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Chapter 1: Introduction and setup.

1.1 Introduction.

In this dissertation, we describe the asymptotic behavior of parameter-dependent semi-
Markov processes. An important application of the results on semi-Markov processes can be
found in the study of metastability in non-equilibrium systems. On an intuitive level, metastability
of a system is characterized by long periods of random oscillations near an apparent equilibrium
followed by a sudden transition towards another more stable equilibrium. Metastability is
exhibited in genetics, molecular dynamics, population dynamics, etc.(see [7], [8], [17] and [25]).
See also [4] and [24] for monographs on metastability that discuss areas of applications.

Consider a dynamical system or a diffusion process that has N ergodic invariant measures
that are supported on disjoint invariant sets. Each invariant set is assumed to be stable in a certain
sense (e.g., an asymptotically stable attractor in the case of a dynamical system). Each invariant
set can be associated with a state (or a subset in the state space) of a semi-Markov process, while
the transitions between different states are due to large deviations from the unperturbed dynamics.

Given a process =; with finitely many invariant sets, the corresponding semi-Markov process
is defined by stopping the perturbed process =7 every time it visits a new invariant set (or,
in some cases, its e-dependent neighborhood). Thus the transition kernel and the transition

times of the semi-Markov process inherit the c-dependence from the original system. We will



briefly consider several examples where the semi-Markov process corresponds to an underlying
randomly perturbed system, but the main result is formulated in an abstract setting. Namely,
under certain conditions on the transition times and transition probabilities, a semi-Markov process
exhibits meta-stable behavior. Before describing the assumptions in detail and stating the result
precisely, let us discuss the simpler case of parameter-dependent Markov chains.

Consider a family X of Markov chains on a state space S = {1, ..., N}, where ¢ is a small
parameter. The time may be continuous or discrete; we focus on the case when ¢ € R, while

the case of discrete time is similar. Let g;;(¢), i, j € S, i # j, be the transition rates, i.e.,

P(X;a =J|XF =1) = qij(e)(A+0(A)) asA L0, i #j.

Let us assume that ¢;;(¢) J 0 as ¢ | 0 for all ¢ # j. (This is the case in most systems of interest,
and, in any case, can always be achieved by slowing all the transitions by a function of €.) We
are interested in the behavior of X; as ¢ | 0 and, simultaneously, ¢ = t(¢) — oo. The results
on the asymptotic behavior of X; can be viewed as a refinement of the ergodic theorem for
Markov chains (which concerns the asymptotics with respect to the time variable only) and are
closely related to the spectral properties of the transition matrix (some of the earliest work on the
eigenvalues of matrices with exponentially small entries can be found in [26]). The double limit
at hand depends on how the point (1/e,¢(c)) approaches infinity. Roughly speaking, one can
divide the neighborhood of infinity into a finite number of domains such that X ie) has a limiting
distribution (which depends on the initial point) when (1/e,t(c)) approaches infinity without
leaving a given domain. For different domains, these limits are different. These are referred to as

metastable distributions.



Assume, for simplicity, that ¢;;(¢) > 0 for each ¢ > 0 and all ¢ # j. The chain X; is
said to be completely asymptotically regular if for each a > 0 and each (i1, ...,%4), (J1, -, Ja)s

(K1, ..., kq), and (I3, ..., ;) the following finite or infinite limit exists

provided that iy # ji,...,% # Ja, k1 # l1, ..., ke 7 l,. If the chain is completely asymptotically
regular, we can associate a finite sequence of time scales 0 = t5(i) < (i) < (i) < -+ <
n(» () = oo with each initial state i € S. Here, t_, (i) < j(¢) means that lim. o (t;_, (¢) /t;(¢)) =
0.

Assuming that the process starts at ¢ and £ (i) < t(e) < (i), Xj(-) converges to a
distribution ; 5, called the metastable distribution for the initial state ¢ at the time scale ¢(¢).
This result (generalizing the construction of [10]) was proved in [23] and [11]. In the case of
discrete-time Markov chains, a closely related result was proved in [2].

The time scales 7 (i) can be determined in terms of transition times for auxiliary Markov
chains that belong to a hierarchy defined by successively reducing the state space, i.e., combining
the elements of the state space into subsets (clusters) that will serve as states for the chain of
higher rank. This construction of the hierarchy of Markov chains generalizes the hierarchy of
cycles notion of [10].

For a Markov chain, the transition rates g;;(¢) determine both the time spent in a state i
(which is exponentially distributed with the expectation 1/ 3", i;(¢)) and the transition
probabilities (the probability of going from i to j is g;;(€)/ ;. ¢ik(€)). In the case of semi-

Markov processes, the transition times and transition probabilities need not be in this particular



relation. Thus the definition of complete asymptotic regularity needs to be modified in order to
incorporate information about the transition times and transition probabilities. In fact, we will see
that the state space can be reduced inductively to a collection of clusters (until we have one cluster
containing all the state space) based on a condition that involves only transition probabilities. In
order to determine the effective transition times between clusters, on the other hand, we need
both the transition times and transition probabilities of the original process. One difficulty not
present when the process was purely Markov is that now the transition time between two states
(or parts of the state space) can be asymptotically large even if the transition probability between
them is asymptotically small, requiring a more sophisticated approach to define the sequence of

time scales 5 (7).

There is another feature that distinguishes the set-up in the current work from the case
of a Markov chain with a finite state space. In many applications, the transition probabilities
and transition times may depend not on one of finitely many starting points but on a class
of equivalence that a starting point belongs to and (to an asymptotically small extent) on the
representative in a class of equivalence. Examples of such systems are discussed in Section 2.1
and Section 2.2. Let S = S; | ...|J Su be a decomposition of a metric space S into a union of
disjoint measurable components. Let Q¢ : .S x B(S x [0,00)) — [0, 1] be a Markov transition
kernel, i.e., Q°(x, -) is a probability measure on B(S x [0, 00)) for each = € S, and Q°(-, A) is
B(S)-measurable for each A € B(S x [0,00)). Note that the first component in the transition
kernel depends only on the spatial variable. Given an initial point z € S, we can define a
discrete-time Markov process £¥° = (X% T%¢) on S x [0,00) with the kernel )¢, where

0 = (X5, Ty¢) = (2,0). The components X*¢, n > 0, and T%<, n > 1, of this Markov
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process can be viewed as the states and the inter-arrival times, respectively, of a continuous-time

semi-Markov process X;°. Namely, we define, for n > 0,

n n+1
XPe =X for » TIE<t< Y TL (1.1)
m=0 m=0

For x € S and B € B(S), the transition probability associated to the semi-Markov process is

P*(z,B) =P(X7° € B) = Q°(z, B x [0,0)).

Assuming that P*(z, B) # 0, the conditional transition time 7°(z, B) is defined as a random

variable with the distribution

P (T%(z, B) < t) = (T < t{X%° € B) = Q°(x, B x [0,4])/Q°(x, B x [0, 0)).

We assume that P (z, S;) = 0foreach 1 <i < M and x € S; (no “internal” transitions). Further
assumptions, primarily generalizing the concept of complete asymptotic regularity, will be stated
below.

The dissertation is organized as follows. In Section 1.2, we state the assumptions on
the transition probabilities and the transition times of the semi-Markov process, including the
generalization of the notion of complete asymptotic regularity. We conclude this section by
stating our main result. In Section 2.1 and 2.2 we give some examples of stochastic systems
leading to parameter-dependent semi-Markov processes that satisfy our assumptions. In Section 3.1,
we show how the problem reduces to considering a system with transition times that are nearly

independent of transition probabilities. In Section 3.2, we collect some results, later to be



used recursively, about abstract Markov chains. In Section 3.3, we define a hierarchy of Semi-
Markov processes on coarser partitions of our state space that capture the dynamics of our process
on different time scales. Section 4.1 is devoted to a description of limiting distributions for
parameter-dependent Semi-Markov processes with a particular structure (roughly speaking, the
limiting system has one ergodic class and the time under consideration is insufficient to escape
from this ergodic class). In Section 4.2, we apply the results of Section 4.1 inductively to different

levels of the hierarchy constructed in Section 3.3 to prove our main result.

1.2 Assumptions on the dynamics of the system and formulation of the main

result.

For two functions f,g : (0,00) — [0,00), we will write f(¢) < g(¢) (as € | 0) if
lim.jo(f(¢)/g(e)) = 0. This includes the case when f = 0 and g > 0. For two functions
f,g that also depend on a parameter x, we will write f(x,e) < ¢(z,¢) uniformly in z if
lim. o(f(x,€)/g(z,e)) = 0 uniformly in all = being considered. For two functions f,g :
(0,00) — (0,00), we will write f(c) ~ g(¢) (as ¢ | 0) if lim.o(f(¢)/g(e)) = 1. For two
functions f, g that also depend on a parameter x, we will write f(z,e) ~ g(x,¢) uniformly in z
if lim.jo(f(x,€)/g(z,€)) = 1 uniformly in all z being considered.

We specify the following assumptions on the process X;°. We require the one-step
transition probabilities from a point x € S; to S; and the corresponding transition times to depend
negligibly on z (if ¢ and j are fixed). Namely, we assume that, for every i # j, P°(x,.S;) is either

identically O for every x € S; or it is positive for all z € S; and € > 0, and in the latter case there



are functions P¢

i7»€ > 0, such that

lim —P (. 5))

LA (12)
el0 Pij

uniformly in z € S;. If P*(x,.5;) = 0 for z € S;, then we set P; = 0. In particular, P;; = 0. The
functions Pj; can be chosen in such a way that ) | i Pij = 1forevery i.

A condition concerning communication between the sets S; will be imposed on the functions
Pf. We assume that, for every ¢ > 0 and every ¢ # j, there exists a sequence iy, ... % in
{1,... M} suchthati =iy, j =iy, and P}, > 0 forevery ¢ > 0.

We assume that for ¢ # j there are functions 77, € > 0, satisfying

o BT, 59)

el0 T Z

=1 (1.3)

uniformly in = € S; provided that P is not identically zero.

We impose a tightness condition. Namely, we assume that there exist C', ey > 0 such that

Var (T°(z, 5;)) < C - (15;)? (1.4)

v

for every ¢ < g9,z € S;, and i # j, provided that F;; is not identically zero. For any given

bounded, continuous function f : [0,00) — Randi,5 € {1,..., M}, we assume that

lim (f (—Te(xi’ > )> —f (—Ta(xi’ % )>) =0 (L.5)
el0 T TE

v

uniformly in 1, x5 € S; provided that Fj; is not identically 0.

The next condition helps us avoid purely cyclical behaviour. Consider a sequence x,, € S;



with Pj} not identically zero, and a sequence ¢,, such that ¢,, | 0 as n — oco. We assume that

T (2, S;5)

En

if — £ in distribution as n — oo for some £, then & has no atoms.

The main assumption on the structure of the process is the following: We will say that the

process X, is completely asymptotically regular if there exists a limit

25 25 Pe 7€
111[T)l Pa1b1 . PC?bQ L G;rbr . isb c [O, OO] (1.6)
el c1dy cods crdy 7—cd

for every positive integer r and every a,a;, b, b;, ¢, c;,d,d; € {1,2,... M} with a; # b;,¢; #

d;,a # b and ¢ # d for which the ratios appearing in the limit are defined.

Remark 1.2.1. It is sufficient to assume the existence of these limits with a; = c;. First notice

that PO = llm Py exists for every i, j. Indeed, when P is not identically zero,

. Fi _ _
hmP hm l1_r)1(1) Z ll_{% P, € [0,00)
> P
3’ i
The limits P0 satisfy Y . oy ; P;; = 1. Hence, for every i there is j such that PB > 0. Suppose we

are given a,b,c,d € {1,2,... M}. We can find d’,c € {1,2,... M} such that P2, , P%, > 0.

Then,
Py ab e Paw y

a cc  ~aad
€ 5 € 0
Pcd Paa’ Pcd P

cc!

as € — 0.

