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node efficiency, node eccentricity, and other attributes derived from those measures, such as

network arithmetic efficiency, network geometric central node, radius, and diameter, and some



distribution measures of the node characteristics. Rail distance weighting factors, representing
the length of each rail line derived from BTS data, are mapped to corresponding links, and are
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Chapter 1: Development of Network and Graph Theory on
Eccentricity and Efficiency

1.1 Introduction

A network is any connected system where connections can be represented by links,
and connection points can be represented by nodes. A link defines a connection
between two nodes and can also carry properties such as distance or other
characteristics such as condition, capacity, reliability, etc. Systems may be mapped or
characterized as networks if they are structured appropriately, for example a railroad
system of rail lines and junctions. This approach may have its roots when Leonhard
Euler (1726) characterized the Seven Bridges of Kdnigsberg as such a network, or a
graph. The methodologies used in that problem, rather than the specifics of it, are

often credited with the expansion of the field of graph theory and network analysis.

Ranking nodes on a network by centrality or another computational measure can help
characterize a network’s shape, structure and size in a more objective way and assist
with planning, design, and operations. Alphabet Inc. (formerly Google) successfully
used a form of network analysis to deliver more relevant search results using the
network representation of the internet where webpages are nodes and hyperlinks are
directional links. That network analysis has been expanding into other fields,
wherever a system can be represented as a network as described above (Gleich,
2015). For a physical network, such as a railroad network, a central location is
required for the effective placement of disaster response or distribution centers, or
other centrally focused network infrastructure. Network extensions of different shapes

1



can also reduce the effectiveness of existing central infrastructure, by reducing their
centrality. Past work in network and graph theory has focused on discretizing
physical networks, social networks, and citation networks, among others, into
mathematically defined networks (M. E. J. Newman, 2001). The objective is often to
derive objective importance rankings, network properties, or more generally to

enhance the language used to describe and characterize networks.

The network characteristics of interest in this thesis that are utilized in the analysis of
Railroad networks are those based on a network property called the “all-pairs shortest
path matrix.” This matrix is determined by repeated executions of a search algorithm
designed to find the shortest path and its associated length between two nodes on a
network. Once computed, the matrix contains the length of the shortest path between
every pair of nodes of the network. The algorithm used is mainly Dijkstra's algorithm,
efficiently implemented by the “igraph” code library (West, 2000). Performance of
these algorithms has been greatly improved over time by making tradeoffs between
memory usage and compute time and in the implementation of other advanced coding

techniques beyond the scope of this thesis (Peixoto, 2020).

1.2. Eccentricity

The mathematician Camille Jordan formalized one of the measures of network
centrality used in this thesis, now called “eccentricity” (Jordan, 1869). This measure
is computed for each node as “node eccentricity” and is, informally, the length of the

shortest path required starting from that node to reach the furthest possible node from
2



it on the network. The most central node or nodes are those with a minimum

eccentricity as defined in subsequent sections.

Applications of eccentricity were explored in modern graph and network theory,
including applications on network reductive problems. Harary (1969) codified
eccentricity as a centrality measure in his paper “Graph Theory”. Later, Hage and
Harary (1995) demonstrated some applications to anthropologic networks. They
projected trade routes on chains of the Marshall Islands in Micronesia as networks
and found that during a period in their history in the early 20™ century, only the most
central nodes identified by Jordan’s methods “[predicted] the politically and

symbolically most important islands in each network”.

As eccentricity is a node property with potential variation, there has been interest in
statistical measures of the distribution of node eccentricity across a network, hence
termed network eccentricity. Takes and Kosters (2013) provide evidence that network
eccentricity is “a relevant descriptive property” of networks, and they compute and
compare the eccentricity distribution across a few different human social networks.
Network shape and size description parameters “radius” and “diameter” were defined
as the minimum eccentricity and maximum eccentricity across a network,
respectively (M. Newman, 2010). Dankelmann, et al. (2004) explored the average
eccentricity of a network, characterized various bounds on average eccentricity for
different standard network shapes, and explored the best-case and worst-case effect of

removing an edge on the average eccentricity of a network.



1.3. Efficiency

Another property of network nodes of interest herein has been termed “node
efficiency” (Latora & Marchiori, 2001). Node efficiency, and the related distribution
of all node efficiencies on a network, “network efficiency,” are very closely related to
node eccentricity and network eccentricity as they are also based on the shortest path
length between nodes, but there are key differences. Node efficiency is the average of
the reciprocal (normalized) of the shortest paths required starting from that node to
reach all other node from it on the network. These terms will be defined more
formally later. Additionally, A novel ranking measure based on network efficiency,
without normalization, is proposed and formalized in this thesis, to address scaling
problems associated with traditional network efficiency and the use of network links
with a weight or length of less than one, which appear quite frequently in railroad

data.

Efficiency and eccentricity describe different connectivity characteristics and shape
characteristics for a network and can help communicate differences between
networks, and nodes within a network. For example, to characterize nodes of a
network and rank them to determine the location with the best average response time
to all locations on the network, node efficiency should be used. To characterize nodes
of a network and rank them to determine the location with the best worst-case
response time to all possible locations on the network, node eccentricity should be
used. Networks can also be ranked based on their network efficiency. Additionally,

minimum and maximum network eccentricity measures, also known as network



radius and diameter, can help describe a network’s geometric size and enhance
typical size descriptions which may be based on the number of links and nodes. The
minimum and maximum efficiency of a network and even the related skew of the
distribution of node efficiencies can describe the structure of a network, for example
the relative dominance of long, sparse chains or dense grids in the network’s

structure.

1.4. Applications to Railroads

Since 1995, The U.S. Department of Transportation (DOT) Bureau of Transportation
Statistics (BTS) together with the Federal Railroad Administration (FRA) has
published data on the North American Railroad network links and nodes (Geospatial
at the Bureau of Transportation Statistics, n.d.). The data in full is comprised of
250,321 nodes and 302,865 links as of October 2022 and represents survey and
submitted data by railroad operators and their regulators. This thesis explores network
eccentricity, network efficiency, and both of their distributions’ parameters for
several networks. Several papers laid the groundwork for this exploration, including
an analysis by Saadat et al. (2019) of the application of network analysis to determine
criticality or centrality of nodes and links of the Washington D.C. Metro rail transit
network. Mao (2021) furthered the application of network analysis to a simplified
network representation of the North American Railroad network for a similar

purpose.

This thesis presents simple networks and associated computations for illustration of

concepts, and network analysis for the North American Railroad networks using data
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referenced above from BTS. Reports on several large Railroad operators are
compiled, illustrating for each the most efficient node and its location, the least
eccentric node and its location, the network radius and diameter, average node
efficiency and several other related properties which may help to gain insights for
each network severally and collectively as the entire network covering the US,

Canada, and Mexico.



Chapter 2: Network Characteristic Definitions

2.1. Foundations

Eccentricity and other related network characteristics are defined in compliance to
and building on prior work on network efficiency that inspired this thesis, including
Hamed et al. (Hamed et al., 2022). A network’s topology, G, abbreviated as G (n, m)
is defined by n nodes and m links. Based on their size and connections, networks
have computable characteristics that may be used for evaluation purposes. They are

described formally under separate headings in subsequent sections.

2.2. Connectivity and Adjacency
One critical network characteristic is the connectivity arrangement of links among
nodes. Connectivity can be represented by the adjacency matrix A of n X n size,

which has elements a;; as its elements for column i and row j (M. E. J. Newman,

2004). Element a;; describes a direct link between nodes i and j as follows:

o {1 if node i is linked to node j
Y L0 otherwise

@)
The term link;; describes the link between nodes i and j. In the case where i = j,
link, ; is called a self-link, i.e., the link starts from a node and ends with the same

node. In the absence of self-links, matrix A’s diagonal elements have values of zero.
Self-links represent an uncommon connection type in real physical networks and are
therefore not considered in this thesis. For networks with links that do not reflect

directionality, i.e., undirected links, the adjacency matrix A is symmetric, and in the
case of networks with links that reflect directionality, i.e., directed links, matrix A is

non-symmetric. For example, in the case where there is only a link from node 1 to

7



node 2, element a, in matrix A equals 1 while element a,, equals 0 since no link is

directed from node 2 to 1. In this schema multiple direct links from i and j can lead

the value of a;; to be greater than one. Matrix A for a topology of n nodes and m links
G,(n = 4,m = 3) in Figure 1(a) is shown in Figure 1(b). Subsequent paragraphs

build on topology G, (4,3) as an example for demonstration purposes.

