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The development of accurate modeling techniques for nanoscalentmal trans-
port is an active area of research. Modern day nanoscale devicaséhlength scales
of tens of nanometers and are prone to overheating, which re@scdevice perfor-
mance and lifetime. Therefore, accurate temperature pro les ameeded to predict
the reliability of nanoscale devices. The majority of models that appe in the liter-
ature obtain temperature pro les through the solution of the Bolzmann transport
equation (BTE). These models often make simplifying assumptions abt the nature
of the quantized energy carriers (phonons). Additionally, most pwious work has
focused on simulation of planar two dimensional structures. This #sis presents
a method which captures the full anisotropy of the Brillouin zone witim a three
dimensional solution to the BTE. The anisotropy of the Brillouin zone icaptured
by solving the BTE for all vibrational modes allowed by the Born Von-Karman

boundary conditions.
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Chapter 1: Introduction

1.1 Perspective and Motivation

Moore's Law states that the number of transistors on an integrad circuit
doubles roughly every two years. This qualitative law has been theiding force
behind the rapid increase in processor speeds over the past fewadkes. One result
of the increase in transistor density is an increase in the power gested on an
integrated circuit. Although in general the power generated peransistor shrinks
as the transistor characteristic dimensions are reduced, this e&is counterbalanced
by the increase of the overall number of transistors on an integeal circuit, leading
to an overall power generation increase. Furthermore, in ordes tlouble the number
of transistors on an integrated circuit, the size of a transistor nsai be reduced. The
most recent generation of transistors have gate lengths of 14nueneters f] with
the next generation reaching even smaller lengths. This size redoct results in
hotspot creation within the transistor where heat is trapped andannot be e ciently
removed p{9]. These self heating e ects are exacerbated in devices with non-mdet
three dimensional geometries. The combined e ects of increasingwer density
coupled with shrinking feature size leads to ine cient heat removal, @sulting in
large increases in temperature which negatively e ects device pamhance. Among
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these negative e ects are reductions in saturation currents andaximum allowable
frequencies which reduce the transistors operating performanfi0]. Furthermore,
the strain caused by overheating reduces the transistor lifetiméd ). Therefore,
accurate thermal modeling is critical for determining device reliabilityn existing
devices as well as designing transistors which minimize hotspot temgigres.

Continuum laws, such as Fourier's Law of heat conduction, rely on ¢hassump-
tion that a material may be assumed homogeneous on the length lecaf interest.
In addition, these laws assume that local equilibrium is assumed to peal through-
out the material. When devices, such as transistors, have chatagstic dimensions
within the nanometer regime, sub-continuum e ects begin to domirta and the as-
sumptions underlying continuum laws are no longer valid. Thereforeadeling tech-
niques that are capable of capturing subcontinuum e ects are raged for accurate
prediction of temperature pro les within such nanoscale devices. M@ such mod-
eling technique is the solution of the Boltzmann transport equation ch may be
numerically solved to determine a wide range of thermodynamic prapies, includ-
ing temperature pro les, in devices with dimensions ranging from avienanometers
up through the macroscale. The Boltzmann transport equation ismaappealing
technique as it is capable of capturing ballistic transport e ects theemerge on
the atomistic scale, while also accurately modeling regions where diius transport
dominates. Thus the Boltzmann transport equation is a widely used ethod for
simulation of nanoscale devices and thin crystalline Ims.

Despite gaining widespread use for nanoscale thermal modeling, huats for
the numerical solution of the Boltzmann transport equation detail@ in the liter-
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ature often have a variety of simplifying assumptions that limit the acuracy of
the solutions obtained. Chief amongst these are the gray and segnay approxi-
mation which assume that the energy carriers, henceforth refed to as phonons,
within a crystalline material may be approximated by a few averagedhonon prop-
erties [LX 18. More recently, work done in the area of nanoscale thermal modejin
has replaced the gray approximation with a Boltzmann transport agation formula-
tion that accounts for variation in the phonon properties, howewethis variation is
considered along only a single high symmetry direction in the Brillouin Zen(region
of reciprocal space containing all unique vibrational modes that et within a mate-
rial) [19{25. Therefore, energy transport is assumed to be isotropic, an asgtion
that has been shown to be inaccurate in the literature2p]. Other assumptions
made in the literature assume that temperature varies in only one dawo dimen-
sions, leading to Boltzmann transport solution methods that are wable to model
new device geometries that are intrinsically three dimensional. Exanes of such
devices are new transistor designs such as the Fin eld e ect traissor (FInFET)
rst developed at Berkeley R7] and gaining adoption in present day commercial
integrated circuits [4]. Additionally, few published methods for solving the Boltz-
mann transport equation rigorously account for the e ect of matrial geometry on
the allowed vibrational modes. Those that do, do not consider tergpature varia-
tion in three dimensions 26, 28. While the simpli cations and assumptions listed
here do not apply to all of the Boltzmann transport solution method appearing
in the literature, no method has appeared in the literature which hasompletely

eliminated all of the simpli cations documented above.
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In this thesis an algorithm for solving the Boltzmann transport equion is
presented. This approach is then implemented into a numerical Boitmnn trans-
port equation code capable of three dimensional device simulationhd algorithm
presented in this thesis avoids simplifying assumptions, which appearapproaches
detailed in the literature, in order to fully capture the wide array of gnonon physics.
Full Brillouin zone anisotropy is accounted for by determining phonomroperties
throughout the Brillouin zone, not just along one high symmetry diretions. To
this end, phonon properties are determined via a molecular dynamiapproach for
obtaining lattice vibrational properties which are then used as inpstto the Boltz-
mann transport code. Secondly, the Boltzmann transport equiain is discretized in
a manner allowing for three dimensional temperature gradients. This important
as recent nanoscale devices are no longer planar, i.e. approximatety dimensional,
and therefore require three dimensional modeling. Finally the algohin solves the
Boltzmann transport equation for all available vibrational modes wiin a material
by considering the device geometry. Therefore, the approachtaiéed in this work
is capable of capturing e ects such as the reduction in thermal cdaoctivity which
is known to occur in devices with very thin dimensions2f].

By eliminating the various simpli cations and assumptions that appeaiin
much of the modeling methods utilizing the Boltzmann transport equen, a Boltz-
mann transport code is formulated that is capable of accurately ndeling heat ow
in nanoscale crystalline devices. The scope and structure of thisetis is now pre-

sented.



1.2 Scope of Thesis

The remainder of this work is organized as follows. First, current ogouta-
tional modeling techniques for nanoscale thermal transport areviewed in Ch.2.
These techniques can be roughly categorized as rst principles rhetds, molecular
dynamics methods, and Boltzmann transport simulations. The strgths, weak-
nesses, and regime of applicability for each technique is covered.ltBoann trans-
port equation algorithms that appear in literature are discussed in ore detail in
order to distinguish how the method presented in this thesis di ersrém existing
methodologies.

Following the literature review, the fundamentals of lattice dynamicsand
phonon physics theory are presented in C8. Important concepts related to vibra-
tional modes in crystalline materials as well as nanoscale energy tsport are dis-
cussed. Examples of several key concepts are presented via Engpme-dimensional
examples, which avoids obfuscating the underlying physics. The oapts covered
in the theoretical section, though not complete, form the basis fainderstanding
the algorithm presented in later sections.

Chapter 4 details the Boltzmann transport equation algorithm as it has been
implemented into a FORTRAN90 code. First the molecular dynamics sinta-
tions used for generating phonon inputs are discussed as well as thasis for the
form of the phonon relaxation times. Subsequently, the numericdiscretization of
the Boltzmann transport equation is presented. The control volme discretization

scheme is brie y discussed as well as the upwinding approximation fdiscretizing



the spatial operator. The computational implementation of varioa boundary con-
ditions are detailed and supported through physical arguments. ifally, specics
to the computational implementation, such as parallelization techniges and the
iterative solver, are discussed.

A variety of simulation results are presented in Ch.5. First a simulation of
semi-ballistic transport is performed via the plane parallel problem lmwed from
the eld of radiation transport physics. The simulation results are hen compared
to known semi-analytical solutions in order to verify the BTE code. @ce the
mathematical accuracy of the algorithm has been veri ed, the impvement over
existing computational techniques is demonstrated. This is showmrbugh simple
transport problem highlighting the result of accounting for Brillouin 2ne anisotropy.
The nal set of simulations is a parameter study of a nanoscale trarstor device
known as a FinFET, a schematic of a FInFET is presented in Figl.1 This device
is gaining adoption in top of the line integrated circuits, and due to th@anometer
dimensions and non-planar geometry requires modeling which acctufor three
dimensional temperature gradients as well as anisotropy in the Heaw.

The nal section reiterates the main points of the thesis. The impneements
demonstrated by the algorithm are restated. In addition a path fiavard is detailed
for improving the method through inclusion of material interfacestime stepping,

and OpenMPI parallelization.
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Figure 1.1: Schematic of a typical FINFET device. The dimensions are imits of
nanometers and are obtained fron2p).



Chapter 2: Literature Review

Modeling of subcontinuum e ects is important for predicting thermé&behavior
of nanoscale devices, the length and time scales of interest rena@eperimental
techniques di cult or infeasible for many cases. Rapid increase in cquting power
over the past few decades has allowed for increasingly complex catagional models
of nanoscale heat transport. Computational models are not hinded by the practical
restrictions of experimental techniques attempting to probe nameter length scales
or picosecond time scales and thus present an attractive alterma to experiment.
In addition computational techniques are inexpensive as computirigne is cheaper
and often faster than experimental alternatives, albeit with redced accuracy.

There exist a wide range of computational methods for modeling tireal be-
havior at the nanoscale. Within the next section these various comafational meth-
ods will be detailed; with special attention paid to methods similar to ta one utilized
in this work so that di erences may be clearly stated. Each methodds inherent
strengths and weaknesses as well as di erent length scales at whibe method is
applicable. The three main computational methods that will be discsed are: rst-
principles calculations, Molecular Dynamics simulations, the Boltzmantransport

equation.



2.1 First Principles Calculations

First principles or Ab-Initio methods seek to directly apply physical equations
and concepts to systems of interest. One manner in whidb-Initio methods are
used in the context of determining vibrational and heat transportproperties at
the nanoscale, is through determination of the exact response @éctrons in the
crystal to displacements of atomic nuclei. The electronic respongields parameter
free force constants, which in turn allows for the determination ofibrational and
transport properties B0]. Alternatively if the system is su ciently one dimensional
and without impurities, Landauer Formalism may be used to calculatedat ow.

The most prevalent computational methods for determining eleatnic re-
sponse for use in the rst principles framework is Density Functiodd& heory (DFT),
and the closely related Density Functional Perturbation Theory (FPT) [31 35].
DFT allows for calculation of the ground state electronic structurdor a many body
system, which allows for direct calculation of phonon properties duas phonon
frequencies, heat capacity, and harmonic force constan®3]. DFPT extends this
approach to calculate higher order perturbations to the system iarder to extract
anharmonic force constants as well as phonon lifetimex]. Phonon properties ob-
tained from DFT and DFPT are most often used as inputs for the detrmination of
thermal conductivity within the rst principles framework [ 37]. Furthermore, these
properties may be used as inputs to the Boltzmann transport eqtian for accurate
device modeling. DFT/DFPT calculations may be performed using opesource

computer codes such as Quantum Espress8|, however calculation is restricted to



structures with a small number of atoms and becomes prohibitivelyomputationally
expensive for large systems.

Another rst principles technique that is prevalent for the predicion of nanoscale
thermal transport is the Landauer formula. The Landauer formia allows for the pre-
diction of the heat current in nanojunctions. This has application tmne-dimensional
systems such as nanowires and nanotube&39]] The fundamental quantity of im-
portance in determining the thermal current is determination of tle transmission
coe cient which describes how e ciently thermal energy is transported thragh a
junction connected to two thermal leads. The transmission coeient is dependent
on the thermal properties of the material of interest4(. One method of calculating
the transmission coe cient is through non-equilibrium Green's fundbn. Landauer
formalism, as this approach is called, is valid when there are hundredf atoms,
or fewer, between the two leads. At this length scale energy is trgported via
waves and the phonon particle viewpoint is not necessarily valid. Hovex, use of
the Landauer formula is restricted to small system sizes that arergdominantly

one-dimensional 39.

2.2 Molecular Dynamics

Molecular dynamics is another commonly used method for nanoscaleah
transport. The molecular dynamics method uses an analytic equati@escribing the
interatomic potential of a material to integrate the Newtonian eqgations of motion,

allowing for the evolution of atomic nuclei in time and space. By treatigthe atomic
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nuclei as hard spheres, which evolve according to Newtonian eqoas of motion,
molecular dynamics is a classical method and therefore one mustreise caution
as to the regime it is applied. In the case of lattice thermal conducity it has been
found that molecular dynamics simulations compare well with experime down
to one-tenth of the Debye temperature of a material4l]. Molecular dynamics by
design models the dynamics of individual atoms and has a wide rangepplications
such as thermal transport, molecular assembly, chemical reactgy and material
fracture [424 47].

An important consideration when performing a molecular dynamics sifation
of thermal transport is in selecting the appropriate interatomic ptential. Empirical
potentials often include tting parameters which are tted through comparison of
guantities such as melting temperature, lattice constant, or liquidteucture to known
experimental data. However, an empirical potential which accutaly predicts the
melting point of a crystal may not accurately predict the same cryal's phonon
transport properties. Therefore, recent work has focused dting existing empirical
potentials to certain properties that better predict transport dharacteristics. One
example of this type of research is tting the Stillinger-Weber potetial, initially
developed to describe the liquid phase of silicon, to inter-atomic f@&rconstants
in silicon derived from DFT simulations B8. The resulting phonon frequencies
predicted through the modi ed empirical potential give much closeagreement to
experiment than the original model. Thus DFT simulations may be usetb modify
the parameters of an interatomic potential so that molecular dymaics simulations
yield more accurate predictions of thermal transport properties
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Molecular dynamics simulations are used to determine a wide varietymfonon
properties for use as inputs to thermal transport simulations. Eamples of these
properties include: frequencies, group velocities, phonon lifetimekensity of phonon
states, and speci ¢ heats. One bene t of using molecular dynamits extract these
properties is that assumptions inherent in other methods of obtaimg vibrational
properties (see lattice dynamics in Ch.3) are avoided in molecular dynamics4[].
Furthermore, molecular dynamics methods are often less comptitenally expensive
than DFT methods. Phonon properties extracted from molecularyhamics have
been used for the determination of thermal conductivities througthe Green-Kubo
method [B(], as well as for inputs to Boltzmann Transport simulationsg1].

