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Painting the Phase Space Portrait of an Integrable

Dynamical System

SuHaMNON Correy, ANDRE DEPrIT, ET1ENNE DEPRIT, L1aM HEALY

For an integrable dvnamical system with one degree of freedom, “painting™ the
integral over the phase space proves to be very effective for uncovering the global flow
down to minute details, Applied to the main problem in artificial savellite theory, for
instance, the technique reveals an intricate configuration of equilibria and bifurcations
when the polar component of the angular momentum approaches zero.

EVERAL DEVELOPMENTS UNDERLIE
the present revival in classical mechan-
ics, including compurerized algebraic

processors and color graphics. Dynamical

processes are very hard to detecr beneath the
surface of the differennal equations. It rakes

a fair amount of redious algebra to exeract,

by averaging or by normalization, the es-

sence of the mechanism from the back-

of short-term Huctuanions and unre-
markable perturbations. Bur to the beneht
of nonlinear mechanics, computer algebra
systems are becoming increasingly soplhasti-
cared. Once over the hurdle of redious caleu-

lations, one faces the obstacle of obtaining a

global picrure for the long-term wends in

the svstem, Color graphics proves invaluable
in visualizing the global behavior of the
systern and in discovening minutiae of local
behavior hidden beneath the mass of caleula-
tions. Pseudocoloring a function over a do-
main, a widespread technique in applied
mathemarics, has produced stunning pic-
tures; they have opened the eyes of math-
ematicians to hitherto unsuspected phenom-

ena in the dynamics of nonlinear maps (1),

Extension to classical mechanics forces a

search for relinements in the rechnigue such

as the automatic selection of colors e ensure
enough contrast around isolated but close
singularieies.

Here is an cxample of basic facts discov-

ered by color graphics. Ir is borrowed from a

—rmsr

5. Coffey, E. Deprit, L. Healy, Naval Center for Space
Tc:hnci%y Maval Research Laborarory, Washingron,

A Diepeit, Matomal Irnstirute of Standards and Technodo-
B, Ganthersburg, MD 20899

problem that has been vexing astronomers
and space engineers since Orlov (2) uncov-
ered the singularicy of the “crinical inclina-
tion,” Take a point mass in the graviyy ficld
of the earth; ignore for the moment all other
bodies in the vicinirty, the nongravitatiomal
forces {drag and radiation pressure), and
even those pares of the earth’s gravity field
that are dependent on the longitude, Fur-
thermore, in the remaining, ignore all zonal
harmonics except the one caused by the
equatorial bulge. Thus, the system 15 repre-
sented by the Hamiltoman

ot 2]

(L}

where the vectors x and X stand for the
posinion and velocity of the spacecraft, re-
spectively; = [l is the geocentric distance.,
The paramerers of the system are as tollows:
i, the product of the gravitational constant
and the mass of the earth; o, the equatornial
radius of the earth; k, the direction of the
polar axis of the carth; and a dimensionless
gquantity J;. The function Py is the Legendre
polynomial of degree 2. Hamilronian Eq. 1
defines the main problem in arificial sarel-
lite theory, This dynamical syscem admits
two integrals: (i) the energy 3 per unit of
mass, because # 15 time-invariane, and (i)
the projecrion H = k+G of the angular
momentum G = x % X per unit of mass on
the polar axis, because the group of roa-
tions about k leaves W invariant. For lack of
a third incegral in imvolution with H, the
consensus among cxperts is thar the main
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problem, Eq. 1, of armhcal sacellite theory is
not integrable.

