aims to achieve equal performance across all client devices [244]. In this work, we are instead
interested in group fairness, i.e., fairness with respect to demographic groups based on geographical lo-
cation, etc. Methods for achieving group fairness in a centralized setting [4, 245-248] may not directly
apply in a FL setting since each client only has access to their local dataset. Existing works on group
fairness in FL generally aim to develop models that achieve global fairness, without much considera-
tion for the local fairness at each client [240]. For instance, one approach to achieve global fairness in
FL poses a constrained optimization problem to find the best model locally, while also ensuring that
disparity at a client does not exceed a threshold and then aggregates those models [249-251]. Other

techniques involve bi-level optimization that aims to find the optimal global model (minimum loss)
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under the worst-case fairness violation [252-254], or re-weighting mechanisms [238, 239], both of
which often require sharing additional parameters with a server. [241] argues for local fairness, as the
model will be deployed at the local client level, and propose constrained multi-objective optimization.
While accuracy-fairness tradeoffs have been examined in centralized settings [255-257, 257-263],
such considerations, along with the relationship between local and global fairness, remain largely un-
explored in FL. Our work addresses this gap by examining them through the lens of PID.
Information-theoretic measures have been used to quantify group fairness in the centralized set-
ting in [22, 248, 264-274]. PID is also generating interest in other ML problems [275-281]. Here,
instead of trying to minimize information-theoretic measures as a regularizer, our goal is to quan-
tify the fundamental trade-offs between local and global fairness in FL and develop insights on their

interplay to better understand what is information-theoretically possible using any technique.

6.3 Preliminaries

Notations. A client is represented as S € {0, 1,..., K—1}, where K is the total number of federating
clients. A client S=s has a dataset D, = {(x;, i, 2;) }i=1,..n,» Where x; denotes the input features,
y; € {0, 1} is the true label, and z; € {0, 1} is the sensitive attribute (assume binary). The term n;
denotes the number of datapoints at client S = s. The collective dataset is given by D = Ufz’Ole.
When denoting a random variable drawn from this dataset, we let X be the input features, Z be the
sensitive attribute, and Y’ be the true label. We also let Y represent the predictions of a model f5(X)
which is parameterized by 6.
K-1

Standard FL aims to minimize the empirical risk: ming L(0) = miny % Y oo @sLs(0), where

Ly(0) = ni > ey, L(fo(z), y) is the local objective (or loss) at client s, o is an importance co-
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efficient (often equal across clients), and (-, -) denotes a predefined loss function. To minimize the
objective L(#), a decentralized approach is employed. Each client S = s trains on their private dataset
D, and provides their trained local model to a centralized server. The server aggregates the parameters
of the local models to create a global model fy(x) [282]. E.g., the FedAvg algorithm [283] is a popular
approach that aggregates the parameters of local models by taking their average, which is then used
to update the global model. This process is repeated until the global model achieves a satisfactory

performance level.

6.4 Background on Partial Information Decomposition

PID decomposes the mutual information [(Z; A, B) about a random variable Z contained in the

tuple (A, B) into four non-negative terms:

1(Z; A, B) = Uni(Z:A|B) + Uni(Z:B|A) + Red(Z:A, B) + Syn(Z:A, B) 6.1)

Here, Uni(Z:A|B) denotes the unique information about Z that is present only in A and not in B.
E.g., shopping preferences (A) may provide unique information about age (Z) that is not present in
address (B). Red(Z:A, B) denotes the redundant information about Z that is present in both A and
B. E.g., zipcode (A) and county (B) may provide redundant information about income level or age.
Syn(Z:A, B) denotes the synergistic information not present in either A or B individually, but present
jointly in (A, B), e.g., each individual digit of the zipcode may not have information about income
level or age but together they provide significant information about the feature.

Numerical Example. Let 7 = (Z;, Z,, Z3) with each Z;~ ii.d. Bern('2). Let A = (2, Zy, Z3 ®

N), B = (Z3,N), N ~ Bern('~) is independent of Z. Here, I(Z; A, B) = 3 bits. The unique
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Figure 6.2: Venn diagram showing PID of mutual information I(Z; A, B).

information about Z that is contained only in A and not in B is effectively in Z;, and is given by
Uni(Z:A|B)=I(Z; Z,) = 1 bit. The redundant information about Z that is contained in both A and
B is effectively in Z, and is given by Red(Z:A, B) = 1(Z;Z,) = 1 bit. Lastly, the synergistic
information about Z that is not contained in either A or B alone, but is contained in both of them
together is effectively in the tuple (Z3@ N, N), and is given by Syn(Z:A, B) = 1(Z;(Zs ® N,N)) =1

bit. This accounts for the 3 bits in I(Z; A, B).

Definition 6.1 (Unique Information [284]). Let A be the set of joint distributions on (Z, A, B) and A,
be the set of joint distributions with the same marginals on (Z, A) and (Z, B) as the true distribution,
ie, A, = {Q€A : Prg(Z=z,A=a)=Pr(Z=z,A=a) and Pro(Z==z, B=b) = Pr(Z=z, B=b)}.
Then:

Uni(Z:A|B) = pin To(Z: AlB)
€AQp

where 1o(Z; A|B) is the conditional mutual information when (Z, A, B) have joint distribution () and

Prg(-) denotes the probability under Q).

Defining any one of the PID terms suffices to obtain the others. Red(Z: A, B) is the sub-volume
between I(Z; A) and I(Z; B) (see Fig. 6.2). Hence, Red(Z:A, B) = 1(Z; A) — Uni(Z:A|B) and

Syn(Z:A,B) =1(Z; A, B) — Uni(Z:A|B) — Uni(Z:B|A) — Red(Z:A, B) (from Eqn. (6.1)).
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6.5 Main Contributions

We first formalize the notions of Global and Local Disparity in FL using information theory.

Definition 6.2 (Global Disparity). The Global Disparity of a model fy with respect to Z is defined as

I(Z; Y) the mutual information between Z and Y (where Y = fo(X)).

This is related to a widely-used group fairness notion called statistical parity. Existing works
define the Global Statistical Parity as: Pr(Y = 1|Z = 1) = Pr(Y = 1|Z = 0) [245]. Global Sta-
tistical Parity is satisfied when Z is independent of Y, which is equivalent to zero mutual information
I1(Z;Y) = 0. To further justify our choice of I(Z;Y") as a measure of Global Disparity, we provide a
relationship between the absolute statistical parity gap and mutual information when they are non-zero
in Lemma 6.1 (Proof in Appendix E.2).

Lemma 6.1 (Relationship between Global Statistical Parity Gap and [(Z; Y')). Let Pr(Z=0) = o The

0.51(Z;Y)
20(1—a)

gap SPygpa = | Pr(Y = 1|Z = 1) — Pr(Y = 1|Z = 0)| is bounded by

A critical observation that we make in this work is that: local unfairness can be quantified
as 1(Z, Y|S ), the conditional mutual information between Z and Y conditioned on S. This is mo-
tivated from [240] which defines Local Statistical Parity at a client s as: Pr(Y=1|Z=1,5=s) =

Pr(Y=1|2=0, S=s).

Definition 6.3 (Local Disparity). The Local Disparity is the conditional mutual information1(Z; Y |S).

Lemma 6.2. 1(Z;Y|S)=0 if and only if Pr(Y =1|Z=1, S=s)=Pr(Y =1|Z=0, S=s) at all clients s.

The proof (see Appendix E.2) uses the fact that I(Z;Y|S) = S22 Pr(S=5)I(Z;Y|S = s)
where I(Z; Y'|S = s) is the Local Disparity at client s, and Pr(S=s) = n,/n, the proportion of data
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points at client s. Similar to Lemma 6.1, we can also get a relationship between SP, and 1(Z; Y |S = s)
when they are non-zero (see Corollary E.1 in Appendix E.2). We can also define other fairness metrics
similarly. For instance, Global Equalized Odds can be formulated in terms of the conditional mutual

information, denoted as I(Z; Y'|Y") and Local Equalized Odds as 1(Z;Y|Y, S).

6.5.1 Partial Information Decomposition of Global and Local Disparity

We provide a decomposition of Global and Local Disparity into three sources of unfairness:
Unique, Redundant, and Masked Disparity, and provide examples to illustrate and better understand
these disparities in the context of FL.

The Global and Local Disparity in FL can be decomposed into non-negative terms:

1(Z;Y) = Uni(Z:Y|S) + Red(Z:Y, S). (6.2)

1(Z;Y]S) = Uni(Z:Y|S) + Syn(Z:Y, S). (6.3)

We refer to Fig. 6.3 for an illustration of this result. Eq. (6.2) follows from the relationship be-
tween different PID terms while Eq. (6.3) requires the chain rule of mutual information [285]. For
completeness, we show the non-negativity of PID terms in Appendix E.3.

The term Uni(Z:Y'|S) quantifies the unique information the sensitive attribute Z provides about
the model prediction Y that is not provided by client label S. We refer to this as the Unique Dis-
parity. The Unique Disparity contributes to both Local and Global Disparity, highlighting the region
where they agree. The Redundant Disparity, Red(Z Y, S ), quantifies the information about sensitive
attribute Z that is common between prediction Y and client S. The Unique and Redundant Dispari-

ties together make up the Global Disparity. Syn(Z :Y, S) represents the synergistic information about
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Global Disparity I(Z;Y) Local Disparity I(Z;Y|S)

Disagreement Agreement Disagreement
Region Region Region

Figure 6.3: Venn diagram of PID for Global & Local Disp. with agreement and disagree-
ment regions.

sensitive attribute Z that is not present in either Y or S individually, but is present jointly in (Y, S).
We refer to this as the Masked Disparity, as it is only observed when Y and S are considered together.
Redundant and Masked Disparities cause disagreement between global and local fairness.

Canonical Examples. We now examine a loan approval scenario featuring binary sensitive attributes
across two clients, i.e., Y, Z, S € {0,1}. Here, 1(Z;Y,S) = H(Z) — H(Z|Y,S) < H(Z) = 1, i.e.,

the maximum disparity is 1 bit.

Example 6.1 (Pure Uniqueness). Let Y = Zand Z 1L S. The younger adults (Z = 1) and older
adults (Z = 0) are identically distributed across the clients. Suppose, the model only approves younger
adults but rejects older adults for a loan across both clients. This model is both locally and globally
unfair, (Z;Y) = 1(Z;Y|S) = 1. This is a case of purely Unique Disparity since all the information
about age is derived exclusively from the model predictions; the client S has no correlation with age
Z. Both Global and Local Disparities are in agreement. Here, Uni(Z:Y'|S) = 1, Red(Z:Y,S) = 0,

and Syn(Z:Y, S) = 0.

Example 6.2 (Pure Redundancy). The client S = 0 has 90% older adults, while client S = 1 has
90% younger adults. So, there is a correlation between the clients and age. Suppose, the model

approves everyone from client S = 1 while rejecting everyone in S = 0 (i.e., Yy =9 ). Such a model
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is locally fair because younger and older adults are treated equally within a particular client, and
1(Z;Y|S) = 0. However, the model is globally unfair since 1(Z;Y) = 0.53. This is a case with
pure Redundant Disparity since information about 7 is derived from both Y and S. Global and Local

Disparities are in disagreement. Here, Uni(Z:Y'|S) = 0, Red(Z:Y, S) = 0.53, and Syn(Z:Y', S) = 0.

In general, pure Redundant Disparity is observed when Z and Y are correlated and Z — S — Y’

form a Markov chain, i.e.,Y = S and S = ¢(Z) for some function g.

Example 6.3 (Pure Synergy). Let Y =Z®Sand Z 1L S. The model approves younger adults
(Z = 1) from client S = 0 and older adults (Z = 0) from client S = 1, while others are rejected. Such
a model is locally unfair, as it singularly prefers one age group within each client with 1(Z, }A/|S) =1
However, it is globally fair since it maintains an equal approval rate for both younger and older adults
with 1(Z; Y) = 0. This is a case with pure Masked Disparity as information about Z that is not
observable in either Y or S individually is present jointly. Here, Uni(Z:Y'|S) = 0, Red(Z:Y, S) = 0,

and Syn(Z:Y,S) = 1.

Merits of PID. These canonical examples demonstrate scenarios with pure uniqueness, redundancy,
and synergy. In practice, there is usually a mixture of all of these disparities. i.e., non-zero Unique,
Redundant, and Masked Disparities. In these scenarios, PID serves as a powerful tool that can dis-
entangle the regions of agreement and disagreement between Local and Global Disparity, particularly
when data is distributed non-identically across clients (also see experiments in Section 6.6). In con-
trast, traditional fairness metrics lack the granularity to capture these nuanced interactions, making
PID an essential asset for a more comprehensive understanding and mitigation of disparities. Using
PID, we can uncover the fundamental information-theoretic limits and trade-offs between Global and
Local Disparities, which we will examine in greater depth next.
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6.5.2 Fundamental Limits on Tradeoffs Between Local and Global Disparity

We examine the use of local fairness to achieve global fairness, or scenarios where a model is
trained to achieve local fairness and subsequently deployed at the global level. Since clients have direct
access only to their data, implementing local disparity mitigation techniques at the individual client
level is both practical and convenient. Studies such as [241] argue that local fairness is important as
models are deployed at the local client level. However, this raises a critical question about the impact
on global fairness. In Theorem 6.1, we formally demonstrate that even if local clients are able to use
some optimal local mitigation methods and model aggregation techniques to achieve local fairness, the

Global Disparity may still be greater than zero.

Theorem 6.1 (Impossibility of Using Local Fairness to Attain Global Fairness). As long as Redundant

Disparity Red(Z:Y/, S) > 0, the Global Disparity 1(Z; Y/) > 0 even if Local Disparity goes to 0.

In order to achieve local fairness, Unique and Masked Disparities must be reduced to zero. The
proof leverages Proposition 6.5.1, particularly relying on non-negativity of Unique and Redundant Dis-
parities (see Appendix E.4). Recall, Example 6.2 (Pure Redundancy), where the Local Disparity was
zero, but the Global Disparity was 0.53 as a result of the Redundant Disparity. This is not uncommon
in real-world scenarios. Sensitive attributes like age may be correlated with location. For instance,
one hospital may mainly cater to younger patients, whereas another could predominantly serve older
patients. A model may be trained to achieve local fairness but would fail to be globally fair due to a
non-zero Redundant Disparity, highlighting the region of disagreement (see Fig. 6.3).

We now consider the scenario where a model is able to achieve global fairness and is subse-

quently deployed at the local client level.
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Theorem 6.2 (Global Fairness Does Not Imply Local Fairness). As long as Masked Disparity

Syn(Z :f/, S) > 0, local fairness will not be attained even if global fairness is attained.

To achieve global fairness, the Unique and Redundant Disparities must reduce to zero. Recall
Example 6.3 (Pure Synergy), where the model accepts younger adults from client S = 0 and older
adults from client S = 1, while rejecting all others. While this model is globally fair, it is not locally
fair. This demonstrates that while it is possible to train a model to achieve global fairness, it may
still exhibit disparity when deployed at the local level due to the canceling of disparities between
clients. This effect is captured by the Masked Disparity. We now discuss the necessary and sufficient

conditions to achieve global fairness using local fairness.

Theorem 6.3 (Necessary and Sufficient Condition to Achieve Global Fairness Using Local Fairness).
If Local Disparity 1(Z;Y'|S) goes to zero, then Global Disparity 1(Z;Y') also goes to zero, if and only

if the Redundant Disparity Red(Z:Y, S)=0. A sufficient condition for Red(Z:Y, S)=01is Z1LS.

Theorem 6.3 suggests that if the sensitive attribute is uniformly distributed across clients the
Redundant Disparity will reduce to zero (see proof in Appendix E.4). Hence, when the Local Disparity
goes to zero, the Global Disparity will also decrease to zero. However, in practice, this proportion is
fixed since the dataset at each client cannot be changed, i.e., [(Z;.S) is fixed. Therefore, we examine
another more controllable condition to eliminate Redundant Disparity even when I(Z; S) > 0.

One might think that a potential solution to have Red(Z Y, S ) = 0 is to enforce independence
between Y and S , 1.e., the model should make predictions at the same rate across all clients. However,
interestingly, the PID literature demonstrates counterexamples [286] where this does not hold. We
show that an additional condition of Syn(Z:Y", S) = 0 is required.

A sufficient condition for Red(Z:Y,S) = 0is Syn(Z:Y,S) =0and Y 1L S.
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Remark 6.1. It is worth noting that the independence between Y and S can be approximately achieved
if the true Y and S are independent, as Y is an estimation of Y. The mutual information 1(Y'; S) can
provide insights into the anticipated value of I(f/; S), as FL typically aims to also achieve a reasonable
level of accuracy. However, it is often the case that I(Y; S) is fixed due to the fixed nature of datasets

at each client. It may even be possible to enforce Y 1L S at the cost of accuracy.
Lastly, we examine conditions to attain local fairness through global fairness.

Theorem 6.4. Local disparity will always be less than Global Disparity if and only if Masked Dispar-

ity Syn(Z:Y, S) = 0. A sufficient condition is when Z — Y — S form a Markov chain.

Remark 6.2 (Extension to Personalized Federated Learning Setting). Interestingly, our results extend
to the personalized FL setting, where client s can tailor the final global model Y = f (X) into a
personalized version to improve local performance, Y = fs(X). In this case, we can define the global

model as a random variable Y = 9(X, S) and all of the propositions would hold.

6.5.3 An Optimization Framework for Exploring the Accuracy Fairness Trade-off

We investigate the inherent trade-off between model accuracy and fairness in the FL context.
We formulate the Accuracy and Global-Local Fairness Optimality Problem (AGLFOP), an optimiza-
tion to delineate the theoretical boundaries of accuracy and fairness trade-offs, capturing the optimal
performance any model or FL technique can achieve for a specified dataset and client distribution.

Let A be the set of all joint distributions defined for (Z, S, Y, Y). Let A, be a set of all joint
distributions ) € A that maintain fixed marginals on (Z, S,Y") as determined by a given dataset and

client distribution, i.e., A, = {Q € A : Prg(Z=z,S=s,Y=y) = Pr(Z=z,S5=s,Y=y),Vz,s,y}.

116



Definition 6.4 (Accuracy and Global-Local Fairness Optimality Problem (AGLFOP)). Let 1(Z; }7)
andly(Z; Y|S ) be Global and Local Disparity under distribution (). Then, the AGLFOP for a specific

dataset and client distribution is an optimization of the form:

argmin err(Q) subjectto 1o(Z;Y) < e, 1o(Z;Y]|S) < €, (6.4)
Qe

where err(Q)= Zz,s,y,g Pro(Z=z,5=s,Y=y,Y=14)l(y # 9), the classification error under distri-
bution Q (1(-) denotes the indicator function). err(Q) € [0, 1] quantifies the proportion of incorrect
predictions, calculated as the summation of the probabilities of misclassifying the true labels. The

complement of the classification error, 1 — err(Q), quantifies the accuracy.

Theorem 6.5. The AGLFOP is a convex optimization problem.

The AGLFOP is a convex optimization problem (see proof in Appendix E.5) that evaluates all
potential joint distributions within the set A, which includes the specific dataset and how they are
distributed across clients. The true distribution of this given dataset across clients is Pr(Z = 2,5 =
s,Y = y). This makes it an appropriate framework for investigating the accuracy-fairness trade-off.
The Pareto front of this optimization problem facilitates a detailed study of the trade-offs, showcasing
the maximum accuracy that can be attained for a given global and local fairness relaxation (e,, €).

The set A, can be further restricted for specialized applications, e.g., to constrain to all derived
classifiers from an optimal classifier [246]. We can restrict our optimization space A, to lie within
the convex hull derived by the False Positive Rate (FPR) and True Positive Rate (TPR) of an initially
trained classifier. This would characterize the accuracy-fairness tradeoff for all derived classifiers from

the original trained classifier. The convex hall characterizes the distributions that can be achieved with
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any derived classifier. The constraints of AGLFOP can also be expressed using PID terms, offering in-
triguing insights that we will examine in the following section. The AGLFOP can be computed in any
FL environment. Specifically, their computation necessitates the characterization of the joint distri-
bution Pr(Z=z, S=s,Y=y) = Pr(S=s) Pr(Z=z|5S=s) Pr(Y=y|Z=z, S=s), which can be readily

acquired by aggregating pertinent statistics across all participating clients.

Remark 6.3 (Broader Potential). The AGLFOP currently focuses on independence between Z and
Y, but can be adapted to explore other fairness notions. It can also be used to study optimality in
situations where different clients have varying fairness requirements, e.g., adhering to statistical parity

globally while upholding equalized odds at the local level. Moreover, variants of this optimization

problem can be developed to penalize only the worst-case client fairness scenarios.

6.6 Experiments

In this section, we provide experimental evaluations on synthetic and real-world datasets to
validate our theoretical findings.! We investigate the PID of Global and Local Disparity under various
conditions. We also examine the trade-offs between these fairness metrics and model accuracy.

Data and Client Distribution. We consider the following: (1) Synthetic dataset: A 2-D feature vec-
tor X=(Xo, X1) has a distribution, i.e., X|y—1~N((2,2),[}i]), X|y—o~N((=2,-2),[1]). As-
sume binary sensitive attribute Z=1 if X;>0 and 0 otherwise to encode a dependence; and (2) Adult
dataset [37] with a binary sensitive attribute. We consider three cases for partitioning the datasets
across clients: (Scenario 1) sensitive-attribute independently distributed across clients, i.e., Z 1L S,

(Scenario 2) high sensitive-attribute heterogeneity across clients, i.e., Z = S with probability «, and

'Implementation is available at https://github.com/FaisalHamman/FairFL-PID
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(Scenario 3) high sensitive-attribute synergy level across clients, i.e., Y = Z & S. Further details are
described in Appendix E.6.

Experiment A: Accuracy-Global-Local-Fairness Trade-off Pareto Front. To study the trade-
offs between model accuracy and different fairness constraints, we plot the Pareto frontiers for the
AGLFOP. We solve for maximum accuracy (1 — err) while varying global and local fairness relax-
ations (¢4, €;). We present results for synthetic and Adult datasets as well as PID terms for various data
splitting scenarios across clients.” The three-way trade-off among accuracy, global, and local fairness
can be visualized as a contour plot (see Fig. 6.4).

Interestingly, PID allows us to quantify the agreement and disagreement between local and
global fairness. In scenarios characterized by Unique Disparity, local and global fairness agree, and
accuracy trade-offs are balanced between them. In cases characterized by Redundant Disparity, the
trade-off is primarily between accuracy and global fairness (the accuracy changes along the horizontal
axis (¢;) seemingly nonexistent given (¢4)). In contrast, scenarios with Masked Disparity exhibit a
trade-off that is primarily between accuracy and local fairness (the trade-off is across the vertical axis).
Experiment B: Demonstrating Disparities in Federated Learning Settings. In this experiment, we
investigate the PID of disparities on the Adult dataset trained within a FL framework. We employ the

FedAvg algorithm [283] for training and analyze:

* PID Across Various Splitting Scenarios. We partition the dataset among clients based on Scenarios
1-3, utilize FedAvg for model training in each case, and examine the PID of both Local and Global
Disparities (see Fig. 6.5). For each scenario, we also evaluate the effects of using a local disparity
mitigation technique. This is achieved by incorporating a statistical parity regularizer at each client.

The results and implementation details are presented in Table E.1 in Appendix E.6.

2We use Python dit package [287] for PID computation and cvxpy for convex solvers.
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Figure 6.4: AGLFOP Pareto Frontiers for Synthetic and Adult Datasets with PID. (first col-
umn) shows maximum accuracy (1 — err) that can be achieved on a dataset and client dis-
tribution for a given global and local fairness relaxation (e, ¢;). Synthetic data in scenario
1 (first row) 1s characterized by Unique Disparity. Local and global fairness agree, and
accuracy trade-offs are balanced between them. Synthetic data in scenario 2 with a = 0.9
(second row) is dominated by Redundant Disparity with trade-offs mainly between global
fairness and accuracy (an accurate model could have zero Local Disparity but be globally
unfair). Synthetic data in Scenario 3 (third row) is characterized by Masked Disparity with
trade-offs mainly between local fairness and accuracy (an accurate model could have zero
Global Disparity but be locally unfair). Adult data with heterogeneous split (fourth row;
details in Appendix E.6), displaying predominantly Masked Disparity but notable presence
of Redundant Disparity, capturing more complex relationships and trade-offs.
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Figure 6.5: (left) Plot demonstrating scenarios with Unique, Redundant, and Masked Dis-
parities for the Adult dataset (model trained using FedAvg). Unique Disparity when sen-
sitive attributes are equally distributed across clients. Redundant Disparity when there
is a dependency between clients and sensitive attributes (scenario 2; v = 0.9). Masked
Disparity is dominant with high sensitive attribute synergy level across clients. (mid-
dle) Nlustrates PID for varying levels of sensitive attribute heterogeneity («; see details
in Appendix E.6). When « is close to 0.3, the data is split evenly across clients (note
Pr(Z=0)=0.33 for the Adult dataset), resulting in a higher level of Unique Disparity. As
a deviates from 0.3, i.e., higher dependency between Z and .S, the Unique Disparity de-
creases while Redundant and Masked Disparity increases. (right) Illustrates relationship
between the synergy level (\; see details in Appendix E.6) and global and local fairness.
As the synergy level increases, the Masked and Local Disparity increases as expected.