We can do this for every factor appearing in (2) and obtain the following, seemingly weaker but
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equivalent, condition for complete asymptotic regularity:

pe pe Pe 7€
lim o g g2 € [0,00) (1.7)
el0 a1dq azds ard, 7-cd

forevery a;, b;,d;,a,b,c,d € {1,2,..., M} with a; # b;,a; # d;;a # b, and ¢ # d for which the

quantities appearing in the limit exist.

The following simple lemma (proved in [11]) will be useful in applying the property of

complete asymptotic regularity.

Lemma 1.2.2. Suppose f1(¢), ... fu(e) and g1(€), .. ., gn(€) are positive functions which satisfy

lim fi(e)

e=0 g; (5)

€ [0, <]

for1 <i<mand1l < j <n.Then,

po i)+ fne)
P ESNENE

Next, we formulate the main result on the metastable behavior of the process X;° (i.e.,
on the limiting distribution of the process at different time scales). However, specifying the time
scales is accomplished via a construction of the hierarchy below.

We can keep track not only of the current state of the process X, but also of the next state



to be visited. Namely, similarly to (1.1), we define

n n+1

XPe=Xpg, for Y ToE<t< ) Tir

m=0 m=0

Theorem 1.2.3. Suppose that the assumptions on the transition probabilities and the transition
times stated above are satisfied. For each 1 < 1 < M, there exists a sequence of time scales
(functions of e > 0) satisfying 0 = t5(1) < t{(1) < (1) < -+ < ;) (i) = o0 and a sequence
of probability measures [i;1, [li2, - - -, Min@) o0 {(J,5")  J, 3 € {1,..., M}, 5 # j'} with the
following property: if t(¢) is a function that satisfies t_,(i) < t(e) < € (i) for some k > 1,
then

limP (X5 € 5, X5 € 55 ) = pias, )

uniformly in x € S; for every j,j' € {1,..., M}, 7 # j'.

Remark 1.2.4. It can be shown (see the remark after Theorem 3.1.4) that Theorem 1.2.3 could be
formulated without the dependence of the time scales on i (by combining the sets of time scales

corresponding to different 1 into one collection of time scales).

It is also interesting to explore what happens if, instead of assuming that ¢, (i) < t(¢) <
t7.(7), we assume that ¢(¢) is commensurate with one of the special time scales, i.e., t(¢)/t (i) —

C € (0,00) as € | 0 for some k > 1. This question is briefly discussed after Theorem 3.1.4.
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Chapter 2: Examples of systems leading to parameter-dependent semi-Markov

processes.

In this chapter, we discuss several stochastic systems whose long-time behavior can be
analyzed by considering an associated semi-Markov process and applying Theorem 1.2.3. In
each of these examples, the asymptotics has been studied using the particular properties of this
or that system; the main point of this section is to show that all these cases fit in a common

framework.

2.1 Random perturbations of dynamical systems with a finite number of stable

equilibrium points.

Consider a dynamical system on R?

Y =bY), Yy =z eR’,

and a diffusion process that is a small perturbation of the dynamical system

Y5 = b(Y9)dt + o (Y)W, Yo = o € RY

11



Here, W, is a d-dimensional Wiener process, while o and b are Lipschitz continuous matrix-
and vector-valued functions, respectively; o is assumed to be positive-definite for each value of
the argument. If o : [0.7] — R is a smooth curve with ©(0) = z, then the asymptotics, as € . 0,
of the probability that a trajectory of ;" on [0, T'] belongs to a small neighborhood of ¢ can be

expressed in terms of the action functional

where a = (o0*)~1. (See [15] for the large deviations theory of randomly perturbed dynamical
systems). The role of the action functional is that it can be used to define the quasi-potential
V(z,y), which, in turn, can be used to express the probabilities of rare transitions (that are
due to the small diffusion) between different equilibria of the unperturbed system. Namely, the

quasipotential is defined as

Vi(x,y) = nf{S(p)|p(0) =z,0(T) =y, T > 0}.

Observe that V' (z, y) = 0if, for arbitrarily small neighborhoods U, and U, of = and y, respectively,
there is a trajectory of the unperturbed dynamical system going from U, to U,. Let us assume
that there is a finite collection of compact sets K, ..., K3, C R? such that

(a) Foreach1 <i < M, V(x,y) = V(y,x) = 0 whenever z,y € K.

(b)If x € K; and y ¢ K for some i, then V' (x,y) > 0.

(c) For each z € RY, there are i and y € K such that V(z,y) = 0.

(d) For some (and therefore for each) x € R¢, limyjy| -0 V (2, y) = o0.

12



Let S; be a 0-neighborhood of K;, where § > 0 sufficiently small so that .S; are disjoint and, for

x € S;, there is y € K; such that V' (z,y) = 0. Define

Vij =inf{V(z,y)|lz € K;,y € K;}, 1<1i,j <M.

According to the Freidlin-Wentzell theory ([14], [15]), the quantities V;; determine the logarithmic
asymptotics of the expected transition times between the sets S; and S;. For example, let Af’a
be the event that the process Y," starting at = € \S; hits S; prior to hitting any Sy with k& # 14, j.
For z € S;, let 7% be the first time when the process reaches one of the sets \S;, other than S;.

Assume that V;; < Vj;, for each k # ¢, j. It has been shown (see [15]) that

P(A7°) =1 and e?Iln E(7™|AT") — Vij as €10 (2.1)

uniformly in z € S;.

A semi-Markov process X;*° on the state space S = SiJ...J Sy can be naturally
associated with the diffusion process Y;"°. Namely, assume that z € S; for some 7, and let
0 = 75, 7°, 7%, ... be the times of the successive visits by Y, to different sets .S, i.e., if

Yt € S; with k > 0, we define
k

Too = inf{t > 777 V" € S\ S}

‘We then define

T,E _ \T,E T,E x,E
X" = YTE,E, for 7,7 <t <7,

13



Verifying, for the process X, all the assumptions on the transition probabilities and transition
times outlined in Section 1.2 is not always an easy task since the Freidlin-Wentzell theory provides
only the logarithmic asymptotics for the required quantities. Nevertheless, metastability has been
described ([10], [15]) for generic randomly perturbed dynamical systems using a construction of
the hierarchy of cycles. The main assumption (satisfied by a generic system) is that the notion
of the “next” attractor or the next cycle is correctly defined at each step of the construction. In
particular, the assumption (which led to (2.1)) that, for each ¢, the minimum min; V;; is achieved
for a single value of j is needed to identify the next set visited by the process after it reaches S;.

The precise asymptotics for the expected transition times

]E(T‘T’elA;C’E) ~ cijexp(Vi;/e%) (2.2)

has been obtained under additional assumptions on the vector field b and the diffusion matrix
o and the assumption that the sets K; are points. For example, for random perturbations that
result in reversible diffusion processes, the asymptotics (2.2) (the Eyring—Kramers formula)
has been established in [5], [16] (see also [9], [18], [19], [20] for earlier work in the physics
literature and [3] for a generalization to non-reversible processes under certain assumptions on
the quasipotential). The uniqueness of the “next” attractor is not always necessary to describe
the metastable behavior of a randomly perturbed dynamical system. In particular, for a class of
systems, metastability, including the behavior of the process at the transitional time scales, was
recently described in [21], [22].

The connection between the results quoted above and the current work is that, once the

asymptotics (2.2) is verified for the underlying diffusion process, it is usually not difficult to

14



show that the assumptions listed in Section 1.2 are satisfied by the corresponding semi-Markov

process. Therefore, the metastable behavior of the original process follows from Theorem 1.2.3.

2.2 Random perturbations of diffusions with invariant submanifolds.

Here, we briefly recall the results from [12], [13] on metastability for randomly perturbed
degenerate diffusions and see how the associated semi-Markov processes fit our framework.

Consider a diffusion process that satisfies the stochastic differential equation

d
AV = vp(Y7)dt+ 3 w(V7) o dWi, Vi =z € RY,

=1

where W} are independent Wiener processes and vy, ..., vq are bounded C3(R?) vector fields.
The Stratonovich form is convenient here since it allows one to provide a natural coordinate-

independent description of the process. The generator of the process is the operator
1
s 8 Z 72
HT et 2 =1 v

where L;u = (v;, Vu) is the operator of differentiation along the vector field v;, i = 0, ..., d.

Let K1, ..., K)y C R? be C*-smooth non-intersecting compact surfaces with dimensions
dy, ..., dy, respectively, where 0 < d; < d, 1 < ¢ < M. Points are considered to be zero-
dimensional surfaces. Assume that each of the surfaces is invariant for the process and that
the diffusion restricted to a single surface is an ergodic process (the latter condition is trivially
satisfied for K; if d; = 0). Denote D = R4\ (K;|J...\|J Ku). We assume that the diffusion

matrix is non-degenerate on D.

15



For each i = 1,..., M and each = € K, we define T'(z) to be the tangent space to K; at =
(with T'(x) being a zero-dimensional space if d; = 0). We assume that:

(a) span(vo(x), vi(x), ..., v4(x)) = span(vy(x), ..., vg(x)) = T'(z) forz € Ky ... K

(b) span(vy (), ..., va(z)) = R for v € D.
This is just a more convenient (and slightly stronger) way to express the assumptions that we
already made: (a) implies that the surfaces are invariant, and the process is ergodic on each
surface; (b) means that the diffusion matrix is non-degenerate on . Under Assumption (a), the
set K1 ... |J K is inaccessible, i.e., the process X starting at z € D does not reach it in finite
time. In fact, another assumption, concerning the ergodic properties of the process not only on
the surfaces K; but in their vicinities and slightly strengthening Assumption (a), is needed (see
[13] for details). Under such assumptions, each surface can be classified as either attracting or
repelling for Y,*, depending (roughly speaking) on whether P(lim,_,, dist(Y;*, K;) = 0) > 0 for
each x sufficiently close to K; (attracting surface) or P(lim;_, ., dist(Y,*, K;) = 0) = 0 for each
x ¢ K; (repelling surface).

Next, we perturb the process Y,” by a small non-degenerate diffusion. The resulting process

Y,"€ satisfies the following stochastic differential equation:

d d
dy;;na _ (UO + 5260)(1@x’8)dt + Zvi(y;:c,a) o thz + EZ@(Y?,E) ° thi, Y:@a —rc Rd,

i=1 i=1

where Wf are independent Wiener processes (also independent of all W), and oy, ..., 14 are
bounded C*(R?) vector fields. In order to make our assumption on the non-degeneracy of the
perturbation more precise, we state it as follows:

(c) span (v (z), ..., V4(x)) = R? for z € R,

16



We also include a condition that ensures that the processes Y;* and Y, (with sufficiently
small €) are positive-recurrent. Namely, we assume that:

(d) wo, ..., v4, Vo, ..., Vg are bounded and (vo(x),x) < —c||z| for some ¢ > 0 and all
sufficiently large ||z||.

The generator of the process Y,"“ is the operator L¢ = L + 2L, with
1
P F 72
Lu=1Lo+; ; L2,

where L—u = (v;, Vu) is the operator of differentiation along the vector field v;,7 = 0, ..., d.

The process Y;* starting at x is approximated well by Y, (with the same starting point)
on finite time intervals as € | 0. However, due to the presence of the small non-degenerate
component, ;"¢ cannot get forever trapped in a vicinity of an attracting surface. The process
Y;"" exhibits metastable behavior: the limiting distribution of Y7}, as (1/¢,t(¢)) approaches
infinity, depends on the initial point and on the function t(¢).

Assume, momentarily, that all the surfaces K; are attracting and that d; < d—1 for each i. In
order to relate the situation at hand to the analysis of semi-Markov processes, we again introduce
the open sets that contain K; and that are reached by the perturbed process in finite time with
positive probability. Namely, let S¢ be a /c-neighborhood of K;. This appears slightly different
from the setup in Section 1.2 since these sets depend on ¢, but each S7 can be parametrized by a
set .5; that is independent of ¢.

