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Focusing medicine to disease locations is a needed ability to treat a variety of 

pathologies. During chemotherapy, for example, typically less than 0.1% of the drugs 

are taken up by tumor cells, with the remaining 99.9% going into healthy tissue. 

Physicians often select the dosage by how much a patient can physically withstand 

rather than by how much is needed to kill all the tumor cells. The ability to actively 

position medicine, to physically direct and focus it to specific locations in the body, 

would allow better treatment of not only cancer but many other diseases. 

 

Magnetic drug targeting (MDT) harnesses therapeutics attached to magnetizable 

particles, directing them to disease locations using magnetic fields. Particles injected 

into the vasculature will circulate throughout the body as the applied magnetic field is 



 

used to attempt confinement at target locations. The goal is to use the reservoir of 

particles in the general circulation and target a specific location by pulling the 

nanoparticles using magnetic forces. 

 

This dissertation adds three main advancements to development of magnetic drug 

targeting. Chapter 2 develops a comprehensive ferrofluid transport model within any 

blood vessel and surrounding tissue under an applied magnetic field. Chapter 3 

creates a ferrofluid mobility model to predict ferrofluid and drug concentrations 

within physiologically relevant tissue architectures established from human autopsy 

samples. Chapter 4 optimizes the applied magnetic fields within the particle mobility 

models to predict the best treatment scenarios for two classes of chemotherapies for 

treating future patients with hepatic metastatic breast cancer microtumors. 
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Chapter 1: Introduction 

1.1 Overview 

1.1.1 Introduction to Magnetic Drug Targeting 

A need exists to be able to focus medicine to disease locations. During chemotherapy, for 

example, typically less than 0.1 to 1% of the drugs are taken up by tumor cells, with the 

remaining 99% going into healthy tissue [1], [2]. Chemotherapy encompasses treating 

patients with a diverse collection of drugs that attempt to preferentially destroy cancer 

cells either by inhibiting cellular division (which kills fast growing cancers, but also bone 

marrow, hair, skin, gut, and immune system cells) or by interrupting essential cell 

signaling pathways [3]ï[8]. Physicians often combine drugs into chemotherapy cocktails 

that can compound side effects, and the dosage is usually selected by how much a patient 

can physically withstand rather than by how much is needed to kill all the tumor cells [3], 

[9], [10]. The ability to actively position medicine, to physically direct and focus it to 

specific locations in the body, would allow better treatment of not only cancer but other 

diseases [11]ï[14]. 

 

Magnetic drug targeting (MDT) refers to the attachment of therapeutics to magnetizable 

particles, and then applying magnetic fields to concentrate them to disease locations such 

as to solid tumors, regions of infection, or blood clots [14]ï[20]. Even though in some 

specialized cases the magnetizable particles can be introduced into the body outside the 

blood flow, e.g. as in magnetic treatment of the inner-ear where a small gel containing 

nanoparticles is placed on the round window membrane [21], [22] or intranasally [23], 
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[24], usually ferromagnetic particles are directly injected into the circulation by a vein or 

artery [11], [14], [25]ï[32]. Particles so injected will circulate throughout the vasculature 

as the applied magnetic field is used to attempt confinement at target locations. 

Depending on the vessel into which the particles were injected (vein or artery), MDT will 

occur before the particles pass through the liver (first pass method [32]ï[34]) or after the 

particles pass through the liver, lung and heart [14], [26], [35], [36]. The latter is more 

common, but reduces the drug amount available that can be targeted since a large portion 

of the drug is filtered by the liver and kidneys [11], [37], [38]. The goal of magnetic drug 

targeting is to use the reservoir of particles in the general circulation and target a specific 

location by pulling the particle and drug complexes using magnetic forces. 

 

There are several other targeting techniques capable of directing therapy to desired 

locations. These include the use of magnetic fields [11], [12], ultrasound [39], [40], 

electric fields [41], [42], photodynamic therapy [29], [43], environment reactive targeting 

[44], and antigen recognition [45]ï[49]. While this thesis focuses on magnetic drug 

targeting, it is important to note that there are synergies between these targeting 

techniques. Multifunctional particles capable of exploiting the benefits from each 

technique can be used to increase targeting ability. For example, transport of particles 

across the blood brain barrier using magnetic fields was assisted by first damaging the 

blood brain barrier using ultrasound [50]. Magnetic drug targeting could add specificity 

and improved therapeutic benefit if combined with other techniques. 
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Magnetic fields ï more so than light, electric fields, and ultrasound [39]ï[43] ï are 

desirable for directing therapeutics inside patients because they can penetrate deep into 

the body, are routinely applied through the body in magnetic resonance imaging (MRI), 

and are considered safe even up to very high strengths (8 Tesla in adults, 4 T in children) 

[51]ï[54]. Magnetic fields can both sense and actuate magnetic particles, although 

achieving both at once is an engineering challenge [55]ï[57]. In contrast, light and 

ultrasound have limited tissue penetration depths [43], [58], [59], while strong electric 

fields ( > 60 V/cm) are able to damage nerve and muscle cells [52], [60], [61]. 
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Figure 1: Overview of contributions presented. The ultimate goal of magnetic drug targeting is to 

direct therapeutics to disease locations deep within the body. The current state of the art still 

relies upon static magnets that are only capable of pulling magnetic nanoparticles to surface 

locations [14]. The three main contributions presented within this dissertation are the 1) modeling 

of ferrofluid transport within blood vessels, 2) within tissues, and the 3) optimization of a 

treatment scheme for hepatic metastatic breast cancer micro-tumors. 
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1.1.2 Applications of Magnetic Drug Targeting 

Therapeutic magnetic elements have been created by the attachment of chemotherapy [3], 

[10] or gene therapy [62]ï[64] to ferromagnetic particles [12], [13], [65]ï[71], by filling 

polymer capsules or micelles (capsules that self-assemble from lipid molecules [72]) with 

both drugs and magnetic materials [71], [73], or by growing cells in a cell-culture 

medium with magnetic nanoparticles to let the cells ingest the particles and thereby 

become magnetic [74], [75]. A bare iron oxide nanoparticle is the simplest example of a 

magnetic carrier [76]. Magnetic particles can also consist of magnetite (Fe3O4) or 

maghemite (Fe2O3) nano-crystals embedded in a polymer core, and are usually coated 

with a layer of molecules (often starch or polyethylene glycol (PEG) molecules) to make 

the particles more biocompatible [68], [71], [73]. In more sophisticated particles, this 

coating is optimized to better hide the particles from the human immune system, so that 

the particles have a longer circulation time in the body before they are removed to the 

liver, kidneys, and spleen [71], [77]. Particle sizes can be controlled by various 

fabrication processes [68], [71], [78] and are made from nanometer to micrometer sizes.  

 

They are usually injected into an animal or a patient as a ferrofluid, which is an emulsion 

of magnetic particles in water. Such magnetic nanoparticles have been tested in animals 

[12], [13], [26], [28], [31], [32], [34], [36], [50], [77], [79]ï[107] and humans [16], 

[108]ï[110]. Other entities besides particles ï such as polymer capsules [111], flexible 

rods [96], lipid micelles [44], [112], [113], and live cells (such as stem cells) [74], [75], 

[114] ï can also be loaded with magnetic materials and thus made magnetic. Stem cells 

are being magnetized so that they can be directed to regions of cardiovascular disease, 
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such as hardened blood vessels in diabetic patients, to help restore tissue function [75], 

[114]ï[116], or to the retina for ocular regeneration [117]. All of these magnetized 

carriers, from nanoparticles to cells, can then be manipulated inside the body by 

externally applied magnetic fields. It takes a lot of development to ensure that magnetic 

carriers are safe, effective, and therapeutic [71]. Due to stringent regulatory approval 

requirements, so far only a few magnetic particles have been commercialized and 

approved for human use, and not yet as therapeutic carriers but only as imaging agents 

[118]ï[121]. While magnetic particles have been used in clinical trials, the field of 

magnetic drug targeting is still new, and important information about the particlesô 

biodistribution, especially while being targeted, is still unknown. 

 

During magnetic drug targeting, magnetic carriers must be safely and effectively 

controlled inside the human body. The body consists of a heterogeneous and complex 

environment, which varies widely from person to person, and is not well understood. 

Many relevant and significant issues for effective control of particles remain unanswered, 

including uncertainty about the mechanisms of ferrofluid transport within the body, how 

nanoparticles can or cannot cross blood vessel walls, and how much force is required to 

direct them from blood into tissue. Similarly, there is a lack of knowledge of basic 

internal body parameters. The location of most blood vessels, the blood flow velocities in 

each vessel, the resistance of different tissue types to particle motion, and many other 

biological parameters are not known in general or for the case of each specific patient. 

Yet, even though the situation is highly uncertain, prior magnetic drug delivery has 

already been shown to effectively focus therapy to some desired locations in animals and 
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humans. For example, in the Lübbe 1996 phase I human clinical trials, a single 

permanent magnet was able to concentrate chemotherapy to inoperable but shallow 

(Ò 5 cm below skin depth) head, neck, and breast cancer tumors [14], [31], [122]. 

 

Since the success of the Lübbe trials [14], many groups have extended magnetic drug 

targeting for other applications. Pankhurst et al. has been targeting magnetically loaded 

mesenchymal stem cells to sites of vascular injury [114]. Häfeli et al. have used 

implanted magnets located behind the cornea to collect stem cells for retina regeneration 

[117]. Magnetic nanoparticles have been able to deliver therapeutics across the blood 

brain barrier when combined with ultrasound, which mechanically disrupts the blood 

brain barrier [50]. Due to the magnetic response characteristics of super paramagnetic 

iron oxide nanoparticles (SPIONs), there is a growing interest in using SPIONs for 

delivering thermal energy to tissue [16], [17], [84], [123]ï[130]. This thermal application 

has been used to create targeted hyperthermia in prostate cancers [16], [110]. 

 

1.1.3 Challenges with Magnetic Drug Targeting 

The depth, precision, and utility of magnetic targeting has been limited by particle 

material and surface properties [68], [71], by an insufficient understanding of particle 

transport in the human body [131]ï[134], by the strength and design of magnets [51], 

[135]ï[137], by a lack of deep-body real-time nanoparticle sensing capabilities [79], and 

by control algorithm development and implementation [138]ï[140]. Magnetic 

nanoparticle fabrication and the resulting material and surface properties have been 

surveyed [12], [68]ï[71], [141]. Essentially, material magnetization properties, , set the 
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strength of the magnetic forces for a given particle size and applied magnetic field [76], 

[96], [142]ï[144], whereas surface coatings, particle size, and particle shape regulate 

biocompatibility and particle circulation times [12], [68], [71]. Understanding how 

various particle parameters impact ferrofluid transport is key, however, visualization 

techniques are currently limited. Real-time and sensitive measurement of nanoparticle 

distributions in vivo is challenging [16], [25], [68], even in small animals where depth of 

imaging is less of an issue [107], [128], [145], and has made it difficult to collect 

sufficient data to adequately validate models of ferrofluid transport. 

 

Impossibility of a Stable Magnetic Trap 

If it would be possible, the easiest, robust, and simplest way to implement magnetic drug 

targeting would be to create a magnetic trap. This would consist of some arrangement of 

magnets, either spatial or temporal, that pushes ferrofluid to one small concentrated 

region. Therefore, the patient would only have to be positioned properly underneath this 

magnetic trap to target a specific region within the body. Then over time, without the aid 

of a visualization technique, the ferrofluid would concentrate at a single site thereby 

increasing the drug concentration. This optimal scheme is unfortunately impossible for a 

collection of magnets and ferromagnetic/paramagnetic particles as shown by Samuel 

Earnshaw in 1839 [146]. 

 

Samuel Earnshawôs result on ñthe nature of molecular forces which regulate the 

constitution of the luminiferous etherò was read to the Cambridge Philosophical Society 

in March 1839, but was not printed until 1842 [146]. The result considers particles 
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attracted to each other by an inverse square law, and proves that ñinstability cannot be 

removed by arrangement (of the particles); for though the values of , ,  

depend upon the arrangement of the particles, the fact that one at least must be positive 

and one negative depends only upon the equation , which is true 

for every arrangement. And consequently, whether the particles be arranged in cubical 

forms, or in any other manner, there will always exist a direction of instability.ò 

Earnshawôs function  is the potential energy of a single particle being attracted by many 

others. The proof proceeds by showing that the equation for  is ñthat of an hyperboloidò 

(a saddle), with the result that the sum of its three second derivatives must equal zero. 

Even if two derivatives are negative (corresponding to particle stability in a plane), the 

third derivative must then be positive (instability along a line). 

 

Earnshawôs result equally applies to nanoparticles in a magnetic field. Although 

nanoparticles do not attract each other strongly, the potential energy created by an 

imposed magnetic field is also, at best, an energy saddle. It is not possible to create an 

energy well between magnets, no matter how they are arranged.  

 

This result has implications for magnetic drug delivery; no arrangement of magnets can 

create an energy well between them to focus ferromagnetic particles to an interior target. 

Diamagnetic particles could be focused, in principle, but diamagnetism is six orders of 

magnitude weaker than ferromagnetism (  instead of +20) and the forces 

created would be too tiny to move particles against tissue or blood resistance. Even if 

sufficient forces could be created on diamagnetic particles, the susceptibility of human 
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tissue is similar to that of diamagnetic materials in particles ( ) [11] but 

its volume is far greater; thus the tissue would experience orders of magnitude greater 

forces than diamagnetic nanoparticles, which would harm patients. Thus Earnshawôs 

1839 theorem, which shows that no static magnetic field can focus ferromagnetic 

particles to an interior target, remains a key and fundamental limitation for magnetic drug 

targeting. The solution is to bypass the assumptions of the theorem, for example, by 

introducing feedback control and varying the magnetic fields in time and space to control 

ferrofluid dynamics. 

 

1.2 Physics of Magnetic Drug Targeting 

1.2.1 Magnetic Fields and Forces Acting upon a Particle 

Magnetic nanoparticles are small and experience small forces even under strong magnetic 

fields. In prior magnetic drug delivery experiments, magnet strengths have ranged from 

70 milli-Tesla [142] to 2.2 Tesla [147], and corresponding magnetic gradients have 

varied from 0.03 T/m [148] to 100 T/m [86], a range that reflects magnet cost, 

complexity, safety, and ease-of-use versus desired (or possible) depth of targeting. For 

comparison, modern neodymium-iron-boron (Nd12Fe14B) permanent magnets can be 

purchased in strengths of up to 1.48 Tesla [149], [150] and the electromagnets used in 

magnetic resonance imaging systems create fields of 1 - 4.7 T, with some commercially-

available MRI systems going as high as 9.4 T [51], [79]. In the 1996 human trials, 0.2 -

 0.8 T permanent magnets were used to target 100 nm diameter particles to 5 cm depths 

[14], [31]. Targeting depths of up to 12 cm have been reported in animal experiments 

using larger 500 nm to 5 µm diameter particles and a 0.5 T permanent magnet [32]. Both 
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permanent and electromagnet designs can be optimized to extend magnetic fields and 

gradients further out, to increase the depth of magnetic forces. 

 

1.2.2 Directing Magnetic Particles 

Precision magnetic control of a single object has been demonstrated in animals and 

humans. Gentle magnetic manipulation of a rigid implanted permanent magnet through 

the brain, with a view to scan and burn out brain tumors by subsequently heating the 

magnet using RF (radio-frequency) magnetic fields, has been presented [151], [152] and 

tested in dogs [153]. Based on market opportunities, the focus of this effort changed to 

magnetically assisted cardiovascular surgical procedures and led to the founding of 

Stereotaxis (www.stereotaxis.com). This company now uses magnetic control to guide 

catheters, endoscopes, and other surgical tools with magnetic tips for precision treatment 

of cardiac arrhythmias and other cardiovascular procedures [154]ï[156]. To date, 

Stereotaxis has carried out over 40,000 successful patient procedures in nearly 200 

facilities around the world. Systems to magnetically steer implantable devices and 

microrobots, for gut, eye, cardiac, endovasculature, and lung surgery [157]ï[164] have 

been tested in pigs and chicken embryos [165]ï[168]. Conventional MRI machines have 

also been used as the control system to manipulate microscale particles [98], [158], 

[169]ï[172], as well as magnetotactic bacteria [140], [173] or magnetized cells [116], 

[174]ï[176], in pigs and mice [170], [174]. While MRIs are attractive due to their 

magnetic strength and clinical availability, the difficulty is that MRIs are designed to 

create a strong uniform magnetic field, but spatially varying magnetic fields are required 

to create forces on particles. Unless the MRIs are substantially modified [177]ï[179], 
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they do not create sufficient magnetic spatial gradients to effectively manipulate 

nanoscopic particles. The control algorithms used in the above single-object manipulation 

systems have ranged from PID [158], [167] to point-wise optimization [151], [152], least-

squares inversion [180], robust nonlinearization with backstepping [172], [181], a 

generalized predictive controller [171], and model predictive control [182]. 

