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A semiparametric approach to the one-way layout is described, and its ef-
ficiency in the two-sample case relative to the common t¢-test is studied. The
power efficiency computed for several special cases points to an intriguing behav-
iour where one test may be more efficient than the other over a certain parameter
range and less efficient over another parameter range. Given two random samples
from two distributions, the method holds one distribution as the ”reference” and
treats the other distribution as a ”distortion” of the reference. The combined
sample is used in the semiparametric estimation of the reference and distortion
distributions, and in testing the hypothesis of distribution equality. In order to
calculate relative power efficiencies, the asymptotic distributions of the semipara-
metric and t-test statistics are used in approximating the finite sample distribu-

tions of the statistics. Relative power simulations for several special cases show



that the theoretical results compare favorably with the finite sample simulation
results.

A likelihood approach is employed in deriving a state space smoother, based
on a linear state space model between an unobserved "state” time series and an
observed time series. A state space smoother provides an algorithm for calcu-
lating the conditional mean of any state given the available observations, called
smoother estimate, and for calculating the variance of any residual obtained as
the difference between a state and its smoother estimate, called smoother pre-
cision. Bounds and asymptotic limits are developed for the smoother precisions
under the assumption of a univariate state space model. An extension for miss-
ing observations handles the special case of prediction. A partial state space
smoother is introduced. It provides a smoother like estimate of each state and

relies only on a limited number of future observations.
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Chapter 1 Introduction

This chapter introduces the two research areas presented in this dissertation.

1.1 Power Efficiency

Fokianos, Kedem, Qin, Short (FKQS) (2001) [9] introduced a semiparametric
approach to the one-way layout that relies on an exponential distortion between
each of the m distributions associated with the m random samples. The classic
approach to the one-way layout assumes that each of the m distributions are
Gaussian with a common variance. Under the Gaussian assumption, the density
ratios of the m distributions are exponential distortions of the form g;(x)/g,(z) =
exp(a; + Bix) for i = 1,...,m — 1 where one of the m distributions is chosen as
the reference distribution G,.(z) with density g,(z). The semiparametric approach
generalizes the classic approach by generalizing the form of the density ratios to
9i(x)/g-(x) = exp(a; + Bih(x)) fori = 1,...,m—1 where h(x) is chosen based on
the application. The semiparametric approach utilizes a profile likelihood in order
to develop maximum likelihood estimators for each of the distortion parameters
{(as,3;) : 1 =1,...,m—1} and for the reference distribution G,.(z). The resulting
semiparametric test evaluates the maximum likelihood estimator for (3; in order

to test whether the unknown distortion parameter 3; equals zero; in other words,



whether the two distributions are the same. The density ratios are examples
of weight functions that depend on an unknown finite-dimensional parameter
0. Gilbert (2000) [12] examines the large sample theory of maximum likelihood
estimates in semiparametric biased sampling models with respect to a common
underlying distribution . In that paper, Gilbert characterizes conditions, on the
weight functions and on the random samples and their distributions, in order that
(é, G,,) is uniformly consistent, asymptotically Gaussian, and efficient, where 0
and G,, are the maximum likelihood estimators of @ and G. As an example of this
semiparametric approach, Qin and Zhang (1997) [21] tested the validity of logistic
regression under case-control sampling with m = 2 and h(z) = x. More recently,
[9] applied this semiparametric approach to rain-rate data from meteorological
instruments. Simulation results in [9] have shown that the semiparametric test
compares favorably with the common t-test.

A natural way to compare the semiparametric test and the ¢-test is to use the
concepts of relative efficiency and Pitman efficiency [2]. Relative efficiency is the
ratio of the sample sizes for each test needed to achieve a desired power when the
m distributions are different. The limit of the relative efficiency as each of the
m—1 distorted distributions converge to the reference distribution in a prescribed
manner is called the Pitman efficiency. This chapter presents as original work an
analysis of the relative and Pitman efficiency of the semiparametric test versus
the common t-test when there are m = 2 distributions. As part of this analysis,
the generalized Glivenko-Cantelli theorem from [30] and the theory of extremum
estimators from [1] are used to find asymptotic Gaussian test distributions of
the semiparametric test and the t-test under the alternative hypothesis that the

two random sample distributions are different. The asymptotic Gaussian test



distributions are found for four examples of the random sample distributions: a
Gaussian example, two gamma examples, and a log normal example. An effi-
ciency analysis is then developed that establishes a theoretical efficiency based
on Gaussian test distributions. The asymptotic Gaussian test distributions for
each of the four examples are then applied to find the corresponding theoretical
efficiency. Simulation results are then reported that verify the theoretical results
for each example of the random sample distributions. For the Gaussian example,
the efficiency of the semiparametric test versus the t-test is very close to one when
the distortion parameter (3 is close to zero. For the other three examples, the
semiparametric test is more efficient than the t-test for large parameter ranges of

the random sample distributions.

1.2 State Space Models

Linear state space models provide a methodology for studying time series in
discrete time [3], [7], [10], [13], [14], [17], [26], [29]. A large class of linear state
space models provide a way to formalize the relationship between an unobservable
time series (consisting of unknown states) and an observable time series. R.
E. Kalman (1960) [13] introduced the Kalman filter as a sequential algorithm
that provides a predictor (one step ahead) estimate and a filter estimate of each
state based on the available observations at each time point under a Gaussian
assumption, see also [3], [7], [10], [14], [17], [26], [29]. As part of the Kalman
predictor and filter, variances (called precisions) are provided of the residuals
between each state and its predictor and filter estimates. An important extension
to the Kalman filter was the development of the state space smoother by Rauch

(1962) [24] and by Bryson and Frazier (1963) [5], see also Rauch, Tung, and



Striebel (1965) [25]. The state space smoother provides smoother estimates of
all existing or past states as new or future observations become available [7],
[10], [14], [17], [29]. Precisions of the smoother residuals are also provided. The
state space smoother has several equivalent forms [7], [10], that include: the
fixed interval smoother, the fixed point smoother, and the fixed lag smoother.
Asymptotic analysis has shown that the precision of the Kalman filter estimate
of the state associated with the most recent observation converges to a steady
state value under certain conditions [7], [10], [29].

Under the Gaussian assumption the Kalman estimates of each state and pre-
cisions are the conditional means of each state and conditional error covariances
given the available observations. These Kalman estimates of each state are opti-
mal in the sense that the associated precisions are the minimum possible within
the class of state estimators given the available observations. It turns out that
the Kalman equations still hold when the Gaussian assumption is removed. In
this case, the Kalman estimates of each state are the projection of each state on
the subspace spanned by the available observations and the precisions are the
minimum least square error estimators within the class of linear state estima-
tors, see section 4.2 and problems 4.4 and 4.6 in [29] and section 12.2 in [4]. In
this case, these Kalman estimates of each state are suboptimal in the sense that
the resulting precisions are larger that the precisions associated with the true
conditional mean of each state given the available observations.

This chapter provides as original work an analysis of the smoother precisions
where the observable and unobservable time series are univariate and where the
state space parameters are constant. This analysis starts by introducing a likeli-

hood smoother form of the state space smoother based on a general multivariate



version of the linear Gaussian state space model. This analysis then applies the
likelihood smoother to a univariate version of the linear Gaussian state space
model with constant parameters in order to develop a variety of upper and lower
bounds on the smoother precisions and also to develop the asymptotic behav-
ior of the smoother precisions as the number of observations increases. These
asymptotic smoother precision values provide a way to evaluate the future evolu-
tion of the smoother precision values associated with a finite time series as new
observations become available. This chapter concludes by introducing the partial
(suboptimal) state space smoother that provides a smoother like estimate of each

state that only relies on a limited number of future observations.



Chapter 2 Computational Aspects of

Power Efficiency

In this chapter the relative efficiency of the semiparametric test versus the com-
mon ¢-test is investigated. Section 2.1 summarizes some of the published mathe-
matical theory behind the semiparametric approach. Section 2.1.1 identifies four
examples of random sample distributions that are analyzed in detail throughout
this chapter. Section 2.2 extends the current theory behind the semiparamet-
ric approach by developing a relative efficiency analysis of the semiparametric
test versus the t-test. Section 2.2.1 develops an asymptotic Gaussian distribu-
tion for the semiparametric test under the alternative hypothesis that the two
random sample distributions are different. An asymptotic distribution for the
semiparametric test is found using each of the random sample examples iden-
tified in subsection 2.1.1. Section 2.2.2 also develops an asymptotic Gaussian
distribution for the t-test under the alternative hypothesis that the two random
sample distributions are different. An asymptotic distribution for the t-test is
found using each of the random sample examples identified in section 2.1.1. Sec-
tion 2.2.3 develops a relative efficiency analysis of the semiparametric test and
the t-test given their asymptotic Gaussian test distributions. This section de-

velops a relative efficiency using each of the random sample examples identified



in subsection 2.1.1. In order to complement the relative efficiency theory, this
section also contains a simulation study that supports the theoretical results for

each of the random sample examples in subsection 2.1.1.

2.1 Some Preliminary Statistical Formulations

This section briefly presents the formulation of the semiparametric approach from
[9] that is developed further in subsequent sections.
The classical one-way analysis of variance with m = ¢+ 1 independent random

samples is described as follows:

T11, ..o Tipy, ~ X1 with pdf g1 ()

Tqls- -5 Tan, ~ Xg with pdf g, ()

Tonls - s Tmn,, ~ Xm with pdf g, (z)

where g,,() is arbitrarily labeled as the reference probability density, and where

gj(x) is a probability density with finite mean and variance:

(,uj,ajz), j = 1,...,m. Assuming that each of the m probability densities is
2

Gaussian with common variance (07 = --- = ¢2 = ¢?) implies an exponential

distortion for each of the first ¢ distributions, relative to the mth distribution, of

the form
9;(x) =exp(oy + B;x), j=1,...,¢ (2.1)
gm(x)
2 2
O‘j:7J7 6J:j727 j:177q

202 o
The semiparametric approach generalizes the analysis of the one-way layout

by dropping the Gaussian probability density assumption and by generalizing the



form of the exponential distortion:

g;(x)
gm(£)

Wy (2] y Brn) = 1, (Qny, Brn) =0

w;(ley, ;) = exp(ag + Gih(2)), §=1,... ¢ (2.2)

where h(x) may assume various forms as shown in several examples below. Var-
ious generalizations of (2.2) have been suggested by Gilbert, Lele, and Vardi
(1999) [11], and by Qin (1998) [20]. Observe that (2.2) is a special case of a
weighted distribution as defined by Patil and Rao (1977) [19].

Let ©; = (211, ..,%1,,) identify the random sample from the jth probability
density, for j = 1,...,m; let t = (t1,...,t,) = (2},...,2},) identify the com-
bined data from each of the m probability densities where n = ny + -+ + n,,
identifies the combined sample size; let p; = n;/n,,j7 = 1,...,m denote the
sample proportions; and let g(x) = g,,(x) identify the reference density. Then
the semiparametric approach finds a maximum likelihood estimator for G(x) (the
cdf of g(z)) over the class of step cdf’s with jumps at the observed values t; € t.

With p(t;) = dG(t;),i = 1,...,n and (e, B) = ((a1,..., ), (B1,...,0,)) €
R?4, the likelihood becomes,

L(a,B3,G) = H Hexp (oq + Brh(zq;)) Hexp (ag + Byh(zq))  (2.3)
i=1

Fixing (a,3) and then maximizing (2.3) with respect to p(t;), subject to m

constraints that the p(t;) and each of the distortions sum to 1,

Zp(t ) =1, Zp (w; (t;|laj, B) — 1] =0, j=1,...,q
i=1



results in the following formulas for p(t) and ¢(t)

ptla, B) =1/ [n+ M(wi(tlar, B1) = 1) + - + Ag(wq(t]ag, By) — 1)]

G(tla, B) = th < )p(t;|o, B)

where the Lagrange multipliers A = {A,...,\;} = A(a,3) depend on (o, 3)
since the m constraints must be satisfied and where I(B) is the indicator of the
event B. The resulting profile likelihood is £(a, 8, G).

The estimates (&,B) = ((G1,...,q,), (Bl, . ,ﬁq)’), for the true distortion
parameters (ay, 3,), are solutions of the following score equations in terms of the

profile likelihood L(ex, B, G) (see 9]) for j =1, ...,q,

o .
0:8—log£ = — A ZP aﬁw]ﬂa],ﬂj)
@ (&.8)
a nj n . . R R
0= a5, logl| = Z h(xji) — A Z h(t:)p(tile, B)w;(ti|ay, B;) -
J (&.8) i=1 i=1

Hence the Lagrange multipliers take the form A(é&,8) = {n4,... , Mg} in order
to meet the m constraints. The resulting formulas for p(¢) and ¢(¢) with the

Lagrange multipliers fixed at A = {ny,...,n,} are

Ptle,B) = 1/ (nnDy(t|ex, B))
G(tla, B) = Zf(tz- < t)p(ti|a, B)

Dy(tle, B) = 14 prwi(tlon, B1) + - - + pgwy(tag, 3,) -

Define the semiparametric log-likelihood as l(e, B) = log L(e, 3, G) The esti-
mates (&, ﬁ) are also solutions of the score equations in terms of the semipara-
metric log-likelihood I(e, 3). Under regularity conditions, the solutions (¢, B)

are consistent and asymptotically normal with mean (ay,3,), and a 2¢ X 2q



covariance matrix €2/n (see [9])

A~

a—oy| 4 | Za

vn| 5 ~N(0,92), Q=S"'vs™ (2.4)
/6 - BO Zﬂo
1 1
V = Var {ﬁVl (ao,ﬁo)] , — EVV/Z (a0, 8,) =S asn — oo

v = 0 0 0 o Y\
=\Gar " Bay B 05 )
For the general case (¢ > 1, m = ¢+ 1), definitions for the matrices S and V that

compose 2 are found in [9]. For the case (¢ = 1,m = 2), Qin and Zhang (1997)
[21] showed

-1
g [Ao Al (1) |10 (2.5)
P1 Al A2 P1 0 0
Xk
A, =E L ),k::O,l,Q.
‘ (Dl (X1, Bo)

Under the null hypothesis that the m probability densities are the same,

Q

H, : B, = 0, the asymptotic distribution of B reduces as shown in 9]
B AN (oL 4y
"Var(h(X,,)) ™
2
Var(h(X,,)) = /hz(x)dG(x) - </ h(x)dG(x)) :

For the case (¢ = 1,m = 2), Ay; = p1/(1 + p1)? is a scalar as shown in [9], such

that under Hy:

7, = \/ﬁ(lﬁ VR, )3 4 7~ N0, 1) (2.6)
_ P1 A2 d 2
or X} = anar(h(Xm))ﬁ = X()

and Hj is rejected for extreme values of Z,, or &;. Since Var(h(X,,)) is generally

10



unknown, Var(h(X,,)) is estimated using:

Var(h(X,n)) = 3 W (t:)p(tl, 5) - <Z h(t:)p(ti|, ﬁ))

so the actual semiparametric statistic is:

2 = Vi Y2\ [Var
Zo = Vi s\ V()5

2.1.1 Some Distortion Examples

The previous section has already identified one weighted distribution example,
namely a Gaussian example in (2.1). This section identifies other weighted dis-

tribution examples that are used throughout this chapter.

2.1.1.1 Gaussian Example

The first example restates the Gaussian distribution example, where each of the
m random variables X; has a different mean parameter ;; and has a common

variance parameter o2,

gi(x)
w; (x|, B exp(a;+p;x), j=1...q
]( | J J) gm(x) ( J J )
P = 15 15— p
= m m =1
(a]76j) ( 20_2 ) 0_2 )7 q

11



2.1.1.2 Gamma Example I

The second example identifies a gamma distribution example, where each of the
m random variables X; has a common shape parameter o, and has a different

scale parameter (3,;.

X; ~ gj(x) = Gamma (v, B,5), j=1...m

E(X;) = o, 8,;, Var(X;) = ayﬁ?ﬂ

I'(a, + k)
E (X¥) :ﬁ L for k=12,
i\ .

/G'ym 1 1 .
(.3 <% o8 (ﬁw‘) " Bym @j) =t

h(X;) = X; ~ Gamma (o, 3,;), j=1...m

J

2.1.1.3 Gamma Example II

The third example is again a gamma distribution example, where each of the m

random variables X; has a different shape parameter a,; and has a common scale

12



parameter 3.

X; ~ gj(xr) = Gamma (o, 0,), j=1...m

E(X;) = ay;83,, Var (X;) = O‘wﬂ«z/

E(X’?):M Fok=1,2,...
)= (e P kb2
g;(z :
wj (zlaj, B;) = g]((:c)) =exp (o + fjlog(x)), j=1...q
aj | [log T + (@ — ) log B, i—1..4
Bi (@) — Qym)

2.1.1.4 Log Normal Example

The fourth example identifies a log normal distribution example, where each
of the m random variables X; has a different p;; parameter and a common o7

parameter.

X, ~ g5(0) = IN (g, 02) = 1.0
E(X;) = " t7i/2 Var (X;) = e¥uti (eof B 1)
B (XF) = efmtkol/2 =129 .

w; (zloy, B;) = 53'((?) = exp (o + Blog(x)), j=1...q

2

2
Him — Hij o g — Him .
A3 = =1...
(ahﬁ]) ( 2012 ) O_lg ) y J q

h(X;) =log(X;) ~ N (wj,07), j=1...m

13



2.2 Efficiency Development

Throughout this section, usage of the term 7T test” refers to the t-test. Exper-
imental power comparisons between the Z, and T tests have provided empirical
evidence that the Z, test compares favorably with the T test when the underlying
probability densities are Gaussian, i.e. the two tests appear to have practically
the same power over specific parameter ranges. When the underlying probability
densities are not Gaussian, the power of the Z, test appears in some cases to be
greater than the power of the T test. This section quantifies the theoretical power
relationship between the Z,, and T tests by examining the efficiency of the T test
in relation to the Z, test. To develop this efficiency, the asymptotic distributions

for the Z, and T test statistics are identified.

2.2.1 Asymptotic Distribution of the Z, Statistic

In this section the asymptotic distribution of the Z,, statistic is examined for the
case (¢ = 1,m = 2), under the alternative hypothesis, H; : 3y # 0, where («, [3)
renames the distortion parameters (ay, 51) and where the true distortion parame-
ters of (a, 3) are denoted as (g, fp). This examination proceeds by expanding
Z., minus a suitable offset, into a linear combination of four random variables.
The law of large numbers, the abstract Glivenko-Cantelli theorem, and the as-
ymptotic properties of extremum estimators are applied to find the asymptotic
limit for the coefficients of the random variables. The multivariate central limit
theorem is applied to find the asymptotic joint distribution of the random vari-

ables. The asymptotic results, for the coefficients and for the random variables,

are combined to find the asymptotic distribution for the modified Z, statistic.

14



The modified Zn statistic is:

fink (v, B) = th (t:) P (til, B), e = E (BF(X2)) bk =1,2, ...
i=1

The Z:L random variable expansion proceeds by deriving an alternate expres-

. = % . . ~ A A
sion for Z, based on a Taylor series expansion for 67 (&, 3) around (ayg, 5o)

~

2 (on(@. )3 — ouh)

n
mn a—ag | ., -
= ;2 (O, 1) . O'h(Oé,ﬂ)
B = Bo
ning a—ag Bo

~

B-) ) (on(@B)+an)
— ning 6’}%(0&0, ﬁO) - U}%) ﬁo i nin9 Qn a— (o %))
V.n \ 6u(@,0) +on Von G, B8) +on \ 5 g,

where the gradient V67 (a, 8) € R? is a column vector, where Q,, € R? is a row

&Z(O‘(M 60) - Uizl + V/&Z(Oé, ﬁ)}(a,ﬁ)

vector defined as follows
Q. = Q. ((@4), (@ 4))
= (0, &n(c, B) (%(@B) + Uh)) + o V'é'i(oz,ﬂ)}(d,ﬁ') (2.7)

’

and where the mean value theorem shows that (&, 3) satisfies

(ar, B) = A (& 8) + (1= ) (a0, o), A€ 0.1

(o’z,ﬁ) = (ay, 35) for some Aelo,1] . (2.8)
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A Taylor series expansion of the score equation around (ayg, 3y) and the mean

value Theorem 6.7 from Kress (1998) [16] provides an expression for (& — ap, 83—

ﬁo)i

1 & — (%))
0=VI (a,ﬁ)|(a75) = VI B)l(ag.,50) —I—/ VV'l(ax B\ | d\
0 B = Bo
where the gradient VI(«, 3) € R? is a column vector and the hessian VV'I(«, 3) €

R2*? is a matrix that satisfies

& — (7)) 1 a — (%))
vVl (O(, ﬂ”(a,,@) ) = / vVl (O()U /6)\) B ﬁ dA
B — 5o 0 — Do
(d,ﬁ) = (v, By) for some Aelo,1] . (2.9)

. ~* . . .
The resulting Z,, random variable expansion is:

ning

2 (n(a, 8)B — onfo )

_jmang s o
=/ n (Mh2(040750) Hh )—&h(@’ﬁ) Y on
—\/ o (o, o) = pun) (ﬂ?(“?’/?O) *“") Bo
on(a, B) + oy
_frante__ Qn F vVl (0, 8] rl Vi(a, )|
n (&h(d,ﬁ) +0h> " B B e

which is written in vector notation as: Z; = D! Y ,,, where the vector of stochastic

constants D,, is defined as

— (fin (v, Bo) + 1n) Bo
D,=—r 8, (2.10)

S ER AT
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where the random vector Y,, is defined as

Yin
. fin (0, Bo) — pin
2n ning R
Yn = = [hn2 (QO’ /60) — [p2 (211)
Y, "l
Y., n Vi (a’ﬂ”(ao,ﬁo)

where the gradient ViI(a, ) € R? is a column vector, the hessian VV'l(«, 3) €

R2*2 is a matrix, and Q,, € R? is a row vector.

Assumption 2.2.1. The following list defines convergence conditions that allow

~ % . . ~ %
Z,, to converge to a Gaussian random variable Z :

e h(x) is continuous and non-constant with respect to g(z),

i.e. Py(x: h(z) =m)=0forall meR.

e h¥(z) is integrable with respect to g;(x) for j = 1,...,m and for k =
1,2,3,4.

The convergence conditions defined under Assumption 2.2.1 are used to show

the following convergence results:

(aﬁ) P, (a0, Bo) (2.12)

fin (@0, Bo) = pun (2.13)

52 (a [3) Lp (2.14)
\LACHEII L Vo2 (ag, fo) (2.15)

—% VYL, 5)] (o) LS (o, o) (2.16)
Y, %Y ~N(©0Y). (2.17)

The law of large numbers is applied in Lemma 2.2.1 and Corollary 2.2.1 to show

the convergence result (2.13). The subsequent convergence results (2.14) through

17



(2.16) are shown in Lemma 2.2.3 and Corollaries 2.2.4, 2.2.6, and 2.2.8 under the
hypothesis that (&, ), (&, 3), (&, 3) il (v, Bp). The convergence in probability
result (2.12) is shown in Lemmas 2.2.4 though 2.2.6. The uniform convergence
results of the abstract Glivenko-Cantelli theorem are applied in Lemmas 2.2.3
and 2.2.4 to show (2.12), (2.14), (2.15), and (2.16). The asymptotic properties of
extremum estimators are applied in Lemma 2.2.4 to show (2.12). With regard to
(2.15) and (2.16), the convergence in probability of (d, 3) and (¢, 8) to (oo, 3o) are
shown in Corollary 2.2.9 as a consequence of (@&, ﬁ) converging in probability to
(v, Bo) from (2.12). The multivariate central limit theorem is applied in Lemma
2.2.8 to show (2.17). The convergence results, (2.12) through (2.16), are used
together in Lemma 2.2.7 to show the limit in probability of D,,. The convergence
results for D,, and Y, are used together in Theorem 2.2.2 to show the asymptotic
distribution for Z, .

As described at the beginning of this section, the asymptotic distribution
for 7, is found for the case (¢ = 1,m = 2). Note that some of the intermediate
results, Lemmas 2.2.1 through 2.2.3, are shown for the general case m = q¢+1 > 2

since the extension is trivial. In Lemma 2.2.1, the law of large numbers is applied

to show a generalization of (2.13).

Lemma 2.2.1. For general m > 1, if a function f(x) is integrable with respect

to g](l’) fOTj = ]-7 R U (Z’fld Zf (a()?/BO) = ((a()la ey an),)’ (/6017 cee aﬁOq),) rep-

resents the true distortion parameters, then fork=1,...,m
>t we(tilaok, Bow)p(ti| o, By) = Ef(Xy) . (2.18)
i=1

Proof: The following weighted function of f(z) for k = 1,...,m is integrable

18



with respect to g;(x) for j = 1...m since f(x) is integrable by assumption

ooy Wkl@loo, Bor) | _ i
Jf(x)—Dq(ﬂao,ﬁo) < = [f(x)]

Applying the law of large numbers, see van der Vaart (1998) [30] Example 2.1

and Proposition 2.16, shows that:

Zf Jwi(ti] ok, Bor)P(ts| o, Bo)

Pj
= f Zji wk x Z\Oéomﬁok)
; Z ’ ’ Dy(zji| o, By)

as = p]
=3 E (f(XJ-)wk(Xj\aW%) Dq<xj|ao,ﬂo>)

=E (f(Xm)we(Xm|ook, Box))
=Ef(X;) .1

Corollary 2.2.1. For m = 2 with k = m, if h(z) is integrable with respect to

gj(x) for j =1,2, and if (ap, Bo) represents the true distortion parameters, then

fin(co, Bo) = pin, proving (2.13). B

The abstract Glivenko-Cantelli theorem is applied to establish uniform con-
vergence results for a class of parametric functions. The following Definitions
2.2.1 and 2.2.2, Theorem 2.2.1, and Example 2.2.1, are taken from van der Vaart

(1998) [30] section 19.2.

Definition 2.2.1. A class F of measurable integrable functions f is called P-

f(x;) / fdP| =

or equivalently, if there exists a sequence of random variables A\, such that

Glivenko-Cantelli if

as*

IPnf = Pfllr= P\

IP.f — Pflls <A, and A, 20
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where z1, ..., 2, is a random sample from the probability distribution P.

Definition 2.2.2. Given two functions [ and wu, the bracket[l,u] is the set of
all functions f with | < f < u. An e-bracket in L,(P) is a bracket|l, u] with
P(u—1)" < €". The bracketing number Nj(e, F, L,(P)) is the minimum number
of e-brackets needed to cover F. The bracketing functions [ and u must have

finite L,(P)-norms but need not belong to F.

Theorem 2.2.1 (Abstract Glivenko-Cantelli). Every class F of measurable
[integrable] functions such that Nj(e,F,Li(P)) < oo for every ¢ > 0 is P-
Glivenko-Cantelli. B

Example 2.2.1 (Parametric Class). Let F = {fs € Li(P) : 6 € O} be
a collection of measurable [integrable] functions indexed by a bounded subset

© C R? Suppose that there exists a measurable function m such that
| fo, (x) = fo. ()| < m (2) |01 — 5], every 6,,0, € © .

If |m[|, = P|m|" < oo, then there exists a constant K, depending on © and d
only, such that the bracketing numbers satisfy

diam ©

Ny (Ellmllps Fy Lo(P)) < K ( 6

d
) , every 0 < e < diam O .

The Lipschitz condition shows that fg, —em < fo, < fo, +em if |81 — 0] < e.
Hence a 2¢||m|| p,-bracket in L,(P) for the parametric class of functions F takes

the form [fg —em, fo +em|. B

Thus the bracketing number Njj(e,F, Li(P)) in Example 2.2.1 is finite for
every € > 0 and the class of integrable functions F is P-Glivenko-Cantelli.
The abstract Glivenko-Cantelli Theorem 2.2.1 for a parametric class from

Example 2.2.1, is applied to establish uniform convergence results as defined by
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(2.20) below, for a class of integrable functions parameterized by (a, 3), when

an integrable Lipschitz condition is met as defined by (2.19) below.

Lemma 2.2.2. For general m > 1, let F; = {f(:|a, B) € L1(G;) : (o, 8) € O}
for j = 1,...,m denote m parametric classes of functions where each class de-
notes a collection of functions indexed by a bounded subset @ C R that are
integrable with respect to the probability distributions G; associated with the den-
sities g;. If f(-|a, B) € F; has an integrable Lipschitz bound m;(-) with respect
to G; as defined by

|f(zlat, BY) = f(xla?, B)] < mj(z) || (« (o, 8% (2.19)
for every (', B"),(a?, B%) € ©

E(m;(X;)) < oo forje{l...m}

then each class F; is G j-Glivenko-Cantelli, by the abstract Glivenko-Cantelli The-
orem 2.2.1 as applied in Example 2.2.1 to a parametric class of functions, result-

ing in uniform convergence almost surely for all functions f € F;

P, f — Pfllz = sup Zf:cﬂ\a B) — E(f(X;la,8))| 0. W (2.20)

Definition 2.2.3. For general m > 1, let F;(f1, f2) for j = 1,...,m denote m
parametric classes of functions as defined below that are indexed by a bounded
subset ® C R?? which contains the true distortion parameters (c, 3,) and that
are integrable with respect to the probability distributions G; associated with

the densities g;

Fi(fi, f2) ={f (e, B) = f1(-) 2|, B) (o, B) € O} (2.21)

Pj
Dy(-|e, B)
where fl € Ll(Gj), f2 € LOO(G]), and f € f.] C Ll(G])
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Definition 2.2.3 associates m abstract parametric classes of integrable func-
tions with each of the m densities {g, ..., g }. This structure allows the abstract
Glivenko-Cantelli theorem to be applied to a random sample from each of the
densities in order to show a uniform law of large numbers convergence result over
the functions in each class. At this time the function parameters of each class, f;
and f5, have only been defined in the abstract. Each of these function parameters
are specialized in Definitions 2.2.4 and 2.2.5 to well defined functions in order to
show specific uniform law of large numbers convergence results. The parametric
index © describes any bounded subset of R?? such that each resulting class of
indexed functions F;(f1, f2) for j =1, ..., m meets the integrable conditions im-
posed on fi, fs, and f. In the subsequent analysis, the parametric index © will
be specialized as needed to show each of the convergence results (2.12), (2.14),

(2.15), and (2.16).

Corollary 2.2.2. Under the conditions of Lemma 2.2.2 with F; specialized to
F;(f1, f2) with parametric index © from Definition 2.2.3, applying (2.20) or ap-

plying the law of large numbers, for any fized (o, B) € O, shows

Zfl ) fa(tilex, B)p(ti]ex, B)
_Z ZZ:fl ji) fa (il e, 5) (:17],|Oé B)

ZE<f1 i) 2(Xjlex, ﬂ)ﬁ) -l (2.22)

Lemma 2.2.3. Under the conditions of Lemma 2.2.2 with F; specialized to
Fi(fr, f2) with parametric index © from Definition 2.2.3, if (a., B3,) LN (e, By) €

22



® then

Zfl ) fa (tilew, B.) b (til v, B,) = E(fi (Xu) fo (Xim|oo, By)) -

Proof: For any random sequence (., 3,) EiR (a1,8;) € ©® as n — o0, ap-
plying (2.20) from Lemma 2.2.2 or the law of large numbers for (o, 3;), and

applying Slutsky’s theorem shows

niZf (xﬂ|a*,ﬁ*) —E (f (Xj|a17ﬁ1))

S — Zf x]l|a17ﬁl) ( (Xj|a17ﬁl)) (223)
i=1
1
t ij (20) (e, B,)" — (a1, By)'|
J =1
R}

Consequently, as (o, 3,) EiR (awo, By), the general convergence in probability

result follows, that

Zﬁ ) fo (tilew, B.) b (i ex., B,)

m

= i Tis T Pj
_; n; ;fl( Jz) f2( Jl‘a*wB*) Dq (xji‘a*,ﬁ*) (224)

P Pj
HZ E( ol Bo) q(Xj|a0,ﬂ0))

Jj=1

= E (f1(X) fo(Xim| 0o, By)) . B

Definition 2.2.4. For m = 2, let .7-"](|1k)(®) = F;(h*(x),1) with parametric index
®© Cc R?2for k =0,1,2 and j = 1,2 define 6 classes of integrable functions that

are specialized versions of F;(fi, f2) from Definition 2.2.3.
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Remark 2.2.1. The function f(z|a, ) € fjﬁ,j(@) has partial derivatives of all

orders with respect to («, 8). A Taylor series expansion for f(z|a, 3) € .7-"](|1 ,3(@)

09 9
da’ 08

6.7 [16], are used to find a Lipschitz bound that depends on («, 3) and on the

around (a, 3) € O given the gradient V = ( ), and the mean value theorem

maximum vector norm ||v||. = max; |v;]

f(alal, 8Y) = f (alo®, %) = V'f (ala*, 0%) | (0, 3)' = (a2, 8%)']
£ (ala’,8Y) = f (2la®, )] < max | V' (zlar, ) || (0" 8Y)' = (o, 67)

1<X<L1

/

(ax, Br) = A (al,ﬁl) +(1-=2X) (az,ﬁz) , A€ [0,1]

(a*, 5*) = (ars, Br) for some \* € (0,1) .

