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This dissertation thesis has three main goals: 1) To explore the anatomy of

meshless collocation approximation methods that have recently gained attention

in the numerical analysis community; 2) Numerically demonstrate why the mesh-

less collocation method should clearly become an attractive alternative to standard

�nite-element methods due to the simplicity of its implementation and its high-

order convergence properties; 3) Propose a meshless collocation method for large

scale computational geophysical 
uid dynamics models.

We provide numerical veri�cation and validation of the meshless collocation

scheme applied to the rotational shallow-water equations on the sphere and demon-

strate computationally that the proposed model can compete with existing high

performance methods for approximating the shallow-water equations such as the

SEAM (spectral-element atmospheric model) developed at NCAR. A detailed anal-



ysis of the parallel implementation of the model, along with the introduction of

parallel algorithmic routines for the high-performance simulation of the model will

be given. We analyze the programming and computational aspects of the model us-

ing Fortran 90 and the message passing interface (mpi) library along with software

and hardware speci�cations and performance tests. Details from many aspects of

the implementation in regards to performance, optimization, and stabilization will

be given.

In order to verify the mathematical correctness of the algorithms presented

and to validate the performance of the meshless collocation shallow-water model,

we conclude the thesis with numerical experiments on some standardized test cases

for the shallow-water equations on the sphere using the proposedmethod.



MESHLESS COLLOCATION METHODS FOR THE NUMERICAL
SOLUTION OF ELLIPTIC BOUNDARY VALUED PROBLEMS
THE ROTATIONAL SHALLOW WATER EQUATIONS ON THE

SPHERE

by

Christopher D. Blakely

Dissertation submitted to the Faculty of the Graduate School ofthe
University of Maryland, College Park in partial ful�llment

of the requirements for the degree of
Doctor of Philosophy

2009

Advisory Committee:
Professor John E. Osborn, Chair
Professor Ferdinand Baer, Co-Chair
Dr. Michael Fox-Rabinovitz
Professor Konstantina Trivisa
Professor James Drake



c
 Copyright by
Christopher D. Blakely

2009



Table of Contents

List of Figures iv

1 Introduction 1
1.1 Historical Context and Motivations . . . . . . . . . . . . . . . . . . . 1

1.1.1 Why Meshless Collocation? . . . . . . . . . . . . . . . . . . . 2
1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 The Meshless Collocation Method 10
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Theory of Meshless Collocation . . . . . . . . . . . . . . . . . . . . . 12

2.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.2 Radial Functions . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2.3 Reproducing Kernel Hilbert Spaces . . . . . . . . . . . . . . . 17
2.2.4 Native Spaces of Positive De�nite Kernels . . . . . . . . . . . 21
2.2.5 Restriction and Extension . . . . . . . . . . . . . . . . . . . . 33
2.2.6 Approximation in Native Spaces . . . . . . . . . . . . . . . . . 37
2.2.7 Lagrangian interpolant form . . . . . . . . . . . . . . . . . . . 40
2.2.8 Error estimate for derivatives of scattered data interpolation . 41

2.3 Meshless Collocation Method for Elliptic PDEs in Native Spaces . . . 53
2.3.1 Deriving an error bound for symmetric meshless collocation . 65

2.4 Numerical Experiments of Meshless Collocation . . . . . . . . . .. . 72
2.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
2.4.2 Choice of Reproducing Kernels . . . . . . . . . . . . . . . . . 74
2.4.3 Implementation and numerical experiments for Elliptic Boundary-

Valued Problems . . . . . . . . . . . . . . . . . . . . . . . . . 76
2.4.3.1 Experiment 1 . . . . . . . . . . . . . . . . . . . . . . 78
2.4.3.2 Experiment 2 . . . . . . . . . . . . . . . . . . . . . . 84
2.4.3.3 Experiment 3 . . . . . . . . . . . . . . . . . . . . . . 88

2.4.4 Comparison with �nite-element method . . . . . . . . . . . . . 91
2.4.4.1 Experiment 1 . . . . . . . . . . . . . . . . . . . . . . 93
2.4.4.2 Experiment 2 . . . . . . . . . . . . . . . . . . . . . . 96

2.4.5 Accuracy/Numerical Stability Trade-o� . . . . . . . . . . . . . 99

3 A Meshless Collocation Method for the Rotational Shallow Water Equations
on the Sphere 106
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
3.2 Theoretical issues of regional approximation in global models . . . . . 107
3.3 The Shallow Water model . . . . . . . . . . . . . . . . . . . . . . . . 109

3.3.1 Implementation of the Cubed-Sphere . . . . . . . . . . . . . . 110
3.3.2 Semi-Implicit Time Discretization . . . . . . . . . . . . . . . .116

3.4 Meshless Collocation for the shallow-water equations . . . .. . . . . 118
3.4.1 Implementation of the shallow water model . . . . . . . . . . .124
3.4.2 Complete Algorithm . . . . . . . . . . . . . . . . . . . . . . . 129

ii



4 The High-Performance Parallel Computation of the Meshless Collocation
Method for the Shallow-Water Equations on the Sphere 131
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.2 Parallel Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

4.2.1 Fast parallel computation of inverting a band matrix . .. . . 133
4.2.2 Parallel Conjugate Gradient Method . . . . . . . . . . . . . . 139

4.3 Implementation of velocity and geopotential �eld . . . . . . . . . . . 142
4.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 147

4.4.1 Veri�cation and Validation . . . . . . . . . . . . . . . . . . . . 147
4.4.2 Test Case 2: Global Steady State Nonlinear Zonal Geostrophic

Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
4.4.2.1 Numerical Convergence . . . . . . . . . . . . . . . . 151
4.4.2.2 Scalability of Model . . . . . . . . . . . . . . . . . . 152

4.4.3 Test Case 5: Flow over Mountain . . . . . . . . . . . . . . . . 160
4.4.3.1 Validity of Meshless Collocation Solution: Comput-

ing Invariants . . . . . . . . . . . . . . . . . . . . . . 161
4.4.3.2 Local Re�nement in Meshless Collocation . . . . . . 167

4.4.4 Test Case 6: Rossby-Haurwitz Waves . . . . . . . . . . . . . . 174
4.4.4.1 Comparing with spectral-element solution . . . . . . 179

4.4.5 Test Case 8: Barotropic Instability . . . . . . . . . . . . . . . 180
4.4.5.1 Capturing Fast Gravity Waves . . . . . . . . . . . . 182

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

A Results from Functional Analysis 194
A.1 Banach and Hilbert Spaces . . . . . . . . . . . . . . . . . . . . . . . . 194
A.2 Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
B.3 Local Polynomial Reproduction . . . . . . . . . . . . . . . . . . . . .203
B.4 Cone condition and properties . . . . . . . . . . . . . . . . . . . . . .204
B.5 Norming sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
B.6 Local reproduction of derivatives of polynomials . . . . .. . . . . . . 219
C.7 Legendre Polynomials and Wendlend's Kernels . . . . . . . . .. . . . 225
C.8 Legendre Polynomial Expansions . . . . . . . . . . . . . . . . . . . . 225
C.9 Two-dimensional Legendre Expansions . . . . . . . . . . . . . . . . .230
C.10 Wendland's Compactly Supported Kernels . . . . . . . . . . . .. . . 232

Bibliography 236

iii



List of Figures

2.1 Examples of di�erent node distributions (Gaussian, random, uniform). 80

2.2 Pointwise error and approximationuh using 25 randomly scattered
points in 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

2.3 Pointwise error of 1089 collocation nodes for random (left) and uni-
form (right) distribution. . . . . . . . . . . . . . . . . . . . . . . . . . 82

2.4 L-shaped domain with two di�erent node con�gurations. . . . . . . . . . 85

2.5 L-shaped domain approximation with N = 100. . . . . . . . . . . . . . . 86

2.6 L-shaped domain pointwise error plot in two di�erent node con� gurations
with N = 25 and N = 100. . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.7 L-shaped domain with 30 interior nodes and 18 (left) and 54 (right) bound-
ary nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

2.8 Collocation solution with N = 286 random nodes. . . . . . . . . . . . . . 90

2.9 Pointwise error for N = 9 (left) and N = 25 (right) collocation nodes in 
. 91

2.10 Piecewise-linear Finite element solution with 153 (left) and 310 (right)
nodes from mesh.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

2.11 Piecewise-linear Finite element solution with 577 (left) and 789 (right)
nodes from mesh.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

2.12 Meshless collocation solution with 153 (left) and 310 (right) collocation
nodes in 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

2.13 Finite element solution with 50 and 150 triangle discretizion 
. . . . . . . 97

2.14 Finite element solution with 913 nodes from mesh in 
. . . . . . . . . . . 98

2.15 (Left) L 1 norm of the power function asN increases for uniform random
grids. (Right) Condition number of A X on uniform and random grids. . . 102

2.16 Power function on 
 for 4 di�erent sets X with N = 100; 200; 300; 400.
Two di�erent angles shown. . . . . . . . . . . . . . . . . . . . . . . . . 103

2.17 Condition numbers (top) and power function norm (bottom) fo r the three
di�erent kernels de�ned by  1,  2,  3. . . . . . . . . . . . . . . . . . . . 105

iv



3.1 Discretized Cubed-Sphere . . . . . . . . . . . . . . . . . . . . . . . . 115

4.1 Example of 6� 6 matrix with bandwidth 5 and its 3 � 3 block tridiagonal
matrix representation. . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4.2 Diagram of of the forward inverse process on a simple 3� 3 block matrix. 136

4.3 Example of the back inverse process on a 3� 3 block matrix. . . . . . . . 136

4.4 Example of the outside inverse computations on a 3� 3 block matrix. . . 137

4.5 Mesh arrangements for the meshless collocation approximation on the
sphere. The cube is tiled using 24 regions and Gauss Lobatto Legen-
dre collocation nodes are distributed on each region (top) along with two
additional re�nements (middle) and (bottom). . . . . . . . . . . . . . . . 153

4.6 L 1 error of the three mesh con�gurations. We use a time step �t of 1=288,
namely 288 time steps per rotation of the sphere. . . . . . . . . . . . . . 154

4.7 Scalability factors for the spectral element (SE) and meshless collocation
(MC) solutions. Left 9600 nodes; right 18816 nodes.. . . . . . . . . . . . 159

4.8 Geopotential height isolines of days 1 and 3 of model integration. The
model used 1560 uniform collocation nodes over entire cubed-sphere. As
clearly seen, steady state 
ow from test case 2 becomes nonlinear due to
the obstructive mountain. . . . . . . . . . . . . . . . . . . . . . . . . . 162

4.9 Geopotential height isolines of days 5 and 8 of model integration. Flow is
clearly nonlinear at this point and large gradients form near the mountain. 163

4.10 Collocation node arrangements I, II, and III. The grid of nodes is re�ned
locally on II and then re�ned again on III. . . . . . . . . . . . . . . . . . 165

4.11 Invariants of the MC solution over 200 days of integration for di�erent
node sets. (Red) Collocation node set I, (Green) Collocation node set II,
(Blue) Collocation node set III. . . . . . . . . . . . . . . . . . . . . . . 166

4.12 Initial condition of cubed-sphere layout at two di�erent ang les with 900
nodes allocated to face 2.. . . . . . . . . . . . . . . . . . . . . . . . . . 168

4.13 Plots of the geopotential meshless collocation approximation after 44 and
100 days. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

4.14 Plots and contours of the geopotential approximation after 44 and 100 days170

4.15 A zoom-in on the regional meshless approximation at 44 and 100days . . 171

v



4.16 L1 di�erences of regional meshless approximation with 400,900, 1200
nodes to high-order 64 element solution (top). L1 di�erencesof SE ap-
proximation with 4,9, and 16 elements to high-order 64 element solution
(bottom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

4.17 Plot of the geopotential at 90 days and then at 120 days. The collocation
solution was computed using 9 regions per face with GLL nodeson all
faces except face 4, where a random distribution was given.. . . . . . . . 176

4.18 Plot of the geopotential at 200 days. . . . . . . . . . . . . . . . . . . . . 177

4.19 Plot of the contours of the geopotential at 90, 120, and 200 days. . . . . . 178

4.20 Plot of L1 di�erences between the meshless approximation onthe face 2
and the high-order 64-element spectral element solution in the same region.180

4.21 Initial conditions of the problem. Zonal pro�le of the initi al zonal wind
and initial balanced height �eld with a superimposed perturbation. . . . . 183

4.22 Divergence �eld illustrating gravity wave propagation fro m the initial per-
turbation at 4 and 6 hours. Results from meshless collocation approxima-
tion with time step 15 seconds.. . . . . . . . . . . . . . . . . . . . . . . 184

4.23 Divergence �eld illustrating gravity wave propagation fro m the initial per-
turbation at 8 and 10 hours. Results from meshless collocation approxi-
mation with time step 15 seconds. . . . . . . . . . . . . . . . . . . . . . 185

4.24 Height �eld illustrating gravity wave propagation from the initial pertur-
bation at 8 and 10 hours. Results from meshless collocation approximation
with time step 15 seconds. . . . . . . . . . . . . . . . . . . . . . . . . . 186

4.25 Meshless collocation solution of vorticity �eld with nearl y 15,000 colloca-
tion nodes and a time step of 15 seconds. Plot of �eld after 48 and 72
hours. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

4.26 Meshless collocation solution of vorticity �eld with nearl y 15,000 colloca-
tion nodes and a time step of 15 seconds. Plot of �eld after 80 and 90
hours. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

vi



Chapter 1

Introduction

1.1 Historical Context and Motivations

The meshless collocation method for approximating solutions to partial di�er-

ential equations (PDEs) is a recent and fast growing research area that spans many

di�erent �elds in applied mathematics, science and engineering. As the name sug-

gests, it deals with computing the numerical solution of a PDE ona set of given data

locations that are scattered throughout the domain of interest, all without the use

of a computational mesh which are traditionally required in standard spectral, �nite

element, and �nite di�erence methods. Instead, the method usescollocation in the

sense that it poses the approximation to be satis�ed exactly on a setof collocation

points, or nodes, in the domain of interest and on the boundary.

Historically, collocation methods for the solution of PDEs have been centered

mathematically on a fairly simple approach to approximation. The methods typi-

cally choose a �nite dimensional approximation space of candidate solutions along

with a �nite collection of points in the domain and boundary (called collocation

points or node) and aim at selecting the solution that satis�es the given PDE ex-

actly at those points. A popular choice in the literature for the �nite dimensional

approximation space of candidate solutions are (orthogonal)polynomials up to a

certain degree. While these methods have generally shown great success using such
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polynomial spaces as Chebychev or Legendre polynomials (see Boyd [13]), adapting

them to nontrivial domains which are either nonconvex, nonsmooth, or both has

been a limiting drawback to the method due to the fact that thecollocation points

are required to be Gaussian-type quadrature points. While the method has been

shown to converge ([13]), this type of collocation limits themethod geometrically.

1.1.1 Why Meshless Collocation?

Freedom to choose the collocation points is of course a highly desirable feature

in collocation and hasn't been available until the recent mathematical innovations of

meshless collocation. In chapter 2, we investigate these innovations, which include

the so-calledNative Spacetheory of symmetric positive de�nite kernels, developed

in the seminal paper by Schaback [44], and their connection with reproducing kernel

Hilbert spaces. We will try to demonstrate why and how the theory of native spaces

work in the context of scattered data approximation and, moregenerally, collocation

for PDEs.

As we will show, this approach to collocation enables the choice of a collection

of collocation points that can be a rather general set of scattered data points satisfy-

ing mild restrictions to ensure convergence. The �nite dimensional space is the span

of functions of the form 	( �; x1); : : : ; 	( �; xN ) where x1; : : : ; xN are the collocation

nodes and 	 : 
 � 
 7! R will be chosen to be a compactly supported symmetric

positive de�nite kernel which satis�es high-order smoothness and algebraic spectral

decay.
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So why would one want to use meshless collocation for numerically solving

PDEs in the �rst place? Aren't �nite element and di�erence methods (FEM, FDM)

powerful enough? After all, the theory of both methods reach back through the

1950s, with thousands of research papers and a slew of books on thesubject. Fur-

thermore, new innovations for FE solution and re�nement techniques are making

way into many commercial software packages (FEMlab, FEMpack,etc.) for tackling

large-scale/high-performance problems in all engineering�elds, atmospheric science,

physics, and so on.

Motivations for employing meshless collocation might stem from the desire to

approximate solutions to PDEs where boundaries to the domainof interest have

either very complicated geometric structures or even move intime dependent prob-

lems. As we hope to demonstrate in this thesis, another desirable feature of meshless

collocation is its approximation robustness and fast convergence rates for smooth

problems, as well as overall ease of implementation. One of themajor advantages

of meshless collocation over traditional and generalized �nite element methods (see

[7] for example) that we stress to communicate in this thesis is that meshless collo-

cation does not require numerical quadrature for integration since integration is not

performed in the collocation method.

A grand challenge in the current trend of generalized �nite element methods

comes in selecting optimal quadrature points and weights forthe numerical integra-

tion over supports of the underlying basis functions. The introduction of quadrature

then of course leads to additional numerical errors which canpropagate throughout

the global approximation. The fact that no integration is done in collocation greatly
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simpli�es the implementation of the method and allows much freedom in selecting

the basis kernels and the placement of collocation nodes. Furthermore, since no

triangularization or rectangularization of the domain is required, collocation can

be used on much more general smooth manifolds without the problem of domain

discretization errors.

The �nal goal for this thesis will be to demonstrate numerically how and why

meshless collocation can compete with standard computationalmethods for large-

scale numerical solutions to nonlinear PDEs. For this, we tacklethe problem of

applying meshless collocation to a large-scale geophysical dynamics model.

Two fundamental problems in numerically simulating Global Climate Mod-

els (GCM) which have challenged researchers during the past few decades are the

long-term stability requirements in the underlying numerical approximations of the

climate model along with the sensitivity to small changes in regional scales of the

model. Most GCMs in the past have had di�culty being able to simulate regional

meteorological phenomena such as tropical storms, which play an important part

in the latitudinal transfer of energy and momentum. This is partly due to the fact

that climate models have traditionally employed spectral methods using spherical

harmonics which are global and require excessively large resolution in order to in-

herit any properties which can be used to study regional scale phenomenon (see

Baer et al. [6]). This is a massive computational burden since the increase in reso-

lution must be done globally due to the nature of the numericalmethod. In order

to tackle these two problems in a computationally e�cient manner, the high-order

convergence and approximation properties of global spectral methods would ulti-
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mately need to be coupled with the ability to locally re�ne approximation results of

the model in certain regions of the global domain.

In the �nal part of the thesis, we propose, implement, and experiment with a

meshless collocation paradigm for use in the parallel high-performance simulation

of nonlinear geophysical models while keeping these two problems that have chal-

lenged researchers in computational geophysics and climatology in mind. Due to

its simplicity while still retaining some of the nonlinear challenges of larger, more

complex geophysical models, our geophysical model of choice will be the rotational

shallow-water equations on the sphere.

Ultimately, we wish to show that our proposed meshless collocationmethod

can compete with the many models and benchmarks published in today's high-

performance scienti�c computing industries, and can also provide an attractive al-

ternative to standard �nite-element techniques for regional and global modeling of

geophysical 
uid dynamics.

1.2 Thesis Outline

This dissertation thesis has three main goals: 1) To explore the anatomy of

meshless collocation approximation methods that have recently gained attention

in the numerical analysis community; 2) Numerically demonstrate why the mesh-

less collocation method should clearly become an attractive alternative to standard

�nite-element methods due to the simplicity of its implementation and its high-

order convergence properties; 3) Propose a meshless collocation method for large

5



scale computational geophysical 
uid dynamics models.

In chapter 2 of the thesis, we give a tour of some of the theoretical highlights of

meshless collocation that we hope will demonstrate the robust approximation power

of the method. Much of the theory of meshless collocation that is featured in this

thesis was developed by Schaback and Wendland the past decade in a combination

of papers. We summarize the important aspects of the theory and give detailed

proofs for the main results.

In the second part of chapter 2, we will explore implementational issues of

meshless collocation and give a suite of numerical experimentsfor the approximation

method which will aim at verifying and validating many of the theoretical claims

and results discussed in the �rst part of the chapter. We hope to demonstrate

the computational robustness of meshless collocation for di�erent types of domains

which are convex, nonconvex, smooth, and nonsmooth where we focus primarily

on determining numerical convergence rates for the method while using di�erent

collocation node distributions.

In the �nal part of the second chapter, we provide a computational comparison

between the meshless collocation method and the standard �nite-element method

with piecewise linear elements on a few di�erent test problemsto assess the di�er-

ences in numerical convergence and stability issues. As already mentioned, one of

the major advantages of meshless collocation over traditional and generalized �nite

element methods that we will continue to highlight in this thesis is that meshless

collocation does not require numerical quadrature for integration since integration

is not performed in the collocation method. Clearly, this isone desirable feature

6



since it renders implementational issues much easier to handle computationally.

In an e�ort to demonstrate that meshless collocation can compete with spectral/�nite-

element methods in regards to numerical robustness and computational speed for

solving large-scale problems in geophysical dynamics problems on the sphere, in the

last two chapters of the thesis, we introduce a new meshless collocation method for

solving the rotational shallow-water equations on the sphere.The method we pro-

pose is quite versatile in that it can be constructed using any set of collocation points

in the domain. Being roughly based on the theory of pseudospectral approximation,

this meshless collocation method seeks to approximate pointwise values and their

derivatives by using a di�erentiation matrix construction similar to pseudospectral

methods. One of the advantages that we attempt to demonstrate is that the method

is not only fast and easy to implement, but also that the matricesresulting from

the linear systems in conjuction with the semi-implicit time stepping scheme that

we propose are symmetric and positive de�nite. This enables fastparallel conjugate

gradient solvers for obtaining the solution at each collocation node.

We begin chapter 3 by �rst discussing the geophysical model that wewill

use, namely the rotational shallow-water equations on the sphere, and then give its

discretization on the so-called cubed-sphere followed by a semi-implicit time stepping

scheme to integrate the geophysical model in time. Lastly, we discuss in detail the

construction of the meshless collocation approach using compactly supported radial

basis functions. We show how to apply the method at each semi-implicit time step

to yield a symmetric positive de�nite system that can be solved using conjugate

gradient.
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In the �nal part of the thesis, we provide numerical veri�cation and validation

of the meshless collocation scheme applied to the rotational shallow-water equa-

tions on the sphere introduced in chapter 3. Our goal is to show computationally

that this proposed model can compete with existing high performance methods for

approximating the shallow-water equations such as the SEAM (spectral-element at-

mospheric model) developed at NCAR all while highlighting the advantages and

disadvantages of the method. A detailed analysis of the parallel implementation

of the model, along with the introduction of parallel algorithmic routines for the

high-performance simulation of the model will be given. We analyze the program-

ming and computational aspects of the model using Fortran 90 and the message

passing interface (mpi) library along with software and hardware speci�cations and

performance tests. Details from many aspects of the implementation in regards to

performance, optimization, and stabilization will be given.

A theoretical discussion of regional modeling in geophysical systems will then

introduce the �nal numerical experiments section of the thesis. In order to verify

the mathematical correctness of the algorithms presented andto validate the per-

formance of the meshless collocation shallow-water model, we conclude the thesis

with numerical experiments on some standardized test cases for the shallow-water

equations on the sphere using the proposed method. These test cases,introduced by

Williamson et al. in [71], are now considered the standard test suite for analyzing

the performance of newly proposed numerical schemes for the spherical SWEs.

We end the thesis with a conclusion summarizing the numerical and theoret-

ical e�orts of this project including a discussion on some of the advantages and

8



disadvantages that we have experienced using meshless collocation as a method for

solving large-scale PDEs. Directions into further ongoing developments and future

research in the �eld of meshless collocation will also be given.
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Chapter 2

The Meshless Collocation Method

2.1 Introduction

The meshless collocation method for approximating solutions to partial dif-

ferential equations (PDEs) is a recent and fast growing research area that spans

many di�erent �elds in applied mathematics, science and engineering. As the name

suggests, it deals with computing the numerical solution of a PDEon a set of given

data locations that are scattered throughout the domain of interest, all without the

use of a computational mesh as in the classical �nite element and di�erence meth-

ods. The method uses collocation in the sense that it poses the approximation to be

satis�ed exactly on a set of collocation points, or nodes, in the domain of interest

and on the boundary.

Motivations for employing meshless collocation might stem from the desire to

approximate solutions to PDEs where boundaries to the domainof interest have

either very complicated geometric structures or even move intime dependent prob-

lems. As we hope to demonstrate, we take interest in meshless collocation namely

due to its approximation robustness and ease of implementation, and also to the

fact that approximation re�nement with collocation is rather simple to implement

as we will see; simply increase the number of collocation nodes in the domain, no

need to re�ne a mesh.
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The theory behind the meshless collocation method that we use inthis the-

sis actually stems from the theory of scattered data approximation (an excellent

resource to the �eld of scattered data approximation is provided by H. Wendland

in [66].) Scattered data approximation heavily relies on the theory of reproducing

kernel Hilbert spacesand so-callednative spacesof positive de�nite functions. The

notion of native spaces of positive de�nite functions was initially introduced by Sch-

aback in [46] to provide a framework for the approximation offunctions u from a

certain Hilbert spaceH. The approximation was assumed to be done on scattered

samples of the functionu and thus an interpolant was created out of positive de�nite

kernels to interpolate the scattered data. The idea of the native spaces of the kernel

was to show equivalence with the Hilbert space in regards to the norm of the Hilbert

space. This way, analysis of error estimates and stability couldbe done directly in

the native space.

In this chapter, we wish to investigate the symmetric meshless collocation

method as an attractive alternative to standard �nite element methods by highlight-

ing some of the main features which makes this collocation method such a numerical

success. In the �rst part of the chapter, we review results from reproducing kernel

Hilbert spaces and the notion of native spaces for positive de�nite functions and

discuss their properties which provide much of the theoretical backbone of meshless

collocation. We then give a fairly detailed analysis of the main fundamental error

estimate for scattered data approximation in native spaces which is the underly-

ing prerequisite to understanding the success of meshless collocation. The third

part of the chapter then discusses the symmetric meshless collocation method for

11



boundary-valued elliptic partial di�erential using the theory derived from scattered

data approximation in native spaces of positive de�nite kernels. Deriving the main

error estimate for meshless collocation will then conclude thetheoretical portion of

the chapter. For the �nal part of the chapter, we take an in-depth numerical tour of

symmetric meshless collocation which will aim at providing further insight into the

numerical robustness of the collocation method. We will give an explicit example of

how the collocation method is constructed computationally and applied to a simple

elliptic PDE. The numerical convergence rate for a few example problems will then

be given along with a section dedicated to comparing the performance of the �nite

element method and the meshless collocation method for a couple elliptic problems

on both smooth and nonsmooth nonconvex domains. We conclude thenumerical

section with a study on the numerical stability of the collocation method.

2.2 Theory of Meshless Collocation

2.2.1 Preliminaries

Before we begin the discussing the tools needed for the meshless collocation

method, we must mention some notation that will be used for the domain 
 on

which we work. Unless otherwise stated, we will de�ne 
 to be an open bounded

connected set inR2 (which we will frequently call adomain) and assume in addition

that 
 satis�es an interior cone condition and has a Lipschitz boundary @
. We

will use the following de�nition of the cone condition.

De�nition The set 
 satis�es an interior cone condition if there exists an angle
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� 2 (0; �= 2) and a radiusr > 0 such that for everyx 2 
 a unit vector � (x) exists

such that the cone

C(x; � (x); �; r ) := f x + � y : y 2 R2; kyk2 = 1; yT � (x) � cos(� ); � 2 [0; r ]g (2.1)

is contained in 
.

As we will see, the cone condition property will become important in the analysis

of the meshless collocation method as it allows for di�erent approximation results

to hold which we will discuss later in the thesis.

Fundamental to the concept of the meshless collocation methodis the set of

collocation nodes on which approximations are computed. Tothis end, we de�ne a

set ofN pairwise distinct points(or simply nodesas we will sometimes call them) as

XN = f xN
1 ; : : : ; xN

N g � 
, where the superscript on each pointxN
j 2 X N denotes the

dependence onN . For a given integerN , we associate with the setXN a measure

hXN ;
 de�ned by

hXN ;
 = sup
x 2 


min
x N

j 2X N

kx � xN
j k2: (2.2)

We will call this the point saturation measureor �ll distance of XN and it can be

interpreted as follows: for anyx 2 
, there is a node xN
j 2 X N within a distance at

most hXN ;
 .

It is natural for convergence of approximations to require that the distribution

of points XN has the property that asN ! 1 , then hXN ;
 ! 0. In other words the

distribution of points in XN � 
 should \cover" 
 rather well. In order to help us

in determining if the domain 
 is \covered" su�ciently well, w e introduce another

useful quantity associated with the point distribution XN . This is the separation
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distancede�ned as

qXN :=
1
2

min
j 6= k

kxN
j � xN

k k2; (2.3)

which is half the shortest distance between any two distinct points in XN . Using

qXN and hXN ;
 , we can de�ne the notion ofquasi-uniform for a family of setsXN .

De�nition We say that the family of setsXN � 
 is quasi-uniform with respect

to a constant c > 0 if

qXN � hXN ;
 � cqXN (2.4)

for any N > 1.

The quasi-uniform property for the family of setsXN ensures that the separation

distanceqXN and the �ll distance hXN ;
 are equivalent in that their ratio hXN ;
 =qXN

can be bounded below by 1 and above by a constantc for any N > 1.

To see the importance of the quasi-uniform property, let us �rstconsider a uni-

form family of centersXN in the following example. Let 
 = (0 ; 1)2 and de�ne XN :=

(1=N)Z2\ 
 for N � 2 (for exampleX3 := f (1=3; 1=3); (1=3; 2=3); (2=3; 1=3); (2=3; 2=3)g.

Then the separation distance isqXN = 1
2N while the �ll distance is hXN ;
 =

p
2

N and

thus the quasi-uniform constant isc = 2
p

2. Obviously in the uniform case, the

nodes inXN \cover" 
 arbitrarily well in that no point x 2 (0; 1)2 is greater than

a distance of
p

2qXN to its nearest neighboring node inXN . In the quasi-uniform

case, we would thus like for the constantc to be as close to 2
p

2 as possible; the

closerc is to 2
p

2, the closerXN is to being purely uniform. This ensures that the

nodes inXN are not too close together and at the same time \cover" 
 rather well

as N ! 1 .
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We note that the left-hand side of the inequality in (2.4) is not only a restriction

on XN , but also on 
. There are instances in which the left-hand inequality does

not hold true for an open bounded set 
 and a givenXN . However, if 
 satis�es the

interior cone condition with radius r > 0 and qXN < r , then it can be shown that

qXN � hXN ;
 holds (see page 232 of Wendland [66]). Another instance in whichthe

inequality holds is in the case 
 is convex.

Without any chance of misunderstanding, we will often use throughout the

remainder of this thesis an abbreviated notation for the point saturation and sep-

aration distances by suppressing the notation of the dependenceon XN and 
 by

simply letting h := hXN ;
 and q := qXN . We will also occasionally denote the set of

nodesXN by X := f x1; : : : ; xN g.

2.2.2 Radial Functions

Before we de�ne the notion of reproducing kernels and nativespaces, we discuss

radial functions which will be used to derive the reproducingkernels we are interested

in. In this thesis, we will consider classes of reproducing kernels that are radial

functions.

De�nition A function 	 0 : R2 7! R is said to be radial if there exists a function

 : [0; 1 ) 7! R such that 	 0(x) =  (kxk2), for all x 2 R2.

Speci�cally, we are interested in radial functions 	0 2 L1(R2) \ C(R2) possessing a

multivariate Fourier transform de�ned as

b	 0(! ) =
Z

R2
	 0(x)e� i x �! dx;
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that decays algebraically of orders 2 R+ . This means there exists constants 0�

c1 � c2 such that

c1(1 + k! k2
2)� s � b	 0(! ) � c2(1 + k! k2

2)� s; ! 2 R2 (2.5)

for k! k2 ! 1 . Now if s > 1, we see thatb	 0 2 L1(R2). Thus we consider radial

functions 	 0 2 L1(R2) \ C(R2) such that s > 1. This is an important property

which we will need later on.

The �nal property that we will be interested in for our class of radial functions

is the positive de�nite property.

De�nition A continuous and even radial function 	0 : R2 7! R is said to be

positive de�nite on R2 i� for any N 2 N, all sets of pairwise distinct nodesX =

f x1; : : : xN g � R2, and all vectors� 2 RN =0, the quadratic form

NX

i =1

NX

j =1

� i � j 	 0(x i � x j ) (2.6)

is positive.

It is easy to see that the de�nition of positive de�niteness for a radial function

	 0 is equivalent to the requirement that the matrix A X with entries A X [i; j ] =

	 0(x i � x j ) is positive de�nite for any set X of distinct nodes. This property will

become quite useful later when we attempt to solve scattered data interpolation

problems.

For the moment, let us assume that such a radial function 	0 2 L1(R2) \ C(R2)

discussed in this section exists. Namely, one that satis�es the Fourier decay property
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(2.5) with s > 1 and the positive de�nite property (2.6). Later, we will review a

class of radial functions called the Wendland functions thatsatisfy these properties.

We now discuss the notion of reproducing kernels and reproducing kernel

Hilbert spaces. We then show how we connect our class of radial functions 	 0

with reproducing kernels.

2.2.3 Reproducing Kernel Hilbert Spaces

Reproducing kernel Hilbert spaces which have been thoroughlystudied in re-

cent decades since the seminal paper by Aronszajin in ([4]). Most of the recent

theory has been studied by Schaback in papers such as [46], [47]and references

therein. In this section, we brie
y summarize and give some fundamental results

from the theory of reproducing kernel Hilbert spaces that we will use throughout

the thesis.

We note that the theory of reproducing kernel Hilbert spaces only requires

that 
 � R2 be a nonempty set. Of course, this is much more general than what

we will need later in the thesis when we try to numerically solvePDEs. So without

taking away from the generality of the theory, we will continue to consider open

bounded connected sets 
� R2 discussed in 2.2.1. We will also only consider real

vector spaces of real-value functions in this thesis. We begin with the de�nition of

a kernel and a special type of kernel called areproducing kernel.

De�nition A function 	 : 
 � 
 7! R is called akernel.

De�nition Let H be a Hilbert space of functionsf : 
 7! R with inner product
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(�; �)H . A function 	 : 
 � 
 7! R is called areproducing kernelfor H if

1. 	( �; y ) 2 H for all y 2 
,

2. f (y) = ( f; 	( �; y ))H for all f 2 H and all y 2 
.

From these properties in the de�nition, we can easily see that the reproducing

kernel of a Hilbert space is uniquely determined. Suppose thereare two repro-

ducing kernels 	 1 and 	 2 for H that satisfy the above properties. Then 2. gives

(f; 	 1(�; y ) � 	 2(�; y ))H = 0 for any f 2 H and y 2 
. But if we let f � 	 1(�; y ) �

	 2(�; y ) 2 H for any �xed y 2 
, then (	 1(�; y ) � 	 2(�; y ); 	 1(�; y ) � 	 2(�; y ))H = 0

which implies 	 1(�; y ) = 	 2(�; y ) and we see the uniqueness.

We now consider the dual spaceH 0 of H . It contains all bounded linear

functionals � on H and is equipped with a dual norm

k� kH 0 := sup
f 2H =f 0g

� (f )
kf kH

; 8� 2 H 0: (2.7)

We will typically denote functions fromH using Latin letters f; g; : : : and functionals

from the dual spaceH 0 using Greek letters�; �; : : : . One functional that we will use

frequently is the point evaluation functional� x 2 H 0 de�ned by � x (f ) = f (x) for any

f 2 H and x 2 
. Using the point evaluation functional and Riesz' representation

Theorem, we give a characterization of a Hilbert space with a reproducing kernel,

originally found in Schaback [46].

Theorem 2.2.1. SupposeH is a Hilbert space of functionsf : 
 7! R. Then the

following statements are equivalent.

1. The point evaluation functions are continuous, i.e.,� y 2 H 0 for all y 2 
 .
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2. H has a reproducing kernel.

Proof. Suppose that the point evaluations are continuous. Using Riesz' represen-

tation theorem, there exists an element 	y 2 H such that � y (f ) = ( f; 	 y )H for

all f 2 H . Thus we see that 	( x; y) := 	 y (x) is the reproducing kernel ofH .

Now suppose thatH has a reproducing kernel 	. This means that for anyf 2 H ,

� y (f ) = f (y) = ( f; 	( �; y ))H . Then j� y (f )j = j(f; 	( �; y ))H j � k f kH k	( �; y )kH for

all f 2 H , thus � y 2 H 0.

We can also use the Riesz representation Theorem to show the following

Theorem 2.2.2. SupposeH is a Hilbert space of functionsf : 
 7! R with repro-

ducing kernel	 . Then we have

1. 	( x; y) = (	( �; x); 	( �; y ))H = ( � x ; � y )H 0 for all x; y 2 


2. 	( x; y) = 	( y ; x) for all x; y 2 
 .

Proof. The Riesz' representationR : H 0 7! H for point evaluations is given by

R(� y ) = 	( �; y ) due to the reproducing kernel properties. Thus sinceH 0 carries the

inner product (� x ; � y )H 0 = ( R(� x ); R(� y ))H , we have

(� x ; � y )H 0 = (	( �; x); 	( �; y ))H :

Furthermore, we have 	( x; y) = � x (	( �; y )) = (	( �; y ); 	( �; x))H = (	( �; x); 	( �; y ))H ,

from which we get properties 1. and 2.

We see that Riesz' representation Theorem in reproducing kernel Hilbert spaces

is quite useful since it allows us to represent the kernel by point evaluation func-

tionals in the dual space and vice-versa. We use this in following Theorem from
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Schaback [46] that connects some important properties aboutreproducing kernel

Hilbert spaces. The Theorem will be useful throughout the remainder of this thesis

as we will be able to deduce many results on native spaces which will be encountered

later.

Theorem 2.2.3. Let H be a reproducing kernel Hilbert space of functions on
 with

kernel 	 and let X = f x1; : : : ; xN g be any set ofN distinct points in 
 . Then the

following properties are equivalent.

1. The functions 	( �; x j ) for all x j 2 X are linearly independent on
 .

2. The matrix A X de�ned by A X [i; j ] = 	( x i ; x j ) is symmetric positive de�nite.

3. The point evaluation functionalsf � x j g for all x j 2 X are linearly independent.

Proof. The equivalence of properties 2 and 3 follows directly from the Riesz' repre-

sentation theorem in the reproducing kernel Hilbert space. Indeed, for any set ofN

pairwise distinct points X � 
 and � 2 RN f 0g we have

NX

j =1

NX

k=1

� j � k 	( x j ; xk) =
� NX

j =1

� j 	( �; x j );
NX

k=1

� k 	( �; xk)
�

H

=
� NX

j =1

� j � x j ;
NX

k=1

� k � x k

�

H 0
=






NX

j =1

� j � x j




 2

H 0 � 0:

(2.8)

The last expression is zero only if the point evaluation functionals � x j are linearly

dependent. Thus properties 2 and 3 are equivalent.

