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Chapter 1
Introduction

1.1 Historical Context and Motivations

The meshless collocation method for approximating solutions fpartial di er-
ential equations (PDES) is a recent and fast growing researchea that spans many
di erent elds in applied mathematics, science and enginearg. As the name sug-
gests, it deals with computing the numerical solution of a PDE oa set of given data
locations that are scattered throughout the domain of intergt, all without the use
of a computational mesh which are traditionally required in sindard spectral, nite
element, and nite di erence methods. Instead, the method usesollocation in the
sense that it poses the approximation to be satis ed exactly on a sef collocation
points, or nodes, in the domain of interest and on the boundary.

Historically, collocation methods for the solution of PDEs has been centered
mathematically on a fairly simple approach to approximation The methods typi-
cally choose a nite dimensional approximation space of candite solutions along
with a nite collection of points in the domain and boundary (called collocation
points or node and aim at selecting the solution that satis es the given PDE ex-
actly at those points. A popular choice in the literature for thle nite dimensional
approximation space of candidate solutions are (orthogonafolynomials up to a

certain degree. While these methods have generally shown dreaccess using such



polynomial spaces as Chebychev or Legendre polynomials (s@yd[13]), adapting
them to nontrivial domains which are either nonconvex, nonsaoth, or both has
been a limiting drawback to the method due to the fact that thecollocation points
are required to be Gaussian-type quadrature points. While the @thod has been

shown to converge ([13]), this type of collocation limits thenethod geometrically.

1.1.1 Why Meshless Collocation?

Freedom to choose the collocation points is of course a highlggirable feature
in collocation and hasn't been available until the recent mditematical innovations of
meshless collocation. In chapter 2, we investigate these inntigas, which include
the so-calledNative Spacetheory of symmetric positive de nite kernels, developed
in the seminal paper by Schaback [44], and their connectiontivireproducing kernel
Hilbert spaces. We will try to demonstrate why and how the theory fonative spaces
work in the context of scattered data approximation and, morgenerally, collocation
for PDEs.

As we will show, this approach to collocation enables the cheiof a collection
of collocation points that can be a rather general set of scatted data points satisfy-

ing mild restrictions to ensure convergence. The nite dimenshal space is the span

nodes and : 7! R will be chosen to be a compactly supported symmetric
positive de nite kernel which satis es high-order smoothness ahalgebraic spectral

decay.



So why would one want to use meshless collocation for numerigafiolving
PDEs in the rst place? Aren't nite element and di erence methods (FEM, FDM)
powerful enough? After all, the theory of both methods reachdek through the
1950s, with thousands of research papers and a slew of books ondhiject. Fur-
thermore, new innovations for FE solution and re nement techiques are making
way into many commercial software packages (FEMlab, FEMpaghtc.) for tackling
large-scale/high-performance problems in all engineeringlds, atmospheric science,
physics, and so on.

Motivations for employing meshless collocation might stem fro the desire to
approximate solutions to PDEs where boundaries to the domaiaf interest have
either very complicated geometric structures or even move time dependent prob-
lems. As we hope to demonstrate in this thesis, another desirablafiere of meshless
collocation is its approximation robustness and fast convergee rates for smooth
problems, as well as overall ease of implementation. One of thejor advantages
of meshless collocation over traditional and generalized t@ element methods (see
[7] for example) that we stress to communicate in this thesis ifiat meshless collo-
cation does not require numerical quadrature for integradbin since integration is not
performed in the collocation method.

A grand challenge in the current trend of generalized nite lement methods
comes in selecting optimal quadrature points and weights fthe numerical integra-
tion over supports of the underlying basis functions. The intrduction of quadrature
then of course leads to additional numerical errors which cgropagate throughout
the global approximation. The fact that no integration is dae in collocation greatly

3



simpli es the implementation of the method and allows much edom in selecting
the basis kernels and the placement of collocation nodes. Huermore, since no
triangularization or rectangularization of the domain is equired, collocation can
be used on much more general smooth manifolds without the prelbh of domain
discretization errors.

The nal goal for this thesis will be to demonstrate numericalf how and why
meshless collocation can compete with standard computationadethods for large-
scale numerical solutions to nonlinear PDEs. For this, we tacklthe problem of
applying meshless collocation to a large-scale geophysical dgncs model.

Two fundamental problems in numerically simulating Global Gmate Mod-
els (GCM) which have challenged researchers during the pastfelecades are the
long-term stability requirements in the underlying numerial approximations of the
climate model along with the sensitivity to small changes in regnal scales of the
model. Most GCMs in the past have had di culty being able to simubte regional
meteorological phenomena such as tropical storms, which playp anportant part
in the latitudinal transfer of energy and momentum. This is pély due to the fact
that climate models have traditionally employed spectral méods using spherical
harmonics which are global and require excessively large resian in order to in-
herit any properties which can be used to study regional scale gomenon (see
Baer et al. [6]). This is a massive computational burden since eéhincrease in reso-
lution must be done globally due to the nature of the numericainethod. In order
to tackle these two problems in a computationally e cient mamer, the high-order

convergence and approximation properties of global spedtnmethods would ulti-
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mately need to be coupled with the ability to locally re ne agproximation results of
the model in certain regions of the global domain.

In the nal part of the thesis, we propose, implement, and expement with a
meshless collocation paradigm for use in the parallel high-p@mance simulation
of nonlinear geophysical models while keeping these two prebis that have chal-
lenged researchers in computational geophysics and climaigy in mind. Due to
its simplicity while still retaining some of the nonlinear chdenges of larger, more
complex geophysical models, our geophysical model of choic# e the rotational
shallow-water equations on the sphere.

Ultimately, we wish to show that our proposed meshless collocationethod
can compete with the many models and benchmarks published inday's high-
performance scienti c computing industries, and can also pradé an attractive al-
ternative to standard nite-element techniques for regionband global modeling of

geophysical uid dynamics.

1.2 Thesis Outline

This dissertation thesis has three main goals: 1) To explore thenatomy of
meshless collocation approximation methods that have recéntgained attention
in the numerical analysis community; 2) Numerically demonstta why the mesh-
less collocation method should clearly become an attractivéternative to standard
nite-element methods due to the simplicity of its implemenation and its high-

order convergence properties; 3) Propose a meshless collocaticethod for large



scale computational geophysical uid dynamics models.

In chapter 2 of the thesis, we give a tour of some of the theoretldaghlights of
meshless collocation that we hope will demonstrate the robust pqwximation power
of the method. Much of the theory of meshless collocation thas ifeatured in this
thesis was developed by Schaback and Wendland the past decada icombination
of papers. We summarize the important aspects of the theory andvg detailed
proofs for the main results.

In the second part of chapter 2, we will explore implementati@al issues of
meshless collocation and give a suite of numerical experimefasthe approximation
method which will aim at verifying and validating many of the theoretical claims
and results discussed in the rst part of the chapter. We hope to deomstrate
the computational robustness of meshless collocation for dient types of domains
which are convex, nonconvex, smooth, and nonsmooth where weus primarily
on determining numerical convergence rates for the methodhike using di erent
collocation node distributions.

In the nal part of the second chapter, we provide a computatinal comparison
between the meshless collocation method and the standard nidement method
with piecewise linear elements on a few di erent test problenm® assess the di er-
ences in numerical convergence and stability issues. As alreadgntioned, one of
the major advantages of meshless collocation over traditionand generalized nite
element methods that we will continue to highlight in this tresis is that meshless
collocation does not require numerical quadrature for inggation since integration
is not performed in the collocation method. Clearly, this ione desirable feature
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since it renders implementational issues much easier to handlengputationally.

In an e ort to demonstrate that meshless collocation can competwith spectral/ nite-
element methods in regards to numerical robustness and comational speed for
solving large-scale problems in geophysical dynamics probkon the sphere, in the
last two chapters of the thesis, we introduce a new meshless cadiben method for
solving the rotational shallow-water equations on the spherelhe method we pro-
pose is quite versatile in that it can be constructed using any set collocation points
in the domain. Being roughly based on the theory of pseudospeaitapproximation,
this meshless collocation method seeks to approximate poingeivalues and their
derivatives by using a di erentiation matrix construction similar to pseudospectral
methods. One of the advantages that we attempt to demonstrats that the method
is not only fast and easy to implement, but also that the matricesesulting from
the linear systems in conjuction with the semi-implicit time stpping scheme that
we propose are symmetric and positive de nite. This enables fagarallel conjugate
gradient solvers for obtaining the solution at each collocain node.

We begin chapter 3 by rst discussing the geophysical model that weill
use, namely the rotational shallow-water equations on the spfee and then give its
discretization on the so-called cubed-sphere followed by a seémplicit time stepping
scheme to integrate the geophysical model in time. Lastly, wesdiuss in detail the
construction of the meshless collocation approach using compasupported radial
basis functions. We show how to apply the method at each semi-ingpt time step
to yield a symmetric positive de nite system that can be solved usm conjugate

gradient.



In the nal part of the thesis, we provide numerical veri cation and validation
of the meshless collocation scheme applied to the rotational #loa-water equa-
tions on the sphere introduced in chapter 3. Our goal is to showmputationally
that this proposed model can compete with existing high perforance methods for
approximating the shallow-water equations such as the SEAM (spieal-element at-
mospheric model) developed at NCAR all while highlighting the dvantages and
disadvantages of the method. A detailed analysis of the parallimplementation
of the model, along with the introduction of parallel algoihmic routines for the
high-performance simulation of the model will be given. We atyze the program-
ming and computational aspects of the model using Fortran 90 drthe message
passing interface (mpi) library along with software and hardwa speci cations and
performance tests. Details from many aspects of the implemetitan in regards to
performance, optimization, and stabilization will be given

A theoretical discussion of regional modeling in geophysical sgsts will then
introduce the nal numerical experiments section of the thesi In order to verify
the mathematical correctness of the algorithms presented arid validate the per-
formance of the meshless collocation shallow-water model, wenclude the thesis
with numerical experiments on some standardized test cases ftretshallow-water
equations on the sphere using the proposed method. These test casgyduced by
Williamson et al. in [71], are now considered the standard test gaifor analyzing
the performance of newly proposed numerical schemes for the eptal SWESs.

We end the thesis with a conclusion summarizing the numerical drtheoret-
ical e orts of this project including a discussion on some of thedwantages and

8



disadvantages that we have experienced using meshless collocads a method for
solving large-scale PDEs. Directions into further ongoing delopments and future

research in the eld of meshless collocation will also be given.



Chapter 2
The Meshless Collocation Method

2.1 Introduction

The meshless collocation method for approximating solution® tpartial dif-
ferential equations (PDES) is a recent and fast growing rese@rarea that spans
many di erent elds in applied mathematics, science and engeering. As the name
suggests, it deals with computing the numerical solution of a PDEn a set of given
data locations that are scattered throughout the domain of irerest, all without the
use of a computational mesh as in the classical nite element and e&rence meth-
ods. The method uses collocation in the sense that it poses the apgmation to be
satis ed exactly on a set of collocation points, or nodes, in the dwain of interest
and on the boundary.

Motivations for employing meshless collocation might stem fro the desire to
approximate solutions to PDEs where boundaries to the domaiof interest have
either very complicated geometric structures or even move time dependent prob-
lems. As we hope to demonstrate, we take interest in meshless calkan namely
due to its approximation robustness and ease of implementatipand also to the
fact that approximation re nement with collocation is rather simple to implement
as we will see; simply increase the number of collocation nodestlie domain, no

need to re ne a mesh.
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The theory behind the meshless collocation method that we use this the-
sis actually stems from the theory of scattered data approximen (an excellent
resource to the eld of scattered data approximation is providd by H. Wendland
in [66].) Scattered data approximation heavily relies on th theory of reproducing
kernel Hilbert spacesand so-callednative spacesof positive de nite functions. The
notion of native spaces of positive de nite functions was iniglly introduced by Sch-
aback in [46] to provide a framework for the approximation ofunctions u from a
certain Hilbert spaceH. The approximation was assumed to be done on scattered
samples of the functioru and thus an interpolant was created out of positive de nite
kernels to interpolate the scattered data. The idea of the nate spaces of the kernel
was to show equivalence with the Hilbert space in regards to th@emm of the Hilbert
space. This way, analysis of error estimates and stability coulge done directly in
the native space.

In this chapter, we wish to investigate the symmetric meshless tmtation
method as an attractive alternative to standard nite elemenmethods by highlight-
ing some of the main features which makes this collocation niretd such a numerical
success. In the rst part of the chapter, we review results from repducing kernel
Hilbert spaces and the notion of native spaces for positive detei functions and
discuss their properties which provide much of the theoretithackbone of meshless
collocation. We then give a fairly detailed analysis of the mia fundamental error
estimate for scattered data approximation in native spaces wthi is the underly-
ing prerequisite to understanding the success of meshless coltmea The third

part of the chapter then discusses the symmetric meshless collacatmethod for
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boundary-valued elliptic partial di erential using the theory derived from scattered
data approximation in native spaces of positive de nite kerrls. Deriving the main
error estimate for meshless collocation will then conclude thkeoretical portion of
the chapter. For the nal part of the chapter, we take an in-d@th numerical tour of
symmetric meshless collocation which will aim at providing faher insight into the

numerical robustness of the collocation method. We will givenaexplicit example of
how the collocation method is constructed computationallyrad applied to a simple
elliptic PDE. The numerical convergence rate for a few exargproblems will then
be given along with a section dedicated to comparing the perfoance of the nite

element method and the meshless collocation method for a coaiglliptic problems
on both smooth and nonsmooth nonconvex domains. We conclude themerical

section with a study on the numerical stability of the collocatbon method.

2.2 Theory of Meshless Collocation

2.2.1 Preliminaries

Before we begin the discussing the tools needed for the meshledocation
method, we must mention some notation that will be used for the doain on
which we work. Unless otherwise stated, we will de ne to be an op® bounded
connected set irR? (which we will frequently call adomain) and assume in addition
that satis es an interior cone condition and has a Lipschitz baundary @. We

will use the following de nition of the cone condition.

De nition  The set satis es an interior cone condition if there exists an agle
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2 (0; =2) and a radiusr > 0 such that for everyx 2 a unit vector (x) exists

such that the cone
C(x; (X);:r)==fx+ y:y2R%kyk,=1;y" (x) cos(); 2[0r]g (2.1)
is contained in .

As we will see, the cone condition property will become impont& in the analysis
of the meshless collocation method as it allows for di erent gpoximation results
to hold which we will discuss later in the thesis.

Fundamental to the concept of the meshless collocation methasl the set of
collocation nodes on which approximations are computed. Tbis end, we de ne a
set of N pairwise distinct points(or simply nodesas we will sometimes call them) as
Xn = fx};::5xNg , where the superscript on each pointx! 2 X denotes the
dependence orN. For a given integerN, we associate with the seXy a measure
hx de ned by

N

hx,: =sup min kx xNky: (2.2)

X2 XszxN )

We will call this the point saturation measureor |l distance of Xy and it can be
interpreted as follows: for anyx 2 , there is a node xjN 2 X within a distance at
most hy,,. .

It is natural for convergence of approximations to requirehat the distribution
of points Xy has the property thatasN !'1 , thenhyx,. ! 0. In other words the
distribution of points in Xy should \cover" rather well. In order to help us
in determining if the domain is \covered" su ciently well, w e introduce another
useful quantity associated with the point distribution Xy . This is the separation
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distancede ned as

Oxn =

NI =

jeip kx' X kz; (2.3)

which is half the shortest distance between any two distinct poia in Xy . Using

ox, andhy,. , we can de ne the notion ofquasi-uniform for a family of setsXy .

De nition  We say that the family of setsXy is quasi-uniform with respect

to a constantc > O if
qXN th ; Cq(N (24)

forany N > 1.

The quasi-uniform property for the family of setsXy ensures that the separation
distanceqx, and the Il distance hy, . are equivalent in that their ratio hx,. =,
can be bounded below by 1 and above by a constamfor any N > 1.

To see the importance of the quasi-uniform property, let us rstonsider a uni-
form family of centersXy in the following example. Let = (0 ;1)? and de ne Xy =
(1=N)Z?\ for N 2 (for exampleX; := f(1=3;1=3); (1=3; 2=3); (2=3; 1=3); (2=3; 2=3)g.
Then the separation distance isi, = 5 while the Il distance is hy,, = 2 and
thus the quasi-uniform constant isc = 2IO 2. Obviously in the uniform case, the
nodes inXy \cover" arbitrarily well in that no point x 2 (0;1)? is greater than
a distance ofp 20k, to its nearest neighboring node inXy. In the quasi-uniform
case, we would thus like for the constant to be as close to Bi as possible; the
closercis to 2p 2, the closerXy is to being purely uniform. This ensures that the
nodes inXy are not too close together and at the same time \cover" rather vell
asN 'l

14



We note that the left-hand side of the inequality in (2.4) is nbonly a restriction
on Xy, but also on . There are instances in which the left-hand ineqgality does
not hold true for an open bounded set and a givenXy . However, if satis es the
interior cone condition with radiusr > 0 and gk, <r, then it can be shown that
Ox, hx,: holds (see page 232 of Wendland [66]). Another instance in whittte
inequality holds is in the case is convex.

Without any chance of misunderstanding, we will often use thragghout the
remainder of this thesis an abbreviated notation for the poinsaturation and sep-
aration distances by suppressing the notation of the dependence X\ and by

simply letting h := hx,. andq:= dx,. We will also occasionally denote the set of

2.2.2 Radial Functions

Before we de ne the notion of reproducing kernels and natispaces, we discuss
radial functions which will be used to derive the reproducingernels we are interested
in. In this thesis, we will consider classes of reproducing keraehat are radial

functions.

De nition A function o : R? 7! R is said to be radial if there exists a function

:[0;1) 7' Rsuch that o(x)= (kxky), for all x 2 R2,

Speci cally, we are interested in radial functions ¢ 2 L(R?)\ C(R?) possessing a

multivariate Fourier transform de ned as

Z
bo(! )= o(x)e ™' dx;

R2
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that decays algebraically of ordess 2 R*. This means there exists constants 0

C1 G such that
al+k k) ° Byl) @+k k) S 1 2R? (2.5)

forkl kx'1 . Nowifs> 1, we see thatbo 2 LY(R?). Thus we consider radial
functions ¢ 2 LY(R?)\ C(R?) such that s > 1. This is an important property
which we will need later on.

The nal property that we will be interested in for our class of adial functions

is the positive de nite property.

De nition A continuous and even radial function o : R? 7! R is said to be
positive de nite on R? i for any N 2 N, all sets of pairwise distinct nodeX =
fxi;:::Xxyg R?, and all vectors 2 RN =0, the quadratic form
AP
i joo(Xi o Xj) (2.6)

i=1 j=1

is positive.

It is easy to see that the de nition of positive de niteness for a adial function

o IS equivalent to the requirement that the matrix Ax with entries Ax[i;j ] =

o(Xi  X;) is positive de nite for any set X of distinct nodes. This property will

become quite useful later when we attempt to solve scattered @ainterpolation
problems.

For the moment, let us assume that such a radial function o 2 L(R?)\ C(R?)

discussed in this section exists. Namely, one that satis es the Fouridecay property
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(2.5) with s > 1 and the positive de nite property (2.6). Later, we will review a

class of radial functions called the Wendland functions thagatisfy these properties.
We now discuss the notion of reproducing kernels and reprodagi kernel

Hilbert spaces. We then show how we connect our class of radial ftians |

with reproducing kernels.

2.2.3 Reproducing Kernel Hilbert Spaces

Reproducing kernel Hilbert spaces which have been thoroughdyudied in re-
cent decades since the seminal paper by Aronszajin in ([4]). Most the recent
theory has been studied by Schaback in papers such as [46], [did§l references
therein. In this section, we brie y summarize and give some furanental results
from the theory of reproducing kernel Hilbert spaces that we Wiuse throughout
the thesis.

We note that the theory of reproducing kernel Hilbert spaces &y requires
that R? be a nonempty set. Of course, this is much more general than what
we will need later in the thesis when we try to numerically solveDEs. So without
taking away from the generality of the theory, we will contime to consider open
bounded connected sets  R? discussed in 2.2.1. We will also only consider real
vector spaces of real-value functions in this thesis. We begintlwthe de nition of

a kerneland a special type of kernel called eeproducing kernel

De nition A function : 7! R is called akernel

De nition  Let H be a Hilbert space of functiond : 7! R with inner product
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(; )n- Afunction : 7! R is called areproducing kernelfor H if
1. ( ;y)2H forally 2 ,

2.f(y)=(f;, ( ;y)n foralf 2H andally 2 .

From these properties in the de nition, we can easily see that threproducing
kernel of a Hilbert space is uniquely determined. Suppose theage two repro-
ducing kernels ; and , for H that satisfy the above properties. Then 2. gives
(f; 1(;y) 2(;y)p =0foranyf 2H andy 2 . Butifwe let f 1(3Y)

2(;y)2H forany xedy 2 ,then ( 1(;y)  205y); 1(5y)  20:¥)w =0
which implies 1(;y)= 2(;y) and we see the uniqueness.

We now consider the dual spacéi® of H. It contains all bounded linear

functionals on H and is equipped with a dual norm

(f)
k kyo:= sup —=;
He f2H=EOg Kf ki

8 2H® (2.7)
We will typically denote functions fromH using Latin lettersf; g; : : : and functionals
from the dual spaceH?using Greek letters; ;::: . One functional that we will use
frequently is the point evaluation functional , 2 H°de ned by (f) = f (x) for any
f 2H andx 2 . Using the point evaluation functional and Riesz' representaton

Theorem, we give a characterization of a Hilbert space with apeoducing kernel,

originally found in Schaback [46].

Theorem 2.2.1. SupposeH is a Hilbert space of functiond : 7! R. Then the

following statements are equivalent.

1. The point evaluation functions are continuous, i.e.,y, 2 H°for all y 2
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2. H has a reproducing kernel.

Proof. Suppose that the point evaluations are continuous. Using Rieszpresen-
tation theorem, there exists an element , 2 H such that (f) = (f; )u for
all f 2 H. Thus we see that (x;y) := (X) is the reproducing kernel ofH.
Now suppose thatH has a reproducing kernel . This means that for anyf 2 H,
y(£)= £ = (F ( syDu. Thenjy ()i = i(f; ( ;yDni k fkuk( sy)ka for

allf 2H,thus y 2H® O

We can also use the Riesz representation Theorem to show the follogv

Theorem 2.2.2. SupposeH is a Hilbert space of functiond : 7! R with repro-

ducing kernel . Then we have
L(xy)=0C %) € 5yDu =( x; y)noforall x;y 2
2. (x5y)=( y;x) forall x;y 2

Proof. The Riesz' representationR : H® 7! H for point evaluations is given by
R(y)= ( ;y) due to the reproducing kernel properties. Thus since ° carries the

inner product ( x; y)no=(R( x);R( y))u, we have
(xi yre=(C ;%) ( 5yDn:
Furthermore, we have (x:y) = ,(( ;y)=(( :y¥): ( :xXDu=(C :x); ( :¥Y)n,

from which we get properties 1. and 2. m

We see that Riesz' representation Theorem in reproducing ketridilbert spaces
is quite useful since it allows us to represent the kernel by poievaluation func-
tionals in the dual space and vice-versa. We use this in followgnTheorem from
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Schaback [46] that connects some important properties abowproducing kernel
Hilbert spaces. The Theorem will be useful throughout the remadter of this thesis
as we will be able to deduce many results on native spaces whidhl e encountered

later.

Theorem 2.2.3. Let H be a reproducing kernel Hilbert space of functions onwith
kernel and letX = fxy;:::;xyQg be any set ofN distinct points in . Then the

following properties are equivalent.
1. The functions ( ;x;) for all x; 2 X are linearly independent on .
2. The matrix Ax de ned by Ax[i;j]= ( Xi;X;) is symmetric positive de nite.
3. The point evaluation functionalsf 4, g for all x; 2 X are linearly independent.

Proof. The equivalence of properties 2 and 3 follows directly fronihé Riesz' repre-
sentation theorem in the reproducing kernel Hilbert space. Irekd, for any set oiN

pairwise distinct points X and 2 RNfOg we have

AN\ X Xy
ik (Xj5xe) = i Cax); k (XK .,
j=1 k=1 j=1 k=1
2.8
N 2 2 (2.8)
= ] Xj; k Xk H0: J Xj HO O
j=1 k=1 i=1

The last expression is zero only if the point evaluation functiwls ,, are linearly
dependent. Thus properties 2 and 3 are equivalent.
We now show that properties 1 and 2 are equivalent. Suppose thtte set

of functions ( ;x;) 2 H for all x; 2 X are linearly independent. Then for any
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2 RN not all zero, we have by Theorem 2.2.2 that

XX XX
X Csx)h = i OXixg): (2.9)

i=1 j=1 i=1 j=1

The left-hand side of this equality is the Gram matrix for the @inctions ( ;X;),

are linearly independent if and only if the matrix ( x;;X;) is symmetric positive
de nite making the right side of the equality positive. This implies that 1 and 2 are

equivalent. ]

If a kernel is a reproducing kernel for the Hilbert spaceH, then we will say
that H is the native spacefor , where we denote the native space of by N (),
namelyH = N (). We will see this in a more formal manner in the next section

on Native spaces for positive de nite functions.

2.2.4 Native Spaces of Positive De nite Kernels

Let us consider kernels 2 C( ) which are symmetric, (( X;y) =
( y;x)), and positive de nite in the sense that for anyN 2 N, all sets of pair-
wise distinct nodesX = fx4;:::Xxyg R?, and all vectors 2 RN =0, the quadratic
form
AN
i (XiiXj) (2.10)
i=1 j=1
is positive. We will refer to such kernels as SPD kernels. For exale, if we de ne
the kernel ( x;y):= o(x Yy)where g is a positive de nite and radial function,
then certainly is a symmetric positive de nite kernel. We have thus generalized

the notion of positive de nite functions to kernels.
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From Theorem 2.2.3 in the previous section, we are aware thaPB kernels
appear naturally as the reproducing kernel of Hilbert spacesHowever, one does
not usually begin with a Hilbert function space and attempt to deive the reproduc-
ing kernel. Instead, we are rather interested in constructingative Hilbert spaces
from SPD kernels. As we will investigate later in this section, tis allows us to
build Hilbert spaces of certain degrees of smoothness dependaemtthe smoothness
properties of the kernel .

We show in this section how to construct native Hilbert spaces on set R?
using SPD kernels. Once again, as in the previous section, theetny of native
spaces allows to be quite general, as long as it is a measuraldet. In fact, this
theory can even be generalize to RY for any integer choice ofd. Later in
the thesis however, we will need to restrict ourselves to casesvithich is open,
bounded, and connected and satis es a cone condition. But foight now, we can
assume R? is quite general.

Consider the in nite dimensional real linear space on de ned ly

F()=span f( ;x): x2 g (2.11)

equipped with the bilinear form

X hd X
i (X)), pCyg) = i (Xiyg)
i=1 j=1 i=1 j=1
for any sets of distinct pointsX = fx,;:::;xygandY = fyy;:::;ymgand integers
N,M. (For example, if we takeN = M =1and ; = ; =1, we simply get

the formula (( ;x); ( ;y)) = ( X;y); X;y 2 .) In the following Theorem, we
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show thatF () is a pre-Hilbert space with reproducing kernel and inner p roduct
() -
Theorem 2.2.4. (Wendland [66], Chapter 10) If : 7! R is a symmetric

positive de nite kernel, then( ; ) de nes an inner product onF () . Furthermore,

F () is a pre-Hilbert space with reproducing kernel .

Proof. Since is symmetric, it is clear that ( ; ) is symmetric and bilinear and
thus de nes an inner product on the spacd (). Choose an arbitrary function

P
f = iN:1 i ( ;xj)6 0fromF (). Then the de nition of the bilinear form gives

XX
(f;f) = i (X;xk)>0 (2.12)

i=1 j=1
by the fact that is positive de nite. Furthermore, we have foranyy 2 ,

X X
(f; ( 5y)) =( P Cax)s Chy) = i Cyix)=f(y);

j=1 j=1

which establishes that is the reproducing kernel forF (). O

We now show that the completion of the pre-Hilbert spac& (), denoted by
F (), with respect to the inner product is the native space for . We need to inter-
pret the abstract elements of the completion as functions. Sie the point-evaluation
functionals are continuous on the pre-Hilbert spacgé (), their extensions to the
completion remain continuous. Thus the point evaluation fuctionals , can be used
to de ne elements of the completion. To see this clearly, |ét2 F (). Since F ()
is the closure ofF (), there exists a sequencef; 2 F () such thatlim j; f; ! f
in F (). Nowwe candene ,(f)=Ilimj1 (f;) by extending the functional
to F () by continuity.
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Now let R be de ned as the mapping
R:F () 7'C(); RE)X):=(f; ( ;x)) : (2.13)
The resulting functions are indeed continuous since
JRE(x) RE()j=(f; ( ;x)  (y) kfkk( ;x) (yk
and
K(5x) (5K = (xx)+ (yiy)  2(%y);
which goesto zeroas ! y by the continuity of . Furthermore, we have R(f )(x) =

(f; ( ;x)) =f(x)forallx2 andall f 2 F (). From this we have the following

lemma.
Lemma 2.2.1. The linear mappingR : F () 7! C() s injective.

Proof. Rf =0 foranf 2 F () would mean that ( f; ( ;x)) =0forall x 2
implying that f ? F (). But since F () is the completion of F (), the only

element fromF () which is perpendicularto F ()is f =0. m

We can now conclude that the native Hilbert space of the positivee nite

kernel is indeed the completion of F (), F ().

De nition  The native Hilbert function space corresponding to the symmetipos-

itive de nite kernel : 7! R is de ned by
N ():= R(F ()
and carries the inner product
;9 o =(R ;R 1g) :
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We just saw that the space de ned byN ():= R(F ())is indeed a Hilbert
space of continuous functions on with reproducing kernel . Furthermore, since
( ;x)is an element ofF () forany x 2 ,itis unchanged under the mapping R

and hencef (x) = (R f; ( ;x)) =(f; ( ;x)n ¢ forallf 2N ()and x2 .

Theorem 2.2.5. ([66], Chapter 10) Suppose that: 7' R is a SPD kernel.
Then the associated native spadé () is a Hilbert function space with reproducing

kernel

A natural question now is to ask exactly how native spaces of symitne
positive de nite kernels and reproducing kernel Hilbert spaes relate. Namely
we want to know that if H() is a reproducing kernel Hilbert space with kernel ,
then are the spacedN () and H() the same? The next Theorem answers this

guestion.

Theorem 2.2.6. ([66], Chapter 10) Suppose that is a symmetric positive de nite
kernel. Suppose further thaH is a Hilbert space of functionsf : 7! R with
reproducing kernel . Then H is the native spaceN () and the inner products are

the same.

P
Proof. Let be the reproducing kernel of H. Thenanyf = 2, ;( ;xj))2F
is obviously inH and
, XX XX )
kf kiy = G CC 5xi); Csx)u = g (xinxp) = kEkg )

i j i j
(2.14)
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To show that N () H , take anyf 2 N (). There exists a sequence
fn F converging tof in N (). We see that f is given pointwise byf (x) =

lim,; fn(x) since

) fa)j=JF o C 5N o] kKT foke o K 5X)kn ) -

This means thatf, is also a Cauchy sequence id sincekf, f,ky ! O implies
ki, fmky! Oasn! m by the equivalence of the norms (2.14). Thus i, f,

converges to somg 2 H . But the reproducing property ofH gives

19) oI =109 fai ( 5XPnl kg fakak (Sx)ky

and sog(x) = limpn; fo(x) for all x 2 implying that f = g 2 H and thus
N () H . Now suppose thatN () 6 H. SinceN () is closed, there exists
some 06 f 2 H that is orthogonal to N (). But this means that f(x) =
(f; ( ;x))n =0forall x 2 whichimplies f 0, a contradiction. ThusN () =

H and the inner products are the same since the norms are same by gwdarization

identity. ]

We now give a concrete example of a reproducing kernel Hilbespace on
= R2 by constructing a native space out of the kernel &;y) = ox V)
where o2 LY(R?)\ C(R?) is radial and satis es the decay rate (2.5) withs > 1.
The following Theorem will allow us to build native spaces oRR? that are in fact
smoothness spaces. We will then see in the next section on restriotend extension
how we can generalize this to get native spacdks () which are smoothness spaces

on domains R? that satisfy certain conditions.
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Theorem 2.2.7. (Wendland [66], Chapter 10) Suppose that, 2 L}(R?)\ C(R?)

is radial and satis es the Fourier decay rate (2.5) withs > 1. De ne

n q — o}
G:= f2L%RY)\ C(R) : fx b2 LYRY

and equip this space with the bilinear form

q— q—

(f;9)e:=(2 ) (= Pg0= Po)orey=(2 ) ! et )y .

