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Given a set P of n labeled points in a metric space (X, d), the nearest-neighbor
rule classifies an unlabeled query point ¢ € X with the class of ¢’s closest point in P.
Despite the advent of more sophisticated techniques, nearest-neighbor classification
is still fundamental for many machine-learning applications. Over the years, this has
motivated numerous research aiming to reduce its high dependency on the size and
dimensionality of the data. This dissertation presents various approaches to reduce
the dependency of the nearest-neighbor rule from n to some smaller parameter k, that
describes the intrinsic complexity of the class boundaries of P. This is of particular
significance as it is usually assumed that £ < n on real-world training sets.

One natural way to achieve this dependency reduction is to reduce the training
set itself, selecting a subset R C P to be used by the nearest-neighbor rule to answer
incoming queries, instead of using P. Evidently, this approach would reduce the
dependencies of the nearest-neighbor rule from n, the size of P, to the size of R. This

dissertation explores different techniques to select subsets whose sizes are proportional



to k, and that provide varying degrees of correct classification guarantees.
Another alternative involves bypassing training set reduction, and instead
building data structures designed to answer classification queries directly. To this
end, this dissertation proposes the Chromatic AVD; a Quadtree-based data structure
designed to answer e-approximate nearest-neighbor classification queries. The query
time and space complexities of this data structure depend on k-; a generalization of

k that describes the intrinsic complexity of the e-approximate class boundaries of P.
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Chapter 1: Introduction

In the context of non-parametric classi cation inmachine learning we are
given a training setP which consists ofn points in a metric space X ; d), where
P X and metricd: X?! R* de nes the distance between any two points iX .
Additionally, this training set P is partitioned into a nite set of classesmeaning
that each point p 2 P is assigned dabel I(p) that indicates the class to whichp
belongs to. Finally, given anunlabeledquery point g2 X , the goal of aclassi er is
to predict g's label using the training setP.

The nearest-neighbor rule(or nearest-neighbor classi e} is among the best-
known classi cation techniques [1]. It classi es any query point 2 X with the
label of its closest point inP according to the distance functiond. This idea can
be generalized to predicty's class using its rstk nearest-neighbors irP, instead of
only one. Such generalized approach is known to as tkenearest-neighbor classi er,
or simply k-NN. Throughout this book, we focus exclusively on the 1-NN classi er.

Despite being conceptually simple, numerous results show that the nearest-
neighbor rule exhibits good classi cation accuracy both experimentally and theoreti-
cally [2{4]. In fact, its probability of error is bounded by twice the Bayes probability

of error, which is the best achievable error by any theoretical classi er. However, the



nearest-neighbor rule is often criticized for its high space and time complexities, as
a straightforward implementation of this approach implies storing all the points of

P to answer such queries. This would therefore make the nearest-neighbor rule be
highly dependent on the sizen of the training setP.

This drawback raises an important question of whether it is possible to reduce
the dependency of the nearest-neighbor classi er, fromto some smaller parameter.

In this thesis, we proof this is indeed possible, proposing new approaches for nearest-
neighbor classi cation that are dependent on some paramet&r where commonly

k n on real training sets. This parameter is de ned as the number diorder
points of P, and depicts the inherent complexity of the boundaries between points
of di erent classes in the training set.

Some of the approaches presented in this thesis deal with computing a subset
of P whose size is dependent dk, which can then be used by the nearest-neighbor
rule to answer classi cation queries, instead of using the entire training set. These
are known as training set reduction techniques, and are explored in Chapters 3 to 5.
Additionally, Chapter 6 explores a completely di erent approach, proposing a tailor-
made data structure that can directly answer nearest-neighbor classi cation queries,
thus bypassing the preprocessing step of having to reduce the training set. In
terms of the underlying metric space, Chapters 3, 4 and 6 assumdies in RY for
constant dimensiond, and using, as the distance metric, while Chapter 5 deals with
training sets in general metric spaces. Finally, in terms of the model of computation,
Chapters 3 and 4 assume that nearest-neighbor queries are computed exactly, while
Chapters 5 and 6 allow multiplicative approximation errors when answering such
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classi cation queries.

Preliminaries

The set ofborder points of the training set P are those that de ne the \bound-
aries" between points of di erent classes, and whose omission from the training set
would imply the misclassi cation of some query point inX. Formally, two points
p;p 2 P are border points ofP if they belong to di erent classes, and there exist
some pointq2 X such that g is equidistant to both p and p, and no other point of
P is closer toq than these two points.

For any given pointp 2 P, de ne an enemy of p to be any point of P in a
di erent class than p. The nearest-enemyof p, denotedne(p), is the closest such
point according to metricd. Finally, de ne the nearest-enemy distancef p to be
dne(p) = d(p;ne(p)), and the nearest-enemy balbf p to be the metric ball centered at
p with radius dne(p). Let be the number of distinct nearest-enemy points d?, that
is, the cardinality of the setfne(p) j p2 Pg. Similarly, denote the nearest-neighbor
of p as nn(), and the nearest-neighbor distance ad,,(p) = d(p;nn(p)).

In fact, in this thesis we prove that every nearest-enemy & is also a border
point, implying that k. Thus, we will use these two parameters to analyze our
proposed approaches, showing their dependency on the complexity of the boundaries
between points of di erent classes irP.

Through a suitable uniform scaling, we may assume that theiameter of P

(i.e., the maximum distance between any two points in the training set) is 1. The



spreadof P, denoted as , is de ned to be the ratio between the largest and smallest
distances inP. De ne the margin of P, denoted , to be the smallest nearest-enemy
distance inP. Clearly, this implies that 1=
Additionally, a metric space (X ; d) is said to bedoubling [5] if there exist some
bounded value such that any metric ball of radiusr can be covered with at most
metric balls of radiusr=2. Its doubling dimensionis the base-2 logarithm of ,
denoted asddim(X) = log . Many natural metric spaces of interest are doubling,

including d-dimensional Euclidean space whose doubling dimension isd),

1.1 Training Set Reduction

The idea behind training set reduction techniques is to select a subset of the
original training set P, and then use this reduced set to answer any nearest-neighbor
classi cation queries. Evidently, the goal is to select a subset as small as possible,
subject to maintaining the classi cation accuracy of the nearest-neighbor classi er.

By de nition, if instead of applying the nearest-neighbor rule with the entire
training set P we use the set of border points P, the complexity of answering
classi cation queries is now dependent ok instead ofn, while still obtaining the
same classi cation for any query point inX. In other words, this approach would
maintain the same boundaries between points of di erent classes, before and after
reducing the training set. For this reason, algorithms for nding the set of border
points of P are known asboundary preservationalgorithms.

For training setsP  R? in the Euclidean plane, Bremneet al. [6] proposed



an output-sensitive algorithm for nding the set of border points ofP in O(nlogk)
worst-case time. For almost three decades, the best result for training setsRH,
assuming constantd, was Clarkson's [7] algorithm that runs inO(min (n3; kn?logn))
worst-case time. Recently, Eppstein [8] proposed a signi cantly faster algorithm for
the d-dimensional Euclidean case, which runs i®(n? + nk?) worst-case time. In
Chapter 3, we propose an improvement over Eppstein's algorithm [8] to compute the
set of border points of any training se®  RY, where dimensiond is assumed to be
constant. Moreover, our algorithm reduces the complexity of computing the set of

border points of P to O(nk?) worst-case time, where is the size of such subset.

(a) Set P (10%pts)  (b) CNN (281 pts) (c) FCNN (222 pts)  (d) MSS (272 pts)

(e) NET (875 pts)  (f) SFCNN (220 pts) (g) RSS (233 pts)  (h) VSS (233 pts)

Figure 1.1: lllustrative example of the subsets selected by di erent condensation
algorithms from an initial training set P in R? of 1¢* points. It includes existing

algorithms (b)-(e), along with new algorithms introduced by our work (f)-(h).



Another approach for training set reduction is called condensation. Formally,
the problem of nearest-neighbor condensatiooonsists of nding a consistent subset
of P, where a subseR P is said to beconsistent[9] if and only if for every point
p 2 P its nearest-neighbor inR is of the same class ag. Intuitively, R is consistent
if and only if all points of P are correctly classi ed using the nearest-neighbor rule
over R. Compared to the boundary preservation techniques, using consistent subsets
only guarantees the correct classi cation of the points d?, while using the set of
border points extends this guarantee for every point of .

While nding subsets of P that are consistent can be done e ciently, computing
minimum cardinality consistent subsets is much harder. In fact, it is known to be an
NP-hard problem [1d 12], even to approximate within practical factors. Therefore,
most research has focused on proposing practical heuristics to nd either consistent
subsets (for comprehensive surveys, seg. [1315]). Some of the best know heuristic
algorithms for this problem are known as CNN [9], FCNN [16], and MSS [17], the last
two being considered state-of-the-art for computing consistent subsets@(n?) time.
However, while these heuristics have been extensively studied experimentally [18],
theoretical results are scarce, with no upper-bounds known for the size of the subsets
selected by these algorithms. In Chapter 4, we present the rst theoretical results on
upper-bounding the subset sizes of condensation algorithms. In particular, we show
that FCNN and MSS can not be bounded in terms ok, and propose new quadratic-
time algorithms called SFCNN, RSS and VSS, that can be e ectively upper-bounded
in terms of k (see Figure 1.1 for illustrative examples on their selected subsets).

So far, these approaches for training set reduction have made a key assumption:
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that after reduction, the nearest-neighbor rule will answer classi cation queries.¢.,
compute nearest-neighbors on the reduced training set) exactly. However, in practice,
nearest-neighbors are frequently computed approximately rather than exactly. In
this context, given an approximation parameter' 2 [0; 1], a query pointg2 X can

be assigned the class of any point ¢f whose distance tag is at most 1+" times the
distance fromq to its true nearest-neighbor. Sadly, the classi cation guarantees given
by both boundary preservation and condensation algorithms, rely on the assumption
that nearest-neighbors are computed exactly, and break when approximate query
answers are allowed. In Chapter 5, we propose a framework for training set reduction
that is sensitive to these approximations, along with a characterization dfcoresets

for the problem of nearest-neighbor classi cation.

1.2 Nearest-Neighbor Search vs Classi cation

Due to its conceptual closeness, the problem of nearest-neighbor classi cation
is extremely related to the problem of nearest-neighbor search. Evidently, one can
reduce the problem of classifying a query poii 2 X via the nearest-neighbor rule, to
simply computed's closest point in the training set, and assigig to the class of such
point. Unsurprisingly, this approach is standard for nearest-neighbor classi cation,
and under such problem reduction, there are only two alternatives to improve the
complexity of answering these classi cation queries. Either by reducing the training
set (as explained in the previous section), or by improving the techniques to answer

nearest-neighbor queries, which is a known and extensive line of research [19{22].



However, there exist an alternative approach towards achieving more e cient
nearest-neighbor classi cation. This would imply avoiding the reduction to the search
problem, and instead having algorithms and data structures to directly compute
the class of the nearest-neighbor of any given query pointe., without computing
the nearest-neighbor itself. In computational geometry, this is usually known as the
chromatic nearest-neighbor searcproblem.

In Chapter 6, we propose a tailor-made data structure for approximate nearest-
neighbor classi cation (or approximate chromatic nearest-neighbor search), which we
call the Chromatic AVD. Given a training set P in d-dimensional Euclidean space
(assuming constantd and the “, metric) and an approximation parameter" 2 [O;% ,
we construct a quadtree-based partitioning of space to answer any classi cation
query approximately. That is, for any query pointq 2 RY this data structure returns
the class of any ofg's valid "-approximate nearest-neighbors if?. Moreover, the
Chromatic AVD is designed as a simpli cation of state-of-the-art AVDs [20] for
approximate nearest-neighbor search. Thus, reducing its dependency franto a

parameterk- that describes the complexity of the approximate class boundaries.



Chapter 2: Literature Review

The problem of classi cation is of high relevance in the eld of machine learning.
It has motivated numerous approaches that are able to predict the class of a given
query point, by constructing and using some model \trained" from a given training
set. However, and despite the advent of more sophisticated techniquesg(, support-
vector machines [23] and deep neural networks [24]), nearest-neighbor classi cation
is still widely used in practice [2%27], proving its value in constructing resilient
defense strategies against adversarial [28] and poisoning [29] attacks, as well as in
achieving interpretable and reliable classi cation models [30, 31].

Its importance has motivated diverse research in many elds, from statistics to
computational geometry. In this book, we approach the nearest-neighbor classi cation
problem from the perspective of computational geometry, leveraging algorithms, data
structures, and analysis techniques from this eld. This chapter delves into the most
important concepts related to this classi cation technique, as well as the previous

work on ways to improve its e ciency.



2.1 Classi cation Boundaries

The concept ofboundariesin classi cation can be vague, as it depends on the
particularities of the classi cation model being studied. The termglassboundaries,
classi cation boundaries, anddecision boundaries often refer to the same concept.
Broadly speaking, they refer to the separation between two regions in space, such
that the model of interest classi es points lying on either side of the boundaryi.é.,
on each region) with di erent classes.

In order to understand the class boundaries of the nearest-neighbor rule, we
rst need to introduce a well-known concept in computational geometry called
Voronoi Diagrams. The Voronoi diagram of a point setP X is a partition of the
underlying spaceX into di erent regions called cells Each of these Voronoi cells has
an associated poinp 2 P (often call the site of the cell) such that for every pointq
inside of the cell,p is g's closest point inP according to the distance metriad.

Throughout this book, all the gures depicting Voronoi diagrams will assume
that the underlying metric space is Euclidean, and the distance function is the
metric. Here, the Voronoi cell of each poinp 2 P is a convex region oRY, and can
be described as the intersection af 1 closed halfspaces, each being the halfspace
containing p that is bounded by the bisector betweemp and another point of P.

Two sitesp;p 2 P are said to beDelaunay neighborsif and only if there exists
a point g in the underlying space that is part of the cells of botlp and p. That is, if q
is equidistant to both p and p, and no other points ofP are closer tog. This de nes

the edges of theDelaunay triangulation of P, which is characterized as the dual
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graph of the Voronoi Diagram. Moreover, we can de ne the boundaries between the
Voronoi cells ofP as the union of all such pointgy in the space that are equidistant
to at least two points/sites of P.

When considering the classes of these points, we can introduce a few useful
concept. First, any edge of the Delaunay triangulation oP that connects two points
of di erent classes is called @ichromatic edge Additionally, we can de ne the class
boundaries of the nearest-neighbor rule similarly to the de nition of the boundaries
between the Voronoi cells oP. We say theclass boundarieof P are the union of
points g in the underlying space that are equidistant to at least two points oP from
di erent classes. Intuitively, these boundaries separate di erentlass regionswhere
each such region is de ned as the union of neighboring Voronoi cells corresponding to
points of the same class. See Figure 2.1 for an illustrative example on these concepts.

We say that the class boundaries d? are de ned by a subset of the training set
called the set ofborder points of P. Basically, these border points are the endpoints
of all the bichromatic edges of the Delaunay triangulation oP. Formally, two points
p;P 2 P are border points ofP if they belong to di erent classes, and there exist
some pointq in the underlying space such that is equidistant to both p and p, and
no other point of P is closer toq than these two points. See Figure 2.1a and 2.1b for
an example of a training seP  R? and its set of border points. Throughout, we
denotek to be the total number of border points in the training set. Unsurprisingly,
k is key in understanding the complexity of the class boundaries Bf, making it an
ideal candidate to analyze the complexity of the classi cation problem.

Another concept that is useful to characterize the class boundaries Bfis that

11



(a) Class regions ofP (b) Border points of P (c) Nearest-enemies oP

Figure 2.1: Example of a training seP 2 R? with points of three classesred, blue
and yellow (a) shows the di erent class regions de ned by the union of adjacent
Voronoi cells of the same class, (b) highlights the border points &f, while (c)
highlights the nearest-enemy points dP. Both (a) and (b) draw the class boundaries

with solid black lines.

of nearest-enemy points. Just as de ned in Chapter 1, we say timearest-enemy of

a point p 2 P (denoted byne(p)) is p's closest point inP of di erent class. Then,
we let be the number of distinct nearest-enemy points @, that is, the cardinality

of the setfne(p) j p2 Pg. See an example of this concept in Figure 2.1c. While not
immediately obvious, we are able to (see Section 4.4) that every nearest-enemy point
of P is a also border point ofP. Therefore, the set of nearest-enemy points is a subset
of those points de ning the class boundaries, and can then be used to characterize

its complexity.

1This concept was rst introduced by Dasarathy [32] in 1995 under the name ofnearest unlike

neighbors (or NUN), and was later renamed by Wilson & Martinez [33] in 1997 as nearest-enemies.
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2.2 Boundary Preservation

In this section, we review known algorithms for nding the set of border points
of the training set P, also referred to asoundary preservation algorithmsNote that
for each of these algorithmsP is assumed to lie ind-dimensional Euclidean space

(i.e., P RY), and the distance function is assumed to be the metric.