We now show that properties 1 and 2 are equivalent. Suppose thatthe set

of functions 	( �; x j ) 2 H for all x j 2 X are linearly independent. Then for any
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� 2 RN not all zero, we have by Theorem 2.2.2 that

NX

i =1

NX

j =1

� i � j (	( �; x i ); 	( �; x j ))H =
NX

i =1

NX

j =1

� i � j 	( x i ; x j ): (2.9)

The left-hand side of this equality is the Gram matrix for the functions 	( �; x j ),

for x j 2 X , with entries (	( �; x i ); 	( �; x j ))H . So we see that 	(�; x1); : : : ; 	( �; xN )

are linearly independent if and only if the matrix 	( x i ; x j ) is symmetric positive

de�nite making the right side of the equality positive. This implies that 1 and 2 are

equivalent.

If a kernel 	 is a reproducing kernel for the Hilbert spaceH, then we will say

that H is the native spacefor 	, where we denote the native space of 	 by N 	 (
),

namely H = N 	 (
). We will see this in a more formal manner in the next section

on Native spaces for positive de�nite functions.

2.2.4 Native Spaces of Positive De�nite Kernels

Let us consider kernels 	 2 C(
 � 
) which are symmetric, (	( x; y) =

	( y ; x)), and positive de�nite in the sense that for anyN 2 N, all sets of pair-

wise distinct nodesX = f x1; : : : xN g � R2, and all vectors� 2 RN =0, the quadratic

form
NX

i =1

NX

j =1

� i � j 	( x i ; x j ) (2.10)

is positive. We will refer to such kernels as SPD kernels. For example, if we de�ne

the kernel 	( x; y) := 	 0(x � y) where 	 0 is a positive de�nite and radial function,

then certainly 	 is a symmetric positive de�nite kernel. We have thus generalized

the notion of positive de�nite functions to kernels.
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From Theorem 2.2.3 in the previous section, we are aware that SPD kernels

	 appear naturally as the reproducing kernel of Hilbert spaces.However, one does

not usually begin with a Hilbert function space and attempt to derive the reproduc-

ing kernel. Instead, we are rather interested in constructing native Hilbert spaces

from SPD kernels. As we will investigate later in this section, this allows us to

build Hilbert spaces of certain degrees of smoothness dependenton the smoothness

properties of the kernel 	.

We show in this section how to construct native Hilbert spaces on sets 
 � R2

using SPD kernels. Once again, as in the previous section, the theory of native

spaces allows 
 to be quite general, as long as it is a measurableset. In fact, this

theory can even be generalize to 
� Rd for any integer choice ofd. Later in

the thesis however, we will need to restrict ourselves to cases inwhich 
 is open,

bounded, and connected and satis�es a cone condition. But for right now, we can

assume 
 � R2 is quite general.

Consider the in�nite dimensional real linear space on 
 de�ned by

F	 (
) := span f 	( �; x) : x 2 
 g (2.11)

equipped with the bilinear form

� NX

i =1

� i 	( �; x i );
MX

j =1

� j 	( �; y j )
�

	
:=

NX

i =1

MX

j =1

� i � j 	( x i ; y j )

for any sets of distinct pointsX = f x1; : : : ; xN g and Y = f y1; : : : ; yM g and integers

N ,M . (For example, if we takeN = M = 1 and � 1 = � 1 = 1, we simply get

the formula (	( �; x); 	( �; y )) 	 = 	( x; y); x; y 2 
.) In the following Theorem, we
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show that F	 (
) is a pre-Hilbert space with reproducing kernel 	 and inner p roduct

(�; �)	 .

Theorem 2.2.4. (Wendland [66], Chapter 10) If 	 : 
 � 
 7! R is a symmetric

positive de�nite kernel, then(�; �)	 de�nes an inner product onF	 (
) . Furthermore,

F	 (
) is a pre-Hilbert space with reproducing kernel	 .

Proof. Since 	 is symmetric, it is clear that ( �; �)	 is symmetric and bilinear and

thus de�nes an inner product on the spaceF	 (
). Choose an arbitrary function

f =
P N

i =1 � i 	( �; x i ) 6� 0 from F	 (
). Then the de�nition of the bilinear form gives

(f; f )	 =
NX

i =1

NX

j =1

� i � j 	( x j ; xk) > 0 (2.12)

by the fact that 	 is positive de�nite. Furthermore, we have fo r any y 2 
,

(f; 	( �; y )) 	 = (
NX

j =1

� j 	( �; x j ); 	( �; y )) 	 =
NX

j =1

� j 	( y ; x j ) = f (y);

which establishes that 	 is the reproducing kernel forF	 (
).

We now show that the completion of the pre-Hilbert spaceF	 (
), denoted by

F 	 (
), with respect to the inner product is the native space for 	. We need to inter-

pret the abstract elements of the completion as functions. Since the point-evaluation

functionals are continuous on the pre-Hilbert spaceF	 (
), their extensions to the

completion remain continuous. Thus the point evaluation functionals � x can be used

to de�ne elements of the completion. To see this clearly, letf 2 F 	 (
). Since F 	 (
)

is the closure ofF	 (
), there exists a sequencef j 2 F	 (
) such that lim j !1 f j ! f

in F 	 (
). Now we can de�ne � x (f ) = lim j !1 � x (f j ) by extending the functional � x

to F 	 (
) by continuity.
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Now let R be de�ned as the mapping

R : F 	 (
) 7! C(
) ; R(f )(x) := ( f; 	( �; x)) 	 : (2.13)

The resulting functions are indeed continuous since

jRf (x) � Rf (y)j = ( f; 	( �; x) � 	( �; y )) 	 � k f k	 k	( �; x) � 	( �; y )k	

and

k	( �; x) � 	( �; y )k2
	 = 	( x; x) + 	( y ; y) � 2	( x; y);

which goes to zero asx ! y by the continuity of 	. Furthermore, we have R(f )(x) =

(f; 	( �; x)) 	 = f (x) for all x 2 
 and all f 2 F	 (
). From this we have the following

lemma.

Lemma 2.2.1. The linear mappingR : F 	 (
) 7! C(
) is injective.

Proof. Rf = 0 for an f 2 F 	 (
) would mean that ( f; 	( �; x)) 	 = 0 for all x 2 


implying that f ? F	 (
). But since F 	 (
) is the completion of F	 (
), the only

element fromF 	 (
) which is perpendicular to F	 (
) is f = 0.

We can now conclude that the native Hilbert space of the positivede�nite

kernel 	 is indeed the completion of F	 (
), F 	 (
).

De�nition The native Hilbert function space corresponding to the symmetric pos-

itive de�nite kernel 	 : 
 � 
 7! R is de�ned by

N 	 (
) := R(F 	 (
))

and carries the inner product

(f; g )N 	 (
) := ( R� 1f; R � 1g)	 :
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We just saw that the space de�ned byN 	 (
) := R(F 	 (
)) is indeed a Hilbert

space of continuous functions on 
 with reproducing kernel 	. Furthermore, since

	( �; x) is an element ofF	 (
) for any x 2 
, it is unchanged under the mapping R

and hencef (x) = ( R� 1f; 	( �; x)) 	 = ( f; 	( �; x))N 	 (
) for all f 2 N 	 (
) and x 2 
.

Theorem 2.2.5. ([66], Chapter 10) Suppose that	 : 
 � 
 7! R is a SPD kernel.

Then the associated native spaceN 	 (
) is a Hilbert function space with reproducing

kernel 	 .

A natural question now is to ask exactly how native spaces of symmetric

positive de�nite kernels 	 and reproducing kernel Hilbert spaces relate. Namely

we want to know that if H (
) is a reproducing kernel Hilbert space with kernel 	,

then are the spacesN 	 (
) and H(
) the same? The next Theorem answers this

question.

Theorem 2.2.6. ([66], Chapter 10) Suppose that	 is a symmetric positive de�nite

kernel. Suppose further thatH is a Hilbert space of functionsf : 
 7! R with

reproducing kernel	 . Then H is the native spaceN 	 (
) and the inner products are

the same.

Proof. Let 	 be the reproducing kernel of H . Then any f =
P N

i =1 � i 	( �; x i ) 2 F	

is obviously in H and

kf k2
H =

NX

i

NX

j

� i � j (	( �; x i ); 	( �; x j ))H =
NX

i

NX

j

� i � j 	( x i ; x j ) = kf k2
N 	 (
)

(2.14)

for some� 2 RN =f 0g and set of distinct pointsX = f x1; : : : ; xN g.
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To show that N 	 (
) � H , take any f 2 N 	 (
). There exists a sequence

f n � F	 converging to f in N 	 (
). We see that f is given pointwise byf (x) =

limn!1 f n (x) since

jf (x) � f n (x)j = j(f � f n ; 	( �; x))N 	 (
) j � k f � f nkN 	 (
) k	( �; x)kN 	 (
) :

This means that f n is also a Cauchy sequence inH sincekf n � f mkN 	 ! 0 implies

kf n � f mkH ! 0 asn ! m by the equivalence of the norms (2.14). Thus inH , f n

converges to someg 2 H . But the reproducing property of H gives

jg(x) � f n (x)j = j(g � f n ; 	( �; x))H j � k g � f nkH k	( �; x)kH

and so g(x) = lim n!1 f n (x) for all x 2 
 implying that f = g 2 H and thus

N 	 (
) � H . Now suppose thatN 	 (
) 6= H. SinceN 	 (
) is closed, there exists

some 0 6� f 2 H that is orthogonal to N 	 (
). But this means that f (x) =

(f; 	( �; x))H = 0 for all x 2 
 which implies f � 0, a contradiction. ThusN 	 (
) =

H and the inner products are the same since the norms are same by thepolarization

identity.

We now give a concrete example of a reproducing kernel Hilbertspace on


 = R2 by constructing a native space out of the kernel 	(x; y) := 	 0(x � y)

where 	 0 2 L1(R2) \ C(R2) is radial and satis�es the decay rate (2.5) withs > 1.

The following Theorem will allow us to build native spaces onR2 that are in fact

smoothness spaces. We will then see in the next section on restriction and extension

how we can generalize this to get native spacesN 	 (
) which are smoothness spaces

on domains 
 � R2 that satisfy certain conditions.
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Theorem 2.2.7. (Wendland [66], Chapter 10) Suppose that	 0 2 L1(R2) \ C(R2)

is radial and satis�es the Fourier decay rate (2.5) withs > 1. De�ne

G :=
n

f 2 L2(R2) \ C(R2) : f̂=
q

b	 0 2 L2(R2)
o

and equip this space with the bilinear form

(f; g )G := (2 � )� 1(f̂=
q

b	 0; ĝ=
q

b	 0)L 2 (R2 ) = (2 � )� 1
Z

R2

f̂ (! )ĝ(! )
b	 0(! )

d! :

Then G is a real Hilbert space with inner product(�; �)G and reproducing kernel

	( x; y) := 	 0(x � y).

Proof. First of all, we know that b	 0 2 L1(R2) since b	 0 satis�es the decay rate (2.5)

with s > 1. Hence for anyf 2 G, f̂ 2 L1(R2) since

Z

R2
j f̂ (! )jd! �

� Z

R2

j f̂ (! )j2

b	 0(! )
d!

� 1=2� Z

R2

b	 0(! )d!
� 1=2

which is �nite. Since f 2 L2(R2) is continuous and f̂ 2 L1(R2) \ L2(R2), by

Plancherel's Theorem,f can be recovered pointwise from

f (x) = (2 � )� 1
Z

R2
f̂ (! )ei x �! d! ; ! 2 R2

almost everywhere.

We now show that the bilinear form (�; �)G is real and positive de�nite, and thus

is an inner product onG. Indeed, for any realf; g 2 L2(R2), we havef̂ (! ) = f̂ (� ! )

where! := ( ! 1; ! 2) 2 R2 which results in
Z

R2

f̂ (! )ĝ(! )
b	 0(! )

d! =
Z

! 1> 0

f̂ (! )ĝ(! )
b	 0(! )

+
f̂ (� ! )ĝ(� ! )

b	 0(� ! )
d!

=
Z

! 1> 0

f̂ (! )ĝ(! ) + f̂ (! )ĝ(! )
b	 0(! )

d!

= 2
Z

! 1> 0

R[f̂ (! )ĝ(! )]
	 0(! )

d! ;

(2.15)
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which is real. Since (�; �)G is a weightedL2(R2) inner product with strictly positive

weight b	 0(! ) for all ! 2 R2, (�; �)G is positive de�nite and thus de�nes an inner

product.

To show that G is complete, we consider a sequencef f ng that is a Cauchy

sequence inG which means thatf f̂ n=
q

b	 0g is a Cauchy sequence inL2(R2). Thus

there exists a functionĝ 2 L2(R2) such that f̂ n=
q

b	 0 ! ĝ in L2(R2). Now since

ĝ
q

b	 0 2 L1(R2) \ L2(R2) by using Schwartz's inequality and the fact that ĝ 2

L2(R2) and b	 0 is bounded, we de�ne

f (x) := (2 � )� 1
Z

R2
ĝ(! )

q
b	 0ei x �! d! ; x 2 R2;

which is continuous, in L2(R2), and satis�es f̂=
q

b	 0 = ĝ 2 L2(R2). It is also

real-valued since, by using the inequality of Cauchy-Schwartz

jf (x)� f n (x)j � (2� )� 1
Z

R2
jĝ(! )

q
b	 0� f̂ n (! )jd! � (2� )� 1kĝ� f̂ n=

q
b	 0kL 2 (R2 )

�
kb	 0kL 1 (R2 )

� 1=2
:

Hencef 2 G. Lastly, to show f n converges tof in G, we have that

kf � f nkG = (2 � )� 1=2







f̂
q

b	 0

�
f̂ nq
b	 0








L 2
= (2 � )� 1=2






 ĝ �

f̂ nq
b	 0








L 2
! 0

for n ! 0. Thus G is complete and consequently a Hilbert space.

It remains to show that 	( �; �) := 	 0(� � � ) is the reproducing kernel forG.

First of all, 	 0 2 L2(R2) by the decay rate property (2.5) with s > 1 and so

k	 0kG = (2 � )� 1kb	 2
0=b	 0kL 2 (R2 ) = (2 � )� 1kb	 0kL 2 (R2 ) < 1

giving 	 0(� � y ) 2 G for any y 2 R2. The reproduction property follows from

using the translation property of the Fourier transform, the de�nition of the inner
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product on G, and the fact that f can be recovered pointwise by its inverse Fourier

transform.

(f; 	( �; y ))G := ( f; 	 0(� � y ))G = (2 � )� 1
Z

R2

f̂ (! ) b	 0(! )e� i ! �y

b	 0(! )
d!

= (2 � )� 1
Z

R2
f̂ (! )ei ! �y d!

= f (y):

(2.16)

Thus 	 is the reproducing kernel for the Hilbert spaceG.

In light of this result and Theorem 2.2.6, we know that for thisparticular kernel

	, the native space N 	 is the same asG, and the inner products are equal. We now

see that native spaces can be thought of as generalizations of Sobolev spaces. To

see this, recall that fors > 1 the Sobolev space of orders is de�ned by

H s(R2) = f f 2 L2(R2) \ C(R2) : f̂ (! )(1 + k! k2
2)s=2 2 L2(R2)g:

It should now be clear that if 	 0 satis�es the decay rate (2.5), then its native

space is equivalent to the Sobolev spaceH s(R2) and the norms are equivalent. This

means, that we can �nd �nite positive constants c1; c2 such that for any function

f 2 N 	 (R2) \ H s(R2), we have

c1 � kf kH s � k f kN 	 � c2 � kf kH s : (2.17)

Corollary 2.2.1. (Wendland [66], Chapter 10) Suppose that	 0 2 C(R2) \ L1(R2)

satis�es the decay rate (2.5) withs > 1. Then the native spaceN 	 for 	 coincides

with the Sobolev spaceH s(R2) and the native space norm and Sobolev norms are

equivalent.
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This Theorem and Corollary clearly demonstrate the necessary conditions for

a native space onR2 to coincide with a Sobolev space onR2. We will use this result

often throughout the thesis.
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One last characterization of native spaces that we will need relates the space

of continuous functionsC(
) and N 	 (
). For any set 
 � R2, de�ne the space of

functionals

L(
) := span f � x : x 2 
 g (2.18)

and equip it with the inner product

(�; � )	 :=
NX

i =1

MX

j =1

� i � j 	( x i ; y j )

and norm k� k2
	 :=

P N
i =1

P N
j =1 � i � j 	( x i ; x j ) where � =

P N
i =1 � i � x i 2 L(
) and

� =
P M

j =1 � j � y j 2 L(
) for some vectors � 2 RN , � 2 RM , N; M 2 N, and distinct

points x1; : : : ; xN ; y1; : : : ; yM 2 
. By these de�nitions, there is an obvious one to

one relationship betweenL(
) and F	 (
) given by

L(
) ! F	 (
) ; � ! � x 	( �; x)

where� x denotes� operating on thex, or second, argument of 	(�; x). Furthermore,

the norms onL(
) and F	 (
) are the same. This shows in particular that � (f ) =

(f; � x 	( �; x)) 	 for any � 2 L(
) and all f 2 F	 (
) since

� (f ) =
NX

i =1

� i f (x i ) =
NX

i =1

� i (f; 	( �; x i )) 	 = ( f;
NX

i =1

� i 	( �; x i )) 	 = ( f; � x 	( �; x)) 	 :

(2.19)

We now useL(
) to characterize the space of functions on which all functionals

from L(
) are continuous.

Theorem 2.2.8. Suppose that	 2 C(
 � 
) is an SPD kernel. De�ne the space

G = f f 2 C(
) : j� (f )j � cf k� k	 ; 8� 2 L(
) g:
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Then G = N 	 (
) and

kf kN 	 (
) = sup
06= � 2 L (
)

j� (f )j
k� k	

: (2.20)

Proof. Suppose thatf 2 N 	 (
). To show f 2 G, we �rst note that f 2 C(
) by

de�nition of the native spaceN 	 (
) (see (2.13)). Choose any� 2 L(
) (thus � =

P N
i =1 � i � x i for some distinct pointsx1; : : : ; xN 2 
 and coe�cients � 2 RN .) Then

by the reproduction formula f (x) = ( f; 	( �; x))N 	 (
) and Schwartz's inequality, we

easily see that

j� (f )j = j(f; � x 	( �; x))N 	 (
) j � k f kN 	 (
) k
NX

i =1

� i 	( �; x i )kN 	 (
) = cf k� k	 (2.21)

and thus f 2 G. This also establishes that

sup
06= � 2 L (
)

j� (f )j
k� k	

� k f kN 	 (
) :

Now we showf 2 G implies that f 2 N 	 (
). Let f 2 G. For the given f , we

de�ne a linear functional

Ff : F	 (
) 7! R; � x 	( �; x) 7! � (f )

which is continuous by de�nition of G. This means that sinceF	 (
) � F 	 (
), by

the Hahn-Banach Theorem, the functionalFf has a continuous extension toF 	 (
).

By the Riesz representation theorem, we can �nd an elementSf 2 F 	 (
) such that

Ff (g) = ( g; Sf )	 for all g 2 F 	 (
). To show that f 2 N 	 (
) we need to show that

f = R(Sf ) where R was de�ned in (2.13). For any� 2 L(
), we have

� (f � R(Sf )) = � (f ) � (Sf; � x 	( �; x)) 	

= � (f ) � Ff (� x 	( �; x)) = � (f ) � � (f ) = 0 :

(2.22)
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In particular, this shows that f (x) = R(Sf )(x) for any x 2 
 (simply take � = � x ).

Thus f is in the native spaceN 	 (
).

Lastly, since Sf 2 F 	 (
) and F 	 (
) is the completion of F	 (
), we can

choose a sequence� j 2 L(
) such that � j; x 	( �; x) ! Sf 2 F 	 (
) for j ! 1 .

Hence� j (f ) = ( Sf; � j; x 	( �; x)) 	 ! k Sf k2
	 and k� j k	 ! k Sf k	 for j ! 1 . Now

we have the bound

sup
06= � 2 L (
)

j� (f )j
k� k	

� lim
j !1

j� j (f )j
k� j k	

=
kSf k2

	

kSf k	
= kf kN 	 (
) ; (2.23)

where the last equality comes from the fact thatf = R(Sf ). Using this with

kf kN 	 (
) � sup06= � 2 L (
)
j� (f ) j
k� k	

already established, we can conclude thatkf kN 	 (
) =

sup06= � 2 L (
)
j� (f ) j
k� k	

.

2.2.5 Restriction and Extension

After having studied native spaces onR2 and demonstrated their equivalence

with Sobolev space in the normk � kN 	 (R2 ) , it is natural to investigate the extension

and restriction of functions from native spaces. Namely, we wantto know if a

function f 2 N 	 (
) can be naturally extended to a function in N 	 (R2). We also

want to investigate the restriction f j 
 of functions from N 	 (R2) and determine if

they belong toN 	 (
).

Consider two open sets, 
1 and 
 2, that satisfy 
 1 � 
 2 � R2 and a set ofM

distinct points X = f x1; : : : ; xM g that lies in 
 2. We denote the restriction of the

points X to 
 1 asX j 
 1 := X \ 
 1. We will label these points asX j 
 1 = f x1; : : : ; xN g.

Furthermore, let 	 be a continuous symmetric positive de�nite kernel de�ned on
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R2 � R2 and consider the native spacesN 	 (
 1) and N 	 (
 2). We have the following

extension Theorem for native spaces.

Theorem 2.2.9. (Wendland [66], Chapter 10) Any functionf 2 N 	 (
 1) has a

natural extension to a functionEf 2 N 	 (
 2) such thatkEf kN 	 (
 2 ) = kf kN 	 (
 1 ) .

Proof. Since 
 1 � 
 2, we �rst de�ne a natural extension e : F	 (
 1) 7! F	 (
 2)

simply by evaluation of a functionf 2 F	 (
 1) at points in 
 2. This means that for

any f 2 F	 (
 1) written as f (x) =
P N

j =1 � j 	( x; x j ) for someX j 
 1 = f x1; : : : ; xN g �


 1 and all x 2 
 1, we can de�ne the natural extension asef (x) =
P N

j =1 � j 	( x; x j )

for any x 2 
 2 which is well de�ned since 	 is continuous on 
 2 � 
 2.

Since the normk�k	 ;
 1 of any f 2 F	 (
 1) depends only on the pointsX j 
 1 and

the coe�cients � j , we havekf k	 ;
 1 = kef k	 ;
 2 . Hencee is an isometric embedding

that has a continuous extensione : F 	 (
 1) 7! F 	 (
 2). The extension operator

E : N 	 (
 1) 7! N 	 (
 2) can then be constructed using the operatorR de�ned in

(2.13) as follows. Everyf 2 N 	 (
 1) has the representationf (x) = R
 1 (f̂ )(x) with

f̂ 2 F 	 (
 1). For this f and any x 2 
 2, we de�ne

Ef (x) = R
 2 (ef̂ )(x):

Thus, for x 2 
 1, we have

R
 2 (ef̂ )(x) = ( ef̂ ; 	( �; x)) 	 ;
 2 = ( ef̂ ; e	 j 
 1 (�; x)) 	 ;
 2

= ( f̂ ; 	 j 
 1 (�; x)) 	 ;
 1

(2.24)

which shows that Ef (x) = f (x) for f 2 N 	 (
 1) and x 2 
 1. Finally, for two

functions f; g 2 N 	 (
 1), the identities

(Ef; Eg )N 	 (
 2 ) = ( ef̂ ; eĝ)	 ;
 2 = ( f̂ ; ĝ)	 ;
 1 = ( f; g )N 	 (
 1 )
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show that E is isometric and that kEf kN 	 (
 2 ) = kf kN 	 (
 1 ) .

We now show that the restriction of a functionf 2 N 	 (
 2) to 
 1 is in N 	 (
 1).

Firstly, for any pair of domains 
 1 and 
 2 such that 
 1 � 
 2 � R2, we obviously

have that L(
 1) � L(
 2) where the spaceL was de�ned in (2.18).

Now consider anyf 2 N 	 (
 2) and denote the restriction off to 
 1 by f j 
 1 .

To show that f j 
 1 2 N 	 (
 1), we utilize Theorem 2.2.8 to show that if there exists a

constant cf such that j� (f j 
 1 )j � cf k� k	 ;
 1 for all � 2 L(
 1), then f j 
 1 2 N 	 (
 1).

Indeed, choose any
P N

i =1 � i � x i = � 2 L(
 1) � L(
 2), then sincef 2 N 	 (
 2), there

exists a constantcf such that

j� (f j 
 1 )j = j
NX

i =1

� i f (x i )j = j(f;
NX

i =1

� i 	( �; x i ))N 	 (
 2 ) j � k f kN 	 (
 2 )k� k	 ;
 2 = cf k� k	 ;
 1 ;

where the last equality comes from the fact thatk� k	 ;
 1 = k� k	 ;
 2 since the the

norms only depend on the pointsx1; : : : ; xN 2 
 1 and the coe�cients � 2 RN .

Thus f j 
 1 2 N 	 (
 1). Finally, we have again using Theorem 2.2.8,

kf j 
 1 kN 	 (
 1 ) = sup
06= � 2 L (
 1 )

j� (f )j
k� k	 ;
 1

= sup
06= � 2 L (
 1 )

j� (f )j
k� k	 ;
 2

� sup
06= � 2 L (
 2 )

j� (f )j
k� k	 ;
 2

= kf kN 	 (
 2 ) :

(2.25)

This �nishes the proof of the following theorem.

Theorem 2.2.10. The restriction f j 
 1 of a function f 2 N 	 (
 2) is contained in

N 	 (
 1), with a norm that is less than or equal to the norm off .

With the extension and restriction of functions from native spaces well de�ned

now, we can couple these results with Sobolev spaces. As shown in theprevious

section, we already know that for a positive de�nite radial function 	 0 2 C(R2) \
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L1(R2) that satis�es the Fourier decay rate (2.5) of orders > 1, then the native

spaceN 	 (R2) coincides with the Sobolev spaceH s(R2) and they have equivalent

norms. Now let 
 � R2 be a domain with Lipschitz boundary@
. Recall that

the Sobolev spaceH k(
), k 2 N, for a measurable set 
 is de�ned as the set of all

functions f 2 L2(
) such that their weak derivatives of order j� j = � 1 + � 2 � k are

in L2(
). The norm on H k(
) is de�ned by kf k2
H k (
) =

P
j � j� k kD � f k2

L 2 (
) . Then

we can establish the following result.

Corollary 2.2.2. (Wendland [62], Chapter 10) Suppose that	 0 2 C(R2) \ L1(R2)

is a positive de�nite function that has a Fourier transform that satis�es (2.5) with

s > 1, s 2 N. Suppose further that
 � R2 has a Lipschitz boundary. Then

N 	 (
) = H s(
) with equivalent norms.

Proof. Any f 2 N 	 (
) has an extension Ef 2 N 	 (R2) = H s(R2). The restriction

of Ef to 
, denoted by Ef j 
 , satis�es Ef j 
 = f 2 H s(
) and so kf kH s (
) �

kEf kH s (R2 ) � c1kEf kN 	 (R2 ) = c1kf kN 	 (
) for some constantc1 > 0.

Now for 
 � R2 with Lipschitz boundary @
, we use the well known result

that for a function f 2 H s(
), there exists an extension ~Ef 2 H s(R2) = N 	 (R2)

satisfying k ~Ef kH s (R2 ) � c2kf kH s (
) (cf. Grisvard [30]) for some constantC2 > 0

depending on the domain 
. Since ~Ef 2 N 	 (R2), the Native space restriction

satis�es ~Ef j 
 2 N 	 (
) and f = ~Ef j 
 giving

kf kN 	 (
) � k ~Ef kN 	 (R2 ) � c2k ~Ef kH s (R2 ) � c2kf kH s (
) :

We now turn to the problem of approximation in native spaces.
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2.2.6 Approximation in Native Spaces

In this section, properties of positive de�nite kernels 	 : 
 � 
 7! R and their

associated native spacesN 	 (
) that we have developed in the previous subsections

are now put to use in the problem of approximating scattered data. Scattered data

approximation, as we will see, is the prerequisite to the meshless collocation method

introduced later in this chapter. We note again, that this theory will work in Rd for

any integer d, however we restrict ourselves toR2 since our numerical experiments

will take place in R2

For a given SPD kernel 	 2 C2k(
 � 
), let � N = f � 1; � 2; : : : ; � N g 2 N 	 (
) 0

be a set ofN linear bounded functionals on the native spaceN 	 (
). Using the

notation � j; 2	( �; x) to mean the j -th functional � j acting on the second argument

of the kernel 	, we de�ne the �nite dimensional spaces

N 0
	 ;N = spanf � j 2 � N ; 1 � j � N g

N 	 ;N = spanf � j; 2 	( �; x); 1 � j � N g:

(2.26)

In the scattered data interpolation problem, we take the functionals � j 2 � N

to be the point evaluation functionals � j := � x j , x j 2 X . The scattered data

interpolation problem can be formulated as follows. For a given set of nodesX =

f x1; : : : ; xN g � 
 and data f (x1); : : : ; f (xN ) from a continuous functionf 2 C(
),

we �nd an element I X f 2 N 	 ;N := spanf 	( �; x1); : : : ; 	( �; xN )g such that

I X f (x i ) = f (x i ); 8x i 2 X : (2.27)

This amounts to �nding a vector of coe�cients � 2 RN such that I X f (x i ) =

P N
j =1 � j 	( x i ; x j ) = f (x i ) for all x i 2 X . If we de�ne the vectorf := ( f (x1); : : : ; f (xN ))T ,

37



then the interpolation problem can be written in matrix-vector notation as: �nd

� 2 RN such that

A X � = f (2.28)

where A X [i; j ] = 	( x i ; x j ). Clearly, since 	 is SPD and since the points inX are

distinct, the matrix A X is symmetric and positive de�nite (recall Theorem 2.2.3).

We thus have unique solvability for the vector� 2 RN . We can equally express this

interpolation problem using the functionals� j := � x j 2 N 0
	 ;N . Find I X f 2 N 	 ;N

such that

� j (I X f ) = � j (f ); 1 � j � N: (2.29)

We now derive an orthogonality property of the interpolantI X f in the native

space. If the scattered data (f (x1); : : : ; f (xN )) is in fact sampled from some function

f 2 N 	 on the set of pointsX , we can show thatf � I X f 2 N 	 (
) and I X f 2 N 	 ;N

are mutually orthogonal with respect to the native space innerproduct.

Lemma 2.2.2. Suppose thatf 2 N 	 (
) and I X f 2 N 	 ;N is the unique interpolant

that satis�es I X f (x i ) = f (x i ) for all x i 2 X . Then we have

(f � I X f; s )N 	 (
) = 0

for all s 2 N 	 ;N . In particular, this gives

(f � I X f; I X f )N 	 (
) = 0:

Proof. Any s 2 N 	 ;N can be written in the forms =
P N

j =1 � j 	( �; x j ) for some vector

of coe�cients � 2 RN . The result follows easily using the reproduction property of
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the kernel 	 and that I X f (x j ) = f (x j ) for all x j 2 X by the interpolation property

of I X , giving

(f � I X f; s )N 	 (
) = ( f � I X f;
NX

j =1

� j 	( �; x j ))N 	 (
)

=
NX

j =1

� j f (x j ) �
NX

j =1

� j I X f (x j ) =
NX

j =1

� j (f (x j ) � I X f (x j )) = 0 :

(2.30)

SinceI X f 2 N 	 ;N , in particular we have

(f � I X f; I X f )N 	 (
) = 0: (2.31)

We can now apply this Lemma to show thatI X f can also be characterized as

the orthogonal projection off 2 N 	 (
) onto N 	 ;N .

Theorem 2.2.11. Suppose	 2 C2k(
 � 
) is SPD and thatf 2 N 	 (
) is known

only at X = f x1; : : : ; xN g. The the interpolant I X f is the best approximation tof

from N 	 ;N with respect to the native space norm

kI X f � f kN 	 (
) � k f � skN 	 (
)

for all s 2 N 	 ;N . HenceI X f is the orthogonal projection off onto N 	 ;N .

Proof. By the previous Lemma, we know that (f � I X f; s )N 	 (
) = 0 for all s 2 N 	 ;N .

But this is the characterization of the best approximation ina Hilbert space.

By the orthogonality of f � I X f and I X f we also have the following conse-

quence using the Pythagorean theorem. This result will be used in error bounds
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for interpolation with positive de�nite kernels as well as inthe analysis of solving

elliptic PDEs with such kernels.

Corollary 2.2.3. We have the estimateskI X f kN 	 (
) � k f kN 	 (
) andkf � I X f kN 	 (
) �

kf kN 	 (
) .

2.2.7 Lagrangian interpolant form

In order to derive the error estimate, it will be helpful to rewrite the interpolant

I X f in the so-calledLagrangian interpolant form. This is done as follows. For

j = 1; : : : ; N , de�ne the vector � (j ) 2 RN that satis�es

A � (j ) = e(j ) ; (2.32)

where e(j ) 2 RN is the j -th unit vector in RN and A := A X is the interpolation

matrix de�ned earlier. The system is uniquely solvable for eachj = 1; : : : ; N due to

positive de�niteness ofA . The resulting functions de�ned by

~vj (�) :=
NX

i =1

� (j )
i 	( �; x i ) (2.33)

satisfy ~vj (xk) = � k;j where� k;j = 1 if k = j and 0 otherwise. The ~vj functions will be

called the Lagrangian interpolant functions and clearly belong to the spaceN 	 ;N .

Due to the property that ~vj (xk) = � k;j , any function f 2 N 	 (
) has the unique

interpolant

I X f (x) =
NX

j =1

f (x j )~vj (x): (2.34)

and clearly I X f (x i ) = f (x i ) for any x i 2 X .
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Later in the chapter, it will be useful to write the Lagrangian interpolant

functions evaluated at any pointx 2 
 in vector form. For any given x 2 
, if we

de�ne the vector R(x) := R X (x) = (	( x; x1); : : : ; 	( x; xN ))T , then we can write

~v(x) = (~v1(x); : : : ; ~vN (x))T as

~v(x) = A � 1R(x): (2.35)

Thus the solution vector ~v(x) satis�es 	( x; x j ) =
P N

i =1 ~vi (x)	( x i ; x j ) for any x j 2

X .

Now since ~vj 2 Ck(
) for each j = 1; : : : ; N due to the fact that 	 2 C2k(
 �


), we can apply the di�erentiation operator D � element wise to both sides of

equation (2.35) giving

D � ~v(x) = A � 1D � R(x); x 2 
 ; (2.36)

whereD � R(x) = ( D �
1 	( x; x1); : : : ; D �

1 	( x; xN ))T . We also we see thatD � I X f (x) =

P N
j =1 f (x j )D � ~vj (x) for any x 2 
. Our interest now is in �nding out how close the

approximate D � I X f (x) is to D � f for f 2 N 	 (
). This is the subject of the next

section.

2.2.8 Error estimate for derivatives of scattered data interpolation

We now discuss the subject of bounding the interpolation error which has been

an area of active research the past decade for scattered data interpolation. We are

concerned with estimating the di�erence between derivatives of an unknown function

f coming from the native Hilbert spaceN 	 (
) and derivatives of its interpolant I X f
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by bounding the di�erence in terms of the point saturation measure h for the set

X � 
 de�ned in (2.2). In particular, we derive an error estimate for positive

de�nite kernel interpolation of the following form

kD � (f � I X f )kL 1 (
) � Chk�j � jkf kN 	 (
) ; (2.37)

where the interpolant I X f was de�ned in (2.27). Before deriving the error estimate,

we �rst need a smoothness result for the native spaceN 	 (
) where 	 2 C2k(
 � 
).

Namely, we want to show thatN 	 (
) � Ck(
). For this, we �rst need the following

Lemma.

Lemma 2.2.3. Suppose	 2 C2k(
 � 
) is a symmetric positive de�nite kernel on

a domain 
 � R2. Then 	 is k-times continuously di�erentiable with respect to the

second argument and for anyx 2 
 and j� j := � 1 + � 2 � k, the function D �
2 	( �; x)

is in N 	 (
) .

Proof. For any f 2 F	 (
), we de�ne the functional � n 2 F	 (
) 0 by

� n (f ) = � �; 1=nf (x) := � 1
� 1 ;1=n� 2

� 2 ;1=nf (x)

where � i
� i ;1=n is the forward di�erence operator on thei � th variable of order � i

given by

� k;h f (x) :=
kX

j =0

(� 1)k� j

0

B
B
@

k

j

1

C
C
A f (x + jh );

for 0 < h � 1. This gives

lim
n!1

(1=n)�j � j � �; 1=ng(x) = D � g(x):
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for any g 2 Ck(
). Now since f 2 F	 (
), we have the representation

� n (f ) = ( f; � n;x 	( �; x)) 	

= ( f; (1=n)�j � j � �; 1=n;x 	( �; x)) 	 = ( f; � n )	

(2.38)

where we have de�ned� n := (1 =n)�j � j � �; 1=n;2	( �; x). Now since 	 2 C2k(
 �


), clearly we have that lim n!1 � n = lim n!1 (1=n)�j � j � �; 1=n;2	( �; x) = D �
2 	( �; x).

Secondly,� n is a Cauchy sequence inF	 (
). To see this, by the reproducing property

of 	 and the fact that 	 is k-times di�erentiable in both variables, we compute

lim
n;m !1

(� n ; � m )	 = lim
n;m !1

(1=n)�j � j � �; 1=n;1(1=m)�j � j � �; 1=m;2	( x; x)

= D �
1 D �

2 	( x; x) =: c:

(2.39)

Now we have

lim
n;m !1

k� n � � mk2
	 = lim

n;m !1

�
k� nk2

	 + k� mk2
	 � 2(� n ; � m )	

�
! c+ c� 2c = 0: (2.40)

Since� n is Cauchy, we can �nd a� 2 F 	 (
) with k� � � nk	 ! 0 asn ! 1 . Using

this � and the de�nition of the mapping R de�ned in 2.13, we have

R(� (y)) = ( �; 	( �; y )) 	 = lim
n!1

(� n ; 	( �; y )) 	

= lim
n!1

� n (y) = D �
2 	( y ; x):

(2.41)

This shows that D �
2 	( �; x) belongs toN 	 (
).

We now know that if 	 2 C2k(
 � 
), then D �
2 	( �; x) is in the native space

N 	 (
). Next, we apply this to functions, namely, if f 2 N 	 (
) then f 2 Ck(
).