As in Section 2.1, a semi-Markov process X;° on the state space S5 (J...|J S5, can be
naturally associated with the diffusion Y, by stopping the latter process each time it reaches a

new set S5. Let A7 be the event that the process Y;" starting at z € S5 hits S5 prior to hitting
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any S; with k& # ¢, j. For x € S;, let 7°° be the first time when the process reaches one of the
sets Sj, other than S7. It has been shown (see [12], [13]) that there are positive constants 7;,

0 § 7 S M, A5, Vij,i#j,suchthat

P(A7") — ai; and e"E(r"°|A7°) = Vj; as € |0

uniformly in z € S;. Note that, unlike the case of randomly perturbed dynamical systems
considered above, the transition times for a randomly perturbed diffusion process (and, therefore,
for the associated semi-Markov process) scale as powers of ¢, rather than exponentially. All
the assumptions from Section 1.2 placed on the semi-Markov process are easy to verify in this
example.

The situation is slightly more complicated, but still amenable to the same analysis, in the
case when some of the surfaces are attracting or have dimension d; = d — 1. For example,
it may happen that S5 cannot be directly reached from S7 if these two sets are separated by a
(d — 1)-dimensional attracting surface, in which case a;; = 0. Or, if two sets are separated by
a repelling surface, it takes an additional time (that scales as a negative power of ¢) to cross a

repelling surface.
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Chapter 3: Extension of the state space and hierarchy of clusters.

3.1 Reduction of the process to one with nearly independent transition times

and transition probabilities.

It can be shown that the transition times of a Markov Renewal Process on a discrete space
can be assumed to depend only on the current state and be independent of the next state visited
(see for example, [1]). This is achieved by extending the state space and studying the process
(X, X,41). We describe how to extend this construction to our case, where the state space is not
necessarily discrete.

Let S = {(z,j) :x € S;,1 <i,j < M, P5 # 0}. Let @ : S x B(S) x B([0,00)) — [0, 1]

be the Markov transition kernel given by

T (), (A x {k}), 1) = / P(y, S1)QF (. dy x 1)

ANS;

P5<I, SJ>

when P¢(z, S;) # 0 and 0 otherwise. Recall that P*(z, A) = Q°(x, A x [0, 00)).

For a given T = (7, ) € S, let us define the Markov process (Ki’a, Ti’8> with kernel Q
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and (Xﬁ’s, T§’€> = (7, 0). Notice that, in the language of the original process,

P(X7" e ANS;, T € I,X5° € Sy)
P(X1° € 5))

Q @ Ax{k}I) =
(3.1

=P (X" € A, T{" € I,X3" € S, | X7 € 5;)

whenever P¢(x, Sj) > 0, and, therefore, there is a natural correspondence between the finite
dimensional distributions of (Xi’s, Ti’€> and (X5= T7e) .

Below we will see how the assumptions on the process (X<, T) translate to the process
(Xi’g, Ti’s) . First note that the state space S admits a partition {S;x {j} : 1 <1, < M,i # j}.
Let us re-index this partition so that {S; x {j} : 1 <i,j < M,i# j} ={S;:1<i< M}. As
before, we will use P (T, A) to denote Q (T, A x [0, 00)).

Let 1 <i,j < M andlet T € S;. Then there are a,b € {1,... M} and z € S, such that

Si =S, x {b} and T = (z,b). There are c,d € {1,... M} such that S; = S, x {d}. Then

P (7,5;) =Q (7,5, x [0,00))

! P¥(x,dy) P*(y, S oY
—m / (z,dy)P*(y, Sa)
SpNSe
. . P (z,5;) . =
From (1.2), it follows that, when b = c, hrr(l)P—a = 1 uniformly in T € S;, while
E—r cd

— J—

P (f, S j) = 0 when b # c. We conclude that either P (f, Ej) = 0 forevery T € S;, or
P (7,5;) > 0forevery T € S; and there is a positive function P;; such that
P (%, S;
lim —(_x ) =1

e—0 PZE]
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uniformly in € S;, in which case we take P;; = P=,. Note that the assumption of communication
among the functions P, carries over to the functions Ffj naturally.

Note also, by (3.1), that if T = (z, j) where z € S;,1 <, < M, then

P (Tf’s € I) —P(T% €1 |X €8;)=P(T%(z,S;) € I)
provided that P*(z, S;) > 0.
Adopting notation similar to Section 1, for € S and B C S such that r° (z,B) > 0, let

us define 7" (T, B) to be a random variable with the distribution

P(T°(z,B)cl) =P (Tf’g cIX." e B) .
T (Z, B) is to be understood as the time in transition from 7 to XT’E conditioned on Xf’s € B.If
S = Su x {b},S; = Sy x {c},T = (z,b) where z € S,,1 < i,j < Mand 1 < a,b,c < M,

then,

1 . )
P(T (z.B) € 1) _ @S <D m/sf (y,Se) Q7 (w,dy x I)
) ﬁs jv_j ; . -
%) Pz (z,5)) /pr (y, Se) P* (z,dy)

/S P (y,Se) Q° (z,dy x 1)

/ P* (y,5.) P* (. dy)
S

The purpose of constructing such a process on an extended space in the conventional case

. . . . Z,E N . T,E
(discrete space) is to establish independence between X, and T, given X, ;. In our case, we
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do not retrieve complete independence but instead we have the following results.

Lemma 3.1.1. Foreach 1 < i < M, there is a Sfunction T3 such that

E(T (z,5;
lim M =1 (3.3)
e—0 T

uniformly in @ € S; for every 1 < j < M such that ?jj is not identically zero. Moreover there
are C ey > 0 such that

Var (TE(T, gj)) <O (7)?

()

for every ¢ < g, provided that sz is not identically zero.

Proof. WithZ = (z,b),S; = S} x {c},

i ras el i 1 13 €
[1@@s,xay  [rprgy [P s0@ <
]E (TE(E’EJ)) _ 0 _— _ _ 0 Sh
P (E,S) 1 / & 5
J —PE(I,SZ)) Pe(y, S.)P*(z,dy)
S
ap ey 5 [ 1S xa)
YESh .0
~ inf Pe(y,S.) Pe(x, )
YES

The first ratio has the same asymptotics as P,/ P;. = 1. The second ratio is exactly E (7°(z, S;))
(recall the definition of 7¢(z, Sy) from the original process). Hence the second ratio is asymptotically
equivalent to 7, as € | 0 due to (1.3). These limits hold uniformly in x € S,. The lower estimate

is proved in the same way by exchanging sup and inf . Since a, b are determined by =, we obtain
(3.3) by setting 7; = 75,.
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Similarly,

/ 2G5, x di) / t?ﬁ / P(y, 5.)Q (. dy x dt)
E (Te(f>gj)2) =2 — _ — = . il
P (ZE,SJ‘) 1 e 5
Ps(x,Sb)/P (y, Se) P (x, dy)

Sh

IN

P€(£B, Sb)

IA

Due to (1.4), E (T¢(z, S,)?) < C(75,)° = C (75) for some C' > 0 and small enough . This

proves our second claim. [

Lemma 3.1.2. Let S; = S, x {b},S; = S, x {c} for some 1 < i,j < M,1 < a,b,c < M. For

every bounded continuous function f : [0,00) — R,

e 0 (752) o () =

uniformly inT € S;,y € S,.

iRzl

Proof. Let x,y € S, and suppose that T = (x, b). Without loss of generality, we can assume that
Y pp

23



_ [T (L Q (7,8 x dt) [~ (i) Q(y, Sy x dt)
a /0 f (;;s) ﬁe (f, gj) A f T(ib Pe (y7 Sb)
W/Pa(xlasc)Qa(x7dI1 X dt)

> t 3, * t\ @ (y,Sy x dt)
e s
/0 Tab ! /P‘E(xl,Sc)PE(:v,dm) /O Tab P (y, 5)

Pe(xy, S,
_ i P )/wf (i) Q= (x, S x dt) _/oof (i) .S xd)
~ inf Pe(xq,5:) Jo TS Pe (z,5) 0 TS, Pe(y,Sy)

1 GSb

uniformly in z,y € S, due to (1.5). A lower estimate is obtained similarly by exchanging sup

and inf above. ]

Corollary 3.1.3. Leti € {1,..., M}. For every bounded continuous function f : [0, 00) — R,

mE <f (Te(f_légjl)> iy (Ts(f_zsz)>> -
el0 T; T;

()
ij17

uniformly in T1,Ty € S; and j1, j, € {1,..., M}, provided that P ﬁ;-Q > 0.

Proof. The result holds since the limit in Lemma 3.1.2 is independent of Ej, [

From this point on, we will work with the process (XZ’E,TZ’E>. However, since it is
inconvenient to use the notation with the bars throughout the dissertation, we drop those bars

from the notation (in particular, we’ll write S instead of S and M instead of M). In order to
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distinguish the resulting process from the original one, we restate the properties of the auxiliary
process that follow from the assumptions we made on the original one.
(a) Due to (3.2), for every i # j, P°(x,S;) is either identically 0 for every x € S; or it is

positive for all x € S; and € > 0, and in the latter case there are functions P,

5> € > 0, such that,

lim —P (. 5))

el0 f’fj

=1

uniformly in x € S;. If P*(z,S;) = 0 for x € S, then we set P;; = 0. In particular, P; = 0.
The functions P;; can be chosen in such a way that ) i bi; = 1 for every i. For every ¢ > 0

and every ¢ # j, there exists a sequence i1, ...7 in {1,... M} such that i = iy,j = iy, and

PE

irir+l

> 0 for every € > 0.

(b) (follows from Lemma 3.1.1) For every 1 < ¢ < M, there is a function 7; such that

=1 (3.4)

e—0 TS5

uniformly in 2 € S; for every j such that P (X7 € S;) = P (x,S;) > 0 and for every z € S;.

(¢) (follows from Lemma 3.1.1) There are C', £y > 0 such that

Var (T¢(z,5;)) < C - (15)? (3.5)

2

for every x € S; and i # j, provided that P is not identically 0.
(d) (follows from Corollary 3.1.3) For any given bounded continuous function f : [0, 00) —

Randi,jl,jg S {1,...,M},
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limE (f (—Ts(mls’ Sjl)) - f (—Te(xi’ SjQ))) =0
el0 T; T

Pe

uniformly in zq, xo € 5; provided that Pr, i

i are positive functions.

(e) (follows from Lemma 3.1.2) For a sequence x,, € S; and a sequence ¢,, such that¢,, | 0

asn — 0o,

— & in distribution as n — oo for some &, then £ has no atoms.

En
Ty

(f) Complete asymptotic regularity for the new process (which follows from assumption

(1.7)):
PE PE PE £
lim —obr “aaby | Zarbe Ta o [0, 0]
o Pra P, bra T

for every a;, b;, d;,a,c € {1,2,..., M} with a; # b;, a; # d; for which the quantities appearing
in the limit exist.

The new extended process ((Xi’g, Ti"g) in the old notation, but with the bars dropped)
already contains information about the current state as well as the next state of the original

process. Therefore, Theorem 1.2.3 is implied by the following.

Theorem 3.1.4. Suppose that conditions (a)-(f) are satisfied. Then, for each 1 < i < M, there
exists a sequence of time scales (functions of € > 0) satisfying 0 = (i) < (i) < (i) <
e K t;(i)(i) = o0 and a sequence of probability measures [; 1, [ti2, - . -, flingy o0 {1,..., M}
with the following property: if t(¢) is a function that satisfies t, (i) < t(e) < t(i) for some
k > 1, then

lim P (X775 € ;) = ()
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uniformly in x € S; forevery j € {1,..., M}.

Remark 3.1.5. It will shown in the proof of the theorem that the time scales corresponding to
different i can be assumed to be comparable, i.e., there are limits lim. o (t7, (i1)/t, (i2)) € [0, oc].
We will call two time scales equivalent if this limit is positive and finite. Thus, by collecting the
time scales for each 1 < 1 < M and retaining only one from each set of equivalent scales, we get
a set of time scales ) = t; < t] < t§ < -+ - <t = oo and a collection of probability measures
{ir : 1<k <n,1<i<M}on{l,..., M} suchthatift(c) is a function that satisfies t; | <
t(e) < t, for some k > 1, then
i P (X725 € 55) = pia())

uniformly in v € S; for everyi,j € {1,..., M}. Observe that the indexing of the measures i,

here may be different from that in the theorem since it may happen that n > n(i) for a given i.

