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Fluorescent ultrashort nanotubes (FUNs) have recently received renewed interest as a class

of luminescent nanomaterials, owing to developments in sp3 quantum defect chemistry in single-

wall carbon nanotubes (SWCNTs). By tailoring ultrashort SWCNTs with quantum defects, their

typically quenched photoluminescence is re-activated and brightened. Since the potential uses

of FUNs for applied and fundamental science have only begun to be explored, there exists a

need for a theoretical understanding of their basic optical and electronic properties. To that end,

we have performed quantum chemical calculations within a density functional theory framework

to explore these properties. By performing ground and excited electronic state calculations on

molecular models of ultrashort SWCNTs, including those with sp3 quantum defects, we pre-

dict the following properties: 1) there exist natural molecular models of ultrashort SWCNTs, in



the sense that they have the lowest ground state energy amongst their isomers, and exhibit the

correct absorption spectra, 2) the lowest bandgap excitonic absorption in SWCNTs has a length-

dependent energy shift �E that follows a scaling law �E � L�1=2, for a SWCNT model of

length L, departing from a standard particle-in-a-box view of quantum confinement in SWC-

NTs, and 3) ultrashort metallic SWCNTs can host organic color centers made by sp3 defects

due to the quantum confinement effect, contrasting with the usual view of metals as fluores-

cent quenchers. These predictions have implications for the edge-structure of SWCNTs and the

length-dependence of their optical properties, providing a theoretical picture of FUNs that points

to a gap in understanding of these materials and suggests a need for greater experimental focus

on the properties of ultrashort nanotubes.
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Chapter 1: Introduction

1.1 What are carbon nanotubes?

Carbon nanotubes (CNTs) are materials that consist of atomically thin graphite layers rolled

into seamless cylinders. While the history of CNTs is itself part of a larger story [1] of carbon

�ber and �lament research, going back even to Edison's work on light bulbs, CNTs became

materials of major research focus after their discovery in 1991 by Iijima [2]. Related to other

carbon materials such as fullerene carbon cages and monolayer graphite (graphene), CNTs can

be found as tubes made of several graphitic walls, multi-wall carbon nanotubes, and also as tubes

of a single layer, that is, single-wall carbon nanotubes (SWCNTs). The SWCNTs are the most

basic structure of the class of CNT materials, and they will be the object of study in this thesis.

The most straightforward way to conceptualize a SWCNT is in terms of a graphene layer,

a regular honeycomb lattice ofsp2-hybridized carbon atoms. While historically the concept

of SWCNTs has a deep connection to the fullerene molecules [1], in light of the abundantly

fruitful de�nition based on graphene it makes sense to use this as a starting point of discussion.

This is also motivated by many measurements that demonstrate quasi-1D properties expected for

nanotubes with lengths much greater than their diameters, which is often the case for SWCNT

samples used in experimental conditions.

To imagine constructing a SWCNT, we �rst print out a graphene lattice. This is shown in

1



Figure 1.1: Construction of a (5,3) SWCNT from a graphene lattice. Wrapped up �nite length
models of the (5,3) are shown on the right. The origin of the SWCNT coordinate system, incor-
porating the periodic boundary conditions around the circumference, is taken as the beginning
(and equivalently the end) of the chiral vectorCh represented by the bold arrow.

Fig. 1.1. The graphene lattice is a bipartite graph and therefore not a true Bravais lattice [3], but is

made up of two independent Bravais sublattices, the carbons of which are often termedA andB

(highlighted in Fig. 1.1). These inequivalent carbon atoms can be easily identi�ed by noting that

the bonds of neighboring carbons in graphene are mirror images of each other, the mirror plane

bisecting the bond between the neighbors. A pair of neighboringA andB carbons can then be

chosen as a unit cell and made to generate the whole lattice by translations of the basis vectors

a1 anda2 depicted in Fig. 1.1.

With a graphene lattice in hand, we can choose to situate the origin of a coordinate system

on anA carbon in the lattice. Then draw1 a lattice vector to anotherA carbon atom,n timesa1

andm timesa2. This will be the circumference of the SWCNT, and the vector is known as the

chiral vector:

Ch = na1 + ma2 � (n; m) (1.1)

1Note that we assumen � j mj > 0. This choice is without loss of generality due to the hexagonal symmetry of
the graphene lattice [1].
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(n; m) dn;m = jCh j=� ( 	A) jT j ( 	A) N

(5,3) 5.56 30.24 98

(6,5) 7.57 41.21 182

(6,6) 8.25 2.49 12

(7,5) 8.29 45.10 218

(10,3) 9.36 50.93 278

(10,5) 10.50 11.43 70

Table 1.1: A table of basic structural parameters for chiralities discussed in this thesis. The
number of carbon atoms in a unit cell is twice the numberN of hexagons in the unit cell,N
A carbons andN B carbons. Notice how variable the size of the unit cells are, and how some
SWCNTs unit cells contain a substantial number of carbon atoms.

We have introduced the shorthand notation(a; b) for vectors written in the conventional basis of

graphene. The SWCNTs with(n; 0) are known as zigzag nanotubes, while those of the form

(n; n) are known as armchair nanotubes, due to the shape of the unit cell edges. These special

cases are achiral, while all other cases are simply referred to as chiral nanotubes. The pair of

integers(n; m) determine completely the structure and thus the properties of ideal SWCNTs. For

example, keeping in mind that we are using non-orthogonal basis vectors, the diameter of the

SWCNT is written as:

dn;m =
jCh j

�
=

p
3acc

�

p
n2 + nm + m2; (1.2)

where the carbon-carbon bond length between neighboring atoms is taken asacc = 1:44 	A [1].

Diameters and other basic structural parameters for SWCNTs studied in this thesis are given in

Tbl. 1.1.

After de�ning a chiral vector, periodic boundary conditions must be imposed on wave-

functions in the circumferential direction. This is depicted by dashed lines in Fig. 1.1, where we

demonstrate the construction of a (5,3) SWCNT. The choice of(n; m) and the imposition of pe-
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riodic boundary conditions then determines a crystal unit cell for translations along the tube-axis,

or axial direction perpendicular to the circumferential direction. The translation vector of this

unit cell is

T = ( t1; t2); (1.3)

wheret1 = (2 m + n)=dR , t2 = � (2n + m)=dR , anddR = gcd(2m + n; 2n + m), with gcd(a; b)

being the greatest common denominator ofa andb. [1]. A characteristic property of solid state

systems is the formation of a band structure. The discrete energy levels of an atom lead to quasi-

continuous bands of allowed energy levels when atoms are placed in a regular lattice and their

spacing is brought to that of observed crystal materials. In between these allowed bands are ener-

gies at which no solution exists for the motion of an electron in this crystal, just like how electrons

in atoms only have certain allowed energies. The combination of this band structure of allowed

energies and �lling states with electrons in accordance with the Pauli exclusion principle leads

to an understanding of the standard classi�cation of solids into conductors (metals), insulators,

and semiconductors (small band gap insulators). In insulators and semiconductors, the highest

�lled band is completely �lled and is known as the valence band, and electrons in this band are

not free to move. This is separated by an energy called the band gap,Eg, from the next highest

band, which is empty at zero kelvin,T = 0. This is known as the conduction band, as electrons

promoted into this band have many empty states through which motion is possible.