Becanse J; is approximarely 107 * for the
carth, the main problem may be regarded as

a l-f.l:pl-:nm system with Hamiltonian
21 _k
%= 30X X) - & 2)

subject to a perturbation denved from the
pirtennal

L) e

We restrict ourselves to the domain 3, < 0
of bounded orbits suficiently away from the
hypersurface where G = UG, = 0. In that
region of phase space, averaging over the
mean anomaly replaces the full model Eq. 1
by an integrable approximarion H expanded
as a power series in the small parameter [y

Normalizing X by averaging is not a
simple task by any means. It 15 so invirlved,
m fact, that general purpose systems for
symbuolic algebra such as Macsyima, Maple,
or Mathemarnca have ver o meer the chal-
II:HEI:, However, with a tool ::5Pc¢:1'aJ|"u le=-
signed for carrying the developments typical
of celesrial mechanics, we produced

1 .
X = Zﬂ 5 (4)
o the fourth er in Jx. The work was

first done in FORTRAN on an advanced
array processor (J) and was checked a few
years later on a powerful Lisp workstation
(#). For our purposes, the reader needs o
know onby about the first three terms in Eq.
4. Expressed in the variables (f, g, b, L, ©,
H) intreduced by Delaunay (5), these erms
are (6)

M= —37 (5)

i, = n-:;( 5]2(-1 - éﬂ (6)
plA2 4

15, 105,

'3 3 15
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93, 235,
rcml,e[lﬁs 33

CETS

These terms are expressed in the

angles (€, g, h) and actions (L, G, H). The
angie € is the mean anomaly; g is the angle
berween the line of nodes and the semimajor
axis; h 1s the angle berween the line of nodes
and a fixed direction in the earth equatorial
plane. Together with the Keplenan variables
a and ¢, we have introduced the quantinies

II..__
= ”\III%T-#:‘:“ —.-31]1

n=Vl-¢,p=({l+m)"" (8

Usually one thinks of the varables (2, ¢, g)
as defining an ellipse with semimajor axis a
and eccentricity ¢ whose position i s own
plane is determined by the angle ¢ of the
major axis of symmetry. In these notations,
the actions L oand G are

L=%pa,G=Ly=Vpp (9

The inclination I of the plane containing
ellipses with charactenistics (4, e, g} 15 de-
fined by the relations

cos f=HG, 0 =1=x= (100

where H is the integral of polar angular
momenmum. To be concise, we ser

e=cos [, +=sin

(11}
By virtue of the averaging, L s an integral
for Eq. 4. Thus, above cach point in the
portion of the plane {H,L) where L > (0 and
0= |H| = L, the phase space of the aver-
aged main problem constrtes a two-di-
mensional manifold—the sphere (7)

H+BE+L= }IEE -H¥ (12

in the three-dimensional real space defined
by the coordinates

Ey = LG cos g
£ = LCose sin g

=G — %{Lr + HY {13}
For convenience, we reler 1o the grear circle
£3 = 0 as the equator of Eq. 12, and o the
points [0,0, = ¥(L? — )], as the north
pole and the south pole, respectively. The
arpument of peripee ¢ serves as longimde
over Eq. 12, whereas G measures essentially
the height above the equarorial plane
£y = 0. One learns quickly to interpret geo-
metric curves on the sphere defined by Eq.
12 as orbits of the averaged system Eq. 4.
For instance, the point where Cr atrains its
maximum value L, that is, the north pole of
Eq. 12, represents the instantancous circular
orbit of radius @ in a plane at an angle
I'=arceos H/L ower the equator of the
carth; likewise, being the point at which &
reaches its minimum value H, the south pa]::

Fig. 1. The phase flow after the second pischfork
bifurcation. A view of the northern cap,

stands  for an cllipse with  cccentricity
(1 — HYL:Y in the equatorial plane of the
carth,

Because the orbits of the averaged main
problem are the level curves of Eg. 4, we get
a picture of the phase flow for | by drawing
these level curves for H running over the
mrerval 0 = H = L. Now we can think of
three methods for drawing the level curves
of K over Eq. 12: method 1, integrating
numerically the differential equations

Ei= (£} for i=123

the nght-hand member designating  the
Poisson bracket of £ with the Hamiltonian
H; method 2, for a given set of values (O, H,
L} solving numerically the system made of
Eq. 12 and nf:quariﬂn W= 2 and method
3, “painting™ K over the sphere.