In addition to accurate determination of phonon properties, moledar dynam-
ics has been used to study the transmission and re ection of phanavave-packets
at interfaces of dissimilar materials as well as grain boundaries?]. Previous mod-
els for predicting how phonon are transmitted and re ected at madrial boundaries,
such as the acoustic mismatch model and the di use mismatch modéhjled to ac-
curately capture transmission and re ection. The technique detked in [52] speci es
the initial position and momenta of the atoms within a material in orderto form a
phonon wavepacket of de ned wavevector and polarization. Theavepacket is then
launched toward an interface where transmission and re ection @arobserved. This
technique allows for the determination of wavevector and polarizan speci ¢ trans-
mission and re ection coe cients. Furthermore, mode conversiomue to interface

scattering may also be studied using this technique.
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Molecular dynamics has proven to be an extremely useful tool fdré modeling
of nanoscale thermal transport. It is orders of magnitude less roputationally
demanding than DFT calculations while still capturing e ects on the legth scale
of individual atoms. In addition, by its very nature molecular dynamis is able
to capture the full anharmonicity of the interatomic potential (unlike harmonic
lattice dynamics) which allows for more accurate predictions of phon properties.
However, molecular dynamics is still restricted to system sizes wittskethan a billion
atoms due to its computational expense. In addition the classicalature of the
method means the ensemble is governed by Boltzmann statisticshrat than Bose-
Einstein statistics meaning accuracy is lost when quantum e ects beme important
[53]. Therefore, alternative techniques are required for larger sgshs as well as
simulations at low temperature. One such technique is the Boltzmantnansport

equation.

2.3 Boltzmann Transport Equation

The Boltzmann equation was rst formulated by Ludwig Boltzmann to de-
scribe the statistical distribution of a dilute gas system. Howevethe theory was
expanded to describe any system with an equilibrium statistical distsution, such
as electrons, phonons, or photon$4]. Rudolf Peierls rst derived the phonon form

of the Boltzmann Transport Equation (BTE), which in its most geneal form is
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written as [55]:

@f @f

@t @t collision (2.1)

f=f(kipt)
wheref represents the phonon distribution function, i.e. the number of ginons
within the in nitesimal spatial region (r;r + dr) with a wavevector in the in nites-
imal region of momentum spacek(; k + dk) of polarization p at time t. Inspecting
Eq. 2.1reveals that the phonon ensembles time rate of change is a ectearough
both advection as well as a collisional term accounting for carrier ietactions, iso-
tope scattering, as well as boundary scattering. It is this equatiothat modeling
techniques using Boltzmann transport theory seek to solve thrgh a wide range of

methodologies.

2.3.1 Monte Carlo Method

Monte Carlo simulation is a particle based method with applications to se
eral physical phenomenon, including neutron, radiative, electrpand thermal trans-
port [23,56{58. As applied to nanoscale heat transport the Monte Carlo method
utilizes random sampling to trace the path of particles, represenigphonons, within
a domain. The random sampling process determines how long the pelds travel
before scattering, the type of scattering the particles undergand the frequency of
the newly created particle. By simulating a large number of particlesof a su -
ciently long length of time, relevant statistics may be extracted to ige the phonon

distribution within the domain. Despite the probabilistic nature of theMonte Carlo
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method, an accurate solution to the governing equation is obtaindd the limit of
sampling an in nite number of particles P3]. The Monte Carlo method is amenable
to solution of the BTE as it is well suited to obtaining the solution to a di erential
equation for a function of many variables such as the distribution fiction (f in Eq.
2.1) in the Boltzmann transport equation. The basic algorithm of any Mate Carlo
implementation involves a drift step in which particles are advected tlough space,
using the left hand side of Eq.2.1, followed by a collisional where scattering occurs,
modeled by the right hand side of Eq2.1

One of the earliest works which used Monte Carlo techniques to sote BTE
was performed by Mazumder and Majumdar (2001). They simulatephonons by
tracing representative particles in a spatial domain, explicitly accaing for phonon
dispersion. The scattering events were drawn from probability digsbution functions
constructed from Normal and Umklapp process relaxation times. his technique was
used to predict in plane thermal conductivity of thin silicon Ims. Condictivities
predicted through this method were in excellent agreement with egpimental values
[24].

A major drawback of the Monte Carlo method is its unfavorable scalgnchar-
acteristics with regards to reducing the statistical uncertainty bthe numerical so-
lution. This means that in order to obtain a solution with half the variarce in the
temperature and heat ux elds, four times the particles must be snulated [59].
Recent work in the area of Monte Carlo simulation method for solvinghe phonon
BTE have utilized a variance reduction technique referred to as thaeviational for-
mulation [59]. This technique only simulates the particles which deviate from the
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known analytical form of the equilibrium distribution. As a result very "small”
signals may be resolved with over four orders of magnitude comptitaal speed up
versus traditional methods. Monte Carlo methods utilizing this variace reduction
approach have been used for the simulation of three dimensionalnoeacale devices

under the isotropic assumption 9.

2.3.2 Equation of Phonon Radiative Transfer

The equation of phonon radiative transfer (EPRT) was rst develped by
Majumdar [60. This method exploits the similarity between photons and phonons
to express the phonon BTE in terms of a phonon intensity], (§;r;t) where I,
represents the phonon energy ux in the directiors within the frequency interval
(!; ' +d!). The appeal of the EPRT representation rests in the wide rangef o
numerical methods that already exist in the radiation transport liteature which
may be easily adopted for solving the EPRT. Numerical solution teclgques for the
EPRT include the control angle discrete ordinates method (CADOM])25] and the
nite di erence method [61].

The EPRT has been used for simulations involving transport in thin Im &
well as device modeling. It is capable of capturing transport on seaé di erent
length scales ranging from a few nanometers where transport isyqaetely ballistic,
to micrometers where transport is di usive in nature. In addition the EPRT is a
starting point for the derivation of continuum heat transport equations including

Fourier equation and the hyperbolic heat equation. One severe @rack of the
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EPRT is that by its formulation it is an isotropic method and thereforedoes not
account for anisotropy of phonon properties within the Brillouin zoa. Therefore,
the EPRT is only strictly valid for simulations where isotropic transpot is a valid

assumption.

2.3.3 Lattice Boltzmann Method

The lattice Boltzmann method is a deterministic particle based methodst
formulated for uid mechanics simulations. It has since been develegd into a form
for solving the BTE, called the Lattice Boltzmann Kinetic Equation (LBKE) [62].
The lattice Boltzmann method discretizes the spatial domain into disete nodes and
then solves the BTE by approximating the derivatives through nitedi erencing.
One of the drawbacks of the lattice Boltzmann method is the nite tavel directions
that result from discretizing the spatial domain. This can lead to notphysical be-
haviors where phonons propagate faster than their group velogin some directions.
Additionally, in ballistic transport regimes the lack of available transpa directions
can manifest itself in "ray e ects" where energy is never allowed toeach certain
regions of the domain §3].

The lattice Boltzmann method has been used to determine both cglane,
as well as in plane thermal conductivity of a silicon thin Im, R6 and [2§]. Due to
the di culty in probing thermal conductivity experimentally on this sc ale, no exper-
imental results exist for comparison. However, results from thettece Boltzmann

method used in 26,28 may be compared to thermal conductivity values obtained un-
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der a wide range of simplifying assumptions such as the gray approxition and the

isotropic assumption. It was discovered that the isotropic assuripn can produce

thermal conductivity values with up to 25 percent error, highlightirg the impor-

tance of accounting for Brillouin Zone anisotropyd6]. However, despite accounting
for anisotropy the results in this study were obtained only for ondimensional heat
transport.

A variety of solution techniques to the Boltzmann transport equabn have
been presented in this section. These modeling techniques haveagronore sophisti-
cated over the years in an e ort to capture the wide array of phoon physics that are
present within crystalline materials. In addition three dimensional simlations have
begun to appear in order to model devices with more complex geomes [25,59,64).
However despite the sophistication of the modeling methods detailedthis section,
the literature does not contain a modeling method which captures ¢hanisotropy of
the Brillouin Zone within the framework of solving the Boltzmann tranport equa-
tion in a three dimensional nanoscale device. In this thesis such atiamue will be
presented. The next section covers the fundamental physicspsfonon transport in
crystalline materials, this physics is then implemented into a Boltzmantransport

solver.
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Chapter 3: Theory

3.1 Direct Space Lattice

The de ning feature of a crystalline material is the periodic array oatoms of
which it is composed. The spatial locations of these atoms are coniplg de ned
by a crystal lattice along with an associated basis. The crystal ldtte is a regular
array of points in one, two, or three dimensional space. The basisfers to a group
of atoms attached to each lattice point, where the group may coiss of one atom, a
few atoms, or even entire molecules. Encapsulating the atoms whiidrm a single
basis is a unit cell. The crystalline material is constructed through aling of these
unit cell with each unit cells containing the exact same basis of atomgzig. 3.1
contains a diagram of a two dimensional crystal. There are many tgs of crystal
lattice systems B(], however this work deals primarily with materials that exhibit
cubic crystal lattices. There are three types of cubic crystal ldtes: simple cubic
(SC), body-centered cubic (BCC), and face-centered cubic (EJ, a diagram of all
three lattice types is given in Fig. 3.2 Common semiconductor materials such as
silicon and germanium exhibit an FCC structure.

A crystal lattice may be completely de ned through primitive lattice vectors

(a1;a,;as), where the location of any point in the lattice is given by a lattice vear
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Figure 3.1: A two dimensional crystalline material with a three atom bsis. a; and
a, are the direct lattice vectors. The dotted region denotes a singlenit cell, each
unit cell is associated with a lattice point and contains a three atom lsés (denoted
black, red, and green)

T,

T = n;a; + nya, + n3zas ni;n;ng2 27 (3.1)

The crystal lattice is invariant under any translation by a lattice vet¢or, meaning
that all points in a lattice are equivalent. The primitive lattice vectorsfor the three

types of cubic lattices are as follows:

SC BCC FCC
a a
a; = ak alzé(*"'?"'z) al=§(9+2)
a a
a, = ay ap = é(k $+ 2) az = §(k+ 2)
a a
as = az a3:§(5é+9 2) a3:§(k+9)
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(b)

@)

Figure 3.2: Cubic lattice structures: (a) simple cubic lattice where ains lie at the
vertices only, (b) body-centered cubic (BCC) where atoms lie at ghvertices as well
as the cell centroid, (c) face-centered cubic (FCC) where atonfis at the vertices

as well as the face centers.
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The direct lattice in conjunction with the basis completely describe th equi-
librium positions of all atoms within a material. However, in reality atomsdo not
lie stationary at their equilibrium positions, but rather oscillate abouttheir equi-
librium positions with some nite displacement. The mathematical appeatus for
describing these lattice vibrations is called lattice dynamics and will béné focus of

the Sec.3.3.

3.2 Reciprocal Space Lattice and Brillouin Zone

In addition to a direct space lattice, the concept of a reciprocal sge lattice
proves extremely useful towards understanding the physics ugrdlying phonon trans-
port. The reciprocal lattice is completely de ned by the reciprocalattice vectors
(by; by; b3), where all points in the reciprocal space lattice may be written in th
form,

G = klbl + k2b2 + k3b3 kl, kg, k3 27 . (32)

The reciprocal space lattice vectors are related to the real smadattice vectors

through:
aj ag

@ a) (33)
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The reciprocal lattice vectors for each cubic type are:

SC BCC FCC
2 2 2

bl—zk b1—3(9+2) bl—z( R+ 9+ 2)
2 2 2

bz—zy bz—z(k"'z) bz—z(k ¢+ 2)
2 2 2

b3—32 bs—z(*"'y) b3—z(*+9 2)

Reciprocal space may be conceptualized as the space of vibratiomades in
a material. A point in reciprocal space is mapped by a wavevectdr, analogously
to a point in real space being mapped by a position vectar. The wavevectork
corresponds to a certain vibrational mode, i.e. simple harmonic moticof all the
atoms in a material at some characteristic frequency. It can be shown that all
physically distinct vibrational modes correspond to a wavevector ithin the rst
Brillouin zone. The rst Brillouin zone for a given crystal structure is construced
by connecting the origin in reciprocal space to all lattice points in rgarocal space
by a line and then bisecting these lines with perpendicular planes. Inidg so, the
zone created about the origin is called the rst Brillouin Zone, see Fig3.3 for the

rst Brillouin zone of the FCC crystal lattice.

3.3 Lattice Dynamics

Lattice dynamics describes the dynamical motion of the atoms withia crys-
talline material. To determine the dynamics of all atoms within a crysth the

potential energy function of the entire crystal is di erentiated © give the forces on
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Figure 3.3: First Brillouin zone of a Face Centered Cubic crystal latti

each atom, leading to equations of motion. Solving these equatiorfsnaotion leads
to the atomic displacements being governed by waves of vibrationalotion, where
each wave is characterized by wavevectdt, and branch, .

