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Chapter 1: Introduction

Sinai-Ruelle-Bowen (SRB) measures play important role in the study of statis-
tical properties of dynamical systems. Let T" be a map of a manifold M preserving

a measure . A point z is called p-regular if for every continuous function ¢ we have

=2

1

& O(T") > (o)

S
Il
o

A measure p is called SRB if the set of p regular points has positive Lebesgue
measure. In other words the SRB measure describes statistics of a Lebesgue positive
measure set of initial conditions.

For example, if T" preserves an absolutely continuous invariant measure which
is ergodic then that measure is SRB.

Another case where SRB measures are known to exist is when some hyperbol-
icity is present. In particular, when the system is uniformly hyperbolic, for example,
for topologically transitive Axiom A diffeomorphisms or for smooth expanding maps
SRB measures exists are unique and have good statistical properties such as the Cen-
tral Limit Theorem (CLT) [23]. The CLT states that if A is a Holder continuous

function and z is chosen uniformly with respect to the Lebesgue measure then

. Yoo G(T"x) — nu(A) I SR
Nhfiop( (A, T)WN = _/oo Nora




where the diffusion coefficient o(A,T') is defined by
PAT) = (A +2 3 W(AA o T).
n=1
In case A is smooth (rather than just Holder continuous) the normalizing constants
psrp(A,T) and 0?(A,T)

depend smoothly on 7'

This smoothness plays important role in averaging theory including some prob-
lems of statistical mechanics [7,9,10,17].

Uniformly hyperbolic systems appear rarely in applications. Much more com-
mon are systems which are either nonuniformly hyperbolic on the set of large mea-
sure (notable examples are quadratic family [11] and Henon family [6]) or are hyper-
bolic but have singularities (notable examples are Lorenz system [22] and Lorentz
gas [8]).

While uniformly hyperbolic system provides us with a good understanding
on what happens for more general chaotic maps, in the sense that many results
first proven in the uniformly hyperbolic setting hold under much weaker conditions
(see [23]) the families of uniformly hyperbolic maps are not good models for pre-
dicting what happens with more general families. Therefore our understanding of
paramter dependence of invariant measures in weakly hyperbolic systems are quite
poor. To remedy this situation David Ruelle suggested to look at families of piece-
wise expanding unimodal maps.

We call a map f : [0,1] — [0, 1] piecewsie expanding unimodal map (PEUM)
if there is a point ¢ and two maps f; defined on [0, c+¢] and f, defined on [c — ¢, 1]

2



such that fi(c) = fa(c) and there is a constant A > 1 such that |fj(z)] > A for all z

from the domain of f; and

filz) ifz<ec
fx) = (1.1)

fo(x) ifz>c

PEUMs have unique absolutely continuous invariant measure [15] which is
ergodic (in fact it is mixing and even exponentially mixing [2,23]) so it is the SRB
measure for this system.

Several papers have been devoted to studying regularity of SRB absolutely
continuous invariant measures in families of PEUMs. In particular some sufficient
conditions for regular dependence of SRB measures on parameters have been found
(those conditions however are exceptional in the sense that they do not hold for
typical families).

The work also deals with families of PEUMs. We study regularity of both
the density as a function of x and the regularity of usrp(¢, f) as a function of f.
We have two (related) goals. First, we strive to provide explicit useful formulas for
the change of quantities of interest. Secondly we would like to capture the exact
modulus of continuity of these quantities. Before presenting our results let us review

related papers.



1.1 Previous work

As described at the beginning, if f; : [a,b] — [a,b] is a smooth one-parameter
family of PEUMs with y,; the (unique) SRB measure associated to each f;, then we
want to study the regularity of I'(t) = [ ¢ du, with ¢ € BV|0,1], as ¢ approaches
0.

In [18] and [19], Ruelle considered the case v = X o f and suggested a candidate

for the derivative at ¢t = 0, namely V(1) where

W@=ZJWMWMMWMMMW

In [1], Baladi studied properties of the complex function ¥(z), based on spec-
tral perturbation theory for transfer operators. She found a different way to express
U(1). The latter was used by Baladi and Smania in [3] to give sufficient conditions
for the differentiability of I'(¢) at t = 0 (the differentiability does not always hold
as shown in [16], [1]). [3] also shows that the derivative equals W(1).  Besides
some routine differentiability and irreducibility assumptions on the family f;, one

important assumption is that the quantity

= o(fHe)
TeD =2 D)

equals zero. A different proof of differentiability is given in [4]. Their approach
is based on arguments from thermodynamic formalism and it does not require any
analysis based on the decomposition of p into its regular and saltus parts (definitions

of these concepts will be explained later) used before in [3]. They also prove that



if J(c, f;) = 0 for all t and f and ¢ are sufficiently smooth then I'(¢) has derivatives
of higher order.

In this work we give yet another proof of the Baladi-Smania result. Our ap-
proach is more elementary. Also, it gives a more explicit expression for the derivative
(in the style of [14]) comparing to Ruelle-Baladi-Smania approach. Our proof is pre-
sented in Section 4.

In the proof we keep a careful track of the places where the assumption
J(c, f) = 0 is used. This allows to study later the regularity of I' when J(c, f)

is not zero. The latter uses results from [20] and [21] which turn out to be very

useful to conclude that I'(¢) has modulus of continuity ¢+/] log(t) log log | log(t)|| for
almost all ¢ > 0. This improves on Keller and Liverani’s modulus of continuity;,
tlog(t) obtained in [13].

Also, as we mentioned before, in [1], Baladi shows that there is a one-parameter
family such that J(c) # 0 and concludes that I'(¢) is not Lipschitz (and then it
cannot be differentiable) for such a particular family. In our case, we fix a one-
parameter family f; and we show that ¢ — I'(¢) is not Lipschitz for almost all ¢.
This is discussed in Section 5.

Finally, Baladi [1] shows that p’ € BV[0,1]. We prove a stronger result which
shows that p has a Taylor expansion in the sense of Whitney. Furthermore, the
set of points where p is not differentiable is an uncountable set and has Hausdorff
dimension equal to zero. These two facts are presented in Section 3.

We will start by formulating our results in Section 3. Some auxiliary facts

which are of independent interest are presented in Section 4.



1.2 Results

1.2.1 Regularity of density

As in [3], we decompose the densities p; of fi as py = prt + pst, where p,; and
ps,+ are continuous and discontinuous functions respectively (the definitions of these
will be given in Section 5). Define BV} = {¢ € BV : ¢ € BV}. That is, ¢’ is
equal almost everywhere to a BV function.

In all the results below, unless stronger conditions are explicitly imposed, we

assume that f; and f, are C2.

Proposition 1.2.1. [1] The regular part of p is in BVj.

As a generalization of Proposition 1.2.1, we have the next two new results.

Theorem 1.2.2. Assume that f; and fo are C*¥T2. Then, there is a sequence of

functions po, p1, ..., px € BV such that py = p and for j <k, p} = pjs1.

Theorem 1.2.3. The reqular part of p is absolutely continuous. That is

pr2) — pr(a2) = / " ().

x1

Theorem 1.2.4. (a) The set of points where p is non differentiable has Hausdorff
dimension zero.

(b) If the critical orbit is dense then the set of points where p is non differen-

tiable 1s uncountable.



Theorem 1.2.5. Let k > 1 and assume that f, and fo are of class C**2. Then,
there is a set Ny, such that HD(N;) = 0 and p is k differentiable in the sense of

Whitney on [0,1] — Ny. That is, if & & Ny then

Note that since [0, 1] — N is not closed, p in general can not be extended to

a smooth function on [0, 1].

The proofs of the above results will be given in Sections 2 and 3.

1.2.2  Regularity of the measure

Recall that expanding unimodal maps are defined by formula (1.1). Now
we consider families of such maps. Namely, we assume that f;.(z) is defined for
(t,x) € [—e,¢] x [0,¢ +¢] and fo,(z) is defined for (t,z) € [—¢,¢] X [c — €, 1] and

that f;(z) are C? functions of their arguments. Then we let

fir(x) ifz<c
fi(z) =

for(x) ifz>ec
Thus we assume that ¢ is a common critical point for all ¢. This assumption does
not cause a loss of generality since it can always be achieved by ¢ dependent change
of variables.

Set

S )
T D)= 2 ptray



Note that J is two valued if  is precritical, that is f*x = ¢ for some k, however it
is well defined at all other points.

Let u = Dif. Then, in Section 4, we prove the following theorem.

Theorem 1.2.6. Let puy = pydz be the (unique) a.c.i.m of f, and suppose (fo, fo)
is mixing. If J(c, fo) = 0 then, for any ¢ € C*([0,1]), the function T'(t) =

[ ¢(x)pi(x) dx is differentiable at t = 0. Moreover

MO-T0) _, 5, 0

where

A= i J ot (w= ) o) di

if ¢ is not periodic and

& [RO0u(e) | T(eprle)
Aa==D ol C>[ (0 (o) }

k=1

if ¢ 1s periodic with minimal period p.

Note that J(c, f) is in general multivalued if ¢ is periodic so we discuss in
Section 4.6 how the condition J(c, fo) = 0 should be understood in the periodic

case.

In the case J(c, f) is not zero, we do not have differentiability for I'(¢), as we

state in the next theorem and prove in Section 5



Theorem 1.2.7. Suppose that |J(c, ft)| > e for t € (—e,€). Then, for generic

¢ € CY0,1] and for almost all t the following limit exists and is non-zero

lim sup Li(9) — Lo(9) :
to  t4/[log(t) loglog | log()]|




Chapter 2: Derivatives of the density.

2.1 Auxilary facts.

Lemma 2.1.1. Let g(s,r) be a function from (ZU{0}) x (ZU{0}) to R.  Suppose

oo i—1

the series Z Zg(z — 7,7) converges absolutely. Then,
i=1 j=0
oo i—1 oo 00
D> gli—5.0) =Y. gle,d)
i=1 j=0 =1 d=0
oo i1—1
Proof. Splitting the series Z Z g(t — j,7), we have that
i=1 j=0
oo i—1
S o= =100+ (2.0) +9(1.1)) + (4(3.0) + 921 +a(1,2)) +
i=1 5=0

Using the series converges absolutely, after reordering the terms, it can be

written as

10



g(i _j,j) = 9(170) +g(270> +g<370) +

i]e

<
Il
o

+ g(1,1)+9(2,1)+g(3,1) +

+ 9(1,2) 4+ 9(2,2) + g(3,2) +

o0

Zg(c, 0)+ Zg(c, 1)+ Zg(c 2

The last expression is just Z Z g(c,d) proving the lemma. O
c=1 d=0
Denote by &(z) = DG Iy the arguments of this section we will need to

Df(z)

represent D(|D f™y|) as a sum. Namely we have

S

D(Df™yl) = Dfmy’Zw )Dfy and D(Df") = 3" €(Fy)Dfy.

