























































































































as assumed. This contradicticon establishes the claim:
sup lrfix)—fli;il = 0 for j = L,2,°***,n As betore,
Xx ,YEE
AE = C(E) since each lj 18 vontant on E By Propcsition

2.27, there 18 a compact neighborhoed G of E such that

= C(G). Le ) D€ the
Ag C(G) Let V b

U 1F€?)Cf PN P

interior of G, Then EC V and

C
(@}
1
AP
§ot
i
L
(o

______ is an open neignborhcod i E

in 22. Since

I
™
o
{
o
=
a
e
1)
T
o

to E in off, theve 1is an index

Y. in T such that for all y > y Ep C_V. Thus A,
L} — D Y = B B
, 1 Le AL (B =B . CLE_
. ~ L B Pg ‘ " B 7= b
¥ Xt 1 !
i’Ol" all Y > ‘YU . .Thlg _ CTl

contradlictlion e€stablilishes the lemma.
In order to state the principle thecrem 1n this section
£ b

it is convenient to adopt the following notation: 1f A

D

a function algebra on X, then YTJLL mex, = n-fold
cartesian product cf C_{X) and JT® CotX) 1s endowed
danits i R "7 F "=l TR B
with the product topolcgy
.0 = = T o v . N, ROV - NS -
G[R - {(f ,eoe- ,In) € I"J-‘l C,IR(X). the algebra generated by

A and Loa*? %yl 15 uense 1n  C(X)}

n

Our theorem ig:

Theorem 2.36. Let A be submaximal on X. Then

1} € is open in rT?=\ Cr{X) for each n > 1.

B BE

2) G 1s not empty for some k > 1.

Proof. Of course Zz) 1s just part of Corollary <.4, (where

D= CR(X)). The proof of 1) fullows from the previous lemma



in the foll

OW1ng way ! just cbserve that 1f A = C(X), then
G& ‘ TT?=1 Cmtx; Ier every n > 1 and we are finished.
Thus we may assume A C(XJ) &so that Lemma 2.35 applies if
(h,,***,h ) is in ug, i.e.,
0 < ¢ 1nl  max Sup ]h.(x)—hj(y)l.
BEB l<j<n x,y€EE, J
Then for each B in {B, there 1s an integer Ig» 1 < Jg =
surh that sup O, (xJ)-h, (y)]| For each B 1n’3’,
x,Y€E, ) ’B
select x,  and g Ly 30 tha jnngxB;—th\jB)f €
o i T 1 , , .
Let \fljo--,fn) be 1in {Tj=l CR(X) and suppose that
Hfj—th < %, for § = 1,2,*++,n. We want to show that
(Et’...’tn) is 1in G&. We have
£, Cxpd=h, (xd+h, {y )= Ff, Ly )| e, -f. | = =
Jp B g B ip B Jg ° B dg g s
Thus
sup |f, (x)-f_ (y)]|
x,YEE, B g
sup |f, (x)-h, (x)+h, (x)-h, (y)+h, (y)- £, (y)|
x,y€h,  IB Iy Ip Ig Ig Iy
> |h, (x)-h, (y)+f, (x)-h, (x)-f. (y)+h, (y)]
. Ip Ip B I8 Ip g
for all x, y in EB‘ In particular
sup |f, (%) ~-f, (y)]
x,y€E, B o
> |h, (x.)-h, (y.)+f, (x.)-h. (x.)+h Ay, ) - f, (y. )|
> |hy (xx)-h, (y )| - |, (x.)-h. (x.)+h, (y.)-£f, (y_)]|
jB B jB B jB B JB B JB B JB B
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. € £ 0
- ‘ 2

; = e & ! S . .
Thus for each B 1in "8 there is an integer

JBD L;J __“
such that 1 18 not constant on E_. Let D be the
Jg B
function algebra on X generated by A and I".'.’tn'
We finally show that D - C(X) since otherwise there 1is &

B in T with D(CB by Proposition 2.33. Thus D (_ By
== "E_

B B
BIE, C_C(E_). But t, 1s not constant on E and f|E_
B~¢~ B Jp B b
is in Dp herne lfﬁp 1s in ‘g = Thus tF ssential
B B
maximal algebra BE contalns 4 non-constant real-valued
B

function. This impossibility shows D = C(X). The proof

15 finished.