Most SWCNTs made and measured in the lab are composed of dozens or hundreds of unit

cells or more, and have lengthsL of several hundred nm to several� m, while their diameters

typically range from 0.6-2 nm. This drastic aspect ratio leads us to consider SWCNTs as truly

1D nanowire systems, and while the subject matter of this thesis is ultrashort SWCNTs, where
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this is strictlynot the case, it makes sense to start with a basic understanding of the properties

of long SWCNTs with a highL=d ratio, ideally in�nite. Thus we will �rst review the basic

electronic and excitonic properties expected for in�nitely long SWCNTs, that can be modeled by

further imposition of periodic boundary conditions in the axial direction to achieve the solid state

properties of SWCNTs.

With regard to the basic electronic structure of long SWCNTs, one of the important factors

in determining their properties is the mod-class of a given chirality, determined by the following

relation:

M � n � m mod 3 (1.4)

If M = 0, the SWCNT is metallic, while ifM = 1 or 2, the SWCNT will be semiconducting.

This stems from the underlying dispersion relation of graphene. To de�ne the 1D dispersion

relations for motion along the length of a SWCNT, line cuts through the 2D dispersion of the�

and� � bands of graphene are made according to [1]:

E � (k) = Eg2D

�
k

K 2

jK 2j
+ � K 1

�
: (1.5)

Here, � = 0; :::; N � 1 is an index that labels the pairs of� , � � bands in the 1D BZ of the

SWCNT, which arises from the quantization condition around the circumference, andK 1 andK 2

are reciprocal space vectors for the SWCNT determined by the conditionK i � x j = 2�� ij , with

x 1 = Ch andx 2 = T . If M = 0, one or more of the line cuts made will cross through aK -point

at the fermi level of the graphene dispersion, thus making that tube metallic. Otherwise, the tube

will have a bandgap and be a semiconductor. Furthermore, due to the 1D nature of the SWCNTs,
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the density of states (DOS) exhibits pronounced spikes known as Van Hove singularities [4]

(VHS). These spikes are especially important for understanding excited state transitions, and

thus the optical properties of SWCNTs, which we will now introduce brie�y.

1.2 Excitons and the optical properties of SWCNTs

Basic singly excited states of SWCNTs can be thought of as transitions of an electron

between VHS in the valence bands (occupied subspace) to those in the conduction bands (unoc-

cupied subspace). A common notation to represent these transitions consists of labeling the VHS

such that 1 labels the highest valence band and lowest conduction band VHS, 2 labels the second

highest valence and second lowest conduction spike in the DOS, and so on. Then, transitions are

often referred to in the following manner:

E ij (general); Sij (semiconducting); M ij (metallic) (1.6)

where theSij andM ij are sometimes used to distinguish transitions in semiconducting and metal-

lic SWCNTs, respectively. We will often use just theE ij symbols to denote the excited states

of either semiconducting or metallic chiralities, unless a danger of confusion will arise. The

transitions are such thati = j transitions require light polarized parallel to the axis of the

SWCNT, while those withi 6= j require light polarized perpendicularly. Additionally, the os-

cillator strengths of thei 6= j transitions are negligible compared to those withi = j [5], and so

we most often focus on transitions of the formE jj . In the context of absorption and photolumi-

nescence (PL) measurements on samples of SWCNTs, theE11 andE22 are usually the transitions

of interest, with resonant excitation of theE22 channel leading to PL from theE11 channel. We

6



will focus on theE11 and related states in this thesis, that is, on excited states associated with the

�rst valence and conduction bands in SWCNTs.

While the picture of excited states as a direct transfer between VHS is a useful starting

point, and thus is still used as the source of the nomenclature for the optically excited states,

it was found early on that a picture of excitations based only on the single-electron theory is

inadequate. Measurements of the excited state transitions that combined one- and two-photon

absorption contradicted the single-particle picture in favor of one where the interaction between

an excited electron and the hole it leaves behind plays a dominant role in the observed optical

properties [6,7]. Thus, we must understand the optical transitions in SWCNTs as beingexcitonic

in nature, and so we will now brie�y review the simplest features of excitons (bound electron-

hole pairs) and how the interaction between an excited electron and a hole affects the electronic

structure of a SWCNT crystal.

While a SWCNT is a quasi-1D system, much different from a typical 3D crystal, and this

has important consequences, it is still useful to start with the considerably simpler situation of

a 3D crystal composed of many unit cells (say, a substantial fraction of Avogadro's number).

Assume parabolic dispersion relations for the conduction and valence bands,Wc(k) / + k2 and

Wv(k) / � k2, with a direct band gap, so we can concern ourselves with transitions that have

� k = 0, that is transitions induced only by the absorption of a photon. Withr e andr h being the

position of the electron and hole, and the distance between them beingr = jr e � r h j, we can

write down the problem for the relative motion of the excited electron and hole as

�
�

�h2

2m�
r 2 �

e2

4�"
1
r

�
 (r ) = E (r ): (1.7)
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The reduced massm� = memh=(me + mh) appears in place of the free electron massm0, me

andmh are the effective masses of the electron and hole, and the ”nuclear” charge isZ = 1.

Screening of the �eld lines of our electron-hole pair is assumed to change the vacuum permit-

tivity "0 to a constant" = � 0"0 > " 0 characteristic of the medium of the crystal. Equation

1.7 is mathematically equivalent to the usual relative motion wave-equation for an electron in a

hydrogen-like atom covered in any introductory textbook on quantum mechanics, if we make the

transformations

m� �! m0

e2 �! Ze2

" �! "0 (1.8)

This means we can immediately write down the discrete eigenenergies (withE < 0) of the

exciton relative motion as

E X
n = �

RyX

n2
; n = 1; 2; 3; ::: (1.9)

where we have introduced the Rydberg unit of energy for the exciton, which can be written in
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terms of the Rydberg unit of energy for hydrogen as

RyX =
1
2

m�

�
e2

4�" �h

� 2

=
m�

m0

1
� 2

0

 
1
2

m0

�
e2

4�" 0�h

� 2
!

=
�

m� � � 2
0

m0

�
RyH

=
�

m� � � 2
0

m0

�
13:6 eV: (1.10)

This can be calculated if we have estimates ofm� and� 0. The zero of energy here has been taken

as the energy of the onset of the conduction band. The states corresponding to these discrete

energies allowed within the band gap, due to the electron-hole interaction, are referred to as

excitons.

The single-electron band structure gives us a picture of photon absorption wherein we

expect no absorption for photons of energy less than the band gap, and a sudden sharp increase

in absorption to occur once the photon energy reachesEg above the top of the valence band. This

is also expected for semiconducting2 SWCNTs, where the VHS for the valence and conduction

band show the complete lack of states in the band gap, and a suddenly large density of states at

the onsets of the allowed bands. However, the consideration of the electron-hole interaction leads

us to a modi�ed picture of absorption. We see that instead of a sharp absorption edge, we have a

fuzzy edge, with a discrete series of allowed states leading up to the single-electron conduction

band continuum. We see that the conduction band is analogous to the continuum states of an

electron in hydrogen (E > 0). The energyE X
n is the binding energy of the exciton in state n ,

2metallic SWCNTs have a constant DOS in the “gap” region between the VHS [4].
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that is, the energy required to free the electron and hole from this bound state into the conduction

and valence bands, respectively.