 

Precise manipulation of a fluid of nanoparticles is more difficult than control of a single 

object. In prior ferrofluid trials, a magnet held outside the body drew in and concentrated 

particles to shallow breast, head and neck, and brain tumors [14], [17], [26], [31], [34]ï

[36], [50], [68], [80], [85], [94], [99], [100], [102], [105], [106], [109], [183], [184] 

(Figure 1b). There was no dynamic magnet control and the magnets accumulated the 

particles to targets beneath the skin or skull. Implantation of magnets or magnetic 

material into patients, such as within blood vessel walls, has been suggested as a way of 

reaching deeper tissue [87], [91], [97], [185]ï[193]. The implanted materials serve to 

locally increase magnetic field gradients, and thus forces, when an external magnetic 

field is applied. Such a treatment envisions bringing magnetized endothelial cells to 

blood vessel walls and could also be appropriate for treating tumors that cannot be 

surgically removed but when magnetizable implants can be inserted into or near the 

tumor [87], [97], [185]ï[187]. Overall, although the field of magnetic drug targeting is 

advancing towards commercial particles approved for human use [16], [115], [118]ï

[121], it remains open for significant improvements in modeling, design, and control, 

especially for non-invasive methods to effectively target deeper tissue. This dissertation 

takes the next step in developing the basics for magnetic drug targeting: 1) how can 
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magnetic drug targeting be properly modeled and designed for any situation; 2) how can 

magnetic drug targeting be correctly modeled and designed for the specific treatment of 

hepatic metastatic breast cancer. 

 

1.3 Prior Work  

1.3.1 Prior Modeling 

Particle Targeting Models 

The current state of magnetic drug targeting modeling has typically been limited to 

individual particle dynamics within the blood or to fluid dynamics within a single 

impermeable vessel. Rosensweig began the theory of magnetic drug targeting by 

investigating the forces acting upon a single magnetic entity (either a particle or magnetic 

bolus) [194]. This was further investigated and extended to capture efficiency in various 

vessels for a single object [36], [106], [131], [195]. The basis of these modeling schemes 

rely on comparing magnetic force to blood drag forces. All of these models lack 

modeling extravasation or membrane-tissue dynamics in addition to ignoring diffusion 

characteristics. They only model the magnetic and blood forces and not the movement of 

particles through vessel walls or membranes. This, however, is a major component in 

drug targeting since the particles must leave the vessels and enter tissue, to deliver 

therapeutics within tissue. 
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Particle Mobility Models  

The partial differential equations for the time dynamics of nanoparticle concentration are 

stated in Section 3.4, and there the particle movement for any condition is described. 

However, the specific movement that occurs in a given organ or biological environment 

is completely dependent upon the parameters of that biological space. Chief among these 

biological parameters is the diffusion coefficient of the tissue and how it depends upon 

size. The following is the Brownian diffusion equation 

(1) Ὀ

that relates the diffusive flux to the concentration gradient of the particles [37], [38], 

[131], [196]. Here  is the Boltzmann constant,  is the absolute temperature,  is the 

fluid viscosity, and  is the particle radius. While equation (1) does describe the diffusion 

coefficient as a function of particle size, it is only relevant for fluids and not tissues 

where the interstitial spaces can further inhibit particle diffusion and potentially mobility. 

In addition, the size dependence of the diffusion of particles through tissues is not a 

simple inverse relationship but instead exhibits behavior consistent with cut-off 

thresholds [37], [38]. This change in passive diffusion of a particle as it traverses between 

blood and tissue is described by an effective diffusion coefficient, which is the ratio of 

diffusion within the tissue to that within blood. This effective diffusion coefficient can 

then extend to approximate the relationship between the mobility of the particles as they 

traverse through tissue (see equation (7)). There have been many models to describe the 

decrease in the particle diffusion coefficient including the Renkin pore model [37], [38], 

[197] and the fiber-matrix model [37], [38]. These models, however, were developed for 

Bk
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small molecules (less than 100 nm) and do not accurately describe large particle 

diffusion. 

 

The two classical models to approximate particle diffusion through tissues that will be 

described next are: 1) the Renkin reduced coefficient model [197]; and 2) the fiber matrix 

model [198]. These models examine nanoparticle movement through tissues or 

membranes, but they do not deal with the how the particles arrived within the tissue 

space. If the particles are within the circulatory system, then they must be able to 

extravasate and enter the tissue before these models are applicable. If the vessels within 

the target tissue do not have pores or there is no active transport, then the mobility 

through tissues is not applicable. While they have limitations, they still provide valuable 

insight into nanoparticle behavior when within tissues. 

 

Renkin Reduced Diffusion Coefficient Model 

(2)   

(3) 

The Renkin equation (equation (2), where  is the effective diffusion coefficient, and 

 is the pore radius) approximates the apparent diffusion of a molecule attempting to 

travel through a membrane with a specific pore size. It was derived from a theoretical 

model [197] and only depends upon the particle radius and the average pore size of the 

membrane. Equation (3) rewrites the Renkin equation for simplicity. Equation (3) has 

two components. The first term,  (first component on the right hand side), is a 

measure of how much the size of a pore óexcludesô a particle from entering. If the particle 
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or solute is already within the membrane, then . The second term on the right 

hand side, , is a measure of the movement once the particle is within a membraneôs 

pore and accounts for the increase in hydrodynamic drag as the particle moves through 

the membrane. 

 

These equations are consistent with measurements made by Beck and Schultz [199] who 

constructed membrane sheets with well-defined pore sizes and near unity tortuosity. 

These membranes allowed for careful measurements of the diffusion through the 

membranes for various solutes ranging from 0.52 nm to 4.3 nm. While the results 

supported the Renkin equation, they were not able to investigate larger pore sized 

membranes that would be consistent with some biological membranes and structures (i.e. 

the glomerulus of the kidney) [199]. 

 

For the considered treatment case of the liver, pore sizes of the fenestrated capillaries 

found in the livers of humans have been measured on the order of 120 nm in diameter 

([200]) to several microns ([38]). Assuming the smallest pore size is similar to the spaces 

within the extracellular matrix and a 100 nm diameter particle, the effective diffusion 

coefficient within the liver would be on the order of , an order of magnitude 

lower than that in blood. 

 

There have been several further extensions on the Renkin equation. Deen et al. extended 

the equation to include tortuosity and for larger particles. The reduced diffusion 

coefficient introduced is as follows: 
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(4) 

where  is the pore surface area,  is the total membrane surface area,  is the 

tortuosity, and  is known as the porosity or the void volume fraction of the membrane 

[37], [201]. The tortuosity term is defined as the diffusion path length divided by 

membrane thickness [37], [38], [199]. It is a measure of the amount of additional 

movement a particle has to travel once inside a tissue or membrane to reach the opposing 

end. If the tortuosity term is large, then the particle has to traverse pores that are long 

winding channels. If the term is near unity, than the channels instead are straight 

passageways through the membrane or tissue.  

 

Equation (4) shows another method of calculating the effective diffusion coefficient for a 

given tissue and particle type. However, it requires knowledge of three crucial tissue 

parameters: 1) the porosity of the tissue; 2) the tortuosity; and the 3) tissue pore size. The 

later has been estimated for several types of tissues a measure of the extracellular spaces 

of the tissue. However, the first two are not known for tissues that are not engineered 

with specific characteristics, limiting its usage. 

 

Fiber Matrix Model 

Another method of describing the diffusion of a solute through a tissue is the fiber matrix 

model. This model (developed in [198]), extends upon a model by Ogston [202]. It 

assumes that the tissue space contains a given concentration of long cylindrical fibers 

with a radius of . From this assumption the following equation can be written 
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(5) , 

where  is the specific volume of the fibers, and  is the fiber concentration, and  is 

the volume fraction. Since this model starts with the assumption of long cylindrical fibers 

comprising the tissue architecture, it has the potential to better approximate the tissue 

properties. 

 

The parameters in equation (5) can be estimated based upon collagen content in various 

tissues. Most tissues have a discretized preferred fibril diameter at  11 nm increments (11, 

22, 33, 44, 55, etc. [203], [204]) and the collagen content and function are intertwined. 

For example the cornea has approximately a fiber diameter of ~ 20 nm with a very 

organized structure ensuring opacity, compared with the larger fiber bundles in tendons 

of ~ 500 nm providing structural support [203]. Continuing with the treatment case of 

liver, volume fractions have been measured in human livers to be on the order of 0.7 

[205] with measured fibril diameters between 0.2 to 5 µm [206]. Considering a 100 nm 

diameter nanoparticle, the worst case effective diffusion coefficient would be , 

approximately an order of magnitude less than the diffusion coefficient in blood. This 

value for the effective diffusion coefficient is similar in magnitude to what is predicted 

from the Renkin pore model. 

 

Limitations of Mobility Models 

These two theoretical models have been compared to experimental measurements of 

small molecule diffusion. Nugent et al. [207] compared these two models with measured 

diffusivities of small molecule solutes in normal and tumor tissue. However, the main 
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limitation in utilizing these or other models predicting particle movement is the size 

choice of the solutes tested. Most experimental studies have only examined solutes below 

10 nm [37], [197], [199], [207], [208]. As magnetic nanoparticles can be orders of 

magnitude larger than this, it is invaluable to know specifically how these larger particles 

will move through tissue. 

 

Another more subtle limitation of these and previous models of particle motion is the 

assumption made linking the decrease in diffusion coefficient to the decrease in the 

magnetic drift coefficient. The magnetic velocity (described more fully later in equation 

(14)) is 

(6) , 

where the magnetic drift coefficient, , describes the mobility of the magnetic 

nanoparticle under an applied magnetic field, , in a certain fluid. Einsteinôs relation 

suggests that any physical barriers, such as membrane pores, that impact particle 

diffusion will also equivalently impact particle mobility [37], [38]. This would be 

represented by the following equation: 

(7) 

where  is the effective magnetic drift coefficient. However, this analogy considers only 

passive motion of the particles. It does not include the ability to exert an external force 

upon the magnetic nanoparticles and thus deforming the surrounding tissue space. While 

the tissue architecture might create barriers to particle motion, it is conceivable that the 

magnetic forces could pull the particles through a weakly formed extracellular matrix. 



 20 

 

This would negate the assumption described in equation (7) as the effective magnetic 

drift coefficient could be much greater than approximated. 

 

There are limitations and caveats to the above two models, however, absent relevant 

experimental measurements, they are the best current methods to approximate 

nanoparticle movement through tissues.  

 

1.3.2 Animal and Clinical Trials 

While magnetic nanoparticles have been approved for use in patients for MR imaging 

agents [118]ï[121], there have been a limited number of clinical trials involving 

magnetic drug targeting. Most notably, Lübbe et. al have performed simplistic targeting 

with magnetic nanoparticles (from Chemicell GmBH) conjugated with doxyrubicin in 

clinical trials involving several patients with inoperable facial tumors [14]. There have 

been only a few patient trials since that have either involved using the magnetic field 

outside of an MRI to target nanoparticles [109], [209], or using nanoparticles as 

thermotherapy [16]. 

 

There are, however, a multitude of MDT experiments performed in vivo in animals. 

These range from dogs [28], hamsters [91], [95], mice [84], [86], [89], [104], rabbits [26], 

[80]ï[83], [98], [103], [105], rats [31], [36], [50], [85], [87], [90], [94], [97], [99], [100], 

[106], sheep [102], to swine [32], [34]. These have progressed the development of MDT, 

however, they still rely on static magnetic fields to concentrate particles at a desired 

'surface' location. This introduces targeting limitations and reduces the potential benefit 
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of MDT. By applying a closed-loop feedback strategy, the particles can be specifically 

targeted at a designated region deeper within the body able reach sites greater than 5 cm 

depth (the current limitation in human trials [14]). 

 

1.4 Contributions Presented 

This dissertation adds three main advancements to the magnetic drug targeting field. 1) 

The creation of a comprehensive ferrofluid transport model within any vessel, membrane 

and tissue space under an applied magnetic field verified by available published works. 2) 

A ferrofluid mobility model used to predict ferrofluid and drug concentrations within 

physiologically relevant histological samples from human autopsies. 3) An optimization 

of applied magnetic fields using the particle mobility models to predict the best treatment 

scenarios for two classes of chemotherapeutic drugs. 

 

1.4.1 Blood Vessel Simulations 

There are two categories of forces acting upon magnetic particles as they traverse 

throughout the body: those that are induced; and those that are a consequence of the 

environment. In the first, the magnetic force generated by an external magnetic field pulls 

particles towards the magnet creating a resultant drag force resisting this motion [194], 

[210]. In the second, the biological system transports particles through the blood and 

scatters particles as they interact with red blood cells [131]. Starting with physical first 

principles, Chapter 2 predicts the possible ferrofluid behaviors that can occur within any 

given blood vessel with any surrounding tissue space. Very few assumptions of 
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nanoparticle characteristics were made and the developed model encompassed the entire 

space of what is experimentally and biologically feasible (see Table 1).  

 

By accurately describing the forces acting upon a magnetic nanoparticle and starting with 

physical first principles, the transient concentration of nanoparticles is described within a 

blood vessel including the surrounding tissue by a set of equations. Using these equations 

and custom finite element solver built in collaboration with California Institute of 

Technology, the entire realistic parameter space is exhaustively surveyed uncovering 

three fundamental magnetic nanoparticle behaviors: magnetic dominated; velocity 

dominated; and boundary layer formation. The behavior of a ferrofluid within a blood 

vessel and tissue was determined to be governed by only three non-dimensional 

parameters. These behaviors remain even as the constraints upon the simulation are 

relaxed. Therefore, an experiment can be correctly designed to create a desired magnetic 

nanoparticle behavior. 

 

1.4.2 Tissue Simulations 

While an open loop trap cannot exist (see section 1.1.3 where Earnshawôs theorem is 

discussed), open loop control still can be used for specific treatment scenarios. Metastatic 

breast cancer often results in hundreds of micro-tumors in a patientsô liver. Contrary to 

primary tumors, these metastases often have low blood perfusion and chemotherapy often 

cannot accumulate to therapeutic levels within these micro-tumors [211]. These untreated 

tumors lead to cancer reoccurrence. Chapter 3 introduces a new method by which to 

equalize chemotherapies throughout the liver parenchyma (the functional tissue of the 
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liver). This method, coined dynamic magnetic shift (DMS), uses external magnetic fields 

to pull chemotherapy loaded magnetic nanoparticles throughout the liver. 

 

Our collaborators at the National Cancer Institute started with histological patient data 

from NIH autopsy studies of terminal breast cancer patients. They then stained and 

marked the liver sections for blood vessels and cell nuclei. Using these histological 

sections, we took blood vessel density measurements to characterize the blood vessel 

population of either normal or tumor tissue. These measurements confirmed the existence 

of small micro-tumors containing fewer blood vessels compared to the surrounding 

normal tissue. It is these micro-tumors that are problematic for treating with 

chemotherapeutic agents. Therefore the treatment target for DMS was aimed at 

improving the drug concentrations throughout these micro-tumors. 

 

To understand and quantify how DMS will improve the drug concentration within these 

micro-tumors, we created a ferrofluid transport model through tissue architectures. This 

model utilized the blood vessel distribution from actual autopsy sections and focused the 

treatment target on the problematic micro-tumors. By comparing the ferrofluid 

distribution that would occur naturally due from diffusion to the distribution from 

applying shifting magnetic fields, the potential therapeutic increase in ferrofluid 

concentration was determined. By using magnetic shift, the concentration of ferrofluid 

within these small micro-tumors increased by  on average compared to natural 

diffusion. 

 



 24 

 

1.4.3 Optimization of Dynamic Magnetic Shift 

Chapter 3 introduced the idea of DMS and quantified the potential impact that the 

treatment scenario could have on the micro-environment of metastatic breast cancer 

within the liver. However, while the benefit was significant in Chapter 3 (  

improvement over diffusion), the question remains if we can improve it. What 

combination of transient magnetic fields would be the best to pull the ferrofluid 

throughout the liver to achieve therapeutic treatment goals? 

 

Chapter 4 examines the optimal parameters necessary to deliver the ferrofluid throughout 

the liver architecture. The therapeutic treatment goals were defined for two classes of 

chemotherapeutic agents: 1) those drugs that only act during a specific phase of the cell 

cycle and must therefore be available for the cells as long as possible; and 2) those drugs 

that are insensitive the current phase of the cell cycle. These two goals led to the 

development of two distinct metrics to quantify the benefit a specific treatment scheme 

has upon the tissue architecture. 

 

Using these two metrics as a way to compare the treatment scenarios, the optimal 

treatment was determined for shifting in two-directions by exhaustively simulating the 

various treatment scenarios. Not only was the optimal treatment searched over the 

direction of magnetic movement, but 140 micro-tumor cases were examined from 16 

patients. Lastly, the robustness of these optimal treatment schemes was tested as the 

mobility parameters of the ferrofluid were relaxed. The robustness experiments examined 

the method by which the optimal treatment schemes change as the particles decrease in 
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tissue mobility. This optimal control scheme can then be used as a technique for treating 

metastatic breast cancer present within the liver for future patients.  
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Chapter 2: Modeling Magnetic Nanoparticle Transport through a Blood 

Vessel under an Applied Magnetic Field 

This work originally appeared in [212] and [213]. 