The previous display leads to an integrable Lipschitz bound mﬁ‘l,)g(x) that does

not depend on (o, 3)

. £ (xlo =) hF (2 M .
¥ (0,8) € @5 19'f el )l = -t (o) 25 (1, o)

< pj [PF @) 111, A ()] o
< oy (I @] + 154 @)
= mﬁ(z) . (2.25)

Given any bounded subset ® C R?| it is easy to show that the integrable condi-
tions of Definition 2.2.3 are met since for any f(z|a, 8) € .7-"](|1k)(®) with (a, 5) € ©
and with y =1,2and £k =0,1,2

|f (e, B)] < |f (2]0,0)] + m, (2) [[(c, B)] -

Hence f(z) = h*(z) € Li(G;), f(zlo. ) € Li(Gy), and m)(z) € Li(G;) for
j=1,2and k = 0,1,2 under the convergence conditions of Assumption 2.2.1.

Also fo(z|a, ) =1 € Loo(G;) for j =1,2.
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Corollary 2.2.3. Under the conditions of Lemma 2.2.3 with F;( f1, f2) specialized
to ]-";ﬁ,f)(@) = F;(h*(2),1) with parametric index © from Definition 2.2.4 with
j=1,2and k =0,1,2, if h'(x) is integrable with respect to g;(x) for j = 1,2

and 1 =0,1,2,3, then for any fized (o, B) € © and for any sequence (., B) EiR

(a0, Bo) € ©

n

2 e
e 0,0) = SR 0. 5) = B (2 o)

i=1 j=1

3>

ﬂhk (Oz*, /6*) i Hpk - (2'27)

Proof: Under the assumptions, f(z|a, ) € .7-"](|1 k) (®) is integrable with respect
to g;(z) for j = 1,2 and k = 0,1,2, and mg‘ll)g(:c) is integrable with respect to
gj(x) for j=1,2 and k = 0,1, 2 so that the integrable Lipschitz condition (2.19)
is met. Hence the results of Corollary 2.2.2 are valid for any fixed («, 5) € © and

the results of Lemma 2.2.3 are valid for any sequence (a, ;) EiR (v, 00) € ©. B

A

Corollary 2.2.4. Under the conditions of Corollary 2.2.5, if (&, 3) KN (v, Bo) €

®, then fu(d, B) 2 e for k =1,2. Hence 62(a, ) EiR o2, proving (2.14). &

To analyze Qn((ol,ﬁ), (o’z,ﬁ)), previously defined in (2.7), as (d,ﬁ), (o’z,ﬁ) LA
(cvo, Bo), the convergence in probability of V&2 («, 3) |(4,5) 1s shown. Note that the
convergence in probability of 6%(a, B), has already been proven in the previous

Corollary 2.2.4.

With regard to convergence in probability of V&2 (a, 3) |( 4,5)» the definition of
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62 (a, B) is used to find V62 (a, 3) as follows

Zh2 pti|a, B (Zh Pti]a, B ) (2.28)

%@% th 2 (L], Bws (ti|a, B)ny (2.29)
+ 2, (v, 3) <Z h(t:)p? (tila, B)ws(t]ey, 5)7‘1)
=1
%52 Zhg 2(tila, Byws (tilev, B)my (2.30)

+ 2 (a (Z h2(t:)p? (ti v, )wl(ti\a,ﬁ)m) .
Definition 2.2.5. For m = 2, let F

0(0) = F;(h*(x), prwi (2, B)/ Di(xla, 3))
with parametric index ® C R? for k = 0,1,2,3 and j = 1,2 define 8 classes
of integrable functions that are specialized versions of F;(f1, f2) from Definition

2.2.3.

Remark 2.2.2. The function f(z|a, ) € .7-"](|2k)(®) has partial derivatives of all
orders with respect to (a,3). A Lipschitz bound mﬁ,i(x) is found, by using a
Taylor series expansion for f(z|a, ) € f@)((a) around (a, f) € © given the

gradient V = by using the mean value theorem 6.7 [16], and by using

(550 35)"

the maximum vector norm || : ||oo

V(@ 8) €0 [V'f (zla, Bl
W (o prw (z]a, B) 1w (z]a, B) -
gyt (a) Ll (1 2—))<1,h< )

.

D? (z]a, 8 Dy (x|, B
< p |1 ()] (1) B 11, 2 (2)) o
< 3p; (|P* ()] + [ ()])
=m) (z) . (2.31)
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Given any bounded subset ® C R?, it is easy to show that the integrable condi-
tions of Definition 2.2.3 are met since for any f(z|«, 3) € ]-“;f,g(@) with (o, 3) € ©

and with j = 1,2 and £k =0,1,2

£ (zlo, B)] < 1f (210,0)] + m$) (2) | (e, B)l|, -

Hence fi(z) = h¥(x) € Li(Gj), f(z|a, ) € Li(G;), and mﬁ,i(:z) € Li(Gy) for
j=1,2and k = 0,1,2 under the convergence conditions of Assumption 2.2.1.

Also fQ(LL"Oé,ﬂ) = p1w1($|a,6)/D1(l"Oé,ﬂ) S LOO(GJ) fOl"j =1,2.

Corollary 2.2.5. Under the conditions of Lemma 2.2.3 with F;(f1, f2) specialized
to '7:](|212(@) = F;(h*(x), prwi (x|, B)/D1(z|a, B)) with parametric index © from
Definition 2.2.5 with j = 1,2 and k = 0,1,2,3, if h'(z) is integrable with respect
to gj(x) for j=1,2 and 1 =0,1,2,3,4, and (o, Bs) Eit (v, o) € © then

- kit \p2(+. , £ hk(X2)w1 (X2|040,ﬂ0))
;h (£)D° (Bl e, B )wn (il v, B plE( Gt

Proof: Under the assumptions, f(z|a, ) € ]:](fk) (®) is integrable with respect
to gj(z) for j = 1,2 and k = 0,1,2,3, and mﬁ,i(:c) is integrable with respect to
gj(x) for j =1,2and k = 0, 1,2, 3 so that the integrable Lipschitz condition (2.19)
is met. Hence the results of Lemma 2.2.3 are valid for (a., 0) i (ap, Bo) € O.

’

Corollary 2.2.6. Under the conditions of Corollary 2.2.5, if (&, 3) Eit (v, Bo) €
O, then

h(X1) _ hQ(Xl)
V52 (a /6)‘ ) ip 2’uhE<D1(X1|aoﬂo)> E<D1(X1\ao,ﬁo))
I ' 2 F h?(X1) E h3(X1)
e D1(X1lew,B0) ) D1 (X1lao,00)

= VUfZL (a0, Bo)
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proving (2.15). B

Corollary 2.2.7. Under the conditions of Corollaries 2.2.4 and 2.2.6, applying
(2.14) and (2.15) shows that Q,((&, B), (&, 3)) from (2.7) converges in probability
to Q(ap, Bo) defined as
h(X1) h2(X1)
P15 [QWLE <_Dl(x_1\ao_,ﬁo>) —E <_Dl(x_1|ao_ﬂo>ﬂ
h2(X1) h3(X1)
20—’21 + P15 [Q’uhE <D1(X1|a10,ﬁ0)> -k (Dl(Xl\aloﬁo)>]

The convergence in probability of —n'V'V'l(«, a3 to Slao, o) is shown

Q (a0, o) =

by using the almost sure convergence of functions in the previously defined classes
of functions f € fﬁg(@) Fj(h*(z), pyw:(z|a, B)/Di(x|r, B)) with parametric

index ® from Definition 2.2.5 where 7 = 1,2 and k =1, 2.

1 - n D 7 ) 7 )
%Vl(a,ﬂ) = Yoo Pltles B tiles ) (2.32)
P\ ar o0 hlan) = 00 Pt e, Byw (ti] e, )
. S0 bt 8) — 1
PO\ S h()(ta, B) — L S0 hla)
The components of VV'I(a, 8)/n are
0 Ua, p) 1 (N~
9z n 14 o ;p2(tz’|aw@)w1(ti|aaﬁ)nl> (2.33)
o la,B) 1
0203 n 1+ p;m Zh *(tile, 8 wl(h“%ﬁ)?ﬂ)
9 (o, B) 1
93 n :_1+p1 th P (tilev, B )wl(ti|aaﬁ)n1>

Corollary 2.2.8. Under the conditions of Corollary 2.2.5, if (&, 6) Lt (v, Bo) €
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O, then

1 (o) B(rn)
_lvvi (a76>‘(a* " P P1 D1 (X1]|ew,B0) D1(X1]ao0,00) (2.34)
n : 1+ p1 E( h(X1) ) E( R2(X1) )
D1 (X1lao,B0) D1 (X1lao,B0)

=S (ap, fo)

1 P
- VV'il(a, 6)‘(06) — S (ap, Bo) (2.35)
The previous display (2.35) proves (2.16). B

To complete the convergence in probability analysis of D,,, the convergence
in probability of (&, @) to (o, Bo) is shown using the asymptotic properties of
extremum estimators as developed by Amemiya (1985) [1]. Definition 4.1.1, in

Amemiya [1], defines three modes of uniform convergence to 0 for a non-negative

sequence of random variables g7(0) that depend on a parameter vector 6.

(i) P(limy_ oo Supgee 97(0) = 0) = 1 is described as convergence almost surely

uniformly in 6 € O.

(ii) limy_.o P(supgee 97(0) < €) =1 for any € > 0 is described as convergence

in probability uniformly in 6 € ©.

(iii) limy_ infeee P(g7(0) < €) =1 for any € > 0 is described as convergence

in probability semiuniformly in 6 € ©.

As reported in Amemiya [1], the first mode of uniform convergence (i) implies the
second mode (ii) and the second mode (ii) implies the third mode (iii). The first
mode of uniform convergence (i), is equivalent to the almost sure convergence of
the functions, f € F; for j = 1...m, as shown in (2.20). The second mode of

uniform convergence (ii), is one condition of Theorem 4.1.6 (out of six conditions),
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in Amemiya [1], to show that an extremum estimator converges in probability to
the actual parameter.

In order to apply the theory of extremum estimators, the stochastic function
l.(a, B) = l(a, B) + nlog(ns) is identified with g7 (@), where maximizing [, (v, 3)
with respect to («, 3) is equivalent to maximizing [(c«, 3) with respect to («a, 3),

since the difference between [, (a, 3) and I(«, 3), nlog(nsy), is a constant relative

A

to (a, 3). Let ©, = {(as, 5y) : Vi, (au, B) = 0} so that (&, 3) € ©,,.

Lemma 2.2.4. If h*(x) is integrable with respect to g;(z) for j = 1,2 and k = 1,2
and if h(x) is non-constant with respect to gs(x) then one of the roots (o, by) €

©,, converges in probability to (ay, Bo)-

Proof: Let © denote an open bounded convex subset of R? containing (cv, 3p)-
Application of Theorem 4.1.6, from Amemiya [1], shows that the result is true

under the following conditions:

(A) VV'l,(a, ) exists and is continuous for (o, 3) € © an open convex neigh-

borhood of («v, fo),

(B) n'VV'l(a, B)|(a.,5.) converges in probability to a finite nonsingular ma-
trix —S(ag, fy) = lim n'EVV'l,(a, )| (a0,3) for any sequence (o, ()

converging in probability to (g, fo),

(C) n_1/2vln(a7 6)|(Ol()750) - N(O’ B(Oé(], 60))
where B(«y, fp) = lim n_lE(Vln(av/@”(aoﬂo)) X (V/ln(%ﬁ”(ao,ﬁo))’

(D) n~!l,(a, B) converges to a nonstochastic function in probability uniformly

in (a, #) € © an open neighborhood of (ay, 5),

(E) —S(ayp, (o) defined in condition (B) is a negative definite matrix,
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(F) The limit in probability of n ™'V V', (a, 3) exists and is continuous for

(a, B) € © a neighborhood of (v, Fo).

Condition (A) is immediate after examining (2.33). Condition (B) is proven by
starting with a consequence (2.34) from Corollary 2.2.8 of the abstract Glivenko-
Cantelli Theorem 2.2.1 for a parametric class with a parametric index ® and by
applying a result of the law of large numbers (2.18) from Lemma 2.2.1, in order

to show

LYV (0 D)0y S S (a0, o) 8 (0, 5.) D (00, )

1 / as
- VVi, (aaﬁ)‘(aoﬂo) — —S(ao, Bo)

n
and by direct calculation to show

1
EE Vv/ln (a7/8)|(a0,60) = —S(O{O,/@O) fOl“ n = 1, e

S(av, Bp) is shown to be nonsingular by evaluating the determinant of S(«y, o)

when |h(x)| is non-constant with respect to gs(x).

L+p

P1

went = (e ) (i)~ ()

= (E(h*(X.) — E* (h(X,))) E? <D1 (Xll\ozo, 60))

N o 1 w1 (I‘O@uﬂo)
Xor~g.(v) =B (Dl (X1] v, 50)) D, (x\ao,ﬁo)g2 )

Hence det M = 0 when h(X,) is a degenerate (variance 0) random variable, and

let M =

S(ao, Bo)

det M # 0 when |h(X,)| is non-constant almost everywhere or equivalently when
|h(X3)| is non-constant almost everywhere since g,(z) and go(x) have the same

support, see [6] equation 4.7.4 and Lemma 4.7.1,
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With regard to condition (C), Lemma 2.2.8 will show (2.17). Equations (2.40),
(2.41), and (2.43) show that

1+ p1)°
P1

= B (a, fo) -

Var (n_% Vi, (a,ﬁ)|(a0’ﬁ0)) = Vo, n=1,2,...

With regard to condition (D), starting with (2.32) for (a, 5) € O, applying a
result (2.26) from Lemma 2.2.3 with parametric index @, and applying the law

of large numbers, shows

2 piwi(Xj|e,B)
LV, (a.p) 2 1 L= 2B <W)
n \ &, 1+ w1 (Xj|a,
n PLAE(h (X)) =Y B (h (X;) %)

_ E%Vln (0, 8) = Vg (a, 5) . (2.36)

The following anti-derivative of Vg(«, 3) with respect to (a,3) is suggested,
assuming the usual regularity conditions so that integration and differentiation

may be interchanged

908 = (m ( BE (1 (X1))) = 3 s (log (D (lea,ﬂ)))>
1

—E-1,(a,f) . (2.37)

n
It will be shown that nl,(a, 3) converges to g(«, 3) almost surely uniformly in

(cr, B) € © an open neighborhood of («v, ).

Definition 2.2.6. Let F,(0©) and F,(©) denote two classes of functions, that
are indexed by a bounded subset ® C R? containing (g, ), and that are

integrable with respect to the probability distributions G; and G5 associated
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with the densities g; and ¢, as defined by:

F1(0) = {fi(z|a, B) = log(D1 (x|, §)) — (a + Bh(x)) : (o, f) € O}
F2 (9) = {f2(1'|0é,/6) = IOg(Dl(ZL'|Oé,/6)) : (Oé,ﬁ) € 9}

where f; € L1(G1) and fy € L1(Gs).

The functions fi(x|a, 8) € F1(©) and fo(x|a, ) € F2(O) have partial deriva-
tives of all orders with respect to (a, 3). A Taylor series expansion, for fi(z|a, 3)

and for fy(x|a, ) around (a, B) € ©, and the mean value theorem 6.7 [16]

al —a?
fi (zlat, BY) = fi (z]e®, B%) = V' f1 (z|an, Ba)

gt —p3?

al —a?
f2 (37|0‘1751) = fo (55|042752) =V'f (x]orz, Brz)

ﬂl _62

(i, By) = A" (o, 81) + (L= X) (0, 5°), A€ (0,1), i = 1,2

identifies the following Lipschitz bound m(z)

H‘ﬁ (L ’W)Hm
<A+|n())=m(2) ,

e (1 o)

<m(z) .

v (Oé,ﬁ) €0O: ||V/.fl (I|a>ﬁ)||oo

¥ (0,) € © : |V fa (el B). }

Given any bounded subset @ C R?, it is easy to show that any f;(z|a, 3) € F;(©)

is integrable with respect G; with («, 5) € ® and with j = 1,2

|fi (@l B)] < [f; ([0, 0) +m () [[(ex, F)|
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Hence f;(z) € L1(G;) and m(z) € Li(Gy) for j = 1,2 under the assumptions of

this lemma. Applying Lemma 2.2.2 to f;(z|c, 3) € F;(©) for j = 1,2 shows

as*
sup — 0.

(a,3) €O

ij (zjila, B) — E (f; (Xjlev, B))
Given the following identities for [,,(a, 5) and g(c, 3)

lln (Oé,ﬂ) — < P1 ) [ni Z o+ ﬂh (Ilz) — log (D1 (xh\oz,ﬁ))]

E 1+p1

~ (157 7 D 08 0 (el )

(0.9 = (T2 ) o+ BB (1 (1)) = E (1o (D1 (Xila. 5)

1
- (15 ) Bor (D1 (Xela )
+ 01
then the combined result from the previous display shows that n='l,(a, 3) con-
verges to g(a, #) almost surely uniformly in («, 5) € ©.

sup |41, (o, ) — g(a,m'
(a,8)€@® | T

p1 1 &
< su _ zuila, _E Xila
_(a,ﬁ)ge)l%-pl ny ;fl( 1ile, ) (f1 (Xi]a, 5))

I I
+ su — Toi|la, B) — E Xo|a,
S T g 2o ol ) — B (e (el )

70 .

Condition (D) is proven by specializing © to an open bounded subset of R?

containing (ayg, Go)-

Condition (E) is proven by showing that the matrix M defined above is
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positive definite. Let X = (x,23)" # 0.
AO Al T

X/MX = (xl x2)
Al Ag i)

= A()[L’% + 2A1[L’1£L’2 + Agl’%
A\ A2\
— (\/ A(]S(Il -+ —AOLL’Q) + (Ag — A_O) SL’Q
A S|
- (\/ Aoz + —Tllofz) + A det (M)

Hence M is positive definite if and only if det(M) > 0. So the result is proven

when |h(x)| is non-constant with respect to go(z) resulting in det(M) > 0 as
shown for condition (B) above.

For condition (F), the law of large numbers is applied to find the limit of
nIVV'l,(a,B) for (a,3) € ©. As a stronger result, the abstract Glivenko-
Cantelli theorem is applied to find the limit of n='V'V'l,(a, 3) uniformly in

(a, B) € ©. For either application

Z h* (t)p° (tila, B) wy (ti]a, B) ma
i=1

2
as PiwW1 (Xj|a7/6)

S E (hk X) B2 (K, ) )

wy (Xa|ay, B) <1 + prwy (X2|ao,ﬁo)))
Dy (Xaa, B) Dy (Xala, §)

,OlAk (avﬁ)a k= 0a1>2

pi |Ao(a,B) Ai(e,f)
1+p1 Al(a76> A2(a7ﬂ)

:E%VV%Jmﬂ). (2.38)

In summary, the six conditions (A) through (F) have been proven. Hence,

one of the roots (au, i) € ©,, converges in probability to (ag, o). B
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The previous extremum estimator analysis shows that one of the roots (av, 04) €
©,, converges in probability to («y, Fp). If there are multiple local maximums of
g(a, B) that satisfy the six conditions (A) through (F), then this analysis does not
determine which one of the local maximums of g(a, 3) is the limit in probability

A

of (&, B) € ©,. To complete this analysis, it is shown that g(«, ) has a unique

A

global maximum at (ayg, 5y) and that (&, 3) converges in probability to (ag, Bp).

Lemma 2.2.5. Under the conditions of Lemma 2.2.4, if h(x) is continuous then

g(a, B) has a unique global mazimum at (cg, Bo)-

Proof: Let © denote a bounded subset of R? that contains two local maxi-
mums (g, fp) and (aq, 51) of g(a, §), ie. (g, Bo), (a1, 51) € O. Starting with
(2.32) with («, §) = (s, ) € ©,, and applying the convergence property (2.23)
of Lemma 2.2.3 to the classes of functions f](‘lk)((a) = F;(h*(x),1) with paramet-
ric index © for j = 1,2 and k£ = 0,1 where (as, 5,) € O, EiR (a1, /1) € ©, and
where (&, 3) € O, i (ag, B) € O, shows that (., 8.) and (&, ) are zeros of

the function Vg(a, ()

1
0= EVln (O‘*uﬂ*) £> Vg (O‘1751>

0= -1, (4.5) % Vg (0. f) -

After a little algebra, the previous display is rewritten as

_ Wy (X2|040760)) _ (wl (X2‘051751))
n=b <D1 (Xa|au, B1) . Dy (Xa|au, By)

f_ g (h(Xz) wy (X2\a0,ﬂo)) _E (h(Xz) w1 (Xz\ahﬂl))
Hr = kD (Xalay, 51) ko Dy (Xolar, B1) /)
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Applying the previous display leads to the following equalities

(W (X2) = pp) wi (Xa|ag, Bo) \ o (R (X2) — ) wi (Xa|ag, Br)
O_E< K D, (X2|041>51)) _E< K D, (X2|041,/51))

eﬁo( (Xz)—uh) 6ﬁ1(h(X2)—uh)
0=E ((h' (X2) - :u;kz) Dl (X2|Oél ﬁl)) =E ((h' (X2) - M;) Dl (X2|Oé1 /61)> .

It is easy to show for = € {z : h(z) — p;; # 0} and By < [y that

(h(z) — 1) P @) < (1 () — i) P (H@=03)

Using the previous display and assuming h(z) is continuous and non-constant
with respect to g(x) results in
EAGIC RS EAGCIETS)
E (<h<X2> ) 5 @)) <E ((h (%) = ) @))

implying that 8; < fy. A similar analysis for 5, < 3y implies that Gy < ;. Hence

there exist a single zero («y, p) of the function Vg(«, 3) implying a unique global
maximum (ayg, () of the function g(«, ).

As an alternate proof of g(«a, ) having a global maximum at (ag, 3y), Vg(a, 3)
is shown to equal zero at (ag, 3y) and VV'g(c, 3) is shown to be negative definite
for all (o, 3) € R Using the following bounds on the first and second partial

derivatives of n™!l,,(«, 3),

2 la, B) O U, B)] _1C

T RN e B
9? l(a, B) 9 Il(a,B) 1<

50 n | =V (3088 n ‘SE;W“)'
2 (o, B)| 1
e B

and using Corollary 2.4.1 of Theorem 2.4.2 from [6], shows

Vg (a,0) = BV (0, 5), VV'g(a,0) = -9Vl (0,0
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where h¥(z) for k = 1,2 is assumed to be integrable with respect to g;(z) for
j = 1,2. The structure of Vg(a, ) from (2.36) implies that Vg(ap, ) = O.
The structure of VV'g(a, 3) from (2.38) implies that —V'V'g(a, 3) is positive
definite for all (a, 3) € R? if and only if the determinant of —V'V'g(a, ) is

positive for all (a, ) € R%. The Cauchy-Schwarz inequality shows

det (_1 ;1p1 VV’Q(Oz,ﬂ)) = A, (OK, 6) Ao (Oz,ﬂ) — A% (a,ﬂ) > ().

The determinant equals 0 if and only if |A(x)| is constant almost everywhere with
respect to g(z). Hence under the assumptions of this lemma, VV'g(c, 3) is
negative definite for all (o, 3) € R% Thus with Vg(ag, 8y) = 0, a second order
Taylor series expansion of g(«a, 3) around (g, By) shows that g(«, 3) has a global

maximum at (ag, Go). B

Lemma 2.2.6. Let © denote a bounded subset of R? that contains (ap, By) as
an interior point. If n='l,(a, 3) converges uniformly in probability to g(a, 3)
for (a, B) € © where g(a, 5) has a global mazximum at (o, Bo) and if h(x) is

~

non-constant with respect to go(x) then (&, ) converges in probability to (o, Bo).

Proof: Let @y denote a closed bounded subset of ® that contains («y, o) as
an interior point and that contains the boundary of ®, denoted as 9(0). Using
the assumption that n='l,(a, 8) converges uniformly in probability to g(a, 3) for
(cr, B) € ©, and using the assumption that g(«, #) has a unique global maximum
at (o, o), shows that

P (lln (v, Bo) > sup lln (a,ﬁ)) — 1.
n (a,0)€8(©0) T
The set in the previous display implies the existence of a local maximum for

n~1,(a, 3) at (a*, %) in the interior of Gy .
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The determinant of n™'V'V’l,(«, 3) is shown to be greater than or equal to
0 by applying the Cauchy-Schwarz inequality for vectors (identified as inequality
le.1) from [23]. The singular condition occurs if and only if h(¢;) is constant
for all i = 1,...,n. Hence n'VV'l,(«a, 3) is negative definite almost surely
under the assumptions of this lemma. A second order Taylor series expansion of
n~'VV'l,(a, 3) about (a*, 3*) shows that there exists a single global maximum
of n™,(a, B) at (&, 3) almost surely.

Hence the result is proven since the existence of a single local maximum almost

~

surely such that (a*, 3*) = (&, 3) shows

1 1 R
Pl —l, (g, 00) > sup —l,(a,0)| <Plla,f)EBy]—1 1
(n ( 0 0> (o, 8)€8(O0) n ( >> (( > 0)

~

Corollary 2.2.9. Under the conditions of Lemma 2.2.6, if (&, 3) EiR (v, Bo) and

5 P

(a*a/@*) = )‘(d76) + (1 - )‘)(QO’/BO) fO’f’ some \ € (0’ 1) then (Oé*,ﬁ*) - (a0760)‘

Proof: The result is proven by letting ® denote any open bounded convex

subset of R? containing (v, 8y) and applying Lemma 2.2.6 to show

P((@,B) c @) <P((a.f)e0)— 1.1

~

Corollary 2.2.10. Under the conditions of Lemma 2.2.6, if (&, [3) EiR (v, Bo)

then applying Corollary 2.2.9 to (2.8) and (2.9) shows the convergence in proba-
bility of (&, 3) and (&, 3) to (g, Bp). W
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The following display summarizes the convergence results proved above

(d,@) 2, (a0, Bo) from (2.12)

i (00, Bo) % pin from (2.13)

52 (@, B) L 52 from (2.14)

Vol (o, B)| (44) L vo? (oo, Bo) from (2.15)

_% YV, B)l (a5 LS (ag, o) from (2.16)

Lemma 2.2.7. Under the convergence conditions defined in Assumption 2.2.1,

D,, from (2.10) converges in probability to D = D(«ay, B) as follows

P 1 /
D, = D (ay, %) = T‘h <—2,Uh50> Bo, Q (o, Bo) St (ao,ﬁo)) : (2.39)
Proof: The continuous mapping theorem, Slutsky’s theorem, and Corollaries

2.2.1, 2.2.7, and 2.2.8 are applied to prove the result that D, LD m

Remark 2.2.3. Next the asymptotic distribution is shown for Y, as previously

defined in (2.11), using the following decomposition

fin (0, Bo) — pin
! ning
Yn = (mn }/271 an }/471) = n ,&h2 (QOa/@O) — Hp2 (240)
% Vi (a7ﬂ)|(ao,ﬁo)

ni n2
1

= =L (Vu-E(V)+ %n_z > (Y- E(Y2)

where
h(z1:)
Dl(ru\tlo,ﬁo) p1
h2(z15)
Y, =M, D1 (z1ileo,B0) M. — 1 P1
' 1 1+ P1 P1
D1 (x1i]ao,00) 1+p1

h(xh) P1
D1 (z14|a0,60) _ 1+p1

Y~ (E(Y,),Var(Y)),i=1,...,m
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and where
h(z2i)

D1(w2i|2040,ﬁ0) 1
hQ(IQi) 1

Y2i — M2 Dl(x2i|040760) , M2 — pl

I S L+ 1
D1 (z2i]ao,Bo) 1+p1

h(z2:)wi (z2i]|0,60) __p1
D1 (z2i]ao,Bo) _ 1+p1 |

YQZ'N (E(Yg),V&I‘(Yg)), ’izl,...,ng .

Notice that E(i,x(ag, 50)) = e = E(h(X3)) for & = 1,2 where fiyx (g, Go)
depends on (ag, By) but ppe does not depend on (ag, By) because fiyr(ag, Bo)
consists of two random samples from X; and X, with means that satisfy

n2

1~ pih*(2y) 1 h* (x9:)
S Lgh M)
D,

fink (w0, Bo) = —

n i D (2], Bo) n_z i—1 (22i| v, Bo)
. _ p1h (X1) ) ( h* (X2) ) _ k
B (s (a0, o)) = E ( o ) g (B )

where the individual means depend on (ayg, 5y) but the sum of the means does

not depend on («p, o).

Lemma 2.2.8. Assuming h*(z) is square integrable for k = 0,1,2 with respect
to g1(z) and g2(x), then'Y,, converges in distribution to a multivariate Gaussian

distribution Y :
Y= (Vi You Yo Vi) 5 Y = (12, YY) ~ N(O.D)  (241)
,=Var(Y,)=Var(Y;)+ Var(Y,) =X.
Proof: The multivariate central limit theorem ([23], 2¢.5) is applied to show

the convergence in joint distribution of Y',, by showing every linear combination

of Y, converges in distribution to a univariate Gaussian distribution
=AY, 5 2=XY ~N(0,NZA) (2.42)

A= (o Ags )
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The Lindeberg-Feller form of the central limit theorem ([23], 2¢.5) is applied to
show (2.42).

Let Zji = L\/_)\/ (Yﬂ —E (Y])) ~ G

J

=Gy, j=1,2i=1,....n

Z;j ~ (E(Z;), Var (Z;)) = (0, L \var (Yj))\) =12
j

Let C2 = Z Var (z1;) + Z Var (z2;)

i=1 i=1
= MNVar (Y1) A + noA Var (Yo) A = no NS, A
1

The Lindeberg-Feller convergence condition, as specialized to (2.42), is satisfied

for any ¢ > 0

S 246, ( N / 246,
(Z |z|>eCh ' ) Z_; |z|>eCh L( )>

1
:X;l X /I(|z| > eCy) 22dGy, () + m/I(M > eC,) 22dG g, (2)

—0asn oo

since Var(z,) = XX, A = XX is constant and finite for all n and since the
convergence of the two integrals to zero follows by applying the dominated con-

vergence theorem, hence

ni
i=1 ~li + ZZ 1 °2i d

V ngA/ nA

4 N(0,1)

which proves the result that

o (IR0 3

i:l Ve

LNO,NEN). .

In order to calculate Var(Y;) and Var(Y,), the following definitions are
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useful for £k =0, ...

=5 (srtryen) 2=
A, =E (% 4
5 =5 (g oy
Cy=E (% _ Bi) <hj(X2)
D, zE(h()@)%

) < B (X))
') \ D1 (X1, Bo)

) (5t
’ D1(X2|0407ﬁ0

,4, forv=0,1,2, and for j =0,1,2

)
5)

w1 (Xofao, fo) A.)
Dy (Xz|ao, o) ')’

2
B)

The resulting expressions for Var(Y';) and Var(Y,) are

Var (Yl) = Ml

Var (YQ) = M2

A little algebra is used to simplify 3,

A12 AlO
A22
AOZ

A12

BlZ

Bas
M, .

BOZ

C121

= Var(Y) + Var(Y,). Partition X, as

Var
5 _|Z | _
¥, V, Ya,
? Cov ’
Yin

Yin Yin Ya,
! Cov ! ’
Yo, Yo, Yin
Yin Yan

Var
Yon Yin
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where the submatrices are defined as

_; (By — B — p1A}) (Bs — B1By — p1AiAy)

1=

L+m (B3 — B1By — p1 A1 Ay) (Bsy — 322 - plAS)

2| (- ) (- A
" At ) (A - Aod) (40— 42)

p% (Bl - Al) AO (Bl - Al) Al
2
(L0 | (By = A)) Ay (Ba— A3) A,

(2.43)

3y =

Theorem 2.2.2. Under the convergence conditions identified in Assumption

2.2.1, Zz converges to a Gaussian random variable Z .

Proof: The convergence in distribution of Z:L as n — oo is established using

Slutsky’s theorem, Lemma 2.2.7, and Lemma 2.2.8
=DY ~N(0,D'ED). & (2.44)

The matrix algebra of D'X.D is simplified by taking advantage of the structure

of S, o) in order to define

Ay A I
S=S(apfy)=-|"" T, m=|"
1+ P1 Al A2 q-1
so that MY ~ E(0, M¥X M) where
21 23 21 228‘1
MM = =
3V, S—1¥, S7'V,S!
and where
-1
1 A(] Al 10 p1 (Bl - A1> 0
1= - ) 3 =
L 0 0 L0 (B, — 45 0
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Hence the distribution of the random variable 7" is rewritten as
7 =D,MY ~N (0, D'M~MD,)

1 !
D, =_— <—2,Uhﬁo, Bo, Q(Oéo,ﬁo))

20’h

/
MYZ(}/lu }/27 Yam Yﬁo)

Yao Vo1 | Zao
Y (L4 p1) Zs

0

; see (2.4) and (2.5).

0

Under the alternative hypothesis, H; : Gy # 0 with [y fixed, Theorem 2.2.2

shows an asymptotic Gaussian distribution result

Zo =\ "2 (6(6, )3 — outh) = DY, 4 7" = D'Y ~N(0, D'ED) .