2.2.1 Clarkson's algorithm

In 1994, Clarkson [7] proposed the rst algorithm to compute the set of border
points of a training setP in RY. His algorithm runs in O(min (n%; kn? logn)) time, by
leveraging linear programming formulations along with output-sensitive techniques
to compute extreme points.

Starting with an empty selection, the algorithm incrementally adds newly found
border points to its current selection. To achieve this, it performs a \non-borderness"
test on every pointp of the training set. This test can only decide with certainty if
p is not a border point, but not otherwise. However, if the test's result is uncertain,
Clarkson proposes a method to nd some other poirmt 2 P that is certainly a border
point. Further details on this algorithm are left for the interested reader, and can be

found in Section 5 of Clarkson's paper.

2.2.2 Eppstein's algorithm

In early 2022, Eppstein [8] proposed a new algorithm to nd the set of border
points of a given training setP in RY that runs in O(n? + nk?) worst-case time.

13



The algorithm's simplicity is striking, specially when considering the small progress
achieved for this problem in the last three decades. Intuitively, the algorithm works
somewhat as an implicit graph traversal, where the border points & are nodes in
this graph, connected by certain implicit edges. Formally, the algorithm begins by
selecting some initial set of border points dP, one point from every class region.
From here, it uses a series of subroutines (which we group together and denote as the
\inversion method) to nd the remaining border points of P. To better understand
this algorithm, we study its two phases: the initialization and search phases.

The initialization phase consists of nding a subset of points P, such that
all these must be border points, and there is at least one point for every class region
of P. Eppstein's approach to nd these points is to compute the Minimum Spanning
Tree (MST) of P, identify the bichromatic edges of this MST, and then select the
endpoints of all such edges. Evidently, this phase takes a total 6f(n?) time.

The search phase completes the algorithm, and consists of nding all the
remaining border point of the training set. This phase iterates over all the currently
selected points, and for each of these poings it performs the inversion method orp,
identifying a subset of border points that are \visible" byp. These are then selected
by the algorithm, and the search continues. Basically, the inversion method unveils
the edges of some implicit graph that are incident op, allowing the algorithm to
fully traverse this implicit graph. Once the inversion method has been applied on
every selected point, the algorithm terminates with the guarantee of having selected
all the border points of P. Each call of the inversion method take©(nk) time,

making the total runtime of this phase beingO(nk?).

14



It is important to note that Eppstein's algorithm works under the assumption
that this implicit graph can have multiple connected components. Therefore, the
initialization phase looks to select at least one point on every connected component,
to guarantee that all the border points will eventually be discovered by the algorithm.
In Chapter 3, we further improve Eppstein's algorithm by showing that in fact, this
implicit graph has a single connected component. Hence, rendering the initialization

phase unnecessary, and reducing the total runtime 0 (nk?).

2.2.3 Bremneret al.'s algorithm

This is a special case algorithm intended only for the planar case., then the
training set lies in R?. It was proposed by Bremneeet al. [6] in 2003, as the result of
a research workshop, and has a runtime @ (n logk).

Their algorithm consists of two levels. First, the higher level algorithm, which
consists of repeatedly guessing the value lof and running a lower level algorithm
under this assumption. This lower level algorithm works as follows: given some value
m, if m kit nds the set of all border points of P, and otherwise it fails. Moreover,
it does this within O((m? + n) logm) time. Therefore, by repeatedly using values of

P n, the

m =22, with i =0;1;2;:::;doglogke), and stopping whenm  k or m
total runtime of the higher level algorithm equalsO(n logk).
Interestingly, the lower level algorithm works in a similar way to Eppstein's

algorithm. First, it nds an initial bichromatic edge of the Delaunay triangulation

of P (i.e., identifying two border points), and then follows iteratively by applying a
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series of pivot operations' on the border points found so far, to unveil new border
points of P. If at some point, the algorithm nds more than m border points, it fails
as the assumption thatm  k is false. Otherwise, the algorithm terminates with the
guarantee of having found all the border points oP.

The remaining details of this algorithm are left to the reader, and can be found
in the original paper [6]. However, we describe the pivot operation in higher detail, as
it would be leveraged throughout this book as a useful tool in some of our algorithms
and analyses. Basically, any pivot operation receives three parameters: a pgnt
a vector v, and a set of pointsS  RY. Intuitively, the pivot operation grows an
empty ball with p on its surface and its center on the direction of, until the ball
hits a point of p2 S. Then, the operation returns pointp. Despite its simplicity,
this operation is a useful tool to nd border points, as seen in the remaining of this

book.

2.3 Nearest-Neighbor Condensation

Essentially, the problem ofnearest-neighbor condensatiogonsists of selecting
some subset of the original training seP, subject to the classi cation accuracy of
the nearest-neighbor rule not being \greatly reduced" when replacing the original
training set by this subset of points. One way of achieving this would be to simply
select the set of border points oP via a boundary preserving algorithm. However,
this approach is too strict, which has lead to the introduction of more relaxed criteria

for the purpose of condensation.
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In this section, we explore the main criteria used for condensation, hardness

results, as well as the most relevant algorithms proposed for this problem.

2.3.1 Criteria

The central de nition to understand the problem of condensation is that of
consistent subsets, proposed by Hart [9] in 1968. We say a subRet P is consistent
if and only if for every point p 2 P its nearest-neighbor inR is of the same class as
p. Intuitively, this means that any subsetR is consistent if and only if all points of
P are correctly classi ed using the nearest-neighbor rule \trained" oiR. That is,
with a nearest-neighbor rule that answers queries by searching among the points in
R, instead of searching among the points of the original training s&t.

Another criterion frequently used for condensation is known aselectiveness
and was proposed by Ritteret al. [34] in 1975. A subseR P is said to beselective
if and only if for all points p 2 P its nearest-neighbor inR is closer top than its
nearest-enemy inP. Clearly selectiveness implies consistency, as the nearest-enemy
distance inR of any point of P would at least be its nearest-enemy distance iA. In
fact, selective subsets were introduced as a stricter version of consistency, hoping this
would allow the existence of polynomial-time algorithms to nd minimum cardinality
selective subsets. As we will see in the following subsections, this would later be
discovered to be impossible unless P=NP.

Recall that none of these two criteria, namely consistency and selectiveness,

imply that every query point in X would be correctly classi ed after condensation.
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Instead, they simply guarantee the correct classi cation of the points i?. The only
techniques that guarantee correct classi cation of every query point are boundary
preservation algorithms, as explored in Section 2.2. It is easy to see that any subset
that preserves the class boundaries &f (i.e., the set of border points ofP) must be
selective, and that any selective subset &t must also be consistent. Therefore, any
algorithm that nds subsets of P holding any of these properties is considered to be

a condensation algorithm.

2.3.2 Hardness Results

Clearly the stricter notion of condensation, involving the full preservation of the
class boundaries oP, can be achieved in polynomial-time as described in Section 2.2.
The relaxation to the consistent and selective criteria imply that subsets holding
these properties can be computed even faster. These subsets always exis®, éself
is both consistent and selective. Evidently, the more interesting research question
deals with nding ideally small subsets ofP under these two condensation criteria.

Therefore, understanding the complexity of nding such subsets while minimiz-
ing their sizes becomes of major relevance. It took close to 30 years since consistency
was originally de ned in 1968 for the rst hardness results to appear, and it took
another 30 years to close some of the remaining gaps into understanding the hardness
of approximation for these problems.

DenoteMin-CS and Min-SS to be the problems of nding minimum cardinality

consistent and selective subsets &f, respectively, we know that these two problems
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are NP-hard to solve, and their decision versions are NP-complete {1@Q]. Originally,
Wilfong [10] proved this complexity for whenP lies in Euclidean space, and restricting
the result for Min-CS on training sets with at least 3 classes. These results were
later generalized by Zukhba [11] and Khodamoradit al. [12] for the cases wheR
has at least two classes, and also when it lies in some general metric spacgd].

Hardness of approximation results have also been proposed for this problem.
The rst result dates back to 2000, when Nock & Sebban [35] found that unlesd?
DTIME (n'°9'°9n), the Min-SS problem is NP-hard to approximate in polynomial-
time within a factor of (1 o(1)) Inn. Later in 2014, Gottlieb et al. [36] found that
the Min-CS problem is NP-hard to approximate in polynomial-time within a factor
of 2ddim(X)log1=)" °“ "\whereddim(X ) is de ned as the doubling dimension of the
spaceX, and is the margin or minimum nearest-enemy distance &f.

More recently, Chitnis [37] presented the rst results on the parameterized
complexity of the decision version oMin-CS . This version of the problem decides
whether there exists a consistent subset & of size m, assumingP  Z9 and
being the distance metric. Then, Chitnis proves two main results. First, that this
problem is W[1]-hard parameterized byn + d, meaning that unless FPT=W/[1], there
isnof (m;d) n°® time algorithm for any computable functionf . Additionally, that
under the Exponential Time Hypothesis (ETH) there is nad 2 and computable

function f such that this problem can be solved iri (m;d) noM™* ) time.
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2.3.3 Algorithms

Due to the importance of this problem, numerous algorithmic approaches have
been proposed to compute such subsets. These include some optimal algorithms,
as well as some case-speci ¢, and approximation algorithms. However, due to the
complexity of computing even close to optimal solutions for the condensation problem,
most research has focused on proposing practical heuristics to nd either consistent
or selective subsets dP. For comprehensive surveys on these heuristics, see{[I.

Here we review some of the most relevant algorithms proposed for this problem,
in chronological order. In 1968, along with the de nition of consistency, Hart [9]
proposed the CNN Condensed Nearest-Neighbpalgorithm to compute consistent
subsets ofP. Even though it has been widely used in the literature, CNN su ers
from several drawbacks: its running time is cubic in the worst-case, and the resulting
subset is order-dependent, meaning that the points selected are determined by the
order in which they are considered by the algorithm. Additionally, CNN tends to
select points far from the class boundaries, which is usually undesirable as these
points are unlikely to contribute to such boundaries. To combat this, Gates [38]
proposed the RNN Reduced Nearest-Neighbdralgorithm in 1972, which consists
of rst running CNN and then proceed with a postprocessing technique to further
reduce the subset. While this resolves the issue of selecting points far from the class
boundaries, this approach still runs in worst-case cubic time and is order-dependent.

Also in 1975, Ritter et al. [34] proposed the SNN $elective Nearest-Neighbgr

algorithm, along with the de nition of selective subsets. The authors hoped it would
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be possible to compute minimum cardinality selective subsets in polynomial time,
and propose this algorithm to nd them. Unsurprisingly, it was later proved that its
runtime is worst-case exponential [10], even though Wilson & Martinez [33] claimed
that the algorithm's average runtime is quadratic.

The new century saw a big leap in heuristic approaches for condensation. In
particular, two algorithms stand out: MSS Modi ed Selective Subseétproposed by
Barandelaet al. [17] in 2005, and FCNN Fast CNN) proposed by Angiulli [16] in
2007. Both algorithms compute consistent and selective subsets, respectively. But
more importantly, both algorithms run in quadratic worst-case time, and are order-
independent. These characteristics, together with their ease of implementation, and
specially, their exceptional performance in practice, have established these algorithms
as state-of-the-art for condensation.

In 2014, Gottlieb et al. [36] proposed an approximation algorithm called NET,
along with the almost matching hardness lower-bounds described in Section 2.3.2.
The algorithm is fairly simple, consisting on just computing a -net of P where is
P's margin. This clearly results in a consistent subset, which can be proven to be a
tight approximation of the Min-CS problem. However, in practice, tends to be
small in real training sets, thus making the subsets selected by the NET algorithm
of much higher cardinality than those selected by state-of-the-art heuristics.

Recently, in 2019 Biniazet al. [39] proposed a subexponential-time algorithm
for nding minimum cardinality consistent subsets of point setsP R? in the
Euclidean plane, along with other case-speci ¢ algorithms for special instances of the
problem in R?. Their main algorithm runs in no(pm) wherem is the size of minimum
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cardinality consistent of P, which after the hardness results presented by Chitnis [37]
in 2022, it has been proven to be asymptotically tight for the planar case.

It is important to note that, while the heuristics described in this section ie.,
CNN, RNN, FCNN, and MSS) have been extensively studied experimentally [18],
theoretical results are scarce. Before our work described in Chapter 4, little was
known about any theoretical guarantees on the size of their selected subsets. There
was a clear gap between practical heuristics without any theoretical guarantee, and

approximation algorithms with poor performance in practice.

2.4 Nearest-Neighbor Search

GivenasetP X of n points in a metric space X ; d) and a query pointq2 X ,
the goal of the nearest-neighbor search problem is to compujs closest point inP
according to the distance functiond. The most common assumption for this problem
is that P is given initially to be preprocessed into a data structure, while query points
are later received as a stream to be answered using the prepocessed data structure.
In this section, we discuss di erent techniques to compute nearest-neighbors,
either exactly or approximately. Additionally, we consider the related problem of
chromatic nearest-neighbor search, which assuming thBtis a training set (.e., that
each point inP is labeled), its goal is to compute the class of each query point's

nearest-neighbor, and not necessarily its nearest-neighbor itself.
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2.4.1 Exact Search

There are two main approaches to compute nearest-neighbors exactly. The
rst, via exhaustive search over the entire point sef, which evidently implies linear
guery times and storage. Otherwise, the approaches usually apply point location
algorithms over space partitioning data structures. For the low dimensional case
ofd 2, itis possible to obtainO(logn) query times and linear storage. Sadly,
when the dimension isd > 2, the \curse of dimensionality starts to kick in, and
the overhead between query times and storage requirements grows increasingly
fast. On either extreme, this means that we have solutions with logarithmic query
time but roughly O(n%?) storage [40], or solutions with linear storage but barely
sublinear query times [41]. Therefore, the applicability of exact nearest-neighbor

search becomes severely limited for high-dimensional data.

2.4.2 Approximate Search

In practice, nearest-neighbors are often computed approximately rather than
exactly, as this relaxation allows for further improvements on query time and storage
requirements. Formally, given an approximation parametet 2 [0; 1], the problem of
"-approximate nearest-neighbor searchin@r "-ANN) deals with computing a point
p 2 P whose distance from the query poing is within a factor of 1+" of g's distance
to its nearest-neighbor inP. We say that any such pointp is a valid "-approximate
nearest-neighbor ofy, and can be retrived as a valid answer tg's query.

This problem has been studied extensively, both theoretically [{22,42,43]
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and from a practical standpoint [44,45]. When the number of dimensions is low, most
techniques involve some sort of space partitioning.g, kd-Trees [46], Quadtrees [47
49], and Approximate Voronoi Diagrams [19, 20,43]. Otherwise, alternatives for high-
dimensional data include hashing techniques like Locality-Sensitive Hashing [21, 50],
and proximity graph techniques like Hierarchical Navigable Small Worlds graphs [22].
However, throughout this dissertation we focus on low-dimensional data approaches,

as many of our results have exponential dependency on the number of dimensions.

2.4.3 Chromatic Search

Evidently, given some query pointg, to classify g with the nearest-neighbor
rule involves retrieving the class off's nearest-neighbor in the training set. Note that
this is slightly di erent from retrieving the nearest-neighbor itself. Potentially, this
di erence opens the possibility of improvements over the standard search problem. In
the context of computational geometry, this is sometimes referred to as the problem
of chromatic nearest-neighbor seargiwhere classes are intuitively described as colors.

Evidently, to answer exact chromatic queries there is one clear approach: to
compute the set of border points of the training set, and use any of the techniques
described in Section 2.4.1 to answer exact search queries over this subset. Despite
having increased preprocessing times, this approach would lead to query times and
storage requirements dependent ok instead ofn. However, it is unclear if it is
possible to achieve similar results without having to recur to boundary preservation

algorithms and the reduction to the standard search problem.
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However, this is indeed possible in the approximate setting. Some work has
been done along these lines by Moumt al. [51], showing that when query points
are far from the class boundaries and surrounded by points of the same class, query
times can be signi cantly reduced. However, these query times are still dependent on
n. Moreover, the data structure itself dates back to 2000, and is based on standard
search techniques of the time. Evidently, many improvements have been achieved in
the last two decades on approximate nearest-neighbor searching, making this data
structure clearly outdated.

In Chapter 6, we propose new data structure for this problem calle@hromatic
AVD, thought as a simpli cation of state-of-the-art AVDs [20] from 2017. This new
approach has query times and storage dependencies on a paramktdahat describes
the complexity of the approximate class boundaries (similarly to how describes

the complexity of the exact class boundaries).
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Chapter 3: Boundary Preserving Algorithms

3.1 Introduction

As previously discussed, a common approach to reduce the dependency ai
the nearest-neighbor rule is to reduce the training set itself. However, most training
set reduction techniques o er limited guarantees on the e ect that this reduction
makes on the accuracy of the classi er. Only a handful of works{[8] have proposed
algorithms that guarantee the same classi cation of every query point, before and
after the reduction took place. These are calledoundary preservingalgorithms, and
are the focus of this chapter. The results presented on this chapter can also be found
here [52].

