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Focusing medicine to disease locations imesded ability to treat a variety of
pathologies. During chemotherapy, for example, typically less than 0.1% of the drugs
are taken up by tumor cells, with the remaining 99.9% going into healthy tissue.
Physicians often select the dosage by how much anpatan physically withstand
rather than by how much is needed to kill all the tumor cells. The ability to actively
position medicine, to physically direct and focus it to specific locations in the body,

would allow better treatment of not only cancer imainy other diseases.

Magnetic drug targeting (MDT) harnesses therapeutics attached to magnetizable
particles, directing them to disease locations using magnetic fields. Particles injected

into the vasculature will circulate throughout the body as theesppiagnetic field is



used to attempt confinement at target locations. The goal is to use the reservoir of
particles in the general circulation and target a specific location by pulling the

nangarticlesusing magnetic forces.

This dissertation addthree main advancements tdevelopment oimagnetic drug
targeting. Chapter 2 develops a comprehensive ferrofluid transport model within any
blood vessel and surrounding tissue under an applied magnetic field. Chapter 3
creaes a ferrofluid mobility model to pmct ferrofluid and drug concentrations
within physiologically relevantissue architecturesstablished from human autopsy
samples. Chapter 4 optimzthe applied magnetic fields within the particle mobility
modelsto predictthe best treatment scenariies two classes of chemotherapfes

treating future patients with hepatic metastatic breast cancer microtumors.
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Chapter 1: Introduction

1.1 Overview
1.1.1 Introduction to Magnetic Drug Targeting

A need exists to be able to focus medicine to disease locations. During chemotherapy, for
example, typicallydss tharD.1 to P6 of the drugs are taken up by tumor cells, with the
remaining 99% going into healthy tiss{d, [2]. Chemotherapy encompasses treating
patients with a diverseotlection of drugs that attempt to preferentially destroy cancer
cells either by inhibiting cellular division (which kills fast growing cancers, but also bone
marrow, hair, skin, gut, and immune system cells) or by interrupting essential cell
signaling patways[3]7[8]. Physicians often combirdrugs into chemotherapy cocktails

that can compound side effects, and the dosage is usually selected by how much a patient
can physically withstand rather than by how much is needed to kill all the tumdi3gells

[9], [10]. The ability to actively position medicine, to physically direct and focus it to
specific locations in the body, winallow better treatment of not only cancer but other

disease§l1]i [14].

Magnetic drug targeting (MDT) refers to the attachment of therapeutics to magnetizable
particles, and then applying magnetic fields to concentrate them to disease locations such
as to solid tumors, regions of infection, or blood cld#]i [20]. Even though in some
specialized cases the magnetizable particles can be introduced into the body outside the
blood flow, e.g. as in magnetic treatment of the ire@r where a small gel containing

nanoparticless placedon the round window membraif2l], [22] or intranasally[23],



[24], usually ferromagnetic particles are directly injected into the circulationvieynaor
artery[11], [14], [25] [32]. Particles so injected will circulate throughout the vasculature

as the applied magnetic field is used to attempt confinement at target locations.
Dependig on the vessel into which the particles were injected (vein or artery), MDT will
occur before the particles pass through the liver (first pass mgRpdi34]) or after the
particles pass through the liver, lung and h§b4i, [26], [35], [36] Thelatteris more
common, but reduces the drug amount available that can be targeted since a large portion
of the drug is filtered by thiever and kdneys[11], [37], [38] The goalbf magnetic drug
targetingis to use the reservoir of particles in the general circulation and target a specific

location by pulling the particle and drug complexes using magnetic forces.

There ae several other targeting techniques capable of directing therapy to desired
locations. These includthe use ofmagneticfields [11], [12], ultrasound[39], [40],
electric fieldg[41], [42], photodynamic therap29], [43], environment reactive targeting

[44], and antigen recognitiof5]i [49]. While this thesisfocuses on magnetic drug
targeting, it is important to note that there are synergies between these targeting
technigues.Multifunctional particlescapable ofexploiing the benefits from each
techniguecan be used tocreasetargeting ability. For exampldransport of particles
across the blood brain barrier using magnetic fields was assisted by first damaging the
blood brain barrier using ultrasouffaD]. Magneticdrug targetingcould add specificity

and improved therapeutic benefit if combineith other techniques.



Magnetic fieldsi more so than light, eledtr fields, and ultrasoundi39]i[43] i are
desirable for directing therapeutics inside patients because they can penetrate deep into
the body, are routinely applied through the body irgnedic resonance imaging (MRI),

and are considered safe even up to very high strengths (8 Tesla in adults, 4 T in children)
[51]i [54]. Magnetic felds can both sense and actuate magnetic particles, although
achieving both at once is an engineering challefaddi [57]. In contrast, light and
ultrasound have limited tissue penetration dep#33, [58], [59], while strong electric

fields (> 60V/cm) are able to damage nerve and muscle &l [60], [61]
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Figurel: Overview of contributions presentethe Utimate goal of mgnetic drug targeting is to

direct therapetics to disease locations deep within the body. The current state of the art still
relies upon static magnets that are only capable of pulling magnetic nanoparticles to surface
locations[14]. The three main contributions presented within dlissertationare the 1) modeling

of ferrofluid transport within blood vessels, 2) within tissues, and the 3) optimization of a
treatment schenfer hepaticmetastatic breast canamicro-tumors



1.1.2 Applications ofMagnetic Drug Targeting

Therapeutic magnetic eteents have been created by the attachment of chemoth8tapy

[10] or gene therap[62]i [64] to ferromagnetic particlgd 2], [13], [65]i [71], by filling
polymer capsules or micelles (capsules thatassemble from lipid molecul¢g2]) with

both drugs and magnetic materigi&l], [73], or by growing cells in a cefulture
medium with magnetic nanoparticles to let the cells ingest the particles and thereby
become magnetiZ4], [75]. A bare iron oxide nanopatrticle is the simplest example of a
magnetic carrief{76]. Magnetic particles can also consist of magnefie;O,) or
maghemite (F€s3) nanccrystals embedded in a polymer core, and are usually coated
with a layer of molecules (often starch or polyethylene glycol (PEG) molecules) to make
the particles more biocompatib[68], [71], [73] In more sophisticated particles, this
coating is optimized to betterde the particles from the human immune system, so that
the particles have a longer circulation time in the body before they are removed to the
liver, kidneys, and spleeffi7l], [77]. Particle sizes can be controlled by various

fabrication processd68], [71], [78] and are made from nanometer to micrometer sizes.

They are usually injected inenanimal or a patient as a ferrofluid, which is an emulsion

of magnetic particles in water. Such magnetic nanoparticles have been nesteaals

[12], [13], [26], [28], [31], [32], [34], [36], [50], [77], [79][107] and humang16],

[108]i [110]. Other entities besides particlesuch as polymer capsd[111], flexible
rods[96], lipid micelles[44], [112], [113] and live cells (such as stem sg[l74], [75],

[114] 7 can also be loaded with magnetic materials and thus made magnetic. Stem cells

are being magnetized so that they can be directed to regions of cardiovascular disease,



such as hardened blood velssin diabetic patients, to help restore tissue fundi,

[114]i [116], or to the retina forocular regeneration117]. All of these magnetized

carriers, from nanoparticles to cells, can then be manipulated inside the body by
externally applied magnetic fields. It takes a lot of development to ensure that magnetic
carriers are safe, effective, and therape[ii]. Due to stringent regulatory approval
requirements, so far only a few magneparticles have been commesdized and

approved for human use, and not yet as therapeutic carriers but only as imaging agents
[118]i [121]). While magnetic particles have been used in clinical trials,figld of

magneic drug targeting is still newand important information about thear t i cl es 0

biodistribution, especially while being targeted, is still unknown.

During magnetic drug targeting, magnetic carriers must be safely and effectively
controlledinside the human body. The body consists dfeterogeneouand complex
environment, which varies widely from person to person, and is not well understood.
Many relevant and significant issues for effective control of particles remain unanswered,
including uncertainty about the mechanisms of ferrofluid transport within the body, how
nanoparticles can or cannot cross blood vessel walls, and how much force is required to
direct them from blood into tissue. Similarly, there is a lack of knowledge of basic
internal body parameters. The location of most blood vessels, the blood flow velocities in
each vessel, the resistance of different tissue types to particle motion, and many other
biological parameters are not known in general or for the case of each spatiéit.

Yet, even though the situation is highly uncertain, prior magnetic drug delivery has

already been shown to effectively focus therapy to some desired locations in animals and



humans. For example, in the Lubbe 1996 phase | human clinical trialsgle s
permanent magnet was able to concentrate chemothévapyoperable but shallow

( ®©cm below skin depth) head, neck, and breast cancer tibadr$31], [122]

Since the success of the Libbe trigld], many groups have extended magnetic drug
targeting for other applications. Pankhurst ethak been targeting magnetically loaded
mesenchymal stem cells to sites of vascular injiry4]. Hafeli et al. have used
implanted magnets located bethithe cornea to collect stem cells for retina regeneration
[117]. Magnetic nanoparticles have been able to deliver therapeutics across the blood
brain barrierwhen combined with ultrasound, whichechanically disrupts theldod

brain barrier[50]. Due to the magnetic response clkteastics of super paramagnetic

iron oxide nanoparticles (SPIONs), there is a growing interest in using SPIONs for
delivering thermal energy to tiss{6], [17], [84], [123] [130]. This thermal application

has been used to creddegetechyperthermia in prostate cancéi$], [110].

1.1.3 Challenges with Magnetic Drug Targeting

The depth, precision, and utility of magnetic targeting has been limited by particle
material and surface propertigd8], [71], by an insfficient understanding of particle
transport in the human bod¢31]i [134], by the strength and design of magnéts],

[135]i [137], by a lack of deeppody realtime nanoparticle sensing capabilitig®], and

by control algoritm development and implementatiofii38]i[140]. Magnetic
nanoparticle fabrication and ehresulting material and surface properties have been

surveyed12], [68]i [71], [141] Essentially, materianagnetizatiorproperties,y, set the



strength of the magnetic forces for a given particle size and applied magnet[@6igld

[96], [142]i [144], whereas surface coatings, particle size, and particle shape regulate
biocompatibility and particle circulation timegd?2], [68], [71] Understanding how
various particle parameters impact ferrofluid transport is key, however, visualization
techniques are currently limite@Reattime and sensitive measurement of nanoparticle
distributionsin vivois challenging16], [25], [68], even in small animals where depth of
imaging is less of an issud07], [128], [145] and has made it difficult to collect

sufficient data to adequately validate modalgerrofluid transport

Impossibility of a StableMagnetic Trap

If it would be possible, the easiest, robust, anmtplestway to implement magnetic drug
targeting would be to create a magnetic trap. This would consist of some aresubgé
magnets, either spatiar temporal that pushes ferrofluid to one small conceted
region. Therefore, the patient would only have to be positioned properly underneath this
magnetic trafo target a specific region within the bodyhen over time, without the aid

of a visualizationtechnique the ferrofluid would concentrate at a gim site thereby
increasing thelrug concentration. This optimal scheme is unfortunately impossible for a
collecion of magnets anderromagnetifparamagnetic particles as shown by Samuel

Earnshaw in 183p146].

Samuel Earnshawos resul t on it he natur e
constitution of the luminiferouet her 0 was read to the Cambri

in March 1839, but was not printed until 18f46]. The result considers particles



attracted to each other by an inverse squcé
removed by arrangement (of the particles); for though the vaIue’%IOf dgV, a’ﬁV

depend upon the arrangement of the particles, the fact that one at least must be positive
and one negative depends only upon the equdﬁ¢ﬁ+ dﬁV + d,%V = 0, which is true

for every arrangement. And consequently, whether the particles be arrangdulcial

for ms, or I n any ot her manner , there wil
Ear ns h a walsis thepatenttaliemergy of a single particle being attracted by many
others. The proof proceeds by showing that the equatidrifos ©f hath hyper bol
(a saddle), with the result that the sum of its three second derivatives must equal zero.
Even if two derivatives are negative (corresponding to particle stability in a plane), the

third derivative must then be positive (instabilityradaa line).

Earnshawods result equally applies t o nan
nanoparticles do not attract each other strongly, the potential energy created by an
imposed magnetic field is also, at best, an energy saddle. It is not péssibéate an

energy well between magnets, no matter how they are arranged.

This result has implications for magnetic drug delivery; no arrangement of magnets can
create an energy well between them to focus ferromagnetic particles to an interior target.
Diamagnetic particles could be focused, in principle, but diamagnetism is six orders of
magnitude weaker than ferromagnetisg~ 10~ instead of +20) and the forces

created would be too tiny to move particles against tissue or blood resistance. Even if

suficient forces could be created on diamagnetic partiches susceptibility of human



tissue is similar to that of diamagnetic materials in partidles# 10~° — 10~%) [11] but

its volume is far greater; thus the tissue would experience orders of magnitude greater
forces than diamagnetic nanopa i c| e s, which would harm pa
1839 theorem, which shows that no static magnetic field can focus ferromagnetic
particles to an interior target, remains a key and fundamental limitation for magnetic drug
targeting. The solution is to pgss the assumptions of the theorem, for example, by
introducing feedback control and varying the magnetic fields in time and space to control

ferrofluid dynamics.

1.2 Physics of Magnetic Drug Targeting

1.2.1 Magnetic Fields and Forces Acting upon a Particle

Magnetc nanoparticles are small and experience small forces even under strong magnetic
fields. In prior magnetic drug delivery experiments, magnet strengths have ranged from
70 milli-Tesla[142] to 2.2 Tesla[147], and corresponding magnetic gradients have
varied from 0.03 T/m[148] to 100 T/m [86], a range that reflects magnet cost,
complexity, safety, and easé-use versus desired (or possible) depth of targeting. For
comparison, modern neodymidnon-boron (Nd;oFe4sB) permanent magnets can be
purchased in strengths of up to 1.48 Tq4&k0], [150] and the electromagnets used in
magnetic resonance imaging syssecneate fields of 14.7 T, with some commercialy
available MRI systems going as high as B1], [79]. In the 1996 human trials, 0-2

0.8 T permanent magnets were used to targenf@diameter particles to@n depths

[14], [31]. Targeting depths of up to tPn have been reported in animal experiments

using larger 50@m to 5um diameter particles and a 0T5ermanent ngnet[32]. Both
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permanent and electromagnet designs can be optimized to extend magnetic fields and

gradients further out, to increase the depth of magnetic forces.

1.2.2 Directing Magnetic Paicles

Precision magnetic control of a single object has been demonstrated in animals and
humans. Gentle magnetic manipulation of a rigid implanted permanent magnet through
the brain, with a view to scan and burn out brain tumors by subsequently heating th
magnet using RF (radiivequency) magnetic fields, has been presefibi], [152] and

tested in dog$153]. Based on markeadpportunities, the focus of this effort changed to
magnetically assisted cardiovascular surgical procedures and led foutiding of
Stereotaxis (www.stereotaxis.com). This company now uses magnetic control to guide
catheters, endoscopes, and otherisargools with magnetic tips for precision treatment

of cardiac arrhythmias and otheardiovascularprocedures[154]i[156]. To date,
Steretaxis has carried out over 40,000 successful patient procedures in nearly 200
facilities around the world. Systems to magnetically steer implantable devices and
microrobots, for gut, eye, cardiac, endovasculature, and lung syfdgefly[164] have

been tested in pigs and chicken embr@5]i [168]. Conventional MRI machines have
also ben used as the control system to manipulate microscale paf@dgs[158],

[169]i [172], as well as magnetotactic bactefd®0], [173] or magnetized cell§116],
[174]i[176], in pigs and micgl170], [174] While MRIs are attractive due to their
magnetic strength and clinical availability, the diffiquis that MRIs are designed to
create a strong uniform magnetic field, but spatially varying magnetic fields are required

to create forces on particles. Unless the MRIs are substantially mofiif&fi [179],
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they do not create sufficient magnetic spatial gradients to effectively manipulate
nanoscopic particles. The control algorithms used in the above-sibiglet manipulation
systems have ranged from PI58], [167]to pointwise optimizatior[151], [152] least
squares inversior{180], robust nonlinearization wit backstepping[172], [181] a

generalized predictive controllgk71], and model predictive contrfi82].