This work was done in collaboration with Catherine Beni and Oscar Bruno from the 

California Institute of Technology. They developed the finite element solver, termed the 

vessel-membrane-tissue (VMT) solver, used to solve the model. I created the VMT 

model, and identified and investigated the treatment space. Lastly, I used prior 

experimental studies to validate the model. 

 

2.1 Introduction  

Magnetic drug targeting refers to the attachment of therapeutics to magnetizable particles, 

and then applying magnetic fields to concentrate them to disease locations such as to 

solid tumors, regions of infection, or blood clots [11], [12], [18], [25], [108], [134], [142], 

[214].  In some cases, however, the magnetizable particles can be introduced into the 

body outside the blood flow, e.g. as in magnetic treatment of the inner-ear where a small 

gel containing nanoparticles is placed on the round window membrane [21], [22], [215], 

usually ferromagnetic particles are injected into a vein or artery [11], [108], [25], [26], 

[80], [28]ï[31], [14], [125], [216], [192], [102], [109], [106]. Particles so injected will 

circulate throughout the vasculature as the applied magnetic field is used to attempt 

confinement at target locations. Two main considerations arise from the in vivo use of 

these particles. First, the particles must be small enough to make it out from the blood 

vessels into surrounding tissue (they should be no larger than approximately 400 ï 600 

nm to extravasate out from even 'leaky' tumor vessels [11], [37], [38], [133], [216], 
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[217]), and, more subtly and crucially, they must be small enough to have sufficiently 

long in vivo residence times (larger particles are removed faster by the mononuclear 

phagocyte system; in human clinical trials [30], [108] Chemicellôs 100 nm particles were 

shown to have 30 min plasma residence times).  Second, the magnetic force on these 

small particles is minimal. Magnetic force scales with particle volume [194], decreasing 

the size of a particle by a factor of 10 decreases the magnetic force on it by 1000. Even 

with strong magnetic fields ( > 1 Tesla) and high magnetic gradients (å 0.5 T/cm), the 

forces on ferro-magnetic nanoparticles remain extremely small, in the range of pico-

Newtons [194], [218], [219].  

 

 

Figure 2: Verification of magnetic drug delivery from the body to the cellular scale in animal and 

human clinical trials.  a) Magnetic resonance (MR) image for a cancer patient, magnetic 

nanoparticle (ferrofluid) accumulation can be seen as lighter regions at the arrow tips (due to the 

MR extinction phenomena [53]) [14], [30], [31], [108], [209].  b) Rat studies: concentrated 

ferrofluid is visible under the skin [31], [220].  c) Ferrofluid concentrated in rabbit tumor micro-

vessels (white arrow) [26], [35].  d) Magnetic nanoparticles at the membrane of mouse epithelial 

cells (e.g. black arrow) [221]. 
 

Thus a key issue in magnetic drug delivery is whether the applied magnetic forces can 

compete with convective blood (drag) forces that tend to wash particles away. The 

questions are: can particles be confined to target regions against blood flow? In which 

blood vessels and where do they concentrate? How deep within the body can targeting 

occur?  Past animal experiments [21], [26], [28], [31], [32], [34], [36], [50], [80]ï[87], 
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[89]ï[92], [94], [95], [97]ï[106], [222] and phase I human clinical trials [14], [31], [109], 

[209] have observed the accumulation of magnetic nanoparticles by visual inspection, 

magnetic resonance imaging, and histology studies.  These have shown that magnetic 

forces can concentrate micro- and nanoparticles in vivo near magnets, but the details of 

that concentration cannot be seen experimentally. MRI and visual inspection do not have 

the resolution to show in which vessels magnetic forces have exceeded blood drag forces, 

and they certainly cannot show where in the vessel accumulation is occurring. Equally, 

histology studies are carried out after the animal has been sacrificed and blood flow 

stopped; they speak only partially to where in the blood vessels the particles might have 

been. Thus, in this chapter, we address this issue via simulations. We map the parameter 

space and characterize what should happen in an idealized blood vessel in terms of 

applied magnetic force strength and blood flow velocity. Our goal is to forecast and 

characterize the type of behaviors that will occur. 

 

We note that the usual back-of-the-envelope analysis is not sufficient; it does not predict 

what is observed experimentally. Consider the rat experiments shown in Figure 2b. Here 

our collaborators (Lübbe and Bergemann) used a 0.5 Tesla, 5 cm long, 5 mm wide 

permanent magnet to focus 250 nm diameter iron-oxide nanoparticles. Even for a particle 

at a distance of just 1 mm away from the magnet (just below skin depth), the magnetic 

force on this particle (see equation (11) and [194], [218]), including the effect of particle 

magnetic saturation and using an exact solution [223] for the magnetic field around the 

magnet, is only about  N.  By comparison, the Stokes blood drag force [224] 

on the same particle, for the slowest measured 0.1 mm/s blood-flow velocities in rat 
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capillaries [225]ï[227], is  N, a factor of  greater.  This simple 

comparison suggests that the field gradient near the magnet cannot capture a 250 nm 

particle against even the weakest blood flow in a rat. Yet in Figure 2b the dark spots 

where the particles have been focused can be clearly seen. This focusing was carried out 

while the rats were alive and their blood was flowing, and it has been repeated even with 

100 nm diameter particles where the magnetic forces are 2.5
3
 = 15.625 times smaller. 

Clearly, a crude comparison of magnetic forces per particle to Stokes drag is insufficient 

to match in vivo behavior. This mismatch is also apparent in the literature both for in 

vitro and in vivo experiments. In in-vitro studies (eg. [106], [228]), particles were focused 

even when centerline stokes drag forces exceeded magnetic forces. In the in vivo cases 

(eg. [26], [36], [95]), Stokes drag due to the slowest blood flow in the animals/humans 

exceeded maximum magnetic forces yet particle focusing was still observed. 

 

The rough calculation above is deficient for two main potential reasons. 1) The blood 

flow drag forces on the particle vary with its position in the blood vessel. A particle at the 

vessel center-line will experience a higher blood velocity and hence a higher drag force, 

but a particle near the blood vessel wall will be surrounded by a near zero blood velocity. 

This decrease in velocity is due to the flow resistance provided by the vessel wall, the 

'no-slip' boundary condition [38], [229], [230]. Thus a particle near the vessel wall will 

experience a much smaller drag force and can potentially be held by a much smaller 

magnetic force (see Figure 3, this effect is also noted in [219] for micro-channels).  

Alternatively 2) the particles might agglomerate to some degree even though they are 

typically engineered to minimize agglomeration [11], [12], [216]. This will increase the 
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magnetic force, which grows with volume, much faster than the Stokes drag, which 

grows with diameter, thus increasing trapping. In this chapter, we will focus on 

examining the first issue in detail, as it is the next crucial question. Item 2) is addressed 

approximately by considering an agglomerated clump as simply a larger ósuper-particleô 

(see Section 2.15.5). Consideration of agglomeration thus folds into our non-dimensional 

numbers for size and force (discussed in Section 2.8.1). A more sophisticated, analysis of 

agglomeration will be carried out in future work.    

 

This chapter focuses on systematically characterizing the behaviors of ferromagnetic 

nanoparticles in a single idealized blood vessel under the action of an applied magnetic 

force, blood drag, diffusion within the blood, and transport of particles from blood to 

surrounding tissue (modeled simply as diffusion, as in [37], [38]).  It includes an ability 

to predict what happens in shallow and deep, small and large blood vessels, and it 

resolves the mismatch between experiments and the usual, but simplistic, back-of-the-

envelope centerline Stokes drag versus magnetic force calculation described above. It is 

organized from the simplest scenario to cases that include added features such as spatially 

varying magnetic forces, blood pulsatility, curved vessel geometry, and skin boundary 

conditions. These added features do not qualitatively change the three types of 

nanoparticle behaviors observed: blood velocity dominated, magnetic force dominated, 

and boundary layer formation regimes. In addition, we do not consider cases where the 

concentration of ferromagnetic nanoparticles is sufficiently high to obstruct the flow 

within a blood vessel. We find that the observed nanoparticle concentration behavior in 

in-vitro and in vivo studies is correctly predicted by a single three-parameter non-
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dimensional map (Figure 9 and Figure 11) that delineates the blood velocity dominated, 

magnetic force dominated, and boundary layer formation behaviors. Our summary result 

is simple to use and will enable a more systematic design of future magnetic in vivo drug 

delivery systems. 

 

Simulating ferrofluid behavior, even in a single straight vessel, is challenging. We 

created an in-house vessel-tissue-membrane (VMT) numerical solver based on the 

Alternating Directions Implicit (ADI) method [231]ï[234]. The VMT solver was both 

more accurate and 500 times faster than COMSOL (a general-purpose commercially 

available partial differential equation solver often used in the magnetic drug delivery 

literature, e.g. [228], [235]), and it was able to solve cases that COMSOL could not (see 

Section 2.8). Using VMT we were able to solve all cases, though the most challenging 

cases still took a long time (the case of mass Péclet number equal to 1 ³ 10
8
 in Section 

4.3 took 48 hours). There are ways to further improve VMT to make these cases run 

much faster and this will be reported in future publications as part of our effort to create a 

general-purpose fast and accurate simulation environment for magnetic drug delivery. 

 

The current study is essential to better forecast what happens in vivo in shallow and deep 

blood vessels under varying circumstances. Our modeling is the next needed major step: 

it goes beyond a naive back-of-the-envelope calculation but is still tightly focused on the 

issue of blood convection versus magnetic forces. It necessarily cannot include all the 

complex details of magnetic particle phenomena in vivo, because much of that behavior is 

still not well understood at a physiological and physical level and therefore cannot yet be 
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quantified mathematically. For example, extravasation [11], [37], [38], [133], [216], 

[236]ï[238] is an active research field in its own right and the mechanisms that drive it 

are not yet fully known or characterized. Since extravasation cannot be included in detail 

at our level of modeling, we represent it here by a diffusion term (from blood to tissue) 

that is folded into the effective diffusion coefficient (as is done in [37]). Even with this 

limitation, our model still provides accurate and effective results that are hard to attain 

any other way. It is necessary for our larger effort to design controllers that will achieve 

deep tissue magnetic drug targeting [218], [239]ï[241], and its ability to simply but 

accurately predict in vivo behavior will aid the research efforts of the broader magnetic 

drug delivery community. 

 

2.2 The Three Parameters 

We consider the scenario of a single blood vessel with an inflow of blood and ferro-

magnetic nanoparticles that are actuated by an externally applied magnetic force. We find 

that the nanoparticles exhibit three distinct and specific behavioral patterns: either 

velocity dominated (they are washed out of the back of the blood vessel), magnetic force 

dominated (magnetic forces overcome the blood vessel membrane and surrounding tissue 

barriers), or they form a boundary layer at the blood/tissue interface. Three non-

dimensional numbers are required to determine which behavior is occurring. These three 

numbers are: 

 

The Non-Dimensional Magnetic Force Strength (the Magnetic-Richardson 

Number):  This number quantifies the ratio between the applied magnetic force and the 
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blood Stokes drag at the vessel centerline. When this number is greater than unity then 

the magnetic force is larger than the blood Stokes drag force at the vessel centerline. 

 

The Renkin Reduced Diffusion Coefficient:  This quantifies the ratio between diffusion 

in the blood vessel membrane and diffusion in the blood. If this number is smaller than 

unity then particles in the blood vessel membrane diffuse much slower than the same 

particles in blood. 

 

The Mass Péclet Number:  This number quantifies the ratio between the maximum 

centerline blood flow velocity times the average blood vessel width to the total particle 

diffusion coefficient. When this number is much greater than unity then particle 

convection occurs much faster than diffusion across the blood vessel width. 

 

2.3 Domain Geometry 

Figure 3 shows the model geometry: an idealized straight blood vessel contained by an 

endothelial layer next to an underlying tissue layer. This geometry is a simplified version 

of the Krogh tissue cylinder [37]. Similar to the Krogh cylinder model, the tissue space is 

a region between adjacent vessels and the model only applies to capillaries because it 

does not incorporate a vascular muscle layer. This restriction, however, can be relaxed by 

substantially lowering the diffusion coefficient of the membrane layer (see section 

2.15.1) thus better approximating non-capillary vasculature. The vessel has an inlet at the 

left-hand side and an outlet at the right-hand side. Blood and a constant concentration of 
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ferro-magnetic nanoparticles enter from the left. A magnet is held below the blood vessel 

and creates a downwards magnetic force. 

 

 

Figure 3: The simulated blood vessel geometry. The blood vessel is idealized as a straight 

channel. Blood and a constant concentration of magnetic nanoparticles enter from the left. The 

magnetic particles (black circles) within the blood vessel experience diffusion, migration under 

blood flow, and magnetic forces. Magnetic particles in the surrounding endothelial and tissue 

layer experience diffusion and magnetic drift but no blood flow forces. The magnet can be a long 

distance from the blood vessel (deep targeting) and here this is denoted by the break in the length 

bar on the right of the figure. Inset: The simulated domain around a blood vessel in deep tissue. 

 

2.4 Governing Forces 

We consider the three main forces acting upon the ferro-magnetic nanoparticles. These 

include blood advection forces induced by blood plasma convection [37], [196], [224], 

magnetic drift induced by the applied magnetic field [210], [242], [243], and diffusion 
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forces induced both by Brownian diffusion [196] and the scattering effect that colliding 

and shearing red blood cells have on the nanoparticles [131]. 

 

2.4.1 Maxwellôs Equations for the Magnetic Field 

Electromagnetic fields are classically described by Maxwellôs equations [244]. We 

specialize to the case of magneto-static equations that are appropriate for stationary, or 

slowly varying, magnetic fields.  

(8)  

(9)  

(10) 

Here  is the magnetic field [T],  is the magnetic intensity [A/m],  is the current 

density [A/m
2
],  is the material magnetization [A/m],  is the magnetic susceptibility, 

and  is the permeability of a vacuum [  N/A
2
]. These equations hold true in 

vacuum and in materials, for permanent magnets (magnetization ), and for 

electromagnets (current ) [194], [210], [245]. Through the human body, magnetic 

fields propagate essentially unchanged because the magnetic susceptibility of tissue is 

close to zero ( å 10
-6
 ï 10

-4
 [246], [247]). In contrast, the magnetite cores (e.g. Fe3O4) 

of ferro-magnetic particles have magnetic susceptibilities 5 to 7 orders of magnitude 

higher than that of tissue ( ), therefore these particles are strongly influenced by 

magnetic fields [194], [210], [245]. 
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2.4.2 Magnetic Forces on a Particle 

A single ferro-magnetic particle in a magnetic field will experience a force that depends 

upon the magnetic field and field gradient around it [87], [185], [210], [239]. 

(11) . 

Here  is the radius of a nanoparticle [m] and  is the gradient operator [with units 1/m]. 

For simplicity, the hydrodynamic radius is considered to be the same size as the magnetic 

core radius (the case where they differ is discussed in Section 2.15.8). The first relation is 

more familiar and clearly shows that a spatially varying magnetic field ( ) is 

required to create a magnetic force. The second equivalent relation states that the 

magnetic force on a ferro-magnetic particle is always from low to high magnetic fields 

and proportional to the gradient of the magnetic field intensity squared. The two relations 

are equal by the chain rule and it is evident that the magnetic force is also proportional to 

the particle volume.  

 

If the applied magnetic field is sufficient to saturate the nanoparticle, then  in 

equation (11) is modified to  where  is the saturated magnetization of 

the particle. Since  lines up with , this does not change the direction of the force, 

only its size. Thus, this case is considered within our framework simply by modifying the 

size of the magnetic force used. 

 

As shown in Figure 4, when the magnet is held at a long distance compared to the blood 

vessel width, we can assume that the magnetic force is constant in space throughout the 

blood vessel width and length. This negates the need to solve the magneto-static 
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equations; it is true to within a few percent even for wide blood vessels near magnets, and 

it does not qualitatively change the resulting nanoparticle behaviors (Section 2.15.3 

analyses the case where the magnetic force does vary in space according to the magneto-

static equations).  

 

 

Figure 4: Magnetic forces are usually constant within the tissue-vessel system. Here even though 

a magnet is held close to the blood vessel (at a distance that is less than its length) the resulting 

magnetic force within the blood vessel is still essentially constant: the maximum error of |Fconst-

Fexact|/|Fexact| < 10 %.  
 

For the rat experiment shown in Figure 2b, the force acting upon a single iron oxide 125 

nm radius particle at a 1 mm depth is given by equation (11) to be  pN. (Here 

the 0.5 T permanent magnet produces a magnetic field intensity of  A/m and a 

magnetic spatial gradient of  A/m
2
 at a distance of 1 mm, the particles had a 

magnetic susceptibility of roughly  and saturated at  kA/m [106].) 
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2.4.3 Magnetic Forces on a Concentration of Particles (on a Ferrofluid) 

A ferrofluid is composed of many magnetizable nanoparticles and is essentially super-

paramagnetic. Ferrofluids are strongly magnetized in the presence of an external field and 

then lose their magnetization once the external field is removed due to rapid random 

particle reorientation [194], [210], [245]. Neglecting particle-to-particle interactions, 

which are small due to particle reorientations and anti-agglomeration coatings [11], the 

magnetic force on each elemental volume of ferrofluid is given by [38], [196] 

(12)  

where  is the concentration of the particles [number/m
3
]. 

