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Chapter 1: Introduction and setup.

1.1 Introduction.

In this dissertation, we describe the asymptotic behavior of parameter-dependent semi-

Markov processes. An important application of the results on semi-Markov processes can be

found in the study of metastability in non-equilibrium systems. On an intuitive level, metastability

of a system is characterized by long periods of random oscillations near an apparent equilibrium

followed by a sudden transition towards another more stable equilibrium. Metastability is

exhibited in genetics, molecular dynamics, population dynamics, etc.(see [7], [8], [17] and [25]).

See also [4] and [24] for monographs on metastability that discuss areas of applications.

Consider a dynamical system or a diffusion process that has N ergodic invariant measures

that are supported on disjoint invariant sets. Each invariant set is assumed to be stable in a certain

sense (e.g., an asymptotically stable attractor in the case of a dynamical system). Each invariant

set can be associated with a state (or a subset in the state space) of a semi-Markov process, while

the transitions between different states are due to large deviations from the unperturbed dynamics.

Given a process Ξt with finitely many invariant sets, the corresponding semi-Markov process

is defined by stopping the perturbed process Ξε
t every time it visits a new invariant set (or,

in some cases, its ε-dependent neighborhood). Thus the transition kernel and the transition

times of the semi-Markov process inherit the ε-dependence from the original system. We will
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briefly consider several examples where the semi-Markov process corresponds to an underlying

randomly perturbed system, but the main result is formulated in an abstract setting. Namely,

under certain conditions on the transition times and transition probabilities, a semi-Markov process

exhibits meta-stable behavior. Before describing the assumptions in detail and stating the result

precisely, let us discuss the simpler case of parameter-dependent Markov chains.

Consider a family Xε
t of Markov chains on a state space S = {1, ..., N}, where ε is a small

parameter. The time may be continuous or discrete; we focus on the case when t ∈ R+, while

the case of discrete time is similar. Let qij(ε), i, j ∈ S, i ̸= j, be the transition rates, i.e.,

P(Xε
t+∆ = j|Xε

t = i) = qij(ε)(∆ + o(∆)) as ∆ ↓ 0, i ̸= j.

Let us assume that qij(ε) ↓ 0 as ε ↓ 0 for all i ̸= j. (This is the case in most systems of interest,

and, in any case, can always be achieved by slowing all the transitions by a function of ε.) We

are interested in the behavior of Xε
t as ε ↓ 0 and, simultaneously, t = t(ε) → ∞. The results

on the asymptotic behavior of Xε
t can be viewed as a refinement of the ergodic theorem for

Markov chains (which concerns the asymptotics with respect to the time variable only) and are

closely related to the spectral properties of the transition matrix (some of the earliest work on the

eigenvalues of matrices with exponentially small entries can be found in [26]). The double limit

at hand depends on how the point (1/ε, t(ε)) approaches infinity. Roughly speaking, one can

divide the neighborhood of infinity into a finite number of domains such that Xε
t(ε) has a limiting

distribution (which depends on the initial point) when (1/ε, t(ε)) approaches infinity without

leaving a given domain. For different domains, these limits are different. These are referred to as

metastable distributions.
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Assume, for simplicity, that qij(ε) > 0 for each ε > 0 and all i ̸= j. The chain Xε
t is

said to be completely asymptotically regular if for each a > 0 and each (i1, ..., ia), (j1, ..., ja),

(k1, ..., ka), and (l1, ..., la) the following finite or infinite limit exists

lim
ε↓0

(
qi1j1(ε)

qk1l1(ε)
× ...× qiaja(ε)

qkala(ε)

)
∈ [0,∞],

provided that i1 ̸= j1, ..., ia ̸= ja, k1 ̸= l1, ..., ka ̸= la. If the chain is completely asymptotically

regular, we can associate a finite sequence of time scales 0 = tε0(i) ≪ tε1(i) ≪ tε2(i) ≪ · · · ≪

tεn(i)(i) = ∞ with each initial state i ∈ S. Here, tεk−1(i) ≪ tεk(i) means that limε↓0(t
ε
k−1(i)/t

ε
k(i)) =

0.

Assuming that the process starts at i and tεk−1(i) ≪ t(ε) ≪ tεk(i), X
ε
t(ε) converges to a

distribution µi,k, called the metastable distribution for the initial state i at the time scale t(ε).

This result (generalizing the construction of [10]) was proved in [23] and [11]. In the case of

discrete-time Markov chains, a closely related result was proved in [2].

The time scales tεk(i) can be determined in terms of transition times for auxiliary Markov

chains that belong to a hierarchy defined by successively reducing the state space, i.e., combining

the elements of the state space into subsets (clusters) that will serve as states for the chain of

higher rank. This construction of the hierarchy of Markov chains generalizes the hierarchy of

cycles notion of [10].

For a Markov chain, the transition rates qij(ε) determine both the time spent in a state i

(which is exponentially distributed with the expectation 1/
∑

j ̸=i qij(ε)) and the transition

probabilities (the probability of going from i to j is qij(ε)/
∑

k ̸=i qik(ε)). In the case of semi-

Markov processes, the transition times and transition probabilities need not be in this particular

3



relation. Thus the definition of complete asymptotic regularity needs to be modified in order to

incorporate information about the transition times and transition probabilities. In fact, we will see

that the state space can be reduced inductively to a collection of clusters (until we have one cluster

containing all the state space) based on a condition that involves only transition probabilities. In

order to determine the effective transition times between clusters, on the other hand, we need

both the transition times and transition probabilities of the original process. One difficulty not

present when the process was purely Markov is that now the transition time between two states

(or parts of the state space) can be asymptotically large even if the transition probability between

them is asymptotically small, requiring a more sophisticated approach to define the sequence of

time scales tεk(i).

There is another feature that distinguishes the set-up in the current work from the case

of a Markov chain with a finite state space. In many applications, the transition probabilities

and transition times may depend not on one of finitely many starting points but on a class

of equivalence that a starting point belongs to and (to an asymptotically small extent) on the

representative in a class of equivalence. Examples of such systems are discussed in Section 2.1

and Section 2.2. Let S = S1

⋃
...
⋃

SM be a decomposition of a metric space S into a union of

disjoint measurable components. Let Qε : S × B(S × [0,∞)) → [0, 1] be a Markov transition

kernel, i.e., Qε(x, ·) is a probability measure on B(S × [0,∞)) for each x ∈ S, and Qε(·, A) is

B(S)-measurable for each A ∈ B(S × [0,∞)). Note that the first component in the transition

kernel depends only on the spatial variable. Given an initial point x ∈ S, we can define a

discrete-time Markov process ξx,εn = (Xx,ε
n ,Tx,ε

n ) on S × [0,∞) with the kernel Qε, where

ξx,ε0 = (Xx,ε
0 ,Tx,ε

0 ) = (x, 0). The components Xx,ε
n , n ≥ 0, and Tx,ε

n , n ≥ 1, of this Markov
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process can be viewed as the states and the inter-arrival times, respectively, of a continuous-time

semi-Markov process Xx,ε
t . Namely, we define, for n ≥ 0,

Xx,ε
t = Xx,ε

n for
n∑

m=0

Tx,ε
m ≤ t <

n+1∑
m=0

Tx,ε
m . (1.1)

For x ∈ S and B ∈ B(S), the transition probability associated to the semi-Markov process is

P ε(x,B) = P(Xx,ε
1 ∈ B) = Qε(x,B × [0,∞)).

Assuming that P ε(x,B) ̸= 0, the conditional transition time T ε(x,B) is defined as a random

variable with the distribution

P (T ε(x,B) ≤ t) = P(Tx,ε
1 ≤ t|Xx,ε

1 ∈ B) = Qε(x,B × [0, t])/Qε(x,B × [0,∞)).

We assume that P ε(x, Si) = 0 for each 1 ≤ i ≤ M and x ∈ Si (no “internal” transitions). Further

assumptions, primarily generalizing the concept of complete asymptotic regularity, will be stated

below.

The dissertation is organized as follows. In Section 1.2, we state the assumptions on

the transition probabilities and the transition times of the semi-Markov process, including the

generalization of the notion of complete asymptotic regularity. We conclude this section by

stating our main result. In Section 2.1 and 2.2 we give some examples of stochastic systems

leading to parameter-dependent semi-Markov processes that satisfy our assumptions. In Section 3.1,

we show how the problem reduces to considering a system with transition times that are nearly

independent of transition probabilities. In Section 3.2, we collect some results, later to be
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used recursively, about abstract Markov chains. In Section 3.3, we define a hierarchy of Semi-

Markov processes on coarser partitions of our state space that capture the dynamics of our process

on different time scales. Section 4.1 is devoted to a description of limiting distributions for

parameter-dependent Semi-Markov processes with a particular structure (roughly speaking, the

limiting system has one ergodic class and the time under consideration is insufficient to escape

from this ergodic class). In Section 4.2, we apply the results of Section 4.1 inductively to different

levels of the hierarchy constructed in Section 3.3 to prove our main result.

1.2 Assumptions on the dynamics of the system and formulation of the main

result.

For two functions f, g : (0,∞) → [0,∞), we will write f(ε) ≪ g(ε) (as ε ↓ 0) if

limε↓0(f(ε)/g(ε)) = 0. This includes the case when f ≡ 0 and g > 0. For two functions

f, g that also depend on a parameter x, we will write f(x, ε) ≪ g(x, ε) uniformly in x if

limε↓0(f(x, ε)/g(x, ε)) = 0 uniformly in all x being considered. For two functions f, g :

(0,∞) → (0,∞), we will write f(ε) ∼ g(ε) (as ε ↓ 0) if limε↓0(f(ε)/g(ε)) = 1. For two

functions f, g that also depend on a parameter x, we will write f(x, ε) ∼ g(x, ε) uniformly in x

if limε↓0(f(x, ε)/g(x, ε)) = 1 uniformly in all x being considered.

We specify the following assumptions on the process Xx,ε
t . We require the one-step

transition probabilities from a point x ∈ Si to Sj and the corresponding transition times to depend

negligibly on x (if i and j are fixed). Namely, we assume that, for every i ̸= j, P ε(x, Sj) is either

identically 0 for every x ∈ Si or it is positive for all x ∈ Si and ε > 0, and in the latter case there
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are functions P ε
ij, ε > 0, such that

lim
ε↓0

P ε(x, Sj)

P ε
ij

= 1 (1.2)

uniformly in x ∈ Si. If P ε(x, Sj) ≡ 0 for x ∈ Si, then we set P ε
ij ≡ 0. In particular, P ε

ii ≡ 0. The

functions P ε
ij can be chosen in such a way that

∑
j ̸=i P

ε
ij = 1 for every i.

A condition concerning communication between the sets Si will be imposed on the functions

P ε
ij. We assume that, for every ε > 0 and every i ̸= j, there exists a sequence i1, . . . ik in

{1, . . .M} such that i = i1, j = ik, and P ε
irir+1

> 0 for every ε > 0.

We assume that for i ̸= j there are functions τ εij, ε > 0, satisfying

lim
ε↓0

E [T ε(x, Sj)]

τ εij
= 1 (1.3)

uniformly in x ∈ Si provided that P ε
ij is not identically zero.

We impose a tightness condition. Namely, we assume that there exist C, ε0 > 0 such that

Var (T ε(x, Sj)) ≤ C · (τ εij)2 (1.4)

for every ε ≤ ε0, x ∈ Si, and i ̸= j, provided that P ε
ij is not identically zero. For any given

bounded, continuous function f : [0,∞) → R and i, j ∈ {1, . . . ,M}, we assume that

lim
ε↓0

(
f

(
T ε(x1, Sj)

τ εij

)
− f

(
T ε(x2, Sj)

τ εij

))
= 0 (1.5)

uniformly in x1, x2 ∈ Si provided that P ε
ij is not identically 0.

The next condition helps us avoid purely cyclical behaviour. Consider a sequence xn ∈ Si
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with P ε
ij not identically zero, and a sequence εn such that εn ↓ 0 as n → ∞. We assume that

if
T εn(xn, Sj)

τ εnij
→ ξ in distribution as n → ∞ for some ξ, then ξ has no atoms.

The main assumption on the structure of the process is the following: We will say that the

process Xx,ε
t is completely asymptotically regular if there exists a limit

lim
ε↓0

P ε
a1b1

P ε
c1d1

·
P ε
a2b2

P ε
c2d2

· · ·
P ε
arbr

P ε
crdr

· τ
ε
ab

τ εcd
∈ [0,∞] (1.6)

for every positive integer r and every a, ai, b, bi, c, ci, d, di ∈ {1, 2, . . .M} with ai ̸= bi, ci ̸=

di, a ̸= b and c ̸= d for which the ratios appearing in the limit are defined.

Remark 1.2.1. It is sufficient to assume the existence of these limits with ai = ci. First notice

that P 0
ij = lim

ε→0
P ε
ij exists for every i, j. Indeed, when P ε

ij is not identically zero,

lim
ε→0

P ε
ij = lim

ε→0

P ε
ij

1
= lim

ε→0

P ε
ij∑

j′

P ε
ij′

= lim
ε→0

1∑
j′

P ε
ij′

P ε
ij

∈ [0,∞).

The limits P 0
ij satisfy

∑
i ̸=j P

0
ij = 1. Hence, for every i there is j such that P 0

ij > 0. Suppose we

are given a, b, c, d ∈ {1, 2, . . .M}. We can find a′, c′ ∈ {1, 2, . . .M} such that P 0
aa′ , P

0
cc′ > 0.

Then,

P ε
ab

P ε
cd

∼ P ε
ab

P ε
aa′

· P
ε
cc′

P ε
cd

· P
0
aa′

P 0
cc′

as ε → 0.

We can do this for every factor appearing in (2) and obtain the following, seemingly weaker but
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equivalent, condition for complete asymptotic regularity:

lim
ε↓0

P ε
a1b1

P ε
a1d1

·
P ε
a2b2

P ε
a2d2

· · ·
P ε
arbr

P ε
ardr

· τ
ε
ab

τ εcd
∈ [0,∞] (1.7)

for every ai, bi, di, a, b, c, d ∈ {1, 2, . . . ,M} with ai ̸= bi, ai ̸= di, a ̸= b, and c ̸= d for which the

quantities appearing in the limit exist.

The following simple lemma (proved in [11]) will be useful in applying the property of

complete asymptotic regularity.

Lemma 1.2.2. Suppose f1(ε), . . . fm(ε) and g1(ε), . . . , gn(ε) are positive functions which satisfy

lim
ε→0

fi(ε)

gj(ε)
∈ [0,∞]

for 1 ≤ i ≤ m and 1 ≤ j ≤ n. Then,

lim
ε→0

f1(ε) + · · ·+ fm(ε)

g1(ε) + · · ·+ gn(ε)
∈ [0,∞].

Next, we formulate the main result on the metastable behavior of the process Xx,ε
t (i.e.,

on the limiting distribution of the process at different time scales). However, specifying the time

scales is accomplished via a construction of the hierarchy below.

We can keep track not only of the current state of the process Xx,ε
t but also of the next state
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to be visited. Namely, similarly to (1.1), we define

X̂x,ε
t = Xx,ε

n+1 for
n∑

m=0

Tx,ε
m ≤ t <

n+1∑
m=0

Tx,ε
m .

Theorem 1.2.3. Suppose that the assumptions on the transition probabilities and the transition

times stated above are satisfied. For each 1 ≤ i ≤ M , there exists a sequence of time scales

(functions of ε > 0) satisfying 0 = tε0(i) ≪ tε1(i) ≪ tε2(i) ≪ · · · ≪ tεn(i)(i) = ∞ and a sequence

of probability measures µi,1, µi,2, . . . , µi,n(i) on {(j, j′) : j, j′ ∈ {1, ...,M}, j ̸= j′} with the

following property: if t(ε) is a function that satisfies tεk−1(i) ≪ t(ε) ≪ tεk(i) for some k ≥ 1,

then

lim
ε→0

P
(
Xx,ε

t(ε) ∈ Sj, X̂
x,ε
t(ε) ∈ Sj′

)
= µi,k(j, j

′)

uniformly in x ∈ Si for every j, j′ ∈ {1, . . . ,M}, j ̸= j′.