* PID Under Varying Sensitive Attribute Heterogeneity Level. We partition the dataset across two

clients with varying levels of sensitive attribute heterogeneity. We use

a = Pr(Z=0|S=0)=1/4 to control the sensitive attribute heterogeneity level across clients. Our

results are summarized in Fig. 6.5 and Table E.2 in Appendix E.6.

* Observing Levels of Masked Disparity. We partition the dataset with varying sensitive attribute
synergy levels across clients to study the impact on the Masked Disparity. The synergy level \ €
[0, 1] measures how closely the true label Y aligns with Z & S (see Definition E.6 in Appendix E.6).

Results are summarized in Fig. 6.5 and Table E.3 in Appendix E.6.

» Experiments Involving Multiple Clients. We experiment with multiple clients K = 5 and K = 10.

Our findings are presented in Fig. E.2, Fig. E.1 and Table E.4 in Appendix E.6.
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6.7 Discussion

Our information-theoretic framework provides a nuanced understanding of the sources of dis-
parity in FL, namely, Unique, Redundant, and Masked disparity. Our experiments offer insights into
the agreement and disagreement between local and global fairness under various data distributions.
Our experiments and theoretical results show that depending on the data distribution achieving one
can often come at the cost of the other (disagreement). The nature of the data distribution across
clients significantly impacts the disparity that dominates. Our optimization framework establishes the
accuracy-fairness tradeoffs for a dataset and client distribution.

Importantly, our research can: (i) inform the use of local disparity mitigation techniques and
their convergence and effectiveness when deployed in practice; and (ii) also serve as a valuable tool
for policy decision-making, shedding light on the effects of model bias at both the global and local
levels. This is particularly relevant in the expanding field of algorithmic fairness auditing [24, 288].
Future studies could also investigate how this approach could be extended to more sophisticated fair-
ness measures. The estimation of PID terms largely depends on (i) the empirical estimators of the
probability distributions; and (ii) the efficiency of the convex optimization algorithm used for calcu-
lating the unique information. As the number of clients or sensitive attributes increases, the compu-
tational cost may rise accordingly. Future work could explore alternative efficient PID computation

techniques [280, 281, 289, 290].

122



Chapter 7:  Explaining Group Fairness Trade-offs and Impossibilities

7.1 Introduction

The increasing adoption of machine learning (ML) in high-stakes applications such as employ-
ment, finance, healthcare, etc, promises enhanced efficiency and improved decision-making. How-
ever, this widespread reliance on ML systems has escalated concerns about the disparate impact [4—
7,24,248, 267,291, 292] that these systems might cause on certain groups. Several anti-discrimination
laws and ethical principles [291] are being actively put forth to ensure algorithmic fairness.

Existing literature has studied a plethora of definitions, metrics, and scholarly debates about
algorithmic fairness [4, 5]. Central to the debate of quantifying fairness at a group level are three
popular definitions, namely, statistical parity, equalized odds, and predictive parity [4, 5, 246]. Due
to the multitude of fairness definitions available, it is often unclear which measure of fairness is most
appropriate to adopt in a given setting [293]. Furthermore, it is also well-known that simultaneous
satisfiability of these three fairness definitions is generally impossible [294-296].

Given such a fundamental impossibility, practitioners often strive for approximate fairness so-
lutions rather than stringent satisfiability of all these definitions. Such approximate fairness solutions
consist of two pivotal aspects: (i) quantification of (un)fairness (i.e., a gap from exact satisfiability);
and (ii) development of strategies to mitigate such unfairness in ML models. For instance, one may

jointly minimize one or more measures of unfairness while training an ML model which has often led
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to empirical tradeoffs between accuracy and different measures of unfairness [256, 257].

Although previous studies have identified certain impossibilities among fairness notions [294—
296], a detailed analysis focusing on the interrelationships among different measures of unfairness,
specifically explaining when they will be in agreement and when they will be in disagreement leading
to potential tradeoffs has received limited attention.

Our research bridges this gap by leveraging Partial Information Decomposition (PID) [284], a
body of work in information theory, to elucidate the exact relationship between different measures of
unfairness. In particular, we consider information-theoretic quantifications [265] of the respective gaps
from statistical parity, equalized odds, and predictive parity as our measures of unfairness. Using PID,
we demonstrate the exact relationship between these three measures of unfairness in Proposition 7.1.
We also refer to Fig. 7.1 and Fig. 7.3 for an illustration of the relationship between the measures.

PID enables us to provide a unified information-theoretic framework that is instrumental in es-
tablishing the fundamental limits and tradeoffs among these unfairness measures, particularly in the
context of approximate fairness solutions when exact satisfiability of all three fairness definitions is not
met. Furthermore, the impossibility among the three fairness definitions can also be derived from our
result (see Theorem 7.1). We also identify and delineate the regions of agreement and disagreement
among these three measures of unfairness (see Section 7.4.1), providing insights on when there will be
a tradeoff and when there will be no tradeoff among the measures of unfairness. We perform numerical
simulations on the Adult dataset [37] to complement our theoretical results. Moreover, our work holds
broader implications in fields such as algorithmic fairness auditing [24], where it can significantly

contribute to the evaluation of fairness in ML models.
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Chain rule gives:

I(Z; 7 Y) = 1(Z; D)+ 1(Z; Y|?) Separately, we also have:

1(Z;2,Y) =1(Z;Y)+ 1(Z; ?|Y)
Statistical Parity

VAR’

5

©

1(Z; Y)
(S

(Alx 21
SppO pazifenby

Predictive Parity No further insights into
I(Z; YY) regions of overlap

Figure 7.1: Tllustrates the decomposition of mutual information [(Z; Y, Y') using the chain
rule. (left) shows the decomposition into Statistical Parity and Predictive Parity. (right)
shows the decomposition into I(Z;Y") and Equalized Odds. No further insights into the
overlapping regions of these measures, highlighting the need for measures to capture the
nuanced interactions between fairness measures.

7.2 Related Works

Existing literature has introduced several foundational definitions and methods for fairness in
machine learning (see some comprehensive overviews and surveys [4—7]). Another line of work fo-
cuses on exploring trade-offs between fairness and accuracy [21, 255-263, 297-300].

Early works on impossibility results among different fairness measures highlight the challenges
of simultaneously satisfying multiple group fairness criteria [294-296, 301, 302]. Notably, [303] chal-
lenges the practical implications of the impossibility theorem, showing that fairness across multiple
criteria is more achievable than previously believed. Similarly, [300] presents an integer-programming-
based framework for optimizing post-processing methods to simultaneously satisfy multiple fairness
criteria under small violations while maintaining a minimal reduction in model performance. How-

ever, the nuanced interrelationships among different measures of unfairness, specifically explaining
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when they will be in agreement and when they will be in disagreement leading to potential tradeoffs
has received limited attention.

Information-theoretic measures have been used to quantify group fairness in existing literature
[264-270, 272, 273, 304-306]. For instance, [265, 267] have already used mutual information and
conditional mutual information to quantify statistical parity, equalized odds, and predictive parity.
Closely related to our work, [299] explores whether fairness measures can be gradually compatible us-
ing these information-theoretic quantifications and chain rule, also showing that some fairness criteria
can be simultaneously improved through fairness-regularized predictors. Our work dives deeper into
this nuanced tradeoff among the three group fairness measures leveraging a body of work in informa-
tion theory called Partial Information Decomposition (PID) that goes beyond chain rule, delineating
regions of agreement and disagreement.

PID is recently gaining traction across various ML applications [21, 22, 266, 267, 276, 277, 279,
280, 307, 308]. It is particularly noteworthy in the realm of algorithmic fairness [21, 22, 266, 267].
Prior work [266, 267] leverages PID to dissect total disparity in decision-making into exempt and non-
exempt components depending on which features they came from. Another work [21] leverages PID
to analyze the trade-offs between global and local fairness in a federated learning setting, identifying
three sources of unfairness, and formulates a convex optimization problem to define the theoretical
limits of accuracy and fairness trade-offs. We also refer to [22] for a survey of PID in fairness and ex-
plainability. Understanding tradeoffs and agreement disagreement between the three canonical group
fairness measures, namely statistical parity, equalized odds, and predictive parity, using PID has not
been studied. We aim to develop a unified information-theoretic framework that effectively formalizes

the fundamental limits and trade-offs among these three unfairness measures.
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7.3 Preliminaries

Let X denote the input features, Z denote the sensitive attribute, and Y denote the true label.
The sensitive attribute Z is assumed to be binary. We also let Y represent the predictions of a model,

i.e.,, Y = fp(X) where the model is parameterized by . Standard machine learning aims to minimize

the empirical risk:

. RS
min L(6) = min — ; [(fo(:), i), (7.1)

where [(-, ) is a predefined loss function, z; is the input feature, y; € {0, 1} is the true label, and n
is the number of datapoints in the dataset. For refer to Section 6.4 for a brief background on Partial
information decomposition.

Operational meaning of Unique Information from Blackwell sufficiency: Unique information is
closely tethered to Blackwell Sufficiency [309] in statistical decision theory. The concept of Blackwell
sufficiency [309] from statistical decision theory helps characterize if a random variable A is more
informative than B about Z (also relates to stochastic degradation of channels [308, 310]). A channel
Ppg,z is Blackwell sufficient with respect to another channel P4, (also denoted as B >, A) if there
exists a stochastic transformation P4/ such that the effective channel from Z to A’ is equivalent to
the original channel from Z to A (see Fig. 7.2). The unique information Uni(Z:A|B) is 0 if and only
if Pz is Blackwell sufficient with respect to P,z [284, 308, 310]. Otherwise, Uni(Z:A|B) > 0,
and it is viewed as a departure from Blackwell sufficiency, i.e., there exists a scenario where A gives

something unique about Z that you can never get after degrading to B.
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Figure 7.2: Blackwell sufficiency of channel Pp; with respect to P4z means A has no
unique information about Z that is not in 5.

7.4 Main Contributions

7.4.1 Decomposition of the Measures of Unfairness

We first introduce the information-theoretic quantification corresponding to the three definitions
of fairness, namely, statistical parity, equalized odds, and predictive parity. Statistical parity (inde-
pendence), requires the model prediction Y to be statistically independent of the sensitive attribute Z.
Several measures have been proposed to quantify the gap from statistical parity [5, 242] (essentially
dependence between Y and Z ). In this work, we use the information-theoretic quantification of the

statistical parity gap as defined next.

Definition 7.1 (Statistical Parity Gap). The statistical parity gap of a model fy with respect to Z is

defined as 1(Z;Y), the mutual information between Z and Y (where Y = fy(X)).

The concept of statistical parity has often been criticized for not considering the true labels. A
perfect predictor Y=Y might not satisfy this criterion if Y is correlated to the sensitive attribute Z.
Hence, the concept of equalized odds emerges as an alternative definition of fairness [246]. Equalized
odds (separation) require the model’s predictions Y to be independent of the sensitive attribute 7,

conditioned on the true label Y, i.e., Z 1L }A/|Y

Definition 7.2 (Equalized Odds Gap). The equalized odds gap of a model fy with respect to Z is
defined as 1(Z;Y|Y), the conditional mutual information between Z and Y given'Y .
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Yet another vital fairness measure is predictive parity (sufficiency), which focuses on error parity
among individuals given the same prediction [4]. Predictive parity requires the sensitive attribute Z to

be independent of the true label Y conditioned on the model prediction V,ie, Z 1L Y\Y.

Definition 7.3 (Predictive Parity Gap). The predictive parity gap of a model fy with respect to Z is

defined as 1(Z; Y |Y), the conditional mutual information between Z and Y given'Y'.

We leverage PID to derive exact relationships among the three measures of unfairness. We
decompose the statistical parity gap [(Z; Y) equalized odds gap I(Z; )7|Y), and predictive parity
gap 1(Z; Y|Y) into nonnegative overlapping terms. The significance of this decomposition is that it
highlights regions where these measures are in agreement and disagreement. Fig. 7.1 and Fig. 7.3

provides a pictorial illustration of the overlaps between these three measures of unfairness.

Proposition 7.1. The statistical parity gap 1(Z; Y), equalized odds gap 1(Z; Y/|Y), and predictive

parity gap 1(Z; Y|?’) can be decomposed into nonnegative terms as follows:

1(Z;Y) = Uni(Z:Y|Y) 4+ Red(Z:Y,Y). (7.2)
I(Z;Y]Y) = Uni(Z:Y]Y) + Syn(Z:Y,Y). (7.3)
I(Z;Y]Y) = Uni(Z:Y|Y) + Syn(Z:Y,Y). (7.4)

The term Uni(Z :}7|Y) quantifies the unique information about the sensitive attribute Z in the
model prediction Y’ that is not there in the true label Y. Uni(Z :SA/\Y) is the common region between
the statistical parity gap and the equalized odds gap, highlighting the region where they overlap. The
term Red(Z Y, Y') quantifies the information about sensitive attribute Z that is common between

prediction Y and true label Y. Red(Z:Y,Y) contributes only to the statistical parity gap I(Z;Y") and
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Figure 7.3: Venn diagram showing the exact relationship between the various unfairness
measures using PID: A critical observation is that all four PID terms are nonnegative.
This enables us to derive several fundamental limits and tradeoffs among the unfairness
measures, providing a nuanced understanding of when they agree and disagree.

not to any other measure of unfairness. The term Syn(Z Y, Y') represents the synergistic information
about sensitive attribute Z that is not present in either YorY individually but is present jointly in
(f/, S). Syn(Z Y, Y') is the common region between equalized odds gap and predictive parity gap,
highlighting their region of agreement. The unique information Uni(Z :Y|Y) contributes exclusively
to the predictive parity gap /(Z; Y|Y) This decomposition delineates the distinct regions where these
unfairness measures overlap and diverge, offering a nuanced perspective on the interplay in machine
learning models.

To better illustrate this decomposition, we now provide examples to understand each of these re-
gions separately. Consider a scenario featuring binary sensitive attributes and true labels i.e., Y, 4Y €

{0, 1} with Z~ Bern(1/2).

Example 7.1 (Pure Uniqueness to Model Prediction). Let Y=ZandZ 1LY (equal base rate for
both groups). Suppose, the model only approves (Z = 1) but rejects (Z = 0). This model violates both

statistical parity and equalized odds, i.e., 1(Z;Y) = 1(Z;Y|Y) = 1. This model satisfies predictive
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parity criterion, 1(Z; Y]Y) = 0. This is a case of purely unique information in the model prediction
that is not in the true label since all the information about Z is derived from the model predictions; the
true label Y does not correlate with Z. Here, Uni(Z:Y|Y) = 1, Red(Z:Y,Y) = 0, Syn(Z:Y,Y) = 0,

and Uni(Z:Y|Y) = 0.

Example 7.2 (Pure Redundancy). Let Y =Y andY = Z with probability 0.9. There is a corre-
lation between the true label Y and Z, but this model has perfect accuracy. Such a model satisfies
equalized odds and predictive parity criterion, i.e., 1(Z;Y|Y) = I(Z;Y|Y) = 0. However, the model
fails to satisfy statistical parity since 1(Z; Y) = 0.53. This is a case of purely redundant information
since the information about Z is entirely common between both Y and Y. Here, Uni(Z :Y]Y) =0,

Red(Z:Y,Y) = 0.53, Syn(Z:Y,Y) = 0, and Uni(Z:Y|Y) = 0.

Example 7.3 (Pure Synergy). Let Y = ZXNORY and Z 1L Y. The model approves candidates
from the group (Z = 1) with true label Y = 1, and also from group (Z = 0) with Y = 0. On the
other hand, it rejects candidates from group (Z = 0) with true label Y = 1, and group (Z = 1)
with true label Y = 0. Such a model violates equalized odds (and predictive parity) as it singularly
prefers one group within each true label class. Thus, (Z;Y|Y) = 1, and I(Z; Y |Y') = 1. However, it
achieves statistical parity since it maintains an equal approval rate for both groups with 1(Z; Y) =0.
This is a case of synergistic information about Z that is not observable in either YorY individually
but is present jointly in Y,Y. Here, Uni(Z:Y|Y) = 0, Red(Z:Y,Y) = 0, Syn(Z:Y,Y) = 1, and

Uni(Z:Y|Y) = 0.

Example 7.4 (Pure Uniqueness to True Label). Let Y = Z with probability 0.9 and Z 1L Y. The true
label Y is highly correlated to Z, but the model prediction Y is independent of Z. This model violates
predictive parity (1(Z;Y|Y) = 0.53) but satisfies statistical parity and equalized odds (1(Z;Y) =
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1(Z;Y|Y) = 0). This is a case of unique information about sensitive attributes in the true label that
is not in the model prediction. Here, Uni(Z:Y|Y) = 0, Red(Z:Y,Y) = 0, Syn(Z:Y,Y) = 0, and

Uni(Z:Y|Y) = 0.53.

These examples demonstrate scenarios of pure uniqueness, redundancy, and synergy to help us
understand the decomposition. PID serves as a tool to highlight regions of agreement and disagree-
ment between these fairness definitions. In contrast, traditional fairness metrics lack the granularity
to capture these nuanced interactions, making PID an essential asset for a more comprehensive under-
standing and mitigation of disparities.

We can go beyond the impossibility between the three fairness definitions and further analyze

their interrelationships.

Theorem 7.1 (Revisiting Impossibility). If 1(Z; Y,Y)>0, at least one of the PID terms, namely,
Uni(Z:Y|Y), Red(Z:Y,Y), Syn(Z:Y,Y), or Uni(Z:Y |Y') will be nonnegative. Hence, at least one of
the fairness measures, namely, the Statistical Parity Gap (1(Z; 57) ), Equalized Odds Gap (1(Z; 57|Y) ),
or Predictive Parity Gap (1(Z; Y|Y) ) will be nonzero. Conversely, all these unfairness measures will

be zero if and only if 1(Z; Y, Y)=0.

Proof Sketch: The proof relies on the nonnegativity of each of the PID terms (also recall Fig. 7.3).
PID of I(Z;Y,Y) is expressed as I(Z;Y,Y) = Uni(Z:Y|Y) + Uni(Z:Y|Y) + Red(Z:Y,Y) +
Syn(Z Y, Y’). Since each component in this decomposition is nonnegative, the presence of mutual
information (I(Z; Y, Y) > 0) implies that at least one of these terms is nonzero. According to Propo-
sition 7.1, each of these PID terms influences at least one unfairness measure. Therefore, the nonneg-
ativity of any one of these terms results in at least one of the unfairness measures being nonzero. [

This is a general result from which one can also derive the impossibility of the three fairness
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Figure 7.4: (left) lllustrates Theorem 7.3, showing that when Statistical Parity is satis-
fied, the Predictive Parity gap is greater than or equal to the Equalized Odds gap, and if
1(Z;Y) = 0,then [(Z;Y|Y) = L(Z; Y|Y). (right) visualizes Theorem 7.5 illustrating that
when Equalized Odds is satisfied and [(Z;Y") > 0, there is an inverse relationship (trade-
off) between Statistical Parity and Predictive Parity (I(Z;Y) = I(Z;Y)—1(Z; Y|Y)) since
I(Z;Y) is fixed.

definitions under specific conditions. Our next result examines the unfairness measures only when
I(Z;Y) > 0. It is important to note that I(Z;Y") is an inherent characteristic of the dataset alone and

hence it is independent of the model predictions.

Theorem 7.2 (Dataset Dependent Relationships). If I(Z;Y)>0, either the Statistical Parity Gap

1(Z;Y) or the Predictive Parity Gap 1(Z; Y |Y') must be greater than zero.

Proof Sketch: The proof relies on demonstrating that the mutual information between Z and Y can be

expressed as:

[(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y). (7.5)

Though, the PID terms Uni(Z:Y|Y') and Red(Z:Y,Y") may vary based on the model chosen, their
sum remains constant, reflecting the fixed nature of the mutual information between Z and Y in the
dataset. Notably, Uni(Z:Y|Y) contributes to the predictive parity gap, and Red(Z:Y,Y’) contributes

to the statistical parity gap (recall Fig. 7.3). [
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7.4.2 Tradeoffs Between Unfairness Measures

In this section, we delineate the fundamental limits and tradeoffs between various unfairness
measures. Our findings underscore the intricate and sometimes conflicting nature of different fairness
objectives in algorithmic decision-making. Examining fairness through the lens of PID uncovers the
nuanced interplay between different unfairness measures.

First, we will explore scenarios where models are trained with a focus on achieving any one
specific fairness criterion and analyze its implications on the other two fairness notions. This applies
to models that have been trained to achieve fairness either through in-processing techniques, such as
adding fairness regularizers to the loss function, or through post-processing methods that adjust model

outputs after training.

Theorem 7.3. If Statistical Parity is satisfied, i.e., 1(Z; Y) = 0, then the Predictive Parity Gap is
greater than the Equalized Odds Gap, i.e., 1(Z;Y|Y) > (Z;Y|Y). Additionally, if the dataset is
such that 1(Z;Y) = 0, then Predictive Parity and Equalized Odds are equivalent, i.e., 1(Z;Y|Y) =
(Z;Y|Y).
Proof Sketch: We refer to Fig. 7.3 for an intuitive understanding of the proof. Given that Statistical
Parity is zero, we have I(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) = 0. Since all PID terms are non-
negative, it follows that individually Uni(Z:Y|Y) = 0 and Red(Z:Y,Y) = 0. Consequently, the
Equalized Odds gap simplifies to I(Z;Y|Y)) = Uni(Z:Y|Y) + Syn(Z:Y,Y) = Syn(Z:Y,Y). On
the other hand, the Predictive Parity gap is I(Z; Y|Y') = Uni(Z:Y|Y) + Syn(Z:Y,Y). Since all PID
terms are nonnegative, it follows that I(Z; YY) > I(Z; Y|Y).

Furthermore, when I1(Z;Y) = 0, it results in Uni(Z:Y|Y) + Red(Z:Y,Y) = 0, leading to
each of those individual terms being zero, i.e., Uni(Z:Y|Y) = 0 and Red(Z:Y,Y") = 0. Therefore,
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1(Z;Y|Y) = Syn(Z:Y,Y) =1(Z;Y]Y) (see Fig. 7.4 for an illustration). O
Similar to Theorem 7.3, one can also derive the relationship between the statistical parity gap

and equalized odds gap when predictive parity is satisfied.

Theorem 7.4. If Predictive Parity is satisfied, i.e., 1(Z; Y|}A/):O, then the Statistical Parity Gap is
greater than the Equalized Odds Gap, i.e., 1(Z;Y) > 1(Z;Y|Y). Additionally, if the dataset is such

that 1(Z;Y) = 0, then Statistical Parity and Equalized Odds are equal, i.e., 1(Z;Y|Y) = 1(Z; Y|Y).

Theorem 7.3 and 7.4 demonstrate scenarios where unfairness measures are in agreement, now we

provide a third scenario where two measures of unfairness will be in disagreement.

Theorem 7.5. If Equalized Odds is satisfied, i.e., 1(Z;Y|Y)=0 and 1(Z;Y) > 0, an inverse rela-
tionship (tradeoff) exists between Statistical Parity and Predictive Parity, i.e., 1(Z; Y) =1(Z;Y) —

1(Z;Y|Y). Thus, increasing one leads to a decrease in the other, and vice versa.

