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The measure of goodness of fit, Xz, is defined as

N 2
0" = ¥ [pi ~ P(ti)] , (23)
i=1 e 2

i
where the o; are the uncertainties in the measured points.

For testing the goodness of fit, we use the reduced xm

2 2
X° o= X, (24)
m
where m = number of free parameters, N - n. 1In this case

N = 1023 or the number of non-zero channels, and n = number
of parameters in the fitting function, either 2 or 3, as
discussed later.

In this experiment, the values of oy may be calculated
from Py Equation (22), according to the propagation of er-
rors. For a function, f, of m independent parameters, Xx,,

' X 138, £ = f(xl,...,xm), we have

- Lo

o = . (25)
In the present case,

a 1 o) - . .

o) o)
%) [Tea| (o] 4 Zar Ty (26)
Py b St (ot - £ )%
b
2

The errors in the counts are statistical, i.e., oci = Cy,

and o, 2 - Cyo The errors in At and tb are estimated to be
t
at most 0.1 psec. The last term is then less than 7 x 10-5,
~4
except for experiment no. 1, where it is less than 1.2 x 10
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The second term on the right-hand side is less than 5 x 10"6
from Table I. The first term on the right-hand side has its
minimum in the first channels. From Figure 4 it can be seen
that the lower limit of this minimum value is l.1 x 10_4 except
for experiment no. 1, where it is 2.5 x 10‘5. Hence the domi-
nant error term is cci, except for the first 70 channels of
experiment no, 1. Therefore I have taken Oi = piz/ci. A
check of this procedure is described in the next section.

The method adopted to minimize Xz is described by Bev-
ington (1969). It combines a gradient search for the path of
steepest descent of X? with a method of linearizing the fit-
ting function near the minimum,

If we regard X% as a curved surface in the n-parameter
hyperspace, we may seek a minimum by proceeding along the
gradient. This works well far away from the minimum, but
convergence is slow as the minimum is approached. However,
near the minimum, the fitting function can be expanded in
a first—-order Taylor's series without much error. Then X2
can be found at the minimum by setting its partial deriva-
tives with respect to each of the parameter increments equal
to zero.

If py(t) is the value of p(t) at the starting point,
and if we expand p(t) in its parameters, then

P

a
04 "

}rf opy (£ )4, ]\ 9Py (%)
j= baj Ea

I3
(27)

N
-2 1 p - p.(t.) -
521 5.2) 1 11
g
= 0.
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This yields a set of n simultaneous equations, which may

be expressed in matrix form,

() = (aa)[a], (28)
where
8 = -_]__ axz
S 26?,;
-~ dp, (t,)
T ey ETAR @
TG K
and
. 1322 . f y 0py(t,) dp,(t,) (30)
jk 2 BajBak i=1 012 aaj aak

The matrix elements ajk give the curvature of %2 in the

parameter space.

The search algorithm replaces the diagonal elements,
ajj' with an(l + \). If )\ is large, the diagonal domi=-
nates, and the method tends to a gradient search. If )

is small, the method tends to the first-order expansion.

The solution is found by inverting the a matrix,

(aa) = (B) [e] , (31)

-1
where [e] = [a] . The procedure is iterated, varying A,

2
until X converges on a minimum.

At the minimum, the diagonal elements of [e] give the

errors in the parameters, i.e.,

(32)
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This follows from the definition of o in terms of the

a.
J
propagation of errors,
N 2
2 2 a
05, = Z oy 0 i . (33)
J i=1 api

The validity of this expression can be seen most clearly
if we suppose near the minimum the variation of X2 with
respect to each parameter is independent of the others.

Then both [a] and [€] are diagonal, and from Equation (30),
2
a = 1 = e - (34)
As Bevington (1969) shows, in the more general case, simi-

lar considerations give the same result, that the error

matrix is the inverse of the curvature matrix.