While other problems in the realm of training set reduction are NP-hard [{1.2]
to solve exactly €.g, those of nding minimum cardinality consistent subsets and
selective subsets), the problem of preserving the class boundaries of the nearest-
neighbor rule is tractable. As discussed in Sections 2.1 and 2.2, this problem is
equivalent to that of nding the set of border points ofP.

The set ofborder pointsof the training setP are those that de ne the boundaries
between points of di erent classes, and whose omission from the training set would

imply the misclassi cation of some query points irRY. Formally, as seen in Section 2.1,
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(a) Original training set P (b) Border points of P

Figure 3.1: On the left, a training setP 2 R? with points of three classesred, blue
and yellow On the right, a subset of these points corresponding to the set of border
points of P. The solid black lines highlight theboundariesof P between points of

di erent classes. By de nition, the class boundaries remain the same in both cases.

two points p;p 2 P are border points ofP if they belong to di erent classes, and
there exist some pointg 2 RY such that g is equidistant to both p and p, and no

other point of P is closer tog than these two points {.e., the empty ball property of

Voronoi Diagrams). See Figure 3.1 for an example of a training setin R? and its

set of border points. Throughout, we letk denote the total number of border points
in the training set. By de nition, if instead of applying the nearest-neighbor rule
with the entire training set P we use the set of border points d?, its dependency is
reduced fromn to k, while still obtaining the same classi cation for any query point
in RY. This becomes particularly relevant for applications wherg  n.

For training setsP  R? in 2-dimensional Euclidean space, Bremnet al. [6]
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proposed an output-sensitive algorithm for nding the set of border points dP in
O(nlogk) worst-case time. However, how to generalize this algorithm for higher
dimensions remained unclear. Until very recently, the best result for the higher
dimensional case was that of Clarkson [7]. He proposed an algorithm to nd the
set of border points ofP  RY, with bounded d, that runs in O(min (n%; kn?logn))
worst-case time. For almost three decades, this remained the best result for training
sets inRY. Recently, Eppstein [8] proposed a signi cantly faster algorithm for the
d-dimensional Euclidean case, which runs i®(n? + nk?) worst-case time.

In this chapter, we propose an improvement over Eppstein’s algorithm [8] to
compute the set of border points of any training seP RY, where dimension
d is assumed to be constant. While the original algorithm computes such set in
O(n? + nk?) time, wherek is the number of border points ofP, our new algorithm

computes the same set i©(nk?) time.

3.2 Eppstein's algorithm

This algorithm is strikingly simple, yet full of interesting ideas (see a formal
description in Algorithm 1), and it works as follows: it begins by selecting an initial
set of border points ofP, one point from every class region. From here, the algorithm
uses a series of subroutines which we will group together and denote as timyérsion
method'’, to nd the remaining border points of P. Thus, the algorithm can be
naturally split into two phases: the initialization of R with some border points, and

the search process for the remaining border points Bf.
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Algorithm 1. Eppstein’s algorithm [8] to nd the set of border points of P.

Input: Initial training set P
Output: The set of border points of P
1 Let M be the MST of P

N

Initialize R with the end points of every bichromatic edge ofM

w

foreach p2 R do

4 Let c be p's class andP; be the points of P that belong to classc

5 Let Sp be the inverted points of P n P around p

6 Find all extreme points of Sy and their corresponding original points E,

7 | R R[Ep

8 return R

3.2.1 The Initialization Phase

The initialization phase (lines 1{2 of Algorithm 1) involves nding a subset of
border points such that at least one point for every class region is selected. Eppstein
observes that this can be achieved by computing the Minimum Spanning Tree (MST)
of P, identifying the edges of the MST that connect points of di erent classes
(denoted asbichromatic edges), and selecting the endpoints of all such edges. This

phase takesO(n?) time, but we will prove that it is not necessary.

3.2.2 The Search Phase

The search phase (lines 3{6 of Algorithm 1) is in charge of nding every
remaining border point of P. This phase iterates over all selected points, and for
each such pointp, it performs what we call the inversion method. This method

identi es a subset of border points ofP, which are added toR. Once the algorithm
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has done the inversion method on every point d®, it terminates with the guarantee

of having selected every border point dP.

3.2.3 The Inversion Method

Given any point p 2 P, the inversion method onp is described in lines 4{6 of
Algorithm 1. Let c be p's class, andP. be the points of P that belong to classc, the
inversion method onp consists of: (i) inverting all points of P n P, around a ball
centered atp (call the set of these inverted points as, and includep itself in the
set), (if) computing the set of extreme points ofS,, and nally (iii) returning the set
E, of those points ofP that correspond to the extreme points ofS, before inversion.
For a detailed description and proof of correctness of this method, we refer the reader
to Eppstein's paper [8]. However, for the purposes of this chapter we only need a
property presented in Lemma 3 of [8]: the points ik, reported by the inversion
method are the Delaunay neighbors g with respect to the set P nP.) [f pg.

Every call of the inversion method takesO(nk) time by leveraging well-known
output-sensitive algorithms for computing extreme points. Given that this method
is called exclusively on every border point of the training set, this yields a total of
O(nk?) time to complete the search phase of the algorithm. Overall, this implies that
Eppstein's algorithm computes the entire set of border points d? in O(n? + nk?)

worst-case time.
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3.3 A Simpler Initialization

We propose a simple modi cation to Eppstein's algorithm, which avoids the
step of computing the MST of the training setP, along with the subsequent selection
of bichromatic edges to produce the initial subset of border points.

Instead, we simply start the search process with any arbitrary point d?. The
rest of the algorithm remains virtually unchanged (see Algorithm 2 for a formal
description). We show that this new approach is not only correct, meaning that
it only nds border points of P, but also complete, as all border points oP are
eventually found by our algorithm. Additionally, by avoiding the main bottleneck of
the original algorithm, our new algorithm computes the same result i®(nk?) time,

eliminating the O(n?) term.

Algorithm 2:  New algorithm to nd the set of border points of P.

Input: Initial training set P

Output: The set of border points of P

=

Let s be any \seed' point from P

2 R

w

foreach p2 R[f sgdo

4 Let c be p's class andP. be the points of P that belong to classc

5 Let Sy be the inverted points of P nP¢ around p

6 Find all extreme points of Sy and their corresponding original points E,

7 | R R[E

8 return R

Before proceeding, it is useful to explore why Eppstein's algorithm computes

the MST of the training set P. First, note that the original algorithm only applies
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the inversion method on border points oP. In fact, Eppstein's correctness proof
relies on it: Lemma 6 in [8] proves that all points irE, are border points by assuming
that point p is also a border point. From the description of our algorithm, note that
we initially apply the inversion method on a \seed" points, which might not be a
border point. Therefore, we need to generalize Lemma 6 in [8] for the case where
not a border point of P. Additionally, using the points from all bichromatic pairs of
the MST of P guarantees that Eppstein's algorithm starts the search phase with at
least one point from every boundary oP. Eppstein's completeness proof shows that
the search phase can then \move along" any given boundary and eventually select
all its de ning points. We show that the search process is far more powerful, and
can even \jump" between nearby boundaries, thus rendering the MST computation
unnecessary.

The following description outlines the necessary steps to prove both the correct-
ness and completeness of our new algorithm, which are unfolded in the rest of this
section. (i) By applying the inversion method to any point ofP, not necessarily a
border point, we must prove that all reported points are border points oP. This is
established in Lemma 3.1, generalizing the statement of Lemma 6 of [8] for non-border
points. (ii) For any class boundary ofP, once the algorithm selects a point from
this boundary, we must prove that it will eventually select every other point de ning
the same boundary. This is originally proved in Lemma 10 [8], however, we provide
simpler proofs in Lemmas 3.2 and 3.3. (iii) Given two disconnected boundaries
separated by a class region, we must prove that if our algorithm selects a de ning

point from one of the boundaries, it will eventually select all de ning points from
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both boundaries. This is established in Lemma 3.4.
All together, these lemmas are used to prove the main result: the correct-
ness, completeness, and worst-case time complexity of Algorithm 2, as stated in

Theorems 3.5 and 3.6.

(a) Training set P (b) Points from (P nP)\f pg (c) g and p are border points

Figure 3.2: Example showing the inversion method from any poimt2 P. On the
left, training set P. The middle gure shows every non red point oP, except forp
itself, along with a point q selected from the inversion method op. On the right,

we see evidence thaf) is a border point of P.

3.3.1 Correctness Proof

Lemma 3.1. Let p2 P be any point of the training set. Then every point selected

using the inversion method omp must be a border point oP.

Proof. Let E, be the points of P corresponding (before inversion) to the extreme
points of S,. According to Lemma 3 [8], every point inE, is a neighbor of point
p with respect to the Voronoi Diagram of set P nP,) [f pg. This implies that for
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every pointq 2 E, other than p, there exists a ball such that bothp and g are on its
surface and no points oP nP, lie inside (see Figures 3.2a and 3.2b). We can now
leverage similar techniques to the ones described in [6], to nd a \witness" point to
the hypothesis thatg must be a border point ofP.

Recall that the empty ball we just described, as illustrated in Figure 3.2Db, is
empty from points of P n P.. However, there might be points ofP. inside. And
moreover, we know that at least one point oP., point p, lies on its surface. Now,
let r be the center of this ball, we grow an empty ball, this time with respect to
the entire training set P, such that its center lies on the linegr and point g is on
its surface (see Figure 3.2c). This ball will grow until it hits another point of P,
which we are guaranteed it will be of the same class as pomtand thus, of di erent
class as pointg. Finally, we have just found an empty ball with respect toP, which
has pointsq and p on its surface, and were the class of both points di er. Therefore,

this implies that g is a border point ofP. ]

3.3.2 Completeness Proof

Before continuing, we need to formally de ne a few concepts. First, we de ne
awall of P asany @ 1)-dimensional face of the Voronoi Diagram dP. By known
properties of these structures, every wall is de ned by two distinct points p;gq2 P
such that any point onw hasp and g as its two equidistant nearest-neighbors in the
training set. We say two walls areadjacent if their intersection is not empty. That

is, if there exists a point inRY with all the de ning points of these two walls as its
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(a) (b)

Figure 3.3: By de nition, any two adjacent wallsw; and w, of the Voronoi Diagram
of P hold the empty ball property with the points that de ne them. When these
walls are part of the class boundaries d?, the points that de ne them belong to at

least two classes.

equidistant nearest-neighbors irP.

Additionally, we de ne a class boundary(or just boundary) of P as the union
of adjacent walls, where each of these walls is de ned by two points of di erent
classes. Similarly, we de ne &lass regionof P as the union of adjacent Voronoi cells
whose de ning points belong to the same class. Based on these de nitions, note that
class boundaries are the ones that separate di erent class regionsPofFigure 3.4
illustrates a training set in R? with points of three classes, whose Voronoi Diagram

describes ve class regions and two class boundaries.

Lemma 3.2. Let w; and w, be two adjacent walls in a class boundary Bf. If the
algorithm selects one of the points de ning one of these walls, it eventually selects
the remaining points de ning both walls.
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Proof. Let W be the set of points de ning both wallsw; and w, (see Figure 3.3). By
de nition, these two walls of the Voronoi Diagram ofP are adjacent if there exists
an empty ball with all the points of W on its surface. Knowing these two walls are
part of the class boundaries oP, the setW must contain at least three points, and
at least two classes.

Let p, be the rst point of W to be selected by the algorithm. When doing the
inversion method on pointp,, the algorithm will select all points of W of di erent
class thanp,, of which we know there is at least one. Lep, be one such point.
Finally, when doing the inversion method on pointp,, the algorithm will select
the remaining points of W of the same class ap,. Therefore, all points of W will

eventually be selected by the algorithm. ]

Lemma 3.3. Let A be a class boundary d?, and assume that the algorithm selects
one of the de ning points ofA. Then, the algorithm will eventually select all de ning

points of A.

This comes as a direct consequence of Lemma 3.2 and the de nition of a class
boundary of the training setP. It remains to show what happens with boundaries

that are disconnected.

Lemma 3.4. Let A and B be two disconnected boundaries Bf, such that there exists
a path in space fromA to B that is completely contained within one color region.
Without loss of generality, say that every point that de neé has been selected by the

algorithm. Then, every point that de nesB must also be selected by the algorithm.

36



Figure 3.4: A training set with ve class regions (onélue two red, and two yellow
regions), along with two disconnected class boundaries that separate all these regions.
On the left, a boundary separating the blue region and the leftmost yellow and
red regions. On the right, a boundary that separates the same blue region and the

remaining red and yellow regions.

Proof. Given these two disconnected boundaries and B, we assume there exists
some pathP in RY going from a wall of A to a wall of B, such that this path
passes exclusively through a single class region (see Figure 3.5a). Without loss of
generality, say this is ared class region. Formally, for every point along P we
know r's nearest-neighbor inP is red. Additionally, we assume that every border

point de ning A is selected by the algorithm. Hence, the proof consists of showing

() p: and Py, are de ning points of A and B, respectively, (ii) p; is retrieved by the
inversion method onp;, for everyi 2 [1; m], and nally (iii) points p; and p; ; are
both de ning the same boundary, for everyi 2 [2;m]. See Figure 3.5 for a visual
description.
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@) (b) ()

Figure 3.5: On the right, two disconnected boundaried and B enclosing a red
class region. Thus, there is a pat® completely contained inside such region and
connecting both boundaries. Other boundaries can also be enclosing the same region
and be near pathP. On the left, we proof that there exists a sequence of points
that can be retrieved by calls to the inversion method, such that if points oA are

selected by the algorithm, eventually points oB will also be selected.

By de nition, for every point r along path P we knowr's nearest-neighbor is a
red point. Now, let's delete every red point from consideration, including the ones
de ning boundariesA and B (see Figure 3.5b). This immediately implies that's
nearest-neighbor just became a non-red border point Bf. The fact that r's new
nearest-neighbor is a border point is easy to proof, using similar arguments as the
ones laid down in Lemma 3.1. Additionally, these border points could be de ning
other boundaries apart fromA and B, as seen in Figure 3.5b.

Let's start moving along the path P, starting from the end-point of the path
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that lies on a wall of boundaryA. Then, nd all r; points along the path, where each
ri has two equidistant nearest-neighbors among the remaining non-red points, and
both points de ne two distinct boundaries of P. We say there arem of these points
along the path, and denoter;'s two equidistant nearest-neighbors ag.; and g, for

i 2 [1;m]. Clearly, g.1, and g 1., are border points de ning the same boundary, for
all i 2 [2;m]. See Figure 3.5b, where the three black points along the path are the
points, and the yellow and blue points on the surface of the balls centered at each
are the correspondingy.; and g., points.

For now, let's x the analysis on one suchr; point, and consider the ball
centered atr; with both g.; and g., on its surface. There must exist some other
point g.3 lying inside of ri's ball, such that g.3 is one of the deleted red points
de ning the same boundary agj.;. It is now easy to see that there exist an empty
ball, with respect to the setP nPq [f .30, with both ¢.3 and g., on its boundary.
This implies that g, is retrieved by the inversion method org.;. Therefore, let's
addp. gszandp g to the sequence of points that we are looking for. Repeat

this for every r; with i 2 [1; m] to identify all points in the sequence.

that for any i 2 [1; m] assuming that the algorithm selects the points de ning the
same boundary ag;, it will also selectp;, and leveraging Lemma 3.3 it will eventually
select all other points de ning the same boundary ap,. Given that p; and p,, are

de ning border points of boundariesA and B, respectively, and by the assumption
that all points de ning A are selected by the algorithm, we know that eventually, all

points de ning B will be selected too. m
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Theorem 3.5. The algorithm selects every border point & in O(nk?) time.

Proof. Proving the worst-case time complexity of our algorithm follows directly from
the time complexity of the search phase of Eppstein's algorithm [8]. However, the
correctness and completeness of our algorithm follows from Lemmas 3.1 to 3.4.
First, we know by Lemmas 3.1-3.3 that Algorithm 2 will select the de ning
border points of at least one class boundary &f. Denote this boundary asA and
consider any other boundaryB of P. Evidently, we can draw a pathP from A to

B, which would generally pass through several class regions. Then, let's split

within a single class region. From this, we can directly apply Lemma 3.4 on each of
the intermediate boundaries that \cut" P into these subpaths. Finally, this implies
that our algorithm will eventually select every de ning point of boundaryB, and

similarly, it will do the same with all other boundaries ofP. ]

Theorem 3.6. Leveraging Chan's algorithm [53] for nding extreme points, the
algorithm selects every border point d? in randomized expected timeé (nk logk)
ford=3, and in

0 k(nk)l bEzeT (logn)°®
time for all constant dimensionsd > 3.

