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This thesis advances the theoretical foundations and practical methodologies for spec-

tral graph inference in random graph models, with an emphasis on graph alignment, latent

structure detection, and multi-graph analysis. Spectral embedding has become a central

tool for statistical network analysis due to its efficiency and versatility in tasks such as com-

munity detection, anomaly detection, and graph comparison. However, challenges such as

vertex misalignment across graphs, noisy or contaminated graph structures, and induced

correlations in multi-graph embeddings limit the effectiveness of existing methods. This

thesis addresses these challenges through three complementary projects.

In the first project, we develop OmniMatch, a novel seeded multiple graph matching

algorithm under the d-dimensional Random Dot Product Graph (RDPG) model. We prove

that under mild assumptions, OmniMatch leverages s seeds to asymptotically and efficiently

achieve perfect alignment of O(sα) unseeded vertices (where s is the set of seeds) for

α < 2∧d/4 across multiple networks even in the presence of no edge correlation. Through

simulations and real-data experiments, we demonstrate that correcting vertex misalignment

prior to hypothesis testing recovers the statistical power lost due to shuffled nodes. Appli-

cations to connectomics and machine translation networks validate the practical utility of



the method.

The second project investigates the limitations of widely used embedding techniques,

Adjacency Spectral Embedding (ASE) and Graph Encoder Embedding (GEE)—in detect-

ing dense pseudo-clique structures in RDPGs. We provide theoretical results and extensive

simulations showing that in both theory and experiments, we demonstrate that this pair-

ing of model and methods can yield worse results than the best existing spectral clique

detection methods, demonstrating at once the methods’ potential inability to capture even

modestly sized pseudo-cliques and the methods’ robustness to the model contamination

giving rise to the pseudo-clique structure. To broaden the analysis, we further evaluate the

Variational Graph Auto-Encoder (VGAE) in both simulated and real-world settings.

The third project provides a rigorous analysis of induced correlations in joint spec-

tral embedding methods for multiple graphs, including Omnibus embedding, joint embed-

ding, Multi-RDPG, and multiple adjacency spectral embedding (MASE). Using the COSIE

model, we derive a central limit theorem for the distances between score matrices and estab-

lish bounds on the correlations induced by the embedding process under both independent

and correlated graph settings. We examine how these correlations affect community de-

tection in multiple graphs and anomaly detection in temporal graph sequences, providing

practical insights into the reliability of multi-graph embeddings.

Together, these contributions deepen our understanding of the theoretical properties,

strengths, and limitations of spectral graph embedding methods, while also proposing

new algorithms that address fundamental challenges in multiple graph inference and latent

structure detection. Through a combination of rigorous theory, simulations, and real-world

applications—including brain connectomics, social networks, co-authorship networks, and

communication networks—this work establishes both theoretical benchmarks and practical

tools for analyzing complex networked systems where traditional embedding approaches

may be insufficient and where robust alignment and structure recovery are essential for



meaningful inference.
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Chapter 1: Introduction

Network data structures have become indispensable tools for representing complex sys-

tems of interacting entities across multiple disciplines, including biology, neuroscience

[40, 98, 105], and social sciences [51, 83]. In neuroscience connectomics [108], brain re-

gions of interest (ROIs) are naturally represented as vertices, with functional or structural

connectivity between regions encoded through the graph's edge structure. Social network

analysis [126] represents individuals as vertices and models social relationships or inter-

actions as edges, enabling the study of community formation, information diffusion, and

behavioral patterns. In natural language processing applications [80], words or concepts

serve as vertices, with document-based relationships creating edge connections that cap-

ture semantic or co-occurrence patterns. Even in the current era of large language mod-

els, numerous advanced algorithms[32, 35, 94] leverage graph-based Retrieval-Augmented

Generation (RAG) to achieve superior generation performance.

The graph-theoretic representation provides a powerful and versatile framework for

analyzing both structural and relational properties of complex systems. Moreover, graph

embedding methods (such as the ASE and LSE of [12]) provide tractable representations

for complex networks that allow for classical statistical tools to be used. While single

graph analysis has been extensively studied and successfully applied across these domains,

the growing availability of multiple related networks has created new opportunities and

challenges. The analysis of multiple graphs simultaneously offers signi�cant advantages

over treating each network in isolation. Joint analysis can reveal shared structural patterns,
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enable more robust statistical inference, facilitate the detection of anomalies or changes

over time, and improve the power of hypothesis testing. However, this analytical paradigm

introduces fundamental challenges that single graph methods are not equipped to handle,

particularly when networks contain edge noise, disordered vertex alignment, or process

measurement errors. In these settings, a central question is how do we simultaneously

embed multiple graphs while preserving both shared and network-speci�c structure in the

presence of noise? How do we align networks when vertex correspondences are unknown,

partially corrupted, or obscured by observational uncertainty? How do we understand and

account for the artifactual correlations introduced by joint embedding procedures?

