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Abstract

Hybrid Probabilistic Programs (HPPs) are logic programs that allow the programmer to explicitly encode
his knowledge of the dependencies between events being described in the program. In this paper, we classify
HPPsinto three classescalled H PPy, HP P, and H PP,,r > 3. For these classes, we provide three types of
results for HPPs. First, we develop algorithms to compute the set of all ground consequences of an HPP. Then
we provide algorithms and complexity results for the problems of entailment (“ Given an HPP P and aquery @
asinput, is@ alogical consequenceof P?") and consistency (“ Givenan HPP P asinput, is P consistent?”). Our
results provide a fine characterization of when polynomial algorithms exist for the above problems, and when
these problems becomeintractable.

1 Introduction

Computing the probability of a complex event from the probability of the primitive events constituting it depends
upon the dependences (if any) known to exist between the events being composed. For example, consider two
events e1, e2. The probability, P(e; A e3) of the occurrence of both is eventsis 0 if the events are mutually
exclusive. However, if the events are independent, then P(eq A e2) = P(e1) x P(es). If weareignorant of the
rel ationship between these two events, then, as stated by Boole[1], the best we can say about P(e; A e) isthat
it liesintheinterval [max(0, P(e1) + P(e2) — 1), min(P(e1), P(es)].

In short, computing the probability of a complex event depends fundamentally upon our knowledge about the
dependences between the events involved. In [2] we proposed a language called Hybrid Probabilistic (Logic)
Programs (or HPPs, for short), that extended |ogic programsto deal with diversetypesof probabilistic dependen-
cies, and we defined the semantics of such alanguage. HPPs build upon the idea of an annotated logic program
introduced in[29], and studied extensively by many researchers over theyears[8, 18, 16, 11, 10] In thistechnical
note, we make two classes of contributions.

1. Firgt, we study the complexity of avariety of problemsrelated to the semantics of HPPs. In particular, we
show that the complexity of the entailment problem (answers to queries to HPPS) is polynomial for HPPs
with atomic heads of rules, and in many cases for HPPswith at most two atomsintheheads. However, when
formulas of size three or more are allowed in the heads of the rules, the complexity of query processing
becomes NP-complete. We establish some other complexity resultsfor related problems, such as checking
the consistency of an HPP.

2. Second, we propose a proof system H G Rp for HPPs that may be used for query processing. Thisisa
Hilbert-style proof system and it is shown to be sound and complete. We show that proofsin H G Rp are
polynomially bounded in size (thisis consistent with the preceding NP-completeness result because the
search space may involve exponentially many derivations each of polynomially bounded length). Thisis
an interesting and counterintuitiveresult — it says that (the answers to) al queries to HPPs have at |east
one polynomial explanation.
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Section 2 recapitul ates the syntax and semantics of HPPs as described in[2]. In Section 3, we describe resultson
the computation complexity of HPPs. Section 4 introduces the proof system H G Rp and showsit is sound and
complete, while Section 5 presents results showing the proofsin H GG R p are polynomially bounded.

2 Background

The aim of thissection isto describe the syntax and semantics of HPPs— the content of thissectionisnot new and
overviewsresultsin [2]. HPPs are based on an abstract class of functions called probabilistic strategies. Associ-
ated with each such strategy s, we can introduce a new “conjunction like” connective A, and anew “digunction
like” connective, V, which may then be used to define a syntax for HPPs.

2.1 Probabilistic Strategies (p-strategies)

It is well-known that the probability of a compound event may be an interval, rather than a point even if point
probabilities are known for the primitive events involved. Thiswas first shown by Booleg[1] in 1854. Thus, p-
strategies will be defined on intervals— points, in any case, are special cases of intervals.

Let C[0, 1] denotetheset of al closedintervalsof [0, 1]. If [a, b] € C[0, 1], [¢, d] € C[0, 1] thenwewrite[a, b] <,
[e,d]ifa<candb < d.

Definition 1 A probabilistic strategy (p-strategy) isa pair of functions. p = (e, md), such that:

1. ¢:C[0,1] x C[0,1] — CJ0, 1] iscalled a probabilistic composition function if it satisfies the following
axioms:

(a8) Commutativity : ¢([a1, b1], [az, b2]) = e([az, ba], [a1, b1])

)=
(b) ASSOCiatiVity : c(c([al, ] [Clz, bz]) [ ]) = ([al, bl], C([az, bz], [Clg, b3]))
(c) Monotonicity : ¢([a1, b1], [as, b2]) C ¢ ([as,bs] [as, bo]) if

[a1, b1] C [as, b3]
(d) Separation:thereexisttwofunctionse! andc? suchthat e([ay, b1], [a2, b2]) = (e (ay, az), (b1, b2))

2. md : C[0,1] — C]0, 1] iscalled amaximal interval function.

Intuitively, acomposition function determines, given the probability ranges of two events, the probability range
of their (either and- or or-composition). A max-interval function md returnsthe best estimate for the probability
of ssimple event given the probability of a compound event. For the discussion on why we specify max-interval
functions as above see [2].

The two combinations of events we plan on dealing with are conjunctions of events and digjunction of events.
Among all possible p-strategies, we identify conjunctive and disjunctive p-strategies, which will handle the com-
putation of probabilities of these two combinations respectively.

Since composition functions are both commutative and associative, al terms constructed by applications of
composition functionc ton > 2 intervasu, = [a1,b1], ..., pn = [an, b,] Will have the same vaue which we
will denote as c(pt1, - . ., ptn,) With it'slower bound ¢!(ay, ..., a,) and upper bound ¢?(by, ..., b,). For technica
reasons it'sconvenientinthecasen = 1 forany p = [a, b to set ¢(p) = 1, ¢'(a) = e and ¢*(b) = b.

Definition 2 Conjunctive and Disjunctive p-strategies

A p-strategy < ¢, d > iscdled conjunctive (disjunctive) if it satisfies the following axioms:

Axiom Conjunctive Disjunctive

Bottomline c([ar,b1],[az, b2]) < [min(a1,az2), min(bi,b2)] | c([a1, b1], [az, b2]) > [maz (a1, az), maz (b1, b2)]
Identity c([a, b],[1,1]) = [a, b] ¢([a, b],[0,0]) = [a, b]

Annihilator ¢([a, b],[0,0]) = [0,0 c([a,b],[1,1]) =[1,1
Max.Interval md([a, b]) = [a, 1] md([a, b]) = [0, ]




For a more compl ete discussion of the axioms we refer the reader to [2].

Example 1 Below are some examples of p-strategies. We provide definitions of composition functionsonly, since
max-interval functionsare defined uniquely by the type of p-strategy [2] .

e inc:
p-strategies for independence assumption
Conjunctive: ¢;n.([a, b], [e,d]) = [ac, bd]
Digunctive: ¢;na([a, b], [c,d]) = [a + ¢ — ac, b+ d — bd].

e igc: p-strategiesfor ignorance assumption
Conjunctive: ¢;,4.([a, b], [¢, d]) = [max(0, a + ¢ — 1), min(b, d)]
Disiunctive: ¢;44([a, b], [¢, d]) = [max(a, ¢), min(1, b+ d)].

e pce: p-strategiesfor positive correlation assumption
Conjunctive: ¢p..([a, b], [¢, d]) = [min(a, ¢), min(b, d)]
Disiunctive: cp.q4([a, b], [¢, d]) = [max(a, ¢), max(b, d)].

e p-strategiesfor negative correlation assumption
Digunctive: ¢, cq([a, b], [¢,d]) = [min(a + ¢, 1), min(b + d, 1)]

Since in this paper we investigate complexity of some agorithmic problems related to HPPs all the interval
bounds are supposed to be rational numbersininterval [0, 1] represented for example by finite binary numbers. It
is easy to see that composition functions ¢;,,.., ¢;4. and ¢;44 Specified by Example 1 as well as anumber of other
examples of strategies presented in [2] are computable in polynomial time with respect to the length of their ar-
guments. To make our resultsindependent of complexity of particular strategies we will suppose bellow that the
computation of acomposition function for each p-strategy is provided by some oracle, or in other words can be
donein constant time. Thisway, all bounds obtained in thispaper should be multiplied by the complexity of com-
puting the composition. However, for composition functions computablein polynomial time such multiplication
will not result in the change in the polynomiality (deterministic or nondeterministic) of the bounds.

2.2 Syntax of hp-programs

Let . bealanguage which has predicate, variable and constant symbols, but has no function symbols. Let By, be
the set of all ground atoms of L.

In hybrid probabilistic programs, we assume the existence of an arbitrary, but fixed set of conjunctiveand dis-
junctive p-strategies. The programmer may augment this set with new strategies when s/he needs new ones for
their application. The following definition says that each strategy has an associated conjunction operator, and a
digunction operator.

Definition 3 Let CON' J be a finite set of conjunctive p-strategies and DZS8 7 be a finite set of digunctive p-
strategies. Let S denoteCON JUDZISJ Ifp € CON J thenaconnective A, iscalledan p-annotated conjunction

If p € DISJ, connective Vv, is called an p-annotated disjunction

Hybrid basic formulas, defined below, are either conjunctions of atoms, or disjunctions of atoms (but not mixes
of both) w.r.t. asingle connective.

Definition 4 Let p be a conjunctive p-strategy, p’ be a digunctive p-strategy and 41, . . ., A be distinct atoms.
Then Ay A, ... A, Ay and Ay Vv, Ay ...V, Ay are called hybrid basic formulas. Supposeb f,( By ) denotes the
set of all ground hybrid basic formulasfor theV/, and A, connectives. Let bfs(Br) = Upesbf,(Br). Smilarly,

bfecong = Upecongbf,(Br)andbfprsy = Usepzsgbf,(Br).