" n

This asymptotic Gaussian distribution will be used in section 2.2.3 in order to
approximate the relative efficiency of the t-test to the semiparametric test. Sec-
tion 2.2.3 also describes another type of efficiency called Pitman efficiency. To
justify using this asymptotic Gaussian distribution in order to approximate the
Pitman efficiency the following convergence in distribution result, a generalization

of Theorem 2.2.2, is also needed

Z; = \/ Mt <&h(d73)3 - Uhﬁn) d(_ﬁr;) Z* ~ N (O> 1)
n

where the true distortion parameter 3, at time index n represents a sequence

of alternative hypotheses, H; : 3, # 0, such that 3, — By = 0. In general the

results of Theorem 2.2.2 for any fixed 3y # 0 do not imply the previous display.

Assumption 2.2.2. The following list defines convergence conditions that allow

* . . ~ % . .
Z,, to converge to a Gaussian random variable Z as the true distortion parameter

B, converges to [y:
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e The random variable X is distributed according to a sequence of density
functions {p,(z) : n = 1,2,...} where X; ~ ¢ = p, at time index n
such that p, — po almost everywhere where py(x) defines another density

function.

e The random variable X5 is distributed according to the density function g,

at all time indexes n: X5 ~ ¢o.

e The sequence of distortion parameters («,, 3,) converges to the limiting dis-
tortion parameters (ayg, By) where the density ratios p,(z)/g2(x) = exp(ay,+
Bnh(x)) identify (au,, £,) and where the limiting density ratio po(z)/g2(x) =

exp(ap + Boh(x)) identifies (av, Fo).

e h(x) is continuous and non-constant with respect to the density go such

that Py, (x : h(z) =m) =0 for all m € R.

e h¥(x) is integrable with respect to the sequence of densities {ga,p, : 1 =
0,1,2,...} for k = 1,2,3,4 such that E,|h*(X,)| — Eo|h*(X;)| where the

FE,, notation denotes expectation according to the p,, density.

For the last convergence condition, |h*(x)| is bounded by 1 + h*(x) for k €
{1,2,3}. If E,h%(X,) — Eoh*(X1) then E,|h*(X))| — Eo|h*(X1)| for k €
{1,2,3} by applying Pratt’s extended dominated convergence theorem from Ap-
pendix 2B [23].

In the sequel, let the operators E,(-) and Var,(-) denote expectation and

variance with respect to a density that varies with (a,, 3,).
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Lemma 2.2.9. Under the convergence conditions listed in Assumption 2.2.2,Y ,

converges in distribution to a multivariate Gaussian distribution Y :

Y, = (Yin, Yon, Yan, Yin) "B Y = (Y1, Ya, Y3, Y2) ~ N(0, )

¥, = Var, (Y,) = Var, (Y;) + Var, (Y,) 2 5, .

where Y ,,, Y1, Y5 are defined in (2.40) with (o, Bo) replaced by (o, B,) such

that at time index n

Y1~ (B, (Y1), Var, (Y1)

Y2 ~ (En (Yg) ,Varn (Yg)) .

Proof: As shown in Lemma 2.2.8, the multivariate central limit theorem ([23],

2¢.5) is applied to show the convergence in joint distribution of Y,

2= NY, "B 2 NY ~ N (0, NZN)

A= (Mo Ags )

The Lindeberg-Feller form of the central limit theorem ([30], Proposition 2.27) is
applied to show the previous display. Let z;;, C,, and pr remain defined as in

Lemma 2.2.8 such that fort =1,...,n;, 7 =1,2,and k =1,2

Zji ™~ Gn,Zji = Gn,Zj
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As described in Remark 2.2.3; px for k£ = 1,2 do not depend on (ay,, 3,) so that
the centering constants in the definition of Y, in (2.40) do not vary with (., 5,).

The Lindeberg-Feller convergence condition, as specialized to z;;/C,, is satisfied
for any € > 0

ni 2 n2 2
z z
2 G+ [ (—) dGn,zzxz))
(;/Czn >e <Cn> ; cin>a Cn

1
:xg X / I(12] > €C) 4G () + 5 [ 10121 > £C) G 1(2)

<YL [ 1ty > <€) Palhn(ds

—0asn oo
where

q(IX) = [As| + (M| + [Aa]) [2(2)] + o] 2 ()

ZV& —I— Z Var

since Var,(z,) = N, X — X'EgA = Varg(z) and the integral converges to zero
by applying Pratt’s extended dominated convergence theorem from Appendix 2B
[23], hence

?:11 21 + Zz 142 d n N (0 1)
VN,

which proves the result that

Y, “CN (0, NS0N) .

In order to show that D,, PlBr)

D(«y, o) as (B, — o, it suffices to prove the
convergence results of (2.12), (2.13), (2.14), (2.15), and (2.16) as (3, — (. These
convergence results will be shown by proving uniform convergence results for the

appropriate classes of functions using a specialized weak version of the abstract

Glivenko-Cantelli Theorem.
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Lemma 2.2.10. Let X denote a random variable with a density function p(x)
and let f(z) denote an integrable function with respect to p(x) such that py =
E(f(X)) < oo, then the characteristic function ¢(t) of f(X) is differentiable

everywhere such that

¢(t+h)—o ()

D = E(if (2) O fi () = ¢" (1), |fn ()] < V2
¢/ (t) = lim ¢ (1) = B (if () ")
¢'(0) =iy .

Proof: Direct calculation shows that the characteristic function ¢(t) satisfies

the following

pt+h)—o(t) _ o <6itf(:c) (cos (hf (x)) —1) +isin (hf (x)))
h

A =o" (1) .

First order Taylor series expansions of cos(hf(z)) and sin(hf(x)) around h = 0

shows

cos (hf (z)) =1— f(x)sin (h.f (x))h, h. € (0,h)

sin (hf (x)) = f(z)cos (hsf (x)) h, hs € (0,h) .

Hence the approximate derivative ¢"(t) of the characteristic function ¢(t) can be

rewritten as

¢" (t) = E (if (2) e fy, ()

fn(x) = cos (hsf (x)) +isin (hef (x)), he,hs € (0,h) .

It is easy to see that for any fixed x

fo(z) =1, |fn (93)|2 = cos? (hyf (z)) +sin? (h.f (z)) < 2.
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Application of the dominated convergence theorem to ¢"(t) as h — 0 under
the assumption that the random variable f(X) is integrable proves the final two

results since
0" ()] < E[if (x) @ f ()| <E|f (@) V2 <00 W

Lemma 2.2.11. Let {X,, : n=1,2,...}, denote a sequence of random variables
with densities p,(x), and let Xy denote another random variable with density
po(x) such that p, — po almost everywhere. Let f(x) denote a function that is
integrable with respect to the sequence of densities {po,p1,...}. If E|f(X,)| —
E|f(Xo)| < oo then the sequence of characteristic functions ¢, (t) for f(X,)
and the sequence of approzimate derivatives @' (t) for the characteristic func-
tions ¢n(t) converge uniformly to the characteristic function ¢o(t) for f(Xo) and

its approzimate derivative ¢h(t)

Sgplcbn (t) — o (t)] — 0
sup |0l (t) — ¢y (t)| — 0
sgp}% (0) = ¢} (0)| — 0.

Proof: For the first result, applying Scheffe’s convergence theorem involv-
ing densities (theorem XV) from [23] or applying Pratt’s extended dominated

convergence theorem from Appendix 2B [23], as n — oo shows

/|pn<a:>—po<z>|dx~o

since the integrand is dominated by p,(z) + po(z) such that as p,(z) — po(x)

almost everywhere and

/(Pn($)+290(95))d$=2—>2=2/po(at)dx<oo.
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For any ¢, the absolute difference between the characteristic functions is bounded

by

6n(t) — d0lt)] = \ [ ¢4 (@) = o @)

g/|pn<x>—po<x>|dx.

The three previous displays prove the first result that the the sequence of charac-
teristic functions ¢, (t) of f(X,,) converges uniformly to the characteristic function
¢o(t) of f(Xo).

For the remaining results, assume without loss of generality that E|f(X,,)| <
oo for all n. Lemma 2.2.10 is applied to find a bound for the absolute difference

between the approximate derivatives of the characteristic functions
60~ 0] = | [ 1 2 .0) () o () s
< [15@1V2Ibaa) — pofe)l s

The integrand in the bound of the previous display is bounded by | f(2)|v/2(p, (2)+

po(z)) such that as p,(z) — po(x) almost everywhere and
/|f(x)| V2 (pn () +po (x)) dr — 2V2E | f (Xo)| < 00

Hence the remaining uniform convergence results for the sequence of approximate
derivatives of the characteristic functions ¢”(t) and ¢! (0) for X,, is proven by
applying Pratt’s extended dominated convergence theorem from Appendix 2B
23]. W

The following version of the weak law of large numbers is an extension of
Proposition 2.16 in [30] to cover the case where the random sample densities p,

converge to a density pp almost everywhere.

Proposition 2.2.1. Let {X,, : n =1,2,...} denote a sequence of random vari-

ables with density functions p,(z) and let Xy denote a random variable with
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density function po(x) such that p, — po almost everywhere. Let f(x) denote
an integrable function with respect to the sequence of densities {po,p1,...}. Let
p > 0 define a sample proportion and let n, = np/(1 + p) define a sample size
proportional to n. Let x,, = {xn; : ¢ = 1,...,n,} denote a random sample of

size n, from X,, n € {1,2,...}. If E|f(X,)| — E|f(Xo)| then

Paof = =3 flow) 2 Pof = B (X0)

Proof: Let ¢,(t) denote the characteristic functions of f(X,,) and let ¢q(¢)
denote the characteristic function of f(X,). By Lemma 2.2.10 the characteristic

functions ¢,(t) for f(X,), n € {0,1,2,...} are differentiable for all ¢ such that

$n (t) = 1+ tey, (0)

Let t,, = t/n,. Applying Fubini’s theorem shows for each fixed ¢ that

Bt — (g0 (1n))" = <¢" (t"f’)) (6o (1))

¢0 (t"p)
B LQSZLP (0) _ é"p (O) Tp i tn, np
- (1 + ) o0 (1) ) (1 + n,,% (O)) :

By Lemma 2.2.11, the sequence of approximate derivatives ¢! (0) of the char-
acteristic functions of f(X,) converges uniformly to the approximate derivative

#%(0) of the characteristic function of f(Xj), which shows as n — oo

o (0) = 657 (0)]  sup,
‘(bO (t"p) ‘ B ‘¢0 (t”p) ‘

a7 (0) — ¢y (0)
QSO (t"p)

0
-=0.
1
Lemma 2.2.10 also shows that ¢}(0) is continuous at ¢t = 0 such that

10 (0) — ¢} (0) = iEf (Xo) as n, — 00 .
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Combining the three previous displays shows the characteristic function for P, ,f

converges as n — o0

EeitPnof _, o0pt96(0) — eitEf(Xg) .

The previous display demonstrates pointwise convergence of the characteristic
function for IP,, ,f to the characteristic function of the constant random variable
Ef(Xo). By Levy’s continuity theorem (Theorem 2.13 [30]), P, ,f converges in
distribution to Ef(Xy). The result is proven since convergence in distribution to
a constant implies convergence in probability. B

Petrov (1995) [22] develops a weak law of large numbers result for triangular
arrays of random variables. Under the assumptions of Proposition 2.2.1 the weak
law of large numbers result of Theorem 4.11 [22] is valid if the following condition
is met as n — oo where m,, denotes the median of p,(x)

Y QCEUAYY,
1+ ((x —my)/n)

5Dn () dz — 0.

Pratt’s extended dominated convergence theorem from Appendix 2B [23] is ap-

plied to show the previous convergence condition as n — oo since

SV Y QR Ut TR
/1+((a:—mn)/n1)2p"( ) /1+((a:—mn)/n1)2p"( )

((z = mn)/m)
L+ (2 = ma) fm)*

<1

| = mn| < fa| + [mal,

since the integrand on the right hand side of the previous display converges point-
wise to zero and since E, (| X1| 4 |m,|) — Eo(|X1| + |ms|) under the assumption
that each density in the sequence of densities {po, p1, pe, ...} has a unique me-
dian so that m., = mg or under the assumption that the sequence of medians

converges to a finite limit.
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Theorem 2.2.3. Let {X,,:n=1,2,...} define a sequence of random variables
with density functions p,(z) and let Xy define a random variable with density
function po(x) such that p, — po almost everywhere. Let F = {fq(x) : O €
©} denote a parametric class of measurable functions and let m(x) denote a
measurable function as defined by Fxample 2.2.1 that are integrable with respect to
the probability distributions { Py, P1, Py, ... }. Let p > 0 define a sample proportion
and let n, = np/(1 + p) define a sample size proportional to n. At time index
nlet x,, = {x, :i=1,...,n,} denote a random sample from P,. If P,|fy| =
E|lfo(X0)| — Polfol = E|fo(Xo)| for all fo € F and Pom = Em(X,)) — Pom =

Em(Xy) as n — oo then

By fo = Pofoll = sup |- Zfe Tai) — Efo (Xo)| 30
fo€

Proof: Given a bracket size of €, Example 2.2.1 implies that in order to cover
F with a finite number of e-brackets in L, (Fp) it is sufficient to cover © with a
finite number of balls of diameter ¢/(2FPym). Example 2.2.1 bounds the minimum

number of e-brackets in L;(F,) needed to cover F by

diam © x Pom)d
€

Ny(e, F, Li(B)) < K(
Let Ng. = Ny(e, F, L1(Fp)) and let F.; = {fo € F : fo € jth e-bracket}, for
Jj=1,...,Nr. Choose a single function in each parametric subclass fo € F;
and denote it as fo , for j =1,... Nz, and let Fe = {fp, 17 =1,...,Nr}.
The j-th e-bracket of the form [I;,u;] is constructed using fp , such that for
fo;)» fo € Fe; where [|0(;) — 0| < €/(2Pym)

€

fe(]) Omm fe = fe(])

€
mmEUj, Po(Uj—lj):E.

For any fo € F and a bracket size € there exist an F.; with fg, fg(j) € Fe;
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Applying the e-bracket inequalities from the previous display shows that
€
|]P)n,p.f9 - P0f0| S ]P)n,pfe(j) - POfO(j) + m |]P)n,pm - P0m| +e.

The previous display, true for any fo € F.; given an e-bracket, implies the

following supremum over all fo € F given an e-bracket

€
sup |Pypfo — Pofol < sup (P ,fo,, — Pofo, |+

P, ,m — Pym| + €.
foEF fo ;) EF 2Pom ="

Given 7,e > 0 choose a bracket size ¢ < 1/3 and choose N, . by applying the

weak law of large numbers from Proposition 2.2.1 such that for n > N, .

P

P (L P, ;m — Pym| < g) > P (|P,,m — Pym| < 2Pym) > 1— = .

n 9
< §> >1-— INr. for all fe(j) e F.

Prpfo, — FPoleg,

2P0m 2

Hence for n > N, . the previous two displays show that

€
Pl sup ]P)n’pfe(j) - Pofe(j) < g >1-— 5
fo; €Fe
P (sup Py o fo — Fofel < n) >1—¢.
fe€F

The result is proven since 7, > 0 are arbitrary. Wl

The asymptotic properties of extremum estimators from Amemiya [1] is ap-
plied to show the convergence in probability property of the estimators (a&, B) —
(v, Bo) as n — oo. As defined previously prior to Lemma 2.2.4, let [,,(a, ) =

I, B) + nlog(ny).

Lemma 2.2.12. Under the first four convergence conditions of Assumption 2.2.2,
if h(zx) is integrable with respect to the sequence of densities {gs, po, D1, - ..} such
that E,|W(X1)| — Eo|h(X1)| and if h*(x) is integrable with respect to the densities

{g2, 0}, then (d,ﬁ) converges in probability to (o, Bo)-
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Proof: Let © define a bounded compact subspace of R? that includes the
sequence of distortion parameters (o, 3,) for n € {1,2,...} and includes the
limiting distortion parameters (o, 39) such that (a,, 5,) — (oo, 5o). Let @F =
{(a, Bs) : (s, Be) = max(apeo ln(c, B)}. Application of Theorem 4.1.1 from
Amemiya [1], shows that (o, §.) € O}, converges in probability to (ag, Bp) under

the following conditions
(A) The parameter subspace © is a compact subset of R? that includes (v, 3),

(B) l.(«, B) is continuous in («, 5) € O for all t = (), «,)" and is a measurable

function of ¢ for all (o, 3) € ©,

(C) l.(«, B) converges to a nonstochastic function g(«, ) in probability uni-
formly in (a, f) € ©® as n — oo, and g(«, 3) attains a unique global maxi-

mum at (g, Fp)-

Condition (A) is satisfied by construction. Condition (B) is also satisfied since
the profile log-likelihood equation I(«, ) is continuous in (a, ) € © and since
h(x) is integrable with respect to the densities g;(z) and gs(x).

With regard to condition (C), Definition 2.2.6 defines two classes of func-
tions F1(®) and F2(®) with parametric index @ that are used to prove the
uniform convergence in probability condition (D) for Lemma 2.2.4. The proof
of condition (D) for Lemma 2.2.4 shows that F;(®) and F»(®) are parametric
classes with a common Lipschitz bound m(x) = 2(1 + |h(x)|). By assumption
h(x) is integrable with respect to the sequence of densities {gs, po, p1, ...} such
that E,|h(X1)| — Eo|h(X1)|. Hence m(z) and the functions fi(z|a, 3) € F1(O)
are also integrable to the same sequence of densities such that E,|m(X;)| —

Eo|m(X1)| and E,|f1(Xi]a, B)| — Eo|fi1(X1|a, B)| by applying Pratt’s extended
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dominated convergence theorem from Appendix 2B [23]. The specialized weak

Glivenko-Cantelli Theorem 2.2.3 is applied to show for fi(z|«a, 5) € F1(©)

sup | == fi (wula, ) ~ B (i (Xi]a, )] % 0.
i=1

(a,3)€®

Lemma 2.2.2 was previously applied to fa(x|a, 3) € F2(0©) to show

sup |3 f (aala, ) ~ B (f2 (Xala )] 0.
=1

(a,3)EO

The combination of the two previous displays proves the uniform convergence in

probability condition

lln (Oé,ﬁ) -9 (Oé,ﬁ)'

sup
(a,8)€@® | T
P1 1 &
S sup —_— xla,ﬁ_E XO[,B
I T gy g 2o (e )~ E( (X0, 8)
1 &
+ su - 2oilar, B) — B Yolo,
STy g 2 2 ks B) = B fe (el )
Mo

The function g(a, ) and its gradient and hessian have the following forms, as
shown in the proof of Lemma 2.2.4 for condition (D), and as shown in the alternate

proof of Lemma 2.2.5, under the limit condition that X; ~ g; = po

9(0,5) = B0, (0,5)
Vg (0,8) = E. Vi, (a, )

VV'g(a,B) = E%VV’Zn (o, B) .

The actual form of g(«, 3), its gradient Vg(a, 3), and its hessian VV'g(a, 3), are
identified in (2.37), (2.36), and (2.38) within Lemma 2.2.4. The proof of Lemma

2.2.5 shows that g(a, §) has a global maximum at (ag, 5y) where Vg(ag, 5y) = 0
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and where the hessian VV'g(a, ) is positive definite for all (o, 3) € R? under
the assumption that h(z) is non-constant with respect to go. Hence the proof
that (a., f.) € O converges in probability to (ag, 3y) is complete.

Lemma 2.2.6 is applied to complete the proof that (&, B) converges in proba-
bility to (v, Bp), since n~tl,(c, 3) converges uniformly in probability to g(«, 3)
for (a, B) € ® where g(«, ) has a global maximum at («, fy), and since h(z) is

non-constant with respect to g by assumption. Hence the result is proven. B

The proofs of Corollaries 2.2.9 and 2.2.10 remain valid as follows.

Corollary 2.2.11. Under the convergence conditions of Lemma 2.2.12,

if (&, 3) "% (ag, Bo) then (&, 8) and (&, 3) "& (ag, By). W

The following Lemma 2.2.13 provides a counterpart to Lemma 2.2.3 as (o, 5,) —
(a, o). This lemma utilizes the abstract parametric classes F;( f1, f») with para-
metric index © for j = 1,2 from Definition 2.2.3. This lemma, with F;(f1, f2) for
J = 1,2 specialized to '7:](|1k)(®) for k = 1,2 from Definition 2.2.4 and specialized
to .7-"](|2k)(®) for kK =0,1,2,3 from Definition 2.2.4, is applied in Lemma 2.2.14 to

show specific random sample convergence results as (ay,, 8,) — (o, 5o)-

Lemma 2.2.13. Under the first three convergence conditions of Assumption 2.2.2
with m = 2 and with the parametric classes of functions F;(f1, f2) with paramet-
ric index © for j = 1,2 from Definition 2.2.3 with Lipschitz bounds m;(z), if
the functions f(x|a, B) € Fi(f1, f2) and my(x) are integrable with respect to the
sequence of densities {po, p1,D2, ..} such that E,|f(Xi|a, B)| — Eo|f(Xi|a, 5)]
and E,my(X1) — Eymq(Xy), if the functions [ € Fo(f1, f2) and my(x) are inte-
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grable with respect to the density go, and if (o, By) Fp) (v, o) € O, then

P (ﬁn

Zfl ) f2 (tilam, Bn) P (an, Bn) =" E(f1 (X2) f2 (Xz|ow, Fo))

Zﬁ ) fo (tilow, B P (0, ) "2 B (i (Xa) fo (Xalaw, ) -

Proof: The proof of this lemma makes use of expressions (2.23) and (2.24)
from Lemma 2.2.3. Expression (2.23) for j = 1 converges in probability to 0
for any nonrandom sequence (., (i) = (an, Bn) — (ao,Bo) by applying The-
orem 2.2.3 with F specialized to Fi(fi, f2) with parametric index © and by
applying Proposition 2.2.1 with f(x) specialized to m;(x). Expression (2.23)
for j = 2 converges almost surely to 0 for any nonrandom sequence (v, x) =
(vn, Br) — (g, o) by applying Lemma 2.2.2 and by applying the strong law of
large numbers. Combining in (2.24) the convergence results from the two previous
statements for j € {1,2} proves the first result.

Expression (2.23) for j € {1,2} converges in probability to 0 for (., 5.) P&
(v, Bo) by applying Theorem 2.2.3, Proposition 2.2.1, Lemma 2.2.2, the weak
law of large numbers, and by applying Slutsky’s theorem. Combining in (2.24)
the two convergence results from the previous statement for j € {1,2} proves the

second result.

Lemma 2.2.14. Under the convergence conditions defined in Assumption 2.2.2
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Proof: Let © denote a bounded subset of R? that contains {(a,,3,) : n =
0,1,2,...}. As previously shown, the functions f € ]-“;ﬁ,g(@) = F;(h*(z),1),
J € {1,2} with parametric index ©, k € {1,2}, have Lipschitz bounds mﬁ,i(x) =
p;(|h*(z)|+|k* 1 (x)]). Also the functions f € ‘7:](|2k)(®) = F;(h*(z), prwi (x|, B)/

Dy (z|ar, 3)) with parametric index O, 5 € {1,2}, k € {0,1,2,3}, have Lipschitz

bounds mﬁ,i(x) = 3p;(|h*(x)|+|k*(z)]). Under the assumptions of this lemma,

the functions f € ]-"1(|1k) (®) and mﬁ,)ﬁ(:)s) are integrable with respect to the sequence

of densities {po, p1,...} for k € {1,2}. The functions f € ]-"1(|1k)(®) are bounded

by |h¥(z)| such that B,|f| — Fo|f| by applying Pratt’s extended dominated

convergence theorem from Appendix 2B [23]. The Lipschitz bounds mﬁ,)ﬁ(:)s) con-

(1) (T)

1k e Also the functions

verge under the X; densities such that P,m;, — FPym

f e .7-"2(|1k)(®) and mgl)ﬁ(x) are integrable with respect to the density go. Simi-
larly, the functions f € .7-"1(‘2,2(@) and mﬁ,)g(:z) are integrable with respect to the
sequence of densities {pg, p1,...} for k € {0,1,2,3}. The functions f € ffﬁg(@)
are bounded by |h*(x)| such that P,|f| — Py|f| by applying Pratt’s extended

dominated convergence theorem from Appendix 2B [23]. The Lipschitz bounds

(2)

1 . (z) converge under the X, densities such that an(2) — Pom(z,i. Also the

1|k 1
)

functions f € .7-"2(|2k)(®) and méTk (x) are integrable with respect to the density gs.

m

Lemma 2.2.12 shows that (d, () Pr) (v, Bp) under the assumptions of this
lemma.

The first result is proven, under the assumptions of this lemma, by starting
with the definition of i+ from (2.26), and applying Lemma 2.2.13 to the functions
feFO) for j € {1,2} and k =1 as (az, B,) — (., o).

The second result is proven, under the assumptions of this lemma, by starting

with the definition of 67 from (2.28), and applying Lemma 2.2.13 to the functions
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. ~ A P(Br)
fe .7:;‘1,3(@) for j € {1,2} and k € {1,2} as (&, 3) =" (o, fo)-
The third result is proven, under the assumptions of this lemma, by starting

7

with (2.29) and (2.30), applying Corollary 2.2.11 to (&, 3), applying Lemma 2.2.13
to the functions f € fj(‘lk)(@) for j € {1,2} and k = 1 as (&, 8) P (v, Bo),
applying Lemma 2.2.13 to the functions f € fﬁg(@) for j € {1,2} and k €
{1,2,3} as (4, ﬂ) P (v, (o), and by applying Slutsky’s theorem.

The fourth result is proven, under the assumptions of this lemma, by starting
with (2.33), applying Corollary 2.2.11 to (d,ﬁ), applying Lemma 2.2.13 to the
functions f € .7-"](|2k)(®) for j € {1,2} and k € {0,1,2} as (&, 3) P (ap, By), and

applying Slutsky’s theorem. W

Lemma 2.2.15. Under the convergence conditions defined in Assumption 2.2.2,
D,, converges in probability to D(ay, 5o) as defined in (2.59)

D, "% D (ay, By) = 20 <_2ﬂhﬁo, Bo. Q (a0, Bo) S7 (QO’/@O)) ’

Proof: Lemma 2.2.14, the continuous mapping theorem, and Slutsky’s theo-

rem are applied to prove the result. H

Theorem 2.2.4. Under the convergence conditions of Assumption 2.2.2, ZZ con-

verges to a Gaussian random variable Z .

Proof: The convergence in distribution of Z:L as 3, — [Py is established using
Slutsky’s theorem, Lemma 2.2.15, and Lemma 2.2.9

7 =Dy, 7 = DY ~N(0,D'ED)
where D = D(ay, (o) as defined in (2.39). B

Corollary 2.2.12. If the limiting distortion parameters («o, Bo) identify a null
distortion, (0,0) then the limiting distribution of Z is a standard Gaussian dis-

tribution: Z ~ N(0,1).
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Proof: Direct calculations are used to show the following

p1 1 pion |00

Q(O>0):(O>2U}%)as(0>0):7 , Vo=
(1 +p1>2 /”Lh ,Uh2 (1 +p1)4 O ].

The result is proven by first calculating D(0,0)

14 2 / /
D(O?O) = w (07 07 —Hh, 1) = (D17 D27 D37 D4)

P10k
Ds

D'YED = <D3 D4) Vo =1.1
D,

2.2.1.1 Gaussian Example

In this section, an example of the asymptotic 7" distribution is calculated where
X and X5 have Gaussian distributions with different means p; and uo, and with
a common variance o2 = 1, as described in section 2.1.1.1.

Concerning the convergence conditions of Assumption 2.2.1, h(x) is contin-
uous and non-constant with respect to the Gaussian density, and h*(z) = 2% is
integrable with respect to the Gaussian density for £ = 1,2, 3,4 as identified in
section 2.1.1.1. Hence the convergence conditions are met that allow (&, 3) to
converge in probability to their true value (g, Fp). Also the convergence results

~ %

of (2.13), (2.14), (2.15), (2.16), (2.17) are valid. In conclusion, Z

, converges in
distribution to Z" identified in (2.44). Figure 2.1 graphs the variance of 7" versus
the difference in means of X; and Xs.

Concerning the convergence conditions of Assumption 2.2.2, the Gaussian
density p(x|u,0?) is a continuous function of its parameters (u,c?) such than
g1(z) = p(z|p1,0%) — g2(x) = p(x|pe, 0?) for all z € R as py — po. The distor-

tion parameters (o, 3,) are also continuous functions of the Gaussian parameters

(i, 0?) as identified in section 2.1.1.1 such that (a,,, 3,) — (0,0) as p; — po. The
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Variance of Semiparametric Statistic versus difference in M eans
T T T

0.8
-2

Figure 2.1: Variance of 7" versus p1 — pe when X ~ N(uq,1), Xo ~ N(pg, 1).

function h(z) = x is continuous and non-constant with respect to the Gaussian

k is integrable with respect to the sequence of Gaussian den-

density, h*(z) =
sities for k € {1,2,3,4} as identified in section 2.1.1.1, and E, X} — EyX} as
1 — po. Hence the convergence conditions have been met that allow Z:L to

converge in distribution to Z* ~ N(0,1) as 5, — 0.

2.2.1.2 Gamma Examples I and II

In this section, two examples of the asymptotic 7" distribution are calculated
using gamma distributions. For Example I, X; and X, have gamma distributions
with a common shape parameter o, = 1 and with different scale parameters 3,;
and (3,2 as described in section 2.1.1.2. For Example II, X; and X, have gamma
distributions with different shape parameters o.,; and o,2 and with a common
scale parameter 3, = 1 as described in section 2.1.1.3.

Concerning the convergence conditions of Assumption 2.2.1 for the Gamma I

example, h(z) is continuous and non-constant with respect to the gamma density,
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and h*(x) = 2% is continuous, non-constant, and integrable with respect to the
gamma density, for £ = 1,2, 3,4 as identified in section 2.1.1.2. For the Gamma
IT example, h(z) is continuous and non-constant with respect to the gamma
density, and h*(z) = log"(x) is integrable with respect to the gamma density, for
k =1,2,3,4, since the moment generating function, Miog(x,)(t) j = 1,2, exists
for ¢ in a neighborhood of 0 as identified in section 2.1.1.3, see Cassela and Berger
(1990) [6] Definition 2.3.3 and Theorem 2.3.2. Hence the conditions are met that
allow (@, ﬁ) to converge in probability to their true value (g, Fy). Also for both
examples, the convergence results of (2.13), (2.14), (2.15), (2.16), (2.17) are valid.
In conclusion, 7, converges in distribution to Z" identified in (2.44).

Concerning the convergence conditions of Assumption 2.2.2 for the Gamma
I and II examples, the gamma density p(z|a., 8,) is a continuous function of its
parameters (o, 3,) such that gi(z) = p(x|co, 5y1) — g2(z) = p(x|ay, By2) for all
v € R as By1 — By and gi(z) = p(afoy, 8;) — g2(x) = p(afae, 8;) for all
r € RT as a,; — 2. The distortion parameters (a,,, 3,) are also continuous
functions of the gamma parameters (o, 3,) as identified in sections 2.1.1.2 and
2.1.1.3 such that (a,,3,) — (0,0) for both Gamma I and II examples as (3,1, —
B2 OF @y; — tyg. The functions h(x) = z for the Gamma I example, and h(x) =
log(z) for the Gamma II example, are continuous and non-constant with respect
to the gamma density; h*(z) is integrable with respect to the sequence of gamma
densities for k € {1,2,3,4} as identified in sections 2.1.1.2, 2.1.1.3, and above;
E,X{ — EyX{ as 5,1 — (B42; and E, log*(X1) — Eplog*(X,) as a1 — aup since
the moment generating functions converge. Hence the convergence conditions

have been met that allow Z, to converge in distribution to Z° ~ N(0,1) as

Bn — 0.
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Figure 2.2 graphs the variance of 7" versus a range of 3,; parameter values
for X; with 8, = 3 for X,. Figure 2.3 graphs the variance of 7" versus a range

of a1 parameter values for X; with o, = 3 for X,.

Variance of Semiparametric Statistic versus Gbetal
T T T

12 T T

Figure 2.2: Variance of Z versus By1 when X; ~ Gamma(l,3,), Xo ~

Gamma(1, 3).

Variance of Semiparametric Statistic versus Galphal

Figure 2.3: Variance of 7" versus o, when X; ~ Gamma(o,,1), Xy ~

Gamma(3,1).
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2.2.1.3 Log Normal Example

In this section, another example of the asymptotic 7" distribution is calculated
where X; and X, have log normal distributions with different u;; and ;o para-
meters and with a common o7 = 1 parameter as described in section 2.1.1.4.
Concerning the convergence conditions of Assumption 2.2.1, h(x) is continu-
ous and non-constant with respect to the log normal density, and h*(x) = log"(z)

integrable with respect to the log normal density for k = 1,2, 3,4, given
E (h*(X;)) =E (Y}) where X; ~ LN (w;,07), Y; ~ N (;,07)

and using the moments identified in section 2.1.1.1. Hence the conditions are met
that allow (&, ﬁ) to converge in probability to their true value («y, 3y). Also the
convergence results of (2.13), (2.14), (2.15), (2.16), (2.17) are valid. In conclusion,
7. converges in distribution to Z identified in (2.44). Figure 2.4 graphs the
variance of 7~ versus a range of y;; parameter values for X7 with p;o = 0 for Xo.

