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Molecular dynamics (MD) simulations provide a powerful framework for investigating
molecular systems at atomic resolution. In MD simulations, we face two major challenges:
high dimensionality and the limited time scales accessible to simulation. Many systems
of interest in MD are characterized by a large number of degrees of freedom, and phe-
nomena of interest—such as conformational changes—are typically described by transi-
tions between metastable states separated by high-energy barriers. Observing these slow
conformational changes, which are considered rare events, requires substantially extended
timeframes that exceed those feasible in direct simulations.

The goal of this dissertation is to accelerate the simulation of rare events in molec-
ular systems using data-driven methods. The dissertation consists of three contributions
that address different aspects of this challenge: sampling rare transition trajectories and
estimating transition rates, developing algorithms for learning collective variables, and ac-
celerating SDE simulations using foundation models.

The first work develops a methodology for sampling transition trajectories between

metastable states using optimal stochastic control and for estimating transition rates. We



show that, for a broad class of Itd diffusion processes, the optimal control can be con-
structed from the committor function and generates transition trajectories exclusively. This
result provides a theoretical foundation for efficient sampling of reactive trajectories. Using
approximate committors, we estimate transition rates with high accuracy from the sampled
transition trajectories, even when the committor itself is only approximated.

The second work addresses the learning of collective variables (CVs) for systems with
permutational symmetry. CVs provide low-dimensional representations that capture the
slow dynamics of a system and are essential for enhanced sampling and rate estimation.
This work focuses on systems lacking obvious physically motivated reaction coordinates,
such as interacting particle systems with permutational symmetry. We propose an algorith-
mic framework for learning CVs that respect translational, rotational, and permutational
symmetries. The approach combines sort-based featurization, residence-manifold learn-
ing in feature space, and autoencoder-based dimensionality reduction. Using the learned
CVs, we estimate transition rates for the Lennard-Jones-7 system in two dimensions and
the Lennard-Jones-8 system in three dimensions.

The third work explores fast simulation of general SDEs. Classical numerical inte-
grators face an inherent trade-off between accuracy and computational cost, particularly
for long-time or large-scale simulations. Building on ideas from foundation models, we
develop a pretrained simulation model that leverages coarse numerical trajectories and per-
forms error correction to recover fine-scale behavior. This approach aims to bridge the gap
between efficiency and accuracy, enabling fast and reliable simulations of SDEs across a

wide range of systems.
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Chapter 1: Introduction

1.1 Motivation

This dissertation focuses on the problem of developing methods for effective simula-
tion, exploration, and coarse-grained description of complex systems, modeled by the Ito's

diffusion process with stochastic differential equation (SDE) in form

dX = b(X;t)dt+ s (X;t)dW (1.1

whereX; 2 R" represents the system's state at time 0, b(x) : W RY! RY is the
deterministic drift terms (x) : W R"! RY R' is the diffusion coef cient and\ is a
r-dimensional Wiener process.

Stochastic differential equations (SDESs) are widely used to model the time evolution of
physical systems in the presence of intrinsic randomness. In particular, | am interested in
SDE-based models that arise in chemical physics. Many natural processes—ranging from
conformational transitions in biomolecules and the dynamics of interacting particle clusters
to genetic switching behavior and noisy mechanical or electromechanical oscillators—are
commonly described by SDEs with small white-noise perturbations.

Molecular dynamics (MD) simulations are a computational framework for modeling
the time evolution of molecular systems by numerically integrating equations of motion

for interacting atoms under prescribed force elds. They provide a powerful platform for



investigating molecular systems at the microscopic level. Since their rst application to
protein folding in 1975 [113], the recognition that biomolecules are inherently dynamical
systems has motivated the use of MD simulations as a detailed tool for describing inter-
nal biomolecular motions. The ability of MD simulations to resolve individual particle
trajectories enables detailed studies of the role of solvent in shaping protein dynamics, as
well as investigations of the coupling between excited-state behavior and resulting electron
transfer processes [85].

A complementary experimental approach is cryo—electron microscopy (cryo-EM), which
captures two-dimensional snapshots of individual proteins that collectively represent domi-
nant biomolecular conformations, sparsely populated states, and potentially rare transitions
between intermediate structures [56]. Simulation-based inference (SBI) approaches syner-
gize cryo-EM and MD simulations by treating MD- or model-derived conformations as
structural hypotheses that are passed through a forward image-formation model to generate
synthetic cryo-EM images. Probabilistic deep learning is then used to amortize the inverse
problem of inferring molecular conformations, enabling Bayesian inference even when
likelihoods are computationally intractable. Methods such as cryo—EM simulation-based
inference (cryoSBI) [41, 57] leverage MD-derived conformational ensembles to train mod-
els that infer molecular structures and associated uncertainties from experimental images,
thereby bridging simulation and experiment. Conversely, cryo-EM provides experimental
constraints and ensemble-level snapshots that anchor MD simulations to physically realistic
conformational distributions.

The biological function of biomolecules is closely tied to their conformational state,
with conformational changes underlying key processes such as enzyme catalysis, signal
transduction, and ligand binding. Understanding how and why biomolecules transition
between metastable conformations is therefore of both fundamental scienti c interest and

substantial practical importance. One of the most impactful applications of methods for



studying conformational changes is drug discovery. A striking example is the development
of pH-dependent opioid analgesics, in which molecular dynamics simulations are used to
inform novel drug design strategies for G-protein—coupled receptors by distinguishing drug
behavior in healthy versus pathological environments [34, 143].

Explicit molecular dynamics (MD) simulations can capture atomistic binding dynamics
under realistic physiological conditions. Building on structural insights intonttopioid
receptor (MOR) in complex with Gi proteins [92], MD simulations combined with Markov
state modeling [137] enable the quantitative characterization of ligand—receptor interac-
tions. In particular, association and dissociation rates relevant for opioid selectivity can be
derived as functions of environmental pH using ensembles of MD simulations [130]. Com-
plementing these computational studies, experimental work by Spahn et al. [143] leverages
simulations at low pH to design an agonist that selectively activates perighezbid re-
ceptors at sites of pain generation, thereby reducing central side effects. At a higher level
of abstraction, Coomber et al. [34] introduce a mathematical model that integrates sero-
tonergic and opioid pathways by simulating their interactions within the enteric nervous
system, linking molecular-scale mechanisms to physiological outcomes.

Despite their descriptive power, molecular dynamics (MD) simulations face fundamen-
tal challenges arising from the high dimensionality and multiscale nature of biomolecular
systems. The con gurational space of a molecule Wthtoms has dimensior\3 which
may reach thousands or tens of thousands for biomolecules of interest, resulting in an ex-
tremely high-dimensional energy landscape. Moreover, the relevant physical processes
span a vast range of timescales. The time resolution in MD simulations is determined by
the shortest timescale in the system at which bonds vibrate, which is of the order'a$ 10
(1 femtosecond), while larger-scale motions occur much more slowly: elastic vibrations of
proteins take 10'°-10 ’s,a-helix folding occurs on timescales of 16-10 ©s,b-hairpin

folding on 10 6-10 °s, and full protein folding can range from 1¥s to many seconds.



As a result, the conformational changes of greatest interest are rare when viewed on the
timescale of atomic vibrations.

Addressing these challenges has motivated the development of enhanced sampling and
reduced-order modeling techniques. The work of Tiwary and collaborators [152-154]
introduced metadynamics-based strategies and data-driven reaction-coordinate discovery
methods that enable enhanced sampling while preserving the ability to recover physically
meaningful kinetics. Complementary approaches, such as Markov state models, have been
developed to infer long-timescale kinetic behavior from ensembles of short trajectories,
while also providing principled estimates of expected values and statistical uncertainties
for stationary and dynamical molecular observables [125].

Another class of systems modeled by SDEs that has shaped my research motivation
arises in mechanical engineering. In systems composed of multiple beam- or plate-like
components, such as turbomachinery, MEMS devices, and vibration energy harvesters, sta-
ble periodic mechanical oscillations frequently emerge; their dynamics are most accurately
characterized using nonlinear analytical techniques [172].

The goal of this dissertation is to develop and explore mathematical and computational
approaches that reduce the effective dimensionality of molecular systems and accelerate
the simulation of such rare events. As an applied mathematician working at the inter-
face of scienti c computing and computer science, | am primarily interested in applying
mathematical theories and novel developments in computer science to simplify and coarse-
grain complex systems and synthesize rare events. In particular, my research draws on the
effective-dynamics framework developed by Legoll and &ele [100] and by Duong et
al. [45], which provides quanti cation of coarse-graining error, as well as on diffusion-
maps theory introduced by Coifman and collaborators [32] for learning low-dimensional
representations. In addition, machine-learning architectures—such as feed-forward neural

networks, autoencoders, and attention mechanisms—are incorporated to solve differential



equations, learn representations, and perform auto-correction.

1.2 Summary of contributions

In this dissertation, | present three research projects focusing on the development of
data-driven methods for the ef cient simulation, exploration, and coarse-grained descrip-

tion of complex dynamical systems.

1.2.1 Optimal control for sampling the transition path process and esti-

mating rates

To facilitate the sampling of reactive trajectories and the estimation of transition rates,
we developed and analyzed a methodology based on optimal stochastic control and transi-
tion path theory for sampling transition paths from a metastable refyitona metastable
region B, and for estimating the corresponding transition rate fldio B, resulting in
the publication [181]. Transition path theory provides a mathematical framework for the
guantitative characterization of rare events, with the committor function as its central ob-
ject; the committor represents the probability that a system initiated at a given state reaches
metastable regioB before metastable regioh In this work, we propose an end-to-end
methodology for constructing effective controllers fod Wiffusion processes using the
committor function, and for estimating transition rates from the resulting sampled trajec-
tories. This approach exploits the fact that optimally controlled trajectories consist exclu-
sively of transition trajectories.

The transition path theory framework allows one to compute the transition rate using
explicit formulas once the committor function is available. However, it has been shown
that transition rates computed in this manner can be highly inaccurate if the committor is

inexact [54, 100]. In molecular dynamics applications, computing the committor requires



solving a high-dimensional boundary value problem, making accurate evaluation of the
committorg(x) particularly challenging for realistic systems. To address this dif culty, we
propose using an approximate committor to construct an optimally controlled dynamics
and to sample transition trajectories, which can then be used to estimate the transition rate

between metastable sta#®sndB via the relation,

I AB
Nag = : 1.2

I ag is the probability of a trajectory being reactive i.e. on its way frano B, andE[t ag]
is theexpected crossover tinfilmm A to B found by simulating the controlled process. The
probabilityr ag can be estimated using the computed committor.

The effectiveness of our proposed scheme is demonstrated on three diversi ed bench-
mark test problems: the overdamped Langevin equation with the Mueller potential as in
[103], a single bistable Duf ng oscillator as in [183], and Lennard-Jones cluster of 7 parti-
clesin 2D (LJ7) as in [40, 55]. The proposed approach estimates the transition rate consis-
tent with those found by brute force. In contrast, the transition rate estimated directly from

the computed committor in CVs is notably less accurate.

1.2.2 Learning collective variables that respect permutational symmetry

My second project deals with learning collective variables (CVs) for the class of sys-
tems of interacting particles with permutational symmetry. It is reported in publication
[182].

In this work, we developed a framework for learning collective variables (CVs) that
respect permutational symmetry, which allows us to (i) de ne metastable states and (ii)
accurately estimate the transition rate between them. The CV-learning algorithm presented

here originated from a shared project that later diverged: this work targets symmetry-aware



CV discovery, while the companion study [150] focuses on reproducing rates using reduced
models for butane.