We define a notion of annotationsinductively as follows: (1) Any real number or variable over real numbersis
an annotationterm. (2) If f isaninterpreted function over therealsof arity k and ¢4, . . ., t; are annotation terms,
then f(¢1,...,¢;) isan annotation term. An annotation is pair [at1, ats] wWhere at;, at» are annotation terms.
Thus, for instance, [0.5, 0.6], [0..5, Y] are both annotations.



Definition 5 A hybrid probabilistic annotated basic formula (hp-annotated basic formula) is an expression of
theform B : p where B isa hybrid basic formula and 4 isan annotation.

Intuitively, if B : p isground, this says that the probability of B being trueisin theinterval .

Definition 6 Let By, By, ..., By behybrid basic formulas. Let y, 1, . . ., px be annotations. A hybrid proba-
bilistic clause (hp-clause) isa construction of the form:

Bo:po«— By i Ao N By g

Informally speaking, theaboveruleisread: “If the probability of B; fallsintheinterval i, and - - - the probability
of By, falswithintheinterval uy, then the probability of B, falswithintheinterval . Notethat it isentirely
possiblethat B; uses aconnective A, corresponding to aparticular (conjunctive) p-strategy, while B; may use a
connectiveV ,» corresponding to some other disjunctive p-strategy. HPPs allow mixing and matching of different
kinds of p-strategies, both in the B;’sin the body of arule, aswell asin B, - the head of arule.

Definition 7 A hybrid probabilistic program (hp-program) over set S of p-strategiesisa finite set of hp-clauses
involving only connectives from S.

An hp-program isground iff its every clauseisground, i.e. al itsclauses do not contain neither variables nor
variable annotations.

2.3 Fixpoint and Model Theory for hp-programs

In this chapter, we briefly describe the model theory underlying HPPs. [2] contains a more comprehensive de-
scription. Before proceeding further we first introduce some notation for “splitting” a complex formulainto two
parts.

Definition 8 Let ' = Fy #,...%, F,, G = G1 %, ... %, Gy, H = Hy %, ... %, H,, wherex € {A, V}. Wewill
writeG ¢, H = F' (or G @ H if the p-strategy p isirrelevant) iff:

1L {Gy,...,Gp}U{Hy,...,Hyn} ={F,..., F,} and
2. {Gy,...,Gx}N{Hy, ..., Hy,} =0.

3. k>0andm > 0.
The analog of an Herbrand interpretationin classical logic programsiswhat we call a hybrid formula function.

Definition 9 Afunctionh : bfs(Br) — C[0, 1], iscalled a hybrid formulafunction iff it satisfies the following
three conditions:

1. Commutativity. If ' = G &, G2 then h(F) = h(G1 *, G2).

2. Composition. If F = G1 &, Ga then h(F) C ¢,(h(Gh), h(G2)).
3. Decomposition. For any basic formula F', A(F) C md,(h(F *, G))forall p € Sand G € bfs(Br).

From thefirst conditionit followsthat A(F') = h(F") for any F' and F”" which are permutationsof one another.
This property of models allows us, in fact not to distinguish between the formulas and the sets of atoms they are
composed of together with a strategy attached. Second condition states that the probability of acomplex formula
is bounded by the probabilities of its subformulas. Conversely, the third condition bounds the probability of a
subformula by the probability of aformulait isa part of.

We are now in a position to specify what it means for a hybrid basic formulafunction to satisfy aformula.



Definition 10 Satisfaction. Let » be ahybrid basic formulafunction, ' € bfs(Br), 1+ € C[0, 1]. We say that

hlEF:piff h(F)Cp.

hEF tpu A AF, o iff (V1<ji<n)h E Fj o p;.

hiEF:p—TF A ...ANF, p,iffeither hi= FoporhlEF g Ao AF, o py.

h = (Fx)(F :p)iff h|E F(t/x): pfor someground term¢.

hlE (Ve)(F @ p)iff h|= F(t/x): pfor every ground termt.
Aformulafunction h iscalled a model of an hp-program P (k |= P)iff (h |= C') for all clauses C' € P.

Asusual, we say that I : ;1 isaconsequence of P iff for every model h of P, itisthecasethat h(F') C p.

Itispossiblefor ahybrid formulafunction % to assign () to some formula. When h(F') = 0, h is“saying” that
I’s probability liesin the empty set. This corresponds to an inconsistency because, by definition, nothingisin
the empty set.

Definition 11 Formula function & is called fully defined iff V(7 € bfs(BL))(h(F) # 0).

Now weintroducethefixpoint semanticsfor thehp-programs. Operator Sp isapreliminary operator, restricted
only to the clauses which have the same head as the argument. It isthen extended to full fixpoint operator 7p

Definition 12 Let P bea hybrid probabilistic program. Operator Sp : HFF — HF F isdefined asfollows
(where FFisabasicformula): Sp(h)(F) = NM where M = {uc|F : jp — Fy - pu Ao AT, iy, isaground
instance of some clausein P ; o isa ground substitution of annotationvariablesand (Vj < n)h(F;) C p;o}if
M =0Sp(h)(F)=10,1].

We use the definition of Sp to define the immediate consequence operator 7p.

Definition 13 Let P bea hybrid probabilistic program. Weinductively define operator Tp : HFF — HFF
asfollows:

1. Let F be an atomic formula.

o if Sp(h)(F) = 0 then Tp(h)(F) = 0.

o if Sp(h)(F) #0,thenlet M = {{puo, p)|(F &, G) :pp — Fy 1 s A .. A Fyy 2 py, Whereo
isa ground substitutionfor the annotationvarablesand : € S and (¥; < n)h(F;) C pjo}. We
define Tp(h)(F) = (N{md,(uo)| (4o, i) € M}) (1 Sp(h)(F).

2. (F notatomic) Let /' = Fy %, ...%, [,.
Let M' = {{po, p)|D1 % ... %, Dy 1t —— Eq - pu A ... Epy @ pi € ground(P);
(V1 <j<m)h(Ey) C s {F1, . Fo} CH{D1, .. Di}on < kY

Then:
Tp(h)(F) = Sp(h)(F)N(N{e,(Tp(h)(G), Tp(h)(H))|G &, H = F})N(N{md,(no)[(uo, i) € M'})
In[2] it was shown that both Sp and 7T» are monotonic if the annotations of the atomsin P are constant.

Definition 14 1. T3 = h where L istheatomic function that assigns [0, 1] to all ground atoms A.
2. Tg = Tp(T5 ™) where o isa successor ordinal whose predecessor is denoted by o — 1.

3. T} = U{T§ |« < v}, where v islimit ordinal.



In[2], we showed that given any HPP P, we could associate with P, an operator 7’p, that maps hybrid formula
functionsto hybrid formulafunctions. We recapitul ate its definition here.

Theorem 1 Let P be any hp-program. Then:

1. hisamodd of Piff Tp(h) < h.

2. P hasamodd iff { fp(Tp) isfully defined.

3. If ifp(Tp) isfully defined, then it is the least model of P, and I : p isalogical consequence of P iff
lfp(Tp) C p.

The above results ties together, the fixpoint theory and the model theoretical characterizations of hp-programs,
regardless of which p-strategies occur in the hp-program being considered.

In what followswe will consider only ground hp-programs. It is clear that for any such program P, the least
fixpoint of itsTp operator, { fp(7p) isachieved in afinite number of iterations, i.e., at least, { fp(Tp) = T§. For
brevity we will denote!fp(7Tp) ashp.

3 Algorithmsand Complexity of ground HPPs
In this section, we will devel op algorithms, and associated complexity results, for three kinds of HPP problems.

1. Computation: We will first study (Section 3.1) the problem of computing the set of all ground basic for-
mulas that are logical consequences of an HPP P.

2. Entailment: Second (in Section 3.2), givenaquery ¢ and an HPP P asinput, wewill study the complexity
of checking if () isalogical consequence of P.

3. Consistency: Finadly,in Section 3.3, given asinput, aHPP P, we will examine the complexity of checking
if P isconsistent.

Obviousdly, these three problems are closely related to one another.

3.1 Complexity of model computation

Let P beaground hp-program over the set of atoms {44, ..., Ax}.

Definition 15 For aclause C' = F': o« Fy oy %, .ok, Iy o iy € Pl
actp(C) = min{ilTh(F;) C pj (1< j < n)}.

In other words, actp(C') denotestheminimal step ¢ at which C' becomes active (i.e., just after all formulasin the
body of C' are satisfied). Let Fliredp(i) denotetheset {Clactp(C) = i}.

The following result provides us with an exact bound on the number of steps required to compute the fixpoint
of the T» operator.

Lemmal 1. If for somei wehave Firedp(i) = Firedp(i+ 1) = 0, thenlfp(Tp) = T (hy)

2. If P consistsof m ground clausesthen {fp(Tp) = hp = T3E™.

The following example demonstrates that the bound of 2:m in Lemma 1.2 cannot be decreased.