Theorem 2.2.12. Suppose that	 2 C2k(
 � 
) is an SPD kernel on a domain


 � R2. Then N 	 (
) � Ck(
) and for any f 2 N 	 (
) , every � 2 N2
0 with

j� j := � 1 + � 2 � k, and any x 2 
 , we have the representation

D � f (x) = ( f; D �
2 	( �; x))N 	 (
) : (2.42)
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Proof. We show by induction onj� j. For j� j = 0, we already knowf is continuous

and can be represented in the form (2.42). Now forj� j > 0, we can assume that the

representation (2.42) holds for somek > j� j > 0 where� = ( � 1 � 1; � 2). Denoting

e1 as (1; 0) 2 R2, we have for anyx 2 


D � f (x) = lim
n!1

(1=n)� 1
�
D � f (x + e1=n) � D � f (x)

�

= lim
n!1

(f; (1=n)� 1
�
D �

2 	( �; x + e1=n) � D �
2 	( �; x)

�
)N 	 (
)

= ( f; D �
2 	( �; x))N 	 (
)

(2.43)

where we applied from the proof of Lemma 2.2.3 that the sequence (1=n)� 1
�
D �

2 	( �; x+

e1=n) is Cauchy inN 	 (
) and converges to D �
2 	( �; x). Thus D � f (x) exists. Now we

must show that the functionD � f is indeed continuous. We have for anyf 2 N 	 (
),

jD � (f (x) � f (y)) j = j(f; D �
2

�
	( �; x) � 	( �; y )

�
)N 	 (
) j

� k f kN 	 (
) kD �
2 	( �; x) � D �

2 	( �; y )kN 	 :

(2.44)

Calculating kD �
2 	( �; x) � D �

2 	( �; y )kN 	 , we have

kD �
2 	( �; x) � D �

2 	( �; y )k2
N 	 (
)

= ( D �
2 	( �; x); D �

2 	( �; x))N 	 (
) � 2(D �
2 	( �; x); D �

2 	( �; y ))N 	 (
) + ( D �
2 	( �; y ); D �

2 	( �; y ))N 	 (
)

= D �
1 D �

2 	( x; x) + D �
1 D �

2 	( y ; y) � 2D �
1 D �

2 	( x; y):

(2.45)

Since 	 2 C2k(
 � 
), as x ! y we see thatkD �
2 	( �; x) � D �

2 	( �; y )kN 	 ! 0. Thus

D � f is continuous.

The second step in obtaining error estimates for interpolationis to introduce

the so-calledpower function, which is an important concept in kernel-based approx-

imation.
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De�nition Let X = f x1; x2; : : : ; xN g � 
 be pairwise distinct on a domain 
 � R2

and 	 2 C2k(
 � 
) a symmetric positive de�nite kernel. Then for any x 2 
 and

� 2 N2
0 with j� j := � 1 + � 2 � k the power functionwith respect to X , 	, and � is

de�ned by

h
P (� )

	 ;X (x)
i 2

:= D �
1 D �

2 	( x; x)� 2
NX

i =1

D � ~vi (x)D �
1 	( x; x i )+

NX

i;j =1

D � ~vi (x)D � ~vj (x)	( x i ; x j ):

(2.46)

By using the native space norm, we can also write the power function as

h
P (� )

	 ;X (x)
i 2

= kD �
2 	( �; x) �

NX

i =1

D � ~vi (x)	( �; x i )k2
N 	 (
) : (2.47)

In this form, we see that the power function measures how well the �nite summa-

tion of derivatives of the Lagrangian interpolant functions, D � ~vi (x), approximate

D �
2 	( �; x) in the native space. One would imagine that the approximation gets bet-

ter as the number of points inX increases. We will see that this is indeed the case

by showing that we can in fact bound the power function by a constant times hk�j � j .

It will be useful in the proceeding analysis to de�ne the power function in

terms of a quadratic form. Let v be any vector in RN . For �xed x; X ; 	, and

� 2 N2
0 with j� j � k we de�ne the quadratic formQ : RN 7! R as

Q(v) = D �
1 D �

2 	( x; x) � 2
NX

i =1

vi D � 	( x; x i ) +
NX

i;j =1

vi vj 	( x i ; x j ); v 2 RN : (2.48)

It is easy to see thatQ(D � ~v(x)) =
h
P (� )

	 ;X (x)
i 2

. In fact, we now show that the vector

D � ~v(x) for any �xed x 2 
 minimizes the quadratic form, namelyQ(D � ~v(x)) �

Q(v) for all v 2 RN . We will use this result in obtaining the error estimate (2.37).
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Theorem 2.2.13. Suppose that	 2 C2k(
 � 
) . Then for any x 2 
 and � 2

N2
0 with j� j � k the quadratic function Q : RN 7! R de�ned in (2.48) obtains a

minimum in RN given by the vectorD � ~v(x). Thus we have

Q(D � ~v(x)) � Q (v):

for all v 2 RN .

Proof. Choose anyx 2 
. First we write (2.48) in matrix-vector form as

Q(v) = vT Av � 2vT D � R(x) + D �
1 D �

2 	( x; x)

using the matrix A and vectorR(x) = (	( x; x1); : : : ; 	( x; xN ))T de�ned previously.

Di�erentiation of the quadratic function Q with respect to v 2 RN and setting to

0, we get

Q0(v) = Av � D � R(x) = 0 :

Since A is symmetric positive de�nite due to 	 being SPD, the solution to this

system is uniquely solvable and is given byv0 = A � 1D � R(x). By equation (2.36),

this implies v0 = D � ~v(x). Thus D � ~v(x) 2 RN minimizesQ on RN .

Now that we know the vectorv = D � ~v(x) for any �xed x 2 
 minimizes the

quadratic function Q, our �nal step in obtaining the error estimate (2.37) is to �nd

a vector ~u 2 RN such that we can boundQ(~u) by hk�j � j times some constantC > 0

that will depend on the domain 
, the points X , and the kernel 	, giving Q(~u) �

Chk�j � j . So what kind of ~u 2 RN will accomplish this? It turns out that ~u is a vector

that satis�es a local polynomial reproduction, as discussed in Appendix C. Only

here, the vector needs to satisfy local reproduction of derivatives of polynomials. The
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following Theorem gives existence of local polynomial reproduction for derivatives

of polynomials.

Theorem 2.2.14. Suppose that
 � R2 is open and bounded and satis�es an in-

terior cone condition with radius r > 0 and angle� 2 (0; �= 2). Let m 2 N0 and

� 2 N2
0 be given such thatm � j � j. Then there exists constantsh0; c(� )

1 ; c(� )
2 > 0

such that for all X = f x1; : : : ; xN g � 
 with saturation measureh := hX ;
 � h0

and for everyx 2 
 , there exists numbers~u(� )
1 (x); : : : ; ~u(� )

N (x) that satisfy
8
>>>>>><

>>>>>>:

1)
P N

i =1 ~u(� )
i (x)p(x j ) = D (� )p(x) 8p 2 P 2

m

2)
P N

i =1 j~u(� )
i (x)j � c(� )

1 h�j � j ;

3) ~u(� )
i (x) = 0 ; if kx i � xk2 > c (� )

2 h

(2.49)

Proof. See proof of Theorem B.6.1 in Appendix C, section B.6.

We now have all the tools necessary to prove the main error estimate for

scattered data interpolation. (We note again that this theory will work for 
 � Rd

for any integer d, as long as the correct assumptions are made on 
 according to

the Theorem. However for simplicity we restrict ourselves toR2 since our numerical

experiments later will take place inR2.)

Theorem 2.2.15. (Wendland [66], Chapter 11) Let
 � R2 be open and bounded,

satisfying an interior cone condition. Suppose that	 2 C2k(
 � 
) is a symmetric

positive de�nite kernel and denote the interpolant to anyf 2 N 	 (
) on a set of

distinct points X = f x1; : : : ; xN g as I X f . Fix � 2 N2
0 with j� j � k. Then there

exists constantsh0; C > 0 such that the following error estimate holds for anyx 2 
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and any setX � 
 with h := hX ;
 � h0

jD � (f (x) � I X f (x)) j � CC	 (x)1=2hk�j � jkf kN 	 (
) ; x 2 
 : (2.50)

The numberC	 (x) is given by

C	 (x) := max
j � j+ j� j=2 k

max
z;y 2 
 \ B (x ;c( � )

2 h)
jD �

1 D �
2	( z; y)j; (2.51)

and the constantC is independent ofx, f and 	 .

Proof. Choose anyx 2 
. We �rst show that

jD � (f (x) � I X f (x)) j � P (� )
	 ;X (x)kf kN 	 (
)

whereP (� )
	 ;X (x) is the power function de�ned in (2.46). To this end, using therepro-

ducing properties of the kernel 	 and the de�nition of the int erpolants ~vj (x), we

can write

D � I X f (x) =
NX

i =1

f (x j )D � ~vj (x)

=
NX

i =1

D � ~vj (x)
�
(f; 	( �; x j ))N 	 (
)

�

=
�
f;

NX

i =1

D � ~vj (x)	( �; x j )
�

N 	 (
)
:

(2.52)

In a similar manner, invoking Theorem 2.2.12, we have

D � f (x) = ( f; D �
2 	( �; x))N 	 (
) : (2.53)

Subtracting this from the last equality in (2.52), we get

jD � (f (x) � I X f (x)) j =
�
�
�
�

f; D � 	( �; x) �
NX

i =1

D � ~vj (x)	( �; x j )
�

N 	 (
)

�
�
�

� P (� )
	 ;X (x)kf kN 	 (
) ;

(2.54)

48



where we applied the Cauchy-Schwarz inequality and the de�nition of the power

function. Now we seek to bound the power functionP (� )
	 ;X (x) in terms of h. In order

to do this, we will be applying some Taylor expansions along withTheorem 2.2.14.

The Taylor expansions are given as follows. For anyx; y 2 R2, we will denote a

point on the line betweenx and y by � . Fix � 2 N2
0 with j� j < k . The �rst type of

Taylor expansion with respect to the second argument ofD �
1	( x; y) that we use is

given by

D �
1	( x; y) =

X

j � j< 2k�j � j

D �
1D �

2 	( x; x)
� !

(y � x)� + R(x; y ; � ) (2.55)

with remainder term

R(x; y ; � ) =
X

j � j=2 k�j � j

D �
1D �

2 	( x; � )
� !

(y � x)� :

The second type of Taylor expansion we will use is with respect to the second

argument ofD �
2	( x; y) and is given as

D �
2	( x; y) =

X

j � j< 2k�j � j

D � + �
2 	( x; x)

� !
(y � x)� + S(x; y ; � ); (2.56)

with remainder term

S(x; y ; � ) =
X

j � j=2 k�j � j

D � + �
2 	( x; � )

� !
(y � x)� :

Now we can bound the power function. Letv := ~u(� )(x) 2 RN where the

vector ~u(� )(x) = (~u(� )
1 (x); : : : ; ~u(� )

N (x)) 2 RN satis�es the conditions of Theorem

2.2.14. Inserting this in the quadratic form

Q(v) = D �
1 D �

2 	( x; x) � 2
NX

k=1

vj D �
1 	( x; x j ) +

NX

i;j =1

vi vj 	( x i ; x j ); (2.57)
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we apply the �rst Taylor expansion on the second and third terms of the above

equation to get

Q(v) = D �
1 D �

2 	( x; x)

� 2
NX

j =1

vj

� X

j � j< 2k�j � j

D �
1 D �

2 	( x; x)
� !

(x j � x)� + R(x; x j ; � )
�

+
NX

i;j

vi vj

� X

j � j< 2k

D �
2 	( x i ; x i )

� !
(x j � x i )� + R(x i ; x j ; 0)

�
:

(2.58)

Now we envoke Theorem 2.2.14 withm � 2k � j � j at the point x. We apply the

reproduction property 1) of Theorem 2.2.14 to all the nonzero terms. Noticing

that
P

j � j< 2k�j � j D �
1 D �

2 	( x; x)( � !)� 1(x j � x)� is a polynomial in P2
m with respect to

x j , we de�ne p(z) :=
P

j � j< 2k�j � j D �
1 D �

2 	( x; x)( � !)� 1(z � x)� and then apply the

reproduction property 1) to get

NX

j =1

vj (x)p(x j ) = D �
z pjx

= D �
� X

j � j< 2k�j � j

D �
1 D �

2 	( x; x)
� !

(x � x)�
�

= D �
1 D �

2 	( x; x);

(2.59)

since all terms cancel except whenj� j = 0. For the third term in (2.58), we apply

the reproducing property on
P

j � j< 2k D �
2 	( x i ; x i )( � !)� 1(x j � x i )� while �xing the

point x i . De�ning p(�) :=
P

j � j< 2k D �
2 	( x i ; x i )( � !)� 1(� � x i )� , a polynomial in P2

m ,
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we get

NX

j =1

vj p(x j ) = D �
� X

j � j< 2k

D �
2 	( x i ; x i )

� !
(x � x i )�

�

=
X

j � j< 2k

D �
2 	( x i ; x i )

� !
D � (x � x i )�

=
X

j � j�j � j< 2k

D �
2 	( x i ; x i )

� !
(x � x i )� � �

=
X

j � j< 2k�j � j

D � + �
2 	( x i ; x i )

� !
(x � x i )�

(2.60)

where the third line comes about by re-indexing the summationafter noticing that

j� j terms vanish from the original summation. Now, applying the second Taylor

expansion (2.56), we see that

X

j � j< 2k�j � j

D � + �
2 	( x i ; x i )

� !
(x � x i )� = D �

2 	( x i ; x) � S(x i ; x; � ):

Using these three computations in (2.58) and collecting like terms on the remainders

R, we get

Q(v) = D �
1 D �

2 	( x; x) � 2D �
1 D �

2 	( x; x) � 2
NX

j =1

vj R(x; x j ; � )

+
NX

i =1

vi

X

j � j< 2k�j � j

D � + �
2 	( x i ; x i )

� !
(x � x i )� +

NX

i;j =1

vi vj R(x i ; x j ; 0)

= � D �
1 D �

2 	( x; x) �
NX

j =1

vj

�
2R(x; x j ; � ) �

NX

i =1

vi R(x i ; x j ; 0)
�

+
NX

i =1

vi

h
D �

2 	( x i ; x) � S(x i ; x; � )
i
:

(2.61)

Finally, by symmetry D �
2 	( x i ; x) = D �

1 	( x; x i ), and so we again apply the �rst

Taylor expansion formula onD �
1 	( x; x i ) giving

D �
1 	( x; x i ) =

X

j � j< 2k�j � j

D �
1 D �

2 	( x; x)
� !

(x i � x)� + R(x; x i ; � );
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and then apply the reproduction formula on the polynomialp(z) =
P

j � j< 2k�j � j
D �

1 D �
2 	( x ;x )
� ! (z�

x)� of order 2k � j � j which leads toD �
1 D �

2 	( x; x) as in (2.59). This leads to the

expression forQ(v) in terms of the Taylor remainders. Collecting like terms above,

we have

Q(v) = �
NX

j =1

vj

�
R(x; x j ; � ) + S(x j ; x i ; � ) �

NX

i =1

vi R(x i ; x j ; 0)
�

(2.62)

Now using property 3) of Theorem 2.2.14, only the pointsx j 2 X that

satisfy kx j � xk2 � c(� )
2 h are nonzero forvj := ~u(� )

j (x). Furthermore, we have

kx i � x j k2 � 2c(� )
2 h for any other x i in the support of ~u(� )

j (x). We know from prop-

erty 2) of Theorem (2.2.14) that
P N

j =1 j~u(� )
j (x)j � c(� )

1 h�j � j which gives the bounds

R(x; x i ; � ) � CC	 (x)h2k�j � j and similarly S(x i ; x; � ) � CC	 (x)h2k�j � j whereC	 (x)

was de�ned in (2.51). Lastly, we can bound the last term by
P N

i =1 vi R(x i ; x j ; 0) �

P
i =1 jvi j

P
i =1 jR(x i ; x j ; 0)j � c(� )

1 h� � C	 (x)h2k � CC	 (x)h2k�j � j using the bound

on the ~u(� )
j (x) vector. This gives substituting into (2.62)

Q(v) � �
NX

j =1

vj (CC	 (x)h2k�j � j) � Ch�j � jC	 (x)h2k�j � j (2.63)

and thus the �nal desired boundP (� )
	 ;x (x) � CC	 (x)1=2hk�j � j .

Further analysis on the kernel 	 and bounds on its corresponding power func-

tion P (� )
	 ;x (x) need to be done in order to achieve error bounds in other norms, such

as the standard Sobolev normk � kH s (
) for s > k + 1. However, this analysis is

out of the scope of this thesis and the interested reader is referred to [66], [44], [41],

where error estimates in Sobolev spaces of scattered data interpolation with SPD

kernels have been derived. For our purposes, the pointwise error bound derived in
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the previous Theorem is su�cient in the context of meshless collocation for numer-

ically solving elliptic partial di�erential equations, which is the subject of the next

section.

2.3 Meshless Collocation Method for Elliptic PDEs in Native Spaces

We now discuss the topic of meshless collocation for numericallysolving elliptic

boundary valued PDEs. We apply the theory of reproducing kernel Hilbert spaces

and scattered data approximation introduced in the previoussection along with a

couple of additional tools to construct a collocation methodwhich is completely

meshless in the sense that only a set of scattered distinct points in the domain of

interest 
 and on the boundary @
 is needed to construct the approximation. The

approach for meshless collocation that we introduce in this section is a kernel-based

symmetric collocation method which turns out to be closely related to the well-

known Hermite-Birko� generalized interpolation problem (see Narcowich and Ward

[42]). The analysis and notation in this section will be looselybased on analysis and

notation of Wendland [66], Chapter 16.

Let 
 � R2 be an open, bounded and connected set with Lipschitz boundary

@
. We will consider elliptic boundary-valued PDEs on 
 of the f orm

Lu = f in 
 ;

u = g on @
 ;

(2.64)

where f 2 C(
) and g 2 C(@
) are given. The operator L : C2(
) 7! C(
) is an
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elliptic di�erential operator

Lu(x) =
2X

i;j =1

@
@xi

�
ai;j (x)

@u
@xj

�
+

2X

j =1

bj (x)
@u
@xj

(x) + u(x); (2.65)

where ai;j 2 C1(
) and the matrix with entries ai;j (x) for any x 2 
 is positive

de�nite.

The symmetric meshless collocation method for approximating solutions to

(2.64) begins by introducing the native space framework fromsection 2.2.4. Let

	 0 2 C2k(R2) for k � 2 be a radial and positive de�nite function. We de�ne a

symmetric positive de�nite kernel 	 : 
 � 
 7! R by 	( x; y) := 	 0(x � y) for any

x; y 2 
. As usual, we will denote N 	 (
) the native space of the kernel 	 on 
.

By construction, since the kernel 	 is bounded and continuous on 
 � 
, we clearly

have that N 	 (
) � C(
) where 
 is the closure of 
. In particular, the trace uj@


of any function u 2 N 	 (
) is well-de�ned and in C(@
).

We assume (2.64) is well-posed in the sense that there exists a unique solution

u 2 N 	 (
) satisfying both equations in (2.64). At this point, we will not discuss

the necessary conditions onf and g that imply the existence and uniqueness of a

solution u 2 N 	 (
). For right now we will only assume they are continuous.

To obtain an approximation, we introduce sets of distinct points X = X1[X 2 �


 where X1 := f x1; : : : ; xng � 
 and X2 := f xn+1 ; : : : xN g � @
 for a total of N

distinct points. Each set of points is equipped with a point saturation measure

de�ned by

h
 ;X1 = sup
x 2 


min
x i 2X 1

kx � x i k2

h@
 ;X2 = sup
x 2 @


min
x i 2X 2

kx � x i k2;

(2.66)
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although we will often use the abbreviated notationh1 := h
 ;X1 and h2 := h@
 ;X2 .

Using h1 and h2, we can also de�ne the saturation measure on all ofX and 
 as

h := max( h1; h2). We will call these sets of distinct points in
 the collocation nodes.

With respect to X1 and X2, we de�ne the functionals

� j =

8
>><

>>:

� x j � L; 1 � j � n;

� x j ; n + 1 � j � N:
(2.67)

The action of the functional � j on the SPD kernel 	 is de�ned as � 1;j 	( x; y) for the

�rst argument of the kernel and � 2;j 	( x; y) for the second argument. For example,

if 1 � j � n, then by de�nition � 2;j 	( x; y) := ( � x j � L)2	( x; y) = L2	( x; x j ),

x j 2 X 1. Similarly, if n + 1 � j � N , then � 1;j 	( x; y) := ( � x j )1	( x; y) = 	( x j ; y ),

x j 2 X 2.

For 1 � j � n, since 	 2 C2k(
 � 
) it is easy to see that the functionals

� j := ( � x j � L) are in the dual space. Indeed, for anyu 2 N 	 (
), using Theorem

2.2.12, we have

j� j (u)j = jLu(x j )j = j(u; L2	( �; x j ))N 	 (
) j � k ukN 	 (
) kL2	( �; x j )kN 	 (
) (2.68)

which is bounded by the fact that L2	( �; x j ) 2 N 	 (
). Similarly, for n + 1 �

j � N , since uj@
 2 C(@
) for any u 2 N 	 (
), the functionals � j := � x j for

x j 2 X 2 are in N 	 (
) 0. Indeed, we havej� j (u)j = ju(x j )j = j(u; 	( �; x j ))N 	 (
) j �

kukN 	 (
) k	( �; x j )kN 	 (
) =
p

	 0(0)kukN 	 (
) .

With the functionals � N = f � 1; : : : ; � N g in the dual spaceN 	 (
) 0, we can
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form the �nite dimensional spaces

N 	 ;N := spanf � 2;1	( �; x); : : : ; � 2;N 	( �; x)g � N 	 (
)

N 0
	 ;N := spanf � 1; : : : ; � N g � N 	 (
) 0:

(2.69)

The meshless collocation method can now be formulated with respect to these spaces.

Assuming that f � 1; : : : ; � N g are linearly independent, we seek an approximationuh;�

to the exact solutionu 2 N 	 (
) of (2.64) of the form

uh;� (x) =
NX

i =1

� i � 2;i 	( x; y)

=
nX

i =1

� i L2	( x; x i ) +
NX

i = n+1

� i 	( x; x i );

(2.70)

which satis�es

Lu h;� (x j ) = f (x j ); 1 � j � n;

uh;� (x j ) = g(x j ); n + 1 � j � N:

(2.71)

In matrix-vector form, this amounts to �nding a vector of coe�cients � = ( � 1; : : : ; � N ) 2

RN such that 0

B
B
@

A C

CT D

1

C
C
A

�

�

�
=

0

B
B
@

f jX1

gjX2

1

C
C
A ; (2.72)

where the block matrices are de�ned by

A i;j = L1L2	( x i ; x j ); 1 � i; j � n;

Ci;j = L2	( x i ; x j ); n + 1 � i � N; 1 � j � n;

D i;j = 	( x i ; x j ); n + 1 � i; j � N:

(2.73)

Using shorthand notation, this system can be written asA � = f whereA is the ma-

trix with entries A [i; j ] = � 1;i � 2;j 	( x; y) for 1 � i; j � N and f = ( f (x1); : : : ; f (xn ); g(xn+1 ); : : : ;
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As can be deduced from equations (2.71), the method is indeed of collocation

type due to the requirement that our approximationuh;� to the solution u be satis�ed

pointwise on the sets of distinct collocation nodesX1 and X2. The method is also

symmetric due to the obvious symmetry of the collocation matrix A .

The �rst step in our analysis of symmetric meshless collocation is to show that

the matrix in (2.72) is positive de�nite, thus implying that � = ( � 1; : : : ; � N ) exists

and is unique, resulting in a unique approximationuh;� to u. To do this, we require

that the set of functionals � N = f � 1; : : : ; � N g in the dual spaceN 	 (
) 0 are linearly

independent. Given that the set of functionals �N are linearly independent, we can

conclude that the matrix A is indeed symmetric positive de�nite.

Theorem 2.3.1. (Wendland [68], Chapter 16) Suppose that	 2 C2k(
 � 
) is

a positive de�nite reproducing kernel with native Hilbert space N 	 (
) . If the func-

tionals in � N de�ned at (2.67) are linearly independent, then the matrix de�ned by

A [i; j ] = ( � 1;i � 2;j 	( x; y)) , 1 � i; j � N , is symmetric positive de�nite.

Proof. Let � =
P N

i =1 � i � i with � i 2 R be given. Then we have using the de�nition

of the inner product on the dual spaceN 	 (
) 0

NX

i;j =1

� i � j � 1;i � 2;j 	( x; y) = ( �; � )N 	 (
) 0 = k� k2
N 	 (
) 0 (2.74)

which is nonnegative and is 0 only if� = 0. But the set � N = f � 1; : : : ; � N g is

linearly independent, thus
P N

i;j =1 � i � j � 1;i � 2;j 	( x; y) = k� k2
N 	 (
) 0 > 0, and so the

matrix A is positive de�nite. Symmetry comes directly from the symmetry of 	.

Now that we know the matrix A is symmetric positive de�nite, there exists a
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unique solution � = ( � 1; : : : ; � N ) to the system (2.72), and thus a unique approxi-

mation uh;� to u. We would now like to know how \close" the approximationuh;�

is to u and if uh;� converges tou ash ! 0 in the sense thatku � uh;� kL 1 (
) ! 0 as

h ! 0. In order to do this, we will need a few additional tools for the error analysis.

We will frequently make use of the so calledmodi�ed kernel de�ned as follows.

De�nition For an SPD kernel 	 2 C2k(
 � 
) and di�erential operator L :

C2(
) 7! C(
), the modi�ed kernel with respect toL will be de�ned as

	 L (x; y) := ( � x � L)1(� y � L)2	( u; v); x; y 2 
 : (2.75)

Since 	 is an SPD kernel on 
 � 
 it is clear that if

f � x � L : x 2 
 g is linearly independent overN 	 (
) ; (2.76)

then 	 L is also an SPD kernel. (Recall that a set of linear functionals� 1; : : : ; � � N 2

N 	 (
) 0 is linear independent onN 	 (
) if
P N

i =1 � i � i (f ) = 0 implies that � = 0. In

other words,
P N

i =1 � i � i 	( �; x) = 0 implies � = 0).

To see this, letf x1; : : : ; xN g be any set of distinct points in 
 and � 2 RN be

given. Then we have

NX

i;j

� i � j 	 L (x i ; x j ) =
NX

i;j

� i � j (� x i � L)1(� x j � L)2	( x; y)

= k
NX

i =1

� i (� x i � L)k2
N 	 (
) 0

(2.77)

which is nonnegative and is 0 only if� = 0.

Now since 	 L is an SPD kernel, we can consider its native Hilbert space

N 	 L (
) with reproducing kernel 	 L . Since 	 2 C2k(
 � 
) and N 	 (
) � Ck(
),
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clearly we must have 	L 2 C2k� 4(
 � 
) and N 	 L (
) � Ck� 2(
) for k � 2. Our

next Theorem enlightens the connection between the kernels	 and 	 L .

Theorem 2.3.2. (Wendland [66], Chapter 16) Suppose that	 2 C2k(
 � 
) is

a positive de�nite kernel and that L : N 	 (
) 7! C(
) satis�es (2.76). Then

L(N 	 (
)) = N 	 L (
) , and the following mappings

L : N 	 (
) 7! N 	 L (
) ; f 7! Lf

N 	 L (
) 0 7! N 	 (
) 0; � 7! � � L

(2.78)

are isometric isomorphisms. In particular, if f 2 N 	 (
) and � 2 N 	 L (
) 0, then

Lf 2 N 	 L (
) and � � L 2 N 	 (
) 0 with kLf kN 	 L (
) = kf kN 	 (
) and k� kN 	 L (
) 0 =

k� � LkN 	 (
) 0.

Proof. Our goal in the proof will be to show the existence of an isometricisomor-

phism eT : N 	 L (
) 7! N 	 (
) such that eT � 1 = L. We will use the space of functionals

L 0 := spanf � x ; x 2 
 g, introduced previously in (2.18) with slightly di�erent no-

tation, and the spaceF	 (
) := f � 2	( �; x); � 2 L 0g � N 	 (
) originally de�ned in

(2.11). When necessary, we will use the notationL 0
	 (resp. L 0

	 L
) to mean the space

of functionalsL 0 equipped with the inner product onN 	 (
) 0 (resp. N 	 L (
) 0). The

proof will be done in three parts.

(1) We begin by introducing the following additional spaces with respect to the

operator L:

L 0
L := f (� � L) : � 2 L 0g � N 	 (
) 0; F 0

L := f (� � L)2	( �; v ) : � 2 L 0g � N 	 (
) :

(2.79)
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As with L 0 and F	 (
), there is an obvious one-to-one correspondance betweenL 0
L

and F 0
L given by the Riesz mapping restricted toL 0

L

R	 jL 0
L

: L 0
L 7! F 0

L ; � � L 7! (� � L)2	( �; v ); (2.80)

which is an isometric isomorphism due to the norm preserving property of the Riesz

representer.

Using the spacesL 0
L and F 0

L , we now de�ne the following mappings induced

by the operator L:

T : F	 L (
) 7! F 0
L ; � 2	 L (�; x) ! (� � L)2	( �; x);

T0 : L 0
	 L

! L 0
L ; � ! � � L:

(2.81)

It is clear that both mappings are one-to-one since a unique� 2 L 0 determines a

unique element inF 0
L and L 0

L . Furthermore, for any � 2 L 0, we have

k(� � L)2	( �; v )k2
	 = ( � � L)1(� � L)2	( u; v) = � 1� 2	 L (u; v) = k� 2	 L (�; v )k2

	 L
:

(2.82)

Thus the norms of (� � L)2	( �; v ) 2 F 0
L and � 2	 L (�; v ) 2 F	 L (
) are the same. A

similar result holds for the mappingT0. Thus T : F	 L (
) 7! F 0
L and T0 : L 0;	 L ! L 0

L

are isometric isomorphisms.

Lastly, we want to show that the inverse mappingT � 1 : F 0
L 7! F	 L (
) co-

incides with L. Let f = ( � � L)2	( �; v ) 2 F 0
L for any arbitrary � 2 L 0. Then

T � 1f = � 2	 L (�; v ) which leads to

T � 1f (x) = � 2	 L (x; v) = � 2
�
(� x � L)1L2

�
	( u; v)

= ( � x � L)1(� � L)2	( u; v) = ( � x � L)f (u)

= Lf (x)

(2.83)
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for any x 2 
. Thus T � 1 = L.

(2) Since the isometric isomorphic mappingsT and T0map the dense subspaces

of Hilbert spaces into Hilbert spaces, they possess unique isometric extensions given

by

eT0 : N 	 L (
) 0 7! L T := eT0(N 	 L (
) 0) � N 	 (
) 0

eT : N 	 L (
) 7! F T := eT(N 	 L (
)) � N 	 (
) :

(2.84)

We want to show that L T = N 	 (
) 0 and FT = N 	 (
). Indeed, since N 	 L (
) is

complete and eT : N 	 L (
) 7! F T is an isometric isomorphism, the spaceFT must

also be complete. But this meansFT is a reproducing kernel Hilbert space with

reproducing kernel 	. Thus, by Theorem 2.2.6, since bothFT and N 	 (
) have

reproducing kernel 	, we must haveFT = N 	 (
). Furthermore, since FT = N 	 (
)

is the image ofN 	 L (
) under the mapping eT, which is the extension of the mapping

T : F	 L (
) 7! F 0
L , this implies that T(F	 L (
)) = F 0

L is dense inN 	 (
).

Now to see that L T = N 	 (
) 0, for an arbitrary � 2 N 	 (
) 0, we show that

� 2 L T as well. Indeed, using the Riesz mappingR	 we haveR	 (� ) = � 2	( �; x) 2

N 	 (
) = FT . Since � 2	( �; x) 2 F T , using the inverse Riesz map (R	 jL T )� 1, we

see that (R	 jL T )� 1(� 2	( �; x)) = � 2 L T and thereforeR	 jL T = R	 . This implies

L T = N 	 (
) 0.

(3) Finally, we can use parts (1) and (2) to show thateT � 1 = L andkLf kN 	 L (
) =

kf kN 	 (
) . We �rst show eT � 1 = L by using the fact that F 0
L is dense inN 	 (
).

Choose anyf 2 N 	 (
). Then by density of F 0
L in N 	 (
), we can choose a sequence

f n = ( � n � L)2	( �; x) 2 F 0
L with � n 2 L 0 such that kf � f nkN 	 (
) ! 0 asn ! 1 .
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Since� x � L 2 N 	 (
) 0, this means that

jLf (x) � Lf n (x)j � k � x � LkN 	 (
) 0kf � f nkN 	 (
) ! 0; (2.85)

asn ! 1 . On the other hand, sinceT � 1f n (x) = Lf n (x) from part (1), we see that

j eT � 1f (x) � Lf n (x)j = j eT � 1f (x) � T � 1f n (x)j � k � x � eT � 1kN 	 (
) 0kf � f nkN 	 (
) ! 0:

(2.86)

Both (2.85) and (2.86) together imply that L = eT � 1. Thus for every f 2 N 	 (
),

we haveLf = eT � 1f 2 N 	 L (
) and since eT � 1 : N 	 (
) 7! N 	 L (
) is an isometric

isomorphism,kLf kN 	 L (
) = k eT � 1f kN 	 L (
) = kf kN 	 (
) .

Lastly, we show in a similar manner thateT0(� ) = � � L and k� � LkN 	 (
) 0 =

k� kN 	 L (
) 0 for all � 2 N 	 L (
) 0. Choose any� 2 N 	 L (
) 0. By density of L 0;	 L

in N 	 L (
) 0, there is a sequencef � ng 2 L 0;	 L which converges to� in N 	 L (
) 0 as

n ! 1 . Thus for any f 2 N 	 (
), we have Lf 2 N 	 L (
) and so

j(� � L)f � (� n � L)f j � k � � � nkN 	 L (
) 0kLf kN 	 L (
) ! 0; n ! 1 : (2.87)

Now by de�nition we have T0(� ) = � � L so that

j eT0(� )( f ) � (� n � L)f j � k eT0(� � � n )kN 	 (
) 0kf kN 	 (
)

= k� � � nkN 	 (
) 0kf kN 	 (
) ! 0; n ! 1 :

(2.88)

Both (2.87) and (2.88) imply that eT0(� ) = � � L . Thus for � 2 N 	 L (
) 0, we know

that � � L = eT0(� ) 2 N 	 (
) 0andk� � LkN 	 (
) 0 = k� kN 	 L (
) 0. This ends the proof.

Now that we have a connection between the kernels 	 and 	L and their native

spaces, we now discuss their power functions which is the next stepin obtaining

62



error estimates for the interpolantuh;� . We will use a slightly di�erent notation

than in the previous section which will allow for more generalpower functions. Let

� 2 N 	 (
) 0 be any functional onN 	 (
) and let � N = f � 1; : : : ; � N g be any set of

N functionals onN 	 (
) and de�ne N 0
	 ;N := spanf � N g � N 	 (
) 0. Then the power

function with respect to 	 and � N is de�ned by

P	 ;� N (� ) := inf
� 2N 0

	 ;N

k� � � kN 	 (
) 0; (2.89)

where we recall the norm onN 	 (
) 0

q
(�; � )N 	 (
) 0 :=

p
� 1� 2	( x; y):

For example, if � = � x , for any x 2 
, and � =
P N

i =1 � i � x i for certain coe�cients

� 2 RN , then it is easy to see that (2.89) is equivalent to the de�nition of the power

function given in (2.46) with � = (0 ; 0). This more generalized de�nition of the

power function describes how well the functional� 2 N 	 (
) 0 can be approximated

by functionals from N 0
	 ;N .

We can now prove the following properties of this power function which will

then be used in obtaining error estimates for the symmetric meshless collocation

method. The �rst is a generalized best approximation result.

Theorem 2.3.3. Let u 2 N 	 (
) and N 0
	 ;N := spanf � N g = spanf � 1; : : : ; � N g �

N 	 (
) 0 and suppose thatuh;� 2 N 	 ;N satis�es � j (uh;� ) = � j (u) for all � j 2 � N .

Then for any � 2 N 	 (
) 0 we have the bound

j� (u � uh;� )j � inf
� 2N 0

	 ;N

k� � � kN 	 (
) 0 � inf
s2N 	 ;N

ku � skN 	 (
) � P	 ;� N (� )kukN 	 (
) :

(2.90)
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Proof. Since every� j 2 � N satis�es � j (u � uh;� ) = 0, so does every� 2 N 0
	 ;N .

Choose any� 2 N 	 (
) 0. Then we have

j� (u � uh;� )j = inf
� 2N 0

	 ;N

j(� � � )(u � uh;� )j � inf
� 2N 0

	 ;N

k� � � kN 	 (
) 0 � ku � uh;� kN 	 (
) :

(2.91)

Now for any s =
P N

i =1 � i � i 	( �; x) 2 N 	 ;N , we get

(u � uh;� ; s)N 	 (
) = ( u� uh;� ;
NX

i =1

� i � i 	( �; x))N 	 (
) =
NX

i =1

� i � i (u � uh;� ) = 0 : (2.92)

Since s 2 N 	 ;N is orthogonal to u � uh;� in N 	 (
), we have ku � uh;� kN 	 (
) =

inf s2N 	 ;N ku � skN 	 (
) � k ukN 	 (
) which gives our desired result.

The next Theorem gives a transformation result for the power function.

Theorem 2.3.4. Suppose that� = f � 1; : : : ; � N g � N 	 L (
) 0 and � 2 N 	 L (
) are

given. Then

P	 L ;� (� ) = P	 ;� � L (� � L):

Proof. The proof follows directly by the de�nition of the power function and Theo-

rem 2.3.2. We have

P	 ;� � L (� � L) = inf
� 2spanf � � L g

k� � L � � kN 	 (
) 0 = inf
� 2spanf � g

k� � L � � � LkN 	 (
) 0

= inf
� 2spanf � g

k� � � kN 0
	 L

= P	 L ;� (� ):

(2.93)

Finally, we have a so-called splitting technique for power functions, which

allows us to bound a power function on a set of functionals � by the power function

on a smaller set of functionals �1 � �.
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Theorem 2.3.5. (Wendland [66], Chapter 16) Suppose that� = [ j � j where� j �

N 0
	 is a �nite set of functionals for all j . Then

P	 ;� (� ) � P	 ;� j (� )

for all j and � 2 N 	 (
) 0.

Proof. Choose any� 2 N 	 (
) 0. We use the de�nition of the power function and

the fact that spanf � j g � spanf � g to get

P	 ;� (� ) = inf
� 2spanf � g

k� � � kN 	 (
) 0 � inf
� 2spanf � j g

k� � � kN 	 (
) 0

= P	 ;� j (� ):

(2.94)

The importance of this Theorem is that it allows us to considerfunctionals

separately in the interior of the domain 
 and on the boundary@
, which will be

helpful when deriving the error estimates since we will be ableto derive the bounds

independently on 
 and @
.

2.3.1 Deriving an error bound for symmetric meshless collocation

We now show how to bound the error bound for symmetric collocation by

using the Theorems from the previous section along with the error bound result

from Theorem 2.2.15. The procedure for obtaining the error bound will be to derive

the bounds separately on 
 and @
 and then use a maximum principle to get a

global error bound.
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We begin by de�ning sets of point evaluation functionals on 
 and @
 as

� 1 = f � x 1 ; : : : ; � x n g and � 2 = f � x n +1 ; : : : ; � x N g. We then let � 1 = f � x 1 � L; : : : ; � x n �

Lg = � 1 � L , � 2 = � 2 and set � := � 1 [ � 2.