Proof Sketch Given that Equalized Odds is met, we have [(Z; YY) = Uni(Z:Y|Y) +Syn(Z:Y,Y) =
0. Consequently, from nonnegativity, both the terms Uni(Z:Y'|Y") and Syn(Z:Y,Y) are 0. Statistical
Parity gap simplifies to I(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) = Red(Z:Y,Y), and the Predic-
tive Parity gap is expressed as I(Z; Y|Y) = Uni(Z:Y|V) 4 Syn(Z:Y,Y) = Uni(Z:Y]Y). Hence,
1(Z;Y) = Uni(Z:Y|Y)+Red(Z:Y,Y) = [(Z;Y) +1(Z;Y|Y). Since, I(Z;Y) is fixed for a dataset,
an increase in the statistical parity gap leads to a decrease in the predictive parity gap, and vice versa

(see Fig. 7.4 for an illustration). ]

7.5 Experiments

In this section, we provide an experimental demonstration on the Adult dataset [37] to validate
our theoretical findings. The classification task for this dataset involves predicting whether an individ-
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Table 7.1: Results of Regularizers on Different Measures of Unfairness

| Equalized Odds I(Z; YY) |

Regularizers Statistical Parity I(Z;Y) Predictive Parity I(Z; YY)
Red(Z:Y,Y) | Uni(Z:Y]Y) Syn(ZY,Y) | Uni(Z:Y]Y)

SP 0.012 0.000 0.001 0.024
PP 0.026 0.007 0.008 0.011
EO 0.011 0.000 0.001 0.026
EO, PP 0.000 0.000 0.000 0.037
SP, PP 0.000 0.000 0.000 0.037
SP, EO 0.008 0.000 0.000 0.028
SP, EO, PP 0.000 0.000 0.000 0.037

ual’s income exceeds 0K, using features such as occupation, education, etc.

We train a neural network consisting of a sequence of layers: the input layer is followed by three
hidden layers, each with 32 units and ReLU activation, and concludes with a single output layer using
a sigmoid activation function. Training is conducted using a batch size of 512, and the Adam optimizer
with a learning rate of 0.01. We apply various fairness regularizers and measure the unfairness as well
as their decomposition (results are summarized in Table.7.1). We use the dit package [287] for PID
computation and FairTorch [311] for fairness regularizer implementation.

A key observation in our analysis is that I(Z;Y") consistently measures 0.037 using the Adult
dataset. This mass does not decrease across various models since it only depends on the dataset. The
PID terms in I(Z;Y), i.e., Uni(Z:Y|Y) and Red(Z:Y,Y) contribute to either predictive parity or
statistical parity gap. When statistical parity is achieved (scenario with SP regularizer), the predictive
parity gap is greater than the equalized odds gap. Also due to the impossibility of attaining zero unfair-
ness with all the measures (see scenario with SP, EO, and PP regularizers), the mass typically moves
to Uni(Z :Y|Y), contributing to the predictive parity. The experiments confirm the theoretical insights

by illustrating the inherent trade-offs between fairness measures. Specifically, even with fairness regu-
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larizers, achieving zero unfairness across all metrics is impossible due to the fixed information content
in the dataset, i.e., [(Y’; Z). The movement of unfairness mass between statistical parity and predictive
parity highlights the difficulty of balancing fairness across multiple criteria, reinforcing the necessity

of carefully considering these trade-offs in real-world applications.

7.6 Discussion

By introducing this unifying framework, we provide a tool for gaining a more nuanced un-
derstanding of the interplay between different unfairness measures, thereby improving the decision-
making and deployment of fair machine learning systems. Our work holds broader implications in
fields such as fairness auditing [24], explainability [16, 312, 313], policy regulation [291, 296], where
it can significantly contribute to the evaluation and understanding of unfairness in machine learning
models. This work not only furthers the theoretical discourse but would also have significant societal
implications, guiding the trajectory toward more responsible and equitable machine learning in high-
stakes settings. Future work could explore efficient methods to estimate PID [280, 290, 307, 314, 315]

(also see [22] for more discussion on PID estimation).
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Appendix A

A.1 Relevant Inequalities

Lemma A.1 (Cauchy-Schwarz Inequality). If u,v € V, where V is a vector space, then
[(u, v)| < [lullfjv]]

This inequality is an equality if and only if one of u, v is a scalar multiple of the other.

Lemma A.2 (Sedrakyan’s Inequality). Let uy,us, ..., u, and vy, vq, . .., v, be positive real numbers.
Then:

ZT'L: U 2 n u2
(Fe) <X
=1

i=1 Vi i

This inequality is a direct consequence of the Cauchy—Schwarz inequality (see Lemma A.1),

obtained by taking the dot product in R"™ upon substituting u; = u;/\/v; and v; = \/v;.

Lemma A.3 (Jensens Inequality). Let X be an integrable random variable. Let g : R — R be a
convex function such that Y = g(X) is also integrable. Then, the following inequality, called Jensen’s
inequality, holds:

E[g(X)] = g(E[X]).
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A.2 Proof of Theorem 2.1

Theorem 2.1 (Connection to Rashomon Effect). For points z1,...,x, € X (lying on the data-

manifold) under naturally-occurring model change, the following holds:

E %; |M(x;) — m(mz)|] <\v, where v= %; Vs, (2.1)
Proof.
1 n (a) n 1 n
E|- > fm(z) = M(z)|| <E [ — > ;) — M(x)|? (A.1)
=1 =1 =1
1 n
= E \ ; Im(2;) — M(x;)|? (A.2)
0 e[S ) - My (A3)
— \/ﬁ -i:1 1 1 .
© 1 v, _
) \/ﬁ\zlym =\ (A.4)

(A.S)

Here (a) holds from Cauchy-Schwarz Inequality (Lemma A.1) applied on the dot product of the
two vectors [1/n,1/n, ..., 1/n]and [|m(z1)—M (z1)|, |m(xe)— M (x9)|, ..., |m(z,)— M (z,)|]. Next,
(b) holds from Jensen’s Inequality (Lemma A.3) applied on concave function f(u) = /u. Finally, (c)
holds because the points z;, x9, . .., x, lie on the data-manifold and hence the variance v,;, < v from

Definition 2.5.
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A.3 Proof of Theorem 2.2

Theorem 2.2 (Impossibility Under Adversarial Change). Given a model and counterfactual, one can

always design a similar model such that the particular targeted counterfactual can be invalidated.

Proof. We aim to construct a new model M such that M is “similar” to m on the entire input space X

except at the point 2/, where it inverts the prediction at 2’. Define the new model M as follows:

1—m(2)) ifax=2a,
M(z) =

m(z) otherwise.

This construction ensures that M behaves exactly like m for all z € X'\ {2'}, maintaining the ”sim-
ilarity” between M and m. However, at the point 2/, the outcome is explicitly set to be the inverse of
m(x’), i.e., M(z') = 1 — m(z’), thereby invalidating the counterfactual instance =’ under new model
M. This demonstrates that for a given model, one can design another similar model such that any

particular targeted counterfactual can be invalidated. 0

A.4 Proof of Theorem 2.3

To prove Theorem 2.3, we begin with Lemma 2.1. Assume the changed model M comes from
a discrete class of random variables. A possible realization of a model is denoted by m;, with ¢ =
1,2,...,n. The set of all possible models is denoted by M = {1y, My, ..., m,}. Let M = m; with

probability p; such that ", p; = 1.

Lemma 2.1 (Deviation Bound). Let X1, Xo, ..., Xy, ~ N (z,0%1,), Z=1 S (m(X;)—M(X;)), and
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|E [Z|M] —E [Z]|<€. Then, under naturally-occurring change, E [Z] =0. Moreover, for any e>2¢,

—ke?
Pr(Z > €) < exp (m) (2.3)

Proof. To prove Lemma 2.1, notice that,

@ %ZEX [m(X;) —m(X;)] =0, (A-6)

where (a) holds from the naturally occurring model change assumption (see Definition 1). The remain-
ing part of the proof leverages concentration bounds for Lipschitz functions of independent Gaussian

random variables outlined in Lemma 2.2.

Lemma 2.2 (Gaussian Concentration Inequality). Let W = (Wy, W, ..., W,,) consist of n ii.d.
random variables belonging to N'(0,0?%), and Z = f(W) be a ~-Lipschitz function, i.e., |f(W) —

SV < AW = W'||. Then:

2

Pr(Z —E[Z] > €)<exp ( )for all e > 0. (2.4)

—€
272 o2

Let X;; denote the j-th element of X; € R? and z; denote the j-th element of z € R?. We define a

k x d matrix W = [I/Vij]izl,Z,...,k, and j=1,2,...,d with Wij = Xij — Zj. Notice that, VVij ~ N(O, 0'2) for
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i=1,2,...,kandj = 1,2,... dand, we can write Z = f(W) with Lipschitz constant (7, +7)/Vk.

< %qu(m — m(X))| + |M(X,) - M(X])))

(c)
2 Om + VVE *’V Z X — X!J3

7m+7 ZZWV W2

i=1 j=1

_ (m+)

W— W, AT

O

Here, (a) holds from the triangle inequality, (b) follows directly from the definition of v-Lipschitz
(Definition 2.1), and (c) from using the Cauchy-Schwarz Inequality (Lemma A.1).

Now, we substitute these expressions in the Gaussian concentration bound (Lemma 2.2).

1.2
Pr(Z —E[Z|M =] > é|M =) < exp (W) (A.8)

Since |[E[Z|M] —E[Z]| < € and E[Z] = 0, we have —¢' < E[Z|M =m| < ¢ Vm € M.

Now observe that,
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(a)
Pr(Z > € + &M = m)<Pr(Z > R[Z|M = ] + é|M = 1) (A.9)

—ké?
< _ . A.l
= (2@ +vm>202) (A10)

Here, (a) holds since E [Z|M = m] < €. The event on the left is a subset of that on the right.
Therefore, the probability of the event {Z > €’ + €} occurring cannot be more than the probability of

the event {Z > E [Z|M = m| + €} occurring.

Pr(Z > ¢ + 2 Pr(Z > ¢ + &M = i) Pr(M = rii;) (A.11)

=1

© —ké? &

< S — Pr(M = 1iy; A.12

<exp <2(7m+7)2‘72>i21 r( 17;) (A.12)

— ke

_ L A.13
o (2(% + 7)202) N

(d) _ =~ "2

<exp M (A.14)

8(Ym + )%

Here, (b) holds from the law of total probability. Next, (c¢) follows from bound in (A.9). Finally, (d)
holds from the inequality 4é* > (€ + ¢')? which holds for ¢ > ¢’ > 0. Setting € = ¢ + ¢ completes the

proof of Lemma 2.1.

Theorem 2.3 (Probabilistic Guarantee). Let X1, Xo, ..., Xy be k iid random variables with distribu-
tion N'(x,0°1;) and Z = %Zle(m(Xi) — M(X3)). Suppose |E[Z|M]| —E[Z]| < €. Then, for any

€ > 2€, a counterfactual © € X under naturally-occurring model change satisfies:

—ke?
Pr(M(z) > Rype(z,m) —)> 1 — v ).
r(M(z) > Ry o2(x,m) —€) exp (8(7m+7)202>
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Probability is over the randomness of both M and X;’s.

Proof. The Lipschitz property of M (-) around z is given by,

|M(x) — M(2')| < v||lz — '|| for all 2,2’ € R?

Therefore,

M(z) > M(X;) =z = X (A.15)

a

) >

—
=

wl»—t

k
> (M(X5) =)z — X)) (A.16)

=1
where (a) holds from taking the average of the inequality (A.15) over all ¢ from 1 to k.

From Lemma 2.1, for X, Xy, ..., X3 ~ N(x,0%1,),

| =
Prl»—*

k
Z (A.17)

with probability at least 1 — exp (—W).

Hence, plugging (A.17) into (A.16), we have:

>~ I

& —ke?
; vHx—XH)—E)>1—eXP(W>-

S (m(X;) —~]lz — X;]|). Hence, we have:

1=

Recall from Definition 2.6, Ry, ,2(x,m) = ¢

—ke?
Pr(M(z) 2 Ryo2(w,m) —€) 2 1 —exp | gmm——575 |-
I‘( (iL‘) = Rk,a (:U7m) 6) - eXp (8(’}/ -+ ’Ym)20-2)
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A.5 Proof of Theorem 2.4
Theorem 2.4. Let X1, ..., X), ~ N (z,0%1,) on the data-manifold and Z=1 Zle(m(Xi)—M(Xi)).

Then, a counterfactual x € X under Assumption 2.1 and naturally-occurring model change satisfies:

Pr(M(z) > Ryp2(z,m) — €) > (1 . %) (1 ~exp (&i» .

Ymt7)20?

Probability is over the randomness of both M and X's.

Corollary 2.1. Let X, X5,..., Xy ~ N(z,0%1;) and Z = %Zle(m(Xi) — M(X;)). Suppose
Pr(|E[Z|M] —E[Z]| > €) < 6. Then, for any ¢ > 2¢, a counterfactual x € X under naturally-

occurring model change satisfies:

PH(M (1) > Reo(m)-0) = (1) (1= ex0 (W)) |

Probability is over the randomness of both M and X!s.
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Proof. Let S = {m; : |E[Z|M =m;] — E[Z]| < €}.

Pr(Z >c+ (€+¢€)=E[1(Z >c+ (6+¢)]

— ZEXAM [1(Z > c+ (E+¢€))] Pr(M = m,)
S

+ ZEXZ-IM [1(Z > c+ (€+€)]Pr(M =my)

M/S
—k(€+¢)
< ZPr(M = m;) exp (—) Z Pr(M =m;)
s 8(vm +7) M/S
—k(é+¢€)? >
=(1-96 _— 0
Hmoew (8(% )

Where § = 1 — Pr(M € S). The remaining part of the proof can be derived from Theorem 2.3.  [J

Lemma 2.3. Ler X1, Xo,..., X}, ~ N(x,0%1;) on the data-manifold and Z = %Zle(m(Xi) -

M(X;)). Then, for all € > 0, under naturally-occurring model change and Assumption 2.1,

a
Pr(E([Z|M] ~E[E[Z]M]]| > ) < 5. 2.5)
Proof. Given a random variable £[Z| M|, by Chebyshev’s inequality, we have:
Var(E|Z|M
Pr(|B[z|M) - ElB[Z|M])| > ) < 22D, (A18)

Let, the set of all possible changed models M = {1, Mo, ..., Mz} and M = 7i; with probability
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p; such that Z‘jfl‘ p; = 1. The variance of E[Z|M] is given by:

k

I Z m(X;) — mj(Xi>] ) Pr(M = ;)

i=1

LML 2
=5 > (Z Ex,m [m(X;) — mj(Xi>]) Pr(M = m;)

b \:\ - k
(S) %Z (kz (Ex,na[m(X:) — 1 (X3)]) ) Pr(M = m;)
1 |/\J/1_| k ) +o0 2
=2 ( [ e - s )i, ) e =)
. M| & +00
SIS [ ) — iy )2l d PO = )
|MT_ +;o
_ Z/_ (m(x) — iy (2))2 f (a|iy) dz; Pr(M = i)
[M]
= Exu|(m(X) — M(X))?| Pr(M = ;)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

Here, (a) holds from the definition of variance for conditional expectation, (b) holds from the

Sedrakyan Inequality (see Lemma A.2), (c¢) holds from Jensen’s inequality (see Lemma A.3), (d)

holds from condition (3) of natural occurring model changes (see Definition 2.5), and (e) holds from

Assumption 2.1.
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A.6 Proof of Theorem 2.5

Lemma A.4 (Expected Norm of a Multivariate Gaussian). Let X ~ N(0,0%1,), then;

E[|x]] = Vaort 2 ).

L)

where T'(z) denotes the Gamma function, i.e., I'(z) = [ t* e dt.

Theorem 2.5 (Fundamental Lower Bound on Sample Size). Let M be a class of all models with

Lipschitz constant ~y in domain =T, T C R? and bound on the second-order partial derivatives, i.e.,

Vi € M, 28| <o forallv € RYand i j € {1,2, ... d}. If
SUP, e pE [‘Rk’(,z(I,m) — Rk,ﬂ(%m)u <€,
d
o? dtl o0 .
then k > <\/iﬁ+r((;l)2)> , where I'(z) = fo t*~te~tdt (Gamma function).

Proof. Let M be a class of all twice differentiable functions with Lipschitz constant v and bound on

the second-order partial derivatives, i.e.,

aﬁ’é@j’ < yforallz € Réandi,j € {1,2, ..., d}.

To prove Theorem 2.5, we show that there exists a set M’ C M such that,
Sup,, e aq B HRW (z,m) — Ry o (x,m)H > € (A.29)

d
p dt1
when k < (%) |

9.69¢T(4)
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First, we simplify the expression:

SupmeM/EX HRk,UQ (l’, m) - Rz,oz (xa m)H (A30)
= sup,,e pp Ex [[m(X) — Jallz — X[| = m(X) + vz — X||]]

= supepg Ex [l = X[[[52 — 7] (A.31)

This reduces to finding a fundamental lower bound on the sample size needed to precisely estimate the
stability measure using queries from the model.
We aim to construct the set M’, such that for all functions ¢ in this set, i.e., g € M’, the

following conditions hold:

max [|[Vg(z)|2 =2 €+ L,
zcRd

0%g
0,0z

max
zcRd

x)' <.

To do this, consider a radial (bump) function with radius p with center z.

1—a—2 Z?:l(xj_zj

1.25ep exp (— L )2) + fo(x) ifflx—z|2<p
9:(x) = (A32)

fr(x) otherwise.

where f7 () is a linear function with gradient L. This radial function is constructed such that:

max ||Ag,(z)|s = e+ L. (A.33)
z€RY
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9y
(%ciaxj

max
xi,x;€{1,2,...,d}

= 9.96¢/p. (A.34)

o2 . .
WB’;J_(J:)’ < ¢ implies

.....

that p = 3.

Now consider the number of ||.||2-hyperspheres {B;};—; . of radius p that fit in the domain

-----

[T, T)* € R such that: VB;, B;, B;NB; = (if i # j. A lower bound on the number of hyperspheres

of radius p that can fit in a hypercube of length [ is (;—p)d hence for the domain [T, T']%;

2T\ [ Ty \*
(%> = (9'696) . (A.35)

The set M’ can be constructed by using the set of ball centers z; for B;, i.e.,

9.69
M' = {g., with p = ‘

Vi=1,2,...,k}.

d . . . .
Suppose that & < (9?167’56) . By construction, there exists a ball B; with associated ball center
(z;) such that no observations are sampled in B;. Hence, our Lipschitz constant estimate 4, for that
function will underestimate the Lipschitz constant (9, = L) instead of the true Lipschits constant

(y=¢€+L).

Continuing from Eqn. A.31,

supe v Bx (|2 = X172 = v[] = sup,, e pp Bx [lz = XL = L = €[] (A.36)
= eEx [|lz — X|]] (A.37)

. I (4!
® a5

2

r(s)

(A.38)
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Where step (a) follows from the expected norm of a multivariate Gaussian (see Lemma A.4).

Hence, if

SupmGM]EX [

ZA%,wz (z,m) — R, 2 (x,m)H <€, (A.39)

then,

. (@Mr(%))d‘
—\ 9.69T(%)e

A.7 Expanded Experiments

Datasets Details

HELQOC. The FICO HELOC [36] dataset contains anonymized information about home equity line
of credit applications made by homeowners in the US, with a binary response indicating whether or
not the applicant has ever been more than 90 days delinquent for a payment. It can be used to train
a machine learning model to predict whether the homeowner qualifies for a line of credit or not. The
dataset consists of 10459 rows and 40 features, which we have normalized to be between zero and one.
German Credit. The German Credit Dataset [37] comprises 1000 entries, each representing an indi-
vidual who has taken credit from a bank. These entries are characterized by 20 categorical features,
which are used to classify each person as a good or bad credit risk. To prepare the dataset for analysis,
we one-hot encoded the data and normalized it such that all features fall between 0 and 1. Additionally,
we partitioned the dataset into a training set and a test set, with a 70:30 ratio respectively.

CTG. The CTG dataset [37] consists of 2126 fetal cardiotocograms, which have been evaluated and

categorized by experienced obstetricians into three categories: healthy, suspect, and pathological. We
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process this dataset based on [29]. The problem was transformed into a binary classification task,
where healthy fetuses are distinguished from the other two categories. We divided the dataset into a
training set of 1,700 instances and a validation set of 425 instances. Each instance is described by 21
features, which we normalized to have values in [0, 1].

Adult. The Adult dataset [37] is a publicly available dataset in the UCI repository based on 1994
U.S. census data. This dataset is a classification task to successfully predict whether an individual
earns more or less than 50K per year based on features such as occupation, education, etc. The dataset
consists of approximately 48,842 instances, split into a training set of 32,561 instances and a test set
of 16,281 instances.

Taiwanese Credit. The Taiwanese dataset [38] consists of 30,000 instances with 24 features that
include individuals’ financial data, with a binary response indicating their creditworthiness. We use
one-hot encoding on the data and normalize it to be in [0, 1]. This dataset is processed based on [29].

We partition the data into a training set of 22,500 and a test set of 7,500.

Model Architecture

We first trained a base neural network model for which we aim to find counterfactuals for in-
stances with false negative predictions. The architecture of our base model consisted of two hidden
layers, each containing 128 hidden units. We employed the rectified linear unit (ReLLU) activation
function and Adam optimizer. The model was trained for 50 epochs using a batch size of 32. We em-
ployed this model architecture and training setup on all datasets since it yielded a satisfactory level of
accuracy on all of them. To evaluate the robustness of these counterfactual examples, we then trained

50 new models and assessed the validity of the counterfactuals under various model change scenarios.
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All 50 models had the same architecture and training setup as the base model except for some slight
changes which include: Weight Initialization (WI): Retraining new models with the same hyperpa-
rameters but different weight initialization by using different random seeds for each model. Leave Out
(LO): Retraining new models by randomly removing a small portion (1%) of the training data each

time and using different weight initialization.

Implementation Details

The stability measure has the number of samples k and the variance o2 as hyperparameters. Our
theoretical findings suggest that a higher value of £ improves the robustness of the counterfactuals
but at the expense of increased cost and computational complexity. In our experiments, we found
that a value of £ = 1000 was sufficient. The value of o was determined by analyzing the variance
of the features in the dataset, and we found that a value of 02 = (.01 produced good results for the
features that lie between [0, 1]. These hyperparameters were kept constant across all our experiments
and datasets. The baseline technique for generating counterfactuals used in T-rex was the min Cost
counterfactual [25]. For other algorithm parameters, a step size of 0.01 was fixed for all datasets and
experiments. The maximum number of iterations (max_steps) varied depending on the dataset, with 50
for HELOC, 200 for German Credit, and 100 for CTG, Adult, and Taiwanese. An appropriate value of
7 balances the trade-off between validity and cost. We choose a value of 7 to guarantee high validity
and compare cost and LOF with the baselines. Another method of choosing 7 is to use the histogram
of R(-) on the training dataset (e.g., see Fig. A.l for HELOC dataset). To implement ROAR and
SNS, we adhered to techniques and algorithm parameters discussed in the original works [28, 29]. In

NN and T-Rex:NN implementation, a crucial consideration is determining the appropriate number of
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Figure A.1: Histograms on the HELOC dataset to visualize the proposed stability measure.

neighbors K, to search for a robust counterfactual. For larger datasets such as HELOC, Adult, and
Taiwanese datasets X = 1000, while for the German credit and CTG datasets K = 100. Note that if
K is too small, a counterfactual robustness test might not be satisfied, and hence T-Rex:NN returns no

robust counterfactuals.

Additional Experimental Results

Table A.1: Experimental results for HELOC dataset with standard deviations

HELOC 11 based lo based
COST LOF WI VAL. LO VAL. COST LOF WI VAL. LO VAL.

min Cost 0.40 £ 0.48 0.494+0.93 38.84+2.5% 35.24+25% 0.11+0.08 0.754+0.61 13.5+3.4% 13.5+3.5%
+T-Rex:I  1.02+£0.41 0.38£0.95 98.2+1.2% 98.1+1.2% 0.29+0.07 0.68+£0.64 98.5+1.9% 98.2+2.0%
+SNS 1.20+£0.46 0.30+0.46 98.0+1.2% 97.8+1.1% 0.31+0.08 0.64+0.78 97.9+0.8% 97.0+0.8%
ROAR 1.69+1.59 0.41+0.73 92.6+3.9% 91.2+4.3% 1.91+£2.22 043+0.83 86.3+0.2% 84.8+0.3%
NN 1.91 £2.27 0.80£2.27 51.1 £12.6% 50.3 +12.4% 0.56 £0.59 0.80 £2.27 51.1 £12.6% 50.3 £12.4%
T-Rex:NN 2.50+1.83 0.924+0.56 84.04+0.8% 84.0+0.8% 0.77+0.61 0.924+0.56 84.0+0.8% 84.04+0.8%

Table A.2: Experimental results for German Credit dataset with standard deviations.