Remark 1.2.4. It can be shown (see the remark after Theorem 3.1.4) that Theorem 1.2.3 could be

formulated without the dependence of the time scales on i (by combining the sets of time scales

corresponding to different i into one collection of time scales).

It is also interesting to explore what happens if, instead of assuming that tεk−1(i) ≪ t(ε) ≪

tεk(i), we assume that t(ε) is commensurate with one of the special time scales, i.e., t(ε)/tεk(i) →

C ∈ (0,∞) as ε ↓ 0 for some k ≥ 1. This question is briefly discussed after Theorem 3.1.4.
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Chapter 2: Examples of systems leading to parameter-dependent semi-Markov

processes.

In this chapter, we discuss several stochastic systems whose long-time behavior can be

analyzed by considering an associated semi-Markov process and applying Theorem 1.2.3. In

each of these examples, the asymptotics has been studied using the particular properties of this

or that system; the main point of this section is to show that all these cases fit in a common

framework.

2.1 Random perturbations of dynamical systems with a finite number of stable

equilibrium points.

Consider a dynamical system on Rd

Ẏ x
t = b(Y x

t ), Y x
0 = x ∈ Rd,

and a diffusion process that is a small perturbation of the dynamical system

dY x,ε
t = b(Y x,ε

t )dt+ εσ(Y x,ε
t )dWt, Y x,ε

0 = x ∈ Rd.
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Here, Wt is a d-dimensional Wiener process, while σ and b are Lipschitz continuous matrix-

and vector-valued functions, respectively; σ is assumed to be positive-definite for each value of

the argument. If φ : [0.T ] → Rd is a smooth curve with φ(0) = x, then the asymptotics, as ε ↓ 0,

of the probability that a trajectory of Y x,ε
t on [0, T ] belongs to a small neighborhood of φ can be

expressed in terms of the action functional

S(φ) =
1

2

∫ T

0

⟨a(φt)(φ̇(t)− b(φ(t))), φ̇(t)− b(φ(t)⟩dt,

where a = (σσ∗)−1. (See [15] for the large deviations theory of randomly perturbed dynamical

systems). The role of the action functional is that it can be used to define the quasi-potential

V (x, y), which, in turn, can be used to express the probabilities of rare transitions (that are

due to the small diffusion) between different equilibria of the unperturbed system. Namely, the

quasipotential is defined as

V (x, y) = inf{S(φ)|φ(0) = x, φ(T ) = y, T ≥ 0}.

Observe that V (x, y) = 0 if, for arbitrarily small neighborhoods Ux and Uy of x and y, respectively,

there is a trajectory of the unperturbed dynamical system going from Ux to Uy. Let us assume

that there is a finite collection of compact sets K1, ..., KM ⊂ Rd such that

(a) For each 1 ≤ i ≤ M , V (x, y) = V (y, x) = 0 whenever x, y ∈ Ki.

(b) If x ∈ Ki and y /∈ Ki for some i, then V (x, y) > 0.

(c) For each x ∈ Rd, there are i and y ∈ Ki such that V (x, y) = 0.

(d) For some (and therefore for each) x ∈ Rd, lim∥y∥→∞ V (x, y) = ∞.
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Let Si be a δ-neighborhood of Ki, where δ > 0 sufficiently small so that Si are disjoint and, for

x ∈ Si, there is y ∈ Ki such that V (x, y) = 0. Define

Vij = inf{V (x, y)|x ∈ Ki, y ∈ Kj}, 1 ≤ i, j ≤ M.

According to the Freidlin-Wentzell theory ([14], [15]), the quantities Vij determine the logarithmic

asymptotics of the expected transition times between the sets Si and Sj . For example, let Ax,ε
j

be the event that the process Y x,ε
t starting at x ∈ Si hits Sj prior to hitting any Sk with k ̸= i, j.

For x ∈ Si, let τx,ε be the first time when the process reaches one of the sets Sj , other than Si.

Assume that Vij < Vik for each k ̸= i, j. It has been shown (see [15]) that

P(Ax,ε
j ) → 1 and ε2 lnE(τx,ε|Ax,ε

j ) → Vij as ε ↓ 0 (2.1)

uniformly in x ∈ Si.

A semi-Markov process Xx,ε
t on the state space S = S1

⋃
...
⋃

SM can be naturally

associated with the diffusion process Y x,ε
t . Namely, assume that x ∈ Si for some i, and let

0 = τx,ε0 , τx,ε1 , τx,ε2 , ... be the times of the successive visits by Y x,ε
t to different sets Si, i.e., if

Y x,ε
τx,εk

∈ Si with k ≥ 0, we define

τx,εk+1 = inf{t ≥ τx,εk : Y x,ε
t ∈ S \ Si}.

We then define

Xx,ε
t = Y x,ε

τx,εk
, for τx,εk ≤ t < τx,εk+1.
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Verifying, for the process Xx,ε
t , all the assumptions on the transition probabilities and transition

times outlined in Section 1.2 is not always an easy task since the Freidlin-Wentzell theory provides

only the logarithmic asymptotics for the required quantities. Nevertheless, metastability has been

described ([10], [15]) for generic randomly perturbed dynamical systems using a construction of

the hierarchy of cycles. The main assumption (satisfied by a generic system) is that the notion

of the “next” attractor or the next cycle is correctly defined at each step of the construction. In

particular, the assumption (which led to (2.1)) that, for each i, the minimum minj Vij is achieved

for a single value of j is needed to identify the next set visited by the process after it reaches Si.

The precise asymptotics for the expected transition times

E(τx,ε|Ax,ε
j ) ∼ cij exp(Vij/ε

2) (2.2)

has been obtained under additional assumptions on the vector field b and the diffusion matrix

σ and the assumption that the sets Ki are points. For example, for random perturbations that

result in reversible diffusion processes, the asymptotics (2.2) (the Eyring–Kramers formula)

has been established in [5], [16] (see also [9], [18], [19], [20] for earlier work in the physics

literature and [3] for a generalization to non-reversible processes under certain assumptions on

the quasipotential). The uniqueness of the “next” attractor is not always necessary to describe

the metastable behavior of a randomly perturbed dynamical system. In particular, for a class of

systems, metastability, including the behavior of the process at the transitional time scales, was

recently described in [21], [22].

The connection between the results quoted above and the current work is that, once the

asymptotics (2.2) is verified for the underlying diffusion process, it is usually not difficult to
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show that the assumptions listed in Section 1.2 are satisfied by the corresponding semi-Markov

process. Therefore, the metastable behavior of the original process follows from Theorem 1.2.3.

2.2 Random perturbations of diffusions with invariant submanifolds.

Here, we briefly recall the results from [12], [13] on metastability for randomly perturbed

degenerate diffusions and see how the associated semi-Markov processes fit our framework.

Consider a diffusion process that satisfies the stochastic differential equation

dY x
t = v0(Y

x
t )dt+

d∑
i=1

vi(Y
x
t ) ◦ dW i

t , Y x
0 = x ∈ Rd,

where W i
t are independent Wiener processes and v0, ..., vd are bounded C3(Rd) vector fields.

The Stratonovich form is convenient here since it allows one to provide a natural coordinate-

independent description of the process. The generator of the process is the operator

Lu = L0 +
1

2

d∑
i=1

L2
i ,

where Liu = ⟨vi,∇u⟩ is the operator of differentiation along the vector field vi, i = 0, ..., d.

Let K1, ..., KM ⊂ Rd be C4-smooth non-intersecting compact surfaces with dimensions

d1, ..., dM , respectively, where 0 ≤ di < d, 1 ≤ i ≤ M . Points are considered to be zero-

dimensional surfaces. Assume that each of the surfaces is invariant for the process and that

the diffusion restricted to a single surface is an ergodic process (the latter condition is trivially

satisfied for Ki if di = 0). Denote D = Rd \ (K1

⋃
...
⋃
KM). We assume that the diffusion

matrix is non-degenerate on D.
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For each i = 1, ...,M and each x ∈ Ki, we define T (x) to be the tangent space to Ki at x

(with T (x) being a zero-dimensional space if di = 0). We assume that:

(a) span(v0(x), v1(x), ..., vd(x)) = span(v1(x), ..., vd(x)) = T (x) for x ∈ K1

⋃
...
⋃

KM ;

(b) span(v1(x), ..., vd(x)) = Rd for x ∈ D.

This is just a more convenient (and slightly stronger) way to express the assumptions that we

already made: (a) implies that the surfaces are invariant, and the process is ergodic on each

surface; (b) means that the diffusion matrix is non-degenerate on D. Under Assumption (a), the

set K1

⋃
...
⋃

KM is inaccessible, i.e., the process Xt starting at x ∈ D does not reach it in finite

time. In fact, another assumption, concerning the ergodic properties of the process not only on

the surfaces Ki but in their vicinities and slightly strengthening Assumption (a), is needed (see

[13] for details). Under such assumptions, each surface can be classified as either attracting or

repelling for Y x
t , depending (roughly speaking) on whether P(limt→∞ dist(Y x

t , Ki) = 0) > 0 for

each x sufficiently close to Ki (attracting surface) or P(limt→∞ dist(Y x
t , Ki) = 0) = 0 for each

x /∈ Ki (repelling surface).

Next, we perturb the process Y x
t by a small non-degenerate diffusion. The resulting process

Y x,ε
t satisfies the following stochastic differential equation:

dY x,ε
t = (v0 + ε2ṽ0)(Y

x,ε
t )dt+

d∑
i=1

vi(Y
x,ε
t ) ◦ dW i

t + ε

d∑
i=1

ṽi(Y
x,ε
t ) ◦ dW̃ i

t , Y x,ε
t = x ∈ Rd,

where W̃ i
t are independent Wiener processes (also independent of all W i

t ), and ṽ0, ..., ṽd are

bounded C3(Rd) vector fields. In order to make our assumption on the non-degeneracy of the

perturbation more precise, we state it as follows:

(c) span(ṽ1(x), ..., ṽd(x)) = Rd for x ∈ Rd.
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We also include a condition that ensures that the processes Y x
t and Y x,ε

t (with sufficiently

small ε) are positive-recurrent. Namely, we assume that:

(d) v0, ..., vd, ṽ0, ..., ṽd are bounded and ⟨v0(x), x⟩ < −c∥x∥ for some c > 0 and all

sufficiently large ∥x∥.

The generator of the process Y x,ε
t is the operator Lε = L+ ε2L̃ with

L̃u = L̃0 +
1

2

d∑
i=1

L̃2
i ,

where L̃iu = ⟨ṽi,∇u⟩ is the operator of differentiation along the vector field ṽi, i = 0, ..., d.

The process Y x
t starting at x is approximated well by Y x,ε

t (with the same starting point)

on finite time intervals as ε ↓ 0. However, due to the presence of the small non-degenerate

component, Y x,ε
t cannot get forever trapped in a vicinity of an attracting surface. The process

Y x,ε
t exhibits metastable behavior: the limiting distribution of Y x,ε

t(ε), as (1/ε, t(ε)) approaches

infinity, depends on the initial point and on the function t(ε).

Assume, momentarily, that all the surfaces Ki are attracting and that di < d−1 for each i. In

order to relate the situation at hand to the analysis of semi-Markov processes, we again introduce

the open sets that contain Ki and that are reached by the perturbed process in finite time with

positive probability. Namely, let Sε
i be a

√
ε-neighborhood of Ki. This appears slightly different

from the setup in Section 1.2 since these sets depend on ε, but each Sε
i can be parametrized by a

set Si that is independent of ε.

As in Section 2.1, a semi-Markov process Xx,ε
t on the state space Sε

1

⋃
...
⋃

Sε
M can be

naturally associated with the diffusion Y x,ε
t by stopping the latter process each time it reaches a

new set Sε
i . Let Ax,ε

j be the event that the process Y x,ε
t starting at x ∈ Sε

i hits Sε
j prior to hitting
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any Sε
k with k ̸= i, j. For x ∈ Sε

i , let τx,ε be the first time when the process reaches one of the

sets Sε
j , other than Sε

i . It has been shown (see [12], [13]) that there are positive constants γi,

0 ≤ i ≤ M , aij , Vij , i ̸= j, such that

P(Ax,ε
j ) → aij and εγiE(τx,ε|Ax,ε

j ) → Vij as ε ↓ 0

uniformly in x ∈ Sε
i . Note that, unlike the case of randomly perturbed dynamical systems

considered above, the transition times for a randomly perturbed diffusion process (and, therefore,

for the associated semi-Markov process) scale as powers of ε, rather than exponentially. All

the assumptions from Section 1.2 placed on the semi-Markov process are easy to verify in this

example.

The situation is slightly more complicated, but still amenable to the same analysis, in the

case when some of the surfaces are attracting or have dimension di = d − 1. For example,

it may happen that Sε
j cannot be directly reached from Sε

i if these two sets are separated by a

(d − 1)-dimensional attracting surface, in which case aij = 0. Or, if two sets are separated by

a repelling surface, it takes an additional time (that scales as a negative power of ε) to cross a

repelling surface.
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Chapter 3: Extension of the state space and hierarchy of clusters.

3.1 Reduction of the process to one with nearly independent transition times

and transition probabilities.

It can be shown that the transition times of a Markov Renewal Process on a discrete space

can be assumed to depend only on the current state and be independent of the next state visited

(see for example, [1]). This is achieved by extending the state space and studying the process

(Xn,Xn+1). We describe how to extend this construction to our case, where the state space is not

necessarily discrete.

Let S = {(x, j) : x ∈ Si, 1 ≤ i, j ≤ M,P ε
ij ̸≡ 0}. Let Q

ε
: S×B(S)×B([0,∞)) → [0, 1]

be the Markov transition kernel given by

Q
ε
((x, j), (A× {k}), I) = 1

P ε(x, Sj)

∫
A∩Sj

P ε(y, Sk)Q
ε(x, dy × I)

when P ε(x, Sj) ̸≡ 0 and 0 otherwise. Recall that P ε(x,A) = Qε(x,A× [0,∞)).

For a given x = (x, j) ∈ S, let us define the Markov process
(
X

x,ε

n ,T
x,ε

n

)
with kernel Q

ε
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and
(
X

x,ε

0 ,T
x,ε

0

)
= (x, 0). Notice that, in the language of the original process,

Q
ε
(x,A× {k}, I) =P (Xx,ε

1 ∈ A ∩ Sj,T
x,ε
1 ∈ I,Xx,ε

2 ∈ Sk)

P (Xx,ε
1 ∈ Sj)

=P (Xx,ε
1 ∈ A,Tx,ε

1 ∈ I,Xx,ε
2 ∈ Sk | Xx,ε

1 ∈ Sj)

(3.1)

whenever P ε(x, Sj) > 0, and, therefore, there is a natural correspondence between the finite

dimensional distributions of
(
X

x,ε

n ,T
x,ε

n

)
and (Xx,ε

n ,Tx,ε
n ) .

Below we will see how the assumptions on the process (Xx,ε
n ,Tx,ε

n ) translate to the process(
X

x,ε

n ,T
x,ε

n

)
. First note that the state space S admits a partition {Si×{j} : 1 ≤ i, j ≤ M, i ̸= j}.

Let us re-index this partition so that {Si × {j} : 1 ≤ i, j ≤ M, i ̸= j} = {Si : 1 ≤ i ≤ M}. As

before, we will use P
ε
(x,A) to denote Q

ε
(x,A× [0,∞)).