Concerning the convergence conditions of Assumption 2.2.2, the log normal
density p(z|u;,0?) is a continuous function of its parameters (y;, 0?) such that
gi(x) = plalpn, 0f) — ga(x) = p(a|pe, of) for all z € RT as py — jus. The
distortion parameters (o, 3,) are also continuous functions of the log normal
parameters (py,07) as identified in section 2.1.1.4 such that (o, 3,) — (0,0)
as 1 — fy2. The function h(z) = log(z) is continuous and non-constant with
respect to the log normal density, h*(z) = log®(z) is integrable with respect to
the sequence of log normal densities for k € {1,2,3,4} as identified above, and

E,log*(X1) — Eylog*(X)) as 1 — pua. Hence the convergence conditions have

been met that allow Z, to converge in distribution to Z° ~ N(0,1) as 3, — 0.
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Figure 2.4: Variance of 7" versus pn when Xp ~ LN (1, 1), Xo ~ LN(0, 1).

2.2.1.4 Limiting Example as (ag, ) — 0

In this section, the limiting distribution for a sequence of 7" random variables is

calculated as (g, fp) approaches 0.

0
0 00 1 2
D—| |, 5 Vi [T
0 00 h \ =y, 1
Oh
P1 o Hh3 — Hnfth2
D
L +p)™ \ s — pngne s — 172
, 0 0
D'MSMD;, — (¢ o), +10 o, ) Va =1 (2.45)
0 Ohp

The previous display shows the distribution of A approaching a N(0,1) distri-
bution as («, Jy) approaches 0. This result is expected since the original Zn
statistic converges to a N(0, 1) random variable when (ag, 3y) equals 0, see sec-

tion 2.1 (2.6).
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2.2.2 Asymptotic Distribution of the T Statistic

In this section the asymptotic distribution is found for the common T statis-
tic. In the first subsection, the independent random samples are assumed to be
distributed according to two Gaussian densities with different means and with
a common variance. In subsequent subsections, this Gaussian assumption is re-
laxed. Let T? rename the T? random variable defined by Cassela and Berger
(1990) [6] in Theorem 11.2.2 for the case k = 2. Let @1 = (211,...,%1n,)" rEp-
resent a random sample from X;. Let @y = (221, ..., 22,,)" represent a random

sample from X5 independent of ;.

Ti1y o5 Ting Xl with gl(x) = (/J“la U%) pdf

Loty ..., Top, ~ Xo with go(x) = (,u2,a§) pdf
ny (T — &) = (i — 1))° + g (B — 7)) — (2 — 1))°

T2 =
n 2
S,
1
Si = ((n1 = 1)ST + (n2 — 1)S3)
1
_ 2 .
S?: n-—lz(xji_xj') for j =1,2
J i=1
1 & 1 G
Zf'j. = —Zl'ji fOl"j = 1,2 and T.. = —ZZZIZ’jZ‘
(L [

For the case where X; and X, have Gaussian distributions with a common vari-
ance, then T2 follows an F' distribution with (1,n — 2) degrees of freedom, and

T,, follows a student ¢ distribution with (n — 2) degrees of freedom

X1 ~ N(,ul,az) and X1 ~ N(M170'2>

T2~ Fipgand T, ~t, 5.
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After a little algebra, the T,, random variable is rewritten as

1+1p1\/”1 (1 — ) = o/ (Zo- — p2)
Sp ‘

T, =

Under the null hypothesis Hg : p11 = o, the T,, random variable becomes

Ton — n1no (i’l. — ,’fg.) .
V. n Sp

2.2.2.1 Asymptotics of T Statistic Assuming Normality

In this section, the independent random samples are assumed to come from two

Gaussian densities with different means p; # po and with a common variance o2

Xl ~ N (,LL1,O'2) ) X2 ~ N (:u270-2)

Lemma 2.2.16. If ¢, a random sample from X1 ~ N(uy,0?), is independent of
Xy, a random sample from Xy ~ N(us,0?), then T, converges in distribution to

a standard Gaussian random variable N(0,1).

Proof: The asymptotic distribution of T,, is found by using the independence
property of X; and X, by applying the law of large numbers, by applying the

continuous mapping theorem, and by applying Slutsky’s theorem

vny (zy. — A
(@1 = ) ~N(0,0°L) % | 71| ~N(0,0%L,)
Vg (Ta — po) Z
1—|—1p1 Zl o l-ll.ilpl Z2

P d
25 62and T, ST, =
b o

~N(0,1). m (2.46)

Under the null hypothesis Hy : 13 = o, the Ty, statistic also converges to a

standard Gaussian random variable

Ton = 1/ 22 (5”1' — 5”2') 4 Ty ~ N(0,1) . (2.47)
n Sp
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As shown in sections 2.2.2.2 and 2.2.2.2.1, the multivariate central limit theorem
is applied to find the asymptotic distribution of Ty, minus a suitable offset under
the conditions of the alternative hypothesis Hy : puy # o when X; and X, are
not necessarily Gaussian. In this section a direct approach, that does not rely on
the multivariate central limit theorem, is used to find the asymptotic distribution
of Ty,, minus a suitable offset when X; and X, are Gaussian. Also in this section,
the mean and variance for the offset Ty, statistic is shown to converge to the mean
and variance of the asymptotic distribution for the offset Ty, statistic under the
Gaussian assumption.

In the following display, the Ty, statistic minus a suitable offset, is rewritten

as the linear combination of three random variables

nn X1. — To- —
LetTSnE /1712(18@_#10/12)
D

1 1 1
= o\ TV @) — T

Sp 1+ Sp 14+ p

M1 — M2 P1 2 2
_ q2 _
<s§a+sp02> oY 5=

which is rewritten in vector notation as T, = D.Y,

V2 (T = pi2)

1 1

S,V 1+m Yin VI (T — )
_ 1 _ ;
b, = SV Y0 =y | Z | V2 (T2 — o)
- 2
- (st2) Vi w) i

For convenience of notation, the components in the decomposition of T{,, are de-
noted as (D,,,Y ). The components of (D,,,Y ) represent stochastic quantities
that are different from the identically labeled components in the decomposition of

7. see (2.10) and (2.11). In other words, the symbols D, and Y, are overloaded.

Lemma 2.2.17. If x1, a random sample from X, ~ N(uy,0?), is independent of
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Ty, a random sample from Xo ~ N(uq,0?), then Ty, converges in distribution to

a Gaussian random variable Tj.

Proof: Section 2.1.1.1 identifies the first four moments for X;. The law of large
numbers and the continuous mapping theorem are applied to find the asymptotic
limit for Si and S, since Xf is integrable for j = 1,2 and k£ = 1,2. Hence, D,,
converges to D. Since ¥y, and ys, are independent, the joint distribution for
(Y1n, Y2n)" is the product of the marginal distributions for y;,, and for ys,. The
bivariate Gaussian distribution for (yi,,ys,)" remains the same for all n, while

the marginal distribution for ys3, evolves with n

S? —o*and S, —» o

/
D, — D= pP1 M2 p1
" 1+p1 1+p1 203 (1+p1)?

n ny(r1. —
U1 — \/_1( 1 Ml) NN(O’UQIZ) i

Yon Ve (Ta. — p2) Y2

v ~ N (O, 0’212)

S? n;—1
(nj—l)o_—éwGamma(]Tﬂ),j:lﬂ
fSQNGamma< 22 n{Q )
2204) — (0,20%) .

The log of the moment generating function for ys, follows

_ 2 _ 2\ n
o = Vi (5 ) o (0.0

n—2
NG T n—2\ 1
My3n (t) = (1 — m202t € t, t < \/ﬁ ﬁ

-2
log My, (t) = —/no’t — nT log <1 — %20215)
n

[e.e]

k
-2 1
:_\/50'2154-—”2 E T <—\/ﬁ2202t) )
n_

i

20%t| < 1
n—20

o 4,0
= ——0"t R, (t
ot (t)
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where the remainder term R, () has the following form

Vo,

n —

[e.e]

R, (t) = ngzz% (n—gzazt)k,

ot <1

AL, P (M os2)
2 (n—QU ) Zl{:(n—2g

k=3

The remainder term R, (t) converges to zero, so that the mgf for ys, converges
to the mgf for a Gaussian random variable for all t in a neighborhood of zero.
Hence, by the convergence of mgfs theorem 2.3.4 [6], y3,, converges in distribution

to a Gaussian random variable

3 [e'e) k
n2 Vn n—2 1
R, ()] < ——=40%* ) | —~—20%| , |t —
0] S e S [Pt <
3 —1
S 240—%3(1— ﬂzo—%)
(fn,— n—2
—>g:0

M,, — e”4t2, t € (—o0,00)

Ysn > y3 ~ N (0,20 .

Each of the components of Y, are independent, since Z;. and S? are independent
and Z,. and S} are independent. So that the distribution of Y, is the product of
the joint distribution for (y1,,¥2,)" and the marginal distribution for ys,. Hence,

the distribution of Y, converges to a multivariate Gaussian distribution

U1 0 o?
Ys3 0 20’4

and the asymptotic distribution for T, follows by applying Slutsky’s theorem

L o (o —p2)?
T =DY, 4T =DY ~N(01+-= Hm (24
On n — 1o (07 + 2 (1 + p1)2 o2 ( 8)
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For convenience of notation, the components in the decomposition of the as-
ymptotic random variable T} are denoted as (D, Y ). The components of (D,Y)
represent random variables that are different from the identically labeled compo-
nents in the decomposition of the asymptotic random variable Z*, see (2.44).

As a check of (2.48), it is possible to show directly that (E(Tj,), Var(T5,,))

converges to (0,1 + %(HPW(M;%)Z)

Proposition 2.2.2. If X; ~ N(uy,0?) and Xy ~ N(us, 0?) are independent then

E(T5,) converges to zero.

Proof: First, the mean of (Z;. — Z.)/S, is found, using the independence of

the elements of (7., Zs., Si)

E (:El. S_pzz) _ ;m (n . 2)% igzzg o)

and then the limit is found as n — oo using Stirling’s gamma approximation.

Let p=n/2—2 and let p, = (n —1)/2 — 2. Hence

2\ % I (253) T (p. +1)

n— N 1 T (ps

=p+1)?2 ———= 2.50

( ) (7 =@t L'(p+1) (2:50)
1

it D(pa+1) V2me Ppts

pp—"_% \/%e_p*p{:*—‘r% F (p + 1)

(122) (1 hy) Ly e
:e J—
Varerph T Tp+1)

and E <:171. _ x2.> N i He where — is shorthand for nloe .
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It will be shown in Lemma 2.2.18 that
<<n - 2 n2) 3
n n —
2 T) 2
n — 2

)
(05 rE ) () v )

The previous display and equation (2.50) are used to show

(%) T2 +1) =2
() T )

Hence, the result is proven that

E(To,) = % (Ml ;m) <(1 flpl?)én ((7152) EEZ; ) 1)

0.1

Lemma 2.2.18.

n <(n;2) ;z E:z:zg _ 1) n g . (2.51)

Proof: A change of variable and Stirling’s gamma function approximation are

used to analyze (2.51) Let p=n/2 -2, p, = (n—1)/2—2, and ¢ = 1/p. Hence

n ((n ; 2) ;z Eg; _ 1) (2.52)

o, 2(pet1)
2me Prp, 2
~2(p+2) | 0+1) L1 (2.53)
271-@—217]9 (p+2)
2 ,
2(1+2 (1-g)7e’ 1 _ g
q) . +2(1+29) (1 5) ¢ (2.54)

—n <e1 (Z:j) (Z:E)H_ 1) . (2.55)
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It will be shown in Lemma 2.2.19 that

- o((2) Bog) 1) .
n=00 (el (53) ()" - 1)

so that equation (2.55) is a large number approximation for (2.52).

With (1 — ¢/2)%7 = exp((2/q) In(1 — q/2)), L’hospital’s rule shows

2
ql0 q ql0 2 q2—lq3
g 2= (1-) 4
ql0 q2_%q3
— _ g
= —lim In ( - :)
ql0 2q—§q2
-1
_ipi=9)
qlo 2—3¢q
__1
=7

Hence, the previous display converges to the desired result as ¢ | 0
1 L, 1 3
(2.54) - 2 x 1 x ~1 +2x1xe e:—§—|—2:§.l (2.56)

Use of Stirling’s gamma function approximation in (2.53) is appropriate due

to the following result.
Lemma 2.2.19. FEquation (2.55) is a large number approximation for (2.52).

Proof: The following bounds on Stirling’s gamma function approximation are

taken from Rao (1973) [23] 1le.7

n— 1
o) < F(Tnil) - < e2("2’)
VoR (252) T o
1 n—4 1
o2(%2?) < : (Tigl < o2(*)



After some algebra, the previous display leads to
n_oy T
(52 B 1)
2 <1+ S
(@GR o) S
1 1
R,=n (em_m _ 1)
n—4
1(n—2\(n—>5
n(e <n—4) <n—4) )

The limit for R,, is found by using L’hospital’s rule. The limit for S,, was previ-

—_
AN

Sn

ously found, see (2.55) and (2.56). Let ¢ = 1/n.

s (5 (its) =53 (isg)+3) — 1

lim R,, = lim

n—00 ql0 q
2 2
i o3 (3() -3 ()+h) L 1 1
ql0 3 1—5¢q 1—3¢q
1
—1x=x(1—-1)=
X 3 X ( )
3
i n= =
Jim Sy = 5

Hence (2.53) is a large number approximation for (2.52) since
n—2y I*(*3°)
o) R -
lim "
(e (52) (32" - 1)

Proposition 2.2.3. If X; ~ N(uy,0?) and Xy ~ N(ps, 0?) are independent then

=11

the variance of Ty, converges to the variance of T

Proof: The result is proven using the previous results of (2.49) from Proposi-
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tion 2.2.2 and of (2.51) from Lemma 2.2.18.

_ _ 2

1. — Xo- _ _\2 1
Bl ") gz, - 5)E(=
(57) ~pin-are(g)

E
() 7"+ o — o) (222) g
(

n—4 o2

2.2.2.1.1 Gaussian Example

In this section, an example of the asymptotic T; variance is calculated where X,
and X5 have Gaussian distributions with different means u; and po, and with a
common variance o = 1 as described in section 2.1.1.1. Figure 2.5 graphs the

variance of T versus the difference in means of X; and Xo.

2.2.2.2 Asymptotics of T Statistic Without Normality

In this section, the independent random samples are assumed to come from two

distributions, not necessarily Gaussian, with finite mean and variance

L1153 Ling ° Xl with g1 (l’) = (/J“ly U%) pdf

To1s ..., Topy ~ Xo With gy (7) = (Mz,Ug) pdf .
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Variance of T Statistic versus difference in Means

Figure 2.5: Variance of Tf versus p; — po when Xy ~ N(ug, 1), Xo ~ N(pg, 1).

With these assumptions, the asymptotic distribution of Ty,, minus a suitable

constant, is found under the conditions of the alternative hypothesis Hy : 3 # po.

n T1. — To. —
Let TSnE / 1:2( 1 . 2 _Mla Mz)
D p

o = P1
Pool4p

2 2
o7 + o
1 1+p12

By direct linear expansion, T, is expressed as the linear combination of four

random variables and a bias term

ning (T1- — p1 Toe — f2 | H1 — M2
Ton =1/ < — + (op —S ))
0 n Sp Sp oS, 7
_[ane Ty —p1 Toe — o
V n Sy Sp
mng (n1 5 mi—1lg N2 5 ma—1\ (11— p2)
—o0] — S{+ —05 — S
n (ngl n—2 D n—2 2)UpSp(ap+Sp)

_l_

= /1 (1. — p1) Dip + /m1 (73, — B (X7)) Dan

+ /N2 (Za. — pi2) D3y + /02 (75. — E (X3)) Dy + By,
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where the coefficients are defined as

Do = L1 pi (@) (i — o) ( n )
In = 5 T 3
14 p1Sy (I+pm)" oS (0p+5) n—2
Do — Pt (1 — pi2) ( n )
2n — = 3
(1+ p1)” 0pSp (0p +5p) \n—2
Do =_ |_P 1 pr_ (Ta + pio) (1 — pro) ( n )
3n = o T 3
L+ p1 Sy (1+p)"  0pSp(0p+5) n—2
D P1 (11 — p2) < n )
n = —
(1+ p1)” 0pSp (0p +5p) \n —2

and where the bias term is defined as

_ pr 0p (i —p2)
Bn = 2\/ (14 p1)?Sp(0p+Sp) (n—2)°

Tan is then written in vector notation.

T, =D.Y,+ B,

Dy, Yin Vi (Z1e — )
D>, n n (22, — E (X?
D, = 2 Y, = Y2 _ V(T (X7)) (2.57)
D3, Ysn V12 (T2 — pi2)
Dy, Yin V2 (3. — E(X3))

It follows immediately that Y, has a mean of 0. Assuming that the first four

moments are finite for X; and X,, then Y, has a constant variance matrix for

all n
3 XJ _E(XJ)
Y,~(0,%), ¥= , 2 = Var (2.58)
0o X X]2 —E(Xj?)
o2 E(X3) — u:E (X?
5, = j ( ]) Hj ( J) =12

B (X))~ B (X)) B(X)) - B (x3)



Lemma 2.2.20. If the first two moments of X1 and X, are finite, then D,

converges in probability to D and B,, converges in probability to zero.

Proof: The law of large numbers and the continuous mapping theorem are

applied to show

1 N kP k .
n—j;xjieEXj for j € {1,2}, k€ {1,2}
S, 5o,

The previous display is used to find the convergence in probability limit for the
four coefficients in D,, and the bias term B,,/ D}, assuming the first two moments

of X, and Xj are finite

/1 1 /i (p1—p2)
Dl 14+p1 op + (1+;1)3 241 0-2
_ ot ] (1 —p2)
Dn i D D2 (1‘|’Pl)3 202

_ pr_ 1 p (p1—p2)
D3 1+1p1 op (1+;1)3 2 102
p1 (p1—p2)
Dy _\/ (1+[1)1)3 120;?32
B £ _ P1 (Ml_M)xO:OI
! (1+p1)*  op

Lemma 2.2.21. If the first four moments of Xy and Xy are finite, then the
random vector Y ,, converges in distribution to a multivariate Gaussian random

vector'Y .

Proof: The multivariate central limit theorem ([23], 2¢.5) is applied to find
the asymptotic distribution for the random vector Y ,, assuming the first four

moments of X; and X, are finite

Y, %Y ~N(0,%), Var(Y,,) = = = Var (Y)
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by showing every linear combination of Y, converges in distribution to a uni-

variate Gaussian distribution

2 =AY, 5 2=XY ~N(0, NN (2.59)

A= (A/lvA/2>/7 A= (M, Aizy)s A = (Aar, A)

The Lindeberg-Feller form of the central limit theorem ([23], 2¢.5) is applied to
show (2.59).

Lethi:—)\,- ~ G, Gz, ]_2 1=1.

1
Zj~ (E(Z;),Var (Z;)) = <07 p_A;EjAj> , 7 =1,2
J
Let CT2L = Zvar (Zli) + ZV&I (ZQZ')
i= i=1
= %)\/121)\1 + n2A5 0 A0 = np AT
1

The Lindeberg-Feller convergence condition, as specialized to (2.59), is satisfied

for any ¢ > 0

(Z/ e, Z [ ot >)

__M 2 1 2
s [ 10e1 > <€) 26 2) + g [ 11121 > 260) 2 (2)

—0asn oo

since Var(z,) = XX is constant and finite for all n and since the convergence of
the two integrals to zero follows by applying the dominated convergence theorem.

Hence

Doim 2t D2 i d 4N

VNN ZX

(0,1)
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which proves the result that

plnl 1n2 1 n1 no
LN(@O,NEN). .

In conclusion, Lemmas 2.2.20 and 2.2.21 are combined to find the asymptotic

distribution for T¥,.

Theorem 2.2.5. If the first four moments of Xy and Xy are finite, then Tj

mn

converges in distribution to a Gaussian random variable Tj.

Proof: The asymptotic distribution for T, is found, by applying the results

of Lemmas 2.2.20 and 2.2.21, and by applying Slutsky’s theorem
T;, =D.Y, +B,/D; % T;=DY ~N(0,D'SD). &

In order to derive the Pitman efficiencies, the following results show that T§,
converges to a standard Gaussian distribution T ~ N(0,1) if g1(z) = p,(z) —
g2(z) almost everywhere as n — oo. In the sequel, let the operators E, () and
Var,(-) denote expectation and variance with respect to a density that varies

with n.

Lemma 2.2.22. Let {p,(z) :n=0,1,2,...} define a sequence of density func-
tions where X1 ~ p, at time index n such that p,(x) — po(z) almost every-
where. Let Xy ~ go. If B | XF| — Eo|XF| for k € {1,2} and X% is integrable for
k € {1,2}, then D,, converges in probability to D and B,, converges in probability

to zero.

Proof: At time index n, let {z,; : i = 1,...,n;} denote a random sample

from the probability distribution P, associated with the density p,,. Proposition
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2.2.1 with f(x) =z and f(x) = 2% and with p = p; shows that

ng

RS k B k
g xS EoX{, for k€ {1,2}.
n — 01 { }

Let x9; ~ go for i = 1,...,n9. The independent identically distributed version of

the weak law of large numbers is applied to show

1 &
— N a2k B EXE, for k€ {1,2}, .
"2 53

The two previous displays together with the continuous mapping theorem are
used to show S, Dy op. The previous statement in combination with the two

previous displays proves the result. B

Lemma 2.2.23. Let {p,(z) :n=0,1,2,...} define a sequence of density func-
tions where Xy ~ p, at time index n such that p,(x) — po(x) almost everywhere.
Let Xy ~ go. If B | XE| — Eo|XF| for k € {1,2,3,4} and X5 is integrable for
k € {1,2,3,4}, then the random vector Y, converges in distribution to a multi-

variate Gaussian random vector' Y

Y, "y ~ N0, %)
Yin X0
Var, (Y,) =%, = — ¥ = = Var, (Y)
3 3

where Y ,, remains as defined in (2.58) with EXT replaced by E, XT fork € {1,2},
where 3y, and X9 have the same structure as 3 defined in (2.58) with EXf
replaced by E,X¥ in 3y, for k € {1,2,3,4} and with EXY replaced by Ey XY in
Yo for k€ {1,2,3,4}, and where 3y remains the same as defined in (2.58).

Proof: As shown in Lemma 2.2.21, the multivariate central limit theorem
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([23], 2¢.5) is applied to show the convergence in joint distribution of Y,

— Y, "L = NY ~ N (0, NEN)
A=(LAD ) A= (O, Aizy) Ae = (Aar, Aaa)

The Lindeberg-Feller form of the central limit theorem ([30] , Proposition 2.27) is
applied to show the previous display. Let z;; and C,, remain defined as in Lemma

2.2.21 such that fort =1,...,n; and j = 1,2
215 Gn,zli = Gn,ZU z2i ™ ngi = GZ2
1
Zl ~ (En (Zl) ,Varn (Zl)) = (0, p—A/lzlnAl)
1
1
ZQ ~ ( (ZQ) Var (Zg)) (0, p_A/222A2>
2
ni n2
= Z Var,, (21;) + ZVar (205) = N AT .

i=1 i=1

The Lindeberg-Feller convergence condition, as specialized to z;;/C,, is satisfied

< ) o)

I(|z] > eCy) 22dG 4, (2)

for any ¢ > 0

( /c |5e <i>2dGn,zh~< ) +

_ P
—inA/I(|z| > eC,,) 22dG,, 7, (2

—0asn oo

where

— 21 S 224

;Varal + ;Varo—n =
since both integrals converge to zero by applying Pratt’s extended dominated
convergence theorem from Appendix 2B [23] with Var,Z; — VargZ; < oo and

with Var Z, < oo and since A'E, X — X3\ < oo, hence

ni no
Dimy 21t D it 2 d(Pn)

VNN, A

(0,1)
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which proves the result that

Y, N O,NZN) ..

Theorem 2.2.6. Let {p,(z) :n=0,1,2,...} define a sequence of density func-
tions where Xy ~ p,, at time index n such that p,(x) — po(x) almost everywhere.
Let Xo ~ gy. If E,|X}| — Eo|XF| for k € {1,2,3,4} and XX is integrable for
k€ {1,2,3,4}, then Tj, converges in distribution to a Gaussian random variable

T

Proof: The asymptotic distribution for T§,, is found, by applying the results

of Lemmas 2.2.22 and 2.2.23, and by applying Slutsky’s theorem

T, = DY, + B, "% T; = D'Y ~ N (0, D'S,D). B

In order to satisfy the convergence conditions that E,|X¥| — E¢|XF| for
k € {1,2,3,4}, it suffices to show that E,X{ — E¢X;}. The remaining mo-
ment convergence conditions are satisfied by applying Pratt’s extended domi-
nated convergence theorem from Appendix 2B [23] since |z*| for k € {1,2,3} is
bounded by 1+ 2. In order to satisfy the integrable moment conditions on X3
for k € {1,2,3,4}, it suffices to show that X3 is integrable. The remaining inte-
grable moment conditions are satisfied since EXj < oo implies that E|X5| < oo

for k € {1,2,3} by applying the Lyapunov inequality.

Corollary 2.2.13. If the limiting density po(x) is the same as the reference den-
sity ga(x) then the limiting distribution of Tj is a standard Gaussian distribution:

T ~ N, 1).

Proof: Under the assumptions where ji; = pg and o} = 05 = o2, direct
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calculation shows that

0'p *
, g = dg =
1+p1 crp 1+p1 op 10 2
Xk

Hence the result is proven since D’3yD =1. R

For convenience of notation, the components in the decomposition of the
random variable Tf, are denoted as (D,,Y,), and the components in the de-
composition of the asymptotic random variable Tj, are denoted as (D,Y). The
components of (D,,,Y,,) and of (D,Y) are different from the identically labeled
components in the decompositions of the random variable Z:L and of the asymp-
totic random variable Z | see (2.44). In a similar manner, the covariance structure
3} of the random variable Y from the decomposition of the asymptotic random
variable T} is different from the identically labeled covariance structure of the
random variable Y from the decomposition of the asymptotic random variable

The next subsection shows that the variance of T} reduces to (2.48) under

the Gaussian assumption.

2.2.2.2.1 Gaussian Example

In this section, an example of the asymptotic T} distribution is examined where
X; and X, have differing Gaussian distributions. The integrable moment cond-
tions of Theorem 2.2.5 are satisfied since the Gaussian distribution has finite

moments of all orders. Given X; ~ N(y;,07), for j = 1,2, then
E(X}) = 2075, E(X}) = 207 (0] + 241) -

The additional convergence conditions of Theorem 2.2.6 are also satisfied since

the Gaussian density is a continuous function of its parameters such that the
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X density gi(z) = N(u1,0?) converges to the X, density ga(x) = N(po,03) as
(p1,0%) — (po,03) for all z € R and since the fourth moment is a continuous

function of the Gaussian parameters. The resulting variance for Y is

S 0 1 2
Var(Y)=S= | i ey 1 Cforj=1,2

0 3 215 2 (032- + 2,[Lj)

and the variance of Ty = D'Y ~ N(0, D'YD) is

/ Dl D3
D'¥YD = D, Do b + Ds D, b
D2 D4
1 Uf 1 pt o 2
1+ - Ly —
P1 02 1 1 o3 2)
22 (14 = 22 00—
L+ pio? ( 2(14py)’ o (= p2)
_(of+pio3) 1 (piof +03) 2
L IR

5) L
~ (p1o? +02) (pro? + a2)°

If X; and X, have common variances o7 = 03 = 0?2 as described in section 2.1.1.1,

then the resulting variance for T is consistent with previous results from (2.48)

1 P1 (Ml - /~L2)2
D'YD =1+= 5
2(1+4p1) o’

2.2.2.2.2 Gamma Examples I and II
In this section, two examples of the asymptotic T distribution are examined
where X; and X, have differing gamma distributions. The integrable moment

condtions of Theorem 2.2.5 are satisfied since the gamma distribution has finite
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moments of all orders. Given X; ~ Gamma(a,,, 3,;), for j = 1,2, then

E (X}) = ayj(oq; 4 1) () + 2) (0 + 3) 55, -

The additional convergence conditions of Theorem 2.2.6 are also satisfied since the
gamma density is a continuous function of its parameters such that the X; density
g1(x) = Gamma(a,1, 3,1) converges to the X, density g(z) = Gamma(a,e, 552)
as (ay1,051) — (42, 0y2) for all x € RT and since the fourth moment is a

continuous function of the gamma parameters. The resulting variance for Y is

1 0
Var(Y) =X

0 3

1 2(ay; + 1)5,;
Ejzawﬂ% (o )B4 2 =12
Q(O"m' + 1)6“0' 2(0‘71' + 1)(20471' +3) Y

and the variance of Ty = D'Y ~ N(0, D'YD) is

, D, D;
D'YD = D; D, 3 + Ds Dy b
D2 D4

1 2 - - 2 2
— %1 <1 — 28, (11— p2) pa +ﬁ31 (a1 +3) (1 — pa) P1 )

1+ py o2 op 14 205 (L+p)’

2 — 1 — ) 1
P1 2 (1 4 2572 (:ul ,u2) + 532 (042 + 3) (:U“l IU“Q) )
1

1+ py 02 o2 1+4p 205 (14 p1)°

p p
(U%WLPlU%) 2 2 (,Ul _,U2)
= TP ap (020, — 030,0) — P2
(p103 + 03) (71 27”mﬁ+ﬁf
(Ml - M2)2
+ p1 ((%1 +3) ,010%/531 + (a2 + 3) Ug 32) 5 53

2 (p1o7 + 03)
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For the Gamma I example, where the gamma distributions for X; and X,
have a common shape parameter o, = .2 = @, as described in section 2.1.1.2,

the resulting variance for Ty is

: (B3 + p183) 5 a3y By —B)
DD =-—"——+—"°--9 — 2.60
(pl/@gfl _l' /832) pl ( FYl 72) (pl/@.%l ‘l‘ /832)2 ( )
(ﬁ'yl - /672)2

+ p1 (ay +3) (/)1531 + ﬁjl,z) 2 (3 + 72 )3 :
1M~1 V2

Figure 2.6 graphs the variance of Tj versus a range of (3,; parameter values for

Xy, with 8,5 = 3 for X», and with o, = 1 for both X; and Xy.

Variance of T Statistic versus Gbetal
T T T

Figure 2.6: Variance of Tj versus (3,1 when X; ~ Gamma(l,3,), Xy ~

Gamma(1, 3).

For the Gamma II example, where the gamma distributions for X; and X5
have a common scale parameter 3,; = 3,2 = (3, as described in section 2.1.1.3,
the resulting variance for Ty is

D/ED _ (O{'Yl + p1a72>

2.61
(pray1 + ) ( )

(a1 — 0572)2
) 3
2 (pray1 + )

Figure 2.7 graphs the variance of T|) versus a range of c.,; parameter values for

+ p1(praqn (e — 1) + e (@ — 1

X1, with a9 = 3 for X, and with 8, =1 for both X; and Xy.
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Variance of T Statistic versus Galphal

Figure 2.7: Variance of T{ versus a,; when X; ~ Gamma(a,,1), Xy ~

Gamma(3,1).

2.2.2.2.3 Log Normal Example

In this section, another example of the asymptotic T distribution is examined
where X; and X, have log normal distributions with different u;; and ;o para-
meters and with a common o7 parameter as described in section 2.1.1.4. The
integrable moment condtions of Theorem 2.2.5 are satisfied since the log normal

distribution has finite moments of all orders

X; ~LN (,ulj,af) , for j =1,2
E(XF) = btk ol for k=1,...,4.
The additional convergence conditions of Theorem 2.2.6 are also satisfied since
the log normal density is a continuous function of its parameters such that the

X density gi(x) = LN(uy1,07) converges to the X, density go(z) = LN(uy, 07)

as i1 — puo for all x € RT and since the fourth moment is a continuous function
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of the log normal parameters. The resulting variance for Y follows

¥ 0
Var (V) =% =
0 3

) (eaf _ 1) ohij+307/2 <e2al2 _ 1)
— p2uito R
Ej = e Mm% ) ) ) ) y J = 17 2
ohi+307 /2 (62crl _ 1) 211;+30] <e4ol _ 1)

and the distribution for T, follows

T: = D'Y ~N(0,D'SD)
, Dl D3
D'YD = Dy D, 3 + Ds D, 3

D, Dy

Figure 2.8 graphs the variance of T|; versus a range of j;; parameter values

for X, with ;3 = 0 for X5, and with 67 =1 for both X; and Xj.

Variance of T Statistic versus difference in Means
T

Figure 2.8: Variance of T versus p; when X; ~ LN (g1, 1), Xo ~ LN(0, 1).

2.2.2.2.4 Limiting Example as (y1,0%) — (o, 03)
In this section, the limiting distribution for a sequence of T}, random variables is

found as (1, 0%) approaches (uz,02). For this case, the variance of T}, approaches
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the limit in the following display.