Consider the potential energyv of a crystal. V is assumed to be a function of
the instantaneous positions of each atom within the crystal and isimimized when
all atoms occupy their equilibrium positions. ExpandingV in a Taylor series about

the equilibrium positions of the atoms leads to,

X X @ o o1X X @v
@) 0u (lp,t)+§ -~ @r(ip)@r@ip9 ,

p p p°

u (ip;t)u (P 0)+

V= Vo+

(3.4)
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In the above equationr (ip) is the Cartesian component of the position vector of
the p-th atom in the basis attached to the lattice point labeled byi, while u (ip;t)
is the time dependent displacement of the Cartesian component of atom (ip)
from equilibrium. The rst term of Eq. 3.4, V,, refers to the potential energy
of the crystal when all atoms are in their equilibrium position and is a c¢wstant
representing the energy of the lattice once all vibrations have be&ozen out. This
term does not a ect the dynamical motion of the lattice as it adds nihing to the
force experienced by each atom. The second term correspondgite force felt by
the atoms at equilibrium, and is trivially zero since the Taylor expansioris taken
about each atom's equilibrium positions. Thus the third, or harmonicterm in the
expansion is the rst to contribute a force on the atoms. Furthemore, if the atomic
displacements are small then higher order terms in the potential pansion may be
neglected in what is referred to as th@armonic approximation

The forces on each atom are found by taking the negative gradieof the
harmonic portion of the potential energy, leading to the following agtion of motion
for an atom:

X X
mpe (ip;t) = - (iP5 i) u (P%1)

iO

p° (3.5)

e @V
- PP Grerni®

where the force constant matrix (ip;i%%, characterizing the forces between atoms

(ip) and (i%9, has been introduced. This is a di erential equation which is com-
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monly solved through an ansatz, such as the one introduced 80,

X
u (ip;it)= U (kppe™ R (3.6)
k

here R; is the spatial location of the lattice pointi. Note that the form of the
displacement vector is a linear combination of plane waves. In additidghe plane
wave polarization vectorU is in general complex and thus by convention the real
space displacement corresponds to the real part only.

Inserting Eq. 3.6 into Eq. 3.5 and performing algebraic manipulation yields

the eigenvalue equation:

X
- (ips iR R 2 e U (kip) =0 (3.7)

Therefore the determination of the frequency and mode shapetbé vibration asso-
ciated with wavevectork is determined by solving the eigensystem of thelynamical
matrix de ned as,

X .
Dpp(K)= (L pri%pYe R (3.8)

i0
It is important to understand that due to the invariance ofV under uniform trans-
lation by any lattice vector T, only the relative di erence (R; Rjo) of two points
in the lattice a ect the dynamical matrix. Therefore the lattice point denoted by
i may be arbitrarily set toi = 1 where Rj-; = 0, this has been done in Eq.3.8

Note that the dynamical matrix is a continuous tensor function of lhe wavevector

k and accounts for all interactions of atom (ft) with the rest of the crystal. The
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Figure 3.4: Visual depiction of what the blocks of the dynamical maitt represent
in terms of forces and displacements.

dynamical matrix can be interpreted as being composed of blocks ialin represent
the force felt by the p th atom in the unit cell due to displacements by thep*th
atom in the unit cell, where each block is modulated by some phase faict A single
block of the dynamical matrix is a: 3 3 matrix for a three dimensional crystal,
2 2 matrix for a two dimensional crystal, scalar for a one dimensionatystal (see

Fig. 3.4 for a visual representation).

3.3.1 1-D Example

To demonstrate how the dynamical matrix is constructed and useb obtain
the vibrational properties of the lattice, consider the simple casd a one dimensional

lattice with a two atom basis, the system is depicted in Fig3.5.
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Figure 3.5: A one dimensional lattice with a two atom basis is depicted. hE unit
cell, labeled byi = 1 is denoted by dashed lines. Within this unit cell, the basis
atoms have been labeled. For convenience the lattice vector of ¢efl 1 is centered
on the origin.

In the one dimensional case the dynamical matrix de ned in Eq3.8 reduces

to the simpli ed form:

X .
D ppo(k) = (1 p;ipHekRie ;
1 (3.9)

a0 @V _
@B Guneim ,

note that in one dimension the Cartesian component subscripts mde dropped.
To proceed an interatomic potential is required to describe the intaction between
atoms, for ease of presentation assume that each atom intersoinly with it's nearest
neighbors via a linear spring-like force, where the potential energy each spring is
given by:

(r)=%(r Xo)? (3.10)

hereA is the strength of the interatomic bond andxg is the equilibrium separation.
Note that with this potential form the harmonic approximation is exact.
Once an analytical form for the interatomic potential has been clsen the

potential energy of the entire crystal may be written in the harmoic approximation
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leading to the expression,

V= Gr(i;p)  r(%POi)

‘;';(po (3.11)
(r@;p)  r(%pd  Xo)?
rln;:lp"

N>

From this expression the force constants are extracted by di entiating twice. Tak-

ing the rst derivative with respect to an arbitrary atoms (js) yields:

@V _
@(js)
A X .. o r(ip) r(iop(ﬁ
4 2Gr@ip)  r(i%I xo) i (ip) r(iopo)j[ij ps 9 pos]
pip°
- X .. i . r(jS) r(lcb(b
_Aio (rgs) r(%O] XO)jr(jS) i
pO

(3.12)
Di erentiating a second time with respect to an arbitrary atoms {%9 gives the

expression:

av
@(is)@6 ) ~
A r(s) r(iOp%[_o s ey 0S) rie) .
o drGs) T TR sy (99
p° (3.13)

(irGs) r(P)  xo)

jow s (GS) 1AW
irGs) r@®j  jr(s) r(goE th°s s
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Evaluating eq. 3.13at equilibrium, and taking i to be the unit cell attached to the
lattice vector which coincides with the origin, i.e.i = 1 and Rj=; = 0, reduces the

force constant expression to:

@V X

riv) = Gapere ,

[ 1i0 ppo i9 pOS] . (314)

n—

Once the force constants have been extracted from the chos@ateratomic
potential the dynamical matrix is formed. Inserting Eq.3.14into Eg. 3.9 gives the

expression,

X .
Dppo(K) = (1 ;p;i%pHekRio

® 0 1
X pX .
=A % 10 ppd i p%g glRio

i0 JS
X _ X (3.15)
=A et A @R R=0
i i
S
X X
=A o A &R
' | —(z—)

J
| —?Z—} Term 2
Term 1

Note in the the nal expression the summation indices; s; i ® range only over atoms
that interact with the atom under consideration, i.e. the nearest eighbor.

It is instructive to assemble the dynamical matrix term by term to gan intu-
ition with how atoms interact with one another. When considering thedynamical
matrix one may think of term D, as a measure of the force felt by atorp due to

displacement of atomp® with a phase modulation (the cells in the lattice and atoms
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in the basis are labeled in Fig.3.5. Assembling the dynamical matrix gives the

following terms:
2z P
Pu=1 "1y O
j=1 j=0
s=2 s=2
2k | L TE}E[)V

Do, = |J{l§\1} + |J{Z°2

s=1 s=1
T 1 T 2
ot —N— (3.16)
D= 0 f7y %
Azt 142
interaction interaction
of atom 1 of atom 1
w/ atom 2 w/ atom 2
incell1 in cell0
w —
D21 - 0 ik 0 ik
Ry %)
interaction interaction
of atom 2 of atom 2
w/ atom 1 w/ atom 1
incell1 in cell2

Thus the fully assembled dynamical matrix has the form:

2 3

2A A l+ek é

D(k) = g (3.17)

A 1+ €k 2A

3.3.2 Vibrational Properties

The dynamical matrix contains information about several fundam#al vi-
brational properties of the lattice including: mode shapes, vibratimal frequencies,
and group velocities. The wavevectok may be thought of as enumerating the vi-
brational modes of the material, for eaclk there aren unique vibrational modes

corresponding to then eigenvector/eigenvalue pairs of the dynamical matrix, where:

n = number of dimensions number of atoms in basis
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The n values of the vibrational properties at each wavevector are refed to as
branches where each branch may be labeled as Therefore a vibrational mode is
uniquely de ned by a wavevector and branch, i.e.i; )

Obtaining the mode shapes and frequencies of each vibrational neogtduces

to solving the generalized eigensystem:

DU !?MU =0; (3.18)

whereM is the diagonal mass matrix. Solving for the frequencies in the one ddm
sional example presented in Se@&.3.1yields:

r

p__ 4
lac(K) = A=(mimz) mg+ m; m2 + m3 + 2m;m, cosk)

(3.19)
r

p__ Y
Lop(K) = A=(mimy) my+ my+ m3f+ m3+2mym;cosk) ;

for a plot of these values, see Fig3.6. The two distinct frequencies per wavevector,
a result of the two atom basis, are said to belong to either thacoustic or opti-
cal branches. The naming convention stems from the fact that soundaves in a
material correspond to the acoustic branch, while the high energyptical branch
may be excited by photons in certain ionic crystalsp]. The dispersion curves, i.e.
the wavevector-frequency relations, for the linear chain displayuglitative behavior
which extend to more general three dimensional lattices. One sulbkhavior is that

at the center of the Brillouin zone there will always be certain branas that tend to
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Dispersion Plot for Two-Atom Linear Chain
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Figure 3.6: Frequencies of the acoustic (yellow line) and optical (bluiee) modes.

0, i.e. the acoustic modes, while the other branches will tend towaré maximum
frequency, i.e. the optical modes. Conversely, all branches lewelt at the Brillouin
zone edge and their slopes approach 0.

In addition to vibrational frequency, group velocityv, is an inherent property
of a vibrational mode. The group velocity characterizes the speed which energy

within a vibrational mode travels, and de ned as:

V=1 ! (3.20)
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Applying this to our one dimensional example yields the following groupelocity

equations for the linear chain:

p—
A m; m,sin(k
Vg:ac(K) = g i (2‘

P
2 mZ+ m3+2mimycosk) my+ m; m? + m3 + 2m;m; cosk)

P

A m; m,sin(k
Vaiop(K) = g M M2 sintk)

8
2 mZ+ m3+2mimycosk) myp+ my+  m2+ m3+2m;m;,cosk)

(3.21)

for a plot of these values, see Fig3.7. The group velocities of the linear chain also
display behavior that is common to general three dimensional lattise Namely the
velocity of the acoustic modes is maximum at the Brillouin zone centewhile the
optical mode's group velocity becomes zero. In addition the groughocity of both
modes decrease towards the Brillouin zone edge, although in reglstals the group

velocity does not always vanish at the Brillouin zone boundary as it deéhere.
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Group Velocity Plot for Two-Atom Linear Chain

Figure 3.7: Group velocity of the acoustic (yellow line) and optical (bl line)
branches.

3.4 Quantum Nature of Phonons

Individual vibrational modes, characterized by a wavevectdk and branch in-
dex , represent a collective motion of lattice ions where the vibrational ades are
decoupled from one another within the harmonic approximations. Tdrefore, each
mode may be described quantum mechanically by the harmonic oscillatdamilto-
nian:

He =~ K + (3.22)

NI =
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where . is the number operator that gives the quanta of energy, or numbef
phononsin the mode ; ), for a derivation of this expression se&§|. A well known
property of a harmonic oscillator is that the the energy levels are gutized [66] and

may be written in the form:

whereNy. represents the number of phonons of the quantum staté;( ).
Interpreting phonons as a quantum of energy for de-localized laté vibration
is referred to as the wave description of phonons, this is becaugeh@non wavefunc-
tion is of the form of a plane wave. However, there exists an altertinge interpreta-
tion known as the particle description of phonong[/]. The particle description seeks
to localize phonons both in real space, as well as in wavevector spaén order to
localize a phonon for a given quantum statek( ), a phonon wave-packet is formed
through a superposition of phonon wavefunctions. Each wavefttion forming the
superposition has a wavevector contained in a small region of recpal space, Kk,
centered on the wavevector of interest [68]. The resulting wavepacket is localized
in both real and reciprocal space with a small uncertainty in both,ee Fig. 3.8 It
is important to note that an implicit assumption of the particle viewpoin is that
enough waves exist in a lattice to form a wavepacket. It will be shown Sec. 3.5
that this amounts to the crystal having a su cient number of unit cells. In this work
all crystals studied will be su ciently large enough to be modeled in theparticle

description.
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The phonon wavepacket centered atk( ) possesses the same properties as
the quantum state, namely the same frequency and group velocityherefore, the
energy of a phonon wavepacket is given by Eg3.23 Furthermore, the energy
propagates at the group velocity4(k; ).

The occupation of a given mode is the quanta of energy within that nde,
with respect to the particle description the occupation number is th number of
wavepackets corresponding to a given mode that exist within a regiof space. The
di erential equation governing the occupation of various phonontates was rst
detailed by Robert E. Peierls $5]. The time evolution of the occupation for a given

phonon state is governed by the di erential equation:

@N,; .y @N, _  @N.
@t +Vg(k’ ) @ B @t collision

(3.24)

This expression is the phonon Boltzmann Transport Equation (BTE)It describes
the time rate of change of a phonon state through advection as MWwas collisional
terms. The collisional terms are a result of isotope scattering, bodary scattering,
as well as phonon-phonon interactions. Physical justi cation foEq. 3.24is given
in [67] and [B9).

Once phonon properties such as vibrational frequency and grouglocity have
been determined, the phonon Boltzmann transport equation gives complete de-
scription of the spatial distribution of all allowed phonon modes withirthe material.
Therefore, the problem of phonon transport is reduced to the lstion of a di eren-

tial equation, or rather a set of coupled di erential equations, oa for each phonon
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Figure 3.8: Phonon representation in the wave representation (dealized wave),
and the particle representation (localized wave packet)

mode. Once the spatial distribution of phonons is known, the tempegture and en-
ergy elds within the domain are easily obtained. In the nal section bthis chapter

the determination of the allowed phonon modes within a material areistussed.

3.5 Determination of Allowed Wavevectors

The numerical procedure detailed in Ch4, relies on the knowledge of phonon
properties for all vibrational states available to the crystalline magrial being mod-
eled in order to solve the Boltzmann transport equation for theseates. In this
section the process for determining the allowed vibrational statedenoted by ; ),
is discussed. Furthermore, it is shown that not only are allowed waxectors discrete
in reciprocal space, but there are also a nite number of wavevents corresponding
to physically unique vibrational modes. Therefore, the continuougpresentation of
wavevectors that is used in the vast majority of Boltzmann solvens a simplifying
assumption. For crystals of dimensions on the nanoscale it has bestown that
the reduction in allowed vibrational modes do a ect thermal propdies [26, 28,69

and therefore considering wavevectors as discrete is a fundata#iy more accurate
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Figure 3.9: Periodic boundary conditions for a one dimensional chaintlwa period
of M unit cells

treatment that better captures phonon physics. In the remainer of this section
physical arguments are laid out, which restrict the allowed wavevirs within the

rst Brillouin Zone. Additionally, a more subtle point regarding the wawvevectors is
proven, notably that for a crystal of nite size, only a nite number of physically
allowed wavevectors exist within the rst Brillouin Zone.