Theorem 3.1.4 includes the assumption that the time scale ¢(¢) where the system is observed
is deep inside an interval between a pair of special time scales, i.e., the relation t_, (i) < t(¢) <
t7.(7) holds. It can be shown that, under additional assumptions, a similar conclusion holds even
for time scales that satisfy lim. o ¢(c)/t;(i) € (0,00) for some & > 1. We will see later (in
Section 4.2) that the time scales (i) correspond to expected exit times from certain sets that are
of the form e, Oj for some index set J; C {1,2,..., M} to be specified. In particular, we
will take t5(7) = 77. For those situations where J;, consists of more than one element, it is shown

in Theorem 3.3.9 that the exit time from |J e, S; has an almost exponential distribution, and
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this fact can be used to study the metastable distributions at time scales commensurate with 7 (7).
However, without making further assumptions, we can’t say anything similar about the limiting
exit time from (J e, 95 if Ji consists of only only one element.

The following proposition is stated here without a proof since it’s not the main focus of the

current work.

Proposition 3.1.6. Suppose that conditions (a)-(f) are satisfied. Let x € S; where 1 < i < M.
Consider the associated sequence of time scales 0 = t5(i) < t](i) < 5(i) < -+ < t;,y(i) =
oo introduced in Theorem 3.1.4. Suppose that either

(1) For each i, T¢(x, S;)/1¢ converges weakly for some x € S; and some j (the limiting
distribution does not have atoms due to (e) and does not depend on x or j due to (d)), or

(2) For each i, li_r)r(l)(t(e)/Tf) € {0, 00}

Suppose that the function t(e) satisfies,

i 1E)

lim £0) =C € (0,00)

for some k > 1 (this is only possible with k > 2 if the second assumption holds). Then there

exists a probability measure [1; . ¢ such that

lim P (X[ € ;) = i) (3.6)

e—0

uniformly in x € S; forevery j € {1,..., M }.

Let us note that (3.6) was proved in [21] and [22] for a certain class of randomly perturbed

dynamical systems (which can be associated with parameter-dependent semi-Markov processes,
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as discussed in Section 2.1).

3.2 Asymptotic results for discrete-time Markov chains.

In this section, we are only interested in transition probabilities rather than transition times.
We start by discussing a more general setup, but will retain some of the same notation.

Consider a family of Markov chains X7 on a metric space S given by the Markov kernel
Pe(xz,A), v € S, A € B(S) - note again that this chain may be distinct from the one related to

the semi Markov process (X*¢, T%<) defined above. We will make the following assumptions.

(A) There is a partition of the state space S = S; U Sy U ... Sy,. We will assume that

Pe(z,S;) = 0forevery z € S;and e > 0.

(B) For every i # j, P°(x,5;) is either identically 0 for every x € S; or it is positive for

all x € S; and € > 0, and in the latter case there are functions P75, € > 0, such that

5

lim —P (2, 55)

el0 ]DZ

=1 (3.7

uniformly in z € S;. In the case when P*(z,Sj) is identically zero, we set P;; to also be
identically zero. For every ¢ > 0 and every i # j, there exists a sequence iy, ...4; in {1,... M}

such that i = iy, j =i, and P, > 0 forevery e > 0.
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(C) For every i # j, i # j,
.
llg(l) P € [0, o0

whenever the denominator is a function that is not identically zero.

Assumption (C), referred to as asymptotic regularity, which is weaker than the assumption of

complete asymptotic regularity made in (1.6), ensures that the limits PO = hm Py exist for every

i,

(D) Suppose that there is a partition of {1,2,..., M} into E'U F. We will assume that £/
forms one ergodic class with respect to the transition probabilities PZ-(;- (this implies that F has
more than one element since P2 = 0 for each 7). The process on E with transition probabilities
P0 and initial point ¢ will be denoted by X%°. We also assume that {1,2,... M} also forms one

ergodic class with respect to P for every € > 0.

Fori€ Eandz € |J S, let
jEE

goe
Qw’szmin{n:XfL’SGUSk}, N¢(x,1) ZX X e S))

keF

Thus N¢(z,1) is the number of visits to S; by X7 before this process leaves | J S;. Let A(-) be
jEE
the invariant measure associated with the chain on £ governed by the transition probabilities PO

We will prove Lemmas 3.2.1 and 3.2.2 under this setting.
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Lemma 3.2.1. Suppose that the assumptions (A)-(D) hold and let i € E. Then

(o)
1

hﬁ)l 1n: =
aPIRULT
i) =
keF
uniformly in x € S;. Moreover,
lim E (N*(x,7)) - Z)\ )P, =1
k:eF

uniformly inx € |J 5.
JEE

Proof. Let D = E\ {i}. Let us introduce the following notation: S* = J S;, S¥ = |J S; and
JjeEE JEF

SP = |J S;. Let 0;° = min {#*, min{n > 0 : X?¢ € S;}}. Consider the kernel I'}(z, A) =
jeD

P (Xifg € A) defined for z € S¥ and A € B(S). We will sometimes avoid mentioning the

dependence of ¢;"° on z, € below to minimize notation. Then for z € S;,

RS
P(m(Xff €Sz)> =175 ($,SF) :]P)<X§f GSF) :ZP Xz’a GSF anl ES)

n=1 JEE

Let j # i. Let A(m,n) be the set of all paths (iy, s, ...,1,) of length n such that each i, €

E\{i},i, = j, and i, = j for exactly m different indices c.
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P (X2 e S7, X7, €5))

ﬁMgﬁMg

]P> (X2 e SF, X7 € 5;,5; was visited m times)

Z Y P(X{TeS,,....XiFes,, X5 esh)
n=1 )EA(mn)

< sup P y,SF Z Y PX{TeS,,... . XIfeS,).

veS; n=1 (iq)EA(m,n)
Due to (3.7) and the fact that X% is ergodic on £, the terms in the above sum decay exponentially
fast with respect to m and n, uniformly in x € S; and small enough €. Since P6 y, SF Z P

keF
uniformly in y € S, we obtain from the above inequality that

sup P (Xﬁf e S X0 e SJ)

lim sup sl
cl0 Z Ps,
keF
S .
<> Y DY PX =iy, X =4y

n=1 (iq)€A(m,n)

e 17

P ((X;O) visited j at least m times before returning to z)

1

3
I

E (Number of visits to j between visits to i by (X))

>~

(j

(@)

By (3.7), P(XZf e SF X7, €S,) = P (z2,57) ~ ZPJ.Ek, uniformly in x € S;, and
keF
therefore the inequality above holds even when j = 7. This shows that

sup I’ (m, SF)
. z€eS;
lim sup

elo Z )\ Z Pjgk

]EE keF

<1
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We can obtain a lower estimate similarly to show that

I5 (z,87) ~ ﬁ Z MG Py (3.8)

jeEE keF

uniformly in z € S;. This proves the first claim in the Lemma.

Now let z € S\ S;. Then forn > 1,

P (N®(z,1) Zn):/ / 5 (x, dey) U5 (2, dxs) .. . TS (21, dxy,).
S; S;

Therefore,

n—1 n—1
15 (1 150080 ) < POV 2 0) < TG 8) (sup 150050

yES;

Since EN¢(x,i) = Z]P’ (N°(x,7) > n), we have

n=1

sup Fz (y7sz> inf Fz (y7 S’L)
yES; YyES:

The result is proved for z € S¥ \ S; after noting that I'5(z, S;) — 1 as ¢ | 0 uniformly
inz € SE. For z € S;, we simply note that the probability of leaving S¥ in one step is
asymptotically small, use the Markov property on the location of the first transition in S¥, and

observe that adding one to EN¢(x, ) does not change its asymptotics. [

Lemma 3.2.2. Suppose that assumptions (A)-(D) hold. Let G C F,G # (). Let S = |J S.
kEG
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Then

P(Xp es9)~Y 3 )\(j)ij/ S S AP as e =0

keG jeE keF jeE

uniformly inx € |J S;.
jEE

Proof. Fix an arbitrary ¢ € E. Note that by replacing F’ with G in all the arguments in the proof

1

of (3.8), it can be shown that I' (z, S¢) ~ Ol Z A7) Z Py, uniformly in x € S;, where the
Oz i@

definitions for I'¢ and o are borrowed from the same lemma. For z € S;,

P (X € 59) = Z/SG/S /S [ (z, dey)T5 (2, dxg) .. . T5 (21, dayy).
n=1 4 v

By estimating this using a geometric series (as we did in lemma 3.2.1) we find that

inf T'5 (2, SY) sup I'5 (z, 5%)

z€S; T.€ G z€eS;
<P (Xp-€87) < :
sup I'¢ (z, S*) — (Xiz. € 5%) < inf I's (z, ST)

TES; zES;

Therefore, we obtain that P (X35 € S¢) ~ Z A(7) Z P, / Z A7) Z P, uniformly in
JjEE keG JeEE keF

x € S;. Since these asymptotics do not depend on ¢, they hold uniformly inz € |J 5. ]
JEE

3.3 Hierarchy of clusters.

In this section, we return to considering our original Markov renewal process (X7, T%*)
that satisfies assumptions (a) - (f) from Section 3.1. Our goal in this section will be to construct a

hierarchy of subsets of S that will prove to be informative later. The transitions between different

34



higher ranked sets in this hierarchy will be very rare. We will also construct a hierarchy of
Markov renewal processes. For each such process, the state space S will be partitioned into a
collection of sets that will be unions of some of the sets .S;. We will show that assumptions (a) -
(f) from Section 3.1 are satisfied for each such process. Let us make things precise.

Below, we will define a collection {S}} of subsets of S for0 < r < Rand 1 < i < M,.
S} will be called the ith cluster of rank r. For a fixed r, {S7,..., S}, } will form a partition of
S. For r > 1, each ST will be equal to a union of certain clusters of rank » — 1. Before defining
these clusters inductively, let us first fix some notation. For 0 < r < R, let n" be the projection
onto the relevant cluster of rank r, i.e., if x € S (or A C S7), then 7" (z) = S} (7" (A) = SY).

Consider the following stopping times:
6)(g)c * (r) =0,

67°(r) = min {m > 00 (r) s (XEE) #£ o' (Xng m)} ,n>1.

Then, the kernel given by P"<(z, A) = P (Xgif,s ) € A) describes the Markov chain ng(r) that
captures the transition of the process between clusters of rank 7.

We define S = S; for 0 < i < M and M, = M. We now describe the clusters S}
inductively for > 1.

Suppose that the clusters are defined up to rank r for some r > 0. Suppose that the number
of distinct clusters of rank  is greater than one, i.e., M, # 1. Then, 67°(r), ng(r) and P (-, -)

are all well-defined objects. Consider the following assumptions.

(@) P"(x,S]) = 0 for every v € S} and € > 0. For every i # j, P"*(x,S}) is either
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identically O for every « € S} or it is positive for all x € S} and € > 0, and in the latter case there

are functions Pirj’e, € > 0, such that

Y Pre(z, 57) 1 (3.9)
A |
uniformly in z € S].
(b) Suppose that
lim =2 ... Zindn ¢ [g 3.10

for every positive integer n and every i, # ja, i, 7 j., for which the ratios appearing in the limit
are defined.

We will show, inductively, that these assumptions are satisfied for all values of r. Notice
that these are satisfied for » = 0 in line with our assumptions. These assumptions ensure that
the limits P} = lim P existand 37, P;;" = 1. Then (P;") is the transition matrix for a

Markov chain on {1,2,..., M,}. Associated with this chain is a partition {E4, Es, ... Ey;,,, }

of {1,2,...,M,} into ergodic classes and singleton sets consisting of transient states. This
induces a partition of S given by {S]*!, ..., ]T\Zlﬂ , where S| = Lg S, which explains
1€ by

the construction of the clusters of next rank.

Let us show that the assumptions that were just outlined for rank r are also satisfied for
rank r + 1. Fix S; ™, S/*!, where k # [. Let \;(-) be the invariant measure on F}, associated
with the transition probabilities P, j,o' In the future we will drop the subscript £ when convenient.