(D4

0 1 1 1
1 0 0 0
; A= 1 0 0 O
1 0 0 O
2 3
(a) Network topology G, (4,3) (b) Adjacency matrix A for G,

Figure 1. Network topology example

2.3. Shortest Link Paths

The number of links along the shortest possible path connecting nodes i and j is
considered the shortest path (p;;) (M. Newman, 2010). Typically, a variation of one
of many All-Pairs-Shortest-Path (APSP) algorithms is used to search for the shortest
paths on more complex networks (Seidel, 1995). The code library used in this thesis,
“igraph”, selects an algorithm for best performance based on network characteristics;
Dijkstra’s algorithm is primarily used for railroad network analysis given the
sparseness of most railroad networks (Csardi, 2023). These shortest path lengths can

be represented in a matrix P with elements p,;. Figure 2 shows the piecewise



construction of matrix P for each node for the topology G,. Like adjacency matrix 4,
diagonal elements on matrix P are typically zero because the shortest path from an

element to itself is zero, unless other assumptions are made.

Os
P P P P
0o — — -— 0o 1 — -— 0 1 1 — 01 1 1
1 - == |10 - - 102 - _|1 0 2 2
11T - - -1 12 - - (1t 20 -] |1 2 0 2
1 - - = 1 2 - - 1 2 2 - 1 2 2 0
€)) (b) (©) (d)

Figure 2. Shortest path matrix (P) analysis and construction for each grey highlighted
node for topology G, (4,3) with shortest paths shown in link counts, color matched in

red, blue and green

2.4. Node Degree

The number of nodes adjacent or linked to node i is defined as the node degree k;. k;
can computed from the adjacency matrix A, as the count of identity (1) values on
column i. Node degree k; values for all nodes are included in vector K with size

1 x n. The k; value can be an indicator of the importance of a node in terms of its

influence on the whole network and the number of links attached to it. For example, a

node with a low k; value has less influence and is attached to fewer links compared to

another node with high k; value that is attached to more links. The average number of



links connected to the nodes in a network is the average node degree (K) calculated as

follows:
Node degree is not used extensively as a network characteristic in this thesis but may

be used in describing certain network language or as a comparison point with other

computed characteristics.

2.5. Network Density
Network density D, sometimes also called graph density, is another network
characteristic related to node degree. The density of a network is computed by taking

the number of links on a network m and dividing by the number of total possible

links as the combination of 2 out of n, i.e., ().

D = 3

Density is not discussed extensively in this thesis’s network analysis but is used to
describe the network topology’s degree of grid-like structure. Those networks which
are more grid like are considered denser, and networks with fewer grid like

connections are called sparse.

2.6. Component Networks

For railroad networks and other networks, component network structures are
disjointed or otherwise not connected in any way to each other in the BTS data set.
An example of a network with two components is shown in Figure 3. Component

structures are commonly found in the BTS railroad network for independent railroad
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lines, some short lines, or possibly other situations. In these cases, component
networks must be filtered and analyzed separately because they will have no path
between nodes to other components in the networks. Typically, there exists a
dominant component on each railroad network, and subnetwork, which comprises
most of the nodes and links. The dominant component is selected by the greatest size
by node count and smaller components are excluded although can be examined in
future studies or by other researchers. In Figure 3, Component 2 would be selected for

analysis as the dominant component of the disjoint network.

O- (O

Component 1

Q.
g ©-0-0
O-@ Component 2

Figure 3. A network with two disjoint components
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Chapter 3: Network Attributes and Associated Weights

3.1. Overview of Network Attributes

On a physical network, such as a railroad network, some links (i.e., lines) are longer
in distance than others, and it is desirable to factor this into the network analysis.
Several other railroad specific line attributes, such as track class, allowable travel
speed, proximity to critical infrastructure, signaling, and presence of train automation
could also differentiate or add information to parts of a railway network (Hamed et
al., 2022). Analysis of these physical networks under the schema described thus far
would not be able to account for differing link attributes along the network.
Therefore, a system of incorporated weights for network link elements and shortest

path computation is proposed which can account for these differences.
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Attribute Property Measurement
’ A A\ o

N\ N ~

Length in
mile (or km)

Waviness or non-linearity
of roads (ratio between

actual to linear length)

Spatial and
geospatial —
Proximity to :
Critical ! o
mile (or km
Infrastructure ¢ )
{Travel time Time (hour)
Temporal
related
Travel speed Speed in km/h
Quality (% TQI¥)
Tracks & their
foundations Reliability (reliable or not
in terms of time travel
connectivity and capacity)
# of maintenance
stations
N Disturbed or normal
i Environment Weath
Ra|||toad _| I_| & erl— weather (1 or 0)
Attribut
Groups Control & cyber Permissive or
Signali -
systems absolute signal
Energy unit
Railcars & I"ower | " Ll
— N 1 I (e.g. Btu or
Engines kilowatt)
Hazardous
[IsRsiyEe or normal
[ 1 Tons per
ITonnageI ime
|Traf‘ﬁc I Flow & # of trains
frequency er time
=T Single or
Directionalit
double tracks
Volume

Payloads pertime |

| e | Revenuein
1Goods| $ per time
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Figure 4. Railroad attribute hierarchy adapted after (Hamed et al., 2022)

Early work by Newman (2004) on weighted networks suggested that weighted
network analysis had received less attention than unweighted networks. Unweighted
network characteristic computation is notably simpler and computationally faster than

that of a weighted network. The most widely used APSP algorithms needed
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modification; otherwise they were ineffective for analyzing weighted networks

similar to the work of Chan (2010) for unweighted networks.

The desire to include weights on network attributes can be traced back to some of the
first papers in network theory, on scientific paper citation networks (M. E. J.
Newman, 2001). Newman, attempting to answer the question of who the best-
connected researcher was, argued that co-authorship relationship strength was
stronger if there were fewer authors on a paper. Using this extra information to weigh
the citation networks resulted in a more nuanced and detailed network analysis. If
attributes for potential weight factors are not included in an analysis of a network,
potentially relevant information is being ignored, and the resulting analysis may not

reflect the true nature of the network.

3.2. Link Weights

An example of an arbitrarily link weighted topology G, from Figure 1 is shown in

Figure 5. The link weights are used as link labels and are colored purple to distinguish
them from node labels. The link weights are considered as link lengths or link costs

for the purposes of network traversal and shortest path computation.
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600

Figure 5. G,(4,3) Network topology example, with arbitary link weights

called w;

A link weight applied to link ij» I considered the length of that link in the

ij
set of links that make up a path in the computations of a shortest path on a network.
For example, on Figure 3, w;, = 200, and therefore traversing link,, is the
equivalent of traversing 200 unweighted links in the computation of a path length.
The total link weights of all links along a path is the length of that path. For our
analysis of railroad networks, only the geodesic line length in kilometers or miles are

used as link weights. As more data becomes available for research, some of the other

railroad attributes may be incorporated into a weighting system.
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Chapter 4: Node and Network Eccentricity Characteristics
4.1. Node Eccentricity
Node eccentricity for a particular node in a network is the maximum of the set of
shortest path distances from that node to all other nodes in the network. Representing
all the shortest path distances for all the nodes by matrix P such as in Figure 2, the
node eccentricity for node 1 is the maximum value of the first column or generally for
node i, node eccentricity e; is defined as follows:

e; = max (P;1, Dz - Pij) 4
Node eccentricity is a worst-case scenario travel distance, measured in a link unit
count. Some focused work on eccentricity refers to a matrix constructed with node
eccentricities as an “anti-adjacency” matrix, in contrast to the adjacency matrix
shown on Figure 1 (Wang et al., 2018). In terms of connectivity, nodes with higher
eccentricity are usually more peripheral, while those with lower eccentricity are
usually more central. Node eccentricity can be added as a label for each node on a
network for a graphical representation. Figure 6(a) shows a small, unweighted
network with the node eccentricity for all nodes as labeled by numeric values. The
central node by eccentricity is colored white and has eccentricity of 1, and peripheral
nodes are colored red. The central node can be verified by inspection. From it, only
one link is required to reach the furthest point possible from it in the network as
opposed to other nodes where two links are required. Figure 6(b) shows the case
where there are two central nodes, when both are tied for minimum node eccentricity

across all nodes in the network.
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(@) G(4.3) (b) G(5.4)
Figure 6. Example topologies G (n, m) with node eccentricities as noted
4.2. Network Eccentricity
Eccentricity is a node characteristic, but the eccentricity distribution of a network,
defined earlier as network eccentricity, can be characterized by the statistical
measures on the set of all node eccentricities, such as the minimum, maximum,
average, variance and skewness. These distribution parameters and the effect of

different network shapes on them are explored in the next sections.