GERMAN 11 based lo based
COST LOF ‘WI VAL. LO VAL. COST LOF WI VAL. LO VAL.

min Cost 1.424+4.16 0.77+0.65 58.8 +7.9% 56.7+7.3% 0.48 £1.38 0.81 £0.71 26.6 = 15% 26.6 = 14%
+T-Rex:I 4.814+3.93 0.724+0.73 98.0+4.6% 96.5+3.8% 1.20£1.37 0.75+0.71 99.2+0.9% 98.7+0.9%
+SNS 5.714+4.10 0.67+£0.39 97.54+0.3% 98.1+0.2% 1.44+1.38 0.684+0.73 99.9+0.0% 98.94+0.1%
ROAR 7.63+4.00 0.54+0.67 96.3+0.2% 92.3+0.3% 6.81+1.00 0.58 £0.98 87.8 +1.4% 85.2+1.6%
NN 7.05+3.96 1.00+0.00 95.3+0.9% 95.4+1.0% 2.50+1.20 1.00£0.00 95.3+0.9 95.3+1.0%
T-Rex:NN 10.13+£4.10 1.00£0.00 1004 0.0% 100+ 0.0% 3.04£1.45 1.00£0.00 100+ 0.0% 100 =% 0.0%
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Table A.3: Experimental results for CTG dataset with standard deviations.

CTG 11 based lo based
COST LOF WI VAL. LO VAL. COST LOF WI VAL. LO VAL.

min Cost 0.21 £0.18 0.94+£0.91 74.6+0.1% 70.2+0.2% 0.084+0.04 1.004+0.00 19.7+30% 14.1+31%
+T-Rex:I 1.11+£0.11 0.834+0.91 100+£0.0% 98.8+0.1% 0.424+0.04 0.944+0.63 100=+0.0% 99.7+0.1%
+SNS 3.34+0.18 —1.00+0.0 100+0.0% 98.2+0.1% 1.07+0.04 —1.00£0.0 100+£0.0% 99.3+0.1%
ROAR 3.68+3.48 0.64+0.78 98.7+£0.5% 96.4+0.3% 1.35+2.01 0.594+0.90 98.84+0.0% 97.2£0.0%
NN 0.394+0.23 1.00£0.00 70.5+0.2% 67.5+0.1% 0.154+0.07 1.00£0.00 70.5+0.2% 67.5+0.1%
T-Rex:NN 2.22+0.12 —0.33£0.67 100+ 0.0% 100+ 0.0% 1.0040.80 —0.33+0.67 100+ 0.0% 100+ 0.0%

Table A.4: Experimental results for Taiwanese Credit dataset with standard deviations.

TAIWANESE 11 based lo based
COST LOF WIVAL.  LO VAL. COST LOF WIVAL.  LO VAL
minCost  3.95+3.42 —0.37+0.92 384+6.0% 38.4+59% 2.84+1.16 —0.68+0.72 21.1+2.1% 20.0 +2.2%
+T-RexI  6.34+3.26 0.48+0.67 96.9+0.7% 96.2+0.7% 3.06+1.11 0.40+0.31 96.8+2.1% 96.4 + 1.9%
+SNS 6.51+337 039+039 97.2+13% 969+ 1.4% 3.10+1.16 043+0.62 96.7+3.1% 96.1+2.7%
NN 580+3.82 0.84+0.76 53.5+9.9% 51.6+8.9% 2.18+1.27 0.84+0.76 53.5+9.9% 5.6+ 8.9%
T-RexNN  6.89+4.51 0.86+0.61 988+0.9% 98.4+0.8% 3.54+1.48 0.86+0.61 988+0.9% 98.4+0.8%
Table A.5: Experimental results for Adult dataset with standard deviations.
ADULT 11 based lo based
COST LOF WIVAL.  LO VAL. COST LOF WIVAL.  LO VAL.
minCost  0.12+0.54 0.09+0.99 80.8+5.0% 78.2+4.7% 0.18+0.65 0.09+0.99 50.0+8.0% 49.2 +8.2%
+T-RexI 0514053 0.08+0.99 98.4+1.6% 98.1+1.3% 0.24+0.64 0.09+0.99 98.2+0.0% 98.2+0.0%
+SNS 0924058 —0.2+0.21 98.6+0.0% 97.9+0.1% 0.37+0.62 —0.22+0.97 97.9+0.0% 97.8 +0.0%
NN 2.16+1.43 0.91+0.03 81.0+28% 81.0+2.7% 1.21+0.65 0.91+0.03 81.0+2.8% 81.0+2.7%
T-RexNN 325+ 1.6 0.85+0.02 99.2+40.0% 99.0+0.0% 1594057 0.85+0.02 99.2+0.0% 99.0+0.0%
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Table A.6: Ablation study on German Credit Dataset.

{1 based l5 based

T Measure COST LOF WIVAL.(%) COST LOF WIVAL.(%)
r(x,m) 1.12  0.78 57.0 0.54 0.81 32.6
0.5 rk,gz(az,m) 206 0.81 57.4 0.57 0.80 37.3
Ry, 52 (z,m) 233 0.80 66.9 0.65 0.80 52.0
r(x,m) 1.48 0.77 61.7 0.56 0.80 38.9
0.6 rk’gg(x,m) 211 0.77 62.5 0.58 0.79 43.0
Ry, 52 (x,m) 240 0.76 72.9 0.68 0.81 61.7
r(z,m) 1.73  0.71 61.3 0.63 0.87 42.8
0.7 rkpg(x,m) 2.61 0.75 63.7 0.67 0.87 51.8
Ry, 52 (z,m) 290 0.76 72.6 0.76  0.88 67.0
r(x,m) 1.69 0.76 74.4 0.68 0.85 61.0
0.8 rk,,gz(x,m) 250 0.79 79.0 0.74  0.85 73.3
Ry, 52 (z,m) 277 0.77 86.0 0.82 0.84 84.2
r(x,m) 224 0.73 79.5 076  0.81 71.0
0.9 rk’gz(aj,m) 3.01 074 84.8 0.83 0.79 82.7
Ry, 52 (z,m) 330 0.74 89.6 091 0.78 89.0
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Appendix B

B.1 Background on Stability Measure

How stability differs from existing robustness measures: Our focus on model multiplicity distinguishes
this work from traditional robustness measures, which address different aspects of model behavior such
as out-of-distribution (OOD) generalization, stability under natural perturbations, and uncertainty esti-
mation [103]. OOD generalization typically evaluates how well a model performs on data that differs
from the training distribution (e.g., classifying objects seen from novel viewpoints or in cluttered set-
tings). This is often quantified using test datasets with altered conditions or domain shifts, and methods
like domain adaptation are employed to enhance robustness. Stability under natural perturbations as-
sesses the sensitivity of predictions and predicted probabilities to small, random changes in the input,

such as Gaussian noise or image transformations. Uncertainty estimation, on the other hand, focuses

X1 Model Decision
e Boundary X1
§ Data (y=0)
L -
§ Data (y=0) .... 1) § Datay=1)
° § Data(y=1)
0 [ ] Model Decision Boundary
(1] Data point with high AV
) output value but prone 00 00 Data point in a highly
to multiplicity [ ] variable region
X2 X2
(a) Data point is close to (b) Data point lies in a
the boundary. highly variable region.

Figure B.1: Additional motivation for our local stability measure. Our measure relies on both
local variability and mean confidence as they capture synergistic aspects of prediction robustness.
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on calibrating the predicted probabilities to reflect true likelihoods, often using measures like Expected
Calibration Error or entropy-based metrics to evaluate how well the model quantifies confidence in its
predictions. While these methods provide valuable insights into different facets of robustness, their
goals differ significantly from ours.

[104] is more closely related to our approach, as it quantifies robustness by measuring the frac-
tion of stable predictions within a local neighborhood. While both approaches leverage the neighbor-
hood around a data point, the objectives diverge: [104] focuses on quantifying the probability of stable
predictions against perturbations to evaluate robustness to noise. In contrast, our measure aims to
capture the consistency of predictions (multiplicity) among competing models within the Rashomon
set. Additionally, our stability measure’s unique mean-variance nature further distinguishes it (see
Figure B.1). Unlike existing metrics, it not only accounts for the average prediction within a neighbor-
hood but also penalizes the variability in predictions. Moreover, we provide theoretical guarantees on
the consistency of predictions with high stability scores over a broad range of equally-well performing
models. Recent work has also explored consistency in LLMs across repeated inference runs or under

slight semantic perturbations to the input [122, 124, 141, 316].

B.2 Proof of Theorem 3.1

Theorem 3.1 (Probabilistic Guarantee). Given X, a target model f and stability measure Sh.o(x, F).

Under Assumption 3.1, and for all ¢ > ¢, where ¢ = 2(a + to) + O(Lo?). We have:

—Je2
Pr (f(x) > Spo(x,F) —€) > 1 —exp ( 3k2 ) (3.5)

Proof. To prove Theorem 3.1, we begin with Lemma B.1.
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Assume the fine-tuned models F' belong to a discrete class of random variables. A specific

model realization is represented as f* for i = 1,2,...,|Fs

, with the complete set denoted by F =

{f', £%, ..., f¥1}. Bach model f is selected with probability p;, where Z'i‘sll pi = 1.

Lemma B.1. Given Z; = F(X;) — f(X;) — |f(Xi) — f(x)| + |F(X;) — F(x)| and Z = %Zle Z;

under Assumption 3.1, for any é > € > 0, we have:

_I(Z N2
Pr(Z > ¢ +¢) < exp <M> . (B.1)

Lemma B.2 (Hoeffding’s Inequality). For a given random variable X; such that X; € [a,b] almost

surely, and for any € > 0,

1 k 2]%?2

See [317] for detailed proof of Hoeffding’s Inequality.

Since f(-), F(:) € [0, 1], we have Z; € [~2,2]. Hence, from Lemma B.2, we have:

Pr(|Z —E[Z|F = f]| > ¢| F = f) < 2exp (—%) B3)

Given |E [Z|F = f]| < ¢, wehave —¢ < E[Z|F = f] < € Vf (see Lemma B.3).

Now observe that:

a _1.72
Pr(Z > e’~|—€|F=f)(S)Pr(ZzE[Z|F:f]+€|F=f) Sexp( l;e ) (B.4)

Here, (a) holds since E [Z|F = f] < €. The event on the left is a subset of that on the right.
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Therefore, the probability of the event {Z > €’ + €} occurring cannot be more than the probability of

the event {Z > E[Z|F = f] + €} occurring.

Pr(Z > ¢+ 82 Pr(Z > ¢ +&F = f)Pr(F = f) (B.5)
© —keé? .
< exp (Te) ;Pr(F = ) (B.6)
122
= exp ( :6 ) (B.7)
C) —k(e+€)?
<exp (T) (B.8)

Here, (b) holds from the law of total probability. Next, (c) follows from (B.4). Finally, (d) holds
from using the inequality 4¢% > (€ + €’)? which holds for € > ¢’ > 0. Setting ¢ = € + ¢’.

‘We have:

ko k B B —ke2
Pr (207000 2 1 30 (PUX) = 1F(X) = FO9| + 170X — F60l) ) 21— exp (-
(B.9)
Observe that f(x) > f(x;) — |f(x;) — f(x)|. This applies directly from the reverse triangle

inequality, i.e., for any real numbers a and b, we have:|a| > |b| — |a — b|. Hence,

Fx) 2 1 27060 = (X0 = Fe)) (8.10)
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Therefore, plugging (B.10) into (B.9), we have:

Pr(f(0) 2 1 O(F(X0) ~ [F(X) = Fo)l + [F(6) = F0] = F(X) = Fol = ) B
= Pr () 2 7 S (F(X) ~ [F(X) ~ F(x))) = ) > 1~ exp (‘3‘;6 ) | (B.12)

i=1

Given Sy ,(x, F') = %Zk (F(X;) = |[F(x) — F(X;)]), we have:

1=

Pr (f(x) > Sko(x, F) —€) > 1 —exp <_3’“2€2) . (B.13)

Using Lemma B.3, we show that E[Z|F' = f] < ¢ which completes the proof.

Lemma B.3. Let F, f be twice differentiable functions with Hessians bounded by L, i.e.,

IV &IV < L for all x. Let Ex[||[F(X;) — f(X)IIF = f] < a and Ex,[||[V(F —

HXONNEF = f] < t, where X; is drawn uniformly from distribution over the hypersphere B(x, o). If

Zi = [F(X)) = f(Xi)] = |F(X3) = ()| + |F(X;) = F(x))|, then,
E[Z|F = f]<a+to+ O(La?), (B.14)
——

Hessian Error

Proof. We first bound E[F(X;) — f(X;)]:
Since E[|F(X;) — f(X;)|] < o for all it follows that E[F(X;) — f(X;)] < a.
Next, we bound E[|F(X;) — F(x)| — | f(X;) — f(x)]]:

Expand F(X;) and f(X;) around x using Taylor’s expansion:
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F(x)=F(X;) +VF(X)" (x — X;) + %(x — X))V F(&r)(x — X5),

(B.15)
_ _ _ 1 _
f(x) = f(X;) + V(X)) (x— X;) + §(X - Xi)"' V(&) (x — X)),
for some {r, {5 € B(x, o). The absolute differences become:
IF(X) ~ FOOI < [V (x = X0)| + 5 LK = xP
(B.16)

FOX) = F00] 2 [V ()T (x = X0)] = 321X = xP
Subtracting these:
F(X) = 0| =17 = F0)] < [ V(X ()= X0) | =9 70T 030 |+ LI XK= (B.17)
Using the reverse triangle inequality |a| — |b] < |a — b|:
PO = PG| = 706 = 691 < [V(F = DG (= X0+ LIX, - x”. (B19
Taking Expectation:

E[|V(F - /)X (x - X)|] <E[IV(F - D)X ~x]] <E[[V(F - f)(X)llo < to (B.19)

Hessian Term: E[L||X; — x||?| = L - E[||X; — x|*] = O(Ld?).

Combining the inequalities, we have:

E[Z|F = f] < a +to + O(Lo?). (B.20)
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B.3 Expanded Experiments

Definition B.1 (Spearman Correlation). Spearman(X,Y’) measures the strength and direction of a
monotonic relationship between two variables. It is the Pearson correlation coefficient of their ranked

values. Given n pairs (X;,Y;), it is computed as:

L 6%, d}  cov(rank(X),rank(Y'))

S XY
pearman( 5 ) Tl(n2 _ 1) O rank(X) O rank(Y') ’

where d; is the difference between the ranks of X; and Y;. The value ranges from —1 (perfect negative

monotonicity) to 1 (perfect positive monotonicity), with 0 indicating no monotonic relationship.

Dataset Details

This section provides detailed descriptions of the datasets used in our experiments.
Adult dataset [37], also known as the “Census Income” dataset, is used for predicting whether an
individual earns more than $50,000 annually based on various demographic attributes. It consists of
48,842 instances with 14 attributes, such as age, work class, education, occupation, capital gain, capital
loss, hours per week, etc. The dataset is commonly used in classification tasks.
German Credit dataset [37] is used for credit risk evaluation. It consists of 1,000 instances with 20
attributes, which include personal information, credit history, and loan attributes. The target variable

indicates whether the credit is good or bad. This dataset is often used for binary classification problems

163



and helps in understanding the factors affecting creditworthiness.

Diabetes dataset [80] is used for predicting the onset of diabetes based on diagnostic measurements. It
contains 768 instances with 8 attributes, including the number of pregnancies, glucose concentration,
blood pressure, skin thickness, insulin level, body mass index (BMI), diabetes pedigree function, and
age. The target variable indicates whether the individual has diabetes. The dataset is commonly used
in classification tasks.

Bank dataset [107] is used for predicting whether a client will subscribe to a term deposit based on data
from direct marketing campaigns of a Portuguese bank. It includes 45,211 instances in the training set
and 18 attributes, such as age, job type, marital status, education, credit balance, housing loan status,
and contact details from the marketing campaigns. The target variable indicates whether the client
subscribed to the term deposit. This dataset is commonly used in binary classification tasks.

Heart dataset [318] contains data from four different hospitals. It includes 918 patients, each repre-
sented by 11 clinical variables, with the task being a binary classification of coronary artery disease.
Among the patients, 508 are labeled positive for the condition.

Car dataset [319] contains entries describing various cars characterized by six attributes. The task is a
classification problem aimed at evaluating the state of each car. The dataset comprises 1,728 examples.
Hospital Remission dataset [114] contains 99,493 inpatient encounters from 130 U.S. hospitals (1999
—2008) that involve diabetic patients. The dataset provides 50+ attributes aimed at predicting whether a
patient will be readmitted within 30 days after discharge. It is commonly used for binary classification

tasks assessing post-discharge risk and care quality.
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Experimental Setup

Our experiments were carried out using the BigScience TO and Google Flan T5 models fine-
tuned on several datasets. The number of shots was set to 64,128, and 512 for each dataset. To
evaluate multiplicity and local stability, we fine-tuned 40 models with different random seeds for
each dataset and recorded their predictions. The training process involved setting the batch size to
2 for smaller training sizes and 8 for larger sizes. The learning rate was set to 0.003. For each
dataset, we determined the number of training steps adaptively based on the number of shots, en-
suring sufficient iterations for model convergence. Specifically, the training steps were calculated as
20 x (number of shots/batch size). All experiments were performed on 2 NVIDIA RTX A4500 and 4
NVIDIA RTX 6000 GPUs. To ensure reproducibility and robustness of the results, different random
seeds (i.e., 2, 4, 8, etc) were used for each fine-tuning iteration. For fine-tuning with LoRA we use a
rank of 4. Given the infeasibility of computing the exact size of |F;| due to its potentially vast model
space, we employ an expensive sampling approach, i.e., fine-tuning with various seeds. We select
a finite number of models from F; for practical evaluation, allowing us to evaluate the multiplicity
metrics. It is very computationally expensive to fine-tune several models to evaluate multiplicity. This

motivates the need for a measure to quantify stability given one model.

Expanded Results

This section presents a broader set of experimental results. We evaluate multiplicity across
several datasets using both the BigScience TO model fine-tuned with LoRA (see Table B.1) and the
FLAN-TS5 model fine-tuned using the Tfew recipe (see Table B.2). Additionally, Figures B.2, B.3,

and B.4 visualize the evaluated multiplicity versus the stability measure for Bank, Diabetes, and Ger-
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Table B.1: Multiplicity Evaluation Metrics for Different Datasets and Number of Shots. Evaluated
on 40 fine-tuned BigScience T0 models on LoRA using different random seeds. Multiplicity ob-
served in predictions across different fine-tuned model, even when models exhibit similar accuracy
(in this setting 6 = 0.02).

Multiplicity Evaluation Metrics (BigScience T0)

Dataset  No.
Shots Arbitrariness Discrepancy Avg. Pairwise Avg. Pred. Avg. Pred. Avg. Model
Disagreement Variance Range Accuracy
64 11% 6% 9% 0.01 0.11 83%
Adult 128 10% 9% 6% 0.01 0.10 84%
512 11% 3% 10% 0.01 0.12 85%
64 19% 10% 6% 0.04 0.40 70%
German 128 17% 11% 6% 0.01 0.16 71%
512 21% 14% 8% 0.03 0.26 72%
64 20% 13% 11% 0.04 0.21 70%
Diabetes 128 16% 14% 11% 0.08 0.14 73%
512 19% 13% 11% 0.04 0.17 76%
64 13% 9% 7% 0.01 0.28 66%
Bank 128 14% 9% 7% 0.03 0.21 73%
512 14% 8% 7% 0.03 0.22 78%

man Credit datasets respectively. We also report the correlation between the stability measure and
various multiplicity evaluation metrics for BigScience TO model fine-tuned using Tfew recipe (see

Table B.3) and FLAN-TS5 model fine-tuned using Tfew recipe (see Table B.4).
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Figure B.2: Evaluated multiplicity (assessed on 40 retrained models) versus our stability
measure (evaluated on one model) for the 512-shot setting on the Bank dataset. The
plots demonstrate that high stability values correspond to low multiplicity across various
multiplicity evaluation metrics. Predictive probabilities and Drop-Out not providing any
providing any useful insight into multiplicity.
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Table B.2: Evaluated Multiplicity for Different Datasets and Number of Shots. Evaluated on 40
fine-tuned FLAN-TS models using Tfew recipe with different random seeds. Multiplicity observed
in predictions across different fine-tuned models, even when models exhibit similar accuracy (in
this setting 0 = 0.02). The accuracy of FLAN T5 model on the dataset is less than the BigScience
TO model observed in Table 3.1.

Multiplicity Evaluation Metrics (FLAN-TS)

Dataset  No.
Shots Arbitrariness Discrepancy Avg. Pairwise Avg. Pred. Avg. Pred. Avg. Model
Disagreement Variance Range Accuracy
64 13.96% 6.93% 5.05% 0.010 0.139 74.25%
Adult 128 8.81% 3.84% 3.39% 0.008 0.091 77.50%
512 12.02% 5.71% 4.49% 0.012 0.123 79.17%
64 18.50% 11.00% 6.19% 0.015 0.194 64.85%
German 128 30.00% 13.50% 10.47% 0.031 0.287 69.25%
512 35.50% 16.50% 12.88% 0.041 0.362 69.40%
64 15.58% 7.79% 6.23% 0.016 0.170 68.18%
Diabetes 128 11.69% 5.84% 4.81% 0.012 0.129 59.29%
512 21.43% 9.74% 7.37% 0.022 0.207 69.55%
64 12.86% 7.46% 4.69% 0.003 0.125 66.96%
Bank 128 17.95% 6.90% 6.59% 0.006 0.165 65.94%
512 17.17% 6.61% 6.24% 0.017 0.173 79.40%
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Figure B.3: Evaluated multiplicity (assessed on 40 retrained models) versus our stability
measure (evaluated on one model) for the S12-shot setting on the Diabetes dataset. The
plots demonstrate that high stability values correspond to low multiplicity across various
multiplicity evaluation metrics. Predictive probabilities not providing any providing any
useful insight about multiplicity. The drop-out method performs better than predictive
probabilities but still worse than stability.

Expanded Ablations

We include the complete ablation results referenced in the main paper. Table B.6 presents the
results of varying the sample size k. Table B.7 and Figures B.5 examines the effect of different values

of o on the stability measure. Additionally, Table B.8 compares the stability measure with the drop-
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Figure B.4: Evaluated multiplicity (assessed on 40 retrained models) versus our stability mea-
sure (evaluated on one model) for the 512-shot setting on the German Credit dataset. The plots
demonstrate that high stability values correspond to low multiplicity across various multiplicity
evaluation metrics. In this setting Prediction probability is performing competitively. But gener-
ally stability measure provides better insight into the multiplicity of predictions compared to the
predicted probabilities. The drop-out method is performing significantly worse than the other two

measures.
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Figure B.5: Ablation study on different o values: The chosen value of o = 0.01 yields the
best performance across all evaluation metrics. Smaller values of o (e.g., ¢ = 10%) result in
perturbations that are too close to the original data points, leading to similar outcomes as prediction
probability alone, as the sampled points are nearly identical. On the other hand, larger values (e.g.,
o = 1072) produce overly noisy perturbations, rendering the results uninformative.

out method with different drop-out rates p. Finally, Table B.5 compares the stability measure with
variability-based alternatives. Table B.9 compares performance under LoRA, Prompt Tuning, and

Prefix Tuning on the Bank dataset.
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Table B.3: This table reports the Spearman correlation between the stability measure, predicted
probabilities, and the drop-out method with various multiplicity evaluation metrics for different
numbers of shots on several datasets (BigScience T0 fine-tuned using Tfew recipe). In most
cases, the stability measure Sy, (%, f) shows a higher correlation with these multiplicity measures
compared to predicted probabilities and drop-out, indicating that the stability measure Sy, ,(x, f)
better informs about the multiplicity than the other measures do. The dropout method performing
better than naive predicted probability.