Example 2 Let ige and inc be theignorance and independence strategies defined in Example 1. Let us consider
the following program P:

7o @ Nigebp 1 [0.5,1] —
r1: by [0.5,1] — @A bo:[0.5,1]
7ot by i [0.5,1] b Aine by 2 [0.5%,1]

Tig1 - bi+1 : [05, 1] —  bg Nine b1 None - Nine b [0.5i+1, 1]
Tn - bn : [05, 1] — bO Nine bl Nine « - Nine bn—l : [0571’ 1]

P consistsof n + 1 rulesry, rq, ...ry. It easy to check that actp(r;) = 2i + 1 forevery 0 < ¢ < n. Then

Th(a) = Th(by) = [0.5; 1], andfori > 1 T2 +1(b;) = [0.5, 1]and at thestep2(i+ 1) wehave T2 ) (by Aina
by Nind - - - Aina b)) = [0.5'F1 1]. Hence, it takes 2(n + 1) stepsto get hp. B

The following lemma shows how one can compute Tjj’l knowing T%.
Lemma?2 Let P bean hp-program.

1. For any atomic formula I
TEY(F) = TH(F) O (W {md ()] (1, p) € MITY) O (N{|F < o — Body € Firedp(i)})
where M+t = {(i, p)|(F *, ) : p —— Body € Firedp(i)}

2. For any non-atomic formula '
T (F) = Tp(F) 0 (0| P < o — Body € Firedp(i)}) 0 (0{mdy ()| (1. p) € M7 )N
(eo(TpH(G), T (H)|G &, H = F})

Given abasic formula ¢, we define the width((7) to be the number of atomsin .
Givenanhp-clause C' = By : po < By : p1 A ... A By @ py, we say that the head-width of C' isthe width of
By, and the body-width of C' ismax{width(B1), ..., width(By)}.

We may now define a hierarchy of subclasses of HPPsin terms of the head/body widths of the clausesinvolved.

Definition 16 Let H P P, denotethe class of HPP-programs £ such that for all clauses C' € P, the head-width
of C islessthan or equal to & and the body-width of C' islessthanor equal tor. Let HP Py, = | J, o HP Py .

Algorithm L FP bel ow shows how we may compute the least fixpoint of 1» for class H P Py, .



Algorithm LFP.

Input: P € HPPy,, N > max(k,r), m - number of clausesin P, Fi,... Fys - al formulas of width < N,
lexicographically ordered.

Output: tabletsm, (Fix), 1 <k < M.

BEGIN (algorithm)
1. FORj =1 TO M DOt (F;) :=[0,1];
2.FOR¢=0TO2m — 1 DO
BEGIN
3 FOREACHC =G :p—G1:py A... NGy oy € Psuchthatforal 1 < j < n;(G;) C py DO
BEGIN
4. ti+1(G) = tz(G) N u;
5. delete C from P;
6. FOR EACH H includedin G, i.e. G = H ¢, H' DO
7.t (H) :=t(H)Nnmd,(p);
END
8.FORj; =1TO M DO
9.FORk =j-+1TOM DO
10. IF Fy, = F; &, F; (for somel < k)
11. THEN ti+1(Fk) = ti+1(Fk) n Ci(ti+1(F]), ti+1(Fl));
END
END.

The following theorem proves that algorithm L FP is a correct way of computing the least fixpoint of 7 for
class H P Py, , and establishesits complexity.

Theorem 2 Let P beany programin H P Py, , with m clauses. Let a be the number of different atomsin P, s
be the number of different strategiesin P, and N > max{k,r}. Then Algorithm LFP computes hp on all the
formulasof b fs(By) of width < N intime O(2m(2sa™)?) = O(m(sa™ )?).

The proof of thisresult islong and complex, and uses the property that for every i = 0,1, ..., 2m and for every
k=1,...M,thequantity ¢;(F}) in agorithm L FP coincides with T;;(Fk) and thereforeto,, (Fi) = hp(Fy).

It isimportant to notethat thistheorem tellsusthat computing the least fixpoint of an HPPis exponential inthe
width of the largest formula of interest. In other words, if we were to develop an implementation of HPPs, and
we required that no basic formulas of length greater than 6 for some fixed ¢ are alowed, then the above theorem
yields a polynomial result. Thisis a reasonable assumption, as we do not expect that formulas of width greater
than some small constant (e.g., 4) would be of interest in any practical application. Thisisstated in thefollowing
corollary.

Corollary 1 Let P beany hp-program, and suppose ¢ is a fixed bound on the width of basic formulas occurring
in P. Then hp can be computed in polynomial time of size of P for all formulas of width < §.

Note: It isimportant to note that all the results of this subsection are valid for HPPs over p-strategies satisfying
axioms (a)-(c) of Definition 1. Satisfaction of axiom (d) is not required.

3.2 Complexity of Entailment

Whileit isimportant to know the complexity of computing the entire model of an HPP, it isreally the entailment
problem which gets solved over and over when queries are asked to the program. In this section we will consider
the complexity of entailment problem on HPPs: given a consistent program P and aquery [ : u, check whether
P |= F : u. The problem of determining the consistency of an HPP is studied in Section 3.3.

In order to carry out our analysis of the entailment problem, we will split thissubsection into three parts based
on the syntax of HPPs.



e In Section 3.2.1, we will analyze what happens when we consider HPPs in the class H P P; — such HPPs
only have atomic annotated atoms in rule heads, though the bodies may contain arbitrarily complex basic
formulas.

e In Section 3.2.2, we will analyze what happens when we consider HPPsin theclass H P P, for r > 3.

e In Section 3.2.3, we will analyze what happens when we consider HPPs inthe class H P P».

As usua we fix some standard encoding which is used to represent programs and queries. If P isan HPR,
| P| will denote the size of the representation of P in thisencoding, and similarly, if F' : x isan annotated basic
formula, | F' : u| will denote the size of its representation. The complexity resultsin the sections that follow will
bereativeto |P|and | F : p|.

3.21 Algorithmsand Complexity for Entailment w.rit. H PP,

Below, we show that if we consider the class H P P, containing only atomsin rule heads, then we can speciaize
algorithm L FP to abetter agorithm, LFP; for computing the least fixpoint of 7s.

Algorithm LFP; .
Input: P € HPP;, m —number of clausesin P, Fi, ..., Fiar - lexicographical enumeration of all formulasin P,
F=A1#*,...%, Apn, A; € Br,i € {1,...,n}.
Output: u' - asubinterval of [0, 1]
BEGIN
(1) FOR j =1 TO M DO ¢(F;) := [0;1];
(2)FOR: = 0TO 2m — 1 DO
BEGIN
(3) FOREVERY C' =G : p — Gy = pa,...,Gp - g € P suchthat ¢(G;) C py foral1 <53 <1DO
BEGIN
(4 1(G) :=1(G) N p;
(5) delete C' from P
END
(6) FORk =1TO M DO
(N IF Fr = B1*,...%, By, v >0, Bjisanatomforall 1 < 5 <r
(8) THEN ¢(F%) := cp(t(B1), ..., t(Br));
END;
) g’ = cp(t(Ar), ..., H{An))
END. (algorithm)

The following result specifies that the above algorithm may be directly used to check if an annotated basic
formula F' : pisentailed by an HPP P € H P P,. Find the vaue p’ returned by AlgorithmLFP; — if ' C g,
then P = I : p, elseit doesnot.

Theorem 3 For any program P € H P P, and annotated basicformula F' : i the entailment problem* P = F :
p" issolvableintime O(|P|*> + |F : p|) viaAlgorithm LFP;.

3.2.2 Algorithmsand Complexity for Entailment w.rt. H PP, r > 3

In thissection, wewill develop algorithmsand provide complexity resultsfor checking entailment when we con-
sider hybrid probabilistic programsfor H P P. when » > 3. The main resultsin thissection are: (i) a nondeter-
ministic polynomial agorithm to compute entailment for arbitrary HPPsin 4 P P, » > 3, and (ii) proof that this
problem is NP-complete.

We start our analysis by first considering the class H# P P° of HPPs that only consist of facts, i.e. al rulesin
such HPPs have an empty body. Proposition 1 below is an important technical proposition that may be used to
develop an agorithmfor entailmentinclass 7 P P°. Thisinturnmay beused to show that entail ment for arbitrary
consistent HPPs (including HPPs not in class # P P%) isin class NP



Proposition 1 Let P € H P P be a program consisting of m clauses (1, ..., C,,, with empty bodies: C, = Hy, :
lax, br], k=1, ..., m. Then for every formula ' = By *, ...*, B,, (n > 1, B; isanatom, 1 < j < n),anda
number 0 <z < 1:

1. P F:[0,«]ifftherearek > 1 numberszy, ..., 2 and such partition of F' into & subformulas F' =
Py, %, I that:

(i) each F; iseither somehead H}, and z; > by, or itis asubformula of somehead Hj, = F; ¢, H; and
mdﬂ([aka bk]) - [Oa l‘i], and
(i) c%(xl, e p) < .

2. P E F: [z 1]iffthereare k numbersxz, ..., z; and such partition of £ into £ subformulas /' = F *,
... %, Fy that:

(i) each F; is either some head A, and z; < aj, or a subformula of some head H;, = F; ¢, Hj, and
mdﬂ([aka bk]) - [xia 1]' and

(i) c},(xl, ey L) >

Proposition 1 allowsusto usethefoll owing nondeterministical gorithmto check entailment for hybrid probabilis-
tic programsin class H P P°.

Algorithm Ent-HPP°
Input: program P € H PP°, formula F' = B *, ... *, By, and aninterval [a, b].

1. Guesssuch k& < width(F'), sequence of bounds z1, ...,z and partition ¥ = Fi *, ... x, F; which satisfy
conditions (i) and (ii) of Proposition 1.(1) for z = b.

2. Guesssuch k& < width(F), sequence of bounds z1, ..., ¢ and partition F = Fy *, ... ¥, F) which satisfy
conditions (i) and (ii) of Proposition 1.(2) for z = a.

3. If both attempts are successful then output “Yes”.

The following lemma which uses Proposition 1 establishes correctness of Algorithm Ent-HPP? and its com-
plexity.