J

I\
o

Both formulas are easy consequnces of the chain rule.

Let E

5 . More generally we shall use the follow-
Df(y IDf”( )|
fly)==
ing notation.

Definition 2.1.2. For ¢ € BV, define the operator L () by

= o(y)

L (¢)(x) = &= (DF)"IDFy)

where m is a nonnegative integer.

11



Definition 2.1.3. Let k, i1,...,ix and my > --- > my be positive integers. For

functions hy, ... hg, define D" at (hy,... hy) by

,,,,,

We shall often use

Proposition 2.1.4.

||©Zl KOYR A (hla )“ < M( —11) (/\—12)m2<)\—zk)mk

mi,ma,...,
Proof. We use induction on k. For £ =1 we have
h

2 (Dfiy))m

fiy=x

£ () ()| =

e = B

. clinl
< lEMm @l < SE

Now, supposing the result is true for £ — 1, we have

01t @) = ((£) (D ()
> ha(y) Diz;ots,, (ho, . B )(y)H A 3 |7y D2 (hay o B |
B A G0 oy O B P [DFi(y)
<A Dt (hay S h)IILH D < MOAT)™ 1D, (hay o )|
< I’E(}\—i)mM()\—iz)mg o ()\—is)ms < M()\—i)m()\—ig)mz . ()\—is)ms
Thus the claim holds for k£ and the Proposition is proven by induction. O

12



Lemma 2.1.5. If Y _,gx — g in BV and Y ,_, g, = h in Li— then ¢’ = h a.e.

Proof. Let € > 0. Then, there exists N > 0 such that, for all n > N,

lg = gellsv < e
k=1

Since || f'||, < ||fl|pv for any function f € BV, then

lg' =3 ghllzy < g = gullow < e
k=1 k=1

Therefore, Z g;, converges to ¢’ in Ly, so then ¢’ = h as claimed. ]
k=1

2.2 Explicit formulas for derivatives.

Define

pr=— L' p).
=1

Lemma 2.2.1. (a) Let p be the density of the invariant measure of f. Then,
P = p1 almost everywhere.

(b) (L™1) (x) converges to pi(x) uniformly for x which are not on the orbit of

Proof. Since p is a fixed point of £, then p = L"(p) for all n. Because p is of
bounded variation so is L£™(p), hence both are differentiable almost everywhere. In
fact, differentiating both sides, we get p/ = (L"p)" almost every where. Next if

h € BV then

13



N W (y) B hiy) - DD/
EWE= 2 SEgDEG] 2 DI -

hl(Q) ~ AN
= L"(h b ded b
DDy ~ & () is bounded by

h D(|Dfm
A" s0 it gets very small as n increases. Thus we focus on Z ( >|Df(|( {|2<y)’)
"y
fry)=z

Assuming that y & {c, f(c),..., f"1(c)} for each y with f"y = x we have

In view of Proposition 2.1.4, Z

fry=x

W) - DIDIY)) hy) .
DFGE  ~ 2~ DF@P (H'D” >

fr(y)== fr(y)==
h n n—1
- > |Dfny |g'§§n§'25<fa<y>>Df“<y>
- fn;) | fn |2Dfn a ))
) ;fz f"“ Z IDf"

B £(2) h(y)
= Z > Dfr=a(z)|Dfr—e(z)] a(zy)::z [Df(y)]

a()fn az)_

_ ) a >
o Z Z Dfr=a(z)| D fr=a(z >|£ (h)(2)

a()fn az)_

- S e
D I AGNE

Proposition 2.1.4 shows that we can take the limit n — oo term-by-term. Since

lim (L£"'h)(z) = (/0 h(z)dz) p(x) both parts (a) and (b) follow. O

n—oo

14



Proposition 2.2.2. The function py is almost everywhere differentiable and

pl—szzb (EL7(€p)) +2Z( ) (5%)) —f;?(é’p) (2.1)

=1 j=1

In particular, there exists py € BV such that p| = ps almost everywhere.

Proof. By Lemma 2.2.1 p; = =3 2, Ei(fp) almost everywhere. Therefore by

Lemma 2.1.5

Z ( Z Dfi(y ))IDJ“ ) Z Z (Df’ !ng( )\)/

=1 =1 fiy

almost everywhere. Decompose

( §Wp(y) )': EWrw)  EWpW)DS WD W)
DffwIDf I/ Df ‘

(
i(y)lvai(y>|, _ (DFW))PIDf(y)?

(1) (1n)

N

Let us first work on (I). We have

S B ¢'(y)Dyp(y) + £(y)p' (y) Dy
IPNCIED IS DF ()|Dfi(y)

i=1 fiy=x =1 fiy=x
- p(y) E(y)o'(y)
= Z;fz (Dfl ) Dfi(y)] +Dfi(y)\Df"(y)!)
= ZE (&p+E&p) ()

i=1

By Lemma 2.2.1 — i i Zj(ﬁp') = i Ei(éfj(gp)). Therefore
i=1

i=1 j=1

> 2 ()= Zzi(ﬁp ZN‘ (£L7(£p)). (2.2)

Now, let us analyze (I1).

15



=1 fiy=x =1 fiy=g

£y D(Df'y)|Df'yl + D(Dfy)(Df)(y)] i N2 2
> Y-y % DF DT (DFyPIDFy

5<y>p<y>[2|Dfiyl23‘tf<ij>ij} SIS Dfﬂy&fﬂ)
(Dfiy)2|Dfiy|? 2222 Df’ ?[Dfyl

By making the change of variable z = f7y, we obtain that

S

o] oo 1—1 D g
SDITIE S SPSELE LS

i=l fly=x i=1 j=0 fiy=g
R EW)py) (D) (W)E)
> Z (Df=iz(Dfiy?| Dfi=|D fiy]

R E(y)p(y)§(2)
= 222 2 (B iapD ayins DR

S))) D D - > Brio

zleszx

Therefore

fj > () ZZ( ) (aﬂ(sp)) (2.3)

=1 fiy:x =1 J= =0

Combining (2.2) and (2.3), we finally obtain

P YA B SYAEITIED By S 5 O(w &p)

i=1 i=1 j=1 i=1 j=0



:3%%2 (L7 (€p)) +2Z< ) (5%)) —g?(&’p)

i=1 j=1

almost everywhere as claimed. O]

2.3 Repeated derivatives of the density function

Lemma 2.2.1 shows that p’ is in BV and so p € BV;. Then we saw in Propo-
sition 2.2.2 that pj = p, € BV. Here we show that these results can be extended
to repeated differentiation of arbitrary order. We start with the following general

result.

Proposition 2.3.1. Let k, i1,...,1, and my > --- > my be positive integers with
i1,...,0 > 1. Let hy,..., hy be BV functions whose derivatives are in L.

(a) If n > 1, the derivative of Z Dotk (i, ... ) s a finite
k<t +tig<n
sum of functions of the type Z @“ZE . (ﬁl, . ,Eg), where k < k <
k<iy+otip<n

kE+1 ,71,...,% > 1 and my > --- > mg are positive integers and ﬁl,...,hg €
{hi, B3, ... ha, hE, Ry, R, €€

(b) The derivative ofz Z C‘Dmm (ha, oo hy) s a findte sum of func-

-----

1= 1 =1
tions of the type Z Z m+1 - hl, e hi), where k < k < k+1 ;1, e ,% >
Landmg > - > mz are positive integers and hy, . . . ’%i e{hi,hy, ... e, ha b, L E €T

Proof. We will prove (a) by induction on m. For m = 1, we need to compute

Z D(Zi(h)), so let us work on D <£Nz(h)> Then
i=1

i _ h(y) _ M(y)  hy)DDfy|Dfyl)
b (‘C “”)(9“")‘ 2D (Df"lefim)_ 2 [Dfiy|Df"y| (DF gDyl

fi(y)== fi(y)=z

17



- ¥ [ HW(y)Dy _h(y)(D(Dfiy)lDf"yl+Df"yD(!Dfiy|))}
sl LPTYIDT Y (Dfiy)|Dfiyl?

S [ Wy @)Dy Y E(f (@) DF (x)
s, LS Y2IDIY] (Dfiy)?|D fryl?

i ' h(y)E(f7(y)Df ()
= E(h)(w)—QZ > (D fiy)?|D fiy]

Let z = f7(y). Then

D(Ei<h>)<x> = —2%% sz |§f{;(| .
= ﬁz —Q;fg (Dfi=iz)? |D]}(’y)ﬂi<|2?fj )ID fIy
_ Zu —2§f;x D~ JZ |sz 2 Z fo !foy!
_ L (W) -2 z £ b m)
Then,
zn:D(Ei( ) = zn: —Qiizufzj
1 p =T =0
- Xn: —225 (¢h) —2§n:§£ (€L (h
L i i
_ zj: —2Z£ (€h) —22<§<n£ (€L7 (h
1<ii<)

Therefore, the derivative is a finite sum of terms as described in the statement.
Assume the statement is true for [ < m. Let us prove that it also holds for m.
We are interested in the derivative of

18



Soo @i (hhy, . hy) (2.4)

k+1<itiy+-+i<n

with ¢ > 1,4y > 1,...,1 > 1. For this, note that

n—k m 7
Z Q%}Hu:zk,mk (hv h17 R hk) = Z < Z ) (h Z 33;11’17#7’;7%(]11’ s

k-+1<itiq-ip<n i=1 k<ii+-tig<n—i

Thus, if we are interested in the derivative of (2.4), we can work on

77777

(1) =

(D fry)*™|D fry|
and /i means Zk§i1+~~-+ik§n—i‘

Let us first work on (/7). Note that

D [(Df"y)m|Df"y|} =m(Df'y)""D(Df'y)|Df'yl + (Df'y)"D(|Df"y|)

19



i—1

= oy iDs S nD s+ o o
j=0 '

J

1

%

(]

E(fy)Dfy

sl
| o

i—1 1

= m(Dfy)" DY) YDy + (D y)" DYDY E(Fy) Dy

§=0 7=0

= (m+1)(Df'y)" Dyl > &(Fy)Dfy
j=0

n—k _——_

Then Z Z Z (I1) equals

fiy=x

T3y (m+ Dh(y) Dyt (ha, ..., ) (W) (Dfy)" Dyl S0 E(fPy) D fy

(Dfy)>m D fryl?

. - . .
— (m + 1)h(y) D, (ha, . hie)(W)E(fy) D fy
i=1 j=0 Z fiyzzx (D fiy)m+1D fryl .

n—k _——_

Let z = f/y. Then z_: Z Z (I1) equals
i=1

fly=z

=1 7=0 f’iy—z
RSt 3y (et Dkl Dt (s ) (9)E(2)
i o, (DD (D fy)m DY

20



.....