Dataset Number of Shots Measure Arbitrariness Pairwise Disagreement Prediction Variance Prediction Range
Pred. Prob. 0.67 0.66 0.50 0.62
64 Drop-Out 0.83 0.78 0.81 0.87
Stability 0.95 0.90 0.91 0.89
Adult
Pred. Prob. 0.67 0.62 0.30 0.54
128 Drop-Out 0.74 0.83 0.69 0.81
Stability 0.80 0.96 0.84 0.91
Pred. Prob. 0.70 0.69 0.56 0.72
512 Drop-Out 0.78 0.78 0.88 0.88
Stability 0.90 0.86 0.93 0.92
Pred. Prob. 0.99 0.99 0.80 0.79
64 Drop-Out 0.73 0.71 0.82 0.76
. Stability 0.95 0.95 0.98 0.84
German Credit
Pred. Prob. 0.57 0.57 0.86 0.86
128 Drop-Out 0.50 0.56 0.74 0.84
Stability 0.54 0.54 0.87 0.87
Pred. Prob. 0.54 0.56 0.83 0.82
512 Drop-Out 0.69 0.67 0.72 0.65
Stability 0.59 0.60 0.87 0.86
Pred. Prob. 0.03 0.38 0.04 0.08
64 Drop-Out 0.30 0.19 0.54 0.46
. Stability 0.45 0.51 0.31 0.23
Diabetes
Pred. Prob. 0.88 0.93 0.93 0.95
128 Drop-Out 0.89 0.92 0.92 0.94
Stability 0.92 0.95 0.93 0.95
Pred. Prob. 0.21 0.23 0.24 0.30
512 Drop-Out 0.74 0.83 0.75 0.74
Stability 0.80 0.89 0.74 0.68
Pred. Prob. 0.70 0.69 0.56 0.74
64 Drop-Out 0.79 0.77 0.77 0.80
Stability 0.83 0.78 0.81 0.80
Bank
Pred. Prob. 0.54 0.57 0.73 0.62
128 Drop-Out 0.62 0.70 0.75 0.51
Stability 0.79 0.84 0.87 0.86
Pred. Prob. 0.71 0.68 0.81 0.76
512 Drop-Out 0.90 0.89 0.87 0.84
Stability 0.91 0.92 0.91 0.87
Pred. Prob. 0.70 0.21 0.30 0.69
64 Drop-Out 0.56 0.48 0.54 0.56
Stability 0.98 0.86 0.98 0.98
Heart
Pred. Prob. 0.61 0.46 0.50 0.26
128 Drop-Out 0.64 0.76 0.74 0.83
Stability 0.89 0.90 0.97 0.87
Pred. Prob. 0.80 0.65 0.48 0.35
512 Drop-Out 0.94 0.90 0.90 0.94
Stability 0.89 0.95 0.86 0.95
Pred. Prob. 0.83 0.83 0.40 0.83
64 Drop-Out 0.85 0.83 0.96 0.97
c Stability 0.76 0.69 0.86 0.75
ar
Pred. Prob. 0.56 0.26 0.29 0.01
128 Drop-Out 0.63 0.66 0.57 0.52
Stability 0.97 0.91 0.93 0.94
Pred. Prob. 0.91 0.94 0.72 0.86
512 Drop-Out 0.98 0.96 0.95 0.93
Stability 0.68 0.59 0.56 0.67
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Table B.4: Spearman correlation between the predicted probabilities, drop-out method, and the
stability measure with various multiplicity evaluation metrics for different numbers of shots on sev-
eral datasets (Flan TS model fine-tuned using Tfew recipe). In most cases, the stability measure
shows a higher correlation with these multiplicity measures compared to predicted probabilities
and drop-out, indicating that the stability measure better informs about the multiplicity than the
other measures do. The dropout method performs competitively in some cases.

Dataset Number of Shots Measure Arbitrariness Pairwise Disagreement Prediction Variance Prediction Range
Pred. Prob. 0.62 0.67 0.72 0.56
64 Drop-Out 0.60 0.65 0.67 0.57
Stability 0.63 0.72 0.72 0.60
Adult Pred. Prob. 0.75 0.74 0.65 0.75
128 Drop-Out 0.85 0.78 0.83 0.75
Stability 0.88 0.90 0.84 0.79
Pred. Prob. 0.78 0.68 0.42 0.45
512 Drop-Out 0.78 0.78 0.42 0.45
Stability 0.79 0.71 0.78 0.68
Pred. Prob. 0.27 0.04 0.27 0.17
64 Drop-Out 0.73 0.45 0.60 0.17
Stability 0.77 0.67 0.78 0.76
German Credit Pred. Prob. 0.85 0.76 0.85 0.91
128 Drop-Out 0.86 0.91 0.85 0.91
Stability 0.89 0.91 0.89 0.92
Pred. Prob. 0.42 0.29 0.27 0.19
512 Drop-Out 0.43 0.36 0.28 0.33
Stability 0.61 0.60 0.67 0.69
Pred. Prob. 0.09 0.04 0.27 0.23
64 Drop-Out 0.24 0.41 0.54 0.50
Stability 0.27 0.55 0.31 0.25
Diabetes Pred. Prob. 0.16 0.06 0.17 0.16
128 Drop-Out 0.46 0.55 0.54 0.63
Stability 0.52 0.57 0.44 0.52
Pred. Prob. 0.61 0.35 0.12 0.19
512 Drop-Out 0.71 0.42 0.42 0.51
Stability 0.79 0.40 0.39 0.40
Pred. Prob. 0.26 0.04 0.27 0.17
64 Drop-Out 0.24 0.60 0.60 0.60
Stability 0.77 0.67 0.78 0.76
Bank Pred. Prob. 0.45 0.54 0.73 0.62
128 Drop-Out 0.62 0.70 0.75 0.82
Stability 0.89 0.71 0.78 0.84
Pred. Prob. 0.42 0.29 0.27 0.11
512 Drop-Out 0.44 0.29 0.37 0.43
Stability 0.61 0.60 0.30 0.38

Table B.5: Correlation between the proposed consistency measures and various multiplicity eval-
uation metrics. New additional measures: S1(x) = £ 3 |f(x;) — f(x)| (absolute variability).
Sa(x) = 1 Y(f(x;) — f(x))? (squared variability). The proposed Stability measure outperforms
both dropout-based method and purely variability-based alternatives

Dataset Number Measure Arbitrariness Pairwise Prediction Prediction
of Shots Disagreement Variance Range
Pred. Prob. 0.67 0.62 0.30 0.54
Drop-Out 0.74 0.83 0.69 0.81
Adult 128 S1(x) 0.70 0.65 0.63 0.72
Sa(x) 0.70 0.64 0.60 0.73
Stability 0.80 0.96 0.84 0.91
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Table B.6: Ablation study on different & values: Correlation between our stability measure (eval-
uated on a single model) and various measures of multiplicity for different sample sizes k on the
Diabetes dataset (TO model). We observe better performance with increasing k as suggested by our
theoretical results. Larger sample size k values are advantageous, as they ensure that the guarantees
hold with high probability. However, computational cost of model inference increases.

k  Prediction Range Prediction Variance Pairwise Disagreement Arbitrariness

2 0.77 0.77 0.53 0.52
5 0.82 0.83 0.56 0.55
10 0.87 0.87 0.62 0.61
20 0.89 0.88 0.70 0.79

Table B.7: Ablation study on different o values: Correlation between our stability measure (eval-
uated on one model) and various evaluation measures for different values of o and evaluated mul-
tiplicity for Diabetes dataset and 128-shot case (T0 model). Best performance observed when
o = 1072, To guide the choice of o, one could consider the spread of training data points in the
embedding space (e.g., we use a value equivalent to 10% of the variance of the training data). For
all our experiments, we used a fixed value of 0.01, which consistently worked well across different
datasets and experiments. When o is too small, we basically sample (almost) the same points and
our stability measure is not more informative than the prediction probability. When ¢ is too large,
one loses all information about the data point.

o Prediction Range Prediction Variance Pairwise Disagreement Arbitrariness

1074 0.82 0.83 0.84 0.80
1073 0.91 0.92 0.90 0.86
1072 0.95 0.93 0.95 0.92
1071 0.10 0.08 0.33 0.23

Table B.8: This table reports the correlation between the stability measure and various evaluated
multiplicity for the 512-shot setting on the Diabetes dataset. The stability measure Sj ,(z, f)
shows a higher correlation with multiplicity compared to predicted probabilities and drop-out and
ensemble method, indicating that the stability measure Sy, ,(z, f) better informs multiplicity than
the other measures.

Method Arbitrariness Pairwise Disagreement Prediction Variance Prediction Range
Pred. Prob. 0.21 0.23 0.24 0.30
drop-out p = 0.01 0.21 0.23 0.27 0.28
drop-out p = 0.1 0.62 0.61 0.59 0.64
drop-out p = 0.2 0.74 0.36 0.53 0.54
drop-out p = 0.5 0.16 0.17 0.18 0.16
Stability 0.80 0.89 0.74 0.68
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Table B.9: We compare the correlation in our default LoRA setting against Prompt Tuning and
Prefix Tuning (Bank dataset) to assess the generalizability of our method beyond LoRA. Although
the stability measure achieves the highest correlations under LoRA, it still provides meaningful
signals under Prompt and Prefix tuning.

Dataset Measure Arbitrariness Pairwise Prediction Prediction
Disagreement Variance Range
Pred. Prob. (LoRA) 0.54 0.57 0.73 0.62
Pred. Prob. (Prompt Tuning) 0.50 0.48 0.61 0.55
Pred. Prob. (Prefix Tuning) 0.52 0.49 0.59 0.51
Bank Drop-Out (LoRA) 0.62 0.70 0.75 0.51
an Drop-Out (Prompt Tuning) 0.48 0.53 0.60 0.49
Drop-Out (Prefix Tuning) 0.55 0.50 0.58 0.46
Stability (LoRA) 0.79 0.84 0.87 0.86
Stability (Prompt Tuning) 0.63 0.60 0.58 0.61
Stability (Prefix Tuning) 0.59 0.62 0.60 0.57
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Appendix C

C.1 Background on BLEU metric

The BLEU (Bilingual Evaluation Understudy [320] score is a standard metric for assessing the
quality of machine translation. It quantifies the degree of overlap between a system-generated trans-
lation and one or more human reference translations. The score relies on modified n-gram precision

(n € {1,2,3,4}), together with a brevity penalty (BP) that discourages excessively short outputs:

N 1 ifc>r,
BLEU = BP-exp ( > w,logp, |, BP=

= exp(l — %) ifc <,

where p,, denotes the modified n-gram precision, w,, are the associated weights, c is the length of
the candidate translation, and r is the length of the closest reference. When multiple references are
given, BLEU counts n-gram matches against all references and uses the maximum match count for
each n-gram. Each n-gram level in BLEU captures progressively deeper aspects of linguistic quality.
Unigrams (n=1) assess word choice or adequacy, indicating whether the candidate includes the correct
content words. Bigrams (n=2) reflect local fluency by capturing short-range word ordering. Trigrams
(n=3) capture phrase-level coherence. 4-grams (n=4) enforce sentence-level fluency by requiring

longer, contiguous sequences to match the reference.
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C.2  Prompt Templates

Generating paraphrased and semantically equivalent queries

For each query ¢o, we use LLaMA-3.1-70B to generate n paraphrases P(qo) = {p1,...,pn}- TO
ensure answerability, we provide the ground truth answer as part of the prompt and instruct the model
to generate paraphrases that preserve the exact meaning such that each paraphrase can be answered in
the same way. This allows us to simulate semantically equivalent inputs without altering the expected

outputs. See prompt used for short-form and long form QA tasks below:

Paraphrasing —-- Short-form QA

You are given an input sentence. Your task is to generate n diverse paraphrases of this sentence. You
can paraphrase by using synonyms, changing sentence structure, or rephrasing in any other way, but each
paraphrase should preserve the original meaning. Each paraphrase you create must be answerable by the
exact same answer provided below.

Format your output as follows:

<paraphrasel> paraphrased sentence 1 </paraphrasel>

<paraphrase?2> paraphrased sentence 2 </paraphrase2>

<paraphrasen> paraphrased sentence n </paraphrasen>
Input sentence: {sentence} Required answer: {answer}
Please return only the paraphrases in the specified format.

Paraphrasing —— Long-form QA

You are given an input question sentence. Your task is to generate n diverse paraphrases of this question.
You can paraphrase by using synonyms, changing sentence structure, or rephrasing in any other way, but
each paraphrase should preserve the original question meaning and lead to similar answers.

Format your output as follows:

<paraphrasel> paraphrased sentence 1 </paraphrasel>

<paraphrase?2> paraphrased sentence 2 </paraphrase2>

<paraphrasen> paraphrased sentence n </paraphrasen>
Input question: {sentence}
Please return only the paraphrases in the specified format.
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LLM-Judge Consistency Evaluation

To assess semantic consistency between generated outputs across paraphrased queries, we em-
ploy LLLM-based pairwise judgments as part of our evaluation pipeline. These judgments are designed
to determine whether two answers convey the same core information, even if they differ in surface
form. For all LLaMA-3.1-8B experiments, we use LLaMA 3.3 70B as the evaluator. For all
Qwen-—2.5-3B experiments, we use GPT—-4o0, an external closed-source model, as the evaluator. An

example evaluation prompt is shown below:

Consistency Evaluation —— Long—-form QA

You are an evaluator assessing two different answers that were generated for the same question. Your
task is to determine if the two answers are consistent with each other.

Consider them consistent if they present the same core information about the underlying question. Con-
sider them inconsistent if they provide different information, present different facts, or address the un-
derlying question in different ways.

Based on this, reply with only yes or no. Do not output anything else.

Answer 1: {output_i}

Answer 2: {output_j}

Are these two answers consistent? (yes/no). Response:

Consistency Evaluation —— Short-form QA

Given the following two outputs sentences, reply with yes if the two sentences are consistent with each
other, or no if they are not. Do not output anything else.

Sentence 1: {output_i}

Sentence 2: {output_j}

Are these sentences consistent? (yes/no). Response:

C.3 Expanded Experiments
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Table C.1: Accuracy across datasets and query variants (LLaMA-3.1-8B). We report accuracy
for original queries, synthetically generated paraphrased queries, and paraphrased queries with
fixed retrieval. Across all settings, accuracy remains relatively similar, indicating that paraphras-
ing and retrieval shifts have limited effect on final answer correctness on average. See result for

Qwen-2.5-3B model in Table C.3.
Short-form & Multi-hop QA: Accuracy (%)
Dataset ‘ Original Queries Paraphrased Queries Paraphrased (Fixed Docs)
|EM FI RM|EM FI RM |EM Fl RM
TriviaQA | 56.0 66.1 74.0 | 55.0 644 73.3 58.7 673 75.0
HotpotQA | 37.0 44.1 42.0 | 364 435 424 33.7 40.7 394
2Wiki 28.0 339 37.0|259 313 32.7 26.9 31.7 333
MuSiQue | 8.0 153 12.0| 83 14.1 11.0 11.0 175 15.0
Long-form QA: Accuracy (%)
Dataset ‘ Original Queries Paraphrased Queries Paraphrased (Fixed Docs)
| ROUGE LLM-Acc | ROUGE LLM-Acc | ROUGE  LLM-Acc
ELIS | 219 740 | 207 713 | 208 70.3

Table C.2: Disentangling sources of inconsistency in RAG systems (Qwen-2.5-3B). Re-
triever consistency is low across datasets, suggesting that paraphrased queries often retrieve non-
overlapping documents. This introduces context variability that is reflected in the end-to-end con-
sistency scores. Fixing retrieval improves consistency, but variation remains, revealing the genera-
tor’s sensitivity to input phrasing even with identical evidence.

‘ End-to-End Consistency Generator (LLM) Consistency Retriever Consistency

Dataset

‘ Lexical LLM-Judge Lexical LLM-Judge Jaccard Overlap
TriviaQA 47.9 73.0 58.6 87.5 325
HotpotQA | 32.7 63.6 48.0 77.3 46.0
2Wiki 32.3 62.6 44.6 70.7 52.4
MuSiQue 25.7 49.5 45.7 67.3 36.6
E1i5 6.6 35.3 14.4 62.3 27.1
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Table C.3: Accuracy across datasets and query variants (Qwen—2 . 5—-3B). We report accuracy
for original queries, synthetically generated paraphrased queries, and paraphrased queries with
fixed retrieval. Across all settings, accuracy remains relatively similar, indicating that paraphrasing
and retrieval shifts have limited effect on final answer correctness on average.

Short-form & Multi-hop QA: Accuracy (%)

‘ Original Queries Paraphrased Queries Paraphrased (Fixed Docs)

Dataset
\ EM Fl RM \ EM Fl RM \ EM Fl RM
TriviaQA | 420 50.7 58.0 | 463 541 643 | 430 51.1 62.3
HotpotQA | 20.0 283 37.0 | 209 277 384 | 182 264 38.4
2Wiki 13.0 204 360 | 11.1 198 347 | 125 202 32.3
MuSiQue | 40 100 9.0 | 6.0 9.9 8.0 53 97 7.7
Long-form QA: Accuracy (%)

Dataset ‘ Original Queries Paraphrased Queries Paraphrased (Fixed Docs)

\ ROUGE LLM-Acc \ ROUGE LLM-Acc \ ROUGE LLM-Acc
ELIS \ 22.1 38.0 \ 21.5 37.3 \ 20.8 35.7
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Table C.4: Comparison between Con-RAG vs Baselines (Short-form QA Tasks)
(Qwen-2.5-3B). Lexical consistency measured via BLEU score while and information consis-
tency measured using an LLM-judge. Con-RAG is trained with a group-similarity reward plus an
accuracy reward (no KL), and consistently yields higher end-to-end and generator-only consistency
while also improving accuracy over original queries.

End-to-End Generator (LLM)
Accuracy (%) Consistency (%) Consistency (%)

Dataset  Method EM Fl RM \ Lexical Inform. \ Lexical Inform.

RAG 420 507 58.0 | 479 73.0 58.6 87.5
DRAG 420 50.7 58.0 | 479 73.5 58.6 84.7
TriviaQA  CoT-RAG | 37.0 445 61.0 | 41.1 72.3 52.2 82.3

SFT 350 404 430 | 533 72.2 73.4 85.0
Con-RAG | 60.0 66.0 68.0 | 67.1 81.8 80.5 89.5
RAG 20.0 283 37.0| 327 63.6 48.0 71.3

DRAG 20.0 283 370 | 327 64.3 48.0 76.8
HotpotQA  CoT-RAG | 29.0 32.8 37.0 | 285 63.6 35.7 71.2

SFT 300 354 320 | 633 77.1 74.5 85.7
Con-RAG | 36.0 43.1 38.0 | 64.6 78.2 77.8 86.7
RAG 4.0 100 9.0 25.7 49.5 45.7 67.3
DRAG 4.0 100 9.0 25.7 50.3 45.7 69.2
MuSiQue CoT-RAG | 50 109 9.0 18.1 52.0 26.5 62.0
SFT 25.0 306 27.0 | 577 65.3 69.8 77.2
Con-RAG | 27.0 319 281 | 69.8 70.1 70.4 82.0
RAG 13.0 204 36.0 | 323 62.6 44.6 70.7
DRAG 13.0 204 36.0 | 323 63.0 44.6 70.9
2Wiki CoT-RAG | 23.0 27.0 300 | 235 62.3 32.7 67.0
SFT 37.0 389 38.0 | 709 75.8 84.8 86.9

Con-RAG | 37.0 384 370 | 68.2 76.6 84.8 89.1
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Table C.5: Comparison between Con-RAG vs. Baselines (Long-form QA Task). Con-RAG is
trained using only the group-similarity reward with a small KL regularizer (no accuracy supervi-
sion). Despite no ground-truth, it achieves the best end-to-end and generator consistency and also
improves answer quality over baselines, whereas SFT on reference answers underperforms in this
open-ended setting (Qwen—2.5-3B).

Dataset Method

Accuracy (%)

End-to-End

Consistency (%)

Generator (LLM)
Consistency (%)

ROUGE LLM-Acc ‘ Lexical Inform. ‘ Lexical Inform.

RAG
DRAG
ELIS CoT-RAG
SFT
Con-RAG

22.1 38.0
22.1 38.0
21.1 36.0
24.3 36.0
22.6 58.0

6.6
6.6
4.9
54
9.3

353
353
34.0
17.2
42.8

14.4
14.4
9.6
7.0
17.9

62.3
63.8
55.5
19.0
67.5

Table C.6: Effect of Inference Temperature on Standard RAG(ELI5 - Qwen-2.5-3B). We
vary only the decoding temperature 1" at inference to study its effect on consistency and accuracy.
Moderate temperature (I' = 0.5) improves LLM agreement and lexical consistency compared
to deterministic decoding (I" = 0.0), while preserving accuracy. However, higher temperatures
(T > 1.0) degrade both consistency and accuracy, with outputs at 7' = 2.0 nearly collapsing.

T ‘ Accuracy (%) End-to-End Cons. (%) Generator Cons. (%)
‘ ROUGE LLM-Acc ‘ Lexical LLM-Judge ‘ Lexical LLM-Judge

0.0 22.1 38.0 6.6 35.3 14.4 62.3

0.5 214 52.0 10.4 37.7 15.2 65.3

1.0 21.8 48.0 2.5 34.0 5.2 59.5

2.0 6.1 0.0 0.1 2.0 0.2 1.5
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Appendix D

D.1 Background on Fisher Information Matrix

Definition D.1 (Positive Semi-definite Matrices). A matrix A € R¥? is said to be positive semi-

definite if it is symmetric and for all non-zero vectors x € RY, the following condition holds:

xT'Ax >0 forall x € R4,

The eigenvalues of a positive semi-definite are non-negative, i.e., \;(A) > 0 for all eigenvalues \;.

Definition D.2 (Lowner Order). Let A, B € R%™? be symmetric matrices. We say that A is greater
than or equal to B in the Lowner order, denoted A = B, if and only if the matrix A — B is positive

semi-definite. That is,

A= B ifandonlyif 2" (A—B)x>0 forall z&R%

If A = B, then A — B is positive definite, meaning A is strictly greater than B in the Lowner order:

Lemma D.1 (Trace Inequality for Positive Semi-definite Matrices). For positive semi-definite matrices
A, B € R*™ where A = B, then:
Tr(A™Y) < Tr(B™')
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Proof. Since A = B, we have B~! = A~! by the Lowner order inversion property. The trace operator

preserves this inequality because for any X > Y > 0:

where \;(-) denotes eigenvalues in descending order. [l

Definition 5.2 (Fisher Information Matrix [217]). Let L(0) be the log-likelihood of a parametric dis-
tribution p(y, x; 0), where 0 is the parameter vector to be estimated. The Fisher Information Matrix

(FIM) at parameter 0 is defined as:

Z(0) = Ex,y [Volog p(y, x;0) Vologp(y,x;0)"] .

Fisher information captures the amount of information that an observable random variable x
carries about an unknown parameter ¢ of a distribution that models . We use the notation Z(6; y, x)

to denote the Fisher information about 6 carried by single observation y, x.

D.2 Proof of Theorem 5.1

Theorem 5.1 (CFEs Improve Model Parameter Estimation). Let w, and W'Y be the student param-

eters obtained via MLE on D (standard) and Dt (CFE-infused). Assuming the teacher’s parameters
w; capture the true data-generating distribution, that CFEs lie near the decision boundary, and that

the second moments By [xx "] ~ Ey_[x.x]]. Then estimation error satisfies:

s

E [[w — wil] <E [Jw, —wil?].
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Proof. For a single observation (x, y), the log-likelihood is:

log p(y|x; w) = ylogo(w'x) + (1 — y)log(l — o(w'x)) (D.1)
Taking the gradient with respect to w:
Vw log p(ylx; w) = (y — o(w'x))x (D.2)

To prove Theorem 5.1, we first (1) Characterize the Fisher information for individual observa-
tions, (2) Establish asymptotic normality of MLE, (3) Compare information matrices of standard vs.
CFE-infused datasets, and (4) Apply trace inequality to connect information to estimation error.

(1) Fisher Information for Logistic Regression: For a logistic regression model with parameters w,

Lets denote Fisher Information Matrix (FIM) for observations y, x as:

Z(w;y,x) = Eyx [V log p(y, x; w) Vi log p(y, x; w) '] (D.3)
Vwlogp(y,x;w) = Vy log p(y|x; w) + Vy log p(x) . (D.4)
—_——

=0

The gradient of log p(x) is zero because p(x) is independent of the model parameters w.

Using the law of total expectation:

Z(w;y,x) = Ex[Eyx [V log p(y[x; W)V log p(y|x; w) ] (D.5)
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Substituting Equation D.2:

Z(w;y,x) = Ex [Eyx[(y — o(w'x))*xx"]] (D.6)

= Eyx [xx'Eyx[(y — o(w'x))?]] (D.7)

The term E, 5 [(y - U(WTX))Q] is the variance of y|x. Where y|x ~ Bernoulli(o(w 'x)), we

compute:

E,x[(y — o(w'x))?] = Var(y|x) = o(w x)(1 — o(wx)) (D.8)

Thus:

Z(w;y,x) = Exlo(w'x)(1 — o(w'x))xx ] (D.9)

The variance term is maximized when w 'x = 0 (i.e., at the decision boundary), where it equals 0.25.