7)) A(;;BY for each ¥ 1in T,

t1) for each f 1in C(X) there ig a net (IY)YGI in
C(XJ) with iy in BY for every ¥ 1in I such
that [It-1 [[—0 as y -,

A function algebra A on X 1is called continucus submaximal

on X 1f whenever (B 18 a net of function algebras on

v vel
X that approximates C(X) with respect to A there is a Y

in ' so that B - C{(X) f« Y

Remark 3.3. We shall quite often shorten the terminoclogy

when there should arise no zcnfusion. For instance we might
say the net (B')yeP approximates C(X) 1instead of saying
y :

the net (B of function algebras on X approximates

)

Y Yyel
C(X) with respect to A. Also we sometimes say A 1s
continuous submaximal instead of A 1s continuous submaximal

\

on X

The principal theorems in this section are: first, A
1s continuous submaximal on X if and only if %(?hC(Y) 18
submaximal on X xY for every compact space Y; and second,
A 1s continuous submaximal on X if and only if A(C&C(Y)
18 continuous submaximal on X x Y for every compact space Y.
We begin our travel tc that destination with the following

lemma, whose shortened proof was given to us by Professor

(

ulick.

»



Lemma 3.4. Let A be a function dalgebra on X. Let (BY)
e SHIL DS PRl Y
be a net of function algebras on X such that
7 ) A(::BY for each vy 15 B
27 ) BY(::BH wherniever y < n 1in T,
111 ) LJyeI BY i1s dense in C(X)
en ) Approximates (X)) th respect ;
Then <BY' yer Gpproximart C{X) wiuth respect to A
Proof. Let f in C(X) an % 4 || ror
e ' geB,
each y 1in T dince y < n im I Lmplies by(::Bn we
know Ey 2 &, Waienever ¥y <n 1in I'. On the other hand,
(U, B, dense in C(X) aimplies inf €, = 0. Thus 1lim €
=Y Y Y Y Y >0
and 1f we pick fY 1n BY such that || £ —f'Y I & 26\( » then

lim]lfy—fl)~ 0.

Y “+00

The proof 1s finished.

Proposition 3.5. If A is continuous submaximal on b S
them A 1s submaximal on X.
Proof. Let (B')ycf be a net of function algebras on X
such that
1) ACI:BY for each Yy in T,
212) B (_B whenever y < n,
Y 7 Mn =

177) LJY BY 1s dense in C(X).
By Lemma 3.4, (B_Y)Yel approximates C(X). Since A 1s
contlnuous submaximal on X, there is a Yy 1in ' such that
B, - C(X). Thus A 1is submaximal.



Question 3.6

Does submaximelity imply continuous

submaximality?

We have s

o]

Y= O 1 =)

Lime on this question but as yet

have been unable tc answer 1t We do know (Corcllary 3.17)

however that sometimes the answer 1s yes; there are some

cmpact spaces Y such that Ifor any function algebra A on
L J

“

X, A®C(Y) 1s submaximal on XxY

1r and only 1f A C&C(f)

1S CONTtinuous submaxXlimal .

Betore we can state and prove the principal theorems of

this section, we need a proposition relating the use of

(9]

csequences and nets of function algebras with respect to

centinuous submaximaiity. The proof ¢t this latter proposition

-

uses the following lemma.

Lemma 3.7. Let A be a function algebra on ¥X. Let (BY)YGI
4 net of functicn algebras ocn X with ACB for each vy
in . Let B = {f € C(X): there is a net of functions
({V)YGL in C(X) ecuch that 1 is in B_  for each Y 1in
[ and such that lim HfY—jH : 0} Then B 1s a function

s

algebra on X and B _JA.

Proof . 1f o and B are complex numbers, if f and 2

= =) 11} 3 ‘. ] 4 { _' y ) =N ata At t " ]

are 1n B and if (lY)Yel and (gY yer are nets of functions
i C(X) such that IY and g_ are 1in BY for each vy in
snd such that 1lim||g -g|l = 1lim ||£ -f|| = 0, then af_ + Bg
y oo ¥ Y oo Y Y Y
1S 1n BY for each vy in I and 1

im ||af_+ Bg. - (of+Bg)|| =
>0 it Y
0. Thus oaof + Bg 1s in B

'Yw
Moreover t 1s 1n B
oreover, YgY Y
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for each vy in T. In addition from the inequalities