Precise manipulation of a fluid of nanoparticles is more difficult than control ofgéesi
object. In prior ferrofluid trials, a magnet held outside the body drew in and concentrated
particles to shallow breast, head and neck, and brain tajtqd17], [26], [31], [34]

[36], [50], [68], [80], [85], [94], [99], [100], [102], [105], [106], [109]183], [184]
(Figure 1b). There was no dynamic magnet control and the magnets accumulated the
particles to targets beneath the skin or skull. Implantation of magnets or magnetic
material into patients, such as wttblood vessel walls, has been suggested as a way of
reaching deeper tissy87], [91], [97], [185][193]. The implanted materials serve to
locally increase magnetic field gradients, and thus forces, when an external magnetic
field is applied. Such a treatmeanhvisionsbringing magnetized endothelial cells to
blood vesselwalls and could also be appropriate for treating tumors that cannot be
surgically removed but when magnetizable implants can be inserted into or near the
tumor [87], [97], [185) [187]. Overall, although the field of magnetic drug targeting is
advancing towards commercial particles approved for humanl@ge [115], [118]

[121], it remains open for significant improvements in modeling, design, and control,
especially for nonnvasive methods to effectively target deeperugs3his dissertation

takes the next step in developing the tmdor magnetic drug targeting: 1) how can

12



magnetic drug targeting be properly modeled and designed for any situation; 2) how can
magnetic drug targeting be correctly modeled and designetidepecifictreatment of

hepatic metastatic breast cancer

1.3 Prior Work
1.3.1 Prior Modeling
Particle Targeting Models

The current state of magnetic drug targeting modeling has typically been limited to
individual particle dynamics within the blood or to fluigymémics within a single
impermeable vessel. Rosensweig began the theory of magnetic drug targeting by
investigating the forces acting upon a single magnetic entity (either a particle or magnetic
bolus)[194]. This was further investigated and extended to capture efficiency in various
vessels for a single objej@6], [106], [131], [195] The basis of these modeling schemes
rely on comparing magnetic force to blood drag forces. All of these models lack
modeling extravasation or membratigesue ¢gnamics in addition to ignoring diffusion
characteristics. They only model the magnetic and blood forces and not the movement of
particles through vessel walls or membranes. This, however, is a major component in
drug targeting since the particles mustviedhe vessels and enter tissue, to deliver

therapeutics within tissue.
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Particle Mobility Models

The partial differential equations for the time dynamics of nanoparticle otvaten are
stated in Sectior8.4, andtherethe particle movement for any conditias described
However, the specific movement that occurs in a given organ or biological environment
is completely dependent upon the parameters of that alagpace. Chief among these
biological parameters is the diffusion coefficient of the tissue and how it depends upon
size.The following is the Brownian diffusion equation

@ o —

that relates the diffusive flux to the concentration gradidrthe particles[37], [38],

[131], [196] Here k; is the Boltzmann constarif; is the absolute temperatutgjs the

fluid viscosity, andz is the particle radiudVhile equation(1) does describe the diffusion
coefficient as a function of particle size, it is only relevant for fluids and not tissues
where the interstitial spaces can further inhibit partidieision andpotentiallymobility.

In addition, the size dependence of th#usion of particles through tissues is not a
simple inverse relationship but instead exhibits behavior consistent witloffcut
thresholdg437], [38]. This change in passive diffusion of a particle as it traverses between
blood and tissués described by an effective diffusion coefficient, which is the ratio of
diffusion within the tissue to that within blood. This effective diffusion coefficient can
then extendd approximate the relationship between the mobility of the paréddbey
traversethrough tissue (see equatiff)). There have been many models to describe the
decrease in the particle diffusion coefficient including the Renkin pore n@®del38],

[197] and the fibeimatrix model[37], [38]. These models, however, were developed for
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small molecules (less than 100 nm) and do not accurately describe largde part

diffusion.

The two classical models to approximate particle diffusion through tisekaesvill be
described next ard) the Renkin reduced coefficient mo@lE7]; and 2) the fiber matrix
model [198]. These models examine nanopadicinovement through tissues or
membranes, but they do not deal with the how the particles arrived within the tissue
space. If the particles are within the circulatory system, then they must be able to
extravasate and enter the tissue before these modagpg@ieable. If the vessels within

the target tissue do not have pores or there is no active transport, then the mobility
through tissues is not applicabWhile they have limitations, they still provide valuable

insight into nanoparticle behaviathen within tissues.

Renkin Reduced Diffusion Coefficient Model

2)  2t=(1-a)(1-2.1044a +2.089¢° —0.948¢°), ="

B T pore

(3) =K@ X o)
B
The Renkin equation (equatig¢®), whereD, is the effective diffusion coefficienand
rore 1S the pore radiysapproximates the apparent diffusion of a molecule attempting to
travel through a membrane with a specific pore size. It was derived from a theoretical
model[197] and only depends upon the particle radius and the average pore size of the

membrane. Equatio(B) rewrites the Renkin equation for singiy. Equation(3) has

two componentsThe first term,K(a) (first component on the right hargide, is a

measureb how much the size of a pore 6dbdexclude
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or solute is already within the membratigen K(a) = 1. The second term on the right
hand sideg,(a), is a measure of the movement once the particle is within a merdbrane
pore and accounts for the increase in hydrodynamic drag as the particle moves through

the membrane.

These equations are consistent with measurements made by Beck and[$g8]\tho
constucted membranasheets with welblefined pore sizes and near unity tortuosity.
These membranes allowed for careful measurements of the diffusion through the
membranes for various solutes ranging from 0.52 nm to 4.3 nm. While the results
supported the Renkin equation, yhevere not able to investigate larger pore sized
membranes that would be consistent with some biological membranes and structures (i.e.

the glomerulus of the kidney}99].

For the considered treatment cadethe liver, pore sizes of the fenestrated capillaries
found in the livers ohumans have been measured on the order of 120 nm in diameter
([200]) to several micrond8]). Assuming the smallest pore size is similar to the spaces
within the extracellular matrix and a 100 nm diameter particle, the effective diffusion
coefficient within the liver would be on the order @07 Dy, anorder of magiude

lower than that in blood.

There have been several further extensions on the Renkin equation. Deen et al. extended
the equation to include tortuosity and for larger particles. The reduced diffusion

coefficient introduced is as follows:
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where A, is the pore surface ared, is the total membrane surface areajs the
tortuosity, ande is known as the porosity or the void volume fraction of the membrane
[37], [201] The totuosity term is defined as the diffusion path length divided by
membrane thicknesg37], [38], [199] It is a measure of the amount of additional
movement a particle has to travel once inside a tissue or membrane tthesgmbosing

end. If the totuosity term is large, then theagiicle has to traverse pores that are long
winding channels. If the term is near unity, than the channels instead are straight

passageways through the membrane or tissue.

Equation(4) shows another method of calculating the effective diffusion coefficient for a
given tissue and particle type. However, it requires knowledge of three crucial tissue
parameters: 1) the porosity of the tissue; 2) the tortuosity; &8)tlissue pore size. The

later has been estimated for several types of tissues a measure of the extracellular spaces
of the tissue. However, the first two are not known for tissues that are not engineere

with specific characteristics, limiting its usage

Fiber Matrix Model

Another method oflescribingthe diffusion of a solute through a tissue is the fiber matrix
model. This model (developed [{i98]), extends upon a model by Ogstf#02]. It
assumes that the tissgpace contains a givesoncentrationof long cylindrical fibers

with a radius ot ;. From thisassumptiorthe following equation can be written
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G 3 exp[ <1+af)v Cr ] exp[ <1+a_,-)¢ ],

wherev is the specific volume of the fibers, agg is the fiber concentration, anflis

the volume fraction. Since this model starts with the assumption of long cylindrical fibers
comprising the tissue architecture, it has the potential to better approximate the tissue

properties.

The parameters in eqien (5) can be estimated based upon collagen content in various
tissues. Most tissues have a deieed preferred fibril diameter at 11 nm increments (11,
22, 33 44, 55, etc[203], [204) and the collagen content and function are intertwined.
For example the cornea has apprcdiety a fiber diameter of 20 nmwith a very
organized structurensuing opacity, compareavith the larger fiber bundlesritendons

of ~500 nm providingstructural supporf203]. Continuing withthe treatment case of
liver, volume fractions have been measured in human livers to be on the order of 0.7
[205] with measured fibril diameters between 0.2 to 5[206]. Considering a 100 nm
diameter nanoparticle, the worst case effective diffusion icoeit would be0.29 Dy,
approximately an order ahagnitudeless than the diffusion coefficient in blood. This
value for theeffective diffusion coefficient is similar in magnitude to what is predicted

from the Renkin pore model.

Limitations ofMobility Models

These two theoretical models have been compared to experimental measurements of
small molecule diffusion. Nugent et #07] compared these two models with measured

diffusivities of small molecule solutes in normal and tumor tissimvever, the main
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limitation in utilizing these or other models predicting particle movement is the size
choice of the solutes tested. Most experimental studies have only examined solutes below
10 nm [37], [197], [199], [207], [208] As magnetic nanoparticles can be orders of
magnitude larger than this, it is invaluable to know specifically hogetlherger particles

will move through tissue.

Another more subtle linmtion of these and previous models of particle motion is the
assumption made linking the decrease in diffusion coefficient to the decrease in the
magnetic drift coefficientThe magnet velocity (described more fully later #quation

(14)) is

6) Vr=kV(|H|),

where the magnetic drift coefficientk, describes the mobility of the magnetic
nanoparticle under an applied magnetic fiefl i n a certain fl ui d.
suggests that any physical barriers, such as membrane pores, that impact particle
diffusion will also equivalently impact particle mobilityg7], [38]. This would be

represented by the following equation:

(M) =%
wherek, is the effective magnetic drift coefficient. However, this analogy considers only
passive motion of the particles. It does not include the ability to exert an external force
upon themagneticnanoparticles and thus deforming the surrounding tissue Sj¥hdie.
the tissue architecture might create barrterparticle motion, it is corgvable that the

magnetic forces could pull the particles through a weakly formed extracellular matrix.
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This would negate the assumption described in equéfipas the effective magnetic

drift coefficient could benuch greater than approximated.

There are limitations and caveats to the above two models, however, absent relevant
expermental measurements, they are the best current methods to approximate

nanoparticle movement through tissues.

1.3.2 Animal and Clinical Trials

While magnetic nanoparticles have been approved for use in patients for MR imaging
agents[118]i[121], there have been a limited number of clinical trials involving
magnetic drug targeting. Most notablyjdbe et. al have performed simplistic targeting
with magnetic nanoparticles (from Chemil GmBH) conjugated with doxyrubicin in
clinical trials involving several patients with inoperable facial tunjddd. There have

been only a few patient trials since that have either involved using the magnetic field
outside of an MRI to targebhanoparticles[109], [209] or using nanoparticles as

thermotherapyl6].

There are, however, a multitude of MDT experiments performedivo in animals.
These range from dog@8], hamster$91], [95], mice[84], [86], [89], [104] rabbits[26],
[80]i [83], [98], [103], [105] rats[31], [36], [50], [85], [87], [90], [94], [97], [99], [100],
[106], sheed102], to swine[32], [34]. These have progressed the development of MDT,
however, they still rely orstatic magnetic field$o concentrate particles at a desired

'surface' location. This introduces targeting limitasi@and reduces the potential benefit
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of MDT. By applying a closetbop feedback strategy, the particles can be specifically
targeted at a designated region deeper within the abliyreach sites greater than 5 cm

depth (the current limitation in human ts§l4]).

1.4 Contributions Presented

This dissertationadds three main advancements to the magnetic drug targetingljield
The creation of @omprehensivéerrofluid transport model within any vessel, membrane
and tissue space under an applied metig field verified byavailable publishedorks. 2)

A ferrofluid mobility model used to predict ferrofluid and drug concentrations within
physiologically relevant histological samples from huraatopsies3) An optimization

of applied magnetic fieldgsang the particle mobility models to predict the best treatment

scenarios for two classes of chemotherapeutic drugs.

1.4.1 Blood Vessel Simulations

There are two categories of forces acting upon magnetic particles as they traverse
throughout the body: those that are induced; and those that are a consequence of the
environment. In the first, the magnetic force generated by an external magneticlfeeld pu
particles towards the magnet creating a resultant drag force resisting this [he4gn

[210]. In the second, the biological system transports particles through the blood and
scatters particles as they interact with rémb cells[131]. Starting with physical first
principles, Chapter 2 predicts the possible ferrofluid behaviors that can occur within any

given blood vessel with any surrounding tissue space. VWewy assumptions of
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nanoparticle characteristics were made and the developed model encompassed the entire

space of what is experimentally and biologically feasible Tsdxel).

By accurately describing the forces acting upon a magnetic nanoparticle and starting with
physical first principles, the transient concentration of nanoparticles is described within a
blood vessel including the surrounding tisgy a set of equations. Using these equations

and custom finite element solver built in collaboration with California Institute of
Technology, the entire realistic parameter space is exhaustively surveyed uncovering
three fundamental magnetic nanopaetidbehaviors: magnetic dominated; velocity
dominated; and boundary layer formatidrne behavior of a ferrofluid within a blood
vessel and tissue was determined to dwvernedby only three nordimensional
parametes. These behaviors remain even as the tcaings upon the simulation are
relaxed. Therefore, an experiment can be correctly designed to create a desired magnetic

nanoparticle behavior.

1.4.2 Tissue Simulations

While an open loop trap cannot ex{see sectiorl.1.3wher e Earnshawbs t
discussed)open loop control stilkan be usetbr specific treatment scenarios. Metastatic

breast cancer often results in hundreds of micomor s i n a Cqntaatyitoe nt s 6
primary tumors, these metastases often have low blood perfusion and chemotherapy often
cannot accumulate to therapeutic levels within these rticrmrs[211]. These untreated

tumas lead to cancer reoccurrence. Chapter 3 introduaessvamethod by which to

equalize chemotherapies throughout the liver parenchyneafunctional tissue of the
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liver). This method, coined dynamic magnetic s{ifMS), uses external magnetic fields

to pull chemotherapy loaded magnetic nanoparticles thraughe liver.

Our collaborators at the National Cancer Institutatsd with histological patient data

from NIH autopsy studies dferminal breast cancer patients. They then stained and
marked theliver sections for blood vessels and cell nuclei. Usingsé histological
sections,we took blood vessel density measurements to characterizéldoel vessel
populationof either normal or tumor tissue. These measurements confirmed the existence
of small micretumors containing fewer blood vessels comparedh® surrounding
normal tissue.lt is these micrdumors that are problematic for treating with
chemotherapeutic agents. Therefore the treatment targeDX&® was aimed at

improving the drug concentrations throughout these rtigmors.

To understand anguantify how DMS will improve the drug concentration within these
micro-tumors,we created ferrofluid transport model through tissue architectures. This
model utilized the blood vessel distribution from actual autopsy sections and focused the
treatment arget on the problematic mictamors. By comparing the ferrofluid
distribution that would occur naturally due from diffusion to the distribution from
applying shifting magnetic fields, the potential therapeutic increase in ferrofluid
concentration was detmined. By using magnetic shift, the concentration of ferrofluid
within these small micrkdumors increased by 86% on average compared twtural

diffusion.
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1.4.3 Optimization of Dynamic Magnetic Shift

Chapter 3 introduakthe idea of DMS and quantified the potential impact that the
treatment scenario could have on the meneironment of metastatic breast cancer
within the liver. However, while the benefit was significant in Chapter>38¢%
improvement over diffusion), he question remaif we can improve it. What
combination of transient magnetic fields would be the best to pull the ferrofluid

throughout the liver to achieve therapeutic treatment goals?

Chapter 4 examas the optimal parameters necessary to deliverfénrofluid throughout

the liver architecture. The therapeutic treatment goals were defined for two classes of
chemotherapeutic agents: 1) thasagsthat only act during a specific phase of the cell
cycle and must therefore be available for the celloag as possible; and 2) those drugs
that are insensitive the current phase of the cell cycle. These two goals led to the
development of two distinct metrics to quantify the benefit a specific treatment scheme

has upon the tissue architecture.

Using thes two metrics as a way to compare the treatment scenariogptimeal
treatment was determinddr shifting in twodirections by exhaustively simulating the
various treatment scenarioblot only was the optimal treatment searched over the
direction of magetic movement, but 140 mictamor cases were examined froré 1
patients. Lastly, the robustness of these optimal treatment schessdssted as the
mobility parameters of the ferrofluid werelaxed The robustness experiments examined

the methodoy which the optimal treatmergcheme change as the particles decrease in
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tissuemobility. This optimal control scheme can then be used as a techoigureating

metastatic breast cancer present within the fimefuture patients.
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Chapter 2: Modeling Magnetic Nanopade Transportthrough a Blood
Vesselunder an Applied Magnetic Field

This work originally appeared if212] and[213].
This work was done in collaboration with Catherine Beni and Oscar Bruno from the
California Institute of Technologylhey developed thdinite element solvertermed the
vesselmembrandissue (VMT) solver used tosolve the modell created the VMT
model, and identified and investigated the treatment space. Ladtlysed prior

experimental studies to validate the model.

2.1 Introduction

Magnetic drug targeting refers to the attachment of therapeutics to magneiedicles,

and then applying magnetic fields to concentrate them to disease locations such as to
solid tumors, regions of infection, or blood clft4], [12], [18], [25], [108], [134], [142],

[214]. In some casehowever,the magnetizable particles can be introduced into the
body outside the blood flow, e.g. as in metm treatment of the innear wkere a small

gel containing nanaarticles is placed on the round window membi@ig, [22], [215]

usually ferromagnetic particles are injected into a vein or afferly [108], [25], [26],

[80], [28]i [31], [14], [125], [216], [192], [102], [109], [106]Particles so injected will
circulate throughout the vasculature as the applied magnetic field is used to attempt
confinement at target locations. Two main considerations arise fromn theo use of

these parties. First, the particles must be small enough to make it out from the blood
vessels into surrounding tissue (they should be no larger than approximatély6@00

nm to extravasate out from even 'leaky' tumor vesddl§ [37], [38], [133], [216],
26



[217]), and, more subtly and crucially, they must be small enough to have sufficiently

long in vivo residence times (tger particles are removed faster by the mononuclear
phagocyte system; in human clini¢aals [30], [108]C h e mi ¢ e hm partcleslwei@

shown to have 30 min plasma residence times). Second, the magnetic force on these
small particles is minimaMagnetic force scales with gale volume[194], decreasing

the size of a particle by a factor of 10 decreases the magnetic force on it by 1000. Even

with strong magnetic fields (>Tesl a) and hi gh magnetic gr a
forces on ferremagnetic nanparticles remain extremely small, in the range of pico

Newtons[194], [218], [219]

Figure2: Verification of magnetic drug delivery from the body to the cellular scale in animal and
human clinical trials. a) Magnetic resonance (MR) image for a cancerepgtimagnetic
nanoparticle (ferrofluid) accumulation can be seen as lighter regions at the arrow tips (due to the
MR extinction phenomeng3]) [14], [30], [31], [108], [209] b) Rat studies: concentrated
ferrofluid is visible under thekin [31], [220] c¢) Ferrofluid concentrated in rabbit tumor micro
vessels (white arrowp6], [35]. d) Magnetic nanopactes at the membrane of mouse epithelial
cells (e.g. black arrowp21].