IV. RESULTS AND DISCUSSION

A. Choice of Parameters

In reducing the data one has a choice of the number
of parameters to regard as independent or undetermined.
Equation (19) for the interval distribution contains four
parameters, namely, A, B, a, and Y. Babala and Ogrin (1967)
solved for all four independently. However, Y is a function
of B and a. It seems hard to justify solving for vy sep-
arately. The better procedure would appear to be to solve
for B and a and compute Y,

The mean count rate, A, is also determined by the con-

tents of the single-channel scaler, c,, and the total time

of the experiment, tt:
A = Ct o (35)
te

In principle, therefore, A is determined. However, there
are two sources of error in converting to count rates, or
probabilities, from the channel counts (in addition to the
statistical error in each number). These errors are due to

the inconstancy of the count rate and the inconstancy of the

31
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channel advance rate, The first is due to variations in
the reactor state, e.g., decay of the delayed neutron pre-
cursors (important in long shutdown runs) and start of ex-
periments before the fission rate has reached equilibrium
with the source (important in short runs). Consequently,
it may be advisable to solve for A in Equation (19). The
second source of error is variation in the pulse rate, due
possibly to line voltage fluctuations, which can only be
monitored crudely during data acquisition. This is esti-
mated to give an error of less than 0.1 psec in at, and it
is inconsequential in the present experiments. It could be
a point of concern, however, for high count rates in meas-
urements at power,

To allow for error in the determination of A, two
solutions were made to each set of data, one for the two
parameters B and a, the other for the three parameters A,
B, and a. The results are shown in Table II.

In the cases where there is a substantial difference
in the value of A between the two-parameter fit and the
three-parameter fit, namely, experiments no. 1, 2, 5, 6,
and 7, there is reason to suspect the count rate varied
during the experiment. This was due to relatively long-
term source variations in experiment no. 2 and to lack of
steady-state conditions in the shorter experiments, no.

1, 5, 6, and 7.
As a check on the dominant error source in Equation

(26), the data for experiment no. 3 were reduced twice
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TABLE II

EXPERIMENTAL RESULTS

#|ln| m sz A B o Y
(sec—1) (sec™1) (sec—l)
112|1007|3.678[1192.1+0.8 |688.1+2.5| 168.94+3.1|4.159.151
3]1006|2.160(1135.0+1.4 [705.5%2.5| 160.2+2.64.314+,033
212]1012[1.195| 2.899+.003{80,01+.64|1030.1+7.3|1.145+.002
3/1011|1.173| 2.806+.019(79.56+.64|1022,0+7.4 1.145+,002
3{211013|1.226| 26.99+.03 |[402.4+1.2| 241.0x1.2 2,771+ ,007
3/1012|1.210| 27.66+.16 [404.7+1.3| 240,3%1.2 2,781+.007
4|2(1011]1.052| 2.283+.002|79.37+.45(1024,0+5.0 1.144+,001
3/1010{1.046| 2.316+.001|79.544.45[1027,.1+5.1|1.144+.001
s|2| 987|2.946 [492.19+.51 [83.6 +2.1|1158 51 |1.135+.007
3| 986(0.973(465.87+.56 |8l.1 £2.0[(1094 47 [1.139+.006
6l2| 995/2.913(470.89+.51 [86.2 +2.1/1140 =49 1.141+,008
3| 994(1.135(445.88+.56 |83.7 +2.1|1087 145 |1.144+.007
71211015[1.800(163.04+.19 |83.6 x1.5[{1214 31 1.129+,004
3/1014[/1.004 |153.76+.33 |81.2 +1.4|1028 27 1.147+,.004
g|l2(1011]1.080| 78.35+.15 [330.3x1.9| 292.6+2.8 2.349+,011
3/1010/1.042| 74.55+.59 |326.5+1.9| 292.3%2.7 2.338+,011
9l2]/1016/1.030| 6.970+.016| 54.6+1.1|1065 21 1,098,003
3/1015/0.993| 6.620+,056| 53.7+#1.,1{1034 21 1,099+,003
again, with the first ten and the first 40 channels ignored.

This experiment has the highest initial count rate among

1

the more interesting experiments of this series, 5000 sec .