1 1 1
im  D'SD - ( ) <_2) (1 0) s, (2.62)
(11,02)—(p2,03) I+ 05 0

So that the distribution of Ty approaches a N(0,1) distribution as (u1,0}) ap-
proaches (ug, 03). This result is expected, since the original Ty, statistic converges
to a N(0, 1) random variable under the null hypothesis when X; ~ N(py,0%) and
Xy ~ N(uz,02) and when (p1,0%) = (uz,03), see (2.47). This result may be

explicitly verified using the previous examples.

2.2.3 Relative Efficiency of T to Z, Statistics

The 7, statistic is used in testing the null hypothesis Hy : Gy = 0. The Ty,
statistic is used in testing the null hypothesis Hy : ;13 = po. Under the assumption

that X; and X5 are normally distributed with common variance

Bo = (1 — ,uz)/0'27

both of the statistics Z, and Ty, are testing the null hypothesis that both of the
normal distributions are the same.

This section uses relative efficiency and then Pitman efficiency, as described
by Bickel and Doksum (1977) [2] 9.1.A, in order to compare the performance
of the Z, and Ty, tests. Relative efficiency compares the sample sizes needed

to achieve a desired power when the alternative hypothesis is true Hy : §y #
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0 or equivalently pq # po. Since the Z:L random variable is asymptotically nor-
mal, a sample size N, > 0 is found to achieve a specified power for the Z, test in
terms of ®. Also since the T{, random variable is asymptotically normal, another
sample size N; > 0 is also found to achieve a specified power for the Ty, test in
terms of ®. Let F, represent the probability distribution of the statistics when
the null hypothesis is true. Let P, represent the probability distribution of the

statistics when the alternative hypothesis is true. Then for the Z,, statistic

P (‘ZN’ > 2(1 — amo/2))
~1—®(2(1 —ago/2) + P (2(ano/2)) = ago
(e

> Z ]. —CEHQ/Q))

(Z > 2(1 — apo/2) — \/Ni%ahﬁo)
P (B < =0 - ) - VR ot

((\/7 VoL onbe —2(1 - aHo/z)) Jo (Z)) (2.63)
+ @ (( VR \/_ onfo — (1 - aHo/z)) /o (2 )) (2.64)
(2

)= Vaf( )

d

Q

p1)

where o2
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and similarly for the T, statistic

Py (|Town,| > 2(1 — aro/2))
~1—®(2(1 —apo/2))+ P (2(ano/2)) = ano
P1 (‘TONt| > Z(l — OéH0/2)>

=P (TSNt > 2(1 — ayo/2) — \/* VPL (1 — /~L2))

(L+p1) o
(TONt —2(1 — ame/2) — VN, 1\4/:; ) i Up“z))
~ @ (( 1 + p1 (i ;p’”) — (1 — aHO/Q)) /o (T;;)) (2.65)
+ @ (( i + p (’““a_p“?) —2(1- aHO/Q)) /o (Tg)) (2.66)
where o (T}) = Var (T}) .

In order to compare the power of the Zn and Ty, tests, when the alternative
hypothesis is true, it is natural to evaluate the ratio N;/N,, of the sample sizes
needed to achieve a specific power value v. As N, and N; grow, one of the power
probabilities, from (2.63 or 2.64) and (2.65 or 2.66), increases to one; the other,
to zero. Without loss of generality, assume that G, > 0 and pu; > ps so that
the first probability in each power, (2.63) and (2.65), increases to one as the
sample size grows. Equating the power of the Z, test to the power of the Ty,
test, approximating the power of the Z,, test using (2.63), and approximating the

power of the Ty, test using (2.65), leads to the following

A (o

= Z(l - aHO/2)> =P (|T0Nt| > Z(l — OéHQ/Q)) =

\/N_zHﬂU o — 2(1 — ago/2
B () = 2 () = LT <~*)( 2 (2.67)

Z

B \/N_t(lﬁ) (ulo—pm) _ z(l _ aHO/2)
o (Tp)

(2.68)
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For the case 0 < v < 1 where N, and N; are finite, equations (2.67) and
(2.68) are used to calculate initial sample size approximations for N, and N, that
give initial power values from (2.63) + (2.64) and (2.65) + (2.66) that are greater
than or equal to the desired power value of v due to (2.64) and (2.66). The
correct sample sizes N, and N; are then found by decrementing the initial sample
size approximations until (2.63) + (2.64) ~ v and (2.65) + (2.66) ~ 7. The ratio
N;/N., of the sample sizes needed to achieve a specific power, is called the relative
efficiency of Ty, to Zn.

For the case v ~ 1 where N, > 0 and N; > 0, equating (2.67) and (2.68)

leads to the following relative efficiency equations

+2(1— ano/2)/2 (7))

N _ O'p (o (T5)

N, T - #2) (0 (Z) + 21— ano/2)/2 () 200
— JN_&) 2 (ay)-a(Z)) @)
0o (M) —aw/d) o, [ oy

(1 — p2) & (z*) \/N_Z(l*ffl) (1 — p2) o (Z*)

(2.71)

Either of the two relative efficiency equations, (2.69) or (2.71), is used to find the
limit (if it exists) of the relative efficiency as v increases to one while the other
parameters are held constant. The limit of the relative efficiency as v increases
to one is called the asymptotic relative efficiency of Tg, to Z, or A.R.E. Van
der Vaart (1998), in [30] section 8.2, provides an alternative limit definition for
relative efficiency that is equivalent to the ratio o(T%)/0(Z").

Pitman efficiency, denoted as e(Ty,, Zn), provides a way to compare the two
test statistics, T, and Z,. Pitman efficiency is found by evaluating the ratio

of sample sizes N;/N, over a sequence of alternative hypotheses H; : Gy # 0 or
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equivalently py # ps as n — oo such that fy — 0 and p; — o and such that
the level value and power value of (2.67) and (2.68) remain fixed at ayo and ~
for each n. Requiring the power v to remain constant implies that /N3, —
¢, # 0 as N, — oo and vNy(p1 — pa)/op — ¢ # 0 as N, — oo, i.e. that the
sequences 3y = O(1/y/n) and (p1 — p2) /0, = O(1/4/n) as n — oo. In the Pitman
efficiency analysis of the examples that follow, the moment functions (u1,0}) =
(p1,03)(O1n), (2, 03) = (o, 02)(O3), and the distortion parameters (ayg, 8y) =
(v, 50)(O1n, O2) = (v, (), are functions of the distorted and reference densities
parameters ¢;(z|®1,) = pu(z) and go(z|O3), such that O, remains fixed and
91(x|®1,) — g2(x|®2) for every z € R as ©1, — . Theorems 2.2.6 and
2.2.4 show that the convergence in distribution of Ty, to Tj and of Zn to 7"
are valid as n — oo when p, — g2, (11,0%)(O1,) — (2,02)(02), (n, Bn) —
0 and under additional convergence conditions. In the examples that follow,
only one of the distorted densities parameters 0y, € 0y, will vary such that
O, — Oy as Oy, — Oy € Oy. Let Oy, = Oy + 0,,, (11,03)(0n) = (p11,0%)(O1y),
and («, 50)(0,) = (a0, £o)(O1n, ©2). Note that the convergence in distribution
properties of Theorems 2.2.6 and 2.2.4 are valid over any sequence #,, — 0 as n —
oo which is a stronger result than just requiring the convergence in distribution
properties to be valid over sequences 6, = O(1/y/n). Theorem 14.19 from [30]
provides a slope formula for the Pitman efficiency under conditions that are
satisfied by the conditions and results of Theorems 2.2.6 and 2.2.4 with positive

slopes p/-(0), p’,(0) > 0 (see below). This theorem examines the Pitman efficiency
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over sequences 6, = O(1/4/n). The Pitman efficiency slope formula is

_ pa(Bn) = po _
Hr (9n) = W, Kz (Qn) = 0w (9n)
(100

In equations (2.70) and (2.71), allowing /N (1 (6,) — p2) to converge to a
finite limit ¢ # 0 as n — oo, such that both u,(6,) — p2 and Gy(6,,) converge to
zero while 0,(6,,) converges to a finite positive constant and while o and v are
held constant, results in the sample size ratio converging to a limit. It is easy
to show that the Pitman efficiency slope formula (2.72) is equivalent to the limit
from the previous statement as #,, — 0 such that /N.0, — ¢* # 0 with ¢* finite

and with ago and v fixed

Ho0) _ o iz(6)/6n _  i(6) N,

, Rz Tn [0 - lim —t

pr(0)  60=0 () /6 620 i (6) VN (1. (0)—p2) ¢ N.
since as 6,, — 0 such that /N.0,, — ¢ #£ 0

(11, 0%) (6n) = (p2,03) , 0% (T5) — 1
(040760) (0n> - (070)7 02(Z*> —1

\/Niz (1 (0n) — p2) = menap(en)MTéfn> — c"oaup(0) = c.

Equation (2.67) is used to show as 6, — 0

\/N729n _ o (Z*) 2(y) + 2(1 — aHO/Q)Qn _ o (Z*) 2(y) + 2(1 — ape/2)

T 01B0(6,) 22 117(0) /6
_ 20 +\/;(1 —ano/2) _ .
(1+p1)/~L/Z(O>

2.2.3.1 Gaussian Example

As an example, assume X; and X, have Gaussian distributions with different

means f1; # fio and with a common variance o2 as described in section 2.1.1.1.
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Note that h(x) = z. For this Gaussian example, the relative efficiency equation

(2.71) is specialized to equation (2.73) below

T11y e+ o3 Ting X1 with N (M1,02) pdf

X1y y Lo, ~ Xo with N (,ug,a ) pdf

(0, Bo) = (M22;2M1’ ) ’ 0 _ o2
o _ o 1
(1 —p2) (a1 — p2)’ W i — 122) (Nl N2)
Ny  o(Ty)  2(1—am) o o (Tg)
Ne L 1— 2.73
o) s e @) O

Holding the distribution parameters (i1, u2,0?) constant, while increasing the
power ~ of the Z,, and Ty, tests to one, results in the sample size ratio converging

to the asymptotic relative efficiency of Zin t0 Top.

2 *
ARE. =lim & = (To)

Allowing /N (u1 — p12) to converge to a finite limit ¢ # 0, so that p; — po and
By converge to zero with o2 constant, results in the sample size ratio converging
to the Pitman efficiency of T, to Zn. The variance of T, converges to one as ji
approaches gy in (2.48). In general, as previously shown in (2.45), the variance
of 7" converges to one as 3y approaches zero.

lim o2 (Z*) =1, lim o*(T)) =1
Bo—0 (11 —p2)—0

. N
e (T(m, zn) = _lm L=l
Vv NZ(Nl_NZ)_’C z

The Pitman efficiency calculated using the slope formula (2.72) is consistent
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with the previous calculation. Let 1, = ps + 0, = p1(6,).

pr (60) = F = = B (0

0.
Hz (Qn) = Uhﬁo (en) = ;a Mz (O) =

e (TonsZn) = (12 (0) /i (0))° = 1

Figures 2.1 and 2.5 graph the variances of 7" and T, separately when o2 = 1.
Figure 2.9 graphs the variances of 7" and T together when o2 = 1. Figure 2.10
graphs the relative efficiency of Ty, to 7, when o2 = 1, and when agy = .05. In
Figure 2.10, the relative efficiency is nearly one, in a neighborhood of p; = ps.
In other words, the sample sizes are approximately the same, for the Ty, and
Z,, tests, in order to achieve the same power value, when the difference in means
is small. Outside of this neighborhood of p; = ps, the relative efficiency of T,
to Z, decreases with larger power values. In other words, the Ty, test requires
smaller random samples, relative to the semiparametric test, in order to achieve
the same power value, as the power value increases.

Power simulation results for the Zn and T, tests in Table 2.1 show how well
the asymptotic power approximates finite sample behavior where X; ~ N(puq,1),
Xo ~ N(pso, 1), and where p1 — s = 0.2,0.5. Power simulation results for the T,
and Z, tests are also provided in Table 2.2 where X ~ N(u1,1), X ~ N(jz,1),
and where p; — o = 1.0. The combined Sample Sizes values N, = n; + ny were
calculated with p; = 1 via (2.67) and (2.63) + (2.64) to provide the specified
ago = 0.05,0.01 error and to provide the specified Asymptotic Power values for
Z, that approximate a power of v = 0.80,0.90. The Asymptotic Power values
for Ty, were calculated for the combined Sample Sizes values N; = ny + ny with

p1 = 1 from (2.65) + (2.66). Relative Efficiency values were approximated using
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Variances of Semiparametric and T Statistics versus differe nce in Means.
T T T T

Figure 2.9: Given X ~ N(pg,1), Xo ~ N(pg, 1), the solid line is the variance of

7" versus f1 — f2, the dashed line is the variance of T( versus p; — po.

Relative Efficiency of T Statistic to Semiparametric Statis tic
T T T T T

Figure 2.10: Relative Efficiency N;/N, curves of Ty, to Zn, versus fi1 — fto, when
X7 ~ N(u,1), Xo ~ N(pe,1), and when ayy = .05. The curves, starting
from the top, correspond to different power values of v = .7, .8, .9, .99, .9999,
.9999999999999999, 1.
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(2.69). A Relative Efficiency value less than one implies a larger Asymptotic

Power value for the Ty, test versus the Asymptotic Power value for the Z test.

Table 2.1: Power simulation results for the Z, and Tp, tests, using 500 indepen-

dent runs, where X7 ~ N(p1, 1), Xo ~ N(uo, 1), and Ap = py — pe = 0.2,0.5.

Ap | ago | Sample | Sample Sample | Asymptotic | Rel.

Sizes Levels Powers Powers Eff.

ny, N2 Zna TOn Zna TOn Zn(’Y)a TOn (269)

0.2 | .05 | 394, 394 | .046, .046 | .800, .800 | .8009, .8010 | 1.0000
0.2 | .05 | 527, 527 | .042, .042 | .902, .902 | .9003, .9003 | 0.9999
0.2 | .01 | 585, 585 | .010, .010 | .808, .808 | .8003, .8003 | 1.0000
0.2 | .01 | 746, 746 | .008, .008 | .890, .888 | .9003, .9004 | 1.0000

0.5 ] .05 | 64,64 |.048,.048 | .824, .820 | .8032, .8038 | 0.9984
0.5 | .05 | 86,86 |.054,.052 | .902, .900 | .9024, .9030 | 0.9979
0.5 .01 | 95,95 |.010,.012 | .804, .798 | .8036, .8042 | 0.9987

0.5 | .01 | 121, 121 | .004, .004 | .906, .904 | .9014, .9020 | 0.9982

In Tables 2.1 and 2.2, the important columns to compare are the Sample
and Asymptotic Powers columns. The Sample Powers values for the Z, and
Ty, tests identify the proportion of simulation runs that failed the Hy test at
the apg level. The Sample Levels values for the Zn and Ty, tests identify the
proportion of simulation runs that failed the Hy test at the ayqg level when the
null hypothesis was true. For the simulations in Table 2.1, the Sample Sizes
values are large enough so that the Sample Powers values are in agreement with
the corresponding Asymptotic Powers values. For the simulations in Table 2.2,

the Sample Sizes values are relatively small, so that some of the Sample Powers
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Table 2.2: Power simulation results for the Zn and Ty, tests, using 500 indepen-

dent runs, where X; ~ N(p1,1), Xo ~ N(ug, 1), and Ap = pg — pe = 1.0.

Ap | ago | Sample | Sample Sample | Asymptotic | Rel.

Sizes Levels Power Power EAT.

n1,n2 | Zo, Ton | Zn, Ton | Zn(7), Ton | (2.69)

1.0 .05 | 17,17 | .070, .070 | .852, .850 | .8081, .8162 | 0.9789
1.0 ] .05 | 23,23 | .058, .056 | .934, .934 | .9040, .9114 | 0.9726
1.0 | .01 | 25,25 | .008, .006 | .838, .826 | .8092, .8172 | 0.9826

1.0 | .01 | 32,32 | .012,.012 | .908, .914 | .9029, .9103 | 0.9768

values are not quite in agreement with the corresponding Asymptotic Powers
values. In both Tables 2.1 and 2.2, the Sample Powers values for the Zn and T,
tests are nearly equal and are compatible with Relative Efficiency values near 1.

The actual distribution of Ty, when X; ~ N(uy,0?) and Xy ~ N(pg, 0?), and
when 1y # pg, is known to follow a non-central ¢ distribution, with n — 2 degrees

of freedom, and with a non-centrality parameter o

M1 — M2
o

5= v Y2

L+p

For this example, it is interesting to compare the asymptotic power of T,
against the true power of Ty,. Figures 2.11 and 2.12 graph the asymptotic power
of Ty, versus ¢ = 6/v/2 with agy = 0.05,0.01. Examination, of the (oo, 60)
degrees of freedom curves in Figures 2.11 and 2.12, reveals that these curves are
in close agreement with the corresponding curves in the Pearson and Hartley chart
for the Power of the F tests found in Scheffe (1959) [27], where the numerator

degrees of freedom is one. As expected, the other curves in Figures 2.11 and
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2.12 with fewer degrees of freedom are in less agreement with the corresponding
curves in the Pearson and Hartley chart, since the sample sizes are too small for
the asymptotic distribution of T, to closely approximate the true distribution

of TG,

Asymptotic P-values for T statistic versus Phi Asymptotic P-values for T statistic versus Phi
T T T T T T

T T T T
08

07 4

0.6 : B

L L L L L L
15 155 16 165 17 175 18 185 19 1.95 2 2 21 22 23 24 25 26 27 28 2.9 3

Figure 2.11: Asymptotic power of Ty, versus ¢ with ago = 0.05. The curves,

from the top, correspond to different degrees of freedom of v = oo, 60, 30, 20.

Asymptotic P-values for T statistic versus Phi Asymptotic P-values for T statistic versus Phi

0.7+ B

Figure 2.12: Asymptotic power of Ty, versus ¢ with ago = 0.01. The curves,

from the top, correspond to different degrees of freedom of v = o0, 60, 30, 20.
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2.2.3.2 Gamma Example I

As another example, assume X; and X5 have gamma distributions with a common

shape parameter o, and with different scale parameters 3,; # 3,2 as described in

section 2.1.1.2. Note that h(z) = x. For this Gamma Example I, the coefficients

in the relative efficiency equation (2.71) are specialized to the coefficients in (2.74)

and (2.75) below

T11,y - -
Ta1, -

(11:77) =

(o, Bo)

Op

- X1p, ~ X7 with Gamma (o, 3,1) pdf
oy Topy ~ Xo with Gamma (a,, 5,2) pdf

(Oé’yﬂ’ij Oé’yﬁ-%j)a j: 172

_ @ i_i 2 _ 2
a (Oé»y 8 (671)’ (ﬁ'ﬂ 671))7 oh

(p1 — p2)

Op

_ 1 i (Plﬂ% + 6«2,2)
(B — ﬁﬁ) Qy p1+1

K

_¢WWMf+m'

a L+p

(2.74)

(2.75)

The asymptotic relative efficiency of Ty, to Z, follows directly. With regard to

the Pitman efficiency of T, to Z,, the variance of T§ converges to one as (3,

approaches 3, in (2.60). In general, as previously shown in (2.45), the variance

~ %
of Z' converges to one as (3, approaches zero.

ARE.

lim o2 (Z*)

Bo—0

€ <T0n> Zn)

M_(@W&f+m>

=lim— =
DI, 1+

o® (T5) =1

1, lim
(ﬁ'yl _IB’\/Z )_’0
N
lim Nizl
V Nz(ﬁ'yl_,@’ﬂ)_’c z

The Pitman efficiency calculated using the slope formula (2.72) is consistent
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with the previous calculation. Let 3,1, = 8,2 + 0.

_ M1 (Hn) — M2 _ \/O‘_’Y‘gn

p(0n) , 3
’ (72582 + iy (Brz + 0u)?)

1 1
iz (0) = 0180 (6.) = /oy (5_ - m)

7 (0) =i (0) =

()= () -

Figures 2.2 and 2.6 graph the variances of 7" and Tg separately when a., = 1.

por (On)

Figure 2.13 graphs the variances of 7" and T; together when a, = 1. Figure 2.14
graphs the relative efficiency of Ty, to Z., when ay = 1, and when ayo = .05. In
Figure 2.14, the relative efficiency is nearly one, in a neighborhood of 3,1 = 3,2 =
3. Figure 2.14, also identifies some interesting relative efficiencies of T, to Zn,
outside a neighborhood of 3,1 = 3,2 = 3. For smaller power values v = .7, .8, .9,
the relative efficiency of T, to Zn is greater than one, when 3,1 < 3,2 = 3. As
the power value increases, the relative efficiency of T, to Zn decreases, so that
at a power value of v = .99, the relative efficiency of Tp, to Z, is less than one.
In contrast, the relative efficiency of Ty, to Zn increases for 3,1 > (3,2 = 3 as the
power values increase.

Power simulation results for the Zn and Ty, tests in Table 2.3 show how
well the asymptotic power approximates finite sample behavior where X; ~
Gamma(1l, 3,1), X2 ~ Gamma(l,3), and where 5,; = 2,2.5,3.5,4. The com-
bined Sample Sizes values N, = ny + ny were calculated with p; = 1 via (2.67)
and (2.63) + (2.64) to provide the specified agg = 0.05,0.01 error and to pro-
vide the specified Asymptotic Power values for Z, that approximate a power of

v = 0.80,0.90. The Asymptotic Power values for Ty, were calculated for the
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Variances of f Semiparame! tric and T Statistics versus Gbetal
T T T T

Figure 2.13: Given X; ~ Gamma(l, 3,1), Xo ~ Gamma(l,3), solid line is the

. adt 3 . . .
variance of Z versus (3,1, dashed line is the variance of T{ versus [3,;.

Relative Efficiency of T Statistic to Semiparametric Statis tic
T T T T T

Figure 2.14: Relative Efficiency N,;/N, curves of Ty, to Zn, versus (3,1, when
X; ~ Gamma(l, 3,1), Xo ~ Gamma(l,3), and when ayo = .05. The curves,
starting from the top left, correspond to different power values of v = .7, .8, .9,

.99, .9999, .9999999999999999, 1.
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Table 2.3: Power simulation results for the Z, and T, tests, using 500 indepen-

dent runs, where X; ~ Gamma(1l, 8,1), Xo ~ Gamma(1, 3).

By1 | amo Sample Sample Sample | Asymptotic | Rel.

Sizes Levels Powers Powers Eff.

ni, No Zna TOn Zna TOn Zn(’}/)a TOn (269)

2 | .05 | 84,84 |.050,.056|.776,.696 | .8010, .7344 | 1.1662
2 | .05 | 122,122 |.058,.050 | .926, .904 | .9002, .8825 | 1.0584
2 | .01 | 119,119 |.018,.012 | .822, .698 | .8008, .6858 | 1.2345
2 | .01 | 164,164 |.016,.006 | .892, .838 | .9009, .8532 | 1.1285

2.5 | .05 | 442,442 | .044, .042 | .786, .748 | .8002, .7715 | 1.0733
25| .05 | 614,614 | .056, .052 | .908, .878 | .9004, .8911 | 1.0321
25| .01 | 644, 644 | .014, .010 | .798, .754 | .8001, .7531 | 1.0978
25| .01 | 848,848 | .010, .012 | .908, .880 | .9001, .8793 | 1.0592

3.5 .05 | 707,707 | .048,.046 | .792, .830 | .8005, .8251 | 0.9381
3.5 .05 | 920,920 | .054, .052 | .894, .910 | .9001, .9180 | 0.9623
3.5 | .01 | 1068, 1068 | .014, .010 | .790, .836 | .8003, .8365 | 0.9247
3.5 | .01 | 1327, 1327 | .010, .006 | .882, .908 | .9001, .9180 | 0.9461

4 1 .05 | 217,217 | .042, .030 | .802, .858 | .8004, .8475 | 0.8843
05 | 277,277 | .058, .054 | .874, .906 | .9007, .9227 | 0.9217
01 | 332,332 | .010, .010 | .802, .890 | .8008, .8667 | 0.8641

B~ =

.01 | 405,405 | .012,.010 | .896, .936 | .9006, .9341 | 0.8965
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combined Sample Sizes values Ny = ny + ny with p; = 1 from (2.65) + (2.66).
Relative Efficiency values were approximated using (2.69). A Relative Efficiency
value less (or greater) than one implies a larger (or smaller) Asymptotic Power
value for the Ty, test versus the Asymptotic Power value for the Z, test.

In Table 2.3, the important columns to compare are the Sample and Asymp-
totic Powers columns. The Sample Powers values for the Z., and Ty, tests identify
the proportion of simulation runs that failed the Hy test at the apyg level. The
Sample Levels values for the Z, and Ty, tests identify the proportion of simula-
tion runs that failed the Hy test at the apyqg level when the null hypothesis was
true. For these simulations in Table 2.3, the Sample Sizes values are large enough
so that the Sample Powers values are in agreement with the corresponding As-
ymptotic Powers values. Also for these simulations, the Sample Powers values for
the Z, and Ty, tests support the Relative Efficiency values. A larger (or smaller)
Sample Power value for the Ty, test versus the Sample Power value for the Z,

test is compatible with the smaller (or larger) than one Relative Efficiency value.

2.2.3.3 Gamma Example II

As another example, assume X; and X5 have Gamma distributions with dif-
ferent shape parameters a1 # .2 and with a common scale parameter (3, as
described in section 2.1.1.3. Note that h(z) = log(x). For this Gamma Example

I1, the coefficients in the relative efficiency equation (2.71) are specialized to the
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coefficients in (2.76) and (2.77) below

T11, ..., T1n, ~ X1 with Gamma (a1, 3,) pdf
To1, ..., Tan, ~ Xo with Gamma (a2, 3,) pdf
(13 07) = (s, 05if%), 5= 1,2
(a0, Bo) = (10g EEZZ; + (a2 — ) log By, (g — %2))

ey (i)

Op P10~ + 2P
= Q] — Q 2.76
(1 —p2) V. pr+1 / (e ) (2.76)
Op P10~ + 2P
opBy——~ = Opy | ———— . 2.77
s = o [P 2.17)

The asymptotic relative efficiency of T, to Z, follows directly. With regard to

op =

the Pitman efficiency of T, to Zm the variance of T{ converges to one as a;
approaches a5 in (2.61). In general, as previously shown in (2.45), the variance

~ %
of Z' converges to one as 3y approaches zero.

P10 + %2) o (Tp)
P11+ 1 o2 (Z*)

7—1 N,

. N
ARE =lim N—t =0} (

lim o (z) —1, lim o*(T)=1
Bo—0 (@y1—ay2)—0

~ N
e (Ton, Zn) = lim LA O'%LOZ-YQ
VN N

2(ey1—ayz)—c

The Pitman efficiency calculated using the slope formula (2.72) is consistent

with the previous calculation. Let a1, = ayp + 0,.

Nl=

pa (0n) — po Oy, ' -
p— p— O p—
O'p(en) 0[4/2 + 1 en? IUT ( ) a’yQ

por (On)

1+p1

Mz (en) = UhﬁO (en) = O-hena :U/Z (O) = Op

() - ()
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By inspection, o} depends only on ., not on 2. Figures 2.3 and 2.7 graph
the variances of Z~ and T; separately when 3, = 1. Figure 2.15 graphs the
variances of Z and T; together when 3, = 1. Figure 2.16 graphs the relative
efficiency of Ty, to Zn when 3, = 1, and when ayy = .05. In Figure 2.16, the
relative efficiency is greater than one, in a large neighborhood of a; = o = 3.
For smaller power values v = .7, .8, .9, the relative efficiency of T, to Ly is greater
than one when a1 < .o = 3, except when a,; is close to 1. As the power value
increases, the relative efficiency of T, to Z, increases, so that at a power value
of v = .9999, the relative efficiency of Ty, to Z, is greater than one for ay = 1.
In contrast, the relative efficiency of Ty, to Zn decreases for a1 > a9 = 3 as the
power value increases. Figure 2.17 graphs the Pitman efficiency of To,, to Z,, over
a range of a,o. This figure shows that the Pitman efficiency decreases towards
one as a function of as.

Power simulation results for the Z, and Ty, tests in Table 2.4 show how
well the asymptotic power approximates finite sample behavior where X; ~
Gamma(an, 1), Xy ~ Gamma(3,1), and where o,; = 2,2.5,3.5,4. The com-
bined Sample Sizes values N, = n; + ny were calculated with p; = 1 via (2.67)
and (2.63) + (2.64) to provide the specified ayo = 0.05,0.01 error and to pro-
vide the specified Asymptotic Power values for Z, that approximate a power of
v = 0.80,0.90. The Asymptotic Power values for Ty, were calculated for the
combined Sample Sizes values N; = ny + ny with p; = 1 from (2.65) + (2.66).
Relative Efficiency values were approximated using (2.69). A Relative Efficiency
value greater than one implies a smaller Asymptotic Power value for the Ty, test

versus the Asymptotic Power value for the Z, test.
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Variances of Semiparametric and T Statistics versus Galphal
T T T T

Figure 2.15: Given X; ~ Gamma(an, 1), Xo ~ Gamma(3,1), solid line is the

. adt 3 . . .
variance of Z versus 1, dashed line is the variance of Tj versus ov.

Relative Efficiency of T Statistic to Semiparametric Statis tic
T T T T T

Figure 2.16: Relative Efficiency N;/N, curves of T, to Zn, versus .1, when
X7 ~ Gamma(as, 1), Xy ~ Gamma(3,1), and when ayy = .05. The curves,
starting from the bottom left, correspond to different power values of v = .7, .8,

.9, .99, .9999, .9999999999999999, 1.
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Pitman Efficiency of T Statistic to Semiparametric Statisti ¢

Figure 2.17: Pitman Efficiency of Ty, to Zn, versus .o, when X, ~

Gamma(a,e, 1).

In Table 2.4, the important columns to compare are the Sample and Asymp-
totic Powers columns. The Sample Powers values for the Z., and Ty, tests identify
the proportion of simulation runs that failed the Hg test at the apyg level. The
Sample Levels values for the Z, and Ty, tests identify the proportion of simula-
tion runs that failed the Hy test at the apyg level when the null hypothesis was
true. For these simulations in Table 2.4, the Sample Sizes values are large enough
so that the Sample Power values are in agreement with the corresponding As-
ymptotic Power values. Also for these simulations, the Sample Powers values for
the Z, and Ty, tests support the Relative Efficiency values. A smaller Sample
Power value for the Ty, test versus the Sample Power value for the 7., test is

compatible with the larger than one Relative Efficiency value.
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Table 2.4: Power simulation results for the Z, and T, tests, using 500 indepen-

dent runs, where X; ~ Gamma(a.,,1), Xy ~ Gamma(3,1).

a1 | o | Sample | Sample Sample | Asymptotic | Rel.
Sizes Levels Powers Powers Eff.
ni, No Zn, Ton Zn, Ton Zn(v), Ton | (2.69)
2 | .05 | 37,37 |.056,.050 | .812, .770 | .8095, .7729 | 1.0944
2 | .05 | 48,48 | .056, .054 | .906, .878 | .9064, .8688 | 1.1316
2 | .01 | 55,55 |.010,.008 | .814, .772 | .8020, .7671 | 1.0739
2 | .01 | 68,68 |.012,.014 | .882, .848 | .9003, .8632 | 1.1066
2.5 | .05 | 151, 151 | .054, .056 | .776, .740 | .8013, .7446 | 1.1496
2.5 | .05 | 199, 199 | .044, .042 | .886, .848 | .9015, .8517 | 1.1708
2.5 | .01 | 227,227 | .006, .010 | .816, .746 | .8017, .7370 | 1.1377
2.5 | .01 | 284, 284 | .008, .012 | .876, .830 | .9004, .8446 | 1.1566
3.5 | .05 | 169, 169 | .050, .048 | .814, .706 | .8004, .7216 | 1.2111
3.5 | .05 | 231, 231 | .040, .046 | .916, .856 | .9009, .8455 | 1.1896
3.5 | .01 | 249,249 | .012, .008 | .814, .704 | .8008, .6975 | 1.2237
3.5 | .01 | 323,323 | .010, .010 | .890, .824 | .9009, .8278 | 1.2038
4 .05 46, 46 | .046, .042 | .806, .722 | .8075, .7243 | 1.2302
4 | .05 | 63,63 |.058,.054 |.890, .836 | .9017, .8477 | 1.1876
4 | .01 | 66,66 |.014,.012 | .816,.712 | .8030, .6874 | 1.2556
4 | .01 | 87,87 |.008,.012 | .914, .838 | .9020, .8257 | 1.2157
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2.2.3.4 Log Normal Example

As another example, assume X; and X, have log normal distributions with dif-
ferent p;; # 2 parameters and with a common O'l2 parameter as described in
section 2.1.1.4. Note that h(z) = log(z). For this log normal example, the coeffi-
cients in the relative efficiency equation (2.71) are specialized to the coefficients

in (2.78) and (2.79) below

T11y. .y L1y ~ X7 with LN (,ull, alz) pdf
21y ooy Tong X2 with LN (,U/l27 O'l2) pdf

2 2
o Hi2 = Hin Han — Ha2 2 2
(O‘0750> - < 2Ul2 ) 0_12 ) y Op = 0y

oy B (preun—rz) 4 1) (6012 — 1) 1 (2.78)
(Ml _ ,u2) o 1+ 1 etii—mz — ] ’

1 2(mn—mz2) 4+ 1) (e — 1 —
O'hﬂo(i:_\/(ple )(el ) < Haur — Ha2 ) . (2.79)

1 — o) oy p1+1 etn—tiz — 1

The asymptotic relative efficiency of Ty, to Z, follows directly. With regard to
the Pitman efficiency of To, to Z,, as previously shown in (2.62), the variance
of T} converges to one, since (u1,0}) approaches (p9,03) as 1 approaches fs.
Also as previously shown in (2.45), the variance of 7 converges to one as [

approaches zero.

lim o (Z*> =1, lim o*(T) =1
Bo—0 (11 —p2)—0

- N 1
e (Tom Zn> = lim N_t = — (e"l2 — 1)
Vv Nz(ull—um)—’c Z Ul
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The Pitman efficiency calculated using the slope formula (2.72) is consistent

with the previous calculation. Let 1, = 2 + 6,.