R? bo(! )

Then G is a real Hilbert space with inner product( ; )¢ and reproducing kernel
( X5y):= ofx ).
Proof. First of all, we know that P, 2 L1(R?) since P, satis es the decay rate (2.5)

with s > 1. Hence for anyf 2 G, f" 2 L1(R?) since

Z
if (0 )jal
RZ

z
if)R 12 =2
« By )d! . bo(r )

which is nite. Since f 2 L2(R?) is continuous andf' 2 LY(R?)\ L2(R?), by

Plancherel's Theoremf can be recovered pointwise from

Z
f(x)=(2 )* f)ex'd; 1 2R?
R2

almost everywhere.
We now show that the bilinear form (; )g is real and positive de nite, and thus

is an inner product onG. Indeed, for any realf;g 2 L?(R?), we havef’\(! )= f'\( 1)

where! :=(!1;!,) 2 R? which results in
£, _ S e, i e,
R? bo(! ) ﬂ bo(! ) bo( 1)
_ e )+ o), (2.15)
1150 bor) '
_ RIFC )OI,
=2 o ) d ;
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which is real. Since ( )g is a weightedL?(R?) inner product with strictly positive
weight b0(! yforall ! 2 R? (;)gis positive de nite and thus de nes an inner
product.

To show that G is complete, we consider a sequen€é,g that is a Cauchy

sequence irG which means thatf fy,= bog is a Cauchy sequence ih?(R?). Thus

there exists a functiong*2 L2(R?) such that f,= Py ! gin L2(R?). Now since
q__
g by 2 LYR?)\ L2(R? by using Schwartz's inequality and the fact thatg 2

L2(R?) and P, is bounded, we de ne

Z q__
f)=@ )" ot) Pee*'d; x2R%
R2

which is continuous, inL2(R?), and satises f= Dy = 4 2 L2(R?). It is also

real-valued since, by using the inequality of Cauchy-Schwart

Z q_— q —
100 00l @) 7 jat) Po fa(h)id (2) kG fu= Pokuzgeey kPokiagrr

1=2,

Hencef 2 G. Lastly, to showf,, converges tof in G, we have that

kP fokg=(2 ) ¥? q—fA_ q_fAft;_ L=@) 70 q—fA”_ L0
0 0 0

forn! 0. Thus Gis complete and consequently a Hilbert space.
It remains to show that ( ;) = of ) is the reproducing kernel forG.

First of all, o2 L2(R?) by the decay rate property (2.5) withs > 1 and so
K ok =(2 ) *kP2=byk orey = (2 ) kPokizrey < 1

giving o y) 2 G for anyy 2 R% The reproduction property follows from
using the translation property of the Fourier transform, the denition of the inner
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product on G, and the fact that f can be recovered pointwise by its inverse Fourier

transform.
z e
(1 )Bo(t Ye i v
( Cive=(f of ye=(@ )t LT,
R2 o(!)
Z
=2 ) fu)e v (2.16)
R2
= f(y):
Thus is the reproducing kernel for the Hilbert spaceG. [

In light of this result and Theorem 2.2.6, we know that for thigparticular kernel
, the native space N is the same as5, and the inner products are equal. We now
see that native spaces can be thought of as generalizations ob8lev spaces. To

see this, recall that fors > 1 the Sobolev space of ordexis de ned by
HS(R?) = ff 2 L3(R?)\ C(R? : f(1 )@ + k! k3522 LARY)q:

It should now be clear that if o satis es the decay rate (2.5), then its native
space is equivalent to the Sobolev spaét’(R?) and the norms are equivalent. This
means, that we can nd nite positive constantsc;;c, such that for any function

f 2N (R?\ H3(R?), we have
c kfkys k fky  C Kfkys: (2.17)

Corollary 2.2.1. (Wendland [66], Chapter 10) Suppose that, 2 C(R?)\ L(R?)
satis es the decay rate (2.5) withs > 1. Then the native spaceN for coincides
with the Sobolev spackli$(R?) and the native space norm and Sobolev norms are

equivalent.
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This Theorem and Corollary clearly demonstrate the necessarpmditions for
a native space orR? to coincide with a Sobolev space oR?. We will use this result

often throughout the thesis.
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One last characterization of native spaces that we will needlates the space
of continuous functionsC() and N (). For any set

R?, de ne the space of
functionals

L():=spanf 4, : x2 ¢

(2.18)

and equip it with the inner product

X

(; ) = i (XiYyy)
i=1 j=1
Py Pu

and normk k? = = 0, iz i (Xi;x)) where = 5, i 2 L()and
_Pw

iz1 iy 2L()forsomevectors 2RN, 2RY,N;M 2N, and distinct

one relationship betweerL() and F () given by

LO P RO b x(

}X)

where , denotes operating on thex, or second, argument of (;x). Furthermore,
the norms onL() and F () are the same. This shows in particular that (f) =

(f; x( ;x)) forany 2L()andall f 2 F () since

X X X
(f)= if (Xi) = i(f; (%) =(f i (5xi)) =0 (%) ¢
i=1 i=1 i=1
(2.19)
We now usel () to characterize the space of functions on which all functonals

from L () are continuous.

Theorem 2.2.8. Suppose that 2 C( ) is an SPD kernel. De ne the space

G=ff2C(): j ()i ckk:8 2L() g
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ThenG= N () and

R
ko = sup Jk(—k)J: (2.20)

Proof. Suppose thatf 2 N (). To show f 2 G, we rst note that f 2 C() by
de nition of the native spaceN () (see (2.13)). Choose any 2 L() (thus =
P iN:1 i x; for some distinct pointsxy;:::;Xy 2 and coe cients 2 RN Then
by the reproduction formulaf (x) = (f; ( ;x))n () and Schwartz's inequality, we
easily see that

X
P EN=iE (o 00 K ke ok i ( ixdke o = ok k(221

i=1

and thusf 2 G. This also establishes that

sup 1 ()] kK fky () :
06 2L()

Now we showf 2 G impliesthatf 2N (). Let f 2 G. For the givenf, we

de ne a linear functional
Fe :F () 7' R; «(;x)7 (F)

which is continuous by de nition of G. This means that sinceF () F (), by
the Hahn-Banach Theorem, the functionaF; has a continuous extension t¢ ().
By the Riesz representation theorem, we can nd an elemef 2 F () such that
Fi(g)=(g;Sf) forallg2F (). Toshowthat f 2N () we need to show that

f = R(Sf) whereR was de ned in (2.13). Forany 2 L(), we have

(f R(SE)= () (Sf; «( ;%)
(2.22)

= () F(x(x)= (f) (f)=0:
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In particular, this shows that f (x) = R(Sf)(x) for any x 2 (simply take = ).
Thus f is in the native spaceN ().

Lastly, sinceSf 2 F () and F () is the completion of F (), we can
choose a sequencg 2 L() such that ;x( ;x)! Sf2F ()for j!1
Hence ;(f) =(Sf; ;x( ;x)) 'k Sfk® andk jk 'k Sfk forj!1 . Now

we have the bound

. N 5
sup —2= IimJJ(f)J—kak

= = kf k X 2.23
o6 2L() KK ik k KSTk N () (2.23)

where the last equality comes from the fact thaf = R(Sf). Using this with
kfky () SUps 21() 2 already established, we can conclude thaf ky (, =

o
SUPbs 20() K- N

2.2.5 Restriction and Extension

After having studied native spaces orR? and demonstrated their equivalence
with Sobolev space in the nornk ky (r2), it is natural to investigate the extension
and restriction of functions from native spaces. Namely, we warb know if a
function f 2 N () can be naturally extended to a function in N (R?). We also
want to investigate the restriction fj of functions from N (R?) and determine if
they belong toN ().

Consider two open sets, ; and ,, that satisfy > R?and a set ofM
distinct points X = fxgi;:::;Xy g that liesin ,. We denote the restriction of the
points X to ;asXj , := X\ ;. We will label these points asXj , = fxj;:::;Xn Q.

Furthermore, let be a continuous symmetric positive de nite kernel de ned on
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R? R? and consider the native spaced ( i) andN ( ,). We have the following

extension Theorem for native spaces.

Theorem 2.2.9. (Wendland [66], Chapter 10) Any functionf 2 N ( ;) has a

natural extension to a functionEf 2N ( ) such thatkEf ky ( ,) = kfky ( ).

Proof. Since ; 2, wWe rst de ne a natural extensione : F ( 1) 7' F ( 2)
simply by evaluation of a functionf 2 F ( ;) at points in ,. This means that for

P
anyf 2 F ( 1) writtenasf (x) = szl i (( X;xj)forsomeXj , = fxq;:::;XnG

1and allx 2 ;, we can de ne the natural extension agf (x) = P sz1 i (X5%5)
for any x 2 , which is well de ned since is continuous on » 5.

Since thenormk k . , ofanyf 2 F ( ;) depends only on the pointxj , and
the coe cients ;, we havekfk . , = kefk . ,. Hencee is an isometric embedding
that has a continuous extensiore : F ( 1) 7' F ( ). The extension operator
E:N (1) 7' N ( ,) can then be constructed using the operatoR de ned in

(2.13) as follows. Everyf 2 N ( ;) has the representationf (x) = R l(f’\)(x) with

f'2F ( ). Forthis f and anyx 2 ,, we de ne

Ef (x)= R ,(ef)(x):
Thus, forx 2 1, we have

R,(eNX)=(ef) (1x) ., =(efle j,(ix) ;,
(2.24)
=(f) j.Gx) .,

which shows thatEf (x) = f(x) for f 2 N ( ;) and x 2 ;. Finally, for two

functionsf;g 2N ( 1), the identities

(EFEQ)N (= (efied) ., =(f10) ;. =(fign (4
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show that E is isometric and thatkEf ky ( ,) = kfky ( ). O

We now show that the restriction of a functionf 2N ( 2)to iisinN ( ).
Firstly, for any pair of domains ; and , such that ; » R?, we obviously
have thatL( 1) L( ) where the spacd. was de ned in (2.18).

Now consider anyf 2 N ( ,) and denote the restriction off to ; by fj ;.
To show thatfj , 2N ( 1), we utilize Theorem 2.2.8 to show that if there exists a
constantc such thatj (fj ,)j ok k., forall 2L( 4),thenfj 2N ( q).

P
Indeed, choose any iNzl ix.= 2L( 1) L( 2),thensincef 2N ( ), there

exists a constantc; such that

- - . X\l . - »l -
INUNIER if (xi)j = j(f; i (XN () Kfky (pk kK, =ak ko]

i=1 i=1

where the last equality comes from the fact thak k . , = k k . , since the the

2

norms only depend on the pointsy;:::;xy 2 1 and the coe cients 2 RN,

Thusfj , 2N ( ). Finally, we have again using Theorem 2.2.8,

ka 1kN (1)~ sup kJ é )J = sup kj |£ )J
06 2L( 1) Y 06 2L( 1) ;2 (225)
j ()]

sup

= kf k ;
06 2L( K K, n

This nishes the proof of the following theorem.

Theorem 2.2.10. The restriction fj , of a functionf 2 N ( ;) is contained in

N ( 1), with a norm that is less than or equal to the norm df.

With the extension and restriction of functions from native spaes well de ned
now, we can couple these results with Sobolev spaces. As shown in phevious
section, we already know that for a positive de nite radial fuation o2 C(R?)\
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L1(R?) that satis es the Fourier decay rate (2.5) of orders > 1, then the native
spaceN (R?) coincides with the Sobolev spacel$(R?) and they have equivalent
norms. Now let R? be a domain with Lipschitz boundary@. Recall that
the Sobolev spacéi®(), k 2 N, for a measurable set is de ned as the set of all
functionsf 2 L?() such that their weak derivatives of order j j= .+ , kare
in L2(). The norm on H*() is de ned by kfkf., = Pj i kD fki;, . Then
we can establish the following result.

Corollary 2.2.2. (Wendland [62], Chapter 10) Suppose that, 2 C(R?)\ L(R?)
is a positive de nite function that has a Fourier transform tlat satis es (2.5) with

s > 1, s 2 N. Suppose further that R? has a Lipschitz boundary. Then

N ()= H3() with equivalent norms.

Proof. Any f 2 N () has an extension Ef 2 N (R?) = HS(R?). The restriction
of Ef to , denoted by Efj , satises Efj = f 2 H®() and so kf kys(y
KEf kysrzy  CIKEf ky (r2) = Cikf ky () for some constantc; > 0.

Now for R? with Lipschitz boundary @, we use the well known result
that for a function f 2 HS(), there exists an extension Ef 2 HS(R?) = N (R?)
satisfying KEf kysrzy  Cokf kys(y (cf. Grisvard [30]) for some constanC, > 0
depending on the domain . SinceEf 2 N (R?), the Native space restriction

satisesEfj 2N ()and f = Ef] giving

kf kN 0O k Ef kN (R2) CzkET kHS(RZ) Czkf kHs() .

We now turn to the problem of approximation in native spaces.
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2.2.6 Approximation in Native Spaces

In this section, properties of positive de nite kernels : 7' R and their
associated native spaceld () that we have developed in the previous subsections
are now put to use in the problem of approximating scattered dat Scattered data
approximation, as we will see, is the prerequisite to the meskkcollocation method
introduced later in this chapter. We note again, that this treory will work in RY for
any integerd, however we restrict ourselves t&k? since our numerical experiments
will take place in R?

For a given SPD kernel 2 C2%( Zlet N=f 15 250 ng2N () ©
be a set ofN linear bounded functionals on the native spac® (). Using the
notation ., ( ;x) to mean thej-th functional ; acting on the second argument

of the kernel , we de ne the nite dimensional spaces

N%  =spanf ;2 ;1 j Ng
(2.26)
N .y =spanf ;> ( ;x); 1 j Nag:
In the scattered data interpolation problem, we take the furtonals ; 2

to be the point evaluation functionals ; = ;, X; 2 X. The scattered data

interpolation problem can be formulated as follows. For a gan set of nodesX =

X000 XN0 and data f (xq1);:::;f (xn) from a continuous functionf 2 C(),
we nd an elementlxf 2N .y :=spanf ( ;X1);:::; ( ;Xn)g such that
Ixf(xi)=f(xj); 8xj2X: (2.27)

This amounts to nding a vector of coe cients 2 RN such that Ixf(x;) =

P
J.Nzl i ( xi;%5) = f(x;)forall x; 2 X . If we de ne the vectorf := (f (x1);:::;f (xn))7,
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then the interpolation problem can be written in matrix-ve¢or notation as: nd
2 RN such that

Ay =f (2.28)

whereAx[i;j] = ( Xi;X;). Clearly, since is SPD and since the points inX are
distinct, the matrix Ay is symmetric and positive de nite (recall Theorem 2.2.3).
We thus have unique solvability for the vector 2 RN. We can equally express this
interpolation problem using the functionals j := ,, 2 N%,. Find Ixf 2N
such that

ixf)= () 1 | N (2.29)

We now derive an orthogonality property of the interpolantl x f in the native

f 2N onthe set of pointsX, we can show thatf Ixf 2N ()and Ixf 2N

are mutually orthogonal with respect to the native space inngproduct.

Lemma 2.2.2. Suppose that 2N () andlIxf 2N .y is the unique interpolant

that satis es I f (x;) = f (x;) for all x; 2 X . Then we have
(f |xf;S)N O =0
forall s2 N .. In particular, this gives

(f IXf1|Xf)N 0 =0:
N

P
Proof. Any s2N . canbewrittenintheforms= ., ; ( ;X;)for some vector

of coecients 2 RN. The result follows easily using the reproduction property of
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the kernel and that Ixf (x;) = f(x;) for all x; 2 X by the interpolation property

of Ix, giving
X
(f Ixfis)n o =(f  Ixf; i CXiIn o
i=1
X X X
= jf(Xj) j|xf(Xj): j(f(Xj) |xf(Xj)):O:
j=1 j=1 j=1
(2.30)
Sincelxf 2N .y, in particular we have
(f |xf,|xf)N 0O =0: (231)
O

We can now apply this Lemma to show thal xf can also be characterized as

the orthogonal projection off 2N () onto N ..

Theorem 2.2.11. Suppose 2 C( ) is SPD and thatf 2N () is known

from N .y with respect to the native space norm

kle ka 0 k f SkN 0

forall s2N .. Hencelxf is the orthogonal projection off onto N ..

Proof. By the previous Lemma, we know that{ Ixf;s)y () =0forall s2N ..

But this is the characterization of the best approximation ina Hilbert space. [

By the orthogonality of f Ixf and Ixf we also have the following conse-
guence using the Pythagorean theorem. This result will be used error bounds
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for interpolation with positive de nite kernels as well as inthe analysis of solving

elliptic PDEs with such kernels.

Corollary 2.2.3.  We have the estimatekl x f ky () Kk fky () andkf Ixfky ()

Kfkyn () -

2.2.7 Lagrangian interpolant form

In order to derive the error estimate, it will be helpful to rewite the interpolant
Ixf in the so-called Lagrangian interpolant form. This is done as follows. For

j =1;::::N, de ne the vector () 2 RN that satis es

whereel) 2 RN is the j-th unit vector in RN and A := Ay is the interpolation

positive de niteness ofA. The resulting functions de ned by

X ()

% ()= D x) (2.33)

i=1
satisfy v (Xx) = «;j where ; =1if k = j and 0 otherwise. Thevj~functions will be
called the Lagrangian interpolant functions and clearly belong to the spac&l ..
Due to the property that v (Xx) = «;j, any functionf 2 N () has the unique
interpolant

X

Ixf(x)= f(Xj)v(x): (2.34)
j=1

and clearly I xf (x;) = f (x;) for any x; 2 X..
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Later in the chapter, it will be useful to write the Lagrangian interpolant

functions evaluated at any pointx 2 in vector form. For any given x 2 , if we

v(x) = A R(x): (2.35)

Thus the solution vectorw(x) satises ( X;X;) = P iNzl v (X) ( Xi;x;) for any x; 2
X.

Now sincev-2 C¥() for each j =1;:::;N due to the fact that 2 C(
), we can apply the dierentiation operator D element wise to both sides of

equation (2.35) giving

D v(x)= A D R(X); x2 ; (2.36)

,N:l f(X;)D w(x) for any x 2 . Our interest now is in nding out how close the
approximate D Iyxf(x)isto D f forf 2 N (). This is the subject of the next

section.

2.2.8 Error estimate for derivatives of scattered data interpolation

We now discuss the subject of bounding the interpolation errorhich has been
an area of active research the past decade for scattered dataeirmiolation. We are
concerned with estimating the di erence between derivativgeof an unknown function

f coming from the native Hilbert spaceN () and derivatives of its interpolant |y f
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by bounding the di erence in terms of the point saturation meaure h for the set
X de ned in (2.2). In particular, we derive an error estimate for positive

de nite kernel interpolation of the following form
kD (f Ixf)kiiy ChY dkfky () ; (2.37)

where the interpolantl x f was de ned in (2.27). Before deriving the error estimate,
we rst need a smoothness result for the native spadé () where 2 C( ).
Namely, we want to show thatN () CX(). For this, we rst need the following

Lemma.

Lemma 2.2.3. Suppose 2 C( ) is a symmetric positive de nite kernel on

a domain R2. Then is k-times continuously di erentiable with respect to the
second argument and foranx 2 andj j:= 1+ , K, the functionD, ( ;X)
isinN () .

Proof. For any f 2 F (), we de ne the functional ,2F () by

n(f ) = ; l=ﬂf (X) = 11;1:n 22;1=nf (X)

where ' ._ is the forward dierence operator on thei th variable of order ;

given by

i

0O 1
X« B k
i 0= (R Kroce iny
=0 J

forO<h 1. This gives
lim (@=n)) 1 150g(x) = D g(x):
n!
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for any g2 C*(). Now since f 2 F (), we have the representation

n(F)=(f i (5X))

(2.38)
= (f; (1:n)j j c1=nx (X)) = () n)
where we have dened ,, := (1=n)) | .;.,5( ;X). Now since 2 CZ(
), clearly we have that lim ., =limn; (1=n)) 1 .o ( ;x) = D, ( ;X).

Secondly, , is a Cauchy sequence iR (). To see this, by the reproducing property
of and the factthat is k-times di erentiable in both variables, we compute

lim (1=n)! 7 . a(@=m)) T o (O X;X)
nm!l nm!l

3
—~
>
3
~

|

(2.39)

D,D, ( x;x)=: c:

Now we have

im Ko mk®= lim Kk oK2+K mk? 2( n: m) ! c+c 2c=0: (2.40)

nm!'l nm!l
Since | is Cauchy, wecan nda 2F ()with k nk I Oasn!l . Using

this and the de nition of the mapping R de ned in 2.13, we have

RCOD=C: (5y) =lm (o (i)

(2.412)

= lim  a(y) = D, ((¥;%):
This shows thatD, ( ;x) belongs toN (). m
We now know that if 2 C2( ), then D, ( ;X) is in the native space

N (). Next, we apply this to functions, namely, if f 2N () then f 2 CK().

Theorem 2.2.12. Suppose that 2 C2( ) is an SPD kernel on a domain
R?. Then N () Ck() and for anyf 2 N (), every 2 N3 with

j ji= 1+ 2 k,andanyx 2 , we have the representation
D f(xX)=(f;D, ( ;xX)n O - (2.42)
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Proof. We show by induction onj j. Forj j =0, we already knowf is continuous
and can be represented in the form (2.42). Now fgrj > 0, we can assume that the
representation (2.42) holds for somk > j j> Owhere =( ; 1, ,). Denoting

e, as (1 0) 2 R?, we have for anyx 2

D f(x)= Lllrln (1=n) ' D f(x+e=n) D f(x)

lm (f; (1=n) * D, ( ix+e=n) D, ( ))n o  (243)

(:D2 ( 5XDn
where we applied from the proof of Lemma 2.2.3 that the sequen@=n) * D, ( ;x+
e;=n) is Cauchy inN () and convergesto D, ( ;x). Thus D f (x) exists. Now we

must show that the functionD f is indeed continuous. We have foranfy 2 N (),

D (F) TyNi=it:D, (5x) (5y)In o

(2.44)
K fkny () KDy (5xX) Dy (0 5y)kn -
Calculating kD, ( ;x) D, ( ;y)kn , we have
kD, ( 5x) Dy (y)k§ 0
=(Do (XD (XN 0 202 ( 5x):D2 (YN o +(Da (5yY)iDa ( 5YDn
= D;D, ( X;x)+ DD, (y;y) 2D;D, ( X5y):
(2.45)

Since 2 C%( ),as x! yweseethatkD, ( ;x) D, ( ;y)ky ! 0. Thus

D f is continuous. O]

The second step in obtaining error estimates for interpolatiors to introduce
the so-calledpower function which is an important concept in kernel-based approx-
imation.
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De nition Let X = fX1;X2;:::;XnG be pairwise distinct on a domain R?

and 2 C%( ) a symmetric positive de nite kernel. Then for any x 2 and

2 N3with j j:= 1+ , k the power functionwith respectto X, , and is
de ned by
h i N W
PLI(X) :=DyD, (X;x) 2 D w()D; (X;x)* D %w)D ¥ (x)( Xiix)):
- ' (2.46)

By using the native space norm, we can also write the power funoti as

h 0) P X
P'x(X) =kD,( ;x) D w(x)( ;x)ky K (2.47)
i=1
In this form, we see that the power function measures how well ¢h nite summa-
tion of derivatives of the Lagrangian interpolant functiors, D w(x), approximate
D, ( ;x) in the native space. One would imagine that the approximatio gets bet-
ter as the number of points inX increases. We will see that this is indeed the case
by showing that we can in fact bound the power function by a conant times h*! 1.
It will be useful in the proceeding analysis to de ne the poweruhction in
terms of a quadratic form. Letv be any vector inRN. For xed x;X;, and
2 N2 with j j k we de ne the quadratic formQ : RN 7! R as
X X
Q(v)=D;D, ( x;xX) 2 viD ( x;xi)+ vivi ( Xi;%;); v2 RY: (2.48)
i=1 i =1
h i
Itis easy to see thalQ(D w(x)) = P'.)(x) . Infact, we now show that the vector

D w¥x) for any xed x 2  minimizes the quadratic form, namelyQ(D w(x))

Q(v) for all v 2 RN. We will use this result in obtaining the error estimate (2.37).
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Theorem 2.2.13. Suppose that 2 C2( ). Then foranyx 2 and 2
N3 with j j  k the quadratic functionQ : RN 7! R de ned in (2.48) obtains a

minimum in RN given by the vectoD w(x). Thus we have

Q(D ¥Xx)) Q (v):
for all v2 RN.

Proof. Choose anyx 2 . First we write (2.48) in matrix-vector form as

Q(v)=VvIAv 22/'D R(x)+ D;D, ( x;X)

Di erentiation of the quadratic function Q with respect tov 2 RN and setting to
0, we get

Qqv)= Av D R(x)=0:

Since A is symmetric positive de nite due to being SPD, the solution to this
system is uniquely solvable and is given by, = A D R(x). By equation (2.36),

this implies vo = D w(x). Thus D w(x) 2 RN minimizesQ on RN O

Now that we know the vectorv = D w(x) for any xed x 2 minimizes the
quadratic function Q, our nal step in obtaining the error estimate (2.37) is to nd
a vectoru-2 RN such that we can boundQ(w) by h*/ I times some constanC > 0
that will depend on the domain , the points X, and the kernel , giving Q(t)
Chkl 1, So what kind ofu-2 RN will accomplish this? It turns out that 4 is a vector
that satis es a local polynomial reproduction, as discussed in Agmdix C. Only
here, the vector needs to satisfy local reproduction of deritges of polynomials. The
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following Theorem gives existence of local polynomial reptoction for derivatives

of polynomials.

Theorem 2.2.14. Suppose that R? is open and bounded and satis es an in-
terior cone condition with radiusr > 0 and angle 2 (0; =2). Let m 2 Ny and

2 N3 be given such tham | j. Then there exists constanmo;c(l );(‘é) >0

such that for all X = fxq;:::;Xn0 with saturation measureh := hy. ho
and for everyx 2 , there exists numbersc;:r(1 )(x); il uf\, )(x) that satisfy
S P
D) e 00p0g) = DOR) 8p2P3
P o
% 2)" el 00i ¢ ’hl g (2.49)

A J(x)=0; if kx; xk,>c\’h

Proof. See proof of Theorem B.6.1 in Appendix C, section B.6. m

We now have all the tools necessary to prove the main error estiteafor
scattered data interpolation. (We note again that this theoy will work for RY
for any integerd, as long as the correct assumptions are made on according to
the Theorem. However for simplicity we restrict ourselves tB? since our numerical

experiments later will take place inR2.)

Theorem 2.2.15. (Wendland [66], Chapter 11) Let R? be open and bounded,
satisfying an interior cone condition. Suppose that 2 C¢( ) is a symmetric
positive de nite kernel and denote the interpolant to any 2 N () on a set of
distinct points X = fxg;:::;xyg aslxf. Fix 2 N3 withj j k. Then there

exists constantdhy; C > 0 such that the following error estimate holds for ary 2
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and any setX with h := hy. ho
iD (F(x) Ixf(x))j CC (x)¥h* Jkfky (y; x2
The numberC (x) is given by
C (x):= j jrpjaj>§2kz;y2 \T;?x)fcg )h)leDz( z;y)i;

and the constantC is independent ofx, f and

Proof. Choose anyx 2 . We rst show that

iD (F(X) Ixf(X)ji P LYX)Kfky ()

(2.50)

(2.51)

WhereP(p)( (x) is the power function de ned in (2.46). To this end, using theepro-

ducing properties of the kernel and the de nition of the int erpolants vy(x), we

can write

X
D Ixf(x)= f(Xx;)D v (x)

i=1

D v(x) (f; ( :x)n
i=1

X
f; D wX)( ;%)

i=1

N ()

In a similar manner, invoking Theorem 2.2.12, we have

D f(x)=(fD,( :X)In ¢ :

Subtracting this from the last equality in (2.52), we get
. . »I
D (Fx) Ixf()j= £D (:x) D %) ( %)

i=1 N0

POLOOK ky ) ;
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where we applied the Cauchy-Schwarz inequality and the detion of the power
function. Now we seek to bound the power functioR" ), (x) in terms of h. In order
to do this, we will be applying some Taylor expansions along witiiheorem 2.2.14.
The Taylor expansions are given as follows. For any;y 2 R?, we will denote a
point on the line betweenx andy by . Fix 2 N3 with j j <k. The rst type of

Taylor expansion with respect to the second argument @, ( x;y) that we use is
given by

D, ( x5y)=

DaP2 (XX 3y + Recys ) (2.55)

ji<2kj j

with remainder term

X D,D X;
ROGY: )= PP LX)y -
jj=2kj ] '
The second type of Taylor expansion we will use is with respect tde¢ second

argument of D, ( x;y) and is given as

X D," ( X:X
D, ( x1y) = D: (X0 %) +sxy; ) (256)
ji<2kj j '
with remainder term

X D, (%)
|

S(xyy; )= y x):

j =2k ]

Now we can bound the power function. Lew := +()(x) 2 RN where the
vector ul )(x) = ('tl(l )(x); o :;uf\,)(x)) 2 RN satis es the conditions of Theorem
2.2.14. Inserting this in the quadratic form

X X

Q(v)=D,;D, ( x;x) 2 viD, ( x;x;)+ vivi ( Xi;Xj); (2.57)
k=1 hj =1
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we apply the rst Taylor expansion on the second and third terms fothe above

equation to get

Q(v) =D1 D, ( x;%)

X _ X D,D, ( x;x)

I (Xj  x) + R(X:xj; ) (2.58)

j=1 ji<2kj ]
X X D, (Xi;xi)
+ ViVj —I
isj i j<2k '

(X; %) + R(xi;%;;0) :

Now we envoke Theorem 2.2.14 witm 2k | | at the point x. We apply the
reproduction property 1) of Theorem 2.2.14 to all the nonzerterms. Noticing

P
that D,D, ( x;x)( ') X(x; x) is a polynomial inP2 with respect to

Ji<2kj ]
P

Xj, we denep(z) = ;cx; ;DD (X;X)( 1) Yz x) and then apply the

reproduction property 1) to get

v (X)p(Xj) = D, pix

j=1

X .
- D M(X X) (2.59)
ji<2kj '
= D;D, ( x;X);

since all terms cancel except whep j = 0. For the third term in (2.58), we apply
P
the reproducing property on ;.5 D, ( Xi;Xi)( !) Y(xj  xi) while xing the

P
point x;. Dening p() = | ;cx D2 ( Xi;xi)( D) *( x;) , a polynomial in PZ,
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we get

X X D, ( XX
vip(xj)=D #(x Xi)
i=1 i j<2k ’
X ey
= L)T“XI)D (X Xi)
i j<2k '
X D, ((Xiixi)

= — (x X))

(2.60)

iiioi<2k
XD, ((xi;xi)

= i (X Xi)

jj<2kj ]
where the third line comes about by re-indexing the summatioafter noticing that

j J terms vanish from the original summation. Now, applying the seod Taylor

expansion (2.56), we see that

X D" (xi5xi)
|

(X Xj) =D, ( xi;x)  S(xi;x; ):
ji<2kj o]

Using these three computations in (2.58) and collecting like s on the remainders

R, we get
X
Q(v)=D;:D, ( x;x) 2D;D, ( x;x) 2 ViR(X;Xj; )
j=1
X X + Ly 3
+ Vi D2 (IXI’XI)(X Xi) + ViVj R(Xi;Xj;O)
=L sk ' =1 (2.61)
X X
= DiD2 (xi%) Vi 2R(XGX;5) ViR(xi; X;; 0)
=1 i=1
X h i

+ Vi D, ( Xi5x)  S(Xi;x; ) -
i=1

Finally, by symmetry D, ( X;;X) = D; ( x;X;), and so we again apply the rst
Taylor expansion formula onD, ( X;X;) giving

D,D, ( x;x)

D, ( X;xi)= !