To get an error bound in 
, choose anyx 2 
, and de�ne � = ( � x � L) 2

N 	 (
) 0. By Theorems 2.3.3, 2.3.5, and 2.3.4, we have the following string of in-

equalities.

j� (u � uh;� )j � P	 ;� (� x � L)kukN 	 (
) 2:3:3)

� P	 ;� 1 (� x � L)kukN 	 (
) (thm. 2:3:5)

= P	 ;� 1 � L (� x � L)kukN 	 (
)

= P	 L ;� 1 (� x )kukN 	 (
) (thm. 2:3:4)

= P	 L ;X1 (x)kukN 	 (
) :

(2.95)

whereP	 L ;X1 (x) is the power function for the SPD kernel 	L 2 N 	 L (
) originally

de�ned in (2.46) with kernel 	 L and � = (0 ; 0), namely

h
P	 L ;X1 (x)

i 2
= k	 L (�; x) �

nX

i =1

~vi (x)	 L (�; x i )k2
N 	 L (
) : (2.96)

This shows that

jLu(x) � Lu h;� (x)j � P	 L ;X1 (x)kukN 	 (
) (2.97)

for any x 2 
.

We can apply a similar string of inequalities to arrive at an error bound on
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the boundary @
. Let � = � x for any x 2 @
. Then we have

j� (u � uh;� )j � P	 ;� (� x )kukN 	 (
)

� P	 ;� 2 (� x )kukN 	 (
)

= P	 ;� 2 (� x )kukN 	 (
)

= P	 ;X2 (x)kukN 	 (
) :

(2.98)

This shows that

ju(x) � uh;� (x)j � P	 ;X2 (x)kukN 	 (
) ; (2.99)

for any x 2 @
. At �rst glance, we see that if we can bound the power function by a

constantC > 0 times the saturation parameterh@
 ;X2 , we will get our desired result.

However, it is not so clear how to boundP	 ;X2 (x) since it deals with argumentsx

which lie on the boundary@
, where a cone condition is not satis�ed. Thus we need

a couple more assumptions on 
 before we can proceed to boundP	 ;X2 (x). We �rst

need that 
 is polygonal.

De�nition An open bounded set 
 � R2 is said to be a simple polygonal set if

it is the intersection of a �nite number of half spaces. A half space in R2 is a set

Ha;b = f x 2 R2 : aT x < bg with a 2 R2=f 0g and b 2 R. A domain 
 � R2 is said

to be a polygonal domain if it is the union of a �nite number of simple polygonal

set.

The useful property of polygonal domains that we will need is that the bound-

ary of a polygonal domain is the union of a �nite number of lines. To boundP	 ;X2 (x),

we will take advantage of this fact, along with the followingLemma.

67



Lemma 2.3.1. Let 
 � R2 be any measurable set and suppose that	 2 C2k(
 � 
)

is an SPD kernel de�ned by	( x; y) := 	 0(x � y) for some radial function	 0. Let

X = f x1; : : : ; xN g � 
 is a set of pairwise distinct points. Furthermore, suppose

that T : R2 7! R2 is a bijective a�ne mapping, i.e. Tx = Sx + c, x 2 R2, with an

invertible matrix S 2 R2� 2 and a constantc 2 R2. Then the following relation holds

for the power function:

P	 ;X (x) = P	 � S� 1 ;T (X )(Tx); 8x 2 
 : (2.100)

Here T(X ) denotes the setf Tx1; : : : ; TxN g and 	 � S� 1 denotes	( S� 1x; S� 1y) :=

	 0(S� 1(x � y)) for any x; y 2 
 .

Proof. Let W = T(X ) and w = Tx for any x 2 
. Since w i � w j = Tx i � Tx j =

S(x i � x j ), we obviously have that

(	 � S� 1)(w i ; w j ) = 	( S� 1w i ; S� 1w j ) := 	 0(S� 1(w i � w j )) = 	 0(S� 1S(x i � x j )) = 	( x i ; x j ):

(2.101)

Thus the collocation matricesA X and A T (X ) for the kernels 	 and 	 � S� 1, respec-

tively, are the same (recall thatA X [i; j ] = 	( x i ; x j )). Furthermore, for any given

x 2 
, we have that the vector R	 ;X (x) := (	( x; x1); : : : ; 	( x; xN ))T is the same

as R	 � S� 1 ;T (X )(w) = (	( S� 1w; S� 1w1); : : : ; 	( S� 1w; S� 1w1))T . These two results

imply that the interpolant functions ~vj (x) and ~vj (Tx), j = 1; : : : ; N , de�ned by

~v(x) = A � 1
X R	 ;X (x) and

~v(Tx) = A � 1
T (X )R	 � S� 1 ;T (X )(Tx)

(originally de�ned in (2.35)) are the same. Now by the de�nition of the power
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function, we get

[P	 ;X (x)]2 = 	( x; x) � 2
NX

i =1

~vi (x)	( x; x i ) +
NX

i;j =1

~vi (x)~vj 	( x i ; x j )

= 	( S� 1w; S� 1w) � 2
NX

i =1

~vi (Tx)	( S� 1w; S� 1w i ) +
NX

i;j =1

~vi (Tx)~vj (Tx)	( S� 1w i ; S� 1w j )

= [ P	 � S� 1 ;T X (Tx)]2;

(2.102)

which �nishes the proof.

As we will see, this Lemma enables us to compute an error bound onthe

boundary @
. We can �nally give the desired error estimates for the boundary-

valued elliptic problem (2.64).

Theorem 2.3.6. ([66], 15.15) Let 
 � R2 be a polygonal domain and	 2 C2k(
 �


) for k � 1 be an SPD kernel. Suppose that the boundary-valued problem

Lu = f in 


u = g on @


(2.103)

has the unique solutionu 2 N 	 (
) � Ck(
) for a given f 2 C(
) and g 2 C(@
) .

Let uh;� be the interpolantuh;� =
P n

i =1 � i L2	( x; x i ) +
P N

i = n+1 � i 	( x; x i ) where the

coe�cients � i satisfy the linear system (2.72). Then the following error estimates

jLu(x) � Lu h;� (x)j � Chk� 2

 ;X1

kukN 	 (
) ; x 2 


ju(x) � uh;� (x)j � Chk
@
 ;X2

kukN 	 (
) ; x 2 @


(2.104)

are satis�ed for a su�ciently dense set of collocation points X = X1 [ X 2 and

constant C > 0.
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Proof. Firstly, the kernel 	 L corresponding to the elliptic operatorL is an SPD

kernel and in C2k� 4(
 � 
), as was shown above Theorem 2.3.2. The assumptions

on 	 imply that C	 L (x) from the Theorem 2.2.15 is uniformly bounded on all of
,

and we can thus apply the error estimate from Theorem 2.2.15 with j� j = 2 to get

a bound on the power functionP	 L ;X1 (x) in terms of C	 L (x) and h
 ;X1 leading to

jLu(x) � Lu h;� (x)j � P	 L ;X1 (x)kukN 	 (
) � Chk� 2
X1

kukN 	 (
) ; x 2 
 (2.105)

where the constantC > 0 satis�es C	 L (x) < C for any x 2 
.

For the boundary, as shown in (2.99) we already have

ju(x) � uh;� (x)j � P	 ;X2 (x)kukN 	 (
) ; x 2 @
 : (2.106)

We proceed to bound the power functionP	 ;X2 (x) in terms of hX2 . However, as

already mentioned, we cannot directly apply Theorem 2.2.15since it requires a cone

condition in the region wherex comes from, and@
 does not satisfy a cone condition.

Fortunately, we can take a slightly di�erent route by noticing that since @
 is

polygonal, it is a collection of a �nite number of linesH � �H = f y 2 R2 : aT y = bg,

each of which can be mapped toR where a cone condition is trivially satis�ed. For

each lineH 2 @
, we construct a bijective a�ne mapping T : H 7! R, to a line

segment on the real line, call itT(H ). The mapping is de�ned by Tx = Sx + c

for somec 2 R2 and an invertible matrix S 2 R2� 2. We now proceed to bound the

error on any of these line segments. To this end, letH be any line segment of@
.

De�ne the set of collocation pointsY = X2 \ H = f y1; : : : ; yM g (we assume for

simplicity that Y contains at least one point) and letW := T(Y) = f w1; : : : ; wM g

be the image ofT applied to the points (thus W are points on the real line). If
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h@
 ;X2 is su�ciently small then we can �nd for any x 2 H a y j 2 Y such that

kx � y j k2 � 2hX2 . Hence we have, forw = Tx,

kw � wj k2 = kTx � Ty j k2 = kS(x � y j )k2 � k Skkx � y j k2 � ChX2

which means thathT (H );W � hX2 , wherehT (H );W is the point saturation measure on

T(H ) with respect to W. Now since the setT(H ) � R satis�es a cone condition,

by Theorem 2.2.15 with� = 0, we can bound the power functionP	 � S� 1 ;W (w) �

Chk
T (H );W � Chk

@
 ;X2
for some constantC > 0 dependent on 	. Now we can apply

Lemma 2.3.1 to get a bound estimate on the boundary. Forx 2 H , we have using

2.99 and Lemma 2.3.1,

ju(x) � uh;� (x)j � P	 ;X2 (x)kukN 	 (
) � P	 ;Y (x)kukN 	 (
)

� P	 � S� 1 ;W (w)kukN 	 (
) � Chk
@
 ;X2

kukN 	 (
)

(2.107)

Since this can be done for any hyperplaneH , and since the number of hyperplanes

is �nite, this gives us the desired result.

As we see in Theorem 2.3.6, a good approximation in the interiorshould

require the setX1 to be �nely discretized, such that the error bound in the interior

is of the same order as on the boundary. This means the interiorshould more �nely

discretized than the boundary, and a good choice is obviouslyhk� 2

 ;X1

� hk
@
 ;X2

.

SinceL is of elliptic type, we can invoke the maximum principle for elliptic

operators (cf. Grisvard [30]) which states that

ku � uh;� kL 1 (
) � k u � uh;� kL 1 (@
) + CkLu � Lu h;� kL 1 (
) (2.108)

for a su�ciently large constant C > 0 dependent on the coe�cient functionsaj;k of

the operator L. This leads to the following corollary.
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Corollary 2.3.1. If in addition to the assumptions made in Theorem (2.3.6), we

have

h = maxf h
 ;X1 ; h@
 ;X2 g:

Then by using the maximum principle for the elliptic operator L in 
 , we have

ku � uh;� kL 1 (
) � Chk� 2kukN 	 (
) : (2.109)

2.4 Numerical Experiments of Meshless Collocation

2.4.1 Introduction

In this section, we illustrate the implementation and numerical properties re-

lated to the symmetric meshless collocation (SMC) method for numerically solving

elliptic PDEs. Through a series of experiments designed to investigate the issues

of convergence and approximation ability along with the versatility of the method,

we attempt to demonstrate that the symmetric meshless collocation method can be

used as a robust and easy to implement alternative to the standard�nite-element

method for numerically solving boundary-valued elliptic PDEs. In particular, we

wish to gain insight into the numerical rate of convergence forthe collocation method

as well as investigate the dependence of the convergence rateon the smoothness of

the kernel 	 and if the numerical convergence rate agrees with the theoretical one

given by equation 2.109.

We are also interested in the question of approximation re�nement in the collo-

cation method. Namely, how should the number of collocation nodes in the domain
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be re�ned to produce a better approximation without the expense of sacri�cing sta-

bility? We will compare approximation ability of the meshlesscollocation method

with di�erent quasi-uniform collocation node distributions (namely random, uni-

form, or Gaussian) in 
 and @
 to determine if there is an optimal distribution that

one should use.

Lastly, we would like to compare the symmetric meshless collocation method

with the standard �nite-element method on a few di�erent test problems to assess the

di�erences in numerical convergence and stability issues. One of the major advan-

tages of meshless collocation over traditional and generalized �nite element methods

(see [7] for example) is that meshless collocation does not require numerical quadra-

ture for integration since integration is not performed in the collocation method. A

grand challenge in the current trend of generalized �nite element methods comes in

selecting optimal quadrature points and weights for the numerical integration over

supports of the underlying basis functions. The introduction of quadrature then

of course leads to additional numerical errors which can propogate throughout the

global approximation. The fact that no integration is done in collocation greatly

simpli�es the implementation of the method and allows much freedom in selecting

the basis kernels and the placement of collocation nodes. Furthermore, since no

triangularization or rectangularization of the domain is required, collocation can

be used on much more general smooth manifolds without the problem of domain

discretization errors.

Before we investigate the implementation and performance ofthe meshless

collocation method with numerical experiments and comparewith the �nite-element
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method, we must �rst discuss the type of symmetric positive de�nitekernels that

will be used for constructing the native spaceN 	 (
) and consequently, the �nite

dimensional spaceN 	 ;N (
).

2.4.2 Choice of Reproducing Kernels

A critical component of the symmetric meshless collocation method for the

numerical solution of elliptic PDEs is the choice of symmetricpositive de�nite kernel

used to construct the native spaceN 	 (
). In this numerical study, we will restrict

ourselves to a class of SPD kernels 	(x; y) := 	 0(x � y) which have compact support

and are built from radial functions that can in fact be represented as polynomials on

the interval [0; 1]. This class of kernels was developed by Wendland in [63] andhave

been shown in the recent literature to have powerful approximation ability along

with fast summation techniques (see Wendland [66], Chapter 9).

As mentioned, the kernels are built from radial functions 	0 2 L1(R2) \ C(R2),

where 	 0(�) :=  (k � k), that have the form

 (r ) =

8
>><

>>:

p(r ) 0 � r � 1

0 r > 1
: (2.110)

The function p is a univariate polynomial of the formp(r ) =
P m

j =0 cj r j with cm 6= 0.

The degree of (and consequently 	0) is m.

By construction, it is easy to see that 	0 has compact support onkxk � 1 (the

norm k�k will be taken to be the standard Euclideanl2 norm unless otherwise noted)

and thus the kernel 	( x; y) := 	 0(x � y) has compact support since only values

such that kx � yk � 1 for x; y 2 R2 will be nonzero. Furthermore, by introducing a
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�xed scaling parameter� > 0, we can shrink or expand the support of 	 as desired

simply by de�ning

	 � (x; y) := 	 0(
x � y

�
):

Changing the support of 	 � will ultimately have an e�ect on the approximation

since a larger support for 	 will imply that more collocation points in X � 
 will be

used in determining the coe�cients in the collocation approximation. Unfortunately,

despite attempts in the literature, there is currently no analytical method of deriving

an optimal shape parameter� > 0 for a given kernel 	 and domain 
 with collocation

points X � 
 which minimizes the L1 (
) error norm. The only way to obtain a

near optimal shape parameter is numerically. We will see in thenext subsection

how the shape parameter� > 0 in
uences the accuracy of the meshless collocation

approximation. Obviously, the optimal shape parameter is alsoclearly dependent

on the kernel used as well as the collocation nodes.

We give a few examples of Wendland's compactly supported functions  k(r )

along with their associated smoothness spaceC2k(R2). Here the function (1� r )+

Table 2.1: Examples of k

d � 3  1(r ) = (1 � r )4
+ (4r + 1) C2

d � 3  2(r ) = (1 � r )6
+ (35r 2 + 18r + 3) C4

d � 3  3(r ) = (1 � r )8
+ (32r 3 + 25r 2 + 8r + 1) C6

means 0 if 1� r < 0 and (1� r ) otherwise. A brief overview of the construction and

75



the properties of Wendland's compactly supported kernels can be found in Appendix

C.10. For a complete detailed analysis of Wendland's compactly supported kernels,

[66] Chapter 9 is recommended.

2.4.3 Implementation and numerical experiments for Elliptic Boundary-

Valued Problems

In this section we describe the implementation of the SMC method in detail

and apply it to a few boundary-valued elliptic problems to assess the robustness of

the symmetric meshless collocation method for di�erent distributions of collocation

nodes, di�erent boundaries, and di�erent smoothness characteristics of the given

data f 2 C(
).

In our �rst experiment, we consider the simple Poisson problem with Dirichlet

boundary condition

� u(x; y) = �
5
4

� 2 sin(�x ) cos(
�y
2

); (x; y) 2 
 = [0 ; 1]2

u(x; y) = sin( �x ); (x; y) 2 � 1

u(x; y) = 0 ; (x; y) 2 � 2;

(2.111)

where � 1 = f (x; y) : 0 � x � 1; y = 0g and � 2 = @
 =� 1. The exact solution is

given asu(x; y) = sin( �x ) cos(�y2 ).

Before we begin discussing the computational results, we discuss the implemen-

tation of the SMC method introduced in section 2.3 while giving explicit formulas

for the collocation matrices based on the basis functions provided in the previous

subsection.
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Recall that the SMC approach seeks to approximate the solutionu by the

expansion

uh =
nX

j =1

� j L2	( �; x j ) +
NX

j = n+1

� j 	( �; x j )

wherex j for 1 � j � n are the interior collocation nodes andx j for n + 1 � j � N

are the boundary collocation nodes. The approximating SPD kernel is Wendland's

compactly supported kernel de�ned by 	( �; x j ) :=  k(k � � x j )k2) with  k being

de�ned in Table 2.1. SinceL = � in this example, we have

uh =
nX

j =1

� j �  (k � � x j k2) +
NX

j = n+1

� j  (k � � x j k2):

Substituting this expansion into the boundary-value problem(2.111) and enforcing

the approximation to satisfy the PDE at the interior and boundary collocation nodes

X = X1 [ X 2 we get

Lu h(x j ) = f (x j ); x j 2 X 1;

uh(x j ) = g(x j ); x j 2 X 2;

(2.112)

we then arrive to the system
0

B
B
@

A C

CT D

1

C
C
A

�

�

�
=

0

B
B
@

f jX1

gjX2

1

C
C
A ; (2.113)

where the block matrices are de�ned by

A i;j = � 2 (kx i � x j k2); 1 � i; j � n;

Ci;j = �  (kx i � x j k2); n + 1 � i � N; 1 � j � n;

D i;j =  (kx i � x j k2); n + 1 � i; j � N;

(2.114)
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and the vectorsf jX1 and gjX2 are the given interior and boundary functions, respec-

tively, evaluated on the collocation nodes. As an example, if we let � := � 3 2 C6(
)

from Table (2.1), then the functions in the block matrices of(2.114) are given by

 (r ) = (1 � r )8
+ (32r 3 + 25r 2 + 8r + 1)

�  (r ) = 44(1 � r )6
+ (88r 3 + 3r 2 � 6r � 1)

� 2 (r ) = 1056(1 � r )4
+ (297r 3 � 212r 2 + 16r + 1) :

(2.115)

Due to the symmetric positive de�nite property of the collocation matrix A X ,

the coe�cients � in (2.113) can readily be obtained by either a direct method or

a conjugate gradient method. Of course, the decision to use one method over the

other should be in
uenced by the number of collocation nodes in XN . For smaller

problemsN � O (103), a direct method is usually very fast and e�cient. In larger

problems, the condition number of the matrix plays a role, anda conjugate gradient

method should be employed. We discuss the stability and conditioning issues in the

last section of the chapter.

2.4.3.1 Experiment 1

In our �rst experiment with the collocation method, our goal is to determine

how the numerical approximationuh depends on the distribution of collocation nodes

in the domain 
 and boundary @
. We will consider three types of collocation node

distributions: a random distribution, a uniform distribution, and a Gauss-Lobatto-

Legendre (GLL) distribution. Furthermore, to asses the numerical convergence, we

let N range from 9 to 1089 for the total number of collocation nodesin X for all
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three distributions.

Figure 2.1 depicts the three di�erent types of node distributions in 
 and @
.

The random distribution of nodes was computed simply by using a uniform random

number generator in the interval (0; 1) and taking two draws for each (x; y) pair.

Table 2.2 shows theL1 errors for increasingN . As one can deduce, the

uniform node distributions performs slightly better than therandom and Gaussian

distributions, although the di�erences between the three aremarginal. For such a

smooth problem on a square domain, we expect all three distributions to produce

similar numerical results.

According to Theorem 2.3.6, theL1 (
) error of ju � uh j should behave like

Chk�j � jkukN 	 (
) where in this casek = 3 (since 	 0 2 C6(R2)) and j� j = 2. For the

uniform distribution of nodes, we can approximate the saturation parameterh for

the set of nodes easily as it is approximately given by 1=
p

N . We can approximate

the norm of kukN 	 (
) by simply projecting u 2 C(
) onto N 	 ;N (
) giving I X u for

really large N and then computing kI X uk2
N 	 (
) =

P N
i =1

P N
j =1 � i � j 	( x i ; x j ). Here

we let N = 5; 000 givingkukN 	 (
) � 5:2946. This implies that the constantC > 0

in the L1 (
) error estimate ranges from C � :0138 forN = 9 to C � 4:6730e� 007

for N = 1089.

Figure 2.2 shows the pointwise error (left) and the solution using 25 randomly

scattered points in 
. Local areas in 
 which are not as well covered by nodes gives

the largest pointwise error as shown in the left plot.

Figure 2.3 depicts the poinwise errors for the random and uniform node dis-

tribtions in the case N = 1089. We see that the uniform grid of nodes locally
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Figure 2.1: Examples of di�erent node distributions (Gaussian, random, uniform).
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Table 2.2: Numerical convergence of meshless collocation using 3 2 C6 radial function

for kernel 	 on random, Gaussian, and uniform collocation grids.

N Random Gaussian Uniform

9 5.866837e-003 2.307935e-002 2.307935e-002

25 4.757992e-004 2.571894e-003 7.666688e-004

81 1.828029e-004 2.571894e-003 3.519404e-005

120 3.825086e-005 2.395948e-005 1.784373e-005

160 9.275238e-005 5.348320e-005 3.182937e-005

200 8.138042e-005 2.758392e-005 8.983736e-006

250 2.181343e-005 3.201837e-005 5.984730e-006

289 7.051553e-006 2.395948e-006 1.655152e-006

400 2.099321e-006 1.109739e-006 8.189373e-007

500 1.297749e-006 8.347463e-007 6.393703e-007

1089 8.681275e-008 7.334611e-008 7.080371e-008

approximates the data much better than in the random node distribution.

We now want to compare the approximation ability of theC6 radial function

 3 with the C4 radial function  2 2 C4 de�ned in Table 2.1. According to Thereom

2.3.6, the rate of convergence in the interior of the domain should be to the order

of Chk� 2 where in this casek = 2. Table 2.3 shows theL1 errors for increasingN

on the same collocation nodes as in example from Table 2.2. Clearly, the numerical

rate of convergence is much better than the theoretical one o�ered in the Theorem.
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Figure 2.2: Pointwise error and approximationuh using 25 randomly scattered points

in 
.
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Figure 2.3: Pointwise error of 1089 collocation nodes for random (left) and uniform

(right) distribution.
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We can expect however that the convergence rate for 2 is not as robust as 3 do

to the fact that the approximation uh;� is only in C2 as opposed toC4.

Table 2.3: Numerical convergence of meshless collocation using 2 2 C4 radial function

for kernel 	 on random, Gaussian, and un�form collocation gr ids.

N Random Gaussian Uniform

9 9.866837e-002 6.307935e-002 5.537935e-002

25 2.757992e-003 1.214294e-002 7.418338e-003

81 3.128029e-004 2.913423e-003 3.519404e-004

120 1.545086e-004 3.565948e-004 1.784373e-004

160 8.275238e-005 8.348323e-005 3.182937e-005

200 6.138042e-005 6.258391e-005 8.145673e-005

250 3.181343e-005 3.201837e-005 5.814730e-005

289 2.051553e-005 1.455942e-005 1.655152e-005

400 9.099321e-006 7.109739e-006 8.189373e-006

500 8.297749e-006 6.347463e-006 6.393703e-006

1089 7.681275e-006 5.334611e-006 1.080371e-006

We conclude that if a smooth solution to the elliptic problem isexpected,

then there is hardly an advantage to using 3 over  2 except for the slightly faster

numerical convergence rate.
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2.4.3.2 Experiment 2

In the next numerical experiment, we investigate the approximation ability of

SMC in the case in which 
 is non-convex. We continue to considerthe elliptic

boundary-value problem (2.111) and take the domain 
 to beL-shaped as in �gure

2.4. The problem is now

� u(x; y) = �
5
4

� 2 sin(�x ) cos(
�y
2

); (x; y) 2 
 ;

u(x; y) = sin( �x ); 0 � x � 2; y = 0;

u(x; y) = 0 ; x = 0; 0 � y � 2; x = 2; 0 � y � 1;

u(x; y) = cos(
�
2

) sin(�x ); 1 � x � 2; y = 1;

u(x; y) = 0 ; 0 � x � 1; y = 2;

u(x; y) = cos(�y= 2); x = 1; 1 � y � 2;

(2.116)

Furthermore, we continue to utilize the C6 compactly supported radial function

 3. We expect the numerical convergence ofuh to be the same as in the previous

example since Theorem 2.3.6 only requires 
 to be polygonal, and not necessarily

convex. Figure 2.4 shows two di�erent collocation node con�gurations for the L-

shaped domain.

Table 2.4 shows theL1 errors for increasingN . This time, we see a better

improvement in convergence for the uniform grid as opposed tothe random distri-

bution of nodes. From this experiment, we clearly see that the non-convexity of


 does not a�ect the approximation ability of the collocatio n method. Comparing

tables 2.2 and 2.4, we see that the numerical convergence rates for the uniform grids

are very similar. The approximation in the square domain is only slightly better.
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Figure 2.4: L-shaped domain with two di�erent node con�gurations.

The plot in �gure 2.5 show the SMC solution withN = 100 random scattered

nodes in 
 along with the pointwise error plots for N = 25 and N = 100 random

scattered nodes in �gure 2.6. Since the scattered nodes are distributed more densly

with N = 100 we see the collocation solution is much smoother.

We now want to study the convergence ofuh to the solution u for the same

problem (2.111) in theL-shaped domain where we keep the internal nodesX1 �xed

while re�ning only the boundary nodesX2. We want to see how the distribution of

nodes on@
 a�ects the global approximation. To do this, we initialize 3 0 randomly

scattered nodes in 
 and 3 equidistant nodes on each boundary segment of @
 where

giving 18 total boundary nodes (total of 6 boundary segments for L-shaped domain).

The re�nement on the boundary approximation is done by adding 3 nodes to each

boundary segment and then recomputing the approximation. Table 2.5 shows the

errors as the total number of nodes on each boundary segment increases. TheN2

in the table represents the total number of nodes on the boundary @
. The second

column is the L1 error with 30 random nodes in 
 and the fourth column is the
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Figure 2.5: L-shaped domain approximation with N = 100.
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with N = 25 and N = 100.
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Table 2.4: Numerical convergence rate for elliptic problem on L-shapeddomain.

N Random Uniform

50 8.521359e-004 3.7628298e-004

100 9.141483e-005 7.1284928e-005

150 2.990301e-005 4.7840294e-005

200 1.868492e-005 2.0847294e-005

250 1.875683e-005 6.7392034e-006

300 1.812304e-005 3.3871937e-006

L1 error with 120 random nodes. Figures 2.7 depict the re�nementexclusively on

the boundary of 
.

As we can see, with the internal nodes �xed and the boundary nodes increasing,

the improvement in numerical convergence is remarkable, although the rate begins

to slow after about 36 total nodes, or 6 per boundary segment. In the 120 total

internal node case, a similar convergence rate is seen. This experiment leads us

to conclude that the approximation on the boundary in
uences dramatically the

approximation in the interior of the domain. This contradicts the remark made

directly below the proof of Theorem 2.3.6 where the we stated that interior node

distribution should more �nely discretized than the boundary,and a good choice is

hk� 2

 ;X1

� hk
@
 ;X2

. Clearly in this example we see that this is indeed not the case and

in fact the boundary @
 should have a smaller saturation parameterh@
 ;X2 than

that of the interior.
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Table 2.5: Numerical convergence of L-shaped domain problem for boundary re�nement.

N2 L1 error N2 L1 error

12 5.231837e-002 36 3.7628298e-004

18 1.190819e-002 54 7.1284928e-005

36 9.556934e-004 72 4.7840294e-005

54 7.017452e-004 90 2.0847294e-005

72 6.942045e-004 108 6.7392034e-006

2.4.3.3 Experiment 3

In our third example, we wish to inquire about the approximating robustness

of symmetric collocation in the case of a more general ellipticPDE with variable

coe�cients. We �rst consider a Helmoltz-type elliptic boundary value problem with

smooth variable coe�cients and Dirichlet boundary conditions:

@
@x

�
a(x; y)

@
@x

u(x; y)
�

+
@
@y

�
a(x; y)

@
@y

u(x; y)
�

+ u(x; y) = f (x; y); (x; y) 2 
 = [0 ; 1]2

(2.117)

u(x; y) = 0 ; (x; y) 2 � = @
 (2.118)

wheref (x; y) = � 16x(1 � (1 � x)(3 � 2y)ex� y) + 32y(1 � y)(3x2 + y2 � x � 2), and

the coe�cients are given by a(x; y) = 2 � x2 � y2, and b(x; y) = ex� y with exact

solution u(x; y) = 16x(1 � x)y(1 � y).

The operatorL in this example is of course more complex than in the previous

case and as before, one must �rst compute bothL2	( x; y) = L (kx � yk2) and
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Figure 2.7: L-shaped domain with 30 interior nodes and 18 (left) and 54 (right) boundary

nodes.

L1L2	( x; y) = L2 (kx � yk2). The approximation to the solution u(x; y) is then

given by

uh =
nX

j =1

� j L (k � � x j k2) +
NX

j = n+1

� j  (k � � x j k2) (2.119)

where

L (k � � x j k2) =
�

ax (x; y) x (k � � x j k2) + a(x; y) xx (k � � x j k2)
�

+
�

ay(x; y) y(k � � x j k2) + a(x; y) yy(k � � x j k2)
� (2.120)

and  x ;  xx ;  y;  yy are the �rst and second order partial derivatives with respect to

x and y. Since the basis function is radial, we must use the chain rule to evaluate

both partial derivatives. Thus, with x = ( x; y) and r = kxk =
p

x2 + y2, we have

@
@x

 (kxk) =
@
@r

 (r )
@
@x

r (x) =
@
@r

 (r )
x

p
x2 + y2

=
x
r

@
@r

 (r )

and

@2

@x2
 (kxk) =

x2

r 2

@2

@r2
 (r ) +

y2

r 3

@
@r

 (r ):
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Figure 2.8: Collocation solution with N = 286 random nodes.

To test the numerical convergence of the SMC method on the Helmholtz equa-

tion with variable coe�cients, we approximate the solution onthe series of random

collocation node distributions with N = 9; 25; 81; 286; 1086. Figure 2.8 shows the

collocation solution with N = 286 randomly scattered nodes in 
 and on the bound-

ary and the �gures in 2.9.

Due to the boundedness and continuity of the variable coe�cients a(x; y) and

b(x; y) in 
, the operator L is clearly elliptic and thus meets the conditions for the

hypothesis of Theorem 2.3.6. The convergence result should therefore hold in this

example. Table 2.6 shows theL1 error for an increasing number of nodes in the

domain and boundary.

The rate of convergence is nearly identical to the rate of thenon-variable

coe�cient elliptic boundary value problem discussed in the previous experiments.

The same collocation node con�gurations were used from 2.2 andalhough we see
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Figure 2.9: Pointwise error for N = 9 (left) and N = 25 (right) collocation nodes in 
.

marginally larger L1 errors for the same collocation node con�guration, the rate of

convergence is still highly robust. We can safely conclude thatthe SMC is successful

when applied to elliptic problems with variable coe�cients, however at the cost of

computing the di�erential operator L twice. But this can usually be accomplished

easily with the help of a symbolic mathematics software packagesuch as Maple.

2.4.4 Comparison with �nite-element method

We continue the numerical section on the SMC method by comparing it com-

putionally with the �nite-element method (FEM) for three di �erent elliptic prob-

lems. One of the themes of this thesis is to demonstrate numerically that meshless

collocation methods can be an attractive alternative to classic FEM methods which

utilize either a mesh, numerical quadrature, or both. We wantto compare the nu-

merical convergence of both methods along with the approximation properties of

the solutions on di�erent domains that could potentially be challenging for either

approximation method. In all of the experiments, we use the �nite element solver
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Table 2.6: Numerical convergence for variable coe�cient elliptic problem on three di�erent

collocation grids.

N Random Gaussian Uniform

9 1.125837e-001 2.307935e-001 8.342139e-001

25 1.157992e-002 2.571894e-003 7.366688e-002

81 1.374529e-003 2.571894e-003 1.519404e-003

120 8.105086e-004 2.395948e-004 1.784373e-004

160 4.275238e-004 5.348320e-004 7.182937e-004

200 2.138042e-004 2.758392e-004 5.983736e-004

250 9.181343e-005 3.201837e-005 8.984730e-005

289 8.105108e-005 9.395948e-005 9.655152e-005

400 4.199321e-006 1.109739e-006 8.189373e-006

500 2.143453e-006 8.347463e-007 6.393703e-007

1089 7.083571e-008 9.334611e-008 9.080371e-008

toolkit in Matlab to construct piecewise linear element solutions.
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2.4.4.1 Experiment 1

In our �rst experiment, we wish to solve the elliptic problem given in polar

coordinates on the unit diskr =
p

x2 + y2 � 1

� � u(r; � ) = 4 �
1
r

; 0 � � � 2� r < 1

u(1; � ) = 0 ; 0 � � � 2�

(2.121)

whereu(r; � ) = r (1 � r ) is the exact solution.

The di�culty in approximating the solution for both methods l ies in capturing

the sharp point at r = 0. For the �nite element approximation, we use piecewise

linear elements on a uniform triangularization of the disk. The boundary of the

disk using the edges of triangles will of course have a big impacton the resulting

approximability. We chose 5 di�erent meshes consisting of 50, 200, 500, 800, and

1080 triangles in the units disk. Figures 2.10 and 2.11 show theapproximate solution

using the �nite element approximation. One can clearly see that the approximability

at the center point r = 0 improves greatly as the number of piecewise linear elements

increase.

We suspect that the �nite-element method will be able to betterhandle the

approximation at the center of the disk due to the fact that thecollocation method

seeks a solution in a �nite dimensional subspace ofN 	 (
) which is a relatively

smooth space due to the smoothness of the kernel 	. In order to verify this, we

compute the collocation approximation where we take the set of collocation nodes to

be the nodes of the triangles in the �nite-element mesh. The �gures in 2.12 show the

meshless approximation at di�erent angles for the �rst two sets of collocation nodes
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Figure 2.10:Piecewise-linear Finite element solution with 153 (left) and 310 (right) nodes

from mesh.
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Figure 2.11:Piecewise-linear Finite element solution with 577 (left) and 789 (right) nodes

from mesh.
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Figure 2.12: Meshless collocation solution with 153 (left) and 310 (right) collocation

nodes in 
.

generated from the �rst two element meshes. Again, since we are using smooth

kernels inC6 for the native space of the meshless collocation, we cannot expect the

approximation at r = 0 to improve greatly where the sharp point is located. As one

can clearly see, the largest errors in magnitude come near the center point of the

disk. This was not the case with the �nite element solution.

To compare the performance of the two methods, we evaluate theL1 error

for each approximation at the corner nodes of each triangle element. Table 2.7

shows the results of the error analysis and we see that the SMC approximation

is slightly better by a factor of about c10� 1 where c < 1 is some constant. The

meshless method handles the boundary much better of course sinceno piecewise

linear approximation of the unit disk is being done. Most of thelarger errors in both

approximations come at the center of the disk where the sharp point is centered.

Since smooth kernels are being used in the SMC approximation, the method has

much di�culty in approximating the sharp point at r = 0. This is clearly seen in
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the convergence rate of theL1 error since the rate steadily declines for an increase

in nodes. The �nite-element solution, however, sees a much moreconsistent rate of

convergence due to its piecewise linear approximation.

Table 2.7: Comparing L 1 errors of the FEM and SMC method.

Nodes FEM L1 error SMC L1 error

153 1.262e-001 1.902e-002

310 5.831e-001 9.283e-003

577 3.763e-002 3.349e-003

789 6.32de-003 2.012e-003

1180 1.023e-003 9.711e-004

2.4.4.2 Experiment 2

For the second example, we now wish to compare the numerical solution of

both approximation methods in a problem where the domain 
 isnon-smooth and

non-convex. We consider the elliptic problem

� � u(x; y) = f (x; y); (x; y) 2 


u(x; y) = sin(5 r 2) cos(10r 2) (x; y) 2 @
 ;

(2.122)

wheref (x; y) = �
�

1
r

d
dr + d2

d2 r

�
(sin(5r 2) cos(10r 2)), and again r =

p
x2 + y2. The 


we consider is a union of 4 di�erent ovals creating the 
ower shaped domain shown

in �gure 2.13.

96



-1.5
-1

-0.5
0

0.5
1

-1

-0.5

0

0.5

1
-1.5

-1

-0.5

0

0.5

1

 
   Color: u  Height: u

 -1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

-1.5 -1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1  
   Color: u  Height: u

 -2

-1.5

-1

-0.5

0

0.5

1

Figure 2.13: Finite element solution with 50 and 150 triangle discretizion 
.

We again consider a uniform triangularization of the domain using 5 di�erent

meshes consisting of 50, 150, 400, 800, and 1500 triangles wherethe basis functions

are piecewise linear across the elements.

To compare the performance of the two methods, we again evaluate the L1

error for each approximation at the corner nodes of each triangle element on the

�nite element mesh. Thus the collocation nodes used in the meshless approximation

correspond to the triangle corner nodes of each element and theL1 error is computed

on the same points. This is shown in Table 2.8.

Since the analytic solution is quite smooth, we see that the SMC performs bet-

ter than the �nite element method. The numerical convergence rate of the the mesh-

less approximation, compared with the previous convergencerates, is only slightly

dampened by the nonsmoothness of the domain. From these two examples, we can

expect that the smoother the solution, the faster the convergence and more accu-

rate solution for the SCM compared to FEM. We've seen that the smoothness and

convexity of the domain, does not have much of an e�ect on the convergence rate
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Figure 2.14: Finite element solution with 913 nodes from mesh in 
.

either for meshless collocation. This is most likely due to the fact that no mesh-

ing of the domain is necessary and only dependent on the collocation nodes. In

the FEM approximation, if a nonsmooth solution is expected, wesaw that the nu-

merical convergence rate is higher and the SMC numerical convergence rate slows

signi�cantly.

We have thus seen that the advantage of SMC over FEM, besides thefact that

no mesh or numerical quadrature is needed, is in the simplicityof the implementa-

tion. Furthermore, for smooth problems we can expect the SMC method to be more

accurate and converge faster. One drawback however is if singularities or disconti-

nuities in the solution. We have seen that the SMC method will fail to converge in

this case whereas the �nite element approximation with piecewise linear elements
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Table 2.8: Comparing L 1 error of 
ower-shaped domain problem.

Nodes FEM L1 error SMC L1 error

76 1.1983e-001 1.1263e-002

253 7.7472e-002 6.7123e-003

913 2.6393e-003 4.2102e-004

3457 1.1635e-005 7.6162e-006

6890 8.2721e-006 2.1298e-008

has a much easier time handling such problems. There is one issue about the MC

method that we still have yet to investigate which is the issue of numerical stability.

We discuss this in the next �nal part of this numerical section.

2.4.5 Accuracy/Numerical Stability Trade-o�

A well known problem in meshless collocation methods is the trade-o� be-

tween the accuracy and the stability of the meshless collocation method. Theorem

2.3.6 in the previous section introduced a pointwise convergence rate for symmetric

collocation based on the saturation parameterh of the collocation setX = X1 [ X 2.