Thus a key issue in magneticud delivery is whether the applied magnetic forces can
compete with convective blood (drag) forces that tend to wash particles away. The
guestions are: can particles be confined to target regions against blood flow? In which
blood vessels and where do yheoncentrate? How deep within the body can targeting

occur? Past animal experimefigd], [26], [28], [31], [32], [34], [36], [50], [80][87],
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[89]i [92], [94], [95], [97] [106], [222]and phase | human clinical tridis4], [31], [109],

[209] have observed the accumulation of magneaiaoparticlesy visual inspection,
magnetic resonance imaging, and histology istid These have shown that magnetic
forcescan concentrate microand nanoparticlesn vivo near magnets, but the details of
that concentration cannot be seen experimentally. MRI and visual inspection do not have
the resolution to show which vessels mgnetic forces have exceeded blood drag forces,
and they certainly cannot shomherein the vessel accumulation is occurring. Equally,
histology studies are carried out after the animal has been sacrificed and blood flow
stopped; they speak only partially where in the blood vessels the particles might have
been Thus, in thischaptey we address this issue via simulation& map the parameter
space and characterize what should happen in an idealized blood vessel in terms of
applied magnetic forcstrength and blood flow velocity. Our goal is to forecast and

characterize the type of behaviors that will occur.

We note that the usual baok-the-envelope analysis is not sufficient; it does not predict
what is observed experimental@onsider the ragéxperiments shown iRigure2b. Here

our collaborators L{ibbe and Bergemann) used a 0.5 Teslagnblong, 5 mm wide
permanent magnet to focus 250 drmmeter iroroxide nanoparticlesEven for a particle

at a distance of just 1 mm away from the magnet (just below skin depth), the magnetic
force on this particle (see equati@drl) and[194], [218), including the effect of particle
magnetic saturation and using exactsolution [223] for the magnetic field around the
magnet, is only about 1 x 10~1* N. By comparison, the Stokes blood drag fd224]

on the same particle, for the slowest measrddmm/s bloodflow velocities in rat
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capillaries [225]i[227], is #7x 107"* N, a factor of x7 greater. This simple
compari®n suggests that the field gradient near the magnet cannot caf6fena
particle against even the weakest blood flow in a Yat in Figure 2b the dark spots
where the particles have been focused can be clearly seen. This focusing was carried out
while the rats were alive and their blood was flowing, and it has been repeated even with
100 nm diameter particles where the magnetic forces are=2%55.625 times smiar.
Clearly, a crude comparison of magnetic forces per particle to Stokes drag is insufficient
to matchin vivo behavior. This mismatch is also apparent in the literature bothn for
vitro andin vivo experiments. Irin-vitro studies (eg[106], [228)), particles were focused

even when centerline stokes drag forces exceeded magnetic forcesinrvitleecases
(eg.[26], [36], [95])), Stokes draglue to the slowest blood flow in the animals/humans

exceeded maximum magnetic forces yet particle focusing was still observed.

The rough calculation above is deficient for two main potential read9riBhe blood

flow drag forces on the particle vary witts position in the blood vessel. A particle at the
vessel centeline will experience a higher blood velocity and hence a higher drag force,
but a particle near the blood vessel wall will be surrounded by a near zero blood velocity.
This decrease in vetity is due to the flow resistance provided by the vessel wall, the
'no-slip’ boundary conditioi38], [229], [230] Thus a particle near the vessel wall will
experience a much smaller drag force and can potentially be held lucta smaller
magnetic force (se&igure 3, this effect is also noted if219] for micro-channels).
Alternatively 2) the particles might agglomerate to some degree even though they are

typically engineered to minimize agglomeratidd], [12], [216] This will increase the
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magnetic force, which grows with volume, much faster than the Stokes drag, which
grows with diameter, thus increasirtgapping. In thischapter, we will focus on

examining the first issue in detail, as it is the next crucial quedtem 2) is addressed
approxi mately by considering an agggltandreadt
(see Sectiorz.15.5. Consideration of agglomeration thus folds into our-donensional

numbers for size and force (discussed in Se@i8r). A more sophisticated, analysis of

agglomeration will be carried out in future work.

This chapterfocuses on systematically characterizing the behaviors of ferromagnetic
nanoparticlesn a single idealized blood vessel under the action of an applied magnetic
force, blood drag, diffusion within the blood, and transport of particles from blood to
surrounding tissue (modeled simply as diffusion, a8#j, [38]). It includes an ability

to predict what happens in shallow and deep, small and large blood vessels, and it
resolves the mismatch between experiments and the usual, but simplistigftfaek
envelope centerline Stokes drag versus magnetic force dalouteescribed above. It is
organized from the simplest scenario to cases that include added features such as spatially
varying magnetic forces, blood pulsatility, curved vessel geometry, and skin boundary
conditions. These added features do not qualdgtichange the three types of
nanoparticlebehaviors observed: blood velocity dominated, magnetic force dominated,
and boundary layer formation regiméss addition, we do not consider cases where the
concentration of ferromagneticanoparticless sufficiently high to obstruct the flow
within a blood vessel. We find that the obsermagshoparticleconcentration behavior in

in-vitro and in vivo studies is correctly predicted by a single thpaeameter non
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dimensional mapHigure9 and Figure 11) that delineates the blood velocity dominated,
magnetic 6rce dominated, and boundary layer formation behaviors. Our summary result
is simple to use and will enable a more systematic design of future magnatio drug

delivery systems.

Simulating ferrofluid behavior, even in a single straight vessel, is challenging. We
created an #house vessdlssuemembrane (VMT) numerical solver based on the
Alternating Directions Implicit (ADI) method231]i [234]. The VMT solver was both
more accurate and 500 times faster than COMSOL (a ggmanadse commercially
available partial differential emtion solver often used in the magnetic drug delivery
literature, e.9[228], [235)), and it was able to solve cases that COMSOL could not (see
Section2.8). Using VMT we were able to solve all cases, though the most challenging
cases still took a long time (the case of mass Péclet number equall@ ih Section

4.3 took 48 hours). There are ways to further improve VMT to make tlesss cun
much faster and this will be reported in future publications as part of our effort to create a

generalpurposefast and accurate simulation environment for magnetic drug delivery.

The current study is essential to better forecast what happeiv® in shallow and deep
blood vessels under varying circumstané@sr modeling is the next needed major step:
it goes beyond a naive baokthe-envelope calculation but is still tightly focused on the
issue of blood convection versus magnetic fartesecessarily cannot include all the
complex details of magnetic particle phenomienavo, because much of that behavior is

still not well understood at a physiological and physical level and therefore cannot yet be
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guantified mathematicallyFor example,extravasation[11], [37], [38], [133], [216],

[236]i [238] is an active research field in its own right and the mashanthat drive it

are not yet fully known or characterized. Since extravasation cannot be included in detail
at our level of modeling, we represent it here by a diffusion term (from blood to tissue)
that is folded into the effective diffusion coefficigfats is done i§37]). Even with this
limitation, our model still provides accurate and effective results that are hard to attain
any otrer way It is necessary for our larger effort to design controllers that will achieve
deep tissue magnetic drug targetifad 8], [239]) [241], and its ability & simply but
accurately predicin vivo behavior will aid the research efforts of the broader magnetic

drug delivery community.

2.2 The Three Parameters

We consider the scenario of a single blood vessel with an inflow of blood and ferro
magneticnanoparticleshat are actuated by an externally applied magnetic force. We find
that the nanoparticlesexhibit three distinct and specific behavioral patterns: either
velocity dominated (they are washed out of the back of the blood vessel), magnetic force
dominated (ragnetic forces overcome the blood vessel membrane and surrounding tissue
barriers), or they form a boundary layer at the blood/tissue interface. Three non
dimensional numbers are required to determine which behavior is occUiniege three

numbers are:

The NonDimensional Magnetic Force Strength (the Magneti®Richardson

Number): This number quantifies the ratio between the applied magnetic force and the
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blood Stokes drag at the vessel centerline. When this number is greater than unity then

the magnetidorce is larger than the blood Stokes drag force at the vessel centerline.

The Renkin Reduced Diffusion Coefficient: This quantifies the ratio between diffusion
in the blood vessel membrane and diffusion in the bltfathis number is smaller than
unity then particles in the blood vessel membrane diffuse much slower than the same

particles in blood.

The Mass Péclet Number This number quantifies the ratio between the maximum
centerline blood flow velocity times the average blood vessel width to thlepinticle
diffusion coefficient When this number is much greater than unity then particle

convection occurs much faster than diffusion across the blood vessel width.

2.3 Domain Geometry

Figure 3 shows the model geometry: an idealized straight blood vessel contained by an
endothelial layer next to an underlying tissue layer. §b@metryis a simplified version

of the Krogh tissue cylindgB7]. Smilar to the Krogh cylindemodel,the tissue space is

a region between adjacent vessatgl themodel only applies to capillaries because it
does not incorporate a vascular muscle layer. This restriction, however, can be relaxed by
substantially loweringthe diffusion coefficient of the membrane layer (see section
2.15.) thus better approximating naapillary vasculaturelThe vessel has an inlet at the

left-hand side and an outlet at the rigfiaind sideBlood and a constant concentration of
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ferro-magneticnanopaitlesenter from the leftA magnet is held below the blood vessel

and creates a downwards magnetic force.

Constant

Blunted Blood g
§icose Concentration
Velocity Flow = 3
Profile of Magnetic .
Particles ®  Magnetic Particle
¥ ! 4 s s s —> Magnetic Forces
== Blood Drag Forces
BLOOD N :
et Blood Drag Force (Centerline) —
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> (Ncar Wall) T
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Figure 3: The simulated blood vessel geometihe blood vessel is idealized as a straight
channel. Blood and a constagzuncentration of magneticanoparticleenter from the left. The
magnetic particles (black circles) within the blood vessel experience diffusion, migration under
blood flow, and magnetic forces. Magnetic particles in the surrounding endothelial and tissue
layer experience diffusion and magnetic drift but no blood flow forces. The magnet can be a long
distance from the blood vessel (deep targeting) and here this is denoted by the break in the length
bar on the right of the figure. Inset: The simulated doraedind a blood vessel in deep tissue.
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2.4 Governing Forces
We consider the three main forces acting upon the-faagneticnanoparticlesThese
include blood advection forces induced by blood plasma conve@n[196], [224]

magnetic drift induced by the applied magnetic fiddi0], [242], [243] and diffusion
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forces induced both by Brownian diffusi¢h96] and the scattering effect that colliding

and shearing red blood cells have onrtaaoparticle$131].

241 Maxwel | 6s Equations for the Magnetic

El ectromagnetic fields are <c¢cl as@dcwd |y de
specialize to the case of magnedtatic equations that are appropriate for stationary, or
slowly varying, magnetic fields.

(8) VxH-=

~l

(9 V-B=

o

Here B is the magnetic field [T],H is the magnetic intensity [A/m], is the current
density [A/nf], M is the material magnetization [A/m}, is the magnetic susceptibility,

and y, is the permeability of a vacuurzg x 107’ N/A?]. These equations hold true in

vacuum and in materials, for permanent magnets (magnetizafica0), and for
electromagnets (currejitz 0) [194], [210], [245] Through the human by, magnetic

fields propagate essentially unchanged because the magnetic susceptibility of tissue is
close to zero f 4 10°1 10* [246], [247). In contrast, the magnetite cores (e.s(zp

of ferroomagnetic particles have magnetic susceptibilitie® ¥ torders of magnitude
higher than that of tissuegy (~ 20), therefore these particles are strongly influenced by

magnetic field§194], [210], [245]
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2.4.2 Magnetic Forces on a Particle
A single ferremagnetic particle in a magnetic field will experience a force that depends
upon the magnetic field and field gradient arourj@ii, [185], [210], [239]

r _47[03 HoX dH —’_271:03 HoX 712
(11) By = 4o or 4B = 22 ot g (|H]?).

Herea is the radius of @aanoparticlgm] andV is the gradient operator [with unitgm].
For simplicity, the hydrodynamic radius is considered to be the same size as the magnetic

core radius (the case where they differ is discussed in S€ctibr§. The first relation is

more familiar and clearly shows that a spatially varying magnetic fiekfidx # 0) is
required to create a magnetic force. The second equivalent relation states that the
magnetic force on a fermmagnetic particle is always from lot@ high magnetic fields

and proportional to the gradient of the magnetic field intensity squared. The two relations
are equal by the chain rule and it is evident that the magnetic force is also proportional to

the particle volume.

If the applied magnetitield is sufficient to saturate theanoparticlethen[d H4X]H in

equation(11) is modified to[d H4dxX| M, where M

sat sat

is the saturated magnetization of

the particle. Sincé_, lines up withH , this does not change the direction of the force,

sat

only its size.Thus,this case is considered within our framework simply by modifying the

size of the magnetic force used.

As shown inFigure4, when the magnet is held at a long distance compared to the blood
vessel width, we can assume that the magnetic force is constgpade throughout the
blood vessel width and length. This negates the need to solve the rrsigiieto
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equations; it is true to within a few percent even for wide blood vessels near magnets, and
it does not qualitatively change the resulting nanoparti@dbeaviors (Sectior2.15.3
analyses the case where the magnetic force does vary in space according to the magneto

static equations).

~3mm ™ Zoom (x 5)

.........
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[39)
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Figure4: Magnetic forces are usually constant within the tissgsel systentiere even though

a magnet is held close to the blood vessel (at a distance that is less than its length) the resulting
magnetic force within the blood vessel is still essentiedigstant: the maximum error of ks
FexaclllFexacl < 10 %

For the rat experiment shown figure 2b, the force acting upon a single iron oxidzs

nm radius particle at a 1 mm depth is given by equdtidhto be F,; ~ 0.1 pN. (Here
the 0.5 T permanent magnet produces a magnetic field intensit§ xfl0° A/m and a
magnetic spatial gradient &f 1 x 10’ A/m? at a distance of fnm, the particles had a

magnetic susceptibility of roughly ~ 20 and saturated eﬁsm ~ 448 KA/m [106].)
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2.4.3 Magnetic Forces on a Concentration of Particles (on a Ferrofluid)

A ferrofluid is composed of many magnetizabl@noparticlesand is essentially super
paramagnetic. Ferrofluids are strongly magnetized in the presence of an external field and
then lose their magnetization once the external field is removed due to rapid random
particle reorientation194], [210], [245] Neglecting particlgo-particle interactions,
which are small due to particle reorientationsl amtiagglomeration coatingd 1], the

magnetic force on each elemental volume of ferrofluid is givei3®ly [196]

(12) Fy =% cv(|iP)

whereC is the concentration of the particles [numbét/m

2.4.4 Magnetic Drift Velocity: Magnetic Forces versus Stokes Drag

Whenthe magnetic force of equatidfl) is applied to a particle, it will accelerate the
particle in the direction of this force until it reaches an equilibrium vtgd(fq relative to

the surrounding blood (or surrounding tissue). The opposing Stokes drag force on a
spherical particle is given 48], [196]

(13) Fg = 6manVy

were n is the dynamic viscosity of blood [kg m/s]. When the Stokes drag force first
equals the applied magnetic force, then the particle has reached its equilibrium relative

velocity (magnetic velocity)

- a2 — —
(14)  Ve=5125 V([H[) = kV([H])
wherek = az,uo;(@n(l + y73) is the magnetic drift coefficient. This relative velocity adds

to the fluid velocity (equatio(il5) below) and together they give the net convection plus
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magnetic drift velocity. (Equatiofl3) does not include wall effects that modify the drag
force on a particle withia few particle diameters of an external obstrucf#8], [249]
Equation(14) also does not include magnetic partittheparticle interaction forces. For

an initial discussion of the effects of agglomeration see SezZtidnSor [250]i [252].)

Within the membrane and tissue layers, Stokes drag is not the only limitation to the
maximum velocity induced by magnetic fesc There are many obstacles in the form of
cells and extracellular matrix components that inhibit particle movep®jt [38],

[237], [253] These obstacles lead to an analogous magnetic drift coefficientefor th
membrane and tissue layers. Einstein's relation assumes that these obstacles also inhibit
diffusion in a similar mannef37], [38]. Therefore the analogous magnetic drift
coefficient for the membrane and tissue layer is ggad by scalinge by the Renkin

Reduced diffusion coefficient described in SecBdh4[37].