Ji<2kj ]

(Xi  x) + R(X;Xi; );

51



and then apply the reproduction formula on the polynomiap(z) = = ; o jL!(X;X)(Z
x) of order X j | which leads toD,D, ( x;x) as in (2.59). This leads to the
expression forQ(v) in terms of the Taylor remainders. Collecting like terms abee,
we have
X X
Q(v) = Vi R(X;Xj; )+ S(Xj;Xi; ) ViR(Xi; Xj; 0) (2.62)
j:l i=1
Now using property 3) of Theorem 2.2.14, only the pointx; 2 X that
satisfy kx;  xk (é )h are nonzero forv, := Hj( )(x). Furthermore, we have
kxi  Xjka 20(Z 'h for any other x; in the support ofu{ )(x). We know from prop-
P o
erty 2) of Theorem (2.2.14) that sz1 juj( )(x)j c(l Jhi 1 which gives the bounds
R(x;xi; ) CC (x)h%! 1andsimilarly S(xi;x; ) CC (x)h%I 1whereC (x)
P

was de ned in (2.51). Lastly, we can bound the last term by iN:1 ViR(Xi; Xj;0)
P P i i () 2k 2kj j i
-1 Vil 21 IR(Xi;%;0)) ¢ ’h C (x)h CC (x)h#!) 1 using the bound
on the uf )(x) vector. This gives substituting into (2.62)

Q(v) Vv (CC (x)h#1 1) chl IC (x)h®] | (2.63)

i=1

and thus the nal desired boundP(;Q(x) CC (x)¥2nki 1, O

Further analysis on the kernel and bounds on its correspondig power func-
tion P(DZ (x) need to be done in order to achieve error bounds in other nosmsuch
as the standard Sobolev nornk kysy for s > k + 1. However, this analysis is
out of the scope of this thesis and the interested reader is rafed to [66], [44], [41],
where error estimates in Sobolev spaces of scattered data ipation with SPD
kernels have been derived. For our purposes, the pointwise ertmund derived in
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the previous Theorem is su cient in the context of meshless calkation for numer-
ically solving elliptic partial di erential equations, which is the subject of the next

section.

2.3 Meshless Collocation Method for Elliptic PDEs in Native Spaces

We now discuss the topic of meshless collocation for numericalyiving elliptic
boundary valued PDEs. We apply the theory of reproducing keet Hilbert spaces
and scattered data approximation introduced in the previousection along with a
couple of additional tools to construct a collocation methodvhich is completely
meshless in the sense that only a set of scattered distinct points ihe domain of
interest and on the boundary @ is needed to construct the approximation. The
approach for meshless collocation that we introduce in this 4emn is a kernel-based
symmetric collocation method which turns out to be closely rated to the well-
known Hermite-Birko generalized interpolation problem (se Narcowich and Ward
[42]). The analysis and notation in this section will be looselgased on analysis and
notation of Wendland [66], Chapter 16.

Let R? be an open, bounded and connected set with Lipschitz boundary

@. We will consider elliptic boundary-valued PDEs on of the f orm
(2.64)

u=g on@;

wheref 2 C() and g2 C(@) are given. The operator L : C?() 7! C() is an
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elliptic di erential operator

NG
B b (X)%(X) + u(x); (2.65)

j=

X @ @u
Lu(x) = Lo gy *
wherea;; 2 C!() and the matrix with entries & (x) for any x 2 is positive
de nite.

The symmetric meshless collocation method for approximating lstions to
(2.64) begins by introducing the native space framework froresection 2.2.4. Let

0 2 C*(R?) for k 2 be a radial and positive de nite function. We de ne a
symmetric positive de nite kernel : 7" Rby ( X;y):= ox y)forany
X;y 2 . As usual, we will denote N () the native space of the kernel on .
By construction, since the kernel is bounded and continuous 0 , we clearly
have that N () C() where is the closure of . In particular, the trace ujg
of any functionu 2 N () is well-de ned and in C(@).

We assume (2.64) is well-posed in the sense that there exists a ueigolution
u2 N () satisfying both equations in (2.64). At this point, we will not discuss
the necessary conditions ofi and g that imply the existence and uniqueness of a
solutionu 2 N (). For right now we will only assume they are continuous.

To obtain an approximation, we introduce sets of distinct poits X = X4[X »
“where X; = fXq;:::;Xn0 and X, := fXni;:i:Xng @ for atotal of N
distinct points. Each set of points is equipped with a point satwation measure

de ned by

h .x, =sup min kx  xjks
x2 Xi2X1

(2.66)

hae x, = sup min kx  Xjky;
X2 @ Xi2X 2
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although we will often use the abbreviated notatiorh; := h .x, and h, := hg :x,.
Using h; and h,, we can also de ne the saturation measure on all of and as
h := max(hy; h,). We will call these sets of distinct points in the collocation nodes

With respect to X; and X,, we de ne the functionals

| = | (2.67)
X; ) n+1 | N:

The action of the functional ; on the SPD kernel isdenedas . ( x;y) forthe
rst argument of the kernel and »; ( x;y) for the second argument. For example,
if 1 n, then by de nition ;5 ( X;y) = ( x;, L)2( X;y) = La( X;X;),
Xj 2 Xy. Similarly, if n+1 j N, then 15 ( X;¥)=( x)1( x;¥) = ( Xj:Y),
Xj 2 Xs.
For1 | n, since 2 C%( ) it is easy to see that the functionals
i =( x, L) areinthe dual space. Indeed, for any 2 N (), using Theorem

2.2.12, we have
Jjj=jruxp)i=jula( 5x)n o] K uky () KL2( 5Xx)ke () (2.68)

which is bounded by the fact thatL, ( ;X;) 2 N (). Similarly, for n+1

] N, sinceujeg 2 C(@) for any u 2 N (), the functionals ; =  for
Xj 2 Xz areinN () ° Indeed, we have ;(u)j = ju(x;)j = j(u; ( ;X))n ()
kuky () kK( 5x)kn () = g ~o(O)kuky () -

With the functionals = f 1;:::; ngin the dual spaceN () % we can
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form the nite dimensional spaces

N .y :=spanf 23 ( ;X);:iii 28 ( 3X)g N ()
(2.69)

to the exact solutionu 2 N () of (2.64) of the form

X
Up; (X) = i 2 ( X3Y)
=1 (2.70)
= il ( X;X;)+ i (X5Xi);
i=1 i=n+1
which satis es
Lun, (X;)=f(x5); 1 j
(2.71)
Up. (Xj)=9(x;); n+1 j N:
In matrix-vector form, this amounts to nding a vector of coecients =( 15500 N) 2
RN such that 0 1 0 1
A C fjxl
gAce  _pTkg e
CT D ngz
where the block matrices are de ned by
Aij = Lilo ( xi3x)s 1 i) m;
Cij = Lo( xi;x);n+1 i N;1 j (2.73)
Dij = ( xi;X;); n+1 ;] N:

Using shorthand notation, this system can be written a&. = f whereA is the ma-

trixwithentries Afi;j]= 1 25 ( x;y)forl §;j  Nandf =(f(X1);::55f(Xn); 9(Xn+1)5 10
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As can be deduced from equations (2.71), the method is indeedcollocation
type due to the requirement that our approximationuy. to the solution u be satis ed
pointwise on the sets of distinct collocation nodeX; and X,. The method is also
symmetric due to the obvious symmetry of the collocation matxi A.

The rst step in our analysis of symmetric meshless collocation i® tshow that

the matrix in (2.72) is positive de nite, thus implying that =( 4;:::; n) exists

independent. Given that the set of functionals \ are linearly independent, we can

conclude that the matrix A is indeed symmetric positive de nite.

Theorem 2.3.1. (Wendland [68], Chapter 16) Suppose that 2 C2( ) is
a positive de nite reproducing kernel with native Hilbert sgce N () . If the func-
tionals in § de ned at (2.67) are linearly independent, then the matrix daed by

Alij1=(0 i 25 ( x;5y)),1 §;j N, is symmetric positive de nite.

P
Proof. Let = 2, ; i with ; 2 R be given. Then we have using the de nition

of the inner product on the dual spacéN () ©

X
o2 (X5Y)=(5 N o= KK () o (2.74)
ihj =1
which is nonnegative and is 0 only if = 0. Butthe set 5 = f 1;:::; QIS
P
linearly independent, thus i';“jzl o2 (xy) = kK yo>0, and so the

matrix A is positive de nite. Symmetry comes directly from the symmetyof . [

Now that we know the matrix A is symmetric positive de nite, there exists a
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unique solution = ( 4;:::; N) to the system (2.72), and thus a unique approxi-
mation u,. to u. We would now like to know how \close" the approximationuy,.

is to u and if u,, converges tou ash! O inthe sense thakku un ki:(y ! Oas
h! 0. In order to do this, we will need a few additional tools for th error analysis.

We will frequently make use of the so callechodi ed kernel de ned as follows.

De nition  For an SPD kernel 2 C2( ) and di erential operator L :

C?() 7' C(), the modied kernel with respect toL will be de ned as

LGY)i=(x Lia(y Le(uv); xy2 (2.75)

Since is an SPD kernel on it is clear that if
f« L :x2 gislinearlyindependent ovelN () ; (2.76)
then | isalso an SPD kernel. (Recall that a set of linear functionals;;:::; N 2

P
N () Cis linear independent onN () if .N:l i i(f)=0impliesthat =0. In

P
other words, 1, i i( ;x)=0implies =0).

To see this, letf x1;:::; Xy g be any set of distinct pointsin and 2 RN be

given. Then we have

X Xy
i L(Xisxg) = i j(xi L)l x L)2(x1y)

" H (2.77)
=k i( x, L)kﬁl (O°

i=1

which is nonnegative and is O only if =0.
Now since | is an SPD kernel, we can consider its native Hilbert space
N () with reproducing kernel | . Since 2 C( Yyand N ()  CX(),
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clearly we must have | 2 C% % yand N () CKk2()for k 2. Our

next Theorem enlightens the connection between the kernelsnd .

Theorem 2.3.2. (Wendland [66], Chapter 16) Suppose that 2 C2( ) s
a positive de nite kernel and thatL : N () 7! C() satises (2.76). Then

L(N ())= N () , and the following mappings

L:N () 7'N (); f7LLf
(2.78)

N O°N (O% 7 L
are isometric isomorphisms. In particular, iff 2N () and 2N () ¢ then

Lf 2N () and L2N () °withkLfky () = kfky o andk ky o=

k LkN @) 0.

Proof. Our goal in the proof will be to show the existence of an isometrisomor-
phism®:N () 7!N ()suchthat B = L. We will use the space of functionals
LO := spanf ,; x 2 g, introduced previously in (2.18) with slightly di erent no-
tation, and the spaceF ():= f ,( ;x); 2L°% N () originally de ned in
(2.11). When necessary, we will use the notation® (resp. LOL) to mean the space
of functionals L equipped with the inner product onN () °(resp. N () 9. The
proof will be done in three parts.

(1) We begin by introducing the following additional spaces ith respect to the

operator L:

L2:=f( L): 2L°% N () %F2:=1( L)2( ;v): 2L°%G N ():

(2.79)

59



As with L° and F (), there is an obvious one-to-one correspondance betweérf

and F? given by the Riesz mapping restricted td.?
Rjo:LP7PFY L70( L)2( 5v); (2.80)

which is an isometric isomorphism due to the norm preserving prepty of the Riesz
representer.
Using the spaced.? and F?, we now de ne the following mappings induced

by the operatorL:

T:F () 7'F% 2 ) (0 La( 5x);
(2.81)
TOLO rLp; L:
It is clear that both mappings are one-to-one since a unique 2 L ° determines a

unique element inF? and LY. Furthermore, for any 2L °, we have

K(C L)2( WK =( L) La(uv)= 12 (u;v)=k L(;V)k2L3
(2.82)
Thus the norms of (L), ( ;v)2F2and , (;v)2F () are the same. A
similar result holds for the mappingT® ThusT :F () 7'F2andT% Ly 'L ¢
are isometric isomorphisms.

Lastly, we want to show that the inverse mappingT *: F? 7! F () co-
incides with L. Letf = (  L),( ;v) 2 F? for any arbitrary 2 L° Then
T Y% = , _(;v) which leads to

TH(X)= 2 L(x;v)= 2 (x Lhlz (uiv)
=(x La( La(uv)=(x L)) (2.83)
= Lf (x)
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foranyx 2 . Thus T 1=1L.
(2) Since the isometric isomorphic mappings and T°map the dense subspaces

of Hilbert spaces into Hilbert spaces, they possess unique isometritegsions given
by

PN )7L =FIN _O9O N (O)°
(2.84)
BN () "Fr=FN ()) N ():
We want to show thatLt = N () ®and F+ = N (). Indeed, since N () is
complete and® : N () 7! Ft is an isometric isomorphism, the spacEt must
also be complete. But this mean$+ is a reproducing kernel Hilbert space with
reproducing kernel . Thus, by Theorem 2.2.6, since bothF+ and N () have
reproducing kernel , we must haveF+ = N (). Furthermore, since Fr = N ()
is the image ofN | () under the mapping F, which is the extension of the mapping
T:F () 7'FQ, thisimplies that T(F  ())= FQis denseinN ().
Now to see thatLy = N () © for an arbitrary 2 N () % we show that
2 L1 as well. Indeed, using the Riesz mappin@ we haveR ( )= ,( ;Xx)2
N ()= Fr. Since ,( ;x) 2 Fr, using the inverse Riesz mapK j.,) !, we
see that R j.;) ( 2( ;x))= 2Lt and thereforeR j . = R . This implies
Lt =N ()°
(3) Finally, we can use parts (1) and (2) to show thaf® * = L andkLf ky 0=
kfky () . We rst show B ' = L by using the fact that F? is dense inN ().
Choose anyf 2N (). Then by density of F?in N (), we can choose a sequence

fo=(n L)2( ;x)2F2with ,2L°%suchthatkf fpoky (y ! Oasn!1
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Since yw L 2N () © this means that
JLE () Lfn(x)j k x Lky g okf fokn ! O (2.85)
asn!1l . On the other hand, sinceT f,(x)= Lf,(x) from part (1), we see that

JBH(X) L= X)) T ¥ux)j k x Bl gokf foky o ! O
(2.86)
Both (2.85) and (2.86) together imply thatL = ® 1. Thus for everyf 2 N (),
we havelf = B 1f 2N ()andsince 1:N () 7!'N () is an isometric
isomorphism,kLf ky () = KB *ky () =kfky () -
Lastly, we show in a similar manner that®q ) = Landk Lky (yo=
k kv (oforall 2N ()% Chooseany 2N () ° By density of Lo ,
in N _() © there is a sequencé ,g 2 Lo, , which convergesto in N () °as

n!l . Thusforanyf 2N (), we have Lf 2N () and so
i Of (. Dfj K kv ooklfky o ! Ontl o (2.87)

Now by de nition we have Tq ) = L so that

FONE) (L kKB n)ke o okfkn ()
(2.88)
=k nkN 0 okf kN 0 ' O;n'l

Both (2.87) and (2.88) imply that Y ) = L. Thus for 2N () % we know

that L =Py )2N () ®andk Lky ()o=k ky () o Thisends the proof. [

Now that we have a connection between the kernels and | and their native

spaces, we now discuss their power functions which is the next stigpobtaining
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error estimates for the interpolantu,. . We will use a slightly di erent notation

than in the previous section which will allow for more generglower functions. Let
2N () °be any functional onN () andlet  =f 41;:::; ng be any set of

N functionals onN () and dene N°, :=spanf yg N () ° Then the power

function with respectto and | is de ned by

P..()=inf k kygo (2.89)

2N 0
where we recall the norm olN () °

q___
(; In ()Oi:p 1 2( Xpy):

. P . .
For example, if = ,, foranyx 2 , and = i'\'zl i x, for certain coe cients

2 RN, then it is easy to see that (2.89) is equivalent to the de nitio of the power
function given in (2.46) with = (0;0). This more generalized de nition of the
power function describes how well the functional 2 N () °can be approximated
by functionals from N °,.

We can now prove the following properties of this power funicin which will
then be used in obtaining error estimates for the symmetric mesds collocation

method. The rst is a generalized best approximation result.

N () °and suppose thati, 2 N . satises j(un )= j(u) forall ; 2 y.

Then forany 2N () °we have the bound

j (U un )j 2iNnE K Kn () o szli\lnf:N ku sky (p P . ()kuky () :

N

(2.90)
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Proof. Since every ; 2  satises ;(u u, ) =0, so does every 2 N O;N.

Choose any 2N () % Then we have

(U uy )i=infj( (U up )] leng;N k kn (oo KU un ky

N

(2.92)
Now foranys= ", ;i ( ;x)2N ., we get
X X
(U Uy ;8N () =(u up ; i i (XN = i (U up, )=0:(2.92)
i=1 i=1
Sinces 2 N . is orthogonal tou un. in N (), we have ku un ky () =
infson o, ku o sky () k uky () which gives our desired result. O
The next Theorem gives a transformation result for the power fiction.
Theorem 2.3.4. Suppose that = f 3;:::; yg N () ®and 2N () are

given. Then

Proof. The proof follows directly by the de nition of the power fundion and Theo-

rem 2.3.2. We have

P : |_( L): ZSFI)gfﬁ Lgk L kN (o= ZSISLI’T gk L LkN (O °
- 2S|8£.I’f gk kNoL =P O
(2.93)
[

Finally, we have a so-called splitting technique for power fuations, which
allows us to bound a power function on a set of functionals byhe power function
on a smaller set of functionals ;
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Theorem 2.3.5. (Wendland [66], Chapter 16) Suppose that= [; ; where ;

N ¢ is a nite set of functionals for all j. Then

forallj and 2N () ©

Proof. Choose any 2 N () © We use the de nition of the power function and

the fact that spanf jg sparf g to get

P.()= 2S|Bfaﬁ gk kN0 @ ZSFI)%fn Jgk o (2.94)

[]

The importance of this Theorem is that it allows us to considefunctionals
separately in the interior of the domain and on the boundary @, which will be
helpful when deriving the error estimates since we will be abte derive the bounds

independently on and @.

2.3.1 Deriving an error bound for symmetric meshless collocation

We now show how to bound the error bound for symmetric collocatn by
using the Theorems from the previous section along with the @mr bound result
from Theorem 2.2.15. The procedure for obtaining the errordund will be to derive
the bounds separately on and @ and then use a maximum principle to get a

global error bound.
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We begin by de ning sets of point evaluation functionals on ad @ as

1=F xoiin o x,9and =1 .. ;00 x, 9. Wethenlet ;=1 , Ly .,
Lg= 1 L, 2= sandset = [ >
To get an error bound in , choose anyx 2 ,anddene = ( « L) 2

N () © By Theorems 2.3.3, 2.3.5, and 2.3.4, we have the followingisg of in-
equalities.
j (U un ) P (x L)kuky () 2:3:3)
P..(x L)kuky ¢y (thm. 2:3:5)

=P ., (x Lkuky (2.95)

P . .(xkuky (y (thm. 2:3:4)

=P _x,(X)kuky () :
whereP | .x,(X) is the power function for the SPD kernel | 2 N () originally
de ned in (2.46) with kernel | and =(0;0), namely

h i2 X
P oxi(x) =k (5x) w(x) LOGxidky () (2.96)

i=1

This shows that
jLu(x)  Lun. (X)j P x. (X)kuky () (2.97)
forany x 2 .

We can apply a similar string of inequalities to arrive at an ewr bound on
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the boundary @. Let =  for any x 2 @. Then we have

J(uoun )i Py (Ckuky

P . ,( x)kuky ()
(2.98)
=P, ,( x)kukn (
= P x,(X)kuky () :
This shows that
jux) un (x)j P ox,(X)kuky (y ; (2.99)

forany x 2 @. At rst glance, we see that if we can bound the power function by a
constantC > 0O times the saturation parametethg .x,, we will get our desired result.
However, it is not so clear how to bound® .x,(x) since it deals with argumentsx
which lie on the boundary@, where a cone condition is not satis ed. Thus we need
a couple more assumptions on before we can proceed to bouRd.x,(x). We rst

need that is polygonal.

De nition  An open bounded set R? is said to be a simple polygonal set if
it is the intersection of a nite number of half spaces. A half spazin R? is a set
H.p=fx 2 R? : a'x <bgwith a2 R>=f0gandb2 R. A domain R? is said
to be a polygonal domain if it is the union of a nite number of ginple polygonal

set.

The useful property of polygonal domains that we will need it the bound-
ary of a polygonal domain is the union of a nite number of lins. To boundP .x,(x),

we will take advantage of this fact, along with the following.emma.
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Lemma 2.3.1. Let R? be any measurable set and suppose thaR C2( )

is an SPD kernel de ned by( x;y):= o(x Yy) for some radial function . Let
X = fXq;:70XN0 is a set of pairwise distinct points. Furthermore, suppose
that T : R? 7! R? is a bijective a ne mapping, i.e. Tx = Sx + ¢, x 2 R?, with an
invertible matrix S 2 R? 2 and a constantc 2 R?. Then the following relation holds

for the power function:

Px(X)=P s1710)(TXx); 8x2 : (2.100)

Here T(X) denotes the sef Txq;:::;Txygand S ! denotes( S x;S ly):

o(S *(x y)) foranyx;y 2

Proof. Let W = T(X)andw = Tx foranyx 2 . Since w; w; = Tx; TX;

S(X;  Xj), we obviously have that

(S Hwiw))= (S 'wi;S 'wj)i= oS Hwi wi)) = ofS 'S xj))= ( xisxj):
(2.101)

Thus the collocation matricesAx and A1 x) for the kernels and S 1, respec-

tively, are the same (recall thatAx[i;j] = ( Xi;X;)). Furthermore, for any given

w(x) = A 'R . (x) and
HTx)= AR s 110 (TX)

(originally de ned in (2.35)) are the same. Now by the de nition of the power

68



function, we get

X X
P x()P=( x;x) 2 w)(xx)+ s ( Xxi;x)
i=1 iy =1

X X
=(Sw;S'w) 2 wTx)(S w;S twj)+ w(TX)% (Tx) (S 'w;;S *w))

i=1 i =1
=[P s 17x(TX)%
(2.102)

which nishes the proof. O

As we will see, this Lemma enables us to compute an error bound tre
boundary @. We can nally give the desired error estimates for the bounday-

valued elliptic problem (2.64).

Theorem 2.3.6. ([66], 15.15) Let R? be a polygonal domain and 2 C%(

) for k 1 be an SPD kernel. Suppose that the boundary-valued problem

Lu=f in
(2.103)

u=g on@

has the unique solutioru2 N () CX() for agivenf 2 C() andg2 C(@) .

P N
i=n+l

P
Let up. be the interpolantun, =, Lo ( X;X;)+ i ( X;Xi) where the

coe cients ; satisfy the linear system (2.72). Then the following error émates

jLu(x) Lup (x)j Ch*2kuky () ; x2
(2.104)
jux) un (X)j Ch .y kuky o5 X2 @

are satis ed for a su ciently dense set of collocation poing X = X; [ X , and

constantC > 0.
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Proof. Firstly, the kernel | corresponding to the elliptic operatorL is an SPD
kernel and in C% 4( ), as was shown above Theorem 2.3.2. The assumptions
on imply that C |, (x) from the Theorem 2.2.15 is uniformly bounded on all of
and we can thus apply the error estimate from Theorem 2.2.15tij j = 2 to get

a bound on the power functionP | .x,(x) in terms of C (x) and h .x, leading to
jLu(x) Lun, (X)i P _x.(X)kuky (y  Ch¥ *kuky () ; X2 (2.105)

where the constantC > 0 satisesC | (x) <C foranyx 2 .

For the boundary, as shown in (2.99) we already have
jux) un, (X)j P x,(X)kuky (y; X2 @: (2.106)

We proceed to bound the power functiorP .x,(X) in terms of hy,. However, as
already mentioned, we cannot directly apply Theorem 2.2.1%nce it requires a cone
condition in the region wherex comes from, and@does not satisfy a cone condition.
Fortunately, we can take a slightly di erent route by noticing that since @ is
polygonal, itis a collection of a nite number oflinesH H =fy 2 R? : a'y = by,
each of which can be mapped t& where a cone condition is trivially satis ed. For
each lineH 2 @, we construct a bijective ane mapping T : H 7! R, to a line
segment on the real line, call itT(H). The mapping is dened by Tx = Sx + ¢
for somec 2 R? and an invertible matrix S 2 R? 2. We now proceed to bound the

error on any of these line segments. To this end, I&t be any line segment of@.

be the image ofT applied to the points (thus W are points on the real line). If
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he x, is su ciently small then we can nd for any x 2 H ay; 2 Y such that

kx yjka 2hx,. Hence we have, fow = Tx,
kw wiky = kTx Ty;k, = kS(x yj)ka k Skkx yjk, Chy,

which means thathry.w  hx,, wherehry.w is the point saturation measure on
T(H) with respect to W. Now since the sefT(H) R satis es a cone condition,
by Theorem 2.2.15 with = 0, we can bound the power functionP g 1.y (W)
Ch."r(H);W Ch'g@ x, for some constantC > O dependent on . Now we can apply
Lemma 2.3.1 to get a bound estimate on the boundary. For 2 H, we have using
2.99 and Lemma 2.3.1,

jux) un ()] P x,(x)kuky () P ov(X)kukn ()

(2.107)
P s uw(Wkuky () Ch x,kuky ()

Since this can be done for any hyperpland, and since the number of hyperplanes

is nite, this gives us the desired result. [

As we see in Theorem 2.3.6, a good approximation in the interichould
require the setX; to be nely discretized, such that the error bound in the interor
is of the same order as on the boundary. This means the interishould more nely
discretized than the boundary, and a good choice is obvioua”h;‘f;xz1 h‘g@ X,

Sincel is of elliptic type, we can invoke the maximum principle for Kiptic

operators (cf. Grisvard [30]) which states that
ku Uh: k|_1 0O k u Uh: kLl @ Tt CkLu LUh; k|_1 O (2108)

for a su ciently large constant C > 0 dependent on the coe cient functionsa;y of
the operatorL. This leads to the following corollary.
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Corollary 2.3.1. If in addition to the assumptions made in Theorem (2.3.6), we
have

h=maxfh x,;hg x,0:

Then by using the maximum principle for the elliptic operatoL in , we have

ku Uh: k|_1 0O Chk 2kUkN O - (2109)

2.4 Numerical Experiments of Meshless Collocation

2.4.1 Introduction

In this section, we illustrate the implementation and numerial properties re-
lated to the symmetric meshless collocation (SMC) method for merically solving
elliptic PDEs. Through a series of experiments designed to irsteggate the issues
of convergence and approximation ability along with the vesatility of the method,
we attempt to demonstrate that the symmetric meshless collocath method can be
used as a robust and easy to implement alternative to the standardite-element
method for numerically solving boundary-valued elliptic PIEs. In particular, we
wish to gain insight into the numerical rate of convergence fahe collocation method
as well as investigate the dependence of the convergence m@ethe smoothness of
the kernel and if the numerical convergence rate agrees witthe theoretical one
given by equation 2.109.

We are also interested in the question of approximation re nenm¢in the collo-

cation method. Namely, how should the number of collocation wies in the domain
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be re ned to produce a better approximation without the expase of sacri cing sta-
bility? We will compare approximation ability of the meshlesscollocation method
with di erent quasi-uniform collocation node distributions (namely random, uni-
form, or Gaussian) in and @to determine if there is an optimal distribution that
one should use.

Lastly, we would like to compare the symmetric meshless collog@at method
with the standard nite-element method on a few di erent test problems to assess the
di erences in numerical convergence and stability issues. Onétbe major advan-
tages of meshless collocation over traditional and genera&ltz nite element methods
(see [7] for example) is that meshless collocation does not regunumerical quadra-
ture for integration since integration is not performed in tke collocation method. A
grand challenge in the current trend of generalized nite eiment methods comes in
selecting optimal quadrature points and weights for the numial integration over
supports of the underlying basis functions. The introduction foquadrature then
of course leads to additional numerical errors which can progate throughout the
global approximation. The fact that no integration is done m collocation greatly
simpli es the implementation of the method and allows much fedom in selecting
the basis kernels and the placement of collocation nodes. Huermore, since no
triangularization or rectangularization of the domain is equired, collocation can
be used on much more general smooth manifolds without the prebh of domain
discretization errors.

Before we investigate the implementation and performance ofie meshless

collocation method with numerical experiments and companith the nite-element
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method, we must rst discuss the type of symmetric positive de nitekernels that
will be used for constructing the native spac&l () and consequently, the nite

dimensional spaceN ().

2.4.2 Choice of Reproducing Kernels

A critical component of the symmetric meshless collocation meid for the
numerical solution of elliptic PDEs is the choice of symmetripositive de nite kernel
used to construct the native spac®\ (). In this numerical study, we will restrict
ourselves to a class of SPD kernels X;y) := o(x Yy) which have compact support
and are built from radial functions that can in fact be represeted as polynomials on
the interval [0; 1]. This class of kernels was developed by Wendland in [63] dmalve
been shown in the recent literature to have powerful approxiation ability along
with fast summation techniques (see Wendland [66], Chapter 9).

As mentioned, the kernels are built from radial functions ¢ 2 L(R?)\ C(R?),

where o():= (k k), that have t8he form

Ep(r) O r 1
(r):S : (2.110)

0 r>1

The function p is a univariate polynomial of the formp(r) = P jm:O Grl with ¢, 6 0.
The degree of (and consequently o) is m.

By construction, it is easy to see that o has compact support orkxk 1 (the
norm k k will be taken to be the standard Euclideari? norm unless otherwise noted)
and thus the kernel (Xx;y) := o(X y) has compact support since only values
such thatkx yk 1 forx;y 2 R? will be nonzero. Furthermore, by introducing a
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xed scaling parameter > 0, we can shrink or expand the support of as desired

simply by de ning

)= o)

Changing the support of  will ultimately have an e ect on the approximation
since a larger support for will imply that more collocation points in X will be
used in determining the coe cients in the collocation approxnation. Unfortunately,
despite attempts in the literature, there is currently no angytical method of deriving
an optimal shape parameter > 0 for a given kernel and domain with collocation
points X which minimizes the L () error norm. The only way to obtain a
near optimal shape parameter is numerically. We will see in theext subsection
how the shape parameter > 0 in uences the accuracy of the meshless collocation
approximation. Obviously, the optimal shape parameter is alsolearly dependent
on the kernel used as well as the collocation nodes.

We give a few examples of Wendland's compactly supported fummns (r)

along with their associated smoothness spa@(R?). Here the function (1 r).

Table 2.1: Examples of

d 3 (=@ n¥@r+1) C?

d 3 »(r)=@ r)8(35r2+18r +3) c4

d 3| 3(r)=@ nré@B2%+25r>+8r+1) |C"

means 0if1 r< Oand (1 r) otherwise. A brief overview of the construction and
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the properties of Wendland's compactly supported kernels ode found in Appendix
C.10. For a complete detailed analysis of Wendland's compécsupported kernels,

[66] Chapter 9 is recommended.

2.4.3 Implementation and numerical experiments for Elliptic Boudary-
Valued Problems

In this section we describe the implementation of the SMC metldoin detail
and apply it to a few boundary-valued elliptic problems to asss the robustness of
the symmetric meshless collocation method for di erent distribtions of collocation
nodes, di erent boundaries, and di erent smoothness charactistics of the given
dataf 2 C().