The theory developed in Sec3.3 relied on the assumption that every atom
experiences the same analytical form of the potential energy atiterefore is in the
bulk of the crystal far removed from any surfaces. However, thissasnption relies
on the crystal being in nite in extent which is non-physical as this wik deals with
crystals with length scales on the nanoscale. In order to reconcileese contradictory
assumptions, Born Von-Karman boundary conditions are applied.

Born/Von-Karman, boundary conditions state that the crystal is periodic in
M unit cells in one dimension or more generally periodic ifM1; M5; M3) unit cells

in three dimensions, see Fig3.9.
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To see how the assumption of periodic boundary conditions restricthe al-
lowed wavevectors within the Brillouin Zone, consider the ionic displacent result-

ing from a single vibrational mode given by Eq3.6,

u (ip;t) = U (k;pekRi ') : (3.25)

Note that a traveling wave in the crystal lattice is completely charaerized by a
wavevector and a polarization, K; ), the latter has been omitted in the above
equation but is implied.

Let the direct lattice of the crystalline material be de ned by the latice vectors
fai;as;azg. Assuming the crystal hasM; unit cells in the a; direction, M, unit
cells in thea, direction, and M ; unit cells in the a3 direction, then the atoms in the
basis attached to lattice siteR; are equivalent to the corresponding atoms in the
basis attached to the lattice siteR; + M;a; + Mya, + Msaz by periodic boundary
conditions.

Dening G = Ma; + Mya, + Mzas, Eq. 3.25implies:

u (ip;t) = u (jp;t) (3.26)
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wherej indexes the lattice pointR; + G. Combining Eq. 3.26and Eq. 3.25leads

to the relation:
dkRi = dk (Ri+0)

dk ¢ =1 (3.27)
k G=2r ; r227
Therefore all admissible wavevectors must obey this relation. Therm of k that
satisfy the relation were given in Eq. 3.3, Note the property of real space and
reciprocal lattice vectors thata; b; =2 . Finally, consider a general wavevector
written as k = hZl—llbl + h;—ibz + ’\Dl—llbg in the context of Eq. 3.27,

r r rs
G k=M + M + M —b;+ —=b,+ —Db
(Mja; 2a2 3a3) (M1 1 M, 2 M 3)

=21 ,+2r,+27r4 (3.28)

=2r

Therefore it is clear that the wavevectork = ,\jl—llb1+ I\j|—22b2+ l{A—llbg do satisfy periodic
boundary conditions, and furthermore only wavevectors of thisofm correspond to
physically realizable vibrational modes. Furthermore, because 2 Z the wavevec-
tors that are allowed to exist in the crystal are discrete within recipcal space.
These wavevectors are often referred to colloquially as k-points.

To show that there are a nite number of these wavevectors, ceider the

atomic displacements that arise from the wavevectors:
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r ) rs
k=—tb+—2b+ —D
My & My, 2 Mz >

ra+ M; r,+ M rs+ Ms
= b, + b, + b
M, M, 2 Mg 2

kO
Inserting the second of these wavevector into the exponentiadrn of Eq. 3.25

yields:

i
. . rq+M ro+M rq+ M
elkoRi — o bt F2bot S5y Ry

e

h i

—d Wbt E5bet iSbe RigGilbi+ ba+ bl Ri

h i

v ol SR v sPRs h%bs Riei[2 (ri+ra+r3)]

i Tlpi+ 2 p,+ 18y R

where we have use®; = Mia;+ M,a,+ Msas. Therefore the two wavevectors cor-

respond to the exact same ionic displacement and are thereforelieglent. Thus all

range of integers of lengthN;. It is convention to choose this range to be (almost)
symmetric about 0 so thatr; 2 f Mt +1; Mo+2;::0; 1,018 1, Mg,
This convention restricts the wavevectors to lie within the rst Brillouin zone. It

has been shown that the allowed wavevectors within the Brillouin Zonare of the
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form:

k =|\r/|—11b1+ I\r/l—22b2+ |\r/|_33b3
(3.29)
These wavevectors may be determined solely from the crystal dinsons. For each
of these allowed wavevectors and for all branches the phonon pesties are deter-
mined and supplied as inputs to the solution of the BTE.

One nal note of importance is that in addition to Born Von-Karman boundary
conditions there do exist other conditions that may be imposed on ¢hcrystalline
system, one example being xed end boundary conditions. Theserizais boundary
conditions will alter the allowed vibrational modes within the system, bwever the
wavevectors will always remain discrete as well as nite for any othecondition
imposed. Furthermore there will always be the same number of alladvevavevectors,
or stated di erently the number of degrees of freedom is una eed by the choice
of boundary conditions as it should be. Throughout the rest of thisvork periodic
boundary conditions are assumed as it has been shown that BornrivBarman
boundary conditions are suitable for application to crystals consided in this work
[70].

In this section the relevant physics governing phonons has beenroduced.
In order to model phonon transport in a nite system one only neeslinformation
regarding the system size, or speci cally the number of unit cells in éhsystem,

as well as the empirical potential governing interatomic interactiomn Knowledge of
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the number of unit cells allows extraction of the allowed wavevectorss detailed
in Sec. 3.5. Once wavevectors are known the dynamical matrix may be formed
and the eigensystem solved for every allowable wavevector and o, providing
all necessary phonon inputs for the simulation, this process wastaiéed in 3.3
With the phonon properties in hand one may use the phonon BTE to suate
phonon transport for the system of interest. Though the formfahe BTE is known,
analytical solutions exist only for a small set of simple situations. Inhe next
section, a general numerical approach for solving the phonon BTIE introduced
which explicitly accounts for the allowed wavevectors within the anisipic Brillouin
Zone. The BTE is discretized and solved via a numerical algorithm yieldinthe
the spatial energy density for all phonon modes. From the knowrhpnon energy

densities, energy and temperature pro les then determined.
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Chapter 4: Boltzmann Transport Solver Algorithm

This chapter presents the details for implementing a method for th@mulation
of phonon transport via the Boltzmann transport equation. The method solves the
BTE for all allowed wavevectors within the anisotropic Brillouin zone. &ction 4.1
details how inputs to the BTE code are obtained. Inputs to the Boltmann transport
code include phonon frequency, group velocity, and relaxation timén Sec. 4.2 the
governing di erential equation is discretized for numerical solutiorvia the control
volume method. Sectiond.2.2 deals with the implemented boundary conditions
and their physical basis. Finally, in Sec.4.2.3the specics of the computational
implementation are discussed, such as: parallelization, linear solvend convergence

criterion.

4.1 Boltzmann Solver Inputs

The Boltzmann transport solver detailed in this thesis has been wrigh in
such a manner that given a set of phonon properties, boundaryraitions, and a
spatial grid, the Boltzmann transport equation is solved iterativelyfor each allowed
wavevector and all branches to obtain the steady state tempdtae and energy

pro les within the domain of interest. While, this procedure allows thesolver to
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be applied to a wide range of geometries and crystalline material sttures, it does
require the user to determine the phonon properties and supply éke as inputs.

The manner in which these properties are determined is now detailed.

4.1.1 Frequencies and Group Velocities

In Ch. 3, the theoretical basis for obtaining phonon properties was praged.
There, the functional expression for an interatomic potential wadi erentiated to
obtain the dynamical matrix, along with the associated eigensystenvhich yields
the desired phonon properties. This process while conceptuallyatghtforward and
thus useful for pedagogical purposes is di cult to implement in praticality. Often
materials of interest will have complex crystalline structure with sexral atoms in the
basis rendering the straightforward treatment exceedingly di cit as the interatomic
potential will, in general, be of a very complex form. An example of sh@ material
is the Hexahydro-1,3,5-trinitro-1,3,5-s-triazine crystal (RDX) pitured in Fig. 4.1
As aresult it is much more practical to use a molecular dynamics simutatto obtain
phonon inputs.

The General Utility Lattice Program (GULP) [71]] is used to generate the
phonon properties for every allowed wavevector and all branchesthin the rst
Brillouin zone. While GULP is capable of directly calculating the frequenes of all
phonon branches corresponding to a given wavevector, the fullrcdamical matrix is

obtained instead. The reason for obtaining the full dynamical maitx stems from
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Figure 4.1: RDX unit cell ( gure from [2])

the de nition of the group velocity:

Vg =T ! : (4.1)

The group velocity may be numerically evaluated from through a ceral di erenc-
ing scheme. However, this process may result in errors in regionstteé Brillouin
zone where frequency values of di erent branches intersect. @eracies in the fre-
guencies may occur at points or lines within the Brillouin zone and are anherent
feature of the point operation symmetry of the lattice T2).

In regions where degeneracy occurs, it may become di cult to disae which
frequency values corresponds to which phonon stat&;( ). Inability to discern
which branch a frequency corresponds to poses challenges todhastral di erencing

approach for obtaining the group velocity. This obstacle may be cinvented by

a7



instead using an alternative de nition of the group velocity, which inelves di eren-
tiating the entire dynamical matrix. In doing so the issue of assigninffequencies
to the appropriate branches is circumvented as all the branch infmation is implic-
itly handled by numerically di erentiating a single dynamical matrix as ogposed to

di erentiating multiple frequencies. The alternative de nition for group velocity is:
I
— @ e . (4.2)

wherek is the -th component of the wavevector under consideration anel
and e¥ are the dynamical matrix eigenvector and its associated adjoint.
The derivation for this expression is as follows. Consider the eigessym of

the dynamical matrix,

De 12%=0 ; (4.3)

and its Hermitian adjoint

e'D e'12=0 : (4.4)

where the hermiticity of the dynamical matrix has been invoked. Takg the

derivative of Eg. 4.3 yields the expression:

@)e+DQ Z!Qe !2%=0 . (4.5)

@k @k @k

Rearranging this expression and left multiplying byeY yields:
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|
ey@e 2! 9eye+ e'D eVl ? @

@k @k @K =0 : (4.6)

Utilizing the orthonormality of eigenvectors of the dynamical matrixas well
as Eq. 4.4 reduces our expression to:
@ @!

eV@e 2! @ =0 ; (4.7)

Rearrangement of this expression yields Egl.2 The bene t of this method
is that the group velocity and frequency for each branch of a givemavevector has
no ambiguity.

Therefore, to perform a simulation, the allowed wavevectorg,, are rst deter-
mined from the system geometry. Next, for each wavevector tldynamical matrix
is determined via GULP, and in addition six other dynamical matrices & deter-
mined at the wavevectorsfk, dk;k, dk;k, dkgand the central di erencing is
performed. The eigensystem, for each allowed wavevector, isnhsolved yielding
the phonon frequencies and eigenvectors. Finally the frequencasd eigenvectors
are used to evaluate Eq4.2, where by virtue of the method each phonon state&k{ )
maps to a unique frequency, eigenvector, group velocity triplet. e only remaining

phonon input required is the relaxation time.

4.1.2 Relaxation Times

The right hand side collisional term of the phonon Boltzmann transpt equa-

tion represents phonon-phonon, phonon-electron, phonon-iomity, and phonon-
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boundary scattering. For a pristine in nite semiconducting crysta only phonon-
phonon interactions occur, as these arise naturally from the anhmonicity of the
interatomic potential. The complete mathematical description of three phonon in-
teractions was rst derived by Peierls §5], where the time rate of change of the

occupation,N, of the phonon mode k; ) due to three phonon interactions is given

by:

@NK; )
@t collision

Z

- X
TR - CHIRT ST S i TR LI Bt GRS R
(4.8)
(No + 1)(Ng+1)No(g™ g ¢)+
1 X

2

0 00

jb(k; (k% %K% o§jZn 900 o ;0§
#
(No+ 1)NNN’+ g% g) ;

here ~ is Planck’'s constant divided by 2, is the material density, the in-
tegration ranges over the entire rst Brillouin zone where the sumral integration
only includes phonon modes that satisfy pseudo-momentum conssion as well as
energy conservation, i.e.

k Kk°=k+G
(4.9)

(k) ! ookd=1 ook ;

50



,whereG is any reciprocal lattice vector. Additionally,N is the equilibrium popula-
tion of a phonon mode as given by Bose-Einstein statistig(k: ;k® ¢k %j rep-
resents the strength of the three phonon process (i.e. teupling between modes),
and nally g represents how strongly the phonon mode occupation deviatesrfr
the equilibrium value No(k; ). The physical basis of this expression, within the
particle description, may be understood as follows. The integratiomnges over the
frequency surface within the rst Brillouin zone de ned through the delta functions
in Eg. 4.8 Points on the constant frequency surface where the pseud@mentum
conservation rules are satis ed correspond to either a creatiomr an annihilation
event for mode k; ). The rst term in the summation of Eq. 4.8 corresponds to a
creation event, while the second corresponds to an annihilation evé€the factor of
1 accounts for double counting physically indistinguishable processeSee Fig.4.2
for an illustration of the two types of three phonon scattering. Byintegrating over
the whole Brillouin zone in Eg. 4.8 and summing over all branches, the e ect of all
possible annihilation and creation processes, on the occupancy aide k; ), are
accounted for. Further information on phonon-phonon interacbns may be found
in [55).