Using the same rat example as befdiigire 2b) and a blood viscosity of 0.003 Pa s, the
magnetic drift velocity of the 250 nm diameter iron oxide particles in blood isihen

1.4x10°m/ s, i .e. it is 14 emls.

2.4.5 Advection Forces

The fluid velocity profile in a channel @irved- it is highest at the centerline and is zero
at the walls due to the mdip boundary condition. For Newtonian fluids in straight
channels at steady state, this curved profile is parald@®&], [254] Blood, however, is

a nonNewtonian fluid due to the presence of the clotting profeirinogen, which
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causes red blood cells to aggregate at low shear rates. This creates a blunted flow profile
known as plug flow37]. Such a pofile can be fit empirically by255]

(15) Vg =Viuull - (£)°)

WhereVB is the velocity in [m/s]V3,,,. IS the maximum centerline velocity [m/s]is

the radial location [m],R is the radius of the vessel [m], akdis a constant for a
particular profile. A value of =9 is usually chosenot fit experimental data of the
cardiac cyclg255]. This equation removes the need to solve the N&tigkes equations

for the blood flow profile In rat vessels the smallest centerline blood velocity is on the

order of 0.1 mm/§225]i [227], in humans it is 0.5 mm[87].

2.4.6 Diffusion Forces

There are two main types of particle diffusion that occur withiroadbessel: Brownian

thermal motion and particle scattering due to collisions with blood cells.

Brownian Diffusion

Brownian motion refers to the random motion of particles under the action of thermal

fluctuations and is quantified by a diffusion coe#ici[37], [196]

kgT
(16) Dy= 67?;111
that relates the diffusive flux to the concentration gradient of the particles kklésehe
Boltzmann constant arid is the absolute temperature. For 250 nm diameter particles in

blood at body temperature (&), the diffusion coefficient iD, © 6 x 10" m?/s [102],

[210], [216], [239]
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Diffusion from Blood Cell Scattering

Collision of blood cells wh nanoparticlescauses the particles to scatter and can be
modeled as additional diffusid31]. The scattering diffusion coefficient is on the order

of Dg & 1 010" m¥s and can therefortee greater than the diffusion due to thermal
motion. The total particle diffusion is the sum of thermal and scattering diffusion hence

DTOT == DB +DS

2.4.7 Additional Forces no€onsideredwvithin the Model

Several additional forces are neglected for sicitgl These include additional forces that
occur when particles concentrate near the blood vessel boundary. If the particles
concentrate to significant levels at the vessel boundary, the resultant concentration can
extend into the vessel where blood vélpdorces are high. It is possible for the
collection of particles to then impact the blood flow and change the blood velocity flow

profile. This effect is neglected within this model.

In addition, the effect of objects within the blood flow impartingaalditional force as

they collide with the patrticles is not considered. These objects include red blood cells,
white blood cells, or platelets. While this is approximated for red blood cell interactions
with the addition of a scattering diffusi@oefficient, it does not completely describe the
scenario for all vessel types or objec@ne such wuescribed scenario is within
capillaries or other small vessels where red blood cells encompass the entire vessel lumen

(interior area) thereby pushingyaparticles along with the transient red blood cells.
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2.5 Summary of Governing Equations and Boundary Conditions

The concentration of ferrofluid at each location is a function of time: it increases when
the flux of particles to that location is positive ashecreases when it is negatiM®6],

[248]. The flux is the summation of the three effects discussed above: diffusion,
convection by blood flow, and magnetic drift. Thus

(17) %C(x,y,t) =-V:|=Dp,VC+C Va(») +CkV(|Hx,»|?)

. R R Blood
Ferrofluid Diffusion Convection Magnetic Drift

Concentration
whereVB is the blood flow velocity. Considering a constant magnetic force acting only in
the negativey-direction and the specific blunted blood flow profile of equation (8), the
concentration can then be described bypiduial differential equation
(18)  C(x.3) ==V [Dp, VC + C (Ve [1 = (£)°].0) + C(0,—kVH?)]
stated in two spatial dimensions,irandy. The concentration inside the tissue is defined
more simply by the equation
(19) C(x,y)= =V - [-Dr1,VC + C(0, -k VH?)].
Boundary conditions are required to complete the model. At the blood flow inlet, a
constant concentration of magnetic particles is imposed (seeFasece 3). At all
external boundaries of the tissuessel system, the normal diffusive flux is set to zero
(n- DVC = 0) enforcing the requirement that the total flux at those boundaries is exactly
the convective flux (so that ferrofluid correctly conveats of the vessel outlet with the

blood flow). The interior boundaries between the vessel and endothelial layer, and the

endothelial layer and tissue, satisfy two conditions: the ferrofluid concentration is
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continuous across each interface (no concentrdismontinuities), and the ferrofluid that

leaves one domain enters another (no ferrofluid is lost or created).

Since in magnetic drug delivery a magnet is often held outside the skinaaoparticles
then concentrate closest to it but do not leavebtidy, it can be desirable to include a
'skin' boundary condition that prevemtanoparticlesrom leaving the tissue (this would
be placed at the bottom of the tissue layeFigure 3). We do not consider this added
feature for the majority of thehapterbecause we are interested in ferrofluid behavior in,
immediately around, and between blood vessels. Therefore we permatribyarticleso
leave this focused inspection domain. Skin introduces a new complication, tup pfe
nanoparticlesn the tissue next to it, and it can distort the behavior around blood vessels
in a way that depends on tissue thickness. It necessitatés@n4limensional number
thus requiring a4limensional visualization of the prototypical behavior of ferrofluids. A
skin boundary condition is included in Secti®ri5.6and correctly causes ferrofluid to

pile-up near the magnet.

2.6 Range of Physical Parameters

2.6.1 Magnetic Parameters

Magneticnanoparticlesar e usually defined as a moi ety
contain a magnetic corfd1]. The magnetic core is usually composed of magnetite or
maghemite[11], [80], [102], [104], [106], [108], [228], [256], [257hut other exotic

materials can be used including cemenf82], [34]. For in vivo studies the size of
particles used ranges [02toon B 4@ (OInja2j genad ar
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[34]. Smaller particles (size < 25 nm) usually exhibit superparamagnetic behavior that
helps reduce agglomeration when the magnetic fields are renibljed arger particles
(size > 60 nmbenefit from not passing through normal fenestrated capillaries where the

pore cutoff size is approximately 60 nfi1], [216]

The magnetic fields generated by external magnets-witro studies have ranged
anywhere fromr 70 mT [142] to ¢ 1.5 T [214], [228] Animal trials have had ranges

between 0.1 T and 1.5 [B1], [36], [80], [102], [109] While the FDA has approved

magnetic strengths up to 8 T for use with humidrig and human clinical trials have

utilized 0.2 to 0.8 T magnet field strengfig], [30], [31], [108] Most often permanent

magnets have been used with sizes ranging from tens of millimeters to tens of teestime

[32], [34], [80], [108], [142], [228] Occasionally electromagnets were utiliZ@d4],

[257. The distance of particles dIRaomntmagnet s
literature[14], [32], [36], [L06], but we consider up to 30 cm distances to examine the

possibility of deep tissue magnetic targetiay8], [239], [241]

2.6.2 Advection Parameters

In humans, typical centerline blood velocities range from 0.5 mm/s in capillaries to the
largest value of 40 cm/s in the aoff¥], [38], [131] Average vessel diameters vary

bet ween 7 em for capil[Ll1aB71,€81]to 3 cm in th
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2.6.3 Diffusion Parameters

Particle size and vessel radii impact the diffusiomarfioparticlesThe largest diffusion
coefficients occur in large vessels (arterioles and asjewbere cell scattering effects are
high and with small particles where Brownian diffusion is large. The smallest diffusion
coefficients occur in small vessels (capillaries) where scattering effect are negligible and

with large particles where Brownianffdision is small. The typical range in humans of

total particle diffusion coefficients is betweéex 10~ to 6 x 10710 m¥s[37], [131].
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Tablel: Human physical parameters encountered in magnetic drug deligesential quantities
needed for the sufequenthondimensionalization are bolded.)

Parameter

Symbol Parameter Range

Particle Radius

1 nmi 5pum

Distance from Magnet d 1 mmi 30 cm

Magnetic Field Strength |B| 017 15T

(or Magnetic Intensity) |H| 83 10*i 1.23 10° A/m

Magnet Length Ly 1-30cm

Magnetic Drift Velocity Vx| 93 10 m/si 3.83 10* m/s
Magnetic Force on a Particle | Fa| 53 10%°7 1.13 10N
Maximum Centerline Blood Velocity V Bmax 0.5 mm/si 40 cm/s

Vessel Diameter dp 7 € ®cm

Blood Viscosity n 0.003 Pa s

Centerline Stokes Drag on a Particle | Fg| 33 10" 1.13 10'N
Temperature T 310 K (body temperature)
Brownian Diffusion Coefficient Dy 13 10* - 13 102 m?s
Scattering Diffusion Coefficient Dg 3.53 10% -63 10" m?s

Total Diffusion Coefficient (in blood) Dy, 12 107 63 10°m?s
Diffusion Coefficient (in membrane) Dy 0 (particles > pores) 1.53 10%?
Diffusion Coefficient (in tissue) Dy 0 (particles > interstitial spaces) 1.23 10

2.7 Non-dimensionalization of Governing Equations

In a model with dimensional parameters, like equafibn), the numerical parameter
values used depend on the chosen units (meters versus millimeters), there are typically
multiple parameters associated with each phenomena (with diffusion, convection, and
magnetic drift), and their effects are coupled togetlmrgkample, changing the particle

radius changes both the diffusion coefficigmtand the magnetic drift coefficierk).
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Non-dimensionalizing (i.e. normalizing) the model reduces the number of parameters to
those that are actually independd@48]. The resulting nowlimensional numbers
capture the ratio between competing physical effects; they remain the same even if a
different system of nits is chosen; and they are uncoupled in the sense that each non
dimensional number is the ratio between two competing effects and is independent from
parameters that make up any third effect (e.g. the Renkin number is a ratio of diffusion in

tissue verssiin blood and does not depend on patrticle size).

As described irsection2.2, for our idealized blood vessel systemnoparticldoehavior

is uniquely determirg by three nosdimensional numbers: the magnefchardson

number, the Renkin reduced diffusion coefficient, and the mass Péclet number. If we
consider two situations A and B in which the blood vessel width, particle size, and
magnetic field strength degf dramatically, but these two situations share the same three
nondimensional Richardson, Renkin, and Péclet numbers, then these two different
situations will exhibit identical behavior because they will both have exactly the same

balance of magnetic, difsion, and convection phenomena.

We now formally derive the nedimensional form of our modelpcomingequations
(24), (25), and(26)) from the dimensional form. Repeating equalfibn) for clarity

(20) T =-V-[-Dg,VC+CVy+ CVy

let x = xd, y=ydg, C=CICy Vg =Vy/Vgnae» and Vg = Vp/Vg,. S0 each non
dimensional variable (hatted) is the dimensional variable divided by a characteristic

quantity. Heredg, C,, andVy,,. are the characteristic lengfthe width of the blood
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vessel), characteristic concentration (the inlet magnetic particle concentration), and the
characteristic velocity (the maximum centerline velocity in the blood vessel). Using these
three characteristic quantities, it is furthesgible to consistently define all other needed

nondimensional variables and derivative operators=a$(Vy,,,./dg) = t/ty, 0tot = 1/t

andV= 00(x) = 00(d gx) = V/dy.

Table 2 summarizes the nedimensional transformations for all variables. The five
essential dimensional variables (those variables that are boldedl®l) reduce down

to just two nordimensional numbers, as predicted by the classical theorem ef non
dimensional analysis: the Buckingham Pi Theof@48]. These two nowlimensional
numbers are the magnefichardson number and the mass Péclet number. The third
nontdimensional number considered in tlohapter the Renkin reduced diffusn
coefficient of the endothelial membrane or the tissue, is required because diffusion in the

endothelium or the tissue differs from diffusion in the blood.
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Table2: The nondimensionalized variables.

Parameter Dimensional Non-Dimensional Characteristic Quantity Used for
Symbol Version Non-Dimensionalization
[and units]
Particle a [m] 0= ald
Radius B d g the average width of the blood
X Length x[m] x = xldg vessel, e.gd; =0.03 mm for an
arteriole
Y Length y[m] y=yldg
Vimax the maximum centerline blood
Velocity Vmis] V=VIVyu velocity, .9V g, = 1 cm/s for an
arteriole
. 3 _ C, the inlet concentration, e.g, = 2
Concentration C[mol/m’] C =CI/C, to 4 mol/nt
V . . .
Time 1s] =g Bmax _ 1 Non-dimensionalized by the
dg I composite quantityy = d p/Vp,ux
Diffusion ) . —p. fo__DPr  Nondimensionalized by the
Coefficient Dry[mls] Tor = ot d%  dpVenax cCOMPpOSite quantity 3V,

Substituting the noximensional variable (or derivative operator) multiplied by the

constant characteristic quantity for each dimensional variable (or operator) rewrites

equation(20) as
9(CyC) o v V(c,C _ N
(21) (d(; )d_;: _a : [_DTot (d;) ) + <C0C> (VBmaxVB + VBmaxVR>]
C,yoC

A Ch & — —
9. [—DTO,iVC + CoVigmax (Vg + VR)C].

Multiplying both sides by,/C,,

aC t A Ch & — —
(22) K=-72 9. [—DTO,d—;’VC + CoVipmax (Vi + VR)C].

Canceling and grouping terms, and recalling th&t defined to bl z/V3,,,. dives

ot dB VBmax

Diffusion Advection

Defining the mass Péclet number to Be= dzVp,,. and the magnetic Richardson

number to be the downward component of the-diomensional magnetic velocity yields
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equation(24) (where the sulscript B has been adddo denotenanoparticlesn blood
and the hats have been droppédtfjuations for the membrane and tissue derived in

exactly the same way.

2.8 Simulation Development

2.8.1 Non-Dimensional Governing Equations: The 3 Key Numbers

Non-dimensionalization of the ntamatical model is crucial for mapping out ferrofluid
behaviors; it reduces the number of parameters from the T@&bie 1 to three key
independent numbers and it prevents repeatedly solvingsisglar cases that have
differing dimensional parameters but share the same beh&di8}. Non-dimensional
numbers achieve this saving by capturing the ratios between competing physical effects

thus illustrating which effects win when and by how much.

As done previously in sectioR.7, we nordimensionalize equatio(l7) by choosing a
characteristic length scale (the width of the bloodsgks;), a characteristic velocity (the
maximum centerline velocity in the blood vessk,,.). and a characteristic
concentration (thenanoparticleconcentration at the blood vessel intgf), and then
normalize each variable with respect to thésee characteristic quantities. Sectid
defines all the resulting nesimensional variables and provides a detailed derivation of

the final equations. After nedimensionalization, equatiqii 7) becomes
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(24) La-_vy. [—P#ech + (173 + (0, 411)) CB]
now whereCj is the nordimensional concentration afinoparticlesn the blood and’

is the nordimensional blood velocity. Equatiofi@5) and (26) are the nordimensional
analogs for transport of magnetic particles in the endothelial membrane and in tissue

respectively

(25) M =-V.D[-2VCy +(0,-¥)Cy/]

(26) =L =-V . Dy|-2VCr+(0,-¥)Cr).
This normalized model is completely parameterized by 4dwmensional numbers: the
magnetieRichardson numbeM, the mass Péclet numbdte, the Renkin reduced
diffusion coefficientD for endothelial membrane diffusivity compared to blood, and the
Renkin reduced diffusion coefficie@; for the diffusivity of tissue compared to that of
blood. The thin endothelial membrane either effectively acts as a barnandoparticles

or not, this it suffices to vary eithdd (when the membrane limits transport) Dy (if

tissue limits transport). Since there is little need to vary both, 3lmensional numbers

are sufficient to completely characterizanoparticleoehavior.

2.8.2 MagneticRichardson Number

Based on the Richardson numiE96], [258] we define a magnetiRichardson number
as the ratio of the magnetic forcethe Stokes drag force that would act upon a single
stationary particle at the centerline of a blood vessel. The magdrietiardson number is

thus the ratio
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(27) Y — Magnetic Force at Centerhn'e —
Stokes Drag Force at Centerline

As the magnetidRichardson number increases to a value greater than unity, the magnetic
forces experienced by a particle are much higher than the drag forces created by the

blood velocity. As the number decreases below unity, the belodity forces dominate.

For the smallest rat blood vessels, the magnetic force upon an iron oxide 250 nm
diameter particle at 1 mm depth was 0.1 pN. The Stokes drag force on that same particle
in a rat blood vessel with a centerline velocity of 0.1 mi®s/6.7 pN. Therefore the

magnetieRichardson number in this casélis= 0.14.

2.8.3 Mass Péclet Number

Here the mass Péclet numiper], [196], [254]is defined as the ratio of the blood vessel
width multiplied by the maximum centerline blood velocity to the total diffusion
coefficient of the nanoparticleswithin the vessel. At large Péclet values, the blood

advection ohanoparticlesar exceeds their diffusion.