In our rst experiment, we consider the simple Poisson problem witDirichlet

boundary condition

uy)= 5 sin(x)cos(h) (y)2 =[0 ;1
WoGy) =sin X )i (Gy) 2 1 (2.111)

uxy)=0; (xy)2 2
where ; = f(x;y):0 x 1, y=0gand , = @= ;. The exact solution is
given asu(x;y) = sin( x ) cos(%).
Before we begin discussing the computational results, we discuss tmplemen-
tation of the SMC method introduced in section 2.3 while givig explicit formulas
for the collocation matrices based on the basis functions prided in the previous

subsection.
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Recall that the SMC approach seeks to approximate the solution by the
expansion
X X
Un = iLa(sxp)+ i Cxg)
j=1 j=n+l
wherex; for1 | n are the interior collocation nodes anc; forn+1 j N
are the boundary collocation nodes. The approximating SPD keel is Wendland's
compactly supported kernel dened by (;x;) := «(k Xj)kz) with | being
de ned in Table 2.1. SinceL = in this example, we have
X X
Un = i (k Xj k2)+ i (k Xj kz):
j=1 j=n+l1
Substituting this expansion into the boundary-value problen{2.111) and enforcing

the approximation to satisfy the PDE at the interior and bounday collocation nodes

X = X1 [X , we get

Lun(xj) = f(Xj); Xj 2 Xy;

(2.112)
Un(Xj) = 9(Xj); Xj 2 Xz;
we then arrive to the system
0 1 0 1
A C fix,
% § = % § ; (2.113)
CT D ngz
where the block matrices are de ned by
Ay = 2 (ki Xk 1 ijom
Cij = (kxi Xjk;n+1 i N;1 j n (2.114)
Di;j = (kXi Xj kz), n+1 |,j N,
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and the vectorsf jx, and gjx, are the given interior and boundary functions, respec-
tively, evaluated on the collocation nodes. As an example, ifedet = 32 C®()

from Table (2.1), then the functions in the block matrices 0{2.114) are given by

(N=@ né@B2a3+25r2+8r+1)
(r)=441 r)é@83+3r? 6r 1) (2.115)
2 (r)=1056(1 r)* (2973 2122+16r +1):

Due to the symmetric positive de nite property of the collocaton matrix Ay,
the coecients in (2.113) can readily be obtained by either a direct methodro
a conjugate gradient method. Of course, the decision to use onethmod over the
other should be in uenced by the number of collocation nodes iXy . For smaller
problemsN O (10%, a direct method is usually very fast and e cient. In larger
problems, the condition number of the matrix plays a role, and conjugate gradient
method should be employed. We discuss the stability and conditilng issues in the

last section of the chapter.

2.4.3.1 Experiment 1

In our rst experiment with the collocation method, our goal s to determine
how the numerical approximationu,, depends on the distribution of collocation nodes
in the domain and boundary @. We will consider three types of collocation node
distributions: a random distribution, a uniform distribution, and a Gauss-Lobatto-
Legendre (GLL) distribution. Furthermore, to asses the numecal convergence, we

let N range from 9 to 1089 for the total number of collocation nodas X for all
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three distributions.

Figure 2.1 depicts the three di erent types of node distribubns in and @.
The random distribution of nodes was computed simply by using aniform random
number generator in the interval (Q1) and taking two draws for each X;y) pair.

Table 2.2 shows theL! errors for increasingN. As one can deduce, the
uniform node distributions performs slightly better than therandom and Gaussian
distributions, although the di erences between the three arenarginal. For such a
smooth problem on a square domain, we expect all three distribahs to produce
similar numerical results.

According to Theorem 2.3.6, thel.! () error of ju upj should behave like
Ch¥J lkuky () where in this casek = 3 (since 2 C®(R?) andj j=2. For the
uniform distribution of nodes, we can approximate the saturatin parameterh for
the set of nodes easily as it is approximately given byzg N. We can approximate
the norm of kuky () by simply projectingu 2 C() onto N . () giving Ixu for
really large N and then computing kl x ukZ, O " i i21 i J.N:1 i j ( Xi;x;). Here
we let N = 5;000 givingkuky () 5:2946. This implies that the constantC > 0
inthe L* () error estimate ranges from C  :0138 forN =9to C 4:673& 007
for N = 1089.

Figure 2.2 shows the pointwise error (left) and the solution usgn25 randomly
scattered points in . Local areas in which are not as well cowered by nodes gives
the largest pointwise error as shown in the left plot.

Figure 2.3 depicts the poinwise errors for the random and unifim node dis-

tribtions in the case N = 1089. We see that the uniform grid of nodes locally
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Table 2.2: Numerical convergence of meshless collocation usings 2 C8 radial function

for kernel

on random, Gaussian, and uniform collocation grids.

Random

Gaussian

Uniform

25

81

120

160

200

250

289

400

500

1089

5.866837e-003

4.757992e-004

1.828029e-004 2.571894e-003 3.519404e-005

3.825086e-00% 2.395948e-005 1.784373e-00%

9.275238e-00% 5.348320e-005 3.182937e-005

8.138042e-00% 2.758392e-00% 8.983736e-004

2.181343e-00% 3.201837e-005 5.984730e-006

7.051553e-006 2.395948e-006 1.655152e-004

2.099321e-006 1.109739e-006 8.189373e-007

1.297749e-006 8.347463e-007 6.393703e-007

8.681275e-008 7.334611e-008 7.080371e-008

32.307935e-003

12.571894e-001

3 7.666688e-004

? 2.307935e-002

)

1

approximates the data much better than in the random node disibution.
We now want to compare the approximation ability of theC® radial function
3 with the C* radial function , 2 C* de ned in Table 2.1. According to Thereom
2.3.6, the rate of convergence in the interior of the domain shld be to the order
of Ch* 2 where in this casek = 2. Table 2.3 shows theL! errors for increasingN
on the same collocation nodes as in example from Table 2.2. &lg, the numerical

rate of convergence is much better than the theoretical oneeped in the Theorem.
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Maximum error for symmetric CSRBF solution.

Symmetric CSRBF solution false colored by maximum error.
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Figure 2.2: Pointwise error and approximatioru;, using 25 randomly scattered points

in .
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Figure 2.3: Pointwise error of 1089 collocation nodes for rdom (left) and uniform

(right) distribution.
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We can expect however that the convergence rate for, is not as robust as 3 do

to the fact that the approximation up, is only in C? as opposed taC*.

Table 2.3: Numerical convergence of meshless collocation using 2 C* radial function

for kernel on random, Gaussian, and un form collocation gr ids.

Random Gaussian Uniform

)

9.866837e-002 6.307935e-002 5.537935e-00%

D

25 | 2.757992e-003 1.214294e-002 7.418338e-003

81 | 3.128029e-004 2.913423e-003 3.519404e-004

120 | 1.545086e-004 3.565948e-004 1.784373e-004

160 | 8.275238e-0041

200 | 6.138042e-001
250 | 3.181343e-001
289 | 2.051553e-001
400
500

1089

9.099321e-00¢

8.297749e-00¢

7.681275e-00¢

» 8.348323e-004

b 6.258391e-001

» 3.201837e-0041

» 1.455942e-005

5 7.109739e-00¢

5 6.347463e-00¢

5 5.334611e-00¢

» 3.182937e-004

5 8.145673e-003

5 5.814730e-003

5 1.655152e-004

5 8.189373e-006

5 6.393703e-006

51.080371e-006

We conclude that if a smooth solution to the elliptic problem isexpected,

then there is hardly an advantage to using 3 over , except for the slightly faster

numerical convergence rate.
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2.4.3.2 Experiment 2

In the next numerical experiment, we investigate the approriation ability of
SMC in the case in which is non-convex. We continue to considethe elliptic
boundary-value problem (2.111) and take the domain to be_-shaped as in gure
2.4. The problem is now

uy)= 5 sin(x)cos(h) (Y2
ux;y)=sin(x);, 0 x 2y=0;
uix;y)=0; x=0;0 y 2x=2;0 y 1,
(2.116)
u(x;y) = cos(i)sin( x); 1 x 2y=1;
ux;y)=0; 0 x Ly=2;
u(x;y)=cos(y=2); x=1;1 'y 2
Furthermore, we continue to utilize the C® compactly supported radial function
3. We expect the numerical convergence of, to be the same as in the previous
example since Theorem 2.3.6 only requires to be polygonalnd not necessarily
convex. Figure 2.4 shows two di erent collocation node conwations for the L-
shaped domain.

Table 2.4 shows theL.! errors for increasingN. This time, we see a better
improvement in convergence for the uniform grid as opposed the random distri-
bution of nodes. From this experiment, we clearly see that theom-convexity of

does not a ect the approximation ability of the collocatio n method. Comparing
tables 2.2 and 2.4, we see that the numerical convergence sater the uniform grids

are very similar. The approximation in the square domain is owlslightly better.
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Figure 2.4: L-shaped domain with two di erent node con gurations.

The plot in gure 2.5 show the SMC solution withN = 100 random scattered
nodes in along with the pointwise error plots for N = 25 and N = 100 random
scattered nodes in gure 2.6. Since the scattered nodes are distited more densly
with N = 100 we see the collocation solution is much smoother.

We now want to study the convergence ofi, to the solution u for the same
problem (2.111) in theL-shaped domain where we keep the internal nod&s xed
while re ning only the boundary nodesX,. We want to see how the distribution of
nodes on@ a ects the global approximation. To do this, we initialize 30 randomly
scattered nodes in and 3 equidistant nodes on each boundary segnt of @where
giving 18 total boundary nodes (total of 6 boundary segmentsff L -shaped domain).
The re nement on the boundary approximation is done by addig 3 nodes to each
boundary segment and then recomputing the approximation. Tde 2.5 shows the
errors as the total number of nodes on each boundary segmentr@ases. The\,
in the table represents the total number of nodes on the bounda@. The second

column is theL?! error with 30 random nodes in and the fourth column is the
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Symmetric CSRBF solution false colored by maximum error. x 10°

Error

Figure 2.5: L-shaped domain approximation with N = 100.

Maximum error for symmetric CSRBF solution. x10* Maximum error for symmetric CSRBF solution. x10°

Figure 2.6: L-shaped domain pointwise error plot in two di erent node con gurations

with N =25 and N = 100.
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Table 2.4: Numerical convergence rate for elliptic problem on L-shapediomain.

N Random Uniform

50 | 8.521359e-004 3.7628298e-00:+

=

100 | 9.141483e-00% 7.1284928e-00%

U

150 | 2.990301e-00% 4.7840294e-00%

\¥J

200 | 1.868492e-00% 2.0847294e-00%

250| 1.875683e-00% 6.7392034e-00¢

(92

300 | 1.812304e-005 3.3871937e-006

L! error with 120 random nodes. Figures 2.7 depict the re nememxclusively on
the boundary of .

As we can see, with the internal nodes xed and the boundary nogéncreasing,
the improvement in numerical convergence is remarkable tlabugh the rate begins
to slow after about 36 total nodes, or 6 per boundary segment. Irhé¢ 120 total
internal node case, a similar convergence rate is seen. This exment leads us
to conclude that the approximation on the boundary in uence dramatically the
approximation in the interior of the domain. This contradids the remark made
directly below the proof of Theorem 2.3.6 where the we statedhdt interior node
distribution should more nely discretized than the boundary,and a good choice is
h¥ ;le h"@ x,- Clearly in this example we see that this is indeed not the cas@@
in fact the boundary @ should have a smaller saturation parameterhg .x, than

that of the interior.
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Table 2.5: Numerical convergence of L-shaped domain problem for boundg re nement.

N, L' error N, Lt error

12 | 5.231837e-002 36 | 3.7628298e-004

4=

18 | 1.190819e-002 54 | 7.1284928e-00%

36 | 9.556934e-004 72 | 4.7840294e-00%

54 | 7.017452e-004 90 | 2.0847294e-00%

72 | 6.942045e-004 108 | 6.7392034e-006

A=

2.4.3.3 Experiment 3

In our third example, we wish to inquire about the approximatng robustness
of symmetric collocation in the case of a more general elliptRDE with variable
coe cients. We rst consider a Helmoltz-type elliptic boundary value problem with

smooth variable coe cients and Dirichlet boundary conditins:

@ @ Q@ @ SN = f ey (e 1 1
@x a(x,y)@)lg(x,y) +@ya(x,y)@)l,1(x,y) +u(x;y) = f(xy); (xiy)2 =[0 ;1]
(2.117)

ux;y)=0; (xy)2 = @ (2.118)

wheref (x;y) = 16x(1 (1 x)(B 2y)e V)+32y(1 Vy)(Bx?>+y? x 2),and
the coe cients are given by a(x;y) =2 x? y?, and b(x;y) = e Y with exact
solution u(x;y) =16x(1  x)y(1 v).

The operatorL in this example is of course more complex than in the previous

case and as before, one must rst compute both, ( x;y) = L (kx yk;) and
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Figure 2.7: L-shaped domain with 30 interior nodes and 18 (left) and 54 (rigpt) boundary

nodes.

L:L, ( x;y) = L? (kx yky). The approximation to the solution u(x;y) is then

given by
X0 X
U = j L (k Xj k2) + j (k Xj kz) (2119)
j=1 j=n+1
where
L (k xik) = a(Xy) «(k Xjko)+ a(x;y) w(k  Xjke)

(2.120)
+ ay(xiy) y(k  Xxjka) + al(xyy) yw(k  Xjko)

and ; x; y; yy arethe rstand second order partial derivatives with respectd
x andy. Since the basis function is radial, we must use the chain rule to evaluate

both partial derivatives. Thus, with x = (x;y) and r = kxk = P X2+ y2 we have

_x@
—(X)——(r) ()__()pTyZ_F@r(r)
and
@ x> @ y> @
53 (0= s 0+ Hg (0
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Figure 2.8: Collocation solution with N = 286 random nodes.

To test the numerical convergence of the SMC method on the Helwltz equa-
tion with variable coe cients, we approximate the solution onthe series of random
collocation node distributions with N = 9; 25, 81; 286 1086. Figure 2.8 shows the
collocation solution with N = 286 randomly scattered nodes in and on the bound-
ary and the gures in 2.9.

Due to the boundedness and continuity of the variable coe ciets a(x;y) and
b(x;y) in , the operator L is clearly elliptic and thus meets the conditions for the
hypothesis of Theorem 2.3.6. The convergence result should risfere hold in this
example. Table 2.6 shows th&! error for an increasing number of nodes in the
domain and boundary.

The rate of convergence is nearly identical to the rate of theon-variable
coe cient elliptic boundary value problem discussed in the preious experiments.

The same collocation node con gurations were used from 2.2 aathough we see
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Figure 2.9: Pointwise error for N =9 (left) and N = 25 (right) collocation nodes in .

marginally larger L errors for the same collocation node con guration, the ratefo
convergence is still highly robust. We can safely conclude théte SMC is successful
when applied to elliptic problems with variable coe cients, however at the cost of
computing the di erential operator L twice. But this can usually be accomplished

easily with the help of a symbolic mathematics software packageich as Maple.

2.4.4 Comparison with nite-element method

We continue the numerical section on the SMC method by compag it com-
putionally with the nite-element method (FEM) for three di erent elliptic prob-
lems. One of the themes of this thesis is to demonstrate numefigahat meshless
collocation methods can be an attractive alternative to clssic FEM methods which
utilize either a mesh, numerical quadrature, or both. We wanto compare the nu-
merical convergence of both methods along with the approxation properties of
the solutions on di erent domains that could potentially be tallenging for either

approximation method. In all of the experiments, we use the ne element solver
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Table 2.6: Numerical convergence for variable coe cient elliptic problem on three di erent

collocation grids.

Random

Gaussian

Uniform

25

81

120

160

200

250

289

400

500

1089

1.125837e-00]

1.157992e-002 2.571894e-003 7.366688e-002

1.374529e-003 2.571894e-003 1.519404e-003

8.105086e-004 2.395948e-004 1.784373e-004

4.275238e-004 5.348320e-004 7.182937e-004

2.138042e-004 2.758392e-004 5.983736e-004

9.181343e-00% 3.201837e-005 8.984730e-00%

8.105108e-00%

4.199321e-00¢

2.143453e-00¢

7.083571e-00¢

| 2.307935e-00]

| 8.342139e-00]]

5 9.395948e-00% 9.655152e-003

51.109739e-006 8.189373e-006

5 8.347463e-007 6.393703e-007

39.334611e-008 9.080371e-004

|

)

toolkit in Matlab to construct piecewise linear element solutins.
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2.4.4.1 Experiment 1

In our rst experiment, we wish to solve the elliptic problem gien in polar

. . P——
coordinates on the unit diskr = = x2+y2 1

0 2r< 1

. —_— 1-
ur, )=4 I

(2.121)
ud; )=0;0 2
whereu(r; )= r(1 r)is the exact solution.

The di culty in approximating the solution for both methods | ies in capturing
the sharp point atr = 0. For the nite element approximation, we use piecewise
linear elements on a uniform triangularization of the disk. he boundary of the
disk using the edges of triangles will of course have a big impam the resulting
approximability. We chose 5 di erent meshes consisting of 50, 0500, 800, and
1080 triangles in the units disk. Figures 2.10 and 2.11 show thpproximate solution
using the nite element approximation. One can clearly see thahe approximability
at the center pointr = 0 improves greatly as the number of piecewise linear element
increase.

We suspect that the nite-element method will be able to betterhandle the
approximation at the center of the disk due to the fact that thecollocation method
seeks a solution in a nite dimensional subspace & () which is a relatively
smooth space due to the smoothness of the kernel . In order to véyi this, we
compute the collocation approximation where we take the sef oollocation nodes to
be the nodes of the triangles in the nite-element mesh. The gres in 2.12 show the

meshless approximation at di erent angles for the rst two sets bcollocation nodes
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Figure 2.10: Piecewise-linear Finite element solution with 153 (left) ard 310 (right) nodes
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Figure 2.11: Piecewise-linear Finite element solution with 577 (left) ard 789 (right) nodes

from mesh.
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Figure 2.12: Meshless collocation solution with 153 (left) and 310 (righ) collocation

nodes in .

generated from the rst two element meshes. Again, since we are ugismooth
kernels inC® for the native space of the meshless collocation, we cannot expthe
approximation at r = 0 to improve greatly where the sharp point is located. As one
can clearly see, the largest errors in magnitude come near thenter point of the
disk. This was not the case with the nite element solution.

To compare the performance of the two methods, we evaluate the error
for each approximation at the corner nodes of each triangldeenent. Table 2.7
shows the results of the error analysis and we see that the SMC appimation
is slightly better by a factor of aboutcl0 ! wherec < 1 is some constant. The
meshless method handles the boundary much better of course simeepiecewise
linear approximation of the unit disk is being done. Most of théarger errors in both
approximations come at the center of the disk where the sharp b is centered.
Since smooth kernels are being used in the SMC approximatiorhet method has

much di culty in approximating the sharp point at r = 0. This is clearly seen in
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the convergence rate of thé&e! error since the rate steadily declines for an increase
in nodes. The nite-element solution, however, sees a much marensistent rate of

convergence due to its piecewise linear approximation.

Table 2.7: Comparing L* errors of the FEM and SMC method.

Nodes| FEM L error | SMC L error

153 1.262e-001 1.902e-002

310 5.831e-001 9.283e-003

577 3.763e-002 3.349e-003

789 6.32de-003 2.012e-003

1180 1.023e-003 9.711e-004

2.4.4.2 Experiment 2

For the second example, we now wish to compare the numerical gan of
both approximation methods in a problem where the domain isnon-smooth and

non-convex. We consider the elliptic problem

ux;y) = f(xy); (x1y) 2
(2.122)

u(x;y) = sin(5r%) cos(10?) (x;y) 2 @ ;

. . P—
wheref (x;y)= 14+ % (sin(5r?) cos(10'2)), and againr = x2+ y2. The
we consider is a union of 4 di erent ovals creating the ower sh@ped domain shown

in gure 2.13.
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Figure 2.13: Finite element solution with 50 and 150 triangle discretizion .

We again consider a uniform triangularization of the domain sing 5 di erent
meshes consisting of 50, 150, 400, 800, and 1500 triangles whwzebasis functions
are piecewise linear across the elements.

To compare the performance of the two methods, we again evaleahe L1
error for each approximation at the corner nodes of each tngle element on the
nite element mesh. Thus the collocation nodes used in the mesisk approximation
correspond to the triangle corner nodes of each element aneéth! error is computed
on the same points. This is shown in Table 2.8.

Since the analytic solution is quite smooth, we see that the SMCpgorms bet-
ter than the nite element method. The numerical convergenerate of the the mesh-
less approximation, compared with the previous convergencates, is only slightly
dampened by the nonsmoothness of the domain. From these two exdes, we can
expect that the smoother the solution, the faster the convergee and more accu-
rate solution for the SCM compared to FEM. We've seen that the snadhness and

convexity of the domain, does not have much of an e ect on theoavergence rate
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Figure 2.14: Finite element solution with 913 nodes from mesh in .

either for meshless collocation. This is most likely due to theaét that no mesh-
ing of the domain is necessary and only dependent on the colltoa nodes. In
the FEM approximation, if a nonsmooth solution is expected, weaw that the nu-
merical convergence rate is higher and the SMC numerical a@ngence rate slows
signi cantly.

We have thus seen that the advantage of SMC over FEM, besides ttaet that
no mesh or numerical quadrature is needed, is in the simplicitf the implementa-
tion. Furthermore, for smooth problems we can expect the SMCethod to be more
accurate and converge faster. One drawback however is if sitagities or disconti-
nuities in the solution. We have seen that the SMC method will fato converge in

this case whereas the nite element approximation with piesase linear elements
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Table 2.8: Comparing L* error of ower-shaped domain problem.

Nodes| FEM L error | SMC L error

76 1.1983e-001 | 1.1263e-002

253 7.7472e-002 | 6.7123e-003

913 2.6393e-003 | 4.2102e-004

3457 | 1.1635e-005 | 7.6162e-006

6890 | 8.2721e-006 | 2.1298e-008

has a much easier time handling such problems. There is one issueutlthe MC
method that we still have yet to investigate which is the issue ofumerical stability.

We discuss this in the next nal part of this numerical section.

2.4.5 Accuracy/Numerical Stability Trade-o

A well known problem in meshless collocation methods is the tta-o be-
tween the accuracy and the stability of the meshless collocationethod. Theorem
2.3.6 in the previous section introduced a pointwise converyze rate for symmetric
collocation based on the saturation parametdn of the collocation setX = X;[X ».
The numerical experiments demonstrated that in fact, a much ddter rate can be
achieved, even on nonsmooth and nonpolygonal domains. Howeas we will now
show, there is a tradeo between these robust numerical convengce rates and the
stability of the approximation.

Generally, thestability of the meshless collocation method is measured in terms
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of the condition number of the collocation matrixAx where the condition number
is given as condfix) = kA kzkAxlkz which in most numerical applications is
estimated by the ratio of the largest to smallest eigenvalue. Weedhe in(Ax) =

inf ,gv —4%— > 0 as the minimum eigenvalue of the collocation matriAx and is

positive due to the positive de nite property of Ax. To clearly see why ,in(Ax) is

important in the stability of the collocation process, we knowhat if  satis es the

collocation problemAyx = f wheref = (fjx,;gjx,) IS the interior and boundary
data, then TAyx = T and hence
(T )2=k kp — - Kfky:
min (AX)

Thus the closer n,in(Ax) is to zero, then the less we know about the solution vector
and the larger the condition number ofAx . In the following example, we will
demonstrate that ,i,(Ax) does in fact get closer to zero as decreases.

We will attempt to demonstrate numerically that the greater the accuracy de-
sired in the approximation, the closer the collocation matriXA x is to becoming ill-
conditioned and eventually non-inversible using standard maxk inversion routines.
To investigate this inverse relationship between the stabilittand convergence, we
compare the evaluation of the! norm of the power function with respect to the dif-
ferential operatorL and the smallest eigenvalue of the collocation matri& x . Recall
from the previous section that the power function for the moded kernel | evalu-
ated anywhere on isde nedbyP? ., (x)= k L(;X) P f ) LOx)kG 0
whereX; is the set of interior collocation nodes. Th&! norm of the power function

kP _.x,k.: was proven to be bounded by h* 2 for some constantC dependent on
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the kernel and where k 2 is the smoothness of the kernel. The power function
measures how well the nite sumP jnzl v, L(;X;) approximates the kernel (;X)

in the native space. Of course, as the number of points X increases, the power
function should go pointwise to 0. We show that this is indeed thease, but at the
cost of decreasing the smallest eigenvalug,, (Ax) and thus rendering the matrix
Ax ill-conditioned.

To compute the power function in these numerical experimentsye use the

fact that
X 2
kK L(;x) vi (X) L( %)k O
j=1
>0 0 (2.123)
LOGX) 2 () xx)+ w)%(X) L(Xisxg):
=1 ji=1
This is written in matrix-vector form as
v(X)TA¥(X) 2¢(X)TR(X)+ L (X;X); (2.124)
with matrix Afi;j]1= L(X;;X;) and R(x) = ( L(X;X1);:::; ( xn))T. But since

Aw(Xx) = R(x) by de nition of the vector w(x), we can reduce the power function
to

P ()= L06x)  wx)"R(x)"™ (2.125)

In these numerical examples we continue to use the positive dé@&kernel de ned
by the radial function 3 2 C®(R?). We compute the power function on 15 di erent
sets of collocation nodes containiny = 100; 20Q ::: ;1500 evenly distributed nodes
in the square domain = [0;1. We compare this withN = 100;20Q:::;1500

distributed nodes as well. Figure 2.15 shows the plot of tHe! norm of the power
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Figure 2.15: (Left) L norm of the power function asN increases for uniform random

grids. (Right) Condition number of Ayx on uniform and random grids.
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function for increasingN . The plot on the right plots the condition number of the
collocation matrix Ax as N increases. Notice that the condition number quickly
grows and then tapers o asN gets large pastN = 1000. Since the nodes are
getting closer and closer, withh decreasing, this implies the the rows are becoming
more linearly dependent, thus rendering\ x ill-conditioned.
Figure 2.16 shows two di erent angles of the plots of the powdunction P2L X

for a uniform grid of collocation nodesX whereN = 100;20Q 300G 400. The plots
are layed on top of each other to see the e ect disz x_converging to 0 everywhere

in pointwise as N increases, as it should.
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Figure 2.16: Power function on for 4 di erent sets X with N = 100; 200, 300 400. Two

di erent angles shown.

The fact that as the points in X get closer together, the rows ohx become
more linear dependent suggest that the smallest eigenvalugi, (Ax ) would be de-
pendent on the node separation distance given by, := %minjgk kxjN xR Ko.
Wendland shows in [69] that in the case of compactly supportedrkesls constructed
from Wendland's compactly supported radial functions ¢ from Table 2.1 that the

bound

mn(Ax) Co* 412 (2.126)

holds for some constantC > 0 wherej j is the order of the di erential operator
L. Thus according to Wendland's estimate, less smooth kernels siab produce
higher lower bounds for the smallest eighenvalue, but at the sbof having slower
converging collocation approximations.

In this nal experiment of the numerical section, we wish to inestigate Wend-
land's lower bound for the minimal eigenvalue numericallyin this experiment how-
ever, to allow the use of the additional kernel ;, we simply compute smallest

eigenvalue for the case in which all the functionals are poimvaluation functionals
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P = x in the interior instead of ; = ( Xj L). In this case, the lower bound for
the minimal eigenvalue should simply b€ >. We compute the power function
P2, (x) = k( ;x) P jN:1 v (X)) (5x))k3 o for each kernel o) = «(k k)
and compare the smallest eigenvalue with th&® norm of the power function
and the separation distanceyy, . The interpolation matrix Ay then has entries
Axxliij1= ( xi;x)) = «(kxi  xjk). We compute this on 15 di erent uniform
node grids and compare the performance in gure 2.17 for they; ,, and 3, re-
spectively. The plots show how the norm of the power function deeases as the
condition number increases. In each plot, the rate of each ke&ln 1; ,, and 3 is
compared. Ideally, we would like to see the norm of the powerrfation decrease at
the same rate the condition number increases. However, this istrexactly the case.

We do see that in fact that the less smooth the kernel, the betteroaditioned
the resulting interpolation matrix will be, but at the cost of a slightly less accurate
solution. This phenomenon should be carefully considered wheleciding what
kernel should be used in computing numerical solutions to PDEssimg meshless
collocation. When one wants an accurate solution with a veryinhited number
of collocation nodes in the domain, these numerical experimie suggest that a
smoother kernel should be used to construct the native space andhsequently the
solution. However, if the solution is expected to be nonsmoothhe kernel built
from ; should be considered as it will allow for higher amount of coltation nodes

with a lower condition number.
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dierent kernels dened by 1, 2, 3.
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Chapter 3
A Meshless Collocation Method for the Rotational Shallow Water
Equations on the Sphere

3.1 Introduction

In this second part of the thesis we construct a meshless colloceatiapproxi-
mation method for the rotational shallow water equations onhe sphere and apply it
to a small suite of tests designed to characterize its strengths @meaknesses. The
rst part of the chapter deals with some theoretical issues of régnal approximation
that have been considered in past literature such as Stanifor{p2] when developing
a new regional modeling technique. We highlight some result$ the theoretical
issues which we later apply when discussing our numerical expeeims. We then
discuss the shallow-water model and its discretization on the spte. Given that
there are many ways of discretizing the nonlinear system of edigns on the sphere,
we aim at developing a so-called cubed-sphere model and disctsadvantages over
other types of discretizations. The third part of the chapter hen discusses in detalil
the implementation of meshless collocation on the shallow-veatequations where we
adopt a semi-implicit time stepping scheme which results in a mia¢matical struc-
ture well suited for high-performance parallelization. Inlhe next chapter, we give

an e cient implementation of the parallelization of the model where we also discuss
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hardware and software considerations that we use to run numeaicsimulations.
The simulations are based on the standardized test cases proposgdwilliamson
et al. [71] primarily for experimenting with new approximaton methods for the
shallow-water equations on the sphere. The computational rdsiare given which
summarize the potential of the meshless collocation method fbigh-performance
geophysical uid dynamics applications. We then conclude wita nal discussion
on some future research endeavors stemming from the meshlessocation method

proposed in this chapter.

3.2 Theoretical issues of regional approximation in global model

One of the primary goals of numerical climate and weather pdection is to
construct high-resolution approximations over the largest msible areas in the do-
main of interest for a long period of time. Our main motivationin this chapter is to
show computationally that the construction of a high-resoluttn approximation over
large and smaller regional areas for a long period of time is gsible with meshless
collocation methods.

It is generally considered impractical in most meteorologitenodels to use high
resolution uniformly over the globe due to storage and compuianal time costs.
Because of this, the study of regional approximation methods iglobal models for
weather and climate has gained massive attention over the pasta decades. High
resolution is required over regions of interest namely to su @ntly represent small

scales and processes which can a ect the atmosphere's globallevon. Staniforth,
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Cote and others (see e.qg. [18], [52]) claim that constructinggional approximations
of the regions of interest can be done based on the fact that metelogical systems
move with nite phase speeds. However, the size of the regional arkargely de-
pends on the simulated or forecasted time period. As suggested %2] and shown
computationally in [56], this would primarily be due to insu cient resolutions at the
boundaries of the regional approximation causing poorly relsed features to propa-
gate inwards at phase speeds dependent on the model and time piag discretiza-

tion. If mesh structures change too abruptly however (i.e. fra coarse to ne and
then to coarse), propagating waves governed by the hyperbmbkystem of equations
can begin to see the addition of spurious modes stemming from theonsistency
between the mesh sizes. This will globally cause instability in éhapproximation

over long periods of integration time if the mesh is not propsr constructed. It is

thus a grand importance when testing regional approximatioschemes to not only
vary the size and resolution of the localized region, but also tenforce a uniform
transition from ne to coarse resolution and to test the time intgration interval and

its e ect on the regional approximation accuracy.

Most of the current methods for regional approximation utilzed in global cli-
mate and similar geophysical models stem from the area of mesh goid) re nement.
In this type of methodology, the mesh in the regional domain ahterest is re ned
to a desired mesh size while the mesh size increases by small factoosing away
from the xed region. Some numerical experiments using glob&CMs in the past
(e.g. [2]) have demonstrated using this type of mesh re nemenha&t a decrease in
horizontal grid size improved the predictability of large, &eady well-resolved waves

108



such as Rosshy waves.