Let 1 ≤ i, j ≤ M and let x ∈ Si. Then there are a, b ∈ {1, . . .M} and x ∈ Sa such that

Si = Sa × {b} and x = (x, b). There are c, d ∈ {1, . . .M} such that Sj = Sc × {d}. Then

P
ε (
x, Sj

)
= Q

ε (
x, Sj × [0,∞)

)
=

1

P ε(x, Sb)

∫
Sb∩Sc

P ε(x, dy)P ε(y, Sd)
(3.2)

From (1.2), it follows that, when b = c, lim
ε→0

P
ε (
x, Sj

)
P ε
cd

= 1 uniformly in x ∈ Si, while

P
ε (
x, Sj

)
≡ 0 when b ̸= c. We conclude that either P

ε (
x, Sj

)
= 0 for every x ∈ Si, or

P
ε (
x, Sj

)
> 0 for every x ∈ Si and there is a positive function P

ε

ij such that

lim
ε→0

P
ε (
x, Sj

)
P

ε

ij

= 1
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uniformly in x ∈ Si, in which case we take P
ε

ij ≡ P ε
cd. Note that the assumption of communication

among the functions P ε
ab carries over to the functions P

ε

ij naturally.

Note also, by (3.1), that if x = (x, j) where x ∈ Si, 1 ≤ i, j ≤ M, then

P
(
T

x,ε

1 ∈ I
)
= P (Tx,ε

1 ∈ I | Xx,ε
1 ∈ Sj) = P (T ε(x, Sj) ∈ I)

provided that P ε(x, Sj) > 0.

Adopting notation similar to Section 1, for x ∈ S and B ⊆ S such that P
ε
(x,B) > 0, let

us define T
ε
(x,B) to be a random variable with the distribution

P
(
T

ε
(x,B) ∈ I

)
= P

(
T

x,ε

1 ∈ I|Xx,ε

1 ∈ B
)
.

T
ε
(x,B) is to be understood as the time in transition from x to X

x,ε

1 conditioned on X
x,ε

1 ∈ B. If

Si = Sa × {b}, Sj = Sb × {c}, x = (x, b) where x ∈ Sa, 1 ≤ i, j ≤ M and 1 ≤ a, b, c ≤ M,

then,

P
(
T

ε
(x,B) ∈ I

)
=

Q
ε (
x, Sj × I

)
P

ε (
x, Sj

) =

1

P ε (x, Sb)

∫
Sb

P ε (y, Sc)Q
ε (x, dy × I)

1

P ε (x, Sb)

∫
Sb

P ε (y, Sc)P
ε (x, dy)

=

∫
Sb

P ε (y, Sc)Q
ε (x, dy × I)∫

Sb

P ε (y, Sc)P
ε (x, dy)

.

The purpose of constructing such a process on an extended space in the conventional case

(discrete space) is to establish independence between X
x,ε

n and T
x,ε

n , given X
x,ε

n−1. In our case, we
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do not retrieve complete independence but instead we have the following results.

Lemma 3.1.1. For each 1 ≤ i ≤ M , there is a function τ εi such that

lim
ε→0

E
(
T

ε
(x, Sj)

)
τ εi

= 1 (3.3)

uniformly in x ∈ Si for every 1 ≤ j ≤ M such that P
ε

ij is not identically zero. Moreover there

are C, ε0 > 0 such that

Var
(
T

ε
(x, Sj)

)
≤ C · (τ εi )2

for every ε ≤ ε0, provided that P
ε

ij is not identically zero.

Proof. With x = (x, b), Sj = Sb × {c},

E
(
T

ε
(x, Sj)

)
=

∞∫
0

t Q
ε
(x, Sj × dt)

P
ε
(x, Sj)

=

∞∫
0

t
1

P ε(x, Sb)

∫
Sb

P ε(y, Sc)Q
ε(x, dy × dt)

1

P ε(x, Sb)

∫
Sb

P ε(y, Sc)P
ε(x, dy)

≤
sup
y∈Sb

P ε(y, Sc)

inf
y∈Sb

P ε(y, Sc)
·

∞∫
0

t Qε(x, Sb × dt)

P ε(x, Sb)
.

The first ratio has the same asymptotics as P ε
bc/P

ε
bc = 1. The second ratio is exactly E (T ε(x, Sb))

(recall the definition of T ε(x, Sb) from the original process). Hence the second ratio is asymptotically

equivalent to τ εab as ε ↓ 0 due to (1.3). These limits hold uniformly in x ∈ Sa. The lower estimate

is proved in the same way by exchanging sup and inf . Since a, b are determined by x, we obtain

(3.3) by setting τ εi ≡ τ εab.
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Similarly,

E
(
T

ε
(x, Sj)

2
)
=

∞∫
0

t2 Q
ε
(x, Sj × dt)

P
ε
(x, Sj)

=

∞∫
0

t2
1

P ε(x, Sb)

∫
Sb

P ε(y, Sc)Q
ε(x, dy × dt)

1

P ε(x, Sb)

∫
Sb

P ε(y, Sc)P
ε(x, dy)

≤
sup
y∈Sb

P ε(y, Sc)

inf
y∈Sb

P ε(y, Sc)
·

∞∫
0

t2 Qε(x, Sb × dt)

P ε(x, Sb)

≤
sup
y∈Sb

P ε(y, Sc)

inf
y∈Sb

P ε(y, Sc)
E
(
T ε(x, Sb)

2
)
.

Due to (1.4), E (T ε(x, Sb)
2) ≤ C (τ εab)

2 = C (τ εi )
2 for some C > 0 and small enough ε. This

proves our second claim.

Lemma 3.1.2. Let Si = Sa × {b}, Sj = Sb × {c} for some 1 ≤ i, j ≤ M, 1 ≤ a, b, c ≤ M. For

every bounded continuous function f : [0,∞) → R,

lim
ε↓0

E

(
f

(
T

ε
(x, Sj)

τ i

)
− f

(
T ε(y, Sb)

τab

))
= 0

uniformly in x ∈ Si, y ∈ Sa.

Proof. Let x, y ∈ Sa and suppose that x = (x, b). Without loss of generality, we can assume that
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f ≥ 0.

E

(
f

(
T

ε
(x, Sj)

τ i

)
− f

(
T ε(y, Sb)

τab

))

=

∫ ∞

0

f

(
t

τ εi

)
Q

ε
(x, Sj × dt)

P
ε (
x, Sj

) −
∫ ∞

0

f

(
t

τ εab

)
Qε(y, Sb × dt)

P ε (y, Sb)

=

∫ ∞

0

f

(
t

τ εab

) 1

P ε(x, Sb)

∫
Sb

P ε(x1, Sc)Q
ε(x, dx1 × dt)

1

P ε(x, Sb)

∫
Sb

P ε(x1, Sc)P
ε(x, dx1)

−
∫ ∞

0

f

(
t

τ εab

)
Qε(y, Sb × dt)

P ε (y, Sb)

≤
sup
x1∈Sb

P ε(x1, Sc)

inf
x1∈Sb

P ε(x1, Sc)

∫ ∞

0

f

(
t

τ εab

)
Qε(x, Sb × dt)

P ε (x, Sb)
−
∫ ∞

0

f

(
t

τ εab

)
Qε(y, Sb × dt)

P ε (y, Sb)
→ 0

uniformly in x, y ∈ Sa due to (1.5). A lower estimate is obtained similarly by exchanging sup

and inf above.

Corollary 3.1.3. Let i ∈ {1, . . . ,M}. For every bounded continuous function f : [0,∞) → R,

lim
ε↓0

E

(
f

(
T

ε
(x1, Sj1)

τ εi

)
− f

(
T

ε
(x2, Sj2)

τ εi

))
= 0

uniformly in x1, x2 ∈ Si and j1, j2 ∈ {1, . . . ,M}, provided that P
ε

ij1
, P

ε

ij2
> 0.

Proof. The result holds since the limit in Lemma 3.1.2 is independent of Sj.

From this point on, we will work with the process
(
X

x,ε

n ,T
x,ε

n

)
. However, since it is

inconvenient to use the notation with the bars throughout the dissertation, we drop those bars

from the notation (in particular, we’ll write S instead of S and M instead of M ). In order to
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distinguish the resulting process from the original one, we restate the properties of the auxiliary

process that follow from the assumptions we made on the original one.

(a) Due to (3.2), for every i ̸= j, P ε(x, Sj) is either identically 0 for every x ∈ Si or it is

positive for all x ∈ Si and ε > 0, and in the latter case there are functions P ε
ij, ε > 0, such that,

lim
ε↓0

P ε(x, Sj)

P ε
ij

= 1

uniformly in x ∈ Si. If P ε(x, Sj) ≡ 0 for x ∈ Si, then we set P ε
ij ≡ 0. In particular, P ε

ii ≡ 0.

The functions P ε
ij can be chosen in such a way that

∑
j ̸=i P

ε
ij = 1 for every i. For every ε > 0

and every i ̸= j, there exists a sequence i1, . . . ik in {1, . . .M} such that i = i1, j = ik, and

P ε
irir+1

> 0 for every ε > 0.

(b) (follows from Lemma 3.1.1) For every 1 ≤ i ≤ M, there is a function τ εi such that

lim
ε→0

E (T ε(x, Sj))

τ εi
= 1 (3.4)

uniformly in x ∈ Si for every j such that P (Xx,ε
1 ∈ Sj) = P ε (x, Sj) > 0 and for every x ∈ Si.

(c) (follows from Lemma 3.1.1) There are C, ε0 > 0 such that

Var (T ε(x, Sj)) ≤ C · (τ εi )2 (3.5)

for every x ∈ Si and i ̸= j, provided that P ε
ij is not identically 0.

(d) (follows from Corollary 3.1.3) For any given bounded continuous function f : [0,∞) →

R and i, j1, j2 ∈ {1, . . . ,M},
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lim
ε↓0

E
(
f

(
T ε(x1, Sj1)

τ εi

)
− f

(
T ε(x2, Sj2)

τ εi

))
= 0

uniformly in x1, x2 ∈ Si provided that P ε
ij1
, P ε

ij2
are positive functions.

(e) (follows from Lemma 3.1.2) For a sequence xn ∈ Si and a sequence εn such that εn ↓ 0

as n → ∞,

if
T εn(xn, Sj)

τ εni
→ ξ in distribution as n → ∞ for some ξ, then ξ has no atoms.

(f) Complete asymptotic regularity for the new process (which follows from assumption

(1.7)):

lim
ε↓0

P ε
a1b1

P ε
a1d1

·
P ε
a2b2

P ε
a2d2

· · ·
P ε
arbr

P ε
ardr

· τ
ε
a

τ εc
∈ [0,∞]

for every ai, bi, di, a, c ∈ {1, 2, . . . ,M} with ai ̸= bi, ai ̸= di for which the quantities appearing

in the limit exist.

The new extended process (
(
X

x,ε

n ,T
x,ε

n

)
in the old notation, but with the bars dropped)

already contains information about the current state as well as the next state of the original

process. Therefore, Theorem 1.2.3 is implied by the following.

Theorem 3.1.4. Suppose that conditions (a)-(f) are satisfied. Then, for each 1 ≤ i ≤ M , there

exists a sequence of time scales (functions of ε > 0) satisfying 0 = tε0(i) ≪ tε1(i) ≪ tε2(i) ≪

· · · ≪ tεn(i)(i) = ∞ and a sequence of probability measures µi,1, µi,2, . . . , µi,n(i) on {1, ...,M}

with the following property: if t(ε) is a function that satisfies tεk−1(i) ≪ t(ε) ≪ tεk(i) for some

k ≥ 1, then

lim
ε→0

P
(
Xx,ε

t(ε) ∈ Sj

)
= µi,k(j)
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uniformly in x ∈ Si for every j ∈ {1, . . . ,M}.

Remark 3.1.5. It will shown in the proof of the theorem that the time scales corresponding to

different i can be assumed to be comparable, i.e., there are limits limε↓0(t
ε
k1
(i1)/t

ε
k2
(i2)) ∈ [0,∞].

We will call two time scales equivalent if this limit is positive and finite. Thus, by collecting the

time scales for each 1 ≤ i ≤ M and retaining only one from each set of equivalent scales, we get

a set of time scales 0 = tε0 ≪ tε1 ≪ tε2 ≪ · · · ≪ tεn = ∞ and a collection of probability measures

{µi,k : 1 ≤ k ≤ n, 1 ≤ i ≤ M} on {1, . . . ,M} such that if t(ε) is a function that satisfies tεk−1 ≪

t(ε) ≪ tεk for some k ≥ 1, then

lim
ε→0

P
(
Xx,ε

t(ε) ∈ Sj

)
= µi,k(j)

uniformly in x ∈ Si for every i, j ∈ {1, . . . ,M}. Observe that the indexing of the measures µi,k

here may be different from that in the theorem since it may happen that n > n(i) for a given i.

Theorem 3.1.4 includes the assumption that the time scale t(ε) where the system is observed

is deep inside an interval between a pair of special time scales, i.e., the relation tεk−1(i) ≪ t(ε) ≪

tεk(i) holds. It can be shown that, under additional assumptions, a similar conclusion holds even

for time scales that satisfy limε↓0 t(ε)/t
ε
k(i) ∈ (0,∞) for some k ≥ 1. We will see later (in

Section 4.2) that the time scales tεk(i) correspond to expected exit times from certain sets that are

of the form
⋃

j∈Jk Sj for some index set Jk ⊆ {1, 2, . . . ,M} to be specified. In particular, we

will take tε1(i) = τ εi . For those situations where Jk consists of more than one element, it is shown

in Theorem 3.3.9 that the exit time from
⋃

j∈Jk Sj has an almost exponential distribution, and
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this fact can be used to study the metastable distributions at time scales commensurate with tεk(i).

However, without making further assumptions, we can’t say anything similar about the limiting

exit time from
⋃

j∈Jk Sj if Jk consists of only only one element.

The following proposition is stated here without a proof since it’s not the main focus of the

current work.

Proposition 3.1.6. Suppose that conditions (a)-(f) are satisfied. Let x ∈ Si where 1 ≤ i ≤ M.

Consider the associated sequence of time scales 0 = tε0(i) ≪ tε1(i) ≪ tε2(i) ≪ · · · ≪ tεn(i)(i) =

∞ introduced in Theorem 3.1.4. Suppose that either

(1) For each i, T ε(x, Sj)/τ
ε
i converges weakly for some x ∈ Si and some j (the limiting

distribution does not have atoms due to (e) and does not depend on x or j due to (d)), or

(2) For each i, lim
ε→0

(t(ε)/τ εi ) ∈ {0,∞}.

Suppose that the function t(ε) satisfies,

lim
ε→0

t(ε)

tεk(i)
= C ∈ (0,∞)

for some k ≥ 1 (this is only possible with k ≥ 2 if the second assumption holds). Then there

exists a probability measure µi,k,C such that

lim
ε→0

P
(
Xx,ε

t(ε) ∈ Sj

)
= µi,k,C(j) (3.6)

uniformly in x ∈ Si for every j ∈ {1, . . . ,M}.

Let us note that (3.6) was proved in [21] and [22] for a certain class of randomly perturbed

dynamical systems (which can be associated with parameter-dependent semi-Markov processes,
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as discussed in Section 2.1).

3.2 Asymptotic results for discrete-time Markov chains.

In this section, we are only interested in transition probabilities rather than transition times.

We start by discussing a more general setup, but will retain some of the same notation.

Consider a family of Markov chains Xx,ε
n on a metric space S given by the Markov kernel

P ε(x,A), x ∈ S,A ∈ B(S) - note again that this chain may be distinct from the one related to

the semi Markov process (Xx,ε
n ,Tx,ε

n ) defined above. We will make the following assumptions.

(A) There is a partition of the state space S = S1 ∪ S2 ∪ . . . SM . We will assume that

P ε(x, Si) = 0 for every x ∈ Si and ε > 0.