(28) Pe_(BI ood Ve gxéMealx i Whudnt hB 1 o)o ddgKpg,l oci ty
- Total Diffusion CoeffDgient of Particles

Continuing with our rat example, with a centerline velocity of 0.1 mm/s (the slowest
measured in a rat capillary), a vessel diametet,of 6 & mnanoaantidién &lood

diffusion coefficient ofDy,, © 6 x 10" m?/s, the mass Péclet numbePisa 1000.
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2.8.4 The Renkin Reduced Diffusion Coefficient

The behavior of senpermeable membranes, such as the blood vessel wall, can be
modeled by the Renkin reduced diffusion coefficig8¥], [38]. This coefficient is the

ratio of the diffusion coefficient in the membrane to the diffusion coefficient in the blood.

(29) D_Diffusion CoefficiDgnt Oyn Membrane
" Total Diffusion OgelgfiBjent in Blood

As this ratio decreases towards zero, the ferrofluid increasiagigins within the blood
vessel. As the ratio increases towards unity, the ferrofluid begins to leave the vessel and
enters the membrane. When this ratio is one, the ferrofluid behaves as if the vessel wall
did not exist. With this number the permeabilitiy tbe endothelial membrane can be

varied in a simple manner.

If pore diameters of a membrane are known, the following equations can be used to

estimate the ratio of blood to tissue diffusion coefficients

(30) ¥ =(1-a)’(1-2.1044a +2.089a" — 0.9480°), & = -
B pore

wherer, ., is the average radius of the pores in a membi@&re[38], [197] For normal

pore

endothelial pores of size,,., ~ 60 nm in rat capillaried225]i [227], D ~ 0, while in

leaky bloodvessels where ., ~ 600 nm,D =~ 0.36.

pore
Not only is the ratio of membrane to blood diffusion coefficients important, but the ratio
of tissue to blood diffusion coefficients impacts particle behavior. Similar to the semi
permeable vessel wall, tissudfasivity is highly dependent upon particle size and the
extracellular spacing. Therefore it is necessary to vary this number as well, and this is

accomplished in Sectidh15.7
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(31) D = Di ffusion Coeffil3fi ent in Tissue
T Total Diffusion gefficient in Blood

Tissue diffusivity is usually greater than the membrane diffusivity but is typically less
than the total blood diffusivity. In the rat example, fotuanor extracellular space of

1 um, Dy % 0.56 [37].

2.9 Numerical Implementation

Magnetic particle behavior was simulated by using bothctimamercial multiphysics

package COMSOL (www.comsol.com) and by an algorithm designed specially to meet
the signiycant c h al |-MeambransTisspeo (¥MTJ cotwvgctiot h e Ve
diff usion problem. The second method is based on a combination ofrddesdgnesh to
adequately resolve thin boundary layers; 2) the Alternating Directions Implicit (ADI)
method [234]; 3) an ormandoff p u 4freezing methodology that allows fafficient
treatment of the multiplime scales that exist in the problem; and 4) a change of
unknowns that enables evaluation of stestdyes in tissue and membrane layers through

a highly accelerated tim&tepping procedurg¢231]i[234]. The resulting lineatime
unconditionallystable numerical methodology, called the VMT solver, is both
signiycantly more accurate and up to four
simulation, in addition to being capable of resolving thin bount#amrs for cases where
COMSOL fails. For example, considering the caséPot 1000, ¥ = 0.001, D = 0.01,

D+ =0.01, on a Intel Xenon quad core 3.1 GHz processor with 80 GB of available
memory, COMSOL obtained a solution within B8urs while our VMT solveobtained a

steady state solution with 5 digits of accuracy in only 5 minutes and using 32.7 MB of

memory. For another, much moreffidiult case usingPe = 10000, ¥ = 0.00001,

54



D =0.001, Dy = 0.01, our VMT solver obtained a steady state solution with 5 digits of
accuracy in under 8 minutes and using just 98.3 MB of memory while COMSOL was

unable to provide a solution.

Full details of the numerical methodology (with additional accuracy and computing
improvaments resulting from use of the novel Fourier Contilouadlternating
Directions method259]) used n the VMT solver will be presented in a forthcoming

contribution[260].

Below we provide details of both the COMSOL and VMT numerical implementations,
then acomparison of the two to show that they give the same answer (up to the poorer

solution accuracy possible with COMS@_shown in sectiog.11).
2.9.1 COMSOL Implementation
Software Implementation

For implementing the model, the software package COMSOL Multiphysics v&gion
was chosen initially. This package allowed the geometry specifideigure 3 to be
constructed. Equation@4), (25), and (26) were solved for the entire control volume
using the prescribed blood velocity anthgnetic velocity (equationgl5) and (14)).
Simulation times ranged from 15 minutes for the easy casesPRaith 100, up to 36
hours for Pe ~ 1000, and were unsolvable faPe > 3000 even when using a higénd
guadcore 32 GB RAM comgter (a typical 2009 desktop PC or laptop has only 4 GB of

RAM available).
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Meshing Parameters

COMSOL computes the solution by using the finite element method; that is by meshing
the region and numerically integrating the approximate solution of thed?@E mesh

points until convergefl61]. The mesh sizing must be sufficiently small to capture any
physics being modeled in the domain. In systems with both advection and difth&ion,

cell Péclet number sets the mesh sizing dependence on the modeled physical phenomena
to ensure numerical stability. The cell Péclet number is defined

(32) Pece” =WPe dx

where dx is the mesh size in any primary coordinate direction. WRep,, < 2, the
solution is guaranteed to be numerically staj@®2]. This requirement for stability
demands small mesh elements due to small diffusion coefficients (& ~a1000
simulation, this requirement translated iat@ x 10’ required mesh points and 80 GB of
available memory, either random access or virtual mgilndrhe COMSOL simulations
were solved using a computer that contained a-goagl processor. Using COMSOL and
this highend computer we were able to solve cases uPetg 1300 but higher Péclet
number cases remained unsolvabld®éa= 1 x 10® would have equired4.7 x 10! mesh
points to ensure numerical stability corresponding to a 2000 Terakyfes 10°

Gigabytes of required memory, an infeasible amount).

2.9.2 VesselMembraneTissue (VMT) Solver

The VMT solver provided far more capabilities than COMSOL and edils over 500
times faster than COMSOL and able to solve cases that COMSOL could not. Using the

VMT solver we were able to resolve all the needed cases to sufficient accuracy to
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accurately and unambiguously locate the delineations betweenotwseB/ed beaviors.

The VMT solver is comprised of four distinct components used in combination: 1) a
graded mesh to adequately resolve thin boundary layers; 2) a change of unknowns that
enabled evaluation of steady states in tissue and membrane layers througty a high
accelerated timstepping procedurg231]i[234]; 3) an orandoff p u 4freezing
methodology that adlwed for efficient treatment of the multiplene scales that exist in

the problem; and 4) the Alternating Directions Implicit (ADI) method for solving PDEs

[234]

To resolve the thin boundary layer that can form at the interface between the vessel and
the endothelial layer, a typical Cartesian mesh wasadequate. Instead, the VMT
method used a graded mesh implemented through an exponential change of unknowns of
the form

(33) ¢ =e¢ ", and

X; = (i - l)hx

i .,N h,=1/(N-1)
yj:(j_l)hy, .]

1,..
(34) 1,..,M" h,=1/(M -1y

To numerically resolve advection in the vessel, we began by using a small time step,
At =0.1. This presented a problem, however, because diffusion in the membrane and
tissue can be small. Therefore using this time step required a long simulation time in
order for the concentration to reach steady state. If the time step was taken to be much
larger, we risked being unable to resolve ferrofluid advection in the vessel. To overcome
this difficulty, we per i odandodmfrdzep thedécbrncamtzatod in & blood

vessel. Freezing occurred once the concentration in the blood vessel approached steady

state allowing for only the concentration in the membrane and tissue to be evolved.
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Evolution of the concentration in only the membrane and tissue continuédthanti
freezing approximation was no longer accurate, at which time we unfroze the
concentration in the blood, and evolved the entire system at a significantly reduced time
step until freezing could be performed again. The process was repeated untissiéady

in the complete system was reached.

In order to quickly obtain steady states in the membrane and tissue regions for each
frozen vessel concentration, we performed a transformation that allowed us to take
advantage of a fast steadfate solver basieon selection of adequately chosen, very large

time-steps. The required transformation was a change of unknowns

Crr (%, 3,1) = @py(x, y, 1)e 7P
(35) —WyPe/2
CT(X, Y, t) = CUT(X, Y, t)e

that eliminated the magnetic term in the PDE for the membrantsasod, converting the

convection diffusion spatial operator to a spatial operator of Helmholtz type

0w 5y 1 w2

—M=_V.D|-—-Vou|l-——o

(36) az)t [ Pe M] 42 M
@7

- = -V Dy [_%eva] —\FTa)T.

We then selected tirgteps in a form described[iB63], that is(36)

n+1

(37) At =l ()10

n b \a

where
_ . 2 xh _ 2(nh
(38) a=4sin (TM)’ b=4cos (TM)
h,, is the step size in thedirection in the membrane, ands the iteration number. This
was done in conjunction with freezing the concentration in the vessel to obtain fast

convergence.
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An essential element of the overall VMT solver was the Alternating Directions Implicit
(ADI) met hodol ogy [#3L]i2B4]. Basdd ororéducing algivénrPDE into
separate ODEs throughe factorization of terms associated with a particular variable,
ADI methods require lindy-line solutions of small sets of simultaneous equations. The
key feature of these methods is their unconditional stability, thusifheg our VMT

solver to avoidhe extremely small timsteps imposed for stability by explicit schemes

in the presence of smallftlisioncodficientsand allowing the use of treficient time-

stepping scheme described earlier. The ODEs generated from this method can be solved
by ushg a vaiety of methods. Because of the rectangular geometry being considered for
the VMT solver, a standard Finit®ifferenceapproach was used. For general (e.g.
curved) domains, another approach is required. The only available methodology that
gives rse to unconditionally stable numerics for the AltenatDirections method in
general nofrectangular domains is the Fourier Continua#ddternating Directions (FE

AD) approach introduced if259]. By solving the ODEs generated in the ADI altfon

through the use of Fourier Continuation meth@@i4], the FCAD algorithm has the

ability to yield highorder accurate, unconditionally stable solutions in essentially linear
time. The F&@ D al gorithm is currently being i mpl e
through more complex vasculatugeometries and will be presented in a forthcoming

chaptey[260].

2.10 Determination of Experimental Domains
In vivo experiments often contain a wide range of physical variables that fold into the

development of the three nalimensional numbers. These numbers are dictated by the
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biology of the system studied and include items such as varying blood vessel widths,
blood vessel velocities, and diffusion coefficients within various tissues, membranes, and
blood vesselsTypically, information is not known about the exact physical alales
experienced by everyanoparticlevithin the animal or human at any specific time. Some
particles can be within liver regions, while others are floating within skin tissue.
Therefore, theanalysisof the entire biological system must include educastimates

for the expected range of all the key rdimensional numbers. Our three non
dimensional numbers are written again below with the biologically varying parameters
marked by a double underline:

Fay| _ Crank () i n By

Magnetic Force
39 VY= = =5 = =
( ) a gl ea tona@Vp, VBmax

T Stokes Dreamtrarl

(40) Pe_BIood Vessel Width T_M%ﬁiwmum Bl ood Velocity
- Total Diffusion CoefBg+Rg ent of Particles

(41) pD-Minimum Diffusion Coeffi_énin(a[_)di&)n Membrane or Tissue
- Total Diffarmst oinn CBled d d Rgi+D
5 Ds

2.10.1 MagneticRichardson Number Range

As shown in equatio(B9), the magneti®kichardson number is only dependent upon one
biological variable: the centerline blood velocity. Therefore the range of the magnetic

Richardson number is as follows

Vi

Ve
(42) VBmux max S ‘P S VBmaxlmin
whereVy,,,. is the centerline (maximum) velocity in the blood vessel japdand | ;.
denote the maximum and minimum of this velocity across physiological conditions, at

major veins versus capillaries respectively.
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2.10.2 Renkn Reduced Diffusion Coefficient Range

Equation (41) illustrates the fact that the Renkin reduced diffusion coefficient is
dependent upon the diffusion in the membrane, the diffusion in the tissue, and the
scattering diffusion coefficient due to blood vessel size and velocity. The tissue and
membrane diffugin coefficients are properties of the tissue and can range from a lower
bound of O6zerodé when the particle is | arge
spaces, to an upper bound equal to the diffusion coefficient within the blood. The

scatteringdiffusion coefficient can be estimated by using the following forrfiL34]

V,
(43)  Ds = Kop(rrpe)’y ~ 8Ky (rrpc)’ ~2

where the dimensionless coefficient &, = 5x 1072, the red blood dk radius is

rrpc = 4.26 x 107 m, andy is the shear rate at the vessel wall. Therefore the range for

all Renkin reduced diffusion coefficients is

(44) min(DMlmin’DTlmin) < D < min(DMIm'dX’DTlm'dx)
Dp+Dglmax - - Dp+Dglmi n

2.10.3 Mass Péclet Number Range

The mass Péclet number varies with more complexity than the other two numbers as is
evident from equatiof40). The numerator varies not only with the centerlinecity of

a vessel but also with the diameter of that vessel. Physiologically the velocity is also
dependenupon the diameter of the vessel and the exact shape of this dependency is not
linear. In addition the denominator is also dictated by the scatdiffusion coefficient

that is governed by the vessel diameter. From equa(i@sand (41), the needed

dependencies and bounds on the Péclet number are
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dp(V, XV,
P — 2B\ Bmax Bmax
(45) € DB+DS(VBmax)
(46) dBmin(VBmaxlmi)%VBmaxlmi n

D p+8K(rgpc)?

VBmaxIma x
dBmin(VBmaxImi )n

< Pe<

dBmax(VBmaxlm

a leBmaxlm ax

Dp+8K,,(rrpc)?

VBmaxlmi_n

dBmax(VBmaxImax

To understand the shape of the mass Péclet curve, the relationship between the vessel
diameter and centerline blood velocities must be known or estimated. For some
organsms, i.e. humans, this relationship is well knd2®5] and appropriate bounds for

these data points can be determined. For other organigmrats, the relationship is not

well known and bounds must be estimated more roughly to allow all possibiigese

5 shows the relationshigvithin humans for the vessel diameter to the vessel velocity

[265] with our two chosen bounding curves for the data shown.

I 1.E-01
@Physiological Measurements
,/ 1.E-02 €
Upper Limit . “ o
y=0108%% 7 © / E
7 1.E-03 5
. O
7 o
. <A
7 i / LE-04 @
. 9 o / IS
o o > o
o< 6= e — Lower Limit |—| 1.E-05 o
y = (P 109) el4-12x
1.E-06

5.E-04 5.E-03 5.E-02 5.E-01

Centerline Blood Vessel Velocity [m/s]

Figure 5. Relationship between vessel diameter and blood vessel velocity within h{@6&hs
Our chosen upper and lomémits to bound the data are shown.
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The combination of these ranges for the-danensional numbers generates the shape of
the experimental domains seenFigure 15 of the main text. These domains are simple
(conservative) rectangles when only general physiological information is known
(Bergemann, Widder), they are tighter curved domains for the situation in humans

(Lubbe where more specific physiaaal information is available.

2.11 Comparison of COMSOL versus VMT

Up to the accuracy possible in COMSOL, the two numerical methods provide the same
answers. Below we show two sidg-side comparisons: one easy case in which the
COMSOL solution accuracy isufficient (here there is a very good match between
COMSOL and VMT) and one mediudifficulty case where COMSOL was able to find

a solution but the accuracy of VMT is better. For hard (high Péclet humber) cases,

COMSOL cannot provide a solution and VMTthe only option.

