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Abstract

This paper presents new results for partially observed nonlinear differential
games, which are applied to the nonlinear output feedback H, robust control prob-
lem. Using the concept of information state, we solve these problems in terms of an
infinite dimensional partial differential equation, viz., the Hamilton-Jacobi-Isaacs
equation for partial observed differential games. We give definitions of smooth and
viscosity solutions, and prove that the value function is a viscosity solution of the HJI
equation. We prove a verification theorem, which implies that the optimal controls
are separated in that they depend on the observations through the information state.
This constitutes a separation principle for partially observed differential games. We
also present some new results concerning the certainty equivalence principle.

Key words: Partially observed differential games, nonlinear H,, robust control,
infinite dimensional partial differential equations, viscosity solutions.

1 Introduction

The nonlinear H,, robust control problem has generated considerable activity in recent
years, and important contributions have been made by a number of authors, see [1],
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[2], [3], [5], (8], [11], [17], [18], [19], [20}, [22], [25], [26], [27], [28], [29], [30]. The state
feedback problem is reasonably well understood, although the issue of controller synthesis
for continuous-time systems remains outstanding. This is because the value functions
solving the various PDEs which have been proposed need not be smooth—a standard
difficulty even for simple nonlinear deterministic optimal control problems. The output
feedback problem is much more difficult, and various approaches have been suggested in
the literature. Perhaps the most general of these approaches was initiated in [20], [21],
where the concept of information state was used to solve a partially obsered dynamic
game, and applied in [19] to solve the output feedback H., problem. The results in
[19], [20] are presented in the discrete-time context for technical simplicity, although the
system-theoretic ideas are valid in continuous-time also; indeed, the key equations were
presented in [21], [27] without proof. The purpose of this paper is to commence the task
of developing a mathematical theory for continuous-time partially observed differential
games and output feedback H, robust control.

The information state p; = p:(x) is the solution of a first-order PDE, and takes values
in a suitable infinite dimensional Banach space p; € X' (here, x € R" is the state of the
system being controlled, so X' is a space of real-valued functions of ). The partially
observed differential game we consider can be transformed into an equivalent game with
full state information, and this leads via dynamic programming to a value or optimal cost
function W(p,t) which “solves” a PDE on X x [0,T]. This PDE is a nonlinear first-order
equation, and is the correct Hamilton-Jacobi-Isaacs (HJI) equation for partially observed
differential games. This HJI equation appears to be new, and we are not aware of any
results in the literature concerning this type of infinite dimensional PDE. It is not clear
what if anything the results in [6] have to say about this HJI equation. In the case of
partially observed stochastic control, the idea of information state is familiar, a theory
has been developed [13], [14], [23], and the dynamic programming equation is an infinite
dimensional nonlinear second-order PDE.

The particular class of problems we consider in this paper is presented in §2. This
class should be regarded as a prototype class, and the ideas and principles we develop
are expected to apply in much more general contexts. The relevant information state
is defined in §3, and some if its properties are analyzed for use in latter sections. In
particular, the key representation theorem is given. In §4, the value function and HJI
equation are defined and studied. Definitions of smooth and viscosity solutions are given.
We prove that the value function is a viscosity solution of the HJI equation. We do not
know a proof of a uniqueness or comparison theorem for equations of this type. While in
general it is not expected that smooth solutions will exist, a verification theorem is proven
in §5 assuming a smooth solution exists, yielding that the optimal control is a separated
control in the sense that it depends on the observations via the information state. The
certainty equivalence principle proposed in [5] and [8] is considered in §6. We explain how
this principle fits into the general information state framework, and show that under a
generalization of the standard assumptions, the certainty equivalence controller can be
optimal at certain values of the information state. The standard assumptions are very



stringent, and are unlikely to hold in general, and we explain what can happen in such an
event. In §7, we apply our results to a relatively simple nonlinear H, control problem,
viz., finite horizon disturbance attenuation. The solution is expressed in terms of two
PDEs, a finite dimensional one for the information state, and an infinite dimensional
equation for the value function. Infinite horizon H,, problems are closely related to the
theory of dissipative systems [15], [31], and we present the relevant partial differential
inequality (PDI) for the output feedback problem. Finally, we make some comments
concerning more general cases.

Acknowledgment. We wish to thank Professor W.H. Fleming for some interesting and
helpful discussions.

2 Problem Formulation

We consider the class of nonlinear partially observed deterministic systems described by
the state space equations

£(t) = f(z),u(®)) + g(z(t), w(t))

y(t) = hz(t)) +w(t).

Here, z(t) € R™ denotes the state of the system, and is not directly measurable; instead,
an output quantity y(t) € RP is observed. The control input is u(t) € U C R™, and
w(t) € RP is regarded as a opposing disturbance input. The functions f : R* xR™ — R",
g:R"x R? — R" and h : R® — R" are assumed bounded and smooth with bounded
derivatives of orders up to three, say. The set U is compact.

(2.1)

Most of this paper is concerned with a differential game problem on a finite time
horizon [0,7], and we use the following type of admissible strategies. The admissible
disturbances are square integrable functions:

w € W(t) = Ly([t, T], RP),
while the admissible controls are nonanticipating (causal) maps
u: Y(t) - U(®),

where

u(t) = L2([taT]1 U)a y(t) = LQ([t’T]’ Rp)
The nonanticipating property means that if 3,y € V(&) and 3, (r) = ya(r) a.e. 7 € [t, 8]
then ufy,](r) = uly.)(r) a.e. r € [t,s] (c.f. the Elliott-Kalton notion of strategy [9], [10]).

We will denote by U(t) the class of such nonanticipating strategies for which (2.1) has a
unique solution.



We next introduce several function spaces which will be used in the sequel. The
Banach space of continuous functions with at most linear growth is denoted

X={peCR") : | pl<oc}

where the norm is defined by

()|

Sll
| pll= 1p 1+l

Denote by
X'={peC'(R") :|pli< oo}
the Banach space of continuously differentiable functions with bounded derivatives equipped
with norm
Ap(=)|
1+ |z
where V,p is the gradient of p. Also, we need to deﬁne the function space

| plli= Sup + sup |Vap(x)],

D={peCER") : p(x) < —a|z|+ c Vz € R*, for some ¢; > 0,¢c; € R}.

Note that the subsets DNX C X and DNAX! C X! are open in their respective topologies.
As sets, X! C X, but X! is not a subspace of X as Banach spaces.