The examples in Figure 7 show the effect of adding one node with one link to a series
of different positional nodes on the node eccentricities of an initial G(5,4) linear
topology network. Each node is colored with different shades of red based on its node
eccentricity. Higher node eccentricity is darker red, and lower node eccentricity is
lighter red. Different expansions have different effects on node eccentricity
throughout the network, and therefore its distribution. Adding peripheral nodes has

the greatest effect on node eccentricity, causing a shift of the central nodes and
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altering the node eccentricity of almost all other nodes. Adding central nodes has

minimal or no effect on other node’s eccentricity.

4 3 3 4 5
o0 -0 e
e o O o e 25

(@) G(5,4) base topology (b) G(6,5) extension 1

e o O 0o e e o O o e
4 3

@ (@)

(c) G(6,5) extension 2 (d) G(6,5) extension 3

Figure 7. G(5,4) Example linear network with node eccentricities noted, and three
cases of G(6,5) extensions

4.2.1. Network Radius and Diameter

The radius of a network is defined as the minimum eccentricity out of all node
eccentricities (M. Newman, 2010). This is closely analogous to the shape description
of the radius of a circle, which similarly is the maximum distance from the center or
central point to the outer edge. On Figure 6(a) the radius of the network is equal to 1,
and on Figure 6(b) the radius of the network is equal to 2. A network with a smaller
radius will have some node or set of nodes which can more easily reach all other

nodes.

The diameter of a network is its maximum eccentricity (M. Newman, 2010). G(4,3)
of Figure 6(a) has a diameter of 2, whereas G (5,4) of Figure 6(b) has a diameter of 3.

This again is closely analogous to the diameter of a circle, which is the distance from
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one point on the outermost edge to the furthest point possible also on the outermost
edge. A network with a larger diameter will have at least 2 nodes that are farther apart
than the most separated pair of nodes on the network with smaller diameter. The
worst-case travel time or travel cost along the network with larger diameter is

therefore higher.

4.2.2. Network Eccentricity Average, Variance, Skewness

The mean, variance, and skewness can be computed on network eccentricity to
characterize the distribution of node eccentricities. These properties, their meanings,
and their computation methods are well defined and can communicate important
characteristics of network eccentricity and can be used as a basis to compare different

networks.

Figures 8(a) to 8(c) plots the node eccentricities and network eccentricity statistical
characteristics for different spoked or web networks which are approaching more
typical network shapes. Figure 8(a) shows an initial G(7,6) node eccentricity and
network eccentricity statistics. Figures 9(b) and 9(c) show two different one node and
one link expansions of Figure 8(a). The first one node and one link expansion on
Figure 8(b) does not expand the periphery, and therefore has minimal effect on
network eccentricity. The expansion at Figure 8(c) expands the periphery, which
impacts the node eccentricity of most of the nodes on the network. The network
eccentricity is therefore affected to a greater extent. Figures 9(a) and 10(b) show that
this trend is maintained for more central and peripheral network expansions of larger

topologies, respectively. Figure 9(c) represents a mix of the two expansion types and

19



a more realistic connection pattern found in railroads and human travel routes, for
example connecting two cities at distance with grid structures expanding access
around high population or industrial areas. The central node by eccentricity is almost
directly in between the two “cities.” Node eccentricity increases monotonically

traveling away from the central node in all cases.

®
®

(@) G(7,6) (b) G(8,7) () G(87)
(@, 3,2.71,0.20, -1.23) (@, 3,2.75,0.19, -1.44) (2, 4,3.38,0.48, -0.82)

Figure 8. Example node eccentricities and statistics on G(7,6) compared to G(8,7)

expansions (radius, diameter, average, variance, skewness)

@) G(17,16) (b) G(17,16) () G(17,16)
(3,5,4.47,0.48,-1.03) (7, 13,10.47,4.37,-0.31) (6, 11,9.18, 3.20, -0.56)
Figure 9. Example node eccentricities and statistics of G(17,16) expansions of G(7,6)

(radius, diameter, average, variance, skewness)
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Chapter 5: Node Efficiency Characteristics

5.1. Node Pairwise Efficiency

Node pairwise efficiency is a scaled measure of how closely two nodes, i and j where
i # j, are linked. The best-case linkage distance possible, b, is divided by the shortest

path distance, p;; between the two nodes. For an unweighted network where link

distances are assumed to be unitary, b takes a value of one, as the minimum link

connection between nodes is for them to be directly linked by one link unit (Latora

and Marchiori, 2001). Node pairwise efficiency pef;; is therefore defined:
pefi; = piwherei *j (5)
ij

For the best-case network connection, the node pairwise efficiency is equal to one.
For an unweighted network, the second-best network connection case is one where

the shortest path distance between a pair of nodes is two links. The node pairwise

efficiency in this case is equal to % This trend would continue so that as the length of

the shortest path distance between two nodes increases, their pairwise efficiency

approaches zero.

5.2. Issues with Weighted Node Efficiency

For Railroad data using line distances as link weights, it is the case that some link
weights are arbitrarily small, well below a unitary one mile or one kilometer. In
different subnetworks of railroads, therefore the value of b can also be quite different,
resulting in a different scaling factor being assigned to the efficiency of different

subnetworks, unless other assumptions are made regarding the value of b.
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Our proposal to avoid these problems is to drop the normalization and reciprocal in
the original definition of node efficiency. To clarify, this new measure is defined as
“node arithmetic inefficiency”. The term inefficiency is used as in this schema lower
node arithmetic inefficiency values are more connected on average to all other nodes.
With this new definition, the pairwise inefficiency between two nodes i and j is
simply p;;. This also relates the two main network characteristics, eccentricity and
efficiency, better and more closely to our original intention. That intention was that
eccentricity represents the all-pairs worst case travel path (which it does without
modification), and that network efficiency represents the all-pairs average travel path.
The units of both network measures would then be the same and are equivalent to the

units of the link weights.
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Chapter 6: Node and Network Arithmetic Inefficiency
Characteristics

6.1. Node Pairwise and Node Arithmetic Inefficiency
As previously stated, Node Pairwise Arithmetic Inefficiency (i.e., paief) between
nodes i and j, is simply the shortest path between them, p;;. Formally:
paief;; = p;;where i # j (6)

Node arithmetic inefficiency is a cumulative property of node pairwise arithmetic
inefficiencies. The node arithmetic inefficiency for node i is the average of all node
pairwise arithmetic inefficiency values between node i and other nodes. Formally:

ef; = avg(paief;,, paief,, ..., paief;_yy, paiefqy, -, paief;;) (7)
Nodes with a lower arithmetic inefficiency on average will be able to reach all other
nodes on the network with a smaller travel distance, but there may be outliers.
Generally, more central nodes connected in a grid-like pattern will have a greater
node efficiency than those in long chains or at the periphery of a network, but there
are nuances. Figure 10(a) shows a small, unweighted network with the node
efficiencies for all nodes as labeled by numeric values. The most efficient node on
each network is colored white, and less efficient nodes are shaded darker blue. Node
efficiency coloring on Figure 10(b) highlights some key differences emerging in
efficiency centrality computations and coloring from the same network with
eccentricity computations and coloring at Figure 6(b). There is no longer a tie in
centrality measurement between the two more central nodes, and a better efficiency
(lower inefficiency) is computed for the node with a better average connection to

each node.
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(@) G(4,3) Topology (b) G(5,4) Topology
Figure 10. Example topologies G (n, m) with node arithmetic inefficiencies as noted
6.2. Network Arithmetic Inefficiency
Once exhaustively computed, the distribution of node arithmetic inefficiencies on the
whole network can be used to represent the network arithmetic inefficiency. Network
arithmetic inefficiency can be characterized by the statistical measures on the set of
all node arithmetic inefficiencies, such as the minimum, maximum, average, variance,

and skewness which again are detailed in later examples.