Our framework consists of ve steps. First, we apply a feature map to the atomic
coordinates, such as a vector of squared pairwise distances or a vector of coordination
numbers [156, 157], and then sort this vector in ascending order. This transformation
achieves invariance under rotational, translational, and permutational symmetries. Next,
we learn the residence manifold using diffusion maps [10, 32, 33] and diffusion nets [114].
We then learn collective variables satisfying the orthogonality condition requiring that the
level sets of the CVs are orthogonal to the learned residence manifold [100]. To this end, we
rst design a con ning potential whose zero-level set is the residence manifold, and then
learn CVs whose gradients are orthogonal to the gradient of this potential on the residence
manifold via the use of autoencoders.

The highlights of our work are as follows. (1) A feature map with sorting is applied,
ensuring translational, rotational, and permutational symmetries are respected. (2) The or-
thogonality condition established in [45, 100] is incorporated into the algorithm. (3) We
not only learn the CVs but also the residence manifold and the scale decomposition appear-
ing in the orthogonality condition. We further use the learned CVs as reaction coordinates
for forward ux sampling [6] and to design a controller for sampling transition trajectories
[181].

Using this framework, we conducted two case studies: the standard benchmark problem
Lennard-Jones-7 (LJ7) in two dimensions, and a more complex and less-studied example,
Lennard—Jones-8 (LJ8) in three dimensions. In both cases, we demonstrated the effective-
ness of the proposed algorithm for learning CVs, as well as its robustness with respect to
implementation details and the quality of intermediate representations. The rate estimates

obtained using the learned CVs are consistent with brute-force estimates.



1.2.3 FMint-SDE: A Multimodal Foundation Model for Accelerating Nu-

merical Simulation of SDEs via Error Correction

The third project presented in this dissertation involves leveraging a decoder-only trans-
former architecture [159] to address large-scale simulations of general stochastic differen-
tial equations (SDEs) (1.1). Traditional numerical integrators for simulating SDEs, such
as the Euler—Maruyama or Milstein methods, often face a trade-off between accuracy and
computational ef ciency. In contrast, existing neural network—based approaches typically
require training a separate model for each problem instance, which limits their practical
applicability.

My joint work with Song and Yang [142] demonstrated the potential of pretrained
foundation models to accelerate large-scale simulations of ODE-driven dynamical systems
through high-accuracy error correction. In this work, we introduce FMint-SDE (Foundation
Model based on Initialization for stochastic differential equations), a multimodal founda-
tion model designed for the simulation of SDEs. FMint-SDE is a decoder-only transformer
with in-context learning that leverages both numerical and textual modalities to learn a
universal error-correction scheme.

The model is trained to predict error-correction terms using prompted sequences of
coarse solutions generated by conventional solvers with large time steps. Speci cally, the
model rst observes numerical demonstrations consisting of coarse trajectories simulated
with large time steps, the corresponding noise realizations at each time step, and the as-
sociated error-correction terms that recover ne trajectories generated with smaller time
steps. Using these demonstrations, the model learns to reconstruct ne-grained trajecto-
ries by predicting error terms given coarse trajectories and noise realizations as input. We
evaluate the model on a suite of challenging SDE benchmarks spanning applications in

molecular dynamics, mechanical systems, nance, and biology. Experimental results show



that our approach achieves a superior accuracy—ef ciency trade-off compared to classical
solvers, underscoring the potential of FMint-SDE as a general-purpose simulation tool for

dynamical systems.



Chapter 2: Background

In this chapter, we provide a necessary background on the effective dynamics in collec-
tive variables, transition path theory, Lennard-Jones clusters and neural network architec-
tures used in this dissertation.

We are particularly interested in several types of SDEs of the form (1.1). Molecular
motions are often described by thangevin equatioandoverdamped Langevin equation
Langevin equations are in form

8

g dX% = m 1Rdt
(2.1)

PdR= (\V+gR)dt+ " 2gb Tmdw;

whereX; denotes the position ariél is the momentum at time 0; mis the mass matrix
andV is the potential energyg; is the friction coef cient ancb ! = kgT, whereksg is
the Boltzmann coef cient and is the temperature. Meanwhile, the overdamped Langevin

equation, a high friction limit of the Langevin equation, is described by the SDEs

q
d = Nvdt+ 2b dw: (2.2)

Given certain conditions on the potentis] a system governed by the Langevin equation

or overdamped Langevin equation is ergodic with respect to the Gibbs distribution. For
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overdamped Langevin equation (2.2),

z

mx)= Z e PVO. 7= e bV g (2.3)

and for Langevin equation (2.1),

z

2
iV za= e PHXPaxdp (2.4
W

- n) = bH(X;p). n= M
M p)= Zue PP HOGp) =

2.1 Collective Variables

MD systems are typically described by atomic coordinates and velocities, resulting in
a very large number of degrees of freedom. Biomolecules in particular can contain many
atoms, even small proteins may consist of up to 5,000 atoms. Furthermore, in order to
observe slow conformational changes within these systems, a substantially extended time-
frame is required, exceeding the scales feasible in simulations. Consequently, in practical
applications, low-dimensional representationscofiective variables (CVs}that describe
the long-time dynamics, are instrumental in comprehending the physical properties of high-
dimensional systems. These CVs are differentiable functions of the atomic coordinates,
meticulously designed to separate metastable states of the simulated system, e.g., the tran-

sitions occurring between metastable states. They are typically used for
biasing MD simulations,
de ning the metastable states, and
visualizing the results.
In small organic molecules, such as butane and alanine dipeptide, the dihedral angles

formed by triplets of atoms along the molecule's backbone serve as natural collective vari-
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ables. The MD force elds often admit signi cant changes in dihedral angles while the
lengths of covalent bonds and interbond angles change relatively little. However, for large
and complex molecules or atomic clusters, identifying suitable collective variables (CVSs)
becomes signi cantly more challenging. Recent developments address this dif culty by
leveraging neural networks to discover effective CVs for complex systems, as discussed in
Section 2.4.2.

The dynamics in collective variables are often modeled byotrerdamped Langevin

equation in collective variabled 11]

q
d%= MO)NF(X)+b R M(X) dt+ 2b IM¥(X)dW; (2.5)

whereF(Y;) andM(Y;) are the free energy and the diffusion tensor de ned as
|
Z d )
Fiy)= b tin Z e YO QOQdx(x) w)dx ; (2.6)
Wk =1

Z
M(y) = e PFO) WxDx(x)Dx>(x)Z le V(¥ Cg)d(x|(x) y))dx (2.7)
=1

The delta-function in the de nitions of the free energy (2.6) and diffusion matrix (2.7) is

interpreted according to the co-area formula [73], i.e., for an integrable funtctiBA! R,

Z Z Z
fO)d(x(X)  y)dx= fkNxk td(y? y)ds dyP
W M Sy

= fkRx k ds: (2.8)
S(y)

whereS(y)) = fx2 R"y; 2 R: x(X) = ygis the level set of the functior, ds denotes

the surface element @(y;), and it is assumed th&Nx k 16 0. The quantities can be
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found by standard techniques using molecular dynamics (MD) data [111].

2.2 Transition Path Theory

Transition path theory (TPT) is a celebrated mathematical framework in analyzing rare
transitions in biomolecule systems introduced by E and Vanden-Eijnden [49]. The main
subject of TPT is theeactive trajectorieswhich characterizes transitions between two sets
of interest. Suppose we have two disjoint open seasdB in W. Letf X ] ¥ <t< ¥g
be an in nitely long trajectory of (1.1). Due to ergodicity, it will visk andB in nitely
many times. TPT studies statistics of pieces of such a trajectory that sfektaatd next
hit /B without returning toAl in between. Such pieces are called tbactive trajectories
andA andB are called theeactantandproduct setsespectively.

A key concept of TPT in quantifying the dynamics of these reactive trajectories is the
committor function It characterizes the probability of a system reaching one metastable
state versus another starting from a given position. Given the committor function, TPT
enables a quantitative description of rare transitions by computing the probability density
of reactive trajectories, transition rates, and reactive currents, all expressed as functions of
the committor.

In this dissertation, we adopt the following assumptions about SDE (1.1).

Assumption 1. The domainWis eitherRY or a manifold without boundary with metric

being locally Euclidean.

For exampleWcan be al-dimensional “ at” torus,T9, or a direct producTk RY ¥

1 k d 1

1The bar above a set denotes its closure.
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Assumption 2. The drift eld b: W! RY is a smooth vector function. The corresponding
ODEx = b(x) has a nite number of attractors and all its trajectories approach one of the

attractorsast  ¥.

Assumption 3. The matrix functiors : W!' RY ', r:= rank(s), is smooth. The entries
of s (X) are bounded, andank(s) is the same for all 2 W. The singular values o are

bounded from above and from belowWh
Assumption 4. There exists a unique invariant densityx), and the system is ergodic.

The in nitesimal generatot. of the process governed by SDE (1.1) is de ned as
oo 1 T
L f(X)=b Nf+ Etr ss 'NNf : (2.9)

The invariant density is the solutionto m= 0, Rwrmlx: 1, whereL s the adjoint to
the generator (2.9).

The forward committog* (x) is de ned as the probability that the process starting at
x will rst hit B rather thamA. The backward committor is the probability that the process
arriving atx has hitA last rather tham. Speci cally, lett}, (t) be the rst (last) hitting
time of regionISfor trajectory starting (arriving) at, andt be the last hitting time of
regionD for trajectory arriving ak. Equivalently,t 5 is the rst hitting time of D for the
time-reversed process Bf = X t:

8
St,;(x)z infft  0:% 2 D;x(0) = xg

-BtD(x): infft  0:% 2 D;X(0) = xq:

(2.10)

Given two disjoint region#\ andB, the forward committor functiong®* (x) and backward
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committor functiong (x) are de ned as follows

8
g W! [0l g"(x)= Pftg (%)< tx(Xg
5 (2.11)
- q WL 01 g (0= Pty (X) <tg(Xg:
The regionWwith removed set& andB will be denoted bYag:
Wag := Wh(A[ B): (2.12)

The forward and backward committays andqg are the solutions to the following bound-

ary value problems (BVPs) [49]

8 8
? g =0 x2 W ?_ g =0 x2Was
q°(¥)=0 x2TA qg®=1 x27A
(2.13)
§q+(X)= x2 1B %q(x):o x2 B
iq" — g _—
T =0 0 x2qw Ti=0  x2Mw

respectively.
We will refer to the BVP for the forward committor as tbemmittor problemHere,L

is the in nitesimal generator (2.9)L T is the in nitesimal generator of the corresponding

time-reversed process [50]
tey= b Rf+ Tdiviss Tm+ © TRIRF -
L 'f(X)= b Nf+ r—ndlv(ss m) + Etr ss 'NNf ; (2.14)

wherediv(ss Tm) is the divergence of the matrixs Tm i.e., a vector with components
div(ss Tm) = & fx(ss Tm)ji, 1 i d. The homogeneous Neumann boundary con-

ditions onffWin (2.13) are relevant i¥W has a re ecting boundaryn is the external unit
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normal toffW. The generators for SDEs (2.31) and (2.1), respectively, are

L f=b N e PFMNT (2.15)

and

L f== Nxf RNy Npf gp Npf+ gmeD,f; (2.16)

Slo

whereNy and Np denote gradients with respect to the coordinates and momenta respec-
tively, andDy, is the Laplacian with respect to momenta.

If the governing SDE is time-reversible, e.g. the overdamped Langevin dynamics (2.2)
and the overdamped Langevin dynamics in collective variables (2.31), the backward com-
mittor is readily found from the forward committog: (x)= 1 " (x). Langevin dynam-
ics (2.1) is not time-reversible, however, there is a nice relationship between the forward
and backward committors [50§ Y(x;p)= 1 qg"(x; p).