I =1 I < :I . __I' ~ + \_f ol i}
rye -tell < lryg -foell + [if g-fell

e, - le, -gll + HfY—fH°llgH

and from the equalities 1lim [[f_-f| = lim e -gll = 0 we
Y +oo Y Y >oo Y
obtain 1lim ||f_g -fg|| = 0. Thus B 1is an algebra.
Y + 00 Y Y
Suppose that (injnwi 1s a sequence in B such that
lim Hr -f]l =0 for some f in O(X Forreach v ain T let
n-»o n
€., = inf Hg—riL If & ——0 as +y—>o, +then € > ¢ > 0
Y SGBY Y il
for some € > 0 and all Yy 1n some subnet Po of TI.
Let k Dbe an integer such that f]fk—fﬂ bt % Select an
index Y 1n PD and a function hY in BY such that

~ € ) e ) - ) gg ot FEty
”hY—Ik” < 3 Thus ”hY"f“ = 3 and so E,Y s 3 < & < E,Y

€
This contradiction shows ey——dO as Yy -—» and 1f we pick

Y Y
Thus f 1s in B and B 1s closed in C(X). It is clear

h, in B_ such that ||h _-f|| < 2e_ then 1im ||h_-f]| = 0©.
Y e Y Y reo Y

from the definition of B that A(C_B. Hence B 1is a

unction algebra or ecause A 1s.
function algetl on X b

Proposition 3.8. Let A be a function algebra on X. Then

the following are equivalent:
a) A 1s continuous submaximal on X.

b) There 1s a countable subset & C(X) such that the
algebra generated by A and /& is dense in C(X)

and whenever (Bn)n 1s a sequence of function

21



algebras on X that approximates C(X) with respect tc A

there is an integer n 2 1 such that B = C(X).
' = o

part of b) rellews freom a) and
the fact (Propeusition 2.5) that A must alsc be submaximadi.
Because A 15 submaximal, Corullary Z2.4% implies that we can
find suich a set S The -=zccond part of b) follows directly
trom the definition of continuous submaximality in the

ec1dal case ithat ' 2 IN = The of vousitive ategers with

thhe usual ordering.

bl==a). Let (BY)ij approximate  C(X) There are

Two possibilities: 1) there i1s a Yy an I' such that
B C(X) for each n y 1n L3 or elgse 2) for Yy in I

there 1s an index O in I such that 6 > y and Bg
Y y — y

CLX). To show the tcrmer holds assume Z) and obtain a
contradicticon. To this end we note that by assumption <)

{6 : v &I} 1s cofinal 1n I', and therefore, the net

\

‘yel dlso approximates C(X) For notational convenlerce,

(B,
UY
assume BY £ C(X) for all y din I, Let f ,f ,¢*+ be a

enumeration of M. For each integer n > 1, select an 1ndex

Y such that inf flg-f.]| < i— for 3 = l,2,°%%,m. This
n - B J ~ T
g€ by
n

can be done because \By)yef approximates C(X), Let us
conslder (B n>1 95 & sequence ot functlon algebras. We
n am
claim that LB oL approximates C(XJ). Let B - {f &

Y, pal

there 1s & sequnce (g

)

J in C(X) such that g 1s 1n
n'n=>l n

B forr each n > 1  and such that 1lim Hgn—g|]s 0}. Note
n o

b a i N ey Ty



A) !
thar B «cntains ,L} and by Lemma 3.7, B 18 a function

algebra on X and B_DA. Since by hypothesis, the algebra

. N S : y 3 . 3
generated by A and & 15 denze in C(X) i1t toliows B -

CLX >, L.€4, (B ‘no 1  GbProximates CiX) By hypothes.s
Y
In
b), there 1s an i1nteger } > L such that B, - C(X). This
'n
contradicts the fact that 1s B 18 o proper subaigebra or
Y
C(X). The procf i1s finished.
We are firally ready tor ] pal t? rems of this
secticn In the statement ot the following theorems we

1denti1fy the space ¢ ot all convergent complex-valued

u &
zequences with the space C(M) where M tH: n 1s a

positive integer!t | ) {0} with the relative topology as a
subset of the reals with the usual topology. This
identification 1s made so that we can talk about the tensor
product of a function algebra with ¢ as tensor products

are defined in Definition 3.1

Theoreiw 3.9. Let A be a function algebra on X. Then the

T A 1s continuous submaximal on X.

2. A(@AC(Y) 15 submaximal on X ~x Y for every compact

Hausdortt space Y

W

) A.C%: 15 submaximal on X x M.