To illustrate the effect of different types of network extensions on the set of node
arithmetic inefficiencies, the same line network and line network expansions shown
with node eccentricity distributions in Figure 7, are shown in Figure 11 with node
arithmetic inefficiency distributions and blue coloring. The coloring of Figure 11(c)
highlights differences between it and Figure 7(c). The most efficient nodes are pulled
closer to the semi-peripheral extension, as opposed to the least eccentric node which

is unchanged by the extension. Network topologies with more grid -like topology
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structures, or greater density, tend to have greater influence on node arithmetic

inefficiency than on eccentricity.

a—L)
g.so Q?s Qso Q?s g_sg 2’20 180 .80 Q.zo g_gg

(@) G(5.4) (b) G(6,5) extension 1

gAD QGD QSD Q.UO 9.80 g&] QSU QAU QSU %80
g.cl[] 9.20

(c) G(6,5) extension 2 (d) G(6,5) extension 3

Figure 11. G(5,4) Example line network with node efficiencies with 3 cases of G(6,5)

6.2.1. Minimum and Maximum Node Arithmetic Inefficiency

The range of values of node inefficiencies for a network describe its general topology.
In comparing two networks, the existence of a less efficient node on one of the
networks indicates that network contains structures with longer linear or loop portions
and more sparsely connected grid structures, whereas the existence of a more efficient
node implies the opposite. Figure 10(a) illustrates the range of node arithmetic
inefficiencies is [1,1.67]. When one link and one node is added at Figure 10(b), the
minimum and maximum are both increased, and the range becomes [1.25,2.25]. The
line extension networks show some of the same patterns. Addition of one terminal
node on the line network from Figure 11(a), shown at Figure 11(b) increases both the
maximum and minimum of node arithmetic inefficiencies from [1.50,2.50] to
[1.80,3.00]. A line network is a poor configuration of nodes and links if efficiency is

to be prioritized. The less linear expansions of Figure 11(c) results in a smaller
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increase in the maximum and minimum arithmetic inefficiency, from [1.50,2.50] to
[1.60,2.80]. Finally, the most central expansion possible illustrated in Figure 11(d)
results in a range in inefficiency of [1.40,2.60]. The most central expansion still

increases maximum inefficiency slightly, but also decreases minimum inefficiency.

6.2.2. Network Arithmetic Inefficiency Mean, Variance, and Skewness
The moments, such as the mean, variance, and skewness, can be computed for all
node arithmetic inefficiencies on a network to characterize the distribution of network
arithmetic inefficiency. Figure 12 shows the network inefficiency moments and node
inefficiency labels and colorings for the cases of network topologies of G (7,6) and

G (8,7) to demonstrate similar centrality trends as the eccentricity case illustrated in
Figure 8. The differences can be explained by the greater influence of denser, grid-
like network topologies on arithmetic inefficiency versus eccentricity. Eccentricity’s
focus on worst-case shortest path lengths as opposed to arithmetic inefficiency’s
focus on average shortest path lengths can result in denser structures not influencing
computation as much for eccentricity unless a dense structure extends the worst-case
shortest path for a node. The impact of central expansions of Figure 12(a) shown on
Figure 12(b) has a more significant impact on network arithmetic inefficiency than it
did for network eccentricity at Figure 8(a) versus Figure 8(b). The average arithmetic
inefficiency was changed from 2.00 to 2.07, a 3.5% increase, whereas average node
eccentricity was only increased from 2.71 to 2.75, an approximate 1.5% increase on
the same expansion. Peripheral expansion at Figure 11(c) still causes greater effects
on network arithmetic inefficiency than central expansions. The average node

arithmetic inefficiency is increased by a larger margin, 12.5%. The minimum
26



inefficiency is increased, from 1.33 to 1.57, and maximum increased from 2.33 to

3.00.

Larger expansions of G(17,16), starting at Figure 13(a) continue to show similar
trends, as well as continuing to show the added impact of larger and denser grid-like
network topologies. The most efficient node on Figure 13(a), or the one with smallest
arithmetic inefficiency, has a higher node degree and is linked to 4 separate travel
chains while the second most efficient node is only linked to 3 chains. Figure 13(b)
demonstrates the strength of the impact of the denser grid structure on dictating which
node is most efficient. Along the purely peripheral linear expansion, the most
efficient node is still closer to the original grid structure at Figure 12(a). This
contrasts with eccentricity at Figure 9(b), where the peripheral expansion greatly
impacted the least eccentric node, pulling it more in the direction of the expansion.
Finally, the mixed case network structure expansion at Figure 13(c) demonstrates
competing trends. The most efficient nodes on this network are in between the two
opposite grid topologies but are closer to the larger original denser grid topology.
This contrasts with eccentricity at Figure 9(c) where the least eccentric nodes are

further away from the original denser grid topology.
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@) G(7.6) (b) G(8,7) © G687

(1.33,2.33,2.00,0.143,-1.14)  (1.43,2.29,2.07,0.138,-1.44)  (1.57,3.00,2.25,0.203, -0.31)

Figure 12. Example node arithmetic inefficiencies and statistics on G(7,6) vs G(8,7)
expansions (min, max, mean, variance, skewness)

@) G(17,16) (b) G(17,16) (©) G(17,16)
(0.32,0.58,0.39,0.0072,0.86)  (0.21,0.41,0.32, 0.0025, - (0.27,0.41,0.33,0.0025,
0.11) 0.023)

Figure 13. Example node efficiencies and statistics on G(17,16) expansions of G(7,6)
(min, max, mean, variance, skewness)

28



Chapter 7: North American Railroad Network

A network representation of the North American Railroad system is made available
by the FRA and BTS together with geographical information. The full network
consists of 302,943 links, 250,388 nodes, covering almost the entire United States,
and parts of Mexico and Canada. After filtering out abandoned railroad lines,
abandoned railroad lines than have been physically removed, lines that are out of
service, yard tracks, tourist lines, museum lines, science passenger service lines, and
trails on former railroad right-of-way and selecting only those lines used by Class |
carriers (whether by ownership or track rights), the size of the network is reduced to
142,462 links and 130,971 nodes, with 792 component networks. Class | carriers are
the largest classification of railroad carriers, and are defined by statute and the
Surface Transportation Board (STB) as railroad carriers which have an annual
operating revenue of $900 million or more in 2019 dollars, defined by a deflator
formula in the statute (Railroad Companies, 1887). The dominant component was
chosen which contains 139,170 links and 126,993 nodes, and the other 791
components were discarded. The total length of all track in this network is 242,500
km. As detailed earlier, actual physical line lengths, also contained in the BTS data,

are used as weights for each link for all analysis.

7.1. North American Railroad Weighted Network Eccentricity

The visualized node eccentricities of the full network described above are shown on
Figure 14. Greater values of node eccentricity are colored darker red, while lower

values are lighter red.
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Figure 14. Weighted node eccentricity of all Class | Carriers combined

The central node by eccentricity is FRA node ID 351220, marked by an “x” on Figure
14, and is in Foster County, North Dakota. FRA node 1Ds are unique identifiers
assigned to each node in the BTS data set. The minimum eccentricity across the
network, which is at that central node is 4,527 km. This quantity also defines the
radius of the network. The maximum eccentricity is 9,052 km, and that node
eccentricity is shared by the two most peripheral nodes in Alaska and Mexico. This
guantity also represents the diameter of the network. Finally, reportable parameters of
the distribution of node eccentricities, shown in Figure 15, include the average node
eccentricity as 6,240 km, median of 6,201 km, variance of 512,331 km?, and

skewness of -0.032.
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Figure 15. Histogram of weighted node eccentricity of all Class | Carriers combined.