The minimax differential game is defined as follows. The payoff is

J(o,w,70) = awo) + [ [La(t), ulyl(1)) ~ 7t e + 2(a(T)),

where the initial state £(0) = o is in general unknown. The functions L : R* x R™ — R,
£:RP — R, and & : R® — R are assumed bounded and smooth with bounded derivatives
of orders up to three, and a € D N X. The assumptions imply that J is well defined and
bounded uniformly in w € W(0) and u € U(0). We will also assume that L > 0, ¢ > 0,
® > 0. The controller’s objective is to minimize J, while the disturbances attempt to
maximize J. For u € U(0) define the functional

J(u) = sup J(u,w, x9).
weW(0), zg€R"?

The problem addressed in this paper is that of minimizing J(u) over u € U(0). This is
a partially observed minimax differential game. Note that z, is regarded as an unknown
opponent also.

3 Information State

The key to solving the partially observed game is to replace it by an equivalent one
with full state information. The difficulty is that the new state is infinite dimensional in
general.



To this end, for fixed output path y € Y(0) and control u € U(0), define the informa-
tion state by

@) = alao) + [ [D(a(s),uls) ~ 1€ (u(s) — hix()] ds, 3.1)
where z(-) is the solution of

£(s) = f(xz(s),u(s)) + g(z(s), y(s) — h(xz(s))), 0<s<t, (3.2)

with terminal condition z(t) = z. This quantity describes the worst-case performance
up to time t using the control u which is consistent with the observed output and the
constraint z(t) = z. It summarizes the observed information in a way which is suitable for
fulfilling the control objective. The information state evolves according to the dynamics

{Pt = F(p:,u(t),y?))
(3.3)
Do = a,

where I is the differential operator
F(p)u’y) = —Vmp : (f(>u) + g("y - h)) + L()u) - 72E(y - h)7 (3'4)

defined on a domain in X x R™ x R? mapping into X. (Note that F' is not continuous
on X x R™ x RP, but is continuous from X! x R™ x R? to X.)

The smoothness of p;(x) and consequently the sense in which (3.3) is to be understood
depends on the smoothness of the initial data « (the other data are assumed smooth),
and on the regularity of u(-) and y(-).

Definition 3.1 We say that a function p,(x) is a smooth solution of the dynamics (3.3)
ifa € DN XY, and when u € U(0) and y € Y(0) are continuous,

(i) p,(x) is of class C*(R™ x [0,T1]), and
(ii) p:(x) satisfies (3.3) in R® x (0,T).

Lemma 3.2 If a € DN X!, then p(x) is the unique smooth solution of (3.8), and for
any u € U(0) and y € Y(0), the information state p; evolves in DN X*:

peDNXY, tel0,T), (3.5)

whenever & € DN X!. Moreover, the map t — p; from [0,T] into DN X! is continuous,
with modulus of continuity independent of u € U(0), y € Y(0).



PROOF. 1. Let a € DN XL, uw € U(0) N C([0,T],R™) and y € Y(0) N C([0,T],RP).
Then by the method of characteristics (see, e.g. [12]), we see that (3.3) has a unique solu-
tion given by (3.1) which is of class C?, and moreover, the gradient has the representation

Vzpt(x) = Vza(x(o))+
Ro[V=L(z(s),u(s)) + ¥*Vul (y(s) — h(x(s))) Vah(z(s))]=(s) ds,
where z(-) is the solution of (3.2) and

2(s) = [V S (@(5), u(5))+Vg(x(5), y(8)—h(x(5)) —Vug(@(s), y ()~ h(x(s)) Vah(a( S)()]E7)S),

(3.6)

0 < s<t,where Z(t) = I.

2. These formulas are also valid for u € U(0), y € ¥(0), by an approximation argument
using continuous functions, as follows. Let u* — u in #(0) and y* — y in Y(0) as i — oo,
where each u* and y* is continuous. We claim that

lim sup. | ot — pe 1= 0, (3.8)

1—o0 0

where p* and p. denote the corresponding solutions of (3.3) with initial data a.

To prove this, let z°(-) and z(-) denote the corresponding solutions of (3.2) with ter-
minal data z*(t) = z, (t) = z. Then a standard estimate using the Gronwall and Holder
inequalities gives

j2*(s) — 2(s)| < K([| w* — |z, + | v* —ulz,),
for s € [0,1], where K > 0 is independent of t € [0, T}, € R™ This implies
[pi(z) — pe(z)] < a(z*(0)) — a(@(0))] + SoIL(2*(s), u'(s)) — L@(s), u(s))] + [E(yi(s) — h(z(s)),
< pa(|2*(0) — z(0)]) + K folla*(s) — z(s)] + [u'(s) — u(s)| + |y'(s) — y(s)[] ds

SK(lv'—ule+ 11y —ylz),

uniformly, where p, is a modulus of continuity function for «. A similar estimate for
|Vepi(z) — Vape(x)| can be obtained using (3.6). This proves (3.8).

3. Note that by assumption and (3.6), Vypi(z) is bounded uniformly in (z,t) €
R™ x [0,T). This implies p; € X!. The fact that p, € DN X! follows from the estimate
(3.13) below.

4. Finally, we claim that there exists a modulus function p depending on « but
independent of v and y such that

| pe — par [11< p(|E% — £1)). (3.9)

6



To prove (3.9), assume t! < t%. Let 2(-) (1 = 1,2) denote the solution of (3.2) with
terminal data z*(t') = . Now

|?(t") — 2| < K|t* - ¢'),
and for 0 < s < #!, using Gronwall’s inequality,
|z'(s) — 2°(s)| < Kla*(t!) - 2®(t")] < K[¢* — ¢!
Therefore
Ipe (&) — pa ()] < Ja(@?(0)) — ala* ()| + Ji [IL(23(s),uls)) — L(z'(s), u(s))|
Kle(y(s) — h(x*(s))) — £(y(s) — h(z'(s)))l] ds
+ [5 [ L(@2(s), u(s))] + Klg(a¥(s), y(s) — h(z*(s))]] ds
< pa(|73(0) — 2} (0)]) + K 5 [22(s) — z'(s)| ds + K |2 — ¢!|
< pa(K|2 = t1)) + K[t* - t'],

uniformly in z, u, y. A similar estimate for |V.p2(2) — Vapu(z)| can be obtained using
(3.6). This completes the proof. O

If o is not differentiable, then (3.3) can be interpreted in the viscosity sense [12, 24].