The time-reversible SDE (2.31) admits a variational formulation for the committor
problem [111] that motivates the construction of the loss function for neural network-based

committor solvers [86, 103]:

z

g"(x)=argmin  Nf(x)>MX)Nf(x)mx)dx; (2.17)
f2Q Was

wheremis the invariant density given by (2.32) a@dis the set of all continuously differ-
entiable functiond satisfying the boundary conditiorig¢x) = 0, forx2 A, andf(x) = 1,
forx2 qB.

The probability density of reactive trajectories is given by

Me= Ny q : (2.18)
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The integral ofrhg overWag,

Z
rAB = my"q dx (2.19)

'AB

is the probability that a stochastic trajectory at a randomly picked time is reactive, i.e., is
on its way fromA to B.

The transition rate from to B, nag, is de ned as

T NAB_
nAB - _Il|!m¥ T, (220)

whereNpg is the number of transitions fromto B observed during the time interv&; T].

The escape rate frolis de ned as
ilm —_— — (2.21)

whereT, is the total time within[O; T] during which the system last i andr 4 is the
probability that an in nitely long trajectory at any randomly picked moment of time has

last hitA. The probabilityr A is equal to

Z
ra= Wn(x)q (x)dx (2.22)

The reactive current is a vector eld such that its ux through any surface separating

andB is the transition rateag. For SDEs (2.31) and (2.1), it is given respectively by

Jag=b 1z e PPMNg" (2.23)
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and
0 1 0 1

I = Zy'te =gt g F@ ~p X+ ez, le H:e%
NyV q

}3 : (2.24)
fiq
p

0
19" + 19
m 97

A natural choice of a surface separatidagandB is an isocommittor surfacg, := fx 2
Wj " (x) = agfor anya 2 [0;1]. The transition rate can be expressed as (Proposition 6 in

[49]):

z z

1 - - 1 - ~

nae= =  NMNg'T"ss”Ng"dx==  mNg ]”ss “Ng dx (2.25)
2 Wag 2 Wag

In particular, for SDEs (2.31) and (2.1), the transition rates, respectively, are

VA
ne=b z-1  (Ng")”MRg"e PFdx (2.26)
Wag
and
Z
Nag = eyt Noa™ ~m Rpgt e H=®dxdp (2.27)
Wag

wheremis the diagonal mass matrix.

2.2.1 Reduced dynamics in collective variables

Let a system be governed by theerdamped Langevin equatiomW, R" as (2.2)
where the potential energy functid{x) is smooth almost everywhere, has a nite number
of isolated minima. Lex : Wk ! Wy mapX; to ad-dimensional CV space. The governing
SDE forx can be readily written out using Ito's formula; however, this SDE is not closed

as it contains coef cient functions that dependXnLegoll and Lelievre [100] and Duong
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et al. [45] proposed the following closure for the effective dynamicg ef x (X;):

q —
d¥ = b(Y;)dt+ 2b 1A(Y)dW; (2.28)
where
b(y) = Em h(DxNv b DX)(QiXx(X) =y ; (2.29)
|
A(y) = Em JDXDX”j(X)ix(X) = Y (2.30)

andDx is the Jacobian matrix of. Under the assumption thBxDx>  dlq whered > 0

is a constant ant} is ad d identity matrix, SDE (2.28) is equivalent to [150]

q
d¥=[ MM)RNFM)+b R MW)ldt+ 2b IM(Y)2dW; (2.31)

obtained by Maragliano et al. [111] by an argument based on the variational property of the

committor. The invariant density for SDE (2.31) can be written as
Z

my) = Zcle PFO); zg = e PFOdy (2.32)
W

2.2.2 Coarse-graining error

How accurately does the effective dynamics governed by (2.28) and (2.31) represent
the dynamics (2.2)? Let metastable s&jsand By be chosen in the CV space and then

lifted to the original space, i.e.

A= fx2 R"jx(x) 2 Ayg;

Bx=fx2 R"jx(x) 2 Byg:
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An important quantity of interest is the transition rate between the/AseisdB (2.20).

Let g(x) andd(y) be the committors in the original space and the CV space, respectively,
Wig := Wen(Ax[ By), and\/\lﬁB = Wn(Ay[ By). Zhang et al. [185] have proven that the
transition rate in the CV spacéAyBy, is always greater or equal to the rate between the
corresponding sets in the original spaeggg,, and the relationship between these rates in

the case of the governing SDE being the overdamped Langevin (2.2) is

Z
fiag, = Nag + b 1 kR(a(®)  a(x () k* me(x)dx (2.33)

AxBx

Moreover, if the CV is the committor, i.e., ¥(X)  q(x), then [185]ﬁAyBy = napB,. This
means that the committor is an optimal CV for preserving the transition rate in the reduced
model. This fact motivates our choice of the committor of the reduced model as the reaction
coordinate for the forward ux sampling.

Legoll and Lelievre [100] and Duong et al. [45] measured the error betWeeaov-
erned by (2.28), and(X;), whereX; is governed by (2.2), by the relative entropy of the
probability densitie$ (t; ) of Y; andy (t; ) of x(X):

H (t):=H y*()if (t;)
= Wyy (t;y)log fty) (2.34)

Under several technical assumptions, the differdthic@t) H (0) is bounded from above

by [45, 100]

H @) H (O Ci+C[H(y(O)imk) H(y(t )jimx)l; (2.35)

wherey (t; ) is the probability density ok; and the expressions f@; andC, involve

20



several technical constants that are hard to estimate in practice. The c@iSgnéero if
the Jacobian matrix of, Dx, is constant along its level sets. The cons@nis small if the
following orthogonality conditiorholds. Suppose that the potential functiéfx) in (2.2)
is decomposed as

V(X)= Vo(x)+ e WA(x): (2.36)

whereVy(x) 0, the zero level set &f; has co-dimension one, aeds a small parameter.
In this case, the invariant density of (2.2) is concentrated near the set iver@, which

we call theresidence manifoldThenC; is O(e) if [45, 100]
Dx (X)NV4(xX) = O (2.37)

i.e., if the level sets of the CV are orthogonal to the residence manifold

As an example, Legoll and Lelievre in [100] considered a 2D potential energy
1
Ve = (¢ D2+ ¢y D (2.38)

Two CV maps are consideresj = x;Xo = xexp( 2y). Bothxi;x» are able to distinguish
local minima but onlyx, satis esDx>NV; = 0 (Figure 2.1). In comparison, the residence
time sampled irx, recovers that of the original dynamics whigfails to obtain a consis-

tent result.

2.3 Lennard-Jones clusters

Lennard-Jones clusters of up tol00 particles are prototypical interacting particle
systems, small enough that the number of particles matters. The Lennard-Jones poten-

tial (2.39),(2.40) is inspired by the induced-dipole interaction and is used to model non-
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Figure 2.1: The level sets of the restriction poteng(akz+ y 1)?in (2.38) ate = 0:02
andbeta= 3 and the level sets of the collective variakje= xexp( 2y). The level sets of
Xo are orthogonal to the parabota+y 1= 0.

bonded interactions between atoms of ionic solids, for example, in zeolites [64]. Lennard-
Jones clusters featured in seminal works of Wales' group—see Ref. [161] and references
therein—are benchmarks for global optimization [165] and establishing thermodynamic [17]
and dynamical [38, 47, 55, 122, 163] properties in nite systems.

The Lennard-Jones clusters consighgdarticles interacting via the Lennard-Jones pair
potential:

Vpair(r) = 4a ; (2.39)

s 12 s 6
T T
wherer is the distance between two particlssy 0 anda> 0 are parameters controlling

the range and strength of the interparticle interaction, respectively. The total potential

energy of the system is given by

N

V(= A Vear(ka  Xjk): (2.40)
i;j=1
i<j

Wales and collaborators have developed a methodology [163] and software [162] for

mapping energy landscapes onto stochastic networks whose vertices and edges represent,
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Figure 2.2: The disconnectivity graph for the Lennard-Jones-7 cluster in 2D and descrip-
tions of its local potential energy minima and saddless the energy value, and PGO is
the point group order.

respectively, local energy minima and saddles that separate those minima. The transition
rates between adjacent minima are found using harmonic transition state theory in full di-
mensionality adjusted to account for the point group order [163]. Wales's group visualized
these networks using disconnectivity graphs [161], i.e., trees whose leaves correspond to
local potential energy minima, with theyrcoordinates representing their energy values,
and joined at-coordinates equal to the lowest saddle separating them in the energy land-
scape. Disconnectivity graphs for Lennard-Jones-7 (LJ7) in 2D [163] and Lennard-Jones-8
(LJ8) in 3D [60, 164] are shown in Figs. 2.2 and 2.3 respectively.

Mapping Lennard-Jones clusters onto stochastic networks greatly facilitates the study
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Figure 2.3: The disconnectivity graph for the Lennard-Jones-8 cluster in 3D and descrip-
tions of its local potential energy miniméE is the energy value, and PGO is the point
group order.
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Figure 2.4: Left: The diffusion map of a set of 30467 representative con gurations of LJ7
in 2D into the span of three dominant nonconstant eigenvectors of the Markov matrix. The
dataset is collected by binning a long trajectory(im; mg) (the second and third central
moments of the coordination numbers) in the force eld modi ed by well-tempered meta-
dynamics. The con gurations along the trajectory were aligned by solving the orthogonal
Procrustes problem at each time step. The normalization parameter wasaset 1ato
eliminate the effect of the sampling density. The bandwidth paranested, the spar-

si cation of the kernel matrix was achieved by using 256 nearest neighbors. Right: The
free energy landscape of LJ7 in 2D in the second and third central mogmeniss) of the
coordination numbers (2.41).

of the dynamics of the cluster [24, 26, 27]. However, the number of local minima grows
exponentially with the number of particles [146-148, 166, 167], and the representation of
clusters' dynamics via Markov jump processes introduces errors in transition rates. These
errors are inherited from the rates between neighboring minima estimated via Kramers-
Langer's formula [16, 95] that may be inaccurate when the barriers are broad and at [133].

Coifman et al. [32] mapped a large collection of representative con gurations of the
14-dimensional Lennard-Jones-7 (LJ7) in 2D into a three-dimensional space spanned by
three dominant eigenvectors of the diffusion map. We generated a similar gure — see Fig.
2.4(Left).

In contrast with small organic molecules with a backbone consisting of covalent-bonded
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heavy atoms, such as butane and alanine dipeptide, where the natural CVs are the dihedral
angles along the backbone, Lennard-Jones clusters do not have obvious physically moti-
vated CVs. Nonetheless, two pairs of physically motivated CVs were crafted. Picciani
et al. [122] used bond-oriented order paramet®sandQg, as CVs for direct transition
current sampling to study the transition in LJ38 between the icosahedral and face-centered
cubic funnels. Tribello et al. [156] proposed to use the second and third central moments,
m andmy, of the numbers of the nearest neighbors, terowatdination numbersas CVs

in the well-tempered metadynamics algorithm [11] to explore the energy landscape of LJ7

in 2D and calculated the free energy landscape. The coordination number is de ned as:

LI
c(¥=a %; rij = kx - xjk: (2.41)

i6] 1 1:5s

Thek-th central moment of;(x) is given by:

N N
M= 8@ @) where W= <A G (242)
=1

1
N i=1
This idea was further developed in Tsai et al. [157]: the number of nearest neighbors
of atomi, ¢;, was approximated by a continuous function, &ngt n3) were used to study
nucleations. Later works [55, 181] used the second and third central mofnems), of
the coordination numbers de ned as (2.41) to quantify the transition between the hexagon
and the trapezoid in LJ7 in 2D. The free energy landscape of LJ7 in 2pim3) atb = 9
is displayed in Fig. 2.4(Right).
Its minima and the lowest saddles separating them are depicted in Fig. 2.2 as a discon-
nectivity graph. The deepest minimum is the hexagon denotéghbgnd the shallowest

and the most disconnected from the hexagon in the con gurational space is the trapezoid,

Cs. Additionally, there are two intermediate minima, capped parallelog@nasndC,.
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2.4 Neural networks

Neural networks are widely used in chemical physics and scienti c computing due to
their exibility and effectiveness in modeling complex systems. Their practical success
has been signi cantly accelerated by advances in GPU computing and automatic differen-
tiation, which enable ef cient training of large-scale models and accurate computation of
gradients in high-dimensional settings.