The numerical experiments demonstrated that in fact, a much better rate can be

achieved, even on nonsmooth and nonpolygonal domains. However, as we will now

show, there is a tradeo� between these robust numerical convergence rates and the

stability of the approximation.

Generally, thestability of the meshless collocation method is measured in terms
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of the condition number of the collocation matrixA X where the condition number

is given as cond(A X ) = kA X k2kA � 1
X k2 which in most numerical applications is

estimated by the ratio of the largest to smallest eigenvalue. We de�ne � min (A X ) =

inf � 2 RN
� T A X �

� T � > 0 as the minimum eigenvalue of the collocation matrixA X and is

positive due to the positive de�nite property ofA X . To clearly see why� min (A X ) is

important in the stability of the collocation process, we know that if � satis�es the

collocation problemA X � = f where f = ( f jX1 ; gjX2 ) is the interior and boundary

data, then � T A X � = � T and hence

(� T � )1=2 = k� k2 �
1

� min (A X )
kf k2:

Thus the closer� min (A X ) is to zero, then the less we know about the solution vector

� and the larger the condition number ofA X . In the following example, we will

demonstrate that � min (A X ) does in fact get closer to zero ash decreases.

We will attempt to demonstrate numerically that the greater the accuracy de-

sired in the approximation, the closer the collocation matrixA X is to becoming ill-

conditioned and eventually non-inversible using standard matrix inversion routines.

To investigate this inverse relationship between the stabilityand convergence, we

compare the evaluation of theL1 norm of the power function with respect to the dif-

ferential operatorL and the smallest eigenvalue of the collocation matrixA X . Recall

from the previous section that the power function for the modi�ed kernel 	 L evalu-

ated anywhere on 
 is de�ned by P2
	 L ;X1

(x) = k	 L (�; x)�
P n

j =1 ~vj (x)	 L (�; x j )k2
N 	 L (
)

whereX1 is the set of interior collocation nodes. TheL1 norm of the power function

kP	 L ;X1 kL 1 was proven to be bounded byChk� 2 for some constantC dependent on
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the kernel 	 and where k � 2 is the smoothness of the kernel. The power function

measures how well the �nite sum
P n

j =1 ~vj 	 L (�; x j ) approximates the kernel 	 L (�; x)

in the native space. Of course, as the number of points inX increases, the power

function should go pointwise to 0. We show that this is indeed thecase, but at the

cost of decreasing the smallest eigenvalue� min (A X ) and thus rendering the matrix

A X ill-conditioned.

To compute the power function in these numerical experiments,we use the

fact that

k	 L (�; x) �
nX

j =1

~vj (x)	 L (�; x j )k2
N 	 L (
) =

	 L (x; x) � 2
nX

j =1

~vj (x)	( x; x j ) +
nX

j;i =1

~vi (x)~vj (x)	 L (x i ; x j ):

(2.123)

This is written in matrix-vector form as

~v(x)T A ~v(x) � 2~v(x)T R(x) + 	 L (x; x); (2.124)

with matrix A [i; j ] = 	 L (x i ; x j ) and R(x) = (	 L (x; x1); : : : ; 	( xn ))T . But since

A ~v(x) = R(x) by de�nition of the vector ~v(x), we can reduce the power function

to

P	 L ;X1 (x) = (	 L (x; x) � ~v(x)T R(x))1=2: (2.125)

In these numerical examples we continue to use the positive de�nite kernel 	 de�ned

by the radial function  3 2 C6(R2). We compute the power function on 15 di�erent

sets of collocation nodes containingN = 100; 200; : : : ; 1500 evenly distributed nodes

in the square domain 
 = [0 ; 1]2. We compare this with N = 100; 200; : : : ; 1500

distributed nodes as well. Figure 2.15 shows the plot of theL1 norm of the power
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Figure 2.15: (Left) L 1 norm of the power function as N increases for uniform random

grids. (Right) Condition number of A X on uniform and random grids.
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function for increasingN . The plot on the right plots the condition number of the

collocation matrix A X as N increases. Notice that the condition number quickly

grows and then tapers o� asN gets large pastN = 1000. Since the nodes are

getting closer and closer, withh decreasing, this implies the the rows are becoming

more linearly dependent, thus renderingA X ill-conditioned.

Figure 2.16 shows two di�erent angles of the plots of the powerfunction P2
	 L ;X

for a uniform grid of collocation nodesX whereN = 100; 200; 300; 400. The plots

are layed on top of each other to see the e�ect ofP2
	 L ;X converging to 0 everywhere

in 
 pointwise as N increases, as it should.
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Figure 2.16: Power function on 
 for 4 di�erent sets X with N = 100; 200; 300; 400. Two

di�erent angles shown.

The fact that as the points in X get closer together, the rows ofA X become

more linear dependent suggest that the smallest eigenvalue� min (A X ) would be de-

pendent on the node separation distance given byqXN := 1
2 minj 6= k kxN

j � xN
k k2.

Wendland shows in [69] that in the case of compactly supported kernels constructed

from Wendland's compactly supported radial functions k from Table 2.1 that the

bound

� min (A X ) � Cq2k� 2j� j� 2; (2.126)

holds for some constantC > 0 where j� j is the order of the di�erential operator

L. Thus according to Wendland's estimate, less smooth kernels should produce

higher lower bounds for the smallest eighenvalue, but at the cost of having slower

converging collocation approximations.

In this �nal experiment of the numerical section, we wish to investigate Wend-

land's lower bound for the minimal eigenvalue numerically.In this experiment how-

ever, to allow the use of the additional kernel 1, we simply compute smallest

eigenvalue for the case in which all the functionals are pointevaluation functionals
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� j = � x j in the interior instead of � j = ( � x j � L). In this case, the lower bound for

the minimal eigenvalue should simply beCq2k� 2
XN

. We compute the power function

P2
	 ;X (x) = k	( �; x) �

P N
j =1 ~vj (x)	( �; x j )k2

N 	 L (
) for each kernel 	 0(�) =  k(k � k)

and compare the smallest eigenvalue with theL1 norm of the power function

and the separation distanceqXN . The interpolation matrix A X ;k then has entries

A X ;k [i; j ] = 	( x i ; x j ) =  k(kx i � x j k). We compute this on 15 di�erent uniform

node grids and compare the performance in �gure 2.17 for the 1;  2, and  3, re-

spectively. The plots show how the norm of the power function decreases as the

condition number increases. In each plot, the rate of each kernel  1;  2, and  3 is

compared. Ideally, we would like to see the norm of the power function decrease at

the same rate the condition number increases. However, this is not exactly the case.

We do see that in fact that the less smooth the kernel, the better conditioned

the resulting interpolation matrix will be, but at the cost of a slightly less accurate

solution. This phenomenon should be carefully considered whendeciding what

kernel should be used in computing numerical solutions to PDEs using meshless

collocation. When one wants an accurate solution with a very limited number

of collocation nodes in the domain, these numerical experiments suggest that a

smoother kernel should be used to construct the native space and consequently the

solution. However, if the solution is expected to be nonsmooth, the kernel built

from  1 should be considered as it will allow for higher amount of collocation nodes

with a lower condition number.
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Figure 2.17: Condition numbers (top) and power function norm (bottom) fo r the three

di�erent kernels de�ned by  1,  2,  3.
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Chapter 3

A Meshless Collocation Method for the Rotational Shallow Water

Equations on the Sphere

3.1 Introduction

In this second part of the thesis we construct a meshless collocation approxi-

mation method for the rotational shallow water equations on the sphere and apply it

to a small suite of tests designed to characterize its strengths and weaknesses. The

�rst part of the chapter deals with some theoretical issues of regional approximation

that have been considered in past literature such as Staniforth[52] when developing

a new regional modeling technique. We highlight some results of the theoretical

issues which we later apply when discussing our numerical experiments. We then

discuss the shallow-water model and its discretization on the sphere. Given that

there are many ways of discretizing the nonlinear system of equations on the sphere,

we aim at developing a so-called cubed-sphere model and discuss its advantages over

other types of discretizations. The third part of the chapter then discusses in detail

the implementation of meshless collocation on the shallow-water equations where we

adopt a semi-implicit time stepping scheme which results in a mathematical struc-

ture well suited for high-performance parallelization. In the next chapter, we give

an e�cient implementation of the parallelization of the model where we also discuss
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hardware and software considerations that we use to run numerical simulations.

The simulations are based on the standardized test cases proposed by Williamson

et al. [71] primarily for experimenting with new approximation methods for the

shallow-water equations on the sphere. The computational results are given which

summarize the potential of the meshless collocation method forhigh-performance

geophysical 
uid dynamics applications. We then conclude with a �nal discussion

on some future research endeavors stemming from the meshless collocation method

proposed in this chapter.

3.2 Theoretical issues of regional approximation in global models

One of the primary goals of numerical climate and weather prediction is to

construct high-resolution approximations over the largest possible areas in the do-

main of interest for a long period of time. Our main motivationin this chapter is to

show computationally that the construction of a high-resolution approximation over

large and smaller regional areas for a long period of time is possible with meshless

collocation methods.

It is generally considered impractical in most meteorological models to use high

resolution uniformly over the globe due to storage and computational time costs.

Because of this, the study of regional approximation methods inglobal models for

weather and climate has gained massive attention over the past two decades. High

resolution is required over regions of interest namely to su�ciently represent small

scales and processes which can a�ect the atmosphere's global evolution. Staniforth,
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Cote and others (see e.g. [18], [52]) claim that constructing regional approximations

of the regions of interest can be done based on the fact that meteorological systems

move with �nite phase speeds. However, the size of the regional area largely de-

pends on the simulated or forecasted time period. As suggested in [52] and shown

computationally in [56], this would primarily be due to insu� cient resolutions at the

boundaries of the regional approximation causing poorly resolved features to propa-

gate inwards at phase speeds dependent on the model and time stepping discretiza-

tion. If mesh structures change too abruptly however (i.e. from coarse to �ne and

then to coarse), propagating waves governed by the hyperbolic system of equations

can begin to see the addition of spurious modes stemming from theinconsistency

between the mesh sizes. This will globally cause instability in the approximation

over long periods of integration time if the mesh is not properly constructed. It is

thus a grand importance when testing regional approximationschemes to not only

vary the size and resolution of the localized region, but also toenforce a uniform

transition from �ne to coarse resolution and to test the time integration interval and

its e�ect on the regional approximation accuracy.

Most of the current methods for regional approximation utilized in global cli-

mate and similar geophysical models stem from the area of mesh (orgrid) re�nement.

In this type of methodology, the mesh in the regional domain ofinterest is re�ned

to a desired mesh size while the mesh size increases by small factors moving away

from the �xed region. Some numerical experiments using global GCMs in the past

(e.g. [2]) have demonstrated using this type of mesh re�nement that a decrease in

horizontal grid size improved the predictability of large, already well-resolved waves
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such as Rossby waves.

In this thesis however, we will propose a di�erent approach to regional approx-

imation through the use of meshless collocation. As we hope to demonstrate, the

advantage to using meshless collocation for both global and regional approximation

of the shallow-water dynamics comes from the fact that no numerical quadrature

and remeshing will be needed due to the nature of collocation.This greatly sim-

pli�es the approximation and re�nement at any time step. In the next sections, we

will discuss the underlying shallow-water model along with itscubed-sphere domain

discretization and the semi-implicit time stepping method which will be used for

the time evolution of the shallow-water model. Both provide an integral part of the

proposed geophysical model in this thesis.

3.3 The Shallow Water model

Being the simplest form of motion equations that can approximate the hor-

izontal structure of the atmosphere or the dynamics of oceans, the shallow-water

equations have been used as a robust testing model in atmosphericand oceanic sci-

ences. The solutions can represent certain types of motion including Rossby waves

and inertia-gravity waves while describing an incompressible
uid subject to gravi-

tational and rotating acceleration. The governing equations for the inviscid 
ow of

a thin layer of 
uid in 2-D are the horizontal momentum and continuity equations

for the velocity �eld the geopotential height. We will not discuss the derivation of

the shallow-water model in this section. For a good derivationof the shallow water
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equations on the sphere, the interested reader is referred to Kalnay [34].

While there are many di�erent ways of de�ning the shallow-water equations,

we focus in this model on cubed-sphere geometry originally proposed by Sadourny

in [43] and used in other global models in recent years such as [58] and [57]. We

begin by a brief review of the cubed-sphere while adopting notational conventions

from [58].

3.3.1 Implementation of the Cubed-Sphere

As a visual aid, the cubed-sphere is constructed as follows. Consider a cube

inscribed inside a sphere where each corner of the cube is a pointin the sphere and

where each face of the cube is subdivided intoNE subregions. The goal is to project

each face of the cube onto the sphere and in e�ect, obtain a quasi-uniform spherical

grid of 6� NE subregions which can be further subdivided into many subregions of

interest. In the mapping of the cube to sphere, each face of the cube is constructed

with a local coordinate system and employs metric terms for transforming between

the cube and the sphere which we de�ne next. This will allow computations to be

done on a unit square for each face of the cube, which will proveto be much easier

than working in spherical coordinates for the meshless collocation.

Let (�; � ) be equal angular coordinates such that� �= 4 � �; � � �= 4. Then

any x1 and x2 on a facePi of the cube is related throughx1 = tan �; x 2 = tan � .

We denoter the corresponding position vector on the sphere with longitude� and

latitude � . For such an equiangular projection, we de�ne basis vectorsa1 = r � and
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a2 = r � which may be written as

r � =
1

cos2 �
r x1 ; r � =

1
cos2 �

r x2 (3.1)

wherer x1 and r x2 are de�ned as

r x1 =
�

cos� � x1 ; � x1

�

r x2 =
�

cos� � x2 ; � x2

�
:

The metric tensorgij ; i; j 2 [1; 2] can be derived as

gij = ai � aj =

2

6
6
6
6
6
6
4

r x1 � r x1 r x1 � r x2

r x2 � r x1 r x2 � r x2

3

7
7
7
7
7
7
5

;

=
1

r 4 cos2 � cos2 �

2

6
6
4

1 + tan 2 � � tan � tan �

� tan � tan � 1 + tan 2 �

3

7
7
5 ;

= ~A T ~A ;

where r 2 = 1 + tan 2 � + tan 2 � and the Jacobian of the transformation and the

matrix ~A are, respectively,

p
g = [det( gij )]1=2 =

1
r 3 cos2 � cos2 �

;

and

~A =

2

6
6
6
6
6
6
4

cos� � � cos� � �

� � � �

3

7
7
7
7
7
7
5

:
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In order to transform between the cube and the sphere, an explicit form of ~A and

~A � 1 are needed for each face of the cube which are derived by the local coordinate

system on each face. First, the matrices~A and ~A � 1 are given as

~A = A

2

6
6
6
6
6
6
4

1=cos2 � 0

0 1=cos2 �

3

7
7
7
7
7
7
5

; (3.2)

and

~A � 1 =

2

6
6
6
6
6
6
4

cos2 � 0

0 cos2 �

3

7
7
7
7
7
7
5

A � 1: (3.3)

In order to complete the transformation from the cube to the sphere, the

explicit form of the matrix A is needed which is dependent on the cube face. For

the lateral facesP1 through P4, A is the same. Using the global spherical coordinates

� and � , the values are

� x1 = cos2 �; � x2 = 0

� x1 = sin � sin� cos� cos�; � x2 = cos2 � cos�;

which gives

A = cos� cos�

2

6
6
6
6
6
6
4

cos� 0

� sin� sin� cos�

3

7
7
7
7
7
7
5

; (3.4)
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and

A � 1 = sec� sec�

2

6
6
6
6
6
6
4

sec� 0

tan � tan � sec�

3

7
7
7
7
7
7
5

: (3.5)

The top panel P5 of the cubed

� x1 = cos� tan �; � x2 = sin � tan �;

� x1 = � sin� sin2 �; � x2 = cos� sin2 �;

which gives

A = sin �

2

6
6
6
6
6
6
4

cos� sin�

� sin� sin� sin� cos�

3

7
7
7
7
7
7
5

; (3.6)

and

A � 1 =
1

sin2 �

2

6
6
6
6
6
6
4

sin� cos� � sin�

sin� sin� cos�

3

7
7
7
7
7
7
5

: (3.7)

And �nally, similar to the top face, the bottom face P6 metric is de�ned as

� x1 = � cos� tan �; � x2 = sin � tan �;

� x1 = sin � sin2 �; � x2 = cos� sin2 �

which gives

A = sin �

2

6
6
6
6
6
6
4

� cos� sin�

sin� sin� sin� cos�

3

7
7
7
7
7
7
5

; (3.8)
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and

A � 1 =
1

sin2 �

2

6
6
6
6
6
6
4

� sin� cos� � sin�

sin� sin� cos�

3

7
7
7
7
7
7
5

: (3.9)

Finally, while using the de�nition of gij given in (3.2), we can write transfor-

mations between covariant and contravariant components ofa vector u = ( u1; u2)

as
2

6
6
6
6
6
6
4

u1

u2

3

7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
4

g11 g12

g21 g22

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

u1

u2

3

7
7
7
7
7
7
5

;

2

6
6
6
6
6
6
4

u1

u2

3

7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
4

g11 g12

g21 g22

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

u1

u2

3

7
7
7
7
7
7
5

: (3.10)

With the metric terms de�ned, we can now write the shallow water equations

in the curvilinear coordinates system to be integrated on the cubed-sphere. In such

a coordinate system, the shallow-water equations can be written as follows

@u1
@t

= �
h
u2g(f + � ) +

@
@x1

� 1
2

u1u1 + u2u2
�

+
@�
@x1

i
;

@u2
@t

= �
h
u1g(f + � ) +

@
@x2

� 1
2

u2u2 + u2u2
�

+
@�
@x2

i
;

@�0

@t
= �

� 2X

j =1

(uj @�
@xj

+
�
g

@
@xj

(g uj ))
�

with initial conditions given by an initial velocity �eld an d geopotential surface

height � 0 u(�; � ) = f (�; � ) and � 0(�; � ) = g(�; � ), respectively. We will assume both

�elds are continuous across the sphere in latitude and longitude.
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Here, we have de�ned� = � 0 + � 0 where � 0 is the �xed bottom topography

and � 0 is the displaced geopotential height,f = 2! sin� is the Coriolis force (! is

the rotation of earth) and

g� =
@u2
@x1

�
@u1
@x2

is the relative vorticity. Covariant and contravariant vectors are de�ned through the

short-hand metric tensor notationui = gij uj , gij = ( gij )� 1. We note that the metric

terms gij can be computed and stored prior to the time stepping of the equations

once the discretization of the cube has been resolved. An example of a discretized

cubed-sphere is shown in �gures (3.1) at two di�erent angles. Oneach face of the

cube, we used a 8� 8 Gauss-Lobatto-Legendre distribution of points.

Figure 3.1: Discretized Cubed-Sphere

Only knowledge of the collocation points are needed to compute the metric

terms for evaluating the velocity and geopotential �elds onthe sphere. We discuss

the e�cient implementation in Fortran 90 of the metric terms and the covariant

and contravariant vectors for mapping between the cube and the sphere in the next
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chapter.

3.3.2 Semi-Implicit Time Discretization

As an integral part of our geophysical model, the semi-implicittime step-

ping scheme which we discuss in this section has many computational advantages.

Semi-implicit time stepping schemes were �rst used in atmospheric models in order

to alleviate the problem of stability constraints ultimately due to the fast mov-

ing gravity waves in the discrete shallow water equations [58]. They have been

successfully applied for allowing an increase in the time step without a�ecting the

atmospherically important Rossby waves. Furthermore, since thefast modes in the

spherical shallow water system are ultimately associated with thesmall scale grav-

ity waves, semi-implicit integration is highly desirable for climate models where the

small scale gravity waves are not signi�cant to the global largescale dynamics. Such

a semi-implicit method is described in this section and was originally proposed in

the spectral element model developed in [58].

As we will show later in this section, the resulting time discrete formulation

of the shallow water equations using the semi-implicit method leads to solving an

elliptic Helmholtz problem for the geopotential at each timestep. A preconditioned

conjugate gradient method is then used to solve the system since the resulting

discrete Helmholtz operator is symmetric positive de�nite.

The semi-implicit time stepping is composed of an explicit leapfrog scheme for

the advection terms combined with a Crank-Nicholson scheme forthe gradient and
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divergence terms. Adopting the di�erence notation�u j = un+1
j � un� 1

j and �� =

� n+1 � � n� 1, the time discretized shallow water equations in curvilinearcoordinates

can be written as

�u j + � t
@

@xj
(�� ) = 2� t

h @
@xj

(� n� 1) + f j;n
u

i
;

�� + � t
� 0

g

2X

j =1

@
@xj

(g�u j ) = 2� t
h� 0

g

2X

j =1

@
@xj

(guj;n � 1) + f n
�

i
;

where the tendenciesf i;n
u and f n

� contain nonlinear terms along with the Coriolis

term and are evaluated explicity as

f j;n
u = uk;n g(f + � n ) +

@
@xj

� 1
2

u1u1 + u2u2
� n

;

and

f n
� = � (

2X

j =1

uj;n @�n

@xj
+

� 0n

g

2X

j =1

@
@xj

(guj;n � 1)) :

Now to put the equations in the form we are interested in, we bring the implicit

terms to the left hand side of the equation and the explicit terms to the right, we

end up with the time discrete evolution form of the shallow water equations

un+1
j + � t

@
@xj

(� )n+1 = un� 1
j � � t

@
@xj

(� )n� 1 + 2� tf j;n
u (3.11)

� n+1 + � t
� 0

g

2X

j =1

@
@xj

(guj;n +1 ) = � n� 1 � � t
� 0

g

2X

j =1

@
@xj

(guj;n � 1) + 2� tf n
� (3.12)

which is now in the form needed for spatial discretization usingmeshless collocation.

Due to the Crank-Nicholson terms, the storage of two or more previous time steps is

needed. In order to compute the �rst two time steps,n = 1 and n = 2, two forward

explicit steps with very small time step � t can be applied to the shallow-water
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equations where the nonlinear terms are on the right-hand side of the equation. For

example, with initial states of the velocity and geopotential �elds given as (u0
1; u0

2)

and � 0, a small initial step � t to get (u1
1; u1

2) and � 1 can be computed as

u1
j = u0

j � � t
@

@xj
(� 0) + � tf j; 0

u ;

� 1 = � 0 � � t
� 0

g

2X

j =1

@
@xj

(guj; 0) + � tf 0
� :

We note however that the � t used in this step should be magnitudes lower than

the � t used in the semi-implicit stepping. We discuss this issue further inthe next

section on the initialization and implementation of the model.

The overall performance of this semi-implicit method is reduced to the perfor-

mance of a robust approach for solving equations (3.11) in an e�cient manner for

obtaining the solution at the n + 1 time step. Of course, this is highly dependent

on the spatial discretization of the variablesu = ( u1; u2) and � . In the next section,

we propose a meshless collocation method for approximating these variables at each

time step, where the collocation method will rely heavily on the theory from chapter

2.

3.4 Meshless Collocation for the shallow-water equations

With the shallow water system of equations cast into discrete time-stepping

form, we can now approximate spatially across the cubed-sphere. A direct approach

to solving the equations in (3.11) using the meshless collocation method from the

previous chapter is not so clear. In fact, if one does a direct discretization of each
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variable using SPD kernels as shown in chapter 2, the resulting linear system would

be nontrivial to solve since it would be nonsymmetric and not necessarily positive

de�nite. It might even be singular. In order to guarantee a unique solution at every

time step, a di�erent approach must be taken to cast (3.11) into aform in which a

unique solution is obtainable and feasibly computable.

In this section, we propose a new meshless collocation approach for discretizing

and solving (3.11) in a robust and computationally fast manner.The method will

take advantage of compactly supported symmetric positive de�nite (SPD) kernels

and the theory of SPD kernels presented in the previous chapter. We �rst give a

general approach to the method and then discuss speci�c implementational issues

related to the compactly supported SPD kernels. In the next chapter, we then

demonstrate an e�cient parallelization of the method in Fortran 90.

In this new meshless collocation approach for approximating the shallow water

equations on the sphere, we will use a distribution of collocation nodes for both the

velocity and geopotential �elds. Let 
 = [ 6
k=1 Pk where Pk , k = 1; : : : ; 6 are the 6

faces of the inscribed cube in the sphere and letX = f x1; : : : ; xN g be a distribution

of N collocation nodes on 
 for the velocity and the geopotential�elds.

Following the theory of chapter 2, in this meshless collocation construction

we consider a symmetric positive de�nite kernel 	 : 
 � 
 7! R such that 	 2

C2k(
 � 
) and construct the following discrete Native space on 


N 	 ;N = spanf 	( �; x1); : : : ; 	( �; xN )g: (3.13)

We approximate each component of the velocity �eldun = ( un
1 ; un

2 ) and the geopo-
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tential � n at any time step n > 0 by a reproducing kernel expansion so that

un
1;N ; un

2;N ; � n
N 2 N 	 ;N . Thus we seek vectors� n;u 1 , � n;u 2 , � n;� 2 RN at each time

step n > 0 such that

un
1;N (�) =

NX

j =1

� n;u 1
j 	( �; x j )

un
2;N (�) =

NX

j =1

� n;u 2
j 	( �; x j )

� n
N (�) =

NX

j =1

� n;�
j 	( �; x j ):

(3.14)

As required by collocation, we enforce all three of these expansions to satisfy the

time discrete equations at the collocation nodesX . This amounts to enforcing

un+1
i;N (xk) + � t

@
@xi

(� N )n+1 (xk) =

un� 1
i;N (xk) � � t

@
@xi

(� N )n� 1(xk) + 2� tf i;n
u (xk); 8xk 2 X

� n+1
N (xk) + � t

� 0

g

2X

i

@
@xi

(gui
N )n+1 (xk) =

� n� 1
N (xk) � � t

� 0

g

2X

i

@
@xi

(gui
N )n� 1(xk) + 2� tf n

� (xk); 8xk 2 X

(3.15)

for each time stepn > 0.

Although equations (3.15) are in the desired form, we do not directly attempt

to solve them since the resulting system would be nonsymmetric, very large, and

possibly not even solvable for a unique solution at each time step.We instead take

a di�erent approach where we eventually decouple the velocity and geopotential

approximations, consequently replacing the system (3.15) by a smaller one which

is in fact symmetric, positive de�nite, and easier to solve via conjugate gradient

methods.
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In order to solve for all three components more e�ciently, we begin by casting

(3.15) in a slightly di�erent form using a nodal approximation for each component.

This is done as follows. For simplicity of exposition, we demonstrate the method

on a simple continuous scalar function on 
 and then apply the method to the

components in (3.15). To this end, letu 2 C(
) be any continuous function and

consider approximating u by some uN 2 N 	 ;N which satis�es uN (xk) = u(xk)

for all xk 2 X . It was shown in Chapter 2 that this can be accomplished by

letting uN (�) =
P N

j =1 � j 	( �; x j ) and then requiring
P N

j =1 � j 	( xk ; x j ) = u(xk) for

all xk . Thus we arrive at the systemA� = u whereu = ( u(x1); : : : ; u(xN )) and so

� = A � 1u.

Now suppose we wish to approximate@u
@x1 and @u

@x2 given the datau(x1); : : : ; u(xN ).

Sinceu(xk) = uN (xk) at any xk 2 X , we have

@u
@x1

(xk) =
NX

j =1

� j

� @
@x1

�

1
	( xk ; x j ); 8xk 2 X

where
�

@
@x1

�

1
denotes the derivative acting on the �rst argument of the kernel 	.

In matrix form, we write

ux1 = A x1 � (3.16)

whereux1 = ( @u
@x1 (x1); : : : ; @u

@x1 (xN )) and

A x1 =

0

B
B
B
B
B
B
@

�
@

@x1

�

1
	( x1; x1) � � �

�
@

@x1

�

1
	( x1; xN )

...
. . .

...
�

@
@x1

�

1
	( xN ; x1) � � �

�
@

@x1

�

1
	( xN ; xN )

1

C
C
C
C
C
C
A

: (3.17)

Now since� = A � 1u, substituting into (3.16) we have

ux1 = A x1 A � 1u = D1u: (3.18)
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Notice that the N � N matrix D1 = A x1 A � 1 is actually a di�erentiation matrix.

Thus to approximate @u
@x1 pointwise onX we simply construct the matrix D1 using

the inverse of the collocation matrixA and the matrix A x1 . A similar construction

for the di�erentiation matrix D2 = A x2 A � 1 for derivatives in thex2 variable can also

readily be accomplished. Using these di�erentiation matrices, the pointwise values

of the gradient �eld of a scalar function � and the divergence of a vector velocity

�eld u can now easily be approximated as (D1 ��; D 2 �� ) and D1 �u1 + D2 �u2, where �� ,

�u1, and �u2 is the vector of values at the collocation nodes.

Using the di�erentiation matrices just de�ned, we can now cast the equations

(3.15) into nodal form. We letD1 and D2 be the di�erentiation matrices with respect

to the collocation nodesX and de�ne the 2N � 2N matrix D = [ D1D2] then (3.15)

can be written as

un+1 + D T � n+1 = un� 1 � D T � n� 1 + R n
u

� n+1 + DG tun+1 = � n� 1 + DG tun� 1 + R n
�

(3.19)

for each time stepn > 0, whereun = (~un
1 ; ~un

2 ) and � n are vectors of length 2N

and N , respectively of the nodal values at the collocation nodes inX . The vectors

R n
u 2 R2N and R n

� 2 RN are the vectors of the values at the collocation nodes of the

nonlinear and Coriolis forcing terms at time stepn. The matrix G t is a diagonal

matrix containing the terms � t � 0
g .

The velocity-geopotential decoupling can now be accomplished by �rst writing
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the the system in matrix-vector form
2

6
6
6
6
6
6
4

I t � D T

D I t

3

7
7
7
7
7
7
5

2

6
6
4

un+1

� n+1

3

7
7
5 =

2

6
6
4

R n
u

Rn
�

3

7
7
5 ; (3.20)

where we have de�ned the matrices and vectors

I t = I =� t;

~I t = I =(� t� 0=g)

(3.21)

with I being the identity matrix, and

R n
u = ( un� 1 � D T � n� 1 + R n

u )=� t

R n
� = ( � n� 1 + DG tun� 1 + R n

� )=� t:

(3.22)

A Helmholtz problem for the geopotential perturbation at time stepn + 1 is

obtained by �rst writing the expression for the velocity solution at time step n + 1

yielding

un+1 = � t(R n
u + � tD T � n+1 ); (3.23)

and then applying back-substitution to obtain an equation forthe geopotential

� n+1 + � t2� 0DD T � n+1 = R 0
� ; (3.24)

where

R 0
� � R n

� � � t� 0DD T R n
u : (3.25)

Once the geopotential is computed from (3.25), the velocity�eld is updated at time

step n + 1 using equation (3.23).
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Notice that the system in (3.24) is of Helmholtz-type due to the fact that the

N � N matrix de�ned by H = ( I + � t2� 0DD T ) is symmetric and positive de�nite.

Furthermore, sinceD T � n+1 approximates the gradient �eld of the� variable evalu-

ated at the collocation points, it is easy to see that the di�erentiation matrix D then

approximates the divergence ofD T � n+1 . We can thus viewDD T as the Laplacian

operator on� .

Using this semi-implicit time stepping algorithm to decouple the velocity and

geopotential �elds, we have e�ectively reduced the 3N � 3N nonsymmetric system

of equations in (3.19) at every time step to anN � N system. Moreover, since the

matrix H is symmetric and positive de�nite, we can solve (3.24) using an e�cient

preconditioned conjugate gradient method to approximate the geopotential� n+1 and

consequently the velocity �eld through equation (3.23). In the numerical section of

this chapter, we discuss an e�cient preconditioned conjugategradient method for

solving (3.24) in parallel using a message passing interface in Fortran 90.

3.4.1 Implementation of the shallow water model

In this section we discuss an e�cient implementation of the approximation

scheme for the shallow water equations on cubed-sphere described in the previous

section. Since the core of each time step obviously comes in solving anN � N system

for the geopotential, the robustness and computational speed of the meshless col-

location is heavily dependent on a robust preconditioner forthe conjugate gradient

method. Before we discuss solving the Helmholtz problem for the geopotential, the
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initialization issues of the model need to be addressed.

As with any collocation method, the choice of the SPD kernel for constructing

the discrete Native space is crucial for this meshless collocation scheme applied to the

shallow water equations. In this thesis, due to there powerful approximation ability

and fast summation techniques, we have chosen to use the compactlysupported

radial functions developed by Wendland in [64] and reviewedin Appendix C. In

particular, we are interested theC4 Wendland function de�ned by � 2(r ) = (1 �

r )6
+ (35r 2+18r +3) since its collocation matrix is better conditioned than the� 3 radial

function and has better approximation ability than the � 1 function as demonstrated

in section 2.4.3. An additional parameter which we will make useof is the inclusion

of the so-called shape parameter� > 0. Using the� 2 radial function, we can scale the

support of the associated SPD kernel by simply de�ning 	(x; y ; � ) := � 2(kx � yk=�).

The support of the kernel can thus be expanded or contracted depending on the value

of epsilon. We will use this feature to appropriately constructthe interpolation

matrix A for 	 in such a way so that the inverse of A X can be computed quickly.

We will show how this is done in the following.

The meshless collocation spaces are initialized on the entire cube by distribut-

ing N collocation nodes on 
 = [ 6
i =1 Pi and then constructing the discrete native

spaceN 	 ;N (
) = span f 	( �; x j ); : : : ; 	( �; xN ) that will approximate both compo-

nents of the velocity and the geopotential. The interpolation matrix A X based on

the collocation nodesX is computed by constructing each row as follows. For each

j = 1; : : : ; N , choose the shape parameter� > 0 such that at most m > 1 nearest

neighbors tox j are included in the support 	( �; x j ; � ), for some �xed m. This can
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be achieved, for example, by using the nearest neighbor search algorithm presented

in Wendland Chapter 14. We reproduce it in the Appendix C. Oncean � > 0 has

been chosen such that at mostm nearest neighbors are in the support of 	(�; x j ; � ),

the interpolation matrix A X is then built row by row where the nonzero entries cor-

responding to rowi are the values of the kernel 	(x i ; x j ; � ), for all x j 2 X such that

kx i � x j k � � . If the collocation nodes are clustered correctly, The resulting matrix

should then have a concentration of values along the diagonal, with a bandwidth

of m, and zeros in all other entries. For example, withm = 4, the matrix could

resemble something like

A X =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

	( x1; x1; � ) 	( x1; x2; � ) 	( x1; x3; � ) � � � 0

	( x2; x1; � ) 	( x2; x2; � ) 	( x2; x3; � ) � � � 0

	( x3; x1; � ) 	( x3; x2; � ) 	( x3; x3; � ) 	( x3; x4; � ) � � �

0 0 	( x4; x3; � ) 	( x4; x4) � � �

...
. . . 	( x i ; x i � 1; � ) 	( x i ; x i ; � )

...

... 0 0
. . . 0

0 � � � 	( xN ; xN � 3; � ) 	( xN ; xN � 2; � ) � � �

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

The next step in the initialization is to compute the inverse ofthe interpolation

matrix A X . Since the matrix might be quite large rendering direct Gaussian elim-

ination methods infeasible, we propose an e�cient parallel algorithm in the next

chapter based on a so-called Connected Schur's Component algorithm originally

developed in Mahmood et al [39].

Once A � 1 has been computed, the di�erentiation matricesD1 and D2 with
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respect to the collocation nodes are constructed by �rst building the matrices

A x1 =

0

B
B
B
B
B
B
@

	 x1 ;1(x1; x1; � ) 	 x1 ;1(x1; x2; � ) 	 x1 ;1(x1; x3; � ) � � �

	 x1 ;1(x2; x1; � ) 	 x1 ;1(x2; x2; � ) 	 x1 ;1(x2; x3; � ) � � �

...
. . . . . .

...

1

C
C
C
C
C
C
A

;

and

A x2 =

0

B
B
B
B
B
B
@

	 x121(x1; x1; � ) 	 x2 ;1(x1; x2; � ) 	 x1 ;1(x1; x3; � ) � � �

	 x2 ;1(x2; x1; � ) 	 x2 ;1(x2; x2; � ) 	 x2 ;1(x2; x3; � ) � � �

...
. . . . . .

...

1

C
C
C
C
C
C
A

;

The di�erentiation matrices D1 and D2 are then computed as shown before by

D1 = A x1 A � 1 and D2 = A x2 A � 1. It is worthwhile to note that due to the banded

diagonal structure of the matricesA x1 and A x2 , the di�erentiation matrices can

be quickly computed by only summing on the elements which are nonzero. This

signi�cantly reduces the cost of the matrix-matrix multiplication.

The �nal step in initialization of the method before starting the time stepping

process of the semi-implicit discretization is to compute the metric tensor terms

evaluated at the collocation nodes for mapping the velocityand geopotential �elds

to the sphere. In the next chapter, we show how this can e�ciently be done using

data structures in Fortran 90.

Once the metrics and Coriolis forcing evaluated at each collocation node has

been resolved, the semi-implicit time stepping procedure can be initiated. Recall

from the previous section that in order to compute th �rst semi-implicit steps, the

initial and �rst step need to be stored. Due to its simplicity, we propose a simple

forward explicit time step with very small � t. With initial states of the velocity and
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geopotential �elds evaluated on the collocation nodesX of the cube, and represented

by the vectorsu0 2 R2N and � 0 2 RN , the �rst step can be computed as

u1 = u0 � � tD T � 0 + � tR 0
u ;

� 1 = � 0 � � tGDu 0 + � tR 0
� :

As already mentioned, due to the nature of explicit time stepping, the � t used in

this step should be magnitudes lower than the �t used in the semi-implicit stepping.

Once the vectorsu1 and � 1 have been computed, the semi-implicit method can

be utilized. For each time stepn > 1, the computation of the nonlinear and Coriolis

forcing terms are done by using the nodal values of each �eld from the previous

time step along with the di�erentiation matrices and block identity matrices. For

example, to compute the vorticity of the velocity �eld at time n,

� n =
@un2
@x1

�
@un1
@x2

we have using the di�erentiation matrices

� n = DEu n

whereE is the 2N � 2N block permutation matrix de�ned by

E =

0

B
B
@

0 I

� I 0

1

C
C
A ;

and I is the N � N identity matrix. Similarly, the nonlinear term @
@xj

�
1
2u1u1+ u2u2

� n

can be approximated at the collocation nodes by �rst computing the vector

vn = ( I I )(un 
 �un ) 2 RN
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where �un is the vector of contravariant values ofun , 
 represents the element by

element multiplication operator, and (I I ) is the N � 2N block matrix formed by

two consecutiveN � N identity matrices. Applying the di�erentiation matrix D j vn ,

j = 1; 2, then gives the values of @
@xj

�
1
2u1u1 + u2u2

� n
at the collocation nodes.

3.4.2 Complete Algorithm

We conclude this chapter with the complete algorithm for thediscrete evo-

lution of the rotational shallow water equations on the sphereusing the meshless

collocation method proposed in this chapter. The algorithm presented below sum-

marizes all the steps discuss in the chapter.