. (m + Dh(y) Dtz (hr, . i) (y)
Z Z f( ) Z 1y, id

=1 j=0 fi= Jz—:c fl JZ)m+1|Dfl JZ’ <Df] ) |ijy‘
n—k i—1 _—_ m+1 m j A

w0 (T) (¢ (F) 0ot
i=1 j=0

(m+1) %i(mﬂ) (5( DiLtk (hl,...,hk))(x)+

(m+1) - <n k (le) ( (%)Qh@“";jﬁk (hl,...,hk)))(as):A+B

1<4,1<3

The last two terms can be rewritten as

A=(m+1) > (mf)(g (h@m;ﬁf (hl,...,hk))(:zc),

1<itii++ig<n

mirl % m N\ J '
B=(m+1) Z < L ) (g( > (h @”";jfﬁ (hl,...,hk)))(x)
k+2<ijtir o +ip<n
Therefore Y777 fiy=s(I1) is a sum of terms described in the statement.
Now, let us analyze (I). Note that 3.7 3" fiy—a(I) equals to
- . h(y)D|SSDiik (hy,... h
¢ WD ) P |  0)]
22 (DFw)"DFy (DF WD Fy
n— h @Zl """ Zk h y ,h
_ Yy MO e b)) M bt )0)
22 2« = (D] D] (DD fy]
n—~k m+1 \ i — .
= ( L > (h’ Z%;‘;:i?fmk(hl,--.,hk))(y)
i=1
k. BIED| Dl )0)
o D fig\m| D fi
o (Dfy)"Dfy
Using our inductive hypothesis, the derivative of Z@ meth (ha, ..., hy) is the finite
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o _ 11,82, 7 7
sum of terms of the type Zk§i1+~~+i~§n—i ©m1+1,7ﬁ2,...,ﬁz%(h17 ..., hz). Hence, let us

take one of these terms and analyze the expression

M (e T)) Dy

mi+1,me,...,mg

(Dfiy)™| D[yl

> oy oyt

i=1 <+ +z <n—i fly=x

oy vl

=1 F<G 4o +z <n—i fly=z

n—k mHl N 4 1 7~ _
=> > ( L > (h@,;lﬂ‘j;;; ' (hl,...,hk))

L k<ii++iz<n—i

% +17, yeers ~ ~
)iju—l-lzfng, k,m;<h’17 I h%)(y)

(Dfry)™ 1D fry|

m—+1 \ ¢
~ t1+12,...0% g
~ ¥ ( L ) (mmle (hl,...,hk))
E+1<1+4i1 +-+ip<n

Since we have a finite sums of terms as the one above, we obtained that our
proposition also holds for m.Therefore, part (a) is established by induction.

(b) Lemma 2.1.5 and Proposition 2.1.4 allow us to take the limit n — oo.
Then the condition k£ < 47 + - -+ + 4, < n becomes k < iy + -+ 4+ 1 < oo and using
the condition iy > 1,...,7; > 1 the sum k£ < iy + --- 4+ 7 < n converges to

=1 =1

Therefore part (b) follows from part (a). O
Proposition 2.3.1(b) allows us to derive Theorem 1.2.2.

Proof of Theorem 1.2.2. We have already defined p; in Lemma 2.2.1 and py in
Proposition 2.1. Continuing this procedure, we fix n, take y ¢ {c, f(c),..., f"'(c)}

and let n — oo so that we can then define p; = pj,_, for all £ > 1. Then Proposition
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2.3.1(b) can be used to show inductively that

Z Z @Zl;n2’7 m hl, <oy hs—l; p)

finite i1,...,is>1

where s > 1, k—1>my > --- >m,, and hy,...,hs_; are piecewise C'! functions.

Now Proposition 2.1.4 implies that p, € BV as claimed. O]
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Chapter 3: Differentiability set for the density.

3.1 Saltus part.

Any function of bounded variation ¢ can be decomposed as

b= r + s

where ¢, is a continuous function, called the regular part, and ¢, is constant except
at discontinuities of ¢. ¢, is called the saltus part, it is discontinuous on a countable

set.

In fact, in the case of p, ps can be explicitly written as ( [1])

Ps = Z ajHCj

j>1

where o; = liTm_ p(z) — liim_ p(x) and H., is defined as

1 ifa<g
H,(z) = % if © = ¢ (3.1)
0 itz >g¢
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Lemma 3.1.1. If ¢ is not periodic then

o = (c)[ S— ]
P PDA @ T D]
Proof. We have

a; = lim p(z) — lim p(z).

zfc zle
. . . PN P(y)
Using the fact that p is a fixed point of £ and £/ p(z) = DY)’ we can
. Y
fy==
see that p has a discontinuity at x = ¢;.  In fact, among all the y's in the set
{f7¢;}, the discontinuity comes from y = ¢, then
oply) e p(y)
a; = lim : — lim —
T wte Dfi(y)  wle Dfi(y)
]

Proposition 3.1.2. For k > 0, the element py of the sequence from Theorem 1.2.2
can be decomposed as (py)r+ (pr)s, where (pg), is a continuous function and (py)s =
Zm21 ayHe,, with H., defined in (3.1) and ay; = }CITICI]l pe(T) — }clfcr]l pr(x). Morever
there exists 6 < 1 such that |y, ;| < K6

Proof. The existence of decomposition follows from the fact that, due to Theorem
1.2.2, pr. € BV-function. We need to show that all discontinuities of pj lie on the
critical orbit and bound the size of discontinuity.

Let z be a discontinuity point of p, which is different from ¢; for ¢ = 1...7.

Let p = £7(1). In the proof of Proposition 1.2.2 we saw that

o= Y Dyt (hy bt p)

finite i,i2,...,is>1
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=Y Y oyt (b, heen, p) Y Y Dt (b, b, p—p).

finite i,i2,...,is>1 finite i,ig,...,is>1

Denote A(h) = lim,q, h(z) — lim,|, A(x). Then

(Z > oyt (e hep - ,5)) = 001

finite i,i2,...,is>1

in view of Proposition 2.1.4 and the fact that p — p = O(67).

k i My \ ir
Note that if 7,45, ...,i, < j then ( L ) and ( L ) are continuous at z for

Z A ( Z Q;CZZ’LQZ (ha, .. '7h517p)> = 0.
1,19

finite 02,enny 1 <J

Applying Proposition 2.1.4 again we see that

S Y 9t (kg =0 Y A

finite max(i,ia,...,is)>j max(i,iz,...,is)>j

and since the expression in the right side is less than M j*A\77, we have that

-----

ALY Y o (o hep) | S 2MGEAT

finite max(i,ia,...,is)>j

In particular if z is not on the critical orbit then Ap, = 0 and if z = ¢; then
Apy, is exponentially small in j as claimed. ]
3.2 Absolute continuity:.
Proof of Theorem 1.2.3. Let n > 1 and let x5,z € [0, 1]. Then
(£ (1)) (2) — (£"(1))(21) (3.2)
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:/wQ(L”(l))/(x)dx—l- > L),

1 j<n

CjE[(El,.’EQ]
where A;(L£"(1)) = limgy, £7(1)(2) — limg, £(1)(2).
As n — oo, (L™(1))(z) — p(x). Hence, A;(L"(1)) = Ajp. By Lemma 2.2.1

(L"(1)) — p1 as n — oo. Thus letting n — oo in (3.2) we get

p(22) — plar) = / p(@dz+ S Ay

cj€ry,22]

— / p1(z)dx + ps(x) — ps(a1)

Therefore p,.(z2) — pr(z1) le p(z

]
Proposition 3.2.1. Let n > 1 and € > 0. Suppose
d(c;, ) > €, (3.3)
for j <n.
If d(z, %) < €, then there exist constants K > 1, D > 1 and ¢ < 1 such that
p(x) — p(z)| < Ke+ D™
Proof. Decompose
p(z) = p(T) = (pr(x) = pr(@)) + (p(2)s — ps(T)). (3.4)
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Combining Theorem 1.2.3 with Proposition 1.2.1 we get

|or(x) = pr(7)] < Ke. (3:5)
Also, (3.3) implies
pule) = @) = Y 0 [He, () — Hoy () (3.
2]l

By Lemma 3.1.1 |oy| <

o Hence, we can bound (3.6) as

0.(2) — @) < 3 o] <ol Y+

H, (z) — H, (z)

jzn jzn
1 1 A 1
—lplle—S5" = =2lplle [ -2 ) =
ol 3 = 2ol (527 )
Jj>1
Taking D = 2HpHoo(ﬁ), ¢ = 3, we have
|ps(x) — ps(7)| < D™ (3.7)
Combining (3.4), (3.5) and (3.7) we obtain the result. O

3.3 Differentiabilty points.
Recall that there is a constant 8 < 1 such that
£ = [ h:)dzpla) + 0 @l |bllav).

Theorem 3.3.1. If1 > > max(0,1/)\) and if T is a point such that d(z,c;) > [

for all j > jo then py is differentiable at T.
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Proof. Let € > 0 and let = such that d(z,z) = e.
Let n be the maximal number such that ¢; ¢ [z;z] for all j < n. This implies,

€ > (", which implies

e > 6n/\n

and

>

€
or
By definition of 5, S\ > 1 and > 1, hence, f"A\* — oo and Z- g — 00 as

n — oo. Therefore,

eEA" = o0

and

as n — o0.