7.2. North American Railroad Weighted Network Arithmetic

Inefficiency

A colormap of node arithmetic inefficiencies of this full network are shown on Figure

16. Greater values of node arithmetic inefficiency are colored darker blue, while

lower values are colored lighter blue.
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Figure 16. Weighted node arithmetic inefficiency of all Class | Carriers combined

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
414270, marked by an “x” on Figure 16, and is in Cook County, Illinois. The
arithmetic inefficiency of that node is 1,474 km. The maximum arithmetic
inefficiency is 5,905 km, at the furthermost peripheral node in Alaska. Finally,
reportable parameters of the distribution of node arithmetic inefficiency, shown in
Figure 17, include the average node arithmetic inefficiency as 2,143 km, median of

1,979 km, variance of 335,196 km?, and skewness of 1.093.
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Chapter 8: Class 1 Railroad Operators

As stated earlier, North American railroad carriers are classified by the STB by their
annual operating revenue, and Class | carriers are the largest. The Association of
American Railroads (AAR) indicates that Class | carriers account for 94% of the
revenue of goods transported in North America by rail, and according to the BTS data
all together own or have rights to the majority of track (Association of American
Railroads, 2023). There are seven entities that qualify as a Class | freight carrier.
They are, in no specific order, BNSF Railway (formerly Burlington Northern and
Santa Fe Railway), CSX Transportation (formerly Chessie System and Seaboard
System Railroad), Canadian Pacific Railway, Kansas City Southern Railway
Company, Norfolk Southern Railway, Canadian National Railway Company, and
Union Pacific Railroad. All seven have track in the United States, two have
substantial rail lines extending into Canada, and one has substantial rail lines that
extend into Mexico. There is a long history of changes in ownership structures as well
for these railroad carriers, so this information is subject to change. There is also a
passenger railroad carrier, Amtrak, that would qualify as a Class | carrier if they
carried freight, but they will be included in this analysis for comparison purposes.
The Class | carrier subnetworks are analyzed similarly to the full railroad network,
and similar moments are generated and displayed in the following sections. The Class
I subnetworks were constructed using BTS data and included any track that was not
filtered according to the prior criteria for inclusion in the full network. For each Class
I carrier a line of rail was included in the network if it was owned or co-owned by the

carrier, or if the carrier had track rights recorded for that line of track.
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8.1. BNSF Railway Network

The BNSF Railway network chosen according to the previously discussed criteria
consists of 32,297 links and 29,783 nodes, with 214 component networks. The
dominant component was chosen which contains 31,297 links and 28,604 nodes, and
the other 213 components are discarded. The total length of all track in this network is
58,477 km. As detailed earlier, actual physical line lengths, also contained in the BTS

data, are used as weights for each link for all analysis.

8.1.1. BNSF Railway Weighted Network Eccentricity
The visualized node eccentricities of the BNSF Railway subnetwork described
previously are shown on Figure 18. Greater values of node eccentricity are colored

darker red, while lower values are lighter red.
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Figure 18. Weighted node eccentricity of the BNSF Railway Subnetwork
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The central node by eccentricity is FRA node ID 340326, marked by an “x” on Figure
18, and is in Laramie County, Wyoming. The minimum eccentricity across the
network, which is at that central node is 2,779 km. This quantity also defines the
radius of the network. The maximum eccentricity is 5,216 km, and that node
eccentricity is shared by the two most peripheral nodes in Oregon and Louisiana. This
guantity also represents the diameter of the network. Finally, reportable parameters of
the distribution of node eccentricities, shown in Figure 19, include the average node
eccentricity as 4,060 km, median of 4,038 km, variance of 281,866 km?, and
skewness of 0.14.
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Figure 19. Histogram of Weighted node eccentricity of the BNSF Railway
Subnetwork
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8.1.2. BNSF Railway Weighted Network Arithmetic Inefficiency
A colormap of node arithmetic inefficiencies of the BNSF subnetwork are shown on
Figure 20 Greater values of node arithmetic inefficiency are colored darker blue,

while lower values are colored lighter blue.
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Figure 20. Weighted node arithmetic inefficiency of the BNSF Railway Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
359509, marked by an “x” on Figure 20, and is in Marion County, Kansas. The
arithmetic inefficiency of that node is 1,451 km. The maximum arithmetic
inefficiency is 3,015 km, at the furthermost peripheral node in Oregon. Finally,
reportable parameters of the distribution of node arithmetic inefficiency, shown in
Figure 21, include the average node arithmetic inefficiency as 1,983 km, median of

1,873 km, variance of 175,090 km?2, and skewness of 0.717.
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Figure 21. Histogram of Weighted node arithmetic inefficiency of the BNSF Railway
Subnetwork

8.2. CSX Transportation Network

The CSX Transportation network chosen according to the previously discussed
criteria consists of 25,827 links and 24,524 nodes, with 144 component networks. The
dominant component was chosen which contains 25,248 links and 23,821 nodes, and
the other 143 components are discarded. The total length of all track in this network is
37,447 km. As detailed earlier, actual physical line lengths, also contained in the BTS

data, are used as weights for each link for all analysis.

8.2.1. CSX Transportation Weighted Network Eccentricity
The visualized node eccentricities of the CSX Transportation subnetwork described
previously are shown on Figure 22. Greater values of node eccentricity are colored

darker red, while lower values are lighter red.
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Figure 22. Weighted node eccentricity of the CSX Transportation Subnetwork

The central node by eccentricity is FRA node ID 473751, marked by an “x” on Figure
22, and is in Northampton County, North Carolina. The minimum eccentricity across
the network, which is at that central node is 1,662 km. This quantity also defines the
radius of the network. The maximum eccentricity is 3,097 km, and that node
eccentricity is shared by the two most peripheral nodes in Florida and Quebec,
Canada. This quantity also represents the diameter of the network. Finally, reportable
parameters of the distribution of node eccentricities, shown in Figure 23, include the
average node eccentricity as 2,246 km, median of 2,216 km, variance of 81,432 km?,

and skewness of 0.408.
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Figure 23. Histogram of Weighted node eccentricity of the CSX Transportation

Subnetwork

8.2.2. CSX Transportation Weighted Network Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the CSX Transportation subnetwork

are shown on Figure 24 Greater values of node arithmetic inefficiency are colored
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Figure 24. Weighted node arithmetic inefficiency of the CSX Transportation
Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
444054, marked by an “x” on Figure 24, and is in Boyd County, Kentucky. The
arithmetic inefficiency of that node is 828 km. The maximum arithmetic inefficiency
is 1,833 km, at the furthermost peripheral node in Florida. Finally, reportable
parameters of the distribution of node arithmetic inefficiency, shown in Figure 25,
include the average node arithmetic inefficiency as 1,066 km, median of 1,008 km,

variance of 29,426 km?2, and skewness of 1.43.
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Figure 25. Histogram of Weighted node arithmetic inefficiency of the CSX
Transportation Subnetwork

8.3. Canadian Pacific Railway Network

The Canadian Pacific Railway network chosen according to the previously discussed
criteria consists of 13,718 links and 12,519 nodes, with 53 component networks. The
dominant component was chosen which contains 13,483 links and 12,245 nodes, and
the other 52 components are discarded. The total length of all track in this network is
29,600 km. As detailed earlier, actual physical line lengths, also contained in the BTS

data, are used as weights for each link for all analysis.