In this thesis however, we will propose a di erent approach toegional approx-
imation through the use of meshless collocation. As we hope to demstrate, the
advantage to using meshless collocation for both global and regal approximation
of the shallow-water dynamics comes from the fact that no numeal quadrature
and remeshing will be needed due to the nature of collocatiomhis greatly sim-
pli es the approximation and re nement at any time step. In the next sections, we
will discuss the underlying shallow-water model along with itsubed-sphere domain
discretization and the semi-implicit time stepping method wtah will be used for
the time evolution of the shallow-water model. Both provide aintegral part of the

proposed geophysical model in this thesis.

3.3 The Shallow Water model

Being the simplest form of motion equations that can approxinta the hor-
izontal structure of the atmosphere or the dynamics of oceandhe shallow-water
eguations have been used as a robust testing model in atmospheicl oceanic sci-
ences. The solutions can represent certain types of motion inding Rossby waves
and inertia-gravity waves while describing an incompressiblaid subject to gravi-
tational and rotating acceleration. The governing equatias for the inviscid ow of
a thin layer of uid in 2-D are the horizontal momentum and cotinuity equations
for the velocity eld the geopotential height. We will not discuss the derivation of

the shallow-water model in this section. For a good derivationf the shallow water
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equations on the sphere, the interested reader is referred t@lkay [34].

While there are many di erent ways of de ning the shallow-waer equations,
we focus in this model on cubed-sphere geometry originallygmosed by Sadourny
in [43] and used in other global models in recent years such a8][and [57]. We
begin by a brief review of the cubed-sphere while adopting ragtonal conventions

from [58].

3.3.1 Implementation of the Cubed-Sphere

As a visual aid, the cubed-sphere is constructed as follows. Coresig cube
inscribed inside a sphere where each corner of the cube is a panthe sphere and
where each face of the cube is subdivided inld: subregions. The goal is to project
each face of the cube onto the sphere and in e ect, obtain a quasiiform spherical
grid of 6 Ng subregions which can be further subdivided into many subregisrof
interest. In the mapping of the cube to sphere, each face of thale is constructed
with a local coordinate system and employs metric terms for tresforming between
the cube and the sphere which we de ne next. This will allow coputations to be
done on a unit square for each face of the cube, which will protee be much easier
than working in spherical coordinates for the meshless colldican.

Let (; ) be equal angular coordinates such that =4 =4. Then
any x; and x, on a faceP; of the cube is related throughx; = tan ;x , = tan
We denoter the corresponding position vector on the sphere with longitude and

latitude . For such an equiangular projection, we de ne basis vectoeg = r and
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a, = r which may be written as

1 1
T oz v T Gog T 1)

wherer,, andry, are de ned as

My, COS ;7 x1

I'x, COS «,; x, -

The metric tensorg; ; i;j 2 [1;2] can be derived as

2 3
i M Txa Txo
g9 =a a = ;
rxz rxl rxz rXZ
3
1 g 1+tan? tan tan é
~ r4cog cog , ’
tan tan 1+tan
= ATA;

wherer? = 1 +tan? +tan? and the Jacobian of the transformation and the

matrix A are, respectively,

1
r3cog co<

2
cos cos
A=§

111

% = [det(gy )" =

and



In order to transform between the cube and the sphere, an exptiform of A and
A 1 are needed for each face of the cube which are derived by thedbcoordinate

system on each face. First, the matrice& and A ! are given as

2 3
1=cog 0
A=A ; (3.2)
0 1=cog
and
2 3
cog 0
A 1= A L (3.3)
0 cog

In order to complete the transformation from the cube to the spére, the
explicit form of the matrix A is needed which is dependent on the cube face. For
the lateral facesP; through P4, A is the same. Using the global spherical coordinates

and , the values are

— 2 . —

x; = COS” ; x, =0
— o H . — 2 .
x;, =Sin  sin cos cos; x, = COS~ COS;

which gives
2 3
cos 0
A =cos cos ; (3.4)

sin sin  cos
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and

2
sec 0
A l=sec sec E

tan

The top panel Ps of the cubed

x, =COS tan ;

—_ H 2.
x, = Sin sin® ;
which gives
2
cos
A =sin
sin  sin
and
2
sin cos
1
1 -
A= —
sin
sin  sin

3

tan sec

x, =Sin tan ;

— 2
x, = COS sin® ;

3
sin
sin cos
3
sin
cos

(3.5)

(3.6)

(3.7)

And nally, similar to the top face, the bottom face Pg metric is de ned as

x, = COs tan ;

— ol H .
x, =sin  sin ;

2
cos
A =sin E

sin  sin

which gives
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x, =Sin tan ;

, =C0s sin

sin

sin  cos

(3.8)



and

sin cos sin

=
|
[EY

N

sin (3.9)

sin  sin cos
Finally, while using the de nition of g; given in (3.2), we can write transfor-

mations between covariant and contravariant components @ vector u = (Uug; Uy)

as
2 3 2 32 3 2 3 2 32 3

Uz Qi1 Oi2 ut ut g™ g* Uz
; = : (3.10)
uz P11 2 u? u? gt g* uz
With the metric terms de ned, we can now write the shallow wate equations
in the curvilinear coordinates system to be integrated on theubed-sphere. In such

a coordinate system, the shallow-water equations can be writteas follows

h [
%= uig(f + )+ @—@9( %u1u1+ uu® + %{ ;
[
Go= g+ )+ oy puat Ut + o
@_ X @, @._.
@t - (U]@‘* 5@(9 u))

with initial conditions given by an initial velocity eld an d geopotential surface
height °u(; )= f(; )and q; )= g(; ), respectively. We will assume both

elds are continuous across the sphere in latitude and longitle.
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Here, we have dened = °+ ( where , is the xed bottom topography
and Cis the displaced geopotential heightf = 2! sin is the Coriolis force { is

the rotation of earth) and

_ @i @y
9~ 9% oz

is the relative vorticity. Covariant and contravariant vedors are de ned through the
short-hand metric tensor notationu’ = g’ u;, g =(g;) *. We note that the metric
terms g' can be computed and stored prior to the time stepping of the eqgtians
once the discretization of the cube has been resolved. An exampif a discretized
cubed-sphere is shown in gures (3.1) at two di erent angles. Oerach face of the

cube, we used a 8 8 Gauss-Lobatto-Legendre distribution of points.
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Figure 3.1: Discretized Cubed-Sphere

Only knowledge of the collocation points are needed to comjguthe metric
terms for evaluating the velocity and geopotential elds orthe sphere. We discuss
the e cient implementation in Fortran 90 of the metric terms and the covariant

and contravariant vectors for mapping between the cube andhé¢ sphere in the next
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chapter.

3.3.2 Semi-Implicit Time Discretization

As an integral part of our geophysical model, the semi-implicitime step-
ping scheme which we discuss in this section has many computatbmadvantages.
Semi-implicit time stepping schemes were rst used in atmosphermodels in order
to alleviate the problem of stability constraints ultimately due to the fast mov-
ing gravity waves in the discrete shallow water equations [58]They have been
successfully applied for allowing an increase in the time step Wadut a ecting the
atmospherically important Rossby waves. Furthermore, since tHast modes in the
spherical shallow water system are ultimately associated with tremall scale grav-
ity waves, semi-implicit integration is highly desirable for kmate models where the
small scale gravity waves are not signi cant to the global largecale dynamics. Such
a semi-implicit method is described in this section and was onmlly proposed in
the spectral element model developed in [58].

As we will show later in this section, the resulting time discretecimulation
of the shallow water equations using the semi-implicit methodeads to solving an
elliptic Helmholtz problem for the geopotential at each timestep. A preconditioned
conjugate gradient method is then used to solve the system sinceethesulting
discrete Helmholtz operator is symmetric positive de nite.

The semi-implicit time stepping is composed of an explicit ledwg scheme for

the advection terms combined with a Crank-Nicholson scheme ftre gradient and
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divergence terms. Adopting the di erence notationu; = urtt gt

J jand:

n+l n 1 the time discretized shallow water equations in curvilineatoordinates

can be written as

h [
. @ - @ n 1 ';n .
uj + t_@k( ) = 2t _@k( )+ £l

X2
@(gujn 1)+ fn .

+ t—° @(gu) 2 tao

where the tendencieg " and f" contain nonlinear terms along with the Coriolis

term and are evaluated explicity as

- . 1
fej,n - uk,ng(f + n)+ _@ —U]_U + Uy U2 n;

@k 2

and

@, "% @
@x 9, @

fn= ( uin
j=1

ax9Y un h):

Now to put the equations in the form we are interested in, we bron the implicit
terms to the left hand side of the equation and the explicit tans to the right, we

end up with the time discrete evolution form of the shallow wateequations
+ @ + _ @ ';
uMtt + t@( "=t t@( " t+2 g ln (3.11)
X2 @ . X2 @
oy ¢ 0 — (gu"*t ni t-2 — (gu"™ H+2 tf" 3.12
;  @xe" ™) ;  @xed" ) (3.12)

which is now in the form needed for spatial discretization usingieshless collocation.
Due to the Crank-Nicholson terms, the storage of two or more premis time steps is
needed. In order to compute the rst two time stepsn =1 and n = 2, two forward

explicit steps with very small time step t can be applied to the shallow-water
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equations where the nonlinear terms are on the right-hand sdf the equation. For
example, with initial states of the velocity and geopotentik elds given as U?; u9)
and ©, a small initial step t to get (ui;ul) and * can be computed as

0 @

( _.O+ fj;O.
Potg O i

u

1 _ o ¥ @

= t— (U + tf %
g ax9v)

We note however that the t used in this step should be magnitudes lower than
the t used in the semi-implicit stepping. We discuss this issue further the next
section on the initialization and implementation of the mode

The overall performance of this semi-implicit method is redied to the perfor-
mance of a robust approach for solving equations (3.11) in an eient manner for
obtaining the solution at the n + 1 time step. Of course, this is highly dependent
on the spatial discretization of the variabless = (u;; uy) and . In the next section,
we propose a meshless collocation method for approximating sieevariables at each
time step, where the collocation method will rely heavily ontte theory from chapter

2.

3.4 Meshless Collocation for the shallow-water equations

With the shallow water system of equations cast into discrete timstepping
form, we can now approximate spatially across the cubed-spher direct approach
to solving the equations in (3.11) using the meshless collocationethod from the
previous chapter is not so clear. In fact, if one does a directsdretization of each
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variable using SPD kernels as shown in chapter 2, the resultingéar system would
be nontrivial to solve since it would be nonsymmetric and not nessarily positive
de nite. It might even be singular. In order to guarantee a urgue solution at every
time step, a di erent approach must be taken to cast (3.11) into dorm in which a
unigue solution is obtainable and feasibly computable.

In this section, we propose a new meshless collocation approamhdiscretizing
and solving (3.11) in a robust and computationally fast mannerThe method will
take advantage of compactly supported symmetric positive deite (SPD) kernels
and the theory of SPD kernels presented in the previous chapteWe rst give a
general approach to the method and then discuss speci c implentational issues
related to the compactly supported SPD kernels. In the next cluer, we then
demonstrate an e cient parallelization of the method in Fortran 90.

In this new meshless collocation approach for approximatingé shallow water

equations on the sphere, we will use a distribution of collocath nodes for both the

of N collocation nodes on for the velocity and the geopotentialelds.
Following the theory of chapter 2, in this meshless collocatioconstruction
we consider a symmetric positive de nite kernel 7' R such that 2

C( ) and construct the following discrete Native space on

N N =spanf ( ;X1);::0 ( XN)O: (3.13)

We approximate each component of the velocity eldi” = (u’;u}) and the geopo-
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tential " at any time stepn > 0 by a reproducing kernel expansion so that
uln;Uln; N 2N . Thus we seek vectors ™1, Mz m 2 RN at each time

stepn > 0 such that

X
UQ;N(): anUl( P Xj)
j=1
U () = 7 Cxg) (3.14)
i=1
n()= X))

As required by collocation, we enforce all three of these exmons to satisfy the

time discrete equations at the collocation nodeX. This amounts to enforcing
@
UGt (Xi) + t@( )" (xk) =
@
@x "
X2

ACOR @@qu‘m"”(xk):

uly 1 (Xk) )" )+ 2t (x); 8xy 2 X

(3.15)

o (xy) ta" @@’:((gui,\l)” Lx)+2 tf "(Xk); 8Xk 2 X

for each time stepn > 0.

Although equations (3.15) are in the desired form, we do not dictly attempt
to solve them since the resulting system would be nonsymmetric, yelarge, and
possibly not even solvable for a unique solution at each time stef/e instead take
a di erent approach where we eventually decouple the veldgiand geopotential
approximations, consequently replacing the system (3.15) by a atter one which
is in fact symmetric, positive de nite, and easier to solve via egugate gradient

methods.
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In order to solve for all three components more e ciently, we bgin by casting
(3.15) in a slightly di erent form using a nodal approximationfor each component.
This is done as follows. For simplicity of exposition, we demonste the method
on a simple continuous scalar function on and then apply the méod to the
components in (3.15). To this end, letu 2 C() be any continuous function and
consider approximatingu by someuy 2 N .y which satis es uy(Xk) = u(Xy)
for all x, 2 X. It was shown in Chapter 2 that this can be accomplished by
letting un () = P it i ( 5x)) and then requiing 'L ( X X;) = u(xy) for
all xx. Thus we arrive at the systemA = u whereu = (u(X4);:::;u(xy)) and so

= A 1u.

Sinceu(Xxy) = uyn(Xk) at any xx 2 X, we have

@ X e
@:‘(Xk): i @( 1( Xk;Xj); 8xk 2 X

j=1

where @—% denotes the derivative acting on the rst argument of the kerel .
1

In matrix form, we write

Uyt = A1 (3.16)
whereu,: = ( &(xa);:::; S(xn)) and
1
@—% 1( X1;X1) @—% 1( X1, XN)
Ax, = : : : (3.17)
@—% 1(XN;X1) @—@;@ 1(XN;XN)
Now since = A lu, substituting into (3.16) we have
Uger = AiA tu = Dyu: (3.18)
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Notice that the N N matrix D, = A,:A ! is actually a di erentiation matrix.
Thus to approximate %‘ pointwise onX we simply construct the matrix D, using
the inverse of the collocation matrixA and the matrix A,:. A similar construction
for the di erentiation matrix D, = A,.A *for derivatives in the x? variable can also
readily be accomplished. Using these di erentiation matriceshe pointwise values
of the gradient eld of a scalar function and the divergence of a vector velocity
eld u can now easily be approximated asl)(; ;D , ) and Dju; + D,u,, where
u;, and u, is the vector of values at the collocation nodes.

Using the di erentiation matrices just de ned, we can now cast tle equations
(3.15) into nodal form. We letD; and D, be the di erentiation matrices with respect
to the collocation nodesX and de ne the 2N 2N matrix D =[D;D,] then (3.15)

can be written as

un+1_'_DTn+1:un1 DTnl+Rn
u
(3.19)
n+1l + DGtUn+1 - n 1+ DGtUn 1+ Rn
for each time stepn > 0, whereu" = (4];¢5) and " are vectors of length &
and N, respectively of the nodal values at the collocation nodes K. The vectors
R? 2 R? andR" 2 RN are the vectors of the values at the collocation nodes of the
nonlinear and Coriolis forcing terms at time step. The matrix G, is a diagonal

matrix containing the terms tEO'

The velocity-geopotential decoupling can now be accomplisth by rst writing
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the the system in matrix-vector form
2 3

It DT 2 3 2
un+1 Rn
u
g é = g Z : (3.20)
D It
where we have de ned the matrices and vectors

It=1= t

(3.22)
=1= t ¢=9
with | being the identity matrix, and
Rl=(u"?* DT "'+RN=t
(3.22)

R"=( "'+ DGw" *+R")=t:
A Helmholtz problem for the geopotential perturbation at time stepn + 1 is
obtained by rst writing the expression for the velocity solutian at time stepn + 1
yielding

u"t = t(R)+ tDT "™, (3.23)
and then applying back-substitution to obtain an equation forthe geopotential
n+l o4 42 oDDT "1 = RO: (3.24)
where
R R" t DD TRY: (3.25)

Once the geopotential is computed from (3.25), the velociteld is updated at time
stepn + 1 using equation (3.23).
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Notice that the system in (3.24) is of Helmholtz-type due to the fet that the
N N matrixdenedby H=(1+ t? (DD T)is symmetric and positive de nite.
Furthermore, sinceD™ "*1 approximates the gradient eld of the variable evalu-
ated at the collocation points, it is easy to see that the di eretiation matrix D then
approximates the divergence ob™ "*1. We can thus viewDD T as the Laplacian
operator on .

Using this semi-implicit time stepping algorithm to decouple tlke velocity and
geopotential elds, we have e ectively reduced thelS§ 3N nonsymmetric system
of equations in (3.19) at every time step to aitN N system. Moreover, since the
matrix H is symmetric and positive de nite, we can solve (3.24) using an &ient
preconditioned conjugate gradient method to approximatehe geopotential "** and
consequently the velocity eld through equation (3.23). In he numerical section of
this chapter, we discuss an e cient preconditioned conjugatgradient method for

solving (3.24) in parallel using a message passing interface in tfan 90.

3.4.1 Implementation of the shallow water model

In this section we discuss an e cient implementation of the appwximation
scheme for the shallow water equations on cubed-sphere desdtilethe previous
section. Since the core of each time step obviously comes in sgjvanN N system
for the geopotential, the robustness and computational speed the meshless col-
location is heavily dependent on a robust preconditioner fdhe conjugate gradient

method. Before we discuss solving the Helmholtz problem for thegpotential, the
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initialization issues of the model need to be addressed.

As with any collocation method, the choice of the SPD kernel f@onstructing
the discrete Native space is crucial for this meshless collocatiecheme applied to the
shallow water equations. In this thesis, due to there powerful @poximation ability
and fast summation techniques, we have chosen to use the compadlypported
radial functions developed by Wendland in [64] and revieweidh Appendix C. In
particular, we are interested theC* Wendland function de ned by ,(r) = (1
r)8 (35r2+18r+3) since its collocation matrix is better conditioned than he 3 radial
function and has better approximation ability than the ; function as demonstrated
in section 2.4.3. An additional parameter which we will make usef is the inclusion
of the so-called shape parameter> 0. Using the , radial function, we can scale the
support of the associated SPD kernel by simply de ning &;y; ):= 2(kx yk=).
The support of the kernel can thus be expanded or contracted gending on the value
of epsilon. We will use this feature to appropriately constructhe interpolation
matrix A for in such a way so that the inverse of Ax can be computed quickly.
We will show how this is done in the following.

The meshless collocation spaces are initialized on the entingoe by distribut-
ing N collocation nodes on = [ &, P; and then constructing the discrete native
spaceN () = span f ( ;x;j);:::; ( ;Xn) that will approximate both compo-
nents of the velocity and the geopotential. The interpolatn matrix Ax based on

the collocation nodesX is computed by constructing each row as follows. For each

neighbors tox; are included in the support ( ;X;; ), for some xed m. This can
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be achieved, for example, by using the nearest neighbor seardtpoaithm presented
in Wendland Chapter 14. We reproduce it in the Appendix C. Oncan > 0 has
been chosen such that at mosn nearest neighbors are in the support of (;Xx;; ),
the interpolation matrix Ay is then built row by row where the nonzero entries cor-
responding to rowi are the values of the kernel (x;;x;; ), for all x; 2 X such that
kx;i xjk . If the collocation nodes are clustered correctly, The resutly matrix
should then have a concentration of values along the diagonatith a bandwidth
of m, and zeros in all other entries. For example, witm = 4, the matrix could

resemble something like

0 1

( XX ) ( XXz ) ( Xa5Xs; ) 0

( X23X1; ) ( XaiX2; ) ( Xa2iXs; ) 0
( XaX1; ) ( XarXz ) ( XaiXs; ) ( X3 X4; )
Ax = 0 0 ( Xa;X3; ) ( X4;X4)
( Xi;Xi 15) ( XisXi; )

0 0 0

0 (xnixnos ) (O XnsXn 25)

The next step in the initialization is to compute the inverse ofhe interpolation
matrix Ax. Since the matrix might be quite large rendering direct Gaussn elim-
ination methods infeasible, we propose an e cient parallel gbrithm in the next
chapter based on a so-called Connected Schur's Component alipon originally
developed in Mahmood et al [39].

Once A ! has been computed, the di erentiation matricesD, and D, with
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respect to the collocation nodes are constructed by rst buildig the matrices
0 1

xt;1(X1;X1; ) xt:1(X1; X2; ) x1:1(X1; X3} )

Axi = xt;1(X2;X1; ) x1:1(X2; X2; ) xt;1(X2; X35 ) ,

and 0 1

wi21(X1; X175 ) wea(X1X2r ) xra(XaiXs; )

Axz = x2:1(X2:X1; ) x21(X2;X2; ) x21(X2i X3 ) )

The di erentiation matrices D; and D, are then computed as shown before by
D; = Ac:A tand D, = A 2A L. It is worthwhile to note that due to the banded
diagonal structure of the matricesA,. and A,z, the di erentiation matrices can
be quickly computed by only summing on the elements which areonzero. This
signi cantly reduces the cost of the matrix-matrix multiplication.

The nal step in initialization of the method before starting the time stepping
process of the semi-implicit discretization is to compute the etric tensor terms
evaluated at the collocation nodes for mapping the velocitgnd geopotential elds
to the sphere. In the next chapter, we show how this can e cienyl be done using
data structures in Fortran 90.

Once the metrics and Coriolis forcing evaluated at each collation node has
been resolved, the semi-implicit time stepping procedure care bnitiated. Recall
from the previous section that in order to compute th rst semi-implicit steps, the
initial and rst step need to be stored. Due to its simplicity, we popose a simple

forward explicit time step with very small t. With initial states of the velocity and
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geopotential elds evaluated on the collocation nodes of the cube, and represented

by the vectorsu® 2 R?N and °2 RN, the rst step can be computed as

L= u D" %+ tRY;

0 tGDu °+ tRP°;

As already mentioned, due to the nature of explicit time steppig, the t used in
this step should be magnitudes lower than the t used in the semi-implicit stepping.

Once the vectorsu! and ! have been computed, the semi-implicit method can
be utilized. For each time stem > 1, the computation of the nonlinear and Coriolis
forcing terms are done by using the nodal values of each eldofn the previous
time step along with the di erentiation matrices and block identity matrices. For
example, to compute the vorticity of the velocity eld at time n,

o @8 @8
@x @x

we have using the di erentiation matrices

"= DEU"

whereE is the 2N 2N block permutation maltrix de ned by

0
0 |
E= % § ;
I 0
andl istheN N identity matrix. Similarly, the nonlinear term @—% Zusut+ U u?
can be approximated at the collocation nodes by rst computig the vector

vi=(11)@u" u") 2 RN
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where u" is the vector of contravariant values ofu", represents the element by
element multiplication operator, and ( 1) is the N 2N block matrix formed by
two consecutiveN N identity matrices. Applying the di erentiation matrix D;v",

n
j =1;2, then gives the values o% fu;u' + uu?  at the collocation nodes.

3.4.2 Complete Algorithm

We conclude this chapter with the complete algorithm for thediscrete evo-
lution of the rotational shallow water equations on the sphereising the meshless
collocation method proposed in this chapter. The algorithm qgsented below sum-

marizes all the steps discuss in the chapter.

Algorithm 5.1 Input: N, X , compactly supported SPD , time steps K> 1

Initialization:

Compute covariant and contravariant metric terms and Coribs forcing at

collocation nodesX

Assemble interpolation matrix A using compactly supported SPD kernel
7! R. Choose shape parameter so that A is a band matrix with

bandwidth m> 1
Compute A ! and di erentiation matrices D1 = A,sA *and D, = A.A 1.

Evaluate ICsu®(; )and ©°(; ) at collocation nodes on cube to get vectors
u®and °. Use forward explicit step to getu' and *.
Forn=1:::K, do
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" = DEu" and advection terms

Compute vorticity
Djv";, v'=(I1)(u" u");j=1,;2

Assemble right-hand side vectorsR}, and R", of Helmholtz system.

Solve for Helmholtz equation for geopotential using conjugagradient method

n+l + t2 0DDT n+l — RO,

where

R R" t(,DD'R!:
Update velocity eld with

L'|n+1 — t(RE + tDT n+1);

The computational core of this algorithm of course comes in eputing the

inverse of the band matrixA with bandwidth m > 1 and the conjugate gradient

subroutine for approximating the geopotential at each time &p. In the next chap-

ter, we discuss the parallel implementation of the above algthims using the mpi

libraries and give an analysis of their total number of operans and their parallel

time complexity. E ective and robust data structures using themodular paradigm

in Fortran 90 for the velocity and geopotential elds will ako be discussed. In

the nal part of the chapter we will then present a suite of numeical experiments

aimed at demonstrating the high-performance capabilitiesf gemi-implicit, meshless

collocation discretization of the rotational shallow water quations.
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Chapter 4
The High-Performance Parallel Computation of the Meshless
Collocation Method for the Shallow-Water Equations on the Sphere

4.1 Introduction

Since the goal of this thesis is focused on the demonstrating thethematical
and numerical properties of meshless collocation methods, @im in this chapter is
to provide numerical veri cation and validation of the meshéss collocation scheme
applied to the rotational shallow-water equations on the sphe that was introduced
in the previous chapter. We would like to show computationall that this proposed
model can compete with existing high performance methods fapproximating the
shallow-water equations such as the SEAM (spectral-element adspheric model)
developed at NCAR all while highlighting the advantages and dadvantages of the
method.

The chapter is organized as follows. The rst part of the chapteintroduces
two parallel algorithms used in the implementation of the semimplicit meshless
collocation method proposed in the previous chapter. The agthms are utilized
in the two computationally intensive steps of the model; 1) ndhg the inverse of a
band matrix and 2); the parallel conjugate gradient methoddr the solution of the

Helmholtz problem. The algorithms will be discussed in detail usg pseudocode
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along with speci ¢ data structure examples. We follow up with eamples in For-
tran 90 of data structures used for the velocity and geopoteti elds along with
the covariant/contravariant metric structures used for mapgng the cube to sphere.
Hardware issues in the parallelization of the model aimed at gng insight into
optimal computation time for the model will also be discussed.

Finally, to conclude the chapter, we give a suite of computainal experiments
to validate the e ectiveness of the proposed shallow water moldd~or this, we will
use some standard tests provided by Williamson et al. [71] that hasbeen used for

the past two decades for assessing computational accuracy andditmenchmarks.

4.2 Parallel Algorithms

In this section we propose some parallel algorithms for the higierformance
computation of the semi-implicit meshless collocation approxation of the shallow
water model. Speci cally, we introduce a parallel algoritm for computing the
inverse of a band matrix based on an algorithm originally dewvgbed in Mahmood
et al. [39]. We then give an analysis of the algorithm's operiain complexity as a
function of the matrix size.

The second parallel algorithm that we discuss is a parallel cargjate gradient
method. Since the systenid = R must be solved at every time step, wherH is a
symmetric and positive de nite matrix, a fast conjugate gradiat method must be
used to approximate . As we demonstrated in the previous chapter, the e ciency

and robustness of the meshless collocation model relies on the isienplicit time-
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stepping scheme which in turn relies on a fast method for appromation . The
parallel conjugate gradient method has the potential to be &ast and robust solver,
but at the cost of nding an e ective preconditioner and knowing how to distribute
the positive de nite matrix and vectors among the processors ian optimal manner.
We will limit our discussion to the parallel conjugate gradientmethod and defer
preconditioner issues to the numerical experiment section dfd chapter.

Both algorithms are based on the assumption that we have a clustef pro-
cessor nodes where each node has one or multiple processor andldamf storing,
reading, and writing data with all other nodes using an array fodata broadcasting
and gather routines. This is a standard assumption in high perforance parallel
computing and enables the use of thenessage passing interfackbrary (mpi) of

Fortran 90.

4.2.1 Fast parallel computation of inverting a band matrix

Recall from section 3.4.1 that in order to compute the di eretiation matrices
D, and D,, the inverse of the interpolation matrix A must be computed. Since the
N N interpolation matrix might be infeasible to directly invert using global SPD
kernels, we chose Wendland's compactly supported radial fumms and selected the

support parameterized by the shape parameter> 0 such that at mostm > 1 nodes
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are in the support. The resulting matrix,

0 1
( XX ) (XX ) ( XaiXs;) 0
( X2;X1; ) ( XaiXz; ) ( XaiXs; ) 0
( Xax1; ) ( XaXz ) ( XaiXs; ) ( X3iXa; )
Ax = 0 0 ( Xa;X3; ) ( X4;Xa) ;
(xiixiog ) (O Xxiixis)
0 0 0
0 ( XnsXnoa ) (O XnGXn 25 )

was shown to be banded, with a bandwidthm > 1. It turns out that this band
matrix is easier to invert using a parallel version of the so-calll connectivity of
Schur's complement (CSC) algorithm. The idea behind this & banded matrix
inversion is to properly use the connectivity of Schur's comeiments (CSC) resulting
in an algorithm with time complexity O(nlog(n)) wheren <N is a fraction of N.

An outline of the algorithm can be stated as follows. We initiatehe algorithm
by rst transforming the N N banded matrix into a tridiagonal block matrix of
n n block matrices of sizdo bwhereb=(m 1)=2. To do this we take blocks of
sizeb b of the original matrix and extend down through the diagonal. This new
block matrix is tridiagonal and we can now proceed into compung the inverse of
each individual smallerb bmatrix that can be done inO(b®) time on one processor.
An example of a banded matrix with bandwidthm = 5 and its block tridiagonal
representation is given in gure 4.1.

The successive steps in the CSC algorithm then considers a stringcafcula-
tions where inverses of the block matrices are computed andeth the computation
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Figure 4.1: Example of 6 6 matrix with bandwidth 5 and its 3 3 block tridiagonal

matrix representation.

of the Schur's complements are followed. We outline the CSCegis as follows.

Compute the forward inverse of the band

Compute the back inverse of the band

Compute the inverse outside the band

In the rst two steps above, the neighboring blocks are conneetl through the
Schur's complement. We illustrate the three steps of the algithm with the 3 3
block tridiagonal matrix shown in gure 4.1. We will denote the inverse ofA in this
3 3 block matrix as

In the rst step, the inverse of each diagonal block matrix is coputed and the
successive Schur's compliment to compute the remaining diagd® are computed.
This process is shown in gure 4.2.

In the second step of the algorithm, the outer block matrices dhe tridiag-
onal matrices are computed by beginning with the last diagohdlock matrix and

sweeping up towards through the diagonal to the rst diagonal leck matrix commu-
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Al] \‘ Al? 0
=1 -1 -1
A:n B1 =(A22“A21A11A1z) A'da
-1
s -1 -1
0 Asz B'z =(A33"ASQBIA23)

Figure 4.2: Diagram of of the forward inverse process on a simple 3 3 block matrix.

. . -
[, - -1 , P ’ -1 . |
:A11=‘411+A|2(A22)A21 A=-AA A, 0
) ) -1 £ f -1 , s L, ; -1 -1
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Figure 4.3: Example of the back inverse process on a 3 3 block matrix.

nicating each diagonal matrix to its neighbors to be used in soessive computations
of the newly updated diagonal block matrices. The steps invad in back inverses

are as follows. Assume there ame > 1 block diagonals.
Dene B, = A% | the nal diagonal block matrix.

For 1<i<n , compute the above-diagonal block matriA? at the i-th block

diagonal matrix aSAi(i) = B, 11 A?i)(i+l) (A(i+1)( i+1)) 1A?i+l)( i)

Compute the left block matrix at the i-th block diagonal asAq); 1) = AlAui nA'yy,

and the above block matrix asAl,; = A 15 pAd piAi

To illustrate these steps with the 3 3 example, gure shows each block matrix
computation for the diagonal and o -diagonal block matrics.

Notice that due to the dependence on the the neighboring blockatrices at
each diagonal block matrix, this step must also be performed inrgd on a mas-
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Figure 4.4: Example of the outside inverse computations on a 3 3 block matrix.

ter processor that communicates with the other processor nodesing a broadcast
routine. Thus the operation count for this step will be & (I°).