Pr

‘roof. (1==2) Let (D) _. be a net of function algebras

on X XY such that



L) A(D)CtI)C::DY tor each y in [

L4 ) DYC::Dr whene ver Y ¢« n in I,

in C(X xY),

n

Li"; ) LJY DY - ‘.;&".'.’L:.ZI

Suppose that DY # CCX xY) for each y in T. Thus

by the Bishop Antisymmetric Decomposition Thecrem there is

a maximal set Of antisymmetry Ey of DY such that D|E
Y
1s closed and proper inn C(E ) Now we claim E_C X x {y_ ]
i i
for scme vy Y Indsed _. 4 7 g R fhan there

Y
is a continuous real-valusd function g on Y such that

g(z) # glt). Therefore Gilx,y) = gly) 1s a continuous

real-valued functaon on XxY and G 1s in D, for any vy
in T Dby the definition of the tensor product. This means

that any set of antigsymmetry of DY cannct have non-empty
intersection with the distinct slices Xx {z} and X x {t}.

Thus the claim 1s ectablished. Identify EY with the

cmpact subset E; ct X, where EY - E;x iyy} and write

= E'. Let B it € C(X): t)Ey & b \E } (B ) 18

. ( .
¥ Y yel
a2 net of function algebras because D_|E  is closed in C(EY
We claim BY approximates C(X) Let £ be in C(X) and
consider f as <« function in C(XxY) by flx,y) = flx).

By Lemma 3.4, (DY}’ . approximates C(XxY) so that there

exlists & net () with llm;iry~f||- U and with f
v vel
Y O

in D Thus X x Ay 18 ir B nd - {f£f-f S
1T Y S Y' t)/YJ S an y all ‘ {Ix)‘ty\{}
as y——°. Since A 1is continuous submaximal, there is an

index Yy in I with BY = C(XY). However this is impossibl

e



o N R o g A g ‘
since BYth DE - CLE ) Thus A Cluii) 15 submaximal .
\/ 7
/
(g z==p 2 3 18 just & specilal case of 2
(3=»1). By Propovsiticn 2z 20 and Cerollary 2.4 and the
fact that A A@c|X > {1} there are finitely many function
r\,---,fk in  C(X) such vhat the algebra generated by A
and f ,---,JK 1& dense 1in C(X). Thus by Prouposition 3.8
we C¢dan use sequences of runction algebras to see whether or
not A 1s continuo submaximal . sunpose that (B )
) n'n>l
1 a sequence of functlion algebras tnatl approximates C(X).
. e :
Let D =+ {f & C(X «M): t|X«~{=; & B and set E
n n n n

. . Ther E_) 1& a seqguence of tunctic 1l gebras
| )9/_»;1'1 DX, L eI { . I’l._;l E a tequence T ftunction dlgetl a9
on X xM such that A (\,‘ C En C_ En+1 for n > 1. We
presently show ] ., E 1s dense in C(X x M) Let F Dbe
~n- -l Tn
in C(X*M) and let € - 0 be given. Put t FIX > {0}.
Thus there 1z a seguence (ln)n»‘ of tunctions on X with
in B and lim |[|f -ff| = 0. Let m be an integer such
n I E n
n »w

that |[[f -fl] < ¢ tfor all n > m. Define G on Xx*M by

Fex,0) Lixy il . U

Glx,2) Flx,=) 1f 2 = = and 1 < n < m
Il I — —
; , !
i Cx? o — and m I
o n
~

Then G 1s in C(X x M) Observe that G 1s 1in D, tor
all m m. Hence G 1s in E Fur thermore HG~E['& £

construction. Thus

U,

A(Ea(: 1s submaxim

m’

1s dense 1n C(X x M).

_"_l ED

al there 1is an integer p > 1

)
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3. A(y< 15 continuous submaximal on X “« M,

B, (L= 2) ZDEerve as in the proet of Theorem 3.9 if

B 1is any luncilon algebra on X ~Y with B;;H\CLC&Y; ther

EvEry Maximal set .l antisymmetry E o©f B 18 of the form
E E' x{y} for suome compait set E'C_ X and some y in Y.