(B) For every i ̸= j, P ε(x, Sj) is either identically 0 for every x ∈ Si or it is positive for

all x ∈ Si and ε > 0, and in the latter case there are functions P ε
ij, ε > 0, such that

lim
ε↓0

P ε(x, Sj)

P ε
ij

= 1 (3.7)

uniformly in x ∈ Si. In the case when P ε(x, Sj) is identically zero, we set P ε
ij to also be

identically zero. For every ε > 0 and every i ̸= j, there exists a sequence i1, . . . ik in {1, . . .M}

such that i = i1, j = ik, and P ε
irir+1

> 0 for every ε > 0.
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(C) For every i ̸= j, i′ ̸= j′,

lim
ε→0

P ε
ij

P ε
i′j′

∈ [0,∞]

whenever the denominator is a function that is not identically zero.

Assumption (C), referred to as asymptotic regularity, which is weaker than the assumption of

complete asymptotic regularity made in (1.6), ensures that the limits P 0
ij = lim

ε→0
P ε
ij exist for every

i, j.

(D) Suppose that there is a partition of {1, 2, . . . ,M} into E ∪ F. We will assume that E

forms one ergodic class with respect to the transition probabilities P 0
ij (this implies that E has

more than one element since P 0
ii = 0 for each i). The process on E with transition probabilities

P 0
ij and initial point i will be denoted by Xi,0

n . We also assume that {1, 2, . . .M} also forms one

ergodic class with respect to P ε
ij for every ε > 0.

For i ∈ E and x ∈
⋃
j∈E

Sj, let

θx,ε = min

{
n : Xx,ε

n ∈
⋃
k∈F

Sk

}
, N ε(x, i) =

θx,ε∑
n=0

χ (Xx,ε
n ∈ Si) .

Thus N ε(x, i) is the number of visits to Si by Xx,ε
n before this process leaves

⋃
j∈E

Sj . Let λ(·) be

the invariant measure associated with the chain on E governed by the transition probabilities P 0
ij.

We will prove Lemmas 3.2.1 and 3.2.2 under this setting.
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Lemma 3.2.1. Suppose that the assumptions (A)-(D) hold and let i ∈ E. Then

lim
ε↓0

P

(
θx,ε⋂
n=1

(Xx,ε
n ̸∈ Si)

)
1

λ(i)

∑
j∈E,
k∈F

λ(j)P ε
jk

= 1

uniformly in x ∈ Si. Moreover,

lim
ε→0

E (N ε(x, i)) · 1

λ(i)

∑
j∈E,
k∈F

λ(j)P ε
jk = 1

uniformly in x ∈
⋃
j∈E

Sj .

Proof. Let D = E \{i}. Let us introduce the following notation: SE =
⋃
j∈E

Sj, S
F =

⋃
j∈F

Sj and

SD =
⋃
j∈D

Sj. Let σx,ε
i = min {θx,ε,min{n > 0 : Xx,ε

n ∈ Si}} . Consider the kernel Γε
i (x,A) =

P
(
Xx,ε

σx,ε
i

∈ A
)

defined for x ∈ SE and A ∈ B(S). We will sometimes avoid mentioning the

dependence of σx,ε
i on x, ε below to minimize notation. Then for x ∈ Si,

P

(
θx,ε⋂
n=1

(Xx,ε
n ̸∈ Si)

)
= Γε

i

(
x, SF

)
= P

(
Xx,ε

σi
∈ SF

)
=
∑
j∈E

P
(
Xx,ε

σi
∈ SF ,Xx,ε

σi−1 ∈ Sj

)
.

Let j ̸= i. Let A(m,n) be the set of all paths (i1, i2, . . . , in) of length n such that each iα ∈

E \ {i}, in = j, and iα = j for exactly m different indices α.
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P
(
Xx,ε

σi
∈ SF ,Xx,ε

σi−1 ∈ Sj

)
=

∞∑
m=1

P
(
Xx,ε

σi
∈ SF , Xx,ε

σi−1 ∈ Sj, Sj was visited m times
)

=
∞∑

m=1

∞∑
n=1

∑
(iα)∈A(m,n)

P
(
Xx,ε

1 ∈ Si1 , . . . ,X
x,ε
n ∈ Sin ,X

x,ε
n+1 ∈ SF

)
≤ sup

y∈Sj

P ε
(
y, SF

) ∞∑
m=1

∞∑
n=1

∑
(iα)∈A(m,n)

P (Xx,ε
1 ∈ Si1 , . . . ,X

x,ε
n ∈ Sin) .

Due to (3.7) and the fact that Xi,0
n is ergodic on E, the terms in the above sum decay exponentially

fast with respect to m and n, uniformly in x ∈ Si and small enough ε. Since P ε
(
y, SF

)
∼
∑
k∈F

P ε
jk

uniformly in y ∈ Sj, we obtain from the above inequality that

lim sup
ε↓0

sup
x∈Si

P
(
Xx,ε

σi
∈ SF ,Xx,ε

σi−1 ∈ Sj

)
∑
k∈F

P ε
jk

≤
∞∑

m=1

∞∑
n=1

∑
(iα)∈A(m,n)

P
(
Xi,0

1 = i1, . . . ,X
i,0
n = in

)
=

∞∑
m=1

P
((
Xi,0

n

)
visited j at least m times before returning to i

)
= E

(
Number of visits to j between visits to i by

(
Xi,0

n

))
=

λ(j)

λ(i)
.

By (3.7), P
(
Xx,ε

σi
∈ SF ,Xx,ε

σi−1 ∈ Si

)
= P ε

(
x, SF

)
∼
∑
k∈F

P ε
jk, uniformly in x ∈ Si, and

therefore the inequality above holds even when j = i. This shows that

lim sup
ε↓0

sup
x∈Si

Γε
i

(
x, SF

)
1

λ(i)

∑
j∈E

λ(j)
∑
k∈F

P ε
jk

≤ 1.
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We can obtain a lower estimate similarly to show that

Γε
i

(
x, SF

)
∼ 1

λ(i)

∑
j∈E

λ(j)
∑
k∈F

P ε
jk (3.8)

uniformly in x ∈ Si. This proves the first claim in the Lemma.

Now let x ∈ SE \ Si. Then for n ≥ 1,

P (N ε(x, i) ≥ n) =

∫
Si

· · ·
∫
Si

Γε
i (x, dx1)Γ

ε
i (x1, dx2) . . .Γ

ε
i (xn−1, dxn).

Therefore,

Γε
i (x, Si)

(
inf
y∈Si

Γε
i (y, Si)

)n−1

≤ P (N ε(x, i) ≥ n) ≤ Γε
i (x, Si)

(
sup
y∈Si

Γε
i (y, Si)

)n−1

.

Since EN ε(x, i) =
∞∑
n=1

P (N ε(x, i) ≥ n) , we have

Γε
i (x, Si)

sup
y∈Si

Γε
i (y, Si)

≤ EN ε(x, i) ≤ Γε
i (x, Si)

inf
y∈Si

Γε
i (y, Si)

.

The result is proved for x ∈ SE \ Si after noting that Γε
i (x, Si) → 1 as ε ↓ 0 uniformly

in x ∈ SE . For x ∈ Si, we simply note that the probability of leaving SE in one step is

asymptotically small, use the Markov property on the location of the first transition in SE , and

observe that adding one to EN ε(x, i) does not change its asymptotics.

Lemma 3.2.2. Suppose that assumptions (A)-(D) hold. Let G ⊆ F,G ̸= ∅. Let SG =
⋃
k∈G

Sk.
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Then

P
(
Xx,ε

θx,ε ∈ SG
)
∼
∑
k∈G

∑
j∈E

λ(j)P ε
jk

/∑
k∈F

∑
j∈E

λ(j)P ε
jk as ε → 0

uniformly in x ∈
⋃
j∈E

Sj.

Proof. Fix an arbitrary i ∈ E. Note that by replacing F with G in all the arguments in the proof

of (3.8), it can be shown that Γε
i

(
x, SG

)
∼ 1

λ(i)

∑
j∈E

λ(j)
∑
k∈G

P ε
jk uniformly in x ∈ Si, where the

definitions for Γε
i and σx,ε

i are borrowed from the same lemma. For x ∈ Si,

P
(
Xx,ε

θx,ε ∈ SG
)
=

∞∑
n=1

∫
SG

∫
Si

· · ·
∫
Si

Γε
i (x, dx1)Γ

ε
i (x1, dx2) . . .Γ

ε
i (xn−1, dxn).

By estimating this using a geometric series (as we did in lemma 3.2.1) we find that

inf
x∈Si

Γε
i

(
x, SG

)
sup
x∈Si

Γε
i (x, S

F )
≤ P

(
Xx,ε

θx,ε ∈ SG
)
≤

sup
x∈Si

Γε
i

(
x, SG

)
inf
x∈Si

Γε
i (x, S

F )
.

Therefore, we obtain that P
(
Xx,ε

θx,ε ∈ SG
)
∼
∑
j∈E

λ(j)
∑
k∈G

P ε
jk

/∑
j∈E

λ(j)
∑
k∈F

P ε
jk uniformly in

x ∈ Si. Since these asymptotics do not depend on i, they hold uniformly in x ∈
⋃
j∈E

Sj.

3.3 Hierarchy of clusters.

In this section, we return to considering our original Markov renewal process (Xx,ε
n ,Tx,ε

n )

that satisfies assumptions (a) - (f) from Section 3.1. Our goal in this section will be to construct a

hierarchy of subsets of S that will prove to be informative later. The transitions between different
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higher ranked sets in this hierarchy will be very rare. We will also construct a hierarchy of

Markov renewal processes. For each such process, the state space S will be partitioned into a

collection of sets that will be unions of some of the sets Si. We will show that assumptions (a) -

(f) from Section 3.1 are satisfied for each such process. Let us make things precise.

Below, we will define a collection {Sr
i } of subsets of S for 0 ≤ r ≤ R and 1 ≤ i ≤ Mr.

Sr
i will be called the ith cluster of rank r. For a fixed r, {Sr

1 , . . . , S
r
Mr

} will form a partition of

S. For r ≥ 1, each Sr
i will be equal to a union of certain clusters of rank r − 1. Before defining

these clusters inductively, let us first fix some notation. For 0 ≤ r ≤ R, let πr be the projection

onto the relevant cluster of rank r, i.e., if x ∈ Sr
i (or A ⊆ Sr

i ), then πr (x) = Sr
i (πr (A) = Sr

i ).

Consider the following stopping times:

θx,ε0 (r) = 0,

θx,εn (r) = min
{
m > θx,εn−1(r) : π

r (Xx,ε
m ) ̸= πr

(
Xx,ε

θx,εn−1(r)

)}
, n ≥ 1.

Then, the kernel given by P r,ε(x,A) = P
(
Xx,ε

θx,ε1 (r)
∈ A

)
describes the Markov chain Xx,ε

θn(r)
that

captures the transition of the process between clusters of rank r.

We define S0
i = Si for 0 ≤ i ≤ M and M0 = M. We now describe the clusters Sr

i

inductively for r ≥ 1.

Suppose that the clusters are defined up to rank r for some r ≥ 0. Suppose that the number

of distinct clusters of rank r is greater than one, i.e., Mr ̸= 1. Then, θx,εn (r), Xx,ε
θn(r)

and P r,ε(· , ·)

are all well-defined objects. Consider the following assumptions.

(a) P r,ε(x, Sr
i ) = 0 for every x ∈ Sr

i and ε > 0. For every i ̸= j, P r,ε(x, Sr
j ) is either
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identically 0 for every x ∈ Sr
i or it is positive for all x ∈ Sr

i and ε > 0, and in the latter case there

are functions P r,ε
ij , ε > 0, such that

lim
ε↓0

P r,ε(x, Sr
j )

P r,ε
ij

= 1 (3.9)

uniformly in x ∈ Sr
i .

(b) Suppose that

lim
ε↓0

P r,ε
i1j1

P r,ε
i′1j

′
1

· · ·
P r,ε
injn

P r,ε
i′nj

′
n

∈ [0,∞] (3.10)

for every positive integer n and every iα ̸= jα, i
′
α, ̸= j′α for which the ratios appearing in the limit

are defined.

We will show, inductively, that these assumptions are satisfied for all values of r. Notice

that these are satisfied for r = 0 in line with our assumptions. These assumptions ensure that

the limits P r,0
ij = lim

ε→0
P r,ε
ij exist and

∑
j ̸=i P

r,0
ij = 1. Then (P r,0

ij ) is the transition matrix for a

Markov chain on {1, 2, . . . ,Mr}. Associated with this chain is a partition {E1, E2, . . . EMr+1}

of {1, 2, . . . ,Mr} into ergodic classes and singleton sets consisting of transient states. This

induces a partition of S given by {Sr+1
1 , . . . , Sr+1

Mr+1
}, where Sr+1

k =
⋃

i∈Ek

Sr
i , which explains

the construction of the clusters of next rank.

Let us show that the assumptions that were just outlined for rank r are also satisfied for

rank r + 1. Fix Sr+1
k , Sr+1

l , where k ̸= l. Let λr
k(·) be the invariant measure on Ek associated

with the transition probabilities P r,0
ij . In the future we will drop the subscript k when convenient.

Lemma 3.2.2 goes through for the chain Xx,ε
θx,εn (r)

with E = Ek, G = El, λ = λr
k and θx,ε =
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min
{
m : πr+1

(
Xx,ε

θx,εm (r)

)
̸= πr+1(x)

}
. Therefore,

P r+1,ε(x, Sr+1
l ) ∼

∑
i:Sr

i ⊆Sr+1
k

∑
j:Sr

j⊆Sr+1
l

λr
k(i)P

r,ε
ij

/ ∑
i:Sr

i ⊆Sr+1
k

∑
j:Sr

j ̸⊆Sr+1
k

λr
k(i)P

r,ε
ij as ε → 0

uniformly in x ∈ Sr+1
k . We simply define

P r+1,ε
kl =

∑
i:Sr

i ⊆Sr+1
k

∑
j:Sr

j⊆Sr+1
l

λr
k(i)P

r,ε
ij

/ ∑
i:Sr

i ⊆Sr+1
k

∑
j:Sr

j ̸⊆Sr+1
k

λr
k(i)P

r,ε
ij ,

which is the quantity that appears in the right hand side above. From this definition it follows

that assumption (a) holds for rank r + 1 if it holds for rank r. Assumption (b) (formula (3.10))

follows for rank r + 1 due to Lemma 1.2.2.

This completes the construction of the hierarchy of sets {Sr
i : 1 ≤ i ≤ Mr, 0 ≤ r ≤ R}

and shows that properties (a) and (b) hold for all 0 ≤ r < R.

Remark 3.3.1. Let 0 ≤ r ≤ R − 2, 1 ≤ i0, j0 ≤ Mr, 1 ≤ k, l ≤ Mr+1 and k ̸= l. Suppose

Sr
i0

⊆ Sr+1
k , Sr

j0
⊆ Sr+1

l and P r,ε
i0j0

is not identically zero. From the definition of P r+1,ε
kl stated

above, it follows that

P r,ε
i0j0

P r+1,ε
kl

≤ P r,ε
i0j0

 λr
k(i0)P

r,ε
i0j0∑

i:Sr
i ⊆Sr+1

k

∑
j:Sr

j ̸⊆Sr+1
k

λr
k(i)P

r,ε
ij


−1

=
1

λr
k(i0)

∑
i:Sr

i ⊆Sr+1
k

∑
j:Sr

j ̸⊆Sr+1
k

λr
k(i)P

r,ε
ij → 0

as ε ↓ 0. Therefore, by induction, the same limit holds if r is replaced with any 0 ≤ s ≤ r in the

numerator in the left-hand side.
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Recall that θx,ε1 (r) is the first time the process Xx,ε
n exits πr(Si).

Definition 3.3.2. Let 1 ≤ i ≤ M, 0 ≤ r < R and x ∈ πr(Si). Let us define

N ε(x, i, r) =

θx,ε1 (r)∑
n=0

χSi
(Xx,ε

n )

to be the random variable that counts the number of visits to Si before Xx,ε
n exits πr(x), the

cluster of rank r to which x belongs.