(2) Asymptotic Distribution of MLE: Under regularity conditions [233], the MLE estimator satisfies:
VE(w, —w,) % N0, (w; D)) (D.10)

where Z(wy; D) = Y% T(wy; y;, x;) is the total Fisher information of & independent observations of
Vi, X; (Additivity property of fisher information [321]).

The mean squared error (MSE) [322] decomposes as:

E|jw, — wi||* = Tr(Cov(w,)) + ||Bias(w,)||® (D.11)
Var?;nce B?igs

For MLE, Bias(w,) — 0 as k — oo, so: E|[jw, — wy||* &~ Tr(Z ! (wy; D))
The next step of the proof we compare the fisher information between a standard dataset and
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k/2

CFE-infused dataset. Let D = {x;}*_, be a dataset of k standard samples, and let Dy = {x;},”| U

{x, }ffl be an CFE-infused dataset containing k/2 standard samples and %/2 CFEs.

Standard Samples: Far from decision boundary = w, x; > 0 or < 0. Thus:

o(w/;x)(1—0o(w,x;)) = ¢ < 0.25

;]

i e

Their FIM contribution is: Z(wy; x;) = Ex[e;x;x

CFE Samples: Near boundary = w, x. = 0 = ¢(0) = 0.5. Thus:

o(w,x.)(1—o(w/x.)) =025

Their FIM contribution is maximal: Z(w;; x.) = E,[0.25%.x/].

(D.12)

(D.13)

Since Ex[xx "] ~ Ey [x.x/] and 0.25 > ¢;, we have Z(w;; D,;) = Z(wy; D) in the Lowner

order (see Definition D.2).

Remark D.1 (Feature Spanning). Note that for logistic regression the feature vector is augmented with

the parameter bias term, i.e., x = [1, iT]T, hence,the outer product xx " has a non-zero norm. The

first element of X is always 1, ensuring ||x||*> > 1. Thus, xx"

cannot be the zero matrix, even if x = 0.

This guarantees that each CFE example X. contributes a non-degenerate rank-1 term to the FIM.

The final step leverages the trace inequality for covariance matrices (see Lemma D.1). If Z(wy; D..s) >

Z(wy; D) then Tr(Z(wy; D.y)) < Tr(Z ! (wy; D)). Thus, CFE infusion reduces estimation error:

E [[[we? = wil|*] <E [||ws — wql|’]
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Remark D.2 (Datapoint Diversity). For the total FIM Z(w,; D) to be invertible, the set of feature

vectors {x;} must span R? which will hold if we have enough samples.

D.3 Background on Hausdorff Distance

This section provides definitions and geometric preliminaries needed for proofs of Lemma 5.1

and Theorem 5.2.

Definition D.3 (Line Segment). Let X;, x; € R"™*? be two points in the n x d space. The line segment

[x;,X};| connecting x; and X, is defined as the set of points y(\) for X € [0, 1], where
YA) = (1=Nx; +Ax;, A€0,1].

This defines all the points on a space between x; and X, in R™*?,

Lemma D.2 (Intermediate Value Theorem). Let f : [a,b] — R be a continuous function, and let

f(a) # f(b). If y is any value between f(a) and f(b), then there exists ¢ € (a,b) such that f(c) = y.

Definition 5.3 (Hausdorff Distance). Let M;, M, C R™ 9 be two non-empty subsets of a metric

space. The Hausdorff distance is defined as:

H(Ms,Mt):max{ sup inf [x—ullp, sup inf ||u—XHF}.
xeMy

xXEM;y ueMs, ueM;
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Figure D.1: Intuition for Theorem 5.2

D.4 Proof of Theorem 5.2

Lemma 5.1 (Existence of Boundary Crossing for Counterfactual Pairs). Let f; : R"*? — [0,1] be a
continuous function. For a datapoint and its counterfactual pair (x;,X}), there exists a point X; =

ax; + (1 — a)x} foran o € (0, 1) (on the line joining x; and x;) such that: f,(x}) = 0.5.

Proof. Define a line segment from x; to x} using a parameterization: y(A\) = (1 — \)z; + A/ for
A € [0,1]. This defines a continuous path from z; to z; in R?. Now define the real-valued function
9:(0,1] = Rby: g(A) = fily(N) = fil (1 = A)zi + Ax)).

Since f; is continuous on R?, and () is continuous in ), the composition g()) is continuous
on the closed interval [0, 1].

Now, evaluate the endpoints of this function: ¢(0) = fi(x;) < 0.5,9(1) = fi(x}) > 0.5.

Thus, we have g(0) < 0.5 < g(1), and by the Intermediate Value Theorem (see Lemma D.2),
since ¢ is continuous on [0, 1], there exists A* € (0, 1) such that: g(A*) = 0.5.

Define x} = v(A\*) = (1 — X*)x; + A} € [x;, x}]. Then: fi(z}) = g(A*) = 0.5.

Hence, the point 2} € [z;, x}] lies on the segment and satisfies f;(x}) = 0.5, as required. O

Theorem 5.2 (Teacher-Student Boundary Proximity). Let f;, f, : R™4 —: [0, 1] be the teacher and
student model, with decision boundaries M; = {x | fi(x) = 0.5} and M; = {x | fs(x) = 0.5},
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respectively. Assume we observe a CFE-infused dataset D.; = {(Xi, X;)}le satisfying, for every
pair (x;,%;): (Al) Minimal perturbation: ||x; — X}||r < « with o > 0; (A2) Exact distillation:
fs(x;) = fi(x;) and fs(x}) = fi(X}); and (A3) e-spread along the teacher and student boundary, i.e.,
for each pair, there exist a teacher’s crossing point x; = ax; + (1 — )X for o € (0,1) such that
fi(zF) = 0.5 and for every a € M,, there exists an i with ||a — X}||2 < €. Then the Hausdor{f distance

between the decision boundaries obeys: H(Mg, M;) < a + e.

Proof. To prove Theorem 5.2, we bound the Hausdorff distance between the student’s and teacher’s
decision boundaries using the given assumptions. We bound each term separately of the Hausdorff
distance (see Defintion 5.3).

We first bound sup,¢ v, infue s, [|x — |

For any a € M, by assumption (A3), there exists a CFE pair (x;,x}) with teacher crossing
point x; € M, such that:

la —x}||Fr <e. (D.15)

The segment [x;, x}] has length ||x; —x}||» < « (Al). By Lemma 5.1 and (A2) Exact distillation,
the student’s boundary M intersects [x;, x}] at some uf € M. Since x} and u} lie on [x;, x}], their
distance satisfies:

i = ufllp < [lxi — xillr < a. (D.16)

Combining Equation D.16 and D.15:

la =il < lla =X7[lr+ ] —ujllr <e+a (D.17)
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Thus, infuerq, ||a — ul|F < € + a. Taking the supremum over a € M;:

sup inf [[x —ullr <e+a. (D.18)
XGMt UEMS

Next we bound sup,,c v, infxens, [[u — x|

From (A1), the distance between the student’s cutpoint u; and the teacher’s cutpoint x; satisfies:

lwj —x}|r < ||xi —X}||r <« (D.19)

For any other u € M,:

lu—xillr < llo—ujllr+ luj —xilr <e+a (D.20)

Assuming the CFE pairs (x;, X;) intersection points are ¢ —spread (well spread) along the student
decision boundary.

Since x; € M, we have:
inf |Jlu—x|r<|lu—x}|r<ec+a. (D.21)
XEM;

Taking the supremum over u € M:

sup inf [lu—x|r<e+a. (D.22)
UEMS XEMt
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Combining both bounds, the Hausdorff distance is the maximum of the two suprema:

HM M) <max{e+a, e+a} =c+a« (D.23)

D.5 Expanded Experiments

Datasets Details

We evaluate COD across six text classification benchmarks that span a range of domains. For
each k-shot setup, we sample a balanced subset from the training data, selecting k/2 examples per

class. All experiments are repeated across 5 random seeds, each with a different sampled subset.

* Yelp [227]: We use the Yelp Review Full dataset, filtering for reviews with at most 250 tokens
and discarding neutral labels. Labels are binarized: 1-2 as negative and 4-5 as positive. The pro-
cessed dataset contains 106,624 training examples, 1,000 for validation, and 7,074 for testing, with

a slightly imbalanced class distribution (64% negative).

* IMDB [224]: We retain only reviews with shorter lengths. The original test and unsupervised splits
are repurposed as validation and test sets, respectively. The resulting data includes 782 training, 858

validation, and 1,578 test samples, with the test set unlabeled.

* SST2 2 [222]: We use the full GLUE-provided training, validation, and test splits without modi-
fication. The train/val sets contain 67,349 and 872 examples, respectively. The test set has 1,821

unlabeled examples.
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* CoLA [225]: We adopt the standard GLUE splits of the CoLLA dataset, yielding 8,551 training,
1,043 validation, and 1,063 unlabeled test samples. The task is binary classification of linguistic

acceptability.

e Sentiment140 [223]: We filter the dataset to exclude neutral tweets. The final dataset includes

1,598,400 training, 1,600 validation, and 359 test examples, with balanced label distributions.

* Amazon Polarity [226]: We select examples with shortest length. The processed data includes 1,111

training and 113 validation samples, with roughly balanced sentiment labels.

Counterfactual Explanation Generation Prompt Templates

We provide prompt templates used for counterfactual explanation generation across datasets.
Each prompt instructs the model to minimally modify a given input to flip the class label (e.g., senti-
ment or grammaticality) while preserving meaning and structure. We used gpt-40-2024-11-20 [221]

for our CFE generation.

SST-2 / IMDB / Sentimentl140 / Amazon

You are an Al assistant tasked with generating counterfactual explanations for sentiment analysis.
Given a sentence and its true sentiment label, your goal is to make the minimal necessary change to flip
the sentiment while preserving the structure and meaning as much as possible.

For example, if the input is:

Sentence: I love this movie.”

True sentiment: Positive

A suitable counterfactual explanation would be: I dislike this movie.”

Now, generate a counterfactual explanation for the following sentence:

Sentence: {sentence}

True sentiment: {sentiment}

Return only the counterfactual sentence, without any additional information.
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You are an Al assistant tasked with generating counterfactual explanations for sentiment analysis of Yelp
reviews.

Given a sentence (a Yelp review) and its true sentiment label (positive or negative), your goal is to make
the minimal necessary change to flip the sentiment while preserving the structure and meaning as much
as possible.

For example, if the input is:

Sentence: “This restaurant is fantastic, the food was amazing!”

True sentiment: Positive

A suitable counterfactual explanation would be: “This restaurant is terrible, the food was awful!”

Now, generate a counterfactual explanation for the following sentence:

Sentence: {sentence}

True sentiment: {sentiment}

Return only the counterfactual sentence, without any additional information.

CoLA

You are an Al assistant tasked with generating counterfactual explanations for grammaticality judgment.
Given a sentence and its true grammaticality label (Acceptable or Unacceptable), your goal is to make
the minimal necessary change to flip the grammaticality while preserving the structure and meaning as
much as possible.

For example, if the input is:

Sentence: ~’She is going to the store.”

True grammaticality: Acceptable

A suitable counterfactual explanation would be: ”She is go to the store.”

Now, generate a counterfactual explanation for the following sentence:

Sentence: {sentence}

True grammaticality: {sentiment}

Return only the counterfactual sentence, without any additional information.

Baselines Details

We compare COD against three task-aware knowledge distillation methods widely used for dis-
tillation. COD uses k/2 original samples and their k/2 corresponding CFE (a total of & shots) while

the baseline methods are trained on £ original samples.

* Knowledge Distillation (KD) [228]: A classical distillation approach where the student model
learns to mimic the teacher’s soft target probabilities using Kullback-Leibler (KL) divergence. This
method transfers predictive behavior but does not supervise intermediate representations.
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* Layer-wise Distillation (LWD) [178]: An extension of KD that additionally aligns the student’s
intermediate hidden representations with those of the teacher. This is typically done via a mean
squared error loss over corresponding layers, encouraging the student to internalize not only the

final outputs but also the hierarchical feature representations of the teacher.

* Task-aware Layer-wise Distillation (TED) [177]: TED augments LWD with learned neural filters
at each layer of both teacher and student models. These filters are trained to select task-relevant
information from intermediate representations before computing the distillation loss. This selective

transfer enables more effective compression by focusing on information critical to task performance.

Models and Hyperparameters

* DeBERTa-V3 [190]. We fine-tune the teacher model using DeBERTaV3-base, initialized with a
classification head for each target task. For the teacher, we use a dropout rate of 0.1, linear learning
rate decay, and train for 8 epochs with a fixed learning rate of 2 x 10~° and batch sizes of {32, 64}.
Optimization is performed using Adam with e = 1 x 1075, 3, = 0.9, and 3, = 0.98, without weight

decay. Mixed-precision training with FP16 is used throughout.

For distillation, the student is initialized from a pre-trained DeBERTa-v3-small or DeBERTa-v3-
xsmall model. We search learning rates in the range [1 x 1075, 5 x 107°], and use a fixed batch size
of 8 in our few-shot experiments. All student models are trained for 10 epochs using Adam with
the same optimizer settings as the teacher. For KD and LWD baselines, we set the distillation loss
weight to 20. For the TED baseline, we use the same hyperparameters for both the filter training and

distillation phases, consistent with [177].

* Qwen2.5 [167]. We use Qwen/Qwen?2.5-1.5B as the teacher and Qwen/Qwen2.5-0.5B as
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Table D.1: Teacher accuracy (%) across datasets. Reporting Qwen2.5-1.5B and
DeBERTa-v3-base when fine-tuned on full training dataset for each benchmark. These
teachers are used as sources of supervision for student models during distillation.

Model Amazon Polarity CoLA IMDB SST2 Yelp Sentiment140
Qwen2.5-1.5B 88.5 83.0 94.3 93.7 954 86.1
DeBERTa-v3-base 86.7 87.5 93.8 958 95.6 86.8

the student, both loaded from Hugging Face with sequence classification heads. We fine-tune using
a batch size of 16 and train for 10 epochs. For KD and LWD baselines, we set the distillation loss
weights to 20 and 5, respectively. All other settings closely follow the DeBERTaV3 setup, including

the optimizer, learning rate schedule, and use of mixed-precision training.

All experiments are conducted on a server equipped with four NVIDIA RTX A6000 GPUs.

Additional Results and Discussion

We provide results using the smaller DeBERTa-v3-xsmall (22M parameters) student as well as
the full evaluation table for the Qwen2.5 family. Results for the smaller DeBERTa-v3-xsmall student
are shown in Table D.2. While experiments using the Qwen2.5-1.5B teacher and the Qwen2.5-0.5B
student are shown in Table D.3. We also include the full fine-tuned teacher model accuracies across
all datasets in Table D.1, which are used as supervision targets during knowledge distillation. All
experimental results are averaged over five runs, with the mean and standard deviation reported.

Overall, our findings corroborate the central insight that infusing CFEs into knowledge distilla-
tion significantly boosts model performance in few-shot settings. For the smaller DeBERTa-v3-xsmall
student, we observe that the benefits of CFE infusion remain substantial across tasks, especially when

k < 64. For example, on IMDB at £ = 8, KD + CoD improves from 74.3% to 89.3%, and LWD
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+ CoD improves from 77.3% to 87.7%, showing that even with a much smaller student, CFEs offer
a powerful training signal. Similar patterns are seen on SST2 and Amazon Polarity. While the per-
formance gap narrows at higher & values, our method still matches or slightly outperforms standard
distillation, despite using only half as many real samples. These results highlight the scalability of
CoD across student model sizes.

We also evaluate COD on Qwen2.5 models, using Qwen2.5-1.5B as the teacher and Qwen?2.5-
0.5B as the student. Results on CoLA, Yelp, Amazon Polarity, and IMDB show that our method
consistently outperforms standard KD and LWD, particularly in few-shot regimes. On IMDB with
k=8, KD + CoD reaches 80.0% vs. 67.8% for standard KD - a remarkable 12.2 percentage point
gain. Similarly, LWD + CoD improves CoLA accuracy by 8.3 points at k=128 (71.9% vs. 63.6%).
With (£=8), CoD boosts Yelp performance by 6.1 points for both KD (74.5% vs. 68.4%) and LWD
(74.6% vs. 68.5%). These gains demonstrate the generality of our approach: it is effective even for
decoder transformer families like Qwen2.5.

Our findings affirm the broad applicability of CFE-infused distillation. The consistent improve-
ments across datasets, model families, and student capacities support our central claim: CFEs are a

powerful, data-efficient tool for improving teacher-student alignment in low-resource scenarios.

Ablation Results
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Table D.2: Classification accuracy (+ std) across datasets with varying total training
sizes k. For COD, training data consists of k/2 standard and k/2 CFEs. Teacher model
DeBERTa-v3-base and student model DeBERTa-v3-xsmall.

Total Samples (k)
Dataset Method 8 16 32 64 128 512
KD 0.628 +0.055  0.690+0.034  0.766+0.032  0.827 +0.021  0.835+0.037  0.846 +0.009
Amazon + CoD 0.697 +0.117  0.782 10033  0.823+0018  0.844 0009 0.814+0013  0.855+0.018
Polarity
LWD 0.660 +0.061 0.699 +0.044  0.777 20042  0.825x0.015 0.839+0.015 0.839 +0.013
+ CoD 0.712 0039  0.743 +0.051 0.811 +0.016 0.832 0015 0.830z0.010 0.850 +0.013
KD 0.724 +0.045  0.73520052 0.7760.026  0.773+0.040  0.799 +0.011  0.806 +0.004
Col A + CoD 0.752 0042  0.766 0018  0.790 x0.012  0.799 +0.004  0.803 +0.008  0.817 +0.007
LWD 0.699 0042  0.744 20039  0.75520043  0.787 20.008  0.803 +0.009  0.808 +0.008
+ CoD 0.685x0.190 0.780x0.018  0.790 +0.004  0.798 +0.007  0.802 +0.005  0.813 +0.003
KD 0.743 x0.070  0.8490.037 0.882x0.032  0.904 +0.004  0.912 10005  0.920 +0.004
IMDB + CoD 0.893 +0.007  0.896 +0.007  0.900+0.005 0.904 +0.005 0.910x0.008 0.918 +0.003
LWD 0.773 20034  0.823 +0.041 0.876x0.027  0.903 0.008 091510007 0.914 +0.014
+ CoD 0.877 +0.022  0.888 +0.006  0.900+0.005 0.902+0.009 0911 +0.008 0.921 +0.001
KD 0.591 20040 0.666+0.030 0.754 0047 0.816+0.024 0.861 +0.015 0.887 +0.033
SST2 + CoD 0.685+0.112  0.763+0.084  0.829 0028 0.850x0.015 0.862 0016 0.905 +0.011
LWD 0.580 0064 0.664 +0.024 0.726x0.036 0.818 0.019  0.847 +0.029  0.912 +0.005
+ CoD 0.658 +0.107  0.675+0.074  0.839+0.017 0.841+0.019 0.859+0016 0.877 +0.044
KD 0.704 0062  0.793 +0.042  0.861 0.011 0.887 0.004  0.907 +0.007  0.922 +0.008
Yelp + CoD 0.759 +0.086  0.758 +0.084  0.8700.008  0.889 +0.009  0.897 +0.009  0.920 +0.006
LWD 0.714 0049  0.815+0.028 0.870x0.013 0.875x0.012  0.907 +0.006  0.925 +0.006
+ CoD 0.758 +0.069  0.757 20082  0.873+0.012  0.884 +0.007  0.894 +0.009  0.919 +0.006
KD 0.580+0.032 0.594 +0.026 0.634+0047 0.681x0046 0.740x0012  0.796 +0.013
+ CoD 0.573 0078  0.61220064  0.721x0019 0.737 20030  0.767 +0.014  0.795 +0.006
Sent140
LWD 0.576 +0.038  0.58510.025 0.624+0.029 0.684 +0.044  0.728 +0.035  0.799 +0.007
+ CoD 0.561 x0.064  0.592 10050 0.681x0043 0.723+0.025 0.763+0.019 0.773 +0.026
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Table D.3: Classification accuracy (4 std) of Qwen2.5 across datasets with varying
training sizes k. For COD, training data consists of k£ /2 standard and %k /2 CFEs. Teacher
model is Qwen2.5-1.5B and student model is Qwen2.5-0.5B.

Total Samples (k)
Dataset Method 8 16 32 64 128 512
KD 0.681 +0.012 0.676+0.023  0.668 +0.042  0.654 +0.032  0.676+0.020 0.732 +0.014
CoLA + CoD 0.683 0016  0.686 0018 0.697 0015 0.711=20020 0.736 0017  0.757 z0.011
LWD 0.6810.012  0.657 +0.031 0.678 +0.018  0.650+0.039  0.636+0.029 0.712+0.014
+ CoD 0.682 +0.018  0.687 0013  0.704 z0.010  0.714 x0.020  0.719+0.022  0.755 +0.013
KD 0.684 +0.021  0.759x0.040 0.827+0.030 0.861+0.017 0.887 +0.012  0.920 +0.010
Yelp + CoD 0.745 0029  0.779 +0.048  0.828 +0.072  0.886 +0.007  0.883 +0.010  0.916 +0.008
LWD 0.685+0019 0.777 0036  0.83720027 0.87620.020 0.898 +0.008  0.920 +0.005
+ CoD 0.746 +0.028 0.778 +0.035  0.847 +0.020 0.876 +0.014  0.883 +0.010  0.909 +0.009
KD 0.589 0057 0.63520044 0.70620.083  0.781+0.033  0.807 +0.031 0.862 +0.013
Amazon + CoD 0.605 +0.051  0.660x0.042 0.712+0.077 0.793 20030 0.805x0.041  0.835x0.021
Polarity
LWD 0.589 0057 0.6280.096 0.680x0.052 0.779=+0.026 0.823+0.027 0.858 +0.015
+ CoD 0.607 +0.051  0.662 +0.060  0.692+0.080  0.795+0.041  0.823+0.023  0.853 +0.020
KD 0.678 +0.054  0.758 20079  0.81720.057  0.890+0.017 0.903 0012  0.926 +0.003
IMDB + CoD 0.800 +0.054  0.845 10061  0.877 +0.038  0.889+0.014 0.91210010 0.921 +0.003
LWD 0.678 x0.054  0.740 0076  0.83210.035 0.883 x0.014  0.906 +0.014  0.925 +0.003
+ CoD 0.800+0.055 0.835:0.048 0.869 0012 0.893+0013 0.909 +0.008 0.920 +0.007
KD 0.568 +0.061 0.621 +0.084 0.719+0.102  0.827 +0.038  0.878 +0.020  0.904 +0.010
SST2 + CoD 0.578 +0.064  0.663 +0.081  0.767 +0.085 0.779=+0.137  0.87020.019  0.886 +0.005
LWD 0.568 +0.062  0.642+0.107  0.704 +0.065  0.825+0.034  0.869 +0.026  0.890 +0.010
+ CoD 0.577 +0063  0.677 z0076  0.782x0.133  0.779 0085 0.792+0.118  0.878 20.011
KD 0.586 +0.047  0.599 +0.047  0.641x0030 0.708+0.027  0.756+0.020  0.813 +0.010
+ CoD 0.556 +0.038  0.591 20046 0.616x0.055  0.711 20.061 0.757 +0.023  0.805 0.010
Sent140
LWD 0.587 +0.051  0.596 +0.038  0.639 0063  0.718 0038  0.765x0.024  0.805 z0.011
+ CoD 0.556+0.038  0.5880.059 0.621 0051 0.71520059  0.765+0.012  0.805 +0.008
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Table D.4: Performance comparison of KD and CoD variants across varying capacities.
Mean and standard deviation are computed over CoD variants. This suggests CoD is not
overly sensitive to prompt used.

Method 8 16 32 64 128 512

KD 0.617 0.712 0.757 0.820 0.848 0.899
+CoD (vl) 0.719 0.781 0.821 0.827 0.853 0.892
+CoD (v2) 0.754 0.789 0.841 0.872 0.890 0.872
+CoD (v3) 0.738 0.778 0.819 0.835 0.856 0.901
+CoD (v4) 0.734 0.783 0.830 0.834 0.883 0.888

CoD (mean) 0.736 0.783 0.828 0.842 0.870 0.888
(std) 0.012 0.004 0.009 0.018 0.016 0.010

Table D.5: Compute/energy ablation on SST2 for KD+CoD and LWD+CoD. Accuracy in-
creases with k, alongside higher runtime and energy. LWD+Co0D is consistently costlier due to
intermediate representation alignment.