Lemma 3 (1) For any consistent hp-program P € H P PY andanyquery F : [a, b] algorithmEnt- H P P° output
“Yes' iff P = F : [a,b].
(2) Algorithm Ent-H P P° works in nondeter ministic polynomial time.

Let P € HPP consistsof m clausesC, ...,Cr, and C; = Hj @ py «—— body;. For 0 < ¢ < 2m wedefinean
hp-program P, € HPP% as P, = {H; : pjlact(C;) < i}. The followingimportant lemma shows usthat it is
possible to reduce the entailment problem for all H P Psto the entailment problem for the subclass H P P°.

Lemma4 (1) For every 0 < i < 2m — 1l andany formula I’ P; |= F : T (F).

(Q Forevey0 <i<2mandanyclauseC; = (H; : pj «— F1r:in A.AF t1,) €P
C; € Fired(i + 1) iff P, E Fycppforalll=1,...,r.

(3) For any query I :

PEF:piff Poyy EF - p.

We are now ready to present a generic algorithm, Algorithm Ent-HPP, that computes entailment by HPPs.
The following result establishes that agorithm Ent-HPP correctly computes entailment in nondeterministic

polynomial time.

Lemma5 Algorithm Ent-HPP determines nondeterministicallyif P |= F : [a, b] in polynomial time.
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Algorithm Ent-HPP
Input: program P € H P P, consisting of m clausesC1, ..., Cy, of theform C; = H; : p; — F i1 A LA B
formula ' = B *, ... *x, B,, and aninterval [a, b].
@) Po :={H; : ujlbody of C; is empty};
(2 FOR: =1 TO 2m DO

(3) guess Flired();
(4 FOREACH C; € Firedp(1) DO

(5) FOR!=1TOr; DO

(6) Call Ent-H PP° (P, F : vy);

(7) END_DO

(8) END_DO

9) Pi:=Pi1 U{H;: p;|C; € Fired(s)}
(10) END_DO
(11) Call Ent-H PP°(Popn, F : [a, b])
(12) Output ” Yes” if all (nondeterministic) calls of Ent-1 P P° were successful.

An immediate consequence of the above result isthe claim that the entail ment problem for HPPsisin NP,
Theorem 4 The entailment problemfor the class of consistent HPPs belongsto NP.

The following result shows that the problem of entailment in HPPs is NP-compl ete even when we only consider
head-widths of size 3, and rule bodies are forced to be empty (which occurs when we set body-widthsto 0).

Theorem 5 The entailment problemis NP-complete for the class H P Ps .

The proof of NP-hardness of the entailment problem can be obtained, by reducing a well-known NP-complete
problem 3-Dimensional Matching toit.

The proof of Theorem 5 allows usimmediately infer the following result.

Corollary 2 The entailment problemis NP-complete for the classes H PP and H P Py, ,(k > 3).

3.23 Algorithmsand Complexity for Entailment w.r.t. H PP

So far we have have shown that entailment problemis polynomial for hp-programsin H P P; and isNP-complete
for hp-programsin H P Py, k > 3. We now turn our attentionto H P P». Here, our results are most interesting
— it will turn out that for many different types of p-strategies, the entailment problemis polynomially solvable,
though this does not appear to be the case for al p-strategies.

Recall that given agraph G = (V, E), amatching[17] isaset £/ C E such that no two edgesin £’ share a
common vertex. A matching £’ ismaximal iff every edgein (£ — E’) shares avertex with some edgein £’ If
V' = 2m, we say amatching F iscompleteiff every vertex v € V' isthe endpoint of someedgee, € E’. It will
turn out that entailment is polynomial time equivalent to the foll owing generalized matching problem on general
graphs.

Generalized weighted matching problem

Given an edge-weighted, undirected graph ¢ = (V, £, w) and a goal weight combination function ¢, find a com-
plete matching for which the goal function on weights of selected edges is maximized (minimized) .

More formally, we define two classes of “yes-no” matching problems:

GW Mpes(c) = {G=(V,E,w: E — [0,1]), B € [0,1]]|]V] = 2m} and there exists a complete matching
{e1,...,em} C Esuchthat c(w(ey), ..., w(eny)) > B} and

GW Mpin(c) = {G = (V,E,w: E — [0,1]), B € [0,1]||V] = 2m} and there exists a complete matching
{e1,...,em} C Esuchtha c(w(ey), ..., w(em)) < B}

To show that entailment in HPPs is polynomial-time equivalent to the above generalized matching problem,
we need to show that each problem can be polynomially reduced to the other.
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Reducing Entailment to Generalized weighted matching. In order to reduce the entail ment problem, we can
use thecompositionfunction ¢ = (¢!, ¢?) to create ageneralized weighted matching which usesthe ¢!, ¢? as goa
weight combination functions. Recall that as p-strategies are commutative and associative, we can consider them
to be functionsof any number of arguments.

Theorem 6 Let P € H PP, use probabilistic strategies with combination functions e = (¢!, ¢?) where ¢! €
Cl,¢? € C? for some sets of functions C'! and C2. Then the entailment problem for P and annotated basic
formula F" : p ispolynomiallyreducibletothe problems GW M, 4. (¢t) and GW My, (¢?), wherec! € C1 e? €
C2.

Conversaly, any generalized weighted matching problem whose associated goal function satisfies axioms (a)-(d)
of Definition 1 may be polynomially reduced to an equivalent entailment problems for hp-programsof 7 PP .

Theorem 7 Any generalized weighted matching problem for goal functions, satisfying axioms (a)-(d) of Defini-
tion1, isreducible in polynomial time to entailment problems for hp-programs of 4 P P g.

Itiswell-known[17] that wei ghted matching problemissolvablein polynomial timefor the sum of edgesweights.
This allowsto get effective algorithmsfor almost al of strategies considered in[2].

Corollary 3 The entailment problemfor the class of H P P, programs over strategiesS = {inc, igc, pce,
igd, ped, ned} issolvablein polynomial time.

The above result isinteresting because it provides polynomial resultsfor programsin H P P, for al composition
strategies studiedin [2] — in fact, we have been unableto find a single composition strategy for which entailment
for the class of H P P, programsis not polynomial. Thisleads to an interesting open question.

Open question. Isthere polynomial time computable composition function e = (¢, ¢?) satisfying axioms (a)-
(d) for which generalized matching problem GW M, (¢?) (GW M paz(ct)) is NP-complete? If so, we would
know that there are some polynomially computable composition functions for which the entailment problem for
programsin H P P is NP-complete.

3.3 Algorithmsand Complexity Resultsfor the Consistency Problem

In this section, we establish the complexity of determining if an HPP is consistent, i.e. isthere ahybrid formula
function h that satisfies al rulesin P? Asinthe case of the Entailment Problem, we will split our work into three
cases — where programs are from H P Py, from H P P, and from H P Ps or larger.

3.3.1 Algorithmsand Complexity for Consistency w.r.t. H P P;

Itiseasy to seethat even asimple H P P, program containing two simplefacts, viz. a : [0, 0], « : [1, 1], isincon-
sistent. The complicated interactions between logic and probabilitiescan engender more deviousinconsi stencies
in HPPs.

The following result tells us that to check if P isconsistent, if our language alows n ground atoms, we need
to create only al ground basic formulas # containing all the n atoms and check if hp(F') # () for them. If so, P
is guaranteed to be consistent.

Lemma6 Let P € HPPoversetS = {p1,...,pm} Of p-strategiesandlet A = {A,, ..., A, } beall theatoms
foundin P. Then P isconsistentiff for all formulas ; of form F; = Ay x,,...%,, Ay, i =1,...,m, hp(F;) # 0.

However, for programs from the class 1 P P, the situation with checking consistency is much simpler. Asit
turnsout, it is sufficient to check for consistency only formulas of length 1, i.e. atoms.

Theorem 8 Givenaprogram P € H P P, itsconsistency can be established in polynomial time.
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The proof is based on the following lemma which says that when a program P € H P P; isinconsistent, then
there exists aground atom A such that p(A4) = 0.

Lemma? Let P € HPP,. If Pisinconsistent, then there exists an atom A € B, such that
1. Aisthehead of at least onerulein P and

2. hp(A) =0.

Using the result of the lemma, we can now present the following polynomial agorithm, based on Algorithm
LFP; from Theorem 3 for consistency check:

Algorithm Consistency_Check _for _HPP; .

e RunAlgorithm LFP; until ¢(A) = § for some A € By . If such an A exists, then P isinconsistent.
e If Algorithm LFP; finished successfully, then P is consistent.ll

3.3.2 Algorithmsand Complexity for Consistency w.r.t. H P P,
It would be nice if result similar to Lemma 7 held when we consider programs with complex formulas in the

heads. However, the following example shows that even for P € H P P»  the shortest inconsistent formula can
be longer than the longest head of therule.

Example3 Let P be

aNingb: 105,07 — ¢ Ainad:]0.3,0.48] —
a Nind C: [06, 1] — b Ainad: [08, 1] —

We can easily compute hp = [ fp(Tp):

hp(a) = [0.6, 1] hp(b) = [0.8,1]
hp(c) = [0.6, 1] hp(d) = [0.8, 1]
hp(a Nind b)I [05 07] hp(a Nind C): [0.6,1]

hp(b Nind C) = [048, 1]
hp(c Nind d) = [048, 048]

However, hp(a Ainab Aind ¢ Aina d) C eina(hp(a Aingb), hp(c Ninad)) Neing(hp(a Ainac), hp(bAinad)) =
[0.5%0.48,0.70.48] 1 [0.6 % 0.8, 1 1] = [0.24,0.336] N [0.48, 1] = 0.