Algorithm 5.1 Input: N , X � 
, compactly supported SPD 	, time steps K > 1

Initialization:

� Compute covariant and contravariant metric terms and Coriolis forcing at

collocation nodesX

� Assemble interpolation matrix A using compactly supported SPD kernel 	 :


 � 
 7! R. Choose shape parameter� so that A is a band matrix with

bandwidth m > 1

� Compute A � 1 and di�erentiation matrices D1 = A x1 A � 1 and D2 = A x2 A � 1.

� Evaluate ICs u0(�; � ) and � 0(�; � ) at collocation nodes on cube to get vectors

u0 and � 0. Use forward explicit step to getu1 and � 1.

For n = 1 : : : K , do
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� Compute vorticity � n = DEu n and advection terms

D j vn ; vn = ( I I )(un 
 �un ); j = 1; 2

� Assemble right-hand side vectors,R n
u and R n

� , of Helmholtz system.

� Solve for Helmholtz equation for geopotential using conjugate gradient method

� n+1 + � t2� 0DD T � n+1 = R 0
� ;

where

R 0
� � R n

� � � t� 0DD T R n
u :

� Update velocity �eld with

un+1 = � t(R n
u + � tD T � n+1 );

The computational core of this algorithm of course comes in computing the

inverse of the band matrixA with bandwidth m > 1 and the conjugate gradient

subroutine for approximating the geopotential at each time step. In the next chap-

ter, we discuss the parallel implementation of the above algorithms using the mpi

libraries and give an analysis of their total number of operations and their parallel

time complexity. E�ective and robust data structures using themodular paradigm

in Fortran 90 for the velocity and geopotential �elds will also be discussed. In

the �nal part of the chapter we will then present a suite of numerical experiments

aimed at demonstrating the high-performance capabilities of semi-implicit, meshless

collocation discretization of the rotational shallow water equations.
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Chapter 4

The High-Performance Parallel Computation of the Meshless

Collocation Method for the Shallow-Water Equations on the Sphere

4.1 Introduction

Since the goal of this thesis is focused on the demonstrating themathematical

and numerical properties of meshless collocation methods, ouraim in this chapter is

to provide numerical veri�cation and validation of the meshless collocation scheme

applied to the rotational shallow-water equations on the sphere that was introduced

in the previous chapter. We would like to show computationally that this proposed

model can compete with existing high performance methods forapproximating the

shallow-water equations such as the SEAM (spectral-element atmospheric model)

developed at NCAR all while highlighting the advantages and disadvantages of the

method.

The chapter is organized as follows. The �rst part of the chapter introduces

two parallel algorithms used in the implementation of the semi-implicit meshless

collocation method proposed in the previous chapter. The algorithms are utilized

in the two computationally intensive steps of the model; 1) �nding the inverse of a

band matrix and 2); the parallel conjugate gradient method for the solution of the

Helmholtz problem. The algorithms will be discussed in detail using pseudocode
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along with speci�c data structure examples. We follow up with examples in For-

tran 90 of data structures used for the velocity and geopotential �elds along with

the covariant/contravariant metric structures used for mapping the cube to sphere.

Hardware issues in the parallelization of the model aimed at giving insight into

optimal computation time for the model will also be discussed.

Finally, to conclude the chapter, we give a suite of computational experiments

to validate the e�ectiveness of the proposed shallow water model. For this, we will

use some standard tests provided by Williamson et al. [71] that have been used for

the past two decades for assessing computational accuracy and time benchmarks.

4.2 Parallel Algorithms

In this section we propose some parallel algorithms for the high-performance

computation of the semi-implicit meshless collocation approximation of the shallow

water model. Speci�cally, we introduce a parallel algorithm for computing the

inverse of a band matrix based on an algorithm originally developed in Mahmood

et al. [39]. We then give an analysis of the algorithm's operation complexity as a

function of the matrix size.

The second parallel algorithm that we discuss is a parallel conjugate gradient

method. Since the systemH � = R must be solved at every time step, whereH is a

symmetric and positive de�nite matrix, a fast conjugate gradient method must be

used to approximate� . As we demonstrated in the previous chapter, the e�ciency

and robustness of the meshless collocation model relies on the semi-implicit time-
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stepping scheme which in turn relies on a fast method for approximation � . The

parallel conjugate gradient method has the potential to be afast and robust solver,

but at the cost of �nding an e�ective preconditioner and knowing how to distribute

the positive de�nite matrix and vectors among the processors inan optimal manner.

We will limit our discussion to the parallel conjugate gradientmethod and defer

preconditioner issues to the numerical experiment section of the chapter.

Both algorithms are based on the assumption that we have a clusterof pro-

cessor nodes where each node has one or multiple processor and capable of storing,

reading, and writing data with all other nodes using an array of data broadcasting

and gather routines. This is a standard assumption in high performance parallel

computing and enables the use of themessage passing interfacelibrary (mpi) of

Fortran 90.

4.2.1 Fast parallel computation of inverting a band matrix

Recall from section 3.4.1 that in order to compute the di�erentiation matrices

D1 and D2, the inverse of the interpolation matrixA must be computed. Since the

N � N interpolation matrix might be infeasible to directly invert using global SPD

kernels, we chose Wendland's compactly supported radial functions and selected the

support parameterized by the shape parameter� > 0 such that at mostm > 1 nodes
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are in the support. The resulting matrix,

A X =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

	( x1; x1; � ) 	( x1; x2; � ) 	( x1; x3; � ) � � � 0

	( x2; x1; � ) 	( x2; x2; � ) 	( x2; x3; � ) � � � 0

	( x3; x1; � ) 	( x3; x2; � ) 	( x3; x3; � ) 	( x3; x4; � ) � � �

0 0 	( x4; x3; � ) 	( x4; x4) � � �

...
. . . 	( x i ; x i � 1; � ) 	( x i ; x i ; � )

...

... 0 0
. . . 0

0 � � � 	( xN ; xN � 3; � ) 	( xN ; xN � 2; � ) � � �

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

was shown to be banded, with a bandwidthm > 1. It turns out that this band

matrix is easier to invert using a parallel version of the so-called connectivity of

Schur's complement (CSC) algorithm. The idea behind this fast banded matrix

inversion is to properly use the connectivity of Schur's complements (CSC) resulting

in an algorithm with time complexity O(n log(n)) where n < N is a fraction of N .

An outline of the algorithm can be stated as follows. We initiatethe algorithm

by �rst transforming the N � N banded matrix into a tridiagonal block matrix of

n � n block matrices of sizeb� b whereb= ( m � 1)=2. To do this we take blocks of

sizeb� b of the original matrix and extend down through the diagonal.This new

block matrix is tridiagonal and we can now proceed into computing the inverse of

each individual smallerb� bmatrix that can be done inO(b3) time on one processor.

An example of a banded matrix with bandwidthm = 5 and its block tridiagonal

representation is given in �gure 4.1.

The successive steps in the CSC algorithm then considers a string ofcalcula-

tions where inverses of the block matrices are computed and then the computation

134



Figure 4.1: Example of 6� 6 matrix with bandwidth 5 and its 3 � 3 block tridiagonal

matrix representation.

of the Schur's complements are followed. We outline the CSC steps as follows.

� Compute the forward inverse of the band

� Compute the back inverse of the band

� Compute the inverse outside the band

In the �rst two steps above, the neighboring blocks are connected through the

Schur's complement. We illustrate the three steps of the algorithm with the 3 � 3

block tridiagonal matrix shown in �gure 4.1. We will denote the inverse ofA in this

3 � 3 block matrix as

In the �rst step, the inverse of each diagonal block matrix is computed and the

successive Schur's compliment to compute the remaining diagonals are computed.

This process is shown in �gure 4.2.

In the second step of the algorithm, the outer block matrices ofthe tridiag-

onal matrices are computed by beginning with the last diagonal block matrix and

sweeping up towards through the diagonal to the �rst diagonal block matrix commu-
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Figure 4.2: Diagram of of the forward inverse process on a simple 3� 3 block matrix.

Figure 4.3: Example of the back inverse process on a 3� 3 block matrix.

nicating each diagonal matrix to its neighbors to be used in successive computations

of the newly updated diagonal block matrices. The steps involved in back inverses

are as follows. Assume there aren > 1 block diagonals.

� De�ne B � 1
n = A0

nn , the �nal diagonal block matrix.

� For 1 < i < n , compute the above-diagonal block matrixA0
ii at the i -th block

diagonal matrix asA0
ii = B � 1

i � 1 � A0
(i )( i +1) (A (i +1)( i +1) )� 1A0

(i +1)( i ) .

� Compute the left block matrix at the i -th block diagonal asA0
(i )( i � 1) = � A0

ii A (i )( i � 1)A � 1
(i � 1)( i �

and the above block matrix asA0
(i )( i � 1) = � A0

(i � 1)( i � 1)A (i � 1)( i )A � 1
ii

To illustrate these steps with the 3� 3 example, �gure shows each block matrix

computation for the diagonal and o�-diagonal block matrices.

Notice that due to the dependence on the the neighboring blockmatrices at

each diagonal block matrix, this step must also be performed in serial on a mas-
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Figure 4.4: Example of the outside inverse computations on a 3� 3 block matrix.

ter processor that communicates with the other processor nodes using a broadcast

routine. Thus the operation count for this step will be 3n � (b3).

The third and �nal step of the algorithm is the most complex bu can be done

on multiple processors; (n� 2)=2 processors allocated for the lower part and (n� 2)=2

for the upper part of the tridiagonal matrix. Each processor computes a matrix of

the form XY � 1Z whereY is the diagonal neighbor,X is the column neighbor block

matrix, and Z is the row neighbor block matrix (left or right depending on if in

upper or lower part of the matrix). To illustrate, we give an example for the 3� 3

example once again.

The result is a cascading e�ect outward toward the upper-rightand lower-

left corners of the block matrix where in each step outward, only n � 2=2 block

matrices are remaining and thus onlyn � 2=2 processors are needed, while data

communicating with the previously computed matrices are needed.

To �nd the total operation count, we �rst consider the serial version of the

algorithm. If we let b = ( m � 1)=2 be the size of each block matrix and mult(b),

add(b), inv( b) be the operation count for multiplying, adding, and computing inverse
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of b� b matrices, then

�
(n � 1)[inv(b) + 6mult( b) + 2add(m)]

	
inverse inside band

+ 2
�

(n � 1)inv(b) � inv(b) +
mult( m)

2

�
log(n � 1)

�
(n � 1)

+
mult( m)

2

�
n � 2

�
(n � 1)

	
; outside of band

Assuming that the multiplication and and the inverse of theb � b matrix can be

done in O(b3) operation counts, then the entire serial algorithm has between n2b

and 2n2b operations as the block sizem increases. Ifn >> b then the total time

complexity of the algorithm is O(n2), where again,n is the number of the block

matrices in the diagonal.

Now to consider the parallel implementation of this algorithm, we assume

n >> b and that we have (n � 2)=2 processors. In the initialization of the algorithm,

the block matrices are partitioned such that every processor node has access to

reading and writing the surrounding neighbor block matrices.The i -th diagonal

block matrix B � 1
i is computed by �rst computing the block matrix B i = A ii �

A (i � 1)( i )B � 1
i � 1A (i )( i � 1) and then computing the inverse on one processor. Since the

block matrices will be very small (withb = 4; 5; or 6 in practice) this can be done

directly. A similar strategy for the second step is also required since this step must

be done in serial as well.

The third part of the algorithm is where we utilize the parallel message passing

interface. We begin by allocating to then � 2=2 processors twob� b block matrices

from the �rst o�-band diagonal (one block matrix from upper and one from lower o�-

band matrix) to compute all the necessary inverses and matrix products in (O)(b3)

time. Once these inverses are computed in parallel inO(b3) time. In the next
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step, the inverse matrices in the next o�-band diagonal are computed, needing only

n� 2=4 processors, and again done inO(b3) time. Since the number of block matrices

to compute divides in half as the algorithm sweeps out throughthe o�-band block

matrices, the time complexity for computing all o�-band block matrices in step three

is O(log(n) � b3). Assuming (n � 2)=2 processors, the total number of operations for

the entire algorithm is nb3 + 3nb3 + 2n log(n)b3, or O(n logn) if n >> b .

4.2.2 Parallel Conjugate Gradient Method

The �rst parallel algorithm that we discuss is an approach to conjugate gra-

dient iterations for approximating solution to Ax = b, where A is symmetric and

positive de�nite using message passing on a cluster of connected processor nodes.

To motivate the use of a parallel conjugate gradient method, we brie
y review the

computational iterations involved.

Initializing x1 as an initial guess, and settingr1 = b� Ax 1, p1 = A T r 1
kA T r 1k2

2
, we

perform for k = 2; 3; : : :

� k =
1

(Apk ; Apk)
; xk = xk� 1 + � kpk� 1

r k = r k� 1 � � kApk� 1; � k =
1

kAT r kk2
2
; pk = pk� 1 + � kAT r k :

We iterate until kr kk=kbk2 � � where � is usually chosen to be close to machine

precision. The search vectorspk must be computed sequentially since one direction

in the conjugate gradient depends on previous directions. The matrix-vector mul-

tiplication operations can clearly be parallelized using ane�cient partitioning and

distribution of the matrices and vectors.
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There are a number of methods to determine the data decomposition and

distribution for the basic matrix/vector operations. One thing to keep in mind

of course is that the distribution of the matrix A across the processors should be

consistent with the distribution of the vectorsx and b.

Throughout the assembly of the algorithm. We assume that the message

passing will be done using themaster-slaveparallel paradigm. In this way, we have a

master processor capable of holding the matrixA, and the input and solution vector

x. The global reading and writing operations are done uniquely through the master

processor. The slave processors carry out the multiplication andaddition arithmetic

operations. Matrix A on the master processor will stay unchanged throughout the

entire number of iterations. Each slave node has then at its disposal a unique part

of matrix A and when the need of computing one of the two operations arise,it

receives an appropriate vector from the master process.

We consider a standard row-wise partition of the matrix ontop processors

such that p < N . The matrix is partitioned row-wise onto the processors by taking

for 1 � i � p the i -th consecutive set ofN=p of matrix A and distributing it to

processori . Each process only storesN=p complete rows ofA and a N=p portion

of the resulting vectorb. Since the vectorx needs to be multiplied by every row of

the matrix A, every process needs the entire vector. Using the interface mpi, this

requires an all-to-all broadcast. This broadcast takes placeamongp processes and

involves messages of sizeN=p. Each process then multiplies allN=p rows by the

vector x and stores theN=p results in a temporary vector.

Using this row-wise matrix-vector paradigm, we can now adjust the computa-
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tions in the original conjugate gradient method to produce the parallel algorithm.

Of course, we need to aim at minimizing the communication timebetween the pro-

cessors. Notice that since the Helmholtz matrixH is symmetric positive de�nite,

in this algorithm, we haveA = AT which greatly simpli�es the parallel cg method.

We thus propose the following strategy:

� Initialization: Broadcast initial guess x0, and the i -th set of N=p rows of A

and entries ofb to processori . Compute the N=p entries of r1 = b� Ax 0 on

each process and send to master to gather entries.

� Compute p1 = Ar 1
kAr 1k2

2

� For k = 2; : : : do

� Compute vector t = Apk , broadcast to master, then set on master processor

� k = 1
ktk2

2
; xk = xk� 1 + � kpk

� Compute r k = r k� 1 � � kApk� 1 using row-wise partition. Broadcast thei -th

N=p portion of r k to master processor, gather the entries ofr k on master

processor; broadcast to all processes.

� Compute vectort = Ar k , broadcast to master, and then setpk = pk� 1 + t
ktk2

2

� Check on master processkr kk=kbk2.

The time complexity of each iteration of this algorithm is a function of the row

matrix-vector products on each process along with the broadcast and gather routines

amongst the processors. The communications used for the all-to-all broadcast and
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gather routines are clearly hardware dependent. For the matrix-vector routines after

communication, each process spends timeN 2=p multiplying the N=p partitions of

the matrix A.

In the numerical experiment section of this chapter, we give results for the

timings and scalability of this algorithm. In particular, we will be interested in

investigating the communication time between process for thempi routines in some

experimental integrations of the model.

4.3 Implementation of velocity and geopotential �eld

In this section, we discuss some implementation issues concerningthe velocity

and geopotential �elds. In particular, we discuss some of the data structures which

were implemented in our model using Fortran 90 and the computation of the metrics

necessary for mapping both �elds to and from the sphere.

We begin with the structures for computing the geopotential and velocity.

Below is Fortran 90 code which implements data structure in a Fortran 90 module.

We �rst de�ne vectors of size nX � nY � 2 � 4 for the velocity and nX � nY � 4

for the geopotential. The parametersnX and nY denote the number of collocation

nodes in thex and y direction on each face of the cube. The last dimension is used

to store previous time steps for the semi-implicit method. The second group of data

structures features the exact coordinate values of the nodeson the sphere and cubed

(in Cartesian coordinate system). These are given in code below.

3
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integer,public, parameter :: nX = 40

integer,public, parameter :: nY = 40

!==========Data structure for random node element

type, public :: meshless_elem_state_t

sequence

real (kind=real_kind) :: v(nX,nY,2,4) !velocity

real (kind=real_kind) :: p(nX,nY,4) !geopotential

end type

!=========Identification tag of element

type, public :: meshless_elem_t

sequence

integer(kind=int_kind) :: LocalId

integer(kind=int_kind) :: GlobalId

! ==========Coordinate values of element points on sphere/ cube

type (spherical_polar_t) :: spherev(nX,nY)

type (spherical_polar_t) :: spherep(nX,nY)
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type (cartesian2D_t) :: cartv(nX,nY)

type (cartesian2D_t) :: cartp(nX,nY)

The next group of data structures are the 2� 2 metric terms evaluated at the

collocation nodes. Furthermore, the interpolation matrix of the SPD kernel and its

inverse are stored in separate vectors for each the geopotential and velocity.

3

!====================================

! Metric terms

!====================================

real (kind=real_kind) :: met(2,2,nX,nY)

real (kind=real_kind) :: metinv(2,2,nX,nY)

real (kind=real_kind) :: metdet(nX,nY)

real (kind=real_kind) :: metdetp(nX,nY)

real (kind=real_kind) :: rmetdetp(nX,nY)

real (kind=real_kind) :: D(2,2,nX,nY)

real (kind=real_kind) :: Dinv(2,2,nX,nY)
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!=====================================

! Interpolation matrix terms

!=====================================

real (kind=real_kind) :: mp(nX,nY)

real (kind=real_kind) :: mv(nX,nY)

real (kind=real_kind) :: rmv(nX,nY)

!=====================================

! Coriolis term

!=====================================

real (kind=real_kind) :: fcor(nX,nY)

To compute the covariant vector values of the velocity, we �rst extract the

state of the velocity on the sphere at all the nodes on each face and multiply each

component by the metricgij . Similarly, Similarly, the values ofgv are calculated by

multiplying the value of the determinant at each node by the velocity components.

An example is shown below.

3

do j=1,nX
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do i=1,nY

!Extract value of velocity at i,j collocation node

v1 = face(ie)%state%v(i,j,1,1,n0)

v2 = face(ie)%state%v(i,j,2,1,n0)

!Multiply by the metric evaluated at i,j-the node

vco(i,j,1) = face(ie)%met(1,1,i,j)*v1 + face(ie)%met(1, 2,i,j)*v2

vco(i,j,2) = face(ie)%met(2,1,i,j)*v1 + face(ie)%met(2, 2,i,j)*v2

gv(i,j,1) = face(ie)%metdet(i,j)*v1

gv(i,j,2) = face(ie)%metdet(i,j)*v2

end do

end do

With some of the data structures discussed in the implementation of the model

in Fortran 90, we �nally discuss the hardware used in the forthcoming simulations in

�nal section of the thesis. Optimizing the parallelization of the model is a pertinant

task and shall be discussed as well.
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4.4 Numerical Experiments

4.4.1 Veri�cation and Validation

The grand challenge in scienti�c computation when proposing anew com-

putational model to provide quantitatively accurate predictions is proving to the

respective community the veri�cation and validation of the computational model.

With any new computational model, veri�cation deals with the con�rmation of the

mathematical accuracy of the calculations along with the error-free operation of the

underlying software. As this is ultimately a mathematical andcomputer science

challenge, providing tests to secure such veri�cation can takea large percentage of

the total work put into the model. The second problem faced by anew model is

validation which asks for con�rmation that the physical modelused for the compu-

tation is a correct representation of the real physical phenomena, which is ultimately

an experimental challenge.

As it is well established that the spherical rotational shallow-water equations

represent a simpli�ed model of the dynamics of the atmosphere, Williamson et

al. [71] have proposed a series of eight test cases for the equations in spherical

geometry. It is proposed by the authors that in order to have any type of success

with a new numerical scheme for an a climate model, successful integrations of the

numerical scheme with these test cases are imperative. The purpose of the tests

are to examine the sensitivities of a numerical scheme with manycomputational

challenges faced in atmospheric modeling such as stabilization of the scheme for

large time steps over a long period of time, the pole problem, simulating 
ows
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which have discontinuous �rst-derivatives in the potential vorticity, and simulating


ows over mountain topographies.

In the �nal numerical section of the thesis, we visit four di�erent test cases ar-

ranged to challenge the meshless collocation method for the shallow water equations

introduced in the previous chapter. The test cases are in increasing complexity and

realism and achieve more subtle aspects of atmospheric 
ows. The challenges for

the numerical schemes range from testing the long-term steady state global accuracy

to the approximation ability of regional data with large gradients. A comparison

with a spectral-element approximation of the rotational shallow water model o�ered

by the NCAR hommeproject [32] and a high-resolution spherical harmonic solu-

tion provided by Williamson will provide insight into the ability, advantages, and

disadvantages of the meshless collocation model. In particular we are interested in

verifying and validating the numerical model with the following characteristics in

mind:

� Approximability: How robust and accurate is the approximability of the nu-

merical method compared to that of spectral-element and spherical harmonic

methods?

� Validity: How well do the actual numerical solutions computedsatisfy the un-

derlying conservation principles of the continuous model over long integration

periods?

� Scalability: How well does the meshless collocation method provide scalability

in the computational time complexity of the overall simulation time? Namely,
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what is the overall computational speedup when additional processor nodes

are utilized?

� Local Re�nement: Does meshless collocation provide an e�cient means for

re�ning the approximation locally during the time evolution of the model?

For a new numerical model to successfully become integrated as adynamical

core for larger general circulation models, these four model characteristics must cer-

tainly be well studied and compared to other numerical models.The �rst two items

in the list are clearly the more important properties that a new numerical method

must endow; if the numerical model isn't at least as accurate as pre-existing models

nor satis�es the underlying conservation principles of the model, then the numer-

ical method will very likely become useless. The second two properties are the

two most important aspects in the high-performance computational environment of

geophysical models. As already discussed, local re�nement to achieve smaller scale

approximations in certain regions of interest without the addition of noise across the

boundaries of the re�nement is a desirable goal in global baroclinic general circula-

tion models. In test case 5 of the numerical suite, we demonstrate local re�nement of

our meshless collocation method and show that it achieves approximation re�nement

without adding noise.

All these issues will be discussed further in the various test cases where nu-

merical tests will be provided to validate the claims.
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4.4.2 Test Case 2: Global Steady State Nonlinear Zonal Geostrophic

Flow

As the second test case of the seven provided by Williamson et. al, a steady

state 
ow to the full non-linear shallow water equations is prescribed and the chal-

lenge for a numerical scheme is simply to test the numerical stability with respect

to l1, l1 errors over time. Since the 
ow is steady, the numerical schemeshould

be able to integrate the model for many steps without instabilities. Case 2 also

provides a benchmark for timing various machines and di�erent number of proces-

sors. It exercises the complete set of equations while bene�tingfrom a steady state

analytical solution and thus no extra computations are required during integration.

For computational timing purposes a11 extra output processes of the data should

be removed to achieve optimal computation time.

The constant non-divergent velocity �eld is given by

u = u0(cos� cos� + cos� sin� sin� );

v = � u0 sin� sin�;

whereu0 = 2�a= (12days). The geopotential �eld is given by

� = gh0 �
�

a
 u0 +
u2

0

2

�
(� cos� cos� sin� + sin � cos� )2;

with constant gh0 = 2:94� 104m2=s2 (m=s = meters/second).
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4.4.2.1 Numerical Convergence

For this numerical experiment, we take full advantage of thesteady state

solution property of this test case by constructing convergencetests of di�erent

collocation node arrangements. We apply some of the ideas given in Staniforth [52]

to examine the properties of the meshless collocation over long time integrations.

In these experiments, our integration takes place over a largetime interval of

100 days where we will vary the location and size of the regional approximation while

performing L1 error analysis. The reason we choose theL1 norm to compute the

errors is motivated by the desire to seek the largest localized pointwise error due to

the pointwise approximation nature of meshless collocation. The collocation nodes

that we utilize for each integration are the Gauss-Lobatto-Legendre distributions

(see numerical section of chapter 2) on 5 of the faces and a random collocation node

distribution will be used on local regions of the sixth face. Thereason we choose

two di�erent distributions for the collocation nodes on the cube-sphere will be to

emphasize the independence of the meshless collocation methodwith the given node

distributions.

To initialize our �rst experiment, we divide the cubed-sphereinto 24 total

rectangular regions (4 regions on each face) and compute themetric tensors and

Coriolis forcing at 64 Gauss-Lobatto-Legendre points in eachrectangle using the

data structures from section 4.3 giving a total of 64� 4 nodes on each face of the

cubed-sphere. We then allocate on one face of the cubed-spherea distribution of 64

randomly placed nodes. Figure (4.5) shows the cubed-sphere tiled onto the rectangle
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[0; � ] � [0; 2� ].

To assess the numerical convergence of the model as the approximation is re-

�ned, we increase the number of collocation nodes in each rectangle and re-integrate

the model in time for 100 days. After every rotation of the sphere, we record theL1

error using the exact solution and plot the error over the 100 days for each mesh. In

�gure (4.6) we can clearly see the convergence of the approximation for an increase

in the total number of collocation nodes. This meshless collocation convergence is

known as theh-convergence, where we recall thath is node saturation parameter

of the global node distributionX . Furthermore, we can deduce that the location of

the meshless regional approximation has no e�ect on the globalconvergence of the

method, and that the errors grow fast initially, but level o� after about 40 days of

integration.

We deduce from the 3 di�erent time stepping trials that the meshless collo-

cation method is seemingly stable with a satisfactory convergence results for the

re�nement in approximation using a time step � t = 1=288.

4.4.2.2 Scalability of Model

The �nal quantitative aspect of the meshless collocation shallow water model

that we would like to investigate using this test case is the computational scala-

bility of our numerical method. An important role in the construction of a high-

performance computational model for geophysical 
uid dynamics on the sphere is

the scalability of the numerical model in regards to the parallelization of the model
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Figure 4.5: Mesh arrangements for the meshless collocation approximation on the sphere.

The cube is tiled using 24 regions and Gauss Lobatto Legendrecollocation nodes are dis-

tributed on each region (top) along with two additional re�n ements (middle) and (bottom).
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Figure 4.6: L 1 error of the three mesh con�gurations. We use a time step �t of 1=288,
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throughout the course of the time integration of the model. Howdoes the overall

time complexity improve when additional processes are added to the computational

core. This is mainly a question of achieving optimal parallelization of the numeri-

cal methods algorithms. Achieving optimal performance on anyhardware platform

requires a properly designed layout of data structures and algorithms to take ad-

vantage of the full capacity of the hardware.

As discussed previously, the main computational core of our modelis in con-

structing the inverse of the interpolation matrixA X and in performing the conjugate

gradient steps during the time evolution. We now assess how well the parallel al-

gorithms scale with respect to an increase in the number of processors. After the

necessary parts of the model were parallelized using mpi for theparallel algorithms

from section 4.2, model test runs took place on three di�erent high-performance ma-

chines,Seaborgand Jacquardat NERSC andPalm at NASA Goddard. Jacquaredis

a 640-CPU Opteron cluster (320-dual processor nodes) running the Linux operat-

ing systemSUSE. With a processor clock speed of 2.2GHz and a theoretical peak

performance of 4.4 G
ops/s,Jacquardwas the fastest of the three computers for a

long integration of the model.

Throughout the runs, 10,000 collocation nodes were initialized on 25 uniform

regions on each face of the cube with an equal amount of nodes allocated to each

face of the cube. Table (4.1) shows the statistics of a run through test case 2 of the

simulation for 200 days (28,300) time steps using the semi-implicit time stepping

method. The the total time in � -seconds of the initialization of the cubed-sphere

with meshless collocation including the computation of the metric terms and the
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inverse of the SPD kernel interpolation matrixA X using the parallel CSC algorithm

is shown in the second column. Boundary communication betweenprocessor nodes

is shown in the third column and the total time in seconds of the model run is

shown in the last column. It is interesting to note that about 95 percent of the

total communication of the model was done during the Helmholtz solver which uses

MPI_allreduce and MPI_alltoall , so it is not surprising to see that the total run

time achieved a minimum when there were 2-3 regions of the cubed-sphere allocated

to a processor.

From the clocked performance of the parallel model, we see that the optimal

amount of processor nodes is obtained at 8. A dramatic improvement from one node

to 8 is obtained, however due to increased communicated between the processors

as the number of nodes increases, the total run time of the integration is slowed

marginally. In order to see if we can increase the performance of the model run,

we increase the total number of collocation nodes of the model, while keeping the

number of time steps the same. Table 4.2 shows the model integration using 15,000

collocation nodes on the cube and and 28,300 time steps.

With a higher number of collocation nodes, the results of initialization, commu-

nication, and total run time shows an improvement in the parallelization e�ciency.

With a 50 percent increase in collocation nodes, the minimal total run time over all

the di�erent processor node layouts has increased by only 43 percent, giving much

better computational e�ciency. This is most likely due to better scaling properties

of the matrix and vector partition layout in the parallel conjugate gradient steps.

We now compare the scalability of the meshless collocation model with the
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Table 4.1: Initialization and total boundary communication time in � -seconds and total

runtime of model in seconds for 10,000 collocation nodes and28,300 time steps.

NP Init. Communication Total time (sec.)

1 9085 49.68 396.11

2 8134 963.08 232.96

4 7727 1673.52 164.27

6 43950 2481.28 162.85

8 122247 2687.13 160.65

10 11680 2863.83 168.76

12 72927 3265.94 161.96

14 14378 3473.93 173.38

16 707678 3698.40 185.17.11

18 23657 4014.71 189.41

20 18611 4056.69 191.04

hommespectral-element model developed at NCAR. The scaling properties of the

hommespectral element model were taken from Tribbia et al [32].

Figure 4.7 shows the overall computational time speedup scale for the meshless

collocation method against the spectral-element method for atime integration of

100 days. In the left plot, the spectral element solution has 25 elements per face

while using Legendre polynomials of order 8, giving a total of9600 integration nodes.

For the meshless collocation, to prevent biases using di�erent grids, we compute the
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Table 4.2: Initialization and total boundary communication time in � -seconds and total

runtime of model in seconds for 15,000 collocation nodes and28,300 time steps.

NP Init. Communication Total time (sec.)

1 17082 110.68 692.16

2 14121 1362.01 381.10

4 12219 2621.11 294.72

6 67951 4019.38 272.42

8 202241 5112.67 250.12

10 22682 6078.82 249.76

12 92921 6015.94 237.11

14 32258 6389.93 229.21

16 907272 6698.40 241.11

18 40258 7134.12 256.12

20 38634 7366.54 261.32

collocation solution at each time step using the integration nodes as the collocation

nodes. The right plot features 36 elements per face with Legendre polynomials of

order 8 for a total of 18816 nodes.

The slightly larger speedup factors for higher amount of processor nodes in

the collocation approximation is due to the fact that there is less communication

between processors in the gather and scattermpi operations than in the spectral

element case. For example, the edges of elements and at the cube corners must be
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Figure 4.7: Scalability factors for the spectral element (SE) and meshless collocation

(MC) solutions. Left 9600 nodes; right 18816 nodes.

159



averaged in order to obtain a solution at each time step in the SEapproximation.

This might require additional gather and scatter routines. The MC method does

not require such averaging and thus spends less time communicating. We clearly

see that our meshless collocation method competes with the spectral element model

on scalability issues. However, it would be di�cult to assess a comparison with

�nite element methods in general since the parallelization in other implementations

of �nite element type models might be better optimized.

4.4.3 Test Case 5: Flow over Mountain

This case was designed to study the di�erent e�ects of local re�nement meth-

ods and is the �rst case of the more di�cult last three cases where the exact solutions

are not known. It features a sharp gradient change in the geopotential, a feature to

which we will pay particularly close attention. It features the zonal 
ow from test

case 2 presented above with� = 0, but with the obstruction of a local mountain.

The geopotential is also given as in test case 2 but with mean height h0 = 5400m.

The mountain height and radius in meters is given by

hs = 2000(1 � 9r=� );

wherer 2 = min f R2; (� � � c)2 + ( � � � c)2g and centered at� c = � �= 2 and � c = �= 6.

Because the 
ow impinges on a mountain, the resulting 
ow aftershort time

is no longer steady. The mountain introduces waves into the 
ow causing the inter-

action of waves from the nonlinearity of the equations. Figures 4.8 and 4.9 shows

isolines of the geopotential height at various times. The numerical solution was
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computed using 1560 uniform nodes on the cubed sphere, 260 nodes per face, with

a time step of � t = 1=288.

4.4.3.1 Validity of Meshless Collocation Solution: ComputingInvari-

ants

In our �rst experiment with this test case, we wish to assess approximation

accuracy and validate the meshless collocation numerical solution as a reliable so-

lution to the rotational shallow water equations. To do this, wewill use a series of

integral invariants to measure certain conservation properties over long periods of

time integration. The invariant is computed up to a given time t > 0 as follows.

For an integrable function h : [0; 2� ] � [� �= 2; �= 2], we de�ne the operatorI by

I (h) =
R2�

0

R�= 2
� �= 2 h(�; � ) cos�d�d� . Now for a given timet > 0, we will compute the

normalized global invariants given by

I i (� (t)) =
�
I [� (�; �; t )] � I [� (�; �; 0)]

�
=I [� (�; �; 0)] (4.1)

� i = 1: Total energy � = 0:5� 0v � v + 1
2(� 2 � � 2

0),

� i = 2: Potential enstrophy � = 0:5(� + f )2=� 0,

� i = 3: Mass � = � 0,

� i = 4: Vorticity � = � ,

We compute the invariants over a 200 day integration period with the e�ects of

a locally re�ned grid. In the �rst 200 day simulation, we used theuniform grid from
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Figure 4.8: Geopotential height isolines of days 1 and 3 of model integration. The model

used 1560 uniform collocation nodes over entire cubed-sphere. As clearly seen, steady

state 
ow from test case 2 becomes nonlinear due to the obstructive mountain.
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Figure 4.9: Geopotential height isolines of days 5 and 8 of model integration. Flow is

clearly nonlinear at this point and large gradients form near the mountain.
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�gure 4.10 (top) and computed the integral invariants using astandard Gaussian

quadrature routine over each face of the cube. Next, to see the e�ects of local

re�nement in the domain, we add additional collocation nodes to faces 4, 5, and 6

of the cube and compute the same integral invariants over the 500 day period. Face

4 and 6 of the cubed-sphere feature the local dynamics surrounding the mountain,

thus it is very important to observe if there is any additionalnoise. Each simulation

uses a small time step of �t = 1=846, or 846 time steps per rotation of sphere, to

perform the time stepping. Plots of the invariants over the second grid (middle) are

in �gures 4.11. In the �nal run, we add an additional 400 collocation nodes to face

4 of the cube to get the grid featured in �gure 4.10 (bottom).

Because the invariants are normalized using the initial conditions of the prob-

lems, the numerical results of the invariant plots over time ideally should be close

to zero as time goes on. However, due to the small numerical errors building in the

solution over time, this cannot be the case. We can only hope that the invariants

improve when we locally re�ne the grid.

We see that an improvement in all the computed invariants is accomplished

due to the local re�nement which capture the smaller scales around the mountain.

This is an important characteristic of the model since we can now deduce that

through the use of local re�nement, higher accuracy of the smaller subscales that

might feature sharp gradients can be achieved such as in this impinging mountain

case .
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Figure 4.10: Collocation node arrangements I, II, and III. The grid of nodes is re�ned

locally on II and then re�ned again on III. 165
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4.4.3.2 Local Re�nement in Meshless Collocation

In the next experiment, we investigate the numerical solutionbehavior of the

regional meshless approximation given on a local region of thecubed-sphere. To

do this, we begin by initializing the cubed sphere with 9 rectangular regions on

each face and distribute 64 GLL collocation nodes on each region. Furthermore,

we allocate on the second face of the cubed-sphere a collectionof N random points

and compare the time stepping evolution with three di�erentN values 400; 900 and

then 1200. The �gures in 4.12 show the initial condition of thecubed-sphere layout

at two di�erent angles with the second face allocated to 900 nodes.

As seen in the �gures, the local region we are focused on with a large number

of nodes on the second face of the cubed-sphere was chosen to include the region

directly surrounding the mountain located at (� c; � c) = ( � �= 2; �= 6) which is the

more di�cult region in this particular test case to approximate.

Plots of the approximate solution to the geopotential �eld at44 and 100 days

are shown in �gures 4.13 with the contours of the approximatedgeopotential at 44

and 100 days given in �gures 4.14.

As clearly seen, the regional approximation of face 2 handles the fast moving

waves without the presence of instabilities at the interface between the neighboring

faces of the cube. To see more clearly the regional meshless approximation at 44

and 100 days, a plot of the approximation strictly on a localized region of face 2 is

given in �gures 4.15.

We now examine the convergence of the meshless approximation inside the lo-
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Figure 4.12: Initial condition of cubed-sphere layout at two di�erent ang les with 900

nodes allocated to face 2.
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Figure 4.13: Plots of the geopotential meshless collocation approximation after 44 and

100 days.
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Figure 4.14: Plots and contours of the geopotential approximation after44 and 100 days
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Figure 4.15: A zoom-in on the regional meshless approximation at 44 and 100days
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cal region on face 2 by comparing the three di�erent approximations usingN = 400,

900, and 1200 nodes in the local region to a high-order globalspectral approxima-

tion using 64 elements on each face with Legendre polynomialsof degree 10 for

the geopotential �eld. We compare the convergence of the meshless approximation

on the local region to the standard spectral element approximation on the same

region using 4; 9 and 16 elements and plotting theL1 di�erences on face 2 with

the high-order 64 element approximation. This way, we can compare the regional

meshless approximation with the standard spectral element approximation in the

same region. TheL1 relative di�erences between the meshless approximation of the

geopotential and the high-order spectral element approximation in the local region

is given by

k� N � � M kl1 (P2 ) =
1

NM

NX

j =1

j� N (x j ) � � M (x j )j
j� N (x j )j

(4.2)

where, again,X = f x1; : : : ; xN g is the set of collocation nodes on the local region

of face 2 and� N (x i ); � M (x i ) are the meshless and spectral element approximations,

respectively, evaluated at nodex i .

The L1 di�erences over time for 100 days are shown in �gures 4.16 for the

meshless approximation (top) and spectral element approximation (bottom).