8.3.1. Canadian Pacific Railway Weighted Network Eccentricity

The visualized node eccentricities of the Canadian Pacific Railway subnetwork
described previously are shown on Figure 26. Greater values of node eccentricity are
colored darker red, while lower values are lighter red.
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Figure 26. Weighted node eccentricity of the Canadian Pacific Railway Subnetwork

The central node by eccentricity is FRA node ID 377712, marked by an “x” on Figure
26, and is in Wright County, Minnesota. The minimum eccentricity across the
network, which is at that central node is 2,872 km. This quantity also defines the
radius of the network. The maximum eccentricity is 5,741 km, and that node
eccentricity is shared by the two most peripheral nodes in Maine and British
Columbia, Canada. This quantity also represents the diameter of the network. Finally,
reportable parameters of the distribution of node eccentricities, shown in Figure 27,
include the average node eccentricity as 4,296 km, median of 4,418 km, variance of

570,903 km?, and skewness of -0.0960.
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Figure 27. Histogram of Weighted node eccentricity of the Canadian Pacific Railway
Subnetwork

8.3.2. Canadian Pacific Railway Weighted Network Arithmetic
Inefficiency

A colormap of node arithmetic inefficiencies of the Canadian Pacific Railway
subnetwork are shown on Figure 28 Greater values of node arithmetic inefficiency are
colored darker blue, while lower values are colored lighter blue.
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Figure 28. Weighted node arithmetic inefficiency of the Canadian Pacific Railway
Subnetwork
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The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID

383127, marked by an “x” on Figure 28, and is in Ramsey County, Minnesota. The

arithmetic inefficiency of that node is 1,414 km. The maximum arithmetic

inefficiency is 3,095 km, at the furthermost peripheral node in Florida. Finally,

reportable parameters of the distribution of node arithmetic inefficiency, shown in

Figure 29, include the average node arithmetic inefficiency as 1,959 km, median of

1,880 km, variance of 168,168 km?, and skewness of 0.615.
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Figure 29. Histogram of Weighted node arithmetic inefficiency of the Canadian

Pacific Railway Subnetwork

8.4. Kansas City Southern Railway Company Network

The Kansas City Southern Railway Company network chosen according to the

previously discussed criteria consists of 5,304 links and 5,012 nodes, with 28
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component networks. The dominant component was chosen which contains 4,951
links and 4,647 nodes, and the other 27 components are discarded. The total length of
all track in this network is 11,620 km. As detailed earlier, actual physical line lengths,

also contained in the BTS data, are used as weights for each link for all analysis.

8.4.1. Kansas City Southern Railway Company Weighted Network
Eccentricity

The visualized node eccentricities of the Kansas City Southern Railway Company
subnetwork described previously are shown on Figure 30. Greater values of node
eccentricity are colored darker red, while lower values are lighter red.

4252 km

4016

3780

3544

3308
+ 3071
- 2835
2599

2363

—-2127 (x)

Figure 30. Weighted node eccentricity of the Kansas City Southern Railway
Company Subnetwork
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The central node by eccentricity is FRA node ID 360021, marked by an “x” on Figure
30, and is in Refugio County, Texas. The minimum eccentricity across the network,
which is at that central node is 2,126 km. This quantity also defines the radius of the
network. The maximum eccentricity is 4,252 km, and that node eccentricity is shared
by the two most peripheral nodes in Illinois and Veracruz, Mexico. This quantity also
represents the diameter of the network. Finally, reportable parameters of the
distribution of node eccentricities, shown in Figure 31, include the average node
eccentricity as 3,235 km, median of 3,246 km, variance of 245,311 km?, and
skewness of -0.121.
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Figure 31. Histogram of Weighted node eccentricity of the Kansas City Southern
Railway Company Subnetwork
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8.4.2. Kansas City Southern Railway Company Weighted Network
Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the Kansas City Southern Railway
Company subnetwork are shown on Figure 32 Greater values of node arithmetic
inefficiency are colored darker blue, while lower values are colored lighter blue.
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Figure 32. Weighted node arithmetic inefficiency of the Kansas City Southern
Railway Company Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
379303, marked by an “x” on Figure 32, and is in Caddo Parish, Louisiana. The
arithmetic inefficiency of that node is 795 km. The maximum arithmetic inefficiency
is 2,779 km, at the furthermost peripheral node in Veracruz Llave, Mexico. Finally,

reportable parameters of the distribution of node arithmetic inefficiency, shown in
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Figure 33, include the average node arithmetic inefficiency as 1,294 km, median of
1,140 km, variance of 200,522 km?, and skewness of 1.225.
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Figure 33. Histogram of Weighted node arithmetic inefficiency of the Kansas City
Southern Railway Company Subnetwork

8.5. Norfolk Southern Railway Network

The Norfolk Southern Railway network chosen according to the previously discussed

criteria consists of 26,339 links and 25,012 nodes, with 176 component networks. The
dominant component was chosen which contains 25,634 links and 24,149 nodes, and

the other 175 components are discarded. The total length of all track in this network is
37,656 km. As detailed earlier, actual physical line lengths, also contained in the BTS

data, are used as weights for each link for all analysis.

49



8.5.1. Norfolk Southern Railway Weighted Network Eccentricity

The visualized node eccentricities of the Norfolk Southern Railway subnetwork
described previously are shown on Figure 34. Greater values of node eccentricity are
colored darker red, while lower values are lighter red.
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Figure 34. Weighted node eccentricity of the Norfolk Southern Railway Subnetwork

The central node by eccentricity is FRA node ID 431086, marked by an “x” on Figure
34, and is in Boone County, Kentucky. The minimum eccentricity across the network,
which is at that central node is 1,539 km. This quantity also defines the radius of the
network. The maximum eccentricity is 2,901 km, and that node eccentricity is shared
by the two most peripheral nodes in Texas and New York. This quantity also

represents the diameter of the network. Finally, reportable parameters of the
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distribution of node eccentricities, shown in Figure 35, include the average node
eccentricity as 2,104 km, median of 2,109 km, variance of 52,495 km?, and skewness

of 0.0318.
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Figure 35. Histogram of Weighted node eccentricity of the Norfolk Southern Railway
Subnetwork

8.5.2. Norfolk Southern Railway Weighted Network Arithmetic
Inefficiency

A colormap of node arithmetic inefficiencies of the Norfolk Southern Railway
subnetwork are shown on Figure 36 Greater values of node arithmetic inefficiency are

colored darker blue, while lower values are colored lighter blue.
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Figure 36. Weighted node arithmetic inefficiency of the Norfolk Southern Railway
Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
456911, marked by an “x” on Figure 36, and is in Montgomery County, Virginia. The
arithmetic inefficiency of that node is 765 km. The maximum arithmetic inefficiency
is 1,783 km, at the furthermost peripheral node in Texas. Finally, reportable
parameters of the distribution of node arithmetic inefficiency, shown in Figure 37,
include the average node arithmetic inefficiency as 979 km, median of 934 km,

variance of 27,176 km?2, and skewness of 1.486.
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Figure 37. Histogram of Weighted node arithmetic inefficiency of the Norfolk
Southern Railway Subnetwork

8.6. Canadian National Railway Company Network

The Canadian National Railway Company network chosen according to the
previously discussed criteria consists of 20,380 links and 18,830 nodes, with 91
component networks. The dominant component was chosen which contains 19,580
links and 18,005 nodes, and the other 90 components are discarded. The total length
of all track in this network is 42,080 km. As detailed earlier, actual physical line
lengths, also contained in the BTS data, are used as weights for each link for all

analysis.
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8.6.1. Canadian National Railway Company Weighted Network
Eccentricity

The visualized node eccentricities of the Canadian National Railway Company
subnetwork described previously are shown on Figure 38. Greater values of node

eccentricity are colored darker red, while lower values are lighter red.
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Figure 38. Weighted node eccentricity of the Canadian National Railway Company
Subnetwork

The central node by eccentricity is FRA node ID 620176, marked by an “x” on Figure
38, and is in Saskatchewan, Canada. The minimum eccentricity across the network,
which is at that central node is 4,022 km. This quantity also defines the radius of the
network. The maximum eccentricity is 8,040 km, and that node eccentricity is shared
by the two most peripheral nodes in Alaska and Nova Scotia, Canada. This quantity
also represents the diameter of the network. Finally, reportable parameters of the
distribution of node eccentricities, shown in Figure 39, include the average node
eccentricity as 5,970 km, median of 6,053 km, variance of 759,337 km?, and

skewness of -0.149.
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Figure 39. Histogram of Weighted node eccentricity of the Canadian National

Railway Company Subnetwork

8.6.2. Canadian National Railway Company Weighted Network

Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the Canadian National Railway

Company subnetwork are shown on Figure 40 Greater values of node arithmetic

inefficiency are colored darker blue, while lower values are colored lighter blue.
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Figure 40. Weighted node arithmetic inefficiency of the Canadian National Railway
Company Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
414606, marked by an “x” on Figure 40, and is in Cook County, Illinois. The
arithmetic inefficiency of that node is 1,362 km. The maximum arithmetic
inefficiency is 5,496 km, at the furthermost peripheral node in Alaska. Finally,
reportable parameters of the distribution of node arithmetic inefficiency, shown in
Figure 41, include the average node arithmetic inefficiency as 2,092 km, median of

1,890 km, variance of 394,543 km?, and skewness of 1.034.
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Figure 41. Histogram of Weighted node arithmetic inefficiency of the Canadian

National Railway Company Subnetwork

8.7. Union Pacific Railroad Network

The Union Pacific Railroad network chosen according to the previously discussed

criteria consists of 37,595 links and 34,706 nodes, with 217 component networks. The
dominant component was chosen which contains 36,766 links and 33,693 nodes, and
the other 216 components are discarded. The total length of all track in this network is

60,834 km. As detailed earlier, actual physical line lengths, also contained in the BTS

data, are used as weights for each link for all analysis.