Just as with Eppstein's original algorithm, we can use Chan's randomized
algorithm [53] for nding extreme points of point sets inRY in order to reduce the
expected time complexity of our improved algorithm. The remaining of the proof is
the same as for Theorem 3.5.
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Chapter 4: Condensation Algorithms

4.1 Introduction

As previously discussed, preserving the class boundaries of a given training
set P is a desirable objective towards the goal of more e cient nearest-neighbor
classi cation. However, the high complexity of computing the entire set of border
points of P has motivated the study of alternative approaches for training set
reduction, which include the problems of computing eitheconsistent or selective
subsets ofP. Thus, even though computing minimum cardinality subsets that are
either consistent or selective is known to be NP-hard [{02], computing hon-minimal
subsets holding these properties can be done e ciently. Algorithms that compute
such subsets are frequently referred to as nearest-neighbor condensation heuristics,
as they \heuristically" select points that are close to the class boundaries induced
by P. Therefore, such selected subsets induce new class boundaries that resemble
the original boundaries, albeit not exactly the same.

However, one signi cant shortcoming in research on practical nearest-neighbor
condensation algorithms is the lack of theoretical results on the sizes of their selected
subsets, where typically, their performance has been established experimentally. This

chapter presents the rst theoretical guarantees on the performance of both new and
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existing condensation algorithms. These results have been published in [54{56].
The bounds presented in this chapter are established with respect to the size

of two well-known and structured subsets of points:i the set of all nearest-enemy

points of P of size , and (ii ) the set of border points ofP of sizek. Additionally,

some bounds depend on the minimum nearest-enemy distancé”oflenoted as .

Algorithm Subset size

CNN O( logl=)
FCNN Unboundedw.r.t. k and

SFCNN O( logl=)
NET O( logl=)
MSS Unboundedw.r.t. k and
RSS O()

VSS k

Table 4.1: Contributions on the worst-case analysis on the sizes of subsets selected

by di erent condensation algorithms. Those marked with are new algorithms.

4.2 Lower Bounds

If we hope to leverage bottk and to analyze the worst-case performance of
di erent nearest-neighbor condensation heuristics, we rst need to establish realistic
expectations on what upper-bounds can be achieved. Therefore, before analyzing
each of these algorithms individually, we introduce two lower-bounds on the size of

consistent subsets, one in terms of and the other in terms ofk.
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First, lets recall the de nition of consistency A subsetR P is said to be
consistent[9] if and only if for everyp 2 P its nearest-neighbor inR is of the same
class asp. Intuitively, R is consistent if and only if all points ofP are correctly

classi ed with the nearest-neighbor rulew.r.t. R.

Theorem 4.1. There exists a training setP RY with  number of nearest-enemy

points, for which any consistent subset haé c¢? 1) points, for some constant.

Proof. Lets construct a training setP in d-dimensional Euclidean space, which
contains points of two classested and blue Consider the following arrangement of
points: create a red pointp, and take every point at distance 1 fromp as a blue
point. Simply, point p plus the points on the surface of the unit ball centered ap.
Take any consistent subset oP and consider some poinp in this subset, along
with the bisector betweenp and p. The intersection between this bisector and the unit
ball centered atp describes a cap of the ball of height=2. Any point located inside
this cap is closer top than p, and hence, correctly classi ed. Clearly, by de nition of
consistency, all points in the ball must be covered by at least one cap. By a simple
packing argument, we know such a covering needsc{ 1) points, for some constant
c. The training set constructed so far has only two nearest-enemy poinise., the
red point p and the one blue point closest t@ (assuming general position). Then,
we can repeat this arrangement= 2 times using su ciently separated center points.
This gives us a new training seP with nearest-enemy points in total, for which

any consistent subset has size €9 1). ]

Theorem 4.2. There exists a training setP  RY with k number of border points,
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for which any consistent subset has at lealstpoints.

Basically, Theorem 4.1 shows that the best upper-bound that can proved on
the size of the subsets selected by condensation algorithm, in terms ¢fis O(kc? 1).
Similarly, Theorem 4.2 proves that in terms ok, the best upper-bound isk itself.
Clearly, these results provide a steady oor on which to compare the results presented

in the coming sections of this chapter.

4.3 Consistent Subsets

In this section, we explore several algorithms that compute consistent subsets
of P, and present a formal worst-case analysis on the size of the subsets that these

algorithms select. Namely, we study the CNN, FCNN, and SFCNN algorithms.

4.3.1 CNN

The CNN algorithm (or Condensed Nearest-Neighbpmwas the rst algorithm
to be proposed for computing consistent subsets [9]. In fact, it was introduced right
along the de nition of consistency in Hart's seminal paper. For more than 30 years,
and until the introduction of the FCNN algorithm, CNN was considered to be the
state-of-the-art among condensation heuristics.

This algorithm is fairly simple (see Algorithm 3 for a formal description).
Beginning with an empty R set, it repeatedly scans all the points oP. For each
point p 2 P, the algorithm checks if its nearest-neighbor within the currenR set is

of the same class ap. That is, the algorithm checks ifp would be correctly classi ed
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Algorithm 3:  CNN
Input: Initial training set P

Output: Consistent subsetR P
1 R
2 while true do
3 R R

4 foreach p; 2 P, wherei =1:::n do

5 Let nn(pi; R) be the nearest-neighbor ofp; w.r.t. R
6 if 1(pi) & I(nn(pi; R)) then
7 L R RI[f pg

8 Exit the while loop if R = R°

9 return R

usingR. If not, pis added toR. Otherwise, the algorithm continues checking the
next point of P being scanned. Note thatP can be scanned multiple times, as
adding a point to R can induce the misclassi cation of a previously checked point.
Evidently, this is a cubic-time algorithm. More speci cally, a straightforward
implementation of CNN yields aO(n?m) worst-case time complexity, wherem
denotes the size of the selected subset. Another characteristic about this algorithm
is that it is order-dependentmeaning that the resulting subset depends on the order
in which the points of P were scanned by the algorithm. Unsurprisingly, this is an

undesirable property for practitioners.
Theorem 4.3. The CNN algorithm selectsO  log points.

Proof. This follows by a charging argument on every nearest-enemy point .

Therefore, consider one such poing 2 f ne(r) j r 2 Pg and some value 2 [; 1],
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and de ne R,. to be the subset of points selected by CNN whose nearest-enemy is
p, and whose distance tg is between and 2 . Thatis, R,, = fr 2 Rjne(r) =
p~d(r;p) 2 [; 2 )g. All these subsets de ne a partitioning ofR when considering
all nearest-enemy points oP, and values of = 2 fori= f0;1;2;:::;dogleg

Now, lets consider any two pointsa;b2 R, in these subsets. We want to
prove that d(a; b . Evidently, if these two points belong to di erent classes, then
by de nition we have that d(a; b . Thus, lets consider the case when both points
belong to the same class. Lets assumel.o.g. that point a was added toR before
point b. Note that when the algorithm selected pointo, the following must be true
d(a;b d.(b;R), as otherwise pointb would have been correctly classi ed using.
Moreover, by our partitioning of R, we also know thatd,e(b;R)  dne(b)

Thus, we have proved thatd(a; b . By a simple packing argument based
on d-dimensional Euclidean balls, we have thathg; j 59 Altogether, by counting
over all the R, sets for every nearest-enemy in the training set and values of the
size of the subseR selected by CNN is upper-bounded bjR] dog 1= e5™!,

Assumingd to be constant, this completes the proof. ]

Moreover, this analysis is tight. A simple example showcasing this behavior can
be described as follows: consider a training set R in 1-dimensional Euclidean
space, and let 1 be a small value. Place a singled point in the origin, and
make all the points in the segment | 1] blue points. Now consider running CNN on
this training set, scanning the points starting with the single red point and following

with the blue points in decreasing order on their coordinatel.g., in decreasing order
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on their distance to the origin, or also, their nearest-enemy distance). It is easy to
see that this would make CNN selecO(log 1= ) points. This arrangement can be
repeated to increase the value of, and can also be discretized to make nite and
independent fromk, , and

The result of Theorem 4.3 con rms the empirical behavior observed for CNN,
where we see many selected points located far from the boundariefofsee Fig-
ure 1.1b). Evidently, the many drawbacks of the CNN algorithm €.g, its empirical
behavior, order-dependence, and cubic worst-case time complexity) has motivated

numerous research on improved approaches towards computing consistent subsets.

4.3.2 FCNN

The FCNN algorithm (or Fast CNN) became the state-of-the-art algorithm
for computing consistent subsets [16] improving over many of CNN's drawbacks.
When introduced, it represented a big leap forward on practical methods for nearest-
neighbor condensation, being among the rst worst-case quadratic time algorithms
for this problem, with an implementation that runs in O(nm) time, where m is the
size of its selected subset. Additionally, its selected subset is order-independent,
which is a highly desirable property among practitioners. More importantly, in
practice, this algorithm signi cantly outperforms other condensation techniques.

This is an iterative algorithm that incrementally builds a consistent subseR
of P (see Algorithm 4). First, it begins by selecting the set of centroids of each class,

and then continues with an iterative process until the subset becomes consistent.
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Figure 4.1: Example of thevoren function for any point p 2 R. Light-colored points
belong toP nR, and points in voren(p; R; P) are outlined (de ned as the enemies of

p inside its voronoi cellw.r.t. R).

During each iteration, the algorithm identi es all points of P that are misclassi ed
with the current subsetR (i.e., whose nearest-neighbor is of di erent class), and
adds some of these points to the subset. In particular, for every poiptalready in
the subset, FCNN selects oneepresentativeamong all the points not yet selected,
whose nearest-neighbor ip, and that belong to a di erent class thanp. That is, the

representative is selected from the set vorgm(R; P) which is de ned as:

voren(p; R;P) = fq2 P jnn(q; R) = p” I(g) & I(p)g

See Figure 4.1 for an illustrative example. Usually, the representative chosen is
the one closest tq, although di erent approaches can be used. Finally, during each
iteration, the representative of each point inR is added to the subset (all in a batch
operation). This is repeated until no misclassi ed points are lefti.e., until no point

of R has a representative to choose.
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Algorithm 4:  FCNN
Input: Initial training set P

Output: Consistent subsetR P
1 R
2 S centroids(P)
3 while S6 do
4 | R R[S
5 S
6 foreach p2 R do
7 L S S|[f rep(p;voren(p;R;P))g

8 return R

Unfortunately, to the best of our knowledge, no upper-bounds for the selection
of FCNN where known before our work. The remaining of this section presents the
rst results along this line, showing that the selection size of this algorithm cannot
be upper-bounded in terms of either or k, as stated in Theorems 4.4 and 4.5

respectively.

Theorem 4.4. Forany 0< < 1, there exists a training setP  RY in Euclidean

space, with constant number of classes, for whi¢fCNN selects ( k + 1=") points.

Proof. Consider the arrangement in Figure 4.2b (left), consisting of points of four
classes. The centroids of the blue, yellow, and red classes are the only points
labeled as such. By placing a su cient number of black points far at the top of
this arrangement, we avoid their centroid to be any of the three black points in the
arrangement. Beginning with the centroids, the rst iteration of FCNN would have

added the points outlined in Figure 4.2b (right). Now each of these points have one
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black point inside their Voronoi cells, and therefore, these black points will be the
representatives added in the second iteration. This small example, wikh=5, shows
how to force FCNN to add all the border points plus two non-border points. Out
of these two non-border black points, one is the centroid added in the initial step.
The remaining non-border black point, however, was added by the algorithm during
the iterative process. This scheme can be extended to larger valuekpfvithout

increasing the number of classes.

(a) Entire arrangement of points.

(b) Middle arrangement. (c) Side arrangement.

Figure 4.2: Example of a training seP  R? for which FCNN selects more thark

points.

The previous is the rst building block of the entire training set, shown in
Figure 4.2a. To this \middle" arrangement, we append \side" arrangements of

50



points, as the one illustrated in Figure 4.2c, which will have similar behavior to the
middle arrangement. This particular side arrangement will be appended to the right
of the middle one, such that the distance between the red points is greater than
the distance from the yellow to the red point. Every time we append a new side
arrangement, its blue and red labels are swapped. The arrangements appended to
the left side are simply a horizontal ip of the right arrangement. Now, the behavior
of FCNN in such a setup is illustrated with the arrows in Figure 4.2a. The extreme
point of the previous arrangement adds the yellow point at the center of the current
arrangement, which then adds the red point next to the blue point, as is closer than
the other red point. Next, this red point adds the blue point, and the yellow point
adds the remaining red point. Finally, the Voronoi cells of these points will look as
shown in Figure 4.2c (right), and in the next iteration, the tree black points will be
added.

After adding side arrangements as needed (same number of the left and right),
it is easy to show that the centroids are still the tree points in the middle arrangement
and the black point at the top (by adding a su cient number of black points in the

top cluster). This implies that FCNN will be forced to select more thark points. []

Theorem 4.5. For any 0< < 1, there exists a training setP  RY in Euclidean

space, with constant number of classes, for whi¢fCNN selects ( = ) points.

Proof. Without loss of generality, let = 1=2' for some valuet > 3, we construct a
training set PR3 with constant number of classes, and number of nearest-enemy

points equal to O(1=), for which FCNN is forced to selectO(1= ?) points. The
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key downside of the algorithm occurs when points are added to the subset in the
same iteration. In general, during any given iteration, the representatives of two
neighboring points in FCNN can be arbitrarily close to each other. This aw can be
exploited to force the algorithm to addO(1= ) such points.

Intuitively, our constructed training set P consists of several layers of points
arranged parallel to thexy-plane, and stacked on top of each other around theaxis
(see Figure 4.3). Each layer is a disk-like arrangement, formed by a center point and
points at distance 1 from this center. Thus, de ne the backbone points ¢ as the
center pointsc = 2iv, fori 0. We now describe the di erent arrangements of

points as follows (see Figure 4.3):

Ri=fcy; i1 0
[frj=ci+%R.(j2=)jj2[0:::; )9

[f by = cin +%R(j2=)jj 2[0:::5 )g

These points belong to one of 11 classes namil] :: :; 8; red; blue; whiteg.
Then de ne the labeling function| as follows:1(c) is red wheni is even and blue

wheni is odd, I(m;) is white, I(y;) is the j -th class,I(r; ) is red, I(b; ) is blue, and
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(b) Base arrangementB.

(c) A multiplier arrangement M ;.

(a) Entire arrangement. (d) A repetitive arrangement R;.

Figure 4.3: Example of a training seP  R2 for which FCNN selects ( = ) points.

[(w; ) is white.

Base arrangemenB: Consists of one single layer of points, with one red center
point ¢ and 8 pointsy; in the circumference of the unit disk (parallel to thexy-plane),
each labeled with a unique claspg (see Figure 4.3b). The goal of this arrangement is
that each of these points is the centroid of its corresponding class. The centroids of

the blue and white classes can be xed to be far enough, so we won't consider them
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for now. Hence, the rst iteration of FCNN will add all the points of B. In the next
iteration, each of these points will select a representative in the arrangement above.
Clearly, the size ofB is 9, and it contributes with 8 nearest-enemy points in total.

Multiplier arrangement M ;: Our nal goal is to have O(1=) arbitrarily close
points selecting representatives on a single iteration; currently, we only have 9 (the
base arrangement). While this could be simply achieved wit®(1=) points in B
each with a unique class, we want to use a constant number of classes. Instead, we
use each multiplier arrangement to double the number of representatives selected.
M ; consists of (1) a layer with a blue centec, and 2*' red points rij around
the unit disk's circumference, (2) a layer with a red centec,,; and 2*' blue b
and white w;; points around the unit disk's circumference, and (3) a middle white
center point m; between the red and blue center points (see Figure 4.3c). Suppose at
iteration 3i 1 all the pointsrj; and ¢, of the rst layer are added as representatives
of the previous arrangement, which is given fo¥l ; from the selection ofB. Then,
during iteration 3i eachr; adds the pointh; right above, while ¢, adds point m;
(see the red arrows in Figure 4.3a). Finally, during iteration i3+ 1, m; addscy.1,
and eachl; adds pointw; as its the closest point inside the voronoi cell df; (see
the blue arrows in Figure 4.3a). Now, with all the points of this layer added, each
continues to select points in the following arrangement (eithevl j;; or Ri.;). The
size of eactM ; is 3(1 + 2%*1) = O(2%*"), and contributes with 3 +2(22*") = O(2%*1)
to the total number of nearest-enemy points. In order to select=l = 2! points in a
single iteration, we need to stackM 's fori 2 [1;:::;t 3]

Repetitive arrangementR;: Once the algorithm reaches the last multiplier
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layer M s, it will select 1= points during the following iteration. The repetitive
arrangement allows us to continue adding these many points on every iteration, while
only increasing the number of nearest-enemy points by a constant. This arrangement
consists of (1) a rst layer with a blue centerc, surrounded by E red pointsr;
around the unit disk circumference, and (2) a second layer with red centef.; and
blue points by in the circumference (see Figure 4.3d). Once the rst layer is added alll
in a single iteration, during the following iteration ¢, addscy.;, and eachr; adds

by . The size of eactR; is 2(1+ 1= ) = O(1=), and it contributes with 4 points to
the total number of nearest-enemy points. Now, we stad®(1= ) such arrangements
Ri fori 2 [t 2;:::;1=], such that we obtain the desired ratio between selected
points and number of nearest-enemy points of the training set.