Early foundational results established universal approximation properties of multilayer
perceptrons. In 1989, Cybenko [36] proved that nite linear combinations of compositions
of sigmoidal activation function can uniformly approximate any continuous function with
support in the unit hypercube. Meanwhile, Funahashi [62] showed that multilayer feed-
forward neural networks with at least one hidden layer can approximate any continuous
mapping arbitrarily well on compact domains. The full universal approximation theorem
of neural network is included in work by Pinkus [123].

More recent advances have substantially re ned these results, extending approximation
guarantees to less regular function classes and derivative-sensitive settings. In particu-
lar, a body of work by Yang and collaborators establishes a uni ed, rate-optimal approxi-
mation framework for deep ReLU-type neural networks, systematically characterizing the
roles of depth, width, regularity, derivative control, and dimensionality. For functions with
less regularity, including Blder-continuous functions and those with a general modulus
of continuity, they establish optimal ReLU approximation rates and explicitly character-
ize the roles of width and depth [140]. Later, it has been extended to approximation with
derivatives, yielding nearly optimal capacity bounds via VC- and pseudo-dimension esti-
mates [174] and introduced Super-ReLU networks for approximating functions in Sobolev
spaces [173]. Moreover, in the work [139], it is shown that a three-hidden-layer neural net-

work with super approximation power can achieve dimension-independent rates in terms
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of parameter count.

The theoretical developments have motivated and justi ed the application of neural net-
works in chemical physics. Early work by Lagaris et al. [98] in the 1990s proposed that
neural networks can be used to solve partial differential equations by embedding physi-
cal constraints directly into the loss function. Over the past decades, neural networks have
gained wide popularity in chemical physics such as solving committor functions [103, 115]
with feedforward neural network and learning collective variables [131] with autoencoders.
More recently, modern architectures such as the attention-based transformer architecture
[159] allow neural networks to selectively weight relevant components of high-dimensional
inputs, enabling ef cient representation of long-range dependencies and complex interac-
tions.

In this section, we provide a brief overview of the neural network architectures relevant

to our applications.

2.4.1 Feed-forward neural network

A feed-forward neural network (FNN) is a layered computational model that maps an
input vectorx 2 R% to an output vectay 2 R% through a sequence of af ne transformations

and nonlinear activations. A FNN with two hidden layers can be written in the form
Y(X) = Asf 2(Aof 1 (Aax+ by) + o) + bg: (2.43)

where matrice#y 2 R% %; Ay 2 R% %; A32 R% % and biased; are parameters to be
optimized; and 1;f » are nonlinear activation functions.

physics-informed neural networklBINNS), proposed by Raissi, Perdikaris, and Karni-
adakis (2019) [128] (also see [84]) is a neural network framework that incorporates physical

laws, typically expressed as differential equations, directly into the training process. In this
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solver, the loss function is de ned as the sum of the mean squared residual of the PDE —
measuring the discrepancy between its left- and right-hand sides — and the mean squared
error enforcing the Dirichlet boundary conditions. Its signi cance lies in providing a gen-
eral framework for solving initial-boundary value problems for PDEs, whose simplicity
and broad applicability have made it widely adopted across diverse applications.

Consider a PDE of the form

N [uxt)]=0; (xt)2W, (2.44)

subject to boundary and initial conditions

u(x;0) = up(x); u(x;t)= g(xt) on TW. (2.45)

A neural networkug (x;t), parameterized by weights and biasgss used to approximate
the solutionu(x;t). The training objective combines both data-driven and physics-based

components:

L (@)= Lic+ L sc+ L physics (2.46)

where IC and BC denotes the initial condition and boundary condition.

5 . ic 2. 1% . BC 2.
Lic= N_di:1 Ug(Xi;t) U~ ; Lec= N_dif:il Ug(Xj;t)) Ui~ (2.47)
and
Nt
I N2
L physics= N_f a N [ug(xt)lj“: (2.48)

j=1
Heref (x;;ti)g andf (xj;tj)g are two sets of points sampled at the initial and boundary

locations and (xk;tx)g denotes points in the entire domain.
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Solving the boundary value problem for the committor function

Two NN-based solvers for the committor problem (2.13) for the overdamped Langevin
dynamics (2.2) based on the variational formulation (2.17) were proposed by Khoo, Lu,
and Ying (2018) [86] and Li, Lin, and Ren (2019) [103]. These solvers both use the loss
function motivated by the minimizing property of the committor (2.17) and require only
the rst derivatives of the committor. They use different solution models for the committor
and enforce the boundary conditionsfa& and B in different ways. In [86], the solu-
tion model involves Green's function for Laplace's equation and the boundary conditions
are implemented via penalty terms in the loss function. In [103], the solution model is
designed similarly to the rst NN-based PDE solver (Lagaris et al. (1998) [98]) so that it
automatically satis es the boundary conditions.

To solve for the committor function, Khoo, Lu, and Ying [86] proposed to solve for

Z Z Z
1 o~ .
argmin——— jNgq (2)j2€PV M dx+ r ﬂAqq (x)2dmya(X)+ r 1“3(qq (%) 1)2dm(%):

qzre Z(b) wn(A[ B)
(2.49)
The boundary conditions are enforced as soft-constraints. So the last two term could be
considered as the penalty terms by makingarge. Therefore, we can write as a single

expectation

. .~ . r r
argminy jNoq (91 Cunar )+ 390970500+ L () D’deqe(x) ; (250)
q

where

n(x) = Z e PVOdx+ amya(x)+ amyg(x) ; (2.51)

1
1+ 2a
anda controls the proportion of data sampled from the bounda@y ahdB.

For overdamped Langevin dynamics, the committor function is the solution to the min-
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imization problem

z

(=2 "* iNgji%e *Y™Mdx q(iga= 0; a(¥)ige= L: (2.52)
Wh(A[ B)

To see this, we rst assume thgt(x) is the minimizer to (2.52) and show thigig (x) +

dq(x)) > 1(q (x)) for anydq(x). For any perturbation,

Z
I(q +dg)=2Z * iNg + Ndgj%e PVdx
Wh(A[ BE
=I(q)+Z* f2Ng Ndg+ jNdgi’ge PVdx

Wh(A[ B)
Then wherdg small, the second term is dominated by the linear terdginSince we want
I(g (X)+ dq(x)) > I(g (X)) for anydq(x), especially dq, this term has to be zero. Then

we have
Z

I(qg +dg) I(q)=2"1 jNdgj%e *Vdx (2.53)
Wh(A[ B)

which shows that| indeed minimizes(qg). To make the linear term idg equal to zero,

we need
Z
o=z"1 e "YNg Ndqdx (2.54)

Wh(A[ B)
Z Z

=z1 dge ®YNg A(X)ds(x) Z ! dgN (e PVNg)dx  (2.55)
A 18 Wh(A[ B)

= z1 dgN (e PVNq )dx (2.56)

Wh(A[ B)

The second equality was from the Green's rst identity and the last equality follows from

dg= 0 atJAandfB. Since it has to be true for allg, it implies

N (e ®YNg)=e PY( bRV Ng + Dg)= 0; (2.57)

which satis es the backward Kolmogorov equation. Therefore, the miningjzés equal
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to the committor function.

Li, Lin and Ren [103] introduced the composed form of the committor function

0g(¥) =(1 ca(DUL ca(X)Gq(x)+ ca(x)];x2 Wh(A[ B) (2.58)

whereca(X) andcg(x) are smooth approximations to the indicator function§0&nd{.

The NNs are then optimized by minimizingg) (2.52).

2.4.2 Autoencoders

Autoencoders and variational autoencoders are non-linear dimension reduction mod-
els originally introduces for unsupervised learning and dimension reduction [9]. Given
their powerful reconstruction ability and exibility in identifying latent variables, the bio-
physics community recently started developing approaches based on autoencoders for ma-
chine learning CVs.

An autoencoder (AE) consists of two parts: an encoder that projects the input data into a
low-dimensional latent space and a decoder that reconstructs the input data from the latent

variables. The model is trained to minimize the reconstruction loss

= IXi  Qdecoder Qencode(xi)jz; (2.59)
1

Z| =
Qo=

L A

wherex are the input data. The CVs are constructed from the enc@ggpgefX).
In contrast, a variational autoencoder (VAE) uses the variational Bayesian method to
model data generation. Speci cally, as shown in [90], the generative model learns a joint

distribution p(x; z) that can be factored as

p(X;2) = p(2) p(Xj2); (2.60)
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where the latent variables are denotedzasd input ax. The rst term p(z) is a prior
distribution over latent space and p(xjz) denotes the stochastic decoder. bétjx) be
the stochastic encoder approximating the true but unknown postggpa). Since VAE is
an unsupervised learning model, the goal is to reconstruct originakdatan the latent

space. Therefore, we write

Z

Z
logp(x)= log p(x;2)= log p(x N clal p(x;2) .

E i log X
azx) 2 9@ 9

(2.61)

where the last step is followed by Jensen's inequality. Accordingly we have a lower bound

for log p(x), which is calledevidence lower bound (ELBO)

_ p(x;2)
ELBO= EZ a(zjx) |Ogm (262)
= £ atan [09POD+ E; qan lo0 oo (263)
£, aa 100P(2)] D@0 P2 (264)

The VAE algorithms thus minimize the negative ELBO in which the rstteri@, qix)[l0gp(xjz)]

is the reconstruction loss and the KL divergebgg [q(zjX)jj p(2)] regulates distribution of

the latent space.

Autoencoders in MD simulations

Over the past decade, researchers have successfully employed autoencoders [94] to
discover CVs in molecular dynamics (MD) simulations. In 2005, Ma and Dinner [7] pro-
posed using a neural network to learn the committor, facilitating the study of isomeriza-
tion in the alanine dipeptide. Since then, machine learning methods have shown great

promise for identifying CVs and exploring the conformational space of biomolecules —
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see Refs. [67, 68, 141] for a comprehensive overview and references therein. Over the
past decade, researchers have successfully employed autoencoders [94] to discover CVs
in molecular dynamics (MD) simulations. Time-lagged autoencoders [168] are trained to
predict future con gurationsy; ! X;+1, and identify low-dimensional embeddings that
capture the slow dynamics of diffusion processes. The RAVE algorithm [131], a widely
adopted method, utilizes a variational autoencoder to learn the latent distribution and inter-
prets CVs in terms of pre-selected order parameters. Ferguson's group [29, 30] developed
MESA algorithm that alternated learning CVs steps and biased by these CVs enhanced
sampling steps. Its recent version, PINES, handled systems with the permutational symme-
try such as argon-13 [77]. Belkacemi et al. [14] identi ed six metastable states in HSP90
and learned CVs using an upgrade of MESA called FEBILAE [15] that separated these

states in a 2D space.

2.4.3 The transformer architecture

The transformer architecture was rst introduced by Vaswami et al. (2017) in their
seminal papefAttention is all you need”[159] for the task of language translation. The
introduced attention mechanism, combined with positional encoding, enables large-scale
training and has since been widely adopted to build large language models such as GPT-4
[1] and Llama [155].

For language inputs, processing begins with tokenization, which decomposes text into
smaller units called tokens, such as words or subwords. These tokens are then mapped
to vector representations of dimensidfogel through embedding layers, typically imple-
mented as feedforward neural network (FNN) layers. The most innovative component of
the transformer architecture is teealed dot-product attentiomechanism, which enables

the model to selectively focus on the most relevant parts of the input when forming repre-
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sentations.
In this framework, the inputs consist of queries and keys of dimerdipand values

of dimensiond,. The attention mechanism computes

>
AttentionQ;K;V) = softmax 8';: Vv, (2.65)
k

where the normalized dot products between queries and keys determine the weights as-
signed to each value. In the case of self-attention, the queries, keys, and values are all
linear projections of the same input sequence, give@byWIX; K = WKX: V = W'X,
whereX denotes the input representation &ét WK W" are learned projection matrices.