The third and nal step of the algorithm is the most complex bu ca be done
on multiple processors;if 2)=2 processors allocated for the lower part andh( 2)=2
for the upper part of the tridiagonal matrix. Each processor amputes a matrix of
the form XY 1Z whereY is the diagonal neighborX is the column neighbor block
matrix, and Z is the row neighbor block matrix (left or right depending onfi in
upper or lower part of the matrix). To illustrate, we give an eample for the 3 3
example once again.

The result is a cascading e ect outward toward the upper-rightand lower-
left corners of the block matrix where in each step outward, & n  2=2 block
matrices are remaining and thus onlyn  2=2 processors are needed, while data
communicating with the previously computed matrices are need.

To nd the total operation count, we rst consider the serial version of the
algorithm. If we let b= (m 1)=2 be the size of each block matrix and mulkj,

add(b), inv(b) be the operation count for multiplying, adding, and compuing inverse
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of b b matrices, then

(n 1)[inv(b) + 6mult( b) + 2add(m)] inverse inside band

+2 (n 1)inv(b inv(b)+M logln 1) (n 1)
+ w 2 (n 1) ;outside of band

Assuming that the multiplication and and the inverse of theb b matrix can be
done in O(b®) operation counts, then the entire serial algorithm has betves n%b
and 2n?%b operations as the block sizen increases. Ifn >> b then the total time
complexity of the algorithm is O(n?), where again,n is the number of the block
matrices in the diagonal.

Now to consider the parallel implementation of this algorithm we assume
n>>b and that we have fi 2)=2 processors. In the initialization of the algorithm,
the block matrices are partitioned such that every processor de has access to
reading and writing the surrounding neighbor block matrices.The i-th diagonal
block matrix B; * is computed by rst computing the block matrix B; = A;

Ai 1B JA@a 1 and then computing the inverse on one processor. Since the
block matrices will be very small (withb= 4;5; or 6 in practice) this can be done
directly. A similar strategy for the second step is also requiredrsse this step must
be done in serial as well.

The third part of the algorithm is where we utilize the paralel message passing
interface. We begin by allocating to then 2=2 processors twd b block matrices
from the rst o -band diagonal (one block matrix from upper and one from lower o -
band matrix) to compute all the necessary inverses and matrix pducts in (O)(b’)
time. Once these inverses are computed in parallel @(b®) time. In the next
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step, the inverse matrices in the next o -band diagonal are coputed, needing only
n 2=4 processors, and again done @(b%) time. Since the number of block matrices
to compute divides in half as the algorithm sweeps out througtihe o -band block
matrices, the time complexity for computing all o -band blok matrices in step three
is O(log(n) b%). Assuming (n 2)=2 processors, the total number of operations for

the entire algorithm is nb® + 3nb® + 2nlog(n)k?, or O(nlogn) if n>>b .

4.2.2 Parallel Conjugate Gradient Method

The rst parallel algorithm that we discuss is an approach to cojugate gra-
dient iterations for approximating solution to Ax = b, where A is symmetric and
positive de nite using message passing on a cluster of connected gassor nodes.
To motivate the use of a parallel conjugate gradient method, evbrie y review the
computational iterations involved.

Initializing x; as an initial guess, and setting,; = b Axq, p1 = Iﬁﬁrrllkz, we
perform fork =2;3;:::

1

= —————— Xk =X +
k (Apc; Apy) K k 1 kPk 1

— . — T .
Me = rg 1 KAPk 1, =1t KA

k= m; P
We iterate until krk=kbk, where is usually chosen to be close to machine
precision. The search vectorpy, must be computed sequentially since one direction
in the conjugate gradient depends on previous directions. €hmatrix-vector mul-

tiplication operations can clearly be parallelized using ag cient partitioning and

distribution of the matrices and vectors.
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There are a number of methods to determine the data decompasit and
distribution for the basic matrix/vector operations. One thing to keep in mind
of course is that the distribution of the matrix A across the proessors should be
consistent with the distribution of the vectorsx and b.

Throughout the assembly of the algorithm. We assume that the messag
passing will be done using thenaster-slaveparallel paradigm. In this way, we have a
master processor capable of holding the matriX, and the input and solution vector
X. The global reading and writing operations are done uniquethrough the master
processor. The slave processors carry out the multiplication ardidition arithmetic
operations. Matrix A on the master processor will stay unchanged throughout the
entire number of iterations. Each slave node has then at its dispal a unique part
of matrix A and when the need of computing one of the two operations arisé,
receives an appropriate vector from the master process.

We consider a standard row-wise partition of the matrix ontop processors
such that p < N . The matrix is partitioned row-wise onto the processors by takg
for1 i pthe i-th consecutive set ofN=p of matrix A and distributing it to
processori. Each process only storebl=p complete rows ofA and a N=p portion
of the resulting vectorb. Since the vectorx needs to be multiplied by every row of
the matrix A, every process needs the entire vector. Using the interface mis
requires an all-to-all broadcast. This broadcast takes placGmongp processes and
involves messages of sizé=p. Each process then multiplies alN=p rows by the
vector x and stores theN=p results in a temporary vector.

Using this row-wise matrix-vector paradigm, we can now adjust #computa-
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tions in the original conjugate gradient method to producelte parallel algorithm.
Of course, we need to aim at minimizing the communication timbetween the pro-
cessors. Notice that since the Helmholtz matri¥d is symmetric positive de nite,
in this algorithm, we have A = AT which greatly simpli es the parallel cg method.

We thus propose the following strategy:

Initialization: Broadcast initial guess xo, and the i-th set of N=p rows of A
and entries ofb to processori. Compute the N=p entries ofr; = b Axg on

each process and send to master to gather entries.
—_ Ar

Compute p;, = mg

Fork=2::::do

Compute vectort = Apy, broadcast to master, then set on master processor
k:ﬁg; Xk = Xk 1+ kb
Computery = r¢ 1 kApx 1 using row-wise partition. Broadcast thei-th

N=p portion of ry to master processor, gather the entries afy on master

processor; broadcast to all processes.

Compute vectort = Ary, broadcast to master, and then sepx = px 1 + @z

2

Check on master proceskr k=kbk,.

The time complexity of each iteration of this algorithm is a @inction of the row
matrix-vector products on each process along with the broadst and gather routines

amongst the processors. The communications used for the all-tibdaroadcast and
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gather routines are clearly hardware dependent. For the ma-vector routines after
communication, each process spends tin?=p multiplying the N=p partitions of
the matrix A.

In the numerical experiment section of this chapter, we giveesults for the
timings and scalability of this algorithm. In particular, we will be interested in
investigating the communication time between process for thapi routines in some

experimental integrations of the model.

4.3 Implementation of velocity and geopotential eld

In this section, we discuss some implementation issues concerming velocity
and geopotential elds. In particular, we discuss some of the datstructures which
were implemented in our model using Fortran 90 and the computan of the metrics
necessary for mapping both elds to and from the sphere.

We begin with the structures for computing the geopotential ad velocity.
Below is Fortran 90 code which implements data structure in adftran 90 module.
We rst de ne vectors of sizenX nY 2 4 for the velocity andnX nY 4
for the geopotential. The parametersiX and nY denote the number of collocation
nodes in thex andy direction on each face of the cube. The last dimension is used
to store previous time steps for the semi-implicit method. The send group of data
structures features the exact coordinate values of the nodes the sphere and cubed

(in Cartesian coordinate system). These are given in code below.
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integer,public, parameter :: nX = 40

integer,public, parameter :: nY = 40

I==========Data structure for random node element
type, public :: meshless_elem_state t

sequence

real (kind=real_kind) :: v(nX,nY,2,4) Ivelocity

real (kind=real_kind) :: p(nX,nY,4) lgeopotential

end type

I=========|dentification tag of element
type, public :: meshless_elem _t
sequence
integer(kind=int_kind) :: Localld

integer(kind=int_kind) :: Globalld

| ==========Coordinate values of element points on sphere/ cube

type (spherical_polar_t) :: spherev(nX,nY)

type (spherical_polar_t) :: spherep(nX,nY)
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type (cartesian2D _t) .. cartv(nX,nY)

type (cartesian2D _t) ;o cartp(nX,nY)

The next group of data structures are the 2 2 metric terms evaluated at the
collocation nodes. Furthermore, the interpolation matrix 6the SPD kernel and its

inverse are stored in separate vectors for each the geopotehtiad velocity.

real (kind=real_kind) . met(2,2,nX,nY)
real (kind=real_kind) - metinv(2,2,nX,nY)
real (kind=real_kind) i metdet(nX,nY)
real (kind=real kind) . metdetp(nX,nY)
real (kind=real_kind) .. rmetdetp(nX,nY)
real (kind=real_kind)  D(2,2,nX;nY)
real (kind=real_kind) .. Dinv(2,2,nX,nY)
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real (kind=real_kind) - mp(nX,nY)
real (kind=real_kind) - mv(nX,nY)
real (kind=real_kind) = rmv(nX,nY)

real (kind=real_kind) ;o fecor(nX,nY)

To compute the covariant vector values of the velocity, we st extract the
state of the velocity on the sphere at all the nodes on each facedamultiply each
component by the metricg; . Similarly, Similarly, the values ofgv are calculated by
multiplying the value of the determinant at each node by the &locity components.

An example is shown below.

do j=1,nX
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do i=1,nY

IExtract value of velocity at i,j collocation node

vl

face(ie)%state%v(i,j,1,1,n0)

V2

face(ie)%ostate%v(i,j,2,1,n0)

IMultiply by the metric evaluated at i,j-the node
vco(i,j,1) = face(ie)%met(1,1,i,j)*vl + face(ie)%omet(1, 2,i,))*v2

vco(i,j,2) = face(ie)%met(2,1,i,))*vl + face(ie)%omet(2, 2,1,))*v2

gv(i,j,1) = face(ie)%metdet(i,j)*v1l

gv(i,j,2) = face(ie)¥ometdet(i,j)*v2

end do

end do

With some of the data structures discussed in the implementatiorf the model
in Fortran 90, we nally discuss the hardware used in the forthaming simulations in
nal section of the thesis. Optimizing the parallelization of he model is a pertinant

task and shall be discussed as well.
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4.4 Numerical Experiments

4.4.1 Verication and Validation

The grand challenge in scienti c computation when proposing aew com-
putational model to provide quantitatively accurate predctions is proving to the
respective community the veri cation and validation of the @mputational model.
With any new computational model, veri cation deals with the con rmation of the
mathematical accuracy of the calculations along with the eor-free operation of the
underlying software. As this is ultimately a mathematical andcomputer science
challenge, providing tests to secure such veri cation can take large percentage of
the total work put into the model. The second problem faced by aew model is
validation which asks for con rmation that the physical modelused for the compu-
tation is a correct representation of the real physical phenoema, which is ultimately
an experimental challenge.

As it is well established that the spherical rotational shallow-ater equations
represent a simplied model of the dynamics of the atmosphere, iNamson et
al. [71] have proposed a series of eight test cases for the equeiin spherical
geometry. It is proposed by the authors that in order to have antype of success
with a new numerical scheme for an a climate model, successfuleigtations of the
numerical scheme with these test cases are imperative. The puspoof the tests
are to examine the sensitivities of a numerical scheme with mammpmputational
challenges faced in atmospheric modeling such as stabilizatiof the scheme for

large time steps over a long period of time, the pole problem,nmilating ows
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which have discontinuous rst-derivatives in the potential vorticity, and simulating
OWS over mountain topographies.

In the nal numerical section of the thesis, we visit four di erert test cases ar-
ranged to challenge the meshless collocation method for the Btva water equations
introduced in the previous chapter. The test cases are in in@sing complexity and
realism and achieve more subtle aspects of atmospheric ows. Thiealenges for
the numerical schemes range from testing the long-term steadyat# global accuracy
to the approximation ability of regional data with large gralients. A comparison
with a spectral-element approximation of the rotational shabw water model o ered
by the NCAR homme project [32] and a high-resolution spherical harmonic solu-
tion provided by Williamson will provide insight into the ability, advantages, and
disadvantages of the meshless collocation model. In particulae are interested in
verifying and validating the numerical model with the follaving characteristics in

mind:

Approximability: How robust and accurate is the approximabilty of the nu-
merical method compared to that of spectral-element and spheal harmonic

methods?

Validity: How well do the actual numerical solutions computedsatisfy the un-
derlying conservation principles of the continuous model ev long integration

periods?

Scalability: How well does the meshless collocation method pide scalability
in the computational time complexity of the overall simulaton time? Namely,
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what is the overall computational speedup when additional prcessor nodes

are utilized?

Local Re nement: Does meshless collocation provide an e ciemqmeans for

re ning the approximation locally during the time evolution of the model?

For a new numerical model to successfully become integrated adgymamical
core for larger general circulation models, these four modélazacteristics must cer-
tainly be well studied and compared to other numerical modelslhe rst two items
in the list are clearly the more important properties that a n& numerical method
must endow; if the numerical model isn't at least as accurate asgpexisting models
nor satis es the underlying conservation principles of the maal, then the numer-
ical method will very likely become useless. The second two propes are the
two most important aspects in the high-performance computatnal environment of
geophysical models. As already discussed, local re nement to amle smaller scale
approximations in certain regions of interest without the adition of noise across the
boundaries of the re nement is a desirable goal in global bartinic general circula-
tion models. In test case 5 of the numerical suite, we demonstratechl re nement of
our meshless collocation method and show that it achieves appimation re nement
without adding noise.

All these issues will be discussed further in the various test cases whau-

merical tests will be provided to validate the claims.
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4.4.2 Test Case 2: Global Steady State Nonlinear Zonal Geostrophic
Flow

As the second test case of the seven provided by Williamson et. al, @ady
state ow to the full non-linear shallow water equations is precribed and the chal-
lenge for a numerical scheme is simply to test the numerical stéityi with respect
to I, I, errors over time. Since the ow is steady, the numerical schenshould
be able to integrate the model for many steps without instabiiies. Case 2 also
provides a benchmark for timing various machines and di er¢g number of proces-
sors. It exercises the complete set of equations while bene tifiggm a steady state
analytical solution and thus no extra computations are requed during integration.
For computational timing purposes all extra output processes the data should
be removed to achieve optimal computation time.

The constant non-divergent velocity eld is given by
U= uUp(cos cos +cos sin sin );

V= UgSin sin;

whereug = 2 a=(12days). The geopotential eld is given by
2

u . .
= ghy a Up+ 70 ( cos cos sin +sin cos )Z

with constant ghy = 2:94 10*m?=¢* (m=s = meters/second).
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4.4.2.1 Numerical Convergence

For this numerical experiment, we take full advantage of thesteady state
solution property of this test case by constructing convergendests of di erent
collocation node arrangements. We apply some of the ideas giva Staniforth [52]
to examine the properties of the meshless collocation over tptime integrations.

In these experiments, our integration takes place over a largene interval of
100 days where we will vary the location and size of the regidragpproximation while
performing L, error analysis. The reason we choose thhg norm to compute the
errors is motivated by the desire to seek the largest localizediptwise error due to
the pointwise approximation nature of meshless collocation. HE collocation nodes
that we utilize for each integration are the Gauss-Lobatto-Lgendre distributions
(see numerical section of chapter 2) on 5 of the faces and a randoollocation node
distribution will be used on local regions of the sixth face. Theeason we choose
two di erent distributions for the collocation nodes on the wbe-sphere will be to
emphasize the independence of the meshless collocation methvitti the given node
distributions.

To initialize our rst experiment, we divide the cubed-sphereinto 24 total
rectangular regions (4 regions on each face) and compute thmetric tensors and
Coriolis forcing at 64 Gauss-Lobatto-Legendre points in eadlectangle using the
data structures from section 4.3 giving a total of 64 4 nodes on each face of the
cubed-sphere. We then allocate on one face of the cubed-spreedistribution of 64

randomly placed nodes. Figure (4.5) shows the cubed-spheredilonto the rectangle
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01 [02]

To assess the numerical convergence of the model as the appr@tion is re-
ned, we increase the number of collocation nodes in each rangle and re-integrate
the model in time for 100 days. After every rotation of the spherave record thelL ;
error using the exact solution and plot the error over the 100 ga for each mesh. In
gure (4.6) we can clearly see the convergence of the approxtion for an increase
in the total number of collocation nodes. This meshless colld@n convergence is
known as theh-convergence, where we recall that is node saturation parameter
of the global node distributionX . Furthermore, we can deduce that the location of
the meshless regional approximation has no e ect on the globabnvergence of the
method, and that the errors grow fast initially, but level o after about 40 days of
integration.

We deduce from the 3 di erent time stepping trials that the mestess collo-
cation method is seemingly stable with a satisfactory converges results for the

re nement in approximation using a time step t =1=288.

4.4.2.2 Scalability of Model

The nal quantitative aspect of the meshless collocation shalo water model
that we would like to investigate using this test case is the compational scala-
bility of our numerical method. An important role in the construction of a high-
performance computational model for geophysical uid dynaros on the sphere is

the scalability of the numerical model in regards to the parédlization of the model
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Figure 4.5: Mesh arrangements for the meshless collocation approximéatn on the sphere.
The cube is tiled using 24 regions and Gauss Lobatto Legendreollocation nodes are dis-

tributed on each region (top) along with two additional re n ements (middle) and (bottom).
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Figure 4.6: L, error of the three mesh con gurations. We use a time step t of 1=288,

namely 288 time steps per rotation of the sphere.
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throughout the course of the time integration of the model. Hovdoes the overall
time complexity improve when additional processes are added the computational
core. This is mainly a question of achieving optimal parallation of the numeri-
cal methods algorithms. Achieving optimal performance on arnlyardware platform
requires a properly designed layout of data structures and algthms to take ad-
vantage of the full capacity of the hardware.

As discussed previously, the main computational core of our modslin con-
structing the inverse of the interpolation matrix Ay and in performing the conjugate
gradient steps during the time evolution. We now assess how welliet parallel al-
gorithms scale with respect to an increase in the number of prasers. After the
necessary parts of the model were parallelized using mpi for tparallel algorithms
from section 4.2, model test runs took place on three di erentiph-performance ma-
chines,Seaborgand Jacquardat NERSC and Palm at NASA Goddard. Jacquaredis
a 640-CPU Opteron cluster (320-dual processor nodes) runningetiinux operat-
ing systemSUSE . With a processor clock speed of 2.2GHz and a theoretical peak
performance of 4.4 G ops/s,Jacquardwas the fastest of the three computers for a
long integration of the model.

Throughout the runs, 10,000 collocation nodes were initiakd on 25 uniform
regions on each face of the cube with an equal amount of noddl®@ated to each
face of the cube. Table (4.1) shows the statistics of a run throhgest case 2 of the
simulation for 200 days (28,300) time steps using the semi-imgti time stepping
method. The the total time in -seconds of the initialization of the cubed-sphere
with meshless collocation including the computation of the ntec terms and the
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inverse of the SPD kernel interpolation matrixA x using the parallel CSC algorithm

is shown in the second column. Boundary communication betwepnocessor nodes
is shown in the third column and the total time in seconds of the wdel run is

shown in the last column. It is interesting to note that about 95 prcent of the

total communication of the model was done during the Helmhdtsolver which uses
MPI_allreduce and MPI_alltoall , so it is not surprising to see that the total run

time achieved a minimum when there were 2-3 regions of the @adsphere allocated
to a processor.

From the clocked performance of the parallel model, we see tlthe optimal
amount of processor nodes is obtained at 8. A dramatic improvemt from one node
to 8 is obtained, however due to increased communicated betmethe processors
as the number of nodes increases, the total run time of the intedion is slowed
marginally. In order to see if we can increase the performancé tbe model run,
we increase the total number of collocation nodes of the mogdethile keeping the
number of time steps the same. Table 4.2 shows the model integoat using 15,000
collocation nodes on the cube and and 28,300 time steps.

With a higher number of collocation nodes, the results of iniilization, commu-
nication, and total run time shows an improvement in the paraélization e ciency.
With a 50 percent increase in collocation nodes, the minimal tal run time over all
the di erent processor node layouts has increased by only 43 pent, giving much
better computational e ciency. This is most likely due to better scaling properties
of the matrix and vector partition layout in the parallel conjugate gradient steps.

We now compare the scalability of the meshless collocation maodeith the
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Table 4.1: Initialization and total boundary communication time in  -seconds and total

runtime of model in seconds for 10,000 collocation nodes an28,300 time steps.

NP | Init. Communication | Total time (sec.)
1 9085 |49.68 396.11

2 8134 | 963.08 232.96

4 7727 1673.52 164.27

6 |43950 | 2481.28 162.85

8 122247 2687.13 160.65
10 | 11680 | 2863.83 168.76
12 | 72927 | 3265.94 161.96
14 | 14378 | 3473.93 173.38
16 | 707678| 3698.40 185.17.11
18 | 23657 | 4014.71 189.41
20 | 18611 | 4056.69 191.04

hommespectral-element model developed at NCAR. The scaling propess of the
hommespectral element model were taken from Tribbia et al [32].

Figure 4.7 shows the overall computational time speedup scate the meshless
collocation method against the spectral-element method for tame integration of
100 days. In the left plot, the spectral element solution has 23eenents per face
while using Legendre polynomials of order 8, giving a total 8600 integration nodes.

For the meshless collocation, to prevent biases using di erentigs, we compute the
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Table 4.2: Initialization and total boundary communication time in  -seconds and total

runtime of model in seconds for 15,000 collocation nodes an28,300 time steps.

NP | Init. Communication | Total time (sec.)
1 17082 | 110.68 692.16
2 14121 | 1362.01 381.10
4 12219 | 2621.11 294.72
6 67951 | 4019.38 272.42
8 202241| 5112.67 250.12
10 | 22682 | 6078.82 249.76
12 | 92921 | 6015.94 237.11
14 | 32258 | 6389.93 229.21
16 | 907272| 6698.40 241.11
18 | 40258 | 7134.12 256.12
20 | 38634 | 7366.54 261.32

collocation solution at each time step using the integration ries as the collocation

nodes. The right plot features 36 elements per face with Legie polynomials of

order 8 for a total of 18816 nodes.

The slightly larger speedup factors for higher amount of prossor nodes in

the collocation approximation is due to the fact that there $ less communication

between processors in the gather and scattenpi operations than in the spectral

element case. For example, the edges of elements and at theegbrners must be

158



Comparing SE and MC Speedup Factors
2.1 T T T T T

‘MC' N

19 X ]
18
17
16|

15

Speedup factor

14

13

12 |

11

0 2 4 6 8 10 12 14 16 18 20
Number of Processors

Comparing SE and MC Speedup Factors
2.4 T T T T

22

16

Speedup factor

14

12+ i

1 ! ! ! ! ! ! ! ! !
0 2 4 6 8 10 12 14 16 18 20

Number of Processors

Figure 4.7: Scalability factors for the spectral element (SE) and meshtss collocation

(MC) solutions. Left 9600 nodes; right 18816 nodes.
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averaged in order to obtain a solution at each time step in the SEpproximation.
This might require additional gather and scatter routines. Tle MC method does
not require such averaging and thus spends less time communingt We clearly
see that our meshless collocation method competes with the spatelement model
on scalability issues. However, it would be dicult to assess a compigon with
nite element methods in general since the parallelizatiomi other implementations

of nite element type models might be better optimized.

4.4.3 Test Case 5: Flow over Mountain

This case was designed to study the di erent e ects of local re ament meth-
ods and is the rst case of the more di cult last three cases wherehie exact solutions
are not known. It features a sharp gradient change in the gecoieatial, a feature to
which we will pay particularly close attention. It features he zonal ow from test
case 2 presented above with = 0, but with the obstruction of a local mountain.
The geopotential is also given as in test case 2 but with mean hieighy = 5400m.

The mountain height and radius in meters is given by

hs =2000(1 9r= );

wherer? = minf R?; ( )2+ ( J?gandcenteredat .= =2and .= =6.
Because the ow impinges on a mountain, the resulting ow afteshort time

is no longer steady. The mountain introduces waves into the w causing the inter-

action of waves from the nonlinearity of the equations. Figes 4.8 and 4.9 shows

isolines of the geopotential height at various times. The numieal solution was
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computed using 1560 uniform nodes on the cubed sphere, 260 rroper face, with

a time step of t =1=288.

4.4.3.1 Validity of Meshless Collocation Solution: Computingvari-

ants

In our rst experiment with this test case, we wish to assess approxiation
accuracy and validate the meshless collocation numerical stdun as a reliable so-
lution to the rotational shallow water equations. To do this, wewill use a series of
integral invariants to measure certain conservation propeds over long periods of
time integration. The invariant is computed up to a given tinet > 0 as follows.
For an integrable functionh : [0;2 ] [ =2; =2], we de ne the operator| by

R, R_, . . .
L(h)y= , _,h(; )cosdd . Now for a given timet > 0, we will compute the

normalized global invariants given by
LC@)= 10GHt)] G 0l =0 (5 0) (4.1)
i =1: Total energy =05% v+ 1(2 J),
i =2: Potential enstrophy =0:5( + f)?= 0
i=3: Mass = ¢
i =4: Vorticity =

We compute the invariants over a 200 day integration period ih the e ects of

a locally re ned grid. In the rst 200 day simulation, we used theuniform grid from
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Figure 4.8: Geopotential height isolines of days 1 and 3 of model integition. The model
used 1560 uniform collocation nodes over entire cubed-spher As clearly seen, steady

state ow from test case 2 becomes nonlinear due to the obstretive mountain.
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Figure 4.9: Geopotential height isolines of days 5 and 8 of model integtion. Flow is

clearly nonlinear at this point and large gradients form nea the mountain.
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gure 4.10 (top) and computed the integral invariants using astandard Gaussian
quadrature routine over each face of the cube. Next, to see thee@s of local
re nement in the domain, we add additional collocation nodg to faces 4, 5, and 6
of the cube and compute the same integral invariants over thé8 day period. Face
4 and 6 of the cubed-sphere feature the local dynamics surroumgl the mountain,
thus it is very important to observe if there is any additionalnoise. Each simulation
uses a small time step of t = 1=846, or 846 time steps per rotation of sphere, to
perform the time stepping. Plots of the invariants over the send grid (middle) are
in gures 4.11. In the nal run, we add an additional 400 coll@ation nodes to face
4 of the cube to get the grid featured in gure 4.10 (bottom).

Because the invariants are normalized using the initial contitbns of the prob-
lems, the numerical results of the invariant plots over time idally should be close
to zero as time goes on. However, due to the small numerical egduilding in the
solution over time, this cannot be the case. We can only hope ththe invariants
improve when we locally re ne the grid.

We see that an improvement in all the computed invariants is @omplished
due to the local re nement which capture the smaller scales anad the mountain.
This is an important characteristic of the model since we can modeduce that
through the use of local re nement, higher accuracy of the snlal subscales that
might feature sharp gradients can be achieved such as in thispmging mountain

case .
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4.4.3.2 Local Re nement in Meshless Collocation

In the next experiment, we investigate the numerical solutiolehavior of the
regional meshless approximation given on a local region of tieebed-sphere. To
do this, we begin by initializing the cubed sphere with 9 rectayular regions on
each face and distribute 64 GLL collocation nodes on each regi Furthermore,
we allocate on the second face of the cubed-sphere a collecodbN random points
and compare the time stepping evolution with three di erentN values 400900 and
then 1200. The gures in 4.12 show the initial condition of theeubed-sphere layout
at two di erent angles with the second face allocated to 900 mies.

As seen in the gures, the local region we are focused on with a largumber
of nodes on the second face of the cubed-sphere was chosen tadiecthe region
directly surrounding the mountain located at (; () = ( =2; =6) which is the
more di cult region in this particular test case to approximate.

Plots of the approximate solution to the geopotential eld at44 and 100 days
are shown in gures 4.13 with the contours of the approximatedeopotential at 44
and 100 days given in gures 4.14.

As clearly seen, the regional approximation of face 2 handldset fast moving
waves without the presence of instabilities at the interfacediween the neighboring
faces of the cube. To see more clearly the regional meshless apipnation at 44
and 100 days, a plot of the approximation strictly on a localizt region of face 2 is
given in gures 4.15.

We now examine the convergence of the meshless approximatinside the lo-
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Figure 4.13: Plots of the geopotential meshless collocation approximaon after 44 and

100 days. 169



Figure 4.14:Plots and contours of the geopotential approximation after 44 and 100 days
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Figure 4.15: A zoom-in on the regional meshless approximation at 44 and 106ays
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cal region on face 2 by comparing the three di erent approxiations usingN = 400,

900, and 1200 nodes in the local region to a high-order glolsdectral approxima-
tion using 64 elements on each face with Legendre polynomiat degree 10 for
the geopotential eld. We compare the convergence of the mdshs approximation
on the local region to the standard spectral element approxirtian on the same
region using 49 and 16 elements and plotting thel; di erences on face 2 with
the high-order 64 element approximation. This way, we can ogoare the regional
meshless approximation with the standard spectral element appimation in the

same region. The.; relative di erences between the meshless approximation ofeh

geopotential and the high-order spectral element approxirtian in the local region

is given by
1R N0g) M)
k Ki,(py) = ! — 4.2
N M Ry (P2) NM . i N(XJ)J ( )
where, again,X = fxy;:::;Xng is the set of collocation nodes on the local region

of face 2 and \ (Xj); wm (Xj) are the meshless and spectral element approximations,
respectively, evaluated at node;.

The L, dierences over time for 100 days are shown in gures 4.16 fohée
meshless approximation (top) and spectral element approximan (bottom).

Comparing the two di erent approximation methods, we can seehgat the
meshless collocation approximation performs rather similaotthe spectral element
approximation in the same region despite being less consistenttire approximation
ability at each time step. The 4 element approximation, whichamounts to 256

Gaussian-Legendre-Lobatto (GLL) nodes, performs slightly btetr than the 400 node
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Figure 4.16: L1 di erences of regional meshless approximation with 400900, 1200 nodes
to high-order 64 element solution (top). L1 di erences of SE gproximation with 4,9, and

16 elements to high-order 64 element solution (bottom)
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meshless approximation, while the 900 node meshless approxiimatperforms better
than the spectral element approximation of 9 elements (576 G&Lnodes). The point
of this experiment was to show that local re nement in collodion achieved by
simply adding additional nodes in a local region improves thepproximability of the

solution in that region. Comparing to the high-resolution spdcal element model, we
see that this is indeed the case. Furthermore, we see that not grdo we accomplish
an improvement in approximability, but we also see that the medéss collocation
performs at least as well as the spectral element approximati@f roughly the same

resolution.

4.4.4 Test Case 6. Rossby-Haurwitz Waves

Another interesting test case for the numerical solution to the shlaw water
equations on the sphere features an initial condition for theelocity which is actually
the analytical solution to the non divergent nonlinear Barotopic equation on the

sphere, given as a vorticity equation. The velocity compon&nare given as

u=al cos +aK cof ' (Rsi®* cog )cosR;

v= akKRcof ! sin sinR;
and an initial geopotential eld of the form
= gho + a?A( )+ a’B( )cosR + a’C( )cos(R );

where A;B and C are given in [71]. Constants used in this test aré = K =

7:848 10 ®=secandhy,=8 10°m.
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As originally proposed, these waves were expected to evolve mheateadily
with wavenumber 4. However, Thuburn and Li showed in [59] thathis case is ac-
tually weakly unstable in that it will eventually break down once perturbed. The
rapid breakdown of the basis wave state usually occurs after altd.00 days depend-
ing on the model parameters and approximation used. In this periment, since no
local phenomena will be taking place, we instead focus on thilgal properties of
meshless collocation. To this end, we initiate our study by usingn arrangement
of 4 to 9 regional areas per face allocated with di erent arregements of collocation
nodes. Our experiment will be to determine how the total amourof collocation
nodes on the cubed-sphere e ect the steady wave advection statfethe geopotential
before a transition takes place to an unstable wave pattern.

Figures in 4.17 show the geopotential in its initial steady st& (top) at 90
days right before its transition to an unstable state (bottom),which is at about 120
days. The collocation solution was computed using 9 regions pkce with GLL
nodes on all faces except face 4, where a random distributiomswgiven. The time
step for all the simulations was kept small at t = 1=864 to minimize the e ects of
time discretization errors in the wave advection.