(Hn) — W2 o 69" -1

Up(9n> N o2 1 \?2
(eF = 1)* (326 + 1L

ur (9n> = s

=
[

1
2

i (0) = (7 = 1)
0, 1
Hz (9n> = UhﬂO (Hn) = ;l’ Hz (0) = ;l
o\ (H (0 et 1
(1) = (5igy) = 77

Figures 2.4 and 2.8 graph the variances of 7" and T;, separately when o7 = 1.

Figure 2.18 graphs the variances of 7" and T together when o7 = 1. Figure 2.19
graphs the relative efficiency of To,, to Z, when o? =1, and when agy = .05. In
Figure 2.19, the relative efficiency is greater than one, for y;; € (—2,2). In fact,
the relative efficiency increases as the power value increases, or as the difference
|ptn — pue| increases.

Power simulation results for the Zn and Ty, tests in Table 2.5 show how
well the asymptotic power approximates finite sample behavior where X; ~
LN(p1,1), Xo ~ LN(0,1), and where p;; = .2,.3,.4,.5. The combined Sam-
ple Sizes values N; = ny +ns were calculated with p; = 1 via (2.68) and (2.65) +
(2.66) to provide the specified agg = 0.05,0.01 error and to provide the specified
Asymptotic Power values for Ty, that approximates a power of v = 0.80,0.90.
The Asymptotic Power values for Z, were calculated for the combined sample
size N, = ny + ng with p; = 1 from (2.63) + (2.64). Relative Efficiency values
were approximated using (2.69). A Relative Efficiency value greater than one
implies a smaller Asymptotic Power value for the T, test versus the Asymptotic

Power value for the Zn test.
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Variances of Semiparametric and T Statistics versus differe nce in Means
T T T T

Figure 2.18: Given X ~ LN(py1,1), X5 ~ LN(0, 1), the solid line is the variance

of Z" versus 1, the dashed line is the variance of T|) versus py;.

Relative Efficiency of T Statistic to Semiparametric Statis tic
T T T T T

Figure 2.19: Relative Efficiency N;/N, curves of Ty, to Zn, versus 41, when
X7 ~ LN(up, 1), Xo ~ LN(0, 1), and when ayo = .05. The curves, starting from
the bottom left, correspond to different power values of v = .7, .8, .9, .99, .9999,
.9999999999999999, 1.
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Table 2.5: Power simulation results for the Zn and Ty, tests, using 500 indepen-

dent runs, where X; ~ LN(g,1), Xo ~ LN(0, 1).

i | @Ho Sample Sample Sample | Asymptotic | Rel.

Sizes Levels Powers Powers Eff.

n1,na Zos Ton | Zn, Ton | Zn, Tou(v) | (2.69)

21 .05 | 692,692 | .046, .050 | .950, .820 | .9604, .8002 | 1.7597
21 .05 | 929,929 | .048, .044 | .989, .926 | .9905, .9002 | 1.7637
21 .01 | 1028, 1028 | .008, .012 | .972, .806 | .9746, .8002 | 1.7574
2| .01 | 1313, 1313 | .008, .010 | .996, .916 | .9945, .9002 | 1.7610

3| .05 | 319,319 | .050, .050 | .974, .836 | .9655, .8004 | 1.8206
3] .05 | 430,430 | .046, .044 | .990, .912 | .9923, .9000 | 1.8326
3| .01 | 473,473 | .010, .010 | .966, .836 | .9786, .8009 | 1.8138
3| .01 | 606,606 | .006,.010 | .996, .926 | .9957, .9002 | 1.8246

4 1 .05 | 190, 190 | .048, .056 | .970, .858 | .9724, .8006 | 1.9204
4 1 .05 | 259,259 | .054, .052 | .998, .932 | .9948, 9009 | 1.9483
4 | .01 | 280,280 | .008,.014 | .976, .856 | .9836, .8007 | 1.9045
4 1 .01 | 362,362 |.010,.010 | .998, .938 | .9972, .9004 | 1.9297

S| .05 | 132,132 | .056, .046 | .970, .868 | .9805, .8019 | 2.0680
S| .05 | 182,182 | .048, .054 | .994, .944 | 9971, .9014 | 2.1230
S| .01 | 193,193 | .010, .008 | .992, .868 | .9891, .8022 | 2.0369

S| .01 | 252,252 | .012, .012 | .996, .960 | .9986, .9008 | 2.0864
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In Table 2.5, the important columns to compare are the Sample and Asymp-
totic Powers columns. The Sample Powers values for the Z, and Ty, tests identify
the proportion of simulation runs that failed the Hg test at the apyg level. The
Sample Levels values for the Z, and Ty, tests identify the proportion of simu-
lation runs that failed the Hg test at the agg level when the null hypothesis is
true. For these simulations, the Sample Sizes values are large enough so that
the Sample Power values for the Z, test are in agreement with the corresponding
Asymptotic Power values. For these simulations, the Sample Sizes values are not
large enough in general so that the Sample Power values for the Ty, test are not
in agreement in general with the corresponding Asymptotic Power values. Also
for these simulations, the Sample Powers values for the Z, and Ty, tests support
the Relative Efficiency values. A smaller Sample Power value for the T, test
versus the Sample Power value for the Z,, test is compatible with the larger than

one Relative Efficiency value.
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Chapter 3 Computational Aspects of

State Space Models

This section develops an asymptotic theory for state space smoother precisions
and introduces a partial state space smoother. Subsection 3.1 defines a general
multivariate linear Gaussian state space model and provides several examples of
an ARMA time series that is recast in terms of a linear Gaussian state space
model. Subsection 3.2 identifies and shows the formulas for the Kalman Predic-
tor, Filter, and Smoother. Subsection 3.3 develops a likelihood smoother form of
the state space smoother based on the general multivariate version of the linear
Gaussian state space model introduced in subsection 3.1. Subsection 3.4 ap-
plies the likelihood smoother to a univariate version of the linear Gaussian state
space model with constant parameters in order to develop various bounds on
the smoother precisions, to develop simple formulas for the smoother estimates
and precisions, and to develop limits for the smoother precisions. Subsection
3.4.1 generalizes this theory to account for missing observations. Subsection 3.5
introduces the concept of a partial state space smoother and provides several

examples.
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3.1 Linear Gaussian State Space Models

This section on linear Gaussian state space models is adopted from Kedem and
Fokianos (2002) [14]. Let Bo.ny = {Bo,.-.,8n} represent a sequence of N +
1 (unknown) states, Fny = {Y1,..., Yy} a sequence of N observations, and
Xy = {X4,..., Xy} the corresponding covariate sequence. Let F; represent

the information available to the observer at time t using the following convention:
Fo= @> Fi= {Yla"'aYt—la Yt} = {ft—layt} .

The linear Gaussian state space model is defined by the following linear system

of equations:

Initial Information: By ~ N,(by, W)
System Equation: B, =F:B8,_1 +w:y,  wy~N,(0,W,) (3.80)
Observation Equation: Y, =z,0, + v, vy ~ Ny(0, V)

where {3}, {w; : t = 1,...,N}, and {v, : t = 1,..., N} are mutually inde-
pendent collections of independent random vectors; where the system equation
is true for t = 1,..., N and the observation equation is true for all Y, € Fy,
ie. for t = 1,...,N; where all distribution parameters {by, Wy, W,V for
t =1,...,N} are known; where F, for t = 1,..., N are known matrices; and
where z; for t = 1,..., N are known matrices that may contain covariates from
X, such as past observations or may contain parameters that are known at time
t. Each state 3, for t = 0,..., N can be thought of as an unknown covariate or
as an unknown random parameter at time ¢. Thus the concept of "state” in the

linear Gaussian state space model can be interpreted in several ways.
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3.1.1 Examples of Linear State Space Models
An ARMA(p, q) process defined by ¢(B)Y; = 6(B)w; where:
BY; =Y,

$(B)=1—¢:B—--—,B",

9B)=1+6,B+---+6,B,

has many state space representations (3.80). Kedem and Fokianos (2002) [14]

developed one such representation for the ARMA(p, q) process by using:

¢(B)Xt = Wt Or Xt = (b_l(B)wt,

Y, =0(B)X, = 0(B)¢~"(B)w,

The corresponding state space model can be written as:

O I A R 1

1 .- 0 0 0 0
Bi=1: . DBt |

0o -- 1 0 0 0

0o --- 0 1 0 0

ﬁt = (Xta s 7Xt—7’+1)/

Yt:<1 O, Oy --- 9T_1>Bt

where r = max(p, ¢ + 1), where ¢; = 0 for j > p, and where 6; =0 for j > g¢.

Durbin and Koopman (2001) [7] provide an alternate state space representa-
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tion for the ARMA(p, q) process as follows

¢ 1 0 1
B, = Bi1 + ) Wt
¢r—1 0 1 :
i ¢r 0o .- 0_ er—l
Y

G+ Y w0 W

B, = O3Yia+- o+ Yo+ bw + -+ 0 w3

Hr)/;—l + er—lwt

Ytz(l 00 ... o)ﬁt-

Durbin and Koopman [7] also provide a state space representation for the ARIMA(p, d, q)
process as defined by ¢(B)(1 — B)?Y; = 0(B)w;.

3.2 Kalman Predictor/Filter and State Space

Smoother
Given a sequence of observations Fy = {Y1,..., Yy}, the linear state space
model is used to estimate the (unknown) state sequence B, = {By,..., 8}

The estimation of 3, given F,, or the estimation of its conditional distribution
f(B|Fs), s < N, is called prediction if ¢t > s; filtering if ¢ = s; or smoothing if
t <s.

In the Gaussian case of the linear state space model, the Kalman Prediction

and Filtering methods and the Space Space Smoothing method calculate the
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conditional mean vector and the precision matrix of 3,|F,. Fort =1,... N let

51&\5 = E[8,|F]. Py, = E[(8, — /6t|s)(ﬁt - ﬁt|s)/] :

The covariance matrix, between the residuals 8, — B, and the observations
Y., ...,Y,, being zero for all ¢t and s implies that Py is also the conditional

variance of B,|Fs, i.e.

Py, = E[(B; — /6t|s)(ﬁt - /6t|s),] = E[(8, — /6t|s)(ﬁt - ﬁt|s)/|]:8] = Var(B,|F).

Letting By, = bo, Pojp = W, and using the initial condition By|Fo ~ N, (B0, Pojo),
leads to the following Kalman methods, see [14].

The Kalman Prediction method, for t =1... N, calculates:

/6t|t—1 = Ft/Bt—1|t—1>

Py, =FP, F,+ W,

The Kalman Filtering method, for t =1... N, where K, is the Kalman Gain,

calculates:

ﬁt\t = Bt\t—l + K(Y, — Zéﬁt\t—l)a
Pt\t = [I - Ktz;]Pﬂt—la

K, =Pz, [z, P12 + Vi
The State Space Smoothing method, for ¢ = N ... 1, calculates:

Bt—l\N = /Bt—1|t—1 + Bt(ﬁt\N - /6t|t—1)>
P, N =P, -1+ B(Pyy — Py_1)Bj,

B, =P, . F,P;

tlt—1-
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The Kalman Prediction result follows immediately from using the State Space
equations (3.80) given B3, ,|F;_1 ~ Np(ﬁt—nt—p Py _1).
The Kalman Filtering result follows from using the State Space equations

(3.80) and the Kalman Prediction result to show:

By /6t|t—1 Ptlt—l Pt\t—lzt
Fi1~ Npig )

/ / /
Y, Zt5t|t—1 2Py ziPyi12: + Vi

and by applying the Normal distribution to Conditional Normal distribution

transformation:

B K Yps gy
~ Np+q )

Y Ky Yy Zyy
BlY ~ Np(ﬂﬁ\Ya Z,BIY)
pey = EB]Y] =pg + Yoy Syy (Y — py)

Yay = Var[8]Y] = Xgs — Tpy Xyy Dyp -

Derivation of the State Space Smoothing result is lengthly using a classical
statistical approach. A Bayesian approach, due to Kiinsch (2001) [17], follows.

For t < N — 1, consider

¢ t el Fe
f(ﬁt|ﬁt+l7TN) - f(6t|ﬁt+l’j:t) B f(ﬁ;l(gtjl{;tﬂ)| |

F, W, \F., _
(B0 - FrBu)

X €xp _(Bt - Ft_+11ﬁt+1)
/Pt_ltl
_(ﬁt - /Bt|t) T(Bt - /Bt|t)

where the proportionality constant does not depend on 3,. Completing the square
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in the previous display where (8,|8,.1, Fn) ~ N(my, R;) and where

Rt_ F;+1Wt+1Ft+l + Pt\t
my = R, [F:€+1Wt_—|-11/6t+1 + Pt_\tlﬁtlt
= Ry [F;+1Wt_+11ﬁt+l + Rt_l/6t|t - F£+1Wt_+11Ft+1ﬁt\t}

=By + R, Fi WL (Byy — Birie)-

and then manipulating the following identify

(F/ 1Wt+1Ft+1 + Pt|t )Pt\tFtJrl = F, +1Wt+l (Wt+1 + Ft+1Pt|tFt+1)
R 'PyFi,, = F W Py,
RtF£+1Wt+1 Pt\tFt+1P !

t+1|t

R; = Pt\tFt+1P Wt-i—lFt—i-l

t+1]t

_ -1
- Pt\tFt+1Pt+1|t (Pt+1\t Ft+1Pt|tFt+1) F;+1
gives the following conditional mean and conditional variance

m; = /6t|t + Pt\tF;H t+1|t(ﬁt+1 /6t+1|t)

R, =Py — PyF, P, Fi. Py .

t1t
Using conditional expectation leads to
/6t|N = E(ﬁtu:N) =E (E (ﬁt|/6t+1>TN) |‘7:N) = E(mt|‘7:N)

= By + Bis1 By — Bisap)

B, = P,,F}, P;}

tH1t
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Similarly for the Precision matrix

Pyy=E [(ﬁt - ﬁt|N)(ﬁt - ﬁt\N)/L'FN}

= E[(8, — m.)(8, — my)'| Fy]

+E [(my — Byw)(my — Byn)' | Fn]

=E[E (8, - m)(8, — m:)|Brsr, F ] |Fn]
+E [(my — Byn) (my — Byy)' | F ]

= E (Ry|Fy) + Var (m;|Fy)

= Py — Bt+1Pt+1\tBQ+1 + Bt+1Pt+1|NB:f+l

= Py — By (Pt+1\t - Pt+1|N) Bl/s+1 :

3.3 Likelihood Smoother

Finding the mode of the posterior distribution for 3. 5|F y provides an alterna-
tive method of deriving the state space smoother. The posterior distribution for

Bo.n|Fn is given by:

f (Bon|Fn) = [Hf Yt|/8t] [Hf(/gt|ﬂt—l)] f(Bo) /[ f(Fn) . (381)

The posterior log-likelihood function, ignoring a constant that depends only on

F N, is given by:

N N
log f (Bo.x|Fn) = log f(Y4lB,) + Y log f (B,1B:-1) +log f (By) - (3.82)
t=1 t=1

When each of the conditional distributions has a Gaussian distribution:

Yi|B ~ fo, (Y — 28,) =N, (0, V)
5t|ﬁt—1 ~ fwt (/61‘, - Ft/ﬁt—l) = Np (07 Wt) (3-83)
Bo ~ fwo (Bo — bo) =N, (0, Wy)
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then the posterior log-likelihood, ignoring a constant that does not depend on

Bo.n» 1s given by:

(Yt - Z;Bt)/ Vt_l (Yt - Z:sﬁt>

DN | =
WE

logf(BON‘j:N) ==

&
Il
—

(8, — FuBy_y) Wi (B, — F.B,_,)

o+
Il

N~ DN
[ =

1

(By — bo) W5 (By — bo) -

Finding the mode B,y = {BOW, . ,BN‘N} of the posterior log-likelihood by

maximizing the posterior log-likelihood using

0(N+1><p) = Vlng(/BO:N|‘7:N)|éo;N

(o oY
V:(aﬁo"”’aﬁN)

leads to the following system of state estimating equations:

0= 557108 (Burl F)

Bo.
i a ' —1N e " -1
- (ﬁw ~ FiByx) Wi'Fy— (Boy —bo) W5
0'= —log f (Bo.n|Fn) fort=1,...,N—1 (3.84)
aﬁt Bo.n

. . ' R R /
= <5t+1uv - Ft-i-lﬁt\N) W L F - (/6t|N - Ftﬁt—l\N) Wt
+ (Yt - ztﬁt\N) 'z :

0
0 = lo ~|F
8ﬁN gf(ﬁO.N| N) b

A / A ~ /
= (YN - leﬁN\N) Vizy - (ﬁN\N - FNBN—HN) Wi

Under the Gaussian assumption (3.83), the posterior mode and the conditional
mean are the same so that the posterior distribution mode estimates Bo: N =

{Btw :t=0,..., N} are the same as the state space smoothing estimates BIS:N =
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{Byn :t=0,...,N}. The following result provides a direct algebraic proof that

the state space smoother estimates maximize the posterior log-likelihood.

Lemma 3.3.1. If the Gaussian assumption in (3.83) is true, then the state space

smoothing estimates maximize the posterior log-likelihood

O(Nt1xp) = Vlnf(BO:N‘j:N)L@g:N ’

(3.85)

Proof: Starting with the Kalman filtering equations, applying the identity

z NV]_\,1 = PZ_VTNK ~ and using a little algebra shows

Ky (YN - z;v/BN\N) = (I - Kyzy) (5N\N - 5N|N—1)

= PN\NP]_V}N_l (ﬁN\N - ﬁN\N—l)

ZNVz_vl (YN - ZEVBN\N) = N\N 1 (ﬁN\N ﬁNIN—l) :

Next, starting with the state space smoothing equations shows

5N|N - FNBN—l\N = (I - FNﬁN) (5N|N - 5N|N—1)

- WNPN|N 1 (ﬁN\N - /8N|N—1)

W' (Byw — FaBy_yn) = N|N L (Byiy — Baiv-1)

=z V' (Y — ZIN/BN|N) :

Hence:

0= 8N log f (Bow| Fr)

8ﬁ Bb.n

Further analysis of the state space smoothing equations shows

/6t|N - Ftﬁt_uzv = (I - FtBt) (5t|N - 5t\t—1)

=W.P t\t 1(ﬁt|N Bt\t—l)
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or

. (/6t|N - Ftﬁt—l\N) t|t 1 (/Bt\N /6t|t—1)
F, W, (Biriv — FrsaByn) = F:e+1Pt_+1\t (Bisin — By
- PﬁtlBHl (ﬁt-i-l\N - /Bt+1|t)

Pﬂtl (Buyn — Bu)

so that

F;+1Wt__;}1 (Bt+1|N - Ft+1/3t|N) - Wt_l (Bt|N - Ft/Bt—1|N)

(Pt\tl P, 1) Byn — Py, "By + Pt\t 1Bji-1 -

Additional analysis of the Kalman Filtering equations shows

0=K,(Y,— Z;ﬂtw) + Kz,8yn — By + (I — K12}) By

and applying the identities

Pl K, =2V, | PlK.z = P

tt

_ p-l

tlt—1

P, (I - Kz) =Py,

shows

0= ZtVt_l (Yt — z;ﬁt\N)
+ (Pt_\t P, 1) Bin — Pt_\tlﬁﬂt + Pt_\tl_lﬁt\t—l
=z, V! (Yt - z;ﬁt\N)

+F Wi (B — FenByy) — Wi (Byy — FiBy ) -

Hence fort=1,...,N —1

0= 557 108 (Boal ) . (3.87)
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As shown previously by starting with the state space smoothing equations,

with initial conditions By, = by and Pojg = W:

FW ' (Byy — F1Byy) = P(ﬂé (Bov — Boo) = Wi (Bojw — bo)

Hence:

0
0= a—[%logf(ﬁowlfzv) o . (3.88)

Intermediate results (3.86), (3.87), and (3.88) prove the desired result (3.85). B
The system of state estimating equations associated with the mode of the

posterior log-likelihood (3.84) has the following tridiagonal block matrix repre-

sentation
AN _CN BN|N ZNVJ_VIYN
—C'y Byn-1 —Cy, Br_1n v VL YN

-C, D Boin Wb,

where fort =1,..., N

Ay =W + 23V i'2)y
B, =F, W \F, +W;'+2,V, 'z
Ct = Wt_lFt

D=FW{'F,+W;'
which is given the following symbolic tridiagonal block representation

MNﬁ?v:o = Y*N:O (3-89)
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where M x has a tridiagonal block structure with Os in the off tridiagonal block
entries. Substituting the actual states By, = (Bn,...,00) for the state space
smoothers B4, in the system of state estimating equations (3.89) and applying

the linear Gaussian state space model (3.80) shows

W X[le — ZNV]_Vl’UN
! yar—1 -1 -1
-Fy\Wywy+ Wy wy_1 —2y1Vy_vn
* J—
MyBrno =Y no =

/ -1 -1 -1

~F'Wiltw, + W3,

which implies the following distribution for the smoother residuals assuming M,

is invertible

MNBN:0|N ~ N (07 ‘I’N) or BN:0|N ~ N (07 MJ_Vl‘I’nMJ_Vl)
BN:0|N =Bno— 5?\/:0
= (ﬁt_/@t\N:t:Na"'aO)/ .
Applying the state space model, where {8y}, {w; :t=1,..., N}, and {v; : t =

1,..., N} are mutually independent collections of independent random vectors,

leads to W,, = M,,. Hence
MNBN:O|N ~ N (0, My) or BN:O|N ~N (0’ M]_Vl) . (3.90)

It is easy to see that Wy also has a tridiagonal block structure if the mutual
independence of {w; : t =1,..., N}, and {v, : t = 1,..., N} is relaxed such that
w,, and v, are mutually dependent for ¢; = ¢, and are mutually independent for

t1 # ty where t1,to =1,..., N.
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One way to solve (3.89) for the state space smoothers 8%, is to use the inverse

of M y if the inverse exists
k —1y *
Brno=MyYng-

Another way to solve (3.89) for the state space smoothers B35 is to use Gaussian

elimination to take advantage of the tridiagonal block structure of M .

Definition 3.3.1. The likelihood smoother form of the state space smoother is a
two pass method for calculating the state space smoother estimates plus a method
for calculating the corresponding precision matrices. The first pass consists of
using Gaussian elimination to calculate the Kalman filter estimates by removing
the upper diagonal of M y in (3.89). The second pass consists of using Gaussian
elimination to calculate the state space smoother estimates by removing the lower
diagonal of M y in (3.89). The state space smoother precision matrices are found

by using Gaussian elimination to find the diagonal components of M y'.

Formulas are developed in the next section, for the likelihood smoother esti-
mates and precisions, given a univariate linear Gaussian state space model with

constant parameters.

3.4 Asymptotic Precision Analysis

In this section the limiting precision, limy_.o Pyn for fixed t € [1,..., N], is

investigated for a special case of the Linear Gaussian State Space model:

Initial Information: Bo ~ N (bg, Wp)
System Equation: By = ¢fBi—1 + wy, wy ~ N (0, W) (3.91)
Observation Equation: Y, = nB + vy, vy ~N(0,V)

132



where {6}, {wy :t =1,...,N}, and {v; : t = 1,..., N} are mutually indepen-
dent collections of independent random variables; where the system equation is
true for t = 1,..., N and the observation equation is true for all Y; € Fy, i.e.
fort =1,...,N; where 3, for t =0,..., N are scalars and Y; € F y are scalars;
and where |¢| < 1 and |n| < 1.

The system of state estimating equations (3.89) associated with the above

linear Gaussian state space model (3.91) has the following tridiagonal form

A —C Bin LYy
-C B -C Br-1N TYN1
-C B -C Brn w1
I -C D | Boin VbV—OO
where
I 1 ¢
A= —+ — B= —+ -+
%% + Vv %1% + W + V
¢ L ¢
C=-—= D= — L
%% W + %%

which is given the following matrix notation
MNﬁlfv;o|N = Y}kvzouv (3-92)

where M y is a tridiagonal matrix with Os in the off tridiagonal entries, and where
BIszO‘N = (BN|Ns-- -, Bon)" is a vector of the state space smoother estimates for
the state vector By.0 = (Bn,--.,00) given all of the observations in F .

The distribution of the smoother residuals 3 NN = (BN| Nyooos BOI ~) from

3.90) is used to evaluate each precision P,y = Var By fort =0,..., N
| |

MNBN:O|N ~N(0,My) or BN:O\N ~N (0> Mj_vl) .
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Using the structure of the matrix M y, it is possible to bound each Var Bﬂ N-

Proposition 3.4.1. Given the linear Gaussian state space model defined in

(5.91), then

-1
o W ) < Var Bon < Wo
_'_

(1 + 2|¢] + ¢?
W

L+1o] |
W

—1
N 1%
) SVarﬁﬂNS?,t:l,...,N—l (3.93)

<|% <%

—1
) < Var By < %

Proof: The properties of positive definite matrices are used to establish the
lower and upper bounds on Var Bth fort = 1,...,N. It is easy to show that

M y is positive definite. Let X y = (xN, ..., xg). Then

X\ MyXy = A23 + Z Ba? + Da? — ZQC’xt:ct .

t=N—1
1
xf — 20wy + O*xl, n? 1,
IZ + —=x; + T
= W V Wo
>OfOl"XN#0.

In order to establish the lower bounds in (3.93) choose (py, p, €) as follows

1 P 1+ ¢ n? 9| ¢? [
L L L B ] 3.04
W '°V>W W pV>WW+WO>W (3.94)

and define the following positive definite matrix M) as

1 772
w PNy C

[N

S

|
>
<

=%
o
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The positive definite property M) = My + M) > My > 0 implies My >

M (_5, see Amemiya (1985) [1] Appendix 1 Theorem 17, where

2
25+ (1= p) £

2
I 26+ (1+¢) 5 |
Note that the positive definite property M) > My is equivalent to M ) —
M > 0 where the matrix combination M) — My is positive definite and

where both M5y and M y are each positive definite. Hence lower bounds for

each Var BﬂN, t=0,...,N, are identified in terms of (py, p, €)

2 -1
Var /@O‘N > <2¢— +(1+¢) L)

W W,
- 1+ 2 2\ —1
Varﬁuv>(2 W¢ —l—(l—p)%) t=1,... N-1

2

. 1 -1
Var fyjy > <2W +(1-py) %) .

The desired lower bounds in (3.93) are found by allowing (px, p, €) to change so
that the inequalities in (3.94) converge to equalities.

With regard to the upper bounds in (3.93), it is convenient to define

1
Alp) = 7 + 7 (3.95)
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The analysis proceeds by decomposing X'y M y X y in terms of A(p)

02
X yMyXy = A(p)zy — 2ConTn_1 + ——2%_, + (A — A(p)) 2%

A(p)
1 , o2
+ Z A(p)z; —2Cxpmy 1 + mxt_l
! N 2\
+ 2 <B ~Al) - A<p>) ot (D - A<p>) "

t=N-1

= X/NM(g)XN + X/NM(4)XN

where
A(p) —C
~C Ap)++5 —C
M =
—C Alp)++5 —C
_ ¢ 5]
A — A(p)
B—Alp) — £
My =
B Mm_ﬁ;
_ D=5

M (3 is positive semi-definite for all values of p € R. M is positive definite for

selected values of p as follows

Cc? 1 ¢*  C?

_MZWO_‘_W_M > 0 for p € [0,1)

C2 _ ¢2 C2
B—A(p)—A(p) _A_A(p>+W_A(p) > 0 for p € [0,1)
A—Alp)=(1-p L >0 for pe[0,1) .
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Consequently My = M 3y + M 4y > 0, My > M4 > 0 implies My < M(_4%

Upper bounds are established in terms of p for Var Bﬂ N, t=0,...,N

~ 2 -1

02)‘1
— ) L t=1,.... N-1 3.96
A0p) (3.96)

Var By < (A—A(p) ™" .

Var fyy < (B — Alp) -

It is easy to show that (B — A(p) — %)_1 and (A — A(p))~! are minimized for
p €[0,1) when p = 0. The upper bounds in (3.93) are found by choosing p = 0.
|

It is possible to tighten the upper bounds in (3.93) by considering two special

cases and by continuing to analyze the behavior of the function A(p) introduced

in Proposition 3.4.1, see (3.95).

Proposition 3.4.2. Given the linear Gaussian state space model defined in

(3.91)

1
~ 1 »**n? (1 n? !
Var Boy < | — + =L [ — + L ,
ar 0| N ( S (3 97)

and if $*/W + 1/Wy > |¢|/W then

; 1—2[¢|+¢*  n*\"
Var fyy < (—22 T2 LY o N -1 .
N (3.98)
. 1— 2\ 1
Var /GN\N < ( VV‘(M + %)

else if 9> /W + 1/Wy < |¢|/W then

- 29 11 /1 2\ h\
VarﬂtNS(%_Wo‘i‘WWO(WO—F%) ) ,tzl,...,N—l (399)

Var BN\N < (

<<
_I_
Sk
|-
—
Sk
+
=%
~
—
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Proof: With regard to the upper bounds in (3.98), assume that ¢*/W +
1/Wo > |¢|/W, and choose (pn, p, €) so that the inequalities in (3.94) are satisfied

and 1 — e > 0. Define the following positive definite matrices

2

% — PNT -C
R Y
M(5) =
1+¢)2 2
—C = -ry C
¢2
| i
- ) _
(1+pn) T
(1+p) %
M(G) =
2
(1+p) %
1-¢
— WO_

such that My = M)+ Mg > 0, My > M ) > 0, and M <M(_6§. Hence

upper bounds for Var Bth are identified in terms of (py, p,¢) for t =0,..., N

~ W
Val"ﬁo‘N< 0
1—-¢
- LV
Var By < (1+p) ?,tzl,...,N—l
~ Vv
VarﬁN‘N<(1+pN) 1—2

The desired upper bounds in (3.98) for each Var ﬁt‘N, t=1,...,N, are found
by allowing (pn, p,€) to change such that the inequalities in (3.94) converge
to equalities. The corresponding upper bound for Var 30| N is (1/Wy + (¢* —
|6)/ W)~

With regard to the upper bounds in (3.99), the upper bounds in (3.96) as a

function of A(p) are analyzed for p € (—o0,1). The function A(p) has a local
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maximum, a local minimum, and a singularity point between the local maximum
and the local minimum. Let p; denote the local maximum, let p; denote the local

minimum, and let p, denote the singularity point

V1 V1

Vo1
- (1 L <= = —(1—¢]) = — .
1 ( +|¢>I)77 <p AT ( |¢|)772W

If (D—C?/A(py)) > 0 then the upper bounds in (3.98) are valid; otherwise, differ-
ent upper bounds are found by decreasing p from 0 such that (D —C?/A(p)) — 0.
Let p3 denote the value of p such that (D — C?/A(p3)) =0
1 1V /1 ¢\ "
p8<p3:_—0__2(WO+W) :
It is easy to show that p3 < py is equivalent to ¢*/W + 1/Wy > |¢|/W. For
p2 < p3, the upper bounds in (3.99) for each Var BﬂN, t=1,...,N, are found by
allowing p — p3. As p — p3 the corresponding upper bound on Var 50| N 1s 4o00.
The bound (D — C?/A(p))~" on Var Syn for p € (—o0,1) is minimized as
p approaches 1. The upper bound in (3.97) for Var 30| ~ is found by allowing
p—1. 1
Note that the bounds for each Var Bt‘ ~,t €10,..., N]identified in Proposition
3.4.2 can be shown by direct computation to be tighter or equal to the bounds

provided in Proposition 3.4.1.