Thefollowing result tells us that the inconsistency problem for H P P5 is polynomialy reducible to the gener-
alized weighted matching problem.

Theorem 9 Inconsistency problemfor H P Ps ispolynomiallyreducibleto GW M ,;, and GW M.

Thisisan important result, because we know that for many generalized wei ghted matching problems, polynomial
algorithmsexist. We may therefore immediately state the following corollary.

Corollary 4 Let P beany H P P, program over the set of p-strategies {inc, igc, pee, igd, ped, ned}. Then the
consistency problemfor P issolvablein polynomial time.
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3.3.3 Algorithmsand Complexity for Consistency w.rt. HPP,., r > 3

We are now ready to examine the general consistency problem. Checking if an arbitrary HPP isinconsi stent may
be performed by the nondeterministic algorithm InCon bel ow.

Algorithm InCon.
Input. An arbitrary HPP P.

1. Guessthe shortest “inconsistent” formula #'.

2. Guesstwo partitions of F'into G #, ... *, Gy @nd Hy *, ... x, Hy two sets of numbers: z+,...,z,, and
Yi,eoos Yk, 0 <@gy y; < 1 SUChthatck(xl,...,xm) > cf}(yl,...yk).

3. Using Algorithm Ent-HPP check thatforal ¢ € {1,...m} P =G; : [0,z;]andall j € {1,...k} P = H; :
[y, 1]-

4. If al callsto Algorithm Ent-HPP of previous step are successful then output “ Yes’.

The following result shows that for arbitrary HPPs, the problem of checking if an HPP isinconsistent is NP-
compl ete.

Theorem 10 Theinconsistency problemfor i P P is NP-complete.

Animmediate corollary isthat the consistency problem for arbitrary HPPs is co-NP-compl ete.

Corollary 5 Consistency problem for HPP is co-NP-complete.

4 Proof Procedure

In this section, we present a sound and compl ete proof procedure for HPPs. The first proof procedure for proba-
bilistic programs, introduced in [2] and [25] is based upon expanding the program P to alarger set of clauses (a
closure of the program) and then resolving queries against that set. Since this procedure is computationally inef-
ficient, other tabulation based proof procedures have also been developed. Here, we present a Hilbert-style proof
system for ground hp-programs which guarantees that all proofs are polynomialy bounded in length ! Thisis
consistent with the preceding NP-completeness result because the search space may involve exponentially many
derivationseach of polynomially bounded length. Thisisan interesting and counterintuitiveresult — it says that
(the answers to) all queries to HPPs have at least one polynomial explanation. Thisisnot true of classical logic
proof systems[31] as well as proof systems for most nonmonotoniclogics.

41 System HGRp

Let us now define the axioms and inference rules of the proof system, H G Rp.

Definition 17 Let P be a ground hp-programover set S of p-strategies. We define the
formal system H G Rp asfollows:

1. Axiomsof HG Rp are all expressions of the form:

A :[0,1]
where A € By.

2. Inference Rules. There are 7 types of inference rule schemasin H G Rp. One type (Program) depends on
the clauses of program P while other 6 types of inference rule schemas are independent of clausesin P but
do depend on which p-strategiesarein S.
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e Program: Let F': p— Gy @ p1, ..., G @ piy, € P,

Gr:ipr Gy ooy
Fp

Note: rules corresponding to clauses with empty body (£ = 0) are actually axioms.
e A-Composition. Let Ay, As € By p €S

Al ) Az 3]
(Al *p Az) : Cp(/,tl,/,tz)

e F-Compositior. Let Ay,... Ay, By1...By € Bpp€ S

(Al*p...*pAk)Zj,Ll (Bl*p...*pBl):/,LQ
(A1, ...%p Ap %, B %, ... %, Br) s e, (pi1, pt2)

e Decomposition (cut): Letp € S

(1, G): pe
Fmd ()
o Clarification:
Fopr Fops
oy s
e Exchange Let Ay,... Ay € By, p € S,andlet By, ..., B, beapermutationof A,..., A

(A1 %, ...%, Ap)
(B1#*, ...%, By)

Lp
L p

o Interval Weakening:

Fop pCm
P

3. Afinitesequence ; . .. C. of annotated formulasis called an 4 G Rp-derivation iff each formulaC; =
F; : p; can bededuced from zero (in the case of axiom), one, or more previousof C'; ... C';_1 by applying
one of theinference rulesto them. We call formula C',. the result of the H (G R p-derivation.

4. An annotated formula C' = F' : p isderivable in HG Rp iff there exists such an H G Rp-derivation
Ch,...C, that €, = C. Wedenoteitby P Fpgr, C,0rjust by P = C inthe absence of other infer-
ence systems.

The following theorem statesthat H G R p isasound inference system.

Theorem 11 (soundness of H(GRp) Let P bean hp —program andlet ) beaan hp-formula. If P Frar, @,
then P = Q.

5 Proof Complexity

We are now ready to study the complexity of proofsin this proof system. It is known that al “natura” proof
systems for standard classical propositional logic have proofs of exponentia size (see e.g. [31]). In thissection
we show that thisis not the fact in our proof system H G Rp.

Thefollowingresult statesthat for programs P € H P P°, HG R p isboth acompleteinference system and that
thelength of the proofsin H G Rp islinearly bounded.

Proposition 2 For any P € H PP, and annotated formula 7' : pif P E I : pthereexists such an HGRp-
derivationC';,...C, that C, = I : pthatr < 10]F| + 6.
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It ispossibleto generalize the above result to show that H G R p isacomplete inference system for al HPPs P
and further that it guarantees polynomially-sized proofs.

Theorem 12 For any P € H PP and annotated formula /' : p if P+ F' : u thenthere exists such an H G Rp-
derivationCy,...C, that C. = F': pandr < O(|P|* + |F : pl).

Thisresult may seem somewhat counterintuitiveasitiswell-known (seee.g. [28]) that for classical propositional
logic existence of proof systems with polynomially bounded length of proofsimpliesthat N P = coN P. This
isdueto the fact that the entailment problem for propositional classical logiciscoN P-complete. In contrast, for
hybrid probabilistic logic programs, entailment is N P-complete and our polynomiality bound on proof lengths
therefore does not imply N P = coN P as the search space may involve exponentialy many derivations. Still,
thisresult isinteresting, since for many proof systemsfor classical propositional logic (e.g. resolution based) and
for variety of nonmonotoniclogics superpolynomial lower bounds were established ([31, 28]).

6 Conclusions

As described in the introduction, there are numerous kinds of dependencies that might exist between uncertain
events. Probability theory mandates that the probability of a complex event be computed not only in terms of
the probabilities of the primitive eventsinvolved, but also it should take into account, dependencies between the
events involved. Pioneering efforts in this area were made by Lakshmanan and Shiri [15]. Hybrid Probabilis-
tic Programs (HPPs) [2] represent one of the first frameworks that allow a logic program to explicitly encode
avariety of different probability assumptions explicitly into the program, for use in inferencing. Most existing
frameworks for uncertainty inlogic programming [3, 4, 5, 10, 11, 14, 20, 21, 22, 25, 27, 29, 9] do not permit this.
A few important initial attempts to incorporate different probabilistic strategies were made by Thone et al.[30],
and Lakshmanan [15], which culminated in an extension of the relational algebrathat accommodated different
probabilistic strategies [12].

Inthispaper, we have made three contributions. First, we have devel oped al gorithmsto efficiently performava-
riety of computationsfor hybrid probabilistic programs. Each of these algorithmsis“tuned” tofit the classwithin
whichan HPPfalls(i.e. class H PP, H PPyor H PP, r > 3). Wehave given algorithmic complexity analyses
of these problems. To date, with the exception of the work by Kiessling’sgroup [9, 30] and by Lukasiewicz [22],
almost no work on bottom up agorithms for computing probabilistic logic programs exists. Our algorithms are
thefirst to apply not only to HPPs, but to have finer complexity boundsfor different classes of HPPs.

Second, we have studied the computational complexity of the Entailment and Consistency problems for the
abovementioned classes of HPPs. The results may be neatly summarized viathe following table.

Problem HPP, HPP; HPP., r>3
Entallment | polynomia | polynomia for compositionfunctions | NP-complete
in{inc,igc, pce, igd, ped, ned}
Consistency | polynomia | polynomial for composition functions | co-NP-complete
in{inc,igc, pce, igd, ped, ned}

In effect, thisresult saysthat from the point of view of complexity, itispossibleto safely write HPPs over class
H P P, (withany set of compositionstrategies), or over class I P P, (but with certain composition strategiesonly),
and be guaranteed a polynomial computation. To our knowledge, this paper isthefirst paper to contain a detailed
analysis of complexity resultsin probabilisticlogic programs, though [12] contains some resultsfor probabilistic
relational algebra, and [ 14] contains someresultsfor adifferent probabilisticframework, and Lukasiewicz[ 20, 21,
22, 23] proves some el egant complexity results for amix of multivalued and probabilisticlogic programming.

Finally, we have described a proof system for HPPsthat guaranteesthat for every F' : u that isagroundlogical
conseguence of an HPP P, we have a polynomially bounded proof of /" : x, which in turn, means that an expla-
nationfor £ : p ispolynomially bounded. Though many proof systems have been devel oped for annotated logic
programs (notably by Hahnle[ 7], Henschen and Lu[8], Lu and Leach[16], and Lu, Murray and Rosenthal[18, 19],
these do not apply to probabilisticlogic programs Our proof system H (G Rp isnew (and isalso different from the
proof systemin[2]), and to our knowledge none of the existing proof systemsfor annotated | ogi c have been shown
to have polynomially bounded proofs (and hence succinct explanations).
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Appendix. Proofsof theresults

This Appendix isincluded for the convenience of thereferees. It may be removed if this paper isaccepted
for publication. Thepaper, together with thisappendix, will beavailableasa Univer sity of Maryland Tech-
nical Report.