The Boltzmann transport equation has been solved exactly by ratang this
full scattering term [73{ 76|, however this method is restricted to one-dimensional
systems under the assumption of small temperature deviation. &w with these
simpli cations implementation of the iterative solution procedure prees to be com-

putationally demanding as it requires a double integral over a su cietly ne grid of
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Figure 4.2: Three phonon interactions within the particle viewpointsannihilation
(a) or creation (b) events

wavevectors within the rst Brillouin Zone [77]. Therefore, Eq.4.8is often replaced

with the relaxation time approximation:

@Nk; ) _ No(k; ) N(k; )

@t collision (k; ) (4.10)

The relaxation time represents the average time a phonon travels before
colliding with a boundary, impurity, or other energy carriers. These&ollisions serve
to relax the phonon mode occupation back to equilibrium Bose-Einstestatistics,
No(k; ) A wide range of relaxation time values appear in the literature. Early
expressions for were derived from theory using simpli cations such as the as-
sumption of low temperature 78,79, or were t to experimental data for bulk
crystals [B0]. However, advances irab-initio calculations have allowed for phonon
relaxation times to be tted to results from rst principles DFPT calculations [34].
These relaxation times have been found to accurately predict théddrmal conduc-

tivity of common semiconductor materials silicon and germanium. Fuinermore,
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these relaxation times have been been previously used in computatb studies of
thin silicon Ims and therefore are applicable to length scales of intesewithin this
work. Thus for studies of silicon the following form of the relaxationimes will be

used:

M= bt i
AMreT 1 exp( L)
] = TALA (4.11)
Ty = h 1 i
' (V) ar
AHAT 1 exp( —D)
A [ A AW
(mev2Ks) 1| (mevéKs) 1 | (mevéKs) 1 | (mevéKs) 1
253322 163921 2012 507

Table 4.1: Constants for evaluation of silicon phonon relaxation timesll values
obtained from [34]

4.2 Discretization

Obtaining the the energy and temperature pro les of a nanoscaleedice re-
quires the solution of the Boltzmann transport equation for everyphonon state
that exists within the material. The Boltzmann transport equation br a general

wavevector and polarization K; ) under the relaxation time approximation is:
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@N; I\IO; N ;
gt Valki ) TNk = kkik

(4.12)

This expression cannot, in general, be solved analytically and theved¢ must
be discretized and solved using a numerical method. The numericabpedure used
is the control volume method which has long been applied to heat trafer and
uid mechanics simulations B1]. The control volume method is straightforward to
implement, and by its very nature ensures energy conservationgagdless of the
re nement level of the spatial grid B1]. The basic concept of the control volume
method is to partition the solution domain into non-overlapping contol volumes
and integrate the di erential equation of interest over each volum. Assuming the
solution variable is constant over each volume yields a system of linesquations of
size equal to the number of control volumes. This linear system isdh solved to
obtain the solution variables of interest.

Consider a nite domain in real space denoted by . Associated with his
domain is a discrete set of allowed vibrational modes which may exist Wih the
material that constitutes , a single mode is uniquely de ned throudh a wavevector
and branch index k; ). The spatial domain may now be discretized intd\Ncy
volume elements or control volumes, where thi#& generic control volume is denoted
by i. The domain with single control volume and the associated Brillouin zen
are depicted in Fig. 4.3, although the gure shows a two dimensional rectangular
domain and control volume the numerical discretization presentad this section is

applicable to a general three dimensional domain with polyhedral doal volumes.
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Figure 4.3: Spatial domain with control volume  ; and the associated Brillouin
zone with discrete kpoints.

In this work steady state solution are desired, where the geneffarm of the steady
state Boltzmann transport equation within the relaxation time appoximation for a

phonon state k; ) is written as:
1 0
Vo TNK(N)= = N Ne(@) (4.13)

where the branch index is implied on every term.vq represents the phonon group
velocity, « is the relaxation time, N? is the equilibrium occupation of the phonon
state, and N is the unknown occupation of the phonon state. The occupation of
a phonon state represent the number of energy quanta, or phars, in that state.
The equilibrium occupation is determined through Bose-Einstein statics, which
has the functional form:

N0 = e5riT 1 (4.14)

where k;, is the Boltzmann constant andT the temperature. Note that the equi-
librium distribution is independent of wavevector and depends only othhe phonon

state frequency! .
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Next the Boltzmann transport equation is converted into its eneng density
form. The energy density of the phonon mode is given l& = (Ng + %)~! k, Where
within the particle description Ny describes the number of phonons in the spatial
region (r;r +dr), i.e. itis the phonon number density. The simulations in this work
are for temperatures that are su ciently large such that the zeo point energy,%~! K
may be neglected. Thus multiplying Eq.4.13by ~! « yields the energy density form
of the BTE:

Q) e(r) (4.15)

1
Vg I &(r)= ~

Device simulations often incorporate the e ect of electron-phomanteractions.
When a transistor is turned on electrons are accelerated towardlse drain, these
high-energy electrons interact with the crystalline lattice transfeing energy and cre-
ating phonons. This phonon creation, known as Joule heating, is maldd through
a source term added to the RHS of Eg4.15

Vg ra(r)= = &) al(r) +S (4.16)

1
k
note that despite motivating the source term through the Joule reting analogy, it

is a general term which models any process that generates phosion

Eq. 4.16is now integrated over a polyhedral control volume |,

Z Z 1 Z
Vg I g(r)dr = — &l(r) edf(r) dr+ S dr ; (4.17)
, K ,
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In the control volume method it is assumed that the spatial discrétation is su -
ciently ne that the variation of g and &) over a single control volume is very small.

Thereforeg, and € are taken to be constant within each control volume,

Z

Vg ra(n)dr = = &,(r) eulr) i +Sa 1 ¢ (418)

1
k

The LHS of Eq. 4.18still requires discretization of the spatial operator.

Consider only the LHS of Eq.4.18and apply the Gauss divergence principle,

Z
Vg &(r)n ds ; (4.19)

where now integration ranges over the surface of cell i, denoted , andn is
the outward facing normal. The cell boundary may be divided into fats, where

over each facett and g is constant. Under this assumption Eq4.19becomes

# q{acets
AnecmVg N : (4.20)
m=1
where m is an arbitrary facet of the control volume surface, ;, and A, is the

area of that facet. In order to resolve the value o ., the rst order upwinding

approximation is applied. The upwinding approximation states that tle value of an
advected quantity at a facet between two control volumes is thawf the cell center
of the upwind control volume, where the upwind direction is uniquely etermined
by vg. The upwinding approximation is represented visually for two dimensis in

Fig. 4.4, and may be written mathematically for a general facein as
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Figure 4.4: Examples of the upwind direction at all four facets of ceilfor four

di erent phonon propagation directions (red, yellow, blue, and gren). At face e, the
upwind direction corresponds to cell i. At face n, the upwind directio corresponds
to cell B. At face w, the upwind direction corresponds to cell A. Atdce s, the
upwind direction corresponds to cell i.

max(vq ftm;0) max( vgq ftm;0)

herej refers to the control volume that shares faceain with control volume i.
Once the spatial operator has been discretized, Eg$.18 4.20 and 4.21 may

be combined to yield

# offacets max(vg fm; 0) - max( Vg Mm; 0) _

- - - - . i Vg B
Vg Mmi ! Vg Mmj oTe T

m
m=1

(4.22)

ikeg;i(r) &;i(r) i+ S

Eq. 4.22represents a single linear equation within the system of equationsries

sponding to the phonon modek(; ). The nal step in the discretization procedure

58



is to recast the linear system into matrix form,K ux = fy. The elements of the

matrix equations are:

8
P # off t 'm0 .

%ik + m:i acets Amma);\(/:gﬁmj )Vg A : i =

(Kk)ij = 5 (4.23)
T AT et Oy p . i8]

and
1 0
(fr); = - i€+ S i (4.24)

The linear system may be solved for the unknown cell centered plosnstate
energy densitiesgg.;. This process is then repeated for all allowed wavevectors and
branches. Upon completion the total cell centered energy densihay be computed

via the summation,

&= @& (4.25)
k

Often in addition to obtaining the energy eld the temperature is alssought, there-
fore once the energy eld has been obtained the temperature eld determined

through thermodynamic relations involving the speci ¢ heat.

4.2.1 Specic Heat

The volumetric speci ¢ heat is a thermodynamic quantity relating a megerials

energy to its temperature, and is de ned as

@u

Cv= — ;
vV @TV

(4.26)
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where U is the internal energy density and the derivative is taking at constd
volume. Using this de nition the mode-wise volumetric speci ¢ heat mabe de ned
as:

Cvx = @r , (4.27)

where it is assumed the material is stationary (once again the branmdex is implied
for all terms indexed by the wavevectokk). As temperature is a thermodynamic
guantity de ned only in equilibrium, the phonon mode energy density irEq. 4.27

may be replaced by the equilibrium valueg). Since the temperature dependence of

h I3
the phonon mode energy at equilibrium is known to be = ~ exp(%) 1
the analytical form of the mode-wise speci ¢ heat,
Cup = L et : (4.28)
TV kpl2 a2 '
et 1

whereV is the volume of the crystal. Equation4.28is a fully quantum mechanical
expression in that it is a result of Bose-Einstein statistics and has &e shown to be
in excellent agreement with experimental datag_].
The total specic heat of the crystalline material is determined by smming
all mode contributions,
X
Cy = Cvi ; (4.29)
k
Equation 4.28 shows that the specic heat is a function of temperature, howere

for temperature ranges of interest in this work the speci c heat iV be assumed to

take on a constant value at some reference temperatufes . The choice ofT,¢ is
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not unique and for simplicity will be assumed to be that of the lowest gscribed
temperature boundary condition (see Secat.2.2), therefore Cy (T) = Cy (Tref ).
The assumption of constant speci ¢ heat allows for a simple relationig be-

tween energy and temperature to be established, speci cally:
e=Cyv (T Ther) ; (4.30)

note that the energy density obtained in this manner corresponds the di erence
between the system energy density at temperatufe and the system energy density
at temperature T,¢; . Finally, it is important to recall that the energy-temperature
relations obtained here are strictly only valid in an equilibrium system, tere tem-
perature is de ned. However, it is customary in Boltzmann transp simulations
to retain a pseudo-temperature, as de ned by Eq4.30 even when the system is
out of equilibrium and refer to this quantity as the temperature.

Finally, note that the force vector of the linear system given in Eq4.24may be
rewritten using the speci ¢ heat expression, and correspondingergy-temperature

relations, de ned in Eq's4.30 4.29 and 4.28 The updated force vector is,

(F), = =
k

iCk(Ti Tref)* Ski ; (4.31)
4.2.2 Boundary Conditions

Phonons, which are quantized lattice vibrations, are con ned to a aterial and

therefore scatter at material boundaries. Many works which agar in the literature

61



that solve the Boltzmann transport equation quantify this scatteing through the
inclusion of a boundary scattering relaxation time ,, [28 83{85. However such a
relaxation time is insu cient for the description of boundary scattaing in materials
with complex geometries and at material interfaces. Thereforehé work in this
thesis implements a more fundamental approach whereby the sagé conditions are
applied as boundary conditions to the di erential equation. In this nanner, each
facet of a control volume may be assigned di erent types of bouady scattering,
boundary scattering can also vary for each allowed wavevectordabranch. The three
types of boundary conditions implemented in the Boltzmann transpb equation

solver are: Fourier interface condition, specular scattering, ardl use scattering.

4.2.2.1 Fourier Interface Condition

Often a crystalline material may be grown on an amorphous substea One
example of this is in a FINFET device where the silicon n is deposited on sitia
dioxide which is a disordered amorphous material. At such an interfacblackbody
behavior may be assumed whereby phonons propagating out of trgstalline mate-
rial and into the amorphous material are perfectly absorbed. Alteatively, phonon
modes entering the crystalline material may be assumed to be ocmgpat equilib-
rium Bose-Einstein statistics. The mathematical expression for aokrier interface

condition is

€ :bound = CV;k (Toound  Tref) ; Vg(k) n<o (4.32)
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where ft is the boundary outward facing normal andTyoung iS the temperature at
the control volume facet which intersects with the material intedice. Note that this

boundary condition allows for a non-zero net ux through the boudary.

4.2.2.2 Specular Scattering Condition

Exposed material boundaries must re ect all phonons into the bulkf the ma-
terial. If at the atomic level the surface is perfectly ordered, phmns are assumed to
undergo specular re ection, depicted in Fig4.5. Mathematically, specular re ection

is expressed as:

& %bound = €k;i

vek) , vg(k)
Vol ve()]

(4.33)

vg(k9 = nofn jvgk)

here g.cpoung represents the energy density at the facet of control volumethat
intersects with the material boundary, wherek and k° satisfy the condition in Eq.
4.33 Note that specular re ection does not resist the component ohergy ux that

is tangential to the material boundary.

4.2.2.3 Diuse Scattering Condition

Fabrication techniques for nanoscale devices often create disaravithin the
crystalline lattice near the device surface. This surface roughisess assumed to
di usely re ect phonons [64,86]. This di use re ection process is depicted visually

in Fig. 4.6. The mathematical expression for di use re ection is
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[ ] : Bulk Material
== : Material Boundary

Figure 4.5: Phonon wavepacket undergoing specular re ection

[ ] : Bulk Material
== : Material Boundary

Figure 4.6: Phonon wavepacket undergoing di use re ection

1 X
€:bound = N ST ; Vg(ko) n>0
o (4.34)
N= 1 suchthat vgk% n<o0 ;
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here e.oung IS the same expression as in Sed.2.2.2 Di use scattering serves to
redistribute energy incident on the boundary isotropically. Note tht di use scat-
tering doesresist the component of energy ux tangential to the material bondary,
thus di use scattering engenders thermal resistance.

All three types of boundary conditions amount to specifying the $ation vari-
able e.; and are therefore essential or Dirichlet boundary conditions. Adibnally,
di use and specular boundary conditions are dependent upon thergvailing en-
ergy eld and will therefore require iteration to obtain the appropiate steady state

solution.

4.2.3 Computational Implementation

The nal portion of this section covers the specics of implementinghe nu-
merical algorithm detailed in this chapter into a Boltzmann transportequation
code. A primary function of the code is to assemble and solve the limesystem
(terms given by Eqgs.4.23and 4.24) for each allowed wavevector and branch. There
exist a wide array of linear solver packages capable of solving the lineystem.
In choosing which linear solver package to implement three criterionewe consid-
ered. First the linear solver needed to use condensed row stord@&RS) in order
to avoid unnecessary oating point operations that grow costly fosimulation of
large systems. Additionally, the solver must be capable of invertingon-symmetric

matrices, such as those that arise through application of the upwding condition.
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Finally the solver must be iterative in nature as direct methods wouldgain prove
too computationally expensive for large systems.

A generalized minimum residual (GMRES) iterative solver satisfying #three
criterion was chosen as it provided a combination of speed and acaty. Speci cs of
the solver implementation are as follows: the matrices are precondited through
an incomplete LU preconditioning step, twenty Krylov subspaces w& used in the
inversion, and eight orders of magnitude reduction in the residualas enforced as a
convergence criterion. The GMRES solver as well as the preconditéy routine are
provided through the open source sparse matrix computation tb&it, SPARSKIT
[87]. Implementation of this linear solver gave a 40 times speed up for eoptem size
of 1000 control volumes when compared to a direct solver which e the entire
linear system.