Definition 3.3 We say that a function p;(x) € C(R™ x [0, T]) is: a viscosity subsolution
of the dynamics (8.3) if o € DN X, and if for all $ € C*(R™), ¥ € L'[0,T), whenever
there exists (2',t') € R*x(0,T) with py (.’17’)-{—f0tl P(s) ds—@(z') = max(y,¢eRnx(o,1](P: () +
Jo ¥(s) ds — §(x)), then

lims—o It_i{}lf«sess inf{y(t) — X (f(z,u(t)) + g(z,y(t) — h(x))) + L(x, u(t))
(3.10)
—72(y(t) — h(x)) @ |z —a'| <6, [A— Vad(z')| <6} 2 0;

a viscosity supersolution of the dynamics (3.3) if « € DN X, and if for all ¢ € C=(R™),
¥ € L0, T], whenever there exists (z',t") € R*x (0,T) with py(x')+ f(fl W(s)ds— (') =
Min »ernxjo,] (Pe(2) + Jo P(s) ds — ¢(x)), then

lims_o ,Sup s sup{¢(t) — A (f(z,ut)) + g(,y(t) — h(z))) + L(z,u(?))

(3.11)
- U(y(t) — h(z)) @ |z 2| <6 |A= Vag(z')] < 6} < 0;

and a viscosity solution if it is both a subsolution and a supersolution.

7



Lemma 3.4 If a € DNX, then p,(x) is the unique viscosity solution of (3.3). Moreover,
for any u € U(0) and y € Y(0), the information state p: evolves in DN X :

peEDNX, tel0,T], (3.12)

whenever a €« DN X.
PROOF. Let a € DNX,u € U(0), and y € Y(0). From the formula (3.1) and from well
known continuity properties of ODEs, it is not hard to show that p;(x) € C(R™ x [0,T1),

and we omit the details. The fact that p,(x) is the unique viscosity solution of (3.3)
follows from the results in [24].

To show that p, € DN X, we must prove the estimate:
—clzl— ¢, <pi(x) < —Gilz|+ & forallzeR™ 0<t<T, (3.13)

where the constants are independent of v € U(0), y € Y(0), but may depend on a. To
this end, let x(-) be the solution of (3.2). Then for 0 < r < s <t < T, we have

lz(s)| < |(r)] + Kls — |, (3.14)
for some constant K > 0. A similar inequality holds if s < r. Therefore

pe(z) < a(z(0)) + KT
< —a|z(0)| + ¢ + KT

< —clz|+aKT +c2 + KT.

This proves the upper bound in (3.13). The lower bound is proven similarly. O

Lemma 3.5 The map (p,t) — pr from DNX x [0,T] into DNX is continuous, where pr
denotes the solution of (3.8) with initial data p, = p. In addition, if u € U(0) and y € Y(0)
are continuous, then the map t — p; from [0,T] into X is X-Frechet differentiable with
continuous derivative t — F(pg, u(t),y(t)).

PROOF. 1. Proof of first assertion. Fix p* € DN X, and consider p?> € DN X and
0<t! <t2<T. IfuelUt),ye Y(t), then the natural truncations of u and y
belong to U(t?) and Y(t2), respectively. Similarly, if u € U(t?), y € V(t?) are given, then
one can extend them to elements of U(t') and Y(¢') by setting them equal to arbitrary
but fixed elements of U and RP, respectively, on [¢!,#2]. We use this convention to avoid
any ambiguity in the sequel. We claim that there exist a constant K > 0 and modulus
function p which may depend on p' such that

| py — P2 IS K || p* — 92 || +p(It? — t']), (3.15)

8



where pé. (i = 1,2) denotes the solution of (3.3) with initial data pi; = p*, and inputs u(-),
y(+), with interpretations as explained above. This inequality implies that (p,t) — pr is
continuous at (p!,t!) € DN X x [0,T] (since (3.15) holds also if t? < ¢).

Fix z and let z*(-) denote the corresponding solutions of (3.2) with terminal data
2} (T) = x. Then z'(s) = 2%(s) for t? < s < T (in particular z!(t%) = z2(t?)),

Iz (t") — ='(¢%)] < K|t* — ¢,

and
|z*(%)| < |z| + K.

Using these estimates,

Iph(z) — P (@)] < Ip* (2! (1)) — pP(@2(2))] + & 1L(2(s), u(s)) — ¥2L(y(s) — h(z'(s)))| ds
< Ip1(t (1)) — pr(=® ()] + Ip1(2(t2)) — p*(=* ()] + K[t* — ¢
< ppa(lz'(th) — 22 @)D+ [ p' = p* | A+ |22(2)) + K|t — ']

< pu(K|P =)+ K [ pt = p* | 1+ |z]) + K[t* — ¢1).
This estimate implies (3.15) with p(s) = p,1(K|s|) + K]s|.

2. Proof of second assertion. Let @ € DNX!, and assume that v and y are continuous.
We must prove that

o W pess = = Flpo u®), 506 | _

lim ; (3.16)

Since p;(z) is of class C', we have

|pers(x) — pe(x) — F(pe, ult), y(t))(x)d]
5

= 3 ¥ 1F (s u(s), () (@) = Fpe, u(t), y(1))(2)] ds|
< 3 I (IVaps(@) = Vape(@)If (2, u(9)) + 9(z,y(s) — h(z))]
+Vepe(@)|| £ (z, u(s)) — flz,u(?) + 9(x)(y(s) — y(t))]

+|L(z,u(s)) — L(z, u(®)| + v*Kly(s) — y(t)l] ds

< % ftt+6[K|pr3(1:) - Vmpt(m”
+K | f(x,u(s)) — flz, u®)] + K1 +)|y(s) — y(@)

+L(z, u(s)) — Lz, u(t))|] ds

<L Cp(ls—thds —0,



as 6 — 0 uniformly, where p denotes a suitable modulus of continuity function. This
follows because of our assumptions on the data, and using (3.6), and is enough to prove
(3.16).

O
Using the definition (3.1), we have the following key representation theorem:
Theorem 3.6 For any u € U(0) we have
J(u) = sup {(pr,®) : po=a} (3.17)

y€eY(0)
where (p, ®) = sup,er~(p(z) + (z)) is the “sup-pairing”[20].
PROOF. For any w € W(0), an output y € Y(0) can be defined by solving the ODE

(2.1) with u(t) = ufy|(¢), 0 < t < T. Conversely, given any y € )Y(0), a disturbance

w € W(0) is defined by solving the ODE (3.2) with u(t) = u[y|(t), 0 < t < T, and setting

w(t) 2 —h(z(t)) + y(t), 0 < t < T. Therefore there is a natural bijection between W(0)

and Y(0). Consequently,
J () = SUPyew(), soern {@(Z0) + o [L(2(2), uly](t)) — v*E(w(?))] dt + ®(z(T))}

= SUPyey(0), zock {(@0) + Jo [L(2(t), uly)(®)) — 7*£(y(t) — h(z (1)) dt + S(x(D))}

= SUPyey(0), zerr 1(@0) + Jo [L(2(t), uly](t)) = v*E(y(t) — h(z(1)))] dt + @ (x(T))

. 2(T) =z}
= SUPyey(0), zcR» {pr(z) + 2(z)}

= supyey){(Pr, ®) : po = a}.
O

The equivalent differential game with full state information is to minimize the RHS of
(3.17) over u € U(0) subject to the infinite dimensional dynamics (3.3).