We can make an estimate of this binding energy using some approximate values [8] for

effective masses and the static dielectric constant in silicon. Usingme; mh � m0=2, half the

mass of a free electron, this givesm� � m0=4. The static dielectric constant for silicon is about

� 0 = 12. Using these values we �nd an estimate for the binding energy of our exciton to be

� E X
1 = Ry X � 24 meV; (1.11)

At room temperature (T = 300 K), the thermal �uctuations are on the order ofkB T = 26 meV.

Thus we should expect that excitons will likely be unbound into conduction electrons and holes

at room temperature, and photon emission from radiative exciton decay will be negligible relative

to emission due to carrier recombination from the conduction electron to the hole in the valence

band. Another interesting point of comparison is the exciton Bohr radius, which from our simple

scaling argument reads:

aX
B =

� 0m0

m�
aH

B � 48� aH
B = 25 	A (1.12)

This is in fact similar to estimates [9–11] of the exciton Bohr radius in SWCNTs, including those

based on the results in this thesis, as we will discuss in Chap. 3. However, it is to be stressed

that this is likely pure coincidence, as the arguments we have just made are rather crude. Indeed,

measurements of the exciton size in SWCNTs vary between 2-13 nm [12,13], demonstrating the

limits of these simpli�ed estimates.

One of the remarkable contrasts between excitons in low-dimensional materials such as
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SWCNTs and bulk 3D solids similar to what was just discussed is the substantial difference in

exciton binding energies. For example, excitons in SWCNTs can have binding energies on the

order of 400 meV [6, 7, 9, 14]. Thus at room temperature, the excitonic states are extremely

stable with respect to thermal energy �uctuations, and they dominant the optical properties of

SWCNTs. This is also true in other low-dimensional materials, and the basic physical argument

for why this is so can be understood by considering Eq. 1.10. In a 2D or even more so, in a

1D material, rather than being surrounded completely by the medium of the crystal, the excited

electron-hole pair is surrounded in large part by empty space (assuming the material is in vacuum

for simplicity). This means the electric �eld lines between the two charges will be screened far

less than in a 3D material, and thusRyX will increase for a low-dimensional material compared

to the 3D situation. While we also must consider the change in effective reduced mass, for

SWCNTs this can be roughly taken asm� � m0=40 [15]. Using this effective reduced mass

and a binding energy of� 400meV suggests that� 0 � 1. Keeping in mind that this is a vastly

oversimpli�ed description of screening in SWCNTs, which shows signi�cant anisotropy [16] and

exotic behavior such as an enhancement of electron-hole interactions at separations larger than

the SWCNT diameter [17], this demonstrates how the reduced screening leads to strongly bound

excitons in SWCNTs.

While the exciton binding energy is an important metric for understanding the optical

properties of SWCNTs, it is also important to take stock of the broader picture of the mani-

fold of exciton states. Especially for measurements of SWCNT PL, which involve the dynamics

of excited excitons, the details of the excitonic manifold have important consequences. First-

principles calculations of the exciton energies and wavefunctions can be performed using the

Bethe-Salpeter equation (BSE) [10,11,18–20]. Calculations of excitonic effects can also be made
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using a semiempirical Pariser-Parr-Pople (PPP) Hamiltonian for the� -electrons that describe the

conduction and valence band of organic hydrocarbon systems such as SWCNTs [14]. Excited

state calculations from time-dependent density functional theory (TD-DFT) using hybrid density

functionals for the exchange-correlation energy such as B3LYP can also provide insight into the

exciton states in SWCNTs [21,22]. Density functional theory (DFT) and TD-DFT methods will

also be used in this thesis, as will be discussed later in the text, and the methods used herein are

discussed in more detail in App. A.

All of these calculations show that the excitonic manifold for SWCNTs consists of numer-

ous optically dark states (dipole disallowed, or weakly allowed [23]), and only a single bright

transition with signi�cant oscillator strength. They also provide information about the relative

ordering of states, which shows that several dark states are lower in energy than the bright state.

This facilitates ef�cient non-radiative decay of the excitons and results in an intrinsically low

PL quantum yield for SWCNTs, which has been measured to be on the order of 1% [24, 25],

severely limiting their utility for applications and studies requiring �uorescent harvesting of ex-

citons. However, roughly a decade ago, developments in carbon nanotube chemistry were made

that catalyzed progress on this front. Sometimes referred to as organic color centers (OCCs),

these developments have enabled bright PL from SWCNT materials, and lead to the creation of

�uorescent ultrashort nanotubes (FUNs) which are objects of study in this thesis. Thus, we now

brie�y review the basics of OCCs, and thesp3 quantum defects that create them in SWCNTs.
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1.3 Organic color centers in SWCNTs -sp3 quantum defects

The namecolor centeralludes to vacancy defects found in crystals that trap electrons and

possess well-de�ned emission wavelengths. While OCCs are not vacancy defects, nevertheless

they too possess well-de�ned PL signatures. The af�xation oforganicto color centeris due to the

fact that these luminescent defects in SWCNTs are made with organic chemistry. Speci�cally,

OCCs are produced by functional groups that form, through one of several chemistries [26],

a pair3 of covalent bonds with carbons in the wall of the SWCNT. These bonds convertsp2-

hybridized carbons of the lattice tosp3-hybridized carbons, creating a pair of locally tetrahedral,

diamond-like defects in the otherwise graphitic lattice.

Early work on functionalization of SWCNTs using diazonium chemistry, one of the widely

used approaches to create OCCs, was focused on chiral-selective functionalization and manipu-

lation of SWCNTs [27]. It was also believed that chemical reactions with the sidewall suppressed

SWCNT PL [28]. However, it was later shown that by controlling the density of functional groups

created through these diazonium chemistries, it is actually possible to produce anenhancement

rather than a quenching of the SWCNT PL [29]. It was subsequently demonstrated that quan-

tum defects4 can be created using a variety of chemistries and reagents, providing evidence of

molecular tunability of the OCC emission [30].

The emission from OCCs, occuring in the near-infrared (NIR), is at least an order of mag-

nitude brighter than the emission from the nativeE11 excitons [29]. Why this is so has to do with

3Thesp3 defects almost exclusively come in pairs, because when one defect is formed, this creates an unpaired
electron in the� -electron bonding network of the SWCNT. Such an unstable situation will readily form a bond,
likely with a hydroxyl group (OH� ) from the aqueous environment.

4This terminology is not to be confused with Schrödinger's quantum defect found in the context of atomic
physics. In this thesis we invariably use quantum defect interchangeably withsp3 defect.
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the nature of the exciton manifold discussed previously. Because of the many optically inactive

states lower in energy than the bright state, the radiative recombination of the brightE11 state

is inef�cient, compared to the non-radiative recombination. However, the quantum defects es-

sentially provide a potential well for the excitons traversing the length of the SWCNT. Based on

the redshift of the OCC emission from that of theE11, which varies among the different possible

functional groups but is on the order of 200 meV [26,30], it is seen that the localized well states

the excitons can fall into undercut the dark states in the excitonic manifold of the SWCNT. From

the defect-trapped exciton states, the excitation of the system then has a more ef�cient route for

radiative decay to the ground state. The emission from the quantum defects is labeled in various

ways in the literature, particularly when several defect emissions are being studied. Due to the

ubiquitously redshifted nature of these states from theE11, we will use the standard notationE �
11

when referring to quantum defect states in this thesis. Sometimes, when discussing them in the

context of computational modeling, we will also refer to the defect states asEsp3 .