Proof of Lemma 1.

1. Wewill useinduction on the number of atomsin F' to provethat T (F') = T5H(F). The statement of
the claim will then follow immediately.

Base case. Let F' be an atomic formula.

Fromdef. 12itfollowsthatif Firedp(i) = Firedp(i+1) = @ thenforany basicformular’, Sp(T5)(F) =
Sp(TpH)(F).

Since no new rules arefired on stepsi and ¢ + 1 the set

M= (i, )(F oy G) s pp— Frspn A A Fy i € (VL < < n)(Tp(Fy) € py)}
isequal to the set
M = L, p)(F oy G) s ppo— Fyspn Ao APy s € Pr(VES j <) (T (1)) € )}

Then, Tp(TH)(F) = Tp (T (F)), therefore, THHH(F) = T (F).

Induction step. Let I consist of n atoms. Similarly to the atomic case Sp(T5h)(F) = Sp(TH)(F)

and the set M’ in def.13.2 remains the same at steps i and ¢ + 1. Also, for any two basic formulas G

and H suchthat G ¢, H = F by induction hypothesis we get that c,(Tp(T5(G)), Tp(ThH(H))) =

e (Tp(TEHH(GY), Te(TpHH (@), ThenTe(TL)(F) = Te(Tp ' (F)), andtherefore, Tt (F) = T (F).
2. If P consists of m clausesthen Ifp(Tp) = T3™ followsimmediately from the first claim of the lenma

since for every two steps, 7 + 1 at least one new clause from P should befired. B

Proof of Lemma 2.
The proof followsdirectly from definitions 12 and 13.

Proof of Theorem 2. Let Iy, ..., F)yy be alexicographically ordered sequence of all formulas of width < N
constructed by atoms and strategies of P. Then M < 2sa™ . Algorithm L FP constructs a sequence of tables
to,t1, ..., tam. The correctness of the algorithm follows from the following proposition.

Proposition 3 For every i = 0,1,...,2m andfor every k = 1,... M ;(Fy) = TL(Fy).

Proof of Proposition 3. We prove this proposition using induction on :.

BaseCase. i = 0.

Tablet, iscomputed inline 1 of theagorithm. For each formula £, ¢, ( F; ) isassigned [0, 1], which
isequal to TR (Fy).

Induction Step. Assume that after i — 1 iterations of loop 2-11 table ¢; constructed is such that for
each Fj, (1 < k < M) t;(Fy) = Th(Fy) and that the set of clauses C' deleted vialine5. isequal to
{Clactp(C) < i} = U;IOFiredp(j).

We will show that after i iterations of thisloop¢;.+1(Fy) = T}“(Fk) foral (1 < k < M) and that
the set of clauses deleted on ith iteration vialine 5. isexactly Firedp(i + 1).

SinceTh(Fy) = ti(Fy), theset of clauses selected from P inline3. onithiterationof theloop 2.-11.
should belong to U}Z%Firedp(j). But by induction hypothesis, after : — 1 iterations of loop 2 — 11
al clausesinUi_ Firedp(j) are deleted from P. So, if for some clause €', the conditionin line 3

issatisfied on ith iteration of theloop, then C' € Firedp(i+ 1). All such clauses arethen deleted in
executions of line 5. of thisiteration of the loop.
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Then the assignment statementsin lines4. and 7. imply that after loop 3.—7. is completed on ith
iteration of the algorithm ¢; 41 (Fx) = t;(F%) N (N{p|Fr : 4 — Body € Firedp(i + 1)}) N
(N{md,(u)|(F &, G) : p — Body € Firedp(i+1)}).

If £} isatomic the conditioninline 10. will never be truefor it, therefore the assignment statement
inline 11. will never be executed for Fj,. Therefore, by Lemma2.1 T}“(Fk) = t;41(F},) aready
after the completion of loop 3.—7.

We proceed by inductionon k to provethat after & executionsof loop 8.—11. on:thiteration, Tjj’l (Fp) =
ti+1 (Fk)

Base Case For dl k£ such that £, isatomic, the statement is true since because Tjj’l (F%) was equal
to?;+1(F}) even before thefirst iteration of theloop, and ¢;.1 (7} ) isnever changed insidetheloop.

Induction Step. Supposethat for each Fj, (j < k), ti+1(F;) = T (Fy) after j iterations of loop
8.—11. Notice that ¢;41(F;) will never appear again on the left side of the assignment statement in
any further execution of line 11. Therefore, the value of ;1 (F} ) will not change.

Let My betheset of all intervalsc,(t;+1(F}), ti+1(Fr)) which intersect with ¢,1, (F) inline 11.
Since by induction assumption; 1 (F;) = T5M (Fy) and t;41(F;) = T5M (Fr) weget that M, C
{e (T5MH(G), TS (H))|Fr = G @, H}. Suppose now that for some basic formulas G, H, Fj, =
G @ H. Then, there exist such numbers j, [ < k,that G = £}, H = F; and oniteration j of loop 8.—
11. oniterationk—j of loop 9.—11., theassignment ¢; 4.1 (F) := tip1(Fr)Nep(tip1 (F), tiga (F1)) In
line11. will beexecuted. Thuse, (15 (G), T5M (H)) = ¢,(tiy1 (Fy), tir1 (Fr)) € My,. Therefore
My = {e (T5HG), TSP (H))|Fy = G @, H}. Then, by Lemma2.2 we get that ¢;,1(Fx) =
ti(Fy) N (N{p|Fy © g = Body € Firedp(i + 1)}) 0 (N{md,(p)|(F &, G) : p +— Body €
Firedp(i +1)}) 0 (N {ulu € M1y }) = T (1),

This compl etes the proof of Proposition 3. il

Now, from Proposition 3 and Lemma 1 it followsthat ¢2,, represents hp = {fp(Tp). We have only to com-
pute the time complexity of the algorithm. Loop 3.—11. will be executed exactly 2m times. The running time of
loop 3.~7. is determined by the running time of the loop 8~11. which requires O(M?) = O((2sa™)?) steps.
Combining together thisyields the O(2m(2sa’¥)?) bound l

Proof of Theorem 3.
Our algorithmtakesasinput P € H PP, and F' and produces as output i/ = hp(F"). Then by the definition of
entaillment, P |= F : piff ¢/ C p. Suppose F' = Ay *, ...%, Ay, n > 0.

The agorithm proceeds in two steps. In thefirst step we use procedure LFP; to compute /. p for al atomsin
P and F. Inthe second step, if n > 1 we computec,(hp(A41),..., hp(A,)) and return the obtained interval n/
astheoutput (if n = 1 then /" isequa to some atom A for which we have obtained the value of 7 p on thefirst
step. Thisvauewill be returned).

Now to compute /. p ontheset of atomswe uselines(1)—(8) of Algorithm LFP, . AlgorithmLF P, iteratively
constructstablet of size M suchthat after i iterationsof themainloop (1)—(8) t(F; ) = Th(F;) foral 1 < j < M.
The proof of correctness of algorithm LFP; is anaogousto the proof of correctness of the algorithm L FP from
Theorem 2. This proof uses the foll owing proposition:

Proposition 4 For any P € H PP, andbasicformula £ = Ay *, ...*, A,

1 foralli > 1TH(F) = c,(TH(A1), ..., Th(An)).

2. hp(F)=cp(hp(41),..., hp(4y)).
Proof of Proposition 4. To provepart 1 of the propositionwe noticethat from Lemma 2.2 it follows
that T5H (F) = TL 0 (N{e (THHH(G), T (H))|F = G &, H}). Then using doubleinductionon
i and on width(F') and the properties of associativity and commutativity of ¢, we get the required
result.

Part 2 followsimmediately from part 1. Bl

Proposition 4.2 also assures usthat i/ = ¢,(hp(A41), ..., hp(Ay)) computed in line (9) the agorithm and re-
turned as output isindeed equal to hp(F') which our agorithms claims to compute.
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To evauate the complexity of this algorithm we note that it is determined by the complexity of loop (1)—(8).
Itsrunningtimeis O(2mM ) < O(|P|?) because M < |P|. The running time of line (9) and comparison of 4’
and pisO(|F : p|). A

Proof of Proposition 1. Proof (1)If-part. Since P € H PP then al it's clauses belong to Firedp(0) and
hp(F) = TH(F). Letgiven F A = {u|F : p € P}, B = {md,(W)|(F &, G) : p € P},andC =
{¢,(hp(G), hp(H))|F = G &, H}. Wewill useinduction on width of £

Base case. Let F' be an atomic formula. By Lemma2.1weget hp(F) = [0, 1N ({ulp € A} nN{ulp € B}.
Then hp(F') = ji1 N po for someintervaspuy, pa € AU BU{[0,1]}. Let hp(F) = [y, z]. Assumewithout |0ss
of generality that iy = [y1, 21], o = [y2, 22], and z = min{z1, 22} = z1. Since P = F : [0, 2] thenz; < z.
Now set Fy = Fanday = z. If uy € Athenforsomek Fy = F = Hy and py = [y1, 21] = [ax, b]. SO,
21 > by. If py € Bthenforsomek Hy = F &, H, and 1 = md,([ag, bx]) = [11, 21] C [0, 21]. Inthe both
cases condition (i) is satisfied. To establish (ii) it'senough to notice that ¢?(z1) = #1 = 21 < =.