We conclude this section with a brief discussion of an “adjoint” information state g,
which runs backward in time and has the interesting property that the sup-pairing (p;, ¢:)
is constant, [20]. The adjoint information state is defined for fixed v € U(t) and y € Y(¢)
by

(@) = [ [L(a(s),uls)) ~ L (o) — h(a())]ds + B@(T),  (318)
where z(-) is the solution of (3.2) on [¢,T] with initial data z(t) = 2. The dynamics for

the adjoint information state are

{ 4s = "F(—QS7U(S)7y(3))a s € [t>T]
(3.19)

qr = (I)>

10



Theorem 3.7 The sup-pairing of the information state and the adjoint information state

is constant:
(pt,q:) is independent of ¢ € [0, T1. (3.20)

PrOOF. The assertion can be verified easily by combining the definitions (3.1) and
(3.18). Alternatively, suppose p; and ¢; are smooth solutions of (3.3) and (3.19) respec-
tively. Define v(t) = (ps, qt) = pe(Z(t)) + q(Z(t)). Then V,p(Z(t)) = —V.q:(Z(t)) and

o(t) = BHE()) + B (3(0))

= —Vapi(Z(t)) - (f(Z(2),u(?) + 9(2(1), y(t) — h(2(1)))) + L(@(2), u(t)) — v*E(y — h(2()))
—Vaqu(Z(t)) - (f(2(2), u(®)) + 9(2(8), y(t) — h(2(1))) — L(Z(1), u(®)) + v*£(y — h(Z(2)))
=0.

This shows that v(t) = (a, @) = (pr, P) is constant, as required. O

4 Value Function and the HJI Equation

Given Theorem 3.6, one can now apply dynamic programming methods to solve the
equivalent problem, and hence the original partially observed problem. The value function
is defined for (p,t) e DN X x [0,T] by

Wkt = I, sp {(pr,®) : pr=p) (4.1)

This function is finite, as the following lemma, shows.

Lemma 4.1 For all (p,t) € DN X x [0,T] we have

for some constant K > 0.

Proor. For any u € U(t) and y € Y(t) we have
pr(@(T)) + ®(z(T)) = p((t)) + 7 [L(x(s), uly)(s)) — v*€(y(s) — ~(x(s)))] ds + P(z(T))

< pz(t)) + K,

where K > 0 does not depend on u, y, and hence

(pr,®) = :}ng{p(x(T)) +@(z(1))} < sxlég{p(x(t)) + K} = (p,0) + K.

11



This proves the upper bound in (4.2).

To obtain the lower estimate in (4.2), select x € argmax p. Then

(br,®) > p(a) + [ [L(a(s), ul(s)) — 7*Uy(s) ~ hla(s))] ds + 2(a(T)) = (p,0) - K,

where z(-) is the solution of (2.1) with initial data z(¢) = 2. This completes the proof. O
In the next lemma, B(0, R) denotes the ball of radius R centered at 0 in R™.

Lemma 4.2 Fizp' € DNX. Then there exist §' > 0 and R > 0 such that || p*—p' || < &
implies that argmax,cgr-(p(z) + ®(z)) C B(0, RY).

PROOF. Since p! € D, and ® is bounded, p'(z) + ®(x) < —c1|z| + ¢z + K. Then for
P’ EX,
pi(z) + ®(z) = p'(z) + D) + (P*(z) — p'(2)) < —clal + o+ K+ | p* = p' || (1 + J]).
Set 6! = ¢;/2. Then for || p? — p! ||< 6%,
p*(x) + ®(z) < —cjlz] + &, (4.3)

where ¢} = ¢1/2, ¢, = co + K + 6.

Next, select a sequence z; such that lim; .. p(2i) = sup,er- P°(x) = (p?,0) < +o0.
Fix € > 0. Then for all large i,

(p*,®) — e < pP(mi) < —cimi| + &,

and hence
|lzi| < R, (4.4)

for some constant R' > 0 depending on p! and §*. Thus the sequence z; is bounded, and
any limit point z? satisfies |z?| < R!. Hence argmax,.g~(p?(z) + ®(z)) C B(0,R!). O

Theorem 4.3 The value function W(p,t) defined by (4.1) is continuous:

WeC(DnX x[0,T).

ProoF. Fix (p',t}) € DN X x [0,T]. Given € > 0, we will show that there exists
§ > 0 (depending on p!) such that || p? — p' ||< § and |t? — ¢!| < 6 imply

W (p',t') — WP, t*)| <e. (4.5)

The proof of this assertion is based on the proof of {10, Theorem 3.2].
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Assume that 0 < 1 <#?2 < T, and 0 < § < 6!, where §!, R! are as in Lemma 4.2, and
that || p? — p' ||< 6, [t2 —t| < 6.

Choose u € U(t!) such that
W(p',t") > sup {(pr,®)} ~¢/3,
yeY(el)
where p! is the solution of (3.3) with initial data p}, = p' and using this u and any y. For
any y € Y(t?) define §j € Y(t') by
{ 0 <s<it?

y(s) t*<s<T.

Define @1 € U(t?) by
fy] = ulg] for all y € Y(t2).

Select y € Y(¢2) such that
W (p*t*) < (p7,®) +¢/3,

where p? is the solution of (3.3) with initial data p% = p? and using @ and y. Then
W(p2’ t2) - W(pl7t1) < (p%U CI)) - (p%") q)) + 25/3 = p%(.’l?) - pf}‘(lﬁ) + 26/37 (46)

where 22 € argmax{p? + ®}. By Lemma 4.2, since ® is bounded, |z2| < R'. Then using
u(s) = u[§](s) and §(s), s € [t},T] and s € [t?,T], inequality (3.15) of Lemma 3.5 implies
that

pr(a®) — pr(=?) < (K8 + p(Jt* = t')(1 + |2°]) < (K6 + p(|t? — t'D)(1 + RY).
Therefore there exists §2 < 6! such that § < 62 implies, using (4.6),

W@, 1% - W' t") <e. (4.7)

The proof of the opposite inequality is similar. Choose u € U(¢?) such that

W(p* t%) > sup {(p% @)} —e/3,
yeY(t?)

where p? is the solution of (3.3) with initial data p%2 = p? and using u and any y. For all
y € Y(t'), define § € Y(t?) by § = y on [t2, T]. Fix up € U. Define @1 € U(t!) by

Ug tl<s<t?
ify] =
u[jl(s) t*<s<T.
Now choose y € Y(t!) such that

W(p',t") < (pr, ®) +¢/3,

13



where p} is the solution of (3.3) with initial data ph = p' and using @ and y. Therefore,
W', t') - W, ¢%) < (o7, ®) — (b7, ) + 2¢/3,
and proceeding as above there exists 6% < 62 such that § < 8 implies
W (pt,t!) — W(p? ) < e. (4.8)

Inequalities (4.7) and (4.8) are both valid for § < §3, hence (4.5). O

The principle of optimality (dynamic programming principle) for this problem is as
follows.