After about the 120th day, the waves in the solution over time sig cantly
change and nally show the e ects of the nonlinearity in the eqgations. The waves
have a much more nonlinear structure as di erent wave numbei&e interacting in
the opposite zonal direction.

Figure 4.18 shows a plot of the geopotential after 200 days ugithe same

collocation node arrangement as before.
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Figure 4.17: Plot of the geopotential at 90 days and then at 120 days. The ciocation
solution was computed using 9 regions per face with GLL nodesn all faces except face

4, where a random distribution was given.
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Figure 4.18: Plot of the geopotential at 200 days.

The gures in 4.19 show the contours of the geopotential afte90, 120, and
200 days. Notice the wave structure at 200 days is now completelierent than at
90 days after undergoing the nonlinear wave breakdown at anod 120 days.

We notice that an increase in the number of nodes renders hasrydittle
e ect on the day in which the breakup of stable wave ow begins. fie lowest
order of the approximations sees a breakdown at around the @0tlay whereas the
highest order of approximation sees a breakdown around the 85day. This is most
likely due to the sensitivity of the meshless solution as the amotunof nodes in the
domain increases. Additional noise in the lower order approxirian adds noise to
the global solution, causing a changing of wave structure eai However, once the
wave structure has changed, we see a long-term pattern emeggiwhich suggests
that second steady-state in the traveling waves has been deyata. The ne-scale

spectral model using spherical harmonics which was examined[5®] demonstrates
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Figure 4.19: Plot of the contours of the geopotential at 90, 120, and 200 dgs.
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a breakdown at around 80 days.

Clearly visible in the plot over 220 days is period in which th@pproximate
solution over time incorporates the nonlinear e ects of thequations. After the 20
day period of wave breakdown, the solution becomes stable agand a wave solution
propagates around the sphere in the opposite direction, a prmmenon which was

discovered in the Thiburn and Li paper [59].

4.4.4.1 Comparing with spectral-element solution

As we did in the previous Test Case, we compare the di erent meskke ap-
proximation using 400, 900, and 1200 nodes on each face of tbbexl-sphere to a
high-resolution spectral element approximation o ered by NCARhomme [32]. Fig-
ure 4.20 shows thé. ; di erences given by formula 4.2 for three di erent integratons
over a period of 220 days.

We see that the collocation solution improves with the re nemat in number
of nodes. However, with the higher resolution, we see that the RogsHaurwitz
wave structure is better captured resulting in an oscillatornyl; di erence between
the high-resolution spectral element solution. This is to be @ected since the higher
resolution in the meshless collocation solution admits ner soas of the the wave

which are not present in the lower resolution approximation.
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Figure 4.20: Plot of L1 di erences between the meshless approximation orthe face 2 and

the high-order 64-element spectral element solution in the sae region.

4.4.5 Test Case 8: Barotropic Instability

Our nal test case comes from Galewsky et al. [26]. As a supplemert t
the standard test suite W92, Galewsky et al. proposed a new test casaigh is
intended to provide a more realistic atmospheric ow in regarsl to the global and
local dynamics. Speci cally, the test case was motivated by theeed for tight
vorticity gradients at subgrid scales. It also does not requireng code modi cation
during time stepping other than the setup of the initial conditons.

The initial condition consists of a simple zonal ow representig a zonal tropo-
spherical jet perturbed by a zonal 'bump’ to in uence the deviepment of barotropic

instability. Following Galewsky, the basic ow is a zonal jetu given by a function
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of latitude

u( ) = ugcog % ; (4.3)
whereu, = 80ms ! is the maximum zonal velocity, , = =4 is the meridional o set
of the jet in radians and = =18 is a nondimensional parameter that controls the

width of the jet. The geopotential hight is obtained from the zonal ow by

numerically integrating the balance equation:

4

O=go  au(r+ 2 g as (4.4)
0

where a is the radius of the earth. Finally, to initiate the baratropic instability,
a perturbation is added zonal ow by adding a localized bumpdad the balanced

geopotential height eld given by

A; )= Sech?( ( o)sectf( ( o): (4.5)

After a few time steps, due to the geopotential eld not being in amplete
balance with the zonal velocity, growing barotropic instabity causes tight gradients
in the vorticity eld that evolve on the timescale of days. If the time step is small
enough, gravity waves radiate away from the perturbed zoneudng the rst several
hours of the integration. The challenge of this test case is tButo capture two
di erent types of timescale dynamics with meshless collocatio (1) fast gravity
waves that develop on timescales of minutes and hours; (2) slewerticity dynamics
that evolve on timescales of days.

Figures in (4.21) show the contour map of the initial conditias of the problem.

Top gure shows the zonal pro le of the initial zonal wind. Bottom gure shows
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the initial balanced height eld with a superimposed perturbgéion. Contour lines

are set at 100m.

4.4.5.1 Capturing Fast Gravity Waves

Our rst experiment explores the ability of meshless collocabtn to capture
the small scale dynamics that are present in the fast gravity wase To do this
we rst initialize the meshless collocation grid by tiling the eibed-sphere with 150
regions, each endowed with 100 GLL collocation nodes. In ordercapture the small
timescale dynamics of the model, we chose a small time step of 1508els. To see
the fast moving gravity waves, we plot the divergence eld dung the rst 10 hours
of integration, illustrating gravity wave propagation from the initial perturbation.
Figures 4.22 and 4.23 show the divergence eld at 4, 6, 8 and 10uns.

The e ects of the small scale gravity waves are also seen in the getential
height eld anomaly. After the balanced initial height is peturbed during the
rst few time steps, the e ects of the gravity waves propagate fom the initial
perturbation. This is seen in gures 4.24, showing the rst 8 andl0 hours of
integration.

The vorticity eld also presents very interesting dynamics. Fie scale vortic-
ities are seen after about 60 days with zonal interactions talg place just after a
few days. As clearly seen in the gures, the collocation method thithe resolution
of nearly 15,000 collocation nodes with a time step of 15 secsnthptures in great

detail the small scale dynamics of the vorticity. Figures in 25 and 4.26 show the
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Figure 4.21: Initial conditions of the problem. Zonal pro le of the initi al zonal wind and

initial balanced height eld with a superimposed perturbat ion.
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Figure 4.22: Divergence eld illustrating gravity wave propagation fro m the initial per-
turbation at 4 and 6 hours. Results from meshless collocatio approximation with time

step 15 seconds.
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Figure 4.23: Divergence eld illustrating gravity wave propagation fro m the initial per-
turbation at 8 and 10 hours. Results from meshless collocabin approximation with time

step 15 seconds.
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Figure 4.24: Height eld illustrating gravity wave propagation from the initial perturba-
tion at 8 and 10 hours. Results from meshless collocation appximation with time step

15 seconds.
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vorticity  after 48, 72, 80, and 90 hours. The results are very similar to trenes
found in the original paper by Galewsky et al.

In comparing the results of these simulations with the ones of Gavsky et
al., we can conclude that meshless collocation does a remaikajpb approximat-
ing small scale dynamics such as fast-moving gravity waves, evehen employing
the semi-implicit time stepping scheme. Larger timescale dynaos are also clearly
captured by the method as seen in the plots of the vorticity eal. All parame-
ters of the model with the exception for grid resolution ([26lises a high-resolution
nite-di erence scheme) were recreated to compute the solwns in near identical

conditions.

45 Conclusion

In this chapter, we proposed and developed a framework for tiparallelization
and high-performance computation of the meshless collocatimodel for the shallow
water equations introduced in chapter 3. Based on the mergirgg several numerical
tools including a new meshless collocation scheme, semi-impliene stepping, and
the e cient parallelization of inverting a band matrix, we have attempted to demon-
strate that the model could be an attractive alternative to tradition spectral/ nite-
element methods for solving a large-scale geophysical models.

The introduction of the semi-implicit time stepping method conbined with the
approximation using symmetric positive de nite kernels havig compact support has

lead to a model approximating the nonlinear geophysical egtians that has desirable
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Figure 4.25: Meshless collocation solution of vorticity eld with nearl y 15,000 collocation

nodes and a time step of 15 seconds. Plot of eld after 48 and 7Bours.
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Figure 4.26: Meshless collocation solution of vorticity eld with nearl y 15,000 collocation

nodes and a time step of 15 seconds. Plot of eld after 80 and 98ours.
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mathematical properties suitable for parallelization. Onattractive feature was that
with the semi-implicit method, we were able to transform the pwblem of solving
for the velocity and geopotential concurrently to only solig for the geopotential,
which greatly eliminated much of the computational burden. Furthermore, due
to the structure of the meshless collocation approach that we Y& proposed, the
resulting system for computing the geopotential at each time gpewith a symmetric
and positive de nite matrix H = | + cDTD, was shown to be e ciently handled by
a parallelized conjugate gradient method.

One advantage of the method that clearly comes into play is wlously the fact
that since no numerical quadrature is needed due to the natui collocation, no
mesh is needed. As was shown in the numerical experiments, thd@dtion points
can be fairly arbitrary, as long as the separation distancgx and the saturation
parameterhy. are relatively equal. In fact, in many of the simulations suchsathe
ones in test case 6, a hybrid grid was used that combined colloicat nodes from a
spectral-element mesh with randomly scattered nodes. This is attractive feature
for the proposed collocation method since some application ir@physical sciences
might have data sites available that are randomly scattered ahnot uniform, thus
no interpolation of the data to the randomized sites would beeatessary resulting in
no loss of approximation precision.

A high-performance Fortran 90 software suite was developed fihe model for
use on distributed memory parallel processors with the message pagsinterface
libraries (mpi). With a focus on transparent data structures ad optimized matrix-
vector multiplication, the parallel algorithms demonstraed remarkable scalability
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in function with number of collocation nodes on the cubed sphe This was shown
in the beginning of the section where the number of internodalommunications
and overall clock times were recored as the number of total gmessors increased.
Compared with the spectral element method, the speedup facsowere slight better
due to lessscatter and gathermpi calls in the conjugate gradient subroutine. This is
ultimately due to the fact that no averaging along element bundaries is needed since
the basis functions in the collocation solution have compact pport. This is a great
advantage that the proposed meshless collocation method hasowite/spectral
element methods for large scale problems.

Some of the disadvantages and di culties that we encounteredith the pro-
posed meshless collocation scheme is in de ning appropriate pareters for the
compactly supported basis functions. Since such freedom is givi@ choosing the
parameters such as the location of the collocation nodes anchple parameter, addi-
tional work before actually solving a given problems might baecessary. Choosing
the appropriate number of collocation nodeb!, its distribution (uniform, Gaussian,
random) and the shape parameter that controls the bandwidth of the interpolhon
matrix is usually simply done by trial-and-error. If the shape prameter is chosen
too large or too small, we found that the iterations of the pariéel conjugate gradient
method for solving the Helmholtz problem converge very slowlhin practice, this
is clearly one of the disadvantages of the meshless collocatmethod. As we had
mentioned in the second the chapter, an easy but tedious appabato nding a near
optimal shape parameter for a given collocation node distribution is by a trial-

and-error on a smaller problem where an exact solution is knowin our approach,
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we chose one face of the cube and simply cycled through an arréyslbape parame-
ters and selected the one that minimizes the! error of the interpolation problem
Ixf(x;) = f(x;) for all collocation nodesx; 2 X, wheref is a given continuous
function.

Once the near optimal parameters for the meshless collocatiamethod have
been chosen however, the method is fairly easy to implement. v@n that no mesh
data structures or quadrature rules are necessary and that th@mputation of the
interpolation matrix inversion to construct the di erentiat ion matrices at initializa-
tion can be done rapidly in parallel using the CSC algorithm &m the beginning of
the chapter.

Future research in the this meshless collocation approach to merical geo-
physical dynamics includes the implementation of a threadi parallel paradigm
in addition to the message passing interface. Recent researchediion in large
scale computational models have reported better scalabilityn the parallelization
of matrix-vector operations with the integration of a multiple threading interface
such as OpenMP, or Pthread. These libraries enable multiple idading on shared
memory. Combining the multiple threading with message passinggduces ahy-
brid technique for parallel computing. One obvious way the threing could be
used is to speed up summations inside matrix-vector products omlah processor
node. Of course, this would require each node to have multiplEocessor with ac-
cess to the same memory. However, this is very common on many hjggrformance
clusters/supercomputers.

Due to the success of the performance by the meshless collocatmathod
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in all four test cases, a strong case has been made for future workingplement
the approximation method in an atmospheric dynamical core nuel. Due to the
mathematical structure of the collocation method, couplinghe numerical scheme
with physics forcing packages should not be too much of a chaltge. Thereatter,
employing the meshless collocation method to solve the primié equations of the
atmosphere, where vertical dynamics will be accomplished viaite-di erencing,

is of high interest. With such success in numerical convergencepustness of lo-
cal re nement, and scalability of model, we hope the meshlessllogation method
can become an attractive computational tool for upcoming szarch trends in high-

performance atmospheric modeling.
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Chapter A
Results from Functional Analysis

A.1 Banach and Hilbert Spaces

We introduce the following notation and de nitions. Let X and Y be Banach
spaces with respective dual spaces denoted Xy, Y°, the space of linear continuous
functionals de ned on X and Y, respectively. The dual pairing of a functional
x®2 X%and an elementx 2 X will be denoted by using a bracket notation of
either X% xiyxo x or hx;x%x xo. Both will be taken to mean the valuex{x) of the
functional x°2 X %acting on an elemen 2 X . We will omit the reference toX X?©
in the notation when there is a clear understanding of the spagdeing used.

Let B 2 L (X;Y 9 denote a bounded linear operator fronX into Y°with its

adjoint B 2 L (Y; X9 from Y into X °de ned by
B y;Xixo x := hy;BXiy yo 8y2Y;x2X: (A.1)

In addition, we denote the range oB by R(B) := B(X) and the kernel of B by
N(B):=fx2 X : Bx=0g.
An important Theorem for Banach space3 endowed with an inner product

(Hilbert space) is the classical Riesz Theorem.

Theorem A.1.1. Let X be a real Hilbert space with inner product ; )x . Then for
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any f 2 X© there exists a uniquau 2 X such that
H;vi=(u;v)x;, 8v2X: (A.2)

Furthermore, this de nes an operatorR : X°7! X given byR : f 7! u that is an

isometric isomorphism. R is referred to as the Riesz operator.

Proof. K. Yosida [73], Ch. I11/6 O

A second classical result is the so-called Lax-Milgram Theorem.

Theorem A.1.2. Let X be a real Hilbert space and lef 2 L (X;X 9 be a linear
coercive (or X-elliptic) operator (i.e. there exists > 0 such thathAu; ui kukyx

for all u2 X). Then for any f 2 X© there exists a uniquas 2 X such that
hAu;vi = H;vi; 8v2 X; (A.3)
u satis es kuky  1kf ko.

Proof. K. Yosida [73], Ch. I11/7. O

Lemma A.1.1. X := NX; is a Hilbert space with inner product(x;y)x :=

The proof is obtained by a simple veri cation of the axioms foHilbert spaces.

Now we note that the dual of a Hilbert space is itself a Hilbert space.

Lemma A.1.2. Let X be a real Hilbert space. TheiX °is a Hilbert space with inner
product
(f;9)xo=(R ;R ‘g)x; fig2X; (A.4)
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whereR is the Riesz operator de ned in (A.1.1).

For a closed subspac¥ X we de ne the orthogonal complemento V.

De nition  For a Hilbert spaceX , the orthogonal complemenbf a closed subspace

V X is de ned by
V? :=fu2 X j(uv)x =0; 8v2 Vg:

The following Lemma states that any Hilbert space can be decomgex into
two disjoint Hilbert spaces, which is important the analysis of satle point problems

as we will see.

Lemma A.1.3. Let X be a Hilbert space and/ X be a closed subspace. Then
the Hilbert spaceV?’ is a closed subspace &f and the decompositioX =V V?

holds.
Proof. K. Yosida [73], ch. IlI/1. O

We can easily show using Theorem A.1.1 that in the cage€ is a Hilbert with
a closed subspac¥ X, the polar setvV® X°%and the orthogonal complement

V? X are linked by the Riesz operatoR. To see this, we rst have by de nition
Vo= fx°2 X% mx%vi =0; 8v2 Vg:

Now using Theorem A.1.1, for ani®2 V? XZ© there exists a uniqueu 2 X such
that

x%vi = (u;v)x =0; 8v2 V:

Thus Rx°= u2 V?.
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Let X be a Banach space with duak ® and second dual X 9° (the space of
linear functionals onX 9. For convenience we simply denoteX(9° by X% We rst
de ne the mapping J : X 7! X %by hx% J(X)ixo xo= X% Xxixo x for everyx 2 X

and x°2 X% That is, J mapsx to the functional on X ° given by evaluation atx.

De nition A Banach spaceX is said to be re exive ifR(J) = X% i.e. for every

x%92 X % there is an elemenix 2 X such that J(x) = x%

Remark. A Hilbert space is re exive ([73], Chapter lll, 6).

Theorem A.1.3. Hahn-Banach Theorem Suppos&l is a proper subspace of a
Banach spaceX. If m°2 M? then there exists a functionalx® 2 X° such that

kx% = km% and hx® xi = m®xi for x 2 M.
Proof. Taylor [55], Theorem 4.3-A. [

We now give an important consequence of the well known Hahn-Bash The-

orem.

Theorem A.1.4. Let X be a Banach space and let, be a closed proper subspace
of X. Suppose there exists ar; 2 X such thatx; 62Xy and the distance fromx, to
X is h> 0. Then there exists a functionak®2 X °such thathx® x;i = h, kxk =1,

and hx®xi =0 if x 2 X,.

Proof. (Taylor, Theorem 4.3-D) Let x; 2 X such that x; 62X and dist(Xy; Xg) =
h. We rst de ne the closed subspaceM generated byX, and x;, namely M =
spanf Xo; X1 X. Any element ofM can be represented in the forrm = x ; + X,
X 2 Xgo, Wwhere and x are uniquely determined bym.
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Consider the functionalm®which acts on an elemenm 2 M by hm%mi = h .
We rst show thatindeed m®2 M %°and km% = 1 by showing that both km% 1 and
km% 1 hold. Firstly,if 60, then kmk=kx 1+xk=k ( Ix xy)k j jh
since  1x 2 Xganddist(xy; Xg) = h. Thusjim®mij = j jh k mk. Consequently,

m°®2 M%and km% 1. Now to show thatkm% 1, we note that for any > 0,

there exists anx 2 Xo such thatkx x;k<h + . Lety = 4. Theny2 M,

kyk = 1 and jimCyij = o> A This means thatkmk - for any > 0
sinceh > 0 and so it follows thatkm% 1.

Lastly, we have from the representation of elements frod that hm®x,i = h
(since = 1), and m%xi = 0 for any x 2 Xg (since = 0). We apply the
Hahn-Banach Theorem to conclude the existence of an elemexit2 X © such that

kx% = km% and hx® x;i = Mm% x;i = h and X% xi = m®xi = 0 for x 2 X,. This

completes the proof. [

A.2 Sobolev Spaces

We begin with the following vector spaces of continuous furions. To re-
duce notation, we use the standard multi-index notation, i.e. for each vector

P
=( 1;::0; a)2Ndwe denej j:= id:1 i and

@!

D e
@x* @y

forj j 0 and su ciently smooth functions :RY7! R.
De nition  Let RY be an open subdomain andn 2 No.
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The set of continuous functions on is given by

C():= f : 7!Rj iscontinuous g;

The set of m-times continuously di erentiable functions on is given by
c"():=f : 7TWRjD 2C();8 j mg;
Let C™() be the set of functions C™() which with its derivatives of order

m can be extended continuously to the boundarg@ of .

Let D() := C} () be the set of functions in C! () which have compact

support in .
C™() is a Banach space with norm
K kemy = max supjD  (X)j
J] mx2
for a bounded open set  RY (cf. R. Adams [1], ch. 1.26).

Next we de ne the Holder Spaceof functions which we need to describe the

smoothness of boundaries.

De nition  For O 1 and m 2 Ng, the Holder spaceC™ () consists of

functions in C™()) which satisfy

X ; .
k ka; O =k ka(T + sup JD (X) D (y)J <1

m X2 X8y X Y]

(A.5)
INE

Now smoothness classes of boundari@scan be given.

199



De nition  Let RY be an open subdomain anan 2 Ng with O 1. We
say that its boundary @is of class C™ if the following conditions are satis ed: For

every x 2 @, there exists a neighborhoodV around x in RY and new orthogonal

VO=f(y::iiva )] a<yi<ai;l i d 1g:

and such that

o1
i (9 5%; 8y°=(y1;:::;ya 1) 2 V©
\VV=fy=(ylya) 2 Viya<' (Y9a: (A.6)

@\V=Ffy=(y%ya) 2 Vijya=" (¥9u:

A boundary of classC®! is calledLipschitz boundary.

We now give a de nition of Sobolev Spaces of integer orders bounded do-

mains.

De nition  For an open bounded domain , the Sobolev SpacEl*(), k 2 Ny, is
de ned by

Hk():= fu2L?() jD u2L%) ;8 j kg (A.7)

and is endowed with the scaler inner product

X
(UV)hky = (U V)i, = D uDv ; 8uv2HK) (A.8)
ik
and corresponding nornkuky«(y = kuky, = P (Uu;u). .
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Theorem A.2.1. The spaceH() is a Hilbert space.
Proof. See R. A. Adams [1], ch. 3.2. O

We also need theseminorm
x Z -
jUj. = (D u?dx ; 8u2HX() (A.9)
i j=k

De nition  The spaceH&(), k 2 Ng is given by the completion ofC} () with

respect to the normk k. .

Clearly H¥() is a Hilbert space with respect to the inner product (; )k
which includes functionsu which vanish on the boundary of . The following

embedding theorem from R.A. Adams ([1], ch. 5.4) is frequentlysed.

Theorem A.2.2. Let RY be a bounded domain with Lipschitz boundary and
suppose thatk 2 No. Then the following continuous embedding holds true. For

2k >d, we haveHk() C() .

We can also give another de nition of the Sobolev space for noteger s on

the entire domainRY. This is given as follows.

De nition  Let s2 R. H3(RY) is a Hilbert space of elementsi 2 L1(RY) \ L?(RY)
such that the Fourier transform ofu, 0, is a measurable function and (1 k3)s¥20 2

L2(RY). The scalar product is given by

Z
(U;v)s= A+ Kk k)% )0()d; u;v2HSRY
Rd

with corresponding norm
kuk? = (u; u)s:

201



We have the following Sobolev embedding theorem.

Theorem A.2.3. Letk 2 N ands 2 R such thats > k + d=2. Then the space
HS(RY) is continuously embedded in the spa& ,(RY) which is de ned as the space
functions u 2 C¥(RY) such thatlimjyu D u(x) =0 foranyj j k, and equipped

P
with the normjujx = ; ; , SUpke D uj.

Proof. cf. R. Adams [1] m

202



B.3 Local Polynomial Reproduction

We discuss the construction of local polynomial reproductiornoa compact set
R?. We consider polynomial spaces in two dimensions and total degm > 0
restricted to which will be denoted as P2 := P2j with dimension Q. As usual,

we will denote by X = fxq;:::;XnQ a set of N pairwise distinct scattered

points.

The basic de nition of a local polynomial reproduction can betated as follows.

De nition  (LPR) A process that de nes for everyX with point saturation
parameterh := h .x a family of functionsU := Ux = fug;:::;uvg, U @ 7' R,
is called a local polynomial reproduction of degrem on if there exists constants

ho; c1; ¢, > 0 such that for anyx 2
P N . 25
1. o p(Xu(x) = p(x); 8p2 Pgj ,
Py . :
2. 4y o
3. Uj(x)=0; ifkx Xxjky>czh
are satis ed for any X with h  hg.
The rst and third conditions justify the local polynomial reproduction while

the second condition ensures that the so-called Lebesgue fuons de ned asP i 4 (x)]
are bounded uniformly over .

Note that in the casem = 0 for the polynomial spaceP?2, namely the space of
constants, local polynomial reproduction is easily satis ed. Foany givenx 2 , if
one simply chooses ar; which minimizeskx  x;k, and setsu;(x) = 1, ux(x) =0
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for any k 6 j, then the reproduction conditions are satis ed. For the rest othe
appendix, we will consider anym 1.

It turns out that the existence for local polynomial reprodution can be shown
for sets which satisfy an interior cone condition. The recipe ¢ construct local
polynomial reproduction on such sets will be discussed in this appdix. We will
closely follow the framework for local polynomial reproduacin found in Wendland

[66].

B.4 Cone condition and properties

To begin, we rst recall the de nition of the interior cone cordition for the set
, which will play an important role. We then discuss some propeties of cones and

sets which satisfy cone conditons.

De nition The set satis es an interior cone condition if there exists an agle
2 (0; =2) and a radiusr > 0 such that for everyx 2 a unit vector (x) exists

such that the cone
C(x; (X);;r)==Ffx+ y:y2R%kyk,=1;y" (x) cos(); 2][0r]g (B.10)
is contained in .

Note: We will usually omit the dependence of the unit vector on x and simply
write

The importance of the cone condition comes from the fact tha cone around
the point x which we denote byC(x) := C(x; ; ;r ) is a convex set. This will
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enable us to create line segments inside the co@éx) where the line segments are

not only in C(x), but also in due to the property that C(x)
Lemma B.4.1. A coneC(x):= C(x; ; ;r ) is a convex set.

Proof. Without loss of generality, assumex = 0, so the vertex of the cone is at
zero. Letxo and x; be any two points in the cone and de ne the line segment
(1) =(1 t)xg+txyfor0O t 1. We must show that every point on the line
segment generated by is in C(x). Firstly, for two vectors 2 R? and z 2 R? with
k ko, =1, denote the angle between andz by \ (; z) = cos (z" =kzk,) =
Now sincexo and x; are in the cone, we have that (xo; ) and\ (Xo; )

Since Xy and x; are in the cone, we can nd g rand r such that
Xo = oYoandx; = 1y; whereyyandy; are unit vectors inC. Thus for any xed
t 2 [0;1] we havez := I(t) = (1 t) gyo+ t 1y1. Now\ (z; ) =cos (z" =kzk,)

which implies that

(@ 1) oyott yn)" k(1 t) oyo+t 1yikpcos() (B.11)

giving

(L t) oyo)" +(t 1y1)" =K((L t) oyo)kacos()+kt 1yiko k (1 t) oyo+tt 1yikpcos()
(B.12)

and thus the\ (z; ) . To show that the length of the vectorz is less thanr, we

have by the Triangle inequalitykzk, = k(1 t) oyo+ t 1yike (1 t) o+t ¢

(1 )+ tr=r. [
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Another nice property of the cone condition is the followinggometric property

which will be used later.

Lemma B.4.2. SupposeC(x) := C(x; ; ;r ) is a cone. For anyh r=(1+sin )
the closed balB(y;hsin ) with centery = x + h and radiushsin is contained

in the coneC(x).

Proof. Without restriction, assumex = 0. If z 2 B, then kx zk, = kzk,

kz yk, + kyk, hsin r. Thus the ball B is contained in the larger ball
centered at zero with radiusr. We now need to show now thatB(y;hsin ) is
contained in the correct segment of the bigger ball centered zero with radius r.
Suppose that this is not the case. Then we can nd a2 B with z 62C, meaning

that z' k zk,cos . But this implies sincehsin is the radius ofB that

h?sin® k z yk®=kz h k®=kzk®+ h? 2hz" > kzk?+ h? 2hkzkcos:

(B.13)
Now subtracting h?sin?> from both sides of the inequality, we get
0> kzk?+ h?(1 sin> ) 2hkzkcos
= kzk? + h?co€  2hkzkcos (B.14)
=(kzk hcos)®> O
and thus a contradiction. Soz 2 C. O

Consequently as a corollary of this Lemma, we know that & is a point in the
ball, then the whole line segmenk + t(z x)=kz xkj, t 2 [0;r] is contained in the
cone due to the convexity of the cone. This will be importantdter.

We now give an example of a set that satis es an interior cone coitidn.
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Lemma B.4.3. Every ball with radius > 0 satis es an interior cone condition

with radius > 0 and angle = =3.

Proof. Without restriction we assume the ball is centered at 0. For any 6 O in the
ball, we choose the direction = x=kxk. A point in the cone is given byx + y
with somekyk =1 and y' cos=3=1=2and 0 . Now we show that

this point is still in the ball. We have
kx + yk?=kxk*+ 2 2 kxk Ty k xk?+ 2  kxk:

The last expression equalkxk(kxk )+ 2 which can be bounded by > 2 in
the casekxk . Inthe case k xk then we can transform the last expression to
( k xk)+ kxk? by swapping roles of and kxk. Now since k xk 0, we get

( k xk)+ kxk? k xk? 2. Thus x + vy isin the ball. O
Now we have a second calculation that we will need.

Lemma B.4.4. Let C = C(Xq; ; ;r ) be a cone with angle 2 (0; =5] and radius

r > 0. De ne the point

Then we have for any 2 C the boundkx zk d

1+sin *

Proof. Without restriction we can assumexy = 0. With 0 < =5, we have
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2cos=(1+sin ) 1. Calculatingkx zk? for any x 2 C, we have

kx zk®= kxk®+ kzk?® 2z"x
2
- 2 r_ X
(1 +sin )2 (L+sin )
r2

kxk? + T

I COS

kxk?
(L+sin )2 “(@L+sin )

k xk?+

- (B.15)

(1+sin )2
r2

o
(1 +sin )2

k xk?® rkxk+

= kxk(kxk )
r2

@ +sin )2

O

Are nal result of the cone condition property is to show that a coe satis es

and interior cone condition.

Lemma B.4.5. SupposeC = C(Xo; ; ;r ) is a cone with radiusr > 0 and angle
2 (0; =5]. Then C satis es a cone condition with angle’\ = and radius

= 3sin -
"~ 4(1+sin )

Proof. Without loss of generality we assume&g = 0. De ne rq := (1-fgi]n ;1 and set

the pointz:=(r rq) = (mrT) . By Lemma B.4.2, the ballB(z;r() is contained
in the coneC. From Lemma B.4.3, we know that we can nd for anyx 2 B(z;ro)
a cone with angle =3 > 0 and radiusrg > (3=4)ro = +. This means we can nd
a cone for any point inside this ball. Now we need to show the conendition for
points outside of this ball but still in the cone.

We x a point x 2 C with x 62B(z;rg), giving kx zk ro. We de ne the
direction of the proiuposed interior cone to be = (z x)=kx zk. We have to show
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that any point y = x+ o with o2 [0;F], and directionk k=1 with T cos
liesinC. Dene = kz xkcos +[r3+ kz xk3cos  1)]*2 whichis in R

sincekx zk ro=(sin ) by Lemma B.4.4 and this means that

ro+ kx zk*(cod  1)=rj k x zk*sin?
(B.16)

si® (r3=(sin® ))=0:

oN

r

Now restricting the angle to (0; =5)gives k x zkcos rgcos  3rg=4 =+.
This means that if the point x + is contained inC, then so isx + o by the
convexity of C, which gives the cone property. We show thax + is in the ball
B(z;rg) C. This is done by the following calculation. Let 2 R? with k k, =1

and T cos . Then we have

kz (x+ )k®=kz xk*+ 2 2 T(z x)

kz xk*+ 2 2 T kz xk

kz xk®+ % 2 coskz xk

=( coskz xk)? kz xk’co¥ +kz xKk? (B.17)
=(ré+kz xk¥co¥ 1) kz xk?cog +kz xk?
=(ré+kz xk¥co¥ 1) kz xk%*cosd 1)

_ro

Hence,x + 2 B(z;rp) C which nishes the proof. O

B.5 Norming sets

We will also need the concepts afnisolvent setsand norming setswhich will
be used for local polynomial reproduction. The two conceptgeadirectly related to
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each other as we will see.

De nition Let X = fXq;:::;XnQ R? be a set ofN distinct points and let
p;g2 P2 be any polynomials of degreen or less on . Then X is P2-unisolvent
if p(xj) = q(x;) for all x; 2 X implies that p = ¢, i.e. the two polynomials are
identical. We could also equivalently say thatX is PZ2-unisolvent if 0 is the only

polynomial from P2 that vanishes onX .