8.7.1. Union Pacific Railroad Weighted Network Eccentricity

The visualized node eccentricities of the Union Pacific Railroad subnetwork

described previously are shown on Figure 42. Greater values of node eccentricity are

colored darker red, while lower values are lighter red.
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Figure 42. Weighted node eccentricity of the Union Pacific Railroad Subnetwork

The central node by eccentricity is FRA node ID 339954, marked by an “x” on Figure
42, and is in Albany County, Wyoming. The minimum eccentricity across the
network, which is at that central node is 2,367 km. This quantity also defines the
radius of the network. The maximum eccentricity is 4,631 km, and that node
eccentricity is shared by the two most peripheral nodes in Washington State and
Texas. This quantity also represents the diameter of the network. Finally, reportable
parameters of the distribution of node eccentricities, shown in Figure 43, include the
average node eccentricity as 3,760 km, median of 3,847 km, variance of 229,878 km?,

and skewness of -0.628.
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Figure 43. Histogram of Weighted node eccentricity of the Union Pacific Railroad

Subnetwork

8.7.2. Union Pacific Railroad Weighted Network Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the Union Pacific Railroad

subnetwork are shown on Figure 44 Greater values of node arithmetic inefficiency are
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colored darker blue, while lower values are colored lighter blue.
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Figure 44. Weighted node arithmetic inefficiency of the Union Pacific Railroad
Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
367772, marked by an “x” on Figure 44, and is in Shawnee County, Kansas. The
arithmetic inefficiency of that node is 1,507 km. The maximum arithmetic
inefficiency is 2,897 km, at the furthermost peripheral node in Idaho. Finally,
reportable parameters of the distribution of node arithmetic inefficiency, shown in
Figure 45, include the average node arithmetic inefficiency as 1,945 km, median of

1,896 km, variance of 87,741 km?, and skewness of 0.845.
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Figure 45. Histogram of Weighted node arithmetic inefficiency of the Union Pacific
Railroad Subnetwork

8.8. Amtrak Network

The Amtrak network chosen according to the previously discussed criteria consists of
14,427 links and 14,071 nodes, with 27 component networks. The dominant
component was chosen which contains 14,192 links and 13,821 nodes, and the other
26 components are discarded. Amtrak does not own or co-own a majority of their
network, unlike Class I carriers. Their network is mostly made of lines they operate
with track rights. The total length of all track in this network is 35,730 km. As
detailed earlier, actual physical line lengths, also contained in the BTS data, are used

as weights for each link for all analysis.
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8.8.1. Amtrak Weighted Network Eccentricity
The visualized node eccentricities of the Amtrak subnetwork described previously are
shown on Figure 46. Greater values of node eccentricity are colored darker red, while

lower values are lighter red.

=3 b-';f, Q | oA E ta 8813 km
I s »\,\" . s ' 7 e ©
TR : . 7892
R PN
. g ¥~ el : 7432
oS 1 6971

6511

= " ,"’ A

= —— Y

FH s (_T‘ L - 6050
S L\ ; l:»

- 5589

- 5129

4668 (x)

Figure 46. Weighted node eccentricity of the Amtrak Subnetwork

The central node by eccentricity is FRA node 1D 344429, marked by an “x” on Figure
46, and is in Bent County, Colorado. The minimum eccentricity across the network,
which is at that central node is 4,668 km. This quantity also defines the radius of the
network. The maximum eccentricity is 8,813 km, and that node eccentricity is shared
by the two most peripheral nodes in Florida and Utah. That Utah is the most
peripheral node indicates a discontinuity in the lines from California across the
central Midwest, potentially a data error or a true gap in their network. This quantity
also represents the diameter of the network. Finally, reportable parameters of the

distribution of node eccentricities, shown in Figure 47, include the average node
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eccentricity as 6,420 km, median of 6,441 km, variance of 895,429 km?, and

skewness of 0.205.
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Figure 47. Histogram of Weighted node eccentricity of the Amtrak Subnetwork

8.8.2. Amtrak Weighted Network Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the Amtrak subnetwork are shown on

Figure 48 Greater values of node arithmetic inefficiency are colored darker blue,

while lower values are colored lighter blue.

63



5084 km

4734

4383

4033

3683

3333
2983

2633

2283

1933 (x)

Figure 48. Weighted node arithmetic inefficiency of the Amtrak Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
414657, marked by an “x” on Figure 48, and is in Cook County, Illinois. The
arithmetic inefficiency of that node is 1,932 km. The maximum arithmetic
inefficiency is 5,083 km, at the furthermost peripheral node in Utah. Finally,
reportable parameters of the distribution of node arithmetic inefficiency, shown in
Figure 49, include the average node arithmetic inefficiency as 2,953 km, median of

2,823 km, variance of 418,193 km?2, and skewness of 0.618.
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Figure 49. Histogram of Weighted node arithmetic inefficiency of the Amtrak
Subnetwork

8.9. Canadian Pacific Kansas City Limited Network

While this thesis was being prepared two of the smallest Class | carriers by track
length, Canadian Pacific Railway and The Kansas City Southern Railway, initiated
and finalized a merger to become Canadian Pacific Kansas City Limited. Their new
network will be analyzed and presented together with their prior separate networks
and compared with other Class | carriers. This comparison will showcase a potential
application of the network analysis presented herein, that is evaluating network

changes.

The Canadian Pacific Kansas City Limited network chosen according to the

previously discussed criteria consists of 19,001 links and 17,509 nodes, with 80
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component networks. The dominant component was chosen which contains 18,413
links and 16,870 nodes, and the other 79 components are discarded. Amtrak does not
own or co-own a majority of their network, unlike Class | carriers. Their network is
mostly made of lines they operate with track rights. The total length of all track in this
network is 41,207 km. As detailed earlier, actual physical line lengths, also contained
in the BTS data, are used as weights for each link for all analysis.

8.9.1. Canadian Pacific Kansas City Limited Weighted Network
Eccentricity

The visualized node eccentricities of the Canadian Pacific Kansas City Limited
subnetwork described previously are shown on Figure 50. Greater values of node
eccentricity are colored darker red, while lower values are lighter red.
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Figure 50.Weighted node eccentricity of the Canadian Pacific Kansas City Limited
Subnetwork
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The central node by eccentricity is FRA node ID 380436, marked by an “x” on Figure
46, and is in Livingston County, Missouri. The minimum eccentricity across the
network, which is at that central node is 3,877 km. This quantity also defines the
radius of the network. The maximum eccentricity is 7,748 km, and that node
eccentricity is shared by the two most peripheral nodes in Veracruz, Mexico and
British Columbia, Canada. This quantity also represents the diameter of the network.
Finally, reportable parameters of the distribution of node eccentricities, shown in
Figure 51, include the average node eccentricity as 5,660 km, median of 5,598 km,

variance of 764,738 km?, and skewness of 0.266.