Lemma 3.2.2 goes through for the chain XZ;E,E(T) with £ = Ey, G = E;, A\ = )\, and 6*° =
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min {m ool (Xzfg ) # 7 (x )} . Therefore,

Pr+1,e<x75;+1)N Z Z Ar (i p”/ Z Z Az (i P”Ease—>0

i:SyCsytt j;S;gS[“ i:STCst S;QST“

uniformly in z € S; ™. We simply define

RSP MD SRV SN SIP UL

ST CS T jisresy Sy Cs; Tt jisrg st

which is the quantity that appears in the right hand side above. From this definition it follows
that assumption (a) holds for rank r + 1 if it holds for rank r. Assumption (b) (formula (3.10))
follows for rank r + 1 due to Lemma 1.2.2.

This completes the construction of the hierarchy of sets {S7 : 1 < i < M,,0 < r < R}

and shows that properties (a) and (b) hold forall 0 < r < R.

Remark 3.3.1. Let 0 < r < R—2,1 < 19,50 < M,,1 < k,l < M, and k # l. Suppose

r+1,e

Si, C St St C S;+and P[5 is not identically zero. From the definition of P,," " stated

20J0

above, it follows that

-1

P N (io) Pl

20J0 7€ 20J0

P]:;,—l,e — < i0Jo Z Z /\7’ pre

Sy CS; T jisrg syt

Z Z A (i) P — 0

ST CSt jisrg syt

as € | 0. Therefore, by induction, the same limit holds if r is replaced with any 0 < s < r in the

numerator in the left-hand side.
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Recall that 67°(r) is the first time the process X< exits 7" (.5;).

Definition 3.3.2. Ler 1 < i < M,0 <r < Rand x € 7"(S;). Let us define

to be the random variable that counts the number of visits to S; before X%° exits ©"(x), the

cluster of rank r to which x belongs.

Lemma 3.3.3. Let 1 <r < Rand1 <i < M. For1 < s <, let j; be such that 7°(S;) = S5,

Then
r—1
hm E (N¢(z,i,7)) X H (NG Z )\S(j)ljjlf =1
s=0 j i S5Creti(s;)

uniformly in x € ©"(S;).

Proof. This result is true for » = 1 due to Lemma 3.2.1. Let us assume the statement is true for
ranks smaller thanr + 1 < R.

Let 5,° = 0 and 6%, n > 1, be the time of the nth return (or visit, if ¢ 77(.S;)) by X**
to 7" (S;). Define 02¢ = min(6%,07°(r + 1)), n > 0. Thus 02 are constant in n for large n
corresponding to the times after the process exits 7" 1(.5;).

Let z € 7"7(S;) and suppose that 7"+1(S;) # 7"(S;). Note that {XZ° € n"(S;)} is
the event that the process visits 7"(.S;) at least n times before exiting 7" **(.S;). We observe that

{Xi2en'(S)} C Fyf and
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By the Strong Markov Property, for every n > 0,

inf E(N°(y,i,7)) Z]P’ (X2 en(S))

yen(S;)
< E(N(z,i,r + 1))

< sup E(N°(y,i,r)) Z]P’ X“Eﬂ ))

yEWT(Si)
By the induction hypothesis,
—1
nf BNV~ s EV@am~ [ Y ) pr
yen(Sy) yenr () A5(Js)

sS= ()‘7 55§W5+1(Si)
k: SzZWS+1(Si)

Furthermore, we realise Z P (X2° € n(S;)) as the expectation of the number of visits of the
n=0
process X 6. () 10 T (5;) before it exits 7" T1(S;). Lemma 3.2.1 applies directly to this situation

establishing that
S (x N(G) pre
lim » P(XZFen’(S)) x ) A
n=0 j: s;grrﬂ(si)
k:Srgam+i(s;)
uniformly in z € 7" 71(.S;). This completes the proof. O

Let us recall the hierarchy of clusters {S! : 1 <i < M,,0 <r < R} constructed above.
Let us also recall the stopping times 67(r) forn > 1,0 < r < R that record visits by X< to

each new cluster of rank r. Recall also that for 0 < r < R, P"*(z,-) is a probability kernel on
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S x B(S) defined by

Pré(z, A) =P (X5, € A).

Finally let us recall the functions P, defined for 1 < ¢, j < M, that are either identically zero

€
J

or positive for every ¢, and, in the latter case, satisfy

pPre(x, ST
lim (x J )

T.E =
el0 R j

uniformly in z € S].

Definition 3.3.4. Fore > 0,0 <r < R, and x € S, let us define the Markov chain (X}, T?"¢)

by
XEre = ng(r), forn >0,
0r " (7)
w0 e S. T ez

m=0,"%, (r)+1
The semi-Markov process driven by the Markov chain (X% T%"™) will be denoted by X,""".

For completeness, we restate the definition of the probability kernel P (x,-). For A € B(S),

Pre(a, A) = P(X5F € A).

For1 < j < M, and r < R, we define T"(x, S}") to be a random variable with distribution
given by

P (17 (z,5}) € I) =P (T{"° € I|X]"™ € 5))

whenever P"*(x, S;) > 0. Noting that there is only one cluster of rank R, we define X' Be— g
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forall z € Sandt > 0. We also put TV = oo for every x € S.

X" is a semi-Markov process on S (as in Section 1) associated with the Markov chain
(Xpre, T2 . It makes jumps only between sets {S7, ..., S}, }. Note that X U is the same as
our original process X;°.

Recall from (3.4) that for 1 <7 < M we assume the existence of the functions 77 such that
E (T%(x,S;)) /7f — 1 as e — 0 uniformly in z € S;, for every 1 < j < M, provided that P is

not identically zero.

Theorem 3.3.5. Let 0 < r < R,1 < k < M,. There is a function 7,° that satisfies 7,° ~

Z 77 - B (N®(x,i,r)) uniformly in © € S}, such that

:5;CSE

lim BTz, 57) Ei’ 5i)
€0 Tk’

=1

uniformly in x € S}, for each 1 <1 < M,, provided that P,;" is not identically zero.

Proof. Note that the statement of the theorem is true for » = 0, in line with our assumptions in
Section 3.1. So let us restrict ourselves to 1 < r < R.

For a given 1 < ¢ < M such that S; C 57, it was shown in Lemma 3.3.3 that the
asymptotics of E (N°(x,,7)) does not depend on the choice of x € Sj. So let us fix some

e

xo € S}, and define the function 7, by setting

T = Z i - E(N*(20,1,7)).

i:5;C Sy

Then 7, ~ Z 75 - E(N®(x,7,7)) uniformly in z € S}, as e | 0.

(2
i:5;CSy
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For z € S and ¢ > 0, recall that X{"" is the location of the process when it first exits the
rank-r cluster to which x belongs. We claim that

O (T{ s (G7)

=1 3.11
€l0 TZ-EPIII’S ( )

uniformly in x € S; forevery 1 <17 < M,1 < k,l < M,, whenever S; C S|, and P,:f > 0 for
every ¢ > 0. Recall from (3.9) that P (X{"° € S]') ~ P;;" uniformly inz € S} as ¢ | 0.
Conditioning on the location of X{*, we obtain

E (T7"xs; (X17)) .

= B (T3 s (X39) + B (T3 (X37) xsp (X59))

From (3.4), the first expectation in the sum has asymptotics given by

E (T7*xs; (X09) ~ 75 ) Ff

j:S;CST

uniformly in z € S; as ¢ | 0. Observe that /P, — 0as e | 0 when 7"(S;) = S}, and
7"(S;) = S| as a consequence of Remark 3.3.1. Therefore, the first term on the right-hand side
of (3.12) does not contribute to the limit in (3.11).

We condition the second expectation in the sum on JF;, which is the o-algebra generated

by (X7%, T7). Then, denoting g(x,¢) = P (X7 € S7),
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E (T7 xsr (X77) xsp (X79)) = E (E (T xsy (X77) xsp (X79) | F1))
= E (T} xs; (X77) 9(X77,€))
~ P E ( 1 XST (ng))

rE e 2:

J:S;CSE

uniformly in x € S; as € | 0. Formula (3.11) now follows by noticing that ) P — 1 as
J:S;CSy,
el 0.
For x € S} and i such that S; C Sy, let us define 5°(i) = 0 and 5%<(i), n > 1, to be the

time of the nth visit (or return, if = € S;) to S;. Define 0%(i) = min(6%°(), 67°(r)), n > 0.

Then

E Z Z on(i)+1 " XS; (Xan()> xsp (X777)

1:5;CS;, n=0

]E (I-W’8 (‘CC7 Slr)) = ]P) (X:E,T,E e Sf)
1

We wish to examine the expectation of the interior sum appearing in the numerator for a fixed
i such that S; € S. Let h(z,e) = E (T7“xs; (X7°)). By conditioning on F, <, and using

3.11),

(3 (35 o 07 ) = 3 v (3220 ()

n=0
~ TP Y P (X0 €5)
n=0

~ 1 P°E (N®(z,4,1))

uniformly in € Sj. This proves the Theorem. O]
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Remark 3.3.6. For rank R, where there is just one cluster ST, we can set TIR € = o0.

Consider again the functions 7',?5, 0<r<R,1<k<M,,introduced in Theorem 3.3.5

Theorem 3.3.7. Let 0 < r < R,1 < k < M,. Then there are C,cy > 0 such that
E (T (x, 5}))* < C - ()

oreachx € S7,1 <1< M,, and € < gy, provided that P,° is not identically zero.
ks p Kl y

Proof. Let 1 < [ < M, be such that P,;° is a positive function. For z € S}, let us recall the

stopping times ¢°(7),n > 0 (the time of the nth visit to S; C S}, prior to exiting S}) that were

introduced in the proof of Theorem 3.3.5. Then

E Z Z T i - Xs: (Xjn( )> Xsy (X17)

. 12 i:8;C ST n=0
E(T7(x,8)))" =

P(X7 € 57)

Since the sum in ¢ is finite, it is enough to estimate the following for a fixed <.

00 2
E (Z T Xs: (X (z)) Xy <X“€)>
n=0

- E(<T§f“>+1) s (X2 (Xm>) " (3.13)
n=0
22 Z E( o1 Do i1 X5 (Xﬁ,’f@)) (Xi,i(z>><sf (XT’T’€)>.
n=0 m=n+1
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We first claim that that there is C'; > 0 such that
E (T xsy (X179)) < Cu - (1)2PF (3.14)

for every x € S; and small . The proof of this claim is similar to that of (3.11) in the proof of

Theorem 3.3.5. Indeed, for z € S;,

E ((T7°)" xsp (X77))

= B ((T7)" xor (X39)) +E ((T5) sy (X7 xsy (X79))

Let us look at the first term on the right hand side. As a consequence of (3.5), there is a constant

C5 > 0 such that

E((T7) xsp (X79)) < G- () 3 P

J:S;CS7
for every x € S; and small enough . For the second term, as before, we condition on F; and
utilize the function ¢, (z,e) = P (X{"° € S]) with the Markov property. We find that there is a

constant C's > 0 such that

E ((T5%)" xsp (X7 xsp (XT9)) = B (B (T x5y (XP™) xp (X77) |71 )
=B ((T7%)” xs; (XI9) 91(X(" 2))
~ PiE ((T17) xs; (X19))

<Cy- (1) P Z Py

J:S;ES5)

for every x € S; and small enough ¢. Since (P5) ™"~ . P75 — 0 (due to Remark 3.3.1) and
J:S;CST
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Z P — lase | 0, we obtain (3.14).
J:S;CSE
We will now estimate the two sums appearing on the right hand side of (3.13). For the
first sum, we condition each term on F, ;) and use the Markov property. Let gs(z,c) =
E ((T?f’g)2 Xsr (Xf’r’a)) Note that gs(z,¢) < Cy - (75)*Pj for every x € S} and small ¢
due to (3.14). Let 6(¢) be a function that satisfies d(¢) ~ E (N°(z,4,r)) uniformly in € Sj.
Then

z,€ 2 ZE’I"E
5B () s (Rozeo) o (057 = ZE X (Xogey) 92 (X2, 2)

n=0
< Cy - (m5)*Pf ZP (02€(i) € Sy)
n=0
~ Cy - (15)%(e) Pl°

)

for every x € 57 and small €.