In method 3, an orthographic projection
establishes a 1-1 correspondence

1T {se) — {EpEaks) (15

between pixels within 2 disk (A) on the
screen and the points on a hemisphere of
Eq. 12, The points at which G s zero being
excluded, the averaped Hamiltonian X is
bounded over the sphere. Hence, the values

m = Ifl'l.i.::l H[w(ud)

(14)

M = max H|m{uv)] {16}

M, r'_l'!

are finite, and we can set a 1-1 mapping + of
the real interval [m,M] onto a “rainbow™ of
colors, By “pamnting” 'K over the sphere we
mean to attach wo each pixel () in A the
corresponding  color  code N [TT{s,#) ]}
That is, the Hamiltonian is compurted for
cach poine in phase space corresponding o a
point plotted in the projection, and a color
15 a.ti.tiigm:d with the assignment based on the
interval in which this value falls. In chis
manner, the level curves of & on the sPhu:n:
are represented within & by contiguous pix-

SCIENCE, VOL. 247



els having the same color code,

We have wsed methods 1 and 27 they
proved intolerably long, especally in areas
crovwded with stable and unstable ::.]uilihria.
In a related calculation performed by the
aurhors, one integration ook 3 days on a
workstanon-class serial computer with a
floating-point accelerator. By contrast, the
third method turned out to be most effective
tor seeing level curves; on a parallel machine
it takes on the order of a second.

This simple minded scheme fails to pro-
vide enough resolution o enhance fine de-
tails in the phase flow. It is not sensinve
enough, for instance, to locate a shallow
minimum at the foot of 3 steep maximum,
Mevertheless, there are rechmagues to reme-
dy these difficulues. First, color bin bound-
aries are assigned nomlinearly so that the
range of values displayved as a single color 13
determined by the relative frequency of
those values. For example, one color band
might represent Hamiltonian values be-
rween 0.0 and 0001, while another repre-
sents values between 1000 and 10,000, of
those ranges contain equal numbers of
points. Second, several spectra may be tra-
versed in assigning colors. Afeer all, we are
not interested in reading values of I off the
screen. Figuring global phase flows from
patterns of color contrase is all that is neces-
sary.

The procedure requires calculating N ar
hundreds of thousands of points and rank-
ing these values. This computation is naru-
rally dara-parallel, becavse the Hamiltonian
is calculared independendy atr each point,
Massively paralle]l processors now available
complete the task in a matter of seconds for
an image of 512 by 512 pixels; by conrast,
it takes about 3 hours tor a senal Lasp
workstation o complete the same task.
Speed is a decisive advantage when we draw
on this “painting” technique to study the

Flg. 2. A surprising bifurcarion ar F;. A aoom
intor the cover picoure.
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bifurcation diagram for dynamical systems
dependent on one or more parameters. We
let the parameters sweep through intervals
where we expea a discontinuity in the evo-
lution; for cach selection of the parameters,
we paint the corresponding Hamilronian,
Companng  successive  pantings  reveals
poines in the paramerer space where bifurca-
pons occur and provides clues 2s to their
origin.

In the man thl:m of artificial satellite
theory, astronomers and aerospace engi-
neers want to know how the phase flow of
the averaged problem evolves as the ranio
H/L decreases from 1 (circular orbits in the
equatcrial plane of the carth) to 0 {orbts
residing in a plane passing through the polar
axis of the ¢arth).

Because L is an integral after averaging, it
15 readily seen that the canonical equarions
derived from Eq. 4 are equivalent to the

:qual:iun.-i

dp _dirdG g

T aG At ag 7
derived from the Hamiltonian
=9, + %jﬁl’.z (18)

The independent variable ¢ is replaced by the
long time scale * such that dr = J; dr*. The
equilibria in the main problem are the roors
of the system

A * adl
N | 19
i Todg (19)

Thas system, however, suffers from sirygular-
ities at & = L {the north pole) and G = H
(the south pole); in the neighborhood of
these points, it should be replaced by the
sysbEm

:—f;" = (£, 3% for i=1273
At any point in the interval 0= H =1,
system Eq. 20 admits two roos: Ey ar the
north pole of the sphere Eq. 12 and E; arthe
south pole. For all values H/L, the character-
wtic exponents at By are imaginary, hence
the equilibrium Ey 15 stable. As for B,
however, it changes stability owice in the
neighborhood of H = LS. Solving the
system Eq. 19 in that neighborhood 1o the
first power of 3 reveals owo discontinuitics.