 

2.4.4 Magnetic Drift Velocity: Magnetic Forces versus Stokes Drag 

When the magnetic force of equation (11) is applied to a particle, it will accelerate the 

particle in the direction of this force until it reaches an equilibrium velocity  relative to 

the surrounding blood (or surrounding tissue). The opposing Stokes drag force on a 

spherical particle is given by [38], [196] 

(13) 

were  is the dynamic viscosity of blood [kg m/s]. When the Stokes drag force first 

equals the applied magnetic force, then the particle has reached its equilibrium relative 

velocity (magnetic velocity) 

(14)  

where  is the magnetic drift coefficient. This relative velocity adds 

to the fluid velocity (equation (15) below) and together they give the net convection plus 
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magnetic drift velocity. (Equation (13) does not include wall effects that modify the drag 

force on a particle within a few particle diameters of an external obstruction [248], [249]. 

Equation (14) also does not include magnetic particle-to-particle interaction forces. For 

an initial discussion of the effects of agglomeration see Section 2.15.5 or [250]ï[252].) 

 

Within the membrane and tissue layers, Stokes drag is not the only limitation to the 

maximum velocity induced by magnetic forces. There are many obstacles in the form of 

cells and extracellular matrix components that inhibit particle movement [37], [38], 

[237], [253]. These obstacles lead to an analogous magnetic drift coefficient for the 

membrane and tissue layers. Einstein's relation assumes that these obstacles also inhibit 

diffusion in a similar manner [37], [38]. Therefore the analogous magnetic drift 

coefficient for the membrane and tissue layer is generated by scaling  by the Renkin 

Reduced diffusion coefficient described in Section 2.8.4 [37]. 

 

Using the same rat example as before (Figure 2b) and a blood viscosity of 0.003 Pa s, the 

magnetic drift velocity of the 250 nm diameter iron oxide particles in blood is then  å 

1.4 x 10
-5
 m/s, i.e. it is 14 ɛm/s.  

 

2.4.5 Advection Forces 

The fluid velocity profile in a channel is curved - it is highest at the centerline and is zero 

at the walls due to the no-slip boundary condition. For Newtonian fluids in straight 

channels at steady state, this curved profile is parabolic [196], [254].  Blood, however, is 

a non-Newtonian fluid due to the presence of the clotting protein fibrinogen, which 
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causes red blood cells to aggregate at low shear rates. This creates a blunted flow profile 

known as plug flow [37].  Such a profile can be fit empirically by [255] 

(15)   

where  is the velocity in [m/s],  is the maximum centerline velocity [m/s],  is 

the radial location [m],  is the radius of the vessel [m], and  is a constant for a 

particular profile. A value of  is usually chosen to fit experimental data of the 

cardiac cycle [255]. This equation removes the need to solve the Navier-Stokes equations 

for the blood flow profile. In rat vessels the smallest centerline blood velocity is on the 

order of 0.1 mm/s [225]ï[227], in humans it is 0.5 mm/s [37]. 

 

2.4.6 Diffusion Forces   

There are two main types of particle diffusion that occur within a blood vessel: Brownian 

thermal motion and particle scattering due to collisions with blood cells.  

 

Brownian Diffusion 

Brownian motion refers to the random motion of particles under the action of thermal 

fluctuations and is quantified by a diffusion coefficient [37], [196] 

(16) 

that relates the diffusive flux to the concentration gradient of the particles. Here  is the 

Boltzmann constant and  is the absolute temperature. For 250 nm diameter particles in 

blood at body temperature (37
o
C), the diffusion coefficient is  º 6 x 10

-13
 m

2
/s [102], 

[210], [216], [239]. 

Bk

BD
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Diffusion from Blood Cell Scattering 

Collision of blood cells with nanoparticles causes the particles to scatter and can be 

modeled as additional diffusion [131]. The scattering diffusion coefficient is on the order 

of  å 10
-11

 - 10
-10

 m
2
/s and can therefore be greater than the diffusion due to thermal 

motion. The total particle diffusion is the sum of thermal and scattering diffusion hence 

. 

 

2.4.7 Additional Forces not Considered within the Model 

Several additional forces are neglected for simplicity. These include additional forces that 

occur when particles concentrate near the blood vessel boundary. If the particles 

concentrate to significant levels at the vessel boundary, the resultant concentration can 

extend into the vessel where blood velocity forces are high. It is possible for the 

collection of particles to then impact the blood flow and change the blood velocity flow 

profile. This effect is neglected within this model. 

 

In addition, the effect of objects within the blood flow imparting an additional force as 

they collide with the particles is not considered. These objects include red blood cells, 

white blood cells, or platelets. While this is approximated for red blood cell interactions 

with the addition of a scattering diffusion coefficient, it does not completely describe the 

scenario for all vessel types or objects. One such un-described scenario is within 

capillaries or other small vessels where red blood cells encompass the entire vessel lumen 

(interior area) thereby pushing any particles along with the transient red blood cells. 
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2.5 Summary of Governing Equations and Boundary Conditions 

The concentration of ferrofluid at each location is a function of time: it increases when 

the flux of particles to that location is positive and decreases when it is negative [196], 

[248]. The flux is the summation of the three effects discussed above: diffusion, 

convection by blood flow, and magnetic drift. Thus 

(17) 

where  is the blood flow velocity. Considering a constant magnetic force acting only in 

the negative -direction and the specific blunted blood flow profile of equation (8), the 

concentration can then be described by the partial differential equation 

(18)  

stated in two spatial dimensions, in  and . The concentration inside the tissue is defined 

more simply by the equation  

(19) . 

Boundary conditions are required to complete the model. At the blood flow inlet, a 

constant concentration of magnetic particles is imposed (see also Figure 3). At all 

external boundaries of the tissue-vessel system, the normal diffusive flux is set to zero 

( ) enforcing the requirement that the total flux at those boundaries is exactly 

the convective flux (so that ferrofluid correctly convects out of the vessel outlet with the 

blood flow). The interior boundaries between the vessel and endothelial layer, and the 

endothelial layer and tissue, satisfy two conditions: the ferrofluid concentration is 
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continuous across each interface (no concentration discontinuities), and the ferrofluid that 

leaves one domain enters another (no ferrofluid is lost or created). 

 

Since in magnetic drug delivery a magnet is often held outside the skin, and nanoparticles 

then concentrate closest to it but do not leave the body, it can be desirable to include a 

'skin' boundary condition that prevents nanoparticles from leaving the tissue (this would 

be placed at the bottom of the tissue layer in Figure 3). We do not consider this added 

feature for the majority of the chapter because we are interested in ferrofluid behavior in, 

immediately around, and between blood vessels. Therefore we permit the nanoparticles to 

leave this focused inspection domain. Skin introduces a new complication, the pile-up of 

nanoparticles in the tissue next to it, and it can distort the behavior around blood vessels 

in a way that depends on tissue thickness. It necessitates a 4
th
 non-dimensional number 

thus requiring a 4-dimensional visualization of the prototypical behavior of ferrofluids. A 

skin boundary condition is included in Section 2.15.6 and correctly causes ferrofluid to 

pile-up near the magnet. 

 

2.6   Range of Physical Parameters 

2.6.1 Magnetic Parameters 

Magnetic nanoparticles are usually defined as a moiety between 1 nm and 1 ɛm that 

contain a magnetic core [11]. The magnetic core is usually composed of magnetite or 

maghemite [11], [80], [102], [104], [106], [108], [228], [256], [257] but other exotic 

materials can be used including cementite [32], [34]. For in vivo studies the size of 

particles used ranges from å 10 nm (small carriers) [102] to 5 ɛm (large carriers) [32], 
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[34]. Smaller particles (size < 25 nm) usually exhibit superparamagnetic behavior that 

helps reduce agglomeration when the magnetic fields are removed [11]. Larger particles 

(size > 60 nm) benefit from not passing through normal fenestrated capillaries where the 

pore cut-off size is approximately 60 nm [11], [216]. 

 

The magnetic fields generated by external magnets in in-vitro studies have ranged 

anywhere from  mT [142] to ¢ 1.5 T [214], [228]. Animal trials have had ranges 

between 0.1 T and 1.5 T [31], [36], [80], [102], [109]. While the FDA has approved 

magnetic strengths up to 8 T for use with humans [11] and human clinical trials have 

utilized 0.2 to 0.8 T magnet field strengths [14], [30], [31], [108]. Most often permanent 

magnets have been used with sizes ranging from tens of millimeters to tens of centimeters 

[32], [34], [80], [108], [142], [228]. Occasionally electromagnets were utilized [214], 

[257]. The distance of particles from magnets has ranged from å 1 mm to å 12 cm in the 

literature [14], [32], [36], [106], but we consider up to 30 cm distances to examine the 

possibility of deep tissue magnetic targeting [218], [239], [241]. 

 

2.6.2 Advection Parameters 

In humans, typical centerline blood velocities range from 0.5 mm/s in capillaries to the 

largest value of 40 cm/s in the aorta [37], [38], [131]. Average vessel diameters vary 

between 7 ɛm for capillaries to 3 cm in the vena cava [11], [37], [131]. 
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2.6.3 Diffusion Parameters 

Particle size and vessel radii impact the diffusion of nanoparticles. The largest diffusion 

coefficients occur in large vessels (arterioles and arteries) where cell scattering effects are 

high and with small particles where Brownian diffusion is large. The smallest diffusion 

coefficients occur in small vessels (capillaries) where scattering effect are negligible and 

with large particles where Brownian diffusion is small. The typical range in humans of 

total particle diffusion coefficients is between  to  m
2
/s [37], [131].  



 46 

 

Table 1: Human physical parameters encountered in magnetic drug delivery. (Essential quantities 

needed for the sub-sequent non-dimensionalization are bolded.) 

Parameter Symbol Parameter Range 

Particle Radius 1 nm ï 5 µm 

Distance from Magnet 1 mm ï 30 cm 

Magnetic Field Strength 

(or Magnetic Intensity) 

0.1 ï 1.5 T 

8 ³ 104 ï 1.2 ³ 106 A/m 

Magnet Length 1 - 30 cm 

Magnetic Drift Velocity 9 ³ 10-15 m/s ï 3.8 ³ 10-4 m/s 

Magnetic Force on a Particle 5 ³ 10
-25

 ï 1.1 ³ 10
-11

 N 

Maximum Centerline Blood Velocity 0.5 mm/s ï 40 cm/s 

Vessel Diameter 7 ɛm ï 3 cm 

Blood Viscosity 0.003 Pa s 

Centerline Stokes Drag on a Particle 3 ³ 10
-14

 ï 1.1 ³ 10
-7
 N 

Temperature 310 K (body temperature) 

Brownian Diffusion Coefficient 

Scattering Diffusion Coefficient 

1 ³ 10-14  - 1 ³ 10-12 m2/s 

3.5 ³ 10-12  - 6 ³ 10-10 m2/s 

Total Diffusion Coefficient (in blood) 1 ³ 10
-14 
ï

 
6 ³ 10

-10
 m

2
/s 

Diffusion Coefficient (in membrane) 0 (particles > pores) - 1.5 ³ 10
-12 

Diffusion Coefficient (in tissue)  0 (particles > interstitial spaces) - 1.2 ³ 10
-14

 

 

2.7 Non-dimensionalization of Governing Equations 

In a model with dimensional parameters, like equation (17), the numerical parameter 

values used depend on the chosen units (meters versus millimeters), there are typically 

multiple parameters associated with each phenomena (with diffusion, convection, and 

magnetic drift), and their effects are coupled together (for example, changing the particle 

radius changes both the diffusion coefficient  and the magnetic drift coefficient ). 
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Non-dimensionalizing (i.e. normalizing) the model reduces the number of parameters to 

those that are actually independent [248].  The resulting non-dimensional numbers 

capture the ratio between competing physical effects; they remain the same even if a 

different system of units is chosen; and they are uncoupled in the sense that each non-

dimensional number is the ratio between two competing effects and is independent from 

parameters that make up any third effect (e.g. the Renkin number is a ratio of diffusion in 

tissue versus in blood and does not depend on particle size).  

 

As described in section 2.2, for our idealized blood vessel system, nanoparticle behavior 

is uniquely determined by three non-dimensional numbers: the magnetic-Richardson 

number, the Renkin reduced diffusion coefficient, and the mass Péclet number. If we 

consider two situations A and B in which the blood vessel width, particle size, and 

magnetic field strength differ dramatically, but these two situations share the same three 

non-dimensional Richardson, Renkin, and Péclet numbers, then these two different 

situations will exhibit identical behavior because they will both have exactly the same 

balance of magnetic, diffusion, and convection phenomena. 

 

We now formally derive the non-dimensional form of our model (upcoming equations 

(24), (25), and (26)) from the dimensional form. Repeating equation (17) for clarity 

(20)  

let , , , , and  so each non-

dimensional variable (hatted) is the dimensional variable divided by a characteristic 

quantity. Here , , and  are the characteristic length (the width of the blood 
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vessel), characteristic concentration (the inlet magnetic particle concentration), and the 

characteristic velocity (the maximum centerline velocity in the blood vessel). Using these 

three characteristic quantities, it is further possible to consistently define all other needed 

non-dimensional variables and derivative operators as ,  

and . 

 

Table 2 summarizes the non-dimensional transformations for all variables. The five 

essential dimensional variables (those variables that are bolded in Table 1) reduce down 

to just two non-dimensional numbers, as predicted by the classical theorem of non-

dimensional analysis: the Buckingham Pi Theorem [248]. These two non-dimensional 

numbers are the magnetic-Richardson number and the mass Péclet number. The third 

non-dimensional number considered in the chapter, the Renkin reduced diffusion 

coefficient of the endothelial membrane or the tissue, is required because diffusion in the 

endothelium or the tissue differs from diffusion in the blood. 
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Table 2: The non-dimensionalized variables. 

Parameter Dimensional 

Symbol 

[and units] 

Non-Dimensional 

Version 

Characteristic Quantity Used for 

Non-Dimensionalization 

Particle 

Radius 
 [m] 

 the average width of the blood 

vessel, e.g.  = 0.03 mm for an 

arteriole  

X Length [m] 

Y Length [m] 

Velocity [m/s] 

 the maximum centerline blood 

velocity, e.g.  cm/s for an 

arteriole 

Concentration [mol/m3] 
 the inlet concentration, e.g.  

to  mol/m3 

Time [s] 
Non-dimensionalized by the 

composite quantity  

Diffusion 

Coefficient 
[m2/s] 

Non-dimensionalized by the 

composite quantity  

 

Substituting the non-dimensional variable (or derivative operator) multiplied by the 

constant characteristic quantity for each dimensional variable (or operator) rewrites 

equation (20) as  

(21)    

 . 

Multiplying both sides by  

(22) . 

Canceling and grouping terms, and recalling that  is defined to be  gives 

(23) . 

Defining the mass Péclet number to be  and the magnetic Richardson 

number to be the downward component of the non-dimensional magnetic velocity yields 

Bd
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equation (24) (where the sub-script B has been added to denote nanoparticles in blood 

and the hats have been dropped). Equations for the membrane and tissue are derived in 

exactly the same way.  

 

2.8 Simulation Development 

2.8.1 Non-Dimensional Governing Equations: The 3 Key Numbers 

Non-dimensionalization of the mathematical model is crucial for mapping out ferrofluid 

behaviors; it reduces the number of parameters from the 16 in Table 1 to three key 

independent numbers and it prevents repeatedly solving self-similar cases that have 

differing dimensional parameters but share the same behavior [248]. Non-dimensional 

numbers achieve this saving by capturing the ratios between competing physical effects 

thus illustrating which effects win when and by how much.  

 

As done previously in section 2.7, we non-dimensionalize equation (17) by choosing a 

characteristic length scale (the width of the blood vessel ), a characteristic velocity (the 

maximum centerline velocity in the blood vessel ), and a characteristic 

concentration (the nanoparticle concentration at the blood vessel inlet ), and then 

normalize each variable with respect to these three characteristic quantities. Section 2.7 

defines all the resulting non-dimensional variables and provides a detailed derivation of 

the final equations. After non-dimensionalization, equation (17) becomes 
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(24)  

now where  is the non-dimensional concentration of nanoparticles in the blood and  

is the non-dimensional blood velocity. Equations (25) and (26) are the non-dimensional 

analogs for transport of magnetic particles in the endothelial membrane and in tissue 

respectively 

(25) D

(26) DT

This normalized model is completely parameterized by 4 non-dimensional numbers: the 

magnetic-Richardson number , the mass Péclet number , the Renkin reduced 

diffusion coefficient D for endothelial membrane diffusivity compared to blood, and the 

Renkin reduced diffusion coefficient DT for the diffusivity of tissue compared to that of 

blood. The thin endothelial membrane either effectively acts as a barrier to nanoparticles 

or not, thus it suffices to vary either D (when the membrane limits transport) or DT (if 

tissue limits transport). Since there is little need to vary both, 3 non-dimensional numbers 

are sufficient to completely characterize nanoparticle behavior.  