1.4 Why ultrashort?

In addition to brightening the PL of SWCNTs by introducing theE �
11 states of OCCs,

the quantum defects also have applications to ultrashort SWCNTs, which are the subject of this

thesis. Ultrashort SWCNTs are those shorter than the exciton diffusion length, which can vary

by up to� 500nm depending on the dielectric surroundings of the SWCNT [5], but at the short

end is estimated to be 90 nm [28]. Thus we can make an operational de�nition for ultrashort

SWCNTs as being those that have lengthsL less than 100 nm, which is to say the SWCNTs are
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in the nanoscopic regime in all of its dimensions5. Ultrashort SWCNTs have several promising

applications which require detailed understanding of their intrinsic properties.

Ultrashort SWCNTs with lengths in the sub-10 nm range are basic components for SWCNT-

based transistor devices that have undergone steady development over the past two decades

[31–38]. While major commercial-scale production of SWCNT transistors has still not been

achieved, a more precise understanding of the physical properties of ultrashort SWCNTs should

aid further research in this direction. Other potential applications are related to their use as �uo-

rophores [39], however these applications have traditionally been limited due to the inef�cient PL

of SWCNTs. In the ultrashort regime, the reduction of the PL quantum yield becomes complete

due to the fact that excitons can diffuse along the entire length of the SWCNTs and easily �nd

�uorescence quenching defects at the ends of the tubes [40–42], which is a major obstacle for

using these SWCNTs in �uorophore applications.

The quantum defects have changed this state of affairs in ultrashort SWCNTs. They have

been shown to produce in ultrashort SWCNTs the same exciton trapping wells that yield the

E �
11 emission in long tubes, while at the same time re-activating the quenched PL of theE11

channel [43]. Furthermore, the quantum defects also lead to a mechanism of chemical control

over the lengths of the functionalized ultrashort SWCNTs [44]. This mechanism, known as

defect-induced chemical etching (DICE), involves hydroxyl radicals selectively attacking the wall

of the SWCNT at thesp3 defect sites. This selective attack happens far quicker than etching of

the sp2 lattice, and thus results in targeted cuts of the SWCNT guided by the defects. What is

more, thesp3 defects remain intact after the cutting process [44]. Even though atomically precise

5This de�nition is motivated by the effect of length on �uorescence measurements, e.g. the quenching of PL.
Actually, in this thesis we are studying SWCNTs much shorter than this, withL < 15nm. This means the lengths of
the SWCNTs are approaching the exciton size in SWCNTs [13], and so are in a quantum con�ned regime of lengths.
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Figure 1.2:(a) Molecular model of an edge-functionalized (6,5) SWCNT, a simpli�ed example
of a FUN. Photons of energyh� 11, with � being the frequency, are absorbed by the SWCNT
systems creating excited electron-hole pairs in theE11 exciton state, while photons of energy
h� sp3 excite a quantum defect exciton stateEsp3 . (b) Molecular model of a pristine (6,5). Both
models have the same lengthL of approximately 5.5 nm, and are passivated with hydrogen atoms
at the edges.

control over the distribution of quantum defects along the length of the SWCNT is still missing,

we can expect a degree of tunability of the length distributions, with the expected value of cut

SWCNT lengths going as�L � � � 1
sp3 for a constant linear density of defects� sp3 .

These advances enabled by the quantum defects have thus lead to a promising class of

�uorescent nanomaterials, which are referred to as �uorescent ultrashort nanotubes (FUNs). An

idealized model of a FUN is shown alongside its pristine (defect-free) (6,5) counterpart in Fig.1.2.

While ultrashort SWCNTs are by themselves limited in their �uorophore capabilities, potential

applications for FUNs are various. An example is near-IR (NIR) chemical sensing, such as pH

sensing [45], whereby protonation/deprotonation of the OCCs cause reversible and measurable

shifts in theE �
11 emission wavelength as a function of pH. In general, the excitons trapped by
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the quantum defects are sensitive to their environment and to the chemical structure of the func-

tional groups that make up the defects, and thus their emissions can be used as sensing probes

of their surroundings. Other intriguing sensing applications of FUNs relate to their use in prob-

ing nano�uidic transport through single-digit nanopores, which has implications for molecular

exchange through natural and synthetic channels in cellular membranes [46].

Another application of FUNs is for imaging, particularly in the context of biologic sys-

tems. SWCNTs have been used for deep-tissuein vivo imaging of organ systems of mice, due

to theirE11 emission wavelengths falling into the NIR-II window, roughly 1-1.4� m, where both

scattering and absorption by biologic tissue is minimized [39]. It is also known that SWCNTs

used for bioimaging applications should be those that are individualized (i.e. not aggregated or

bundled together) as well as short (< 300 nm) [47]. Taken together, the need for short SWCNTs

that are also ef�cient emitters in the NIR-II window means that FUNs are ideal systems for such

applications. TheE �
11 being redshifted from theE11 by roughly 200 meV means that the OCC

emission falls squarely in the NIR-II window, and their ultrashort character suggests they can

�lter out of a living organism if individualized properly.

Quantum information science applications of FUNs are made possible by single-photon

emission from thesp3 defects [26, 29, 43, 48, 49]. Photon antibunching, a signature of single-

photon emission, has been measured in SWCNTs at cryogenic temperatures [50,51]. By trapping

and localizing excitons in SWCNTs, the introduction of quantum defects with diazonium chem-

istry allows for the measurement of telecom-band single-photon emission at room-temperature

[48], due to the NIR wavelengths of theE �
11. This can also be combined with cavity QED appara-

tus for enhanced emission [49,52], with variable cavity parameters for dynamic lock-in capabili-

ties that allow precise tuning to an individual defect's emission. Based on the microscopic mech-
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anism, the DICE method can in principle create ultrashort SWCNTs with no quantum defects,

one defect at one edge, or defects at both edges of the cut tubes. One defect would constitute

a FUN with an extremely well-de�ned single-photon source for quantum information science

applications [44]. A quantum defect at each edge would constitute a FUN with two trapping

centers separated by a well-de�ned length, allowing for the controlled interaction of two trapped

excitons, or possibly even localized spins [53].

While FUNs hold potential for several applications, there is still much we do not know

about the structural, electronic and optical properties of these luminescent materials. This is in

large part due to the inherent dif�culty in manipulating SWCNT samples in precisely enough of a

manner, which is especially true when it comes to length-selective isolation. SWCNTs are almost

exclusively produced as polydisperse samples, with multiple contributing(n; m) structures, and

SWCNTs of many different lengths. They also tend to bundle together to form ropes [1]. The

past two decades or so has seen a great deal of effort that has succeeded in developing methods

to individualize SWCNTs through surfactant [54] or DNA [55] coatings, methods to sort the

polydisperse samples into chiral-pure samples (i.e. by diameter and electronic behavior) [56,57],

and methods to sort SWCNTs by length [40,58–62]. Even so, measurements of the fundamental

excitonic properties of ultrashort SWCNTs have not provided a de�nitive picture, e.g. of the

length-dependence of theE11 absorption [60, 63]. This is due to wide variability of SWCNT

lengths in these experiments. Furthermore, there is virtually no experimental understanding of

the chemical structure of the edges of SWCNTs, which become a signi�cant fraction of the

molecules in the shortest SWCNT segments.