‘yel SPERisXimate CU(X > Y), Suppose that (B )
Y YE i

has a subnet (B such that Bv # CLX % Y) Icr evepy

teymmetry E - E' = {y } such that B_|E 1s closed
and proper in CCE ). Let D - {f € C(X): tE & B |E_}.
¥ Yooy
©1 functicn algebras on X Moreover
VN0 B FOX tes  C(X) In tact, 1f £ is in C(X)
Y Y&
L

nsi1der 1 “€ d ftuncticvn an C(X xY) by t(x,y) = f(x).

—
—
pri
—

=

L

=
[

a net (e ) wlth h_ in B and with
Y~ Y€l Y Y

h -t - 0 It tollowe that hy|X1~[yyj 1s 1n DY for

zach vy 1o I and that 1lim th]X l{yy} -f]l = 0. Because

Y 0
Yy in Py
A 18 errniLinucus submaximal , DY < C(X) for some y in I
Thiz means that BY z C(Ey) tor this same vy. This

contradicticen finlshes the proot.

(2 =53) . This is 1mmediate

(3=>1). This tcllcws from Proposition 3.5 and Thecrem 3.9.

Cocrwllary 3.12. Let A be a function algebra on X. Then
AC), ¢ 1s submaximal 1f and enly if 1%C3<2 is continuous

submaximal .



Example 3.13. A - A(T: (*.C[0,1] 1t continuous

submaxime .

on T»[0,1)J. A is nct antisymmetric since A contains

the non-constant real-valued tunction F(z,y) = y where

P4

te 1n T and y 18 in [U,1). A 1ig essential since eack

maximal set of sntaisymmetry 1s of the form T x{y} for sume

5 in [0,1] The rfunctiocn

Fri

shows thdat no set of

antisymmetry 1€ larger than T x {y] while T x ly; 1s a

a

D

peak set rfor A since {y] 1s 3 maak get for C[0,1] for

{

each 1 il ¢ L;,_}J Th A Ly - AVT) and T 18 a set
of antisymmetry for A(T)

Section 2.

The objectives of this section are two-fold: first to
develop the machinery so that we can more easily tell 1t a
given tunction algebra 1s continucus submaximal and second

to show that sometimes the tensor product of continuous

cubmaximal function algebras is continuous submaximal.
The most interesting description of continuocus

cubmaximality 1s given by the next theorem. To motivate i

theorem we filrst discuss a property of maximal algebras.
“uppose therfore that A 1s a maximal algebra on X. Let

G, = {f € C(X): the algebra generated by A and f is dense
in C(XJr. Observe G, is an open subset of C(X). Atftep

all, G = C(X})NA by the definition of maximality and A
18 closed in C€(X). There 1is a correspeonding statement for
continuous submaximal algebras. If we let TT§=1 C(X) be the n-fold

cartesian product of C(X) and endow TT§=1 C(X) with the



+ 9

product topoivgy, then we shall show that the set Gn
= Tl ks o PO 3
((f, 5027, ) € I{j p CG "hie algebra generated by A and
. i -7 0 ! .
£.oomes  f 18 dense Ll C(X)) 1s cpen in []; C(X) for
17 n j=1
every n l, provided A  1s continuous submaximal on X.
21lNcCe every ContinuCus subMmaximal algebra is submaximal
(Proposition 3.5, 1t wilil therefore follow that 6 18 even
n
nen-empty (Co lazy 2 o seme no > 1. Moreover, the
o r ‘ L1 ue Nnamzty, 1t G 3 open and non-empty fo
™ L2
STME ri i Lived nrinuouws submaximal on X. That
18 the content of our ensuing theorem.
Theorem 3.14 Le A be «a tunction algebra on ¥X. Then the
Icllowling are egquivalent:

L) A 18 conti
2) kﬂn 1s open
€] ls not
%)
3) mmt(G ) 15
n
Proof. {L==2), We

L submaximal By C

no= L Let (f ,es»
(1 ,---,in) 1% not
integer m > 1, the
X 1ch

Ve let

C(X) such that g

naous submaximal on

Xy

n

§=1 C(X)

in 1T tor every n 1, and

emply for s

N

net empty tor some

have shown (Proposition 3.5) that A

2 G

n

ollary 4, is not empty for some

be in Gn and assume that

G

interior ot 0 Then for each

proper function algebra

i
m

1mt for
gGBm

e 18

and —f | ;
a Il g JH_ ]

a sequence (gm) in

m_> 1

N im llg-g Il = 0}. Then

and 1
m
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B_DA and B 1s a closed subalgebra of C(X) by Lemma 3.6.
By design i ,+e-,1r JC_B. But (I;,"',fn) 1s 1n G

o B C(X) which means that (Bm)mal approximates C(X).
Consequently 1) implies bk - CWX) for some k > 1. This
contradiction shows 1 =7

(2=—>3) This 1s i1mmediate.