S
= LR [F , whereF

The training set is then de ned asP = B Sit:f M
is a set of points designed to x the centroids oP. These extra points are located
far enough from the remaining points ofP, and are carefully placed such that
the centroids of P are all the points of B, plus a blue and white point fromF.
Additionally, all the points of F should be closer to it's corresponding class centroid
than to any enemy centroid, and they should increase the number of nearest-enemy
points by a constant. This can be done witfO(n) extra points.

All together, by adding up the corresponding terms, the ratio between the size
of FCNN and (the number of nearest-enemy points d?) is O(1=). Therefore,

there exists a training set in 3-dimensional Euclidean space for which FCNN selects

O(= ) forany < 1=8. O
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These results show that adding points in batch on every iteration of FCNN
prevents the algorithm to have any guarantee on the size of its selected subset, in
terms of eitherk or . However, this design choice is not key for any of the features

of the algorithm, and can therefore be avoided.

4.3.3 SFCNN

The SFCNN algorithm (or Single FCNN) is a modi ed version of FCNN such
that only one single representative is added to the subs& on each iteration of
the algorithm. Surprisingly, such a simple change in the selection process allows
us to successfully analyze the size of SFCNN in terms afand even prove that it
computes a tight approximation of the minimum cardinality consistent subset of
P on general metrics. These results can be seen as corollaries of the more general

Theorems 5.16 and 5.17, which are presented later in Chapter 5.

Algorithm 5:  SFCNN
Input: Initial training set P

Output: Consistent subsetR P
1 R
2 S centroids(P)
3 while S6 do
4 R R |[f Choose one point 0fSg
5 S
6 foreach p2 R do
7 L S S[f rep(p;voren(p;R;P))g

8 return R

Following similar arguments to the ones described for the upper-bound proved
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on CNN (see Theorem 4.3), the following theorem proofs a comparable upper-bound

for SFCNN in terms of and
Theorem 4.6. The SFCNN algorithm selectsO( log?) points.

Proof. Similarly to the upper-bound proof of CNN, this result follows by a charging
argument on each nearest-enemy point in the training set. Consider one such point
p2fne(r)jr2Pgandavalue 2[; 1]. We de neR,, to be the subset of points
selected by SFCNN whose nearest-enemypsand whose distance t@ is between

and 2 . Thatis, R,, = fr 2 Rjner)= p~d(r;p) 2 [; 2 )g. Clearly, these
subsets de ne a partitioning ofR when considering all nearest-enemy points &,
and values of = 2 fori=f0;1;2;:::;dogleg

Consider any two pointsa;b2 Rp. in these subsets. Assume.l.o.g. that
point a was selected by the algorithm before poirth (i.e., in a prior iteration). We
show that d(a; b . By contradiction, assume thatd(a; b < , which immediately
implies that a and b belong to the same class. Moreover, recalling thats nearest-
enemy inP is p, at distanced(b; p , this implies that bis closer toa than to
any enemy inR. Therefore, by the de nition of the voren function, b could never be
selected by SFCNN, which is a contradiction.

This proves that d(a; b . Now, just as with CNN, using a simple packing
argument based ord-dimensional Euclidean balls, we have thgRJ. j 5. Alto-
gether, by counting over all theR,. sets for every nearest-enemy in the training set
and values of , the size ofR is upper-bounded byjR] diog 1= e5%*!. Assuming

d to be constant, this completes the proof. ]
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4.4 Selective Subsets

Another common criterion used for nearest-neighbor condensation is known as
selectivenesg34]. A subsetR P is said to beselectiveif and only if for every point
p 2 P its nearest-neighbor inR is closer top than its nearest-enemy inP. Clearly
selectiveness implies consistency, as the nearest-enemy distande of any point of
P is at least its nearest-enemy distance iR.

Similarly to the previous section, this section studies several algorithms that
compute selective subsets &, along with a formal worst-case analysis on the sizes of

their selected subsets. Namely, these are the NET, MSS, RSS, and VSS algorithms.

441 NET

The NET algorithm [36] was proposed as an approximation algorithm for the
problem of nding minimum cardinality consistent subsets. Their paper also presents
almost matching hardness lower-bounds for this problem. While this algorithm is
proposed for computing consistent subsets &f, it can easily be shown that its
selection is actually selective. Hence, the NET algorithm is described and analyzed
in this section, and not in section 4.3.

The algorithm is fairly simple, and works by computing a -net of P where

is the minimum nearest-enemy distance i?. Evidently, this subset must be
selective. Moreover, the authors of the paper prove that this algorithm computes a
tight approximation of the minimum cardinality consistent subsets, being the rst

algorithm to show such guarantees. However, in practice,tends to be small, which
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results in subsets of much higher cardinality than needed. To overcome this issue,
the authors proposed a post-processing pruning technique to further reduce the
selected subset, which is formally described in Algorithm 6. But even with this extra
pruning, NET is often outperformed on typical training sets (.r.t. both runtime

and selection size) by the more practical heuristics studied in this chapter.

Algorithm 6:  NET+ Prune
Input: Initial training set P

Output: Selective subsetR P
1 R Compute a -net of P
2 foreach i 2f1;0;:::;blog cgdo
foreach p2 R with dne(p;R) 2*1 do
L R Rnfg2Rjg6prdp;9<2 g

w

S

5 return R

Theorem 4.7. The NET+ Prune algorithm selectsO( log?) points.

Proof. Proving this result follows basically the same arguments described on the
proofs of Theorems 4.3 and 4.6. Similarly, we must de ne the se,. as the points
selected by the NET+HPrune algorithm whose nearest-enemy is some poipt2 P,
and its nearest-enemy distance is between R ). The main di erence lies on the
lower-bound on the distance between any two points; b2 Ry, in such subsets. In
this case, we can only guarantee thad(a;b =2 . Even though this slightly
complicates the packing argument, we can still argue that there exists a constant
csuch thatjR,. j ¢ Therefore, this implies that NET+Prune selects a subset

with at most doglec® points, which completes the proof. m
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4.4.2 MSS

The MSS algorithm (or Modi ed Selective Subséthas been considered a state-
of-the-art algorithm for computing selective subsets [17], due to its good performance
in practice and its O(n?) worst-case runtime.

The selection process of the algorithm can be simply described as follows: for
everyp 2 P, MSS selects the point with smallest nearest-enemy distance contained
inside the nearest-enemy ball gb. Clearly, this approach computes a selective subset
of P, which by de nition, is order-independent. Unfortunately, the selection criteria
of MSS can be too strict, requiring one particular point to be added for each point
p 2 P. Note that any point inside the nearest-enemy ball op su ces for achieving
selectiveness. In practice, this can lead to much larger subsets than needed. This
intuition is formalized in the following theorem, where we show how MSS can select

a subset of unbounded size as a function of eitheror k.

Theorem 4.8. There exists a training setP  RY in Euclidean space, with constant
number of classes, nearest-enemy points, and border points, such thE&S selects

(1 =) points, forany0< < 1.

Proof. Recall that for each point inP, the MSS algorithm selects the point inside
its nearest-enemy ball with smallest nearest-enemy distance. Given a parameter
0< < 1, we construct a training set in 1-dimensional Euclidean space, as illustrated
in Figure 4.4a. Create two pointsr; and r,, and assign them to the class aked
points. w.l.0.g. the distance between these two points is 1. Lai be the unit vector

i

from ry to r,, create additional pointsh = ry + j‘d fori=1f1,2:::;3= g. Assign
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Algorithm 7:  MSS
Input: Initial training set P

Output:  Selective subsetR P
1 Let fpigl, be the points of P sorted increasinglyw.r.t. their nearest-enemy

distance dne(pi)

2 R

3S P

4 foreach p; 2 P, wherei=1:::n do

5 add false

6 foreach p; 2 P, wherej = i:::n do

7 if pj2S " d(pj;pi) < dne(pj) then
8 S Snfpg

9 add true

10 if add then

11 R RI[f pg

12 return R

all b points to the class ofblue points. The set of all these points constitute the
training set P. It is easy to prove that P has only four nearest-enemy points and
four border points, corresponding taq;r,; b, and bs- .

Let's discuss which points are added by MSS for each point b (see Fig-
ure 4.4b). For pointsr, and r,, the only points inside their nearest-enemy balls
are themselves, so both; and r, belong to the subset selected by MSS. For points
b with i 2=, the point with smallest nearest-enemy distance contained inside
their nearest-enemy ball idy, which is also added to the subset. Now, consider the
points h with 2= <i< 5=2 . Letj =i 2=, itis easy to prove that the point

with smallest nearest-enemy distance inside the nearest-enemy balbofs by .1 (see
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(a) Initial training set of collinear points, where both the number of nearest-enemy points

and the number of border points equal to 4. Thatis, = k =4.

(b) Subset of points computed by MSS from the original training set (fully colored points

belong to the subset, while faded points do not). The size of the subset is (¥ ).

Figure 4.4. Unbounded example for MSS with respect to and k.

Figure 4.4b). Therefore, this implies that the number of points selected by MSS

equals 52 2= =1=2 = (1 =). O

443 RSS

We propose the RSS algorithm (oRelaxed Selective Subgetvith the idea
of relaxing the selection process of MSS, while still computing a selective subset.
For any given pointp 2 P in the training set, while MSS requires to add the point
with smallest nearest-enemy distance inside the nearest-enemy ballppfin RSS
any point inside the nearest-enemy balp su ces. The idea is rather simple (see
Algorithm 8). Points of P are examined in increasing order with respect to their
nearest-enemy distance, and we add any point whose nearest-enemy ball contains
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no point previously added by the algorithm. This tends to select points close to
the decision boundaries oP (see Figure 1.19), as points far from the boundary are
examined later in the selection process, and are more likely to already contain points

inside their nearest-enemy ball.

Algorithm 8: RSS
Input: Initial training set P

Output: Selective subsetR P
1 R

N

Let fpig,; be the points of P sorted increasinglyw.r.t. their nearest-enemy

distance dne(pi)

w

foreach p; 2 P, wherei =1:::n do
if dnn(pis R)  dne(pi) then
R RIf pg

N

(&)]

6 return R

Just like MSS, RSS is order-independent and computes a selective subset of
P in O(n?) worst-case time. Its selectiveness is evident, as every point fhis
either added to the subset, or has a point in the subset inside its nearest-enemy ball.
Its order-independence follows from the initial sorting step of the algorithm. Now,
the time complexity of RSS can be analyzed as follows. The initial step requires
O(n?) time for computing the nearest-enemy distances of each point i, plus
additional O(nlogn) time for sorting the points according to such distances. The
main loop iterates through each point inP, and searches their nearest-neighbor in
the current subset, incurring into additional O(n?) time using a simple linear search.

All together, the worst-case time complexity of the algorithm is quadratic.
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Theorem 4.9. The RSSalgorithm selectsO( ) points.

Proof. The proof follows by a charging argument on each nearest-enemy point of
P. Consider a nearest-enemy poirp 2 P, and let R, be the set of points selected
by RSS such thatp is their nearest-enemy. Let;b2 R, be two such points, and
w.l.o.g. say that d.(a) dn(b). By construction of the algorithm, we also know
that d(a;b d.e(b. Now, consider the triangle4 pah Clearly, pais the largest side
of the triangle, making the anglé\ apb =3. This means that the angle between
any two points in R, with respect to p is at least = 3.
By a standard packing argument, this implies thajR,j = O((3= )¢ 1). Finally,

P
we obtain that the number of points selected by RSS'is |jRyj =  O((3= ¥, o

Additionally, we prove that the size of the subset selected by RSS can be
bounded as a function of and the dimensionality ofP. Moreover, we show that
RSS computes an approximation of both the consistent and selective subsets of
minimum cardinality. These results come as corollaries of Theorems 5.10 and 5.11,
which will be described in later sections. However, di erent parameters fromcan be
used to bound the selection size of condensation algorithms: considlethe number
of border points in the training setP. From the example illustrated in Figure 4.5,
we know that RSS can select more points thak (see Figure 4.5b). Repeating such

arrangement forces RSS to select K+ 1=) points.
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(a) Basic point arrangement in R?, along (b) RSS selection outlined, along with the
with the Voronoi diagram induced by such nearest-enemy balls of each point in the

points. arrangement.

Figure 4.5: Example where RSS seleckst+ 1 points.

4.4.4 VSS

We now propose the VSS algorithm (okoronoi Selective Subsét This new
algorithm comes as a modi cation of RSS, based on an observation from the proof
of the following lemma. As stated in Chapter 2, we are able to prove that every

nearest-enemy is also a border point ¢, formalized here.

Lemma 4.10. Any nearest-enemy point of a point inP is also a border point ofP.

Proof. Take any pointp 2 P. Consider theempty ball of maximum radius, tangent
to point ne(p), and with center in the line segment betweem and ne(p). Being
maximal, this ball is tangent to another pointp 2 P (see Figure 4.6a). Clearlyp

is inside the nearest-enemy ball gf, which implies that p and p belong to the same

65



class, makingp and ne(p) enemies. By the empty ball property, this means that

both p and ne() are border points ofP. m

(a) The largest empty ball tangent to ne(p) (b) How to compute the radius of a ball with
and center inp ne(p), is also tangent to some center in the line segment betweerp and

point p , making p and ne(p) border points. ne(p), and tangent to both ne(p) and p°

Figure 4.6: Relation between nearest-enemy points and border points.

Therefore, from Lemma 4.10 we know that im-dimensional Euclidean space,
the number of nearest-enemy points d? is at most the number of border points of
P. That is, k. Moreover, this result can be easily extended tg, metric spaces
with p 2. While this result implies an easy extension of the upper-bounds found
for RSS, CNN, SFCNN, and NET+rune , now in terms ofk instead of , it is
unclear if the other factors in those upper-bounds can be improved.

Coming back to VSS, this proof opens an alternative idea for condensation.

In order to prove Lemma 4.10, we show that there exist at least one border point
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inside the nearest-enemy ball of any poinp 2 P. Therefore, by selecting such border

points, we can guarantee that the resulting subset is selective and its size iX.

Algorithm 9:  VSS
Input: Initial training set P

Output:  Selective subsetR P
1 R

N

Let fpigl, be the points of P sorted increasinglyw.r.t. their nearest-enemy

distance dne(pi)

w

foreach p; 2 P, wherei =1:::n do

if dnn(pi;R)  dne(pi) then

N

[¢;]

Find a border point that lies inside the nearest-enemy ball ofp; and add it

to R

return R

()]

We call this algorithm VSS (see Algorithm 9 for a formal description). Essen-
tially, we show this algorithm computes a selective subset &f of size at mostk. By
construction, for any point in p 2 P the algorithm selects one border point inside
the nearest-enemy ball op, which implies that the resulting subset is selective, and

contains no more thank points.

Theorem 4.11. The VSS algorithm selects at mosk points.

Finally, we describe an e cient implementation of VSS, showing this algorithm
can be implemented to run in quadratic time. Recall that for every poinp 2 P, the
algorithm selects a border point inside its nearest-enemy ballv.l.0.g. implement
VSS to compute the pointp that minimizes the radius of an empty ball tangent

to both ne(p) and p , and center in the line segment betweep and ne(p). For any
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given point p° inside the nearest-enemy ball of, denoter (p; P to be the radius
of the ball tangent to p® and ne(p) and center in the line segment betweep and

ne(p). As illustrated in Figure 4.6b, let vectorst = 2B and v = p° ne(p),

the radius of this ball can be derived from the formula (p;p’ = kv + r(p; Ptk as
r(p;) = ¥ ¥=24 v. As p is de ned as the point that minimizes such radius, a
simple scan over the points oP su ces to identify the corresponding p for any
point p 2 P. Therefore, this implies that VSS can be computed i®(n?) worst-case

time.

4.5 Experimental Comparison

Historically, the importance of some condensation algorithms rely on their
performance in practice, despite the lack of theoretical guarantees. Therefore, a
natural question is how the algorithms proposed in this chapter compare to existing
ones when evaluated in real-world training sets.