 

2.8.2 Magnetic-Richardson Number 

Based on the Richardson number [196], [258], we define a magnetic-Richardson number 

as the ratio of the magnetic force to the Stokes drag force that would act upon a single 

stationary particle at the centerline of a blood vessel. The magnetic-Richardson number is 

thus the ratio 
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(27)  

As the magnetic-Richardson number increases to a value greater than unity, the magnetic 

forces experienced by a particle are much higher than the drag forces created by the 

blood velocity. As the number decreases below unity, the blood velocity forces dominate. 

 

For the smallest rat blood vessels, the magnetic force upon an iron oxide 250 nm 

diameter particle at 1 mm depth was 0.1 pN. The Stokes drag force on that same particle 

in a rat blood vessel with a centerline velocity of 0.1 mm/s is 0.7 pN. Therefore the 

magnetic-Richardson number in this case is . 

 

2.8.3 Mass Péclet Number 

Here the mass Péclet number [37], [196], [254] is defined as the ratio of the blood vessel 

width multiplied by the maximum centerline blood velocity to the total diffusion 

coefficient of the nanoparticles within the vessel. At large Péclet values, the blood 

advection of nanoparticles far exceeds their diffusion. 

(28) 
Blood Vessel WidthMaximum Blood Velocity

Total Diffusion Coefficient of Particles
 

Continuing with our rat example, with a centerline velocity of 0.1 mm/s (the slowest 

measured in a rat capillary), a vessel diameter of  å 6 ɛm, and a nanoparticle in blood 

diffusion coefficient of  º 6 x 10
-13

 m
2
/s, the mass Péclet number is  å 1000. 
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2.8.4 The Renkin Reduced Diffusion Coefficient 

The behavior of semi-permeable membranes, such as the blood vessel wall, can be 

modeled by the Renkin reduced diffusion coefficient [37], [38]. This coefficient is the 

ratio of the diffusion coefficient in the membrane to the diffusion coefficient in the blood. 

(29) D
Diffusion Coefficient in Membrane

Total Diffusion Coefficient in Blood
 

As this ratio decreases towards zero, the ferrofluid increasingly remains within the blood 

vessel. As the ratio increases towards unity, the ferrofluid begins to leave the vessel and 

enters the membrane. When this ratio is one, the ferrofluid behaves as if the vessel wall 

did not exist. With this number the permeability of the endothelial membrane can be 

varied in a simple manner. 

 

If pore diameters of a membrane are known, the following equations can be used to 

estimate the ratio of blood to tissue diffusion coefficients 

(30) ,   

where  is the average radius of the pores in a membrane [37], [38], [197]. For normal 

endothelial pores of size  nm in rat capillaries [225]ï[227], D , while in 

leaky blood vessels where   nm, D .  

 

Not only is the ratio of membrane to blood diffusion coefficients important, but the ratio 

of tissue to blood diffusion coefficients impacts particle behavior. Similar to the semi-

permeable vessel wall, tissue diffusivity is highly dependent upon particle size and the 

extra-cellular spacing. Therefore it is necessary to vary this number as well, and this is 

accomplished in Section 2.15.7. 



 54 

 

(31) DT
Diffusion Coefficient in Tissue

Total Diffusion Coefficient in Blood
 

Tissue diffusivity is usually greater than the membrane diffusivity but is typically less 

than the total blood diffusivity. In the rat example, for a tumor extracellular space of 

1 µm, DT  
[37]. 

 

2.9   Numerical Implementation 

Magnetic particle behavior was simulated by using both the commercial multi-physics 

package COMSOL (www.comsol.com) and by an algorithm designed specially to meet 

the signiýcant challenges posed by the Vessel-Membrane-Tissue (VMT) convection 

diff usion problem. The second method is based on a combination of: 1) a graded mesh to 

adequately resolve thin boundary layers; 2) the Alternating Directions Implicit (ADI) 

method [234]; 3) an on-and-off  þuid-freezing methodology that allows for eff icient 

treatment of the multiple-time scales that exist in the problem; and 4) a change of 

unknowns that enables evaluation of steady states in tissue and membrane layers through 

a highly accelerated time-stepping procedure [231]ï[234]. The resulting linear-time 

unconditionally-stable numerical methodology, called the VMT solver, is both 

signiýcantly more accurate and up to four orders of magnitude faster than the COMSOL 

simulation, in addition to being capable of resolving thin boundary layers for cases where 

COMSOL fails. For example, considering the case of , , D , 

DT , on a Intel Xenon quad core 3.1 GHz processor with 80 GB of available 

memory, COMSOL obtained a solution within 48 hours while our VMT solver obtained a 

steady state solution with 5 digits of accuracy in only 5 minutes and using 32.7 MB of 

memory. For another, much more diffi cult case using , , 
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D , DT , our VMT solver obtained a steady state solution with 5 digits of 

accuracy in under 8 minutes and using just 98.3 MB of memory while COMSOL was 

unable to provide a solution.  

 

Full details of the numerical methodology (with additional accuracy and computing 

improvements resulting from use of the novel Fourier Continuation-Alternating 

Directions method [259]) used in the VMT solver will be presented in a forthcoming 

contribution [260].  

 

Below we provide details of both the COMSOL and VMT numerical implementations, 

then a comparison of the two to show that they give the same answer (up to the poorer 

solution accuracy possible with COMSOL is shown in section 2.11). 

2.9.1 COMSOL Implementation 

Software Implementation 

For implementing the model, the software package COMSOL Multiphysics version 3.4 

was chosen initially. This package allowed the geometry specified in Figure 3 to be 

constructed. Equations (24), (25), and (26) were solved for the entire control volume 

using the prescribed blood velocity and magnetic velocity (equations (15) and (14)). 

Simulation times ranged from 15 minutes for the easy cases with , up to 36 

hours for , and were unsolvable for  even when using a high-end 

quad-core 32 GB RAM computer (a typical 2009 desktop PC or laptop has only 4 GB of 

RAM available).   
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Meshing Parameters 

COMSOL computes the solution by using the finite element method; that is by meshing 

the region and numerically integrating the approximate solution of the PDE at all mesh 

points until converged [261]. The mesh sizing must be sufficiently small to capture any 

physics being modeled in the domain. In systems with both advection and diffusion, the 

cell Péclet number sets the mesh sizing dependence on the modeled physical phenomena 

to ensure numerical stability. The cell Péclet number is defined as  

(32)  

where  is the mesh size in any primary coordinate direction. When , the 

solution is guaranteed to be numerically stable [262]. This requirement for stability 

demands small mesh elements due to small diffusion coefficients (for a  

simulation, this requirement translated into  required mesh points and 80 GB of 

available memory, either random access or virtual memory).  The COMSOL simulations 

were solved using a computer that contained a quad-core processor. Using COMSOL and 

this high-end computer we were able to solve cases up to  but higher Péclet 

number cases remained unsolvable (a  would have required  mesh 

points to ensure numerical stability corresponding to a 2000 Terabytes  

Gigabytes of required memory, an infeasible amount). 

 

2.9.2 Vessel-Membrane-Tissue (VMT) Solver 

The VMT solver provided far more capabilities than COMSOL and was both over 500 

times faster than COMSOL and able to solve cases that COMSOL could not. Using the 

VMT solver we were able to resolve all the needed cases to sufficient accuracy to 
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accurately and unambiguously locate the delineations between our 3 observed behaviors. 

The VMT solver is comprised of four distinct components used in combination: 1) a 

graded mesh to adequately resolve thin boundary layers; 2) a change of unknowns that 

enabled evaluation of steady states in tissue and membrane layers through a highly 

accelerated time-stepping procedure [231]ï[234]; 3) an on-and-off  þuid-freezing 

methodology that allowed for efficient treatment of the multiple-time scales that exist in 

the problem; and 4) the Alternating Directions Implicit (ADI) method for solving PDEs 

[234].  

 

To resolve the thin boundary layer that can form at the interface between the vessel and 

the endothelial layer, a typical Cartesian mesh was not adequate. Instead, the VMT 

method used a graded mesh implemented through an exponential change of unknowns of 

the form  

(33) ,  and 

(34) ,    ,    . 

To numerically resolve advection in the vessel, we began by using a small time step, 

. This presented a problem, however, because diffusion in the membrane and 

tissue can be small. Therefore using this time step required a long simulation time in 

order for the concentration to reach steady state. If the time step was taken to be much 

larger, we risked being unable to resolve ferrofluid advection in the vessel. To overcome 

this difficulty, we periodically ófrozeô and óun-frozeô the concentration in the blood 

vessel. Freezing occurred once the concentration in the blood vessel approached steady 

state allowing for only the concentration in the membrane and tissue to be evolved. 
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Evolution of the concentration in only the membrane and tissue continued until the 

freezing approximation was no longer accurate, at which time we unfroze the 

concentration in the blood, and evolved the entire system at a significantly reduced time-

step until freezing could be performed again. The process was repeated until steady-state 

in the complete system was reached.  

 

In order to quickly obtain steady states in the membrane and tissue regions for each 

frozen vessel concentration, we performed a transformation that allowed us to take 

advantage of a fast steady-state solver based on selection of adequately chosen, very large 

time-steps. The required transformation was a change of unknowns 

(35)  

that eliminated the magnetic term in the PDE for the membrane and tissue, converting the 

convection diffusion spatial operator to a spatial operator of Helmholtz type 

(36) 
D

DT

. 

We then selected time-steps in a form described in [263], that is (36) 

(37)  

where 

(38) ,     

 is the step size in the -direction in the membrane, and  is the iteration number. This 

was done in conjunction with freezing the concentration in the vessel to obtain fast 

convergence.  
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An essential element of the overall VMT solver was the Alternating Directions Implicit 

(ADI) methodology ýrst introduced in [231]ï[234]. Based on reducing a given PDE into 

separate ODEs through the factorization of terms associated with a particular variable, 

ADI methods require line-by-line solutions of small sets of simultaneous equations. The 

key feature of these methods is their unconditional stability, thus permitting our VMT 

solver to avoid the extremely small time-steps imposed for stability by explicit schemes 

in the presence of small diffusion coeff icients and allowing the use of the eff icient time-

stepping scheme described earlier. The ODEs generated from this method can be solved 

by using a variety of methods. Because of the rectangular geometry being considered for 

the VMT solver, a standard Finite Difference approach was used. For general (e.g. 

curved) domains, another approach is required. The only available methodology that 

gives rise to unconditionally stable numerics for the Alternating Directions method in 

general non-rectangular domains is the Fourier Continuation-Alternating Directions (FC-

AD) approach introduced in [259]. By solving the ODEs generated in the ADI algorithm 

through the use of Fourier Continuation methods [264], the FC-AD algorithm has the 

ability to yield high-order accurate, unconditionally stable solutions in essentially linear 

time. The FCAD algorithm is currently being implemented for future simulations of þow 

through more complex vasculature geometries and will be presented in a forthcoming 

chapter, [260]. 

 

2.10 Determination of Experimental Domains 

In vivo experiments often contain a wide range of physical variables that fold into the 

development of the three non-dimensional numbers. These numbers are dictated by the 
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biology of the system studied and include items such as varying blood vessel widths, 

blood vessel velocities, and diffusion coefficients within various tissues, membranes, and 

blood vessels. Typically, information is not known about the exact physical variables 

experienced by every nanoparticle within the animal or human at any specific time. Some 

particles can be within liver regions, while others are floating within skin tissue. 

Therefore, the analysis of the entire biological system must include educated estimates 

for the expected range of all the key non-dimensional numbers. Our three non-

dimensional numbers are written again below with the biologically varying parameters 

marked by a double underline: 

(39) 
Magnetic Force at Centerline

Stokes Drag Force at Centerline
 

(40) 
Blood Vessel Width Ĭ Maximum Blood Velocity

Total Diffusion Coefficient of Particles
 

(41) D
Minimum Diffusion Coefficient in Membrane or Tissue

Total Diffusion Coefficient in Blood
 

 

2.10.1 Magnetic-Richardson Number Range 

As shown in equation (39), the magnetic-Richardson number is only dependent upon one 

biological variable: the centerline blood velocity. Therefore the range of the magnetic-

Richardson number is as follows 

(42)  

where  is the centerline (maximum) velocity in the blood vessel and 
 
and

 
 

denote the maximum and minimum of this velocity across physiological conditions, at 

major veins versus capillaries respectively.  
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2.10.2 Renkin Reduced Diffusion Coefficient Range 

Equation (41) illustrates the fact that the Renkin reduced diffusion coefficient is 

dependent upon the diffusion in the membrane, the diffusion in the tissue, and the 

scattering diffusion coefficient due to blood vessel size and velocity. The tissue and 

membrane diffusion coefficients are properties of the tissue and can range from a lower 

bound of ózeroô when the particle is larger than the membrane pores or tissue interstitial 

spaces, to an upper bound equal to the diffusion coefficient within the blood. The 

scattering diffusion coefficient can be estimated by using the following formula [131] 

(43)  

where the dimensionless coefficient is , the red blood cell radius is 

 m, and  is the shear rate at the vessel wall. Therefore the range for 

all Renkin reduced diffusion coefficients is  

(44) D
min

 

 

2.10.3 Mass Péclet Number Range 

The mass Péclet number varies with more complexity than the other two numbers as is 

evident from equation (40). The numerator varies not only with the centerline velocity of 

a vessel but also with the diameter of that vessel. Physiologically the velocity is also 

dependent upon the diameter of the vessel and the exact shape of this dependency is not 

linear. In addition the denominator is also dictated by the scattering diffusion coefficient 

that is governed by the vessel diameter. From equations (39) and (41), the needed 

dependencies and bounds on the Péclet number are 
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(45)  

(46) min min

max

min

max max

min

max

 

To understand the shape of the mass Péclet curve, the relationship between the vessel 

diameter and centerline blood velocities must be known or estimated. For some 

organisms, i.e. humans, this relationship is well known [265] and appropriate bounds for 

these data points can be determined. For other organisms, i.e. rats, the relationship is not 

well known and bounds must be estimated more roughly to allow all possibilities. Figure 

5 shows the relationship within humans for the vessel diameter to the vessel velocity 

[265] with our two chosen bounding curves for the data shown.  

 

 

Figure 5: Relationship between vessel diameter and blood vessel velocity within humans [265]. 

Our chosen upper and lower limits to bound the data are shown. 
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The combination of these ranges for the non-dimensional numbers generates the shape of 

the experimental domains seen in Figure 15 of the main text. These domains are simple 

(conservative) rectangles when only general physiological information is known 

(Bergemann, Widder), they are tighter curved domains for the situation in humans 

(Lübbe) where more specific physiological information is available.  

 

2.11 Comparison of COMSOL versus VMT 

Up to the accuracy possible in COMSOL, the two numerical methods provide the same 

answers. Below we show two side-by-side comparisons: one easy case in which the 

COMSOL solution accuracy is sufficient (here there is a very good match between 

COMSOL and VMT) and one medium-difficulty case where COMSOL was able to find 

a solution but the accuracy of VMT is better. For hard (high Péclet number) cases, 

COMSOL cannot provide a solution and VMT is the only option.  

 

 

Figure 6: Easy case at a , , D . Cross-sectional magnetic nanoparticle 

concentration for steady state for both COMSOL and the VMT method. The percent error is 

calculated by (CComsol ï CVMT)/CVMT.  
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Figure 7: Medium case at a , , D . Cross-sectional magnetic 

nanoparticle concentration for steady state for both COMSOL and the VMT method. The percent 

error is calculated by (CComsol ï CVMT)/CVMT. 
 

2.12 The Three Prototypical Behaviors 

Each simulation of equations (24), (25) and (26) calculated the time sequence and ending 

equilibrium concentration of ferromagnetic nanoparticles as a function of location in 

blood and tissue. From this concentration data, cross-sectional plots spanning the 

diameter of the tissue-vessel system were generated. By varying the three non-

dimensional numbers, three distinct particle behaviors were observed. These behaviors 

were then delineated on a plot of Renkin reduced diffusion coefficient versus magnetic-

Richardson number for a given mass Péclet number (Figure 9). Péclet number 

dependence is subsequently shown in Figure 10 and Figure 11.  

 

The three prototypical behaviors are shown below with an early, intermediate and steady 

state time snapshot. 
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Figure 8: The three prototypical behaviors: A) magnetic force dominated case ( , D ), 

B) velocity dominated case ( , D ), and C) boundary layer formation ( , 

D ). (A) The magnetic force dominated case shows a cross-sectional concentration of the 

magnetic nanoparticles for three times at  seconds (early), 0.3 seconds (middle), and at 

equilibrium, at . Particles are pulled towards the magnet and out through the bottom of 

the tissue resulting in a constant concentration equal to the blood inlet concentration. Here the 

tissue diffusion is set to equal the diffusion in the endothelial membrane. (B) Velocity dominated 

shows a cross-sectional concentration of the magnetic nanoparticles for three times at  

seconds (early), 18 seconds (middle), and at equilibrium, at . Particles are washed out 

before they generate a significant boundary layer along the vessel wall. At long times diffusion 

equilibrates the concentration between tissue and blood. Here the tissue Renkin number is set at 

DT D, which means it is ten times as easy for particles to diffuse through tissue than through 

the endothelial membrane. (C) Boundary layer formation shows a cross-sectional magnetic 
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nanoparticle concentration for three times at  seconds (early), 30 seconds (middle), and at 

equilibrium, at . (i) The steady state profile for . Here the particle 

concentration is shown on the same linear scale as in other time snap shots. (ii) The steady state 

profile for a higher magnetic-Richardson number, for . Here both the particle 

concentration and the cross-sectional plot are shown on a log scale. In both boundary layer cases 

(  and ) the particles build-up along the vessel membrane on both the vessel side 

and within the membrane. The boundary layer forms very rapidly. In (ii) the membrane particle 

concentration is sufficiently high to cause a concentration in the tissue greater than the vessel 

inlet concentration. In both (i) and (ii) the tissue Renkin number is set at DT D  which means 

it is ten times as easy for particles to diffuse through tissue than through the endothelial 

membrane. 