Corollary 3.4.1. If {#; : t = 0,...,N} is stationary, i.e. by = 0 and Wy =
W/(1 — ¢?), then direct calculation shows that ¢*/W + 1/Wy = 1/W > |¢|/W

for |¢| < 1. Hence the first set of bounds (3.98) in Proposition 3.4.2 apply. B

Next, the tri-diagonal property of the M y matrix is exploited to provide
simple formulas for the state space smoothers in Bﬁ“\,:o‘ ~ and for the elements of

M ' that correspond to the covariances of (BmN, Btzw), t1,to=0,...,N.
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Proposition 3.4.3. Given the linear Gaussian state space model defined in

(3.91) then the Kalman filter and smoother estimates are calculated as follows

50\0550
o2\ C 1
B = A_G_ik VK+E§W060‘O
o2\ C C?
=(A—-— YV, +—(A—- — il =2....N
Buje ( G;f) <V t+Gf( G;*_l)ﬁt 1t 1>at 3o

1 C? C
=— [ A— — t=N-—-1,...,1
By N Ci, ( G:) Bt + G;k+lﬂt+1|N7 7o

11

C
Bon = G_’{Woﬁow + G_’{ﬁ”N

where

D =1
Gt =

J

e
B T, iy >1

Proof: Gaussian elimination of MNﬁﬁ,:mN =Yy for N =1,2 to remove

the upper diagonal in M y shows that the Kalman filter estimates are
50|0 = by
ﬁ = (A— C_2 B EY + Eb_@
e Gy vitarw,
AN C ([ C b
=(A-—= Yo+ —(=V1+ == :
P < G§> (V G (v 1*@;%))

Induction shows the following formulas for the Kalman filter estimates at time
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indicest —1and ¢t fort > 1

2N\ C
Byt :(A— . ) (—Y_ +— (Yot ...
t—1[t—1 ar Vaias! ar <V t—2

C n C bo
— | =Y14+=—...
+G§ (v 1+G’{W0) ))
N\ (n,,  Cn
6tt—<A_G_:) <VY;5+G—:<V}/;_1+

C(n. C b
— [ =Y, —_ ] ... .
e (v 1+G’{Wo) ))

The previous display is used to prove the recursive formula result for the Kalman

filter estimate 3y, given B;_y—1 with ¢ > 1.
Gaussian elimination of MNﬁlfvzo\N = Yoy for N = 1,2 to remove the

upper diagonal in M y results in the following system of equations

1 Bnin Bin
c 1 c
—oy ! Bn-1N ar (A - m) BN-1N-1
c 1 c
& ! BN oz (A - G—1> Bt
C 1 1
I o 1_ Boin &= wo Jojo

The previous display is used to prove the recursive formula result for the state
space smoother estimate 3y given [,y and given the Kalman filter estimate

Bye with ¢ > 1. Hence the complete result is proven. W

Lemma 3.4.1. Given the linear Gaussian state space model defined in (3.91)

. o2\ !
VGT 60‘]\[ = (D — G—N)

= ~ C C ~
COU(ﬁo\N,ﬂﬂN) = Gt X e X G—NVCLT’ 60\N7 t=1,...,N
A cj=1

2 .
B—G(;Ll 7 >1
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Proof: Gaussian elimination is used to solve M y Xy = eny1 where ey =
(0,...,0,1)". The Gaussian elimination of M y proceeds by eliminating the lower
diagonal starting from the left and then by eliminating the upper diagonal starting

from the right. For N = 3 the resulting solution for X3 is

3 Cov (50\1\77 B3|N> G%@
X, — L2 _ Cov (?ON,?WV) _ G%atl

I Cov <6O\N7 51|N> G%xo

2 Var ﬁO‘N (D — g—z>_1

Generalizing the result in the previous display for N > 3 proves the result. B

Corollary 3.4.2. If {5, : t = 0,...,N} is stationary, i.e. by = 0 and Wy =
W/(1 = ¢?), then direct calculation shows D = 1/W and G5 = A. Hence G =
Gj_l forj e {2,3,} [ |

Lemma 3.4.2. Given the linear Gaussian state space model defined in (3.91)

_ o2\ !
Va’f’ﬁN“\[ = (A— G*N)

. C C N
COU(ﬂt\N;ﬂN\N>: — x - X —Var Byn, t=0,...,N—1.
G Gy
Proof: Gaussian elimination is used to solve M yXy = e; where e; =

(1,0,...,0). The Gaussian elimination of M y proceeds by eliminating the up-
per diagonal starting from the right and then by eliminating the lower diagonal

starting from the left. For N = 3 the resulting solution for X y is

- -1
T3 Var 63|N (A — g_;)
x Cov (3 N, 5 N) o
X3 = 2 = ~2| ~3‘ = GS 3
T Cov <51|N, 53\N) (%932
Zo Cov (Bouv, gsuv) G%%

Generalizing the result in the previous display for N > 3 proves the result.
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Lemma 3.4.3. Given the linear Gaussian state space model defined in (3.91)

. o2\ !
VarﬁﬂN:(GN—t—i-l_—*) ,t=1,..., N—1
G;

- C C .

COU(ﬁtﬂNaﬂt\N) = X oo X ﬁVarﬂt‘N, ty=0,...,t—1
t1+1 t

- C By

Cov(ﬁtw,ﬁtlw) = X+ X Var Byn, i =t+1,...,N.
GN—tl—l—l GN—t
Proof: Given a fixed t € [1,..., N — 1], Gaussian elimination is used to solve

MyXy =en_t11 Where en_411 is a vector consisting of N + 1 zeros except for
a one in element number N — ¢t + 1. The Gaussian elimination of M y proceeds
by eliminating N — t elements in the lower diagonal starting from the left and
then by eliminating ¢ elements in the upper diagonal starting from the right. The
remainder of the elements in the upper and lower diagonals are then eliminated.

For N = 3 and t = 2 the resulting solution for X3 is

T3 Cov (Bzuv, 33|N> &
1
3 2 2
X3 _ i) _ Vapvr 62\]17 _ (B — & G_§>
Ty Cov (51\N> 52|N> G%!Ez
Zo Cov (@ou\h B2|N> G%Sﬁ

Generalizing the result in the previous display for N > 3 proves the result. B

Corollary 3.4.3. Given the linear Gaussian state space model defined in (3.91)

~ Gy G3 ~
Vi =__—¢ e L Vi t=1,...,N.
ar /Gt\N GN_t+1 X X GN ar ﬁO|N> ) )

Proof: The following variance ratio equation is shown by simple algebra for

t=2... . N—1

~ * C?
Var /Gt\N o Gi GN—t+1 Gi

= = oz = .
Var ﬁt—1|N GN—t+1 — Gr GN-t+1

Generalizing the previous display for ¢ = 1 and t = N proves the result. B
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Remark 3.4.1. The vector of state space smoother estimates can be calculated
using Blf\,:m N=M X,IY*N:(” ~ since M y is positive definite as shown in Proposition
3.4.1 and is invertible. As shown in Proposition 3.4.3 and Lemmas 3.4.1 through
3.4.3, Gaussian elimination can be used to solve MNBIJC\,:O‘N =Yy for 5116\7;0\1\7
and to invert M y for the smoother precisions in Var 6]]“\,:0| v = M. The likeli-
hood smoother form of the state space smoother consists of a two pass method to
calculate the state space smoother estimates and a method to calculate the state
space smoother precisions. The first pass of the likelihood smoother estimate

method calculates

D 7 =1
G = forj=1,...,N
L
B T, iy >1
1 1
* - — :—b
/60\0 WO/GO\O WOO

Cc? C
B = (A— 5) Byt = %Yt + @ﬂf_m_l fort=1,...,N .
t t

The second pass of the likelihood smoother estimate method calculates

2\ 7!
= (4= 2)

Gy
1
ﬂt|N = A% (ﬂat‘i‘cﬂt-i-l\N) fort=N — 1,...,0.
t+1
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The likelihood smoother precision method calculates

A j=1
forj=1,....N

2 .
B—G(;Ll g >1

G

. 2\ 7!
PN|N = Var BN|N = (A— o )
N
2

~ C
Pt|N = Var ﬁt|N = (GN—t-H —

-1
GI) fort=N-1,...,1

N I A
P0|N = Var 50|N = (D - G—) .
N

The first pass is equivalent to performing Kalman prediction and filtering to ob-
tain By y and the second pass calculates the state space smoother estimates 3y
fort = N,...,0 based on the first pass. When new observations become available,
then only the end of the first pass and the complete second pass of the likelihood
smoother estimate method as well as the likelihood smoother precision method
need to be redone. Note that an alternative Gaussian elimination procedure
can be used to solve MNB?V;O\N =Y}, for ﬁ?v:ow by first removing the lower
diagonal of My and then removing the upper diagonal of M y. This alterna-
tive Gaussian elimination procedure is less efficient than the likelihood smoother
estimate method introduced above in the sense that the alternative Gaussian
elimination procedure would have to be redone in total when new observations

become available.

Before establishing the limit as N — oo for Var BﬂN, t €[0,...,N], the

behavior of GG; and G; is established as | — oo
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Lemma 3.4.4. The properties of G; defined in Lemma 3.4.1 include
B+ VB2 —4C?
2
ASGj<Gj+1<GOO, jg=12.... (3101)

Gj— G = as j — oo (3.100)

Proof: The following bounds is used to prove (3.101)
ASGj<Gj+1<B,j:1,2,.... (3102)

By direct calculation A+ C?/A < B proves (3.102) for j = 1. The general result
(3.102) for j > 1 is proven by induction. Hence G; — G as j — oo. At

convergence G, has two possible solutions

02

Gm:B—G—@Ggo—BGOOjLC’Q:O
o _ B+V/B2-4C?

Direct calculation shows that the larger solution for G identified in (3.100) is
the only solution that satisfies (3.102) such that A < G. Induction is used to

prove (3.101). W

Lemma 3.4.5. The properties of G} defined in Proposition 3.4.5 include

B+ VB2 —4C?

G — G, = 5 =Gy as j — 0 (3.103)
If D< G then D <G} <Gy <GL, j=1,2,... (3.104)
If G5, < D then G5, <G5, <G; <D, j=1,2,.... (3.105)

Proof: By direct calculation C?*/A < D and C?/A < G% < B. Induction for

J > 2 is used to show the general result that
2

C . ‘
Z<GJ<B"7:2’3"" (3.106)
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If G} < Gj then induction shows C*/A < G5 < G, < Bforj=1,2,.... If
G5 < G then induction shows C*/A < G%,, < G5 < B for j = 2,3,.... Hence

G} — G, as j — oco. At convergence G, has two possible solutions

02

Gl = B— o & (GLP ~ BGL +C* =0
o BEVEAC

Direct calculation shows that the larger solution for G¥  identified in (3.103) is
the only solution that satisfies (3.106) such that C*/A < G*_. Induction is used
to prove (3.104) and (3.105). H

Limits and bounds on each Var Bﬂ ~, t € [0,..., N] are now established using

Lemmas 3.4.1 through 3.4.5.

Theorem 3.4.1. Limits for each Var Bt‘N, te|0,...,N] as N — o are

. 2\
L (p_- =
Var ﬁO|N ( GOO)

- 2\ 1
Var Byn — (Gm—%) , for fizedt € [1,...,00)
t

. o2\t
A— .
Var ﬁN|N — ( G;O)

Var /@O‘N 1s bounded as follows

2 -1 ~ 2 -1
<D—G—OO) < VCZT/@()‘N< <D—Z) .

If D < G, then bounds on each Var Bt\N; te[l,...,N] are as follows

2\ —1 R 2\ —1
(GOO C) <Varﬁt|N<<G2—C—) ,te[l,...,N—l]

ey D
02 -1 5 02 -1
<A — G—’go> < Var ﬁN|N < (A — 5)
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else if D > G then bounds on each Var Bt‘N, tell,...,N] are as follows

2\ —1 B 2\ —1
(GOO_C—> <Va7“/6tN<<G2—C> ,te[l,...,N—l]

D Gr
o2\ ! ~ o2\
(A_ﬁ) < Var 6]\[‘]\/ < (A— G;O) .

Note that the bounds for each Var Bt\ N, t €[0,..., N] identified in Theorem
3.4.1 can be shown by direct computation to be tighter or equal to the bounds
provided in Propositions 3.4.1 and 3.4.2.

The following corollary provides the asymptotic precision for P,y where ¢

no longer remains fixed as a function of NV, for example t = ¢(N) = kN where

ke (0,1).

Corollary 3.4.4. If t = t(N) such that t(N) — oo and N — t(N) — oo as
N — oo then Pynyn — (Goo — C?/GE )™t = (2Go — B) ™! as N — oc.

As a check on the precision Pyy = Var BN| ~, the following corollary shows

that the equation for Pyy satisfies the Kalman predictor and filter methods.

Corollary 3.4.5. The equation for Pyy = Var BN|N from Lemma 3.4.2 satisfies

the Kalman predictor and filter methods such that

V PniN—1

T2 P = 6Py £ 1V

Pniy =

Proof: Inverting the equation for Py|y in the previous display with respect

to Py_1ny—1 shows

1
Pyv_yyo1=—|——7+——
N—1|N—1 e (V_UQPNN
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Inserting the equations for PN—1|N—1 = Var BN—1|N—1 and PN|N = Var BN\N

from Lemma 3.4.2 into the left and right hand sides of the previous display and

2 -1
lLhs. = (A— C*j )
N-1

2\ —1

Hence the result is proven since G = B — C?/G’y_, from Proposition 3.4.3. B

reducing shows

The following proposition shows how the asymptotic filter precision satisfies

the steady state Riccati equation, see [29] section 4.3.

Proposition 3.4.4. The asymptotic one step ahead predictor precision P,y =
¢*P + W satisfies the steady state Riccati equation where P = limpy_ o Pyin =
(Goo — ¢* /W)L identifies the asymptotic filter precision
-1
Py = ¢’ (1—772P+1 (1P +V) )P+1+W-
Proof: Algebraic manipulation of the steady state Riccati equation shows that

P, is a zero of the following quadratic equation

1772 N 1 ¢2 n2
—Lp — - L )p,-1=0.
WV +1+<W woov)

Hence P,; has two possible roots

It will be shown that the larger of the two possible roots is the correct value.

The asymptotic filter precision P satisfies

02 ¢2
Tan 9w

()

P1t=A

N =
|
=%
_|_
<R
N—

[\
+
W
=%
<R
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Hence P~!is a zero of the following quadratic equation

_ 1 gb2 772 _ ¢2772
P2 —— 4Pl 0.
< 0

The above quadratic equation can also be derived by starting with the steady
state equation for the asymptotic filter precision, see [7] section 4.2.3.

B »P*P+W
(2P W) +1

and deriving the following quadratic equation in P

2 .2 2 2
%%PM—(%—%%—%)P—Izo.

The larger of the two possible roots of the previous quadratic equation in P

satisfies P x P~! = 1 where P! = G, — ¢?/W from above and where

2
1 ¢2 2 1 ¢2 2 ¢)2 2
— (—W — &+ %) + \/(—W — &+ %) +4L L

99 n?
WV
B ¢2 772 -1 B_ \/m ¢2
o \WV 2 W)
Hence the asymptotic one step ahead predictor precision satisfies
Py =¢’P+W
2
1 ¢2 2 1 ¢2 2 1 2
—<W—W—"V>+\/<W—W—”V> +dwv
= 7 . A
2W i

Remark 3.4.2. The results of this section can be generalized to the following

linear state space model where the Gaussian assumption has been removed

Initial Information: Bo ~ (bo, Wo)
System Equation: By = ¢fi—1 + wy, wy ~ (0, W) (3.107)
Observation Equation: Y: =B + vy, vy ~ (0,V)
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where {6}, {wy :t =1,...,N}, and {v; : t = 1,..., N} are mutually indepen-
dent collections of independent random variables; where the system equation is
true for t = 1,..., N and the observation equation is true for all Y; € Fy, i.e.
fort =1,...,N; where 3, for t =0,..., N are scalars and Y; € F y are scalars;
and where |¢| < 1 and |n| < 1. Defining a new sequence of smoother estimates as
BO:N = {ﬁﬂN :t=0,..., N} that satisfy the following system of state estimating

equations similar to (3.92)

MNBN:O‘N == Y}kV:0|N or BN:0|N = M&IY}kV:O
N . /
By = (/Gt\N t=N,... ,O)

such that the distribution for the associated collection of smoother residuals de-

fined as B():N = {Bth =06 — ﬁt‘N :t=0,... N} satisfies

MNBN:O\N ~ (0, My) or BN:0|N ~ (OvM]_Vl)

/BN:O\N = (/Bt\N :t=N,...,0).

Hence the results of this section are applicable to the smoother residuals in Bo; N

associated with the linear state space model defined in (3.107).

3.4.1 Missing Observations

In this section, the results of the previous section are generalized for the case
where some observations are unavailable, both in the past and in the future given
a reference time point. When there are no missing observations, then the results
of this section reduce to the results of the previous section where all observations
are available. Initially the Linear Gaussian State Space model, as defined in

(3.91), is assumed true. Denote the available observations as Fy~ and denote
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the available observation index as N*

N*={te|[l,...,N]:Y, is available }

Fy-={Y,:te N},

The conditional distribution of B, y|F = is a multivariate Gaussian distribu-
tion since the distribution of (Go.y, F n+) is a multivariate Gaussian distribution.
Consequently, finding the mode of the posterior distribution for B |Fn+ is
equivalent to finding the mean of the posterior distribution for 8. y|F y+. The
posterior distribution for B, |F n+ is given by

F (Bo.n|Fn-) = [H f(YlBy)

teN*

[Hf(ﬂtwt_l)] F(Bo) [ f (Fne) -

The mode (and mean) B%. = {Bojn+, - - -, Bnyn+} of the posterior distribution can

be found by maximizing the log likelihood using

Ovr1) = Vlog f (Bon| Fe)lge

_(o 9

The resulting system of state estimating equations can be written as

Any-  —C BN+ & Y| v
—C  By_yn- —C Bn-1n+ TYN 1N
_C BllN* _C /61|N* %}/l‘N*
I -C D | Bojn= o
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where

1 2 . *
W‘l‘% :NeN
ANnN- =
% :N ¢ N*
1+¢2 . *
+L :teN
Byy-=¢ " " t=1,... N—1
2
\ltf :t ¢ N*
¢
C ==
w
1 ¢?
D=—+2
Wo_'_W

Y, :te N*
Yyn- =
0 :t¢N*

or in matrix notation as

k *
MN*ﬁN:O|N* = L N:o|N* (3-108)
where B?V:O|N* = (Bn|n=, - - -, Poin+)" 1s a vector of the state space smoother esti-
mates for the state vector By.g = (Bn, ..., 00) given the available observations

in F .

It is easy to show that M y« is positive definite and invertible. Analyzing
the system of equations associated with Vlog f(0Go.n|F n+), when the Linear
Gaussian State Space model (3.91) is true with Fy = Fy~, and defining the
vector of smoother residuals as BN:O‘N* = (Bt\N* =0 — Byn- 1t =N,...,0),

shows
MN*/BN:O‘N* ~ N(O,MN*) or BN:OUV* ~ N (O,M]_Vi) .

Similar to previous results in the previous section, entries in M J_Vi are calcu-

lated to find the precision values Py« = Var Bth*> fort=0,...,N.
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Lemma 3.4.6. Given the linear Gaussian state space model defined in (3.91)

. o2 \!
var fo- = (D Gy )
_ . C _
COU<50|N*,6tN*):mX..~X GNIN* Va?”/@ou\[*, t:l”N
AN|N+ g =1
By_jyine — eyl I<j<N

Proof: The result is proven by using Gaussian elimination to solve M y+ X y =
ent1 where ey 1 = (0,...,0,1). The Gaussian elimination of M y« proceeds by
eliminating the lower diagonal starting from the left and then by eliminating the

upper diagonal starting from the right. W

Lemma 3.4.7. Given the linear Gaussian state space model defined in (3.91)

-1
~ 02
N|N*
L C By
COU(BHN*;ﬂN\N*):G* X X o VarﬂN‘N*, t=0,....,N—1
t+1|N* N|N*
D cg=1
jIN = .

j—1|N*
Proof: The result is proven by using Gaussian elimination to solve M y+ X y =
e; where e; = (1,0,...,0). The Gaussian elimination of M y« proceeds by
eliminating the upper diagonal starting from the right and then by eliminating

the lower diagonal starting from the left. W
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Lemma 3.4.8. Given the linear Gaussian state space model defined in (3.91)

with Fy = Fpy+ then fort=1,... N—1,t,=0,...,t—1, andty =t+1,...,N

—1
. C?
Var /Gt\N* = <GN—t+1N* ~ )

e
N N C C N
Cov (@tl\N*aﬁﬂN*) = oy X X o Var 6t\N*
41N {| N
N N C N
Cov | Byn+, Bro|n+ ) = G X e Var By n+
N—to1|N* N—t|N*

where Gy« and G;N* have been previously defined in Lemmas 3.4.6 and 3.4.7.

Proof: Given a fixed t € [1,..., N —1], the result is proven by using Gaussian
elimination to solve My« Xy = en_s11 Where ey_;,1 is a vector consisting of
N+1 zeros except for a one in element number N—¢+1. The Gaussian elimination
of M y« proceeds by eliminating N — ¢ elements in the lower diagonal starting
from the left and then by eliminating ¢ elements in the upper diagonal starting
from the right. The remainder of the elements in the upper and lower diagonals
are then eliminated. W

As expected, the missing observation precisions are bounded by the two cases
where all observations Y; are available fort = 1,..., N, and where no observations

Y; are available for t =1,..., N.

Proposition 3.4.5. Given the linear Gaussian state space model defined in

(391) with fN == -7:N*
Var Bt‘N < Var Bth* < Var BﬂNo, t=0,....N
where Var BﬂN,t =0,...,N are the precision values associated with

Fn ={Y; available fort =1,... N}
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where Var BﬂNo,t =0,...,N are the precision values associated with

Frno = {Y; unavailable fort =1,... N} = = N°

and where
1
Gj\NO_AO_Wu.]:L .,N
D j=1
JINO ,
By — ] > 1
j—1|NO
C? 1+ ¢?
B :A —_— =
0 0 A W

Proof: With regard to the lower bounds, M y = M y-+M (1) where My« > 0

and where

B — Bn_qn+

B — Byy-
0

Hence M y- < M y implies Myt > M ' proving the result for the lower bounds.

With regard to the upper bounds, My« > M () where

Ay —C
-C By —-C

-C By, —-C
-C D

By direct examination, M ) = M yo associated with F yo. Hence M J_Vi <M z_v%)

proving the result for the upper bounds. B
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The asymptotic analysis of the precision values as N — oo is shown for two

cases, where there is a finite number of available observations, or where there is a

finite number of missing observations. The first case includes Kalman prediction

of those states beyond the last available observation.

Proposition 3.4.6. Given the linear Gaussian state space model defined in

(3.91) with Fn = Fn« = Fp+ for N > n such that Y, € F,- denotes the

last available observation, then as N — oo

_ o2 \ !
var 60‘N* B (D N Gnn*)

02
a-

tln*

Var /Gt\N* - (Gn—t-l—ln* -

-1
Var 5 Lo N for fived t e ( )
ar = | = = or fize n,...,o0
HN WGy,
where
(
D 7=1
Gj_‘n* = < Bj—1|n* - G;,”n* 1 <] <n
By — =& ‘n <

Proof: None of the observations are available for t € [n + 1,...

definitions of Gy~ and G;‘ n+ are used to show

GN_ty1 N =

:‘N*:GJTL*’ 1§t§N
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The previous display proves the result for ¢ € [0, ..., N] since

Var BO|N* = (D — ¢ )

G N~

G*

e

_ 2 -
Var ﬂﬂN* = Gn—t-i—l\N* — s 1 S t< N .
Allowing N — oo completes the proof. B

Proposition 3.4.7. Given the linear Gaussian state space model defined in
(3.91) with Fn = Fn+ DO Fp where Fp« contains the available observations
forte[l,...,n] with N > n such that Y, ¢ F,- denotes the last missing obser-

vation, then as N — oo

-1
_ 2
Var /60‘]\[* — | D— ¢ )

-1
~ C2
Var Byn- — 42t GT) for fized t € [1,... n]

tln*

-1
- 02
Var Byn+ — | Goo — GT) for fixed t € (n,...,00)
tln*
where
.
D j=1
R — c? . .
Gjln* = Bi-tins — e I<j<n
B c n <
\ Gjll\n ]
.
Goo j=1
© = Cc? .
jln* = BO—G;T”* 1j=2
\Bn—j+2|n*—G900712‘* 2<j§n+1
j—1|n

Proof: All of the observations are available for ¢t € [n + 1,...,N]. The

definition of Gjy~ with j7 € [1,...,N — n] is used to define Gy_sy1n- With
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t€[n+1,...,N]in order to show as N — oo

GN_tp1n- — G« for t € n+1,...,00) .
The continuity of Gn_i11n+ as a function of Gy_pn+ with t € [1,...,n] is used

to show as N — oo
GN_tp1 v = Golypgps for t € [1,...,n] .

Note that G;| Nx = G;ﬁn* for 1 < 7 < N. Hence, the result is proven by starting

with the following equations and allowing N — oo

~ 2 -1

C2
G:‘N*

1
Var Bt|N* = (GN—t+1|N* - ) , 1<t<N. I

The following corollary checks the results of Proposition 3.4.6 against the

Kalman prediction method.

Corollary 3.4.6. Given the linear Gaussian state space model defined in (3.91)
with Fn = Fn« = Fp for N > n such that Y,, € F,« denotes the last available

observation, then fort € [n,..., N — 1]
Var Bt+1\N* = ¢* Var BﬂN* +W.
Proof: Applying the equation for Var /Bt‘ ~+, applying the following identity

fort€0,...,N —1],

~ *
Var 5t+1|N* - Gt-ﬁ-l\N*
Var 5y~ G Nt N+

and using a little algebra shows that proving the result is equivalent to proving
the following display for ¢ € [n,..., N — 1]

¢2

(¢2 + WG:+1|N*) GN—t\N* - G:+1|N* = W
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Proposition 3.4.6 shows that Gy_yn+ = 1/W for t € [n,..., N —1]. Hence the

previous display and the result are proven. i

Remark 3.4.3. With respect to the linear state space model as defined in (3.107)
where the Gaussian assumption has been removed and with F y = F y+«, define a
new collection of smoother estimates as B Ne = {ﬁﬂ Nt =0,..., N} that satisfy

the following system of state estimating equations similar to (3.108)

3 = * 3 _ -1 *
~ ~ /
By = <6t\N* : tIN,...,O) )

The distribution for the associated collection of smoother residuals defined as

BN* = {/@t‘N* = G, —BHN*,t =0,..., N} satisfies

MN*/BN:O\N* ~ (0, M y+) or BN:0|N* ~ (OuM]_V}‘)

~ ~ /
Bron: = (ﬁtw* It:N,...,O) )

Hence the results of this section are applicable to the smoother residuals in B N+

associated with the linear state space model defined in (3.107) with Fy = F y-.

3.5 Partial State Space Smoother

This section introduces the partial state space smoother that generates a collec-
tion of partial smoother estimates of each state at time ¢ that depends on only
a finite number of past, current, and future observations relative to time t. The
number of operations needed by the partial state space smoother is fewer than the
number of operations needed by the complete state space smoother, at the price
of larger precisions for the partial smoother estimates relative to the precisions

for the complete smoother estimates.
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In order to motivate the partial state space smoother, consider the collection
of complete smoother estimates Blfm‘ n under the linear Gaussian state space
model (3.91) that satisfies the tridiagonal system of state estimating equations
from (3.92) as follows

MyBon =Y vow Brow = (B, -  Bov)’
A -C
-C B —-C
My = c RVHIXN+L

-C B -C

-C D

As noted in Remark 3.4.1, this system of state estimating equations can be solved
by the likelihood smoother that uses Gaussian elimination to remove the upper
diagonal and then the lower diagonal of M y. When new observations become
available then the lower diagonal of M y needs to be removed again. As N gets
large, the number of operations needed by the complete state space smoother
also gets large. The power (i.e. minimum precision) of the complete smoother
estimates comes from the tridiagonal structure of M . The cost of this power is
the number of operations needed to diagonalize M . One way to decrease the
number of operations conceptually is to decrease the number of backward links
in the lower diagonal of M y such that each of the resulting partial smoother
estimates only rely on a subset of the IV observations. The penalty for removing
backward links in M y shows up in the power (by an increase in the precision)
of the resulting partial smoother estimates.

Sections 3.5.1 through 3.5.3 introduce a partial smoother that solves a sys-

tem of state estimating equations with all or part of the lower diagonal removed.
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Section 3.5.4 describes another partial smoother that solves a system of state esti-
mating equations different from both the generalized partial state space smoother

of section 3.5.2 and the complete state space smoother.

3.5.1 A Simple Partial Smoother

As the first example of a partial state space smoother given the linear Gaussian
N

state space model (3.91), consider a collection of new partial smoothers 8.5y =

{@“ :t =0,...,N} that satisfy the following new system of state estimating

equations

—% <Btl|t - ‘b@—ut—l) + % (Y;f o 77@#) =0,¢t=N,...,1
1

that is written in matrix notation as

A —C Byiw Yy
A -C ﬁg\f—l\N—l %YN—l
A —Cl| B P
i Do |\ Fio i
1 n? o 1
A = — —_— = — D = —
wrtv Cw P

that is represented in matrix symbology as
~l %
Ul/BN:O = YN:O (3109)

and that is different from the system of state estimating equations associated

with the complete state space smoother (3.92) since the principle lower diagonal
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is 0. It is easy to see that U, is upper diagonal and invertible such that
P —1vy*
Brno=U; Yy

and such that each of the partial smoothers can be found recursively using

B(l)m = bo
Bl =A"" (%Yi + CB§_1|t_1) t=1,....N.

Hence each partial smoother B£| ,fort € {1,..., N} depends linearly on only the
observations Y] through Y;.
Al
Substituting the states By, for the partial smoothers By, in (3.109) and

applying the linear Gaussian state space model (3.91) results in

UI/BN:O - Y}kvzo = . ~ N (0> Dl)

= o
e (Bo — bo)
D, = Diagonal (A . A DO)

where D), is a diagonal matrix. Define the collection of partial smoother residuals
as Blo:N = {@'t =0 — ﬁi‘t :t=0,...,N}. Hence the partial smoother residuals
Bi); ~ satisfy the following relationship
~1 ~1 N
UI/BN:O ~ N (O>Dl) or BN:O ~ N (O’Ml 1)
~1 ~ /
By = (ﬁgu :t:N,...,0>

M;'=W)"'D/WU)" .
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Using matrix multiplication shows that

M,=U,D;'U,
A —C
-C A+9% -C

-C A+< ¢

—-C Do+

~1
The previous display leads directly to a lower bounds on Var By., and to simple

formulas for each Var ﬁt‘t,t =0,...,N.
Proposition 3.5.1. Given the linear Gaussian state space model in (3.91) then
Var Bév;o > Var By.on
where equality exists if and only if n = 0.
Proof: Simple algebra shows that
2 2

Z<wf0r7’]7£0, Z:Wforn:(]

Hence the result is proven since

M, = (Var By,) ™ < My = (Var Byqn)
implies Var @ZN:O > Var 3 noy With equality if and only if n =0. W
Lemma 3.5.1. Given the linear Gaussian state space model in (3.91) then

Var B(l]‘o = W(]

-1
B 2
Var 3}, = (A— ¢ ) ,t=1,...,N.

G*

i
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where

2 .
. Do + % )= 1
it = o o2
A+7_G§—1u cg>1
Proof: Given a fixed t € [0,..., N], Gaussian elimination of M ;X xy = en_t41

is used to show that

where

A+S -5 1>

Noting that Gj;; = A for j =1,..., N proves the result. B
Bounds for each Var @'t, t €[l,...,N], are also found using the properties

of G;”.

Lemma 3.5.2. The properties of G;“ include the following

* 02 * * .
02
IfGYy > Athen A< G <G <A+ o j=2,... (3.111)
Giy—Aasj—o0. (3.112)

Proof: The fact that C*/A < G7 is used to show C?/A < G7,. Induction is

used to show the general result that for j = 2,...
2 02

I<G;”<A+Z'
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Simple algebra is used to show for j =2, ...,

If G] 1] < G Il then G]“ < G;-{-l\l

If G] 1] > Gj‘l then G]|l > G;-{-l‘l

If G}, < Athen G, < A

Jll

If Gy > A then Gy, > A

Jll

Algebraic analysis also shows that G1| ; < Ais equivalent to Gu < Gz‘ ;- Induction
utilizing the inequalities in the previous display proves the result for (3.110). A
similar analysis proves the result for (3.111). Results (3.110) and (3.111) show

that G;’u — G’;O‘l as j — o0o. Hence the identity

c*  C?
s =AT T o
has two solutions: G7;, = 4, C?/A. The first solution, G o = A, 18 the only

solution that satisfies the previous results (3.110) and (3.111). Hence the result

(3.112) is proven. W

Proposition 3.5.2. Given the linear Gaussian state space model in (3.91) then

each Var @'t fort=0,..., N is bounded as follows
Var ﬁé‘o =Wy

IfG1|l<Athenf0rt:1,...,N

o 3 AN
(A—I) <M< (15

Else ZfGlu > A then fort=1,...,N
-1
C? - o2\
(A_G—T) < By < <A_I) .
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Var ﬁﬁvw converges to a limit as N — oo

Var ﬁfvuv — (A - %) .

The following corollary verifies that the precisions of the Kalman filter es-
timates are smaller than the precisions of the partial smoother estimates. The
next section shows that the precisions of the state space smoother estimates are
also smaller than the precisions of the partial smoother estimates since additional
observations are used to calculate the state space smoother estimate versus the

partial smoother estimate of each state.