The attention mechanism captures long-range dependencies and complex interactions
by allowing each token to aggregate information from all other tokens in the sequence,
weighted by their relevance to the current query. From a probabilistic perspective, the
attention operation can be interpreted as computing a conditional expectation of the val-
uesV given the querie®), where the attention weights produced by the softmax de ne
a data-adaptive conditional distribution over the keys. Because attention alone contains
no recurrence or convolution, positional embeddings are introduced to encode information
about the relative or absolute positions of tokens in the sequence; these embeddings may
be deterministic or learned. For further details, we refer to [159].

Given the advances of the transformer architecture in various applications, the scien-
ti c computing community has also begun exploring the potential of leveraging such large
models. Subramanian et al. [149] studied how pretrained and ne-tuned foundation mod-
els perform across PDE tasks, speci cally on the scaling laws and their transfer behaviors.
they showed that the models remain effective even out of distribution. McCabe et al. [112]
introduced a multiple-physics pretraining for spatiotemporal surrogate models. They em-

ployed a transformer architecture to embed heterogeneous physical systems into a shared
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embedding space. In [138], Shen et al. proposed UPS, a uni ed PDE solver using the
Fourier Neural Operator (FNO) [105] in 1D and 2D. Through cross-modal adaptation, pre-
trained models are enabled transfer knowledge across discretizations, solvers, and PDE
modalities. Calcello et al. in [22] further extends transformer attention mechanisms to
in nite-dimensional function spaces and proved the rst universal approximation result for
transformer neural operators on slightly modi ed implementation of the architecture. The
resulting patch-based architectures is able to learn ef ciently the mapping between func-
tion spaces. On the other hand, Rahman et al. [127] introduced the Codomain Attention
Neural Operator (CoDA-NO), which tokenizes functions with varying properties along the

codomain, emphasizing operator-level representations as a foundation-model paradigm.

36



Chapter 3: Optimal control for sampling the transition path process and

estimating rates

The work presented in this chapter is published in [181].

The study of stochastic optimal control problems in the context of molecular dynamics
applications was started by Hartmann and collaborators in 2012 [136]. The setting of the
stochastic optimal control problem leaves the noise term unchanged and andmgta
minimal modi cation to the drift term of the governing SDE that would make all trajecto-
ries accomplish the desired transitiom other words, the optimally controlled dynamics
accomplish the reactive trajectories, i.e., trajectories that start from the boundary of A and
reach B before returning to A with minimal modi cation. It has been shown in [63] that for
the overdamped Langevin equation (2.2), tdoenmittor function determines the optimal
controller for stochastic dynamic®recisely, the dynamics of transition paths fréro B

are governed by [109]

q
dx = RNV(X)+ %Nlogq(x) dt+ 2b WdW; Xp2 JA: (3.1)

The function%NIogq(x) is the optimal controller with respect to the cost functional [63,
74]

8

1% tas 2.y, x29A
Cuy= Ep =  ku(X)k?dt+ g(X,s) ; where g(x)= (3.2)

2
0 0 x21B
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is the exit costiag = Infft > 0] X 2 A_\[ B_g is the stopping time, an@ is probability
measure on the path space of SDE (2.2).

In this work, we generalize the theoretical result in [63] of constructing optimal con-
troller for general Ito's diffusion process (1.1) with a particular interest in SDEs (2.31) and
(2.1). Note that SDEs (2.31) and (2.1) are of the form of SDE (1.1) with a matrix function
s () beingd r whered is the dimension of the phase space andd is the rank ofs,

i.e., the matrix functiors has linearly independent columns. In this cd8es the standard
r-dimensional Brownian motion. Given an SDE (1.1) wétfi) beingd r,ranks)=r,

we show that the optimally controlled dynamics are found to be of the form

h [
dX = b(X)+ ss v (X) dt+ s (X)dW; (3.3)

where the optimal contra ” v satis es
s”v = s”Nlogq"; (3.4)

whereq" is the forward committor.

The transition path theory framework allows one to compute the transition rate with for-
mulas once the committor is available. However, it has been shown that the transition rate
determined this way is likely to be highly inaccurate [54, 100] if the committor is inexact.
The dynamics of SDE (2.31) do not necessarily accurately represents the dynamics of the
CVs evaluated along the trajectory governed by the original SDE even if the original SDE
is merely the overdamped Langevin dynamics (2.2) and with only one collective variable
[100]. Itis shown in [100] thathe level sets of the collective variable should be normal to
the manifoldalong which the dynamics of the original system are focused for an accurate

estimate of residence time near metastable states using the reduced system. In [183], it has
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been shown that even a rough approximation to the solution of the backward Kolmogorov
equation yields a very good control. Therefore, We advocate neural network-based solvers
for the committor problem and use the found committor to construct a control and sample
transition trajectories.
The transition rateag is the average number of transitions fréaio B observed per
unit time. We propose to estimate it as
' AB

NaB = E[tAB]; (3.5)

wherer ag is the probability of a trajectory being reactive i.e. on its way fraro B, and

E[t ag] is theexpected crossover tinfieom A to B found by simulating the controlled pro-
cess. The probability og can be estimated using the computed committor. This approach
gives estimates for the transition rate consistent with those found by brute force for the
test problems studied in this work. On the other hand, the transition rate estimated directly
using the computed committor is notably less accurate.

For validation of our proposed methodology, we apply the proposed methodology to
three test problems: the overdamped Langevin equation with the Mueller potential as in
[103], a single bistable Duf ng oscillator as in [183], and Lennard-Jones cluster of 7 par-
ticles in 2D (LJ7) as in [40, 55], assess its accuracy, and demonstrate its ef cacy. The
experimental results for case study LJ7 also motivated for the following project.

The proposed methodology for sampling transition paths and computing transition rates
consists of the following steps.

1. Set up and solve the optimal control problem.We have generalized the result

proven in [63] for SDE (1.1) witts ( ) beingd r, rank(s) = r. The optimally controlled
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dynamics are found to be of the form

h i
dX = b(X)+ss”v (X) dt+s(X)dW; (3.6)

where the optimal contra ” v satis es
s”v = s~ Nlogq" (3.7)

whereq" is the forward committor (2.11).

2. Compute the committor. In MD applications, it is challenging to compute the com-
mittor g(x) accurately for the dynamics of interest due to high dimensionality. Therefore,
we compute it for the reduced dynamics in CVs (2.31) and then lift it to the original phase
space assuming that the dynamics in it is overdamped Langevin (2.2). It is also dif cult to
obtain an accurate solution to the committor problem for SDE (2.1) due to the degeneracy
of the elliptic PDE. Therefore, in both cases, we expect to have an approximate solution to
the committor problem.

We advocate neural network-based solvers for the committor problem because they
have several advantages. First, they nd a globally de ned smooth solution function whose
gradient needed for the controller is readily accessible via automatic differentiation.
Second, they do not require arti cial boundary conditions on the outer boundary of the
computational domain unlike nite difference and nite element methods. Finally, they do
not require meshing the space which makes them more amenable to promotion to higher
dimensions. Our neural network-based solver for the committor problem for SDE (2.31)
is similar to the one by Li, Lin, and Ren [103] that exploits the variational formulation
and sets up a solution model that automatically satis es the boundary conditions. The

committor problem for SDE (2.1) does not admit a variational formulation. Therefore, we
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use the PINNs framework by Raissi, Perdikaris, and Karniadakis [128].

3. Sample transition trajectories. While accurate transition rate estimation is sensi-
tive to errors in the committor, even a coarse committor approximation can still yield an
effective controller [54, 100, 183]. Therefore, we use the found committor to construct a
controller according to (3.6)—(3.7) and sample transition trajectories.

4. Estimate the transition rate. We then propose to estimate the transition raggas

_ IaB .
NaB = Elt gl (3.8)

For the test problems considered, this approach yields transition rate estimates consistent
with brute-force results, whereas rates computed directly from the committor are substan-
tially less accurate.

5. Validation. We apply the proposed methodology to three test problems: the over-
damped Langevin equation with the Mueller potential as in [103], a single bistable Duf ng
oscillator as in [183], and Lennard-Jones cluster of 7 particles in 2D (LJ7) as in [40, 55],

assess its accuracy, and demonstrate its ef cacy.

3.1 Transition Path Process

Transition path process received an interesting development in the paper “Reactive tra-
jectories and the transition path process” by Lu and Nolen (2015) [109]. It is proven in
[109] that the dynamics of the reactive trajectories for SDE (1.1), with magix satis-

fying the strong ellipticity condition, are governed by the SDE

h [
dX% = b(X)+ s(X)s” (X)Nlogg" (%) dt+s(X)dW; (3.9)
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and this expression was suggested by the Detvhnsform. The process governed by (3.9)

is calledthe transition path proces§ hough we do not assume strong ellipticity condition

for ss >, most results in [109] can be extended to the processes considered in this paper
i.e., evolving according to SDE (1.1) with Assumptions 1-4.

The equilibrium unnormalized density of reactive trajectorie§ Ans
ha= mXL g" ()= mxA(x)"sX)s” (XNg"(x); x2 TA; (3.10)

wheren(x) is the unit normal pointing insid&. Note that whileL g = 0 in Wag
Wh(A_\[ B), it does not need to be zero §i\. Equation (3.10) should be understood as
the rate at which transition paths eRit The equilibrium unnormalized density of reactive

trajectories off{B is
hg= mXx)A(x)~s(¥)s” (XNg (x); x2 1B; (3.11)

wheren(x) is the unit normal pointing insidB.

The expected crossover tinagt og] of the reactive trajectories is de ned as

Nag 1

) 1 5 +
EJt = lim — [ ta, 12
[t AB] NA'B! ¢ Neg kE:iO Bk LAk (3.12)

whereNag is the number of transitions fromto B andt 5, andt ,, arekth entrance time
to B andkth exit time fromA, respectively, registered for a long trajectory of SDE (1.1)
initiated atx 2 A. Theexpected crossover tiniethe ratio of the probability ag (2.19) and

the transition rate [109] (also see Appendix 3.5.1)

.
E[t ag] = Kf\sz (3.13)
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This relationship is very important for this work as it will be used for restoring the transition
rate using sampled transition trajectories (see Section 3.2.4).

The transition path process governed by SDE (3.9) can be thought of as a process in
which the trajectories are killed as they redB and reintroduced A after a waiting
time at the rateag. Moreover, the trajectories enteriligyg through the boundary & are
distributed according to (3.10).

The probability density of reactive trajectoriegg is an invariant measure of the tran-
sition path process [49, 109]. Indeed, the backward and forward Kolmogorov operators for
(3.9) are, respectively,

h [
o o 1 o~
L agf = b+ss”Nlogg" Nf+ étr ss >’ NNf  and (3.14)

Lagf= N (b+ss”Nlogqg")f %div ss”f (3.15)

One can check that

L agme= N (b+ss”Nlogg")mg*q %div ss”mg q

1
el

1. 1 o -
bm Edlv ssm q'q +§mss> g Ng° g"Ng (3.16)

= N Jp=0: (3.17)

The symbollag is the reactive current [50]. A calculation showing thdl Jag= 0in
Wjg is detailed in Section 3.5.2. In order to make the transition path process an equilibrium
process we map the sefsandB into a single statsag as it is done for Markov jump
processes in [27]. The dynamics witlstg are not resolved. This construction is illustrated
in Fig. 3.1.