Thus, to get a clearer impression of the relevance of these results in practice, we
performed experimental trials on several training sets, both synthetically generated
and widely used benchmarks. First, we consider 21 training sets from the UCI
Machine Learning Repository which are commonly used in the literature to evaluate
condensation algorithms [18]. These consist of a number of points ranging from 150
to 58000, ind-dimensional Euclidean space withl between 2 and 64, and 2 to 26

classes. We also generated some synthetic training sets, containing dgiformly

https://archive.ics.uci.edu/ml/index.php
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distributed points, in 2 to 3 dimensions, and 3 classes. All training sets used in
these experimental trials are summarized in Table 4.2. The implementation of the
algorithms, training sets used, and raw results, are publicly availatsle

We test seven di erent condensation algorithms, namely CNN, FCNN, SFCNN,
MSS, RSS, VSS, and NET. To compare their results, we consider their runtime and
the size of the selected subset. Clearly, these values might di er greatly on training
sets whose size are too distinct. Therefore, before comparing the raw results, these
are normalized. The runtime of an algorithm for a given training set is normalized
by dividing it by n, the size of the training set. The size of the selected subset is
normalized by dividing it by , the number of nearest-enemy points in the training
set, which characterizes the complexity of the boundaries between classes.

Figures 4.7a and 4.7b summarize the experimental results. Evidently, the
performance of SFCNN is equivalent to the original FCNN algorithm, both in
terms of runtime and the size of their selected subsets, showing that the proposed
modi cation does not a ect the behavior of the algorithm in real-world training
sets. Both FCNN and SFCNN outperform other condensation algorithms in terms
of runtime, while their subset size is comparable in all cases, with the exception of

the NET algorithm.

2https://github.com/afloresv/nnc/
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Training set n d c (%)

banana 5300 2 2 811 (15.30%)
cleveland 297 13 5 125 (42.09%)
glass 214 9 6 87 (40.65%)
iris 150 4 3 20 (13.33%)
iris2d 150 3 13 (8.67%)
letter 20000 16 26 6100 (30.50%
magic 19020 10 2 5191 (27.29%)
monk 432 6 2 300 (69.44%)
optdigits 5620 64 10 1245 (22.15%)

pageblocks 5472 10 5 429 (7.84%)
penbased 10992 16 10 1352 (12.30%

pima 768 8 2 293 (38.15%)
ring 7400 20 2 2369 (32.01%)
satimage 6435 36 6 1167 (18.14%)
segmentation 2100 19 7 398 (18.95%)
shuttle 58000 9 7 920 (1.59%)
thyroid 7200 21 3 779 (10.82%)
twonorm 7400 20 2 1298 (17.54%)
wdbc 569 30 2 123 (21.62%)
wine 178 13 3 37 (20.79%)
wisconsin 683 9 2 35 (5.12%)
v-100000-2-3-15| 100000 2 3 1909 (1.90%)
v-100000-2-3-5 | 100000 2 3 788 (0.78%)
v-100000-3-3-15| 100000 3 3 7043 (7.04%)
v-100000-3-3-5| 100000 3 3 3738 (3.73%)
v-100000-4-3-15 100000 4 3 13027 (13.02%
v-100000-4-3-5 | 100000 4 3 10826 (10.82%
v-100000-5-3-15/ 100000 5 3 22255 (22.25%
v-100000-5-3-5| 100000 5 3 17705 (17.70%

Table 4.2: Training sets used to evaluate the performance of condensation algorithms.
Indicates the number of pointsn, dimensionsd, classes:, nearest-enemy points

(also in percentagew.r.t. n).
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(a) Running time.

(b) Size of the selected subsets.

Figure 4.7: Evaluating the studied condensation algorithms: CNN, FCNN, SFCNN,

NET, MSS, RSS, and VSS.
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Chapter 5: "-Coresets

5.1 Introduction

There are obvious parallels between the problem of nearest-neighbor condensa-
tion and the concept ofcoresetsin geometric approximation [ST60]. Intuitively, a
coresetis small subset of the original data, that well approximates some statistical
properties of the original set. Coresets have previously been applied to many prob-
lems in machine learning, such as clustering and neural network compressior{ 3.
Additionally, coresets have been used towards achieving more e cient classi cation
techniques, as evidenced by the recent results on coresets for the SVM classi er [65].

While the other chapters of this book deal with training sets ird-dimensional
Euclidean spacei(e., P RY), this chapter deals with the more generic concept
of metric spaces. Therefore, we assume a training $&tconsisting ofn points in a
metric space K ;d), with domain X and distance functiond: X?! R*. Evidently,
d must hold the properties ofidentity, symmetry, and triangle inequality. The rest
remains the same. That isP is partitioned into a nite set of classesby associating
each pointp 2 P with a label I(p), indicating the class to which it belongs.

Given anunlabeledquery point g 2 X , the exact nearest-neighbor rule predicts
gs class using the class of its closest point id according to metricd. That is, it
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assignsg to the classl(nn(q)), where nn(g) = arg min ,p d(q; P-

So far, in Chapters 3 and 4 we have assumed th@s nearest-neighbor is always
computed exactly. However, it is common practice that these queries are instead
computed approximately, leveraging known techniques for e cient nearest-neighbor
search like Approximate Voronoi Diagrams [19, 20], Locality-Sensitive Hashing [21],
and Hierarchical Navigable Small Worlds graphs [22]. In this context, we are given
an approximation parameter" 2 [0; 1] and an unlabeled query poing 2 X , and the
"-approximate nearest-neighbor rule assigresto the class of some poinp, where
p is any point of P such thatd(q;p (1 + ")d.(g). Therefore, in both this and
the following chapters, we discuss di erent techniques to achieve boundary-sensitive
approachesice., dependent on andk instead ofn) for approximate nearest-neighbor
classi cation.

This chapter presents the rst approach proposed to compute coresets for nearest-
neighbor classi cation, leveraging its resemblance to the problem of nearest-neighbor

condensation. These results have been published in [66].

Preliminaries

Similarly to Chapter 4, we de ne notation relevant to understanding the results
presented. Given any pointg2 X in the metric space, its nearest-neighbor, denoted
nn(q), is the closest point ofP according the the distance functiord. The distance
from g to its nearest-neighbor is denoted by, (q; P), or simply d,,(q) when P is

clear. Given a pointp 2 P from the training set its nearest-neighbor inP is p itself.
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Additionally, any point of P whose label di ers fromp's is called anenemyof p. The
closest such point is calleg's nearest-enemyand the distance to this point is called
p's nearest-enemy distanceThese are denoted ase(p) and d.(p; P), respectively.
Evidently, we can simplify dne(p; P) as dne(p) when it is clear.

Unsurprisingly, the size of a coreset for nearest-neighbor classi cation should
depend on the spatial characteristics of the points of di erent classes in the training
set. For example, it should be much easier to nd a small coreset for two spatially
well separated clusters than for two classes that have a high degree of overlap. Again,
we use the number of nearest-enemy points Bf, denoted as , to model the intrinsic
complexity of the problem of nearest-neighbor classi cation.

Other intrinsic characteristics of P will also come handy when describing these
coresets. Through a suitable uniform scaling, we may assume that td&meter of
P (that is, the maximum distance between any two points in the training set) is 1.
Then, the spread of P, denoted as , is the ratio between the largest and smallest
distances inP. Similarly, recall the de nition of the margin of P, denoted , as the
smallest nearest-enemy distance iR. Clearly, we can see that

Additionally, a metric space (X ; d) is said to bedoubling [5] if there exist some
bounded value such that any metric ball of radiusr can be covered with at most

metric balls of radiusr=2. Its doubling dimensionis the base-2 logarithm of ,
denoted asddim(X) = log . Throughout this chapter, we assume thaddim(X)
is a constant, which means that multiplicative factors depending oddim(X) may
be hidden in our asymptotic notation. Many natural metric spaces of interest are
doubling, including d-dimensional Euclidean space whose doubling dimension isd).

74



An important property of doubling spaces, that will come useful throughout this
chapter, is that for any subsetR X with spread g, the size ofR is upper-bounded

by JR] d Reddim(X)+1 )

Contributions

In this chapter, we introduce the concept of a coreset for classi cation with the
nearest-neighbor rule, which provides approximate guarantees on correct classi cation
for all query points. We demonstrate their existence, analyze their size, and discuss
approaches for their e cient computation.

We say that a subsetR P is an"-coreset for the nearest-neighbor rulen P,
if and only if for every query pointq2 X , the class of its exact nearest-neighbor in
R is the same as the class of somieapproximate nearest-neighbor of in P (see
Section 5.2 for de nitions). Recalling the concepts of and introduced in the

preliminaries, here is our main result:

Theorem 5.1. Given a training setP in a doubling metric spacgX ; d), there exist
an "-coreset for the nearest-neighbor rule of siZ8( log?® (1=")94m(X)*1) "and this

coreset can be computed in subquadratic worst-case time.

The following summarizes of the principal results presented in the remaining

sections, which all together are leveraged to prove the main theorem.

" We extend the criteria used for nearest-neighbor condensation, and identify
su cient conditions to guarantee the correct classi cation of any query point
after condensation. These conditions are the ones that describe our coreset

75



construction.

A

We prove that nding minimum-cardinality subsets with this new criteria is
NP-hard. Moreover, we prove it is even hard to approximate within practical

factors.

We provide quadratic-time approximation algorithms with provable upper-
bounds on the sizes of their selected subsets, and we show that the running time
of one such algorithm can be improved to be subquadratic. This subquadratic-
time algorithm is the rst with such worst-case runtime for the problem of

nearest-neighbor condensation.

5.2 Coreset Characterization

In practice, many applications usually rely its e ciency on computing nearest-
neighbors not exactly, but rather approximately. Given an approximation parameter
" 0, an"-approximate nearest-neighbor or'-ANN query returns any point whose
distance from the query point is within a factor of (1 +") times the true nearest-
neighbor distance.

Intuitively, a query point should be easier to classify if its nearest-neighbor is
signi cantly closer than its nearest-enemy. This intuition can be formalized through
the concept of thechromatic density [51] of a query pointq2 X with respect to a

setR P, dened as:

@R 1)

(g;R) =
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Clearly, if (q;R) >" then g will be correctly classi ed* by an "-ANN query
over R, as all possible candidates for the approximate nearest-neighbor belong to
the same class ag's true nearest-neighbor. However, as evidenced in Figures 5.1a
and 5.1b, one side e ect of existing condensation algorithms is a signi cant reduction
in the chromatic density of query points. Consequently, we propose new criteria
and algorithms that maintain high chromatic densities after condensation, which are

then leveraged to build coresets for the nearest-neighbor rule.

5.2.1 Approximation-Sensitive Condensation

The decision boundaries of the nearest-neighbor rule (that is, pointssuch that
dne(q; P) = dnn(q; P)) are naturally characterized by points that separate clusters of
points of di erent classes. As illustrated in Figures 1.1c-1.1g, condensation algorithms
tend to select such points. However, this behavior implies a signi cant reduction of
the chromatic density of query points that are far from such boundaries, as can be
seen in Figures 5.1a-5.1b with the selection of the FCNN and RSS algorithms.

A natural way to de ne an approximate notion of consistency is to ensure that
all points in P are correctly classi ed by ANN queries over the condensed subget

Given a condensation parameter 0, we de ne a subseR P to be:

-consistent if8 p2 P; du(p;R) < dre(p;R)=(1 + ).

-selective if8 p2 P; dun(p;R) < dhe(p;P)=(1+ ).

1By correct classi cation, we mean that the classi cation is the same as the classi cation that

results from applying the nearest-neighbor rule exactly on the entire training setP.
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(2) FCNN (b) RSS (c) 0:1-RSS (d) 0:5-RSS

Figure 5.1: Heatmap ofchromatic density values of points inR? w.r.t. the sub-
sets computed by di erent condensation algorithms: FCNN, RSS, and-RSS(see
Figure 1.1). Yellow corresponds to chromatic density values 0:5, while blue

corresponds to 0. Evidently, -RSShelps maintaining high chromatic density values

when compared to standard condensation algorithms.

It is easy to see that the standard forms arise as special cases when 0.
These new condensation criteria imply that (p; R) > for everyp 2 P, meaning
that p is correctly classi ed using an -ANN query on R. Note that any -selective
subset is also -consistent. Such subsets always exist for any 0 by taking
R = P. Current condensation algorithms cannot guarantee either-consistency or

-selectiveness unless is equal to zero. Therefore, the central algorithmic challenge
is how to e ciently compute such sets whose sizes are signi cantly smaller thap.
We propose new algorithms to compute such subsets, which showcase how to maintain
high chromatic density values after condensation, as evidenced in Figures 5.1c and
5.1d. This empirical evidence is matched with theoretical guarantees forconsistent

and -selective subsets, described in the following section.
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5.2.2 Guarantees on Classi cation Accuracy

These newly de ned criteria for nearest-neighbor condensation enforce lower-
bounds on the chromatic density of any point oP after condensation. However, this
doesn't immediately imply having similar lower-bounds for unlabeled query points of
X. In this section, we prove useful bounds on the chromatic density of query points,
and characterize su cient conditions to correctly classify some of these query points
after condensation.

Intuitively, the chromatic density determines how easy it is to correctly classify
a query pointg 2 X . We show that the \ease" of classi cation ofg after condensation
(i.e., (g;R)) depends on both the condensation parameter, and the chromatic
density of g before condensationi(e., (q;P)). This result is formalized in the

following lemma:

Lemma 5.2. Let q2 X be a query point, andR an -consistent subset oP, for

0. Then, g's chromatic density with respect taR is:

(a;P) 2
(@;P)+ +3°

(0;R) >

Proof. The proof follows by analyzingg's nearest-enemy distance ifR. To this end,
consider the pointp 2 P that is g's nearest-neighbor inP. There are two possible

cases:

Case 1:If p2 R, clearlyd\n(g; R) = din(q; P). Additionally, itis easy to show that af-
ter condensation,g's nearest-enemy distance can only increasee., dne(q; P)
dne(q; R). This implies that (q;R)  (q;P).
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Case 2:1f p62R, we can upper-boundy's nearest-neighbor distance iR as follows:

SinceR is an -consistent subset oP, we know that there exists a pointr 2
R such thatd(p; r) < dne(p; R)=(1+ ). By the triangle inequality and the de nition of
nearest-enemyd..(p; R) d(p;ne(q;R)) d(qg;p+ d.e(q; R). Additionally, applying
the de nition of chromatic density on g and knowing that d.e(q; P)  de(q; R), we

haved(q; P = dun(q;P)  dun(a; R) = dne(q; R=(L + (q;P)). Therefore:

din(q; R)  d(g;r) d(g;p + d(p;r)
d(g; P + dne(a; R) (g;P)+ +3

< dap+ 1+ 1+ Y1+ (q;P) Che(d; R):
Finally, from the de nition of (q;R), we have:
oy Ghe(Q; R) 1+ )3+ (a;P)) _ (q;P) 2
@R 4@r 7 @P+ +3 T @P+ +3

The above result can be leveraged to de ne a coreset, in the sense that an exact
result on the coreset corresponds to an approximate result on the original set. As
previously de ned, we say that a seR P is an"-coreset for the nearest-neighbor
rule on P, if and only if for every query pointq2 X , the class ofg's exact nearest-
neighbor inR is the same as the class of any of itsapproximate nearest-neighbors

in P.

Lemma 5.3. Any "-coreset for the nearest-neighbor rule is an-consistent subset,

for 0.

Proof. Consider any"-coresetC P for the nearest-neighbor rule orP. Since the

approximation guarantee holds for any point inX, it holds foranyp2 P nC. We
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know p's nearest-neighbor in the original seP is p itself, thus making d,,(p; P)
zero. This implies thatp must be correctly classi ed by a nearest-neighbor query
on C, that is, dnh(p; C) < dne(p; C), which is the de nition of -consistency for any

0. O
Theorem 5.4. Any 2="-selective subset is afi-coreset for the nearest-neighbor rule.

Proof. Let R be an -selective subset oP, where = 2=". Consider any query
point g2 X in the metric space. It su ces to show that its nearest-neighbor irR is
of the same class as an{~approximate nearest-neighbor irP. To this end, consider
gs chromatic density with respect to bothP and R, denoted as (q;P) and (q;R),

respectively. We identify two cases:

Case 1 (Correct-Classi cation guarantee): If (q;P) ".
Consider the bound derived in Lemma 5.2. Since 0, and by our assumption
that (q;P) "> O,setting =2="impliesthat (q;R) > 0. This means that
the nearest-neighbor ofjin R belongs to the same class as the nearest-neighbor
of g in P. Intuitively, this guarantees that q is correctly classi ed by the

nearest-neighbor rule inR.

Case 2 (-Approximation guarantee): If (q;P) <".
Let p 2 P be (s nearest-neighbor inP, thus d(g;p = dw(q;P). SinceR
is -selective, there exists a point 2 R such that d(p;r) = dw(p;R) <
dne(p; P)=(1+ ). Additionally, by the triangle inequality and the de nition of

nearest-enemies, we have

Ghe(pP; P)  d(p;ne@;P)) d(p; 0+ d(dq;ne(@; P)) = dnn(;P) + dne(d; P):
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From the de nition of chromatic density, d..(q;P) = (1 + (q;P)) din(q; P).
Together, these inequalities imply that (1 + )d(p;r) (2+ (q;P)) du(q;P).