Motivated by the exciting potentials of FUNs, and by these gaps in understanding, in this

thesis we present a theoretical study of the structural and excitonic properties of quantum defect-
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tailored ultrashort SWCNTs. By applying well-established DFT and TD-DFT methodology6 to

molecular models of ultrashort SWCNTs and FUNs, we address the length-dependence of theE11

andEsp3 excitons in the ultrashort length regime. In Chap. 2, we discuss the ultrashort SWCNT

molecules studied in this thesis. These models are generated by an algorithm we have developed

for generating �nite SWCNTs, building off of previous applications to SWCNTs [64, 65] of the

Clar theory of polycyclic hydrocarbons and their aromatic sextets of� -electrons [66,67]. We will

show that these models represent natural choices of ultrashort SWCNT molecules. Details about

the Python packageChemGwe developed to implement the algorithm are included in App. C.

In Chap. 3, we �nd unexpected length-dependence of theE11 absorption that challenges existing

understandings of the effect of quantum con�nement of excitons in SWCNTs. This scaling is

also observed in calculations on models of FUNs. In Chap. 4 we present results that predict

the potential for creating OCCs in metallic ultrashort SWCNTs. To date, all OCCs have been

measured in semiconducting SWCNTs, so these calculations broaden the notion of what OCCs

in SWCNTs can be, and suggests the possibility of directly wiring an OCC to electrodes. In

Chap. 5, we summarize these results and discuss the future outlook for experimental studies of

FUNs based on these DFT-predicted properties of quantum defect-tailored ultrashort SWCNTs.

6Discussed brie�y throughout, in detail in App. A.
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Chapter 2: Ideal ultrashort SWCNT molecules from Clar theory

Computational studies of �nite SWCNTs almost exclusively use molecular models created

from one or more copies of a crystal unit cell. There are a few issues with this, which may

be anticipated because the unit cell construction is inherently de�ned for an in�nitely periodic

nanotube, the atoms of the cell being generated one by one with the application of periodic

boundary conditions in both the circumferential and axial directions [1]. However, it is clear

that a �nite SWCNT can be viewed from a molecular point-of-view in the context of organic

chemistry. Speci�cally, a SWCNT can be thought of as a polycyclic hydrocarbon, being many

benzene rings fused together with hydrogen atoms terminating bonds on the edge carbon atoms.

From this point of view, if we look at Tbl. 1.1, we see that some chiralities have unit cells that

contain many carbon atoms. For example, a(6; 5) SWCNT unit cell has 364 carbon atoms. This

means that using a �nite model made of copies of the unit cell overlooks many possible molecular

structures of ultrashort SWCNTs.

This is by no means the most severe issue with unit cell-based models, as we will show in

this Chapter, but it does limit the ability to discernL-dependent trends as one essentially excludes

the majority of data points in their analysis. There is a molecular approach to �nite SWCNT

models, based on the polycyclic hydrocarbon viewpoint and the Clar theory of organic chemistry

of these molecules. In the past, this approach has been combined with DFT calculations and
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applied to SWCNTs, and has provided insights into their basic electronic structure [64, 65, 68].

Key insights include the proper valence bond (VB) representation of in�nitely long SWCNTs [64]

and the effects of the SWCNT edges on the VB structure in �nite models [68]. We take an

approach in this same vein of Clar model SWCNTs, and so we now must de�ne exactly what that

means and what molecular systems we study in this thesis.

2.1 What are Clar model SWCNTs?

2.1.1 Clar's rules for polycyclic hydrocarbons

Before describing Clar model SWCNTs, it is important to �rst brie�y describe the basic

rules of Clar theory, which were developed by E. Clar in the context of planar polycyclic hydro-

carbons by painstaking synthesis and spectroscopic analysis of many hydrocarbons [66,67]. Clar

theory is based on the concept of chemical resonance, which we will discuss further in Sec. 2.2.1.

The essential idea is that the� -electrons which make up the valence of the carbon atoms in a

polycyclic hydrocarbon group together in such a way to form as many aromatic sextets and as

few carbon-carbon double bonds as possible. The aromatic sextet is a group of six� -electrons,

symbolized as a circle within a ring of six carbons in the same way a double bond is a pair of

lines between two carbons. The prototype of this sort of bond is found in benzene, which boasts

exceptional stability, energetically speaking and in terms of its unreactive nature.

Clar was able to demonstrate a much wider physical signi�cance of this sextet bond in the

general setting of polycyclic hydrocarbons, which can be viewed as having many benzene rings

fused together. The bonding framework of a polycyclic hydrocarbon (e.g. the honeycomb lattice

of graphene) is formed by three� -electron bonds between neighboring carbons, so that each
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carbon contributes one� -electron to the VB network (carbon having a valency of four electrons).

These� -electrons can be paired up with neighboring carbons to form covalent double bonds,

or six of them can be assigned to a sextet to form a circle. Clar demonstrates that, just how

a sextet in benzene confers its stability, a maximal assignment of� -electrons into sextets in a

larger polycyclic hydrocarbon confers maximal stability, and should be the VB formula used

to interpret the properties of the molecule such as its reactivity. He also shows how there are

quantitative relationships between the number of sextets and properties such as absorption peak

wavelengths and ground-state energies [66].

While SWCNTs are clearly not planar molecules, they are polycyclic hydrocarbons, and in

all but the smallest diameter1 tubes the valence band is comprised of� -electrons so that we can

consider them to be locally planar for the purposes of discussing VB structure. If an in�nite sheet

of graphene is considered, we can clearly write down a maximal covering of sextets, with a ring

having a circle being surrounded by rings devoid of� -electrons, and this pattern tiling the entire

plane. In fact, due to the in�nite size of the plane, there are three degenerate such representations,

with the true VB representation being a resonant combination of all three. This complete tiling

using only sextets is what gives graphite the greatest aromatic character, in that it has maximal

resonance energy per electron [70]. What happens to this VB structure when we construct a

SWCNT from this plane of graphene, as shown in Fig. 1.1?

The answer, for in�nitely long SWCNTs, is that it depends on the mod class, Eq. 1.4 [64].

If M = 0, the VB structure of the SWCNT is completely represented by a sextet tiling and is

termed fully benzenoid (e.g. graphene). This shows that metallic SWCNTs are those that are fully

benzenoid. IfM = 1 or 2 however, the periodic boundary condition around the circumference

1The curvature of small diameter SWCNTs induces mixing of� and� electrons [69].
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of the SWCNT interferes with the sextet tiling, and we are left with a helix of double bonds

wrapping the length of the semiconducting SWCNT [64]. At this point, it is useful to introduce

the Clar basis vectors as:

c1 = 2a1 � a2

c2 = a1 + a2 (2.1)

These basis vectors are essentially a rotation of the standard graphene basisa1; a2, scaled up so

that each one crosses exactly one benzene ring, as depicted in Fig. 2.2. The helices of double

bonds wrap in the direction ofc1 for M = 1 and in the direction ofc1 � c2 for M = 2 [64].