The probability to nd the system &g at a randomly picked moment of time is 1
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Figure 3.1: An illustration for the transition path process.

I ag. As a result, the invariant measure of the transition path process becomes

8

Equ ;X2 Wag

MhB = (3.18)

3 Do
1 rag; X= SaB

It follows from (3.16) and (2.13) that the reactive currdxg on the boundarie$A and{ B

of sag is [109]

NI

mss”Ng*; x2 YA

JaB = (3. 19)

"W W

imss”Ng ; x2 1B
SinceN Jag= 0 in Wag we have

Z Z

Jag Nds+ Jag Ads= 0
TA 1B

wheren'is the outer unit normal andisis the surface element. Equation (3.19) is consistent

with (3.10) and (3.11).
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3.2 Theory: optimally controlled dynamics and the estimation of the tran-

sition rate

In this section, we show that SDE (3.9) governing the transition path process can be
obtained as the solution to a stochastic optimal control problem. Precisely, we generalize

Theorem 3.3 in [63] proven for the case of the overdamped Langevin dynamics.

3.2.1 The general Ito SDE

We consider the dynamics governed by the general Ito SDE (1.1) where the drifi eld
and the diffusion matris are as described at the beginning of Section 2.2. The controlled
dynamics are set to be of the form

h [
d¥ = b(Y)+ s(Y¥)s” (W)v(¥) dt+ s (¥)dW (3.20)
wherev:[0;¥)! W RYis to be chosen in an optimal manner. We choose the cost

functional to be

Z
Cv)I= Ep &

2 0 ks (Y)u(YkZds+ g(%) j Xo= X ; (3.21)

whereP is the probability measure on the path space of SDE (1.1),

tag= infft> 0j Y; 2 (A[ B)g (3.22)
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is the stopping time, anglis the exit cost de ned by

8
5+¥; x2 A

a(x) = 5 ; (3.23)
T 0; x2 B

Cost functional (3.21) gives nite cost only if the trajectory leaWss via the boundary
of B. The functions ~ v is the standard form in which the optimal control is sought [59].
The optimal control problem is to nd the functiorf ) that minimizes the cost functional
(3.21). Its solution is given in the following theorem. et be a process governed
by SDE (1.1) satisfying Assumptions 1-4 andYgbe the corresponding controlled pro-
cess governed by SDE (3.20). In addition, we assumewhatcompact with a re ecting
boundary andlA and{B are smooth. The in mum of the cost functional (3.21) is given
by

¢ (x):= inf Gv()] = logq™ (x); (3.24)

whereV is the set of admissible controls

Z7AB]
V= v2CYWag)jEp exp EksT(YS)v(Ys)kzds <¥ ; (3.25)
0

P is the measure on the path space of (1.1),gina the forward committor for SDE (1.1).

The corresponding optimal contrel satis es
s”v = s”Nlogq": (3.26)

The proof of Theorem 3.2.1 combines ideas from Gao et al. ([63], the proof of Theorem
3.3) and L. C. Evans's notes on the control theory [53]. Itis found in Section 3.5.3.

Theorem 3.2.1 shows that the optimally controlled dynamics are governed by SDE (3.9)
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for the transition path process. Therefore, all facts about the transition path process stated

in Section (2.2) are valid for the optimally controlled dynamics.

Remark. The requirement that the domalis compact is often implemented in numerical
simulations: the computational domain is always bounded. Deterministic techniques al-
ways use meshes or point clouds of nite size. In stochastic simulations, particles are often

put in a box. Therefore, the assumption tiiéis compact is not practically restrictive.

3.2.2 Overdamped Langevin equation in collective variables

Theorem 3.2.1 has an immediate application to a practical scenario: overdamped Langevin
equation in collective variables (2.31). The diffusion matixx) in (2.31) is symmetric
positive de nite everywhere iW. Applying Theorem 3.2.1 to SDE (2.31) results in the
following corollary. For the overdamped Langevin equation in collective variables (2.31)

the optimal controller is

v (X) = Nlogqg* (X); (3.27)
and the controlled process is
~ ~ ~ q 1
d%=[ MX)fNF(X) 2b Nlogg'g+b N M(X)dt+ 2b IM(X)2dW:
(3.28)

3.2.3 Full Langevin equations

The Langevin dynamics (2.1) can be written as follows

2 3 2 3 01

1
0§ L= § o U Lo+ P 2genB R aw (3.29)
R (NV(X)+ gR) I
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where the diffusion matrix is
01
__po
s(x)= " 2gem K 2 R¥ 9, (3.30)
I

with e = b ! The application of Theorem 3.2.1 to SDE (3.29) gives the following con-
trolled process. Forthe Langevin dynamics (3.29), the optimal controllean be chosen

to be

v (x;p) = Nplogg™ (x; p) (3.31)

and the corresponding controlled process is

8
2 dX = m 1Rdt

(3.32)
3 dR=( NU(X) gR+ 2gemNylogq)dt+ P 2gemdW:

The form of the optimal controller follows from (3.26) and (3.30). Note that (3.26)
and (3.30) do notde ng uniquely ass can have arbitrary rst components correspond-
ing to the coordinate subspace. However, the control in SDE (3.32) is of thesferiw

where 2 3

00
ss” = 2gb md £
01

Hence the components of in the coordinate subspace are eliminated in SDE (3.32).

3.2.4 Estimation of the transition rate

The problem of estimating the transition rate between metastable states has been one

of the central problems addressed by chemists, physicists, and mathematicians working on
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guantifying rare events and remains a subject of active research [12, 101].

Here, we compute the committor for the system under consideration or for its reduced
model. This means that we can compute the transition rate using (2.25) provided that the
invariant densitymis known. However, the rate computed in this manner may be inaccurate

due to

an inaccurate estimate of the normalization constant for the invariant density (see

Section 3.3.2) and/or
a suboptimal choice set of collective variables when model reduction is used.

The issue with the normalization constant for the invariant density can be eliminated if the
escape rate from the sAtis computed instead — see equation (3.35) below. The problem
with the choice of collective variables can be hard to overcome if the system is compli-
cated. If the underlying dynamics are time-reversible, i.e. given by (2.31)x @nds the

set of collective variables then the transition rafg estimated in the space of collective
variablesx is always exaggerated and relates to the original transitiompatgia (2.33)

(Proposition 6 in Zhang, Hartmann, Schuette (2016)[185]):

z
Nag  flag = nAB+b1 " Nig() dx(NI"MXIN[GR)  d(x () mx)dx  (3.33)

A

whereq andd are the committors computed for the original and reduced systems respec-
tively. Equation (3.33) shows that if the set of the collective variaklegre perfect, i.e., if
g(x) = G(x(x)), thennag = Nag. In particular, this means that the lowering dimensionality
per se does not lead to an error in the transition rate. Otherwise, there will be a model
reduction error in the transition rate.

We propose the following scheme. First one needs to generate a set of transition tra-

jectories using controlled dynamics. This will allow us to compute the expected crossover
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time E[t ag] and then nd the transition ratesag from (3.13):

NaB = fAB . (3.34)

~ Eltasl’

The expected escape time frghtan be readily found as well using (2.21) and (3.34):
r'A

E[ta]l = E[t ag]—: (3.35)
I'AB

The probabilities o andr aog Will be estimated using the computed committors and for-
mulas (2.19) and (2.22). The error in their estimates due to model reduction via imperfect
collective variables is less impaired than the error in the rate. The reason is that the formula
for the rate uses the gradient of the committor while the formulas faandr ag involve

only the committors. The error in the gradient of the committor is ampli ed due to the
differentiation. This effect can be illustrated using an example from [100] found in Section

3.4.

3.3 Test problems

In this section, we tested our proposed methodology on three test problems

the overdamped Langevin dynamics with Mueller's potential, a common 2D test

problem in chemical physics,
the bistable Duf ng oscillators with added white noise, and

the overdamped Langevin dynamics in collective variables for the Lennard-Jones-7

system in 2D

The codes for these examples are available on GitHub:
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neural network-based committor solvers and sampling algorithms for the transition

path process [179];

Finite element committor solvers [23].

3.3.1 Numerical solution to the committor problem

We use neural network-based (NN-based) solvers for approximating the committor
problem given the following advantages. First, they yield a globally de ned smooth so-
lution whose derivative is readily available due to automatic differentiation. Second, they
do not require arti cial boundary conditions on the outer boundamygi. Finally, they do
not require meshing the space which makes them more amenable for promotion to higher
dimensions. The nite element method (FEM) is used for validation of the committors
computed using NN-based methods. Its implementation for the time-reversible dynamics

(2.31) and for the Langevin dynamics is detailed in Section 3.6.

NN-solver based on the variational form of the committor problem

In this work, we chose to use the NN-based solver by Li, Lin, and Ren [103] (also
see Section 2.4.1) as it is simpler and its extension to the committor problem for the over-
damped Langevin dynamics in collective variables is straightforward.

Since the overdamped Langevin dynamics (2.2) and the overdamped Langevin dynam-
ics in collective variables (2.31) are time-reversible, the forward and backward committor
are related vigg = 1 g*. Therefore, for brevity, we use the notatigrior the forward
committor whenever the underlying dynamics is time-reversible.

Following [103], we use the following solution model to the committor problem (2.13)

axaq)=(1 ca((1 ce(X))IN (xq)+ ca(X)]; X2 Wag; (3.36)
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whereN (x;q) is the output of a fully-connected feed-forward neural network (FNN) and
ca(x) andcp(x) are smooth approximations to the indicator function§ Afand{B. In

this work, we use FNN with. = 1 orL = 2 hidden layers withanh activation functions
and the outer layer with the sigmoid functisigmoidx) = ( 1+ e X) 1:

8
2 N (x;g) = sigmoidWotanh(Wyx+ bg) + by]; L=1;

-B N (x;q) = sigmoidWstanhWaotanh(Wix+ by)+ bo]+ b3); L= 2

(3.37)

The argumeng) comprises all entries of the matricé and the shift vectorb;.

The loss function is derived from the minimizing property of the committor (2.17):

Z
q(x) = argmin  Nf(x)"MX)Nf(x)e PFPdx (3.38)

/AB

where the minimum is taken among all functioh® H 1(Wag) (the Sobolev space) such
thatf(A)= 0andf(TB)= 1. The integralin (3.38) is the expectationdf(x)” M(x)N f (x)
wherex is a random variable with invariant density proportionakt®F® supported in
WABZ
zZ 3 h L
Nf(x)”MX)Nf(x)e PFRdx= Expw, Nf7MNFf : (3.39)

IAB x e DF

If we wantx to be distributed according to a densitywe rewrite this expectation as

h~ B i . . e bF
Exwe NfPMNf = EX2V¥AB Nf> MK f

X e PF X

r (3.40)

The last expectation can be approximated as a sample mean. Hence, if the training points

X2 Wag, 1 k K, are sampled from a density then the loss function is de ned by

#
Ko N . e DF(%)
a Nd(x:d)” M(x)Na(x; q)

a o0 (3.41)

Losgq) =

Xl =
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We found that it is advantageous to create the set of training points in two stages. First,
a large point cloud is generated using the metadynamics algorithm [99] (also see [103]).
Then this point cloud is rare ed into delta-net[35, 52], i.e., a spatially quasiuniform set
of points obtained as follows. Lé&k; gi’\i 1 be the generated point cloud atidbe the desired
distance between the nearest neighbors in the training set. Initially, we assigndabels
all points. We taket;, compute the distance frors to all other points in the point cloud,
assign labekeepto x; and labelgliscardto all points at distance less thdn Then we nd
the point with the smallest index that has labetompute the distance from it to all points
with labelO, and change its label teeepand labels of all points at distance less tkanom
it to discard And so we continue until there are no more points with laBeléll points
labeled akeepwill form the training set. The resulting set of training points is spatially
qguasiuniform. Therefore we se{xc) = 1 in the loss function (3.41).