In Sec. 4.2.2it was mentioned that due to the nature of specular and di use
boundary conditions, the steady state solution must be computederatively. As
a result a condition must be established to determine when the numeal solution
fe® i 2 (1; ;Necv)gis suciently "close” to the exact solution fel®® :j 2
(1; ;Ncv)g. Since the exact solution is in general not known, an alternative
metric for determining convergence is required. This is done by takjrthe 12 norm
of the di erence of the total system energy vector for consetive iterations and

requiring that it be su ciently small with respect to the initial di eren ce between

iterations one and two. Mathematically this condition is stated as,

ke® ek Vg, < ke® eWk, (4.35)
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where thel? norm has the traditional de nition:

n ){\I #1=2

kvks, = vZ v2RN . (4.36)

The value of is dependent on the desired accuracy of the nal solution and is
generally in the range 10* to 10 0.

The algorithm detailed in this section involves solution of the Boltzmantrans-
port equation for all allowable wavelengths and branches within thengsotropic rst
Brillouin Zone. While this approach is more rigorous than gray or isotgc assump-
tions, it becomes computationally expensive for large system sizds. Sec. 3.5 it
was shown that the nite size of a system restricts the allowed wawectors within
the Brillouin zone. In addition the number of these allowed waveveat® increases
proportional to the volume of the crystal. Therefore within this algrithm, a lin-
ear system must be constructed and inverted for every allowed vesector and all
branches, which is a computationally demanding procedure. Howeyéor a given
iteration n, the assembly and solution of the linear system for a wavevectkris
dependent only on prevailing values of the temperature and energitd, geometric
guantities speci c to the mesh, and phonon properties calculated jariori to the
simulation. Thus the energy values for each wavevector may be sahfor indepen-
dently, allowing for parallelization of the algorithm.

The core concept of parallelization is that certain portions of a conaper code
may be shared between separate computing threads. These #us then perform

operations simultaneously before returning control to a mastehtead which then
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moves on to the next portion of the computer code, this process @epicted in

Fig. 4.7. Parallelization is implemented within the Boltzmann transport equatio

Serial Region Thgead
: Thread Thread Thread Thread Thread
Parallel Region
0 1 2 3 n
Serial Region Thgead

Figure 4.7: A computer code with serial and parallel regions. A mast¢hread

(Thread 0) controls program ow within a serial region. When a parbel region

is encountered work is distributed ton threads. Upon completion of the parallel
region control is returned to the master thread.

code via OpenMP directives. OpenMP is a computing tool comprised obmpiler

directives, library routines, and environment variables for use orhared-memory
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machines 88]. By assembling and solving linear systems in parallel a 20 times speed
up is achieved when using 40 threads with a system size of 1000 colmolumes.

A ow chart detailing the numerical algorithm outlined in this chapter for
solving the Boltzmann transport equation is given in Fig4.8. Thus determination of

the temperature pro le through the Boltzmann algorithm may now e summarized:
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Determine phonon inputs:

"~ frequencies () De ne problem set up:

"~ group velocity (vg) " material dimensions

A

~ specic heat (Cy) spatial mesh

" relaxation time ( )

\

Initialize Temperature

" Ti = Tini
!
Initialize Energy (Eq. 4.35

a €& = CV;k (Ti Tref)

energy and temperature eld (Eqgs.4.32 4.33 4.39)
7777777 ‘ !

1 Calculate boundary conditions from prevailing

Assemble linear systenK e = fy

Proceed to for phonon mode k; )

NEXCIeraton ¥ . (Egs. 4.23and 4.24) Select new
select phonon |
e ) ! 7 phonon mode
' | Solve for solution variableg, (k; )
******* v
Have all wavevectorsk and branches been solved for? no
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Sum all wavevectors to get energy eld (Eq4.29

|

Update temperature eld (Eq. 4.30

|

no— Has the solution solution varibale converged? (Eq}.35

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[ Print energy and temperature elds}

Solver Region

Figure 4.8: Control ow within Boltzmann transport code.
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The fundamental di erence between the algorithm presented in th chapter
and those presented in the literature is the solution of the Boltzmantransport
equation for all allowed wavevectors and branches within the anisopic Brillouin
Zone. By solving the Boltzmann transport equation for every allovee wavevec-
tors and branches, anisotropy in the phonon transport may be ptured in three
dimensional nanoscale simulations.

In this section a method of solving the Boltzmann transport equatits has
been presented. The algorithm requires phonon properties as wadl material di-
mensions as inputs and then solves the Boltzmann transport equat for all allowed
wavevectors and all branches in a three-dimensional domain. It isi$ solution tech-
nique which accounts for all vibrational modes, and thus all energyarriers, that
leads to a more fundamental model than what has previously beerepented in the
literature. This capability coupled with the multi-dimensionality of the numerical
procedure generates a Boltzmann transport code capable of ttaphg the wide ar-
ray of phonon physics that occur within a nanoscale device. In theext section the
code's capabilities are demonstrated. First a simulation of semi-ballisttransport
is performed and results obtained from the BTE code are comparéd the semi-
analytical solutions to verify the mathematical accuracy of the ate. Next a study is
performed to compare BTE solutions obtained under the isotropimbition to BTE
solutions which account for full Brillouin zone anisotropy. Finally a FinfFET device
parameter study is performed to showcase the three-dimensibrapability of the

solver.
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Chapter 5: Simulations and Results

5.1 Semi-Ballistic Transport

The Boltzmann transport equation is capable of accurate thermahodeling
in regimes where phonon transport is dominated by boundary scating, such as
on the nanoscale. Accurate thermal modeling at the nanoscale végs capturing
transport from the ballistic regime, where phonons propagate witut scattering
with other carriers, to the di usive regime, where phonon-phonomscattering dom-
inates, this range of transport is referred to as semi-ballistic traport. Methods
such the Fourier equation of heat transfer assume that transpds completely dif-
fusive and are therefore only valid within the di usive regime. Thus aisulation
of semi-ballistic transport may serve as a veri cation problem, tesig the capabil-
ity of the BTE code to accurately model transport spanning di usie to ballistic
regimes. Semi-analytical solutions of semi-ballistic transport are @lable within
the radiative transport literature, one such example is the planegpallel problem.
The plane-parallel problem determines the radiation intensity eld in aone dimen-
sional domain with absorbing and emitting gray media. Solutions to sh@ problem
have long been studied in the radiation transport literatureg§9{91]. The physics of
radiative transport are very similar to phonon transport, where istead of quantized
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lattice vibrations, quantized electromagnetic waves carry energin this section, the
problem set up for the plane-parallel problem is detailed, the analyt expression
for the exact solution is given along with the solution method, nally tle results ob-
tained from the Boltzmann transport equation solver are veri ed gainst the exact

solution.

5.1.1 Verication Problem Set-Up

The physical setup of the plane-parallel problem is depicted in Figh.1, note
that the wall temperature slip is characteristic of semi-ballistic trasport, where the
temperature slip, T, becomes zero in the di use transport limit. The governing

di erential equation for the radiative intensity eld in such a problem may be written

as PO
Srl= (p 1) ; I =1(r;98)
8
EI(O;S): (T 8 >0 (5.1)
'§|(L;§)= In(T2) 8§ <0

where § represents the propagation direction] the radiative intensity, and I, the
blackbody equilibrium intensity. The quantity | is the optical thickness of the
problem and is a measure of how strongly the radiative eld interactsvith the
medium. The analogous quantity, to . in phonon physics is the Knudsen number
(Kn) which is dened as Kn = =, where is the mean free path (MFP) and L
is the length of the domain. The MFP for a given wavevectok is = jv4(K)j «,

therefore each phonon mode will have its own Kn. For the remaindef of the
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---: Temperature Prole

\
(4

X

Figure 5.1: Temperature pro le of a gray absorbing-emitting mediunbetween two
in nite parallel plates at temperature T, (red) and T, (blue). The temperature
pro le displays a temperature slip T at the boundaries, a characteristic of semi-
ballistic transport

section we will work with a single averaged phonon mode and thus Kn whive
a single unique value. A Kn 1 correspond to di usive transport, while a Kn
1 corresponds to the ballistic regime. It is important not to confuséhe |, the

phonon relaxation time, with |, the optical thickness for radiation transport.
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The general solution for the non-dimensional temperature eld inraabsorbing-
emitting gray medium is given by 9Q}:
1 Z .
b()=§ Ea )+ o( VE1 (] 9d°

0

(5.2)
()= () T
NIT TR TS !
where the elliptic integral is de ned as:
z 1
En(x) = N2 = . (5.3)

0

Integral Equations of this form may be solved through themethod of successive
approximations where an initial guess of the desired function,{ is substituted into
the RHS of Eg. 5.2 the RHS of Eq. 5.2 is then computed yielding an updated,

E*l, the resulting function is then used as the guess in the+ 1 iteration. This
procedure is outlined in Fig. 5.2 Using the method of successive approximations
in conjunction with numerical quadrature, , was computed numerically for use in
veri cation of the Boltzmann algorithm.

To compare to the numerical solution, the inputs to the BTE code nst be
altered to simulate gray photon transport. To that end a spheridaBrillouin zone
is created to simulate the isotropic continuum of propagation direixins allowed for
photons in radiative transport, see Fig. 5.3 As the the system being modeled

is gray, i.e. frequency independent, all phonon properties are asged constant
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Convergence reached

b b

Figure 5.2: Method of successive approximations approach to solyithe integral
equation for the exact solution to the plane parallel problem
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Figure 5.3: Schematic of a spherical Brillouin Zone.

except for the group velocity which was assumed to be constant inagnitude, and
collinear with the wavevector. The gray phonon properties are ginen Table 5.1
The simulation domain geometry replicates in nite parallel plates by sgcifying they
and z dimensions to be many orders of magnitude larger than thedimensions. The
plate at the x = 0 boundary was speci ed to be a Fourier interface condition with
T, = 301 K and the high x boundary was speci ed to be a Fourier interface condition
T, = 300 K. These conditions are analogous to the blackbody emittebaorbers
from the plane parallel problem. The distance between the plates svaaried to
investigate several Knudsen numbers (i.e. transport regimes).h& transport regime

is quanti ed by the Knudsen number where as the separation goes tero (Kn 1)
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Speci ¢ Heat 1:631 10° 7
Group Velocity Magnitude 6400 .
Relaxation Time 72 10 '? sec
Frequency 160 THz
Mean Free Path 4608 108&m

Table 5.1: Gray phonon properties

transport becomes ballistic, and as the separation reaches sevenean free paths

(Kn < 1) the transport becomes more di usive.

5.1.2 \Veri cation Results

The results of the simulations for a range of Knudsen numbers aréofied in

Figs. 5.4, 5.5 5.6, and 5.7.
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Temperature vs. Distance (Kn = 10)
301¢

—— Numerical Solution
= BTE Algorithm Solution

3008

3006 |,

3004

3002

300O 0.05 0.1

X

Figure 5.4: Temperature pro le for domain length ofl—l0

Temperature vs. Distance (Kn = 2)
301x
—— Numerical Solution

3008 I = BTE Algorithm Solution
3006
3004
3002

300 : x

0 0.25 0.5

Figure 5.5: Temperature pro le for domain length of%
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Temperature vs. Distance (Kn = 1)

301y
—— Numerical Solution
3008 = BTE Algorithm Solution
3006 -
T
3004 |
3002
300 : x
0 05 1:0
X
Figure 5.6: Temperature pro le for domain length of 1
Temperature vs. Distance (Kn = 1)
301y
—— Numerical Solution
3008 x BTE Algorithm Solution
3006
T
3004
3002
300 : x
0 1.0 2:0
X

Figure 5.7: Temperature pro le for domain length of 2

For all transport regimes the agreement is excellent between theimerical

algorithm and the exact solution.
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In addition to verifying the Boltzmann algorithm over a range of trarsport
regimes, a mesh convergence study was performed to ensuret tine algorithm
converges to the exact solution as the mesh is re ned. The resutitthe mesh con-
vergence study, Fig.5.8, give con dence that the algorithm has been implemented

into the BTE code in a manner which reproduces exact numerical stilons.

Root Mean Square Error in Disrete Brillouin Zone Algorithm
10 2

—— Line of Best Fit
o RMS Error

Error =:014N 1%

10 3

RMS Error

10 4

1
10 107
Number Control Volumes(N)

Figure 5.8: Logarithmic plot of root mean square (RMS) error betvem the Boltz-
mann algorithm and the exact numerical solution fromJQ. Kn = 10
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The BTE code results for the semi-ballistic transport simulations hay been
compared to semi-analytical solutions from radiation transport. e excellent agree-
ment veri es that the BTE algorithm has been correctly implementednto a BTE
code. In the following section the code is used to investigate the eteof Bril-
louin zone anisotropy. Finally the code is used to perform a parametstudy of a

nanoscale device.

5.2 E ect of Anisotropy

The vast majority of studies which use the Boltzmann transport egption
to model nanoscale heat transport assume that high symmetry phon properties
prevail in all directions within the Brillouin zone. This assumption is equialent to
obtaining the dispersion curves of some material along a single highrsyetry line,
most often along the X high symmetry line for the case of silicon( see Fi¢.9),
and assuming those frequency values are isotropic throughout @herical Brillouin
zone. Therefore, at any point in the Brillouin zone the frequency ahat location is
a function of jkj only, as the frequency is assumed spherically symmetric.