Theorem 4.4 For any 0 <t <r <T we have

Wi(p,t) = inf W(pr, ) : pe=p}. 4.9
(p,t) ué%(t)yzg%){ (pr,7) : pr=p} (4.9)

PROOF. The proof uses the same methods as in [9, 10].

Indeed, let R(p,t) denote the RHS of (4.9), and fix ¢ > 0. Choose u! € U(p,t) such
that

R(p,t) > sup {W(p,,7)} —e.
yeY()

For any q € DN X there exists u? € U(qg,r) such that

W(q’lr‘) Z sup {(pT)q))} — &,
y€eY(t)

where p, = ¢. Define u® € U(p, t) by

ul(p,y)(s) t<s<r

u?(y)(s) = {

w(pr,y)(s) r<s<T.
Then for any y € Y(t) we have, using the control u?,
R(p,t) =2 W(py,r) — ¢

> (pr, ®) — 2¢;

hence
(pr, ®) < R(p,t) + 2¢ for all y € Y(t).

Therefore

sup {(pr,®)} < R(p,t) + 2¢ (using u®).
yeY(t)
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This implies
W(p,t) < R(p,t) + 2¢. (4.10)

To prove the opposite inequality, choose u € U(p,t) such that

W(p,t) > sup {(pr,®)} —¢. (4.11)
yEY(t)

Then

R(p,t) < sup {W(p,, 1)},
yeY(t)

and there exists y' € Y(t) such that
R(p,t) < W(p,,7) te.
For each y € Y(r), define § € Y(t) by
y'(s) t<s<r,
{ y(s) r<s<T.

Then define @t € U(g,7) (¢ = p, results from u, y' and p; = p) by u(y)(s) = u(g)(s),
r < s<T. Then

W(p,,7) < sup {(pr,®) : pr =g},
yeY(r)

and there exists y* € Y(r) such that
W(p.,r) < (pr,®) +&.
Define 33 € Y(t) by

Therefore we have
R(p,t) < W(p,,r) +¢€ < (pr, ®) + 2,

which implies, by (4.11),

R(p,t) < sup {(pr,®)} + 2 < W(p,t) + 3. (4.12)
veY(t)
Since € > 0 was arbitrary, inequalities (4.10) and (4.12) imply (4.9). O

Equation (4.9) leads to the following dynamic programming equation (DPE):

ow + inf sup (V,W, F(p,u,y)) = 0in DN X! x (0,T)
Ot velyers (4.13)

W(p,T) = (p,)inDNX.
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In equation (4.13), V,W denotes the gradient of W with respect to p, and if it exists, it
belongs to the dual space X*; (A, p) denotes the value of A € X* at p € &. In view of
the structure of F' (see (3.4)), the order of inf and sup in (4.13) is immaterial, i.e. the
Isaacs condition holds. The DPE (4.13) is the appropriate Hamilton-Jacobi-Isaacs (HJI)
equation for the partially observed differential game.

We will make use of two classes C! C C C C(DNX x [0,T]) of test functions. We take
¢ € C to mean that

(i) ¢ is X-Frechet differentiable, with derivative denoted (V,¢, 22),

(ii) the Frechet derivative (V,¢, %) is continuous on DN X x [0,7],
and ¢ € C! means that in addition
(iil) the Frechet derivative (V,¢, %‘f) is continuous on D N X! x [0,77.

These classes of functions will be used to define smooth and viscosity solutions of
(4.13).

Lemma 4.5 Let p € DN X! so that p.(x) is a smooth solution of (3.3) on [t,T| with
initial data p; = p, and let ¢ € C. Then we have the following version of the fundamental
theorem of calculus:

8(0r7) = 600 1) + [ (3000 3) + (Vo (par), Flpouls), ys s (414

PROOF. Let u and y be continuous. Then the function r — ¢(p,,r) is continuously
differentiable, and so by the usual fundamental theorem of calculus, (4.14) holds.

By an approximation argument, equation (4.14) holds for all u € U(t), y € Y(t), as
follows. Let 4! — u in U(0) and ¢* — y in Y(0) as 1 — oo, where each ' and ¥ is
continuous. Then

¢(p},7) = $(pi,t) + /tr[%(pi, s) + (Vod(p}, 5), F (95, u'(s), y'(s))] ds. (4.15)
We claim that ' .
Iim ¢(pi,r) = ¢(p,,r),  Nm B(p}, 1) = dlpe, 1), (4.16)

and 86 s i . . ‘
limg oo J [52(p}, 5) + (Vo (pl, 5), F(ph, u*(s), (s)))] ds

= 7 [5(psy5) + (Vod(ps, 5), F (s, u(s), y(s)))] ds

(4.17)
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where p* and p, denote the corresponding solutions of (3.3) with initial datape DN X !
at time t. By (3.8) in Lemma 3.2, (4.16) follows directly by continuity. Thus it remains
to prove (4.17). This can be done by showing that

| [T [52(P%, ) + (Vp0(B, 5), F (9, wi(s), 1(s)))
~%(ps, 5) — (Vpd(Ds, 8), F (s, u(s), y(s)))] ds|
< 1@ 8) — L0 5) + [(Vp(DL, 8) — Vp(Ds, ), F(ps, uls), y(s))))|
+H{(Vp(B}, 5), F (B, 4 (5),5°(5)) — F(ps,uls), y(s)))]] ds
< 71820}, ) — B0, 8) 1+ 1| Vod(Bh, 8) — V(s 8) lsll F s, uls),y(s)) |

+ || Voo (0%, ) |4l F (%, u'(s),4*(s)) — F(ps,u(s),y(s)) |l ds — 0

as i — 0o. Here, || - || denotes the norm on X as in §2, and || - ||« indicates the norm on
the dual space X'*. We treat each term as follows.