Lemma 3.3.3. Let 1 ≤ r < R and 1 ≤ i ≤ M. For 1 ≤ s ≤ r, let js be such that πs(Si) = Ss
js ,

Then

lim
ε→0

E (N ε(x, i, r))×
r−1∏
s=0

(λs(js))
−1

∑
j : Ss

j⊆πs+1(Si)

k : Ss
k ̸⊆πs+1(Si)

λs(j)P s,ε
jk

 = 1

uniformly in x ∈ πr(Si).

Proof. This result is true for r = 1 due to Lemma 3.2.1. Let us assume the statement is true for

ranks smaller than r + 1 < R.

Let σ̃x,ε
0 = 0 and σ̃x,ε

n , n ≥ 1, be the time of the nth return (or visit, if x /∈ πr(Si)) by Xx,ε
n

to πr(Si). Define σx,ε
n = min(σ̃x,ε

n , θx,ε1 (r + 1)), n ≥ 0. Thus σx,ε
n are constant in n for large n

corresponding to the times after the process exits πr+1(Si).

Let x ∈ πr+1(Si) and suppose that πr+1(Si) ̸= πr(Si). Note that {Xx,ε
σn

∈ πr(Si)} is

the event that the process visits πr(Si) at least n times before exiting πr+1(Si). We observe that

{Xx,ε
σn

∈ πr(Si)} ⊆ Fx,ε
σn

and

N ε(x, i, r + 1) =
∞∑
n=0

χπr(Si)

(
Xx,ε

σn

) σx,ε
n+1−1∑

m=σx,ε
n

χSi
(Xx,ε

m ) .
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By the Strong Markov Property, for every n ≥ 0,

inf
y∈πr(Si)

E (N ε(y, i, r)) ·
∞∑
n=0

P
(
Xx,ε

σn
∈ πr(Si)

)
≤ E (N ε(x, i, r + 1))

≤ sup
y∈πr(Si)

E (N ε(y, i, r)) ·
∞∑
n=0

P
(
Xx,ε

σn
∈ πr(Si)

)
.

By the induction hypothesis,

inf
y∈πr(Si)

E (N ε(y, i, r)) ∼ sup
y∈πr(Si)

E (N ε(y, i, r)) ∼


r−1∏
s=0

∑
j : Ss

j⊆πs+1(Si)

k : Ss
k ̸⊆πs+1(Si)

λs(j)

λs(js)
P s,ε
jk


−1

.

Furthermore, we realise
∞∑
n=0

P
(
Xx,ε

σn
∈ πr(Si)

)
as the expectation of the number of visits of the

process Xx,ε
θn(r)

to πr(Si) before it exits πr+1(Si). Lemma 3.2.1 applies directly to this situation

establishing that

lim
ε→0

∞∑
n=0

P
(
Xx,ε

σn
∈ πr(Si)

)
×

∑
j : Sr

j⊆πr+1(Si)

k : Sr
k ̸⊆πr+1(Si)

λr(j)

λr(jr)
P r,ε
jk = 1

uniformly in x ∈ πr+1(Si). This completes the proof.

Let us recall the hierarchy of clusters {Sr
i : 1 ≤ i ≤ Mr, 0 ≤ r ≤ R} constructed above.

Let us also recall the stopping times θx,εn (r) for n ≥ 1, 0 ≤ r < R that record visits by Xx,ε
n to

each new cluster of rank r. Recall also that for 0 ≤ r < R, P r,ε(x, ·) is a probability kernel on
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S × B(S) defined by

P r,ε(x,A) = P
(
Xx,ε

θ1(r)
∈ A

)
.

Finally let us recall the functions P r,ε
ij defined for 1 ≤ i, j ≤ Mr that are either identically zero

or positive for every ε, and, in the latter case, satisfy

lim
ε↓0

P r,ε(x, Sr
j )

P r,ε
ij

= 1

uniformly in x ∈ Sr
i .

Definition 3.3.4. For ε > 0, 0 ≤ r < R, and x ∈ S, let us define the Markov chain (Xx,r,ε
n ,Tx,r,ε

n )

by

Xx,r,ε
n = Xx,ε

θn(r)
, for n ≥ 0,

Tx,r,ε
0 = 0, Tx,r,ε

n =

θx,εn (r)∑
m=θx,εn−1(r)+1

Tx,ε
m , for n ≥ 1.

The semi-Markov process driven by the Markov chain (Xx,r,ε
n ,Tx,r,ε

n ) will be denoted by Xx,r,ε
t .

For completeness, we restate the definition of the probability kernel P r,ε(x, ·). For A ∈ B(S),

P r,ε(x,A) = P (Xx,r,ε
1 ∈ A) .

For 1 ≤ j ≤ Mr and r < R, we define T r,ε(x, Sr
j ) to be a random variable with distribution

given by

P
(
T r,ε(x, Sr

j ) ∈ I
)
= P

(
Tx,r,ε

1 ∈ I|Xx,r,ε
1 ∈ Sr

j

)
whenever P r,ε(x, Sr

j ) > 0. Noting that there is only one cluster of rank R, we define Xx,R,ε
t = x
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for all x ∈ S and t ≥ 0. We also put Tx,R,ε
1 = ∞ for every x ∈ S.

Xx,r,ε
t is a semi-Markov process on S (as in Section 1) associated with the Markov chain

(Xx,r,ε
n ,Tx,r,ε

n ) . It makes jumps only between sets {Sr
1 , . . . , S

r
Mr

}. Note that Xx,0,ε
t is the same as

our original process Xx,ε
t .

Recall from (3.4) that for 1 ≤ i ≤ M we assume the existence of the functions τ εi such that

E (T ε(x, Sj)) /τ
ε
i → 1 as ε → 0 uniformly in x ∈ Si, for every 1 ≤ j ≤ M , provided that P ε

ij is

not identically zero.

Theorem 3.3.5. Let 0 ≤ r < R, 1 ≤ k ≤ Mr. There is a function τ r,εk that satisfies τ r,εk ∼∑
i:Si⊆Sr

k

τ εi · E (N ε(x, i, r)) uniformly in x ∈ Sr
k such that

lim
ε↓0

ET r,ε(x, Sr
l )

τ r,εk

= 1

uniformly in x ∈ Sr
k, for each 1 ≤ l ≤ Mr, provided that P r,ε

kl is not identically zero.

Proof. Note that the statement of the theorem is true for r = 0, in line with our assumptions in

Section 3.1. So let us restrict ourselves to 1 ≤ r < R.

For a given 1 ≤ i ≤ M such that Si ⊆ Sr
k, it was shown in Lemma 3.3.3 that the

asymptotics of E (N ε(x, i, r)) does not depend on the choice of x ∈ Sr
k. So let us fix some

x0 ∈ Sr
k and define the function τ r,εk by setting

τ r,εk =
∑

i:Si⊆Sr
k

τ εi · E (N ε(x0, i, r)) .

Then τ r,εk ∼
∑

i:Si⊆Sr
k

τ εi · E (N ε(x, i, r)) uniformly in x ∈ Sr
k as ε ↓ 0.
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For x ∈ S and ε > 0, recall that Xx,r,ε
1 is the location of the process when it first exits the

rank-r cluster to which x belongs. We claim that

lim
ε↓0

E
(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )
)

τ εi P
r,ε
kl

= 1 (3.11)

uniformly in x ∈ Si for every 1 ≤ i ≤ M, 1 ≤ k, l ≤ Mr, whenever Si ⊆ Sr
k and P r,ε

kl > 0 for

every ε > 0. Recall from (3.9) that P (Xx,r,ε
1 ∈ Sr

l ) ∼ P r,ε
kl uniformly in x ∈ Sr

k as ε ↓ 0.

Conditioning on the location of Xx,ε
1 , we obtain

E
(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )
)

= E
(
Tx,ε

1 χSr
l
(Xx,ε

1 )
)
+ E

(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 )
)
.

(3.12)

From (3.4), the first expectation in the sum has asymptotics given by

E
(
Tx,ε

1 χSr
l
(Xx,ε

1 )
)
∼ τ εi

∑
j:Sj⊆Sr

l

P ε
ij

uniformly in x ∈ Si as ε ↓ 0. Observe that P ε
ij/P

r,ε
kl → 0 as ε ↓ 0 when πr(Si) = Sr

k and

πr(Sj) = Sr
l as a consequence of Remark 3.3.1. Therefore, the first term on the right-hand side

of (3.12) does not contribute to the limit in (3.11).

We condition the second expectation in the sum on F1, which is the σ-algebra generated

by (Xx,ε
1 ,Tx,ε

1 ). Then, denoting g(x, ε) = P (Xx,r,ε
1 ∈ Sr

l ),
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E
(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 )
)
= E

(
E
(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 ) |F1

))
= E

(
Tx,ε

1 χSr
k
(Xx,ε

1 ) g(Xx,ε
1 , ε)

)
∼ P r,ε

kl E
(
Tx,ε

1 χSr
k
(Xx,ε

1 )
)

∼ P r,ε
kl τ

ε
i

∑
j:Sj⊆Sr

k

P ε
ij

uniformly in x ∈ Si as ε ↓ 0. Formula (3.11) now follows by noticing that
∑

j:Sj⊆Sr
k

P ε
ij → 1 as

ε ↓ 0.

For x ∈ Sr
k and i such that Si ⊆ Sr

k, let us define σ̃x,ε
0 (i) = 0 and σ̃x,ε

n (i), n ≥ 1, to be the

time of the nth visit (or return, if x ∈ Si) to Si. Define σx,ε
n (i) = min(σ̃x,ε

n (i), θx,ε1 (r)), n ≥ 0.

Then

E (T r,ε(x, Sr
l )) =

E

 ∑
i:Si⊆Sr

k

∞∑
n=0

Tx,ε
σn(i)+1 · χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )


P (Xx,r,ε

1 ∈ Sr
l )

.

We wish to examine the expectation of the interior sum appearing in the numerator for a fixed

i such that Si ⊆ Sr
k. Let h(x, ε) = E

(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )
)
. By conditioning on Fσx,ε

n (i) and using

(3.11),

E

(
∞∑
n=0

Tx,ε
σn(i)+1 · χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )

)
=

∞∑
n=0

E
(
χSi

(
Xx,ε

σn(i)

)
h
(
Xx,ε

σn(i)
, ε
))

∼ τ εi P
r,ε
kl

∞∑
n=0

P
(
Xx,ε

σn(i)
∈ Si

)
∼ τ εi P

r,ε
kl E (N ε(x, i, r))

uniformly in x ∈ Sr
k. This proves the Theorem.
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Remark 3.3.6. For rank R, where there is just one cluster SR
1 , we can set τR,ε

1 = ∞.

Consider again the functions τ r,εk , 0 ≤ r < R, 1 ≤ k ≤ Mr, introduced in Theorem 3.3.5.

Theorem 3.3.7. Let 0 ≤ r < R, 1 ≤ k ≤ Mr. Then there are C, ε0 > 0 such that

E (T r,ε(x, Sr
l ))

2 ≤ C · (τ r,εk )2

for each x ∈ Sr
k, 1 ≤ l ≤ Mr, and ε ≤ ε0, provided that P r,ε

kl is not identically zero.

Proof. Let 1 ≤ l ≤ Mr be such that P r,ε
kl is a positive function. For x ∈ Sr

k, let us recall the

stopping times σx,ε
n (i), n ≥ 0 (the time of the nth visit to Si ⊆ Sr

k prior to exiting Sr
k) that were

introduced in the proof of Theorem 3.3.5. Then

E (T r,ε(x, Sr
l ))

2 =

E

 ∑
i:Si⊆Sr

k

∞∑
n=0

Tx,ε
σn(i)+1 · χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )

2

P (Xx,r,ε
1 ∈ Sr

l )
.

Since the sum in i is finite, it is enough to estimate the following for a fixed i.

E

(
∞∑
n=0

Tx,ε
σn(i)+1 · χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )

)2

=
∞∑
n=0

E
((

Tx,ε
σn(i)+1

)2
χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )

)
+

2
∞∑
n=0

∞∑
m=n+1

E
(
Tx,ε

σn(i)+1T
x,ε
σm(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

)
χSr

l
(Xx,r,ε

1 )
)
.

(3.13)
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We first claim that that there is C1 > 0 such that

E
(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )
)
≤ C1 · (τ εi )2P

r,ε
kl (3.14)

for every x ∈ Si and small ε. The proof of this claim is similar to that of (3.11) in the proof of

Theorem 3.3.5. Indeed, for x ∈ Si,

E
(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )
)

= E
(
(Tx,ε

1 )2 χSr
l
(Xx,ε

1 )
)
+ E

(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 )
)
.

Let us look at the first term on the right hand side. As a consequence of (3.5), there is a constant

C2 > 0 such that

E
(
(Tx,ε

1 )2 χSr
l
(Xx,ε

1 )
)
≤ C2 · (τ εi )

2
∑

j:Sj⊆Sr
l

P ε
ij

for every x ∈ Si and small enough ε. For the second term, as before, we condition on F1 and

utilize the function g1(x, ε) = P (Xx,r,ε
1 ∈ Sr

l ) with the Markov property. We find that there is a

constant C3 > 0 such that

E
(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 )
)
= E

(
E
(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )χSr
k
(Xx,ε

1 ) |F1

))
= E

(
(Tx,ε

1 )2 χSr
k
(Xx,ε

1 ) g1(X
x,ε
1 , ε)

)
∼ P r,ε

kl E
(
(Tx,ε

1 )2 χSr
k
(Xx,ε

1 )
)

≤ C3 · (τ εi )
2 · P r,ε

kl

∑
j:Sj⊆Sr

k

P ε
ij

for every x ∈ Si and small enough ε. Since (P r,ε
kl )

−1 ·
∑

j:Sj⊆Sr
l

P ε
ij → 0 (due to Remark 3.3.1) and
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∑
j:Sj⊆Sr

k

P ε
ij → 1 as ε ↓ 0, we obtain (3.14).

We will now estimate the two sums appearing on the right hand side of (3.13). For the

first sum, we condition each term on Fσn(i) and use the Markov property. Let g2(x, ε) =

E
(
(Tx,ε

1 )2 χSr
l
(Xx,r,ε

1 )
)

. Note that g2(x, ε) ≤ C1 · (τ εi )2P
r,ε
kl for every x ∈ Sr

k and small ε

due to (3.14). Let δ(ε) be a function that satisfies δ(ε) ∼ E (N ε(x, i, r)) uniformly in x ∈ Sr
k.

Then

∞∑
n=0

E
((

Tx,ε
σn(i)+1

)2
χSi

(
Xσx,ε

n (i)

)
χSr

l
(Xx,r,ε

1 )

)
=

∞∑
n=0

E
(
χSi

(
Xσx,ε

n (i)

)
g2 (X

x,ε
n , ε)

)
≤ C1 · (τ εi )2P

r,ε
kl

∞∑
n=0

P (σx,ε
n (i) ∈ Si)

∼ C1 · (τ εi )2δ(ε)P
r,ε
kl

for every x ∈ Sr
k and small ε.

Now we look at the second sum on the right hand side of (3.14). For x ∈ Si, let

g3(x, ε) = E
(
Tx,ε

1 χSr
l
(Xx,r,ε

1 )
)
,

g4(x, ε) = E (N ε(x, i, r)) =
∞∑
n=0

P (σx,ε
n (i) ∈ Si) ,

g5(x, ε) = E (Tx,ε
1 ) .