The consequence of these assumptions is twofold. First, the asgtion e ec-
tively reduces the Brillouin zone shape to that of a sphere, as opgaoisto its true
shape of a truncated octahedron for an FCC crystal (inset of Fich.9). Within this
sphere the frequencies, and all frequency dependent propestgich as speci ¢ heat,
are assumed to be distributed isotropically. Secondly, the grouplegeities become

collinear with the wavevector and are therefore always directed delly outward.
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Dispersion Curve in Silicon along [100] Direction

s

N

7

X
Figure 5.9: Vibrational frequencies in silicon along the high symmetry kn X

corresponding to the [100] direction. The inset depicts the X line (thick black
line connecting the blue dots) within the rst Brillouin zone of silicon

The true behavior of phonons within the anisotropic Brillouin zone is inatct-
more complex. Consider the constant frequency contours of \@urs branches within
the k, = 0 plane of the true anisotropic Brillouin zone given in Fig.5.1Q If the
the Brillouin zone plane were isotropic these contours should be cilau However,
only in certain regions can the contours be approximated as circle$he top row
of Fig. 5.10 corresponds to the acoustic modes which are believed to dominate
heat transport. The longitudinal acoustic mode (top right) is rougply circular near

the Brillouin zone plane center, however the contours deviate stigly away from

83



Figure 5.10: Frequency contours within thek, = 0 rst Brillouin zone for the rst
transverse acoustic branch (top left), the longitudinal acoustibranch (top right),
the rst transverse optical branch (bottom left), and the longitudinal optical branch

(bottom right).

circular near the Brillouin zone edge, becoming more square-like. Th@nsverse
acoustic mode (top left) remains roughly square throughout therBlouin zone plane
suggesting that the assumption of an isotropic Brillouin zone could ldao errors
in the phonon properties supplied to the Boltzmann transport equean. To verify
whether frequency values are truly anisotropic in three dimensiores ne grid of

wavevectors was created and the frequency values were detiewed via molecular
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dynamics. The resulting frequency space was then discretized aaltl wavevectors
corresponding to a frequency falling within a certain interval of frguency space were
plotted. It was found that the constant frequency surface ofite transverse acoustic
mode is in fact a cube in three dimensions, see Fi¢.11 further disproving the

isotropic assumption.

Figure 5.11: Constant frequency wavevectors of the transveracoustic branch. The
blue edges of the constant frequency square are visual guides
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The anisotropy of frequencies within the Brillouin zone a ects the pbnon
group velocities. In the isotropic assumption the group velocities,eched asvy =
r ¢ !, are directed radially away from the Brillouin zone origin. However, it ishown
in Fig. 5.12that this simpli cation is not realistic. Figure 5.12shows that away from
the Brillouin zone center, frequencies become more anisotropic ahé direction of
phonon propagation deviates strongly from the radial direction. dditionally, for
the transverse acoustic mode the majority of phonon propagatiadirections align
along the x; y; z Cartesian directions, while a smaller percentage lie along the
diagonal directions. Since the phonon group velocity is the speeddadirection
in which energy of a given mode is carried, therefore advection of agmon mode
will strongly depend on group velocity. Therefore, Fig.5.12 would suggest that
advection will be largest along thex and y directions and reach a minimal value
along the diagonal directions.

The anisotropic distribution of frequency in the Brillouin zone, along wh
phonon mode group velocities which deviate from the radially outwardirection,
indicate that temperature pro les obtained using the isotropic aggnption may incur
some error. A two dimensional simulation of a thin silicon Im with a heat surce
was performed to study what e ect, if any, anisotropy has on phwon transport and
the resulting temperature pro le. The dimensions of the heat trasport problem are
given in Fig. 5.13 in addition the thickness of the Im was set to 17.4 nanometers
with di usely re ecting boundary conditions.

Note that in general, di erent forms of the Boltzmann transport euation
(i.,e. gray, frequency dependent with isotropic assumption, or fullgnisotropic)
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Figure 5.12: Constant frequency wavevectors of the transveracoustic branch. The
arrows protruding from each wavevector indicate the direction gfhonon propaga-
tion in the k, =0 plane

will predict di erent peak temperatures in the simulation of a heateddomain [19).
Therefore comparison of the absolute temperature pro les of twdi erent models
may not reveal the variation in heat conduction along di erent diretions in the
plane. However, this study focuses on whether or not phonon jprrties, and group

velocities, obtained along a single high-symmetry line, are a valid deigtion of heat

87



AN}
71

AN

10K Fourier boundary

N

100 nm

heated regior

\

10K Fourier boundary

/

K 100 nm 5

[V
N

Figure 5.13: Simulation domain for the study of anisotropic e ects in #hin silicon
Im.

transport along all directions. In order to study this assumption, the temperature
pro les of two di erent Boltzmann transport models should be nornalized so that
the maximum temperature for each model is equal. For simplicity theofiowing

normalization is used,

T Tm
Thormalized = — Tmin = 100K : (5.4)
Tmax Tmin

The e ect of this normalization is to restrict the temperatures within the domain to
be between 0 and 1. Throughout the rest of this section any reésrce to temperature

will implicitly be referring to the normalized temperature.
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A reference isotropic solution was required for comparison to thaiaotropic
result. Therefore, a gray isotropic phonon simulation was perford to discretize
and solve the Boltzmann transport equation. The spatial domain veadiscretized
into a 71 71 grid of control volumes. The source term in the heated region is
distributed equally into all phonon modes. The phonon propertiesifohis simulation
are identical to those used in the veri cation problem, which were gén in Table
5.1 Due to the symmetry of the problem only a quarter of the plate waactually
simulated, the constant temperature contours of the isotropiciraulation are given
in Fig. 5.14

An anisotropic simulation was subsequently performed. All materiahnd
phonon properties of silicon were obtained from the molecular dyna&s approach
detailed in Sec. 4.1 The relaxation time model used was detailed in Sect.1.2
Since the purpose of this study is to investigate the directional depdence of heat
transport, only acoustic phonon modes were included in the simulatio The same
spatial mesh that was used in the isotropic simulation is used in the anisopic
case. The source term was again equally distributed amongst all pilom modes.
The constant temperature contours for the anisotropic simulatio are given in Fig.
5.15 Note the attening of the temperature contours along the diagoal direction,
this attening is most evident for the :3 temperature contours.

In order to directly compare the isotropic simulation to the anisotrpic sim-
ulation, the di erence between the two temperature pro les wasaken. To obtain
the di erence in the temperature pro les, the cell centered temerature values of

the anisotropic simulation were subtracted from the cell centerettmperatures of
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y (nm)
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Figure 5.14: Constant temperature contours obtained throughols/ing the gray
isotropic Boltzmann transport equation

the isotropic simulation,

Tdiff = Tisotropic Tanisotropic : (5 . 5)

The contours of the temperature di erence of the two simulationgre given in Fig.

5.1 in addition the percent di erences between the two simulations argiven in

5.17
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Figure 5.15: Constant temperature contours obtained throughotsing the fully
anisotropic Boltzmann transport equation

The di erence in the two solutions reveals that the isotropic assunijpn does
lead to error in determining the temperature pro les. Furthermoe this error is
largest along the diagonal direction. This can be explained by consiae the
frequency and group velocity behavior within the Brillouin zone (Figues5.1Q 5.11,
and 5.12. These gures demonstrate that the transverse acoustic med preferably

transport energy along the x or vy directions as opposed to along any direction.
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Figure 5.16: Constant temperature di erence contours obtaineldy subtracting the
anisotropic cell centered temperatures from the isotropic cellered temperatures.

Therefore, by assuming that transport along the x or vy direction is the same as
along the plate diagonal, as is done within the isotropic assumption, éhadvection
along the diagonal is exaggerated. This leads to an over predictiohtemperatures
along this diagonal line as seen in the temperature di erence conticsu

Note that the largest temperature di erence occurs at 4833 nanometers from

the origin and 20833 nanometers from the source term boundary. The majority of
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Figure 5.17: Percent di erence contours between the isotropic dranisotropic sim-
ulations.

longitudinal and transverse acoustic phonons will traverse this dance ballistically
without experiencing phonon-phonon scattering. Therefore thisotropic assumption
introduces arti cial advection in certain directions. The di erencebetween the two
models is least along the x or y direction as these directions correspond to the
direction in which the majority of transverse acoustic phonon modepropagate, see

Fig. 5.12 Finally note that at distances far from the source the two modelsgaee
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closely. This is a result of transport transitioning from ballistic to moe di usive
at these distances. At large distance, transport is dominated byi dsion, resulting
from the relaxation time term, as opposed to advection which is notcaurately
modeled through the isotropic model. Therefore the isotropic agsption di ers
the most from a fully anisotropic solution in regions where transpois dominated
by advection.

From the results presented in this section it appears that use of ¢hisotropic
assumption may not be valid for two dimensional phonon transportraulations. The
cause for the inaccuracy, which arises from the isotropic assungt, stems from the
anisotropy of frequencies within the Brillouin zone. As a result of thignisotropy, the
group velocities, determined by the frequency values, advect ptans preferentially

along certain directions, leading to an anisotropy in phonon transpio

5.3 FIinFET Design and Self-Heating

The Boltzmann transport equation algorithm presented in this workis ca-
pable of modeling nanoscale heat ow in three dimensions. This capahjilibas
application in the simulation of eld e ect transistors with a three dimensional n
geometry (FINFET). The bene t of modeling the temperature pro le in a transistor
is two fold. First it is important to determine the maximum temperature within a
transistor as critical electronic properties of the transistor areegatively a ected by
temperature. These electronic properties include the drain satfion current and

the threshold voltage 11]. Su ciently large temperatures reduce saturation current
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and threshold voltage, e ectively reducing the transistor lifetime 11]. Therefore
thermal pro le information is critical in determining possible failure in sich devices
as well as predicting the long term reliability of the transistor device.The useful-
ness of the simulation is enhanced by the fact that experimental msurements of
transistors are di cult to perform due to the nanometer length sales of current
transistor designs. The second bene t of nanoscale modeling lies iretpro ling of

new transistor designs. A wide array of device geometry parametanay be varied
and the temperature pro le within the device may be modeled using thpresented
algorithm to determine the design which most e ciently dissipates hea The set

of geometric parameters which yield the lowest peak hotspot temag¢ure should

maximize device performance and lifetime.

5.3.1 Problem Set-Up

A parameter study of a silicon on insulator (SOI) n eld e ect transistor
(FINFET) was performed with the goal of analyzing the e ect of n width, and
source region geometry, on the peak temperature obtained withihe n. Three n
widths were chosen as well as three source region geometries. rifeoto allow for
comparison between the various parameter combinations the oa#trenergy sourced
into each FINFET is maintained at a constant value. The parameter Vaes for
the FINFET and source region were drawn from the literature to ense that the
simulations re ect realistic physical conditions of FINFET transistordevices. The

FINFET device has a characteristic length scale of ten nanometengducing the
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Figure 5.18: ldealized Simple Cubic Lattice: (a) Brillouin Zone including hlgsym-
metry points (, X, M, and R) and lines (dotted), (b) real space lattice primitive
unit cell with atoms at vertices.

number of allowed vibrational modes as compared to a bulk device. d&ddition the
FINFET length scales are on the same order of magnitude as the ploonMFP's
placing transport within the n in the semi-ballistic regime. The device gometry,
source terms, and boundary conditions all vary in three dimensignsesulting in
three dimensional temperature pro les. Therefore, the wide aay of features within
the presented Boltzmann algorithm are required for accurate meling of the SOI
FINFET device.

For simplicity, it was assumed that the FinFET is composed of an idealide
Lennard-Jones solid with a simple cubic crystal lattice, the real spa unit cell as
well as the associated Brillouin zone of the material are depicted in Fi§.18 The
chosen interatomic potential is the Lennard-Jones potential whichas the form:

A2 AS

VLJ;n(rij):4Bn m r—G ; Nn=NN or NNN ;
i i
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herer; is the distance between atom and atomsj, A, and B,, are constants chosen
to reproduce the lattice constant and frequency spectrum disglead by common
semiconductor materials, andNN and NNN represent the interactions between
nearest neighbor and next-nearest neighbor respectively. Thenstants appearing

in the interatomic potential are given in Table5.2

Empirical Potential Constants
Ann | 4:4545 10 1° meters
Bnn 2.7 10 % Joules
Annn | 6:2996 10 10 meters
Bnnn 1:9 10 ?° Joules

Table 5.2: Lennard Jones parameters

The phonon properties are determined from the analytical form dhe inter-
atomic potential, using the methods detailed in Sec3.3 and 4.1 The resulting
dispersion along the high symmetry lines of the cubic Brillouin zone arevgn in
Fig. 5.19 From the dispersion relations, the phonon group velocities are abibed
through the central di erencing procedure outlined in Sec4.1

The phonon relaxation times are obtained from literature values givein
ref. [1]. This relaxation time model was chosen as it accounts for the tenmaéure
and frequency dependence of relaxation times. In addition the melddi erentiates

between both longitudinal and transverse modes as well as betweeormal and
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Figure 5.19: Frequency - wavevector relations for a series of higymmetry lines
within the rst Brillouin zone

Umklapp scattering processes. Finally, the functional forms havseen t to exper-
imental data and accurately reproduce the thermal conductivitwalues in semicon-
ducting materials [L]. The functional forms of the various phonon scattering rates,
along with the parameter values, are reproduced from][in Tables 5.3 and 5.4.

A source term is incorporated into the appropriate BTE's in order tamodel
electron - phonon interactions or Joule heating. Joule heating oasuwhen high
energy electrons interact with the lattice, transferring their enegy to the lattice and
creating phonons. The vast majority of electron-phonon interéion occurs within
a region of the transistor known as thechannel[9]. The location of this channel
region is assumed to coincide with the n region of highest electron mk&ty. Due
to the high energy of electrons within the channel, the majority ofreergy is known

to be transferred to high frequency phonon$]. In order to capture this e ect, a
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Phonon Branch| Umklapp Normal
Scattering Scattering
Rate (%) Rate (1)
Transverse Bry! 2Te 7| B{IT 4
Longitudinal Bu!?Te &7 | B! °T3

Table 5.3: Functional form of the phonon scatter-
ing rates from [L]

Scattering Rate Parameters
Br (K %) 2 10%8
Br. ((x 3| 2 102
Bru (S) 1 101
B () 5 10%
Cr (K) 55
CL (K) 180

Table 5.4: Parameter values for phonon scattering
rates in Table 5.3 given by [1]

source term is included in the BTE's (i.e.S¢ 6 0 in Eq. 4.31) corresponding to
phonon states which have a frequency(k) !max= where! 5 IS the maximum
vibrational frequency of the material. As a result of this assumptig energy is
injected into high frequency modes which tend to have lower grouglacity and are
thus ine cient at transporting thermal energy. Therefore the removal of heat will
require energy to decay from high frequency modes to lower fremey modes which
then carry the heat away from the heated region.