COMSOL Method VMT Solver Percent Error

Concentration Concentration
0 1 25 [ 1 25
—E *— ——v *
1 ' | i

~F

0 0.07 0.15 0.2%

Percent Error

o fartcle Easy Case
Pe=10,Y=0.01,92=0.001

Figure 6: Easy case at & = 10, ¥ = 1072, D = 107>. Crosssectional magnetinanoparticle
concentration for steady state for both COMSOL and the VMT method. The percent error is
calculated by (60m50|.|' CVMT)/CVMT-
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COMSOL Method VMT Solver Percent Error

Concentration Concentration

0 0.07 0.15 0.2%

Particle Medium Case Percent Error
CO“CCﬂtrﬂtlUﬂ
Pe = 1000, ¥ =0.0001 , D = 0.001

Figure 72 Medium case at aPe =1000, ¥ =107, D =10">. Crosssectional magnetic
nanoparticleconcentration for steady state for both COMSOL and the VMT method. The percent
error is calculated by (GmsolT Cumt)/Cumr-

2.12 The Three Prototypical Behaviors

Each simulation of equatiori24), (25) and (26) calculated the time sequence and ending
equilibrium concentration of ferromagneti@noparticlesas a function of location in
blood and tissue. From this concentration data, eses8onal plots spanning the
diameter of the tissueessel system were generated. By varying the three non
dimensional numbers, three distinct particle behaviors were \@asefhese behaviors
were then delineated on a plot of Renkin reduced diffusion coefficient versus magnetic
Richardson number for a given mass Péclet numibéguie 9). Péclet number

dependence is subsequently showRigurel0andFigurell

The three prototypical behaviors are shown below with an early, intermediate and steady

state time snapshot.
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A t=0.03 seconds (small) t = 0.3 seconds (medium) t = oo (steady state)
Concentration Concentration Concentration
0 1 25 0 1 25 0 099 1 101 25
Magnetic . . > v . - 4 '_22 {
Force y i l%lood H i Blood H i Blood
Dominated E ' Vessel :I ! Vessel E ; Vessel
: : Endothelial ; h Endothelial 5 i Endothelial
: : Laver : : Layer : : Layer
H f Tissue y i ( Tissue i Tissue
4
/ 1 > Magnet ///// 1 \\\ Magnet A Magnet
B t=0.03 seconds (small) t =18 seconds (medium) t = oo (steady state)
. ‘(: 1 3.5 . 2 1 3‘5 0 0 9)9 1 I,)l)l 25
Velocity ' : ! : Y el 4
Dominated i : | : : ;
J, 4 (
v v
C t =30 seconds (medium) t = w (steady state)
0 1 2.5 0 1 25
Boundary i ' .
Layer i i ! (l)
Formation . . |
(ii)
Particle 0 0.81.82.5 :
Concentration - Logl) 0 1 2 3 "7 Logt) Log(1000)
Pe =333 mE

Figure8: The three prototypical behaviors) magnetic forcelominated caséi{ = 107>, D = 1),

B) velocity dominated cas&(= 10~>, D = 10~%), and C) boundary layer formatio¥ & 102,

D = 107%). (A) The magnetic force dominated case shows a s®siional concentration of the
magneticnanoparticledor three times at = 0.03 seconds (early), 0.3 seconds (middle), and at
equilibrium, atPe = 333. Particles are pulled towards the magnet and out through the bottom of
the tissue resulting in a constant concentration equal to the blood inlet concentration. Here the
tissue diffision is set to equal the diffusion in the endothelial membrane. (B) Velocity dominated
shows a crossectional concentration of the magnat@noparticledor three times at = 0.03
seconds (early), 18 seconds (middle), and at equilibriunRe at 333. Paticles are washed out
before they generate a significant boundary layer along the vessel wall. At long times diffusion
equilibrates the concentration between tissue and blood. Here the tissue Renkin number is set at
Dy = 10D, which means it is ten times aasy for particles to diffuse through tissue than through

the endothelial membrane. (C) Boundary layer formation shows a-sgosenal magnetic
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nanoparticleconcentration for three timessat 0.03 seconds (early), 30 seconds (middle), and at
equilibrium, at Pe =333. (i) The steady state profile fo¥ =1072. Here the particle
concentration is shown on the same linear scale as in other time snap shots. (ii) The steady state
profile for a higher magnie-Richardson number, fol =10~!. Here both the particle
concentratiorand the crossectional plot are shown on a log scale. In both boundary layer cases
(¥ = 1072 and 107!) the particles buildip along the vessel membrane on both the vessel side
and wihin the membrane. The boundary layer forms very rapidly. In (ii) the membrane particle
concentration is sufficiently high to cause a concentration in the tissue greater than the vessel
inlet concentration. In both (i) and (i) the tissue Renkin numbegtiat®r = 10D which means

it is ten times as easy for particles to diffuse through tissue than through the endothelial
membrane.

2.12.1 Magnetic Force Dominated Behavior

In this regime the applied magnetic forces dictate particle behavior. Here the magnetic
forces control the transport of the particles irrespective of the blood drag forces. It turns
out that when the magnetic force is dominant and is constant, the egquonlibr
concentration will approach a constant value throughout the t&ssel system being
considered. The constant downward magnetic force pullsndmeparticlesfrom the

blood vessel inlet downwards into the tissue and out the bottom, and any transient
concentration gradients are smoothed out by diffusion. Here the maximum concentration
never exceeds the inlet concentration, as showigure8(A). This is a reasonable result
since we are assuming the blood vessel sees a constantly replenished supply of
nanoparticlegfrom the rest of the body). The applied (approximately constant) magnetic
force and diffusion then serve to distribute that catreéion of nanoparticlesequally
throughout the region of tissue below the blood vessel and above the magnet. Here the
applied magnetic field does not concentrate particle concentration in the blood vessel or

surrounding tissue.
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2.12.2 Velocity Dominated Behawr

In velocity or Stokes drag dominated behavior the blood drag force on a stationary
particle far exceeds the magnetic and diffusion forces. Here the blood velocity washes the
particles out the back of the vessel before magnetic forces have had a chaffeett

them, as shown ikigure8(B). Since the inlet of the vessel is always refreshing the fluid

flow with the inlet concentration, the overall @@mtration in the blood remains near that

of the inlet concentration. Particle concentration in the tissue is much lower even for long

times but eventually, by diffusion, reaches a steady state where the concentration in the
tissue is equal to that in th®ood vessel. This case acts as if there is no magnet at all

since blood forces far exceed its effect. Due to the speed of each effect, different time
scales for the O6éear |l yod ahigure®soithdtdhe eniddlef r a me .

panels could illustrate the intermediate concentrations of each behavior.

2.12.3 Boundary Layer Formation

The boundary layer regime occurs when the magnetic and blood dregs fare
comparable; it is the most interesting caBeure 8(C) illustrates this case. In this
regime, thenanoparticlebuild-up near the vessel wabither inside the vessel where the
blood velocity is near zero and/or in the membrane next to the vesselupuloy
diffusion). The concentration elsewhere in the blood essentially remains at the set inlet
concentration. In this case the concentrabbmanoparticlemear the vessel wall can
exceed the inlet concentration by double or higher. Compared to the previous velocity
dominated behavior, which also exhibits a slight bujdof particles along the vessel

wall, we define the ferrofluid behavias forming a boundary layer when
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(47) CB,Uessel—wall > 1'OICB,z‘nlez"

In addition, it is this case which has the potential to increasen#mparticle
concentration within the tissue to above the unit (blood inlet) concentraiigare
8(C(ii)). It is this boundary layer regime that illustrates how a focusingaobparticless
possible even if the magnetic force is substantially smaller than the centerline drag force

(as in the rat example &igure2b).

While this behwior is desired for magnetic drug targeting, there are important
considerations when a large concentration bugdccurs within the vessel membrane. If
the particles carry a therapeutic compound, it is possiblautidgsiredreatment of the
vessel memitane will occur. This potential side effect is important to evaluate while

developing a magnetic drug targeting treatment.

2.12.4 Mapping the Behavioral Space
Summary of Behaviors under Nondimensional Number Variations

For ferremagneticnanoparticlesinder theaction of diffusion, blood convection, and a
magnetic force in a straight idealized blood vessel surrounded by tissue, we find three
behavior regimes: magnetic dominated, blood velocity dominated, and a boundary layer
formation regime. Only in the boungaayer case is the ferrofluid concentrated by the
applied magnetic fieldHigure 8(C)). In the magnetic and velocity dominated cases it
escapes, dier out the bottom of the tissue or through the blood vessel outlet. In these
two cases it is only the constantsepply of ferrofluid at the vessel inlet that provides the

steady state ferrofluid concentrations showRigure8(A and B).
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Figure9: Magneticnanoparticlebehaviors as a function of the magndRichardson and Renkin
reduced diffusion coefficient nesimensional numbersThe mass Péclet number was held
constant. Three regions are shown: the magnetic dominated region at the top (the thin solid blue
region); the velocity (Stokes drag) dominated region on the left (dashed lines region); and the
boundary layer formation region on the right (wavy lines region). Notice that boundary layer
build-up behavior is still possible even if the magnetic force is just Odflite Stokes drag force

at the vessel centerline, i.e. ‘Ht> 0.0001. The boundary between the velocity and boundary
layer buildup regions is diffuse as shown schematically by the thickness of the fuzzy gray line

separating them.

For the simulation redts below, the behavior of any case is grouped into one of these 3

regimes by analyzing the equilibrium concentration profile across the vessel cross

section. If the steady state cressctional concentration is uniformly equal to the inlet



concentrationthen the behavior is classed as magnetic dominated; if the steady state
vessel wall concentration builap is less than + 1% of the inlet concentration then it is
classed as velocity dominated; and if the cimmsgional concentration exhibits high
vesselwall concentration buildip then it is classed as boundary layer formation. In all
cases, this classification exactly matches the qualitative classification based on transient

and equilibrium behavior shown kigure8.

According to the range of dimensional parameters giveraite 1, the three key nen
dimensional numbers were correspondingly varied betweémi@ 30 for the magnetic
Richardson number, betwedn™ and 1 for the Renkin reduced diffusion coefficient,

andbetween 30 and x 10® for the mass Péclet number. To examine the behaviors at a
constant mass Péclet number, simulations were conducted over a logarithepaathyl

grid of 7 magnetikRichardson and 5 Renkin numbers. Then, to determine the
dependence ormé Péclet number, the Péclet number was varied over 7 values while the
Renkin number was held constant and the Richardson number was varied. This provided
a general understanding of the rimensional number space. To precisely identify the
locations of élineations between the 3 behavioral domains, simulations were completed
over two fine grids. First, a fine grid of 10 magne®ichardson, 1 Renkin, and 9 Péclet
numbers was used. Then, a grid of 13 Renkima@netieRichardson, and 7 Péclet
numbers wasised. In total, this yielded 72@ases that were simulated and analyzed.
Figure9 andFigure 11 below summarize the results and show the behavior delineations.

Then random cases were simulated to verify the defined delineation regions.
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Figure 10: Behavioral dependence upanass Péclet numbeAs the mass Péclet number
decreases, the delineation between behavior types shifts to the right (to larger magnetic
Richardson numbers). In addition, at lower mass Péclet numbers, the magnetic dominated region
increases in size towarttsver Renkin reduced diffusion coefficients.

Figure 9 illustrates the behavior trends at a mass Péclet number of 333 (i.e. the
convection of thaangarticlesis 333 times faster than their diffusion through the blood
vessel width). It shows the regions in which the three behavior types occur. The velocity
dominated region occurs at low magndRichardson numbers where the Stokes drag
forces are muclarger than the magnetic forces. Meaning, there is a cutoff value at which
the Stokes drag forces are able to overcome the magnetic forces sufficiently so that
concentration buildip within the vessel is negligible. In contrast, at moderate and higher

magretic-Richardson numbers, the Stokes drag forces are not as effective and a highly
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concentrated boundary layer develops. However, as the Renkin reduced diffusion
coefficient is increased, this ferrofluid boundary layer region occurs less readily, because
any build-up of particle concentration in the endothelium can more easily diffuse out into
the vessel and be swept away by blood convection. Thus the velocity dominated behavior
will also occur in circumstances where the membrane provides a weaker barrier to
particle movement described by a larger Renkin reduced diffusion coefficient. This is
shown by the curving gray line figure9. But, at near unity &kin reduced diffusion
coefficients, the diffusion coefficients in the blood, endothelial membrane, and tissue are
approximately the same and the particles see no difference between these three media
leading to magnetically dominated behavior where magnietrces pull particles

downwards through the membrane and tissue towards the magnet.

Figure 10 illustrates the shift in behavior regimes with chaggmass Péclet number.

The changing Péclet number moves the behavior regimes on the mdjokdodson

and Renkin axes. As the mass Péclet number decreases, i.e. as particle diffusion increases
compared to their convection, the boundary between the ityeldominated and the
boundary layer region shifts towards larger magrRtahardson numbers where larger
magnetic forces are required to overcome the Stokes drag forces. As the particles are able
to move more freely due to higher diffusion effects, teynot easily concentrate within

the vessel and require larger magnetic forces to retain them near the vessel wall. In
addition, it can be seen that at low mass Péclet numkeig)( the magnetic dominated

region begins to grow in size and stretch to loRenkin reduced diffusion coefficients.
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Figure11: The delineation of the boundary between the velocity dominated and boundary layer
formation regimess denoted by (left panel, it is measured along the magn&ichardson axis

at a Renkin coefficient of0~) and it depends on the mass Péclet number (right panel). The
stated equation provides a convenient fifl @ersusPe for the curve shown in red.

The shiftin the velocitydominated/boundary formation behavior delineatigrmjue to a

mass Péclet number change can be approximated by a power laa (i0032 Pe~0¢ —

1.3x 1077 that has anrR? value of 0.99998 Rigure 11). As the mass Péclet number
increases, the delineation shifts to smaller magititbardson numbers. At a mass
Péclet number oPe > 2.1 x 107, 4 = 0 and the characteristic behavior will beumdary

layer formation. This suggests that at very large mass Péclet numbers (at very high blood
velocities in big vessels) theanoparticlesvill build-up along the blood vessel even with
very small applied magnetic forces. This is because we assuntkeelparticles continue

to be supplied at a constant concentration at the inlet of the blood egseeB) from

the rest of the body. As they floguickly to the right, the downward magnetic force
brings them to the blood vessel wall predicting a sharp boundary layer due to the now, in

comparison, small effect of diffusion. In practice when there are very large blood
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velocities, only fewnanoparticle immediately near the blood vessel wall will be
captured during the short time that trenoparticlesemain within the vessel before they
flow out the back. This leads to a very thin boundary layer formation of only a few

particles at high mass Pécletmioers.
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Figure 12 Concentration at the blood vessel wallg(,ss./—wq) VErsus magnetiRichardson

number for a given mass Péclet numb@urves associated with each constant mass Péclet
number are shown in blue. The red line illustrates a concentration cutoff requirermentl &f

for boundary buildup behavior. Any magnetiRichardson number larger than the intercept
between the red line arilue curve for a given Péclet number (shown by a downwards purple
triangle) will exhibit a boundary buitdp behavior. The dotted orange line shawsoffs for a
higher vessel wall concentration requirement cf10%.

Figure 12 can be used to determine the blood vessel concentration (., ,..;;) for a

given magneticRichardson number and mass Péclet number. The blue curves correspond
to constant mass Péclet numbers and illustrate the blood vessel wall concentration's
dependence upon magneRachardson number. The concentration cutoff requirement of

> +1% (equation(47)) is depicted by a red line, while an alternate equadhd cutoff
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requirement of> +10% is depicted by a dotted orange line. While equafdot) was used
to define the behavior boundary delineation, a larger blood vessel wall concentration

could easily be chosen and determinedFigurel2.

Figure9, Figurel0, Figurell, andFigurel2 can be used to quickly look up the expected
behavior of any magnetic drug focusing experiment. Foinamivo setting, from a
knowledge or expectation of the experimental parameters, theetiafjeld strength, the
magnetic field gradient, particle size, considered blood vessel depth, width, blood
centerline velocity, and membrane pore size, the designer should compute or estimate the
magnetieRichardson number (equati¢g7)), the Renkin reduced diffusion coefficient

(use the smaller of the two Renkin numbers between the endothelial merf#ga@ed

the tissue(31)), and the Péclet number (equati{B)). Then look up the resulting
expected behavior iRigure9 or Figure10. (Use thei fit equation ofFigurel1 to find the

location of the boundary betweerettelocity and boundary layer formation cases if your

Péclet number is not one of those showRigure10.)

The analysis above predicts experimengsllts in the literature extremely well, for both
in-vitro andin vivo cases (see the next section). However, it still treats an idealized case.
Additional model features, such as pulsatile blood flow, curved blood vessels, particle
agglomeration, and skboundary conditions are included$ection2.15 Except for the
effect of skin, which can significantly distort the ferrofluid concentration profile for

blood vessels very near it, we find that none of these effects make a substantial difference

75



T the behavior is still magnetic dominated, velocity deaed, or forms a boundary layer

essentially as outlined frigure9 andFigurell

2.13 Comparison with Experiments

Several experimental studies currently published ranging iimewitro glass vessels to

vivo animal targeting have been studied and compared to our predicted behavior. Each
experimentcan be compared agairfsgure 9, Figure 10, Figure 11, andFigure12. We

find excellent agreement between prior published experimental observations and our
predictionsi in fact, there are multiple cases where we can now explain behavior that

was not previously understood.
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Table3: Parameters for experimental studies reviewed in Seidi¥s1to 2.13.5 Bolded items

are quantities used to determine our three characteristidin@nsional numbers. Hergp'@and

O60M6 are used to denote capillary @3md manaodr olbd
denote smalland large ranged N/ A 6  dhapplioablevariables because the experiments

were compl eted wi tcdhe motgdsaswsnkrudvwen .variables th
the magnetic forces were either supplied or could be otherwise be calculated.