De nition Let X be a Banach space an¥ X be a nite dimensional subspace

with norm k ky (we will simply denote the norm forV by k k if the context is clear).

onV (recall that V°is the dual space toV). The setW is called a norming set of

V if there exists ac > 0 such that

sup  j (v)] ckvk; 8v2V (B.18)
2W; k kyo=1

It is also useful to view the concept ohorming setsin the sense of a sampling
operator. ForW =spanf q;:::; ng VO if we consider the mappingT : V 7!
T(V) RNdenedby T(v)=( 1(v);:::; n(v)) RN (we will call T the sampling
operator), we could also say that the se¥V is a norming set ofV i the mapping
T is injective. To see this, equipgRN with the |, -norm, with the dual space being
l.. Now if T is injective, we can de ne the norm of the invers@ 1! as

kT xk kvk
kT k= su ——— = SUp ———— = C: B.19
oeng(V) kxk1 oevgv KT (V)ky ( )

The constantc will be termed the norming constantof the norming setW. The fol-
lowing Lemmas proves that this de nition of a norming set is egjvalent to de nition
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B.18.

¢ > 0 such that,

sup j (V)j=jo (V) + i+ oy n(V)j=jC T(v)j ckvk:
2W; k kyo=1

Thus T must be injective.

Now suppose thatT is injective. SinceT is injective with norm kT 'k = 1=g
for some constantc; > 0 and we have for any 06 v 2 V the bound kvk =
KT ¥T(v))k k T kkT(v)k; . Thus

j i (V)]

ckvk k T(Vk, = lmjaxNj (V)= 1mjaxN <K k jk
max k jk maxj (V)] (B.20)
1j N 1) N k jk
1 (.
Cs szuv\rl) K
wherec; := max; k jk> 0. Hence,W is a norming set forV. O

It is clear that we need at leastN  dimV functionals to make the operator
T injective. We can get along in fact with exactlyN = dim V functionals. But in

practice, usually the functionalsW and N are given, for example point evaluation
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functionals which we use later. The natural question to ask is #n how many of
these functionals are necessary to make not onlyinjective, but also to control the
norm of T and its inverse. This will be addressed in the following.

We now use the concept of norming sets in the following theorem.

Theorem B.5.1. SupposeV X is a nite dimensional linear space with norm

k ky and thatW = sparf 1;:::; vg VC%is anorming set forvV. Forany 2 V°
there exists a vector of real numbera = (uy;:::;uy) 2 RN depending on such
that
X
(v) = up j(v); 8va2Vv (B.21)
j=1
and
X
jUjj K KyokT lk; (B.22)

j=1
whereT is the sampling operator determined by the s@¥.
Proof. We de ne the linear functional onT(V)by (2)= (T !z)forz2 T(V)
RN. It has a norm that is bounded byk k k kyokT k. By the Hahn-Banach
theorem (Theorem A.1.3), has a norm-preserving extensiok to all of RN. On
RN all linear functionals can be represented by the inner prodtiwith a xed vector.
Hence there exista1 2 RN such that

X

(E )2)=(u;2):= ujz; 8z2RN:
i=1

Using this, we observe that

KE k= sup (u; 2)] = kuk;

06 z2rN  KXKjp
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by duality. Since the extensionE is norm preserving andk k k kyokT 'k, we
have kuk; k kyokT k. Finally, we nd for an arbitrary v 2 V, by setting

z=T(v) 2 T(V),
X N\
vy= (T 1z) = (2=(E )2 =(u;2) = Uz = U j(v); (B.23)
i=1 i=1

which is (B.21). This nishes the proof. O

We can now apply this theorem in the context of polynomial reduction. If

we choose/ = P2j C™()= X endowed with the normk k; . = k k.1 (y and
let W =spanf q;:::; nyg:=spanf 4,;:::; x,9 VOfor the set of point centers
X = fxy;:::1;XNn G, Where 4, is the point evaluation functional at the centerx; 2 X ,

and take = , 2 V%for x 2 , then we have the following Lemma.

Lemma B.5.2. The setW = sparf ,,;:::; x,dis a norming set forP2j if and

only if the setX = fxi;:::;XnG is P2-unisolvent.

Proof. SupposeW = spanf 3;:::; ng where ; = 4 is a norming set forV =

P2j butthat X is not P2-unisolvent, so there exists @ 2 P2 nonvanishing on
such that p(x;) = 0 for all x; 2 X . Now sinceW is a norming set, we can choose
X 2 with = , and can nd numbers Ui(x);:::;un (X)) 2 RN, which are not

all zero, such that

X X
= uk) jP= ukpkx)= px)60:

i=1 =1

But since u; (x) are not all zero,p(x;) cannot be all zero. ThusX is P2-unisolvent.

Now supposeX is P2-unisolvent and choose anp 2 P2 which is nonvanishing
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thus T is injective. By Lemma B.5.1, sinceT is injective, W is a norming set for

P2j . This completes the proof. [

It should be clear by now after the previous Lemma that we alrely have

the rst two properties in the de nition of local polynomial r eproduction. To see

X is P2-unisolvent on . If we choose = , 2 V°for x 2 , then for any

polynomial p 2 P2 = V, applying theorem B.5.1, we can nd a vectoru(x) =

X
(P =px)= u(x)p(x;)

j=1
which gives the rst property of local polynomial reproducton. Secondly, we have
taking the norm onRN to bel; and the norm on R")°to bel,, we have the second
property of local polynomial reproduction

jui(x)j = ku(x)ky k 4KKT k= KT k= C,
j=1

by using the fact that k xk = SUPyzp2 wpk, =1 JP(X)] = 1.

RN that also satis es the third property, which is the local propety of the polyno-
mial reproduction. But rst we need to give conditions on the pint centers X

such that W de ned above is indeed a norming set for the space of polynonsal
P2 on . This is hopeless in the case of general domains. We need a dition

on the domain which will lead to this property. This will be the cone condition.
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In this next Theorem, we give conditions on the seX that are su cient to make

it unisolvent. Furthermore, we give a value for the norming aestant in the case

To prove the norming set property, we will use the fact that any niltivariate
polynomial in R? can be reduced to a univariate polynomial by restricting it to
a line segment in . We want to then relate the norm on the univarate polynomial
on the line segment to the norm of the multvariate polynomial o . To do this, we
have to ensure the line segment will be completely contained inhence the use of
the cone condition.

We will make use of a simple Markov inequality which states thatofr any
p2 Pl, we have

Pt mkpky oy t2[ LA
Furthermore, a simple scaling argument shows that for > 0 and allp 2 P},
t2 [0;r],

, .2
iP0; T mkpky o €2 [0;1];
Theorem B.5.2. Suppose that R? is compact and satis es an interior cone

condition with radiusr > 0 and angle 2 (0; =2). Supposem 2 N, m 1, is xed

and that the set of centerX = fx4;:::XnQ satis es

2. for every ballB(x; h) , there is a centerx; 2 B(x;h).

Then W = sparf ,, : x; 2 Xg is a norming set for P2j with norming con-
stant bounded by?2 for the sampling operatorT : P2 7! RN dened by T(p) =
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( x(P) . 2w-

Proof. Choose an arbitraryp 2 P2 with kpk; . = 1. Since is compact, we can
nd an x 2 such that jp(x)j = 1. Furthermore, since satis es an interior
cone condition we can nd a 2 R? with k k, = 1 such that the cone C(x) :=
C(x; ; ;r ) is completely contained in . Since h=sin r=(1+sin ) we can use
Lemma B.4.2 with h replaced byh=sin to nd a ball B(y;h) C(x) with center
y = x+(h=sin ) . This implies that for an x; 2 X with Ky Xx;k; h, Xx; isin the
ball B(y;h), and since the cone is convex, the line segment+ tlofj'—x"kz t 2 [0;r],

lies in the coneC(x) 2 . Now we can apply Markov's inequality with r > kx; xk;

to the chosen polynomiabp restricted to this line segment inC(x) as

- Xj X . el
p(t) .= p(x + thj sz), t2[0;r];
We can see that
. . . - Z kx XJ k2 . . -
ip(x)  pOX;)i = iptkx xjko) PO ipidt k x xjk - max  jp(t)]
J
2 2
kK x Xj kZFm kpkl [0;r]
2(1+sin ) 2
h—g (M 1)kpks;
1=2
(B.24)

by usingkx Xxjk; k x yko+ ky xjkz h+ h=sin = h(1+1=sin ) with
the de nition of the saturation measureh and the fact that ky xk,  h=sin .

This shows thatjp(x;)j 1=2 since we knowp(x)j = 1. Now we have by applying
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(B.19) with V = P2,

kT k= su : . . =2
wps o 1 KTk Max o Jp0)] 122
This proves the theorem. O

Now the next step in our recipe is utilizing Theorems B.5.2 and.B.1 together.

This gives the following Corollary.

Corollary B.5.1. If X = fxq;:::;XnQ is P2-unisolvent, then there exists for
P P
anyx 2 some real numbersy; (x) such that  ju;j(x)j 2and JN u; (X)p(x;) =

p(x) for all p2 P2.

Now we can nally assemble all these Theorems and Lemmas to give the

nal product which is the local version of polynomial reprodgtion.

Theorem B.5.3. Suppose that R? is a compact set which satis es the cone
condition for some angle 2 (0; =2) and radiusr > 0. For xed m 2 N, there
exists constantshg; C;; C, > 0 depending only orm; , and r such that for any set
of distinct point centersX = fXxq;:::;XnQ with h  hgand anyx 2 , we can

nd real numbers uj(x) for 1 j N, such that
P .
1 o p(x)u(x) = p(x); 8p2Pgj ,
Py . .
2. N ju(x)j C

3. Uj(x)=0; if kx X;ky>C3h

Proof. Without restriction, we assume that =5. We de ne the constants as
16(1 +sin )?m? r
Ci=2;C= _ ; ho= —:
! 2 33|r12 0 C2
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Choose anyx 2 . Let h:= hx. be the point saturation measure for the seX.
SinceC,h r, the set also satis es a cone condition with angle and radiusC;h.
Denote this cone byC(x) := C(x; ; ;C ,h) . By Lemma B.4.4, the cone C(x)

itself satis es a cone condition with angle and radius

= 3sin .
T 4 +sin ) 2T

Substituting the de nition of C, in the above equation and solving foh, we get

that
sin

h= 1°4(1 +sin )m2:

Now consider the set of pointsY = X \ C(x). To get our desired result,
we need to show thatY is P2-unisolvent on C(x). This amounts to showing that
C(x) and Y satisfy the conditions in Theorem B.5.2, with = C(x), X =Y,
and h. Firstly, the point saturation measure h of the setY obviously satis es
the rst condition in Theorem B.5.2. For the second condition,we show that any
ball B(y;h) C(x) contains a point x; 2 Y. Indeed, by Lemma B.4.2, since
F=4(1+sin )m*  r=(1+sin ), we know that the ball B(y; Fyrsn—mz) = B(y;h)
with centery = x + h is in C(x). By de nition of the saturation parameter h,
we know that there exists at least onex; 2 Y which is in B(y;h). Thus W =
sparf 4, ; X; 2Yg is a norming set forP2jc(x). Hence, by Corollary B.5.1 we can
nd numbers u; (x) for everyj such thatx; 2 'Y satisfying

X

u; (x)p(x;) = p(x)

Xj 2Y
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for all p2 P2jc(x) and
X - .
jux)j 2z
Xj 2Y
Finally, to get the third property at the point x 2 , we simply set u;(x) =0
for any x; 2Y. This gives properties 1), 2) and 3), and hence a local polymeal

reproduction. ]

We remark that in the construction for this proof, one might ndice that the

C(x) . For example, if one changes the direction of the con€(x), the numbers
u; (x) might change since the points in the se¥ \ C(x) might change as well. For
notational convenience however, we have omitted the depearty on the coneC(x)

from the numbersu; (x).

B.6 Local reproduction of derivatives of polynomials

We can also extend this local polynomial reproduction to inabde the local
reproduction of derivatives of polynomials. Norming sets withgain be a key ingre-
dient. However, in order to cover the case of local reproductioof derivatives of
polynomials, we rst need an additional Bernstein inequality ér mulitvariate poly-
nomials. In the following is assumed to be open, bounded and caected, which

is necessary for estimates on the derivatives. In this casds compact.

Lemma B.6.1. Suppose R? is bounded and satis es an interior cone condition

with radiusr > Oand angle . If p2 P2and =( 1; 2)2N3,j j:= 1+ » m,
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is a multi-index then
2m?2 |

kD pky rsin

kpky . (B.25)

Proof. Assume thatr p is not identically zero. Letxy be the point in that
maximizeskr p(x)k, over ( k k- is the standard Euclidean norm). Because
satis es a cone condition, so doesand thus x, is the vertex of a coneC(xy )
having radiusr, an axis along a direction , and an angle . De ne the unit vector
=1 p(Xm)=kr p(xm)k2 (adjusting the sign ofp so that T 0). There is a unit
vector pointing into the cone and satisfying T cos(=2 ) =sin . Using

this we havekr p(xy)ksin() r p(xy) = @fXy)=@ and so
o Pl ke = ) cse() @ bxw ) (B.26)

Now for t 2 R, the polynomial pft) := p(xy + t ) is in P} (R). In particular, it

obeys the usual Bernstein inequality mentioned earlier on 0t r given by

s 2m? ... 2m? _
ipt)] Tg}é’}?‘]‘p(t)‘ ——kpki;

Now sincepf0) = ( @p=(@)(xm ), we have for allx 2

2m?
r sin

K poOke Kt poxandke  csc() ) ks .
@

Finally, noting that j(@p=@)(x)] kr p(xm)kz, and dierentiating p times, we
get the desired result. H

Now that we have shown the inequalitykD pk; . 2m? ]kpkl; , we

r sin

can use this in Theorem B.5.2 along with Theorem B.5.1 to get ¢hfollowing global
version of polynomial reproduction adapted to the derivatigs of polynomials. First,
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let W =spanf ;;:::; ng:=spanf ,,;::1; «, g be anorming set forv = P2j . If

we choose =( x D )2 V°forx 2 , then for any polynomial p2 P2, applying

on x such that

X
D p0) ="y ()P(X;)

j=1
which gives the rst property of local polynomial reproducton. Now using the

bound shown in Lemma B.6.1, we can use this Theorem B.5.1 to gebaund on

the Lebesgue function

X . 2m? i
. ju (x)j=ku kg 2 e :

Thus is summarized in the following proposition.

Proposition Let p 2 P2 and let be a bounded domain satisfying an interior
cone condition with radiusr > 0 and angle . Suppose thath > 0 and the set
X =fXxq;:::Xng satisfy

1. h r sin

4(1+sin  )m2
2. for everyB(x;h) there is a point x; 2 X\ B(x;h),
then for any multi-index = ( 1; 2) 2 N3with j j:= 1+ , m there exists

real numbersu; (x) such that

X
D p(x) = u (X)p(x;); 8p2 Pj (B.27)
j=1

and

(B.28)

for all .
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Proof. We already demonstrated that equation (B.27) holds using Theem B.5.1
with =(x D)2VPandW =f 3;:::; ngwith = .

To show that (B.28) holds we use Theorem B.5.1 and the fact thatV is
a norming set forP2j to get that P j!\l=l ju (x)j k kyokT 'k whereT is the
sampling operator associated withW . Thus we need to boundk kyokT k. Firstly,

by Theorem B.5.2, we have

kpkl : 1 1

KT k= sup : . =2
p2p2:kpks . =1 KT(P)Ka  maxgox jp(x;)j  1=2
Now to boundk kyo= k( x D )kyo, we use Lemma B.6.1, to get
K Kyo= max ' | = max ID p(x)j

VT b2pg () skiks =1J () P2P2 () skpky ; =1J PO (B.29)

2m? | 2m? i

k D pk; - . kpky . = . :

P r sin P r sin

Thus we get our desired result. m

Now we can use this to get the local version. Using the fact that (ad
consequently) satis es an interior cone condition, we can use the above propsition
and proceed exactly as in Theorem B.5.3 to get the followingdal version of local

polynomial reproduction for derivatives.

Theorem B.6.1. Suppose that  R? is a bounded and satis es the cone condition
for some angle 2 (0; =2) and radiusr > 0. For xed m 2 N, there exists constants
ho; C, > 0 depending only onm; , and r such that for any set of distinct point
centers X = fXxi;:::;Xng with h ho and anyx 2 , we can nd real

numbersuy; (x), for 1 j N such that

PN . _ . 2
1. o p(xj)u;(x)= D p(x); 8p2Pgj,
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Py . _ o
2. oy (X)) Cihl

3. U (x)=0; if kx  Xjkp>C,h

Proof. Without restriction, we assume that =5. We de ne the constants as
1 i 16(1 + sin )’m? r
C,=2 07— = , ; ho = —:
! 2(1+sin ) 2 3sir? °7 ¢,

Choose anyx 2 . Let h:= hyx. be the point saturation measure for the seX.
SinceC,h r, the set also satis es a cone condition with angle and radius
C, h. Denote this cone byC(x) := C(x; ; ;C ,h) . By Lemma B.4.4, the cone

C(x) itself satis es a cone condition with angle and radius

o= 3sin _
~ 4(1+sin ) 2

Substituting the de nition of C, in the above equation and solving foh, we get

that
sin
=F . :
4(1+sin )m?

h

Now consider the set of pointsy = X \ C(x). We already demonstrated in

the proof of Theorem B.5.3 that the conditions

1. h F-sin

4(1+sin  )m?

2. for everyB(y;h) C(x) there is a pointx; 2'Y,

are satis ed. Thus, by applying Proposition B.6 with = C(x) and X = Y, we
can nd numbers u; (x) for everyj such thatx; 2'Y satisfying
X
u (x)p(xj) = D p(x)

Xj 2Y
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for all p2 P2jc(x) and

X . m2 i}
u. (x . ;
Iy ()] F-sin
Xj 2Y
. i
Now sinceh = 772057, and C; =2 2(1T1|n) , then we see that

X m2 ] .
ju (xX)j 2 — =C,h I

J ]( )J Fsin 1

Xj 2Y
which is the second property. Finally, to get the third propety at the point x 2 ,
we simply sety; (x) = 0 for any x; 2Y. This gives properties 1), 2) and 3), and

hence a local polynomial reproduction of derivatives. m
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C.7 Legendre Polynomials and Wendlend's Kernels

C.8 Legendre Polynomial Expansions

(Note on notation: In this appendix, we will frequently emply the notation
(; )Lzgy to mean the L2(1) inner product on the interval | = ( 1;1) and (; )r
to mean the inner product on the Sobolev spadd'(1). Thus, using this notation
(U; V)L2¢y and (u; v)o, are equivalent expressions for any;v 2 L2(1).)

De ne Py onl to be the space of polynomials of degree less than or equal to
N restricted to the interval I. The Legendre polynomial of degreea on the unit
interval | =( 1;1) is given by

o

Ln(x): 2nn|

@ x3mmw (C.30)

and is the n-th eigenfunction of the Legendre di erential equation
(@ x*La(x)°+ aLla(x)=0; x21 (C.31)

with eigenvalue , = n(n+ 1). Some useful properties are
jLa(j L x2[ L1]

L] In(n+1); x2[ L1]
2 (C.32)

La( D=( 1)
0 — 1 n+1
LaC D =50 )7 n(n+1)
The set of Legendre polynomials is ah2-orthogonal system onl satisfying the

orthogonality condition

Z
LOLmO)dX = (14 2) i
|
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where ., = 0 if | & m and 1 otherwise, sokL,k 2y = (I + %) 122 Thus, an
orthonormal L?(1) system can be obtained by multiplying each.,, by its normalizing
factor 1=kL 1k 2(y = P (n+1=2). (See Szego [54] for proofs of these properties).
We can also show thatkLﬂkfz(,) = n(n +1). Using integration by parts, we
have
Z Z

(La(x))%dx = Ln()(Lp)(x)dx + (LaLp)ity
| Z (C.33)

La()(L)Tx¥)dx +(LR@)  ( 1)"La( 1))
|

R
We rst notice that | Ln(x)(L3)Ax)dx = 0 since (LJ)°isann 2 degree polynomial
and L, is orthogonal to any polynomial inP, »(l) (if n < 2, (L)°= 0). Now
using the propertyL2( 1) =( 1)"*n(n+1)=2, we get (°(1) ( 1)"LY( 1)) =

nin+1)=2 ( 1)***n(n+1)=2=n(n+ 1) and so it follows
KLIKE, = n(n+1): (C.34)

P
The Legendre expansion of a functiom 2 L?(1) is given asv(x) = LO anLn(X)

R
with a, = (n+1=2) | v(x)L,(x)dx where "=\ is understood in the sense that

xXP
Iilm kv anLnki2¢) =0: (C.35)
p!

n=0

For a givenN > 0, the L2-orthogonal projection y : L?(1) 7! Py(l) is a

mapping such that for anyv 2 L?(l) we have
(v NV )ezay =05 8 2 Py(l): (C.36)

Since the set of Legendre polynomials, for 0 n N provides a basis forPy
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In order to prove an error estimate for Legendre polynomial gpoxmation in
L2(1), we rst will need a density argument and a Sobolev interpolabn Theorem

(proof can be found in Adams [1].

Lemma C.8.1. Let(a;b) R andr 0 be any integer. The spac€?! ([a;H) is

dense inH'(a; b).

In other words, functions inH"(a; b can be approximated arbitrarily well by
in nitely di erentiable functions on [ a;l in the distance induced by the norm of

H"(a;b.
Theorem C.8.1. Let0O<s< landk 1 be an integer. Then
H " *(a;) = [H"(a;); H"* (a; B]s2 (C.37)
and the norms are equivalent.
Proof. Brenner and Scott [15], Theorem 14.2.3. O

This Theorem states that ifv 2 H«*1 (a; b), thenv 2 H¥*S(a;h with0 <s < 1
where the spacéd “* 3 is given by the interpolation between the spacdd* and H*!,
The following Lemma is an error estimate for the di erence beteenv and

nVin L2(1).
Lemma C.8.2. For any realr 0, there is a constantc > O such that
kv nVKo,  cN "kvky ; 8v2 H'(I) (C.38)

Proof. In the caser =0, we havekv n VKo K VKo, which is trivially satis ed.
For the moment, lets assume that is an even integer, namely = 2m wherem 1,
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and that v2 C! ([ 1;1]). Let A be the 2nd order di erential operator de ned by
Av= (1 x?V9° Using equation (C.31), it follows thatAL, = n(n+1)L,. For
the left side of the bound (C.38), we havév VK3, = i L a1 @2KLaK2, . Using
the de nition of the Legendre coe cients, by an application d integration by parts

we get for anyn > N

Z Z

1 1
m | v(X)Ln(x)dx = N+ DKL, | V(X)AL p(x)dx
" z | (C.39)

= DR, @ OVEOLI0BCH I XVEOLACOT

an

Sincev 2 C* ([ 1;1]), all derivatives are bounded and continuous on [1; 1] and

thus lim,, (1 x?)vAx)L,(x) = 0. Applying integration by parts once more, we

have
1 Z
an = n(n + DKLKE, | Av (X)L (x)dx
. Iterating this procedure m times yields
1 Z
T mmr Dk N Okl (dx (C.40)
and thus
kv nNVKS, = 8 ! 5 ’ AMv(X)L,(x)dx 2kLnkg.1
T s NM(n+1)MKLaKG, ;

R
R A™v(X)L,(x)d
cN ™ KL,K3, (- :Et)kéz()() )2 (C.41)

n=0

cN *MKA™VKS, :

Since A™ is a dierential operator of order 2n, taking the square root of both
sides in (C.41) and applying the inequalitkA™vky,  ckvksy,, for some constant

c > 0, the desired bound is achieved for even> 0 andv 2 C! ([ 1;1]). To
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obtain the result for v 2 H?M(1), we recall from Lemma C.8.1 thatC! ([ 1;1])
is dense inH2™(1), thus the result holds forv 2 H?™(l). For r > 0 between
even integers, namely@d 2<r < 2m, we apply the Sobolev space interpolation

[H2™ 2(1);H2™(1)]s2 = H2™S* @ 9@m 2) for 0< s < 1 to get the desired result. [

Using Legendre polynomials, we can show an inverse inequality dretspace

of polynomialsPy .

Theorem C.8.2. For every polynomialv 2 Py (l), there exists a constanC > 0O
such that

kvkoi  CNZkvkg; : (C.42)

Proof. Any v 2 Py can be expanded into a Legendre series given kyx) =

N 5 @ Ln(x) where
X

1 .
gy = il
n=0

Now using (C.34), we have

kv :kXq LOok2 NX\I' i?kL 9 K2 NX\I' i2 +1
\J 0;l an n"™0;1 ]aﬂl N ™0;l Jaﬂj (n(n ))

n=0 n=0 n=0
X
janj?n(n + 1)(n +1=2)
o n+1=22
=0 " (C.43)
2 — H 12
N“(N +1)(N +1=2) 1=

NZ(N +1)(N +1=2)kvkj,
so it follows that
kvg, 3N “*kvkj,
which giveskvkg;  CNZ2kvkg, . O
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We now de ne a quadrature rule based on Legendre polynomiats integrating

functions in P,y 1(1) and L?(l) (see Canuto [17] for derivations).

Theorem C.8.3. Gauss-Lobatto Integration Let f g, denote the zeros of
g(x) = Ln+1(X) + aby(X) + bLy 1(X) with 1 = 4 < < \ =1, where the

parametersa; b are chosen such thag( 1) = q(1) = 0. Then one can ndN +1

z X
p(x)dx = iP(i); 8p2 Py 1 (C.44)
! i=0
Thus the numerical quadrature scheme om is exact when integrating any
polynomial p 2 Py 1.

Now, given a functionv 2 L?(l), an approximate quadrature scheme using

the Gauss-Lobatto-Legendre (GLL) rule is

‘ X
u(x)dx iu( i) (C.45)
! i=0
where q;:::; Ny and the zeros o;:::; n are de ned as follows:
it 0= 1, n=1;zerosofl{(x);1 i N 1
(C.46)
i 2 ;0 i N
2N+ 1)(Ln( )
C.9 Two-dimensional Legendre Expansions
Let Q =( 1;1)%. We denote the spac®j on the squareQ as
) X o
Pu(Q) = fv= aj Xixh; & 2 R; (x1;%2) 2 Qg (C.47)
0 ij N
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This is atensor product space of one-dimensional polynomials of degrd¢ with
dim(P3(Q)) = (N +1)2. (i.e. The space of functions which are polynomials of
degree N in each variable. For simplicity in notation, we de neK := (N + 1)2)

For x = (X1;X2) 2 Q, we de ne the k-th order Legendre polynomial as
Lk(x) := Li(Xx1) Lj(x2)wherek:=1i N+jforO 1i;j N andL; (L) aretheith
(j th) degree Legendre polynomials oh = ( 1;1). Then sparfLy(); 0 k Kg
provides a basis foiP3 (Q). Furthermore, it can easily be shown using the orthog-
onal property of L, in L?(l) that the two dimensional Legendre basis provides an
orthogonal basis forL?(Q). We can normalize thek-order Legendre polynomial
Lk(X) = Li(x1) L;j(x2) by multiplying by the factor (i +1=2)*2(j +1=2)}2. Thus
fL (X)Oi= WhereL(x) = (i +1=2)¥2(j +1=2)1"2L;(x1)L;(Xo) is an orthonormal
family for L?(Q).

The Legendre expansion of a functiom 2 L2(Q) is given asv(x) = P LO aL (x)
with a, = RQ V(X)L (x)dx. The projection  :L2(Q) 7! P3(Q) is de ned by the

unique element yv 2 P3(Q) such that

(v NV Jzay=0; 8 2 P3(Q): (C.48)

The following Lemma is the two-dimensional version of Lemma &2.
Lemma C.9.1. Foranyrealr 0, there exists a constanC > 0 such that
kv nVKog CN "kvk.g; 8v2 H'(Q): (C.49)
Proof. The proof is nearly indentical to the proof of Lemma C.8.2. m

231



C.10 Wendland's Compactly Supported Kernels

In this section we review the construction and some propertied &Vend-
land's compactly supported radial kernels which are used in ¢hhybrid spectral-
element/meshless approximation method. The many advantaged using Wend-
land's compactly supported functions for partial di erential equations include their
approximation ability, their fast summation ability on a set of collocation nodes
X = fXq;:70XN0 RY, and as we will see, the fact that they can be repre-
sented as a univariant polynomial on a local domain in any dinmsiond 2 N. They
are also symmetric and positive de nite functions and whose Foier transform de-
cays like (1 +k k3) © for somes > d=2.

We consider the functions (x) = (r) with r = kxk which have the form
8

Ep(r) O r 1
(r)= (C.50)

-B 0 r>1

where p is a univariate polynomial of the formp(r) = P Jm grl with ¢, 6 0. We
will denote m the degree of or

The construction of the compactly supported functions beginwith the tru-
cated power function ((r)=(1 r)., where (1 r), denotes (1 r)ifr< 1andO
otherwise. It was shown in [65] that '(r) is a positive de nite function in RY when
| d=2+ 1. Next we introduce the operatorl and its inverseD by acting on any
radial function (r) as

Z 1
()=t (Hdt (C.51)

r
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and
CRIGENER G (c52)

Using the truncated power function (r), a class of positive de nite compactly

supported functions can be de ned as

— 1k
dk = | OOr (d=2+k+1) (C.53)

where oor(x) denotes the largest integer less than or equal ta. For simplicity in
notation and without loss of generality, we will assumeé = 2m for some integem,
SO we can supress the notation oor. In Wendland [65], the follomg Theorem is

proved about the functions .

Theorem C.10.1. The functions 4k induce positive de nite functions in RY with

the form

8
E Ppak(r) O r 1
d;k(r) = B (C54)

0 r> 1

wherepg iS a univariate polynomial of degreen := oor d=2+3k+1. Furthermore,
they belong to the class of functior8?(RY) and possess a Fourier transforrr’\‘d;k( )
which decays likd1+ k k?) 92 k 172 and thus the native space of X;y):= ( X

y) = 4x(r) is equivalent in norm to the Sobolev spaés(RY) for s := d=2+k+1=2.
Proof. cf. [65], Theorems 1.2 and 2.1 O

We now give an important Thoorem about the polynomial represgation of

the positive de nite function 4.
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Theorem C.10.2. Within its support [0; 1], the functions 4« have the representa-

tion
Xk
ak(r) = gyr! (C.55)
j=0

(1

with | := d=2+ k +1. The coe cients ¢ of the polynomial can be de ned by the

recursive relation ink for O i k 1by
0O 1
B |
¢ = ( 1)1% §; 0 j |
j
x2i - () (C.56)
Qo= Tidl=0 i 0
] +2
j=0
9-“) .
¢y = 20 02 1+2i+2:

[S—

Furthermore, precisely the rstk odd coe cients cl(;'k) vanish.
Proof. cf. [65], Theorem 1.3., [66], Theorem 9.12 [

We give examples of di erent positive de nite compactly suppded functions
4k Up to a positive constant factor ford = 1;2;3 andk = 1;2;3 in the following
table originally produced in [65].
To conclude this review of compactly supported Wendland futions, we give a
result from [64] which states an error estimate ih* for a given functionf 2 HS(RY)
approximation by Wendland functions ( ;x) := gk(k xKk) = 4x(r) given as

P
Ixf =" N, (X))

Theorem C.10.3. For g4y, lets=d=2+k+1=2withk landd=1;2. Forevery

HS(RY) and compact domain RY which satis es an interior cone condition, the
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Table C.1: Examples of g

d=1 =1 1. o
d=1 () =@ 1)iEr+1) c?
d=1 12(r)=@ r)3(8r2+5r+1) c4
d 3 a() =1 1i@r+1) c?

d 3 32(r)=(1 r)8(35r2+18r +3) c4

d 3| s3(r)=(1 r)8(32r3+25r2+8r+1) | C®

P
interpolant 1xf = sz1 i dk(k X;k) on the pointsX = fxq;:::;XnQ with

point saturation measureh satis es the estimate
kf Ixfkia g Ch¥™ 72k kysero (C.57)

for a su ciently small h. Thus interpolation with 4, provides an approximation

order of s+ 1=2.

Proof. cf. [65], Theorem 2.2 m
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