Recall that there is a constant C4 such that g3(x, ε) ≤ C4 · τ εi P
r,ε
kl for every x ∈ Si and small ε

(see (3.11) from the proof of Theorem 3.3.5). We also have g4(x, ε) ∼ δ(ε) uniformly in x ∈ Sr
k

as ε ↓ 0 by definition. There is also a constant C5 such that g5(x, ε) ≤ C5τ
ε
i for every x ∈ Si and

small ε. Then
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∞∑
n=0

∞∑
m=n+1

E
(
Tx,ε

σn(i)+1T
x,ε
σm(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

)
χSr

l
(Xx,r,ε

1 )
)

=
∞∑
n=0

∞∑
m=n+1

E
(
E
(
Tx,ε

σn(i)+1T
x,ε
σm(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

)
χSr

l
(Xx,r,ε

1 )
∣∣∣ Fσm(i)

))
=

∞∑
n=0

∞∑
m=n+1

E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

)
g3

(
Xx,ε

σm(i), ε
))

≤ C4 · τ εi P
r,ε
kl

∞∑
n=0

∞∑
m=n+1

E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

))
= C4 · τ εi P

r,ε
kl

∞∑
n=0

∞∑
m=n+1

E
(
E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

)
χSi

(
Xx,ε

σm(i)

) ∣∣∣ Fσn(i)+1

))
= C4 · τ εi P

r,ε
kl

∞∑
n=0

E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

)
g4

(
Xx,ε

σn(i)+1, ε
))

∼ C4 · τ εi δ(ε)P
r,ε
kl

∞∑
n=0

E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

))
= C4 · τ εi δ(ε)P

r,ε
kl

∞∑
n=0

E
(
E
(
Tx,ε

σn(i)+1χSi

(
Xx,ε

σn(i)

) ∣∣∣ Fσn(i)

))
= C4 · τ εi δ(ε)P

r,ε
kl

∞∑
n=0

E
(
χSi

(
Xx,ε

σn(i)

)
g5 (X

x,ε
n , ε)

)
≤ C4C5 · (τ εi )2δ(ε)P

r,ε
kl

∞∑
n=0

P
(
Xx,ε

σn(i)
∈ Si

)
∼ C4C5 · (τ εi )2δ(ε)2P

r,ε
kl ,

where the equalities and inequalities above hold for every x ∈ Sr
k and small ε, and the asymptotic

equivalences hold uniformly x ∈ Sr
k as ε ↓ 0.

We have obtained the following estimate on the left hand side of (3.13): there are C, ε0 > 0

such that

E

(
∞∑
n=0

Tx,ε
σn(i)+1 · χSi

(
Xx,ε

σn(i)

)
χSr

l
(Xx,r,ε

1 )

)2

≤ C · (τ εi )2δ(ε)2P
r,ε
kl
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for every x ∈ Sr
k and ε ≤ ε0, where we recall that δ(ε) ∼ E (N ε(x, i, r)) uniformly in x ∈ Sr

k as

ε ↓ 0. This is enough to conclude the statement of the Theorem.

Next, we would like to show that T r,ε(x, Sr
l )/τ

r,ε
k converges to an exponential random

variable for x ∈ Sr
k. First, however, we will prove the following more abstract lemma. For

the purpose of this lemma, S is an abstract parameter space. The main point of the lemma is

that, under appropriate assumptions, a sum of a random number of random variables is almost

exponentially distributed, provided that the number of terms is determined by stopping the

summation after each term with a small positive probability.

Lemma 3.3.8. For x ∈ S and ε > 0, let ξx,εn , ζx,εn , n ≥ 0, be two sequences of random variables

adapted to a filtration Fx,ε
n . Suppose that ξx,ε0 = 0 and that there is a function e(ε) such that

lim
ε↓0

E
(
ξx,εn+1|Fx,ε

n

)
e(ε)

= 1

uniformly in x ∈ S, n ≥ 0, and a version of the conditional expectation (which is defined up to a

set of probability zero) can be taken such that the limit is uniform with respect to the elements of

the probability space. Suppose also that

E
(
(ξx,εn+1)

2|Fx,ε
n

)
≤ C(e(ε))2

for some constant C, small enough ε, every x ∈ S, and every n ≥ 0. Suppose that ζx,εn takes

values in {0, 1}, ζx,ε0 = 1, and that ζx,εn = 0 implies ζx,εm = 0 for m ≥ n. Suppose that there is a
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positive function r(ε) satisfying lim
ε↓0

r(ε) = 0 such that

lim
ε↓0

P
(
ζx,εn+1 = 0|ζx,εn = 1

)
r(ε)

= 1

uniformly in x ∈ S, n ≥ 0. Let Kx,ε = min{n : ζx,εn = 0}. Then for each t ≥ 0,

lim
ε↓0

P (r(ε)Kx,ε ≥ t) = e−t,

lim
ε↓0

P

(
(e(ε))−1r(ε)

∞∑
n=0

ξx,εn+1ζ
x,ε
n ≥ t

)
= e−t

uniformly in x ∈ S.

Proof. For ε > 0, let

p(ε) = sup
x∈S,n≥0

P
(
ζx,εn+1 = 0|ζx,εn = 1

)
, q(ε) = inf

x∈S,n≥0
P
(
ζx,εn+1 = 0|ζx,εn = 1

)
.

Then for each n ≥ 0, x ∈ S and ε > 0,

(1− p(ε))n ≤ P (Kx,ε > n) ≤ (1− q(ε))n.

Furthermore, our assumptions guarantee that p(ε) ∼ r(ε), q(ε) ∼ r(ε) as ε ↓ 0. Then

lim sup
ε↓0

P (r(ε)Kx,ε > t) ≤ lim sup
ε↓0

(
(1− q(ε))

1
r(ε)

)t
= e−t

for every x ∈ S. The lower limit is obtained using a similar argument by replacing q(ε) with

49



p(ε).

Let us now prove the second claim. Let t > 0 and δ be a small positive quantity. Then

P

(
e(ε)−1r(ε)

∞∑
n=0

ξx,εn+1ζ
x,ε
n > t+ δ , r(ε)Kx,ε < t

)

≤ P

e(ε)−1r(ε)

⌊ t
r(ε)⌋−1∑
n=0

ξx,εn+1 > (t+ δ)


≤ P

⌊ t
r(ε)⌋−1∑
n=0

(
ξx,εn+1

e(ε)
− 1

)
>

δ

r(ε)


≤ δ−2r(ε)2

⌊ t
r(ε)⌋−1∑
n=0

E
(
ξx,εn+1

e(ε)
− 1

)2

+ 2δ−2r(ε)2
⌊ t

r(ε)⌋−1∑
n=0

⌊ t
r(ε)⌋−1∑
m=n+1

E
(
ξx,εn+1

e(ε)
− 1

)(
ξx,εm+1

e(ε)
− 1

)
.

(3.15)

After conditioning each summand on Fx,ε
n , the first sum on the right hand side is seen to be

bounded by Ctδ−2r(ε) for some constant C, for every x ∈ S and small ε. We next note that there

is a positive function α(ε) (that tends to zero as ε ↓ 0) such that

−α(ε) ≤ E
(
ξx,εm+1

e(ε)
− 1

∣∣∣ Fx,ε
m

)
≤ α(ε)

for each m. Therefore, the terms in the second sum above are bounded by

α(ε)

∣∣∣∣E(ξx,εn+1

e(ε)
− 1

)∣∣∣∣ ≤ α(ε)

(
E

(
E
(
ξx,εn+1

e(ε)
− 1

)2 ∣∣∣ Fx,ε
n

)) 1
2

≤ C · α(ε)

for some constant C, for every x ∈ S and small ε. We conclude that for every t > 0 and small

δ > 0, the expression on the left hand side of (3.15) tends to zero as ε ↓ 0 uniformly in x ∈ S.

50



Similarly,

P

(
e(ε)−1r(ε)

∞∑
n=0

ξx,εn+1ζ
x,ε
n < t , r(ε)Kx,ε > t+ δ

)

≤ P

e(ε)−1

⌊ t+δ
r(ε)⌋∑
n=0

ξx,εn+1 <
t

r(ε)


≤ P

⌊ t+δ
r(ε)⌋∑
n=0

(
1−

ξx,εn+1

e(ε)

)
>

δ

r(ε)

 .

Using arguments similar to those above, it is easy to show that the probability on the left hand

side of this inequality tends to zero as ε ↓ 0 uniformly in x ∈ S. Combined with the first claim

of the lemma, this is enough to conclude that the second claim holds.

Theorem 3.3.9. Let 1 ≤ r < R, 1 ≤ k ≤ Mr. For each t ≥ 0,

lim
ε↓0

P
(
T r,ε(x, Sr

l )

τ r,εk

≥ t

)
= e−t

uniformly in x ∈ Sr
k, for each 1 ≤ l ≤ Mr, provided that Sr

k ̸= Si for every 1 ≤ i ≤ M (i.e., Sr
k

contains more than one subcluster of rank zero) and P r,ε
kl is not identically zero.

Proof. Suppose that Sr
k is the union of at least two distinct clusters of rank r−1 (the general case

is discussed at the end of the proof). Let us fix i such that Sr−1
i ⊂ Sr

k. For x ∈ Sr−1
i , let σx,ε

0 = 0

and σx,ε
n be the minimum between the time of the nth return to Sr−1

i and the time of the first exit

from Sr
k by the process Xx,r−1,ε

n . For x ∈ Sr−1
i , let ξx,εn be a sequence of random variables with

51



the following distribution:

P (ξ0 = 0) = 1,

P (ξx,εn ∈ I) ,

= P

χSr
l
(Xx,r−1,ε

σn−1
)e(ε) + χSr−1

i
(Xx,r−1,ε

σn−1
)

σx,ε
n −1∑

m=σx,ε
n−1

Tx,r−1,ε
m+1 ∈ I

∣∣∣∣ Xx,r,ε
1 ∈ Sr

l

, n ≥ 1

where e(ε) is a function to be specified later. Thus, ξx,εn measures the time spent between

successive visits to Sr−1
i (up to the exit from Sr

k), conditioned on exiting to Sr
l . However, if

Xx,r−1,ε
n reaches Sr

l by the time σn−1, then ξx,εn is equal to a constant e(ε). For x ∈ Sr−1
i , let ζx,εn

be a sequence of random variables with the following distribution:

P (ζx,εn = 1) = P
(
Xx,r−1,ε

σn
∈ Sr−1

i |Xx,r,ε
1 ∈ Sr

l

)
, n ≥ 0,

P (ζx,εn = 0) = P
(
Xx,r−1,ε

σn
∈ Sr

l |X
x,r,ε
1 ∈ Sr

l

)
, n ≥ 0.

Then we note that

P
(
T r,ε(x, Sr

l )

τ r,εk

≥ t

)
= P

(
(τ r,εk )−1

∞∑
n=0

ξx,εn+1ζ
x,ε
n ≥ t

)
.

We will now verify that ξx,εn , ζx,εn satisfy the assumptions of Lemma 3.3.8 with certain e(ε) and

r(ε) and also show that τ r,εk ∼ (e(ε))−1r(ε).
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From (3.8) and Lemma 3.2.2, it follows that

P (ζx,ε1 = 0) =
P
(
Xx,r−1,ε

σ1
∈ Sr

l

)
P (Xx,r,ε

1 ∈ Sr
l )

∼ (λr−1(i))−1
∑

j:Sr−1
j ⊂Sr

k,

j′:Sr−1
j′ ̸⊂Sr

k

λr−1(j)P r−1,ε
jj′

uniformly in x ∈ Sr−1
i as ε ↓ 0, where λr−1 is the invariant probability measure on {j : Sr−1

j ⊂

Sr
k} associated with the transition probabilities P r−1,0. After conditioning on Fx,ε

σn
and using the

Markov property, we obtain that

P
(
ζx,εn+1 = 0|ζx,εn = 1

)
∼ (λr−1(i))−1

∑
j:Sr−1

j ⊂Sr
k,

j′:Sr−1
j′ ̸⊂Sr

k

λr−1(j)P r−1,ε
jj′

uniformly in x ∈ Sr−1
i , n ≥ 0 as ε ↓ 0. Let us denote the function on the right hand side of the

asymptotic equivalence above by r(ε). Observe that r(ε) → 0 as ε ↓ 0 since each term in the

sum goes to zero by the construction of the hierarchy.

Using arguments similar to those that led to (3.11), it is easy to show that

lim
ε↓0

E
(
Tx,r−1,ε

1 χSr
l
(Xx,r,ε

1 )
)

τ r−1,ε
j P r,ε

kl

= 1

uniformly in x ∈ Sr−1
j for every j such that Sr−1

j ⊂ Sr
k. (The only difference from (3.11) is that

here we evaluate the expectation of the exit time from a cluster of rank r − 1 rather than rank

zero.) It is not difficult to show that, since the limiting process Xx,r−1,0
n is ergodic, the expected

time spent in Sr−1
j between visits to Sr−1

i (on the event that the process exits the cycle of rank
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r to Sr
l ) is asymptotically equivalent to the product of τ r−1,ε

j P r,ε
kl and the limit of the expected

number of visits to Sr−1
j between visits to Sr−1

i , i.e., (λr−1(i))−1λr−1(j). Summing over j and

using the Markov property, we obtain that

lim
ε↓0

E

σx,ε
1 −1∑
m=0

Tx,r−1,ε
m+1 χSr

l
(Xx,r,ε

1 )


P r,ε
kl (λ

r−1(i))−1
∑

j:Sr−1
j ⊂Sr

k

λr−1(j)τ r−1,ε
j

= 1

uniformly in x ∈ Sr−1
i . Let

e(ε) = (λr−1(i))−1
∑

j:Sr−1
j ⊂Sr

k

λr−1(j)τ r−1,ε
j .

Then after conditioning on Fx,ε
σn

, we can conclude that

lim
ε↓0

E
(
ξx,εn+1|Fx,ε

σn

)
e(ε)

= 1

uniformly in x ∈ Sr−1
i , n ≥ 0, and the elements of the probability space.

Using arguments similar to those that led to (3.14), it is easy to show that

E
((

Tx,r−1,ε
1

)2
χSr

l
(Xx,r,ε

1 )
)
≤ C · (τ r−1,ε

j )2P r,ε
kl

for some constant C, for each j such that Sr−1
j ⊂ Sr

k, and each x ∈ Sr−1
j and small ε. Again,

since the limiting process Xx,r−1,0
n is ergodic, it can be shown that

E
(
(ξx,εn+1)

2|Fx,ε
n

)
≤ C(e(ε))2
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for some constant C, small enough ε, and each x ∈ Sr−1
i , n ≥ 0, and each element of the

probability space.

Finally, let j be such that Sr−1
j ⊂ Sk and x ∈ Sr−1

j , y ∈ Sr
k. Then, by Theorem 3.3.5,

τ r−1,ε
j ∼

∑
a:Sa⊆Sr−1

j

τ εaE(N ε(x, a, r − 1)). Moreover, by Lemma 3.3.3,

E(N ε(y, a, r)) ∼ λr−1(j)


∑

j:Sr−1
j ⊂Sr

k,

j′:Sr−1
j′ ̸⊂Sr

k

λr−1(j)P r−1,ε
jj′


−1

E(N ε(x, a, r − 1))

for every a such that Sa ⊂ Sr
k. Hence,

r(ε)−1e(ε) ∼
∑

a:Sa⊂Sr
k

τ εaE(N ε(y, a, r)) ∼ τ r,εk .

The result for the case when Sr
k contains at least two distinct clusters of rank r − 1 now follows

from Lemma 3.3.8.

If Sr
k does not contain at least two distinct clusters of rank r, then we look at a smaller rank

r′ such that Sr
k = Sr′

k′ for some k′ and Sr′

k′ is the union of at least two distinct clusters of rank

r′ − 1. To conclude the result we note that in all the arguments used above we can replace Sr
l

with
⋃

l′∈G Sr′

l′ and P r,ε
kl with

∑
l′∈G P r′,ε

k′l′ where G is any suitable set of indices.

We now have all the information we need to claim that assumptions (a)-(f) from Section 3.1

hold for every rank r < R. Let us collect and summarize these results in the following theorem.