Therefore:

(@R dain) dgp+dpn 1+ 2P g qpy;

Now, assuming (q;P) < " and setting = 2=", imply that d.,,(q;R) <
(1 + ")dan(q; P). Therefore, the nearest-neighbor aoff in R is an"-approximate

nearest-neighbor ofjin P.

Cases 1 and 2 imply that setting to 2=" is su cient to ensure that the
nearest-neighbor rule classi es any query poing 2 X with the class of one of its
valid "-approximate nearest-neighbors if?. Therefore,R is an "-coreset for the

nearest-neighbor rule orP. m

So far, we have assumed that nearest-neighbor queries oReare computed
exactly, as this is the standard notion of coresets. However, it is reasonable to
compute nearest-neighbors approximately even f&. How should the two approxi-
mations be combined to achieve a desired nal degree of accuracy? Consider another
approximation parameter , where 0 <" . We say that a setR P is an
(;")-coresetfor the approximate nearest-neighbor rule o®, if and only if for every
query point q 2 X, the class of any ofg's -approximate nearest-neighbor irR
is the same as the class of any of itsapproximate nearest-neighbors i°. The
following result generalizes Theorem 5.4 to accommodate faANN queries after

condensation.
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Theorem 5.5. Any -selective subset is afi;" )-coreset for the approximate nearest-

neighbor rule when = (1 =" ).

Proof. This follows from similar arguments to the ones described in the proof of
Theorem 5.4. Instead, here we set=(" +3 +2)=(" ). Let R be an -selective
subset ofP, and g2 X any query point in the metric space, consider the same two

cases:

Case 1 (Correct-Classi cation guarantee): If (g;P) ".
Consider the bound derived in Lemma 5.2. By our assumption that(q; P)

"> 0, and since 0, the following inequality holds true:

(;P) 2 t2
(g;P)+ +3 "+ +3

(0;R) >

Based on this, it is easy to see that the assignment of=(" +3 +2)=" )
implies that (q;R) > , meaning that any of gs -approximate nearest-
neighbors inR belong to the same class ags nearest-neighbor irP. Intuitively,

this guarantees thatq is correctly classi ed by the -ANN rule in R.

Case 2 (-Approximation guarantee): If (q;P) <".
The assignment of implies that d,(q; R) < }% dnn(q; P). This means that an

-ANN query for gin R, will return one of g's "-approximate nearest-neighbors

in P.

All together, this implies that R is an (;" )-coreset for the nearest-neighbor rule on

P. O
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In contrast with standard condensation criteria, these new results provide
guarantees on either approximation or the correct classi cation, of any query point in
the metric space. This is true even for query points that were \hard" to classify with
the entire training set, formally de ned as query points with low chromatic density.
Consequently, Theorems 5.4 and 5.5 show that must be set to large values if we
hope to provide any sort of guarantees for these query points. However, better results
can be achieved by restricting the set of points that are guaranteed to be correctly
classi ed. This relates to the notion ofweak coresets, which provide approximation
guarantees only for a subset of the possible queries. Given 0, we deneQ as
the set of query points inX whose chromatic density with respect td® is at least

(le., Q =1fq2Xj (q;P) 0). The following result describes the trade-o
between and to guarantee the correct classi cation of query points irQ after

condensation.

Theorem 5.6. Any -consistent subset is a wedk-coreset for the nearest-neighbor
rule for queries inQ , for =2= . Moreover, all query points inQ are correctly

classi ed.

The proof of this theorem is rather simple, and follows the same arguments
outlined in Case 1 of the proof of Theorem 5.4. Basically, we use Lemma 5.2 to
show that for any query pointg 2 Q , gs chromatic density after condensation
is greater than zero if 2. Note that " plays no role in this result, as the
guarantee on query points ofQ is of correct classi cation .e., the class of itsexact

nearest-neighbor inP), rather than an approximation.
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The trade-o between and is illustrated in Figure 5.2. From an initial

training setP  R? (Figure 5.2a), we show the regions &t? that comprise the setsQ
for =2= ,using = f0:1;0:2 P 2g (Figures 5.2b-5.2d). While evidently, increasing

guarantees that more query points will be correctly classi ed after condensation,
this example demonstrates a phenomenon commonly observed experimentally: most
guery points lie far from enemy points, and thus have high chromatic density with
respect toP. Therefore, while Theorem 5.4 states that must be set to Z" to
provide approximation guarantees on all query points, Theorem 5.6 shows that much
smaller values of are su cient to provide guarantees on some query points, as

evidenced in the example in Figure 5.2.

(a) SetP (200pts) (b) Q- for =0:1 (c) Q,- for =0:2 (d) Q- for = p?

Figure 5.2: Depiction of theQ sets for which any -consistent subset is weak coreset
( =2=). Query points in the yellow areas are insid&Q , and thus correctly
classi ed after condensation. Query points in thélue areas are not inQ , and

have no guarantee of correct classi cation.

These results establish a clear connection between the problem of condensation
and that of nding coresets for the nearest-neighbor rule, and provides a roadmap
to prove Theorem 5.1. This is the rst characterization of su cient conditions to
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correctly classify any query point inX after condensation, and not just the points
in P (as the original consistency criteria implies). In the following section, these
existential results are matched with algorithms to compute -selective subsets oP

of bounded cardinality.

5.3 Coreset Computation

5.3.1 Hardness Results

De ne Min- -CS to be the problem of computing an -consistent subset of
minimum cardinality for a given training set P. Similarly, let Min- -SS be the
corresponding optimization problem for -selective subsets. Following known results
from standard condensation [1{012], when is set to zero, theMin-0-CS and
Min-0-SS problems are both known to be NP-hard. Being special cases of the
general problems just de ned, this implies that bothMin- -CS and Min- -SS are
NP-hard.

Here we present results related to the hardness of approximation of both

problems, along with simple algorithmic approaches with tight approximation factors.

Theorem 5.7. The Min- -CS problem isNP-hard to approximate in polynomial

time within a factor of 2@dm(X)log(@+ )= )* **

The full proof is omitted, as it follows from a modi cation of the hardness
bounds proof for theMin-0-CS problem described in [36], which is based on a

reduction from the Label Coverproblem. Proving Theorem 5.7 involves a careful
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adjustment of the distances in this reduction, so that all the points in the construction
have chromatic density at least . Consequently, this would imply that the minimum
nearest-enemy distance is reduced by a factor of(1 + ), explaining the resulting
bound for Min- -CS.

The NET algorithm [36] can also be generalized to computeconsistent subsets
of P as follows. We de ne -NET as the algorithm that computes a=(1+ )-net
of P, where is the smallest nearest-enemy distance . The covering property
of nets [67] implies that the resulting subset is -consistent, while the packing
property suggests that its cardinality isO ((1+ )= )%m)>*1 implying a tight

approximation to the Min- -CS problem.

Theorem 5.8. The Min- -SS problem is NP-hard to approximate in polynomial

time within a factor of (1 o(1))In n unlessNP  DTIME( n'°9'egn),

Proof. The result follows from the hardness of another related covering problem: the
minimum dominating set[68{ 70]. We describe a simple L-reduction from any instance
of this problem to an instance ofMin- -SS, which preserves the approximation

ratio.

1. Consider any instance of minimum dominating set, consisting of the graph

G =(V;E).

2. Generate a new edge-weighted gray as follows:
Create two copies of5, namely G, = (V;; E;) and G, = ( Vp; Ep), of red and blue
nodes respectively. Set all edge-weights G and Gy, to be 1. Finally, connect
each red nodey, to its corresponding blue nodey, by an edgef v;; v,g of weight
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1+ + forasucienly small constant > 0. Formally, G%is de ned as the
edge-weighted graptG°= (V% E9 where the set of nodes i¥°= V,[ V, the
set of edges i€°= E, [ E,[ff v;;wg]jV 2 Vg, and an edge-weight function

w:E®% R* wherew(e)=1i e2E,[ Ep,,andw(e)=1+ + otherwise.
3. A labeling function| wherel(v) = redi v 2 V,, andI(v) = bluei v2 V,.
4. Compute the shortest-path metric ofG° denoted asdgo.

5. Solve theMin- -SS problem for the setV?% on metric dgo, and the labels

de ned by I.

A dominating set of G consists of a subset of nodd3 V, such that every
nodev 2 V nD is adjacent to a node inD. Given any dominating setD  V of
G, it is easy to see that the subseR = fv;;v, J v 2 Dgis an -selective subset
of V° wherejRj = 2jDj. Similarly, given an -selective subseR  V° there is
a corresponding dominating seD of G, wherejDj | Rj=2, asD can be either
R\ V, or R\ V,. Therefore,Min- -SSis as hard to approximate as the minimum

dominating set problem. O

There is a clear connection between th#in- -SS problem and covering
problems, in particular that of nding an optimal hitting set. Given a set of elements
U and a family C of subsets ofU, a hitting set of (U;C) is a subsetH U such
that every set in C contains at least one element dfi. Therefore, letN,,, be the
set of points ofP whose distance t@ is less thand..(p)=(1 + ), then any hitting

set of P;fNp, jp2 Pg)is also an -selective subset oP, and vice versa. This
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simple reduction implies aO(n?) worst-case timeO(logn)-approximation algorithm

for Min- -SS, based on the classic greedy algorithm for set cover [71,72]. Call this
approach -HSSor -Hitting Selective Subsetlt follows from Theorem 5.8 that for
training sets in general metric spaces, this is the best approximation possible under
standard complexity assumptions.

While both -NET and -HSScompute tight approximations of their corre-
sponding problems, their performance in practice does not compare to heuristic
approaches for standard condensation (see Section 5.4 for experimental results).
Therefore, in the following subsections, we consider two practical algorithms for this
problem, namely SFCNN and RSS, and extend them to compute subsets with the

newly de ned criteria.

5.3.2 An Algorithm for -Selective Subsets

For standard condensation, we have already analyzed the RSS algorithm (see
Chapter 4) used to compute selective subsets. It runs in quadratic worst-case time
and exhibits good performance in practice. The selection process of this algorithm is
heuristic in nature and can be described as follows: beginning with an empty set, the
points in p 2 P are examined in increasing order with respect to their nearest-enemy
distanced,e(p). The point p is added to the subseR if d,,(p; R)  dhe(p). It is easy
to see that the resulting subset is selective.

Now, we de ne a generalization called -RSS to compute -selective subsets

of P. The condition to add a given pointp 2 P to the selected subset checks if any
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previously selected point is closer tp than dn(p)=(1 + ), instead of just dne(p).
See Algorithm 10 for a formal description, and Figure 5.3 for an illustration. It is
easy to see that this algorithm computes an-selective subset, while keeping the

guadratic time complexity of the original RSS algorithm.

Algorithm 10: -RSS
Input: Initial training set P and parameter 0

Output: -selective subsetR P

1 R

N

Let fpig,; be the points of P sorted increasinglyw.r.t. their nearest-enemy

distance dne(pi)

w

foreach p; 2 P, wherei =1:::n do
if 1+ ) dan(pi;R)  dne(pi) then
R RIfpg

N

(&)]

6 return R

Naturally, we want to analyze the number of points this algorithm selects. The
remainder of this section establishes upper-bounds and approximation guarantees of
the -RSSalgorithm for any doubling metric space, with improved results in the
Euclidean space. This proves the result mentioned in Chapter 4 that RSS computes

an approximation of the Min-0-CS and Min-0-SS problems.

5.3.2.1 Size in Doubling spaces

First, we consider the case where the underlying metric spack ;d) of P
is doubling. The following results depend on the doubling dimensiafdim(X) of

the metric space (which is assumed to be constant), the margin (the smallest
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nearest-enemy distance of any point if?), and (the number of nearest-enemy

points in P).
Theorem 5.9. -RSScomputes a tight approximation for theMin- -CS problem.

Proof. This follows from a direct comparison to the resulting subset of the-NET
algorithm from the previous section. For any pointp selected by -NET, let B,
be the set of points ofP \covered" by p, that is, whose distance top is at most
=(1+ ). By the covering property of"-nets, this de nes a partition on P when
considering every pointp selected by -NET.

Let R be the set of points selected by -RSS we analyze the size oB,. \ R,
that is, for any given B, how many points could have been selected by theRSS
algorithm. Let a;b 2 B, \ R be any two such points, where without loss of
generality, d,e(2) dne(b). By the selection process of the algorithm, we know that
dla;b de(b=(1+ ) =(1+ ). Asimple packing argument in doubling metrics
implies that jB,. \ Rj 20dm(X)*1 Altogether, we have that the size of the subset

selected by -RSS isO (2(1+ )= )ddm(X)+1 O

Theorem 5.10. -RSScomputes anO(log (min (1 +2=; 1= )))-factor approxima-
tion for the Min- -SS problem. For = (1) , this is a constant-factor approxima-

tion.

Proof. Let OPT be the optimum solution to the Min- -SS problem, i.e., the
minimum cardinality -selective subset oP. For every pointp 2 OPT in such

solution, de ne S,. to be the set of points inP \covered" by p, or simply S,. =
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Figure 5.3: Selection of -RSSfor =0:5. Faded points are not selected, while
selected points are drawn along with a ball of radiud,.(p) (dotted outline) and a
ball of radius d,e(p)=(1 + ) (solid outline). A point p is selected if no previously

selected point is closer t@ than d.e(p)=(1 + ).

fr2 Pjd(r;p) < de(r)=(1+ )g. Additionally, let R be the set of points selected
by -RSS dene R, to be the points selected by -RSSwhich also belong toS,,
and whose nearest-enemy distance is betweerand 2 , for 2 [; 1]. That is,
Rp. =fr2 R\ S, jde(r) 2 [; 2 )g. Clearly, these subsets de ne a partitioning
of R for all p2 OPT and values of = 2 fori=f0;12;:::;dogleg

However, depending on , some values of would yield empty R,. sets.
Consider some poinig 2 S, , we can bound its nearest-enemy distance with respect
to the nearest-enemy distance of poinp. In particular, by leveraging simple triangle-

inequality arguments, it is possible to prove that;— due(p)  Gre(d) £~ dre(P).
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Therefore, the values of for which R, sets are not empty, are = 2! 2*— de(p)

The proof now follows by bounding the size dR,, which can be achieved by
bounding its spread. Thus, lets consider the smallest and largest pairwise distances
among points inRp. . Take any two points a;b 2 R, where without loss of
generality, d,e(2) dne(b). Note that points selected by -RSScannot be \too close”
to each other; that is, asa and b were selected by the algorithm, we know that
1+ )d(ab die(b . Therefore, the smallest pairwise distance iR, is at
least =(1+ ). Additionally, by the triangle inequality, we can bound the maximum
pairwise distance using their distance t@ asd(a;b d(a;p)+ d(p;bH 4=+ ).
Then, by the packing properties of doubling spaces, the size Bf, is at most
4ddim(X)+1

Altogether, for everyp 2 OPT there are up todog (min(1+2=; 1= ))enon-
empty R, subsets, each containing at most®™m(*)*1 points. In doubling spaces

with constant doubling dimension, the size of these subsets is also constant. []

While these results are meaningful from a theoretical perspective, it is also
useful to establishing bounds in terms of the geometry of the learning space, which
is characterized by the boundaries between points of di erent classes. Thus, using
similar packing arguments as above, we bound the selection size of the algorithm

with respect to .
Theorem 5.11. -RSSselectsO log! (1+ )M points.

Proof. This follows from similar arguments to the ones used to prove Theorem 5.10,
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using an alternative charging scheme for each nearest-enemy point in the training set.
Consider one such poinp2fner) jr 2 Pgand avalue 2 [; 1], we de ne Rg; to
be the subset of points from -RSSwhose nearest-enemy g and their nearest-enemy
distance is between and 2 . That is, Rg; =fr2Rjner)=prde(r)2[; 2)g.
These subsets partitionR for all nearest-enemy points oP, and values of = 2
fori =1f0;1;2;:::;dogleg

For any two points a;b2 RO; , the selection criteria of -RSSimplies some
separation between selected points, which can be used to prove théa; b = (1+ ).
Additionally, we know that d(a;b d(a;p) + d(p;D = dne(a) + dre(b) 4 . Using
a simple packing argument, we have thaiR}. j d 4(1+ )emX)»t,

Altogether, by counting all setng; for each nearest-enemy in the training set
and values of , the size ofR is upper-bounded byjRj dogl= edd(1+ )edd"“( X

Based on the assumption that ddimX) is constant, this completes the proof. [J

As a corollary, this result implies that when = 2=", the -selective subset
computed by -RSScontainsO log 1= (1=")4M(X)}*1 points. This establishes
the size bound on thé'-coreset given in Theorem 5.1, which can be computed using

the -RSS algorithm.