The loss function is minimized using the stochastic Adam optimizer [89]. Our codes are
written in Python and use the PyTorch library for the implementation of neural networks

and automatic differentiation [179].

PINNSs for Langevin dynamics

The Langevin SDE (2.1) is not time-reversible and its generator (2.16) is not self-
adjoint. As a result, the variational formulation of the committor problem is not available.
In this case, we opt to use the NN-based solver calleghlysics-informed neural networks
(PINNSs) proposed by Raissi, Perdikaris, and Karniadakis (2019) [128] (also see [84]). In
this solver, the loss function is the sum of the mean squared discrepancy between the left-

and right-hand side of the PDE and the mean squared error at the Dirichlet boundary of the
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domain:

1 . . .
losgg)= i & LN (4pea)i’ (3.42)
(% Pk) 2 WaB
1 2 : Covizy L 2 . 2.
tkooa IN- (% PK)i Tk o a iN (X pe) 4=
TA (% p)2 1A 1B (x:pe)218B

Here, K, Kqa, andKqg are the numbers of training points\hg, 1A, and{ B respectively,
L isthe generator given by (2.16), aNd (xx; pk; d) is a neural network de ned similar to

(3.37). As before, the loss function is minimized using the stochastic Adam optimizer.

3.3.2 Mueller's potential

We rst consider an overdamped Langevin equation with Mueller's potential (see Fig.
3.2)

4
V(x;x) = & Diexp ai(xe X)2+bi(xe X)(x2 Y)+ ci(x Y)2 (3.43)
i=1

where

l[ag;a0az;a4] =[ 1; 1; 6:50:7]
[b1;b2; bs; bg] =[0;0;11;0:6]
[ci;co;c3;ca] = 10, 10, 6:5;0:7]
[D1;D2;D3;D4] =[ 200 100G 17019
[X1; X2; X3, Xa] = [1,0; 0:5; 1]

[Y1;Y2; Y3, Y4] = [ 0;0:5; 1:5; 1]
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Computing the committor

The two deepest minima of Mueller's potential are located rea 0:558 1:441)
andb=(0:623 0:028. Following [103], the setd andB are chosen to be the balls centered
ata andb respectively with radius = 0:1, and the smoothed indicator function functions
of TAand{ B are de ned as

ca(X) = %tanh 100qkx ak? (r+ 0:02)?) ;

NI NI

ce(X) = %tanh 100qkx bk? (r+ 0:02)?) :

The temperature is set to e 1 = 10 as in [103]. At this temperature, the transitions
betweenA andB are rare.

We compute the committor using FEM in Section 3.6.1) and the NN-based approach
employing the variational formulation of the committor problewar{ational NN — see

Section 3.3.1). For FEM, the domais de ned as
W= fx2 R?jV(x) 250y (3.44)

and triangulated using tHaistMesh algorithm [121]. We also discretizatfusingmesh2d
[51] and found that the difference between the committor computed on these two meshes
was about 10% in the max norm. The committor computed using FEM is displayed in Fig.
3.2(a).

The set of training points in the variational NN-based solver was generated using meta-

dynamics [99] with settings used in [103]. The overdamped Langevin dynamics (2.2) is
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(a) FEM (b) Variational NN

Figure 3.2: The committor for the overdamped Langevin dynamics with Mueller's potential
is computed by (a) FEM and (b) NN bt 1 = 10. The level sets of Mueller's potential are
superimposed. The computational domain is larger than the shown box in both cases.

simulated with the time stept = 10 °, and Gaussian functions of the form

(1 xa(t)? (X2 X(t)))?
2s 2 2s2

gj(x) = wexp

with heightw = 5 ands; = s, = 0:05 are added to the potential at timgs= 500j X,
1 j Ng= 2000. Then, the overdamped Langevin dynamics in the modi ed potential
V + & g;j is simulated with the same time stgp= 10 5 and the initial set of points is
recorded. Finally, the obtained set of points is converted into a spatially quasi-uniform set,
adelta-netwith d = 0:015, as described in Section 3.3.1. The resulting training set contains
a total ofNiain = 15466 points.

The solution model is given by (3.36) with a neural network (3.37) \With 2 hidden
layers andN = 40 neurons in each layer. The neural network was trained for 1000 epochs
at learning ratéy = 10 “. The resulting solution is shown in Fig. 3.2(b).

To assess numerical errors in the computed committor, we use error measures weighted

by the probability density of transition trajectories: the weighted mean absolute error
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(WMAE) and the weighted root mean squared error (WRMSE):

Neest . . .

WMAE = g W(X) gnn(X)  Crem(X) (3.45)
P N&est o ] o

WRMSE=" @ W(X)jdnn(X) Grem(X)] (3.46)

=1

wheregsem andqnn, are the forward committors computed by FEM and the NN-based solver
respectivelyx', 1 i Nest are the test points, and the weighté&d) are de ned so that

they are proportional tang and their sum is one:

q]-"-em(xi ) qfem(xi) rT(Xi )

w(x) = - ! AL
81455 Ol (X)) O (X)) M(X)

(3.47)

The subset of the nodes of the FEM mesh lying within the pok5;1] [ 0.5;2] was
used as the test point set.
Table 3.1 shows the wMAE and wRMSE for the variational NN solver with 2

hidden layers an@v = 40 neurons per layer.

Temperature NN structure | WMAE | WRMSE
b 1=10 [L=2,W=40]| 2.6e-3| 4.1e-3

Table 3.1: Errors wWMAE and wRMSE in the forward committor for the overdamped
Langevin dynamics with Mueller's potential at temperathret = 10 computed using the
variational NN solver with a spatially quasiuniform set of approximately 16000 training
points. The parametdr indicates the number of hidden layers (see (3.37)),\&@niddi-
cates the number of neurons per hidden layer.

Estimation of the transition rate using the controlled process

The transition rateag is computed by equation (3.34). The expected crossover time

E[t ag] is calculated by averaging crossover times of 250 sampled transition trajectories
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governed by the controlled process

NOnn(X;) q

dx= NV 2b 1 d 2b 1dw: 3.48
% (X)) + 0% t+ W (3.48)

The initial points of these trajectories are sampled according to (3.10) as follows. First,
Ny a pointsx; equispaced on a circle of radius dr wherer is the radius oA anddr is a

small positive number. Then weights are assigwetb these points according to

e PVOjA(x;) Nann(x))j

wj = — . :
4,04 e PVOWjA(x) Nonn(X)]

(3.49)

wheren(x;) is the outer unit normal t@,, 4,(a) atx;. Then the pointx; are sampled
according to their probability weights; visualized in Fig. 3.3. We used= 0:1, dr =
10 3, andNga = 1000.

Figure 3.3: The probability distribution of the starting points of transition trajectories on
the boundary oA for the overdamped Langevin dynamics in Mueller's potential is shown
by color code. The gray curves are level sets of Mueller's potential.

Three samples of trajectories of (3.48) are displayed in Fig. 3.4(a). Three trajectories

of
q
dx = NV(X)dt+ 2b dw (3.50)
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with the same realizations of the Brownian motion are shown in Fig. 3.4(b) for comparison.

(a) Controlled SDE (3.48) (b) Uncontrolled SDE (3.50)

Figure 3.4: Comparison of three controlled (a) and uncontrolled (b) processes with the
same initial positions and noise realizationdat = 10. Each trajectories consist of 5000
time steps, with time stept = 10 °. The setsA andB are marked by blue and orange
circles of radiug = 0:1 respectively.

Given the FEM committoe and the triangulated domaMag, r ag is computed
directly from (2.19). Givern, and the set of training pointg quasiuniformly distributed

in Wag, I ag is obtained by means of Monte Carlo integration:

Nirain

o a Zyte PYam(x)(L gn(x)): (3.51)
rain j=1

aB=

The normalization constadt, is computed as

o1 NEn .
Zy = a e PV&: (3.52)
Ntrain =1

We rst generated a total of PQoints by running metadynamics [99] and then subsampling
it into a spatially quasi-uniform delta-net with= 0:005. The resulting set of 56322 points
is shown in Fig. 3.5.

The transition rat@ag is also estimated using (2.20) and the committegs, anddnn
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Figure 3.5: The set of points for Mueller's potential used for nding the normalization
constant for the invariant density and the probabilifg.

for comparison. The results are presented in Table 3.2. The computation of the 95%
con dence interval is detailed as follows. To compute con dence intervals for simulated
transition time fromA to B, we rst compute mearmag and standard error of the mean se
usingscipy.stats.sem , which is the sample standard deviation divided by square root of

the sample size: se& ps—ﬁ The con dence interval then is obtained using t distribution:
condence intervak [tag sat(a);tag+ sat(a)] (3.53)

wheret(a) satis esRﬁ(‘a) f(X)dx= a, and can be found usingripy.stats.t.ppf . For
all examples, 95% con dence intervals are used.
The discrepancy between the estimates fgg obtained using the committogg, and
Orem @nd equations (3.51) and (2.19) is about 3%. The difference between the transition
ratesnag obtained using),, with Monte Carlo integration angke, with formula (2.20) is
less then 2%. The expected crossover thfieng] computed using the controlled process
(3.48) andqgnn, is used for computing the transition rate usings obtained using (3.13)
with gnn and Monte Carlo integration. The result differs from the other rate values by less

than 4%. Thus, we conclude that
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the values for the transition rate obtained in three different ways are all consistent; all

of them fall into the 95% con dence interval of the rate value computed using (3.13);

the method for estimatingag andnag using the neural network solver and Monte

Carlo integration can be promoted to higher dimensions.

Finally, we remark that the estimate fiagg is sensitive to the normalization const&itin
(3.52). Itis important to estimate it accurately. For example, Mueller's potential has rather
large region in which the potential eneryyis relatively low — see Fig. 3.5. Sampling
points for determiningzy from a smaller region (a lower sublevel set\6f leads to a
notable discrepancy in the transition rate estimate. At the same time, the estinratg for

is much less sensitive to the accuracyZgf The reason in the difference of sensitivity is

thatnag has the gradient of the committor in its integral, whilgs has the committor itself.

Simulations, optimal control TPT, NN | TPT, FEM
I AB NA 2.43e-4 | 2.36e-4

E[t ag] 5.05e-2 0.42e-2 NA NA
nag | 4.80e-3,[4.43e-3,5.23e-3] 4.99e-3 | 4.93e-3

Table 3.2: Estimates farag, E[t ag] andnag for the overdamped Langevin dynamics in
Mueller's potential ab 1= 10 computed using three schemes. The valuefgr 4:80e-

3 is obtained witlr og = 2:43e-4. The 95% con dence interval is obtained using the error
estimate fofE[t ag].

3.3.3 Dufng Oscillator in 1D

Now we test the proposed methodology on the bistable Duf ng oscillator with mass
m= 1, friction coef cientg= 0:5, and the potential energy functidffx) = 0:25(x> 1)2.
The dynamics are governed by the Langevin SDE

2 3 2 3 2 3

a§ - § i Zat+ P O L. (3.54)
R X0¢ 1) 3R dw
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The system has two stable equilibxg=( 1;0) andxg = ( 1;0) and an unstable equi-
librium at the origin. The set8 andB are chosen to be ellipses with radii= 0:3 and
ry = 0:4 centered axp andxg respectively. Two values of the noise coef cient are used:

e = 0:1 ande = 0:05.

Computation of forward and backward committor functions

Since the dynamics (5.41) are not time-reversible, we implement the Physics-Informed
Neural Network (PINN) approach to solve the committor problem detailed in Section 3.3.1
A uniform grid with a total of 16000 points in the rectangle2:5;2:5] [ 2;2] is taken
as training data. The architecture of the neural network is as in equation (3.37) with a
single hidden layer. = 1, andW = 40 neurons in it. The Adam optimizer is used with
the learning rate 13 for 500 epochs. We also compute the committor using FEM as
described in Appendix 3.6.2. The computed forward and backward committops,p)
andg (x; p), fore= 0:1 ande = 0:05 are displayed in Figs. 3.6 and 3.7 respectively. The
relationship between them & (x;p) = 1 q'(x; p). However, we still computed

using FEM because the FEM mesh is not symmetric.