Theorem 3.3.10. If assumptions (a)-(f) from Section 3.1 are satisfied by (Xx,ε
n ,Tx,ε

n ) then they
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are also satisfied by (Xx,r,ε
n ,Tx,r,ε

n ) for every 0 ≤ r < R.

Proof. The fact that assumption (a) holds for all ranks was discussed in the very beginning of

this section since it was necessary to build the hierarchy of clusters.

Note that we have only defined the functions τ r,εk up to asymptotic equivalence. So let us

fix points xi ∈ Si for each 1 ≤ i ≤ M and let

τ r,εk =
∑

i:Si⊆Sr
k

τ εi · E (N ε(xi, i, r)) (3.16)

for 1 ≤ k ≤ Mr, 0 ≤ r < R. Then assumptions (b) and (c) follow for each rank from Theorem

3.3.5 and Theorem 3.3.7, respectively. Assumptions (d), (e) are true for all ranks as a consequence

of Theorem 3.3.9.

Complete Asymnptotic Regularity (assumption (f)) follows for every rank due to Lemma

1.2.2 after using the asymptotics of E (N ε(xi, i, r)) for each i from Lemma 3.3.3.

Remark 3.3.11. From (3.16) it follows that τ r,εk and τ s,εl are asymptotically comparable functions

for any 0 ≤ r, s < R, 1 ≤ k ≤ Mr, 1 ≤ l ≤ Ms, i.e., there is a limit limε↓0(τ
r,ε
k /τ s,εl ) ∈ [0,∞].

Indeed, by Lemma 3.3.3 it is not difficult to show that τ r,εk /τ s,εl is asymptotically equivalent to

a ratio of linear combinations of certain functions of ε, where each such function is of the form

P ε
i1j1

· · ·P ε
iαjατ

ε
i . If r ̸= s, then the number of factors of the form P ε

ij that appear in these

products in the numerator of the ratio may be different from that in the denominator. However,
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we can artificially introduce factors P ε
ij that have positive limits to conclude that

lim
ε↓0

P ε
i1j1

· · ·P ε
iαjατ

ε
i

P ε
i′1j

′
1
· · ·P ε

i′βj
′
β
τ εi′

∈ [0,∞]

even if α ̸= β, due to complete asymptotic regularity. The claim now follows by Lemma 1.2.2.
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Chapter 4: Proof of the main result.

4.1 Ergodic theorems for semi-Markov processes.

Let us consider a general semi-Markov process Xx,ε
t (associated with the Markov chain

(Xx,ε
n ,Tx,ε

n )) that satisfies assumptions (a)-(c) and (f) in section 3.1. This need not be the same

as our original process, but rather we would like to get general results that would be applicable

under some of the same assumptions. Recall that P 0
ij are the limits of the quantities P ε

ij as ε ↓ 0.

Recall also that assumption (f) ensures the existence of the limits lim
ε↓0

τ εi /τ
ε
j ∈ [0,∞] for every

i, j ∈ {1, . . . ,M}. After rescaling time by dividing by the largest expectation, we may suppose

that the limits τi = lim
ε↓0

τ εi exist for every 1 ≤ i ≤ M, and that there is i0 such that τio = 1 and

0 ≤ τi ≤ 1 for every 1 ≤ i ≤ M.

Lemma 4.1.1 and Theorem 4.1.2 are proved in a simplified setting where the set {1, . . . ,M}

forms one ergodic class with respect to the transition probabilities P 0
ij . We do this in order to

illustrate the main ideas behind these results. Lemma 4.1.3 and Theorem 4.1.4 are the extensions

of these results to the case that is of more interest to us.

Lemma 4.1.1. Suppose there is one ergodic class with respect to the transition probabilities P 0
ij.

Suppose that assumptions (a)-(c) and (f) from Section 3.1 hold. We use the convention that τi0 = 1
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and 0 ≤ τi ≤ 1 for all i, as above. Then, for every δ > 0, there are L, ε0 > 0 such that

P (Xx,ε
s = Xx,ε

t for every s ∈ [t, t+ L]) < δ

for every t ≥ 0, ε ≤ ε0, and x ∈ S.

Proof. Let us first fix 1 ≤ i ≤ M . Let σx,ε
0 = 0 and, for each n ≥ 1, let σx,ε

n be the time

of the first arrival to Si by Xx,ε
t after time σx,ε

n−1. (We use this bold-face σ notation in order to

distinguish the stopping times that take real values from integer-valued stopping times that we

used earlier.) Notice that there is a constant a > 0 such that Eσx,ε
1 ≥ a for every x ∈ Si and small

enough ε. Since the set {1, . . . ,M} forms one ergodic class under P 0
ij , and since assumption (c)

holds, it is not difficult to see that the variance of σx,ε
1 is bounded above uniformly in x ∈ S and

small enough ε. Therefore, there are positive constants C1, C2, C3 with C2 ∈ (0, 1) such that

P (σx,ε
n ≤ 1) ≤ C1 · Cn

2

P (σx,ε
1 ≥ L) ≤ C3

L2

for all n ≥ 0, L > 0, x ∈ S and small enough ε.

For k ≥ 0, let Ax,ε
k,t be the event that the most recent arrival to Si by the process Xx,ε

t on

or before time t occurred in the interval (t − (k + 1), t − k]. For n ≥ 0, let Bx,ε
k,n,t ⊆ Ax,ε

k,t be the

sub-event that Si was visited on exactly n distinct occasions in the interval (t − (k + 1), t − k].
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Let x ∈ Si. Then

P (Xx,ε
s = Xx,ε

t for every s ∈ [t, t+ L])

=
∞∑
k=0

P
(
{Xx

s = Xx
t for every s ∈ [t, t+ L]}

⋂
Ax

k,t

)
=

∞∑
k=0

∞∑
n=0

P
(
{Xx

s = Xx
t for every s ∈ [t, t+ L]}

⋂
Bx
k,n,t

)
≤

∞∑
k=0

∞∑
n=0

sup
x∈S

P (σx,ε
n ≤ 1) sup

x∈Si0

P (σx,ε
1 ≥ L+ k)

≤
∞∑
k=0

∞∑
n=0

C1 · Cn
2 · C3

(L+ k)2
→ 0 as L → ∞.

Suppose again that {1, . . . ,M} forms one ergodic class with respect to the transition

probabilities P 0
ij . Then there is a unique invariant measure λ on {1, . . . ,M}. Consider the

measure µ on {1, . . . ,M} given by

µ(i) =
λ(i)τi

M∑
j=1

λ(j)τj

.

Theorem 4.1.2. Suppose that t = t(ε) → ∞ as ε ↓ 0. Suppose that assumptions (a)-(f) from

Section 3.1 hold. We use the convention that τi0 = 1 and 0 ≤ τi ≤ 1 for all i. If the states

{1, . . . ,M} form one ergodic class with respect to the transition probabilities P 0
ij , then

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Si

)
= µ(i)
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uniformly in x ∈ S.

Proof. If the claim is not true, we can extract sequences εn → 0, tn → ∞, and xn ∈ S such

that
∣∣P (Xxn,εn

tn ∈ Sj0

)
− µ(j0)

∣∣ > 3δ for some j0 and δ > 0. By assumption (c), the collection

{T ε(x, Sj) : x ∈ Si, ε > 0} of random variables is tight for each 1 ≤ i, j ≤ M for which P ε
ij > 0.

Therefore, we can find a further subsequence (also denoted (εn, tn, xn)) such that T εn(yi, Sj)

converges in distribution to a random variable Tij as n → ∞ for every 1 ≤ i, j ≤ M , where we

note that the distribution of Tij does not depend on j or on the choice of yi ∈ Si, as a consequence

of assumption (d). Thus we will write Ti = Tij . Due to assumption (c), we have E(Ti) = τi.

The family of Markov renewal processes X i,0
t on {1, . . . ,M} defined by the transition

probabilities P 0
ij, the sojourn times Ti and initial point X i,0

0 = i, admits the limiting distribution

µ defined above, since the distributions Ti are non-arithmetic by assumption (e). Namely, by the

ergodic theorem for Markov renewal processes (on a finite state space), there exists t0 > 0 such

that

|P
(
X i,0

t = j
)
− µ(j)| < δ

for every t ≥ t0, 1 ≤ i, j ≤ M ([1], [6]). Due to assumptions (a), (d), and (e), for any fixed

L > 0, there is N such that

∣∣P (Xx,εn
t ∈ Sj)− P

(
X i,0

t = j
)∣∣ < δ

for every n ≥ N, x ∈ Si, 1 ≤ i, j ≤ M and t ∈ [t0, t0 + L]. If σn is defined as the first renewal

after time tn − t0 − L of the process Xxn,εn
t , then Lemma 4.1.1 guarantees that L can be chosen

large enough so that this renewal occurs before time tn − t0 with probability at least 1 − δ for
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large enough n. Therefore,

∣∣P (Xxn,εn
tn ∈ Sj0

)
− µ(j0)

∣∣
< δ +

tn−t0∫
tn−t0−L

∫
S

∣∣P (Xy,εn
tn−t ∈ Sj0

)
− µ(j0)

∣∣P (σn ∈ dt,Xxn,εn
t ∈ dy)

≤ 3δ.

This brings us to a contradiction and completes the proof of the lemma.

Now let us consider a slightly more general setup for the process Xx,ε
t . Suppose now that

there is 1 < M ′ < M such that {1, . . . ,M ′} forms one ergodic class with respect to P 0
ij . As

before, let us suppose that τi0 = 1 for some 1 ≤ i0 ≤ M ′ and τi ≤ 1 for every 1 ≤ i ≤

M ′. Then it can be shown, similarly to Lemma 4.1.1, that renewals take place fairly often. We

have a slightly stronger result that is valid even in the presence of transient states. Let S ′ =

S1

⋃
· · ·
⋃
SM ′ .

Lemma 4.1.3. Suppose that assumptions (a) - (c) and (f) from section 3.1 hold. If the states

{1, . . . ,M ′} form one ergodic class with respect to P 0
ij , then for every δ > 0, there are L, ε0 > 0

such that

P (Xx,ε
t ∈ Si, X

x,ε
s ∈ Si for every s ∈ [t, t+ L]) < δ,

P (Xx,ε
t ∈ Si, the next state visited is in S \ S ′) < δ

for every 1 ≤ i ≤ M ′, x ∈ S, ε ≤ ε0, and t ≥ 0.

Proof. Let us first fix 1 ≤ i ≤ M ′. Let σx,ε
0 = 0 and let σx,ε

n be the time of the first new arrival
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to Si

⋃
(S \ S ′) after time σx,ε

n−1 by the process Xx,ε
t . As in the proof of Lemma 4.1.1, for k ≥ 0,

let Ax,ε
k,t be the event that the most recent arrival to Si at or prior to time t occurred in the interval

(t − (k + 1), t − k]. Let Bx,ε
k,n,t ⊆ Ax,ε

k,t be the sub-event that Si was visited on exactly n distinct

occasions in the interval (t− (k + 1), t− k].

It is not difficult to see that σx,ε
1 has expectation bounded away from 0 uniformly in x ∈ Si

for small ε. Therefore, as in Lemma 4.1.1, there are constants C1 > 0, C2 ∈ (0, 1) such that

sup
x∈S

P (σx,ε
n ≤ 1) ≤ C1 · Cn

2

for small enough ε. Due to assumption (c) and the Chebyshev inequality, there is a constant

C3 > 0 such that

sup
x∈Si

0≤j≤M

P (T ε(x, Sj) ≥ L) ≤ C3

L2

for every L > 0 and small enough ε.

Then for every x ∈ S and small ε,

P (Xx,ε
t ∈ Si, X

x,ε
s ∈ Si for every s ∈ [t, t+ L])

=
∞∑
k=0

∞∑
n=1

P
(
Bx,ε
k,n,t

⋂
{Xx,ε

t ∈ Si, X
x,ε
s ∈ Si for every s ∈ [t, t+ L]}

)
≤

∞∑
k=0

∞∑
n=1

sup
x∈S

P (σx,ε
n ≤ 1)

∑
1≤j≤M

sup
x∈Si

P ε (x, Sj)P (T ε(x, Sj) ≥ L+ k)

≤
∞∑
k=0

∞∑
n=1

sup
x∈S

P (σx,ε
n ≤ 1) sup

x∈Si
0≤j≤M

P (T ε(x, Sj) ≥ L+ k)

≤
∞∑
k=0

∞∑
n=1

C1 · Cn
2

C3

(L+ k)2

< δ
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for large enough L.

Furthermore, since the states {1, . . . ,M ′} form one ergodic class with respect to P 0
ij , for

any δ′ > 0, P ε (x, Sj) < δ′ for every x ∈ Si,M
′ + 1 ≤ j ≤ M if ε is small. Therefore, for every

x ∈ S and small ε,

P (Xx,ε
t ∈ Si, the next state visited is in S \ S ′)

=
∞∑
k=0

∞∑
n=1

P
(
Bx,ε
k,n,t

⋂
{Xx,ε

t ∈ Si, the next state visited is in S \ S ′)}
)

≤
∞∑
k=0

∞∑
n=1

sup
x∈S

P (σx,ε
n ≤ 1) sup

x∈Si
M ′+1≤j≤M

P ε (x, Sj)P (T ε(x, Sj) ≥ k)

≤
∞∑
n=1

δ′C1 · Cn
2 ·

(
1 +

∞∑
k=1

C3

k2

)

< δ,

where the last inequality hold for an appropriate δ′.

Consider the same setting discussed prior to Lemma 4.1.3. Suppose again that {1, . . . ,M ′}

forms one ergodic class with respect to P 0
ij . After rescaling time, there is 1 ≤ i0 ≤ M ′ such that

τi0 = 1 and τi ≤ 1 for every 1 ≤ i ≤ M ′. Let us redefine the measure µ as

µ(i) =
λ(i)τi

M ′∑
j=1

λ(j)τj

for 1 ≤ i ≤ M ′, where λ is the invariant measure on {1, . . . ,M ′} associated with P 0
ij .

Let

ηx,ε = inf {t ≥ 0 : Xx,ε
t ̸∈ S ′}
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for x ∈ S ′, ε > 0.

Theorem 4.1.4. Suppose that t = t(ε) → ∞ as ε ↓ 0. Suppose that assumptions (a) - (f) from

Section 3.1 hold and the states {1, . . . ,M ′} form one ergodic class with respect to P 0
ij . Suppose

that P (ηx,ε ≤ t(ε)) → 0 as ε ↓ 0 uniformly in x ∈ S ′. Then

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Si

)
= µ(i) (4.1)

uniformly in x ∈ S ′. Moreover, suppose that t1(ε), t2(ε) are two time scales that satisfy t1(ε) ≤

t2(ε) for every ε > 0, t1(ε) → ∞ as ε ↓ 0 and P (ηx,ε ≤ t2(ε)) → 0 as ε ↓ 0 uniformly in x ∈ S ′.

Then the above limit holds uniformly in all time scales t(ε) that satisfy t1(ε) ≤ t(ε) ≤ t2(ε).

Proof. Let’s start with the first statement, and consider a particular function t(ε). Consider an

auxiliary process X̃x,ε
t associated with the Markov chain

(
X̃x,ε

n , T̃x,ε
n

)
, governed by the Markov

transition kernel Q̃ε : (S ′)× B (S ′)× B ([0,∞)) → [0, 1], defined by,

Q̃ε (x,A× I) =
Qε (x,A× I)

P ε (x, S ′)
= P (Xx,ε

1 ∈ A,Tx,ε
1 ∈ I | Xx,ε

1 ∈ S ′) .

Then X̃x,ε
t satisfies assumptions (a) - (f) of Section 3.1 with the same functions P ε

ij and τ εi serving

as relevant asymptotics. Therefore, Theorem 4.1.2 goes through for X̃x,ε
t with the new limiting

distribution µ defined above.