Method k  Accuracy Duration (s) CPU (kWh) GPU (kWh) RAM (kWh)

8 0.719 478.13 0.01336 0.00966 0.02479

16 0.781 488.04 0.01341 0.00972 0.02499

KD + CoD 32 0.821 491.14 0.01382 0.01041 0.02547
64 0.827 547.58 0.01472 0.13620 0.02723

128 0.853 569.50 0.01639 0.01634 0.02952

512 0.892 705.21 0.03120 0.03593 0.04536

8 0.694 485.12 0.01263 0.01102 0.02514

16 0.785 496.07 0.01394 0.01158 0.02572

LWD + CoD 32 0.832 517.78 0.01472 0.01245 0.02654
64 0.830 536.01 0.01515 0.01311 0.02775

128 0.835 668.52 0.01882 0.01670 0.02960

512 0.880 814.65 0.04621 0.04712 0.04902

Table D.6: Effect of soft-label calibration on downstream performance (SST2).

Method (SST2) 8 16 32 64 128 512

KD (no soft label, «=0) 0.553 0.622 0.697 0.712 0.791 0.815
+ CoD (no soft label, a=0) 0.613 0.651 0.701 0.727 0.793 0.792
KD (random soft label) 0.582 0.533 0.543 0.601 0.617 0.649
+ CoD (random soft label) 0.573 0.548 0.552 0.602 0.623 0.632
KD (default) 0.617 0.712 0.757 0.820 0.848 0.899
+ CoD (default) 0.719 0.781 0.821 0.827 0.853 0.892
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Appendix E

E.1 Background on Information Theoretic Measures

We outline key information-theoretic measures pertinent to this paper’s discussions.

Definition E.1 (Entropy). Entropy quantifies the uncertainty or unpredictability of a random variable

Z. It is mathematically defined by the equation:
H(Z)= - Pr(Z=z)logPr(Z = z). (E.1)

Definition E.2 (Mutual Information). Mutual Information, 1(Z; }A/), quantifies the amount of informa-
tion obtained about random variable Z through Y. Specifically, it measures the degree of dependence

between two variables, Z and Y, capturing both linear and non-linear dependencies:

Pr(Z =2Y

=9
Pr(Z = z) Pr(Y

. (E.2)
)

Definition E.3 (Conditional Mutual Information). The conditional mutual information, 1(Z;Y|S),

measures the dependency between 7 and Y, conditioned on S:

) (E.3)
)



or alternatively,

1(Z,Y]S) = ZPr 1(Z;Y|S = s). (E.4)

Mutual Information as a Measure of Fairness. Mutual information can be used as a measure of
the unfairness or disparity of a model. Mutual Information has been interpreted as the dependence
between sensitive attribute Z and model prediction Y (captures correlation as well as all non-linear
dependencies). Mutual information is zero if and only if Z and Y are independent. This means that
if the model’s predictions are highly correlated with sensitive attributes, that’s a sign of unfairness.
Mutual information has been explored in fairness in the context of centralized machine learning in
[248, 268, 323].

In recent work, [263] provides another interpretation of mutual information [(Z; Y) in fairness as
the accuracy of predicting Z from Y (or the expected probability of error in correctly guessing Z from
Y) from Fano’s inequality. Even in information bottleneck literature, mutual information has been
interpreted as a measure of how well one random variable predicts (or, aligns with) the other [324].

For local fairness, we are interested in the dependence between model prediction Y and sensitive
attributes Z at each and every client, i.e., the dependence between Y and Z conditioned on the client
S. For example, the disparity at client S = 1is I(Z;Y'|S = 1) (the mutual information (dependence)
between model prediction and sensitive attribute conditioned on client S = 1 (considering data at client
S = 1). Our measure for Local Disparity is the conditional mutual information (dependence) between
Z and Y conditioned on S, denoted as I(Z; Y|S). Local disparity I(Z;Y'|S) = 32, p(s)I(Z;Y|S =
s), is an average of the disparity at each client weighted by the p(s), the proportion of data at client

S = s. The Local Disparity is zero if and only if all client has zero disparity in their local dataset.
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E.2 Proofs for Section 6.5

Lemma 6.1 (Relationship between Global Statistical Parity Gap and [(Z;Y')). Let Pr(Z=0) = o The

gap SPygpa = |Pr(Y = 1|Z = 1) — Pr(Y = 1|Z = 0)| is bounded by %
Proof. Mutual information can be expressed as KL divergence:
[(Z;V) = Dxr, (Pr(f/, Z)|| Pr(Y) Pr(Z)) . (E.5)
Using Pinsker’s Inequality [325],
drv(Q1,Q2) < V/0.5Dkr(Q1]]Q2) (E.6)

where, dry (Q1, Q)2) is the total variation between two probability distributions (1, Q.

drv (Pr(Y, Z),Pr(f/) Pr(Z)) — lz

2
—ZPr(Z—z)Z%

Pr(Y = §|Z = z) — Pr(Y =)

- %Pr(Z — 1) [| Pr(Y = 1|Z =1) — Pr(V = 1)| + |Pr(Y = 0|Z = 1) — Pr(Y = o>|]
+ %Pr(Z =0) [ypr(f/ —1|Z =0)—Pr(Y =1)|+ |Pr(Y =0|Z = 0) — Pr(Y = 0)@

1 1 1 1
= 504(1 —a)|SP1| + 5&(1 — a)|SPO| + 50((1 —a)|SP1| + ia(l — a)|SPO|

=a(l —a)|SP1|+ ol — a)|SPO| (E.7)
where Pr(Z =0)=1—-Pr(Z =1) = o, and
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~ ~ ~

SPi=Pr(Y =ilZ=1)-Pr(Y =i|Z=0)=Pr(Y =i|Z =1) — Pr(Y = ).

To complete the proof, we show:

A~

SP1=Pr(Y =1|Z=1)-Pr(Y =1)

A~ ~

—Pr(Y =1|Z=1) - (1 ~Pr(Y = 0))

~

= —14+Pr(Y =1|Z =1) + Pr(Y = 0)

= —Pr(Y =0|Z = 1) + Pr(Y = 0) = —SP0.

Hence, |SP1| = |SP0|. From Eq. (E.7) we have: 2a(1 — «)|SPy| < 1/0.51(Z;Y).

Remark E.1 (Tightness of Lemma 6.1). Since our proof exclusively utilizes Pinsker’s inequality, their
tightness is equivalent. Given 1(Z;Y) < min{H(Z),H(Y)} < H(Y) and H(Y) < 1 in binary
classification. Hence, 1(Z; }A/) < 1 which is aligned with the known tight regime of Pinsker’s inequality

(i.e., Dy (P||Q) < 1) [325]. The inequality is tighter with smaller mutual information 1(Z;Y') values.

O
Lemma 6.2. 1(Z;Y|S)=0 if and only if Pr(Y =1|Z=1, S=s)= Pr(Y =1|Z=0, S=s) at all clients s.

Proof. We aim to establish that I(Z;Y|S) = 0 if and only if Pr(Y = 1|Z = 1,5 = s) = Pr(Y =
1|Z = 0,5 = s) for all clients s. For brevity, we denote Pr(Z = 2,5 = 5, Y =y) = p(z, s,y).
Forward Direction: Assume 1(Z;Y|S) = 0.

From Definition E.3, we have:

(Z:V18) = 3 p(s, 2,9) log (p—

201



This implies that log (%) = 0 for all s, 2, , and consequently ]% =1Vs.

p(zls)p(dlz,s) _

Observing that p(z, g|s) = p(z|s)p(9|z, s), we deduce that GG =

From this, it directly follows that p(j|z,s) = p(j|s), and thus Pr(Y = 1|Z = 1,5 = s) =
Pr(Y =1|Z=0,5 = s).

Reverse Direction: Assume Pr(Y =1|Z =1,5 =s) =Pr(Y =1|Z = 0,5 = s) forall s.

This implies p(y|s, z) = p(y|s) for all s, z, 7. Plugging this into the definition of conditional

mutual information, we find I(Z; Y'|S) = 0.

Thus, both directions of the equivalence are proven, concluding the proof. [

Corollary E.1. The statistical parity at each client s can be expressed as

\/0.5 1(Z;Y]S = s)
205(1 — ag)

|SP;| <

where, oy = Pr(Z =0|S =s) =1—-Pr(Z = 1|5 = s).

Definition E.4 (Difference Between Local and Global Disparity). The difference between Global and
Local Disparity is: 1(Z;Y) —1(Z;Y|S) = 1(Z;Y;S). This term is the “interaction information,”

which, unlike other mutual-information-based measures, can be positive or negative.

Interaction information quantifies the redundancy and synergy present in a system. In FL, pos-
itive interaction information indicates a system with high levels of redundancy and Global Disparity,
while negative interaction information indicates a system with high levels of synergy and Local Dis-

parity. Interaction information can inform the trade-off between Local and Global Disparity.
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E.3 Proofs for Section 6.5.1

The Global and Local Disparity in FL can be decomposed into non-negative terms:

1(Z;Y) = Uni(Z:Y|S) + Red(Z:Y, S). (6.2)

1(Z;Y|S) = Uni(Z:Y|S) + Syn(Z:Y, S). (6.3)

Proof. Equation 6.2 follows directly from the PID terms definition.

Uni(Z:Y|S) + Red(Z:Y, S):qr)niAn 10(Z;Y|S)+1(Z;Y) — ClgmAﬂ 10(Z:Y|8) =1(Z;Y).
€Ny €AQp

Equation 6.3 follows from PID terms definition and the chain rule of mutual information.

Uni(Z:Y|S) + Syn(Z:Y, S) = 5%2“ 10(Z;Y|S)+1(Z;Y,S) - 1(Z;8) — érélAn 1o(Z;Y|S)

=1(Z;8)+1(Z;Y|S) - 1(Z;5)

=1(Z;Y|S).

Now, we prove the non-negativity property of PID decomposition.
Uni(Z:Y|S) = minge A, Lo(Z; Y'|S) is non-negative since the conditional mutual information
is non-negative by definition.

Syn(Z:Y,S) = 1(Z;Y|S) — mingea, Io(Z; Y|S) > 1[(Z;Y|S) - 1(Z;Y|S) = 0
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The Redundant Disparity:

ZY.S)=1(Z:Y) — min I,(Z:Y|S) = InY:2)—1p(2:Y
Red(2:Y, 8) =1(2;Y) — min Ig(Z;Y]S) = max Io(Y; Z) — 1o(Z; Y|S)

First equality holds by definition. Second equality holds since marginals on (Y, Z) is fixed in A,
hence, maxgea, I0(Y;2) =1(Y; 2).

To prove non-negativity of redundant disparity, we construct a distribution () such that:

A, ={QeA: %r(Z:z,f/:y) —Pr(Z==2Y :y),%r(Z: 2,8=8)=Pr(Z=25=s)}
. ZPr(Zzz,Y/Zy)
Q(f( Z? y) - Q(I)‘( Z, yvs 8) - Pr Z:Z> r( Z?‘S’ S)
Pr(Z =zY =y) ~
Pr(Z =) Es 1(Z=29=s5s) r(Z =z, Y)
~ ZPr(Z:z,Y:y)Pr(Z:z,S:s)
Qg( S5 =s) Q§< - b5 =3 . Pr(Z = z)
Pr(Z =25 =s) .
PrZ =) E 1(Z=2zY =vy) 1(Z=29=s5s)

Marginals of () satisfy conditions on set A, hence )y € A,. Also, note that by construction
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of Qo, Y and S are independent conditioned on Z, i.e., In,(Y; S| Z) = 0. Hence, we have:

Red(Z:V, S) ¥ max Ig(Z:Y) ~ Ig(Z:V]S)
€AQp

(0) . -

> IQO(Z;Y) - IQO(Z; Y’S)
() o - ~ -
= HQO(Z> + HQO(Y) - HQO(Za Y) - HQO(Z|S) - HQO(Y|S) + HQO(ZaY’S)

- IQO(Y7 S) - IQO(Ya S|Z)

(e) N (f)

=1Ig,(Y;S) > 0.

Here, (@) hold from definition of Red(Z :Y, S), (b) hold since )y € A, (¢)-(d) holds from expressing

mutual information in terms of entropy, (e) hold since I, (Y; S|Z) = 0, (f) holds from non-negativity

property of mutual information.

E.4 Proofs for Section 6.5.2

Theorem 6.1 (Impossibility of Using Local Fairness to Attain Global Fairness). As long as Redundant

Disparity Red(Z:Y, S) > 0, the Global Disparity 1(Z;Y") > 0 even if Local Disparity goes to 0.

Proof. For completeness, we have provided a detailed proof that demonstrates the non-negativity prop-
erty of the terms involved.

Uni(Z:Y]S) = minge a, 1o(Z; Y'|S) is non-negative since the conditional mutual information
is non-negative by definition.

Syn(Z:Y, S) = I(Z;Y|S) — mingen, Ig(Z;Y|S) > 1(Z;Y|S) —1(Z;Y|S) = 0.
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The Redundant Disparity:

ZY.S)=1(Z:Y) — min I,(Z:Y|S) = InY:2)—1p(2:Y
Red(2:Y, 8) =1(2;Y) — min Ig(Z;Y]S) = max Io(Y; Z) — 1o(Z; Y|S)

First equality holds by definition. Second equality holds since marginals on (Y, Z) is fixed in A,
hence, maxgea, I0(Y;2) =1(Y; 2).

To prove non-negativity of redundant disparity, we construct a distribution () such that:

Next, we show )y € A,,. Recall the set A, in Definition 6.1:

Ap:{QEA:%r(Z:z,f/:y) —Pr(Z=2Y =y),Pr(Z=2S8=s)=Pr(Z=22S=s)}

) . Pr(Z =2,Y =y)
g;"(Z:z,Y:y): 8 gg(Z:z,Y:y,S:S):; Pr(Z =) Pr(Z =2,5 =5s)
Pr(Z =zY =y) ~
B Z =7 Z WZ=28=5)=Pi(Z=2Y =y)
. Pr(Z=2Y =y)Pr(Z=2S5=s)
G2 =585 =3) . GA=aY =u5=5 ; Pr(Z = 2)
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Marginals of () satisfy conditions on set A, hence )y € A,. Also, note that by construction
of Qp, Y and S are independent conditioned on Z, i.e., Ig, ()A/, S|Z) = 0. Hence, we have:

Red(Z:Y, S) @ max 10(Z;Y) = 15(Z;Y|S)

2 10,(2:7) ~ 1a,(2:715)
9 Ho\(Z) + Ho,(V) — Hoy(Z,Y) — Ho,(Z]S) — Ho,(Y|S) + Ho,(Z.Y1S)
Do, (V1) 1o, (¥3512)
Oy, 7.9 Lo,
Here, (a) hold from definition of Red(Z Y, S ), (b) hold since )y € A,, (¢)-(d) holds from expressing
mutual information in terms of entropy, (e) hold since I, (Y, S|Z) = 0, (f) holds from non-negativity
property of mutual information.

Hence, from proposition 6.5.1, we prove Theorem 6.1.

As Local Disparity I(Z; Y'|S) — 0, then Uni(Z:Y'|S) — 0 and Syn(Z:Y', S) — 0, therefore the

Global Disparity I(Z; Y) — Red(Z:Y, S) > 0. O

Theorem 6.2 (Global Fairness Does Not Imply Local Fairness). As long as Masked Disparity

Syn(Z Y, S ) > 0, local fairness will not be attained even if global fairness is attained.

Proof. Proof requires the non-negativity property of PID terms (follows similarly from proof of The-
orem 6.1). The argument then goes as follows:
As Global Disparity I(Z;Y) — 0, then Uni(Z:Y|S) — 0 and Red(Z:Y', S) — 0, therefore the

Local Disparity I(Z; Y'|S) — Syn(Z:Y, S) > 0. O

Theorem 6.3 (Necessary and Sufficient Condition to Achieve Global Fairness Using Local Fairness).
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If Local Disparity 1(Z;Y'|S) goes to zero, then Global Disparity 1(Z;Y) also goes to zero, if and only

if the Redundant Disparity Red(Z:Y, S)=0. A sufficient condition for Red(Z:Y, S)=0is Z1LS.

Proof. From the PID of Local and Global Disparity,

[(Z;Y) = Uni(Z:Y|S) + Red(Z:Y, S),

1(Z;Y|S) = Uni(Z:Y|S) + Syn(Z:Y, S).

Therefore if, I(Z; Y'|S) = 0, then Uni(Z:Y'|S) = 0. Hence,

1(Z;Y) = Red(Z:Y, S)

1(Z;Y) =0 <= Red(Z:Y,S) = 0.

To prove the sufficient condition, we leverage the PID of I(Z; S) and the non-negative property

of the PID terms:
1(Z;S) = Uni(Z:S|Y) + Red(Z:Y, S)
1(Z;S) > Red(Z:Y, 5).
Hence, Z 1L S = Red(Z:Y,S) = 0. O

A sufficient condition for Red(Z:Y,S) = 0is Syn(Z:Y,S) =0and Y 1L S.
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Proof. Interaction information expressed in PID terms (see Definition E.4):

1(Z:Y;S)=1(Z;Y) —1(Z;Y|S) = Red(Z:Y, S) — Syn(Z; Y, S).

If Masked Disparity Syn(Z; Y, S) = 0, we have:

1(Z:Y;8) =1(Z;Y) —1(Z;Y]S) = Red(Z:Y,S) > 0

Since the interaction information is positive and symmetric,

1(Y;S) > 1I(Y;S)—1(Y;5|Z) = Red(Z:Y, S).

Therefore, Y 1L S = Red(Z:Y,S) = 0. O

Theorem 6.4. Local disparity will always be less than Global Disparity if and only if Masked Dispar-

ity Syn(Z:Y, S) = 0. A sufficient condition is when Z — Y — S form a Markov chain.

Proof. By leveraging the PID of I(Z; S|Y),

1(Z; S|Y) = Uni(Z:S|Y) + Syn(Z:Y, S).

Markov chain Z — Y — S implies, I(Z; S|Y") = 0. Hence, Syn(Z:Y, S) = 0.

Rest of proof follows from nonnegative property of PID terms:

1(Z;Y|S) = Uni(Z:Y|S) < Uni(Z:Y|S) + Red(Z:Y, S) = 1(Z:;Y).
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E.5 Proof of Theorem 6.5

Definition E.5 (Convex Function). A function f : R™ — R is said to be convex if, for all x1, x5 € R"

and for all A € [0, 1], the following inequality holds:
FOr + (1= Nag) < Af(z1) + (1= A) f(22). (E.8)

Lemma E.1 (Log Sum Inequality). The log-sum inequality states that for any two sequences of non-

negative numbers ay, as, . . ., a, and by, by, . .. b,, the following inequality holds:

Zazlog( ) (Za) log <ZZ 12) (E.9)

Theorem 6.5. The AGLFOP is a convex optimization problem.

Proof. The set A, is a convex set, since for any two points )1, Q2 € A,, their convex combination
also lies in A, (probability simplex). To prove AGFOP is a convex optimization problem, we show
each term is convex in () using the definition of a convex function (see Definition E.5).

Let @) € A, denote the joint distribution for (Z, 5.V, Y) For brevity, we denote Pr(Z = 2,5 =
s,Y = y) = p(z,s,y), the fixed marginals on (Z, S,Y’). Additionally, we denote Pro(Z = 2,5 =
s, Y=y = 7) = Q(z, s,y, ) as the probability under distribution Q.

To prove that err(Q) is convex, we need to show: err(Q,) < Xerr(Q1) + (1 — Nerr(Q2),

where Q,\ = )\Ql + (1 — )\)Qg, VQl, QQ € Ap, and \ € [0, 1]
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We first express err(Q),) as

err(Qy) = ZQ,\ZSZJZJ I(y #9)

2,8,9,0
=A Z Ql(z787yug>ﬂ<y#g>+(1_)\) Z Q2(27S7y7g>.ﬂ<y7ég>
2,8,Y,J 2,8,Y,J

= Xerr(Q1) + (1 = Nerr(Qs).

Thus, err(Q) is convex as it satisfies the convexity condition.

To prove convexity of Io(Z;Y), we show that VQ1,Q, € A, and YA € [0,1], the following
inequality holds: I (Z:Y) < Mo, (Z:Y)+ (1= NIg,(Z:Y).

Note that the marginals are convex in the joint distribution, i.e., Q\(z,9) = sty Qx(z,8,Y,7).

This is not necessarily true for conditionals. However, when some marginals are fixed, convexity

holds for some conditionals, i.e., Qx(9]2) = >_, , Qx(2, 5,,9)/p(2).

Note that the conditional (),(7|2) is convex in the joint distribution Q,(z, s, y, 7).

ZQA (2, 5,9,8)/p(2) ZQX (912, 5, 9)p(s,,2)/p(2)

- ZQA(ZﬂZa 5, 9)p(s,yl2)-
5Y
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Hence, we can show convexity of I(Z;Y) in Qx(7|2):

Io,(Z;Y) Z@A z,9)log (%)

- ($5)

2 01 (1= Qo) tog ( AFEEI O NI )

DAY sl tos (B 4 (1= ) S ple)utile)og (L)

= AIQl(Z;Y/) +(1 - A)IQ2(Z;y)'

Here (a) holds from expressing the linear combinations. Also note that, Q(y) = Y. Qa(9|2)p(2),
which can also be expressed as a linear combination. The inequality (b) holds from the log-sum
inequality (see Lemma E.1).

To prove the convexity of I(Z; Y'|S), we show that ¥Q;, Q, € A, and VA € [0, 1], the following
inequality holds: 1o, (Z; Y|S) < Mg, (Z;Y|S) + (1 — N, (Z;Y]S).

Note that the conditional Q),(7|z, s) is convex in the joint distribution Q,(z, s, y, 9):

(32, 5) = ZQAy,zsw/pzs ZQA J12,5,9)p(y, 2, 5)/p(z, 5)

=Y Q012 5, 9)p(y|2,5)-
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Hence, we can show convexity of Io(Z; Y|S) in Q,(9|z, s):

- St (45)

3 ) QU312 + (1= ) Qulil ) o (M L )
Q1(7]2, 5) Q2(9]2, 5)
< /\;p z,8)Q1(Yz, s)log( O (i]s) ) ;p z,8)Q2(7]z, s) log JG19) >

- )‘IQ1(Z;Y/|S> +(1- )‘)IQ2(Z;Y/|S)‘

The equality (a) holds from linear combinations of Qx(9]s) = >, Qx(9|z, s)p(z|s). The inequality

(b) holds due to the application of the log-sum inequality (see Lemma E.1). [

E.6 Expanded Experiments

This section includes additional results, expanded tables, figures, and details that provide a more
comprehensive understanding of our study.
Dataset. We consider the following datasets:
(1) Synthetic dataset: A 2-D feature vector X = (X, X;) follows a distribution given by X|y—; ~
N((2,2),[3L]), X|y=o ~ N((—2,—2),[1?1]). Assume Z is a binary sensitive attribute such that
Z =1if Xy > 0, else Z = 0, to encode dependence of X with Z.
(2) Adult dataset: The Adult dataset is a publicly available dataset in the UCI repository based on 1994
U.S. census data [37]. The goal is to predict whether an individual earns more or less than $50,000
per year based on features such as occupation, marital status, and education.

Client Distribution. We strategically partition our datasets across clients to examine scenarios char-

213



acterized by Unique, Redundant, and Masked Disparities.

Scenario 1: Uniform Distribution of Sensitive Attributes Across Clients. The sensitive attribute 7 is
independently distributed across clients, i.e., Z 1L S. We randomly distribute the data across clients.
Scenario 2: High Heterogeneity in Sensitive Attributes Across Clients. We split to observe hetero-
geneity in the distribution of sensitive attributes across clients, i.e., Z = S with a probability «. For
instance, when o = 0.9, the client with S = 0 consists of 90% people with Z = 0, while the client with
S = 1is composed of 90% people with Z = 1. For the Adult dataset, we use & = Pr(Z = 0[S = 0)
as a parameter to regulate this heterogeneity.

Scenario 3: High Synergy Level Across Clients. The true label Y ~ Z & S. To emulate this scenario,
we partition the data such that client S = 0 possesses data of people with Z = 1 and true labels Y =1
and people with Z = 0 and true labels Y = 0. Conversely, client S = 1 contains the remaining data,
e, Z=1withY =0and Z =0withY = 1.