900
800
700
600
500

400

Node Count

300

200

100

TNOOT OO —HOOUMNHOOMOOVUMORWLNONWUNOSNTNONTINOSNT AW 0 Om—
MMNOWNWS RN UMNANRTNOOUNTHOWUTNONUDNORVOUTAIRRUNOCOWUMN QM
O A AT TOOROONO AN MFTN OO AN NMFTNNORONANOD ANMNMSTALWWNS
M TSI TS TITTIFTAMMOMNONNMOOL LD DD DD D DO WD WL WDD MMM MM~~~
RN ANV AR UOUMA0UMNMOVNMMOoORUAND RN TNORTNOIR T AN O AWM
MMM ONUS RN O TN NN TR OUENONLMONODSHIONNNORW®O RN
N AANMNTTONOOND AT ONONOODNO TN NMTNN OO ANNM TN W
MMt TITINNNNNNNWNWNWNLLNLDDWWIWWWWWWWWWWNSNSPE PSS AS S S

Weighted Node Eccentricity Range (km)

Figure 51. Histogram of Weighted node eccentricity of the Canadian Pacific Kansas
City Limited Subnetwork
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8.9.2. Canadian Pacific Kansas City Limited Weighted Network
Arithmetic Inefficiency

A colormap of node arithmetic inefficiencies of the Canadian Pacific Kansas City
Limited subnetwork are shown on Figure 52. Greater values of node arithmetic

inefficiency are colored darker blue, while lower values are colored lighter blue.
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Figure 52. Weighted node arithmetic inefficiency of the Canadian Pacific Kansas City
Limited Subnetwork

The node with best arithmetic efficiency (lowest inefficiency) is FRA node ID
395686, marked by an “x” on Figure 52, and is in Jackson County, lowa. The
arithmetic inefficiency of that node is 1,596 km. The maximum arithmetic
inefficiency is 4,940 km, at the furthermost peripheral node in Veracruz, Mexico.
Finally, reportable parameters of the distribution of node arithmetic inefficiency,
shown in Figure 53, include the average node arithmetic inefficiency as 2,484 km,

median of 2,492 km, variance of 375,586 km?2, and skewness of 1.023.
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Chapter 9: Rankings of Class I Carriers by Network
Characteristics

One of the practical uses of network analysis is that entire networks and their
structures can be ranked and compared. The Class 1 carrier networks’ maximum
eccentricity and average efficiency characteristics have been computed for each of
their respective largest subnetworks for ranking and comparison purposes. The
comparisons are limited and are not meant to render an absolute judgement on which
network is best. For example, a larger network in terms of node/link count, area
coverage, or diameter would potentially be much more costly and perhaps impractical
to increase link density and efficiency than for a smaller network. Geographical
concerns may dictate or limit the routes for some Class 1 carriers and the different
operational needs of different subnetworks may further limit their achievable
efficiency. Still, the rankings may be helpful to determine which network might be

more vulnerable to disruption and to compare their geometric sizes.

Finally, some assumptions must be made about the underlying data for the
subnetworks to be comparable. The nodes and links are assumed to be relatively
equally distributed along the network and that they represent equivalent network
elements on each subnetwork. This may not be a perfect assumption in all cases but
should be for most. For example, most links are below 1 km in length, and often
joined by several nodes in a long string, but there is one link in the Canadian National
Railway Company subnetwork that is reported as 1554 km long. The average link

size however is 1.4 km with a standard deviation of 4.9 km, and a median of 0.38 km.
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The distribution of link lengths in km on the unfiltered list of 302,835 links is

dominated by relatively short links and is shown on a histogram at Figure 54.
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Figure 54. Histogram of link lengths for the complete unfiltered railroad link data

The Arithmetic Efficiency of each network is ranked in Figure 55. The subnetwork
with the smallest arithmetic inefficiency is most efficient. As detailed earlier,
arithmetic efficiency is a measure of the average shortest path for all nodes to all
others. The most arithmetic efficient network can benefit from being slightly smaller,
but also from being dense or more heavily grid structured. For example, Canadian
Pacific Railway is slightly larger than BNSF Railway by diameter (5,741 km vs 5,216
km), but much smaller in terms of node code (12,245 vs 28,604) yet they have very
similar arithmetic inefficiencies (1,959 km vs 1,983 km). BNSF Railway achieved

this efficiency through the denser more grid-like structure of their network.
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Interestingly, the new Canadian Pacific Kansas City Limited railroad is one of least

efficient networks but is only the fourth largest Class I carrier by track length.
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Figure 55. Class 1 Carrier Subnetworks ranked by arithmetic efficiency (largest to
smallest average efficiency)

The Diameter of each network is ranked in Figure 56. Networks with a larger
diameter cover greater distances at their maximum extents. By inspection, Amtrak
does cover the largest area, reaching almost throughout the entire contiguous United
States. Canadian National spans a large distance as well, reaching from Alaska to
Eastern Canada and the Southern US. The new merged railroad, Canadian Pacific

Kansas City Limited, is now close behind Canadian National.
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Figure 56. Class 1 Carrier Subnetworks ranked by diameter (largest to smallest
length)

A common metric used to evaluate network size, particular for railroad networks, is
the total length of all track. The BTS data set derived measure for this metric for all
the subnetworks of interest was detailed in each network description and is ranked
and shown on Figure 57. This size measure expectedly does not fully correlate to the

diameter or inefficiency measure of each network. The newly merged railroad,
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Canadian Pacific Kansas City Limited, formed from the two smallest Class | Carriers
and is now the fourth largest, sitting roughly in the middle of the field.
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Figure 57. Class 1 Carrier Subnetworks ranked by track length (largest to smallest
length)

Combining network characteristics of interest and traditional measures such as total
track length can further enhance the evaluation of the subnetworks. For example,
Union Pacific is the largest network by track length, yet maintains a middle of the
pack efficiency and network diameter size. Taking these parameters together and
without using the network visual map projection, Union Pacific’s network can be
concluded to be denser and more grid-like in shape than other subnetworks. The

map/visual projection confirms this conclusion.
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Chapter 10: Conclusion and Contribution

This thesis overviews network analysis and graph theory methods, outlines an
established approach to represent network characteristics related to all pairs shorted
path computations, eccentricity, and a novel approach to do the same, arithmetic
efficiency, and applies the old and new methods to small example network and a
detailed network data set representing the largest and most used portions of the North
American railroad network, and relevant Class I subnetworks. The methods used to
analysis network topology add to the potential language and characteristics usable to
describe rail networks shape, size, and topology. In addition, some of the network
characteristics can be used to rank subnetworks for comparison and analysis

purposes.

The new arithmetic efficiency model allows for the computation of efficiency related
network characteristics where the units of the link weights are preserved, so the
ultimate network characteristics can be expressed with units that are equivalent to the
link weights. The preservation of units allows for a clearer expression of the meaning
of the efficiency characteristics and allows comparison and equivalency to established
unit preserving methods such as eccentricity. The same methods detailed here can be
expanded to other unit weighted networks where network size is not equivalent and

there is no standard link unit weight with which to normalize network efficiency.

The detailed North American Railroad and Class | carrier subnetwork case studies

document the application of eccentricity and arithmetic efficiency to ranking nodes,
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identifying critical central and peripheral nodes, producing color map network
visualizations, and describing each network with overall characteristics that can be
used to rank entire networks. The ranking and terminology could assist railroad
network stakeholders evaluate and improve their network for use or resiliency
enhancements, or to plan for disruption and choose ideal locations for infrastructure
where geometric centrality or average centrality is desirable. In addition, peripheral
network sections can be identified as at-risk locations that cannot be reached as easily

from the bulk central network.

This research can be expanded to factor other types of network link weight, and other
types of networks. For the railroad network analysis in this study, the geodesic
distances for each link are used, but an interesting comparative analysis could be
performed combining the distance metric with a top railroad speed or average speed
metric to arrive at a time to travel link weight. In this weighting system the actual
central node might be different by travel time to the peripheral destinations, as
railroad line speed can vary significantly depending on track quality, curvature, and
acceleration time. Another area of weights that could be explored is link cost,
combining further metrics such as land incline and any usage fees, or documented
traversal costs, to arrive at a link weight in terms of monetary cost of traversal for the
average loaded railroad locomotive. The railroad network could then be analyzed in
terms of centrality of nodes on a cost and economic basis. Finally, other types of

networks can be analyzed using these link weight unit preserving methods, such as
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sea routes, combined sea and land transportation routes, or entirely separate network

types such as electronic circuit networks, computer networks, or social networks.
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