$=—==1) Suppose .hi(Gn) is not empty. Let
gy T «*,iu) be 1 nt ) and L2t € > 7 be such that
T I B : e
whenever (g:,'~',g“ ) l‘J¥L CtX) ana Hfj~ng g
for ] = le2,%*+*,n, then (g ,---,gn) 1g 1n Gn. Let
(BY)V€I approximate C(X). Then there is a y in T so
that inf  |jg-t.]] ¢ S for g l,2,***,n, and for n > y.
gGBn o - < i
[f for each n > vy we select gg in Bn so that
l}g?—IjH < e for j 1,¢*+,n then (g?,-~-,g2) 1s 1n G-
tor all n > y and it follows Bn = C(X) for every n > y.
The proof of the thecrem 1s complete.

In the remaining portion of this section, the theorem
we want to prove 1s that 1f A 10 anv ~ontinuous submaximal
function algebra on X and 1f B 1s a function algebra on
Y and 1f B contains some very nice functions, then

A®),B

15 continuous submaximal. By "very nice functions" we mean
that B contains finitely many functions f],°--,fn such
rhat each i vanishes at n¢ point of Y and such that the
J
" " s i {
1lgebra generated on Y by B and 3 L F 1s dense
1 n
o 5 n , n
in CCY). For example, let Y = T, 1let B = A(T") and



let fj(z ,---,zn) - aj for ] = 1,2,***,n. Before we can
give this theorem however, we need some technical intformation
abcocut the behavior of dpproximating nets with respect to
compact subsets of AA“\X, where A 1s a function algebra

on X As a consequence c¢f this latter information, we obtain

i 5, o} ) s -
the fact that A(T) 1s continuous submaximal for all n > 1.

Lemma 3.15. Let B be a Banach space. Suppose (x?}y(:I 18
4 net 1n BW wWith S Up E| o fil 3 DPO: Lt X:‘: )
\ 1, Y ] N
iim % in the weak”™ topoleogy in B. Let (x ) . be a net
Yo X * Y YET N
in B and suppose that 1lim ”x—th = 0 for some x in B.
e
Then 1im % (x_) X7 (x).
Y ->»00 Y Y
Proof. Let ¢ 0 be given and set M = sup Hx;“. There 1is
: € _ o
a Yy, 1in I such that 1!x—xYH < gm for all y > vy, and
) &% \ o & : Al 2 .
such that |x (x;—xy(x)| 7 ter all v > y,. Thus
x*(x)—x"(x )| < x*(x)~x#(x)' T x*(x—x )
| Y Ty £ Y | %y v
< xT(xd-x_(x)| o+ Me|lx-x_ ||
y
£ £
< e Nk . = 5 S .
03 M o S for all vy > Y,

emma 3.16. Let A Dbe a function algebra on X. Let (BY)YET

|
P

approximate C(X). Let ¢ be 1n My and let ¢Y be a
L y .
Y
norm preserving extension of ¢Y to C(X). Assume ¢ =

lam ¢ in the weak topology in C"(X) for some & in

1‘—*0(,

c¥(X). Then @ is a non-zero homomorphism of C(X).



I so ®(1) =

froof . By hypothesis 1 & BY for ail Yy iR
P a1l z2eXo.
Laim & (1) bim ¢ (L) = 1 and @ 1is not identically
e Y £ ana g be
- T &~ -
1t remains to show ¢ 15 multiplicative. Let
. - ( ere <re
in  C(X). 3Since (B ) approximates C(X), ther
Y Ty El N in
rnets (r ) -nd (g ) _. in C(X) wath IY and By
¥ el < =% yel

; | f -1 -
5, for each y i1n I such that lim HgY~gH lim “IY I

i a Y Y
in T and

It follows that f_g. 15 1n BY tor each ¥
vy _
-m | £ g —-fgi| - C Consegucontl Lemma 3.15, @(1g/ =
i e e “ LRk (g
P IR ara s So (g ) - wim o (£ 20 (g )
; m @_Y (f Y 3 ) ! _;_H[ G‘)\f\ i : g ¢ ) ! 1 ? Y v y & Y v ¥ Y Y
Llim QY(I'}jiiLm ® (g »] 1f these latter 1imlts exist.
‘f ¥ Y Y Y _ -
: - a4 3 The
But [laim ¢ (1 yJjliim ¢ (g 21 ¢(1)0(g) Dby Lemma 3.l