Joule heating occurs in the regions of the transistor with high elecn density,

i.e. the channel. Electron density may be determined through solvirige problem of

electron transport, this is typically done using the Monte Carlo metbd to solve the
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Boltzmann transport equation for electrons§6]. The electron density for the device
considered in this study is found to vary with the applied gate voltaggs], where as
the gate voltage is increased, electrons are pulled toward the gamgerface at the

corners of the device, see Figh.2Q To capture this variation, the parameter study

Figure 5.20: Evolution of carrier concentration with applied gate vo#ge, gure
obtained from [3]

considers three di erent con gurations of the source region. Tése con gurations
are meant to re ect the location and size of the channel for a raegof applied
voltages, these regions are depicted in Figh.21 The source is applied in such a
manner that the energy injected into the channel is constant faall n widths and

for all channel geometries (the three regions are hencefortifared to as channel
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Figure 5.21: Three channel geometries simulated in FINFET device. @mel |
corresponds to low applied gate voltage, channil corresponds to medium applied
gate voltage, and channelll corresponds to high applied gate voltage.

I, channel Il, and channel Ill). The depth (in the x-direction, i.e into the page)
of all channels is set to 10 nanometers, this value was found to beetlength of
the channel from Monte Carlo simulations of electron-phonon colipg [8]. The
simulation domain dimensions are varied to investigate the e ect of mwidth on the
temperature pro le within a FinFET. Three simulation domains were casidered,
depicted in Fig. 5.3.1 The geometries of the devices being simulated are drawn
from [3] and re ect current FINFET transistor device design.

Due to symmetry in thex andy directions only a quarter of the FInFET need
be simulated, however the allowed wavevectors must re ect the densions of the
full crystal. The quarter domain to be simulated is depicted in Fig.5.25 along

with the associated boundary conditions. Specular boundary catidns are applied
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Figure 5.24: Thick Fin
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to the symmetry surfaces. Diuse boundary conditions are applietb the exposed
surfaces of the FINFET as fabrication techniques for these deviceause disorder in
atoms near the surfaced?], this disorder results in di use phonon scattering at these
boundaries. Finally, Fourier boundary conditions are applied to theilgcon/silicon
It is assumed that the majority of heat geneted within the

FINFET is removed through these surfaces. All Fourier boundaryonditions are set



Figure 5.25: Boundary conditions applied to the simulation domain.

to 300K, where it is the maximum rise in temperature over 30& that is of the

most importance to the performance of the FinFET.

5.3.2 Device Simulation Results

With the phonon inputs, and physical properties de ned, device siolations
were performed for all three channels and all three n widths, refting in a total of
nine simulations. The temperature contours of each simulation areauped based
on the channel region in order to illuminate the e ect of n width (Figs 5.2 5.27,
and 5.28.

Consider channel | whose temperature contours are given in Fi$.26 Be-

gin by noting that the region of maximum temperature occurs in theenter of the
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channel region. Furthermore, the temperatures are highest win the channel and
decrease sharply outside the channel. Both of these e ects argesult of energy
being distributed to high frequency modes with low group velocity due electron-
phonon interactions within the channel. As a result energy is con riketo the channel
region before decaying into lower frequency modes with higher gpowelocity which
are capable of transporting energy out of the domain. Note alsodfslight temper-
ature rise which occurs in the (i; +y;+ z) region. This is a result of the adiabatic
boundary conditions trapping phonons in the domain, all energy muteave via the
(y) plane or through the ( z) plane. Finally, it is important to consider the trend
in maximum channel temperature as this will have the largest e ectrothe electri-
cal performance of the FINFET. The trend observed here is thatsathe n width
decreases, the peak temperature increases.

Consider now channel Il temperature contours, which are given Iig. 5.27
The temperature pro le for this channel region is spread over a lger portion of
the domain as a result of spreading of the source term. Recall thttis spreading
e ect comes from an increase in the applied gate voltage which redscthe spatial
electron density. The temperature pro le inside the domain is obseed to be less
than for channel I. This reduction is a result of shifting the chanreregion closer
to the Fourier interface boundary. By moving the channel closerotthe Fourier
boundary which allows phonons to ow out of the domain, heat genated in the
high frequency modes with low group velocity can be transported bof the domain
directly. Therefore, the process in which energy must be transfed to lower group
velocity modes (a process which is limited by the mode relaxation timed)efore
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Figure 5.26: Temperature pro les for channel 1. All temperature are reported in
units of Kelvin.

being transported out of the system, is partially circumvented. Tis more e cient
process of heat removal results in the lower overall temperatgrebserved in channel
Il. Again, note the trapping of energy along the (#; + z) boundary edge, resulting
from adiabatic boundary conditions. As with channel I, an decreasin n width

corresponds to an increase in maximum temperature for channél |
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Figure 5.27: Temperature pro les for channel 2. All temperature are reported in
units of Kelvin.

Finally, consider the channel Ill temperature contours given in Fig 5.28
This channel con guration produces the highest temperaturesThese temperature
contours strongly mirror the channel region itself. Channel 1lI lie along a Fourier
interface boundary as does channel Il. However, as opposecchannel Il, the large
energy generation which exists in channel Ill cannot be e ciently gsipated by high

frequency phonon modes. This results in channel Il displaying tHargest overall
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temperature pro les with respect to the 300K . Also note the sharp temperature
gradients in regions near the channel. This e ect is characteristid aon-equilibrium
ballistic transport at the nanoscale and has been observed in similaevdce simu-
lations [64]. These sharp temperature gradients are qualitatively di erent tAn
those that would be obtained through a classical simulation using Faar's equa-
tion of heat transfer. Such a simulation assumes di usive transpband would yield
smoother temperature gradients. Finally the trend in maximum hotsot tempera-
ture is again that decreasing n width increases the peak channetmperature.
The central quantity of interest is the maximum temperature rise vthin the
domain with respect to 300K. The maximum temperature for all n widths and

channels is given in Tablé&.5. Several conclusions may be drawn from these results.

Thin Fin | Medium Fin | Thick Fin

Channel 1| 312245K | 309735K | 308276K
Channel 2| 303823K | 303024K | 302535K
Channel 3| 324966K | 319044K | 316048K

Table 5.5: Maximum temperature rise in each simulation.

First, as the channel becomes smaller, corresponding to largepéed gate voltages,
the maximum temperature rise increases. This is to be expected dsacnel 111
corresponds the to the highest electron densities within any chaglnand therefore

the largest source term. The high source term, in addition to the logroup velocity
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Figure 5.28: Temperature pro les for channel 3. All temperature are reported in
units of Kelvin.

of phonon modes receiving the energy, lead to large temperatuigerof the channel.
Furthermore, a clear trend emerges, for all channels, when caesing the variation
of n width. Namely as the n width decreases, so does the maximunetmperature
achieved in the channel. This e ect results from introducing the saenamount of

energy into a smaller volume leading to an overall temperature rise.
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In the nal portion of this section the energy density of two partialar phonon
modes are visualized, henceforth referred to as mode 1 and modeTeacking the
energy ow within an individual phonon mode represents a capability nique to the
Boltzmann transport equation algorithm presented in this work, whreby individual
mode occupancies may be be examined since the BTE is solved for allvedid
wavevectors and branches within the Brillouin zone. Consider the phon properties

of mode 1 and mode 2 which are detailed in Tab6. The energy density pro les

Mode 1 Mode 2
Frequency (THz) 11720 7:89
Group Velocity (meters=sec) 0R +0¢ +0x2 48828% +1656:37 + 973:582
Source Term { > !max ) Yes No
Relaxation Time (picoseconds 6974 2837

Table 5.6: Phonon properties of two vibrational modes.

of these two modes for channdll in the 8 nm wide n are detailed in Fig. 5.29
These modes are chosen to highlight the wide array of phonon phystbat manifest
within nanoscale devices for two di erent modes within the rst Brilloun zone.
Analyzing the energy pro les of the two modes, it is clear that the indidual
phonon modes may behave in a manner quite di erent from one anahas well as
from the total energy density pro le, which is given in Fig.5.27 (recall that energy

and temperature are proportionally related through the speci ¢ gat, this relation
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Figure 5.29: Energy pro les of mode 1 and mode 2. The parametersriespond to
the 8 nm n width and channel 1 geometry

is given in Eq. 4.30. Considering mode 1 rst, note that the shape is identical
to the channel geometry. This is a result of mode 1 having zero gpwelocity,
therefore none of the energy deposited into this mode can be ditgdransported.
Rather, energy must decay into other phonon modes through stexing processes,
modeled through the relaxation time term, before being transpaetl. Therefore it
is capacitative modes such as mode 1 that are responsible for thi keating e ects
in nanoscale devices.

Mode 2 has an energy pro le which is much di erent from that of the werall
energy density pro le, this departure arises from a multitude of fetors. First,
mode 2 is of low enough frequency that it does not directly receive exgy from

the source term, rather any energy injected into this mode is thugh phonon-
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phonon scattering modeled by the relaxation time term or through Hscattering

from boundaries. Furthermore, the region of the material in whiclthe mode is
excited is far removed from the hotspot region, see Fig5.27 This separation
arises from energy decaying from capacitative modes, such as edd into lower
frequency (and higher group velocity) modes which then transpicgnergy away from
the domain. When these modes reach the far end of the domain, i.hetsurface
normal to the +® direction, they scatter and di usely redistribute their energy into
mode 2. Finally it is important to note that mode 2 has a much lower engy

density than mode 1, indicating dominance of the source term oveh@non-phonon
scattering when increasing the occupancy of the mode. The dommta of phonon
generation by the source term results in the overall energy densiprole more

closely mirroring mode 1, whose BTE contains a source term, over de2, whose
BTE does not.

In this section a study of a FINFET device has been performed with ¢hgoal
of characterizing the e ect of n geometry as well as source terrgeometry on the
temperature pro les within the n. Of specic interest is the peak temperature
achieved, as this has the largest e ect on the electronic performee of the FInFET.
It is found that decreasing n width corresponds to an increase ingak temperature
of the hotspot. Furthermore, the capability of visualizing individualmode occu-
pations was demonstrated by considering two phonon modes with érent phonon
properties. Capturing phonon physics of individual phonon modes &n inherent
capability of the presented algorithm, a capability not available the mjarity of BTE
solvers which appear in the literature.
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Chapter 6: Conclusion

6.1 Closure

The main goal of this thesis was to solve the fully anisotropic Boltzman
transport equation for all allowed wavevectors and branches in¢hrst Brillouin zone
and apply this method to nanoscale device simulation. To this end théallenges
inherent in nanoscale thermal modeling were introduced, and a litdtaie review
was presented of previous work that had been performed in theear of nanoscale
thermal modeling. Work done on nanoscale thermal modeling within ghframework
of solving the Boltzmann transport equation was highlighted to denrstrate that
the BTE provided accurate description of thermal transport in naoscale devices.
However, it was noted that many of these works employed simplifyiressumptions
which did not fully account for the variation of phonon properties tihoughout the
anisotropic Brillouin zone.

Following the literature review, the theory behind the physics of phmons was
reviewed. The lattice dynamical approach to obtaining phonon prasties was cov-
ered, and the di culties in accurately described phonon-phonon digsions was dis-
cussed. A relaxation time model was chosen which accurately capgd scattering in
thin Ims. Additionally, the quantum mechanical basis for the particle viewpoint of
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phonons was introduced to motivate the use of the Boltzmann traport equation.
Finally the notion of discrete allowed wavevectors within the Brillouin zne was
presented. By solving the Boltzmann transport equation for eacbf these allowed
wavevectors, the anisotropy of phonon properties within the Brilisin zone may be
accounted for.

The algorithm for solving the BTE was given in Sec4. The algorithm employs
a control volume discretization to solve the system of di erential guations. Phonon
boundary scattering is incorporated by applying specular, di useyr Fourier bound-
ary conditions directly to the individual di erential equations. Finally, speci cs re-
garding the computational implementation were discussed, includingarallelization
of the algorithm.

In the results section, the code implementing the BTE algorithm wasevi ed
to ensure mathematical accuracy. The verication problem was bmwed from
radiative transport and described transport in regimes ranging @&m fully ballistic to
di usive. Next the validity of the isotropic assumption, which is used inmany BTE
models, was tested. Comparison between the anisotropic modeédsn this work
and the gray isotropic model revealed that the isotropic model magverestimate
advection along certain direction. As a result the temperature pries obtained from
the two models di er by up to 16 %. Finally a device simulation was perfoned to
investigate the e ects of channel geometry and n width on the pak temperatures
inside a FIiNnFET transistor. It was found that smaller channels and titker ns
tended to increase the maximum temperature, while spreading ofdlchannel and

narrowing the n reduced peak temperatures.
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6.2 Future Work

The work presented in this thesis represents the rst steps towds modeling

phonon transport in three dimensions for a wide variety of device§uture work, as

well as improvements to the BTE code, include:

(i) Further investigate and quantify the e ect of anisotropy. This includes inves-

(ii)

(iif)

tigating the e ects of anisotropy in all three dimensions as opposed just two

dimensions. In addition explore materials which display stronger anisopy

than silicon.

Implement the time dependent form of the Boltzmann transportequation. The
unsteady form of the BTE will allow for the modeling of transient pheamena

at the nanoscale which cannot be captured in the current BTE code

Incorporate the e ect of material interfaces into the framevork of the BTE
code. In its current state the BTE code is capable of handling only angle
homogeneous material. However modern day nanoscale devicesoéiien het-
erostructures with material interfaces. At such interfaces the ects of phonon
scattering, absorption, and transmission need to be accounteat f Thus simu-
lation of more complex structures will require incorporating materianterfaces

into the framework of the existing BTE code.

(iv) The current OpenMP implementation for parallelizing the code shald be ex-

tended to MPI parallelization. While the OpenMP parallelization providesa
large reduction in computing time, it is restricted to use on shared msory
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platforms. Solving the Boltzmann transport equation for all allowedvavevec-
tors, as done in this thesis, is very computationally expensive. Tlefore
parallelization through MPI will allow for further performance improements

that are needed for investigating larger problems.
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