1y A pitchl‘hrk_ hfurcation ocours ar

_ | L 1 o * 2
1= (% )[‘ “ap ) o)
@y

(20}

The north pole becomes unstable while two
stable equilibria, Ey(g =0, & = ;) and
Ei(g = =, & = ) 3}, appear on each side of
it with

oyvE |- [ Led?
Gy 3 H’»a[l 250( )

Ha
x(—?—lﬂE+LHE”‘-E— + 0 5
L1+ HVSIL (J2)

(22}

2) A second pirchfork bifurcation occurs
at

o (ke -]

(23)

Ar that inclinanon, Fy reverts o stability by
giving rise to two unstable equilibria, B g
=2, G = Gag)and Eyiy = —mfd, & —

C.a) with
g
g = HVE [1 | ﬁ (:‘—;‘)
a

HE EHE'ILQ .

% (—13 + ?F+—,——] n r-n.f.'i.fL)] + 0 1)
(24

Figun: 1i5a Painting of the flovwy

made at a value of H/L slightdy below thar of
the second bifurcation. It 15 a view of the
northern cap, not of the entire hemisphere,
in an orthographic projection from the
north pole along the £; axis. The £ axis goes
from left to nght, the £; axis points upward
in the vertical direction.

Most recently, by solving numerically sys-
tem Eq. 19, Healy found thar, for H/L
= 0,031 {with J; = 0.001), there appear
two more roots for Gatg = Oand g = w0/l
They arise as saddle node bifurcations out of
a smooth landscape of circularory Aow,
There are two pairs of equilibnia, one stable
Es, the other unstable Ey, located on the
positive £ axis, These equlibria are mir-
rored by symmetric images (E;, Eg) on the
negative £; axis. Without the color picture
on the cover 1t would have been very diffi-
cult tor decipher the pattern of fow around
these equilibria because they occur in very
shallow areas. The cover picrure is an ortho-
graphic projection of the south pole after
the third pitchfork bifurcanon. It shows the
di:.l:nv:r:,.' of twao pain of saddle node I‘:Cll.li-
libria appearing as eveballs along the & axis.
The stable equilibrinm E; occupics the cen-
ter; on both sides, one finds first che stable
equilibria £, and E;. Farther away from the
ceneer appear the stable equilibria Es and B,
and then the unstable equilibria E; and Eg,
Incidentally, these discovenies stand in con-
tradiction o arguments (5} against the exs-
wnee of eguilibria other than the classical
omes at (E)o=i=q4 and Es.

Visual inspection of the painred How dia-
grams produced a surprise ar the equilibria
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E; and E;. Orniginally thought to be unsta-
ble, F; and E, appeared unexpecredly as
stalble poines escorted by two unstable equi-
libria, one on either side of the originals, as
seen in Fig. 2. Once again, the rano HL
passes through a pichfork bifureation mak-
ng E; and E, stable while spawning pairs of
unstable equilibria. Afrer the fact, we found
the mathematical explanation. Eliminating
G from Eq. 19 produces a quadraric equa-
tion in sin . Previous analysis restniceed g to
be a multiple of 7/2 1o case the algebraic
complexities. Not unnl the rano H/L be-
comes very small does the discrinunant of
the equation in s g become posiive, pro-
viding for real roots and new equulibria.

We have now come full arcle. Analytical
study of a dynamical system  prompred
graphical representations o support our re-
sults. Improvements i the visualizanon
techmiques revealed new phenomena, which
browght us to refine our mathematical analy-
S8,
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Activin-Binding Protein from Rat Ovary Is Follistatin

TaKANORI NAKAMURA, ko)1 TAakIO, Yuzury Eto,
HirosHIirRo SHiBAL, Korrt Trrani, Hiromu Sucino®

Activin, a member of the transforming growth factor B protein family, was originally
isolared from gonadal Auids and stimulates the release of pituitary follicle-stimulating
hormone (FSH). Activin has numerous functions in both normal and neoplastic cells.
Various cells synthesize activin and have a specific binding site for this pepride.
However, the molecular basis for its actions is unknown. A binding protein for activin
was purified from rat ovary and was identical to follistatin, a specific inhibitor of FSH
release. It is likely that the binding protein participates in the diverse regulatory actions

of activin.