Proor 1s fainaizhed

: ) ~171 Wi 3 ATL1CI
For the next propcsitrion we have the followling situatlec

Z ! s a f
A  1s a function algebra on X and (BY)YGI is a net o
function algebras on X such that A{;;BY for each 'y 10
' We define m_: MB—-m'MA by the restriction of a
homomerphism on BY to  A. Having made thilis definition, we
then agree to nmit the subscrin Yy on T, znd write m IOr

5 ¥
sany <t the maps n_. We mention @ 1s continuous, [5; p. w781,
Y

The tocllowing propesition says, with the above notation, that

if K 1s a compact subset of M,\ X and (BY)YET

ipproxrimates C(X), then n(MB ) eventually leaves K and
Y

ver peturns to Koo

Proposition 3.1l7. Let A be a function algebra on X. Let

o
(U
8t

cempeact subset of My\NX. Let (B approximate

Y)YeI



. » Ty E o = n > Y
@ / he n there 1s a Y 17 T :_;uC,‘h that 10X all I 5
77 ~ . Aamor DhLEMm in K
' MB ) ] K P, L B . g LOK all n =X no homomorp

n
€nds tc a homemocrphism o B

e N i PR 1 ACG enerallt
~—L;(;L_‘ Suppose cotherwise. Then without 1085 of geu S ¥
er T
V€ may suppose m(My ) MK ¢ ¢ for every Y in 1.

¥

@ ‘ G g ~note by &
Ty be in ﬂ(MB ) (M K for sach y an I and denocte DY Y

Y X ‘ o i <
. g o f N ¢ [
o rm Precerving externzlon oI '\Dv L CiX). Thus ” ‘Y“ —
a1l Y in [. Because the un: Ball of € (X) IS5
e # . . ~ae that o} ___..y(I)
“eak  compact, we may for convenlience suppose tha y
in the wealk®™ topology of C(X) for some ® in C (X). By
Lemma 3.16, ¢ is in M X. Thus there 1is an X 1n
C(X)
X  such that ¢(t) {(x) for all f in C(X). On the one

fand  w(e) is inp K, since m(®) = lim N(¢Y) and ”(QY)
b4
18 1n the compact set K for each y. On the other hand

}'LL.MA\\X. This 1s impossible. The proof is finished.
We are nearly ready for our tensor product theorem.
However we give here a propesition, two corollaries and as

Il

4 example we show A(T ) ‘nunus aubma.imal.

[
(93]

sosition 3.18. Let A be a function algebra on X and

at K be a compact subset of MA\ X Suppose that for

~ach function algebra B on X either B = C(X) or

TMpY (YK 4 ¢. Then A 1. continuous submaximal on X
Preof, Let (B ) approximate C(X). By Proposition 3.1

el
there is a vy in 1 so that ﬂ(Bn)(W K = ¢ for each n >

By hypothesis, Bn = C(X) for n > ¥y,

1

/

Y.
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Let A be a functiln =lgebra on

ely many ltunctlioiis o .

(
5
b
{
[
T
in
0
b
m
paf
m
bl
—
o
=
i

A suth that each f vanicshes at nc peint Ol

Then A 1 continucus Sabmaximas ON X.

PI;LE. ¥ LM s At Y = 0 for some j, 1 i ] i nit.
=L Letr K te € M,: $tt

\ X. It B 1s a functioh
E_YA ther K - O(X) if and only 11

[ A : are Li E 2 this happens 1f and only 1.£
{TQ4B>rW K- 9 By Propo-ttion 3.18, A 18 continuous

submaximal .

Corollary 2.20. Let A Le a tunction algebra on X.

Suppose there are finitely many tunctions f,, N
sueh thet [t (x| Seh £ (x)| = 1 for all = in X
Li

and such that the functions separate the points of X. Then

i

£ L3 CDDIiﬂuCUS submaximal.

Prcet. By the Stone-Weacrsty "hecrem the ilgebra generated

RSO Ti’ﬁ"'a = is dense in C(X). Apply Corollary

3 3 It | = | > T - n 5 .
Example 3.21. A(T") 1g continucus submaximal on T for all

We proceed with our tenscr product theorem.
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