Corollary 3.5.1. Given the linear Gaussian state space model in (3.91) then
the precisions of the Kalman filter estimates Py, = Var Bt‘t are smaller than the

precisions of the partial smoother estimates Ptl‘t = Var @i‘t

Var @t‘t < Var @f‘t, fortell,... o)

lim Var BN|N < lim Var BﬁVIN .
N—o0 N—o0

Proof: With regard to the first result, direct examination shows that G} <
G’f”. Hence G5 < G;u by direct calculation and G} < G;“ for j = 3,... by
induction. The first result follows by using the equations for Var @t‘t and Var @‘t.

The second result follows from the equation for Var @N‘ ~ and from the con-
vergence of Gy — G and G}kvu — A as N — oo such that Goo > A.

In order to further compare these precisions, the ratio of the precision for the

Kalman filter estimate Var BN| ~ versus the precision for the partial smoother
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estimate Var ﬁf\,‘ ~ 1s examined as N — oo

hmvarBNW:A—%:A—%
N=oo Var fy v A_% G — {7

2
2
1,7 2 (1, 2\
2 (W+7> _W<W+V)
- .
1_¢2 2 1_¢2 2 ¢2 2
(5E+8) + (52 +8) + a3
The asymptotic precision ratio can be expressed as a function of V/W

Covarge  2EER) @ )]
N—oo Var ﬁf\’IN ((1 _ ¢2) % + 7]2) 4 \/((1 _ ¢2) % + 772)2 + 4¢27I2%

If $*/W ~ n?/V then the asymptotic precision ratio is approximated by

~ ot
lim Var ﬁN|N N 2 (1 + 1+¢2)
Nooo Var By 14 4/1+ 494

If V/W = 0 then the asymptotic precision ratio is 1. Figure 3.20 graphs a

€ (.927,1] .

family of curves for asymptotic precision ratios where |¢| € [0,1], n = 1, and
where the curves correspond to V/W = .51, 3,10, 50 starting from the top right.
It is interesting to note that the asymptotic precision ratio remains above .9 for
|¢| € [0, .8] in all curves. The next section generalizes the simple partial smoother

estimate introduced in this section.
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Asymptotic Precision Ratios
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Figure 3.20: Asymptotic precision ratios of Kalman filter precisions versus partial
smoother precisions where |¢| € [0,1], n = 1, and where the different curves

represent V/W = .5 1,3, 10, 50 starting from the top right.

3.5.2 A General Partial Smoother

As a general example of a partial smoother given the linear Gaussian state space
model (3.91), consider a collection of new partial smoothers Bg:LN = {ﬁg}v it =

0,..., N} that satisfy the following new system of state estimating equations
1 Am Am /)7 Am
W <5N|N - ¢/5N_1\N> + % (YN - 77/5N\N) =0
am am 1 am am n am
Co (B — 08 ) — = (B — 0 ) + 12 (Ve —nf ) =0
W 1%
t=N-1,...,1

Co (@TN - ‘bﬁgﬁv) _WLO (BSTN - bo) =0
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where each Cy € {0,¢/W} for t =0,..., N — 1. This system of state estimating

equations is written in matrix notation as

A —C Bgfbw %YN
—Cy-1 By —C ﬂA]T\'?_l‘N AL
~Ci Bl =C|| By i
i _CO D* i BSTN 5/_00
1 i ) 1
w v w0t T W,

Bt:A+¢Ct, t:N—]_,,]_

D, = Dy + ¢Cy .
is represented in matrix symbology as

and is different from the system of state estimating equations associated with the
complete state space smoother (3.92) when C; = 0 for any ¢t € {0,..., N — 1}.

The matrix K, has the following partition for some r € {1,..., N}

M -CT,
ML, —CL,

My
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where for j =1,...,r

A —-C
-C B -C
M = eRYW*M j=1,...r
-C B -C
_ ¢ 5]
0 .0
cr=|" | eRYTN G =1, . . r—1
0
C 0 0
y
B :jed{r,...,2}
B; =
D, =1

Each M is positive definite and invertible. Solving K, X1 = 0 with X, =

(X5 € R, j =r,...,1) results in the following r equations

M7?X,;=0

M;-an—C;n_IXj_lzo,j:2,...,7”.

The previous display shows that K, has full column rank since the only solution
of K, X,; =0is X,; = 0. A similar analysis with respect to K/ X,.; = 0
starting with M "X, = 0 shows that K,, has full row rank. Hence K,, is
invertible and the partial smoothers B(TN satisfy the following system of state
estimating equations

B =My

~m

ﬁ' :(M;n)_l (YT+CTIBT—1)7JI277T

j —
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where the vector of partial smoothers and the vector of observations are parti-

tioned as follows

2 S Ixn; . '
ﬁN:O:<ﬁj ER J:j:’r‘,.._’l)

}kv:oz(Y;-”'E]Rlxnjzj:r,...,l)/ :

It is easy to see that each of the partial smoothers @t € ﬁ;n depend on the
observations Y; € {Y",..., Y "}, j=1,...,r.
Substituting the states By.o = (On, - - ., 8o) for the partial smoothers ﬁTano in

(3.113) and applying the linear Gaussian state space model (3.91) shows

1
WUWN = FUN

—Cnawy + %UJN—l — FUN-1
KnByo—YNno= : ~N(0,T,)

_ 1 _n
Clwg + le VUl

~Cowr + = (Bo — bo)

where T, is a tridiagonal covariance matrix

A —Cn—y
—Cn-1 Byo1 —Cnoo M

¢, B -G, M"
~Cy D,

Define the associated collection of partial smoother residuals as Bg:LN = {B;TLN =

0By — ﬁt"”N :t=20,...,N}. Hence the partial smoother residuals BQTN satisfy the
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following relationship

K,.Byo~N(0,T,) or By, ~N(0,M;")
~m - /
A = (@‘N = N,...,o)

M. '=(K,) ' T, (K')".

m

The following analysis shows that the precisions associated with the general
partial smoothers B{""”N are lower bounded by the precisions associated with the
state space smoothers Bﬂ ~ and are upper bounded by the precisions associated

with the simple partial smoothers ﬁf‘ .
Var By < Var By < Var B}, t=0,...,N .
Proposition 3.5.3. Given the linear Gaussian state space model in (3.91) then
Var BN:O < Var Bx;o

where BN:o = (/Bt\N :t=N,...,0) is a vector of state space smoother residuals

and where B;\?;o = (/BZ‘”N :t=N,...,0) is a vector of partial smoother residuals.

Proof: The result is proven by showing

MN = (Var BN:O)_l 2 Mm = (Var BZ:O)_l .
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Let K,, =T,, + A,, in order to show that

M, =K T'K, = (T, +A )T, (T, +A,)

m

= (T +An+A),)+ AT, A,

= M, + M?,
0 -C,
A, =
0 -C7
0
where
M -CTy
_Cjﬂn—/l Mjﬂn—l _C:“n—Z
M, =
-Cy' My —CY
-Cy My
0
A | CrerTor,
Cy’ (M3)™ CY

It is easy to see that M has the following tridiagonal structure

A -C

~C By, —C

M) =

-C B -C
~C D,
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In order to analyze the structure of M2, let (M)~ = [z{l’i2 Dy, i = 1,..., 0],

j =2,...,7. Hence each of the non-zero diagonal submatrices of M? have the
following structure for j =2,...,r
10 . 0
le Mm -1 Cm _02 J 0 an,lxnj,1
P (M) Oy =C | | € ’
0 .. 0

Similar to the result in Lemma 3.4.1, Gaussian elimination of M'"Z; = e,,; where
Z; = (zfnJ ci=1,...,n;) shows

J — -
Zpimy = o foryg=2...,r.
J

Hence the matrix M, has the following structure

M; -C7",

T

m/ * m
_Cr—l Mr—l T Yr-2

—cr M, —-C™

- M

where each of the diagonal submatrices in M, have a tridiagonal structure

A+G§H —C
—C B —C
M = . eRYW M j=1,...,r—1
-C B —-C
_ ¢ 5]
M} =M"
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Equation (3.101) from Lemma 3.4.4 showed A < G; < Bfor j € [1,...,00). This

earlier result implies

C? C?
A+ —< A+ —<Bforj=1,...
+Gj_ +G1< or j ,

which in turn is used to show My > M,,. Hence the result is proven since

My > M, implies My' < M,' R
Proposition 3.5.4. Given the linear Gaussian state space model in (3.91) then
Var@‘”}v < Var@“ fort=0,...,N

where B(TN = {B;TLN :t=0,...,N} is a collection of the general partial smoother
~l ~
residuals and where By = {@f't :t =20,...,N} is a collection of the simple

partial smoother residuals.
Proof: Partition the general partial smoother residuals into
~m ~m/ ~m ~m . /
Bn.o = (Bj = ( iy j,1> g :7‘,...,1>
such that the distribution for K mBQO satisfies

MY7'B; =W ~N (0, MY)
M?3;, —-C.B, =W ~N (O,M;-”) L] =2,...,r
where the partition of general partial smoother residuals satisfy
B = (Mgn)_l wi
2m m)—1 m m\~1 ~m Z™ .
/6‘ :(M) WJ +(M) Cj—lﬁ]—l?]:2aar

J

and where the random vector sequence {W'", j =1,...,r} is independent.
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In a similar manner, partition the simple partial smoother residuals into

- ~U ~ - , /
B, = (ﬁj = ( j.,nj,...,ﬁj.J) :j:T’,...,1>

and partition the coefficient matrix U; and the covariance matrix D; into

l m
Ur _Cr—l
U, = ’ LULeR ™, j=1,...,r
l m
U, —Cj
U,
-Dl
D, = , DL e R ™, j=1,..r
!
- Dl

~1
such that the distribution for U,;8y., satisfies

U\B, = W' ~N (0,D')

1A m Al _ A

where the partition of simple partial smoother residuals satisfy

B = (Uh)wi

Bi=(U) Wi+ (U) OB =2

and where the random vector sequence {Wé, j=1,...,r}is independent.

Let (M)~ = [+

T 1,02 =1, ny] for j =1,... 7 such that

m\—1 ~m »Mm =m
(M7) " CF\By_ = CB 2, (3.114)

j
. /

_ (.3 ,

Z;= (zmj,Z— 1,...,n])
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and let (Ué»)_1 = [qfhi2 tiy,92 = 1,...,n4] for j =1,... 7 such that
1 ~
wh) - crB, ., =08, Q (3.115)
. /
Q, = (qf,nj,i: 1,...,nj> .
The two covariance matrices for (3.114) and (3.115) follow directly for j =2, ... r

Var [(M;n)_l C;n_lézn_l] = C?*Var <~m ) ZjZ;

J—lmnj1

Var |(U) T € B | = cvar (B, ) Q)

Hence the covariance matrices of 3, for j =1,...,r are
Var (BT) = (M™)! (3.116)
Var (87') = (M) + CVar (B, ) 2,2 (3.117)
and the covariance matrices of 8 for j = 1,...,r are
var (8,) = (U) ' DL (UY) (3.118)
var (8,) = (U) " Dy (UY) 4 cvar (B, L) Q) (3.119)

Proposition 3.5.3 with BN:O = B;n and Bx;o = Bi shows for j=1,...,r

(M) < (Uh) AL (U (3.120)

J

In view of the three previous displays, equations (3.116) through (3.120), the
result is proven if the following diagonal covariance inequality is true for j =

2,...,randi=1,....,n;

CVar (B, ) ()" < CVar (B, ) () (3.121)

J—Lmnj—1 1,0 J—1lnj_1

178



Similar to the result in Lemma 3.4.1, Gaussian elimination of M"'Z; = ey,

where Z; = (zfnJ ti=1,...,n;) shows for j =2,...,r

Z; = E>< X ¢ ><1 ¢ X 1 LY
T Gl an—l an Y an—l an’ an

—L Ex...x % ¢ 1 /
B an G!1 an—l’”"an—lj ‘

The following display gives the structure of the coefficient matrix Ué- and its

inverse for j =2,...,r
1 c ¢
A A2 A3
1 c c?
A =C A 2B
1 AN
U = ,(U») =
J 2
A —C 1o ¢
A AT A3
1 C
I A il
1
L A_
which shows for 7 =2,...,r

o))

Hence the following diagonal inequality is true since A < G for k=1,..., N
(232)2 < (sz)2 forj=1,...,randi=1,...,n;. (3.122)

The covariance inequality (3.120) for j = 1 together with the initial partial
smoothers equations (3.116) and (3.118) shows Var 8, < Var Bll, which proves
the result that Var ~{'§ < Var Biz for: =1,...,ny. This inequality together with
the diagonal inequality (3.122) shows the diagonal covariance inequality (3.121)
for j = 2. For j = 2, the combination of inequalities (3.120) and (3.121) together

with the partial smoothers equations (3.117) and (3.119) proves the result that
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Var B;”Z < Var Bél for i« = 1,...,n9. Induction is used to show the diagonal
covariance inequality (3.121) for j = 3,...,r. For j = 3,...,r, the combination
of inequalities (3.120) and (3.121) proves the result that Var B;’"; < Var B]ll for

t=1,...,n;. Hence the complete result has been proven. l

3.5.3 A Partial Smoother With Constant Partition Size

As a special case of the general partial smoothers, let ﬁgn;, = {ﬂAg’"”", ceey A]’\’}"}
represent the collection of partial smoothers where each of the r partitions have
the same size n such that ny = ny = --- = n, = n > 1. The general partial
smoothers ﬁgfx,, for the case where the partition size n = 1, are equivalent to the
simple partial smoothers Bi)z ~- The partial smoothers [3;”; satisfy the following

system of state estimating equations

A Mn

o *
Kmn N:0O — N:0
M ”\mn/_ A o . /_ Am. Am. !
/BN:O: (/6] = (ﬁj,na--wﬁj,l) °J :7’,...,1> = ( Nn,..., On
m m
M,r.n _CT—nl
K, =
n
m m
m
Mln_

M =M" e RV, j=1,..r
CT=C" eR™™, j=1,...7

Mn __ _ Mmn
Mo == M
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Let Bomx, = {56””, e ~]"V”} represent the associated collection of partial smoother

residuals that satisfy the following relationship

BJmVnO ~ N (07 (an)_l)

~ ~ ! - - ) / - S /
8= (B0 = (o) 1= ) = ()

* Mn
M - r—1

T
e S ol
n
oy My —Cp
o Mg

M; e R j=1,....r

M= =M".

As a special case of the general partial smoothers, the results of Propositions

3.5.3 and Lemma 3.5.4 are valid with respect to the partial smoother residuals

Mn

Bo.n- Due to the constant partition size n, it is possible to find the asymptotic

precision for the partitioned partial smoothers B:nn

Theorem 3.5.1. Given the linear Gaussian state space model (3.91) with N =
rn — 1, then the precision of the constant partitioned partial smoothers B:M con-

verges to a finite covariance matriz as r — oo

Var B, — P = (My")™' + C°P" 2, Z,,

> 21,1
‘70/7, Mn Pmn = ’
N R

(M;ﬂn)_l = [Zh,iz . il,’ig = 1, .. n]

ZnE(zm:z':l,...,n)/
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where

1 /C C C '
Zn_G_n (G_lx 8 Gn—l7 ’Gn—l’l)
D j=1
Gj(D): ,
B—GQA j>1

Proof: Equation (3.117) within Proposition 3.5.4 gives the precision for B:,nl

~—

as
Var (B,ﬁ”") — (M) C’2Var( ™ M) Z.Z (3.123)

which shows that the precision for ﬁ r>21is

Var (@f”;) =21+ C’2z1 nvar ( T n)
- ( (0221 n) (02'2%,71)2 NI (C%in)r—s)
+(022,) 7 (2 + (C222,) Var (5 )

[zﬁ?iz Dyt =1, n] .

(y)!

The formula for 2 ; is found by using Gaussian elimination to solve M5 Z, = ey
with Z1 = (211, .., 2n1)". The formula for Z,, is found by using Gaussian elim-
ination to solve My Z, = e,. The formula for zﬂ) is found by using Gaussian

elimination to solve Mm”Z(l) = e; with Z V= (z%ll), 20y

) “n,l

-1
ow_(, C
Z“‘<A G;_1<D>) '

Hence the precision for 6 " converges to a finite limit as 7 — oo since |C222 ol <1

3 21,1 2

m ) — pMn __ m

Val'(T’r?)HWZP%;Z—ZLl‘FCZlnPnn.
1n

The result is proven using (3.123). W
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3.5.4 Another Partial Smoother

In this section another partitioned sequence of partial smoothers BZ: ~ 1s described
that satisfies a system of state estimating equations different from the previous
partial smoothers BZ?N and different from the complete state space smoothers
Bt nin- The precisions associated with these partial smoothers Bf): ~ are smaller
than the precisions associated with a comparable partition of the previous partial
smoothers BZ?N and are larger than the precisions associated with the complete
state space smoothers BlgzN‘N.

Using a constant partition size of n + 1, divide the sequence of states B,y =

{Bo, .., Bn} into r overlapping partitions as follows
Bia= (8] :j=r....1)
s _ . _ /
/6]' - (ﬁ],l t=n,.. '70)/ - (ﬁ]na .. aﬁ(j—l)n) .

where each state partition {3; : 1 < j < r} contains an initial state 3;, that

corresponds to the last state (3;_;, from the previous partition

Bio = Bj-1n = ﬁ(j—l)n, J=2,...,1.

Also using a constant partition size of n, divide the sequence of observations

Fn ={Y1,..., Yy} into r non-overlapping partitions as follows

YN;15(YS.’E(Y}’Z-:Z':n,...,l):j:r,...,l)/

J

E(YNV")H)/ :

Denote the partial smoothers as BZ: v = {65, ...,0%) and the partial smoother
residuals as @S:N = {Bf = 06 — Bf :t=0,...,N}. Divide the partial smoothers

and the partial smoother residuals using a constant partition size of n 4+ 1 such
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that each partition has an initial random variable

~ S ~ 8/ A . . /
B, = <ﬁ] = (/6571-:2:71,...,0) 2]:7’,...,1>
~ A~ A /
= < ﬁ;n"“aﬁ;n—n-i-bﬁj,o) -J :7“,...,1)
% = bo
=S ~ s/ 5 /
ﬂrﬂE(BjE(ﬁ” z:n,...,0>:]:r, ,1)
s S s . /
E(( jnoy o Min—n+1s j70):]:7",...,1)
0 = Do — B
where the initial state of each smoother partition {B;,o cj=1,...,7r}, will be

used to estimate the corresponding initial state of each state partition {5;0:j =

1,...,r}. Using the linear Gaussian state space model (3.91) shows that the first

partition of states B3] = (B1.n, ..., f1,0) satisfies the following system of equations
1 7
_W (/61,71 - ¢ﬁl,n—l) + V (le,n - nﬁl,n)
1
= —an + %vn
¢ 1 My
W (Brit1 — OBrs) — W (Brt — dP14—1) + % (Yi: —nB1s)
_ ¢ 1 U
= e T + ek
fort=n—1,...,1
1
2 (Bha = 9610) = 7= (Bro— b)
¢ w 1
= —w; — —w .
Wl W,

Let the first partition of partial smoothers 3; = (ﬁin, . ,ﬁAiO)’ satisfy the fol-
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lowing system of state estimating equations

ot (Bt = 05as) + 2 (Y = i)

& (B —08i) — 1 (B = 0800) + 2% (Vi = 0B, =0
1

% (féfl - ¢Bi0> - WLO (Bio - bo) =0.

Each partial smoother A;Z € Bi depends on the observations Y; € Y. The first
partition of partial smoother residuals 3; = (@fn, . ,Bio)’ has the following

distribution

M;B; ~N(0,M3) or B, ~N(0,(M3;)7)

M; = M, € R+

where the precision for 37, as shown in Lemma 3.5.3, is

. o2 \7!
)

n

D k=1

k(D)

c? .

The linear Gaussian state space model shows that each subsequent partition

of states {3 = (Bjn,---,Bj0) + j = 2,...,7} satisfies the following system of
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equations

1 n
W (Bjn — BBjn—1) + v (Yjn —nBjn)
n
B AT
E (/5't+1 - Cbﬁt) - i (ﬁt - ¢ﬁ't—1) + 7 (Y't - Uﬁ't)
W .77 .77 W ]7 ]7 V ]7 ]7
1 n
= Ww(j—l)n-l-t-‘rl — Ww(j—l)n-i-t + V'U(j—l)n-i-t
fort=n—-1,...,1
0] c”
LB —dB) - AT B
W (/6],1 ¢ﬁ]70) G?j_l)n (D) (/6]70 ﬁ] 1,n)

= Ww(j—l)n-‘rl .

Let each subsequent partition of partial smoothers {Bj 17 =2,...,r} satisfy the

following system of state estimating equations

i (Bt = 0%0) + 5 (G =03 =0
% (A;‘,t+1 - (bB]s,t) - % (A;,t - (bB;,t—l) + % (Yj,t B nﬁ;,t) =0

fort=n-—1,...,1

i (51— 0850) - (A - GL@)) (Bo=Fia) =0

(G—Dn
It is easy to see that each partial smoother @jl € B; depends on the observations

Y, e{Y74,..., Y3}, j=2,...,7. Each subsequent partition of partial smoother
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residuals {Bj :j =2,...,r} satisfies the following system of equations

—% (@yn - ¢Bjm—l) - gﬁjm

1 1
= —7Wjn + ijn

w
& (Byrer = 0830 = o= (Boa = 08,01) - 2B,

W WG Dntett Ty We=ne T VG-
fort=n—-1,...,1

% (/Bj,l - ¢Bj,o) - (A - %) Bio

(j-1

= %W(j—l)n—l-l - <A - m) /Bj—l,n

and has the following distribution

M3, ~ N (0, M) or B} ~ N (o, (Mj.)_l>

A —C
-C B -C

-C B —C

_ __c*
i ¢ B-g o)

where the precision for 37, as shown in Lemma 3.5.3, is

- oL -1
Var ﬁLn = <A — m) .

Precision formulas for each of the partial smoothers are easy to find using the

M7 matrices for j =1,...,7.

Lemma 3.5.3. Given the linear Gaussian state space model (3.91) with N = rn,

then precisions for the partial smoothers in Bizl = (A]sl sy =1,...,r 1 =
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0,...,n)" are calculated as follows

- o2\ !
Var/@;i:< >(k]'—l)n-i-i-l-l(l))_ ) 72207'--777'_1

Gn—z
_ 2 -1
Var 33, = (A—*i) )
” G5, (D)
Proof: Let X, 11 = (zp,...,x0)". Gaussian elimination of M:X, 1 = e

shows

_ o2\ !
Var 37, = xo = <G>(kj—l)n+1 (D) — G_)

which proves the result for Var §35,. Gaussian elimination of M X, 11 = €,11-;

where ¢t = 1,...,n — 1 shows

-1
B 2 2
Var 3!, =x; = | B — ¢ _ ¢

" G; <G>(kj—1)n+1 (D)) G

=|B- —
G(j—l)n-i—i (D) G

S
7,07

which is equivalent to the result for Var 1=1,...,n—1. Gaussian elimination
of ManH = e; shows

-1

02
G; (Gl (D)

which proves the result for Var ﬁjn Hence the complete result is proven.

Var @;n =x,=[A—-

Comparison of the formulas from Lemma 3.5.3 for the partial smoother preci-
sions, together with the inequality A < Gy, for k =1, ..., n, leads to the following

result.
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Corollary 3.5.2. Given the linear Gaussian state space model (3.91) with N =

rn, then for 7 = 2,...,r the precisions of /3]5-,0 are better than the precisions of
2 1, where ﬂAiO and ﬁj_m are both partial smoother estimates of the state 31y,

Var 35 < Var 5;_,, . B

Comparison of the formulas, from Lemma 3.4.2 for the Kalman filter precisions
and from Lemma 3.5.3 for the partial smoother precisions, shows the following

result.

Corollary 3.5.3. Given the linear Gaussian state space model (3.91) with N =
rn, then for j = 1,...,r the Kalman filter estimates [3;p;n and the partial

A~
S

smoother estimates 3;, of the states [3;, have the same precision

Var Bjnjn = Var 35, . B

The asymptotic limits on the precisions associated with the most recent par-
tition of partial smoothers estimates Bi are found by using the limit property of

G:(D) from Lemma 3.4.5.

Proposition 3.5.5. Given the linear Gaussian state space model (3.91) with
N = rn, then precisions of the partial smoother estimates in the rth partition Bi

converge asTr — o0

_ o2\t
Varﬁf7i—>(G;—G ) ,1=0,...,n—1

_ o2\t
5 A— .a
Var 67‘,n — ( G;O)

The next result of this section relates the precisions of the partial smoother es-
timates ﬁg:m = {ﬁf :t=0,...,rn} to the precisions of the state space smoother

estimates 6’5”%‘7,” = {Byrn : t = 0,...,7n} and to the precisions of the other
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partial smoother estimates Bg?m = {Bf‘";,n :t=0,...,rn} where the partitions
sizes associated with B;’fm are chosen such that the first element in each partition

B, = (ﬁ""; ti=mnj,...,1) and B; = (Ajl :i=mn,...,0) are estimating the same

state B, for j =1,...,r

nm=n+1 n=---=n,=n

+1xn+1 — —
M7 e RV == M e R

Theorem 3.5.2. Given the linear Gaussian state space model (3.91) with N =
rn, then the precisions of the state space smoothers By, € ﬁlg:mm and of the

partial smoothers ﬁtm € Bg?m and ﬁts € BSM are related as follows

Var Bo‘m < Var Bm < Var BS

= Olrn

Var Bt\rn < VGTBf < Var Btﬁn fort=1,....rn.

Proof: With regard to the lower bound, applying the linear Gaussian state
space model (3.91) to the residual of the partial smoother estimate BS of the

initial state 3y shows
By = Bo— By = Bo—bo ~ N (0, W) .

The combination of the previous display together with the precision formulas at
t = 0 for the complete state space smoother from Lemma 3.5.1 and for the partial
smoothers from Propositions 3.5.3 and 3.5.4 are applied to show the full result

att =20
Var Bo|m < Var B(’)’rm < Var B(l)|0 = Wy = Var BS .

Direct comparison of the precision formulas for the complete state space smoothers

from Lemmas 3.4.2 and 3.4.3 for By, = B(j—1)n+i|r» and for the partial smoothers
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from Lemma 3.5.3 for Bf = B(j_l)nﬂ- = BJSZ where j =1,...,randi=1,...,n

shows

Var ﬁt‘m < Var @f fort=1,...,m™n .

The combination of the two previous displays proves the result for the lower

bound.

With regard to the upper bound, the result has already been proven for t = 0.

Precision formulas of the partial smoothers from Proposition 3.5.4 for B;n and

from the introduction to this section for Bi are compared to show

Var B = (M)

= M, = (M3)™" = Var B,

such that
Var B{”Z = Var @fl fori=0,...,n
Var ﬁ["";,n:\/ar Ffort=1,...,n.
The system of equations for Bj for j = 2,...,r is rewritten to show
A -C 3,
-C B -C 3
I —C B 2
1
ijn — %an

] 1
=7 Win T FWG-Dntn-1 = FUG-ntn-1

— WG Dnt2 + TFWG-n1 — BVG-1nt1 + CO5g
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which leads directly to the precision for the partial smoothers B;,m = (B], ti=

Ny...y1)

S

Var <M;n3]n1> = M7 + C*Var (}io)

Var (Bjmﬂ) = (M) + C?Var (jo) Z.Z"

J
(Mm)_l = [z, 01,02 =1,..., 7]

J

Z, = (zm:i:l,...,n)/ )
Proposition 3.5.4 also provides the precision for the partial smoothers B;ﬂ, ] =

2,...,T

Var (B?) = (Mm)_1 + C*Var (ﬁjm—l,n) zZ,7Z, .

J

For j = 2, applying (3.124) and Corollary 3.5.2 to the previous two displays

shows
Var B;Z < Var ngl fori=1,...,n
Var Bts < Var Bﬂ"in fort=n+1,...,2n.
Induction for j = 3, ..., 7 is used to complete the proof of the result for the upper

bound. Hence the result is proven. B

With the partition size set to n = 1, Lemma 3.5.3 shows that the precisions
for the partial smoother estimates BS:N — {3 :t=0,...,N} are the same as the
precisions for the Kalman filter estimates Bg‘fN ={By:t=0,...,N}. The next
result in this section shows when n = 1 that in fact the partial smoother estimates

BS: y are equivalent to the Kalman filter estimates 533\/ and also shows that the
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~ 541 ~
initial partial smoother estimates Boj\, = {08y :t=1,...,N} are equivalent to

the one step state space smoother estimates Bf):_]\l,“ ={Bip:t=1,...,N}.

Theorem 3.5.3. Given the linear Gaussian state space model (3.91) with N =r

and given n = 1, then the partial smoother estimates BZ:N and the Kalman filter

. tlt .
estimates 60‘: ~ are equivalent

A

By =By fort=0,....N

~s+1
and the initial partial smoother estimates ﬁo:v and the one step state space

, t—1t ,
smoother estimates (3, N' are equivalent

~

Bio =By fort=1,....,N .
Proof: Proposition 3.4.3 proved the following results
/50\0 = by
-1
in=(4am) (P wmm)
9 N\ -1
= (4-am) (P @ (P o)

e (i) (P4 iy (4 amn) )

fort=2,...,N .

The system of state estimating equations for the partial smoother estimates
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with n =1 at time indices 0, 1, 2,1 are

Boszbo
4 o | (5 _ [
—C GiD)| \Be)  \ @
4 —c | (& _ ek
—c )| \ (4 a5) Bt
A —C | (6] LY,
—c G(D)| \ B, (4- &%) B

Gaussian elimination of each system of state estimating equations in the previous
display to remove the upper diagonal in each (2 x 2) matrix in order to solve for
A]ﬁl for j = 1,2,t shows that the partial smoother estimates with n = 1 are

equivalent to the Kalman filter estimates
ﬂo|0 = 68 and ﬁﬂj = 6;1 = 6; fOI'j = 1,2,t .

Hence the first result for the Kalman filter estimates is proven by induction.
The system of equations that the state space smoother estimates satisfy,
M B, = Y, with N = t, shows that the Kalman filter By¢ and the one

step smoother 3;_;; are related as follows

ABys — CBi_yyy = %Yt fort=1,...,N .

The corresponding system of equations for the tth partition of partial smoother

estimates B: = {Bf 1) /éts o} shows the following relationship

A[i’;l—oﬁgozgnfom:L...,N.
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The first result of this lemma and the two previous displays prove the second

result
By =B fort=1,...,N .1

With the partition size set to n > 1, the final result in this section generalizes
the result from the previous lemma to show how the partial smoother estimates

and the state space smoother estimates of each state are related.

Theorem 3.5.4. Given the linear Gaussian state space model (3.91) with N =
rn, then the partial smoother partitions Bj and the state space smoother estimates
6@_1)”]-”‘]-” are equivalent for j =1,...,r

as - C i
= BG—tynimg Jorj=1,...,r1=0,...,n.

Proof: With respect to the first partition, the partial smoother ﬁi and the
corresponding state space smoother 6’;:(”” both satisfy the same system of equa-

tions

M;B, =Y M,BLy, =Y

n:0’ n:0’

M =M, .

Hence the result is proven for the first partition since M, is invertible and the

two solutions are equivalent

~s &
/61 = /Bn:O\n :

Using Gaussian elimination to solve for ﬁfm = [ by eliminating the upper

diagonal in M,, shows that the solution is

_ >\ (n C

* &GO (33/ ! GifD)vbv_oo) )) |
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With respect to the second partition, the partial smoother B; satisfies the

following system of equations

A —C B 1 Yon
-C B —C B3 s EYan1
-C B —C 3.1 A

_ ~C G (D)| \ B (4-55) Bi.

Gaussian elimination of the system of equations in the previous display to solve

for B;n by eliminating the upper diagonal in the square matrix shows that the

solution is

n c2 \"'(n C
(- gm) (P g (P -
o e e (am) ) )
b — (Vo +=—— (A= =—— 5. ) ...
Gn+2(D> v Gn—l—l(D) Gr (D) b
C? - n C n
‘Q“‘awﬂ G%“‘awﬂvm**”

* GO (3“%;@)%) )) |

Hence 33 ,, = [anj2n since (33, has the same solution as (a2, Where Bay,2;, is found

by Gaussian elimination of M gnﬁgn:(]pn =Y5, 0 The system of equations asso-

ciated with the partial smoothers {3571, o ,ﬁ;n} and the state space smoothers
Bk +1:20)2n Shows that both sets of smoothers satisfy the same system of equations

B, — OBy = 1-Yin

A/@2n|2n - C1/6271—1|2n = %}/271
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and fori=n—1,...,1

i
v

Ui
—CButivizn + BBatijgn — CBatic1j2n = VYn-H' .

_Cﬁs,i—i-l + BBS,:’ - C/é;,i—l ==Yy

Hence the result is proven for the second partition

85 = Buipn for i =m, ..., 0.
Induction is used to prove the result for the remaining partitions
35 = pgF forj=3,....,r;i=mn,...,0.

Jst (J—Dn+iljn

Hence the complete result is proven. W
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