Again, there are several degenerate VB structures that resonate together to form the true ground

state in in�nitely long SWCNTs, corresponding to rotations of this basic VB structure about the

SWCNT axis.

Of course, if one considers a �nite length SWCNT, as we do for ultrashort SWCNTs, this

situation becomes far more complicated in general. This is because the geometry of the SWCNT

edges becomes a factor, imposing further boundary conditions on the Clar VB representations.

For example, studies of the aromatic properties of �nite length armchair SWCNTs show three

distinctive VB situations, periodically alternated through as the length of the SWCNTs is in-

creased [68]. This periodicity of three is often seen in DFT calculations of the ground electronic

state of �nite length armchair SWCNTs [71–75] and even in graphene nanoribbons which can be

mapped onto the armchair tubes [76, 77]. This periodicity is demonstrated in Fig. 2.1 where we

plot the energy gap between the highest occupied molecular orbital (HOMO) and the lowest un-

occupied molecular orbital (LUMO) for (6,6) SWCNTs as a function of the number of unit cells
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Figure 2.1: A plot of HOMO-LUMO gap oscillations in (6,6) SWCNTs that result due to the
Clar VB rules applied to a �nite tube. The length is given as a number of unit cells in the model.
Calculations performed with a 6-31g basis set, B3LYP exchange-correlation functional. The
dashed line indicates where the length of the SWCNT equals its circumference.

of the model. This oscillation is a residual effect of the different Clar VB structures that arise in

�nite armchairs. Others have shown that the VB structures of �nite SWCNTs can in fact become

quite complicated, defying uniform description, and depending on the speci�c edge-structure of

the model [78]. Thus it is important to provide both a well-de�ned molecular structure of a

SWCNT as well as one that respects the intrinsic Clar VB representation of the in�nite-length

nanotube.
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2.1.2 Clar model ultrashort SWCNTs fromChemG

In order to de�ne our ultrashort SWCNT systems, we can make use of the Clar basis vectors

Eq. 2.1. Thec1 vector has been used to create �nite length models based on the VB structures

of in�nite SWCNTs [64, 65]. This was done by selecting a basic cell of carbons that contains

several sextets, and one of the double bonds that form the helices whenM = 1 or 2. The cells

are such that they can generate the in�nite SWCNT, not through translations byT since these are

not unit cells, but through translations byc1. When combined with the wrapping of the SWCNT,

this becomes a screw-axis transformation, including a translation along the SWCNT axis and a

rotation about it. The cell is referred to as a Clar cell, and the SWCNTs thus generated as Clar

models.

However, it is clear that many subsets of the SWCNT lattice can generate an in�nite

SWCNT by screw-axis transformations, and thus the existing de�nitions of Clar cells are not

unique. There are also several distinct screw-axis transformations that can create longer SWC-

NTs. Even though SWCNTs with especially aromatic character should be generated by using the

c1 vector, as it spans one whole sextet, there are numerous ultrashort SWCNT molecules over-

looked by this procedure. It is not clear from the Clar VB structure of in�nite SWCNTs alone

which subset of carbon atoms should be used, and different choices lead to physically distinct

edge structures of �nite length SWCNTs.

An attempt to �nd a general rule with which we could recreate the �nite length models

used by previous authors [64,65] failed. One �nds that their SWCNT Clar models are created by

generating SWCNTs with unit cells and deleting atoms until a desired structure is obtained. This

is clearly time consuming work, and not conducive to high-throughput analysis. However, in the

25



attempt to �nd a rule with which one can generate the Clar cells presented by Baldoni et. al. [65],

we discovered an algorithm that provides a new de�nition of a Clar cell.

Our Clar cells have a unique description for any given pair of chiral indices(n; m). For

certain special cases of(n; m) (chie�y, for armchair SWCNTs), the Clar cells resulting from our

de�nition coincide with the Clar cells of the previous authors. For other chiralities, such as(6; 5),

our Clar cells differ in subtle ways from those of Ormsby and King [64] and Baldoni et. al. [65].

The aim of this thesis is by no means to provide an exhaustive comparison between the Clar

cells of other authors and those produced by our generating algorithm. In fact, there may be a

broad class of Clar model SWCNTs, based on the various edge-structures chosen and screw-axis

transformations used, that still respect the intrinsic VB structure of SWCNTs. Questions in this

direction are left for future study.

However, it is important to have structures that are uni�ed in their de�nition. Thus, any

further mention of Clar cells or Clar models will refer to those generated by the algorithm we

discovered, unless explicitly noted otherwise. Implementation of the algorithm has been a driving

motivation for the development of a Python package,ChemG, which is designed to be a suite of

functions that enable programmable molecular generation on a much wider scale. However, for

the purposes of this thesis, we will restrict our discussion to its use in building Clar models of

ultrashort SWCNTs.

2.1.3 Generating algorithm for Clar models of any chirality

Using the Clar basis vectors, and taking as input the chiral indices(n; m) alone, we have

de�ned a new Clar cell of de�nite edge-structure in the following manner. We demonstrate this
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in Fig. 2.2 for a (5,3) SWCNT.

The �rst step is place a benzene ring at the origin of a 2D coordinate system (all hydrogen

atoms are removed until the end, at which time they passivate the exterior carbons of the graph).

The origin is taken to be anA carbon, as indicted in Fig. 2.2, where periodic boundary conditions

in the circumferential direction have been applied to this origin ring. The next step is to translate

from the origin byc2 and add another benzene ring at this shifted location. This is to be repeated,

until which time taking a translation byc2 and adding a ring would add a ring with< 1 whole

carbon atom within the unit cell boundaries, de�ned by theCh andT vectors. At this juncture,

instead of translating byc2 we translate byc1 and add a new ring. In the diagram shown in

Fig. 2.2, this is indicated as step 3. After this move byc1, we resume moving byc2 and adding

rings, and repeat the procedure until we join up with the ring at the origin.

What we �nd is that our Clar cells thus generated are composed of basic molecular units

of organic chemistry, benzene and naphthalene. There is at most 1 unit of naphthalene, while the

remainder are benzene with complete aromatic sextets. The connection with the in�nite SWCNT

Clar VB structure is in the naphthalene unit. IfM = 1, this unit is in the direction ofa1, and thus

generates the helix of double bonds in the direction ofc1. If M = 2, like for the (5,3) SWCNT

in Fig. 2.2, the naphthalene unit is inclined in the direction ofa2, and will generate the helix2 of

double bonds in the direction ofc1 � c2. The Clar cells on their own are made entirely of benzene

rings, and thus form examples of carbon nanobelts. Some of the subtle distinctions between the

Clar models we de�ne and study here and those of previous authors [64,65] can be traced to the

nanobelt picture of the Clar cells. The Clar cells of previous authors involve carbon chains in

2These helices will become a linear seam in the case of zigzag SWCNTs. The double bonds still have the
directions ofc1 andc1 � c2 for M = 1 , 2 respectively.
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Figure 2.2: Schematic representation of the generating algorithm for an(n; m) Clar cell. Step 0
is to place a C6 ring at the origin, indicated by the blue dots. By convention, the rings are placed
by adding carbons in a counter-clockwise fashion starting from anA carbon atom, like that of the
origin. Step 1 shows a ring placed at a translation ofc2 from the previous site (the origin in this
case). Step 2 is a repeat of step 1. Step 3 shows how, if another translation byc2 would lead to
a ring placed with< 1 atom inside the boundaries of the unit cell, demarcated by theCh vector
andT , then a translation byc1 is taken instead and a ring placed. In step 4, we resume takingc2

steps, repeating the procedure of step 3 if necessary. Eventually we will join up with the ring at
the origin. In the case of the(5; 3) this happens as a naphthalene unit in the direction ofa2, as
this is anM = 2 SWCNT.

addition to rings, which results in differences of two carbon atoms between their Clar models and

those we have de�ned.