 

2.12.1 Magnetic Force Dominated Behavior 

In this regime the applied magnetic forces dictate particle behavior. Here the magnetic 

forces control the transport of the particles irrespective of the blood drag forces. It turns 

out that when the magnetic force is dominant and is constant, the equilibrium 

concentration will approach a constant value throughout the tissue-vessel system being 

considered. The constant downward magnetic force pulls the nanoparticles from the 

blood vessel inlet downwards into the tissue and out the bottom, and any transient 

concentration gradients are smoothed out by diffusion. Here the maximum concentration 

never exceeds the inlet concentration, as shown in Figure 8(A). This is a reasonable result 

since we are assuming the blood vessel sees a constantly replenished supply of 

nanoparticles (from the rest of the body). The applied (approximately constant) magnetic 

force and diffusion then serve to distribute that concentration of nanoparticles equally 

throughout the region of tissue below the blood vessel and above the magnet. Here the 

applied magnetic field does not concentrate particle concentration in the blood vessel or 

surrounding tissue. 
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2.12.2 Velocity Dominated Behavior 

In velocity or Stokes drag dominated behavior the blood drag force on a stationary 

particle far exceeds the magnetic and diffusion forces. Here the blood velocity washes the 

particles out the back of the vessel before magnetic forces have had a chance to affect 

them, as shown in Figure 8(B). Since the inlet of the vessel is always refreshing the fluid 

flow with the inlet concentration, the overall concentration in the blood remains near that 

of the inlet concentration. Particle concentration in the tissue is much lower even for long 

times but eventually, by diffusion, reaches a steady state where the concentration in the 

tissue is equal to that in the blood vessel. This case acts as if there is no magnet at all 

since blood forces far exceed its effect. Due to the speed of each effect, different time 

scales for the óearlyô and ómiddleô frames were chosen in Figure 8 so that the middle 

panels could illustrate the intermediate concentrations of each behavior.  

 

2.12.3 Boundary Layer Formation 

The boundary layer regime occurs when the magnetic and blood drag forces are 

comparable; it is the most interesting case. Figure 8(C) illustrates this case. In this 

regime, the nanoparticles build-up near the vessel wall, either inside the vessel where the 

blood velocity is near zero and/or in the membrane next to the vessel build-up (by 

diffusion). The concentration elsewhere in the blood essentially remains at the set inlet 

concentration. In this case the concentration of nanoparticles near the vessel wall can 

exceed the inlet concentration by double or higher. Compared to the previous velocity 

dominated behavior, which also exhibits a slight build-up of particles along the vessel 

wall, we define the ferrofluid behavior as forming a boundary layer when 
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(47) .  

In addition, it is this case which has the potential to increase the nanoparticle 

concentration within the tissue to above the unit (blood inlet) concentration, Figure 

8(C(ii)). It is this boundary layer regime that illustrates how a focusing of nanoparticles is 

possible even if the magnetic force is substantially smaller than the centerline drag force 

(as in the rat example of Figure 2b). 

 

While this behavior is desired for magnetic drug targeting, there are important 

considerations when a large concentration build-up occurs within the vessel membrane. If 

the particles carry a therapeutic compound, it is possible that undesired treatment of the 

vessel membrane will occur. This potential side effect is important to evaluate while 

developing a magnetic drug targeting treatment. 

 

2.12.4 Mapping the Behavioral Space 

Summary of Behaviors under Non-dimensional Number Variations 

For ferro-magnetic nanoparticles under the action of diffusion, blood convection, and a 

magnetic force in a straight idealized blood vessel surrounded by tissue, we find three 

behavior regimes: magnetic dominated, blood velocity dominated, and a boundary layer 

formation regime.  Only in the boundary layer case is the ferrofluid concentrated by the 

applied magnetic field (Figure 8(C)). In the magnetic and velocity dominated cases it 

escapes, either out the bottom of the tissue or through the blood vessel outlet. In these 

two cases it is only the constant re-supply of ferrofluid at the vessel inlet that provides the 

steady state ferrofluid concentrations shown in Figure 8(A and B). 
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Figure 9: Magnetic nanoparticle behaviors as a function of the magnetic-Richardson and Renkin 

reduced diffusion coefficient non-dimensional numbers. The mass Péclet number was held 

constant. Three regions are shown: the magnetic dominated region at the top (the thin solid blue 

region); the velocity (Stokes drag) dominated region on the left (dashed lines region); and the 

boundary layer formation region on the right (wavy lines region). Notice that boundary layer 

build-up behavior is still possible even if the magnetic force is just 0.01% of the Stokes drag force 

at the vessel centerline, i.e. at . The boundary between the velocity and boundary 

layer build-up regions is diffuse as shown schematically by the thickness of the fuzzy gray line 

separating them.  

 

For the simulation results below, the behavior of any case is grouped into one of these 3 

regimes by analyzing the equilibrium concentration profile across the vessel cross-

section. If the steady state cross-sectional concentration is uniformly equal to the inlet 
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concentration then the behavior is classed as magnetic dominated; if the steady state 

vessel wall concentration build-up is less than + 1% of the inlet concentration then it is 

classed as velocity dominated; and if the cross-sectional concentration exhibits high 

vessel wall concentration build-up then it is classed as boundary layer formation. In all 

cases, this classification exactly matches the qualitative classification based on transient 

and equilibrium behavior shown in Figure 8.  

 

According to the range of dimensional parameters given in Table 1, the three key non-

dimensional numbers were correspondingly varied between 10
-8
 and 30 for the magnetic-

Richardson number, between  and 1 for the Renkin reduced diffusion coefficient, 

and between 30 and  for the mass Péclet number. To examine the behaviors at a 

constant mass Péclet number, simulations were conducted over a logarithmically-spaced 

grid of 7 magnetic-Richardson and 5 Renkin numbers. Then, to determine the 

dependence on the Péclet number, the Péclet number was varied over 7 values while the 

Renkin number was held constant and the Richardson number was varied. This provided 

a general understanding of the non-dimensional number space. To precisely identify the 

locations of delineations between the 3 behavioral domains, simulations were completed 

over two fine grids. First, a fine grid of 10 magnetic-Richardson, 1 Renkin, and 9 Péclet 

numbers was used. Then, a grid of 13 Renkin, 6 magnetic-Richardson, and 7 Péclet 

numbers was used. In total, this yielded 720 cases that were simulated and analyzed. 

Figure 9 and Figure 11 below summarize the results and show the behavior delineations. 

Then random cases were simulated to verify the defined delineation regions. 
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Figure 10: Behavioral dependence upon mass Péclet number. As the mass Péclet number 

decreases, the delineation between behavior types shifts to the right (to larger magnetic-

Richardson numbers). In addition, at lower mass Péclet numbers, the magnetic dominated region 

increases in size towards lower Renkin reduced diffusion coefficients. 

 

Figure 9 illustrates the behavior trends at a mass Péclet number of 333 (i.e. the 

convection of the nanoparticles is 333 times faster than their diffusion through the blood 

vessel width). It shows the regions in which the three behavior types occur. The velocity 

dominated region occurs at low magnetic-Richardson numbers where the Stokes drag 

forces are much larger than the magnetic forces. Meaning, there is a cutoff value at which 

the Stokes drag forces are able to overcome the magnetic forces sufficiently so that 

concentration build-up within the vessel is negligible. In contrast, at moderate and higher 

magnetic-Richardson numbers, the Stokes drag forces are not as effective and a highly 
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concentrated boundary layer develops. However, as the Renkin reduced diffusion 

coefficient is increased, this ferrofluid boundary layer region occurs less readily, because 

any build-up of particle concentration in the endothelium can more easily diffuse out into 

the vessel and be swept away by blood convection. Thus the velocity dominated behavior 

will also occur in circumstances where the membrane provides a weaker barrier to 

particle movement described by a larger Renkin reduced diffusion coefficient. This is 

shown by the curving gray line in Figure 9. But, at near unity Renkin reduced diffusion 

coefficients, the diffusion coefficients in the blood, endothelial membrane, and tissue are 

approximately the same and the particles see no difference between these three media 

leading to magnetically dominated behavior where magnetic forces pull particles 

downwards through the membrane and tissue towards the magnet. 

 

Figure 10  illustrates the shift in behavior regimes with changing mass Péclet number. 

The changing Péclet number moves the behavior regimes on the magnetic-Richardson 

and Renkin axes. As the mass Péclet number decreases, i.e. as particle diffusion increases 

compared to their convection, the boundary between the velocity dominated and the 

boundary layer region shifts towards larger magnetic-Richardson numbers where larger 

magnetic forces are required to overcome the Stokes drag forces. As the particles are able 

to move more freely due to higher diffusion effects, they do not easily concentrate within 

the vessel and require larger magnetic forces to retain them near the vessel wall. In 

addition, it can be seen that at low mass Péclet numbers (), the magnetic dominated 

region begins to grow in size and stretch to lower Renkin reduced diffusion coefficients. 
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Figure 11: The delineation of the boundary between the velocity dominated and boundary layer 

formation regimes is denoted by  (left panel, it is measured along the magnetic-Richardson axis 

at a Renkin coefficient of ) and it depends on the mass Péclet number (right panel). The 

stated equation provides a convenient fit of  versus  for the curve shown in red.  

 

The shift in the velocity-dominated/boundary formation behavior delineation, , due to a 

mass Péclet number change can be approximated by a power law fit 

 that has an  value of 0.99998 (Figure 11). As the mass Péclet number 

increases, the delineation shifts to smaller magnetic-Richardson numbers. At a mass 

Péclet number of ,  and the characteristic behavior will be boundary 

layer formation. This suggests that at very large mass Péclet numbers (at very high blood 

velocities in big vessels) the nanoparticles will build-up along the blood vessel even with 

very small applied magnetic forces. This is because we assume that the particles continue 

to be supplied at a constant concentration at the inlet of the blood vessel (Figure 3) from 

the rest of the body. As they flow quickly to the right, the downward magnetic force 

brings them to the blood vessel wall predicting a sharp boundary layer due to the now, in 

comparison, small effect of diffusion. In practice when there are very large blood 
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velocities, only few nanoparticles immediately near the blood vessel wall will be 

captured during the short time that the nanoparticles remain within the vessel before they 

flow out the back. This leads to a very thin boundary layer formation of only a few 

particles at high mass Péclet numbers.  

 

 

Figure 12: Concentration at the blood vessel wall ( ) versus magnetic-Richardson 

number for a given mass Péclet number. Curves associated with each constant mass Péclet 

number are shown in blue. The red line illustrates a concentration cutoff requirement of  

for boundary build-up behavior. Any magnetic-Richardson number larger than the intercept 

between the red line and blue curve for a given Péclet number (shown by a downwards purple 

triangle) will exhibit a boundary build-up behavior. The dotted orange line shows cutoffs for a 

higher vessel wall concentration requirement of . 

 

Figure 12 can be used to determine the blood vessel concentration ( ) for a 

given magnetic-Richardson number and mass Péclet number. The blue curves correspond 

to constant mass Péclet numbers and illustrate the blood vessel wall concentration's 

dependence upon magnetic-Richardson number. The concentration cutoff requirement of 

 (equation (47)) is depicted by a red line, while an alternate equally-valid cutoff 
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requirement of  is depicted by a dotted orange line. While equation (47) was used 

to define the behavior boundary delineation, a larger blood vessel wall concentration 

could easily be chosen and determined by Figure 12. 

 

Figure 9, Figure 10, Figure 11, and Figure 12 can be used to quickly look up the expected 

behavior of any magnetic drug focusing experiment. For an in vivo setting, from a 

knowledge or expectation of the experimental parameters, the magnetic field strength, the 

magnetic field gradient, particle size, considered blood vessel depth, width, blood 

centerline velocity, and membrane pore size, the designer should compute or estimate the 

magnetic-Richardson number (equation (27)), the Renkin reduced diffusion coefficient 

(use the smaller of the two Renkin numbers between the endothelial membrane (29), and 

the tissue (31)), and the Péclet number (equation (28)). Then look up the resulting 

expected behavior in Figure 9 or Figure 10. (Use the  fit equation of Figure 11 to find the 

location of the boundary between the velocity and boundary layer formation cases if your 

Péclet number is not one of those shown in Figure 10.) 

 

The analysis above predicts experimental results in the literature extremely well, for both 

in-vitro and in vivo cases (see the next section). However, it still treats an idealized case. 

Additional model features, such as pulsatile blood flow, curved blood vessels, particle 

agglomeration, and skin boundary conditions are included in Section 2.15. Except for the 

effect of skin, which can significantly distort the ferrofluid concentration profile for 

blood vessels very near it, we find that none of these effects make a substantial difference 
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ï the behavior is still magnetic dominated, velocity dominated, or forms a boundary layer 

essentially as outlined in Figure 9 and Figure 11.  

 

2.13 Comparison with Experiments 

Several experimental studies currently published ranging from in-vitro glass vessels to in 

vivo animal targeting have been studied and compared to our predicted behavior. Each 

experiment can be compared against Figure 9, Figure 10, Figure 11, and Figure 12. We 

find excellent agreement between prior published experimental observations and our 

predictions ï in fact, there are multiple cases where we can now explain behavior that 

was not previously understood.  
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Table 3: Parameters for experimental studies reviewed in Sections 2.13.1 to 2.13.5. Bolded items 

are quantities used to determine our three characteristic non-dimensional numbers. Here 'cp' and 

óMô are used to denote capillary and major blood vessel properties respectively. óSmô and óLgô 

denote small and large ranges. óN/Aô denotes inapplicable variables because the experiments 

were completed within glass tubes. ó--ô denotes unknown variables that are not needed because 

the magnetic forces were either supplied or could be otherwise be calculated.  

Parameter Ganguly Xu Widder  Bergemann Lübbe 

Particle Radius   5 nm 10 nm 7 nma |0.5 µmb 125 nm 50 nm 

Distance to 

Magnet 
  1 mm -- 5 mm 1 mm 0.5 cm 

Field Strength  

Magnetic Intensity 

 

 
 

1.3 T 

1 x 106 A/m 
-- 

0.55 T 

4.3 x 105 A/m 

0.5 T 

3.9 x 105 A/m 

0.8 T 

6.3 x 105 A/m 

Magnet Length   6 cm -- -- 5 cm 3 cm 

Magnetic Force   4 x 10
-5
 pN 2.6 x 10

-5
 pN 0.12 pN  pN 3 x 10

-2
 pN 

Maximum Blood 

Velocity 
 
cp 

4.8 mm/s 
5.3 mm/s * å 0.1 mm/s å 0.1 mm/s å 0.5 mm/s 

M 100 mm/s ** å 20 cm/s å 20 cm/s å 10 cm/s# 

Vessel Diameter  
cp 10 mm 

(3effective) 
2 mm 

º 6 ɛm º 6 ɛm º 7 ɛm 

M º 1 mm º 1 mm º 5 mm 

Fluid Viscosity   0.001 Pa s 0.001 Pa s 0.003 Pa s 0.003 Pa s 0.003 Pa s 

Stokes Drag Force  
cp 

0.5 pN 
1 pN *  3 pN 0.7 pN 1.4 pN 

M 20 pN **  6 nN 1.4 nN 0.28 nN 

Blood Diff. Coeff.   4x10-11 m2/s  2x10-11 m2/s  1x10-13 m2/s 6x10-13 m2/s 1x10-12 m2/s 

Scattering Diff. 

Coef.  
 

cp 
N/A N/A 

0 0 0 

M 1x10-9 m2/s 1x10-9 m2/s 6x10-10 m2/s 

Membrane Diff. 

Coef. 
 