Consequently, the error of the first term in Equation (26)

is about 2 x 10"4 in the first channel. But by the tenth

channel it is 25 percent higher, and by the fortieth it is

The two-parameter results with the deleted
1, ¢ = 241.1 % 1.1 sec-l,

241.7 + 1.2 sec™ I,

twice as high,

channels are B = 400.6 + 1.4 sec”

1 =

and B = 394.8 + 1.9 sec ~, a = ignoring
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the first ten and the first 40 channels, respectively. The
results are within the error bars of the previous solution
for a. The gradual decrease in B reflects the loss of the
channels with the greatest weight in determining B. These
results indicate we may expect this and the other experi-
nents to be dominated by the statistical errors in the

counts (the only exception being experiment no. 1})4

B. The Critical Rossi Alpha

In order to find the value of Rossi alpha for criti-
cality, two methods are available. The first is the direct
measurement with the reactor critical. The second is a
linear extrapolation from a series of slightly subcritical
measurements,

The disadvantage of the direct measurement at criti-
cality is the effect of fluctuating power levels at the
low power desired. 1In the present case, not only did that
happen, but also the value of A was poorly measured.

The second method seems to offer several advantages.
No adjustments of control rods are made once the reactor
has been brought to the desired state. It is only neces-
sary to wait for the reactor to come to equilibrium with
the source (in its withdrawn position) before starting
the data taking. This may take 15 minutes, but the time
can be reduced by inserting the source only the minimum
distance required to raise the flux enough to move the

control rods.
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Near criticality the reactivity worth of the control
rods is linear with the fractional withdrawal, x. A solu-

tion for a(x) = a + b x gives o, for the critical withdraw-

al, X

solutions were obtained to the two subcritical points
as found by two-parameter and three-parameter fits to the

data. These are shown in the first row of Table III.

TABLE III
SOLUTIONS FOR a, (sec™')

Points 2-Parameter 3~-Parameter
Subcritical 189.3 x 4.7 188.3 + 4.7
Subcritical
& Critical 177.5 % 2.3 169.8 = 2.1

Solutions including the critical points are shown in the
second Irowe.

Because of the unsatisfactory conditions under which
o was measured at the critical point, I feel the greater
weight should lie with the subcritical experiments. I adopt
the mean of the two subcritical solutions, a, = 188.8 = 4.7

-1
secC .

with the adopted value of a, the prompt neutron life-
time is £ = g/a = 3.7 = 0.1 x 10-5 sec, assuming the effec-
tive delayed neutron fraction is g = 0.0070 (University of
Maryland safety Analysis Report, 1973). The Safety Analysis

- -1
Report gives £ =3,9 x 10 ; sec, implying 0, = 180 sec .
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The only other measurement of the critical Rossi alpha
of the University of Maryland Reactor was by C. Alonso
(1976, private communication). She used the rod-drop tech-
nique, analyzing the time-~dependent flux as a sum of expo~-
nentials. Her result was a, = 160 sec-l, but the error is

unknown,

C. The Shutdown Reactivity

The three shutdown experiments, no. 2, 4, and 9, give
consistent values for the shutdown Rossi alpha for measure-
ments over periods of a weekend, a week, and a day, respec-
tively. The fits to the data as shown by the values of %hz
are also reasonably satisfactory. The larger uncertainties
in experiment no. 9 are a result of the small numbers of
counts recorded in eight hours. The effect of the higher
discriminator setting of 2,0 instead of 1.1 in experiment
no. 9 is not apparent. Although the value of o is higher
for the two-parameter fit, the large uncertainty gives P 4
low weight.

The weighted mean of the two-parameter fits for the
shutdown reactivity is ag = 1027.4 + 4.0 sec"1 (s.d. of the
mean); that of the three-parameter fits is ag = 1025.8+ 4.1
sec-l. I adopt the mean, og = 1026.6 + 4.1 sec-l.