Comparing the two di�erent approximation methods, we can see that the

meshless collocation approximation performs rather similar to the spectral element

approximation in the same region despite being less consistent inthe approximation

ability at each time step. The 4 element approximation, whichamounts to 256

Gaussian-Legendre-Lobatto (GLL) nodes, performs slightly better than the 400 node
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Figure 4.16:L1 di�erences of regional meshless approximation with 400,900, 1200 nodes

to high-order 64 element solution (top). L1 di�erences of SE approximation with 4,9, and

16 elements to high-order 64 element solution (bottom)
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meshless approximation, while the 900 node meshless approximation performs better

than the spectral element approximation of 9 elements (576 GLL nodes). The point

of this experiment was to show that local re�nement in collocation achieved by

simply adding additional nodes in a local region improves theapproximability of the

solution in that region. Comparing to the high-resolution spectral element model, we

see that this is indeed the case. Furthermore, we see that not only do we accomplish

an improvement in approximability, but we also see that the meshless collocation

performs at least as well as the spectral element approximation of roughly the same

resolution.

4.4.4 Test Case 6: Rossby-Haurwitz Waves

Another interesting test case for the numerical solution to the shallow water

equations on the sphere features an initial condition for thevelocity which is actually

the analytical solution to the non divergent nonlinear Barotropic equation on the

sphere, given as a vorticity equation. The velocity components are given as

u = a! cos� + aK cosR� 1 � (R sin2 � � cos2 � ) cosR�;

v = � aKR cosR� 1 � sin� sinR�;

and an initial geopotential �eld of the form

� = gh0 + a2A(� ) + a2B(� ) cosR� + a2C(� ) cos(2R� );

where A; B and C are given in [71]. Constants used in this test are! = K =

7:848� 10� 6=secand h0 = 8 � 103m.
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As originally proposed, these waves were expected to evolve nearly steadily

with wavenumber 4. However, Thuburn and Li showed in [59] that this case is ac-

tually weakly unstable in that it will eventually break down once perturbed. The

rapid breakdown of the basis wave state usually occurs after about 100 days depend-

ing on the model parameters and approximation used. In this experiment, since no

local phenomena will be taking place, we instead focus on the global properties of

meshless collocation. To this end, we initiate our study by usingan arrangement

of 4 to 9 regional areas per face allocated with di�erent arrangements of collocation

nodes. Our experiment will be to determine how the total amount of collocation

nodes on the cubed-sphere e�ect the steady wave advection stateof the geopotential

before a transition takes place to an unstable wave pattern.

Figures in 4.17 show the geopotential in its initial steady state (top) at 90

days right before its transition to an unstable state (bottom),which is at about 120

days. The collocation solution was computed using 9 regions perface with GLL

nodes on all faces except face 4, where a random distribution was given. The time

step for all the simulations was kept small at �t = 1=864 to minimize the e�ects of

time discretization errors in the wave advection.

After about the 120th day, the waves in the solution over time signi�cantly

change and �nally show the e�ects of the nonlinearity in the equations. The waves

have a much more nonlinear structure as di�erent wave numbersare interacting in

the opposite zonal direction.

Figure 4.18 shows a plot of the geopotential after 200 days using the same

collocation node arrangement as before.
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Figure 4.17: Plot of the geopotential at 90 days and then at 120 days. The collocation

solution was computed using 9 regions per face with GLL nodeson all faces except face

4, where a random distribution was given.
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Figure 4.18: Plot of the geopotential at 200 days.

The �gures in 4.19 show the contours of the geopotential after90, 120, and

200 days. Notice the wave structure at 200 days is now completelydi�erent than at

90 days after undergoing the nonlinear wave breakdown at around 120 days.

We notice that an increase in the number of nodes renders has very little

e�ect on the day in which the breakup of stable wave 
ow begins. The lowest

order of the approximations sees a breakdown at around the 90th day whereas the

highest order of approximation sees a breakdown around the 95th day. This is most

likely due to the sensitivity of the meshless solution as the amount of nodes in the

domain increases. Additional noise in the lower order approximation adds noise to

the global solution, causing a changing of wave structure earlier. However, once the

wave structure has changed, we see a long-term pattern emerging which suggests

that second steady-state in the traveling waves has been developed. The �ne-scale

spectral model using spherical harmonics which was examined in[59] demonstrates
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Figure 4.19: Plot of the contours of the geopotential at 90, 120, and 200 days.
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a breakdown at around 80 days.

Clearly visible in the plot over 220 days is period in which theapproximate

solution over time incorporates the nonlinear e�ects of the equations. After the 20

day period of wave breakdown, the solution becomes stable again and a wave solution

propagates around the sphere in the opposite direction, a phenomenon which was

discovered in the Thiburn and Li paper [59].

4.4.4.1 Comparing with spectral-element solution

As we did in the previous Test Case, we compare the di�erent meshless ap-

proximation using 400, 900, and 1200 nodes on each face of the cubed-sphere to a

high-resolution spectral element approximation o�ered by NCARhomme [32]. Fig-

ure 4.20 shows theL1 di�erences given by formula 4.2 for three di�erent integrations

over a period of 220 days.

We see that the collocation solution improves with the re�nement in number

of nodes. However, with the higher resolution, we see that the Rossby-Haurwitz

wave structure is better captured resulting in an oscillatoryL1 di�erence between

the high-resolution spectral element solution. This is to be expected since the higher

resolution in the meshless collocation solution admits �ner scales of the the wave

which are not present in the lower resolution approximation.
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Figure 4.20:Plot of L1 di�erences between the meshless approximation onthe face 2 and

the high-order 64-element spectral element solution in the same region.

4.4.5 Test Case 8: Barotropic Instability

Our �nal test case comes from Galewsky et al. [26]. As a supplement to

the standard test suite W92, Galewsky et al. proposed a new test case which is

intended to provide a more realistic atmospheric 
ow in regards to the global and

local dynamics. Speci�cally, the test case was motivated by theneed for tight

vorticity gradients at subgrid scales. It also does not require any code modi�cation

during time stepping other than the setup of the initial conditions.

The initial condition consists of a simple zonal 
ow representing a zonal tropo-

spherical jet perturbed by a zonal 'bump' to in
uence the development of barotropic

instability. Following Galewsky, the basic 
ow is a zonal jetu given by a function
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of latitude �

u(� ) = u0 cos2
� � (� � � 0)

2


�
; (4.3)

whereu0 = 80ms� 1 is the maximum zonal velocity,� 0 = �= 4 is the meridional o�set

of the jet in radians and
 = �= 18 is a nondimensional parameter that controls the

width of the jet. The geopotential hight � is obtained from the zonal 
ow by

numerically integrating the balance equation:

� (� ) = g� 0 �
Z �

0
au(� 0)

�
f +

tan(� 0)
a

u(� 0)
�

d� 0; (4.4)

where a is the radius of the earth. Finally, to initiate the baratropic instability,

a perturbation is added zonal 
ow by adding a localized bump to the balanced

geopotential height �eld given by

� 0(�; � ) = �̂sech 2(� (� � � 0)) sech2(� (� � � 0)) : (4.5)

After a few time steps, due to the geopotential �eld not being in complete

balance with the zonal velocity, growing barotropic instability causes tight gradients

in the vorticity �eld that evolve on the timescale of days. If the time step is small

enough, gravity waves radiate away from the perturbed zone during the �rst several

hours of the integration. The challenge of this test case is thus to capture two

di�erent types of timescale dynamics with meshless collocation: (1) fast gravity

waves that develop on timescales of minutes and hours; (2) slower vorticity dynamics

that evolve on timescales of days.

Figures in (4.21) show the contour map of the initial conditions of the problem.

Top �gure shows the zonal pro�le of the initial zonal wind. Bottom �gure shows
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the initial balanced height �eld with a superimposed perturbation. Contour lines

are set at 100m.

4.4.5.1 Capturing Fast Gravity Waves

Our �rst experiment explores the ability of meshless collocation to capture

the small scale dynamics that are present in the fast gravity waves. To do this

we �rst initialize the meshless collocation grid by tiling the cubed-sphere with 150

regions, each endowed with 100 GLL collocation nodes. In orderto capture the small

timescale dynamics of the model, we chose a small time step of 15 seconds. To see

the fast moving gravity waves, we plot the divergence �eld during the �rst 10 hours

of integration, illustrating gravity wave propagation from the initial perturbation.

Figures 4.22 and 4.23 show the divergence �eld at 4, 6, 8 and 10 hours.

The e�ects of the small scale gravity waves are also seen in the geopotential

height �eld anomaly. After the balanced initial height is perturbed during the

�rst few time steps, the e�ects of the gravity waves propagate from the initial

perturbation. This is seen in �gures 4.24, showing the �rst 8 and10 hours of

integration.

The vorticity �eld also presents very interesting dynamics. Fine scale vortic-

ities are seen after about 60 days with zonal interactions taking place just after a

few days. As clearly seen in the �gures, the collocation method with the resolution

of nearly 15,000 collocation nodes with a time step of 15 seconds captures in great

detail the small scale dynamics of the vorticity. Figures in 4.25 and 4.26 show the
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Figure 4.21: Initial conditions of the problem. Zonal pro�le of the initi al zonal wind and

initial balanced height �eld with a superimposed perturbat ion.
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Figure 4.22: Divergence �eld illustrating gravity wave propagation fro m the initial per-

turbation at 4 and 6 hours. Results from meshless collocation approximation with time

step 15 seconds.
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Figure 4.23: Divergence �eld illustrating gravity wave propagation fro m the initial per-

turbation at 8 and 10 hours. Results from meshless collocation approximation with time

step 15 seconds.
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Figure 4.24: Height �eld illustrating gravity wave propagation from the initial perturba-

tion at 8 and 10 hours. Results from meshless collocation approximation with time step

15 seconds.
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vorticity � after 48, 72, 80, and 90 hours. The results are very similar to theones

found in the original paper by Galewsky et al.

In comparing the results of these simulations with the ones of Galewsky et

al., we can conclude that meshless collocation does a remarkable job approximat-

ing small scale dynamics such as fast-moving gravity waves, even when employing

the semi-implicit time stepping scheme. Larger timescale dynamics are also clearly

captured by the method as seen in the plots of the vorticity �eld. All parame-

ters of the model with the exception for grid resolution ([26]uses a high-resolution

�nite-di�erence scheme) were recreated to compute the solutions in near identical

conditions.

4.5 Conclusion

In this chapter, we proposed and developed a framework for theparallelization

and high-performance computation of the meshless collocation model for the shallow

water equations introduced in chapter 3. Based on the mergingof several numerical

tools including a new meshless collocation scheme, semi-implicit time stepping, and

the e�cient parallelization of inverting a band matrix, we have attempted to demon-

strate that the model could be an attractive alternative to tradition spectral/�nite-

element methods for solving a large-scale geophysical models.

The introduction of the semi-implicit time stepping method combined with the

approximation using symmetric positive de�nite kernels having compact support has

lead to a model approximating the nonlinear geophysical equations that has desirable
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Figure 4.25:Meshless collocation solution of vorticity �eld with nearl y 15,000 collocation

nodes and a time step of 15 seconds. Plot of �eld after 48 and 72hours.
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Figure 4.26:Meshless collocation solution of vorticity �eld with nearl y 15,000 collocation

nodes and a time step of 15 seconds. Plot of �eld after 80 and 90hours.
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mathematical properties suitable for parallelization. Oneattractive feature was that

with the semi-implicit method, we were able to transform the problem of solving

for the velocity and geopotential concurrently to only solving for the geopotential,

which greatly eliminated much of the computational burden. Furthermore, due

to the structure of the meshless collocation approach that we have proposed, the

resulting system for computing the geopotential at each time step, with a symmetric

and positive de�nite matrix H = I + cD T D , was shown to be e�ciently handled by

a parallelized conjugate gradient method.

One advantage of the method that clearly comes into play is obviously the fact

that since no numerical quadrature is needed due to the natureof collocation, no

mesh is needed. As was shown in the numerical experiments, the collocation points

can be fairly arbitrary, as long as the separation distanceqX and the saturation

parameterhX ;
 are relatively equal. In fact, in many of the simulations such as the

ones in test case 6, a hybrid grid was used that combined collocation nodes from a

spectral-element mesh with randomly scattered nodes. This is anattractive feature

for the proposed collocation method since some application in geophysical sciences

might have data sites available that are randomly scattered and not uniform, thus

no interpolation of the data to the randomized sites would be necessary resulting in

no loss of approximation precision.

A high-performance Fortran 90 software suite was developed for the model for

use on distributed memory parallel processors with the message passing interface

libraries (mpi). With a focus on transparent data structures and optimized matrix-

vector multiplication, the parallel algorithms demonstrated remarkable scalability
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in function with number of collocation nodes on the cubed sphere. This was shown

in the beginning of the section where the number of internodalcommunications

and overall clock times were recored as the number of total processors increased.

Compared with the spectral element method, the speedup factors were slight better

due to lessscatterand gathermpi calls in the conjugate gradient subroutine. This is

ultimately due to the fact that no averaging along element boundaries is needed since

the basis functions in the collocation solution have compact support. This is a great

advantage that the proposed meshless collocation method has over �nite/spectral

element methods for large scale problems.

Some of the disadvantages and di�culties that we encounteredwith the pro-

posed meshless collocation scheme is in de�ning appropriate parameters for the

compactly supported basis functions. Since such freedom is given in choosing the

parameters such as the location of the collocation nodes and shape parameter, addi-

tional work before actually solving a given problems might benecessary. Choosing

the appropriate number of collocation nodesN , its distribution (uniform, Gaussian,

random) and the� shape parameter that controls the bandwidth of the interpolation

matrix is usually simply done by trial-and-error. If the shape parameter is chosen

too large or too small, we found that the iterations of the parallel conjugate gradient

method for solving the Helmholtz problem converge very slowly.In practice, this

is clearly one of the disadvantages of the meshless collocationmethod. As we had

mentioned in the second the chapter, an easy but tedious approach to �nding a near

optimal shape parameter� for a given collocation node distribution is by a trial-

and-error on a smaller problem where an exact solution is known. In our approach,
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we chose one face of the cube and simply cycled through an array of shape parame-

ters and selected the one that minimizes theL1 error of the interpolation problem

I X f (x j ) = f (x j ) for all collocation nodesx j 2 X , where f is a given continuous

function.

Once the near optimal parameters for the meshless collocationmethod have

been chosen however, the method is fairly easy to implement. Given that no mesh

data structures or quadrature rules are necessary and that the computation of the

interpolation matrix inversion to construct the di�erentiat ion matrices at initializa-

tion can be done rapidly in parallel using the CSC algorithm from the beginning of

the chapter.

Future research in the this meshless collocation approach to numerical geo-

physical dynamics includes the implementation of a threading parallel paradigm

in addition to the message passing interface. Recent research direction in large

scale computational models have reported better scalabilityin the parallelization

of matrix-vector operations with the integration of a multiple threading interface

such as OpenMP, or Pthread. These libraries enable multiple threading on shared

memory. Combining the multiple threading with message passing produces ahy-

brid technique for parallel computing. One obvious way the threading could be

used is to speed up summations inside matrix-vector products on each processor

node. Of course, this would require each node to have multipleprocessor with ac-

cess to the same memory. However, this is very common on many high-performance

clusters/supercomputers.

Due to the success of the performance by the meshless collocationmethod
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in all four test cases, a strong case has been made for future work toimplement

the approximation method in an atmospheric dynamical core model. Due to the

mathematical structure of the collocation method, couplingthe numerical scheme

with physics forcing packages should not be too much of a challenge. Thereafter,

employing the meshless collocation method to solve the primitive equations of the

atmosphere, where vertical dynamics will be accomplished via�nite-di�erencing,

is of high interest. With such success in numerical convergence,robustness of lo-

cal re�nement, and scalability of model, we hope the meshless collocation method

can become an attractive computational tool for upcoming research trends in high-

performance atmospheric modeling.
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Chapter A

Results from Functional Analysis

A.1 Banach and Hilbert Spaces

We introduce the following notation and de�nitions. Let X and Y be Banach

spaces with respective dual spaces denoted byX 0, Y 0, the space of linear continuous

functionals de�ned on X and Y, respectively. The dual pairing of a functional

x0 2 X 0 and an elementx 2 X will be denoted by using a bracket notation of

either hx0; xi X 0� X or hx; x0i X � X 0. Both will be taken to mean the valuex0(x) of the

functional x0 2 X 0acting on an elementx 2 X . We will omit the reference toX � X 0

in the notation when there is a clear understanding of the spaces being used.

Let B 2 L (X; Y 0) denote a bounded linear operator fromX into Y 0 with its

adjoint B � 2 L (Y; X 0) from Y into X 0 de�ned by

hB � y; xi X 0� X := hy; Bxi Y � Y 0 8y 2 Y; x 2 X: (A.1)

In addition, we denote the range ofB by R(B) := B(X ) and the kernel of B by

N (B) := f x 2 X : Bx = 0g.

An important Theorem for Banach spacesX endowed with an inner product

(Hilbert space) is the classical Riesz Theorem.

Theorem A.1.1. Let X be a real Hilbert space with inner product(�; �)X . Then for
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any f 2 X 0, there exists a uniqueu 2 X such that

hf; v i = ( u; v)X ; 8v 2 X: (A.2)

Furthermore, this de�nes an operatorR : X 0 7! X given byR : f 7! u that is an

isometric isomorphism. R is referred to as the Riesz operator.

Proof. K. Yosida [73], Ch. III/6

A second classical result is the so-called Lax-Milgram Theorem.

Theorem A.1.2. Let X be a real Hilbert space and letA 2 L (X; X 0) be a linear

coercive (or X-elliptic) operator (i.e. there exists
 > 0 such thathAu; ui � 
 kukX

for all u 2 X ). Then for any f 2 X 0, there exists a uniqueu 2 X such that

hAu; vi = hf; v i ; 8v 2 X ; (A.3)

u satis�es kukX � 1

 kf kX 0.

Proof. K. Yosida [73], Ch. III/7.

Now let X 1; : : : ; XN be N Hilbert spaces.

Lemma A.1.1. X := � N
i X i is a Hilbert space with inner product(x; y)X :=

P N
i =1 (x i ; yi )X i for x = ( x1; : : : ; xN ); y = ( y1; : : : ; yN ) 2 X .

The proof is obtained by a simple veri�cation of the axioms forHilbert spaces.

Now we note that the dual of a Hilbert space is itself a Hilbert space.

Lemma A.1.2. Let X be a real Hilbert space. ThenX 0 is a Hilbert space with inner

product

(f; g )X 0 = ( R� 1f; R � 1g)X ; f; g 2 X; (A.4)
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whereR is the Riesz operator de�ned in (A.1.1).

For a closed subspaceV � X we de�ne the orthogonal complementto V.

De�nition For a Hilbert spaceX , the orthogonal complementof a closed subspace

V � X is de�ned by

V ? := f u 2 X j (u; v)X = 0; 8v 2 Vg:

The following Lemma states that any Hilbert space can be decomposed into

two disjoint Hilbert spaces, which is important the analysis of saddle point problems

as we will see.

Lemma A.1.3. Let X be a Hilbert space andV � X be a closed subspace. Then

the Hilbert spaceV ? is a closed subspace ofX and the decompositionX = V � V ?

holds.

Proof. K. Yosida [73], ch. III/1.

We can easily show using Theorem A.1.1 that in the caseX is a Hilbert with

a closed subspaceV � X , the polar set V 0 � X 0 and the orthogonal complement

V ? � X are linked by the Riesz operatorR. To see this, we �rst have by de�nition

V 0 := f x0 2 X 0 j hx0; vi = 0; 8v 2 Vg:

Now using Theorem A.1.1, for anyx0 2 V 0 � X 0, there exists a uniqueu 2 X such

that

hx0; vi = ( u; v)X = 0; 8v 2 V:

Thus Rx0 = u 2 V ? .
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Let X be a Banach space with dualX 0 and second dual (X 0)0 (the space of

linear functionals onX 0). For convenience we simply denote (X 0)0 by X 00. We �rst

de�ne the mapping J : X 7! X 00by hx0; J (x)i X 0� X 00 = hx0; xi X 0� X for every x 2 X

and x0 2 X 0. That is, J mapsx to the functional on X 0 given by evaluation atx.

De�nition A Banach spaceX is said to be re
exive if R(J ) = X 00, i.e. for every

x002 X 00, there is an elementx 2 X such that J (x) = x00.

Remark. A Hilbert space is re
exive ([73], Chapter III, 6).

Theorem A.1.3. Hahn-Banach Theorem SupposeM is a proper subspace of a

Banach spaceX . If m0 2 M 0, then there exists a functionalx0 2 X 0 such that

kx0k = km0k and hx0; xi = hm0; xi for x 2 M .

Proof. Taylor [55], Theorem 4.3-A.

We now give an important consequence of the well known Hahn-Banach The-

orem.

Theorem A.1.4. Let X be a Banach space and letX 0 be a closed proper subspace

of X . Suppose there exists anx1 2 X such thatx1 62X 0 and the distance fromx1 to

X 0 is h > 0. Then there exists a functionalx0 2 X 0 such thathx0; x1i = h, kx0k = 1,

and hx0; xi = 0 if x 2 X 0.

Proof. (Taylor, Theorem 4.3-D) Let x1 2 X such that x1 62X 0 and dist(x1; X 0) =

h. We �rst de�ne the closed subspaceM generated byX 0 and x1, namely M =

spanf X 0; x1g � X . Any element ofM can be represented in the formm = �x 1 + x,

x 2 X 0, where� and x are uniquely determined bym.

197



Consider the functionalm0 which acts on an elementm 2 M by hm0; mi = �h .

We �rst show that indeed m0 2 M 0and km0k = 1 by showing that both km0k � 1 and

km0k � 1 hold. Firstly, if � 6= 0, then kmk = k�x 1+ xk = k� � (� � � 1x� x1)k � j � jh

since� � 1x 2 X 0 and dist(x1; X 0) = h. Thus jhm0; mij = j� jh � k mk. Consequently,

m0 2 M 0 and km0k � 1. Now to show that km0k � 1, we note that for any � > 0,

there exists anx 2 X 0 such that kx � x1k < h + � . Let y = x� x1
kx� x1k . Then y 2 M ,

kyk = 1 and jhm0; yij = h
kx� x1k > h

h+ � . This means that km0k � h
h+ � for any � > 0

sinceh > 0 and so it follows thatkm0k � 1.

Lastly, we have from the representation of elements fromM that hm0; x1i = h

(since � = 1), and hm0; xi = 0 for any x 2 X 0 (since � = 0). We apply the

Hahn-Banach Theorem to conclude the existence of an elementx0 2 X 0 such that

kx0k = km0k and hx0; x1i = hm0; x1i = h and hx0; xi = hm0; xi = 0 for x 2 X 0. This

completes the proof.

A.2 Sobolev Spaces

We begin with the following vector spaces of continuous functions. To re-

duce notation, we use the standard multi-index notation, i.e. for each vector

� := ( � 1; : : : ; � d) 2 Nd
0 we de�ne j� j :=

P d
i =1 � i and

D � � :=
@j � j �

@x� 1
1 � � � @x� d

d

for j� j � 0 and su�ciently smooth functions � : Rd 7! R.

De�nition Let 
 � Rd be an open subdomain andm 2 N0.
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� The set of continuous functions on 
 is given by

C(
) := f � : 
 7! R j � is continuous g;

� The set ofm-times continuously di�erentiable functions on 
 is given by

Cm (
) := f � : 
 7! R j D � � 2 C(
) ; 8j� j � mg;

� Let Cm (
) be the set of functions Cm (
) which with its derivatives of order

� m can be extended continuously to the boundary@
 of 
.

� Let D(
) := C1
0 (
) be the set of functions in C1 (
) which have compact

support in 
.

Cm (
) is a Banach space with norm

k� kCm (
) := max
j � j� m

sup
x 2 


jD � � (x)j

for a bounded open set 
� Rd (cf. R. Adams [1], ch. 1.26).

Next we de�ne the Holder Spaceof functions which we need to describe the

smoothness of boundaries.

De�nition For 0 � � � 1 and m 2 N0, the Holder spaceCm;� (
) consists of

functions in Cm (
) which satisfy

k� kCm;� (
) := k� kCm (
) +
X

j � j= m

sup
x ;y 2 
 ;x 6= y

jD � � (x) � D � � (y )j
jx � y j �

< 1 : (A.5)

Now smoothness classes of boundaries@
 can be given.
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De�nition Let 
 � Rd be an open subdomain andm 2 N0 with 0 � � � 1. We

say that its boundary @
 is of class Cm;� if the following conditions are satis�ed: For

every x 2 @
, there exists a neighborhoodV around x in Rd and new orthogonal

coordinatesf y1; : : : ; ydg such that V is a hypercube in the new coordinates:

V = f (y1; : : : ; yd) j � ai < y i < a i ; 1 � i � dg :

and there exists a function' 2 Cm;� (V 0) with

V 0 = f (y1; : : : ; yd� 1) j � ai < y i < a i ; 1 � i � d � 1g :

and such that

j' (y0)j �
1
2

ad; 8y0 = ( y1; : : : ; yd� 1) 2 V 0:


 \ V = f y = ( y0; yd) 2 V j yd < ' (y0)g:

@
 \ V = f y = ( y0; yd) 2 V j yd = ' (y0)g:

(A.6)

A boundary of classC0;1 is calledLipschitz boundary.

We now give a de�nition of Sobolev Spaces of integer orders onbounded do-

mains.

De�nition For an open bounded domain 
, the Sobolev SpaceH k(
), k 2 N0, is

de�ned by

H k(
) := f u 2 L2(
) j D � u 2 L2(
) ; 8j� j � kg (A.7)

and is endowed with the scaler inner product

(u; v)H k (
) = ( u; v)k;
 :=
X

j � j� k

�
D � u; D � v

�


; 8u; v 2 H k(
) (A.8)

and corresponding normkukH k (
) = kukk;
 :=
p

(u; u)k;
 .
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Theorem A.2.1. The spaceH k(
) is a Hilbert space.

Proof. See R. A. Adams [1], ch. 3.2.

We also need theseminorm

jujk;
 :=
� X

j � j= k

Z



(D � u)2dx

� 1=2
; 8u 2 H k(
) (A.9)

De�nition The spaceH k
0 (
), k 2 N0 is given by the completion ofC1

0 (
) with

respect to the normk � kk;
 .

Clearly H k
0 (
) is a Hilbert space with respect to the inner product (�; �)k;


which includes functionsu which vanish on the boundary of 
. The following

embedding theorem from R.A. Adams ([1], ch. 5.4) is frequentlyused.

Theorem A.2.2. Let 
 � Rd be a bounded domain with Lipschitz boundary and

suppose thatk 2 N0. Then the following continuous embedding holds true. For

2k > d , we haveH k(
) � C(
) .

We can also give another de�nition of the Sobolev space for noninteger s on

the entire domainRd. This is given as follows.

De�nition Let s 2 R. H s(Rd) is a Hilbert space of elementsu 2 L1(Rd) \ L2(Rd)

such that the Fourier transform ofu, û, is a measurable function and (1+k� k2
2)s=2û 2

L2(Rd). The scalar product is given by

(u; v)s =
Z

Rd
(1 + k� k2

2)sû(� )v̂(� )d�; u; v 2 H s(Rd)

with corresponding norm

kuk2
s = ( u; u)s:

201



We have the following Sobolev embedding theorem.

Theorem A.2.3. Let k 2 N and s 2 R such that s > k + d=2. Then the space

H s(Rd) is continuously embedded in the spaceCk
! 0(Rd) which is de�ned as the space

functions u 2 Ck(Rd) such that lim jx j!1 D � u(x) = 0 for any j� j � k, and equipped

with the norm jujk =
P

j � j� k supRd jD � uj.

Proof. cf. R. Adams [1]
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B.3 Local Polynomial Reproduction

We discuss the construction of local polynomial reproduction on a compact set


 � R2. We consider polynomial spaces in two dimensions and total degreem > 0

restricted to 
 which will be denoted as P2
m := P2

m j 
 with dimension Q. As usual,

we will denote by X = f x1; : : : ; xN g � 
 a set of N pairwise distinct scattered

points.

The basic de�nition of a local polynomial reproduction can bestated as follows.

De�nition (LPR) A process that de�nes for everyX � 
 with point saturation

parameter h := h
 ;X a family of functions U := UX = f u1; : : : ; uN g, uj : 
 7! R,

is called a local polynomial reproduction of degreem on 
 if there exists constants

h0; c1; c2 > 0 such that for anyx 2 


1.
P N

j =1 p(x j )uj (x) = p(x); 8p 2 P2
m j 
 ,

2.
P N

j =1 juj (x)j � c1

3. uj (x) = 0 ; if kx � x j k2 > c2h

are satis�ed for any X � 
 with h � h0.

The �rst and third conditions justify the local polynomial reproduction while

the second condition ensures that the so-called Lebesgue functions de�ned as
P

j juj (x)j

are bounded uniformly over 
.

Note that in the casem = 0 for the polynomial spaceP2
m , namely the space of

constants, local polynomial reproduction is easily satis�ed. For any given x 2 
, if

one simply chooses anx j which minimizeskx � x j k2 and setsuj (x) = 1, uk(x) = 0
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for any k 6= j , then the reproduction conditions are satis�ed. For the rest ofthe

appendix, we will consider anym � 1.

It turns out that the existence for local polynomial reproduction can be shown

for sets 
 which satisfy an interior cone condition. The recipe to construct local

polynomial reproduction on such sets will be discussed in this appendix. We will

closely follow the framework for local polynomial reproduction found in Wendland

[66].

B.4 Cone condition and properties

To begin, we �rst recall the de�nition of the interior cone condition for the set


, which will play an important role. We then discuss some properties of cones and

sets 
 which satisfy cone conditons.

De�nition The set 
 satis�es an interior cone condition if there exists an angle

� 2 (0; �= 2) and a radiusr > 0 such that for everyx 2 
 a unit vector � (x) exists

such that the cone

C(x; � (x); �; r ) := f x + � y : y 2 R2; kyk2 = 1; yT � (x) � cos(� ); � 2 [0; r ]g (B.10)

is contained in 
.

Note: We will usually omit the dependence of the unit vector� on x and simply

write � .

The importance of the cone condition comes from the fact thata cone around

the point x which we denote byC(x) := C(x; �; �; r ) is a convex set. This will
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enable us to create line segments inside the coneC(x) where the line segments are

not only in C(x), but also in 
 due to the property that C(x) � 
.

Lemma B.4.1. A cone C(x) := C(x; �; �; r ) is a convex set.

Proof. Without loss of generality, assumex = 0, so the vertex of the cone is at

zero. Let x0 and x1 be any two points in the cone and de�ne the line segment

l(t) = (1 � t)x0 + tx1 for 0 � t � 1. We must show that every point on the line

segment generated byl is in C(x). Firstly, for two vectors � 2 R2 and z 2 R2 with

k� k2 = 1, denote the angle between� and z by \ (�; z) = cos� 1(zT �=kzk2) = � .

Now sincex0 and x1 are in the cone, we have that\ (x0; � ) � � and \ (x0; � ) �

� . Since x0 and x1 are in the cone, we can �nd� 0 � r and � 1 � r such that

x0 = � 0y0 and x1 = � 1y1 wherey0 and y1 are unit vectors inC. Thus for any �xed

t 2 [0; 1] we havez := l(t) = (1 � t)� 0y0 + t� 1y1. Now \ (z; � ) = cos� 1(zT �=kzk2)

which implies that

((1 � t)� 0y0 + t� 1y1)T � � k (1 � t)� 0y0 + t� 1y1k2 cos(� ) (B.11)

giving

((1� t)� 0y0)T � +( t� 1y1)T � = k((1� t)� 0y0)k2 cos(� )+ kt� 1y1k2 � k (1� t)� 0y0+ t� 1y1k2 cos(� )

(B.12)

and thus the \ (z; � ) � � . To show that the length of the vectorz is less thanr , we

have by the Triangle inequalitykzk2 = k(1 � t)� 0y0 + t� 1y1k2 � (1 � t)� 0 + t� 1 �

((1 � t) + t)r = r .
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Another nice property of the cone condition is the following geometric property

which will be used later.

Lemma B.4.2. SupposeC(x) := C(x; �; �; r ) is a cone. For anyh � r=(1 + sin � )

the closed ballB (y; h sin� ) with center y = x + h� and radius h sin� is contained

in the coneC(x).

Proof. Without restriction, assume x = 0. If z 2 B, then kx � zk2 = kzk2 �

kz � yk2 + kyk2 � h sin� � r . Thus the ball B is contained in the larger ball

centered at zero with radiusr . We now need to show now thatB(y; h sin� ) is

contained in the correct segment of the bigger ball centered at zero with radius r .

Suppose that this is not the case. Then we can �nd az 2 B with z 62C, meaning

that zT � � k zk2 cos� . But this implies sinceh sin� is the radius ofB that

h2 sin2 � � k z � yk2 = kz � h� k2 = kzk2 + h2 � 2hzT � > kzk2 + h2 � 2hkzk cos�:

(B.13)

Now subtracting h2 sin2 � from both sides of the inequality, we get

0 > kzk2 + h2(1 � sin2 � ) � 2hkzk cos�

= kzk2 + h2 cos2 � � 2hkzk cos�

= ( kzk � h cos� )2 � 0;

(B.14)

and thus a contradiction. Soz 2 C.

Consequently as a corollary of this Lemma, we know that ifz is a point in the

ball, then the whole line segmentx + t(z � x)=kz � xk2, t 2 [0; r ] is contained in the

cone due to the convexity of the cone. This will be important later.

We now give an example of a set that satis�es an interior cone condition.
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Lemma B.4.3. Every ball with radius � > 0 satis�es an interior cone condition

with radius � > 0 and angle� = �= 3.

Proof. Without restriction we assume the ball is centered at 0. For anyx 6= 0 in the

ball, we choose the direction� = � x=kxk. A point in the cone is given byx + � y

with some kyk = 1 and yT � � cos�= 3 = 1=2 and 0 � � � � . Now we show that

this point is still in the ball. We have

kx + � yk2 = kxk2 + � 2 � 2� kxk� T y � k xk2 + � 2 � � kxk:

The last expression equalskxk(kxk � � ) + � 2 which can be bounded by� 2 � � 2 in

the casekxk � � . In the case� � k xk then we can transform the last expression to

� (� � k xk) + kxk2 by swapping roles of� and kxk. Now since� � k xk � 0, we get

� (� � k xk) + kxk2 � k xk2 � � 2. Thus x + � y is in the ball.

Now we have a second calculation that we will need.

Lemma B.4.4. Let C = C(x0; �; �; r ) be a cone with angle� 2 (0; �= 5] and radius

r > 0. De�ne the point

z = x0 +
r

1 + sin �
�:

Then we have for anyx 2 C the boundkx � zk � r
1+sin � .

Proof. Without restriction we can assumex0 = 0. With 0 < � � �= 5, we have
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2 cos�=(1 + sin � ) � 1. Calculating kx � zk2 for any x 2 C, we have

kx � zk2 = kxk2 + kzk2 � 2zT x

= kxk2 +
r 2

(1 + sin � )2
� 2

r
(1 + sin � )

xT �

� k xk2 +
r 2

(1 + sin � )2
� 2

r cos�
(1 + sin � )

kxk2

� k xk2 � r kxk +
r 2

(1 + sin � )2

= kxk(kxk � r ) +
r 2

(1 + sin � )2

�
r 2

(1 + sin � )2
:

(B.15)

Are �nal result of the cone condition property is to show that a cone satis�es

and interior cone condition.

Lemma B.4.5. SupposeC = C(x0; �; �; r ) is a cone with radiusr > 0 and angle

� 2 (0; �= 5]. Then C satis�es a cone condition with anglê� = � and radius

~r =
3 sin�

4(1 + sin � )
r:

Proof. Without loss of generality we assumex0 = 0. De�ne r0 := sin �
(1+sin � ) r and set

the point z := ( r � r0)� = r
(1+sin � ) � . By Lemma B.4.2, the ballB (z; r0) is contained

in the coneC. From Lemma B.4.3, we know that we can �nd for anyx 2 B(z; r0)

a cone with angle�= 3 > 0 and radiusr0 > (3=4)r0 = ~r . This means we can �nd

a cone for any point inside this ball. Now we need to show the cone condition for

points outside of this ball but still in the cone.

We �x a point x 2 C with x 62B(z; r0), giving kx � zk � r0. We de�ne the

direction of the proiuposed interior cone to be� = ( z� x)=kx � zk. We have to show

208



that any point y = x + � 0� with � 0 2 [0; ~r ], and direction k� k = 1 with � T � � cos�

lies in C. De�ne � := kz � xk cos� + [ r 2
0 + kz � xk2(cos2 � � 1)]1=2 which is in R

sincekx � zk � r0=(sin � ) by Lemma B.4.4 and this means that

r 2
0 + kx � zk2(cos2 � � 1) = r 2

0 � k x � zk2 sin2 �

� r 2
0 � sin2 � (r 2

0=(sin2 � )) = 0 :

(B.16)

Now restricting the angle� to (0; �= 5) gives� � k x � zk cos� � r0 cos� � 3r0=4 = ~r .

This means that if the point x + �� is contained in C, then so isx + � 0� by the

convexity of C, which gives the cone property. We show thatx + �� is in the ball

B (z; r0) � C. This is done by the following calculation. Let� 2 R2 with k� k2 = 1

and � T � � cos� . Then we have

kz � (x + �� )k2 = kz � xk2 + � 2 � 2�� T (z � x)

= kz � xk2 + � 2 � 2�� T � kz � xk

� k z � xk2 + � 2 � 2� cos� kz � xk

= ( � � cos� kz � xk)2 � k z � xk2 cos2 � + kz � xk2

= ( r 2
0 + kz � xk2(cos2 � � 1) � k z � xk2 cos2 � + kz � xk2

= ( r 2
0 + kz � xk2(cos2 � � 1) � k z � xk2(cos2 � � 1)

= r 2
0

(B.17)

Hence,x + �� 2 B(z; r0) � C which �nishes the proof.

B.5 Norming sets

We will also need the concepts ofunisolvent setsand norming setswhich will

be used for local polynomial reproduction. The two concepts are directly related to
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each other as we will see.

De�nition Let X = f x1; : : : ; xN g � 
 � R2 be a set ofN distinct points and let

p; q 2 P2
m be any polynomials of degreem or less on 
. Then X is P2

m -unisolvent

if p(x j ) = q(x j ) for all x j 2 X implies that p = q, i.e. the two polynomials are

identical. We could also equivalently say thatX is P2
m -unisolvent if 0 is the only

polynomial from P2
m that vanishes onX .

De�nition Let X be a Banach space andV � X be a �nite dimensional subspace

with norm k�kV (we will simply denote the norm forV by k�k if the context is clear).

De�ne W = spanf � 1; : : : ; � N g � V 0 to be the span ofN linear bounded functionals

on V (recall that V 0 is the dual space toV). The set W is called a norming set of

V if there exists ac > 0 such that

sup
� 2 W; k� kV 0=1

j� (v)j � ckvk; 8v 2 V (B.18)

It is also useful to view the concept ofnorming setsin the sense of a sampling

operator. For W = spanf � 1; : : : ; � N g � V 0, if we consider the mappingT : V 7!