(4.18)

Given € > 0, the compactness of [t, r], the assumed continuity of the partial derivatives,
and the uniform convergence (3.8), imply that for ¢ sufficiently large,

SUPi<s<r ” Vp¢(pi7s) - vp¢(ps’ S) ”"‘S &,

(4.19)
SUP;<a<r |22 (PE, 5) — Z(ps, 8)| < &
This also implies
sup || Vo(py,s) < K. (4.20)
Next, because of (3.8) and the assumed bounds on the problem data, we have
sup || Flps,u(s),y(s)) < K. (4.21)

Finally, it is not hard to verify the estimate
Iy WF(wi,ui(s),4(s)) — F(ps, uls), y(s)) || ds

< K supeeoe, || 24— ps 1 +E (1 +supycoe, | 26 1) flIWt(s) — uls)] + [y'(s) — y(s)l} ds
(4.22)
Therefore using (4.19), (4.20), (4.21), (4.22) in (4.18), we have

(4.18) < Te + TKe + K [ [[u'(s) — u(s)| + y'(s) — y(s)l ds

< Ke

for all ¢ sufficietly large, for a suitable constant K > 0 not depending on ¢, €. This
completes the proof. O
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Definition 4.6 A function W : DN X x [0,T] — R is called a smooth solution of the
DPFE (4.18) if: ‘

(i) W e (!, and
(ii) W satisfies (4.18) in DN X! x (0,T).

In general, it is too much to expect that the DPE will have smooth solutions, and
so one must appeal to a weaker notion of solution. To this end, we will show that the
value function W is a viscosity solution of (4.13) in a suitable sense. The definition we
provide below is consistent with our definition of smooth solution, and is a generalization
of it. We do not know a proof of uniqueness, and it may the case that the definition has
to be modified in order to achieve this. An abstract formulation of the viscosity solution
definition is given in [12]. It is not clear at present how our definition relates to those
appearing in [6, 14, 23]; indeed, the PDE (4.13) does not appear to be covered by existing
theory.

Definition 4.7 We say that a function W € C(DNX x [0,T1]) is: a viscosity subsolution
of the DPE (4.18) if for all ¢ € C, whenever there exists (p/,t') € DN X! x (0,T) with

W, 1) — ¢(p, t) = maxg,nepnaxpn (W (p,t) — ¢(p,t)) = 0, then

9¢

¢ Pot) +inf sup (Vpg (', £), F(p',u,y)) 2 0 (4.23)
Y

a viscosity supersolution of the DPE (4.13) if for all ¢ € C, whenever there exists (p',t') €
DNl x (O>T) with W(p,>tl) - ¢(plytl) = rn-in(p,t)G'Dﬁr'\’x[O,T](I/V(pat) - ¢(pa t)) =0, then

o
—¢(p’,t’) + inf sup (Vpé(p',t), F(p',u,y)) < 0; (4.24)
ot u€U ycRr

and a viscosity solution if it is both a subsolution and a supersolution.

The proof that W is a viscosity solution of (4.13) requires the following result (c.f.
[10, Lemma 4.3]).

Lemma 4.8 Let ¢ € C. Assume that ¢ satisfies

0¢

a(p’,t') + inf sup (Voo (@', '), F(p',u,y)) < -0 (4.25)
i

where @ > 0, ' € DN XY, t' € [0,T]. Then there exists 6o > 0, u € U(t'), such that for
all 6 < b, y € Y(t'),

t'+6 A
L et s) + (Tud(pay ), F(pay ulyl(s), y())) ds < —0/2. (426)

4

18



Similarly, if ¢ satisfies
8¢ Yy : (r /
5 P>t) + 1nf sup (Vp(p',t), F(p,u,y)) 2 6 (4.27)

where 8 > 0, p € DN XL, ¥ €[0,T]. Then there exists 61 > 0, y € Y(t'), such that for
all 6 < 6, u e U(Y),

t'+6 8¢
[ we5) + (Tpd(per ), Flpey ulyl(s), y(o))) ds 2 86/2. (4.28)

PRrROOF. Write

A,tyu,9) = 2200, 1) + (Vb(p,1), Fipy,)

Since g€ C, A : DNX'x [0,T] x U x R? — R is continuous. In fact, for | p —p' |1 < v,
|t — /| < v, (v > 0 small) we have the estimate

IA(p’t>u> y) - A(p,’tlaul)yl)l < |%f(pa t) - %(p’,t')l—i—

K || Vod(p,t) — Vo0, t) I« +K(l p— P It +u—v'| + |y — '),

where K > 0 depends on ¢/, t’ and v.

(4.29)

By (4.25), inf, sup, A(p,t',u,y) < —6. Select uo € argmin, sup, A(p',t',u,y), which
does not depend on y because the Isaacs condition holds. Therefore

At ug,y) < -6 forally € RP.

Define u € U(t') by uly] = up. Let y € Y(t'). Asin (3.9), Lemma 3.2, the map s — p,
from [t/,T] into D N X! is continuous, with modulus of continuity independent of u, y.
Thus there exists 8§ > 0 such that if § < § and ¢/ < s <t/ + 6 then

A(ps, s, ulyl(s),y(s)) < —0/2.

Integrating from ¢’ to t' + 6 gives (4.26).

To prove (4.28), we note that (4.27) implies the existence of yo € RP (independent of
u) such that
A, ¥, u,y0) > 0 forallueU.

Define y € Y(t') by ¥ = 3o, and let u € U(¢'). Then by continuity, with 6 < é; (some
6, > 0), t' < s <t + 6 implies

A(ps, 5, uly](s),y(s)) = 6/2.

Integrating from ¢’ to t' + 6 gives (4.28). |
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Theorem 4.9 The value function W (p,t) defined by (4.1) is a continuous viscosity so-
lution of the DPE (4.13).

PRrOOF. To show that W(p,t) is a viscosity subsolution, assume there exists (p,t') €
Dn Xl X (OaT) with W(pl7t,) - ¢(p,7t,) - max(Pyt)EDnXX[OyT](W(p)t) - ¢(p)t)) =0. We
must show that ¢ satisfies (4.23). If not, then there exists § > 0 such that (4.25) holds.
By Lemma 4.8, (4.26) holds, which implies

int sup ([ (2204, + (V000 5), F(perulyl(9) (o)) ds} < ~560/2. (430)
UGU(t')yzgg') " ot Ps; pP\Ds; 8), L'\Ps, B[YI\S), YIS < . .

Now
W(p',t)=¢@,t), and W(pt) < é(pt),
hence the dynamic programming principle (4.9) with ¢t = ¢/, r = t’ 4+ § implies

0< inf sup {p(ppys,t' +6) — (@', 1)}
ueU(t) yey(r)

Since ¢ € C, Lemma 4.5 and this inequality imply

0< ot sup ([ [22pu,5) + (Vyh(per ), Flps ulile) y())]ds). (431)
—UEU(t')yeygl) " tPs; pP\Psy S), £'\Ps, WY Y . .

But (4.31) contradicts (4.30), hence (4.23) is valid. Therefore W (p,t) is a viscosity sub-
solution of (4.13).