Sm 
N/A N/A 

0 0 0 

Lg 1x10-13 m2/s 6x10-13 m2/s 6x10-13 m2/s 

Tissue Diff. Coef.  
Sm 

N/A N/A 
0 0 0 

Lg 1x10-13 m2/s 6x10-13 m2/s 6x10-13 m2/s 

Diffusion 

Coefficient 
 

cp 
4x10

-11
 m

2
/s 2x10

-11
 m

2
/s 

1x10
-13

 m
2
/s 6x10

-13
 m

2
/s 1x10

-12
 m

2
/s 

M 1x10
-9
 m

2
/s 1x10

-9
 m

2
/s 6x10

-10
 m

2
/s 

Magnetic-

Richardson 

Number 

 
cp 

9 x 10-5 
2.5 x 10-5 *  0.04 0.14 0.025 

M 1.3 x 10-6 **  2 x 10-5 1.5 x 10-4 1.3 x 10-4 

Mass Péclet 

Number 
 

cp 
3.6 x 105 

5.3 x 105 4 x 103 1 x 103 3.5 x 103 

M 1 x 107 2 x 105 2 x 105 8.3 x 105 

Renkin Reduced 

Diffusion 

Coefficient 

D 
Sm 

N/A N/A 
º 0 º 0 º 0 

Lg º 0.05 º 0.56 º 0.8 

Behavior 

Boundary Position 
 

cp 
1.6 x 10-6 

1 x 10-6 2.2  x 10-5 5 x 10-5 2.4 x 10-5 

M 7.2 x 10-8 2.2 x 10-6 2.2 x 10-6 4.4 x 10-7 

(*) 100% retention of particles; (**) 15% retention of particles; (
#
) ignores vena cava and 

aorta velocities; (
a
) radius of magnetite particle; (

b
) radius of microsphere or liposome. 
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2.13.1 Analyzing Ferrofluid Transport for Magnetic Drug Targeting [228] 

Ganguly et al. attempted to capture ferrofluid particles within a glass tube containing a 

moving fluid by using a permanent magnet located beneath the tube. The set-up is 

analogous to the one presented in this chapter allowing for an easy comparison. Table 3 

shows the parameters used in this experiment and the corresponding values of our three 

non-dimensional numbers.   

It is important to note that in this experiment, the particles are injected into the bottom 

1/16
th
 section of the glass pipe. They continue axially along this radial location until they 

encounter the magnet. Therefore, although the maximum velocity of the fluid within the 

pipe is 2.5 cm/s, the maximum fluid velocity experienced by the particles is 4.8 mm/s 

(assuming a parabolic velocity profile). This produces the , , and D non-dimensional 

numbers noted in the óGangulyô column of Table 3. 

 

Here the Renkin reduced diffusion coefficient is not applicable because there is only a 

single vessel domain. Thus, the behavior of the particle concentration is dependent solely 

upon the magnetic-Richardson and mass Péclet numbers. The mass Péclet number leads 

to the estimation of the velocity/ boundary layer delineation position . By comparing 

this value to the magnetic-Richardson number, the behavior type can be determined. 

Since  this places the predicted behavior squarely within 

the boundary layer formation regime (even though the centerline Stokes drag far exceeds 

the maximal applied magnetic force, ). We thus correctly predict the 

experimentally observed boundary-layer formation region where the usual Stokes drag 

vs. magnetic forces back-of-the-envelope analysis fails.  

l
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2.13.2 Site-directed Research of Magnetic Nanoparticles in Magnetic Drug 

Targeting [106] 

Similar to the experiment described above, Xu et al. captured moving nanoparticles 

within a glass tube using a permanent magnet. Xu's experiment, in contrast to Ganguly, 

includes a magnet located farther away and a spherical capturing chamber is used (the 

glass tube spreads out into a spherical bulb and then goes back to a straight tube). The 

bulk fluid velocity was adjusted, and the retention percentage within the capturing 

chamber was quantified for various speeds. The authors noted that the retention was 

100% at a 5.3 mm/s and å 15% at 100 mm/s. The parameter values for these cases are 

shown in Table 3 under 'Xu'. 

 

Similar to Gangulyôs experiment, due to a single vessel domain the Renkin reduced 

diffusion coefficient is not applicable. As above, the delineating boundary position  and 

the magnetic-Richardson number  are compared for the two cases Xu et al. considered. 

When the fluid velocity is 5.3 mm/s, the magnetic-Richardson number is x 25 larger than 

the behavior delineation . This comparison implies behavior well within the boundary 

layer regime. However, to correlate this behavior to the measured capture percentage 

requires determination of the boundary thickness that develops before the capture region. 

Since nanoparticles were not pre-mixed with the fluid but instead injected into the flow, 

the particles retain their initial injection position within the flow section. If the particles 

are assumed to be in the lower quarter of the flow near the magnet (a reasonable 

assumption if the particles were injected with minimal velocity), then the boundary layer 

that is swept into the spherical capturing chamber can be determined. If the particles are 

l
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flowing at 5.3 mm/s then the capture percentage predicted by a simulation of this case 

was å 100% which matches the measured 100% retention by Xu et al. When Xu set their 

velocity to the higher 100 mm/s value, only 15% of the particles were captured in their 

experiment. In this case the delineating boundary position l is a little closer to the 

magnetic-Richardson number ( is  greater then ). The percentage captured 

predicted by a simulation of this case was 13%, which closely matches the 15% retention 

measured by Xu et al. 

 

Xu et al. commented that the standard force comparison (capture force requirements 

versus magnetic forces) did not predict the occurrence of their observed behavior. They 

suggested that the particles agglomerated to generate large magnetic forces. While 

agglomeration may increase magnetic force upon the concentration of particles (see 

Section 2.15.5), our more subtle comparison of magnetic forces versus Stokes drag forces 

away from the channel centerline is sufficient to correctly predict Xuôs results.   

 

2.13.3 Tumor Remission in Yoshida Sarcoma-Bearing Rats by Selective 

Targeting of Magnetic Albumin Microspheres Containing Doxorubicin [36], 

[266] 

Widder et al. conducted in vivo experiments on rats to target tumors located on the tail 

using magnetically responsive microspheres and an external magnet. These microspheres 

are composed of a coat of albumin surrounding magnetic material (magnetite 

nanoparticles with 10-20 nm diameters) and a chemotherapy agent (doxorubicin).  

Magnetic material composition within microspheres has a wide range but is typically 
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between 20% to 50% by weight (w/w) [195]. Knowing the density of the albumin shell 

(1.36 g/ml [267]), the number of particles within a 1-micron sized microsphere can be 

approximated (å 6000 for 20% w/w). They injected the ventral caudal artery near the rat 

tail tumors with these magnetically responsive albumin microspheres. The permanent 

bipolar adjustable gap magnet was positioned around the tumor and held for 30 minutes. 

For cases in which the magnet was applied, the rats saw decreased tumor size over the 

length of the experiment. Without a magnet, the rats usually had an increased tumor size 

and eventually died during the experiment. These data suggests that the magnetic 

particles were concentrated by the magnet at the tumor location. 

 

Table 3 shows the numbers for this experiment. There is a range of appropriate magnetic-

Richardson numbers here, from  (for small capillaries) to  (for 

major vessels). Likewise, the Péclet number varies from  to . Finally, the 

Renkin diffusion coefficient, determined from Equation (30), ranges between D  

when in sinusoidal capillaries (liver, spleen and bone marrow) and essentially zero when 

in continuous capillaries and fenestrated capillaries. For tumors with leaky vessels that 

have an average membrane pore size of 600 nm, the maximum Renkin number is 

D . Based on this, we predict that the behavior delineation position will be 

 for capillaries and  in large vessels. Since the delineation 

position is well to the left of the magnetic-Richardson number, the behavior will 

primarily be boundary layer formation. We thus predict, except for situations where the 

Renkin number approaches unity (for damaged or sinusoidal vessels), that the particles 

can be accumulated to higher concentrations due to a boundary layer formation in the tail 
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for all physiological conditions ï for small and large vessels, with fast and slow blood 

vessel velocities. Since the rat tumors decreased in size due to magnetic forces, it is 

reasonable to conclude that the magnetic particles were targeted into and around the 

tumor location. This matches our theoretical predictions above.  

 

2.13.4 Preclinical Trials Experiences with Magnetic Drug Targeting [31], [220]  

The rat experiments of Figure 2b are used as an example throughout this chapter. The 

non-dimensional numbers for these experiments are summarized in Table 2 under 

óBergemannô. Here, for a 1 mm focusing depth, the magnetic-Richardson number  

varies from 0.14 in capillaries to  in large vessels and the Péclet number varies 

similarly from 1000 to . The Renkin reduced diffusion coefficient is effectively 

zero for continuous and fenestrated capillaries. In sinusoidal capillaries, the Renkin value 

is approximately D  and within leaky vessels with an average pore size of å 600 

nm the Renkin value is D . From these values, the behavior delineation position is 

predicted to be  in capillaries and  in large vessels.  
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Figure 13: Predicted ferrofluid concentrations for 1 mm deep magnetic targeting in the rat 

experiments of Figure 2b. An initial, intermediate, and final (steady-state) time are shown for 

capillary (slowest blood flow, mm/s) and a major blood vessel (fastest blood flow, 

 cm/s). Contrary to the crude estimate in the introduction, magnetic focusing is 

predicted even in the major blood vessels.  

 

Since  far exceeds , both capillaries and large vessels at ¢ 1 mm depth will experience 

a boundary layer formation behavior, except for situations where the Renkin number 

closely approaches unity (for damaged vessels) then velocity dominated behavior occurs. 

Figure 13 shows the predicted transient and equilibrium ferrofluid concentration for a 

capillary and major blood vessel at 1 mm depth near the magnet. Ferrofluid focusing is 

seen near the blood vessel wall for both the slowest (capillary) and the fastest (major 

artery) blood flow. 
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2.13.5 Clinical Experiences with Magnetic Drug Targeting [14] 

Lübbe has performed phase I human clinical trials for the treatment of head, neck and 

breast cancer shallow (near the skin) tumors (last column in Table 3 under óLübbeô). At 

the surface of the tumor (at a 0.5 cm distance from the magnet) the magnetic-Richardson 

number varies from 0.025 in capillaries to  in large vessels and the Péclet 

number varies similarly from 3500 to . The Renkin reduced diffusion coefficient 

is effectively zero for continuous capillaries. In fenestrated capillaries and sinusoidal 

capillaries the Renkin value is respectively D  and D . Within leaky vessels 

with an average pore size of å 600 nm the Renkin value is D . From these values, 

the boundary position delineation is predicted to be  in capillaries and 

 in large vessels. 

 

We find that the magnetic-Richardson number  is several orders of magnitude larger 

than the behavior delineation position value  at the surface of the tumors. Therefore, a 

boundary layer formation behavior is predicted at tumor surfaces. A boundary behavior, 

however, will still occur at some distance within the tissue as long as the magnetic force 

upon those deeper particles keeps the magnetic-Richardson number within the boundary 

layer formation regime. The depth of boundary layer formation can be determined within 

a given force field for physiological blood velocities (capillaries and large vessels) as 

shown in Figure 14. Up to a depth of 5 cm and 7.9 cm for large vessels and capillaries 

respectively, the particles will exhibit a boundary layer behavior. After these cutoff 

distances, the nanoparticles will exhibit a velocity dominated behavior and will be 

washed away by blood flow in major and minor blood vessels respectively. Between a 



 85 

 

distance of 5 cm and 7.9 cm, the particles will transition from a complete boundary layer 

behavior to a velocity dominated behavior getting washed away first in larger vessels that 

exhibit a higher blood velocity.  

 

 

Figure 14: Focusing depth for the Lübbe 0.8 Tesla human clinical trials experiments. The magnet 

is positioned a distance of 0.5 cm from the skin. The predicted depth of the boundary layer 

formation, transition, and velocity dominated regions is shown. For particles deeper inside the 

body, the magnet is unable to exert a sufficient magnetic force (shown on the right) to generate a 

ferrofluid boundary layer behavior. Focusing of magnetic nanoparticles is predicted to be possible 

in major vessels up to a 5 cm depth, and in capillaries to a greater 7.9 cm depth.  

 

During Lübbeôs clinical trials, nanoparticles were observed to be targeted approximately 

within 5 cm [268] of the magnet located at the tumor site by magnetic resonance imaging 

immediately after treatment (Figure 2a), a finding that is consistent with our predictions 

here [31]. If the same sized particles with a stronger and larger magnet were used, such as 
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a 2 Tesla (MRI strength) electromagnet with a 25 cm diameter, 20 cm length and 5 cm air 

core, then we predict that targeting would be possible to a depth of 20 cm in large vessels 

and to a depth of 30 cm in capillaries. 

 

2.14 Summary of Cases 

Figure 15 shows a graphical representation of all the experimental cases considered in 

this chapter and compares them to our predicted behavior. For the human clinical trials 

(Lübbe), the experimental domain is represented more accurately as being curved 

because the magnetic-Richardson number and the mass Péclet number both vary together 

across human physiological conditions: blood velocity is higher in bigger blood vessels 

[265]. This affects both the Richardson and Péclet numbers (see equations (27) and (28)). 

It was possible to quantify the upper and lower bound curves for human experiments 

(Lübbe), but not for animal experiments (Widder and Bergemann), because more 

published physiological data is available for humans. A detailed analysis and derivation 

of the curves used is provided in the Section 2.10.  
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Figure 15: Summary of experimental studies. The firmly shaded regions in green and blue denote 

the magnetic and velocity behavior domains. The boxed or curved boxed regions show the values 

spanned by each experiment. The dark shading (dark yellow in B, purple in C, and dark red in D) 

shows the region of the corresponding experiment that exists in the velocity dominated region. 

The light shading (light yellow in B, light purple in C, and pink in D) shows the region of the 

experiments where the concentration created in the tissue is greater than the vessel inlet 

concentration. The in-vitro experiments (A) exist entirely in the boundary layer regime. Widder 

(B) and Bergemann (C) have small portions in the velocity dominated region, only at small 

magnetic-Richardson numbers and high Renkin coefficients. Lübbe (D) extends into the velocity 

behavior domain when mass Péclet numbers and magnetic-Richardson numbers are small, and 

this extent increases as the Renkin coefficient increases.  

 

Figure 15 also shows where the magnet creates a concentration in the tissue that is greater 

than the systemic injected concentration. In the boundary layer domain, even though 

particles accumulate at the blood/membrane interface, there are some cases where that 

accumulation is high enough to create a  in the surrounding tissue, and others 
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where the accumulated amount is insufficient. The cases where more tissue accumulation 

occurs are influenced by the endothelium thickness to blood vessel diameter ratio, and 

this additional geometric consideration adds a further non-dimensional number that can 

be varied. In Figure 15, the lightly shaded regions (light yellow in B, light purple in C, 

and light pink in D) show the extent of the experimental domains that are predicted to 

have a tissue concentration greater than unity. Here we assumed a representative 

endothelium thickness to vessel diameter ratio, a ratio that corresponds to a typical 

arteriole. 

 

2.15 Relaxing Simulation Parameters 

Additional features can be added to relax simulation idealizations. These features 

sometimes make a quantitative difference to the nanoparticle concentration profiles but, 

with the exception of the skin boundary condition, they do not make a qualitative 

difference. The three behavioral forms still occur though their delineations can shift 

moderately depending upon the features added. 

 

2.15.1 No Extravasation through Blood Vessel Membrane 

First, there is a trivial case to consider when the blood vessel will not allow any particles 

to pass through the membrane into the surrounding tissue: i.e. no extravasation. This case 

can be modeled by forcing the flux normal to the blood vessel membrane surface to be 

equal to zero. Figure 16 shows how the two characteristic behaviors (velocity dominated 

and boundary layer formation) remain in effect in this case. The magnetic dominated 
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behavior, however, which requires particles to move from the blood into the tissue, is no 

longer possible.  

 

 

Figure 16: No extravasation through the blood vessel membrane. The characteristic behaviors still 

exhibit their defining characteristics within the blood vessel. The magnetic dominated case is no 

longer possible. Instead, when there is no extravasation (e.g. for particles bigger than blood vessel 

fenestrations) magnetic dominated behavior is replaced by a boundary layer type behavior. 

 

2.15.2 Pulsatile Blood Flows 

Flow in blood vessels is pulsatile [255], [269]ï[272], its forward velocity increases and 

decreases as the heart pumps (see Figure 5(a) in [269] of an archetypal peak velocity 

waveform complied from 3560 cardiac cycles). We now include this blood velocity 

oscillation and show that it does not qualitatively change the 3 types of behavior we see ï 

we still find a magnetic dominated, velocity dominated, and boundary layer regime.  

 

The waveform associated with high pulsatile cardiac blood flow was used to set the blood 

velocity in time. A choice of three heart rates was used (a resting heart rate of 1 Hz, 

1.5 Hz, and a rat heart rate of 6.75 Hz) and applied to three cases that produce the three 
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characteristic behaviors. Since magnetic drug targeting localizes particles to a region by 

use of a magnet held locally for minutes, e.g. [108], but blood pulsation occurs once 

every second, it is appropriate to consider the averaged effect that the pulsating blood 

flow will have on particle concentration. Figure 17 shows the time averaged concentration 

profiles taken for three heartbeats after a treatment window of one hour for the 9 chosen 

cases. 