For bounded times, the distributions of Xx,ε
t and X̃x,ε

t are close. Therefore, for any δ >

0, L > 0, there are t0, ε0 > 0 such that

|P (Xx,ε
t ∈ Sj)− µ(j)| < δ
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for all ε ≤ ε0, t ∈ [t0, t0 + L], x ∈ Si and 1 ≤ i, j,≤ M ′.

Suppose there are sequences εn → 0, xn ∈ S ′ and 1 ≤ j0 ≤ M ′ such that

∣∣∣P(Xxn,εn
t(εn)

∈ Sj0

)
− µ(j0)

∣∣∣ > 3δ

for some δ > 0. We know that

P (ηxn,εn > t(εn)) ≥ 1− δ (4.2)

for large enough n. Let σn be the first renewal time after time t(εn) − t0 − L by the process

Xxn,εn
t . Consider the event An = {σn ≤ t(εn)− t0}

⋂ {
Xxn,εn

σn
∈ S ′}. Lemma 4.1.3 and (4.2)

guarantee that P (An) ≥ 1− 2δ for large n. Therefore,

∣∣∣P(Xxn,εn
t(εn)

∈ Sj0

)
− µ(j0)

∣∣∣
≤ 2δ +

∣∣∣P(An

⋂{
Xxn,εn

t(εn)
∈ Sj0

})
− µ(j0)P (An)

∣∣∣
≤ 2δ +

tn−t0∫
tn−t0−L

∫
S′

∣∣∣P(Xy,εn
t(εn)−t ∈ Sj0

)
− µ(j0)

∣∣∣P (σn ∈ dt,Xxn,εn
t ∈ dy)

≤ 3δ.

This brings us to a contradiction and establishes the result for a given time scale t(ε).

Suppose now that t1(ε), t2(ε) are two time scales that satisfy t1(ε) ≤ t2(ε) for every ε > 0,

t1(ε) → ∞ as ε ↓ 0 and P (ηx,ε ≤ t2(ε)) → 0 as ε ↓ 0 uniformly in x ∈ S ′. If the limit in (4.1)

does not hold uniformly in all time scales t1(ε) ≤ t(ε) ≤ t2(ε), then, by the definition of uniform

convergence, we can identify a time scale that violates the first statement of the theorem, leading
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to a contradiction.

Consider the same setting as Theorem 4.1.4 without rescaling time, though. For a time

scale t = t(ε), let E = {1 ≤ i ≤ M ′ : τ εi ≪ t(ε)}, E ′ = {1 ≤ i ≤ M ′ : τ εi ≫ t(ε)}.

Theorem 4.1.5. Consider a time scale t = t(ε). Suppose that assumptions (a) - (f) from Section

3.1 hold and that the states {1, . . . ,M ′} form one ergodic class with respect to the transition

probabilities P 0
ij for some 1 < M ′ < M . If E,E ′ ̸= ∅ and E

⋃
E ′ = {1, . . . ,M ′}, then for each

i ∈ E, there is a probability measure µ(i, ·) concentrated on E ′ such that

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj

)
= µ(i, j)

uniformly in x ∈ Si. Moreover, if t1(ε) ≤ t2(ε) are two time scales associated with the same sets

E and E ′, then the limit holds uniformly in all time scales t(ε) satisfying t1(ε) ≤ t(ε) ≤ t2(ε).

Proof. As in Theorem 4.1.4, it is enough to prove the result for a particular time scale t(ε). Let

us fix an index i ∈ E. For x ∈ Si, let

σx,ε = min {n : Xx,ε
n ∈ Sj for some j ̸∈ E} .

Since {1, . . . ,M ′} forms one ergodic class with respect to P 0
ij , P (σx,ε ≥ n) decays exponentially

in n. Also, since t(ε) ≫ τ εj for every j ∈ E,

lim
ε↓0

P

(
σx,ε∑
n=1

Tx,ε
n ≤ t(ε),Xx,ε

σ ∈ S ′

)
= 1
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uniformly in x ∈ Si. If ν(i, j) is the probability that the Markov chain on {1, . . . ,M ′} governed

by P 0
ij and starting at i hits j when it first enters E ′, then

lim
ε↓0

P (Xx,ε
σ ∈ Sj) = µ(i, j)

uniformly in x ∈ Si. Moreover, due to assumption (e), P (T ε(x, S) ≤ t(ε)) → 0 as ε ↓ 0

uniformly in x ∈ Sj, j ∈ E ′. Therefore,

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj

)
= lim

ε↓0
P (Xx,ε

σ ∈ Sj) = µ(i, j)

uniformly in x ∈ Si.

4.2 Proof of Theorem 3.1.4.

Recall the time scales τ r,εk , 1 ≤ k ≤ Mr, 0 ≤ r ≤ R, introduced in Theorem 3.3.5.

These functions are comparable to each other due to Remark 3.3.11. Retaining one representative

from each set of equivalent time scales, we get a collection that will serve as the time scales

tε1, . . . , t
ε
n−1, with tε0 = 0, tεn = ∞. Observe (see remark after Theorem 3.1.4) that these functions

do not depend on i. However, only some of those time scales will be relevant when describing

the behavior of the process starting at x ∈ Si with a given i.

Let 1 ≤ i ≤ M. Suppose that t = t(ε) is a positive function that, for every 1 ≤ k ≤ Mr,

0 ≤ r < R, satisfies t(ε) ≪ τ r,εk or t(ε) ≫ τ r,εk . If t(ε) ≪ τ 0,εi , then define r = −1. Otherwise,

let r be the largest rank such that t(ε) ≫ τ r,εk and Si ⊆ Sr
k for some 1 ≤ k ≤ Mr. In other words,
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r is the first rank such that t(ε) is asymptotically smaller than the expected time to exit the cluster

of rank r + 1 to which Si belongs.

If r = −1, then

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Si

)
= 1 (4.3)

uniformly in x ∈ Si, as a simple consequence of assumptions (c) and (e). In other words, the

limiting measure corresponding to 0 ≪ t(ε) ≪ τ 0,εi is concentrated at i. Note that tε1(i) = τ 0,εi

and µi,1 is concentrated at i, in the notation of Theorem 3.1.4, but the interval (0, τ 0,εi ) may

contain multiple intervals (tε0, t
ε
1), (t

ε
1, t

ε
2)(see remark after Theorem 3.1.4). Furthermore, it can

be shown that if t1(ε) ≪ τ 0,εi , then (4.3) holds uniformly in all time scales 0 ≤ t(ε) ≤ t1(ε).

Suppose that r = 0 and t(ε) ≫ τ 0,εj for every j such that S0
j ⊆ π1(Si). In this case,

Theorem 4.1.4 applies to ensure the existence of a measure, which we will call ν0(i, j), that

satisfies

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ S0
j

)
= ν0(i, j) (4.4)

uniformly in x ∈ Si.

If r = 0 and t(ε) ≪ τ 0,εj for some S0
j ⊆ π1(Si), then Theorem 4.1.5 ensures the existence of

a probability measure, again called ν0(i, ·) concentrated on the set of j’s satisfying S0
j ⊆ π1(Si),

such that

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ S0
j

)
= ν0(i, j) (4.5)

uniformly in x ∈ Si. Depending on the number and the magnitude of different time scales τ 0,εj

that appear for those j satisfying S0
j ⊆ π1(Si), there may be several such distinct metastable

distributions (these will play the role of µi,2, µi,3 etc. according to the notation in the statement of
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Theorem 3.1.4). The existence of all these distinct measures is a direct consequence of Theorem

4.1.5. Furthermore, if t1(ε) ≤ t2(ε) are two time scales whose ratio is bounded away from zero

and infinity that satisfy the assumptions imposed on t(ε), then (4.4) (or (4.5), as applies) holds

uniformly in all time scales t(ε) satisfying t1(ε) ≤ t(ε) ≤ t2(ε).

Suppose that r ≥ 1. We will use induction on the quantity r, which was defined as the

smallest rank such that t(ε) is asymptotically smaller than the expected exit time from the cluster

of rank r+1 to which Si belongs. Therefore, we assume that P
(
Xx,ε

t(ε) ∈ Sj

)
has a limit for each

1 ≤ j ≤ M as ε ↓ 0, uniformly in x ∈ Si for every 1 ≤ i, j ≤ M if t(ε) is asymptotically small

enough to produce an r that is strictly smaller than the one being considered. We also assume

that if t1(ε) ≤ t2(ε) are two time scales whose ratio is bounded away from zero and infinity that

satisfy the assumptions imposed on t(ε), then all such limits exist uniformly in time scales t(ε)

satisfying t1(ε) ≤ t(ε) ≤ t2(ε).

Case 1: t(ε) ≫ τ r,εk for every Sr
k ⊆ πr+1(Si).

Recall the process Xx,r,ε
t that tracks our original process along clusters of rank r, introduced

in Definition 3.3.4. Theorem 4.1.4 applies to this process, therefore, there is a measure νr(i, ·)

concentrated on those indices k for which Sr
k ⊆ πr+1(Si) such that

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Sr
k

)
= lim

ε↓0
P
(
Xx,r,ε

t(ε) ∈ Sr
k

)
= νr(i, k) (4.6)

uniformly in x ∈ πr+1(Si). Consider a time scale s(ε) such that s(ε) ≪ τ r,εk for every k such that

Sr
k ⊆ πr+1(Si), ν

r(i, k) > 0, and s(ε) ≫ τ r
′,ε

k′ for every k′, r′ such that 0 ≤ r′ < r and Sr′

k′ ⊊ Sr
k.

In other words, s(ε) is sufficiently small so that the process doesn’t get out of any cluster Sr
k that

has positive measure, yet large enough to make many transitions between proper subclusters of
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Sr
k if the process starts in Sr

k.

Let us briefly discuss the existence of such a time scale s(ε). Note that the collection

of functions τ r,εk for those k satisfying Sr
k ⊆ πr+1(Si), ν

r(i, k) > 0 are all asymptotically

commensurate (the ratio of any two such functions has a positive limit as ε ↓ 0) as a result of the

definition of νr(i, k) obtained from Theorem 4.1.4. If a given cluster Sr
k satisfying νr(i, k) > 0 is

comprised of at least two distinct subclusters of rank r − 1, then, by the calculations in Theorem

3.3.5 and Lemma 3.3.3, the expected exit times are asymptotically smaller than τ r,εk , and we can

always choose an intermediate time scale s(ε). However, it may be the case that Sr
k consists of

just one cluster of rank r− 1. In this case, we investigate whether there is a rank r′ < r such that

Sr
k is the union of at least two distinct clusters of rank r′. If no such r′ exists, then Sr

k = Sj for

some 1 ≤ j ≤ M , and νr(i, k) will serve as the limit of P
(
Xx,ε

t(ε) ∈ Sj

)
as ε ↓ 0 uniformly in

x ∈ Si. When such a rank r′ does exist, then, due to the same explanation as above, the expected

exit times of such subclusters of rank r′ are asymptotically smaller than τ r,εk , and a time scale s(ε)

can be chosen.

Let us fix an index k such that νr(i, k) > 0. Suppose that there are at least two distinct

clusters of rank r − 1 contained within Sr
k (the case when r′ < r − 1 is similar, and in the case

when Sr
k = Sj for some j, we have lim

ε↓0
P
(
Xx,ε

t(ε) ∈ Sj

)
= νr(i, k) uniformly in x ∈ Si). By the

induction hypothesis, there is a measure νr(k, ·) on the set {j : 1 ≤ j ≤ M,Sj ⊆ Sr
k} such that

lim
ε↓0

P
(
Xy,ε

t(ε)
∈ Sj

)
= νr(k, j) (4.7)

uniformly in y ∈ Sr
k and all time scales t(ε) satisfying s(ε) ≤ t(ε) ≤ 2s(ε).

Let σx,ε be the time of the first renewal of the process Xx,r−1,ε
t after time t(ε)− 2s(ε). Due

71



to Lemma 4.1.3 and (4.6) applied to the time t(ε)− 2s(ε),

lim
ε↓0

P
(
Xx,ε

t(ε)−2s(ε) ∈ Sr
k,σ

x,ε ≤ t(ε)− s(ε), Xx,ε
σ ∈ Sr

k

)
= lim

ε↓0
P (Xx,ε

σ ∈ Sr
k) = νr(i, k)

uniformly in x ∈ πr+1(Si). Let j be such that Sj ⊆ Sr
k. By applying the Markov property to the

stopping time σx,ε and using (4.7), we conclude that

lim
ε↓0

P
(
Xx,ε

σ ∈ Sr
k, X

x,ε
t(ε) ∈ Sj

)
= νr(i, k)νr(k, j)

uniformly in x ∈ πr+1(Si). Therefore,

lim inf
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj

)
≥ νr(i, k)νr(k, j)

if Sj ⊆ Sr
k and Sr

k ⊆ πr+1(Si). Since the sum of the expressions in the right-hand side over such

j and k is equal to one, we obtain

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj

)
= νr(i, k)νr(k, j)

uniformly in x ∈ πr+1(Si.)

If t1(ε) ≤ t2(ε) are two time scales whose ratio is bounded away from zero and infinity, and

which satisfy the assumptions imposed on t(ε), then this same limit holds uniformly in all time

scales t1(ε) ≤ t(ε) ≤ t2(ε), since, otherwise, we would be able to select a time scale satisfying

our assumptions for which this limit would not hold.

Case 2: t(ε) ≪ τ r,εk for some Sr
k ⊆ πr+1(Si).
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Let E = {k : Sr
k ⊆ πr+1(Si), t(ε) ≫ τ r,εk } , E ′ = {k : Sr

k ⊆ πr+1(Si), t(ε) ≪ τ r,εk }. With

an abuse of notation, for x ∈
⋃

k∈E Sr
k, let σx,ε be now defined as the first hitting time of⋃

k∈E′ Sr
k. Then limε↓0 P(σx,ε ≤ t(ε)/2) = 1 uniformly in x ∈

⋃
k∈E Sr

k.

We claim that there is a measure νr(i, ·) on {j : Sj ⊆
⋃

k∈E′ Sr
k} such that

lim
ε↓0

P (Xx,ε
σ ∈ Sj) = νr(i, j) (4.8)

uniformly in x ∈ Si. This is similar to Theorem 4.1.5 with the difference being that Theorem

4.1.5 would give the result for Sr
k instead of individual sets Sj . To get this slightly finer result, we

can consider an auxiliary Markov renewal process obtained from Xx,ε
t by changing the transition

times and transition probabilities out of Sj , for j such that Sj ⊆
⋃

k∈E′ Sr
k, in such a way that all

such Sj become clusters of rank r. Then (4.8) follows from Theorem 4.1.5 applied to the process

on clusters of rank r.

By the induction hypothesis, for each j such that Sj ⊆
⋃

k∈E′ Sr
k, there is a measure νr(j, ·)

on {j′ : Sj′ ⊆ πr(Sj)} such that

lim
ε↓0

P
(
Xx,ε

t(ε)
∈ Sj′

)
= νr(j, j′)

uniformly in x ∈ Sj and every time scale t(ε)/2 ≤ t(ε) ≤ t(ε).

Let us fix j′ such that Sj′ ⊆
⋃

k∈E′ Sr
k. By applying the Markov property to the stopping

time σx,ε and summing over the location of Xx,ε
σ inside πr(Sj′), we obtain that

lim inf
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj′

)
≥

∑
j:Sj⊆πr(Sj′ )

νr(i, j)νr(j, j′)
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uniformly in x ∈ Si. Since the terms on the the right hand side add up to 1, we conclude that

lim
ε↓0

P
(
Xx,ε

t(ε) ∈ Sj′

)
=

∑
j:Sj⊆πr(Sj′ )

νr(i, j)νr(j, j′)

uniformly in x ∈ Si.

As before, if t1(ε) ≤ t2(ε) are two time scales whose ratio is bounded away from zero and

infinity, and which satisfy the assumptions imposed on t(ε), then this limit holds uniformly in

all time scales t1(ε) ≤ t(ε) ≤ t2(ε). This justifies the inductive step and completes the proof.
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