T(V) � RN de�ned by T(v) = ( � 1(v); : : : ; � N (v)) � RN (we will call T the sampling

operator), we could also say that the setW is a norming set ofV i� the mapping

T is injective. To see this, equipRN with the l1 -norm, with the dual space being

l1. Now if T is injective, we can de�ne the norm of the inverseT � 1 as

kT � 1k = sup
06= x2 T (V )

kT � 1xk
kxk1

= sup
06= v2 V

kvk
kT(v)k1

= �c: (B.19)

The constant �c will be termed the norming constantof the norming setW. The fol-

lowing Lemmas proves that this de�nition of a norming set is equivalent to de�nition
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B.18.

Lemma B.5.1. W = spanf � 1; : : : ; � N g is a norming set forV � X i� the sampling

operator T = ( � 1(v); : : : ; � N (v)) 2 RN is injective.

Proof. SupposeW is a norming set, but T is not injective. Then there exists a

0 6= v 2 V such that T(v) = ( � 1(v); : : : ; � N (v)) = (0 ; : : : ; 0). On the other hand,

sinceW is a norming set, we have for someC = ( c1; : : : ; cN ) 2 RN not all 0 and

c > 0 such that,

sup
� 2 W; k� kV 0=1

j� (v)j = jc1� 1(v) + : : : + cN � N (v)j = jC � T(v)j � ckvk:

But this is a contradiction since we assumedT(v) = ( � 1(v); : : : ; � N (v)) = (0 ; : : : ; 0).

Thus T must be injective.

Now suppose thatT is injective. SinceT is injective with norm kT � 1k = 1=c1

for some constantc1 > 0 and we have for any 06= v 2 V the bound kvk =

kT � 1(T(v))k � k T � 1kkT(v)k1 . Thus

c1kvk � k T(v)k1 = max
1� j � N

j� j (v)j = max
1� j � N

j� j (v)j
k� j k

k� j k

�
�

max
1� j � N

k� j k
�

max
1� j � N

j� j (v)j
k� j k

� c3 sup
� 2 W

j� (v)j
k� k

;

(B.20)

wherec3 := max j k� j k > 0. Hence,W is a norming set forV .

It is clear that we need at leastN � dim V functionals to make the operator

T injective. We can get along in fact with exactlyN = dim V functionals. But in

practice, usually the functionalsW and N are given, for example point evaluation
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functionals which we use later. The natural question to ask is then how many of

these functionals are necessary to make not onlyT injective, but also to control the

norm of T and its inverse. This will be addressed in the following.

We now use the concept of norming sets in the following theorem.

Theorem B.5.1. SupposeV � X is a �nite dimensional linear space with norm

k �kV and that W = spanf � 1; : : : ; � N g � V 0 is a norming set forV . For any � 2 V 0,

there exists a vector of real numbersu = ( u1; : : : ; uN ) 2 RN depending on� such

that

� (v) =
NX

j =1

uj � j (v); 8v 2 V (B.21)

and
NX

j =1

juj j � k � kV 0kT � 1k; (B.22)

whereT is the sampling operator determined by the setW.

Proof. We de�ne the linear functional �� on T(V) by �� (z) = � (T � 1z) for z 2 T(V) �

RN . It has a norm that is bounded byk�� k � k � kV 0kT � 1k. By the Hahn-Banach

theorem (Theorem A.1.3),�� has a norm-preserving extensionE �� to all of RN . On

RN all linear functionals can be represented by the inner product with a �xed vector.

Hence there existsu 2 RN such that

(E �� )(z) = ( u; z) :=
NX

i =1

uj zj ; 8z 2 RN :

Using this, we observe that

kE �� k = sup
06= z2 RN

j(u; z)j
kxk1

= kuk1
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by duality. Since the extensionE is norm preserving andk�� k � k � kV 0kT � 1k, we

have kuk1 � k � kV 0kT � 1k. Finally, we �nd for an arbitrary v 2 V, by setting

z = T(v) 2 T(V),

� (v) = � (T � 1z) = �� (z) = ( E �� )(z) = ( u; z) =
NX

i =1

uj zj =
NX

i =1

uj � j (v); (B.23)

which is (B.21). This �nishes the proof.

We can now apply this theorem in the context of polynomial reproduction. If

we chooseV = P2
m j 
 � Cm (
) = X endowed with the normk�k1 ;
 := k�kL 1 (
) and

let W = spanf � 1; : : : ; � N g := spanf � x 1 ; : : : ; � x N g � V 0 for the set of point centers

X = f x1; : : : ; xN g, where� x i is the point evaluation functional at the centerx i 2 X ,

and take � = � x 2 V 0 for x 2 
, then we have the following Lemma.

Lemma B.5.2. The setW = spanf � x 1 ; : : : ; � x N g is a norming set forP2
m j 
 if and

only if the setX = f x1; : : : ; xN g � 
 is P2
m -unisolvent.

Proof. SupposeW = spanf � 1; : : : ; � N g where � j = � x j is a norming set forV =

P2
m j 
 but that X is not P2

m -unisolvent, so there exists ap 2 P2
m nonvanishing on 


such that p(x j ) = 0 for all x j 2 X . Now sinceW is a norming set, we can choose

x 2 
 with � = � x and can �nd numbers (u1(x); : : : ; uN (x)) 2 RN , which are not

all zero, such that

� (p) =
NX

j =1

uj (x)� j (p) =
NX

j =1

uj (x)p(x j ) = p(x) 6= 0:

But since uj (x) are not all zero,p(x j ) cannot be all zero. ThusX is P2
m -unisolvent.

Now supposeX is P2
m -unisolvent and choose anyp 2 P2

m which is nonvanishing

on 
. We de�ne the sampling operator T(p) = ( � x 1 (p); : : : ; � x N (p)). SinceX is P2
m -
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unisolvent, the elements of the mappingT(p) = ( p(x1); : : : ; p(xN )) are not all zero,

thus T is injective. By Lemma B.5.1, sinceT is injective, W is a norming set for

P2
m j 
 . This completes the proof.

It should be clear by now after the previous Lemma that we already have

the �rst two properties in the de�nition of local polynomial r eproduction. To see

this, again let W = spanf � j ; : : : ; � N g := spanf � x 1 ; : : : ; � x N g, V = P2
m j 
 , and assume

X � 
 is P2
m -unisolvent on 
. If we choose � = � x 2 V 0 for x 2 
, then for any

polynomial p 2 P2
m = V, applying theorem B.5.1, we can �nd a vectoru(x) =

f u1(x); : : : ; uN (x)g 2 RN dependent only onx such that

� (p) = p(x) =
NX

j =1

uj (x)p(x j )

which gives the �rst property of local polynomial reproduction. Secondly, we have

taking the norm on RN to be l1 and the norm on (RN )0 to be l1, we have the second

property of local polynomial reproduction

NX

j =1

juj (x)j = ku(x)k1 � k � x kkT � 1k = kT � 1k = C2

by using the fact that k� x k = supp2 P 2
m ;kpk1 =1 jp(x)j = 1.

Now we only need to show the existence of such a vectoru = ( u1(x); : : : ; uN (x)) 2

RN that also satis�es the third property, which is the local property of the polyno-

mial reproduction. But �rst we need to give conditions on the point centersX � 


such that W de�ned above is indeed a norming set for the space of polynomials

P2
m on 
. This is hopeless in the case of general domains. We need a condition

on the domain which will lead to this property. This will be the cone condition.
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In this next Theorem, we give conditions on the setX that are su�cient to make

it unisolvent. Furthermore, we give a value for the norming constant in the case

W = spanf � x 1 ; : : : ; � x N g.

To prove the norming set property, we will use the fact that any multivariate

polynomial in 
 � R2 can be reduced to a univariate polynomial by restricting it to

a line segment in 
. We want to then relate the norm on the univariate polynomial

on the line segment to the norm of the multvariate polynomial on 
. To do this, we

have to ensure the line segment will be completely contained in
, hence the use of

the cone condition.

We will make use of a simple Markov inequality which states that for any

p 2 P1
m , we have

jp0(t)j � m2kpk1 ;[� 1;1]; t 2 [� 1; 1]:

Furthermore, a simple scaling argument shows that forr > 0 and all p 2 P 1
m ,

t 2 [0; r ],

jp0(t)j �
2
r

m2kpk1 ;[0;r ]; t 2 [0; r ]:

Theorem B.5.2. Suppose that
 � R2 is compact and satis�es an interior cone

condition with radius r > 0 and angle� 2 (0; �= 2). Supposem 2 N, m � 1, is �xed

and that the set of centersX = f x1; : : : xN g � 
 satis�es

1. h := hX ;
 � r sin �
4(1+sin � )m2

2. for every ballB (x; h) � 
 , there is a centerx j 2 B(x; h).

Then W = spanf � x j : x j 2 X g is a norming set for P2
m j 
 with norming con-

stant bounded by2 for the sampling operatorT : P2
m 7! RN de�ned by T(p) =
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(� x i (p)) � x i 2 W .

Proof. Choose an arbitraryp 2 P2
m with kpk1 ;
 = 1. Since 
 is compact, we can

�nd an x 2 
 such that jp(x)j = 1. Furthermore, since 
 satis�es an interior

cone condition we can �nd a� 2 R2 with k� k2 = 1 such that the cone C(x) :=

C(x; �; �; r ) is completely contained in 
. Since h=sin� � r=(1 + sin � ) we can use

Lemma B.4.2 with h replaced byh=sin� to �nd a ball B (y; h) � C(x) with center

y = x + ( h=sin� )� . This implies that for an x j 2 X with ky � x j k2 � h, x j is in the

ball B (y; h), and since the cone is convex, the line segmentx + t x j � x
kx j � x k2

, t 2 [0; r ],

lies in the coneC(x) 2 
. Now we can apply Markov's inequality with r > kx j � xk2

to the chosen polynomialp restricted to this line segment inC(x) as

p̂(t) := p(x + t
x j � x

kx j � xk2
); t 2 [0; r ];

We can see that

jp(x) � p(x j )j = jp̂(kx � x j k2) � p̂(0)j �
Z kx � x j k2

0
jp̂0(t)jdt � k x � x j k max

0� t �k x � x j k
jp̂(t)0j

� k x � x j k2
2
r

m2kp̂k1 ;[0;r ]

� h
2(1 + sin � )

r sin�
(m � 1)2kpk1 ;


� 1=2

(B.24)

by using kx � x j k2 � k x � yk2 + ky � x j k2 � h + h=sin� = h(1 + 1=sin� ) with

the de�nition of the saturation measureh and the fact that ky � xk2 � h=sin� .

This shows that jp(x j )j � 1=2 since we knowjp(x)j = 1. Now we have by applying
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(B.19) with V = P2
m ,

kT � 1k = sup
p2 P 2

m ; kpk1 ; 
 =1

kpk1 ;


kT(p)k1
�

1
maxx j 2X jp(x j )j

�
1

1=2
= 2:

This proves the theorem.

Now the next step in our recipe is utilizing Theorems B.5.2 and B.5.1 together.

This gives the following Corollary.

Corollary B.5.1. If X = f x1; : : : ; xN g � 
 is P2
m -unisolvent, then there exists for

any x 2 
 some real numbersuj (x) such that
P

j juj (x)j � 2 and
P N

j uj (x)p(x j ) =

p(x) for all p 2 P2
m .

Now we can �nally assemble all these Theorems and Lemmas to give usthe

�nal product which is the local version of polynomial reproduction.

Theorem B.5.3. Suppose that
 � R2 is a compact set which satis�es the cone

condition for some angle� 2 (0; �= 2) and radius r > 0. For �xed m 2 N, there

exists constantsh0; C1; C2 > 0 depending only onm; � , and r such that for any set

of distinct point centersX = f x1; : : : ; xN g � 
 with h � h0 and anyx 2 
 , we can

�nd real numbers uj (x) for 1 � j � N , such that

1.
P N

j =1 p(x j )uj (x) = p(x); 8p 2 P2
m j 
 ,

2.
P N

j =1 juj (x)j � C1

3. uj (x) = 0 ; if kx � x j k2 > C 2h

Proof. Without restriction, we assume that � � �= 5. We de�ne the constants as

C1 = 2; C2 =
16(1 + sin � )2m2

3 sin2 �
; h0 =

r
C2

:
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Choose anyx 2 
. Let h := hX ;
 be the point saturation measure for the setX .

SinceC2h � r , the set 
 also satis�es a cone condition with angle� and radiusC2h.

Denote this cone byC(x) := C(x; �; �; C 2h) � 
. By Lemma B.4.4, the cone C(x)

itself satis�es a cone condition with angle� and radius

~r =
3 sin�

4(1 + sin � )
C2h:

Substituting the de�nition of C2 in the above equation and solving forh, we get

that

h = ~r
sin�

4(1 + sin � )m2
:

Now consider the set of pointsY = X \ C(x). To get our desired result,

we need to show thatY is P2
m -unisolvent on C(x). This amounts to showing that

C(x) and Y satisfy the conditions in Theorem B.5.2, with 
 := C(x), X := Y,

and h. Firstly, the point saturation measure h of the set Y obviously satis�es

the �rst condition in Theorem B.5.2. For the second condition,we show that any

ball B (y; h) � C(x) contains a point x j 2 Y . Indeed, by Lemma B.4.2, since

~r=4(1 + sin � )m2 � ~r=(1 + sin � ), we know that the ball B (y; ~r sin �
4(1+sin � )m2 ) = B(y; h)

with center y = x + h� is in C(x). By de�nition of the saturation parameter h,

we know that there exists at least onex j 2 Y which is in B(y; h). Thus W =

spanf � x j ; x j 2 Yg is a norming set forP2
m jC(x ) . Hence, by Corollary B.5.1 we can

�nd numbers uj (x) for every j such that x j 2 Y satisfying

X

x j 2Y

uj (x)p(x j ) = p(x)
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for all p 2 P2
m jC(x ) and

X

x j 2Y

juj (x)j � 2:

Finally, to get the third property at the point x 2 
, we simply set uj (x) = 0

for any x j =2 Y . This gives properties 1), 2) and 3), and hence a local polynomial

reproduction.

We remark that in the construction for this proof, one might notice that the

numbersuj (x) for j = 1; : : : ; N depend not only onx, but also on the chosen cone

C(x) � 
. For example, if one changes the direction of the coneC(x), the numbers

uj (x) might change since the points in the setY \ C(x) might change as well. For

notational convenience however, we have omitted the dependency on the coneC(x)

from the numbersuj (x).

B.6 Local reproduction of derivatives of polynomials

We can also extend this local polynomial reproduction to include the local

reproduction of derivatives of polynomials. Norming sets willagain be a key ingre-

dient. However, in order to cover the case of local reproduction of derivatives of

polynomials, we �rst need an additional Bernstein inequality for mulitvariate poly-

nomials. In the following 
 is assumed to be open, bounded and connected, which

is necessary for estimates on the derivatives. In this case,
 is compact.

Lemma B.6.1. Suppose
 � R2 is bounded and satis�es an interior cone condition

with radius r > 0 and angle� . If p 2 P2
m and � = ( � 1; � 2) 2 N2

0, j� j := � 1+ � 2 � m,
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is a multi-index then

kD � pk1 ;
 �
� 2m2

r sin�

� j � j
kpk1 ;
 : (B.25)

Proof. Assume that r p is not identically zero. Let xM be the point in 
 that

maximizeskr p(x)k2 over 
 ( k � k2 is the standard Euclidean norm). Because 


satis�es a cone condition, so does
 and thus xM is the vertex of a coneC(xM ) � 


having radius r , an axis along a direction� , and an angle� . De�ne the unit vector

� = r p(xM )=kr p(xM )k2 (adjusting the sign ofp so that � T � � 0). There is a unit

vector � pointing into the cone and satisfying� T � � cos(�= 2 � � ) = sin � . Using

this we havekr p(xM )k sin(� ) � r p(xM ) � � = @p(xM )=@�and so

kr p(xM )k2 =
@p
@�

(xM ) � csc(� )
@p
@�

(xM ): (B.26)

Now for t 2 R, the polynomial ~p(t) := p(xM + t� ) is in P1
M (R). In particular, it

obeys the usual Bernstein inequality mentioned earlier on 0� t � r given by

j~p0(t)j �
2m2

r
max
t2 [0;r ]

j ~p(t)j �
2m2

r
kpk1 ;
 :

Now since ~p(0) = ( @p)=(@�)(xM ), we have for allx 2 


kr p(x)k2 � kr p(xM )k2 � csc(� )
@p
@�

(xM ) �
2m2

r sin�
kpk1 ;
 :

Finally, noting that j(@p=@x j )(x)j � kr p(xM )k2, and di�erentiating p � times, we

get the desired result.

Now that we have shown the inequalitykD � pk1 ;
 �
�

2m2

r sin �

� j � j
kpk1 ;
 , we

can use this in Theorem B.5.2 along with Theorem B.5.1 to get the following global

version of polynomial reproduction adapted to the derivatives of polynomials. First,
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let W = spanf � j ; : : : ; � N g := spanf � x 1 ; : : : ; � x N g be a norming set forV = P2
m j 
 . If

we choose� = ( � x � D � ) 2 V 0 for x 2 
, then for any polynomial p 2 P2
m , applying

Theorem B.5.1, we can �nd a vectoru� (x) = ( u�
1 (x); : : : ; u�

N (x)) 2 RN depending

on x such that

D � p(x) =
NX

j =1

u�
j (x)p(x j )

which gives the �rst property of local polynomial reproduction. Now using the

bound shown in Lemma B.6.1, we can use this Theorem B.5.1 to get abound on

the Lebesgue function

NX

j =1

ju�
j (x)j = ku� k1 � 2

� 2m2

r sin�

� j � j
:

Thus is summarized in the following proposition.

Proposition Let p 2 P2
m and let 
 be a bounded domain satisfying an interior

cone condition with radius r > 0 and angle� . Suppose thath > 0 and the set

X = f x1; : : : ; xN g � 
 satisfy

1. h � r sin �
4(1+sin � )m2

2. for everyB(x; h) � 
 there is a point x j 2 X \ B(x; h),

then for any multi-index � = ( � 1; � 2) 2 N2
0 with j� j := � 1 + � 2 � m there exists

real numbersu�
j (x) such that

D � p(x) =
NX

j =1

u�
j (x)p(x j ); 8p 2 P2

m (B.27)

and
NX

j =1

ju�
j (x)j � 2

� 2m2

r sin�

� j � j
: (B.28)

for all .
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Proof. We already demonstrated that equation (B.27) holds using Theorem B.5.1

with � = ( � x � D � ) 2 V 0 and W = f � 1; : : : ; � N g with � j = � x j .

To show that (B.28) holds we use Theorem B.5.1 and the fact thatW is

a norming set for P2
m j 
 to get that

P N
j =1 ju�

j (x)j � k � kV 0kT � 1k where T is the

sampling operator associated withW. Thus we need to boundk� kV 0kT � 1k. Firstly,

by Theorem B.5.2, we have

kT � 1k = sup
p2 P 2

m ; kpk1 ; 
 =1

kpk1 ;


kT(p)k1
�

1
maxx j 2X jp(x j )j

�
1

1=2
= 2:

Now to bound k� kV 0 = k(� x � D � )kV 0, we use Lemma B.6.1, to get

k� kV 0 = max
p2 P 2

m (
) ;kpk1 ; 
 =1
j� (p)j = max

p2 P 2
m (
) ;kpk1 ; 
 =1

jD � p(x)j

� k D � pk1 ;
 �
� 2m2

r sin�

� j � j
kpk1 ;
 =

� 2m2

r sin�

� j � j
:

(B.29)

Thus we get our desired result.

Now we can use this to get the local version. Using the fact that 
 (and

consequently
) satis�es an interior cone condition, we can use the above proposition

and proceed exactly as in Theorem B.5.3 to get the following local version of local

polynomial reproduction for derivatives.

Theorem B.6.1. Suppose that
 � R2 is a bounded and satis�es the cone condition

for some angle� 2 (0; �= 2) and radiusr > 0. For �xed m 2 N, there exists constants

h0; C�
2 > 0 depending only onm; � , and r such that for any set of distinct point

centers X = f x1; : : : ; xN g � 
 with h � h0 and any x 2 
 , we can �nd real

numbersu�
j (x), for 1 � j � N such that

1.
P N

j =1 p(x j )u�
j (x) = D � p(x); 8p 2 P2

m j 
 ,
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2.
P N

j =1 ju�
j (x)j � C �

1 h�j � j

3. u�
j (x) = 0 ; if kx � x j k2 > C �

2 h

Proof. Without restriction, we assume that � � �= 5. We de�ne the constants as

C �
1 = 2

� 1
2(1 + sin � )

� j � j
; C�

2 =
16(1 + sin � )2m2

3 sin2 �
; h0 =

r
C �

2
:

Choose anyx 2 
. Let h := hX ;
 be the point saturation measure for the setX .

SinceC �
2 h � r , the set 
 also satis�es a cone condition with angle� and radius

C �
2 h. Denote this cone byC(x) := C(x; �; �; C �

2 h) � 
. By Lemma B.4.4, the cone

C(x) itself satis�es a cone condition with angle� and radius

~r =
3 sin�

4(1 + sin � )
C �

2 h:

Substituting the de�nition of C �
2 in the above equation and solving forh, we get

that

h = ~r
sin�

4(1 + sin � )m2
:

Now consider the set of pointsY = X \ C(x). We already demonstrated in

the proof of Theorem B.5.3 that the conditions

1. h � ~r sin �
4(1+sin � )m2

2. for everyB(y; h) � C(x) there is a point x j 2 Y ,

are satis�ed. Thus, by applying Proposition B.6 with 
 := C(x) and X := Y, we

can �nd numbers u�
j (x) for every j such that x j 2 Y satisfying

X

x j 2Y

u�
j (x)p(x j ) = D � p(x)
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for all p 2 P2
m jC(x ) and

X

x j 2Y

ju�
j (x)j � 2

� 2m2

~r sin�

� j � j
:

Now sinceh = ~r sin �
4(1+sin � )m2 , and C �

1 := 2
�

1
2(1+sin � )

� j � j
, then we see that

X

x j 2Y

ju�
j (x)j � 2

� 2m2

~r sin�

� j � j
= C �

1 h�j � j ;

which is the second property. Finally, to get the third property at the point x 2 
,

we simply setu�
j (x) = 0 for any x j =2 Y . This gives properties 1), 2) and 3), and

hence a local polynomial reproduction of derivatives.
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C.7 Legendre Polynomials and Wendlend's Kernels

C.8 Legendre Polynomial Expansions

(Note on notation: In this appendix, we will frequently employ the notation

(�; �)L 2 (I ) to mean the L2(I ) inner product on the interval I = ( � 1; 1) and (�; �)r;I

to mean the inner product on the Sobolev spaceH r (I ). Thus, using this notation

(u; v)L 2 (I ) and (u; v)0;I are equivalent expressions for anyu; v 2 L2(I ).)

De�ne PN on I to be the space of polynomials of degree less than or equal to

N restricted to the interval I . The Legendre polynomial of degreen on the unit

interval I = ( � 1; 1) is given by

Ln (x) =
(� 1)n

2nn!
((1 � x2)n )(n) (C.30)

and is the n-th eigenfunction of the Legendre di�erential equation

((1 � x2)L0
n (x))0+ � nLn (x) = 0 ; x 2 I (C.31)

with eigenvalue� n = n(n + 1). Some useful properties are

jLn (x)j � 1; x 2 [� 1; 1]

jL0
n (x)j �

1
2

n(n + 1) ; x 2 [� 1; 1]

Ln (� 1) = ( � 1)n

L0
n (� 1) =

1
2

(� 1)n+1 n(n + 1)

(C.32)

The set of Legendre polynomials is anL2-orthogonal system onI satisfying the

orthogonality condition

Z

I
L l (x)Lm (x)dx = ( l +

1
2

)� 1� l;m :
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where � l;m = 0 if l 6= m and 1 otherwise, sokLnkL 2 (I ) = ( l + 1
2)� 1=2. Thus, an

orthonormal L2(I ) system can be obtained by multiplying eachLn by its normalizing

factor 1=kLnkL 2 (I ) =
p

(n + 1=2). (See Szego [54] for proofs of these properties).

We can also show thatkL0
nk2

L 2 (I ) = n(n + 1). Using integration by parts, we

have
Z

I
(L0

n (x))2dx = �
Z

I
Ln (x)(L0

n )0(x)dx + ( LnL0
n )j1� 1

= �
Z

I
Ln (x)(L0

n )0(x)dx + ( L0
n (1) � (� 1)nL0

n (� 1)):

(C.33)

We �rst notice that
R

I Ln (x)(L0
n)0(x)dx = 0 since (L0

n )0 is ann � 2 degree polynomial

and Ln is orthogonal to any polynomial in Pn� 2(I ) (if n < 2, (L0
n )0 = 0). Now

using the property L0
n (� 1) = ( � 1)n+1 n(n + 1) =2, we get (L0

n (1) � (� 1)nL0
n (� 1)) =

n(n + 1) =2 � (� 1)2n+1 n(n + 1) =2 = n(n + 1) and so it follows

kL0
nk2

0;I = n(n + 1) : (C.34)

The Legendre expansion of a functionv 2 L2(I ) is given asv(x) =
P 1

n=0 anLn (x)

with an = ( n + 1=2)
R

I v(x)Ln(x)dx where "=\ is understood in the sense that

lim
p!1

kv �
pX

n=0

anLnkL 2 (I ) = 0: (C.35)

For a given N > 0, the L2-orthogonal projection � N : L2(I ) 7! PN (I ) is a

mapping such that for anyv 2 L2(I ) we have

(v � � N v; � )L 2 (I ) = 0; 8� 2 PN (I ): (C.36)

Since the set of Legendre polynomialsLn for 0 � n � N provides a basis forPN

on I , (C.36) is equivalent to �nding coe�cients a0; : : : ; aN 2 R in the expansion

� N v =
P N

n=0 anLn such that (C.36) holds for all� 2 spanf L0; : : : ; LN g.
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In order to prove an error estimate for Legendre polynomial approxmation in

L2(I ), we �rst will need a density argument and a Sobolev interpolation Theorem

(proof can be found in Adams [1].

Lemma C.8.1. Let (a; b) � R and r � 0 be any integer. The spaceC1 ([a; b]) is

dense inH r (a; b).

In other words, functions inH r (a; b) can be approximated arbitrarily well by

in�nitely di�erentiable functions on [ a; b] in the distance induced by the norm of

H r (a; b).

Theorem C.8.1. Let 0 < s < 1 and k � 1 be an integer. Then

H k+ s(a; b) = [ H k(a; b); H k+1 (a; b)]s;2 (C.37)

and the norms are equivalent.

Proof. Brenner and Scott [15], Theorem 14.2.3.

This Theorem states that ifv 2 H k+1 (a; b), then v 2 H k+ s(a; b) with 0 < s < 1

where the spaceH k+ s is given by the interpolation between the spacesH k and H k+1 .

The following Lemma is an error estimate for the di�erence between v and

� N v in L2(I ).

Lemma C.8.2. For any real r � 0, there is a constantc > 0 such that

kv � � N vk0;I � cN � r kvkr;I ; 8v 2 H r (I ) (C.38)

Proof. In the caser = 0, we havekv � � N vk0;I � k vk0;I which is trivially satis�ed.

For the moment, lets assume thatr is an even integer, namelyr = 2m wherem � 1,
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and that v 2 C1 ([� 1; 1]). Let A be the 2nd order di�erential operator de�ned by

Av = � ((1 � x2)v0)0. Using equation (C.31), it follows thatAL n = n(n + 1) Ln . For

the left side of the bound (C.38), we havekv � � N vk2
0;I =

P 1
n= N +1 a2

nkLnk2
0;I . Using

the de�nition of the Legendre coe�cients, by an application of integration by parts

we get for anyn > N

an =
1

kLnk2
0;I

Z

I
v(x)Ln(x)dx =

1
n(n + 1) kLnk2

0;1

Z

I
v(x)AL n (x)dx

= �
1

n(n + 1) kLnk2
0;1

Z

I
(1 � x2)v0(x)L0

n (x)dx + (1 � x2)v0(x)Ln (x)j1� 1:

(C.39)

Sincev 2 C1 ([� 1; 1]), all derivatives are bounded and continuous on [� 1; 1] and

thus limx!� 1(1 � x2)v0(x)Ln (x) = 0. Applying integration by parts once more, we

have

an =
1

n(n + 1) kLnk2
0;I

Z

I
Av(x)Ln (x)dx

. Iterating this procedure m times yields

an =
1

nm (n + 1) mkLnk2

Z

I
Amv(x)Ln(x)dx (C.40)

and thus

kv � � N vk2
0;I =

1X

n= N +1

� 1
nm (n + 1) mkLnk2

0;1

Z

I
Amv(x)Ln (x)dx

� 2
kLnk2

0;1

� cN � 4m
1X

n=0

kLnk2
0;1(

R
I Amv(x)Ln (x)dx

kLnk2
0;1

)2

� cN � 4mkAmvk2
0;I :

(C.41)

Since Am is a di�erential operator of order 2m, taking the square root of both

sides in (C.41) and applying the inequalitykAmvk0;I � ckvk2m;I for some constant

c > 0, the desired bound is achieved for evenr > 0 and v 2 C1 ([� 1; 1]). To
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obtain the result for v 2 H 2m (I ), we recall from Lemma C.8.1 thatC1 ([� 1; 1])

is dense inH 2m (I ), thus the result holds for v 2 H 2m (I ). For r > 0 between

even integers, namely 2m � 2 < r < 2m, we apply the Sobolev space interpolation

[H 2m� 2(I ); H 2m (I )]s;2 = H 2ms+(1 � s)(2m� 2) for 0 < s < 1 to get the desired result.

Using Legendre polynomials, we can show an inverse inequality on the space

of polynomialsPN .

Theorem C.8.2. For every polynomialv 2 PN (I ), there exists a constantC > 0

such that

kv0k0;I � CN 2kvk0;I : (C.42)

Proof. Any v 2 PN can be expanded into a Legendre series given byv(x) =

P N
n=0 anLn (x) where

kvk2
0;I =

NX

n=0

1
n + 1=2

jan j2:

Now using (C.34), we have

kv0k2
0;I = k

NX

n=0

anL0
nk2

0;1 � N
NX

n=0

jan j2kL0
N k2

0;I � N
NX

n=0

jan j2(n(n + 1))

� N
NX

n=0

� 1
n + 1=2

jan j2n(n + 1)( n + 1=2)
�

� N 2(N + 1)( N + 1=2)
NX

n=0

1
n + 1=2

jan j2

� N 2(N + 1)( N + 1=2)kvk2
0;I

(C.43)

so it follows that

kv0k2
0;I � 3N 4kvk2

0;I

which giveskv0k0;I � CN 2kvk0;I .
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We now de�ne a quadrature rule based on Legendre polynomials for integrating

functions in P2N � 1(I ) and L2(I ) (see Canuto [17] for derivations).

Theorem C.8.3. Gauss-Lobatto Integration Let f � i gN
i =0 denote the zeros of

q(x) = LN +1 (x) + aLN (x) + bLN � 1(x) with � 1 = � 0 < � � � < � N = 1, where the

parametersa; b are chosen such thatq(� 1) = q(1) = 0 . Then one can �nd N + 1

constants� 0; : : : ; � N such that

Z

I
p(x)dx =

NX

i =0

� i p(� i ); 8p 2 P2N � 1: (C.44)

Thus the numerical quadrature scheme onI is exact when integrating any

polynomial p 2 P2N � 1.

Now, given a function v 2 L2(I ), an approximate quadrature scheme using

the Gauss-Lobatto-Legendre (GLL) rule is

Z

I
u(x)dx �

NX

i =0

� i u(� i ) (C.45)

where� 0; : : : ; � N and the zeros� 0; : : : ; � N are de�ned as follows:

� i : � 0 = � 1; � N = 1; zeros ofL0
N (x); 1 � i � N � 1

� i :
2

2(N + 1)( LN (� ))2
; 0 � i � N

(C.46)

C.9 Two-dimensional Legendre Expansions

Let Q = ( � 1; 1)2. We denote the spaceP2
N on the squareQ as

P2
N (Q) = f v =

X

0� i;j � N

aij x i
1x j

2; aij 2 R; (x1; x2) 2 Qg: (C.47)
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This is a tensor product space of one-dimensional polynomials of degreeN with

dim(P2
N (Q)) = ( N + 1) 2. (i.e. The space of functions which are polynomials of

degree� N in each variable. For simplicity in notation, we de�neK := ( N + 1) 2)

For x := ( x1; x2) 2 Q, we de�ne the k-th order Legendre polynomial as

L k(x) := L i (x1) � L j (x2) wherek := i � N + j for 0 � i; j � N and L i (L j ) are the i th

(j th) degree Legendre polynomials onI = ( � 1; 1). Then spanf L k(�); 0 � k � K g

provides a basis forP2
N (Q). Furthermore, it can easily be shown using the orthog-

onal property of Ln in L2(I ) that the two dimensional Legendre basis provides an

orthogonal basis forL2(Q). We can normalize thek-order Legendre polynomial

L k(x) = L i (x1) � L j (x2) by multiplying by the factor ( i + 1=2)1=2(j + 1=2)1=2. Thus

f L �
k(x)g1

k=0 where L �
k(x) = ( i + 1=2)1=2(j + 1=2)1=2L i (x1)L j (x2) is an orthonormal

family for L2(Q).

The Legendre expansion of a functionv 2 L2(Q) is given asv(x) =
P 1

k=0 akL �
k(x)

with ak =
R

Q v(x)L �
k(x)dx. The projection � N : L2(Q) 7! P2

N (Q) is de�ned by the

unique element� N v 2 P2
N (Q) such that

(v � � N v; � )L 2 (I ) = 0; 8� 2 P2
N (Q): (C.48)

This is equivalent to �nding coe�cients a0; : : : ; aK 2 R in the expansion� N v(x) =

P K
k=0 akL �

k(x) such that (C.36) holds for all � 2 spanf L �
0; : : : ; L �

N g.

The following Lemma is the two-dimensional version of Lemma C.8.2.

Lemma C.9.1. For any real r � 0, there exists a constantC > 0 such that

kv � � N vk0;Q � CN � r kvkr;Q ; 8v 2 H r (Q): (C.49)

Proof. The proof is nearly indentical to the proof of Lemma C.8.2.
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C.10 Wendland's Compactly Supported Kernels

In this section we review the construction and some properties of Wend-

land's compactly supported radial kernels which are used in the hybrid spectral-

element/meshless approximation method. The many advantagesof using Wend-

land's compactly supported functions for partial di�erential equations include their

approximation ability, their fast summation ability on a set of collocation nodes

X = f x1; : : : ; xN g � 
 � Rd, and as we will see, the fact that they can be repre-

sented as a univariant polynomial on a local domain in any dimension d 2 N. They

are also symmetric and positive de�nite functions and whose Fourier transform de-

cays like (1 + k� k2
2)� s for somes > d=2.

We consider the functions 	(x) = � (r ) with r = kxk which have the form

� (r ) =

8
>><

>>:

p(r ) 0 � r � 1

0 r > 1
(C.50)

where p is a univariate polynomial of the formp(r ) =
P m

j cj r j with cm 6= 0. We

will denote m the degree of 	 or � .

The construction of the compactly supported functions beginswith the tru-

cated power function � l (r ) = (1 � r ) l
+ where (1� r )+ denotes (1� r ) if r < 1 and 0

otherwise. It was shown in [65] that �l (r ) is a positive de�nite function in Rd when

l � d=2 + 1. Next we introduce the operatorI and its inverseD by acting on any

radial function � (r ) as

(I� )(r ) =
Z 1

r
t� (t)dt (C.51)
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and

(D� )(r ) = �
1
r

� 0(r ): (C.52)

Using the truncated power function � l (r ), a class of positive de�nite compactly

supported functions can be de�ned as

� d;k = I k � 
oor (d=2+ k+1) (C.53)

where 
oor(x) denotes the largest integer less than or equal tox. For simplicity in

notation and without loss of generality, we will assumed = 2m for some integerm,

so we can supress the notation 
oor. In Wendland [65], the following Theorem is

proved about the functions� d;k .

Theorem C.10.1. The functions � d;k induce positive de�nite functions inRd with

the form

� d;k (r ) =

8
>><

>>:

pd;k (r ) 0 � r � 1

0 r > 1
(C.54)

wherepd;k is a univariate polynomial of degreem := 
oor d=2+3k +1. Furthermore,

they belong to the class of functionsC2k(Rd) and possess a Fourier transform̂� d;k (� )

which decays like(1+ k� k2)� d=2� k� 1=2 and thus the native space of	( x; y) := 	( x �

y) := � d;k (r ) is equivalent in norm to the Sobolev spaceH s(Rd) for s := d=2+ k+1=2.

Proof. cf. [65], Theorems 1.2 and 2.1

We now give an important Thoorem about the polynomial representation of

the positive de�nite function � d;k .
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Theorem C.10.2. Within its support [0; 1], the functions � d;k have the representa-

tion

� d;k (r ) =
l+2 kX

j =0

c(l )
j;k r j (C.55)

with l := d=2 + k + 1. The coe�cients c(l )
j;k of the polynomial can be de�ned by the

recursive relation in k for 0 � i � k � 1 by

c(l )
j; 0 = ( � 1)j

0

B
B
@

l

j

1

C
C
A ; 0 � j � l

c(l )
0;i +1 =

l+2 iX

j =0

c(l )
j;i

j + 2
; c(l )

1;i +1 = 0; i � 0

c(l )
j;i +1 = �

c(l )
j � 2;i

j
; i � 0; 2 � j � l + 2 i + 2:

(C.56)

Furthermore, precisely the �rst k odd coe�cients c(l )
j;k vanish.

Proof. cf. [65], Theorem 1.3., [66], Theorem 9.12

We give examples of di�erent positive de�nite compactly supported functions

� d;k up to a positive constant factor ford = 1; 2; 3 and k = 1; 2; 3 in the following

table originally produced in [65].

To conclude this review of compactly supported Wendland functions, we give a

result from [64] which states an error estimate inL1 for a given functionf 2 H s(Rd)

approximation by Wendland functions 	( �; x) := � d;k (k � � xk) = � d;k (r ) given as

I X f =
P N

i =1 � i 	( �; x i ).

Theorem C.10.3. For � d;k , let s = d=2+ k+1=2 with k � 1 and d = 1; 2. For every

H s(Rd) and compact domain
 � Rd which satis�es an interior cone condition, the
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Table C.1: Examples of� d;k

d = 1 � 1;0(r ) = (1 � r )+ C0

d = 1 � 1;1(r ) = (1 � r )3
+ (3r + 1) C2

d = 1 � 1;2(r ) = (1 � r )5
+ (8r 2 + 5r + 1) C4

d � 3 � 3;1(r ) = (1 � r )4
+ (4r + 1) C2

d � 3 � 3;2(r ) = (1 � r )6
+ (35r 2 + 18r + 3) C4

d � 3 � 3;3(r ) = (1 � r )8
+ (32r 3 + 25r 2 + 8r + 1) C6

interpolant I X f =
P N

j =1 � j � d;k (k � � x j k) on the pointsX = f x1; : : : ; xN g � 
 with

point saturation measureh satis�es the estimate

kf � I x f kL 1 (
) � Chs+1 =2kf kH s (Rd ) (C.57)

for a su�ciently small h. Thus interpolation with � d;k provides an approximation

order of s + 1=2.

Proof. cf. [65], Theorem 2.2
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