Now we look at the second sum on the right hand side of (3.14). For z € §;, let
gs(z,e) = E (T7 xsr (X77))

ga(w,6) = E(N“(z,i,7r)) = Y P(op<(i) € Sy),
gs(x,€) = E(T77).

Recall that there is a constant Cy such that gs(x,¢) < Cy - 75 P,;° for every « € S; and small ¢
(see (3.11) from the proof of Theorem 3.3.5). We also have g4(z, e) ~ d(¢) uniformly in z € 5],
as € | 0 by definition. There is also a constant C; such that g5(z,e) < C577 for every x € S; and

small . Then
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[e.9]

> 3 B(Trga oo (Xolo) xs (Xii ) xer (X779)

n=0 m=n+1
—Z Z ( (T“ 1T 1 Xs: (X <>> X (X a()) xsp (X17) ‘f" ))
n=0 m=n+1
=>. > E (Ti;f@)HxSi (Xin(z)) Xs, (Xo (z)) 9 <Xmi<z>75)>
n=0 m=n-+1
<o Y S B (T (X)) v (X5))
n=0 m=n-+1
—Cen RS 3 B (R (T (Xi0) v (%50) | Fraonr))
n=0 m=n-+1

=Gy EP,;EZE( wexs (Xo) o (X ie))
Oyt p,;";Z]E( (Z)_HXS( ﬁfu)))
o SR (8 (e () 7.0)
_ Oy roe p,ngE( (X25) 05 (X272

< CuCs - (17)%0(e) Pyy° XEP (Xifm € 52‘)

~ CyCs - (75)25(5)2135;:

where the equalities and inequalities above hold for every x € S} and small €, and the asymptotic
equivalences hold uniformly x € Sj ase | 0.
We have obtained the following estimate on the left hand side of (3.13): there are C',¢q > 0

such that

(ZT Con X (X5 ())mxm)) <O (7)%0(e)P
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for every x € S}, and € < ¢(, where we recall that §(¢) ~ E (N¢(x,¢,r)) uniformly in z € S}, as

¢ 1 0. This is enough to conclude the statement of the Theorem. 0

Next, we would like to show that 77"¢(x, S])/7,° converges to an exponential random
variable for z € S]. First, however, we will prove the following more abstract lemma. For
the purpose of this lemma, S is an abstract parameter space. The main point of the lemma is
that, under appropriate assumptions, a sum of a random number of random variables is almost
exponentially distributed, provided that the number of terms is determined by stopping the

summation after each term with a small positive probability.

Lemma 3.3.8. Forxz € Sande > 0, let £°, (2%, n > 0, be two sequences of random variables
adapted to a filtration F*<. Suppose that £,° = 0 and that there is a function e() such that

=1
l0 e(e)

uniformly in x € S,n > 0, and a version of the conditional expectation (which is defined up to a
set of probability zero) can be taken such that the limit is uniform with respect to the elements of

the probability space. Suppose also that

E ((65)?| 7<) < Cle(e))®

n

for some constant C, small enough ¢, every x € S, and every n > 0. Suppose that (. takes

values in {0,1}, (;° = 1, and that (** = 0 implies (*:* = 0 for m > n. Suppose that there is a
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positive function r () satisfying lig)l r(e) = 0 such that
E.

lim P (¢oiy = 0¢ie = 1) _1
0 r(e)

uniformly inx € S,n > 0. Let K** = min{n : (** = 0}. Then for each t > 0,

ligl]P’ (r(e) K™ >t) =e,

el0

lim P (@(e))*r(e) St > t) .
n=0
uniformly in x € S.

Proof. Fore > 0, let

ple)= sup PG =016 =1)q(e) = dnf P (G = 0177 =1).
Then for eachn > 0,2 € S and € > 0,

(1—p(e)" <P (K >mn) < (1—q(e))".

Furthermore, our assumptions guarantee that p(¢) ~ r(¢), ¢(¢) ~ r(¢) as € | 0. Then

¢
limsup P (r(e) K*° > t) < limsup ((1 — q(g))r%e)) =e !
el0 el0

for every x € S. The lower limit is obtained using a similar argument by replacing ¢(e) with
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p(e).

Let us now prove the second claim. Let ¢ > 0 and ¢ be a small positive quantity. Then

( Z€n+1<"’” >t+4, re)K™ < t)

D(a) -1

<P j{j Eiy > (t+9)
\J“(tE)J_l z,€
Sni&-l i
<P 2 (6(8) — 1) > (o) (3.15)

e 8 () )

After conditioning each summand on >, the first sum on the right hand side is seen to be
bounded by Ct§~2r(e) for some constant C, for every z € S and small €. We next note that there

is a positive function a(¢) (that tends to zero as € | 0) such that

Emrt

e(e)

~a) <B (21| Fe) <

for each m. Therefore, the terms in the second sum above are bounded by

ol () 0 (23551 1))z

for some constant C, for every x € S and small €. We conclude that for every ¢ > 0 and small

0 > 0, the expression on the left hand side of (3.15) tends to zero as € | 0 uniformly in z € S.
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Similarly,

P (e(a)lfr(g) Zggflg:;*f <t,r(e)K* >t+ 5)
n=0

aGl

<P Y €<
n=0

o[> (1-52)- 4

Using arguments similar to those above, it is easy to show that the probability on the left hand
side of this inequality tends to zero as € | 0 uniformly in z € §. Combined with the first claim

of the lemma, this is enough to conclude that the second claim holds. O]

Theorem 3.3.9. Let 1 <r < R,1 <k < M,. Foreacht > 0,

IimP (w > t) =e !

) T € -

uniformly in x € S}, for each 1 < | < M,, provided that S}, # S; for every 1 < i < M (i.e., S},

contains more than one subcluster of rank zero) and P, is not identically zero.

Proof. Suppose that S} is the union of at least two distinct clusters of rank  — 1 (the general case
is discussed at the end of the proof). Let us fix i such that S{ ™" C S;. Forz € S/ ', let 03 = 0
and o< be the minimum between the time of the nth return to S} ' and the time of the first exit

from S7 by the process X=" 1<, For x € SI™!, let £2° be a sequence of random variables with
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the following distribution:

]P (50 - O) - 1,
P& el),
orf—1
=P | xsp (X5 )ele) + xgr1 (X57H) Yo Ty el | X{es | n>1

n—1

where e(c) is a function to be specified later. Thus, £7° measures the time spent between
successive visits to S7 ! (up to the exit from S}), conditioned on exiting to S7. However, if
X2zr=L¢ reaches SJ by the time o,,_1, then £7¢ is equal to a constant e(g). For z € S} 1, let (¢

be a sequence of random variables with the following distribution:

PG =1)=P (X5 e 5] X7 € 5)),n>0,

P (G =0) =P (X5 € S{IX{™ € 57) ,n = 0.

n

Then we note that

Y‘IT78 $,Sr T,E\ — — x,e x,e
P ( 7(_7“,5 l) > t) =P ((Tk7 ) ! Zgnlrlgn, > t> :
k n=0

We will now verify that ¢, (*< satisfy the assumptions of Lemma 3.3.8 with certain e(¢) and

r(¢) and also show that 7, ~ (e(e)) 7 (e).
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From (3.8) and Lemma 3.2.2, it follows that

P (Xzr=1e e 9y)
PXITES)

~ AT D AT
j:8;tesy,
J':8T L S)

P(¢;*=0) =

uniformly in z € S " as € | 0, where A"~ is the invariant probability measure on {j : S}~ C
Si} associated with the transition probabilities P"~"'*. After conditioning on F2 and using the

Markov property, we obtain that

PG =0IG =1~ W @) >, AP
j:8itesy,
STy
uniformly in z € S{™',n > 0as e | 0. Let us denote the function on the right hand side of the
asymptotic equivalence above by r(g). Observe that 7(¢) — 0 as € | 0 since each term in the
sum goes to zero by the construction of the hierarchy.
Using arguments similar to those that led to (3.11), it is easy to show that

hm E (Tf,r—l,sxsf (XT,T‘,E))

—1l,e T,
0 7—7" ” ?)7
& 7 kl

=1

uniformly in « € S7~" for every j such that S7~' C Sy. (The only difference from (3.11) is that
here we evaluate the expectation of the exit time from a cluster of rank r — 1 rather than rank
zero.) It is not difficult to show that, since the limiting process XZ 19 is ergodic, the expected

time spent in S]'-”1 between visits to S{ " (on the event that the process exits the cycle of rank
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7 to S]) is asymptotically equivalent to the product of 7; ~1*Pl¢ and the limit of the expected
number of visits to ST~ between visits to S}, i.e., (A" (i))"*A""!(j). Summing over j and

using the Markov property, we obtain that

Jf’s—l
B s (07)
m=0
lim =1
W) Y A

. ar—1
87 tesy,

uniformly in z € S/ ~'. Let

ele) = (W) YD )

. ar—1 .
].Sj csy,

Then after conditioning on ¢, we can conclude that

m ( n—i—l“’rm E)
10 e(e)

uniformly in x € S/, n > 0, and the elements of the probability space.

Using arguments similar to those that led to (3.14), it is easy to show that
xr,r—1,e 2 x,r,e r—1,e T,
E((Tl 1)XS{(Xl ))<C ( 1)Pk:l

for some constant C', for each j such that S}"’l C S7, and each z € S}"’l and small . Again,

since the limiting process X"~ 10 is ergodic, it can be shown that

E ((65)*1F57) < Cle(e))”
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for some constant C, small enough ¢, and each x € S; 1 'n > 0, and each element of the
probability space.
Finally, let j be such that S7~' C S, and 2 € S;~',y € Sj. Then, by Theorem 3.3.5,

e~ Z 7°E(N®(z,a,r — 1)). Moreover, by Lemma 3.3.3,

J
a:SQQS;_l

E(N“(y,a,r) ~ NG | Y XTGP E(NC(2,a,r — 1))
j:8;tCsy,
§':85 Sy

for every a such that S, C S}. Hence,

r(e)le(e) ~ Y TE(N(y,a,7)) ~ 7.

a:SaCS,’;

The result for the case when .S, contains at least two distinct clusters of rank » — 1 now follows
from Lemma 3.3.8.

If S}, does not contain at least two distinct clusters of rank r, then we look at a smaller rank
7' such that S = S7, for some k' and S}, is the union of at least two distinct clusters of rank
r" — 1. To conclude the result we note that in all the arguments used above we can replace S|

with (., S and Py with 3, P where G is any suitable set of indices. O

We now have all the information we need to claim that assumptions (a)-(f) from Section 3.1

hold for every rank r < R. Let us collect and summarize these results in the following theorem.

Theorem 3.3.10. If assumptions (a)-(f) from Section 3.1 are satisfied by (X3, T><) then they
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are also satisfied by (X2 T%™¢) for every 0 < r < R.

Proof. The fact that assumption (a) holds for all ranks was discussed in the very beginning of
this section since it was necessary to build the hierarchy of clusters.
Note that we have only defined the functions 7,° up to asymptotic equivalence. So let us

fix points z; € S; foreach 1 < < M and let

=Y T E(N(wy,4,1)) (3.16)

:5;CSE

for1 < k < M,,0 <r < R. Then assumptions (b) and (c) follow for each rank from Theorem
3.3.5 and Theorem 3.3.7, respectively. Assumptions (d), (e) are true for all ranks as a consequence
of Theorem 3.3.9.