Induction step. Suppose that for all formulas of width lessthan n > 2 Proposition 1 (1) isvalid. Let i =
By %, ...x By, (n>2).

By Lemma2.2weget hp(F) = [0, 1]0({ulu € A A({pulp € By {ulu € C}. Then hp(F) = u1 O py
for someintervals yy, o € AU BUC U{[0,1]}. Let Ap(F) = [y, z]. Assume without |oss of generality that
w1 = [y, 21), e = [y2, 22], and z = min{z1, 22} = z;. SinceP | F : [0,z]thenz; < 2. If yy € AUB
we proceed asinthebasic case. If y; € C'then /' = G @, H for some formulas 7, H of width less than =,
and J— Cp(hp(G),hp(H)). Let hP(G) = [yg,ZG] and hP(H) = [yH,ZH]. Since P ': Fo [O,l‘] we
deduce that ¢, (hp(G), hp(H)) = c,([ya, za), [va, z5]) C [0, z] and thereforecf,(zg,zH) < z. ¢From the
definition of bounds z¢ and zy it followsthat P |= G : [0, z¢] and P |= H : [0, zg]. Then by the induction as-
sumption there exist such two sequence of bounds w1, ..., u, and vy, ..., v, andtwo partions G = Gy *, ... %, G,
and H = Hy %, ... x, H, which satisfy conditions (i) and (ii) of Proposition 1 (1). Uniting these sequences
of bounds and partitionswe get the sequence of bounds z1 = w1, ..., 2, = Uy, Tsqp1 = Vi, ..., Lsgp = Up Of
the length & = s + p and partitionof I = Gy %, ... ¥, G, x, Hy %, ... ¥, H, which satisfies condition (i).
To prove (i) we notice that ¢ (w1, ..., u;) < zg and ¢;(v1, ..., v,) < zx and due to monotonicity of ¢ we get
c%(xl, e ) = cg(cg(ul, ey Ug), c?,(vl, e tp)) <z, 2m) < .

The proof of Only-If part of proposition follows immediately from Lemma 2. It’s enough to notice that from
condition (i) it followsthat for every F; inthepartitionof F' hp(F;) C [0, z;].

The proof of (2) is on the same lines as the proof of (1) with minor changes.
|

Proof of Lemma 4. The proof of point (1) followsdirectly from Lemma 2. Points (2) and (3) followsfrom (1).
|

Proof of Lemma 5. The proof of correctness of the agorithm follows from Lemmas 3 and 4. If for al ¢ sets
Fired(i) are guessed correctly in line (3) then the loop in lines (4)-(8) can (nondeterministically) confirm this
guess. If so, theninline(9), theset P; isdefined correctly. Then after finishingtheloopin lines(2)-(10), set Ps,
consists of the heads of al fired clauses and call of Ent-H P P° in line (11) can correctly establishif P, = F :
[a, b] which due to Lemma 4.3 assures the required result.

To evaluate complexity of the algorithm we notice that the total number of calls of algorithm Ent-2Z PP in
line (6) does not exceed number of formulasin bodies of al clauses of P. Let ¢ g,:— gppo(P) denotes the max-
imal time among all cals of Ent-i/ PP°. Then thelength tg,:—gpp(P, F : [a,b]) of the shortest successful
computation of agorithm Ent-HPP on input (P, F' : [a,b]) can be bounded &s tgpi—gpp(P, F @ [a,b]) <
O(|Pltgnt—mgppo + | F : [a,b]]) < pol(|P|+ |F : [a, b]) for some polynomid pol(N ). B

Proof of Theorem 3.2.2.

The proof will proceed in two stages. In the first stage we use the nondeterministic polynomial time algorithm
Ent-HPP? to solvethe entailment problemfor theclass # P P° programsconsisting only infacts, i.e. HPP" =
U;Z, HPP; . Atthe second stage this algorithm will be extended to all programs of H P P.

Proof of Theorem 5.
Upper bound follows by Theorem 3.2.2.

To provethelower bound we show that well-known NP-compl ete problem 3-Dimensiona Matching (3-DM) is
reduciblein polynomial timeto the entailment problemfor class 4 P P . Let I be any instance of 3-dimensional
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meatching problem, consisting of three sets 1/, X and Y of equal size ¢ and aset of triples M C W x X x Y.
I €3-DM iff there is a complete matching, i.e. such subset M’ C M of sizegtha W = {w| < w,z,y >€
M, X ={z|<wz,y>c M'}adY = {y| < w,z,y >€ M'}. Weuse I to construct HPP-program P and
query I : pesuchthat 7 € 3-DMiff P |= F : p.

As a strategy we choose the conjunctive independence strategy, with ¢;,,. defined in Example 1 as follows:
¢ine([a, b], [¢,d]) = [ac, bd]. Program P usesatoms of theset A = WU X UY. Forevery < w,z,y >€ M we
includein P the clause:

W Ajne & Nine y 2 [0;0.5] — .
Let /o = A, {ala € A} :[0,0.59).

Itiseasy to check that for every atoma € A hp(a) = [0, 1], for every pair of aoms(a, b) hp(aAin.b) = [0, 1]
and for every triple(a, b, ¢) whichisnot constitute the head of some clause of P hp(a Ajpe b Asnec) = [0, 1]. Of
course, if w Ajpe  Aine y isthehead of some clause of P then hp(w Aipe  Asne y) = [0, 0.5]. Suppose now that
I €3-DM and M’ isit's complete matching. Then F' can be partitioned by ¢ triples corresponding to the heads
of clauses of P:

F= /\mc(w Nine & Nipe y| <w, T,y >C M/}'
Thisimpliesthat 2p(F') C ¢([0,0.5],...,{0,0.5]) = [0,0.5¢], and P |= F" : [0,0.59].

On the other hand, ifP = F : [0,0.5%] then hp(F) C [0,0.5%). It ispossible only if 7' can be partitioned
into ¢ subformulas: £ = Fy Aipe ... Aine £y such that each /3,1 < ¢ < ¢, isahead of some clause of .
Indeed, any other partition of " which includes ¥ < ¢ heads of clauses of P providesinterval [0, 0.5%]. But
[0,0.5%] € [0,0.59].

Thentheset M/ = {< w;, @i, y; > |Fi = w; Nine @5 Nine ¥i,1 = 1, ..., ¢} evidently isa complete matching
and I €¢3-DM. 1

Proof of Theorem 6.

DuetoLemma4 any problem”P = F : 7" for P € H PP, can bereduced in polynomial time to polynomial
number of entailment problemsof theform” P’ \= F’ . p/ 7" for programs P’ € H P P, 3. So we will suppose
that P € HPPsy.

We will prove the theorem for /' = ay A, ... A, ay,, Wherea; € By fore = 1,...,n. The proof for formulas
F=aV, ..V, a,, will be analogous. Without loss of generality one can assume that the width of £ is even,
i.e. n = 2m (otherwise one can add anew truefact ¢ inthequeryandin P: P E F : p<—= PU{t : [, 1]} E
Fapt:p).

Using agorithm LFP of theorem 2 we compute (in polynomial time) the least fixpoint
hp(a; Ny aj) = pi; = [ai;, b ;] forany pair 1 < i < j < 2m. Define now anew program P’ € HPPs g
consisting of 2m(2m — 1) clauses of the form a; A, a; : p; ;. From proposition 1 it followsthat P = F :
p < P = F : p Nowletc, = (c,,c?). Define undirected graph G = G(P', F) = (V, E) asfollows.
V=Aai,....,aom}, E = {(a;,a;)]1 <i< j<2m},andattach to it two weight functions: w (a;, ¢;) = a; ;
and wo(a;, a;) = b; ;. Then the theorem followsfrom

Proposition5 P’ |= I : [a,b] <= {G,wi,a} € GWMmM(c})) and {G, w2, b} € GWMmm(ci).

Proof = If P/ |= F : [a, b] then by proposition 1 there are two partitionsof F' into heads (or subformulas of
heads) of clausesof P': F' = G1 A, ... A\, G = Hi A, ... A, Hy suchthat ¢, (hpi(G1), ..., hpi(Gr)) > a
and ¢2(hpi(Hy), ..., hp(Hp)) < b (wherefor any formula E we set hop: (E) = [hp,(E), hp (E)]). Now we
can assumethat k = | = m and al G;’sand H;'s are the heads of clauses of P’. Indeed, if eg. G1 = «;
and G, = a; then we can combine them into the head a; A, a; because c,(hp/(a;), hpi(a;)) C hpi(a; A,
aj) = p;; and therefore ¢, (hp (a;), hpi(aj)) < a;;. Thenitis easy to check that the first of these partitions
{G1, ..., G} corresponds to the complete matching {e, = (a;,a;)|G, = a; A, a;, 1 < p < m} which
solves the matching problem {G, w1, a} € GWMmM(c},), and the second partition { H4, ..., H,,,} corresponds
to the complete matching {e, = (a;, a;)|Gp = a; A, aj, 1 < p < m} which solves the matching problem
{G, ws, b} € GWMmm(cg).
< lItiseasy to see that two complete matchings for problems {G, w1, a} € GWMmM(c},) and {G, ws, b} €
GWMmm(cf,) providestwo partitionsof /' which satisfy conditionsof (1) and (2) of proposition1. Then by this
proposition P’ = F : [a,b]. A
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Proof of Theorem 7.
Suppose that we have a problem of class GW M. (c!). Then givenagraph G = (V, E), weight function w :
E — [0, 1], and agoal function ¢!, one can define the composition function ¢, = (¢!, min) and construct the
hp-program P = P((, w) which for every edgee = (v;, v;) € E includesthe clause v; A, v; : [w(e), 1]. Then
thereexistsacompletematching {e1, ..., e, } C E suchthat ¢! (w(er), ..., w(ey)) > Biff P = vi A, Avam
[B,1].