Now suppose there exists (p/,#') € DN X! x (0,T) with
/4l _ ! 4 — : _ - 0.
W, t)-el t) = min (W) —¢pt) =0

If (4.24) does not hold, then there exists § > 0 such that (4.27) holds. Then by Lemma
4.8, (4.28) holds, implying

inf su {/tura[%( 8) + (V,é(ps, 8), F(ps, uly](s),y(s)))] ds} > 50/2 (4.32)
“GU(t’)yeyg') MR & pP\Ps; 8), F\Ds, WYILS), Y 2 : :

Now
W', t)=¢@,t), and W(p,1) > é(p.1),
and by dynamic programming,

0 2 inf sup {¢(pt’+67 t/ + 6) - ¢(platl)}'
ueU(#) yey(t)

This implies

02 inf s ([ [ pns) + (Vob(pn,8), Fpn, ulyl(s), u(s)) ds},  (439)
> Jot,) s ), g pb(Ds, 5), F(ps, uly](s), y : -

contradicting (4.32). Therefore W (p,t) is a viscosity supersolution of (4.13). 0
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5 Verification Theorem

The chief reason for defining value functions and using dynamic programming is to de-
termine optimal controls. Typically, some type of smoothness is required. The following
theorem says essentially that if both (3.3) and (4.13) have smooth (i.e. smooth) solutions,
then the optimal control is obtained by finding the control value u*(p,t) which attains
the minimum in (4.13):

u*y](t) = u*(plyl:, £). (5.1)

This control is an information state feedback controller, and depends on the output y via
the information state. This is a type of separation principle for this partially observed
differential game.

Theorem 5.1 Assume that there exists a smooth solution W of the DPE (4.13). If there
exist u* € U(t), y* € Y(t) such that

u*(s) € arg;égin{ (VoW (ps,8), =Vaps - f(-,u) + L(-,u))} (5.2)
y*(s) € arygerélgx{(VpW(ps, 5),—Vaps - g(-,y — h) — ¥*(y — h))} (5.3)

for a.e. s € [t,T], then u* is optimal for the initial data (p,t) € DN X' x [0,T] and
W(p,t) = W(p,t), where (p,t) € DNXL. In particular, for (p,t) = (a,0) € DNXx[0,T]
the control u* solves the partially observed minimaz differential game.

PROOF. Since p;(z) and W (p, t) are smooth solutions, (t <r < T, p,=p € DN XY,
Lemma 4.5 implies

Woer) = W) + [ (g 00 8) + (VW (), Fpou(s) y(MVds. (5.)

Fix y* € Y(t) as in (5.3). Then for any u € U(t), we have, using the DPE (4.13) and
(5.4) withr =T,

Wp,t) = — [T 2% (ps, 5) + (VoW (s, 8), F(ps, uly*](s), y*(s)))) ds + (pr, ®)

< (pr,9),

with equality for u = u* as in (5.2). Therefore W (p,t) < W (p,t).
Conversely, let u = u*. Then for any y € Y(¢),

W(p,t) = — [T12%(ps,8) + (VoW (Ds, 8), F (s, u*[y](s), y(s)))] ds + (pr, @)
2 (pT’(I))a
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with equality for y = y* as in (5.3). Therefore W (p,t) > W (p, t).
We conclude that W (p,t) = W(p,t), and in fact

W(a,0) = J(u) = inf J(u),

proving the optimality of u*. 0O

6 Relation to Certainty Equivalence

In this section we explain how the certainty equivalence principle [5, 8] fits into the general
framework developed in this paper. This issue was treated in discrete-time in (20, 18],
and in the case of continuous-time bilinear systems in [28]. The certainty equivalence
principle is as follows.

Consider a state feedback differential game with value function V(x,t) satisfying (at
least in the viscosity sense) the DPE

& ¢ inf sup (VaV+ (f(a,u) +g(a,w)) —1%(w) + L{aw)} = 0in R” x (0,7)
ot €U ,cRp
V(z, T) = ®(z) in R®
(6.1)

Equation (6.1) is a nonlinear first-order PDE, and need not possess smooth solutions; thus
(6.1) must also be interpreted in the viscosity sense in general. The value function V (z,t)
is the unique viscosity solution of (6.1), and is bounded Lipschitz continuous. Let u®(x,t)
denote the optimal state feedback control (if it exists), i.e., the control value attaining
the minimum in (6.1). The minimum stress estimate is defined by

Z(t) € argmax(pi(x) + V(z,t)). (6.2)

zeRn

In [8] it is proven (for a closely related problem) that the certainty equivalence controller
u(t) = v*(z(t), 1) (6.3)

is optimal provided: (i) p:(x) is a smooth solution of (3.3), (ii) V(z,t) is a smooth solution
of (6.1), and, most significantly, (iii) Z(¢) is unique.

The following theorem provides a new interpretation of the certainty equivalence con-
troller (see also [20, 28]).

Theorem 6.1 Fiz a point (p',t!) € DN X! x (0,T), and assume that
(i) V(z,t) = Vi(x) is a smooth solution of (6.1), and
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(ii) the quantity

Za(p') = argmax(p'(z) + Var (1)) (6:4)

is unique (i.e. the mazimum is attained at a unique point).

Then the function W € C(DN X x [0,T]) defined by

~

W(p,t) = (p, V) (6.5)

(sup-pairing) is X - Gateauz differentiable at (p',t') and satisfies the DPE (4.13) at (p',t).
Further, the optimal control is given by

ui(p') = u*(Za(p'), t') = w(t"). (6.6)
PROOF. 1. We claim first that the Gateaux derivative 8,W (p',t!) is given by
W (p',1") = Ex, (), (6.7)
where E, € X* is the evaluation map:

(Ez,q) = q(z), (g€ X). (6.8)

For brevity, write Z = Za(p'), ¢(p) = (p,V), V() = Vir(z), and let ¢ € X, € > 0.
Since p! € DN X, ¢(p! + €q) is finite for all ¢ sufficiently small, and ¢(p* + £q) — f(p'),
z° — I as € — 0 by hypothesis (iii), where ¢ € argmax,egr-(p'(2) + €¢(x) + Vi (x)). We

must show that . .
lm ¢(p” + qu) - ¢(p')

= ¢(Z). (6.9)

Now
o' +eq) — d(p") > p'(Z) +eq(z) + V(2) — (p'(Z) + V(7)) = eq(2),
and hence

lim inf P(p' + €q) — d(p")

e—0 I

> q(Z).