By Theorem 1.2.2

finite i,...,ip=1

Let p = L£™(1). Since p = p + O(6"), Proposition 2.1.4 implies that we can

write the above expression as
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pe() =Y > Dt (b, b p)+ O (AT 467
finite k<iy,...,ix<n
1<t 1<ty

Therefore

pi(z) — pi(Z) = (3.8)

-----

1<1,...,1<0;
Note that @  (h1,..., hg, p) is differentiable in [z;Z]. Thus
Doy (s P, p) (@) = D, (B, ok, ) ()

= / (%y;:ri’znk(hl,...,hk,ﬁ)) (s)ds (3.9)

/ ~ ~ ~ ~
( > Qgg;:j?%k(hlv'“ahkaﬁ)) =D > Dt (b g T),

~~~~~~

Decompose the last integral as

77777

/ m > >0 O (e T (s)ds = 30 ST D, B ) (@) )+

finite, i
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..........

We now invoke Proposition 2.3.1 again to conclude that @m"h 77777 (El, e ,ﬁk, 1)
is differentiable on [x; Z], and moreover its derivative is bounded by a constant K.

Hence the last integrand in the above formula is O(¢€) and so the integral is O(€?).

Accordingly

Hence

iﬂ%%‘iﬂ%z 3 ZZ@hl,.. Tn)(f)—FO(e—i—#).

finite 1<4dq,...,ix<n finite7. i

,,,,,

As x approaches T, n goes to oo, hence T,, converges to p or p;. Thus,

glcl_lg% Z Z Z Z©h17~~ hkm() prer1(Z). O

finite i1,...,ip= lfzmte“

.....

Corollary 3.3.2. If ¢ is periodic of period p, then p differentiable except for a finite

set of points.

Proof. If & does not belong to the orbit of ¢ (which is a finite set) then we can pick
any 3 > max(6,1/)) and pick jo > 1 large enough so that d(z,¢) > 37 for all j > jo,

where ¢ = max{cy, co, ..., ¢} ]

3.4  Whitney smoothness

Proof of Theorem 1.2.5. Let us prove this by induction on k.
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The case k = 1 follows from Theorem 2.3.1.

Now, assume

) = ijerL!(f)(x—w)mjLO((x—x)k). (3.10)

Pick 1 > 8 > max{\"%,0%} and let # € Nj. Let ¢ = |z — 7|, define n =

max{j : ¢; ¢ [z;Z]} and let n = 7 + 1. Then, we have that €* > A7 and " > 6.

Then, (3.10) implies

b

m

x k _
J+m _ aymtl k+1
/x =y s " 1 )" 4+ O () (3.11)

(=)
—~

m=

On the other hand, letting p = £"(1), since p = p + O(6"), Proposition 4.4

implies

pii(z)=>_ it (hyyhay. . oo, L2(1))(2) O (A" +6"), (3.12)

—n
where >, =37, <nici,. 1<i This implies that p,;_1(z) — p;—1(Z) equals

Z Z / (Dt (hyyhay . o1, £7(1))] (y)dy + O ([N +6"] €)

By Proposition (2.3.1), the derivative ik [Diin (hy, by, ..., hs,l,E”(l))]/

.....

equals

where I'), = p or p' + O (6")
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Therefore, by construction of p;, we have that

—n

Yo Dt (hha, o hea £4(D)] = py + O (AT 4 67)

77777

which implies

pi-1(x) = pj-1(T) = pi(y)dy +O (X" +6"]) €

wﬁ‘

_ Memﬂ +0 (1)

— (m+1)!

3

where the last equality holds since € > A\™" and € > 6".

Therefore, by induction, the statement holds.

3.5 Nondifferentiability set.

Definition 3.5.1. For § < 1, define
N =A{z : d(c,,T) < " for infinitely many n's}.
Proposition 3.5.2. HD(Nj3) = 0 where HD denotes the Hausdor(f dimension.

Proof. Define U,, as the ball centered at ¢, of radius %n Let € > 0 and let ng <1
such that % < e. Then, {U,}n>n, is an e—cover of Nj.

Note that |U,| = p". Hence, for any s > 0 we have that

1

n>ng n>ng

< OQ.
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Therefore HD(N3) = 0. O

Proposition 3.5.3. If {c,} is dense in some interval I C [0,1] then N is uncount-

able for all B < 1.

Proof. Define L,, = [c, — 8", ¢, + 5]
Since {¢,} is dense, there exists ¢,, such that L,, is strictly contained in I. Set
M, = L,,.
Now, again using the density of {c,}, there exist ¢, , € (ci, — 8™, cp)
and L

and Cngyay € (Cnyy Cny + B™) such that L are strictly contained in

"(1,1) "(1,2)

(Cny — B™, py) and (c,, — B™, ¢y, ) respectively.  Set My = L UL

T(1,1) T(1,2) "

Continuing this procedure we inductively define M,, and set M = ﬂ M, which
n>1

will be a Cantor set. Note that M C Nj and since M is uncountable, so is Nz. [
Lemma 3.5.4. If f < 1 and T € Nj then p is non-differentiable at T

Proof. Suppose p is differentiable at Z.  Let j be very large. Since Z € N3, there

exists ¢,, such that

d(z,cn;) < BM.
Without loss of generality, assume T < ¢y, .

Let y1 and y2 be two points very close to ¢,, such that

T <y <Cpy <Y2 <Gy + P
Since p is assumed to be differentiable at z, we have that
p(yi) — p(z)] < MB"™ fori=1,2.
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and hence

1p(y1) — p(ys)| < 2M 7.

Accordingly

C
e S Q= lim _ < IM B
max [fN)" = Y T prenrwmten, o(y2) = p(y2)| < 2MB

where the first inequality follows from Lemma 3.1.1. If 3 is very small we get a

contradiction. O

Proof of Theorem 1.2.4. Theorem 1.2.4 follows from Theorem 3.3.1, Proposition

3.5.3 and Lemma 3.5.4. ]
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Chapter 4: Differentiability of Invariant measure

4.1 Proof of Theorem 1.2.6

Proof. By uniform Lasota-Yorke estimates (see [2]) there exist C' > 1 and § € (0, 1)

such that for all n > 1

\ [ o) s [ ot ao

< osn. (4.1)

Hence

I(t) - I(0) = / o(fpz) d - / o(f"x) dz + O(6"). (4.2)

Definition 4.1.1. In [0, 1], we define the following sets

A ={x€[0,1] : there exists y € [0,1] such that wy,(x) = wy(y) and f;'(z) = f"(y)},

={y € [0,1] : there exists x € [0,1] such that w;,(z) = wy(y) and f*'(z) = f"(y)}.
The properties of these sets are described in the following lemma.

Lemma 4.1.2. (a) The complement of By, equals

0, 1\By,, = U FrL, (4.3)
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where

Ji(c o .
PR ] + Ot ) if Ji > 0

Ropl
I

[ )

Ji(c e -
P+ O(te) T <0
Moreover

Leb([0, 1\B,..) = O(tn)

and if J(c) =0 then

Leb([0,1\B;,,) = O(t).

(b) the complement of A, equals

[0, 1\Am—Uft ok

where

e+ t55 ] + Ot ) if J, <0
I, =

[, ¢ — t5EL] + O(e), if Ji > 0.
Moreover

Leb([0,1]\A,) = O(tn)

and if J(c) = 0 then

Leb([0,1\A; ) = O(t).

From now on, we fix t > 0 and n = K|Int| where K is a large constant.

Consider the following decomposition

/ o(froyde= | o(fra)de + / o(fpx)dz
Atn [0,1\A¢,n

37
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We start with analyzing the first term in (4.5). By definition of A;, we have

otrae= [ oty () v

At,n

Lemma 4.1.3.

where

V) uUty) e )
R, (y) _;{Df(f’“y) Df(fky);kaj(ij)}

Accordingly

o(fra)de = / Sy —t | S(f ) Raly)dy + O(n?)

At,n

where the last step uses Lemma 4.1.2(a). It follows that

D(t)-T(0) = — ") Ra(y)d ") do— "y)dy+O(Pn?)
" / O("y) B () dy+ /[ o /[ L A OE)

Now Theorem 1.2.6 follows from the next two results

Lemma 4.1.4.

lim ¢(f") W (y)dy == —A..

n—o0

Lemma 4.1.5. If J(c¢) =0 then

1

fim | [ ot [ elrmydy| = A
=011 S0\ A, 0,1\ Bt,n
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4.2 Shadowable points.

Proof of Lemma 4.1.2. Let x € A;,, and let y,(z) the corresponding y according to
the definition of A;,.  Then, w;,(z) = wy(y,(z)). [The latter condition is the
same as saying that, given 0 < k < n, fF(z) and f*(y,(z)) are both in either [0, ¢]

or [c, 1].

If s > 1 and z € A;,, let us denote ys(z) by the point in [0, 1] such that
f2(2) = [(ys(2)).

Now, let 0 <k <n and let x € A;,. By Chain Rule, given s > 1,

Js(ys(x))

D (ya()) + o(t%). (4.6)

x=ys(z)+1t

Note that

PP (@) = [ (ya(@) = (@) = 77 (f2)
Hence, yn—k(f(2)) = f*(yn(2)).

Using the identity (4.6), we get

Tk (Yn—r(ff))
Df(yn—k(fth))
Jk (P (@)
Di () )

+ o(t?)

tk$ = yn—k(fth)+

- fk<yn(x)) +

Since z and y,(z) have the same itinerary under f; and f respectively up to
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the n—iteration, f*(y,(x)) must be sufficiently far away from c to assure that it is
in the same side as f*(x). We claim that, in order to have that f*y,(z) and fFz

stay both in the same side, it is sufficient and necessary to require that

T (yn(2)) ¢ [c — t% +o(t?),c , if Ju_p(c)>0
Pna)) ¢ lee= 5255 o] i Jya(e) <0,

Indeed, suppose J,,_r(c) > 0 and fry,(z) € [c — t‘gJZL’“((CC)) + o(t?), .

Jnfk(x)

576 18 left continuous and f ¥(yn(z)) is close to ¢ (because t is assume

Since

to be small and f*(y,(z)) € [c — t‘g}:f((cc)),c]), then, without loss of generality, the

equality (4.7) can be replaced by

Jnfk(c)

DIL(0) +o(t?), ], so in particular,

Now, we are assuming that f*(y,(z)) is in [c—t
fE(yn(2)) > ¢ — t‘g‘fT’“((cc)) + o(t?). Hence, under the assumption that J, 1 (c) > 0, we
have that
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Jn_k(c)

2 . Jn—k<c) Jn—k(c)
DfL(c>+O(t)>c t +t

DI,(0) DfL(C)+0(t):c+0(t)

() = fH(yal@)) +

Thus, fF(c) > c. Hence, ff(x) and f*(y,(z)) are in different sides. Therefore,
if we want them to lie in the same side we must require the condition (4.7) as we