Ana ogously, one can reduce a problem of GW M., (¢?).

Proof of Theorem 9. Asinthe proof of theorem 6 lemma 4 allows usto reduce consistency problemfor H P P,
to consistency problemfor H P Ps .

Letnow P € H PP, o beaprogramover set S of p-strategiesthat usesatomsfromtheset A = {44,..., 42, }
and only those. By lemma 6 it issufficient to check the consistency of al formulasof form /' = Ay x,...%, Asp,,
p € 8. Asintheorem 6 we construct (in polynomial time) program P’ € H P P, 5 which consists of &l possible
clauses of theform A4; «, 4; : hp(A4; %, A;) —. From proposition 1 it follows that P is inconsistent iff
for some strategy p € S for formula /' = A; %, ... x, Ay, there exist two partitions of /' into subformulas
F=Gi#*,..%,Gpyand F'= Hy*,...%, H,, whereal Gy,...,G,,and Hy, ..., H,, are heads of clausesin
P’, such that there exist such numbers( < b < a < 1 that
ep(hp(Gh),...hp(Gr)) C [0,b] and
eo(hp(H1), ... hp(Hp)) C[a,1].

To verify the existence of such partitionsit is sufficient to optimizetwo General Weighted Matching Problems.
Indeed, let graph G'( P/, F') = (V, E') and two weight functionsw; and w- be defined asin theorem 6. Then using
standard dichotomy technique one can find such minimal &’ and maximal «’ that {G, w»,b'} € GWMmm(ci)
and {G, w1, d'} € GW M4z (c;) and check if b < o/. l
Proof of Theorem 10. Algorithm InCon iseasily seen to bein NP,

To prove that inconsistency problem is NP-hard we notice that entailment problem for consistent 7/ P Psis
reducible in polynomial time to the inconsistency problem. To see why, suppose P isconsistent. Then it is easy
to check that for any annotated formula " : ¢ P | F : p iff thefollowing program P’ isinconsistent. P/ =
PU{z:10;01] — F: pu}U{z:[0.2,0.3] — F : u}.

Now it followsfrom Theorem 5 (on NP-completeness of the entailment problem) that inconsistency problem
isNP-hard even for class HP P . B

Proof of Theorem 11.
We prove soundness of the system H G Rp by showing that every axiom and rule of the system preserves truth.
Let h be any model of program P,i.e. h |= P.

e Axioms. Let A € By. By definition of aformulafunction 2(A) C [0, 1], therefore, o = A : [0, 1].

e Program. Let ' : jp«— Gy : i A ... ANGyp @ pp bearuleof P. Leth = Gy @ pyy. . h | G pgee
Then,h E Gy iy Ao . AGy s pg. Sinceh = F oop — Gy o:pn A ... NGy py, by definition of
satisfaction weconclude, i |= F : p.

e A-Composition. Let A, As € B andh = Ay : pp and h |= As @ ps. Let p be some p-strategy from S.
Then, by thedefinitionof aformulafunction, A( A *,A42) C ¢,(h(A1), h(A2)). By themonotonicity prop-
erty of compositionfunction, andsince 2( A1) C pq and h(As) C po, h(A1 %, A2) C cp(h(A1), h(A42)) C
ep(t1, o) and therefore, h = (A1 %, hoAs) @ ep(p1, f2).

e F-Composition. Let A;,...A By...Bi€ Bpandh |= (A1#,.. %, Ap) s pnandh |= By, ho. . .*,B;
12 for some p-strategy p € S.
Then, by the definition of aformulafunction, h(A; #, ..., Ag %, B1 #, ...%, Bi) C ¢ (h(A1 %, ... %,
Ar), h(By *, .. .*, B;)). By the monotonicity property of composition function, and since h( Ay *, .. .*,
Ap) Cprand h(By #, ...%, By) C usweget h(Aq #, ...%, Ap %, Br*,...%, B) C c,(p1, pa2), 1.,
hE (A1 #,...%, Ay %, By %, ... %, Br) s ep(pta, f2).

e Decomposition. Leth = H : pand H = F ¢, (. By the Commutativity property of formulafunctions,
h(H) = h(F*,G) C p. Then, by the Decompositionproperty of formulafunctions, A(F') C md,(h(F *,
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G)). Since h(F *, G) C p, md,(h(F *, G)) C md,(p)* Therefore h = F . md,(h(F %, G)) and
hEF md,(u).

e Clarification. Leth = F : pyandh = F : po. Then h(F') C pp and A(F) C po. Therefore h(F) C
w1 Moo, hence, h = F @y N po.

e Exchange. Leth = (A1 *, ..., Az) : pandlet By, ..., By beapermutation of 4,,..., A;. By
the commutativity property of formulafunctionsh(B; #, ..., By) = h(Aq *, ... %, Ay) C p. Then

h = (Bi#*,...%, By): .

e Interval Weakening. Leth |= F : pand i C pq. Since h(F) C p, dso h(F) C yy and therefore
hiEF:p

Proof of Proposition 2.

LeeP € HPPYand P = F : [a,b]. Letusfixtwopartitionsof F', F' = G *,.. x,Gand F = Hix,.. %, hoH;
that and numbers zq, ..., g, y1, . . ., y; Which satisfy proposition 1. Then a canonical proof Cy,...,C, = F' :
[a,b] of F' : [a, b] can be constructed in the following way:

1. Thelast formula, C, = F : [a,b] isobtained by theinterval weakening rule applied to formulaC',_; =
F [, b] for some([a’,b'] D [a,b];

2. Theinference rule of clarification is used only once in the entire proof to obtain aformulaC,_; = F' :
[@',b] fromtwo formulasC_o = F' : [@/,1],Crog = F 1 [0, 0],

3. FormulaC,_», = F : [¢’, 1] is obtained viathe rule of exchange fromformulaC,_, = F' : [a’, 1] where
F'isaformulawhich isapermutation of atomsin F'.

4. FormulaC,_s = F : [0,}’] isobtained viatherule of exchange from formulaC,._5 = F” : [0, b'] where
F" isaformulawhich isapermutation of atomsin F'.

5. For someinteger s < r — 5 suchthat C'y,...C,Cr_5 = F” : [0,V] isaproof of I : [0,b'] and
Cst1,...Crg,Cr_g = F' : [d’, 1] isproof of F’ : [d’, 1].

6. Inpartition F' = Gy *,...*, Gy, forevery i if (; isahead of aclause Gi; : [a;, b;] < the proof includes
two formulas:
(@ G : [al, b] (as an axiom);

(b) Gi : pi, ui = [, 1] (obtained from previousformulaby the rule of interval weakening).

If G; isasubformulaof some head of aclause H = G; &, H' : [aj, b;] — of P the proof includes the
following four formulas:
(@ H :[al,b] (asan axiomy;

(b) Gi*, H' : [a},b;] (obtained from previous formulaby the rule of exchange);

(©) G : [¢i, d;] where[e;, d;] = md,([af, b]) (obtained by decomposition rule from previous formula);
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(d) Gi : pi, i = [, 1] ((obtained from previous formulaby the rule of interval weakening).

After al theformulasG; : p; (i € {1,. .., k}) arederived, the proof of F : [a’, 1] will containtheformula
G *, Gy @ cp(pr, po) Obtained from Gy @ pq and G @ po by either A-composition or F-composition
rule (depending on whether both ¢; and G» are atomic) and for al 2 < ¢ < k theformulaGy , ... *,
Gyt ep(p, - .., i) Which is obtained by the rule of F-composition from formulas Gy *,, ..., G;_1 :
ep(ftn, .o, picr) and Gy @ .

Thelast of such formulas, Gy +, ..., Gt cp(pr, ..., pux) = F' : [0,d'] = Cy_a.

7. The proof of C,._5 = F" : [0, 4] is constructed from the partition F*/ = Hy *, ... *, hoH; inamanner
similar to the construction of the proof of F” : [0, a'] = C,_4 on previous step.

Let[a,b] C [a’,d"]. If pisaconjunctivep-strategy, thenmd,([a, 8]) = [a,1] C [a’,1] = md,([a’,b']). If pisadigunctivep-strategy
then md,([a,b]) = [0,b] C [0,b'] = mdy,ho([a’,']).
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We can now compute thelength of the proof constructed as above. Itisboundedby 5(k +1)+6 < 10|F|+6.1

Proof of Theorem 12.

If P € HPP then we can construct the proof of /' : pu intwo stages. At the first stage we will derive all
formulas of Py, Py, ... Pay, (8s defined in theorem 3.2.2) where m is the number of clausesin P. If aclause
C; € Firedp(i+ 1)\ Firedp(i)and C; = D : v «— Dy : iu A...A D, : p, then P, |= Dy @ gy for dl
1 <1 < s andweincludein our proof the proofs of al D; : p; and using them will derive D : v viatherule
program which corresponds to the clause C;.

At the second stage we use the construction from proposition 2 to derive F' : ;1 using the formulas of Ps,,
derived during thefirst stage.

The number of formulas of form D; : u; we derived at thefirst stage of the proof lessthan thelength of P. The
length of each D; islessthen thelength of P aswell. So, thetota length of the proof islessthen O(| P|? + | F|).
|
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