After creating the Clar cell for a given(n; m), we are then able to generate Clar models

by a screw-axis transformation. As discussed previously, there exist different choices of screw-

axis vectors possible for this purpose. We use the vectorR = (1 ; � 1) for the vast majority of

Clar models, and dub this the “loose” screw-axis vector. The use of this vector to generate a

Clar model with the (5,3) Clar cell is depicted in Fig. 2.3. However, this vector does not work

as a screw-axis vector for armchair SWCNTs with(n; n), as(1; � 1) is exactly the translational
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Figure 2.3: Clar model of a(5; 3) SWCNT, withL = 3 cu. Atoms in the model are highlighted
in red.

period of these chiralities. Thus, for armchair chiralities, we simply use the vectora1 as the

screw-axis. This choice, dubbed the “tight” screw-axis, can also be used for general chiralities,

expect for the zigzag SWCNTs with(n; 0). This is becausea1 represents a purerotationof these

SWCNTs about their axis. Other choices can be made, such as the “Clar” screw-axis vector

c1 used in [64, 65], but we restrict our study to those generated by the “loose” screw, and for

armchairs by the “tight” screw.

The choice of screw-axis vector de�nes a natural length scale of the SWCNTs by vector

projection onto the translation vectorT . For the “loose” screw, this isL l
0 = R � T =T. This

varies chirality to chirality, but is on the order of2:5 	A. The length scale for the “tight” screw

is approximately half of this,L t
0 = a1 � T =T =

p
3acc=2 � 1:25 	A. To measure the length

of the Clar models in a de�nite manner, we introduce Clar units (cu). By de�nition, the length

of a Clar model generated according to our prescription is measured asL (cu) = Nscrew + 1,
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whereNscrew is the number of screw-axis operations applied to generate the model. Thus, the

Clar cell has lengthL = 1 cu, and longer SWCNTs haveL > 1 cu. The difference in length

scales between armchairs made with the “tight” screw and all other chiralities made with the

“loose” screw vectorR is implicit in the de�nition of Clar units3. Now that we have well-

de�ned molecular structures of ultrashort SWCNTs, we can proceed to analyzing their properties.

Before studying their excitonic properties, namely theE11 state, we �rst discuss some intriguing

structural characteristics of our Clar model SWCNTs.

2.2 Resonance stability from DFT

2.2.1 The concept of resonance

While the algorithm used byChemGgenerates a Clar cell for any given(n; m), and from

this a Clar model SWCNT by repeated application of a screw-axis transformation, it is not the

only possible ultrashort SWCNT of that chirality with the same number of hydrogen and carbon

atoms, that is, there exist several isomers. Indeed, as discussed previously it is not even the

only “Clar model” that can be de�ned [64, 65]. In order to see why our Clar models should be

considered as a “natural” choice of molecules with which to study the properties of ultrashort

SWCNTs, we should �rst brie�y review the concept of chemical resonance energy.

The concept of resonance is quite far reaching in chemistry, and we will only focus on a

subset of it as pertains to polycyclic hydrocarbons. A prototypical system for which to introduce

resonance in discussion of VB structure is the benzene molecule C6H6. As mentioned earlier,

three of the valence electrons of the carbon atoms will form bonds with neighboring atoms, in

3Due to the variation ofT with (n; m), the length scales of cu vary in general with chirality as well.
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Figure 2.4: The concept of chemical resonance energy is de�ned relative to a Kekulé VB struc-
ture. Forming a variational wavefunction from a combination of 2 or more allowed VB structures
leads to a truer approximation of the ground state of the molecule: in benzene and related com-
pounds this can be denoted with a circle to represent the aromatic sextet of� -electrons. The
ground state energy can be measured or calculated, e.g. with DFT.

this case with two adjacent carbons and one hydrogen. This leaves one� -electron left on each

carbon. These� -electrons can be grouped in a Kekulé structure, where neighboring� 's are paired

up to form double bonds. However, as indicated in Fig. 2.4, there are two entirely equivalent ways

of grouping the� -electrons. This is an unphysical structure of bonding for a variety of reasons,

including the empirical fact that benzene is found as a regular hexagon whereas either one of

these two Kekuĺe structures would suggest an irregular hexagon, as double bonds are shorter than

single bonds [67].

This issue was resolved by letting both Kekulé structures combine to form a state of the
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molecule in which all carbons were on equivalent footing [79], depicted in Fig. 2.4 as

j	 i :=
1

p
2

0

@ +

1

A � : (2.2)

Essentially, this amounts to a variational trial wavefunction formed as a linear combination of

the two independent Kekulé VB structures. The coef�cients must be equal by symmetry. The

real situation is in fact more complicated, with higher order VB structures contributing. This

variational approximation to the ground state corresponds to the underlying physical meaning of

the circle used for the aromatic sextet.

Given a single Kekuĺe structure, one can estimate the bonding energy of the molecule from

information of the individual bond energiesEC� H , EC� C andEC=C . However, it is found that

the energy of benzene is greater than this estimate, by roughly 37 kcal/mole, and this difference

can be attributed to the use of the proper4 VB structure given by Eq. 2.2 [79]. This difference in

energy between the Kekulé structure and the aromatic sextet is called the resonance energy:

Eres(i ) � EKek (i ) � E0(i ) (2.3)

wherei labels the molecular species, e.g. benzene, andE0 is the true ground state energy such as

that measured by the heat of formation of the molecule. We can also calculate approximate values

of E0, and this is the approach we will take to analyze our Clar model ultrashort SWCNTs, using

DFT. Clearly, this procedure will become increasingly complicated when we consider a much

larger polycyclic hydrocarbon, such as the ultrashort SWCNTs, and so we need to �nd a simpler

4Actually, the proper formula involves several other structures. However, the Kekulé structures contribute to
roughly %80 of the resonance energy, and so we omit the others for brevity.
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way to at least compare resonance energies between structures.