Parameter Ganguly Xu Widder Bergemann Lubbe
Particle Radius a 5nm 10 nm 7 nn?0.5pm® 125 nm 50 nm
Distance to d 1 mm -- 5 mm 1 mm 0.5cm
Magnet
Field Strength |B| 1.37 B 0.55T 0.5T 0.8T
Magnetic Intensity | 7| 1x1¢ A/m 43x160A/m 3.9x16GA/m 6.3x16A/m
Magnet Length Ly, 6 cm -- -- 5cm 3cm
Magnetic Force  |Fy,| 4x10°pN 2.6 x10°pN 0.12pN 0.1 pN 3x10°pN
Maximum Blood cp 5.3 mm/s * é 0.1 |é 0.1 |é 0.5

i VBde .................... 48 mm/s - - - 4
Velocity M 100mm/s**& 2nls & 20 ci1& 10%c
c °6 em °6 e&m °7 e&m
Vessel Diameter  dp <P _[10mm 2mm
M |(Seffective) ° 1 mm ° 1 mm ° 5 mm
Fluid Viscosity n 0.001 Pas 0.001Pas 0.003Pas 0.003Pas 0.003Pas
-, C 1pN* 3 pN 0.7 pN 1.4 pN
Stokes Drag Force |Fg| P los pN P P P s
M 20 pN** 6 nN 1.4 nN 0.28 nN
Blood Diff. Coeff. Dg 4x101 m%Ys 2x10M m¥s 1x10Bm%s  6x108¥m¥s  1x10*?m?s
Scattering Diff. cp 0 0 0
Do o
Coef, s oy |NVA N/A 1x10°mYs  1x10°m?/s  6x10°m’/s
Membrane Diff. Sm 0 0 0
D., S
Coef. M g N/A N/A 1x10°m/s  6x10%°mYs  6x10°m’/s
) Sm 0 0 0
D, S
Tissue Dif. Coef. T Lg N/A N/A 1x10°m/s  6x10%mYs  6x10°m/s
Diffusion cp T o 1x10®m%s  6x10%m?¥s  1x10%m?/s
e D, e 4x10" m/s 2x10"m</s
Coefficient M 1x10°m%s  1x10°m%s  6x10°m%s
Magnetic cp 25x10°*  0.04 0.14 0.025
Rlchardson \I’ .................... 9 X 105
Number M 1.3x10°* 2x10° 1.5x 1¢' 1.3 x 1¢'
Mass Péclet cp 5.3x 10 4x106 1x16 3.5x 16
Pe o 3.6 X 16
Number M 1x10 2x10 2x10 8.3x10
RenkinReduced Sm o0 00 00
Diffusion D N/A N/A
Coefficient Lg 20.05 90.56 20.8
Behavior cp & 1x10° 22 x10¢  5x10° 24x10
. A{ .................... 16 X 1
Boundary Positior M 72x10¢  22x10  22x1F  4.4x10

(*) 100% retention of particle**) 15% retention of particles;’] ignores vena cava and
aorta velocities; radius of magnetite particlé®) fadius of microsphere or liposome
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2.13.1 Analyzing Ferrofluid Transport for Magnetic Drug Target|288]

Gangulyet al. attempted to capture ferrofluid particles within a glass tube containing a
moving fluid by using a permanent magnet located beneath the tube. Tine iset
analogous to the one presented in tiapterallowing for an easy comparisonable 3

shows the parameters used in this experiment and the corresponding values of our three
nondimensional numbers.

It is important to note that in this experiment, the partielesinjected into the bottom

1/16" section of the glass pipe. They continue axially along this radial location until they
encounter the magnekherefore although the maximum velocity of the fluid within the

pipe is 2.5 cm/s, the maximum fluid velocityperienced by the particles is 4.8 mm/s
(assuming a parabolic velocity profile). This produces®hée, andD non-dimensional

numbers noted i n tTAbee3. 6 Gangul y6é6 col umn of

Here the Renkin reduced diffusion coefficient is not applicable because there is only a
single vessel domaihus,the behavior of the particle concentration is dependent solely
upon the magnetiRichardson and mass Pécletmmbers. The mass Péclet number leads

to the estimation of the velocity/ boundary layer delineation positiol8y comparing

this value to the magnetkichardson number, the behavior type can be determined.
Since¥ =9 x 107 > 1 = 1.6 x 107° this places the predicted behavior squarely within

the boundary layer formation regime (even though the centerline Stokes drag far exceeds
the maximal applied magnetic forcef <« 1). We thus correctly predict the
experimentally observed bounddayer formation region where the usual Stokes drag

vS. magnetic forces baak-the-envelopeanalysis fails.
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2.13.2 Site-directed Research of MagneN@anoparticlesn Magnetic Drug

Targeting[106]

Similar to the experiment described above, &ual. captured movingnanogrticles

within a glass tube using a permanent magnet. Xu's experiment, in contrast to Ganguly,
includes a magnet located farther away and a spherical capturing chamber is used (the
glass tube spreads out into a spherical bulb and then goes back tgla sttze). The

bulk fluid velocity was adjusted, and the retention percentage within the capturing

chamber was quantified for various speeds. The authors noted that the retention was

100% at a 5.3 mm/s and & 15% at casesOaremm/ s .

shown inTable3 under 'Xu'.

Similar to Gangulyds experiment, due to
diffusion coefficient is noapplicable. As above, the delineating boundary positicend

the magnetiRichardson numbe¥ are compared for the two cases &tual. considered.

When the fluid velocity is 5.3 mm/s, the magndRichardson number is x 25 larger than

the behavior delineation. This comparison implies behavior well within the boundary
layer regime. However, to correlate this behavior to the measupdregpercentage
requires determination of the boundary thickness that develops before the capture region.
Sincenanoparticlesvere not premixed with the fluid but instead injected into the flow,

the particles retain their initial injection position withthe flow section. If the particles

are assumed to be in the lower quarter of the flow near the magnet (a reasonable
assumption if the particles were injected with minimal velocity), then the boundary layer

that is swept into the spherical capturing chamtan be determined. If the particles are
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flowing at 5.3 mm/s then the capture percentage predicted by a simulation of this case
was a 100% which matches t letalWhenaXs settieedl 1 0 0 %
velocity to the higher 100 mm/s value, pril5% of the particles were captured in their
experiment. In this case the delineating boundary positios a little closer to the
magnetieRichardson numberi(is x 18 greater the W¥). The percentage captured
predicted by a simulation of this case V@86, whichclosely matches the 15% retention

measured by Xet al.

Xu et al. commented that the standard force comparison (capture force requirements
versus magnetic forces) did not predict the occurrence of their observed behavior. They
suggested that ¢h particles agglomerated to generate large magnetic forces. While

agglomeration may increase magnetic force upon the concentration of particles (see
Section2.15.5, our more subtle comparison of magnetic forces versus Stokes drag forces

away from the channel centerline is suffic

2.13.3 Tumor Remission in Yoshida SarcoiBaaring Rats by Selective
Targeting of Magnetic Albumin Micgpheres Containing Doxorubidi6],

[266]

Widder et al. conductedn vivo experiments on rats to target tumors located on the tail
using magnetically responsive microspheres and an external magnet. These microspheres
are composed of a coat of albumin surrounding magnetic material (magnetite
nanoparticles with 20 nm diamete)sand a chemotherapy agent (doxorubicin).

Magnetic material composition within microspheres has a wide range but is typically
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between 20% to 50% by weight (WA95]. Knowing the density of the albumin shell

(1.36 g/ml[267]), the number of particles within articron sized microsphere can be
approxi mated (a 6000 for 20% w/w). They in
tail tumors with these magnetilly responsive albumin microspheres. The permanent
bipolar adjustable gap magnet was positioned around the tumor and held for 30 minutes.

For cases in which the magnet was applied, the rats saw decreased tumor size over the
length of the experiment. Witlut a magnet, the rats usually had an increased tumor size

and eventually died during the experiment. These data suggests that the magnetic

particles were concentrated by the magnet at the tumor location.

Table3 shows the numbers for this experiment. There is a range of appropriate magnetic
Richardson numbers here, fro#i~ 0.04 (for small capillaries) to¥ ~ 2 x 10> (for

major vessels). Likewise, the Recnumber varies from x 10° to 2 x 10°. Finally, the
Renkin diffusion coefficient, determined from Equati@®), ranges betweeD ~ 0.05

when in sinusoidal capillaries (liver, spleen and bone marrow) and essentially zero when
in continuous capillaries and fenestrated capillaries. For tumors with leaky vessels that
have an average membrane pore size of 600 nm, the maximum Renkin number is
D ~ 0.002. Based on this, we predict that the behavior delineation position will be
A~ 2.2 %107 for capillaries andi ~ 2.2 x 107 in large vessels. Since the delineation
position is well to the left of the magne®ichardson number, the behavior will
primarily be boundary layer formation. We thus predict, except for situations where the
Renkin number approaches unity (for damaged or sinusoidal vessels), that the particles

can be accumulated to higher concentrations due to a boundary layer formation in the tail
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for all physiological condition$ for small and large vessels, with fast and slow blood
vessel velocities. Since the rat tumors decreased in size due to magnetic forces, it is
reasonable to conclude that the magnetic particles were targeted into and theund

tumor location. This matches our theoretical predictions above.

2.13.4 Preclinical Trials Experiences with Magnetic Drug Targef8ig, [220]

The rat experiments dfigure 2b are used as an example throughout ¢hipter The
nontdimensional numbers for these experiments are suimmmdain Table 2 under
060Bergemanno. Her e, for a 1-Richmdsofh pumbe¥i ng de
varies from 0.14 in capillaries o5 x 10~ in large vessels and the Péclet number varies
similarly from 1000 to2 x 10°. The Renkin reduced diffusion coefficient is effectively

zero for continuous and fenestrated capillaries. In sinuscagallariesthe Renkin value

is approximateh D ~0.56and wi thin | eaky vessels with &
nm the Renkin valuesiD ~ 0.36. From these values, the behavior delineation position is

predicted to bel ~ 5 x 107 in capillaries andi ~ 2.2 x 107 in large vessels.
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Figure 13 Predicted ferrofluid concentrations for 1 mm deep magnetic targeting imathe
experiments ofFigure 2b. An initial, intermediate, and final (steadyate) time are shown for
capillary (slowest blood flowVg,,,, = 0.1 mm/s) and a major blood vessel (fastest blood flow,
Vemax = 20 cm/s). Contrary to the crude estimate in the introduction, magnetic focusing is
predicted even in the major blood vessels.

SinceW¥ far exceedsl, both capillaries and large vesselg d mm depth will experience

a boundary layer formation behavior, except for situations where the Renkin number
closely approaches unity (for damaged vessels) then velocity dominated behavior occurs.
Figure 13 shows the predicted transient and equilibrium ferrofluid concentration for a
capillary and major blood vessel at 1 mm depth near the magnet. Ferrofluid focusing is

seen near the blood vessel wall both the slowest (capillary) and the fastest (major

artery) blood flow.
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2.13.5 Clinical Experiences with Magnetic Drug Targetiig]

Libbe has performed phase | human clinical trials for the treatment of head, neck and
breast cancer shallow (near the skin) tumors (last coluriiate 3 un d eLiibbed ) . At
the surface of the tumor (at a 0.5 cm distance from the magnet) the md&jokticdson

number varies from 0.025 in capillaries 1 x 10~ in large vessels and the Péclet

number varies similarly from 3500 83 x 10°. The Renkin reducedftusion coefficient

is effectively zero for continuous capillaries. In fenestrated capillaries and sinusoidal
capillaries the Renkin value is respectivBly 0.002 andD = 0.8. Within leaky vessels

with an average pore si z®©x01 Frémtlgedelaluesn t he
the boundary position delineation is predicted toibe 2.4 x 107> in capillaries and

A~ 4.4x 107" in large vessels.

We find that the magnetiRichardson numbe¥ is several orders of magnitude larger
than the behavior delineation $tion value/ at the surface of the tumorBherefore,a
boundary layer formation behavior is predicted at tumor surfaces. A boundary behavior,
however, will still occur at some distance within the tissue as long as the magnetic force
upon those deepergpicles keeps the magnefichardson number within the boundary
layer formation regime. The depth of boundary layer formation can be determined within
a given force field for physiological blood velocities (capillaries and large vessels) as
shown inFigure14. Up to a depth of 5 cm and 7.9 cm for large vessels and capillaries
respectively, the particles will exhibit a boundary layer behavior. After these cutoff
distances, thenanoparticleswill exhibit a velocity dominated behavior and will be

washed away bylbod flow in major and minor blood vessels respectively. Between a
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distance of ®m and 7.9 cm, the particles will transition from a complete boundary layer
behavior to a velocity dominated behavior getting washed away first in larger vessels that

exhibita higher blood velocity.
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Figure14: Focusing depth for thielibbe0.8 Tesla human clinical trials experimentbe magnet

is positioned a distance of 0.5 cm from the skin. The predicted depth of the boundary layer
formation, trasition, and velocity dominated regions is shown. For particles deeper inside the
body, the magnet is unable to exert a sufficient magnetic force (shown on the right) to generate a
ferrofluid boundary layer behavior. Focusing of magneéinoparticless predicted to be possible

in major vessels up to a 5 cm depth, and in capillaries to a greater 7.9 cm depth.

DuringLibb&d s cl i nical trials, nanoparticles we
within 5 cm[268] of the magnet located at the tumor site by magnetic resonance imaging
immediately after treatmenfigure 2a), a finding that is consistent with our predictions

here[31]. If the same sized particles with aostger and larger magnet were used, such as
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a 2 Tesla (MRI strength) electromagnet with a 25 cm diameter, 20 cm length and 5 cm air
core, then we predict that targeting would be possible to a depth of 20 cm in large vessels

and to a depth of 30 cm in cdpiies.

2.14 Summary of Cases

Figure 15 shows a graphical representation of all the experimental cases considered in
this chapterand compares them to opredicted behavior. For the human clinical trials
(Libbg, the experimental domain is represented more accurately as being curved
because the magnetRichardson number and the mass Péclet number both vary together
across human physiological conditionsodd velocity is higher in bigger blood vessels
[265]. This affects both the Richardson and Péclet numbers (see eqatipasd(28)).

It was possible to quantify the upper and lower bound curves for her@ariments
(Libbg, but not for animal experiments (Widder and Bergemann), because more
published physiological data is available for humans. A detailed analysis and derivation

of the curves used is provided in tBection2.10
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Figure15: Summary of experimental studid$e firmly shaded regions in green and blue denote
the magnetic and velocity behavior domains. The boxed or cumettibegions show the values
spanned by each experiment. The dark shading (dark yellow in B, purple in C, and dark red in D)
shows the region of the corresponding experiment that exists in the velocity dominated region.
The light shading (light yellow in Blight purple in C, and pink in D) shows the region of the
experiments where the concentration created in the tissue is greater than the vessel inlet
concentration. Thén-vitro experiments (A) exist entirely in the boundary layegime Widder

(B) and Bergemann (C) have small portions in the velodbminatedregion, only at small
magnetieRichardson numbers and high Renkin coefficiebtibe (D) extends into the velocity
behavior domain when mass Péclet numbers and magdrietiardson numbers are smalnd

this extent increases as the Renkin coefficient increases.

Figurel5also shows where the magnet creates a concentration in the tissue that is greater
than the systemic injected concentration. In the boundary layer domain, even though
particles accumulate at the blood/membrane interface, there are some cases where that

acamulation is high enough to createCa> 1 in the surrounding tissue, and others
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where the accumulated amount is insufficient. The cases where more tissue accumulation
occurs are influenced by the endothelium thickness to blood vessel diameter ratio, and
this additional geometric consideration adds a furtherdiorensional number that can

be varied. InFigure 15, the lightly shaded regions (light yellow B, light purple in C,

and light pink in D) show the extent of the experimental domains that are predicted to
have a tissue concentration greater than unity. Here we assumed a representative
endothelium thickness to vessel diameter ratio, a ratio thaesponds to a typical

arteriole.

2.15 Relaxing Simulation Parameters

Additional features can be added to relax simulation idealizations. These features
sometimes make a quantitative difference tortaroparticleconcentration profiles but,

with the exception of the skin boundary condition, they do not make a qualitative
difference. The three behavioral forms still occur though their delineations can shift

moderately depending upon the features added.

2.15.1 No Extravaation through Blood Vessel Membrane

First, there is a trivial case to consider when the blood vessel will not allow any particles
to pass through the membrane into the surrounding tissue: i.e. no extravasation. This case
can be modeled by forcing the flurormal to the blood vessel membrane surface to be
equal to zeroFigure 16 shows how the two characteristic behaviors (velocity dominated

and boundaryjayer formation) remain in effect in this case. The magnetic dominated

88



behavior, however, which requires particles to move from the blood into the tissue, is no

longer possible.

Velocity Dominated Boundary Layer
¥Y=1x10° ¥ =0.01
Concentration Concentration

0o 099 1 101 25 (] 1 2.5

— \ 2 |[— T,
1 ’i’ Il ,L
Pe:333 0 08 18 25
No Extravasation Particle

Concentration

Figurel6: No extravasation through the blogdssel membrand&he characteristibehaviors still

exhibit their defining characteristics within the blood vessel. Magneticdominated case is no
longer possible. Instead, when there is no extravasation (e.g. for particles bigger than blood vessel
fenestrations) magnetic dominated behavior is replaced by a boundary layer type behavior.

2.15.2 Pulsatile Blood Flows

Flow in blood vessels is pulsatil255], [269] [272], its forward velocity increases and
decreases as the hepumps (see Figure 5(a) [269] of an archetypal peak velocity
waveform complied from 3560 cardiac cycles). We now include this blood velocity
oscillation and show that it does not qualitatively change the 3 tyfoleehavior we sée

we still find a magnetic dominated, velocity dominated, and boundary layer regime.

The waveform associated with high pulsatile cardiac blood flow was used to set the blood
velocity in time. A choice of three heart rates was userbgting heart rate of Hz,

1.5Hz, and a rat heart rate of 6.75 Hz) and applied to three cases that produce the three
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characteristic behaviors. Since magnetic drug targeting localizes particles to a region by
use of a magnet held locally for minutes,.d18], but blood pulsation occurs once
every secondit is appropriate to consider the averaged effect that the pulsating blood
flow will have on particle concentratioRigure17 shows the time averaged concentration
profiles taken for thre@eartbeatsfter a treatment window of one hour for the 9 chosen

cases.