5.3.2.2 Size in Euclidean space

In the case where®  RY lies in d-dimensional Euclidean space, the analysis
of -RSScan be further improved, leading to a constant-factor approximation of

Min- -SS for values of 0, and reduced dependency on the dimensionality Bf.
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Theorem 5.12. -RSScomputes anO(1)-approximation for the Min- -SS problem

in RY,

Proof. Similar to the proof of Theorem 5.10, de n&R, = S;. \ R as the points selected
by -RSSthat are \covered" by p in the optimum solution OPT . Consider two such
points a; b2 R, where without loss of generalityd.e(a)  dne(b). By the de nition of
Sp; we know thatd(a; p) < dne(a)=(1+ ), and similarly with b. Additionally, from
the selection of the algorithm we know thatd(a;b) d..(b)=(1+ ). Overall, these
inequalities imply that the angle\ apb =3. By a simple packing argument, the
size ofR,, is bounded by thekissing numberin d-dimensional Euclidean space, or
simply O((3= )¢ 1). Therefore, we havehat jRj P oJRpj = JOPT jO((3= )" ).

Assumingd is constant, this completes the proof. m

Figure 5.4: Training set where the analysis of the approximation factor

of -RSS inRY is tight.

This analysis is tight up to constant factors. In Figure 5.4, we illustrate

95



a training set P consisting ofred and blue points in RY, where -RSS selects
( @ 2 jOPT j) points. Consider two helper points (which do not belong td)
¢ =0ty and g = (L + )ty, where t4 is the unit vector parallel to the d-th

coordinate. Add red pointsr; on the surface of thed 1 unit ball centered atc

and perpendicular toty. Similarly with blue points i around ¢,. Finally, add two

pointsr = dHgandb =(1+ + )ty, for a suitable value such thatkr rik < 1.
Clearly, the nearest-enemy distance of atl and b pointsis 1+ , while the one of
r and b is strictly greater than 1+ . Thus, OPT = fr ;bgbut -RSSselects
( ¢ ?) points r; and by at distance greater than 1 from each other.

Furthermore, a similar constant-factor approximation can be achieved for any
training set P in ", space forp 3. This follows analogously to the proof of
Theorem 5.12, exploiting the bounds betweer, and ", metrics, where L-p d kvk,
kvk, P d kvk,. This would imply that the angle between any two points in -RSS§
is (1 =d). Therefore, it shows that -RSS achieves an approximation factor of
O(d? 1), or simply O(1) for constant dimension.

Similarly to the case of doubling spaces, we also establish upper-bounds in terms
of for the selection size of the algorithm in Euclidean space. The following result
improves the exponential dependence on the dimensionality Bf (from ddim(RY) =
(dytod 1), while keeping the dependency on the margin, which contrast with

the approximation factor results.
Theorem 5.13. In Euclidean spaceRY, -RSSselectsO logt (1+ )4 ! points.
Proof. Let p be any nearest-enemy point oP and 2 [; 1], similarly de ne Rg; to
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be the set of points selected by -RSSwhose nearest-enemy ig and their nearest-

@+ )?
2+ )"

enemy distance is between and b , for b= Equivalently, these subsets
de ne a partitioning of R for all nearest-enemy pointp and values of = bk for
k=10;1;2,:::;dog, teg Thus, the proof follows from bounding the minimum angle
between points in these subsets. For any two such poingg, p, 2 Rg; , we lower
bound the angle\ p;pp. Assume without loss of generality thate(pi)  dne(p;). By
de nition of the partitioning, we also know that d.e(p;) b bdne(pi). Therefore,
altogether we have thatdne(pi) dhe(p;)  bdne(pi).

First, consider the set of points whose distance tp is (1 + ) times their
distance top, which de nes a multiplicative weighted bisector [73] between points
p and p;, with weights equal to 1 and ¥1 + ) respectively. This is characterized
as ad-dimensional ball (see Figure 5.5a) with centet; = (pi p) b+ p and radius
de(pi) b1+ ). Thus p, p and ¢ are collinear, and the distance betweep
and ¢ is d(p;G) = bdne(pi). In particular, let's consider the relation betweenp,
and such bisector. Asp; was selected by the algorithm aftep;, we know that
1+ )d(p;p) dhe(p) Wheredne(p) = d(p;; p). Therefore, clearlyp; lies either
outside or in the surface of the weighted bisector betwegnand p; (see Figure 5.5b).

For angle\ pipp, we can frame the analysis to the plane de ned by, p; and
pi. Let x and y be two points in this plane, such that they are the intersection
points between the weighted bisector and the balls centered ptof radii d,e(p;) and
bd.e(pi) respectively (see Figure 5.5¢). By the convexity of the weighted bisector
betweenp and p;, we can say that\ ppp min(\ xpp;;\ ypGg). Now, consider

the triangles 4 pxp and 4 pyG. By the careful selection ofb, these triangles are
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(a) Multiplicatively  (b) Position of point p; (c) The intersection points x and
weighted bisectors for w.r.t. the weighted bisector y between the weighted bisector

di erent weights. between pointsp and p;. and the limit balls of Rp; .

Figure 5.5: Construction for the analysis of the minimum angle between two points
in Rg; w.r.t. some nearest-enemy point 2 P. Let points p;;p 2 Rg; , We analyze

the angle\ pipp.

both isosceles and similar. In particular, fodt pxp; the two sides incident top have
length equal tod,e(pi), and the side opposite tg has length equal tod,e(p))=(1+ ).
For 4 pyg, the side lengths arebd,e(p;) and dne(pi) b1 + ). Therefore, the angle
\ppp \xpp 1H1+ ).

By a simple packing argument based on this minimum angle, we have that the
size ofR}. isO((1+ ) '). All together, following the de ned partitioning, we
have that:

X dlggbie

- o 1
jRj = JRO ] log,= O (1+ )**
p k=0

For constant and d, the size of -RSSis O( log?). Moreover, when is

zero -RSSselectsO( ¢ ¢ 1), matching the bound presented in Chapter 4 for RSS

in Euclidean space. ]
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5.3.2.3 Subquadratic Implementation

Here we present a subquadratic implementation for the-RSSalgorithm, which
completes the proof of our main result, Theorem 5.1. Prior to this result , among
algorithms for nearest-neighbor condensation, FCNN and SFCNN achieve the best
worst-case time complexity, running inO(nm) time, wherem = jR] is the size of
the selected subset.

The -RSSalgorithm consists of two main stages: computing the nearest-enemy
distances of all points inP (and sorting the points based on these), and the selection
process itself. The rst stage requires a total oh nearest-enemy queries, plus
additional O(nlogn) time for sorting. The second stage performs nearest-neighbor
gueries on the current selected subs&, which needs to be updatean times. In
both cases, using exact nearest-neighbor search would degenerate into linear search
due to the curse of dimensionality Thus, the rst and second stage of the algorithm
would needO(n?) and O(nm) worst-case time respectively.

These bottlenecks can be overcome by leveraging approximate nearest-neighbor
techniques. Clearly, the rst stage of the algorithm can be improved by computing
nearest-enemy distances approximately, using as many ANN structures as classes
there are inP, which is considered to be a small constant. Therefore, by also applying
a simple brute-force search for nearest-neighbors in the second stage, result (i) of
the next theorem follows immediately. Moreover, by combining this with standard
techniques for static-to-dynamic conversions [74], we have result (ii) below. Denote

this variant of -RSS as ( )-RSS, for a parameter 0.
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Theorem 5.14. Given a data structure for -ANN searching with construction time
t. and query timety (which potentially depend om and ), the (; )-RSSvariant
can be implemented with the following worst-case time complexities, whares the

size of the selected subset.
(i) O(tc+ n(tq+ m+logn))
(i) O((tc+ ntg)logn)

More generally, if we are given an additional data structure for dynamic-
ANN searching with construction timet?, query time t%, and insertion timet?, the
overall running time will be O tc+ t2+ n(tq+ tg+logn) + mtP . Indeed, this can
be used to obtain (ii) from the static-to-dynamic conversions [74], which propose an
approach to convert static search structures into dynamic ones. These results directly
imply implementations of (; )-RSSwith subquadratic worst-case time complexities,
based on ANN techniques [43, 75] for low-dimensional Euclidean space, and using
techniques like LSH [50] that are suitable for ANN in high-dimensional Hamming
and Euclidean spaces. More generally, subquadratic runtimes can be achieved by
leveraging techniques [76] for dynamic ANN search in doubling spaces.

It remains unclear how these new implementations of the algorithm would
deal with \uncertainty”. That is, such implementation schemes for -RSSwould
incur an approximation error (of up to 1 + ) on the computed distances: either
only during the rst stage if (i) is implemented, or during both stages if (ii) or the
dynamic-structure scheme are implemented. The uncertainty introduced by these
approximate queries, imply that in order to guarantee nding -selective subsets, we
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Algorithm 11. (;" )-RSS

Input: Initial training set P and parameters ;" 0
Output: -selective subsetR P
1 R

N

Let fpigl, be the points of P sorted increasinglyw.r.t. their approximate

nearest-enemy distancedne(pi;")

w

foreach p; 2 P, wherei =1:::n do
if L+ )2+ ") dn(pi;R;")  dne(pi;") then
R RIfpg

N

[¢;]

6 return R

must modify the condition for adding point during the second stage of the algorithm.
Let d.e(p; ) denote the -approximate nearest-enemy distance @ computed in the
rst stage, and let d,,(p; R; ) denote the -approximate nearest-neighbor distance of
p over points of the current subset (computed in the second stage). Then, )-RSS
adds a pointp into the subset if (1 + )(1+ )dn(p;R; ) dne(p; ).

By similar arguments to the ones described in Section 5.3.2, size guarantees
can be extended td ; )-RSS First, the size of the subset selected bfy; )-RSS
in terms of the number of nearest-enemy points in the set, would be bounded by the
size of the subset selected by-RSSwith ~=(1+ )(1+ )? 1. Additionally, the
approximation factor of (; )-RSSin both doubling and Euclidean metric spaces

would increase by a factor oD((1 + )Xddm(X)+1) ),

This completes the proof of Theorem 5.1.

Lemma 5.15. There exist a data structure for dynamic -ANN queries in setsP

in d-dimensional Euclidean space, that can be constructed fh= O(nlogn) time,
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queried intg = O(logn +1=¢9 1) time, and where points ofP can be inserted in

t°= O(logn) time.

Together with Theorem 5.14 described above, this lemma implies that there is
a variant of -RSSfor Euclidean space that runs inO(nlogn + n= ¢ 1) time. Such
data structure can be build from a standard BBD tree [42,77] as follows. First,
construct the tree from the entire setP, thus taking t? = O(nlogn) time. However,
each node of the tree has some additional data: a boolean ag indicating if the
subtree rooted at such node contains a point of the \active" subsaR. Initially,
all ags are set to false making the initial active subset being empty. To add a
point p 2 P to the active subsetR, all the ags from the root of the tree to the leaf
node containingp must be set totrue, thus making the insertion timet®= O(logn).
Finally, an -ANN query on such tree would perform as usual, only avoiding to visit

nodes whose ag is set tdalse yielding a query time oftg = O(logn+1=19 1),

5.3.3 An Algorithm for -Consistent Subsets

Even thought the main result of this chapter relies on the computation of -
selective subsets, Theorem 5.6 shows that everconsistency is enough to guarantee
the correct classi cation of certain query points. In practice, FCNN [16] has been
acknowledged as the most e cient algorithm for computing consistent subsets. From
the results presented in Chapter 4, we know that while FCNN cannot be upper-
bounded in terms ofk or , the simple modi cation of this algorithm called SFCNN

can be successfully upper-bounded. Therefore, in this section, we discuss a simple
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extension of this algorithm in order to compute -consistent subsets.

Recall the workings of both the FCNN and SFCNN algorithms, which select
points iteratively as follows. First, the subseRR is initialized with one point per class
(e.g, the centroids of each class). During every iteration, the algorithm identi es all
the points in P that are incorrectly classi ed with the current R, or simply, those
whose nearest-neighbor iR is of di erent class. This is formalized as thevoren

function, de ned for every pointp 2 R as follows:

voren(p; R;P) = fq2 P jnn(q; R) = p” I(g) & I(p)g

This function identi es all the enemies ofp whose nearest-neighbor iR is p
itself. The only di erence between the original FCNN algorithm and the modi ed
SFCNN appears next. While FCNN adds one point per eagh2 R in a batch?,
potentially doubling the size ofR, SFCNN adds onlyone point per iteration. Then,
both algorithms terminate when no other points can be added.¢., all voren(p; R; P)
are empty), implying that R is consistent.

We can now extend both algorithms to compute -consistent subsets, namely

-FCNN and -SFCNN, by rede ning the voren function. The idea is simple: to
identify those points whose nearest-neighbor iR is p, such that are either enemies
of p, or whose chromatic density with respect tdR is less than . This is formally

de ned as follows:

voren(;p;R;P )=fq2 P jnn(q;R) = p* (I(@=1(p)) (@R < )g

2For FCNN, line 4 of Algorithm 12 updates R by adding all the points in S, instead of only one

point of S.
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By plugging this function into the algorithms (see Algorithm 12), it is easy
to show that the resulting subsets are -consistent. Moreover, this can be easily
implemented to run in O(nm) worst-case time, wherem is the nal size of R,
extending the implementation scheme described in the paper where FCNN was

initially proposed [16].

Algorithm 12: -SFCNN
Input: Initial training set P and parameter 0

Output: -consistent subsetR P
1 R
2 S centroids(P)
3 while S6 do
4 R R [f Choose one point ofSg
5 S
6 foreach p2 R do
7 L S S[f rep(p;voren(;p;R;P ))g

return R

(0]

Finally, leveraging the analysis described in Section 4.3.3, together with the
proofs of Theorems 5.9 and 5.11, we upper-bound the selection size of tiBFCNN
algorithm. The proofs of the next results depend on the following observation. Let
a;b2 R be two points selected by -SFCNN, where d.(a); dne(b) for some

0, it is easy to show thatd(a;p =(1+ ). This follows from a fairly simple
argument: to the contrary, suppose thad(a;b < = (1+ ), which would imply that
a and b belong to the same class. Without loss of generality, poiat was added toR
before pointb. Note that after adding point a to R, the chromatic density ofb w.r.t.
Ris (b;R) > , which contradicts the statement thatb could be added toR.
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Theorem 5.16. -SFCNN computes a tight approximation for theMin- -CS

problem.

This result follows by similar arguments as the proof of Theorem 5.9. By
considering any two pointsa; b2 By, \ R, we know thatd(a;) =(1+ )as is
the smallest nearest-enemy distance iR. This implies -SFCNN can select up to

20dm(X)*1 times more points as the -NET algorithm, which yields the proof.
Theorem 5.17. -SFCNNselectsO log? (1+ )ddmC)+l  points,

Similarly, this result can be proven using the same arguments outlined to prove
Theorem 5.11. After partitioning the selection of -SFCNNinto O( log 1= ) subsets,
consider any two pointsa; bin one of these subsets, wheg(a); de(b) 2 [; 2 ), for
some 2 [; 1]. Therefore, we can show thati(a;) =(1+ ), which implies that
each subset in the partitioning contains at mostid(1 + )e?dm(X)*1 points. This

yields the proof.

5.4 Experimental Comparison

In order to get a clearer impression of the relevance of these results in practice,
we performed experimental trials on several training sets, both synthetically generated
and widely used benchmarks. First, we consider 21 training sets from the UCI
Machine Learning Repository which are commonly used in the literature to evaluate
condensation algorithms [18]. These consist of a number of points ranging from 150

to 58000, ind-dimensional Euclidean space witll between 2 and 64, and 2 to 26

3https://archive.ics.uci.edu/ml/index.php
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classes. We also generated some synthetic training sets, containing aiformly
distributed points, in 2 to 3 dimensions, and 3 classes. All training sets used in
these experimental trials are summarized in Table 4.2. The implementation of the
algorithms, training sets used, and raw results, are publicly availalle

These experimental trials compare the performance of di erent condensation
algorithms when applied to vastly di erent training sets. We use two measures of
comparison on these algorithms: their runtime in the di erent training sets, and
the size of the subset selected. Clearly, these values might di er greatly on training
sets whose size are too distinct. Therefore, before comparing the raw results, these
are normalized. The runtime of an algorithm for a given training set is normalized
by dividing it by n, the size of the training set. The size of the selected subset is
normalized by dividing it by , the number of nearest-enemy points in the training

set, which characterizes the complexity of the boundaries between classes.

5.4.1 Algorithm Comparison

The rst experiment evaluates the performance of the ve algorithms discussed
in this chapter: -RSS -FCNN, -SFCNN, -HSS and -NET. The evaluation is
carried out by varying the value of the parameter from 0 to 1, to understand the
impact of increasing this parameter. The implementation of -HSSuses the well-
known greedy algorithm for set cover [71], and solves the problem using the reduction
described in Section 5.3.1. In the other hand, recall that the original NET algorithm

(for =0) implements an extra pruning technique to further reduce the training set

“4https://github.com/afloresv/nnc/
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