Similarly,
(@' +eq) — ¢(p") < PH(E®) + £¢(Z°) + V(2°) — (0 (Z°) + V(Z)) = e¢(°),

and hence

lim sup P(p' + 6q€) - ¢(p") < (@),

These two inequalities prove (6.9), establishing the claim.
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2. It follows from Danskin’s theorem (see [5, Appendix]) that

B (Pt = (3,1,
(6.10)
V.V (z,t) = —V.pl(Z).
The gradient V,p' is well defined since p! € X
3. Next substitute the derivatives calculated above into the LHS of the DPE (4.13) to
yield:

AW (.1 41 : 7.1 41 1

o (P 1) + 1of sup G, W (0, 1), F(p', u,9)

= 22(z,t") + inf sup (Ez, —Vap' - (f(,u) + 9(,y — B)) + L(-,w) — v*(h — y))
“GUyGRP

= —inf sup [V,V(&,t')- (f(&u) +9(& w)) — vE(w) + L(Z,u)] (6.11)
u€V weRr

+inf sup [V.V(2,t') - (f(2,u) + 9(&y — b)) = 1€y — h) + L(z,v)]

u€U yeRv
=0.

This proves that W satisfies the DPE at (p!,t1).
4. Finally, the above calculation yields explicitly the formula (6.6). a

Remark 6.2 If the minimum stress estimate (6.4) is not unique, i.e., contains more than
one point, then in general the function W (p,t) defined by (6.5) is not a solution of (4.13).
To see this, we know from Lemma 4.2 that Z = Z,(p') is compact, and the proof of
Theorem 6.1 shows that 5

LW (', t') = max E,. (6.12)

Z€Z,1 (pt)
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Hence in place of (6.11), Theorem 6.1, we have (for x € Z)

W (p1, 1) + inf sup (5, (p,t'), F(p', u,))
ueU yERP

=% (x,t') + inf seuRgsup( e — Ve - (F(,u) + g(,y — h)) + L(-,u) — YUk - y))
y €

= —inf sup [VaV(@,t) - (f(z,0) + 9o, w)) = 7*6(w) + Liz,w)]

+1nf yseufaiulz [V Viz,tY) - (f(z,u) + g(x,y — h)) — ¥2(y — h) + Lz, u)]

2 —inf sup [V.V(@,t!) - (f(z,u) + g(z,w)) = 7*£w) + L(z,v)

w€U yeRe

+supinf sup [V Viz,t) - (f(x,u) + glz,y — h)) — v?4(y — h) + L(x,u)]

TEX u€elU yG p

> 0.
(6.13)
This inequality can be strict in general. This calculation suggests that W (p,t) is a sub-
solution of (4.13), but not in general a solution, and consequently

W(p,t) > W(p,t). (6.14)

7 H, Control

As an application of the above results, we consider a relatively simple nonlinear H,
control problem, viz. a finite horizon disturbance attenuation problem. Some comments
on the infinite horizon problem will be made in §8.2. We follow closely the approach
initiated in [19]. We emphasize that we provide both necessary and sufficient conditions
in terms of two PDEs, one defined on a finite dimensional space R"™, the other defined on
an infinite dimensional space DN X.

Associated with the system (2.1) is the performance output z (not measured) given

by
2(t) = U(x(2), u(t)). (7.1)

To maintain consistency with earlier notation, we set L{z,u) = %Il(w,u)|2, and ® = 0.
We assume that zero is an equilibrium: f(0,0) =0, ¢(0,0) = 0, h(0) = 0, [(0,0) = 0.

Given v > 0, and a fixed time interval [0, T'], the disturbance attenuation H, problem
is to find an output feedback control u € U(0) such that the resulting closed loop system
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XU is finite gain [0,T], i.e.

%/OT|z(t)|2dt < %/OTE(w(t))dt + B(zo),

(7.2)
for all w € W(0),
for some function g(x) > 0, 5(0) =0, - fe DN X.
Clearly, X" is finite gain on [0, 7] if and only if
J(u) <0 forpp=a=-p. (7.3)

Theorem 7.1 If there exists a solution of the finite time H., problem then there exist
solutions of the PDEs (8.3) and (4.18) such that po = —f and W(—3,0) = 0, for some
B(x) > 0 with B(0) = 0. Conversely, if there exist smooth solutions of the PDEs (3.3)
and (4.13) such that po = —8 and W(-0,0) = 0, for some B(x) > 0 with 3(0) =0, then
the controller u* defined by (5.1), (5.2) solves the finite time Ho, problem.

PROOF. 1. Assume that a control u® € U(0) solves the finite time H,, problem, and
set po = —B". Then
J(u°%) <0,

and in fact
0= (_/Bu",o) S W(-/Buo’o) S O;

as in Lemma 4.1. Thus W(—8%,0) = 0. Solutions to the PDEs (3.3) and (4.13) exist
according to the results in earlier sections in the viscosity sense.

2. Conversely, if (3.3) and (4.13) have smooth solutions, then the verification Theorem
5.1 implies that the control u* given by (5.1), (5.2) is optimal. Therefore, with py = —8,

J(u*) = W(-,0) =0,

which implies that £%" is finite gain on [0, 7). 0

8 Remarks

8.1 General Partially Observed Differential Games

We expect that the results developed in this paper will extend to much more general
situations. However, additional technical difficulties arise. For instance, suppose (2.1) is

laced b
A { &(t) = flz@),u(t)) + g(z(t), w(t))
y(@&) = h(z®)) + (),
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where v(-) is a second independent and unknown disturbance input. In this case, the
nonlinear function F(p,u,y) governing the information state dynamics is nonlinear:

F(p,u,y) = sgp{—Vzp (S uw) +g(w) + L u) = ¥ (w,y — h)}. (8.2)

A consequence of this is that (3.3) does not in general have smooth solutions (even if «
is smooth). This complicates substantially the proof that the value function W(p,t) is a
viscosity solution of the corresponding HJI equation (4.13).

8.2 Infinite Horizon H,, Control

The theory of dissipative systems [15], [31] provides a powerful framework for treating
infinite horizon H,, problems, and many of the articles listed in the Reference section
make use of this theory. In the state feedback case, one is led to a partial differential
inequality (PDI), see, e.g., [2], [15], [17], [29], [31]. In particular, it is shown in [2] and
_{17] that the PDI can be interpreted in the viscosity sense.

In the discrete-time case, the infinite horizon output feedback H., problem was dis-
cussed in [19], and an infinite dimensional dissipation inequality was used. The continuous-

time analogue of this inequality is an infinite dimensional PDI, closely related to the steady
state version of (4.13). The PDI is as follows:

([ inf sup (V,W, F(p,u,y)) < 0in DN X!
uey yeRr

‘ W) > (p,0)inDN X, (8.3)

W(-8) =0.

\

A theory of infinite horizon H, control can be developed using this type of equation.
Indeed, it is possible to prove the existence of a function W (p) satisfying (8.3) in the vis-
cosity sense (i.e. as a viscosity supersolution), using a stationary version of the definition
given in §4.
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