(a) FEM (solid) & PINN (dashedg = 0:1 (b) FEM (solid) & PINN (dashed} = 0:05

Figure 3.6: Comparison of contours of forward committor computed using FEM and
PINNs, marked in solid and dashed lines respectively for Duf ng Oscillatae at0:1
ande = 0:05.
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(a) FEM (solid) & PINN (dashedg = 0:1 (b) FEM (solid) & PINN (dashed)} = 0:05

Figure 3.7: Comparison of contours of backward committor computed using FEM and
PINNs, marked in solid and dashed lines respectively for Duf ng Oscillater=ai0:1 and
e= 0:05.

We call the discrepancies between the FEM and PINN solutions computed by (3.45) the
weighted mean absolute difference (WMAD) and the weighted root mean square difference
(WRMSD) with weights at the training poin{s;; p;) given by

gt (x;p)g (x; p)e Houm=

W(Xi; pl) = o Nrain

— o 1= L Nirain: (3.55)
&;59" g (xj;p)a (xj;pj)e HOGPI=

Table 3.3 shows the wMAD and wRMSD for forward and backward committors computed

using PINN and FEM foe = 0:1 ande = 0:05.

e NN structure | g*, wMAD | ", wRMSD | g ,wMAD | q , WRMSD
e=01 |L=1,W=140]| 1.6e-2 2.0e-2 1.8e-2 2.2e-2
e=005|L=1,W=40| 1.3e-2 2.0e-2 1.3e-2 2.0e-2

Table 3.3: Comparison of the numerical solutions for the forward and backward committors
computed using PINNs and FEM. Metrics WMAD and wRMSD are used. The paraimeter
indicates the number of hidden layers (see (3.37)) Vanddicates the number of neurons
per hidden layer.

63



Estimation of the transition rate using the controlled process

The optimally controlled process for the Langevin dynamics is governed by

8

Sd)(¢ = Rdt

5 h i 0 (3.56)
PdR= X0¢ D+ IR ellogd,) di+ " edw

Fig. 3.8 shows three sampled trajectories with and without the in uence of the optimal
control starting at the same initial position and the same realizations of the Brownian mo-
tion fore = 0:1 (Fig. 3.8(a,b)) an@ = 0:05 (Fig. 3.8(c,d)). The trajectories governed by
the original Langevin dynamics stay near regfanin contrast, the trajectories governed

by the optimally controlled dynamics (3.56) lea%@and reach regioB.

(@)e= 0:1,w/o olc (b)e= 0:1, o/c (c)e= 0:05, w/o olc (d)e= 0:05, o/c

Figure 3.8: Comparison of three uncontrolled and controlled processes with the same initial
random position for Duf ng oscillator aé = 0:1 ande = 0:05. (a) and (c) shows three
trajectories under the original dynamicseat 0:1 ande = 0:05 respectively. (b) and (d)
shows three trajectories under the original dynamics for the two cases respectively. 5000
time steps are sampled wi = 10 3. RegionA andB are ellipses colored in blue and

orange.

Next, we nd the transition rateag ate = 0:1 ande = 0:05 in four ways. The results

are summarized in Tables 3.4 and 3.5.

1. Simulations with optimal controlThe expected crossover tini&t 5g) is averaged

over 250 trajectories governed by (3.56). The distribution of the starting points of
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these trajectories de ned by (3.10) is obtained as described in Section 3.3.2. Itis
displayed in Fig. 3.9. The probabilityag is found using the PINN committors.

Then formula (3.34) is used to ndag.

2. Simulations without optimal controDirect simulations of the uncontrolled Langevin
dynamics (5.41) are used to nohg. Ten simulations of 10time steps each with

timestepDt = 5 10 3 were performed.

3. TPT, NN.The ratenag was found by (2.27) using the gradient of the committor

computed using PINNSs.

4. TPT, FEM.Likewise, except for the FEM committor was used.

Figure 3.9: The probability distribution of the starting points of transition trajectories on
the boundary oA for the Duf ng oscillator is shown by color code. The gray curves are
level sets of Hamiltonian.

The results in tables 3.4 and 3.5 show that the 95% con dence intervals for the transition

ratenag at e = 0:1 ande = 0:05 estimated by means of simulations with and without
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Duf ng oscillator e = 1=10
Simul., o/c Simul.,, w/o o/c | TPT,NN | TPT, FEM
I AB NA 4.31e-2 0.12e-2| 3.97e-2| 4.04e-2
Elt agl 6.88 0.34 7.32 0.14 NA NA
Nag | [5.50e-3,6.07e-3] [5.76e-3,6.01e-3] 4.53e-3 | 5.74e-3

Table 3.4: Comparison of the estimates fag, E[t Ag] andnag for Duf ng oscillator at
e= 01.

Duf ng oscillator e = 1=20
Simul., o/c Simul., w/o o/c | TPT, NN | TPT, FEM
I AB NA 4.5e-3 0.4e-3 | 4.23e-3| 4.07e-3
E[t ag] 7.34 0.33 7.48 0.49 NA NA
Nag | [5.53e-4,6.06e-4] [5.49e-4,6.51e-4] 4.72e-4 | 5.49e-4

Table 3.5: Comparison of the estimates fag, E[t Ag] andnag for Duf ng oscillator at

e= 0:05.

optimal control largely overlap. The 95% con dence intervals expected crossover times
E[t ag] largely overlap fore = 0:05 and slightly overlap foe = 0:1. The estimates for
probabilityr og that a trajectory at a random time is reactive obtained by direct simulations
of uncontrolled dynamics and TPT&NN and TPT&FEM are all consistentefer 0:05

and both TPT-based estimates foig are smaller than those by direct simulations for

e = 0:1. At both values of, the TPT estimates farag obtained using the FEM and
PINN committors are consistent, while there is a notable discrepancy between the estimates
for nag by TPT&NN and TPT&FEM. This discrepancy must be caused by the fact that
Nnag uses the gradient of the committors whilgg involves the committors themselves as
shown in Section 3.4. At both values efthe TPT&FEM estimate fonag falls into the

95% con dence intervals obtained using simulations, controlled or uncontrolled, while the

TPT&NN seems to underestimate the transition rate.
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3.3.4 Lennard-Jones-7 in 2D

Finally, we apply the proposed methodology to estimate the transition rate between
the trapezoidal and the hexagonal con gurations of the Lennard-Jones-7 cluster (LJ7) in a
plane. In this example, we will compute the committor for the reduced model 2D and use
it to construct an approximation to the optimal controller in the original 14D model. The
expected crossover time for the original 14D model and the estimateafpfor the 2D
model will be used to determine the transition rate. The result will be compared with those
obtained via brute force simulations of the original uncontrolled dynamics in 14D.

We assume that the original system is evolving according to the overdamped Langevin
dynamics (2.2). This choice is dictated by our wish to construct a controller using the
committor for the reduced model in collective variables. Since the collective variables
are functions only ok, the committor for the reduced model lifted to the original phase
space will depend only or and not on the momentp. Therefore, it cannot give an
approximation to the optimal control for the Langevin dynamics — see equation (3.32). We

setb = 5asin [55].

The reduced model

We picked the 2nd and 3rd central moments of the coordination nurtipers) as the
collective variables (CVs) for LJ7. Fig. 2.4 displays the free energy of the reduced model
of LJ7 in CVsmp andmy. The diffusion matrixM(np; ny) varies signi cantly throughout
the accessible free energy region (see Fig. 8 in [55]). The reduced model is governed by
the overdamped Langevin dynamics in collective variables (2.31).

RegionsAcy andBgy are chosen around mininga (the trapezoid) anGy (the hexagon)
respectively. We use the subscript@¥ to indicate that these regions are de ned in the

set of collective variables. Regidk-y is a circle centered 40:5526 0:0935 of radius
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r = 0:1 and while regioBcy is a tilted ellipse de ned by the equation

(x_cocosa+(y go)sing)® ((x cdsing+(y c)cosq)® _

r2 rg

1 (3.57)

where(cy; cy) = ( 0:71841:1607);rx = 0:15;ry = 0:03 andg = 5p=12.

Computation of the committor for the reduced model

The committor for the reduced model is computed in two ways: using FEM and the
variational NN-based solver described in Section 3.3.1. For the variational NN, the neural
network (3.37) withL = 2 hidden layers antV = 10 neurons per layer has been used.
The training points were Tarajectory data projected to the spdo@; mg) and assumed to
be distributed according to the invariant density— see Section 4.2.2 in Ref. [55] for more
details. The results are displayed in Fig. 3.10. The wMAE and wRMSE are given in Table
3.6.

(a) FEM (b) Variational NN

Figure 3.10: The forward committor for LJ7 in 2D computed in the space of collective
variables ab = 5 using (a) FEM and (b) the variational NN-based solver. The gray curves
in (b) are level sets of the free energy.
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Temperature NN structure | WWMAE | WRMSE
b=5 L=2,W=10| 1.5e-2| 2.4e-2

Table 3.6: The errors WMAE and wRMSE of the committor function for LJ7 computed
using the variational NN-based solver for the two-dimensional reduced model. The com-
mittor computed using FEM is taken as the ground truth.

Estimation of the transition rate using the reduced model and the controlled
process
We set up the controlled process in the original 14-dimensional coordinate space as

q
d% = RV(X)+ 2b RxIngnn(me(X);me(X)) dt+ 2b ldw; (3.58)

whereV,_; is de ned by (2.40) andj,, is the committor computed for the reduced model us-
ing the variational NN-based solver. The Metropolis-Adjusted Langevin Algorithm (MALA)
[132] with the time stedt = 5 10 ° has been used for time integration to prevent very
large moves of the system that can occur due to extremely strong repulsive forces.

The setsA andB in the original coordinate spa&e* are de ned by lifting the setécy

andBcy:

A= Fx2 RM™j (mp(x); m(X) 2 Acvg;

B:= fx2 RMj (my(x); my(x)) 2 Bevg:

Three trajectories of the controlled process (3.58) and three trajectories of the uncon-
trolled overdamped Langevin dynamics (2.2) in the 14D with the same three realizations
of the Brownian motion projected to the spdeog; my) are displayed in Fig. 3.12 (a) and
(b) respectively.

The expected crossover tinkgt og] is averaged over 254 trajectories of SDE (3.58).
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The starting points for these trajectories near the boundafy at sampled as follows.
First, the probability weights of the points on the boundanAg{, are computed as de-
scribed in Section 3.3.2 (see Fig. 3.11). Then, point§Apy are sampled according to
these weights and lifted to the original coordinate space by running biased simulations as

described in Appendix A of [55] (see equations (A.3) and (A.4) there).

Figure 3.11: The probability distribution of the starting points of transition trajectories on
the boundary oA for LJ7 is shown by color code. The gray curves are level sets of the free
energy.

We compute the transition ratgg in four ways analogous to those for the Duf ng

oscillator (Section 3.3.3).

1. Simulations, optimal control, 1400he rate is calculated using (3.34). The expected
crossover time is estimated as described above using the controlled process (3.58) in
14D. The probabilityr og is obtained for the reduced 2D model using (3.51)—(3.52)
with the committor computed by the variational NN-based solver and a uniform grid

of points rather than the actual training points for the neural network.

2. Simulations without optimal control, 1400en runs of direct simulations of the
uncontrolled overdamped Langevin dynamics (2.2) in 14D ¥ tilesteps with

Dt =5 10 ° were executed. The numbers of transitions fidio B that occurred in
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