claimed. The condition (4.7) is proved similarly.

Thus, we have seen that the range for such y’s is the complement of the union
n—1
U f~*I,. In other words,
k=0

By =1[0,1\J f Lok
k=0

proving (4.3)

n—1

Similarly, the range of z € A;, is the complement of U ft’kln,k. In other
k=0

words,

A = 0N F ¥
k=0

and then we also have (4.4)

Let us prove that if J(c) = 0 then the Lebesgue measure of [0, 1]\ U FrIL s
k=0

of order O(t). We have

Leb({ ) f7*1) <> Leb(f7%1) =) /I da
= i/xfk(f r)dr = Z_:/ﬁ’“(l)(y)xfk(wdy
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1

n—1 n—
Z/ )+ O00")xr, (v /pxlkdy+/0(0k)

k=1 k=
-1

—

3
—

n—

Zw )([Ipllse + O0%)) + 0(t) <t Jur(e)(M + 0(1))

1

T

Suppose s > 1. Then, using that J(c) = 0, we have that

|[Js(c)| = [J(e) =

v(f(c 1 ~. s
j_s“—.msuvnm;;sm

Thus, J,(c) = O(A~*). Hence, J,_r(c) = O(A~™R) and

Leb(| ) /1) < tZJn £(€)(M +0(1))

k=0
<t Z ON"™™)(M + o(1))
k=0
n—1
= tY O\ )M +0(1))
j=1
n—1
Since the series Z A7 converges, the term Z O(A7) is bounded. Therefore,
7=1 7=1
we conclude that
Leb(| ) f7*1x) = O(t) (4.7)
k=0

4.3 Changing variables

Proof of Lemma 4.1.3. By definition of A, ,,, given x € A, there is y = y,,(z) such

that f}*(x) = f™"(yn(x)).
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70
Since %i; = H ng (note that yo = x), we analyze the factors of this

weo Yk
product. We have
a n—1 n—1
% =[[Q+t8) =1+> B+ O(t*n?)
X k=0 k=0
— v(fy) = E(fy)
shere ) = 2 {Df " Df () 2 DI ) J e

ayn -1 n—1

k=0

4.4 Contribution of shadowable points

We need to work with the integral

Let us start by analyzing (I). Making the change of variables z = f¥y and

w = fFy, we get

— oy V(M) = nt oy V) k() i
> [ oty du = > [ ol a

n—1 . V'
_ kz;/m)).c k(D—fﬁ’“(l)) (w) dw
Let 0 < 6 < 1 such that £¥(1) = p + O(6%). Then,
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S / ¢<w>c”-k(D“—}p) (w) du+ [ ()0 (1) (w) du

=¥ / gb(w)ﬁ”_k(DU—/Jcp) (w) dw 4 O(6%) / $(w) L™ (1)(w) dw

k=0

= ;/cb(fjw)Dv—/fp dw+§0(0’“)/¢(w)m—k(1)(w) dw

— jzl/¢(fjw)D_fp dw + ;O(Qk)/gb(w)(p-l-O(Q”—k))dw

— z::/gb(fjw)Dv—ifp dw+nz::10(9k)(/¢pdw+nz:fO(H"_k)/cbdw)

By assumption, [ ¢p dz =0 then the last expression equals

z_j / ¢(fjw)Dv—/fp do + anO(é’“) ( [ opau+ ngow"—’“) / ¢dw) -
- Z / ¢<ffw>D”—}p du+ [ odu Z o)
_ Z [ o) p o+ 0w
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Sincen -0 — 0 asn — o0

> [ et (72w ) an - fj [otsw e iw

Now, let us study (/7). Making the change of variables z = fiy and w =

f¥79(2), we obtain that

oy O(FFY) (FPy)E(fy)
[ ot >Df(f’“)ZDf’”fJ Z/fokﬂ Df’“ i(fig) ™

k=0

n— JZ k— j )
- Z/¢D]; fr=i( L 2))D fk- J(( ))U(l)(z)d’z

- Z/MM W (e o)) ) du

= Ix e (e (esw))

k=0 7=0

Fii e pi w) — ()L (1)(2)
where £ (5 £<1)>< ) fk_%:w (D2

We can rewrite the last expression as

Note that

L' (h)(z) = p(x) / h(y)dy + OW'||hl]) (4.8)
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and

£”_l_i(1) = p+ €n14, Where ||€,,,] < gt

Letting u = va we have that

n n—I+1

Joiuniae = 3237 o E e e me)

= 3% [HLE o+ el i) s

=1 =0

and using the linearity of £', we have

/ [(I])] dm-Z/qS V(L (p-€)u dm+2/¢ VLY (L (e,3€)-u) (x) da.

We claim that Z / () LY (LM engs - €) - u)(x) dr decrease to zero as n goes

to infinity.  Indeed, using that HZ’hH < %Hﬁ(h)ﬂ < 12l and

B

[ o wds = [ by [ otwpads + 0w Ial) = o Ial).  (4.9)

(note that we use the assumption [ ¢(z)p(z)dx =0 and (4.8)).

Hence,
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Z/cb(x)ﬁl(fi(%,z,rf) cu)(z)dr = ZO WL (enta - €) - ull)
= ZO 19[ ) ll€nill)

Set 0 = max (6, \7!). Then

> [ 6@ Eerss € wialde = 30 0@ £ enss-€) - ul)

1

n n—Il+1

—ZO (0 ¢'llensill) Z (dde"" ) =>_> Ol

=1 =0

where the last expression goes to zero as n approaches oo as we claimed.

Thus, we have that /qb(x)[([[)] dx equals

S5 [ Eo-€) - wia) do -+ Ofne”

>1 >0

or equivalently,

>3 [ @9 ulw) do + Ofne)

[>1 >0

Now, recalling Lemma 2.2.1 we have
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Thus, the integral /gb(m)[([[)] dx equals

[/qsfl da:+/¢fl dx}JrO(ng)
I>1

Combining the expressions we have for /gb(:v)[([)] dzr and /gb(az)[(]l)] dz,

we have that

[ owrw [Z [ otriu) i . —Z ( [ otrmp@e) -ute) as

where ¢ = max{p, V}.

Noting that g—lf — &u = v/, we finally have that
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[ otwrt) dy [Z/w Dpd— [ 6(fa)/ (o) u(w) da
= —;/gb(fjw) (u—u'%,) dp + O(ng™).

4.5 Contribution of almost precritical points. Nonperiodic case.

Here we prove Lemma 4.1.5 in case the critical point is non-periodic.
By Lemma 4.1.2 and because c is non-periodic, without loss of generality, we

can work with the integral

Z/ (n— k)t]k ) d

by obtaining the asymptotics for fixed k. Thus

Z/¢ L (f70) dx—2/¢ ()£ (01, £271)(y) dy

—Z/sbf’“ )L (2 dz—Z ¢>fk p(z)+0(0" )] dz

Let M > 1 be the first time when c visits . Then, the jumps of p inside I

are bounded by CAM for some constant C. Hence, if z € I}, we have that

p(z) = p(c) + O(t) + O(A™Y),

where the term O(t) is given since the regular part of p is absolutely continuous by

Theorem 1.2.3 and O(A~) is given because of the observation above.
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Since ¢(f*2) = ¢(f¥c) + O(t), if we set aj, = f[ O(fF2)[p(2) + 00" )] dz, we

have that

3
L
~|2

e
Il
—

- 2 ol )lp(z) + 0@ ) iz

_ /I{ o(fte) + Ot H 0 + ()+0<AM)+o<enk)]dz

n—1

- Z Bt -+ 000 [ote) + 00) + 00 + 01074t

3 ¥
[l
—_

= XD ot ante) + a0 (06 + 00 + 0 ) +

+ O(t) (p(c) +O0@)+0NM) + 0(6”"“))}

n

_ {aotrante + a0 |otr*a (00 + 00 + 06 )|+

i

+ Jk(0)O(?) (p(C) +0(t) +O0(A™) + 0(9”_k)> }

Since J(c) = 0 we have Ji(c) = O (A™%) . Thus the term

n—1

Z Je(c)O(t) (p(c) +O(t) + 0N ™) + O(@”‘k))

k=1

will be small as t — 0 because S1—} Ji(c) = Sr—1 O (A7) converges as n — oo.

Then, we have to take care of

Z RO + o) [ol*0)(016) + 00 + 0" )|

The expression S 1—1 Ji(c) [¢(fkc) (O(t) +O\™M) + O(@”‘k))] can be split
as
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i To(©)o(fFe)O(t) + Ju(e)d(f ) ON™) + Ji(c)p(fE ) O(6" 7). (4.10)

k=1

Since t — 0, Y271 Ju(c)d(fFc)O(t) gets smaller so that term is negligible. For

"L Jk(€)o(fFe)O(07F), note that this is of order O(ns"), where x# = max{\~!, 0} <

1. Beingn very large, ns" gets very small, so then the term S_7— 1 Ji.(c)p( f*e)O(8"F)
is negligible as well. Finally, for Y271 Ji(c)¢(fFc)O(A\~M), notice that, as t — 0,
M (t) — oo and then A™™ approaches zero; therefore, the whole expression (4.10)

becomes very small.

Thus, 471 % is essentially Y p_; Ji(c)d(f*c)p(c).
n—1

Now, since the complement of A is the union U f==R(1,.), then
k=1

1
] erwar = f B(f"e) d
[0,1\A UrZy f=(=R) (1)

Letting n goes to oo, the last series converges.

4.6 Meaning of the condition J(c¢) = 0 in the periodic case.

Definition 4.6.1. Let n > 1 and let x € [0,1]. Define wy,,(x) as the itinerary of x

under f; up to the nth iteration. When t =0, define w, () = wo,(z).
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Definition 4.6.2. Let p > 3. If k > 1, we define k' as the smallest nonnegative
integer number in the equivalence class of k modulo p.

The condition J(¢) = 0 when ¢ is periodic of period p must be redefine since

v(ek)
Df*(c1)

if £ > p the summand is not well-defined. More precisely, the problem is in

Df*(cy) because D f*(cy) = Df¥ (c))(DfP(c1))* /P and D fP(c;) does not take a

single value. In fact, the term D f?(c;) can be decomposed as

DfP(c;) = Df(c)DfP~ (1),

so if we want this to make sense we can consider two expressions, namely, one with

D fr(c) and another with D fr(c) instead of D fc).

Thus, we shall define

v(cy,)

e ) = 3+ D BB D @

and

i > v(cg)
J(c, [r) = Jp(c) + kzp D f¥ (c))(D fr(c))E=F)/p(D fr=1(cy))k=F)/p’

where

vl
Jp(C) - ; ka(cl)

With this, we can even reduce these conditions to the following result.
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Lemma 4.6.3. Suppose ¢ is periodic of period p. If x € {L, R}, the condition

J(c, fi) = 0 implies

B v(er)
Jp(c) = ; BiHe) — 0 (4.11)
Also, if s > 1
B Jy(c)
JS(C) - (DfR(C))(kfk,)/p(Dfpil(Cl))(kfk/)/p (412)
In particular, if | > 1 then
Jip(c) =0 (4.13)

Proof. Suppose | > 1 and let 1 < ¢ <. Let us work assuming J(c, fr) = 0 (the
proof when J(c, fr) = 0 is the same by replacing fr whenever f; appears).

Then,

ip+i U(Ck)

Z Df¥ (c))(Dfr(c))E=H)/p(Dfr=1(c;))k=k)/p

v(c) n v(ey)
(Dfr(e)(Dfr=Her))”  Df(e)(Dfr(e) (D fr=*(c1))’

v(cir)

T D) (D) D))y

_ 1 v(ck) | 1 .
~ ORI | S D] ~ TR

k=0

Therefore,

ip+i v(ck) Jia(c)