The shutdown reactivity, p., is best expressed in the
ratio PS/B, since B is not measured in this experiment. The

unit of‘P/B is the dollar. From Equation (5), the shutdown

reactivity is given by the expression
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g 0o
For the adopted values of a. and Qe Ps/s = -4.44 + 0,14

dollars. Expressed as a percentage of prompt multiplica-
tion by multiplying with g = 0.0070, (k - 1)/k = =3.1 = 0.1

percent,

D. Detector Efficiency and Prompt Multiplication

From the definition of B, the detector efficiency, €,
can be measured from the expression
2 2
€ = 2 Ba Qz = B B (l - 8\ . (37)
D k2 D a B
Based on the value B = 0.0070, the derived values of the

detector efficiency and the prompt multiplication factor are

as shown in Table IV, along with P/Be

TABLE IV

VALUES OF DERIVED PARAMETERS

No. p/8 3 €
3 -0.276 + .032 | 0.9981 + .0002 | 3.36 # .12 X 1074

8 -0.550 + .041 | 0.9962 + ,0003 [ 3,32 + .13 x 1074

2 4+ 4 |-4.43 % .14 | 0.9699 + ,0009 | 2.82 # .10 x 1074
-4

9 -4,56 + .18 0.9691 + ,0012 [ 1.97 % .11 X 10
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The efficiency shows a decrease as the control rods are
inserted. This could well be the result of the changing
flux shape in the axial direction. The detector is located
near the vertical center of the core, but the flux is de-
pressed in the region above the bottoms of the control rods.
Near criticality, this region is just above the level of the
detector, and the detector should be exposed to a greater
fraction of the flux than near shutdown.

Also, as expected, the efficiency for experiment no.
9 is lower than experiments no. 2 and 4. With the discrimi-
nator set high, fewer of the fissions are detected. This

is equivalently expressed as a lower value of B for this ex-

periment.



V. CONCLUSIONS

The Rossi alpha of the University of Maryland Reactor
has been measured at criticality and at shutdown by the
interval-distribution method. The results are a, = 188.8
+ 4.7 sec™! and a, = 1026.6 = 4.1 sec”l. The combination
of these two values gives a shutdown reactivity Pg/ﬂ = -4.,44
+ 0,14 dollars.

According to the Safety Analysis Report, calculations
show a total control rod worth of Ak/k = -0,0827 and an ex-
cess reactivity ak/k = 0,0204., The net shutdown reactivity
should therefore be -,0623, or -8,90 dollars. This is a
factor 2 greater than that found here. The discrepancy
should be resolved by further experiment, such as a rod-
drop measurement of shutdown reactivity. The value of a,
found here agrees with that in the Safety Analysis Report,
which is 180 sec°l. The value of ag has been measured con-
sistently on three occasions of different duration and with
different discriminator settings, so it should be reliable.

For a successful experiment the main condition to be met
is a constant count rate. The most important instrumental
condition is adequate discrimination against gammas. Care
must be taken to achieve equilibrium before starting the

experiment. The duration of the experiment must be accurately

39
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timed. Finally, the total time of the channel sweep should
be long enough to allow A to be measured but short enough
to avoid correlations with the shortest group of delayed
neutrons. The span of 20 msec used here was found to be
a good value,

Under these conditions the method is found to be easy
to apply. The experiments near criticality yield good re-
sults in periods of one hour for count rates on the order of
100 sec~l. The shutdown experiments take days but require
no supervision.

As a class laboratory experiment, these measurements
can be a useful exercise. The shutdown experiments made
with a low count rate on the order of 3 sec-'1 can be analyzed
by graphical methods alone. The experiments in which A =~ B
or in which Yy >> 1 require numerical methods for solution,
put the techniques are readily available.

A series of experiments that could be useful as either
an individual or a class project is the measurement of the
reactivity worth of the individual control rods. In this
case the reactor is operated in a subcritical condition with
two rods fully inserted. The Rossi alpha is measured with
the third rod at various stages of withdrawal. The method
can yield a calibration over the full extent of the rod

travel,
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