2.2.2 Comparing resonance energies of proper ring-isomers

In order to directly compare the resonance energies of two ultrashort SWCNTs, we de-

�ne the concept of proper ring-isomers. We can do this with the aid of chemical graph theory,

by looking at the inner-dual graph of the chemical graph of a polycyclic hydrocarbon [80]. In

Fig. 2.5, we demonstrate the construction of an inner-dual graph, whereby each ring in the poly-

cyclic hydrocarbon has a vertex assigned to it, and rings sharing a pair of carbon atoms have an

edge between their vertices in the inner-dual graph. Sometimes, primitive cycles will form, when

three rings are all in mutual adjacency with each other. We can construct a formula relating the

number of carbon atoms in the chemical graph to the properties of this inner-dual graph as

NC = 6r � 2a + ` (2.4)

wherer here is the number of rings (vertices in the inner-dual graph),a the number of ring-

adjacencies (edges in the inner-dual graph), and` the number of loops (primitive cycles).

In Fig. 2.5, we look at the connected 3-ring polycyclic hydrocarbons, anthracene, phenan-

threne, and the phenalenyl radical. Each has the same number of rings, and can thus be described

as ring-isomers. But to be aproper ring-isomer, we require that the inner-dual graph be equiv-

alent, in the sense thatr , a and` are unchanged between two molecules. Thus, anthracene and

phenanthrene are in a class of proper ring-isomers together, while the phenalenyl radical is not.

This does not mean that anthracene and phenanthrene are entirely equivalent, of course. What

this means is that the difference between them can be attributed solely to the differences in their
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Figure 2.5: Construction of inner-dual graphs of 3-ring polycyclic hydrocarbons. We can see that
anthracene (1) and phenanthrene (2) belong to the same class of proper ring-isomers, so that we
can directly relate calculated ground-state energy differences to differences in resonance energy.
This can be applied to more complicated polycyclic hydrocarbons, such as ultrashort SWCNTs,
to calculate resonance energy differences.
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ability to resonate. Because for proper ring-isomers, the number of each type of bond is the same

so that� EKek = 0, and we have

� Eres = � � E0 (proper ring-isomers): (2.5)

Using a 3-21g basis set and B3LYP exchange-correlation approximation, the DFT calcu-

lated ground-state energy difference in going from phenanthrene to anthracene is 5.5 kcal/mol.

This demonstrates that, within the approximation of these DFT methods, the phenanthrene molecule

has a resonance energy greater than anthracene by 5.5 kcal/mol. This should be compared to ob-

served values. While by no means an exhaustive comparison, the measured difference in res-

onance energy between these molecules has been reported as either 5 kcal/mol [79] or 6.73

kcal/mol [66]. This suggests that using the B3LYP approximation of DFT with a 3-21g basis

set provides a calculation of resonance energy differences between proper ring-isomers that is of

the correct order of magnitude. Clar attributes the enhanced resonance energy of phenanthrene

over anthracene, which are proper ring-isomers, to the presence of an additional aromatic sextet

in the former. Thus, we are lead to expect increased stability of systems, from an energetic point

of view, that can host the maximum number of sextets. With this tool in hand, we can proceed to

analyze our Clar model SWCNTs and their proper ring-isomers.
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Figure 2.6: Depicted in red is the Clar cell for the(6; 5) SWCNT, which generates the displayed
L = 4 cu model upon 3 applications of the screw-axis vectorR = (1 ; � 1). The edge of the Clar
model includes the ring labeled 0, while related isomer structures are labeled 1-4.

2.3 Natural edge structures of ultrashort SWCNTs

2.3.1 Clar model SWCNT edges show highest resonance energy

We can compare the Clar model SWCNTs with other possible SWCNTs that are proper

ring-isomers. In Fig. 2.6 theL = 4 cu Clar model of a(6; 5) SWCNT is shown alongside other

possible SWCNTs. In Fig. 2.7 it is demonstrated that these other models are proper ring-isomers

of the Clar model.

If we label the Clar model asi = 0, and the other models asi = 1; 2; 3 or 4, as indicated in

Fig. 2.6, we can proceed to use Eq. 2.5 to compare their resonance energies, and thus their relative

stabilities. In Fig. 2.8, we plot Eq. 2.5 as a function of labeli for (6,6) SWCNTs, taking the Clar

model as the reference energy. We see that the Clar model(6; 6) is stabilized by a resonant energy

36



Figure 2.7: The models 1-4 are proper ring-isomers, as is shown by drawing a portion of the inner-
dual graph of model 0 and model 1 near the edge. The inner-dual graph of 0 can be transformed
into that of 1 without changingr , a or `, and similarly for the other isomers shown.

on the order of 3.4 kcal/mole relative to its proper ring-isomers.

Similarly, we see that Clar models of both(6; 5) and(7; 5) SWCNTs also have the greatest

resonance energy amongst their proper ring-isomers, in Fig. 2.9 and Fig. 2.10, respectively. Thus,

it is clear that the SWCNT models produced by the Clar cell must have a greater degree of

resonance, which we can attribute to a greater covering of sextets just like we can in the case of

comparing anthracene and phenanthrene in Fig. 2.5. Furthermore, we have a representative of

this trend for each SWCNT mod class,M = 0, 1, and 2, which suggests that this has more to

do with the Clar VB structures and less to do with the SWCNT solid-state behavior, metallic vs.

semiconducting.
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Figure 2.8: Relative resonant stability of Clar model(6; 6) SWCNT of L = 9 cu and proper
ring-isomers.
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Figure 2.9: Relative resonant stability of Clar model(6; 5) SWCNT of L = 4 cu and proper
ring-isomers.
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Figure 2.10: Relative resonant stability of Clar model(7; 5) SWCNT of L = 4 cu and proper
ring-isomers.
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2.3.2 Clar model SWCNTs resolve edge-passivation issues

While the comparison of resonance energies between Clar model SWCNTs and their neigh-

boring edge-structures suggests a degree of enhanced stability of the Clar model, there is another

point of comparison that bears discussing. DFT and TD-DFT calculations on �nite SWCNT

models are extensively used to analyze the excitonic and optical absorption properties of these

systems [22, 81, 82]. These calculations often use basis sets such as STO-3g, 3-21g, and 6-31g,

and exchange-correlation functionals such as B3LYP and CAM-B3LYP, and form the basis of

the methods we have applied for calculations in this thesis.

More importantly, they use �nite SWCNTs built with unit cells. It is known that using

unit cells for �nite SWCNT models has its issues, and edge-functionalization schemes must be

employed to eliminate edge-localized states that cause problems for the calculation of the exciton

absorption peak, namely theE11 [83]. These schemes aread hocfor different chiralities, and do

not always work, such as forn � m = 7 SWCNTs like the(10; 3) [84]. Some chiralities, such

as the(6; 5) and(6; 6), are well-behaved upon simple hydrogen edge-passivation as would be

expected for an unsaturated polycyclic hydrocarbon (e.g. benzene, naphthalene, etc.), but there

is a clear need for models of ultrashort SWCNTs that are well-behaved regardless of chirality.

The edge-states which trouble �nite SWCNT models made with unit cells carry two key

signatures. One of these signatures goes to the core of the termedge-state, being that the frontier

molecular orbitals (HOMO, LUMO, and also the HOMO-1 and LUMO+1) are seen to be local-

ized towards the edges of the SWCNTs. Concurrently, it is seen that these edge-localized orbitals

have energy gaps greatly reduced compared to frontier orbitals delocalized over the body of the

SWCNT, as expected for the� ,� � -electrons from a graphitic lattice [83]. In Sharma et. al. [83],
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