,;, Dfk(cy)  (Dfp(c))(Dfr=1(cy))t (4.14)
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Hence, if we set @ = (Df1(c))(DfP"1(c;)) > 1 we have

v(er)

M0 = 2 B D@ DT

p+(p 1 U(Ck)

Z D f¥ (e))(D fr(c))E=K)/p(D fr=1(cy))k=K)/p

k=
(

i)

I-1)p+(p—1) 'U(Ck)

k(gl—%)p Df¥ (e1)(Dfr,(c))E=HR)/p(D fr=1(c,))*=*)/p

1 1
A ) e A (DY AB) Tl Y D i

1 S|

i) Z (Or @Dy~ " 2 @y

= Jp(c) +

Now, let s > 1. Then, s can be expressed as s = Ip + &', for some [ > 1.

Then,

J (C) = (lpzl U(Ck) )
s k=0 Df¥ (c1)(Dfr(c))EF)/p(D fr=1(cy))k=F)/p

+ Zz; Df¥ (c))(Dfr(c)) &= /p(Dfr=1(cy))k=H)/p
Ip+(s'—1)

= Jip(c) + Z D f¥ (e ) (D fr(c))F=Fp(D fr=1(cy ))E=F)/p

k=lp

e R I =S G T
AT T ey DA CD D=

Now, if s — oo, so does [, then % — 0. Hence,

7(0) = lim J(0) = Jp@(g =) = (1) w0 = (525 e

Thus, since J(c, f) = 0, we have
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and then (4.12) holds.

The equality (4.13) follows from (4.11) and (4.12). O

4.7 Analysis of the contribution of almost precritical points in the

nonperiodic case.

Once again, our goal is to study the integral

/O ) o(fl'zr)dx. (4.15)
fi "
k=1 '

Also, as before, let us make a change in the indices and write (4.15) as

o(f'z) du. (4.16)

/ Ur" "
k=1

Now, let us split the integral over certain sets to make it easier to analyze.

Namely, let us write the union U f;(nfk)]k as the disjoint union
k=1

n k—1
L] (ft_(n_k)fk\ U ft_(n_j)fj>~
j=1

k=1
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Thus, the integral (4.15) can be written as

n

[o o e =Y e o) de
fi 1, L A U ft—(”—J)Ij
j=1

- Z/f‘(”‘k>1 O(f{'2)X k1 (z) do
k=1 k

( L 5 Ij)

i=1

Making the change of variable z = "%z, we have that

(z) dx (4.17)

S [, A
=l * (U fi Ij>
j=1

= Z o(ff2)x

= /1 R
k=1 U f; I;
j=1

(2)L{ 7M1 (z) dz

k—1

We claim that for k£ > p, the measure of I\ U ft_(k_j)lj is negligible.
j=1

Let p < k <n and define A, = liITn DfP(c) and A\p g = lirin Df?(c).

k-1
To compute the measure of I\ U ftf(kfj)lj, let us pick j = k mod(p). We
j=1
claim that
(k=3 7\ _ 2
Leb(Ii\ f; I;) = o(t%)
and then

k—1

Leb(I\ | £ "71;) = o(t?)

j=1
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Indeed, to determine explicitly ft_(k_j I ;, we need to see how [; depends on
the sign of J;(c) to write how I; is explicitly (according to its definition). It turns
out that this can be easily see by analyzing two cases: when fF7(c) > f5J(c) or

() < fFI(c). We claim that if fF77(c) > fF(e) (resp. fI77(c) < fFi(c)),
then J;(c) > 0 (resp. J;(c) > 0). Since the proof for both is basically the same, let

us just work with

£ () > fF(c). (4.18)

If x is close to ¢ then, by chain rule,

DfF=ig
Dfx

tk_jx — fFr =t

Ji(x) + oft?).

Then,

0 < tk_jc— ke
= ligl ftkfjx — fig
. DfFig
= ligclt Dfx Ji(x) + o(t?).

Dfk=ig
= tJio)li
(C) ;%1 Dfx

Therefore,

. Dftig
tJj(c)lgrcl Dz

> 0. (4.19)
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Note that

. DfFig
lim

>0 4.20
zlc DfLC ( )

because if # < ¢ then, under the assumption (4.18), D f*~z > 0, and since D fx > 0,

(4.20) holds.
Thus, in order that (4.19) holds, we must require .J;(c) > 0.

We can also analyze the same but with the limit

>0 (4.21)

Then, if z > ¢, Df*9(z) < 0 (because of (4.18)) and Df(z) < 0, therefore,

(4.21) holds too, which allows us to conclude that J;(c) must be positive as well.
Therefore, in case, f{7(c) > f*7(c) implies that J;(c) > 0.

Hence, by definition of I},

e — Ji(c) o2
]J_[7 thR(C)+ (t)]

Then,

ft_(k_j)jj = [D(kaja L)7 D(k7j> R)] (422)

where D(k, j, L) = f, 1" (c—t55%5 4 o(?)) and D(k, j, R) = f, " (c—t 5 +
o(t?)).
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Let us work first with the expression

Dk j L) = f; ) e - t% o))

By Lemma (4.6.3), J;(c) can be written as

Jj(c)
Tite) = (Dfr(cy))i—3"/

Then, D(k, j, L) becomes

Jj(c)

7y — k)
D(k,j, L) = fop 7(c— thR(c)(Dfp(q))(j_j')/p

+o(t%))

Using one more time chain rule, we have that

Toes(f7 5 7(e) Jy(c)

D(k,j, L) = f;(k—j)(C) +t Df(f-F=iz(c)) o D fr(c)(Dfr(cy))=i/p

+ O(t?)

(4.23)
Since k = j (mod p), fg(kfj)(c) = c and then Jk_j(f;(kfj)(c)) = Jy—;(c), and,
by Lemma (4.6.3), Ji_;(c) = 0. Also, Df; * (7% (c)) = (\pp(e)) F=)/e,

Hence,

Jy(€)
Dfr(c)Ap.n(c)E=D/P(D fr(cy)) ="/

D(k,j,L)=c—t

However, note that, since D fP is continuous at c¢;

Df?(er) =lim Df*(f(@) = lim Df 0V (f(w) = lim DI () D7 (/@)

e
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= lim Df(z)Df*(f(x)) = lim D f*(x) = Ap,1(c),

where we used that, because of the periodicity of ¢, lign Df(fPz) = h?l Df(x).

Then,

D(k,j,L) = c—t

Using a similar argument, we have that

, Jir(c)
P ) = )T

/

Since k = j(mod p), j/ = k’. Therefore,

Jkl C)
D fr(c)l(Ap,r(c))B=F)/p

D(k,j,L)=c—t

and

Jy(C)
AR() g, ()

D(k,j,R)=c—t

Comparing these two expressions with the extreme points of I, we conclude

that Leb (Ik\ft(kj)lj) = o(t?) and thus

k-1
Leb (Ik\ U f;““%)) = o(?).
j=1
Therefore, (4.17) is
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> /f i O(f{'2)X k1 | dzx (4.24)

p—1
Thus, we just have to deal with the sets Iy, L\ f; 'I,..., I\ U ft_(p_])lj.
j=1

Moreover, notice that if 1 <7 <pand 1 < h <1i—1, then [; and ft_(i_h)lh
are disjoint. In fact, if  belongs to the intersection of these two sets, since t is
assumed to be very small, 2 will be close to ¢, and since f;~"(c) € I, and I, is a
small segment around c. Thus ¢ would be a periodic point of period ¢ — h < p which
contradicts the assumption of the period being p. Therefore, we are just dealing
with Iy, Iy, ..., I,

Hence, (4.25) is reduced to

> / o, PUTOX ke cdr =Y / O(FELr*1(2) dz (4.25)
k=1 "1t Iy (Uft_(k_j)]j) k=17 1k

Letting n — 0o, we get that £ "1 converges to py on [0, ] and converges to

pr on [c, 1], where py (resp. pg) is the density p restricted to [0, ¢](resp.[c, 1]).
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Chapter 5: Non differentiability of the invariant measure.

In this section, we want to study the regularity of T'y(¢), with ¢ € C'[0,1], by
assuming what happens when J(c) is now nonzero.
First of all, to start with, we will need this proposition about recurrence of

points in the orbit of c.

Proposition 5.0.1. There exists m > 1 such that for almost allt in a small interval

around 0

lcj(c) —cf > 57" (5.1)
if § s sufficiently large.

Proof. In Lemma (5.0.2) below, we will prove that

aCn—&—l

oc,

>\ 4,

which implies that ¢, (t) is of bounded variation. Let C' the constant that bound the
quotient of derivatives with respect to t of ¢,(t).

Take ko such that \* > 2C.

Assume first that
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cx(t) # ¢,

for all ¢t € [ and all £ < ky. Define

wy(t) ={s : ¢;(t) and ¢;(S) have the same itinerary for j < n},

W (t) = {ca(S)}sew,, and

L (t) = d(cn(t), OW, (1))

Let us also define Z,, = supg. 4 M

We claim that there exists K such that

Z, < K.

Assuming (5.3) take e = n~™, for n > 1 and m > 1, then

mes(t: |Cp(t) —c| <n™) < mes(t: |I(t)] <n™™)

A
=
3\

3

Then, mes(t : |eu(t) — ¢| < n~™) < Kn™™, which implies that

Zmes(t Hew(t) = <n™™) < o0
n=1
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Therefore, we can by Borel-Cantelly lemma, there exist ny such that for all
n > ng

mes(t : |c,(t) —c] <n™™) =1 as we want.

Hence, we need to prove (5.3).

In fact, we prove that there exist ng > 1, 9 < 1 and M > 0 such that

Tt < Zt) + M. (5.4)

This will certainly imply (5.3). In order to prove (5.4), let us pick § << 1.

Then, we will analyze two cases

(1) The components of W,, that have measure less than 0.

(2) The components of W, that have measure greater than 4.

Let us work in the first case and let V,, be a component of W,, such that |V,,| < 5
and let v, the component of w, associated to V,,. Then, f* maps V,, into, at most,
two intervals contained in W,y = U, Wk, (t). If V,, is split then V,, passes trough

¢ at some point. Note that we cannot have more than two intervals because of (5.1).

i

Suppose we have two intervals. Let us call them V. , and V7,

Take € > 0 and note that by the expansivity of f*, we have that mes({t
Crtko(t) € Vi ko UViir, and Dy () < €}) is less or equal than mes({t : d(c(t),a) <
i or I'n(t) < 5i5}), where a is the point where V,, reaches ¢ at some point, this
is, f1 (a) = c for some j < ko and sy € V,,. By bounded distortion, the measure of

t : d(cy(t),a) < <=} is comparable to {t € v, : [',(t) < =}, then
A%0 %0
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mes({t 1 Coyro(t) €V, 1y UV, and Ty (1) < €}) <