Complete Asymnptotic Regularity (assumption (f)) follows for every rank due to Lemma

1.2.2 after using the asymptotics of E (N¢(x;,4,r)) for each i from Lemma 3.3.3. O

Remark 3.3.11. From (3.16) it follows that 7,"° and 1,"° are asymptotically comparable functions
forany 0 <r,s < R,1 <k < M,1<1< M, ie., there is a limit lim.|o(7,°/7,°) € [0, x].
Indeed, by Lemma 3.3.3 it is not difficult to show that 7. /7" is asymptotically equivalent to
a ratio of linear combinations of certain functions of €, where each such function is of the form
P B 1 If r # s, then the number of factors of the form Pj; that appear in these

products in the numerator of the ratio may be different from that in the denominator. However,
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we can artificially introduce factors P: that have positive limits to conclude that
y ’L] p

e ... ps
: 21J1 laja
lim P L pr ot © [0, <]
el0 5 T

71 iy 4

even if a # (3, due to complete asymptotic regularity. The claim now follows by Lemma 1.2.2.
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Chapter 4:  Proof of the main result.

4.1 Ergodic theorems for semi-Markov processes.

Let us consider a general semi-Markov process X, (associated with the Markov chain
(X T%°)) that satisfies assumptions (a)-(c) and (f) in section 3.1. This need not be the same
as our original process, but rather we would like to get general results that would be applicable
under some of the same assumptions. Recall that Pi(;. are the limits of the quantities F;; as ¢ | 0.
Recall also that assumption (f) ensures the existence of the limits laig)l /75 € [0, 00] for every
i,7 € {1,..., M}. After rescaling time by dividing by the largest expectation, we may suppose
that the limits 7; = laig)l 77 exist for every 1 < ¢ < M, and that there is 7y such that 7;, = 1 and
0<7m <1lforeveryl <i< M.

Lemma4.1.1 and Theorem 4.1.2 are proved in a simplified setting where the set {1,..., M}
forms one ergodic class with respect to the transition probabilities PZ%. We do this in order to
illustrate the main ideas behind these results. Lemma 4.1.3 and Theorem 4.1.4 are the extensions

of these results to the case that is of more interest to us.

Lemma 4.1.1. Suppose there is one ergodic class with respect to the transition probabilities PZ(;

Suppose that assumptions (a)-(c) and (f) from Section 3.1 hold. We use the convention that T;, = 1
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and 0 < 1; < 1 for all i, as above. Then, for every > 0, there are L,cy > 0 such that

P (X7 = X forevery s € [t,t + L]) < ¢

foreveryt > 0,e <eg,andx € S.

Proof. Let us first fix 1 < ¢ < M. Let ag’f = 0 and, for each n > 1, let o ¢ be the time
of the first arrival to S; by X;”° after time o.°,. (We use this bold-face o notation in order to
distinguish the stopping times that take real values from integer-valued stopping times that we
used earlier.) Notice that there is a constant @ > 0 such that Ea]° > a for every 2 € S; and small

enough e. Since the set {1, ..., M} forms one ergodic class under P

i and since assumption (c)

holds, it is not difficult to see that the variance of o7 is bounded above uniformly in x € S and

small enough ¢. Therefore, there are positive constants C, Cy, C3 with Cy € (0, 1) such that

P(o™ <1)< C,-CF

e C
P(o]®>L) < 55

foralln > 0,L > 0,z € S and small enough ¢.
For k > 0, let A’} be the event that the most recent arrival to S; by the process X;"* on
or before time ¢ occurred in the interval (t — (k + 1), — k]. For n > 0, let By, , C A} be the

sub-event that S; was visited on exactly n distinct occasions in the interval (t — (k + 1),¢ — k].
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Let z € S;. Then

P (X = X for every s € [t,t + L])

Mg

({X: = X/ forevery s € [t,t + L]} ﬂ Ai,t)

X
Il
=)

Z <{X;r = X/ for every s € [t,t + L]} ﬂBi7n7t>
=0

8HM8

< Z Ziggﬁ”(ax’g < 1) sup P (o} > L+ k)
k=0 n=0 *0

o.9] oo C
SZZQ G- 3k> — 0as L — .
k=0 n=0

[
Suppose again that {1,..., M} forms one ergodic class with respect to the transition
probabilities Pg Then there is a unique invariant measure A on {1,...,M}. Consider the

measure pon {1,..., M} given by

Theorem 4.1.2. Suppose that t = t(¢) — oo as € | 0. Suppose that assumptions (a)-(f) from
Section 3.1 hold. We use the convention that 7,, = 1 and 0 < 7, < 1 for all i. If the states

{1,..., M} form one ergodic class with respect to the transition probabilities Pl(;, then

lim P (X5 € 5,) = pui)

el0
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uniformly in x € S.

Proof. If the claim is not true, we can extract sequences &, — 0,t, — oo, and x,, € S such
that |IP> (thl"’sn € Sjo) — ,u(jo)‘ > 30 for some j, and & > 0. By assumption (c), the collection
{T*(z,Sj) : ¥ € S;,& > 0} of random variables is tight for each 1 < i, j < M for which Pj; > 0.
Therefore, we can find a further subsequence (also denoted (e, t,, x,)) such that 7= (y;, S;)
converges in distribution to a random variable 7;; as n — oo for every 1 < ,j < M, where we
note that the distribution of 7;; does not depend on j or on the choice of y; € \5;, as a consequence
of assumption (d). Thus we will write 7; = 7T;;. Due to assumption (c), we have E(7;) = ;.

The family of Markov renewal processes Xf’o on {1,..., M} defined by the transition

probabilities P2, the sojourn times 7} and initial point X é’o = 4, admits the limiting distribution

13
1 defined above, since the distributions 7; are non-arithmetic by assumption (e). Namely, by the

ergodic theorem for Markov renewal processes (on a finite state space), there exists t; > 0 such

that

P (X% =4) —u(j) <6

for every t > to, 1 < 4,7 < M ([1], [6]). Due to assumptions (a), (d), and (e), for any fixed

L > 0, there is N such that

P (X7 e S) —P (X" =4)]| <0

foreveryn > N,z € S;;1 <i,j7 < M and t € [ty,to + L]. If o, is defined as the first renewal
after time t,, — to — L of the process X;", then Lemma 4.1.1 guarantees that L can be chosen

large enough so that this renewal occurs before time ¢, — t, with probability at least 1 — ¢ for
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large enough n. Therefore,

P (X7 € S5,) — plio)|
tn—to
<o / / [P (X870 € Sjo) = 1) | P (on € db, X € dy)

tn—to—L S

< 36.

This brings us to a contradiction and completes the proof of the lemma. [

Now let us consider a slightly more general setup for the process X;”°. Suppose now that
there is 1 < M’ < M such that {1,..., M’} forms one ergodic class with respect to Pg As
before, let us suppose that 7;,, = 1 for some 1 < iy < M’ and 7; < 1 forevery 1 < i <
M'. Then it can be shown, similarly to Lemma 4.1.1, that renewals take place fairly often. We

have a slightly stronger result that is valid even in the presence of transient states. Let S’ =
St U+ U S

Lemma 4.1.3. Suppose that assumptions (a) - (c) and (f) from section 3.1 hold. If the states

{1,..., M} form one ergodic class with respect to P2, then for every § > 0, there are L, &y > 0

5’
such that

P (X, €S, X € S;forevery s € [t,t + L]) <9,

P (X, € S;, the next state visited isin S\ S') < ¢
foreveryl <i < M',x € S5,e <eg,andt > 0.

Proof. Letus first fix 1 < ¢ < M’. Let 0'3’5 = 0 and let o be the time of the first new arrival
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to S; | J(S '\ ') after time o, °, by the process X,;”°. As in the proof of Lemma 4.1.1, for & > 0,
let Aif be the event that the most recent arrival to .S; at or prior to time ¢ occurred in the interval
(t = (k+1),t—k]. Let B, , C Ay be the sub-event that S; was visited on exactly n distinct
occasions in the interval (¢t — (k + 1)t — k.

It is not difficult to see that o7 has expectation bounded away from 0 uniformly in x € S;

for small €. Therefore, as in Lemma 4.1.1, there are constants C; > 0, Cy € (0, 1) such that

supP (o5 < 1) < Cy - CF

eSS

for small enough . Due to assumption (c¢) and the Chebyshev inequality, there is a constant
C'5 > 0 such that

sup P(T%(z,S;) > L) < 17
TES;
0<j<M

for every L > 0 and small enough ¢.

Then for every z € S and small ¢,

P (X € S;, X¥° € S, for every s € [t,t + L])

— i i[@ (BZ:Z,t m {X[° € S;, X?° € S, forevery s € [t,t + L]}>

k=0 n=1
<ZZsup]P’ o <1) Z sup P¢ (x,5;)P(T°(x,S;) > L+ k)
k=0 n—1 *€5 1<j<M TESi

<ZZsupIP> (o <1) sup P(T%(x,5;) > L+k)

k=0 n= 1 v€S 02]62\4
S 3) PCRC -

k=0 n=1 L+k)
<0
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for large enough L.

Furthermore, since the states {1,..., M’} form one ergodic class with respect to PZ(J), for
any o' > 0, P° (z,5;) < ¢ forevery x € S;, M’ +1 < j < M if ¢ is small. Therefore, for every

z € S and small ¢,

P (X[ € S;, the next state visited isin S\ S”)

— i i P (Bifm ﬂ {X[° € S;, the next state visited is in S\ S’)})

k=0 n=1

< ZZsupIP’ ©<1) sup P(x,9)P(T%(x,5;) > k)

k=0 n=1 €S z€S;

M'+1<5<M
Sy cn (1458
<>orocp (1L
n=1 k=1
<0,
where the last inequality hold for an appropriate ¢'. [

Consider the same setting discussed prior to Lemma 4.1.3. Suppose again that {1, ..., M’}
forms one ergodic class with respect to P0 After rescaling time, there is 1 < ig < M’ such that

Ti, = land 7; < 1 forevery 1 < i < M’. Let us redefine the measure p as

. A@)ﬂ
p(i) = o
220
j=1
for 1 <14 < M’, where \ is the invariant measure on {1, ..., M’} associated with P;).

Let

N =inf{t >0: X;”* ¢ S}

64



forz € S’ e > 0.

Theorem 4.1.4. Suppose that t = t(c) — oo as € | 0. Suppose that assumptions (a) - (f) from
Section 3.1 hold and the states {1, ..., M'} form one ergodic class with respect to PZ(; Suppose

that P (n™* < t(¢)) — 0 as e | 0 uniformly in x € S'. Then
lim P (X775 € 5.) = u(i) (4.1)

uniformly in © € S'. Moreover, suppose that t,(c),ts(g) are two time scales that satisfy t,(g) <
to(e) foreverye > 0, t1(e) » coase L 0and P (0™ < ty(e)) — 0ase | O uniformlyinx € S

Then the above limit holds uniformly in all time scales t(e) that satisfy t1(c) < t(e) < ta(e).

Proof. Let’s start with the first statement, and consider a particular function ¢(¢). Consider an
auxiliary process Xf “ associated with the Markov chain (Xfﬁ, ’i‘fﬁ) , governed by the Markov
transition kernel Q¢ : (S’) x B (S") x B ([0, 00)) — [0, 1], defined by,

~ QE<I>AXI)

Q° (x,AxI)= P (2.9 =P(XP e AT el|X¥es).

Then Xf “ satisfies assumptions (a) - (f) of Section 3.1 with the same functions Pfj and 77 serving
as relevant asymptotics. Therefore, Theorem 4.1.2 goes through for Xf ° with the new limiting
distribution p defined above.

For bounded times, the distributions of X;*° and Xf  are close. Therefore, for any § >

0, L > 0, there are 4,y > 0 such that

P (X" € 5;) —p() <0
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forall e < eg,t € [to,to + L],z € S;and 1 < i,5, < M.
Suppose there are sequences ¢,, — 0, x,, € S" and 1 < j, < M’ such that

‘IP (X‘”C € Sj0> - ,u(jo)’ > 35

t(en)

for some § > 0. We know that
P (n** > t(e,)) > 1 -0 4.2)

for large enough n. Let o, be the first renewal time after time ¢(s,,) — to — L by the process
X", Consider the event A, = {0, < t(g,) —to} () { X2 € S'}. Lemma 4.1.3 and (4.2)

guarantee that P (A,,) > 1 — 20 for large n. Therefore,

P (X5 € Si) — nli)|

<26+ [P (A {X75 € S} ) = 1o P (An)

tn—to

<26+ / / ’IP’ (Xtyg;),t € Sj0> - p,(jo)) P (o, € dt, X' € dy)

tn—to—L S’

< 39.