We introduce the synergy level (Definition E.6) to measure alignmentto Y = Z & S.

Definition E.6 (Synergy Level (\)). The synergy level A € [0, 1] of a given dataset and client distri-

bution is defined as the probability that the true label Y is aligned with Z ® S,

A=PrY =Za89),

where A = 1 implies perfect alignment betweenY and 7Z & S, and A\ = 0 implies zero alignment.

To set A when splitting data across clients, we first split with perfect XOR alignment and then
shuffle fractions of the dataset between clients.
Adult Heterogeneous Split. In Fig. 6.4 (fourth row), we split the Adult dataset to capture various
disparities simultaneously. We set the synergy level A = 0.8 (see Definition E.6). Due to the nature
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of the Adult dataset, this introduces some correlation between the sensitive attribute 2 and client S.

Experiment A:Accuracy-Global-Local-Fairness Trade-off Pareto Front.

To study the trade-offs between model accuracy and different fairness constraints, we plot the
Pareto frontiers for the AGLFOP. We solve for maximum accuracy (1 — err) while varying global
and local fairness relaxations (g4, ¢;). We present results for synthetic and Adult datasets as well as
PID terms for various data splitting scenarios across clients. The three-way trade-off among accuracy,
global, and local fairness can be visualized as a contour plot (see Fig. 6.4).

For the Adult dataset, we restrict our optimization space A, to lie within the convex hull de-
rived by the False Positive Rate (FPR) and True Positive Rate (TPR) of an initially trained classifier
(trained using FedAvg). This characterizes the accuracy-fairness for all derived classifiers from the
original trained classifier (motivated by the post-processing technique from [246]). The convex hall
characterizes the distributions that can be achieved with any derived classifier. The convex hull for

each protected group is composed of points, including (0,0), (T PR, FPR), (T PR, FPR) and (1,1),

where T'PR and F'PR denote the true positive and false positive rates of a predictor that inverts all
predictions for a protected group. Future work could explore alternative constraints for various spe-

cialized applications.

Experiment B: Demonstrating Disparities in Federated Learning Settings.

In this experiment, we investigate the PID of disparities in the Adult dataset trained within a FL
framework. We employ the FedAvg algorithm [283] for training.

Setup. Our FL model employs a two-layer architecture with 32 hidden units per layer, using ReLLU
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activation, binary cross-entropy loss, and the Adam optimizer. The server initializes the model weights
and distributes them to clients, who train locally on partitioned datasets for 2 epochs with a batch size
of 64. Client-trained weights are aggregated server-side via the FedAvg algorithm, and this process
iterates until convergence. Evaluation metrics are estimated using the dit package [287], which
includes PID functions for decomposing Global and Local Disparities into Unique, Redundant, and
Masked Disparity, following the definition from [284].

We analyze the following scenarios:

PID of Disparity Across Various Splitting Scenarios. We partition the dataset across two clients,
each time varying the level of sensitive attribute heterogeneity (« = Pr(Z = 0|S = 0)). The Adult
dataset exhibits a sensitive attribute imbalance with Pr(Z = 0) = 0.33, making o = Pr(Z = 0|S =
0) = 0.33 the independently distributed case.

In this first setup, we distribute the sensitive attribute uniformly across clients (splitting scenario
1) and employ FedAvg for training. The FL model achieves an accuracy of 84.45% with a Global
Disparity of 0.0359 bits and a Local Disparity of 0.0359 bits. The PID reveals that the Unique Disparity
1s 0.0359 bits, with both Redundant and Masked Disparities being negligible. This aligns with our
centralized baseline, indicating that the disparity originates exclusively from the dependency between
the model’s predictions and the sensitive attributes, rather than being influenced by S.

When the dataset is split to introduce high heterogeneity in sensitive attributes across clients
(splitting scenario 2), the resulting FL. model exhibits a Global Disparity of 0.0431 bits and a Local
Disparity of 0.0014 bits. PID reveals a Redundant Disparity of 0.0431 bits and a Masked Disparity of
0.0014 bits, with no Unique Disparity.

Next we split and train according to splitting scenario 3 (A = 0.9). The trained model reports a
Local Disparity of 0.1761 bits and a Global Disparity of 0.0317 bits. The PID decomposition shows a
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Masked Disparity of 0.1761 bits and a Redundant Disparity of 0.0317 bits, with no Unique Disparity
observed. The emergence of non-zero Redundant Disparity is attributable to the data splitting, which
consequently leads to I(Z; S) = 0.2409 bits.

We summarize the three scenarios in Fig. 6.5. Additionally, we evaluate the effects of using a
naive local disparity mitigation technique on the various disparities present.
Effects of Naive Local Fairness Mitigation Technique. We evaluate the effects of using a naive local
disparity mitigation technique on the various disparities present. This is achieved by incorporating a
statistical parity regularizer to the loss function at each individual client:

client_loss = client_cross_entropy_loss + [ client_fairness_loss.

We use an implementation from FairTorch package [311]. The term (3 is a hyperparameter that
trades off between accuracy and fairness. We use 3 = 0.1 to maintain similarly accurate models. The

results are presented in Table E. 1.

Table E.1: Table illustrates the effects of using a naive local disparity mitigation technique
on the various scenarios. It proved efficacious only when Unique Disparity is present
(scenario 1). However, with high redundancy or synergy (scenarios 2 &3), the utilization
of the disparity mitigation technique exacerbated disparities.

Loc. Glob.  Unigq. Red. Mas.

Scenario 1  0.0359 0.0359 0.0359 0.0000 0.0000
+ fairness  0.0062 0.0062 0.0062 0.0000 0.0000

Scenario 2 0.0014 0.0431 0.0000 0.0431 0.0014
+ fairness  0.0110 0.0626  0.0000 0.0626 0.0110

Scenario 3 0.1761 0.0317 0.0000 0.0317 0.1761
+ fairness  0.0935 0.0418 0.0053 0.0365 0.0882

PID of Disparity under Heterogeneous Sensitive Attribute Distribution. We analyze the PID of
Local and Global Disparities under different sensitive attribute distributions across clients. We train the

model with two clients, each having equal-sized datasets. We use & = Pr(Z = 0|S = 0) to represent
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Figure E.1: Plot demonstrating scenarios with Unique, Redundant, and Masked Disparities
for the Adult dataset 5 client case. Difficulty in splitting to achieve pure Redundant and
Masked Disparity due to the proportion of labels in the dataset.

sensitive attribute heterogeneity. Note that for a fixed «, the proportions of sensitive attributes at the
other client are fixed. For example since Pr(Z = 0) = 0.33 for the Adult dataset, & = 0.33 results in
even distribution of sensitive attributes across the two clients. Our results are summarized in Fig. 6.5

and Table E.2. We also provide results for 10 federating clients in Table E.4.

Table E.2: The PID of Global and Local Disparity for varying sensitive attribute hetero-
geneity «

o 1(Z;S) Local Global Unique Redundant Masked I(Y;S) Accuracy

0.1 0.1877 0.0262 0.0342 0.0000 0.0342 0.0262  0.0080  86.54%
0.2 0.0575 0.0336 0.0364 0.0064 0.0301 0.0273  0.0028  86.95%
0.3 0.0032 0.0363 0.0365 0.0332 0.0032 0.0031  0.0002  86.86%
0.33  0.0000 0.0340 0.0340 0.0340 0.0000 0.0000 0.0000  87.34%
04 0.0154 0.0311 0.0319 0.0186 0.0133 0.0125  0.0009  86.70%
0.5 0.0957 0.0368 0.0413 0.0023 0.0390 0.0345 0.0045  86.77%
0.6 02613 0.0242 0.0346 0.0000 0.0346 0.0242 0.0104 86.61%
0.66 0.4392 0.0185 0.0325 0.0000 0.0325 0.0185 0.0140  86.36%

Observing Levels of Masked Disparity. We aim to gain a deeper understanding of the circumstances
with Masked Disparities. Through scenario 3, we showed how high Masked Disparities can occur.
However, the level of synergy portrayed in the example may not always be present in practice. We
attempt to quantify this using a metric synergy level. The synergy level (\) measures how closely the

true labels Y align with the XOR of Z and S (see Definition E.6). To achieve a high synergy level,
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Figure E.2: Plot showing the PID of disparities when the data is near i.i.d. among K = 10
clients. All types of disparities can be observed. The value a = 0.33 represents the case
where the data is i.i.d. and only Unique Disparity is observed.

we apply the method outlined in Scenario 3. To decrease A\, we randomly shuffle data points between
clients until the synergy level reaches 0. We conduct experiments with varying levels of synergy to

observe the impact on the Masked Disparity. The results are summarized in Fig. 6.5 and Table E.3.

Table E.3: PID of Global and Local Disparity under varying synergy levels A

A I(Z;S) Loc. Glob. Unig. Red. Mas. I(Y;S) Acc. I(Z;Y|[S=0) I(Z;Y|S=1)

0 0.0035 0.0402 0.0373 0.0338 0.0035 0.0063 0.0005 85.12% 0.0196 0.0608
0.25 0.0113 0.0486 0.0419 0.0308 0.0111 0.0178 0.0009 85.54% 0.0819 0.0152
0.5 0.0299 0.0536 0.0335 0.0127 0.0208 0.0410 0.0033 85.24% 0.1056 0.0017
0.75 0.0846 0.0932 0.0366 0.0023 0.0343 0.0909 0.0068 85.26% 0.0024 0.1840
1 02409 0.1644 0.0149 0.0000 0.0150 0.1644 0.0201 84.30% 0.0839 0.2450

Multiple Client Case. We examine scenarios involving multiple clients. Observations are similar to
the two-client case previously studied. To observe a high Unique Disparity, sensitive attributes need
to be identically distributed across clients. To observe the Redundant Disparity, there must be some
dependency between clients and a specific sensitive attribute, meaning certain demographic groups are
known to belong to a specific client. The Masked Disparity can be observed when there is a high level
of synergy or XOR behavior between variables Z and .S. Note that since S is no longer binary, we can
convert its decimal value to binary and then take the XOR.

We experiment with X' = 5 clients and examine the three disparities. To observe the Unique
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Disparity by randomly distributing the data among clients. For Redundant Disparity, we divide the
data such that the first two clients are mostly Z = 0 and the remaining three clients are mostly Z = 1.
For Masked Disparity, we distribute the data similarly to scenario 3 (see Fig. E.1 and Fig. E.2).
Additional Insights from Experiments. When data is uniformly distributed across clients, Unique
Disparity is dominant and contributes to both global and local unfairness (see Fig. 6.5 Scenario I:
model trained using FedAvg on the adult dataset and distributed uniformly across clients). In the
trade-off Pareto Front (see Fig. 6.4, row 1), we see that both local and global fairness constraints have
balanced tradeoffs with accuracy. The PID decomposition (Fig. 6.5, row 1, column 2,3,4) explains this
as we see the disparity is mainly Unique Disparity, with little Redundant or Masked Disparity. The
Unique Disparity highlights where Local and Global Disparity agree.

Case with sensitive attribute heterogeneity (sensitive attribute imbalance across clients): We
observe mainly Redundant Disparity (see Fig. 6.5, scenario 2 and middle), this is a globally unfair but
locally fair model (recall Proposition 6.5.1). Observe in the tradeoff plot (see Fig. 6.4, row 2) that the
accuracy trade-off is with mainly global fairness (an accurate model could have zero Local Disparity
but be globally unfair).

Cases with sensitive-attribute synergy across clients: In a two-client case (one client is more
likely to have qualified candidates with Z = 0 and unqualified Z = 1 and vice versa at the other
client). We observe that the Mask Disparity is dominant (see Fig. 6.5, Scenario 3). The trade AGLFOP
tradeoff plot (see Fig. 6.4, row 3) is characterized by Masked Disparity with trade-offs mainly between
local fairness and accuracy (an accurate model could have zero Global Disparity but be locally unfair).
The Redundant and Masked Disparity highlights where Local and Global Disparity disagree.

The AGLFOP provides the theoretical boundaries trade-offs, capturing the optimal performance

any model or FL technique can achieve for a specified dataset and client distribution. For example, say

220



Table E.4: PID of Global & Local Disparity for various sensitive attribute distributions
across 10 clients.

« Unique Redundant Masked Global Local Accuracy

0.25 0.0219 0.0190 0.0178 0.0409 0.0409 84.85%
0.33 0.0376  0.0000  0.0000 0.0376 0.0376 85.58%
04 0.0268 0.0141 0.0137 0.0410 0.0405 84.85%
0.45 0.0107 0.0289  0.0270 0.0390 0.0377 84.85%

one wants a perfectly globally fair and locally fair model, i.e., (¢, = 0, ¢, = 0). Under high sensitive

attribute heterogeneity (see Fig. 6.4, row 2), they cannot have a model that does better than 64%.

221



Appendix F

F.1 Proofs for Section 7.4.1

Theorem 7.1 (Revisiting Impossibility). If 1(Z;Y,Y)>0, at least one of the PID terms, namely,
Uni(Z:Y|Y), Red(Z:Y,Y), Syn(Z:Y,Y), or Uni(Z:Y |Y') will be nonnegative. Hence, at least one of
the fairness measures, namely, the Statistical Parity Gap (1(Z; SA/) ), Equalized Odds Gap (1(Z; }A/|Y) ),
or Predictive Parity Gap (1(Z; Y|Y) ) will be nonzero. Conversely, all these unfairness measures will

be zero if and only if 1(Z; Y, Y)=0.

Proof. For completeness, we first show the non-negativity of PID terms for the PID definition that we
are using in this work (also see [284]):

Uni(Z:Y|Y) = minge A, lo(Z; Y'|Y') is non-negative since the conditional mutual information
is non-negative by definition.

Similarly argument holds for Uni(Z:Y[Y).

Syn(Z:Y,Y) = (Z; YY) — mingea, Io(Z; YY) > I(Z; YY) - 1(Z; YY) = 0.

The Redundant information:

A

ZY.Y)=1(Z:Y) — min Ip(Z:Y|S) = I,(Y:Z)—1,(Z:Y|Y
Red(Z:Y,Y) =1(Z;Y) — min 19(Z;Y|S) = max Io(Y Z) — Io(Z: YY)

First equality holds by definition of redundant information. Second equality holds since marginals on
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~

(Y, Z) is fixed in A,, hence, maxgea, Io(Y; Z) = 1(Y; 2).

To prove non-negativity of redundant information, we construct a distribution (), such that:

~ Pr(Z:z,Y:y)Pr(Z:z,Y:y)
Qo B Pr(Z = z)

Next, we show )y € A,,. Recall the set A, in Definition 6.1:

¥ ¥ PI'(Z:Z7 :y)

Pr(Z=z2Y =y) = PriZ=z2Y=y,Y=y) = Pr(Z =2Y =
Pr(Z =2Y =y) Pr(Z=2Y =yY =y) Xy: Pr(Z = ) r(Z=2Y =y
Pr(Z =zY =y) .

= Pr(Z =) Zy:Pr(Z:z,Y:y):Pr(Z:z,Y:y)
. Pr(Z =2Y =y)Pr(Z =2Y =y)

Marginals of () satisfy conditions on set A, hence )y € A,. Also, note that by construction
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of Qo, Y and Y are independent conditioned on Z, i.e., Io,(Y; Y |Z) = 0. Hence, we have:

Red(Z:V,Y) ¥ max Ig(Z:Y) ~ Io(Z: V|Y)
€Qp

®) . .

> IQ0<Z; Y) - IQO(Z; YY)

(0 ’ ’ % %

= HQ()(Z) + HQO (Y) - HQO(Za Y) - HQO(Z’Y) - HQO(Y|Y) + HQO(Z> Y|Y)

(d) . .

- IQ()(Yv Y) - IQO (Y, Y|Z)

(e) N ()

=1, (YY) > 0.

Here, (@) hold from definition of Red(Z :Y, Y'), (b) hold since ()y € A, (¢)-(d) holds from expressing
mutual information in terms of entropy, (e) hold since I, (Y; S|Z) = 0, (f) holds from non-negativity
property of mutual information.

Since mutual information I(Z; Y, Y) > 0, we can use the PID framework to decompose this

mutual information as:

~

[(Z;Y,Y) = Uni(Z:Y|Y) + Uni(Z:Y|Y) + Red(Z:Y,Y) + Syn(Z:Y,Y).

Since each of the PID components Uni(Z:Y|Y), Uni(Z:Y|Y), Red(Z:Y,Y), Syn(Z:Y,Y) is non-

negative, the condition I(Z; Y, Y’) > 0 implies that at least one of these terms must be strictly positive.
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Next, according to Proposition 7.1:

1(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y),
1(Z;Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y),

[(Z;Y|Y) = Uni(Z:Y|Y) + Syn(Z:Y,Y).

Given that I(Z;Y,Y) > 0 ensures that at least one of Uni(Z:Y|Y), Red(Z:Y,Y), Syn(Z:Y,Y), or
Uni(Z:Y|Y) is nonnegative, it follows that:

If Uni(Z:Y|Y) > 0, then I(Z;Y) > 0.

If Syn(Z:Y,Y) > 0, then I(Z;Y|Y) > 0 or I(Z; Y|Y) > 0.

If Red(Z:Y,Y) > 0, then I(Z;Y) > 0.

If Uni(Z:Y]Y) > 0, then [(Z; Y|Y) > 0.

Therefore, the presence of positive mutual information 1(Z; Y, Y') guarantees that at least one
of the fairness measures (I(Z;Y), I(Z; Y|Y), I(Z; Y|Y)) will be nonzero. Conversely, if all these

unfairness measures are zero, then by the definitions given in Proposition 7.1 and non-negativity of

PID terms, all the PID terms must be zero, which implies I(Z; SA/, Y)=0. O

Theorem 7.2 (Dataset Dependent Relationships). If I(Z;Y)>0, either the Statistical Parity Gap

1(Z;Y) or the Predictive Parity Gap 1(Z; Y |Y') must be greater than zero.

Proof. We begin by expressing the mutual information between Z and Y using PID:

1(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y). (F.1)

Next, we examine the contributions of these PID terms to the fairness measures: The term
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Uni(Z:Y|Y) contributes to the Predictive Parity Gap (I(Z; Y'|Y)). The term Red(Z:Y,Y’) contributes
to the Statistical Parity Gap (I(Z;Y")).

Given that I(Z;Y) > 0, it follows that the sum of Uni(Z:Y|Y) and Red(Z:Y,Y) is positive,
ie.,1(Z;Y)=Uni(Z:Y|Y) + Red(Z:Y,Y) > 0.

Since both Uni(Z:Y|Y) and Red(Z:Y,Y’) are nonnegative, the fact that their sum is positive
implies that at least one of them must be strictly positive. Thus, we have two cases to consider:

1. If Uni(Z:Y'|Y") > 0, then the Predictive Parity Gap (I(Z; Y'|Y")) must be greater than zero.

2. If Red(Z:Y,Y) > 0, then the Statistical Parity Gap (I(Z;Y")) must be greater than zero.

Therefore, if I(Z;Y") > 0, it is guaranteed that either I(Z;Y) > 0 or [(Z; Y|Y) > 0. O

F.2 Proofs for Section 7.4.2

Theorem 7.3. If Statistical Parity is satisfied, i.e., 1(Z; Y) = 0, then the Predictive Parity Gap is
greater than the Equalized Odds Gap, i.e., (Z;Y|Y) > I(Z;Y|Y). Additionally, if the dataset is
such that 1(Z;Y) = 0, then Predictive Parity and Equalized Odds are equivalent, i.e., 1(Z, Y\Y) =

1(Z,Y]Y).

Proof. Given that Statistical Parity is zero (I(Z; 37) = 0), we have:

1(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) = 0. (F.2)

Since all PID terms are non-negative, this implies:

Uni(Z:Y[Y)=0 and Red(Z:Y,Y)=0. (F.3)
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The Equalized Odds gap (I(Z; Y'|Y)) and Predictive Parity gap (I(Z; Y|Y")) can be expressed as:

[(Z;Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y) = Syn(Z:Y,Y),

1(Z;Y|Y) = Uni(Z:Y|Y) 4 Syn(Z:Y,Y).

Since Uni(Z:Y|Y') = 0, we have:

[(Z;Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y) > Syn(Z:Y,Y) = 1(Z; Y|Y).

Furthermore, if I(Z;Y") = 0, we have:

1(Z;Y) = Uni(Z:Y|Y) 4+ Red(Z:Y,Y) = 0.

This implies:

Uni(Z:Y[Y)=0 and Red(Z:Y,Y)=0.

Therefore:

[(Z:Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y) = Syn(Z:Y,Y) = (Z; Y|Y).

(F4)

(F.5)

(F.6)

(F.7)

(F.8)

(F.9)

Thus, we have: 1(Z;Y|Y) > I(Z;Y|Y) when I(Z;Y) = 0, and I(Z; Y|Y) = I(Z; Y|Y) when

1(Z,Y) =0.

]

Theorem 7.4. If Predictive Parity is satisfied, i.e., 1(Z; Y|}A/):O, then the Statistical Parity Gap is
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greater than the Equalized Odds Gap, i.e., 1(Z;:Y) > 1(Z;Y|Y). Additionally, if the dataset is such

that 1(Z;Y') = 0, then Statistical Parity and Equalized Odds are equal, i.e., 1(Z;Y|Y) = [(Z;Y|Y).

Proof. Given that Predictive Parity is satisfied (I(Z; Y'|Y") = 0), we have:

I(Z;Y|Y) = Uni(Z:Y|Y) + Syn(Z:Y,Y) = 0. (F.10)

Since all PID terms are non-negative, this implies:

Uni(Z:Y|Y)=0 and Syn(Z:Y,Y)=0. (F.11)

The Statistical Parity gap (I(Z;Y")) and Equalized Odds gap (I(Z; Y|Y)) can be expressed as:

1(Z;Y) = Uni(Z:Y|Y) 4+ Red(Z:Y,Y), (F.12)

I(Z;Y|Y) = Uni(Z:Y|Y) + Syn(Z:Y,Y) = Uni(Z:Y]Y). (F.13)

Since Uni(Z:Y|Y') = 0, we have:

1(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) > Uni(Z:Y|Y) = 1(Z; Y[|Y). (F.14)

Thus, 1(Z;Y) > 1(Z;Y|Y) when I(Z; YY) = 0.

Furthermore, if I(Z;Y") = 0, we have:

1(Z;Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) = 0. (F.15)
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This implies:

Uni(Z:Y|Y)=0 and Red(Z:Y,Y)=0. (F.16)

Therefore: [(Z;Y) = Uni(Z:Y[Y) and I(Z;Y|Y) = Uni(Z:Y|Y).

Hence, when I(Z;Y) = 0, and [(Z; Y|Y) = 0, we have: I(Z;Y) = I(Z; Y|Y). O

Theorem 7.5. If Equalized Odds is satisfied, i.e., (Z;Y|Y)=0 and 1(Z;Y) > 0, an inverse rela-
tionship (tradeoff) exists between Statistical Parity and Predictive Parity, i.e., 1(Z; Y) =1(Z;Y) —

1(Z;Y|Y). Thus, increasing one leads to a decrease in the other, and vice versa.

Proof. Given that Equalized Odds is satisfied (I(Z; Y|Y) = 0), we have:

[(Z;Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y) = 0. (F.17)

Since all PID terms are non-negative, it follows that:

Uni(Z:Y|Y)=0 and Syn(Z:Y,Y)=0. (F.18)

The Statistical Parity gap (I(Z;Y")) and Predictive Parity gap (I(Z; Y'|Y')) can be expressed as:

1(Z:Y) = Uni(Z:Y|Y) + Red(Z:Y,Y) = Red(Z:Y,Y), (F.19)

[(Z;Y|Y) = Uni(Z:Y|Y) 4+ Syn(Z:Y,Y) = Uni(Z:Y|Y). (F.20)
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Given that I(Z;Y") > 0, we can write the mutual information between Z and Y as:

1(Z;Y) = Uni(Z:Y|Y) 4+ Red(Z:Y,Y). (F21)

Substituting I(Z; Y|Y") and I(Z; V') into this equation, we get:

(Z;Y)=1Z;Y|Y)+1(Z;Y). (F22)

Since I(Z;Y') is fixed for a given dataset, this equation demonstrates that I(Z; Y) and I(Z; Y|Y)

have an inverse relationship:

1(Z:Y)=1(Z;Y) - LZ;Y]Y). (F.23)

Therefore, increasing the Statistical Parity gap (I(Z; }A/)) will lead to a decrease in the Predictive

Parity gap (I(Z; Y'|Y)), and vice versa. O
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