€

<mes({t : d(c,(t),a) < — or [',(t) < ko 1)

/\k
<2Cmes({t : T,,(t) < —1})

By summing over all components of W,, with measure less than g, we have

that

2C

mes({t :© Cnyro(t) € Vi, U Viiy, and Ty (t) < €}) < T

Zn,

(note that we use the definition of Z, as supremum). This suggest to take ¢ =

2Ce

Now, let us analyze the case when the components have measure greater than
5. In fact, the idea is the same but we have that if ‘N/n is component with measure
greater or equal than delta, then f ko( ) will split in at most 2% components inside
Wik, Call ay,ag, ..., asm-1 the points that visit c. Arguing as in the first case the

first case we see that the measure of {t : d(c,(t),a;) < 557} is comparable to

mes({t : T'n(t) < %})

Therefore

mes({t : Cnino(t) € Vipnoa U Viyigaro and Doy (£) < €})

2ko e
<
= M\ko§

mes({t : c,(t) € V,,}.
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Summing over components we get
mes({t : Tpir(t) < € and ¢,(t) is in a long component} < Me

_ 2k0Ce
where M = Fos

Combining the two cases we get
Zn-i—kg < Znﬁ + M

as claimed.

[]

Let m > 1 as in the last proposition. Then, for almost all ¢ in a small interval

around 0

lej(t) —cl > 57" (5.5)

if j is sufficiently large.
Below we assume that ¢ satisfies (5.5) and also satisfies Theorem 1.3 in [21]
and Theorem 1.2 in [20].

Define n; such that there exists s; € [0, ] so that

fs_lnljt N jt 7£ wa

and

fs_nj_tm[_t:@a
for all n < n; and for all s € [0,t], where I, = [c — tJ(c, f),c+ tJ(c, f)].
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Lemma 5.0.2. For all s1,5s9 € [0,t] and for all n < ny

L _ £ ()]
= <= <0 (5:6)
C = |fe (L))
and
1 |fo ()] ~

= <

G = Telt) —ea0)] =€ (57)

Proof. Define d,, = /(51 — $2)% + (ca(s1) — cu(s2))%. By the Mean Value Theorem,

there exists s between s; and s, such that

cn(81) — cn(s2) _ %(37

$1 — S Js

By the Chain Rule,

en

55 8) = Julc(8))Dfi (a(5))

Since D f2(c1(5)) > A" and J,, converges as n goes to infinity

oc, n
E(E)‘ > A;Cha.

Ocn(s)

0s
ocy,

O0s

\/H(%)_Q@

3 [1+0(n2).

Then,
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b = sy () @
n — |S1 — 89 as S

acn —2n
s (3) [1+0(n™")]

= [ea(s1) — culs2)] [1 + O(/\_Qn)}

= |51 — s

Thus,

dy = |cn(s1) — ca(s2)| [L + O(AT>")] (5.8)

We claim that

dng1 = (A= 0)dy, (5.9)

In fact, by (5.8), this is the same as proving

[ens1(51) = Cnpa(s2)] = (A = d)len(s1) — cnls2)]. (5.10)

Since

|cnt1(81) — enta(s2)]
[en(51) — cn(s2)]

aCn—‘,—l = ‘

ac, ¥

it suffices to show that

aCn—‘,—l =
_— >\ — .
o @‘ >A-4§ (5.11)

so let us prove this last inequality.
Since ‘88%{ > D)™ in particular ‘%%! # 0, so by the Implicit Function Theo-

rem, s = s(¢,) and
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o
dey,

1
Ocn
ds

D
=3

Since ¢p41 = fs(e,)(cn), by using Chain Rule,

OCni1 dc,, , . 0s
< LS
|Df8(c”)’ — acn @S (S)acn
This implies

0Cpi1 oc, O0s
> - _
‘ dc, ' > |Dfslen)l 0s (5) dc,

Z As_'57

where A™"D < § <« 1.

Therefore, (5.11) holds, which, as discussed, implies

dosr > (A — 8)d,.

With the above in mind, if D is the function on [0, ¢] x [0, 1] defined by D(s, x) =

D f(x), then logo|D| is P—Lipschitz, for some constant P, hence

n n—1
tog 25 S0 1D, (e (51))] = log 1D (e (52))
D) = &
n—1 n—1 d
<D PSPy G <P <C
k=0 k=0



|Df3, (0l

where P = S +*— (note that d, is bounded by 2). Therefore, IR
52

i=1 Doy 1s
bounded above by some constant C'; and since s; and s, are arbitrary then they are

IDf ()]
DIz, ()

exchangeable so the expression is also bounded by below by the reciprocal

of Cl.

Since

(DI @) DI @) D (] [DfE ()]
IDfg W)l D@D OND ()]

using that f;, and f,, are functions of bounded distortion, we have that

|Df2 (2)]
= [Dfe(y)] ~

where C' = (1C5C5 and (5 and Cj are the bounds for the distortion of fs, and f;,

< (5.12)

respectively.

Hence, if x € I;, we have that

|1

Dfr _
—S/MdySC‘IA-
C I,

1 1D ()]

Therefore

n Dfr(z)|dx 1 1
’ 52[t| fIt |D S9 y)|dy It f[t |Dfs jt

|2 1t o 1 |2, Il
Thus \f;éftl < C. Similarly & < |f;ﬂlft|’ and so (5.6) holds.

J (C(

To prove (5.7), note that s )

is bounded above and below by some constant

Ces and CLG respectively (because as ¢ decreases so does s and n increases as well,
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50 Jn(c(s)) converges to J(c(0))). Then, using that %2 (3) = J,(c(3)) D f2(c1(5) (by

the Chain Rule) we have

fuB) x
|Cn<t)—cn(81)| o ’t||6cn|/| ‘d

- ’tHJ((N))Df"(cl(N)\ : D[ (x)|dz

= ! D@l
17.(cGDI s, D F2(er ()
_Clnl

= ()]

SR VAC
AV REE)

< C

where C' = CCg and we use (5.6) to bound %. Therefore

L) -
en(t) — en(e)] = C

Similarly, we can prove that

l < |fs1(jt)’

C ™ lea(t) = calsy)|’

Thus we obtain (5.7). O

In order to make the analysis as simple as possible, let us set two useful lemmas.

For simplicity, let us write L, = f; *(I,).
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Lemma 5.0.3.

/ by de =3 [ (@) de < [l S 1L O Ly
Uk=1 Lk k=1 Lk

k1,k2

Proof. Define Ly, = Ly—|_J L;NLy. Note that | J Ly, = | J Ly and that Ly, NLy, = 0,
j<k k=1 k=1
for all k1, ko, in particular,

/UZlLk o) de = /Uzlik Y(x) dv

Now, we can work with [; +(x) dzand bound 7, [ (2)=>"0_, [, ¥(2) dz.

For this, since

/ka(x) dv = /Lkw(:r) d:c—/Lk\ka(x) dx
-/ ) do - /U ) dr

<k

we have that
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n n

> vwde— | w(@)da = )

/ Y(x) dx
U<k LinLk

k=1 Lk Ly k=1 i<k
< Y IULinLefl¢le
k=1 j<k
< Y Y LN L9l
k=1 j<k
< D LN L9l
k1,ka=1
Therefore,
o wa)de— | @)y de] < Y L0 Ly ¢
k=1 "Lk L k1,ka=1
O
Note that

"™ < e, () = ¢ < e () = cu (s1)] + leny (1) = ¢ < Col 21 (L) + Cuol £ (T,

51

where the first term is because of Lemma (5.0.2) and the second term is by definition

of s;. Therefore,

ny™ < OulfiH (L)) (5.13)

S1

Since
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A< |f (L) < 1,

we have that n; < Cylogt. Hence, the latter along with (5.13) gives

|f(L)| > Cy|logt| ™™ (5.14)

On the other hand, if A = sup,, D f(z,t) then

(Cilogt)™ < | fi" (I)] < tA™

and so

| log(t|C' log £|™)]
log A

Now, since t is assume to be sufficiently small

|log t|log t|™|

> R|logt 5.15
or 2 Rlozt], (5.15)

where 0 < R < 1. Then,

[log(t|C1 log t|™)| _ |logt|logt|™|
log A - log A

—Cy > R|logt],

1 =

where Cy = % Therefore,

ny > R|logt]| (5.16)

This inequality will be used in the next lemma.
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Lemma 5.0.4. There exists 0 < n < 1 such that

n
Z |Lk1 N Lk2| S C?’L2t1+n

k1,k2=1

Proof. Let 1 < ky, ks < n. Without loss of generality, assume k; < ks. Then, we can
write ky = k1 + 7, for some 0 < j < n — ky. Then, using the fact that p is bounded

below, we have

|Lg, N Lgy| = |Lg, N Ly, 4]
_ / (P9 @) (179 () ) e
e / P xn (F* () xn (£ ()

Since p is invariant, [ p(z)xr, (f*(2))xr, (f* (2))de = [ p(z)xr, () x5, (f (2))dz.

Now using that p is bounded from above, we have

|Liy, N Liy| = |Lgy N Ly 4]

/
/

IN

Cr [ pla)xa (f(2)x (f (2))do

= Co | x.(f(@)xr.(f(x))dz

If 7 < n; then ft_j_ft N I; = (), and consequently

/Xft(f(x))xft(fj(x))dx =0.
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If j > n; then, by (5.16), 67 < #%l°e!l Hence

[a@a@nds = [ aweta)wi

:/EXIt
I

= /|It|pt )+ O(67)dy

1,

< /|]t|pt dy+/0(9j)dy
I

o~

~

Since p; is uniformly bounded on ¢ and |I;| = O(t), the first integral is of order
O(t?). For the second integral, since 67 < AF°s®)lwe have that 67 < h", where
n = Rlog(#~') < 1 since R < 1. Then, the second integral is of order O(¢!*7).

Therefore, | Ly, N Ly,| < Ct17 for any 1 < k; < ky < n and then

L, N L. | < Ctim?,
k1 ko|

k1<ko

]

In the next theorem, as discussed at the beginning, we are interested in the

limit

. I'i(¢) — To(9)
im sup
o ty/|log(t) loglog|log(t)]|

We have that

Ty(6)—To(¢) = — )R, (y)d ) di— m)dy+O(t2n?).
() t / (") Ruly)dy + /[0 S /[0 L A OE)
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Since —t fol O(fy) R (y)dy + O(t*n?) are negligible when dividing by

ty/|log(t)loglog | log(t)||, we have to focus on the limit

f[O N\Aen o(fi'x)dz — ‘/‘[071]\Bt,n o(f"y)dy

lim sup (5.17)
t10 ty/|log(t) loglog | log()]]
We already know that
/ bo i (x)dy = / o f7(x)dz. (5.18)
[0?1}\‘475,7’1 UZ:l ft_k]nfk

Let Un,k = UZ:l ftik[nfkvvn,k = UZ:1 ftik[iv Pn,k = UZ:1 (ftk[nk\ftk[)
and Qs = UL, (f;kf\ ft"“ln_k>. Then,

=T

/Un,k ¢o fi'(x)dx — /Vnk o ' (x)de

< /P oo fr@lde + /Q lpe fr@el <

<3 / |¢oft”(x)ldx+/ b fi(a)da] =
IR Py AN e FoRINFT L g

,

—Z/ \Ilcb [ IE’“da:+/ 6o fr(2)Lhdr| <

\In,k

< ;C<|In_k\l| i |I\In_k|>;