This brings us to a contradiction and establishes the result for a given time scale ¢(¢).

Suppose now that ¢1(e), t5 () are two time scales that satisfy ¢, (¢) < t5(e) for every € > 0,
t1(e) = oo ase | 0and P (n™° < ty(e)) — 0 as e | 0 uniformly in z € S’. If the limit in (4.1)
does not hold uniformly in all time scales ¢1(¢) < t(g) < t5(e), then, by the definition of uniform

convergence, we can identify a time scale that violates the first statement of the theorem, leading
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to a contradiction. O

Consider the same setting as Theorem 4.1.4 without rescaling time, though. For a time

scalet =t(e),let E={1<i< M :7° <t(e)}, B ={1<i< M :75 > t(e)}.

Theorem 4.1.5. Consider a time scale t = t(c). Suppose that assumptions (a) - (f) from Section
3.1 hold and that the states {1, ..., M'} form one ergodic class with respect to the transition
probabilities Py} for some 1 < M' < M. IfE,E' # 0 .and E\JE" = {1,..., M'}, then for each
i € E, there is a probability measure (i, -) concentrated on E' such that

limP (X5 € ;) = (i)

uniformly in x € S;. Moreover, if t1(¢) < ty(e) are two time scales associated with the same sets

E and F', then the limit holds uniformly in all time scales t(¢) satisfying t1(e) < t(e) < ta(e).

Proof. As in Theorem 4.1.4, it is enough to prove the result for a particular time scale ¢(¢). Let

us fix an index ¢ € F. For x € S;, let
o®® =min{n : X)° € S; forsome j ¢ E'} .

Since {1,..., M'} forms one ergodic class with respect to P, P (0™ > n) decays exponentially

in n. Also, since t(g) > 75 forevery j € E,

EmP [ STT < t(e), X5 e 5 | =1
i (z < i), X )
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uniformly in = € S;. If v(4, j) is the probability that the Markov chain on {1,..., M’} governed
by PZ% and starting at ¢ hits j when it first enters £, then

liyn P (X2 € 55) = (i, )
uniformly in x € S;. Moreover, due to assumption (e), P (7°(z,5) <t(¢)) - Oase | 0
uniformly in z € S, j € E'. Therefore,

lim P (ng) c Sj> = lim P (X2* € ;) = (i, )

uniformly in z € S;. ]

4.2 Proof of Theorem 3.1.4.

Recall the time scales T]:’€71 < k < M, 0 < r < R, introduced in Theorem 3.3.5.
These functions are comparable to each other due to Remark 3.3.11. Retaining one representative
from each set of equivalent time scales, we get a collection that will serve as the time scales
t7, ..., t;_,, withtj = 0, t7 = oo. Observe (see remark after Theorem 3.1.4) that these functions
do not depend on 7. However, only some of those time scales will be relevant when describing
the behavior of the process starting at = € S; with a given 1.

Let 1 < i < M. Suppose that t = ¢(¢) is a positive function that, for every 1 < k£ < M,,

0 < r < R, satisfies t(c) < 7.7 or t(e) > 7,°. If t(¢) < 7,°°, then define r = —1. Otherwise,

let 7 be the largest rank such that ¢(g) > T,:’e and S; C S} for some 1 < k& < M,.. In other words,
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7 is the first rank such that ¢(¢) is asymptotically smaller than the expected time to exit the cluster
of rank 7 + 1 to which S; belongs.
If r = —1, then

lim P (X5 es:) =1 4.3)

uniformly in x € §;, as a simple consequence of assumptions (c) and (e). In other words, the

limiting measure corresponding to 0 < t(¢) < 7, is concentrated at 7. Note that t5 (i) = 7,

and p;; is concentrated at ¢, in the notation of Theorem 3.1.4, but the interval (0, Tio’s) may
contain multiple intervals (t§, t7), (tj, t53)(see remark after Theorem 3.1.4). Furthermore, it can
be shown that if ¢, (¢) < 7%, then (4.3) holds uniformly in all time scales 0 < () < #;(¢).

Suppose that 7 = 0 and t(¢) > 7'](-)’6 for every j such that S? C 7'(S;). In this case,
Theorem 4.1.4 applies to ensure the existence of a measure, which we will call 1°(4, j), that
satisfies

lim P (75 € 87) = ¥"(0.) (4.4)

uniformly in z € S;.

Ifr =0andt(c) < T]Q * for some S C 7' (S;), then Theorem 4.1.5 ensures the existence of
a probability measure, again called °(i, -) concentrated on the set of j’s satisfying S} C 7'(.5;),
such that

lim P (X775 € 57) = v(0.5) (4.5)

uniformly in z € S;. Depending on the number and the magnitude of different time scales ij’a
that appear for those j satisfying S;-) C 7!(S;), there may be several such distinct metastable

distributions (these will play the role of 1; 2, 1, 3 etc. according to the notation in the statement of
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Theorem 3.1.4). The existence of all these distinct measures is a direct consequence of Theorem
4.1.5. Furthermore, if ¢1(¢) < t5(¢) are two time scales whose ratio is bounded away from zero
and infinity that satisfy the assumptions imposed on (<), then (4.4) (or (4.5), as applies) holds
uniformly in all time scales () satisfying t1(¢) < t(g) < t2(e).

Suppose that » > 1. We will use induction on the quantity r, which was defined as the
smallest rank such that #(¢) is asymptotically smaller than the expected exit time from the cluster
of rank r 4 1 to which S; belongs. Therefore, we assume that [P (X;EEE) € Sj) has a limit for each
1 <j< Mase ] 0,uniformly in z € S; forevery 1 <i,5 < M if t(e) is asymptotically small
enough to produce an r that is strictly smaller than the one being considered. We also assume
that if ¢, () < t5(e) are two time scales whose ratio is bounded away from zero and infinity that
satisfy the assumptions imposed on ¢(¢), then all such limits exist uniformly in time scales ¢(¢)
satisfying ¢ () < t(g) < ta(e).

Case 1: t(g) > 7,° for every S}, C 7" F1(S,).

Recall the process X, that tracks our original process along clusters of rank r, introduced
in Definition 3.3.4. Theorem 4.1.4 applies to this process, therefore, there is a measure " (i, -)
concentrated on those indices & for which S7 C 7" 71(S;) such that

lim P (Xf() e S,:) = limP (Xf(gf c S;;) = (i, k) (4.6)

uniformly in z € 77 "1(S;). Consider a time scale s(¢) such that s(¢) < 7, for every k such that
Sr C amtL(S;), v7 (i, k) > 0, and s() > 71, for every k', such that 0 < ¢ < 7 and ST, C S
In other words, s(¢) is sufficiently small so that the process doesn’t get out of any cluster .S} that

has positive measure, yet large enough to make many transitions between proper subclusters of
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S}, if the process starts in S}

Let us briefly discuss the existence of such a time scale s(¢). Note that the collection
of functions 7, for those k satisfying S, C 7"(S;),v"(i,k) > 0 are all asymptotically
commensurate (the ratio of any two such functions has a positive limit as € | 0) as a result of the
definition of v" (i, k) obtained from Theorem 4.1.4. If a given cluster S}, satisfying v" (i, k) > 0 is
comprised of at least two distinct subclusters of rank  — 1, then, by the calculations in Theorem
3.3.5 and Lemma 3.3.3, the expected exit times are asymptotically smaller than 7;°°, and we can
always choose an intermediate time scale s(¢). However, it may be the case that S, consists of
just one cluster of rank r — 1. In this case, we investigate whether there is a rank r’ < r such that
S}, is the union of at least two distinct clusters of rank 7. If no such 7’ exists, then S} = .S; for
some 1 < j < M, and v"(i, k) will serve as the limit of P (XZE;—E) € Sj> as € | 0 uniformly in
x € S;. When such a rank 7’ does exist, then, due to the same explanation as above, the expected
exit times of such subclusters of rank 7’ are asymptotically smaller than 7,, and a time scale s(¢)
can be chosen.

Let us fix an index & such that v"(i,k) > 0. Suppose that there are at least two distinct
clusters of rank  — 1 contained within S}, (the case when 7’ < r — 1 is similar, and in the case
when S = S; for some j, we have lgE]IP <th(f) € Sj> = V" (i, k) uniformly in x € S;). By the
induction hypothesis, there is a measure 7" (k, -) onthe set {j : 1 < j < M, S; C S;.} such that

lim P (Xg(f) c Sj) = 7 (k, j) @.7)
uniformly in y € S} and all time scales ¢(¢) satisfying s(¢) < #(e) < 2s(e).

Let o< be the time of the first renewal of the process X7~ after time t(g) — 2s(). Due
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to Lemma 4.1.3 and (4.6) applied to the time t(¢) — 2s(¢),

lim P (X7 ) € SE 0™ < 1e) = s(2), X3° € 57) = lim P (X3 € 57) = (i )

uniformly in x € 7771(.S;). Let j be such that S; C S}. By applying the Markov property to the

stopping time o*° and using (4.7), we conclude that
lim P (ngs € Sp X5 € Sj> — " (i, k)7 (k, §)
uniformly in z € 7" 1(S;). Therefore,

lim inf P (X;) € Sj) > 7 (i, k)7 (K, 5)
if S; C Sy and Sy C 7"1(.S;). Since the sum of the expressions in the right-hand side over such
J and k is equal to one, we obtain

lim P (Xf(g e Sj) = v (i, k)7 (k. §)

uniformly in z € 7"(S;.)

If () < to(e) are two time scales whose ratio is bounded away from zero and infinity, and
which satisfy the assumptions imposed on #(¢), then this same limit holds uniformly in all time
scales t1(g) < t(e) < ta(e), since, otherwise, we would be able to select a time scale satisfying
our assumptions for which this limit would not hold.

Case 2: t(e) < 7,° for some S} C 7" 1(S;).
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Let £ = {k: S, Cat1(S,),t(e) > 7}, B = {k: S, Ca""(S,),t(s) < 7,°}. With
an abuse of notation, for xr € Uke Sk, let 0™ be now defined as the first hitting time of
Uker Si- Then lim, g P(6™° < t(e)/2) = 1 uniformly in z € (J,.5 S}

We claim that there is a measure " (i, -) on {j : S; C |J,cp S;.} such that

liﬁ)IP(Xg.’e €S;)=v"(i,7) (4.8)

uniformly in x € S;. This is similar to Theorem 4.1.5 with the difference being that Theorem
4.1.5 would give the result for Sj, instead of individual sets S;. To get this slightly finer result, we
can consider an auxiliary Markov renewal process obtained from X, by changing the transition
times and transition probabilities out of .S, for j such that S; C | J, . S, in such a way that all
such S; become clusters of rank 7. Then (4.8) follows from Theorem 4.1.5 applied to the process
on clusters of rank 7.

By the induction hypothesis, for each j such that S; C | J, . S} there is a measure 77 (j, -)
on{j': S; C7"(S;)} such that

lim P (X;(j) e Sj,) —7(j, )

uniformly in 2 € S; and every time scale t(¢)/2 < t(e) < (¢).

Let us fix j' such that S;; C |J,.p Si- By applying the Markov property to the stopping

time o™ and summing over the location of X2 inside 7" (.S;/), we obtain that

liminf P (X5 €5,) = > @07 6.5

J:S;Cnr(S;)
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uniformly in z € S;. Since the terms on the the right hand side add up to 1, we conclude that

IEIJI})l]P) (Xf(f) € Sj/) == Z Vr(iuj)pr(jaj/)
j:Sjng(Sj/)

uniformly in z € S;.
As before, if t1(¢) < t5(e) are two time scales whose ratio is bounded away from zero and
infinity, and which satisfy the assumptions imposed on ¢(¢), then this limit holds uniformly in

all time scales t1(g) < t(¢) < ty(e). This justifies the inductive step and completes the proof. [
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