In comparison td273], we do not consider a significant fefftod inlet concentration

where the ferrofluid can then become an obstacle to the incoming flow and therefore we
do not expect recirculation regions to be created. This phenomenon can make the average
of the pulsatile case differ from the steady inlet floase. Based on the range of
biological parameters, the relevant rimensional numbers possible range between
0.01 (in capillaries) and 27 (in the largest vessels) for the Womersly number and the
Reynolds number varies between 0.001 (in capillaries)3®0@ (in the largest vessels

such as the aorta or vena cava).
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Figure 17: Pulsatile blood flow concentration profiles for the three characteristic behaviors
experiencing three different heart rates (HR)r each pulsatile casthe concentration profile
consists of the time average for thieeartbeatsafter a treatment window of one hour. This
concentration can be compared to the prior steady state concentrations when blood flow
pulsatility is not considered. The three behavimes qualitatively the same and further are also
similar quantitatively. (For this 333 Péclet number case, the Womersley and Reynold numbers
can vary between 0.01 to 0.19 and 0.001 to 2.6 respectively for physiological and practical
engineering conditiongccording to the parametersTiablel.)

Figure 17 shows that blood pulsatility under a uniform magnetic force field does not
impact behavior delineation: the tiraweraged concentration profiles remain in the

magnetic dominated, velocity damated, or boundary layer regime as they were in the



constant blood flow case. This result has allowed for the simplification of the
physiological model to the cycleveraged blood velocity experienced within that vessel,

a simplification we have used thughout thechapter

2.15.3 Non-Uniform Magnetic Force Fields

Previously,we treated the magnetic force as constant [sgare 4). Here the exact
magnetic ield and the spatial variation in the resulting magnetic force on the magnetic
particles is used. The magnetic force increases as the particles move closer to the magnet.
Various parameters for a particular experiment will adjust how much the magnegéic forc
increases in the blood vessel and surrounding tissue. These parameters include the size of
the magnet, the size of the considered tisgssel system, and the distance of the tissue
vessel system from the magnet. In this section we exactly solve theetoatatic
equationg8) to (10) and plug the computed magnetic figh{x, y) into equation(17) to

state and solve the PDE for pele transport (previously the magnetic foleeV H? was
assumed to be a constant pointing downwards). To quantify the deviation from a uniform
magnetic force, we use the metiy = Fmmax /Fum centerline Where Fy centeriine 1S the
magnetic force alonghé blood vessel centerline afgh max IS the maximum magnetic

force within the considered vesdemsue domain (it occurs at the bottom of the domain
nearest the magnet corners where the magnetic field gradients are the highest). To
examine how nowiniform magnetic force fields affect the three prototypical behaviors,
three case studies were simulated for a varying magnetic force raig of2 and 10.

Rm was varied by increasing the size of the magnet and reducing the distance between the

vessel and magnet.
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Figure18: Concentration profiles for various magnetic force rafidsee cases were chosen that
illustrated the prototypical behaviors (magnetic dominated, velocity dominated, and boundary
layer formation behavior) and the magnetic force ratio was changedRiyom1 to 2 and 10 by
increasing the size of the magnet andu@ng the distance between the vessel and magnet. The
exact magnetic forces are shown as blue arrow overlays within each plot. The Rase dfand

2 show the arrow magnitudes in linear scale, while the caseyof 10 shows the arrow
magnitudes in logcale (an arrow with twice the length will have ten times the magnitude).

Figure 18 shows how the magnetic force ratio does not affect the prototypical behavior.
WhenRy = 1, the simulation is exactly equivalent to the cases considered in the main
chapter As Ry increases, the maximum magnetic force at the bottom edge of the tissue
vesseé system increases. In the case of a magnetic dominated behavior, the magnetic

force ratio has very little to no effect on the solution. For velocity dominated cases, the
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vessel still maintains the inlet concentration value but the concentration instie disd
membrane decreases due to increased pull from the magnet. Lastly, in the boundary layer
formation cases, the vessel wall concentration simply increases. Since the vessel wall
concentration at a given magneRachardson number increases with thegnetic force
ratio Rn, the behavior delineation positi¢f) will shift left in Figure11 as the magnetic

force ratio increases.

2.15.4 Curved Blood Vesssl

Blood vessels within any organism are rarely, if ever, straight. The idealized straight
blood vessel used throughout ttleapterwas relaxed and two different curvatures were
utilized to determine the variance of the characteristic behaviors. The ldesel Vength

in each case was kept constant, and the only geometric parameter that changed was the
radius of curvature. As can be seenFigure 19 below, the characteristic behaviors
retained their defining qualities. The only difference in cigsstional concentration was

seen in the boundary layer formation cases where the slight curvature case experienced a
modest increase in concentration compacedo curvature or large curvature. This was
because a slight curvature contained a longer segment of blood vessel in which the
particles are able to form a boundary layer leading to a higher concentratiomubuild

over that particular segment. Howeveristincrease in concentration only shifts the

boundary behavior delineation and does not change the overall observed behavior.
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Figure19: Curved blood vessels and the three prototypical behavibescurvature of the blood
vessels does not affect the characteristic trend of the behaviors, but it can shift the behavior
boundary delineation curve slightly.

2.15.5 Particle Agglomeration

Agglomeration of particles can be considered approximately within our current
framework. To do sowe t hi nk -p&r tai cd =Wp ecfarcrpagretcd o f

particles stuck together. The magnetic force on such a particle increases by a factor of

X n. However, the diameter of the particle goes onl}i assince it take@ x 2 x 2 or x 8

particles to make twiceasbig supefparticle. Thus,the Stokes drag force increases by

\3 n and so the magnetiRichardson number increases/i3§ (see equatio(27)). For the

nanoparticlesised in the rats dfigure2b, if we consider a supgrarticle made up of 125
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particles, the magnetiRichardson number increases from 0.14 to 3.5.eSthe super
particle has a larger radius, the blood and membrane diffusivibigsind D,,, will be

smaller decreasing fror x 10713 and 2 x 10™1* (for leaky capillaries with 600 nm
pores) tol x 10713 and 0 respectively. The scattering diffusion coeffigiéng, will stay

the same, however, since it is only dependent upon the type of blood vessel. This causes
the mass Péclet number to increase from 1000 to 6000. The Renkin coefficient will
instead decrease from 0.36 to 0. One can now-o#aithe behaviorof such a particle

from Figure 9 and Figure 10 as before: clearly, a case that was previously velocity
dominated could now fall into the boundary layer regime. In reality, during
agglomeration there will be a statistical distribution of particle sizes, and chains can form
instead of supersi matifcleds &. To analyze

additional research.

2.15.6 Skin Boundary Condition

In animal and human trials, skin prevents magnetic particles from leaving the tissue. To
model this case we enforce a boundary condition at the bofttime tissue closest to the
magnet that does not allow a flux of magnetanoparticlesacross it. As expected, this
causes a pileip of particles just inside the skin nearest the magnet. Depending on the
width of the tissue section being considereds thilildup can extend into the vessel
region qualitatively distorting the three prototypical behaviors. Three case studies were

chosen to examine the effect that the skin boundary has upon the solution.
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Figure20: The effectthat the skin boundary condition has upon the three prototypical behaviors
can be seen by comparing the lower row to the top row of cabesparticles, once pulled
through the vessel, travel to the skin boundary and then-bpildlong this interface anchn

extend back into the vessel region. This is most apparent in the magnetic dominated case where
there is a buileup within the blood vessel membrane due to the presence of the skin boundary

condition.

For any situation, if the blood vessel is clos¢hi® skin, the accumulation of ferrofluid at

the skin can build up and can extend back through the tissue and into the vessel

overwhelming any boundary layer that n@fierwise have formed at the blood vessel

wall. The magnetic dominated case saw an irs&es the skin boundary, and a slight

increase in particle concentration in the blood vessel due to the ability of the particles to

build up at the skin. The velocity dominated case saw only a slight concentraticapuild

near the skin andnegligible ctange within the blood vessel. This is because particles

are constantly washed out of the vessel and not captured by the magnetic field thus they

do not readily arrive at the skin interfacEhe boundary layer case had a significant

increase in the particleoncentration near the skin and vessel membrane, but very little
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change within the blood vessel. Particles in this case are pulled through the membrane

and into the tissuwith build-up near the skin only slightly affecting the blood vessel.

2.15.7 Varying of Tissue Diffusivity

In section Error! Reference saurce not found, the Renkin tissue coefficienDy
(equation(31)), was always larger than the membrane Renkin coeffidifgquation

(29)), so that the limit to particle diffusion out of the vessel was the membrane. This
behavior is consistent with many tissuessel systems but not dB7]. There are
physiological conditions were the underlying tissue might not allow diffusion of particles
as easily as a membrane, the Renkin tissue coefficient would thendtlersthan the
membrane Renkin coefficientTherefore, the effect on particle concentration for
changing the Renkin tissue coefficient (a fourth -domensional number) must be
examined. Two cases were chosen to explore the effect changing tissue itjiffussv

upon the steadgtate concentration: boundary layer formation and velocity dominated
behavior. Since the magnetic dominated behavior occurs only at Renkin reduced
diffusion coefficients that are near unity, it does not make sense to vary the tissue

diffusivity significantly for a magnetic dominated case.
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Figure 21. The effect on two prototypical behaviors by varying the Renkin reduced diffusion
coefficientfor tissue Dt ). The nondimensional number casased insectionError! Reference
source not found.are shown on the top row. The Renkin tissue coefficient is decreased in each
subsequent row so that the membrane Renkin camffids the same as the Renkin tissue
coefficient in the second row. The last row signifies a Renkin tissue coefficient an order of
magnitude less than the membrane Renkin coefficient.

The above figure shows cases where the Renkin reduced diffusiorciemeffor the
tissue is changed while the regular (endothelial membrane) Renkin reduced diffusion
coefficient is held constant & = 0.001. The first row D = 0.01) corresponds to the
typical cases used in thihapterwhere we have assumed that diffusiorthie tissue is

x 10 greater than the diffusion in the endothelium (diffusion in the tissue is"1tha0of
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blood while diffusion in the membrane is 1/180that of blood). The second row

(Dy =0.001) shows the concentration if the two Renkin valueseapaal (diffusion in

the both tissue and membrane is 1/100t of blood). Here it is possible to see that the
tissue space becomes an extension of the membrane spa@n weitjuivalent behavior
(becausd®; = D). The third row Dt = 10~%) shows the solutiowhen the diffusion in

the tissue is x 10 smaller than the diffusion in the endothelium (diffusion in the tissue is
1/10000" that of blood while diffusion in the membrane is 1/19@@at of blood). Now

the tissue space holds the primary concentratigpadfcles. In all cases, the steady state
vessel wall concentration remains essentially constant as we change the tissue Renkin
value. This suggests that the relationship between these two Renkin values merely effects
the distribution of particles betwedhe membrane and the tissue and not the vessel
concentration. Since the vessel wall concentration is not easily effected, the three

prototypical behaviors and their delineation boundaries do not change.

2.15.8 Different Particle Hydrodynamic and Magnetic CoradR

For simplicity, typically the hydrodynamic and magnetic core radii are assumed to be
equal. Most often this is not exactly the case and there is a slight mismatch between the
two values due to particle coatings that are added onto either affix thecaper
immune system evading mechanigihs], [14]. Then the hydrodynamic radius is slightly
larger than the magnetic core radius leading to an increase in the Stokes drag force
compared to the magnetic force. In this case, equétibywould remain the same and

equationg13) and(14) would change to
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(48)  Fg = 6arqVy

(49) V=gt v(|H])

where r is the hydrodynamic radius of a particl€herefore,the nondimensional
magnetieRichardson number changes in addition to a slight change in the Péclet and
Renkin numbers. Using the same rat example as throughouohéipey if the 250 nm
diameter particle had a 300 nm hydrodynamic diameter, the madoregcacting upon

this particle would remain constant while the Stokes drag force changes from 0.70 pN to
0.84 pN. This would cause a slight decrease in the magRet@rdson number from

0.14 to 0.12. Since the particle has a larger radius, the bloochemtbrane diffusivities,

Dy ard D,,;, will be smaller decreasing frorax 10713 and 2 x 10713 (for leaky

capillaries with 600 nm pores) fox 10~'% and 1.4 x 10~!3 respectively. The scattering
diffusion coefficient,Dg, will stay the same, however, sincestanly dependent upon
the type of blood vessel. This causes the mass Péclet number to increase from 1000 to

1200. The Renkin coefficient will instead decrease from 0.36 to 0.28.
2.15.9 Non-Perpendicular Magnetic Force

For blood vessels in animal or human vascukatthe alignment of the blood vessels
obviously varies and the applied magnetic force may not be perpendicular to the blood
flow. We considered this case in the main text because it is the least complex scenario to
think about, and because it represenkgest case (the magnetic force is lined up to extract

as many particles as possible). A simple first approximation of the ferrofluid behavior for
the case when a blood vessel is not aligned perpendicular to the magnet force is to
separate the magnetic ¢er into the perpendiculap-direction inFigure3) and parallel

(x-direction inFigure 3) components. Then the perpendicular magnetic force component
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can be used as the magnetic force in equdf8) while the parallel component can be
added to the Stokes drag force to(® used
compute a modified magticRichardson number that takes into account the magnetic

force misalignment.

2.16 Conclusion

It is not enough to compare Stokes drag at the centerline to magnetic forces to conclude
whether particles can or cannot be magnetically captured against bleadSileh a
comparison dramatically underedicts the ability of magnetic forces to capture particles
because it does not account for the rm=p velocity of blood near vessel walls nor the
effects of diffusion. We have carried out a detailed analysisetter understand and
quantify the behavior of magnetizable partidlesivo. We find that there are three types

of behaviors (velocity dominated, magnetic dominated, and bowtagy formation)
uniquely identified by three essential ndimensional nuibers (the magnetc
Richardson, mass Péclet, and Renkin numbeéiigure 9, Figure 10, Figure 11, and
Figure12 allow magnetic drug delivery researchers to readily determine whicvioeh

shauld occur in their experiment3hese three behaviors remain present even if we
consider additional realistic and complicating features, such as blood flow pulsatility,
nonuniform magnetic fields, curved blood vessels, and parigtdomerationalthough

these added effects can modestly shift the delineations between the behaviors. Only the
presence of skin, which creates a new interface where particles can build up, adds a
qualitatively new behavior and it would require the addition of a faustikdimensional

number to map out its effect. A comprehensive comparison to prior publiistwdo
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and in vivo experiments shows excellent agreement and explains results that were not

previously understood.

Contribution to the Field and Clinical Applications

Previous authors have created models investigating magnetic nanoparticle behavior
within a single norpermeable blood vessel. These groups have considered either the
capture efficiency of single particles (rorteracting individual nanoparticles) dine
concentrations of disperse ferrofluids. However, since only the blood vessel itself is
modeled, these models do not include particle transport through membranes and into the
surrounding tissue space. In addition, most models do not include the l#sedl v
velocity profiles and instead simplify this profile to a constant drag force thereby
neglecting a noitrivial contribution to nanoparticle behavior. Lastly, these models are
only applicable for specific geometries, magnetic fields, and blood vegsed, tand
therefore do not examine what occurs throughout any region of the body nor any

experimental condition.

We have created a more realistic and widely applicable FEM model of the blood vessel,
blood vessel membrane, and outlying tissue section.rbdel treats nanopatrticles as a

fluid and not individual elements and therefore can handle concentrations specifically as
they develop large boundary layers between the model domains (vessel, membrane or
tissue). In addition, the model included blood wélp profiles and diffusion effects
(either due to Brownian motion or due to blamal scattering)We wrote equations from

physical first principles that combined the Nav&ipkes equations, the magnstatic
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Maxwell equations, Fick's diffusive flux agtions, and Einstein's Brownian motion
approximation. We reduced the number of experimental parameters from 24 by
simplification and nordimensionalization to four crucial independent parameters that
dictate nanopatrticle fluid concentration within thistgyn. These independent parameters

and not the experimental parameters define the ferrofluid concentration. It is possible to
change a set of experimental parameters (e.g. the particle radius and magnet shape) and
not change ferrofluid concentration, bwtis not possible to change the independent

parameters and maintain a constant the ferrofluid concentration.

Our collaborators at the California Institute of Technologgateda custombuilt solver
to resolve the boundary layers between the vesseinliane and tissue domains. With
this solver, we therexamined the entire realistic experimental space. From s,
determined there were only three fundamental behavior regimes of the ferr8fuid.
mappingthe nondimensional parameters to the fundamental behaw@sjeveloped a
method to predict the nanoparticle behavior for any experimental conditiorth&ie

verified the mapping by comparing it to availablevitro andin vivo experimental data.

For a clinical and experimental use, the above model is able to predict the type of
behavior a researcher will experience. All the details and necessary information has been
provided in this ChapterHowever,for a complete summary and easy referenbe, t
following flowchart Figure22, can be used to employ the modeisdictions for a given

experimetal case.
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Figure22: Theprocess flow for determining the ferrofluid behavior in and around a blood vessel
under an external magnetic fieltVith step 1 the critical parameters are established; step 2
calculates the required variables from the described formulas; and step @sptieeliferrofluid
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