where C' comes from bounding ¢ and £F (the latter is bounded since converges to

/ oo f'(x)dx — ¢o fi'(x)dx| <
Pk Qn,k

pt)-

Now, note that ||I,_x\I| = [I\I,_i| = O(tA~*. Therefore we have

[ sep@i= [ sep@drton. (1)
Uﬁzlff n—k UZ:lft_ I

7



t

— 0 as t | 0, we can work with
t4/|log(t) loglog | log(t)||

Since

/ po fi(x)de
Uz fi T

instead of fuzilffkl L 9o fi(z)de

By Lemmas (5.0.3) and (5.0.4), since n?t!™ is negligible when dividing it by

ty/|log(t) loglog | log(t)|], instead of working with fU _j-kp We can just focus on
= t

studying

n ffkj¢oftn z)dz
Z t+/]log(t) loglog [log(t)]|

k=1

(5.20)

Similarly, instead of working with fUZ ok We can just focus on studying
=1

n ffki ¢o fr(x)dx
> ty/|log(t) log log | log(t)]|

k=1

(5.21)

With this in mind, let us prove the following.

Theorem 5.0.5. Suppose that |J(c, fi)] > € for t € (—e,€). Then, for generic

¢ € C'0,1] and for almost all t the following limit exists and is non-zero

limn sup Li(¢) — To(o)
an) t\/|log 10g10g|10g()||

Proof. According to what we saw, we have to study the limit

hmsupz fk[¢0ft( o
« /] log(t) log log [ log(t)]|

(5.22)

£10

and
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" [é0 f(a)de

= limsu
£40 pz o t/[log(t) loglog [ log(t)]|

(5.23)

Let us start with (5.22).

We have that on I;, pi(x) = pi(c) + O(t) so

Z/k_gzﬁoft dx—z ) Lidz
:Z/asoft c“’“dx—z oo srmertar

- / pof(a ptdx+z [ tofia 0z < 3 / b £ (@) pda+ |6 S 0(6%)
Iy k=0 VIt k=0

n

Z gbo fE(@)peda 4+ O(t) = Z [ i quftk([B)d:B] pi(c) + O(1).

k=0 L/ 1t

Define I, = f™=1I,. For n > ny. Since f'is 1 — 1 (by definition of ny), we

have

K|log(t) K| log(t)
o(ff) dv < o(ff)
poyl >
K|10g

= kot Df”l‘l( ) p 1
R {/t¢ D fra=1( f=(m=1)(y)) y Dfm—1(c)

_ |1 >
= O(Wlloglltll),

where we used that fmf’lf(’;:iﬁ‘i)(y)) was bounded by (5.6).

Using bounded distortion, we have
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|j;| _ 1 D fm- 1 d
Dfnl 1() Dfnl 1() | f ( )| T

= O(|L|).

By (5.14), |I,| > (C1|log(t)|)~™. Thus

log || > log((Cy[log(t)))™)

= —mlog(éﬂ log(t)])-

This implies |log |I;|| < mlog(Cy|log(t)))

Thus, we finally obtain

K log(t)| K| log(t)
<bof[‘(:v>dx—{ /wt dx]pt<>+0<>
k=1 TR Iy
K|log(t)|
[Z o(fra dx]pt [2 [ o(fa dx]pt<c>+0<t>
k=n1

{Z o(1k2) do|(0) + Oftogllos(e))

Since ¢ is C', by the Mean Value Theorem, we have that

oUfF @) = S(f(e) + O L)
= O(f(0) + O(L A=),
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Hence

K] log(t) ]
;; /ffu)qﬁof:(x) = Z ¢ft d$]pf(c)+0(tlog(log(t)))

_ |1t|2¢ I }%—Otlog(log( )

— [otste, Pt qu e ]mmg(logo))

Therefore, we have that

K|log(t)]
o fi'(x) dz 5.24
; /fmqb £ (@) (5.24)
lzw z ]+o tloglog(1)).

k=

Now, define ns(t) as the smallest number such that

IDf* (L] > 1. (5.25)
We claim that ny —ny < C'log |log(t)|. Indeed write
[Dfi**(e)l = D™ er) Df ().

Using the definition of ny we have that |Df> " (c1)|| ;| < 1 so

DI ()||1] < Cs, (5.26)
where Cy = max D f(z).
Note that
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DI (ONL] = D™ )DL

< ATEIDT -

As before, using bounded distortion, we have that

DN = Cil L.

Hence,

D ()||T] = G T )

Using (5.26) and (5.27), we finally obtain

CLA2MH | < O,

which implies

log(Cy) + (ng — ny + 1) log(\) + log |ft| < log(Cy).

Then,

ny —ny + 1= O(|log |L|]).

Back to (5.24), we can decompose it as
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(5.28)

(5.29)



K|log(t)|

S [ oesiar — |uste quft D] +Otogtog(o))

r—1 JfED)

ni

- [t qu A+ X )] +Otontogo)),

n=ns+1

Using (5.29), we have that

K|log(t)

Z po fi'(x) de = [225J ¢, [)pelc Zgb fil(c } + O(tlog(log(t)))

=1 JHD

Finally, we have

. K‘log(t)l ffk ¢o fii(z) dx
P, = hmsup
t40 ty/log(t) log log | log(t)]
_ > o1 O(f7(0))
= 2el0)Je ) hmsup /log(t loglog|log(t)|
2 ny S (c))V/na loglog ny
t\/log ) log log | log(t)|v/n2 log log ng

Z¢ e
— 2p(e) (e, f) limsup o limsup Y 2108108 2

1o Vngloglogns o \/ log(t) loglog [ log (t)|

= 2p(e)J(c. ) lmsup

Note that, as t | 0, ny take all possible values and, in particular, goes to oo,

then

Do) D ()
\/;ZQ log log ns - \/52 log log ns

and by [21], the last sequence is convergent.
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v/n2 loglogna
/log(t) log log | log(t)|’

For the limit limsup,, we will prove that limsup,, —logit)

converges which implies the convergence of the limit we want. For this, note that

log Df™(c) = Y Df(f'(c))

Then,

log Df"(c) Z?ial Df(f(c))

no no

>y DF(f9(0))

By Theorem 1.2 in [20], the sequence converges and so does its

720 DF(f7(c)) <o log D2 ()

n2 n2

subsequence converges as 1y — OQ.

Also, as we already saw, D f;"*(c)|I;| = MtDf'*(c) is bounded by below (by 1

by definition) and by above for some constant C. Then

1< |Df(o)||l] < C,

which implies

loa(t)] _ log|DR(@)] _ |log &
Mo - N9 - N9
|log &1

converges so does —n - ast—0.

log D f2
and because MQ(C)

Therefore, we finally conclude that the limit &, exists.
In order to analyze (5.21), we need to work on the limit ®,. For this, note
that the previous argument for ®; remains the same for ®, up to the point where

we obtained that
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| I AC)
1= 2p(c)J(c, f)limsu =
Py =2p(c)J(c, f) 10 P V/log(t) loglog | log(t)]

In the case for (5.21), we will have that

| 21 A" ()
5 = 2p(c)J(c, f)limsu =
P,y = 2p(c)J(c, f) 0P /Tog(t) Tog log | Tog (t)]

where the limit on the right goes to zero.

I

Therefore, since

Jim sup I:(¢) —To(¢)
110 ty/log(t)loglog | log(t)|

:(I)l_®27

we have that such a limit exists for almost all ¢ as claimed.

85



[10]

Bibliography

Baladi V. On the susceptibility function of piecewise expanding interval maps,
Comm. Math. Phys. 275 (2007) 839-859.

Baladi V. Positive transfer operators and decay of correlations, Advanced Ser.
Nonlin. Dyn. 16 (2000) World Scientific, River Edge, NJ, x+314 pp.

Baladi V., Smania D. Linear response formula for piecewise expanding unimodal
maps, Nonlinearity 21 (2008) 677-711.

Baladi V., Smania D. Smooth deformations of piecewise expanding unimodal
maps, Discrete Contin. Dyn. Syst. 23 (2009) 685-703.

Baladi V., Smania D. Alternative proofs of linear response for piecewise expand-
ing unimodal maps, Erg. Th. Dynam. Sys. 30 (2010) 1-20.

Benedicks M., Young L.-S. Sinai-Bowen-Ruelle measures for certain Henon
maps, Invent. Math. 112 (1993) 541-576.

Chernov N., Dolgopyat D. Brownian Brownian motion—I, Mem. AMS 198
(2009) no. 927 viii+193 pp.

Chernov N., Markarian R. Chaotic billiards, Math. Surveys and Monogr 127
AMS, Providence, RI, 2006. xii+316 pp.

Dolgopyat D. Averaging and invariant measures, Mosc. Math. J. 5 (2005) 537—
576.

Dolgopyat D., Liverani C. Energy transfer in a fast-slow Hamiltonian system,
Comm. Math. Phys. 308 (2011) 201-225.

86



[11]

[12]

[13]

[15]

[16]

[18]

[19]

[22]

[23]

Jakobson M. V. Absolutely continuous invariant measures for one-parameter
families of one-dimensional maps, Comm. Math. Phys. 81 (1981) 39-88.

Keller G., Howard P. J., Klages R. Continuity properties of transport coefficients
in simple maps, Nonlinearity 21 (2008) 1719-1743.

Keller G., Liverani C. Stability of the spectrum for transfer operators, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. 28 (1999) 141-152.

Keller G., Liverani C. Rare events, escape rates and quasistationarity: some
exact formulae, J. Stat. Phys. 135 (2009) 519-534.

Lasota A., Yorke J. A. On the existence of invariant measures for piecewise
monotonic transformations, Trans. AMS 186 (1973), 481-488.

Marco Mazzolena M. Dinamiche espansive unidimensionali: dipendenza della
misura invariante da un parametro, Masters Thesis, Roma 2, 2007.

Ruelle D. Smooth dynamics and new theoretical ideas in nonequilibrium statis-
tical mechanics, J. Statist. Phys. 95 (1999) 393-468.

Ruelle D., Application of hyperbolic dynamics to physics: some problems and
conjectures, Bull. Amer. Math. Soc. 41 (2004) 275-278.

Ruelle D., Differentiating the a.c.i.m. of an interval map with respect to f
Comm. Math. Phys. 258 (2005) 445-453.

Schnellmann, D., Typical points for one-parameter families of piecewise expand-
ing maps of the interval, Discrete Contin. Dyn. Syst. 31 (2011), no.3, 877-911.

Schnellman, D., Law of iterated logarithm and invariance principle for one-
parameter families of interval maps, Arxiv, preprint, 2013.

Tucker W. The Lorenz attractor exists, C. R. Acad. Sci. Paris 328 (1999) 1197—
1202.

Viana M. Lecture notes on attractors and physical measures, IMCA Monogr. 8
(1999) Lima, iv+101 pp.

87