EVERAL HYPOPHYSIOTROPIC PRO-
teins that can suppress or enhance
follicle-stimulating  hormone (FSH)

secrenion by prruitary cells have been idenri-

fed from mammalian gonads. These include
inhibin (1} and follistatin (2], which inhibit

FSH release, and activin (31, which stoimu-

lares FSH release. They have potenial roles

. reproduction and cher structures have

been clucidated by protemn chemmstry and

cDNA cloning rechmiques (4, 7).

Activin 15 a member of the transforming
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growth factor B (TGF-B) gene family and
may have a variery of similar funcrions.
Activin acts outside the reproductive system
as erythroid differentianon factor (EDF).
Although EDF was imtially isolated trom a
human leukemia cell line as a protein facor
that causes differentiation of ervihroid pro-
genitor cells {6), prowein chemistry  and
cDNA doming analyses of the factor proved
that EDF s the same molecular species as
activin (7). Acrivin {EDF) has diverse bio-
logical roles: modulation of follicular granu-
losa cell differenniation (8), regulation of
ervthropoiesis {¥), somulation of  insulin
secretion by rav pancreatic ishers {10), and
modulation of several types of anterior pim-
itary cells (11). Specific binding sites tor
activin on rat granulosa cell (12} and human
and murine erythroleukemia cells {13} have
been identified; activin binding may be re-
sponsible for s biological activites. Never-
theless, regulation of the multiple funcoons

of acuvin remains obscure.

During our purification of activin recep-
wors we notced binding proteins for activin
in rat ovary homogenates. We therefore

i 1.5

i 14,4

Fig. 1. 5D5-PAGE of purified acovin-binding
procein under nonreducing (lane 1} and reducing
{lase 20 comditions. The ovaries | T8 ovanes: wee
weight, 21 g) were homogenized i 200 mil of
Buffcr A [20 o trs-HCL (pH 720 warh 130
i Macl, § mM benzamiddine-HCLL 1 mM phen-
vimethylsulfony feonde, 1 mM Neechylmale-
mide, 2 mM disopropylflucrophosphare, 2 mAd
EDTA, and 20% glycerol| with a Polytron ho-
mogenizer. The homogenate was -.:-:lurifuged.; the
resinmg supernatant was added o an equal vol-
ame of Buffer A (with 25% polvethylene glvool
G inseead of 20% glvcerod), stirred for 30 min
at 4°C, centmifuged, and the supematant decanted,
The '|_'r|.‘||tl: L1 .':u.t]_1|.1'||.1|:|.‘| 1Y F....H'..-r M with Tril;l:j:lﬁ
X100 at & final concentration of 2%, stirred, and
centrifuged. The supernatant was mived with the
scivin—Affi-Geel 10 |5 mg of recombinant acuvin
{EDYF) (21} was coupled to 5 ml Affi-Gel 10 (Rio-
Rad)] amd incubated overmight with a gentle
stirring at 4°C. The gel was frst washed with
0.0% Tretons X-100 i Buffer & and then wath
0.0% Trton X-I00 in 30 mM sodium acetate
buffer (pH 4.0}, resuspended in 0.1% Trron X-
100 in Butfer A, and poured into a column.
Activin-binding protein was clured with Buffer B
{Buffer A w'u%l 2M puanidine-HO! and 0.1%
Trion X-100), The active fractioms desalted by a
Buor-Geel I [0 codumn weere applicd to an activin
Aff-Gel 10 column, and the column was washed
with (L.1% Triton X- 100 in Buffer A, The activin-
bindisg protein was cluted with Bofler B, Active
fractions were desalted wsing a Buo-Gel P-10
column equilibrated wich (V001 % SIxS, SDS-
I'MAGE of the preparation was done in 12.5% gels
and proteing were stained with Coomassie bril-
Il blue (220, Bands a o d idemify acrivin-
binding protein,
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