 

In comparison to [273], we do not consider a significant ferrofluid inlet concentration 

where the ferrofluid can then become an obstacle to the incoming flow and therefore we 

do not expect recirculation regions to be created. This phenomenon can make the average 

of the pulsatile case differ from the steady inlet flow case. Based on the range of 

biological parameters, the relevant non-dimensional numbers possible range between 

0.01 (in capillaries) and 27 (in the largest vessels) for the Womersly number and the 

Reynolds number varies between 0.001 (in capillaries) and 3900 (in the largest vessels 

such as the aorta or vena cava). 
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Figure 17: Pulsatile blood flow concentration profiles for the three characteristic behaviors 

experiencing three different heart rates (HR). For each pulsatile case, the concentration profile 

consists of the time average for three heartbeats after a treatment window of one hour. This 

concentration can be compared to the prior steady state concentrations when blood flow 

pulsatility is not considered. The three behaviors are qualitatively the same and further are also 

similar quantitatively. (For this 333 Péclet number case, the Womersley and Reynold numbers 

can vary between 0.01 to 0.19 and 0.001 to 2.6 respectively for physiological and practical 

engineering conditions, according to the parameters in Table 1.) 

 

Figure 17 shows that blood pulsatility under a uniform magnetic force field does not 

impact behavior delineation: the time-averaged concentration profiles remain in the 

magnetic dominated, velocity dominated, or boundary layer regime as they were in the 
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constant blood flow case. This result has allowed for the simplification of the 

physiological model to the cycle-averaged blood velocity experienced within that vessel, 

a simplification we have used throughout the chapter.  

 

2.15.3 Non-Uniform Magnetic Force Fields 

Previously, we treated the magnetic force as constant (see Figure 4). Here the exact 

magnetic field and the spatial variation in the resulting magnetic force on the magnetic 

particles is used. The magnetic force increases as the particles move closer to the magnet. 

Various parameters for a particular experiment will adjust how much the magnetic force 

increases in the blood vessel and surrounding tissue. These parameters include the size of 

the magnet, the size of the considered tissue-vessel system, and the distance of the tissue-

vessel system from the magnet. In this section we exactly solve the magneto-static 

equations (8) to (10) and plug the computed magnetic field  into equation (17) to 

state and solve the PDE for particle transport (previously the magnetic force  was 

assumed to be a constant pointing downwards). To quantify the deviation from a uniform 

magnetic force, we use the metric RM = FM,max  /FM,centerline where FM,centerline is the 

magnetic force along the blood vessel centerline and FM,max is the maximum magnetic 

force within the considered vessel-tissue domain (it occurs at the bottom of the domain 

nearest the magnet corners where the magnetic field gradients are the highest). To 

examine how non-uniform magnetic force fields affect the three prototypical behaviors, 

three case studies were simulated for a varying magnetic force ratio of RM = 2 and 10. 

Rm was varied by increasing the size of the magnet and reducing the distance between the 

vessel and magnet. 
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Figure 18: Concentration profiles for various magnetic force ratios. Three cases were chosen that 

illustrated the prototypical behaviors (magnetic dominated, velocity dominated, and boundary 

layer formation behavior) and the magnetic force ratio was changed from RM = 1 to 2 and 10 by 

increasing the size of the magnet and reducing the distance between the vessel and magnet. The 

exact magnetic forces are shown as blue arrow overlays within each plot. The case of RM = 1 and 

2 show the arrow magnitudes in linear scale, while the case of RM = 10 shows the arrow 

magnitudes in log scale (an arrow with twice the length will have ten times the magnitude). 

 

Figure 18 shows how the magnetic force ratio does not affect the prototypical behavior. 

When RM = 1, the simulation is exactly equivalent to the cases considered in the main 

chapter. As RM increases, the maximum magnetic force at the bottom edge of the tissue-

vessel system increases. In the case of a magnetic dominated behavior, the magnetic 

force ratio has very little to no effect on the solution. For velocity dominated cases, the 
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vessel still maintains the inlet concentration value but the concentration in the tissue and 

membrane decreases due to increased pull from the magnet. Lastly, in the boundary layer 

formation cases, the vessel wall concentration simply increases. Since the vessel wall 

concentration at a given magnetic-Richardson number increases with the magnetic force 

ratio Rm, the behavior delineation position ( ) will shift left in Figure 11 as the magnetic 

force ratio increases. 

 

2.15.4 Curved Blood Vessels 

Blood vessels within any organism are rarely, if ever, straight. The idealized straight 

blood vessel used throughout the chapter was relaxed and two different curvatures were 

utilized to determine the variance of the characteristic behaviors. The blood vessel length 

in each case was kept constant, and the only geometric parameter that changed was the 

radius of curvature. As can be seen in Figure 19 below, the characteristic behaviors 

retained their defining qualities. The only difference in cross-sectional concentration was 

seen in the boundary layer formation cases where the slight curvature case experienced a 

modest increase in concentration compared to no curvature or large curvature. This was 

because a slight curvature contained a longer segment of blood vessel in which the 

particles are able to form a boundary layer leading to a higher concentration build-up 

over that particular segment. However, this increase in concentration only shifts the 

boundary behavior delineation and does not change the overall observed behavior.  
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Figure 19: Curved blood vessels and the three prototypical behaviors. The curvature of the blood 

vessels does not affect the characteristic trend of the behaviors, but it can shift the behavior 

boundary delineation curve slightly. 

 

2.15.5 Particle Agglomeration 

Agglomeration of particles can be considered approximately within our current 

framework. To do so, we think of a ósuper-particleô composed of  ferro-magnetic 

particles stuck together. The magnetic force on such a particle increases by a factor of 

. However, the diameter of the particle goes only as  since it takes  or  

particles to make a twice-as-big super-particle. Thus, the Stokes drag force increases by 

 and so the magnetic-Richardson number increases by  (see equation (27)). For the 

nanoparticles used in the rats of Figure 2b, if we consider a super-particle made up of 125 
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particles, the magnetic-Richardson number increases from 0.14 to 3.5. Since the super-

particle has a larger radius, the blood and membrane diffusivities,  and , will be 

smaller decreasing from  and  (for leaky capillaries with 600 nm 

pores) to  and 0 respectively. The scattering diffusion coefficient, , will stay 

the same, however, since it is only dependent upon the type of blood vessel. This causes 

the mass Péclet number to increase from 1000 to 6000. The Renkin coefficient will 

instead decrease from 0.36 to 0. One can now read-off the behavior of such a particle 

from Figure 9 and Figure 10 as before: clearly, a case that was previously velocity 

dominated could now fall into the boundary layer regime. In reality, during 

agglomeration there will be a statistical distribution of particle sizes, and chains can form 

instead of our simplified ósuper particlesô. To analyze such cases correctly requires 

additional research.  

 

2.15.6 Skin Boundary Condition 

In animal and human trials, skin prevents magnetic particles from leaving the tissue. To 

model this case we enforce a boundary condition at the bottom of the tissue closest to the 

magnet that does not allow a flux of magnetic nanoparticles across it. As expected, this 

causes a pile-up of particles just inside the skin nearest the magnet. Depending on the 

width of the tissue section being considered, this build-up can extend into the vessel 

region qualitatively distorting the three prototypical behaviors. Three case studies were 

chosen to examine the effect that the skin boundary has upon the solution.  
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Figure 20: The effect that the skin boundary condition has upon the three prototypical behaviors 

can be seen by comparing the lower row to the top row of cases. The particles, once pulled 

through the vessel, travel to the skin boundary and then build-up along this interface and can 

extend back into the vessel region. This is most apparent in the magnetic dominated case where 

there is a build-up within the blood vessel membrane due to the presence of the skin boundary 

condition. 

 

For any situation, if the blood vessel is close to the skin, the accumulation of ferrofluid at 

the skin can build up and can extend back through the tissue and into the vessel 

overwhelming any boundary layer that may otherwise have formed at the blood vessel 

wall. The magnetic dominated case saw an increase at the skin boundary, and a slight 

increase in particle concentration in the blood vessel due to the ability of the particles to 

build up at the skin. The velocity dominated case saw only a slight concentration build-up 

near the skin and a negligible change within the blood vessel. This is because particles 

are constantly washed out of the vessel and not captured by the magnetic field thus they 

do not readily arrive at the skin interface. The boundary layer case had a significant 

increase in the particle concentration near the skin and vessel membrane, but very little 
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change within the blood vessel. Particles in this case are pulled through the membrane 

and into the tissue with build-up near the skin only slightly affecting the blood vessel. 

 

2.15.7 Varying of Tissue Diffusivity 

In section Error! Reference source not found., the Renkin tissue coefficient, DT 

(equation (31)), was always larger than the membrane Renkin coefficient, D (equation 

(29)), so that the limit to particle diffusion out of the vessel was the membrane. This 

behavior is consistent with many tissue-vessel systems but not all [37]. There are 

physiological conditions were the underlying tissue might not allow diffusion of particles 

as easily as a membrane, the Renkin tissue coefficient would then be smaller than the 

membrane Renkin coefficient. Therefore, the effect on particle concentration for 

changing the Renkin tissue coefficient (a fourth non-dimensional number) must be 

examined. Two cases were chosen to explore the effect changing tissue diffusivity has 

upon the steady-state concentration: boundary layer formation and velocity dominated 

behavior. Since the magnetic dominated behavior occurs only at Renkin reduced 

diffusion coefficients that are near unity, it does not make sense to vary the tissue 

diffusivity significantly for a magnetic dominated case. 
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Figure 21: The effect on two prototypical behaviors by varying the Renkin reduced diffusion 

coefficient for tissue (DT ). The non-dimensional number cases used in section Error! Reference 

source not found. are shown on the top row. The Renkin tissue coefficient is decreased in each 

subsequent row so that the membrane Renkin coefficient is the same as the Renkin tissue 

coefficient in the second row. The last row signifies a Renkin tissue coefficient an order of 

magnitude less than the membrane Renkin coefficient. 

 

The above figure shows cases where the Renkin reduced diffusion coefficient for the 

tissue is changed while the regular (endothelial membrane) Renkin reduced diffusion 

coefficient is held constant at D . The first row (D ) corresponds to the 

typical cases used in this chapter where we have assumed that diffusion in the tissue is 

 greater than the diffusion in the endothelium (diffusion in the tissue is 1/100
th
 that of 
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blood while diffusion in the membrane is 1/1000
th
 that of blood). The second row 

(DT ) shows the concentration if the two Renkin values are equal (diffusion in 

the both tissue and membrane is 1/1000
th
 that of blood). Here it is possible to see that the 

tissue space becomes an extension of the membrane space with an equivalent behavior 

(because DT D). The third row (DT ) shows the solution when the diffusion in 

the tissue is x 10 smaller than the diffusion in the endothelium (diffusion in the tissue is 

1/10000
th
 that of blood while diffusion in the membrane is 1/1000

th
 that of blood). Now 

the tissue space holds the primary concentration of particles. In all cases, the steady state 

vessel wall concentration remains essentially constant as we change the tissue Renkin 

value. This suggests that the relationship between these two Renkin values merely effects 

the distribution of particles between the membrane and the tissue and not the vessel 

concentration. Since the vessel wall concentration is not easily effected, the three 

prototypical behaviors and their delineation boundaries do not change. 

 

2.15.8 Different Particle Hydrodynamic and Magnetic Core Radii 

For simplicity, typically the hydrodynamic and magnetic core radii are assumed to be 

equal. Most often this is not exactly the case and there is a slight mismatch between the 

two values due to particle coatings that are added onto either affix therapeutics or 

immune system evading mechanisms [11], [14]. Then the hydrodynamic radius is slightly 

larger than the magnetic core radius leading to an increase in the Stokes drag force 

compared to the magnetic force. In this case, equation (11) would remain the same and 

equations (13) and (14) would change to 
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(48)  

(49)  

where  is the hydrodynamic radius of a particle. Therefore, the non-dimensional 

magnetic-Richardson number changes in addition to a slight change in the Péclet and 

Renkin numbers. Using the same rat example as throughout the chapter, if the 250 nm 

diameter particle had a 300 nm hydrodynamic diameter, the magnetic force acting upon 

this particle would remain constant while the Stokes drag force changes from 0.70 pN to 

0.84 pN. This would cause a slight decrease in the magnetic-Richardson number from 

0.14 to 0.12. Since the particle has a larger radius, the blood and membrane diffusivities, 

 and , will be smaller decreasing from  and  (for leaky 

capillaries with 600 nm pores) to  and  respectively. The scattering 

diffusion coefficient, , will stay the same, however, since it is only dependent upon 

the type of blood vessel. This causes the mass Péclet number to increase from 1000 to 

1200. The Renkin coefficient will instead decrease from 0.36 to 0.28. 

2.15.9 Non-Perpendicular Magnetic Force 

For blood vessels in animal or human vasculature, the alignment of the blood vessels 

obviously varies and the applied magnetic force may not be perpendicular to the blood 

flow. We considered this case in the main text because it is the least complex scenario to 

think about, and because it represents a best case (the magnetic force is lined up to extract 

as many particles as possible). A simple first approximation of the ferrofluid behavior for 

the case when a blood vessel is not aligned perpendicular to the magnet force is to 

separate the magnetic force into the perpendicular (-direction in Figure 3) and parallel 

( -direction in Figure 3) components. Then the perpendicular magnetic force component 
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can be used as the magnetic force in equation (23), while the parallel component can be 

added to the Stokes drag force to be used as a ónetô Stokes drag force in equation (23) to 

compute a modified magnetic-Richardson number that takes into account the magnetic 

force misalignment. 

 

2.16 Conclusion 

It is not enough to compare Stokes drag at the centerline to magnetic forces to conclude 

whether particles can or cannot be magnetically captured against blood flow. Such a 

comparison dramatically under-predicts the ability of magnetic forces to capture particles 

because it does not account for the near-zero velocity of blood near vessel walls nor the 

effects of diffusion. We have carried out a detailed analysis to better understand and 

quantify the behavior of magnetizable particles in vivo. We find that there are three types 

of behaviors (velocity dominated, magnetic dominated, and boundary-layer formation) 

uniquely identified by three essential non-dimensional numbers (the magnetic-

Richardson, mass Péclet, and Renkin numbers). Figure 9, Figure 10, Figure 11, and 

Figure 12 allow magnetic drug delivery researchers to readily determine which behavior 

should occur in their experiments. These three behaviors remain present even if we 

consider additional realistic and complicating features, such as blood flow pulsatility, 

non-uniform magnetic fields, curved blood vessels, and particle agglomeration; although 

these added effects can modestly shift the delineations between the behaviors. Only the 

presence of skin, which creates a new interface where particles can build up, adds a 

qualitatively new behavior and it would require the addition of a fourth non-dimensional 

number to map out its effect. A comprehensive comparison to prior published in-vitro 
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and in vivo experiments shows excellent agreement and explains results that were not 

previously understood. 

 

Contribution to the Field and Clinical Applications 

Previous authors have created models investigating magnetic nanoparticle behavior 

within a single non-permeable blood vessel. These groups have considered either the 

capture efficiency of single particles (non-interacting individual nanoparticles) or the 

concentrations of disperse ferrofluids. However, since only the blood vessel itself is 

modeled, these models do not include particle transport through membranes and into the 

surrounding tissue space. In addition, most models do not include the blood vessel 

velocity profiles and instead simplify this profile to a constant drag force thereby 

neglecting a non-trivial contribution to nanoparticle behavior. Lastly, these models are 

only applicable for specific geometries, magnetic fields, and blood vessel types, and 

therefore do not examine what occurs throughout any region of the body nor any 

experimental condition. 

 

We have created a more realistic and widely applicable FEM model of the blood vessel, 

blood vessel membrane, and outlying tissue section. This model treats nanoparticles as a 

fluid and not individual elements and therefore can handle concentrations specifically as 

they develop large boundary layers between the model domains (vessel, membrane or 

tissue). In addition, the model included blood velocity profiles and diffusion effects 

(either due to Brownian motion or due to blood cell scattering). We wrote equations from 

physical first principles that combined the Navier-Stokes equations, the magneto-static 
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Maxwell equations, Fick's diffusive flux equations, and Einstein's Brownian motion 

approximation. We reduced the number of experimental parameters from 24 by 

simplification and non-dimensionalization to four crucial independent parameters that 

dictate nanoparticle fluid concentration within this system. These independent parameters 

and not the experimental parameters define the ferrofluid concentration. It is possible to 

change a set of experimental parameters (e.g. the particle radius and magnet shape) and 

not change ferrofluid concentration, but it is not possible to change the independent 

parameters and maintain a constant the ferrofluid concentration.  

 

Our collaborators at the California Institute of Technology created a custom-built solver 

to resolve the boundary layers between the vessel, membrane and tissue domains. With 

this solver, we then examined the entire realistic experimental space. From this, we 

determined there were only three fundamental behavior regimes of the ferrofluid. By 

mapping the non-dimensional parameters to the fundamental behaviors, we developed a 

method to predict the nanoparticle behavior for any experimental condition. We then 

verified the mapping by comparing it to available in-vitro and in vivo experimental data. 

 

For a clinical and experimental use, the above model is able to predict the type of 

behavior a researcher will experience. All the details and necessary information has been 

provided in this Chapter. However, for a complete summary and easy reference, the 

following flowchart, Figure 22, can be used to employ the models predictions for a given 

experimental case. 
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Figure 22: The process flow for determining the ferrofluid behavior in and around a blood vessel 

under an external magnetic field. With step 1 the critical parameters are established; step 2 

calculates the required variables from the described formulas; and step 3 predicts the ferrofluid 
















































































































