1.1 Background

A sample ofm observed graphsG(1); :::;G(m) can be represented byG(i) = ( V ;E (i)),

whereV = f 1; :::n;g denotes a set ofn labeled vertices (note that we will use node and

vertex interchangeably in this thesis) , and

E (i) �

8
>><

>>:

� V
2

�
in the undirected graph setting

V � V in the directed graph setting

is the set of edges corresponding to graphi. For each graphG(i), the adjacency matrix

encodes this edge structure, and is denoted byA(i) where

(undirected setting)A(i)
uv = A(i)

vu =

8
>><

>>:

1 if f u;vg 2 E (i)

0 if f u;vg =2 E (i)
;
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and

(directed setting)A(i)
uv =

8
>><

>>:

1 if (u;v) 2 E (i)

0 if (u;v) =2 E (i)
:

In this simple setting,A(i) is binary; in the undirected graph caseA(i) is symmetric (though

it need not be in the directed graph setting). Further, we will assume no self-loops, and so

A(i) is hollow. As mentioned above, graphs may be undirected, and the edge setE con-

sists of unordered pairs of vertices; in this case, an edge represents a connection between

vertices u and v without orientation, so thatf u;vg = f v;ug andA(i)
uv = A(i)

vu. In contrast,

directed graphs have an edge setE consisting of ordered pairs of vertices, where each edge

represents a directed connection fromu to v; hereA(i)
uv need not equalA(i)

vu. Examples of

both types of graphs and their adjacency matrices (G(1) being undirected andG(2) directed)

are shown in Figure 1.1. As we consider above, the adjacency matrix Graphs can be un-

weighted, in which all edges in the setE are binary (i.e., all edges are either present or

absent) and no numerical weights are assigned, and in this case, the adjacency matrixA

is binary. In contrast, a weighted graph is equipped with a weight functionw that assigns

a real valuew(u;v) to each edgef u;vg 2 E, so that the corresponding adjacency matrix

is real-valued. An illustration of both cases is provided in Figure1.2. We note here that

in the setting above,A and G encode the same information, and we will useA and G

interchangeably when referring to the underlying network.

In order to proceed with statistical inference on network data, we need statistical models

for graph-valued data.The Erd�os-Ŕenyi (ER) model [37] is one of the earliest and simplest

models for random graphs, introduced independently by E.N. Gilbert (1959) and Erd�os-

Rényi (1960). In this model, each possible edge between then vertices is included in-

dependently, each with probabilityp. Despite its simplicity, the ER model exhibits rich

probabilistic behavior and has become a cornerstone of modern random graph theory.

3



Figure 1.1: Examples of undirected (LHS) and directed (RHS) graphs with their adjacency
matrices.

De�nition 1.1.1. Erd�os-Ŕenyi (ER) model. We say that ann-vertex random graph

A � ER(n; p)

is distributed according to the Erd�os-Ŕenyi (ER) model, wheren is the number of vertices

in the graph andp is the probability that any pair of vertices is connected by an edge

and where the presence or absence of edges is determined independently for each pair of

vertices; that is

1f f u;vg 2 E(G)g i:i:d:� Bernoulli( p)

In Figure 1.3, we show examples of Erd�os-Ŕenyi graphs with (L)ER(20; p = 0:3) and (R)
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Figure 1.2: Examples of unweighted (LHS) and weighted (RHS) graphs.

ER(20; p = 0:8).

While Erd�os-Ŕenyi graphs provide a useful initial model for graph data, they do not

model real graph data well. Empirically, we often see that edge probabilities are vertex

dependent. To rectify this, we develop our theoretical analysis within the framework of the

more general Random Dot Product Graphs (RDPG) [130], a well-established class of latent

position graph models [52] that provides a tractable foundation for rigorous mathematical

and statistical network analysis [12].

Note that we say that a distributionF is ad-dimensional inner-product distribution ifF

is supported on a setX � Rd such that ifx;y 2 X , thenhx;yi 2 [0;1].

De�nition 1.1.2. Random Dot Product Graph (RDPG) with distributionF [130]. Let

F be ad-dimensional inner product distribution. We say that the random graphG (with

adjacency matrixA) is drawn from a Random Dot Product Graph (RDPG) with distribution

F, written(A;X) � RDPG(F) if

i. X1;X2; � � � ;Xn
i:i:d:� F are collected in the rows of the latent position matrixX =

[X1;X2; � � � ;Xn]> 2 Rn� d.
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Figure 1.3: Example of Erd�os-Ŕenyi graphs with (L)ER(20; p = 0:3) and (R)ER(20; p =
0:8).

ii. A is a random adjacency matrix de�ned via

P[ A j X ] = Õ
u> v

(X>
u Xv)Auv (1� X>

u Xv)1� Auv (1.1)

That is, conditioned on the latent positionsX the entries of (the symmetric matrix)A

are independently distributed Bernoulli random variables with mean matrix equal to

E(A) = XXT .

Note that an alternative characterization of the RDPG has �xed latent positionsX rather

than random latent positions (P(AjX) is then de�ned analogously). In this setting, we

write A � RDPG(X) to emphasize the �xed nature ofX.Note that the Erd�os-Ŕenyi model

ER(p) can be viewed as a special case of the random dot product graph (RDPG) model

where all vertices have the same latent position (i.e.,F is a point-mass distribution).

The random dot product graph serves as a widely adopted framework for modeling

latent position networks [52]. Within the RDPG model, each row ofX represents the

latent positions of a corresponding vertex, and edge probabilities are determined by the

inner product between vertex latent positions ind� dimensional space. Under the typical
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assumption thatd � n, the resulting edge probability matrixP = XX> becomes a positive

semide�nite matrix with rank bounded byd, and low-rank methods can be readily applied.

However, for anyX 2 Rn� d and orthogonal matrixW 2 Od we have the equalityXX> =

(XW)(XW)> . This implies when estimating latent positions of an RDPG, bothX and

XW yield identical edge probability distributions. Therefore, the RDPG model exhibits

fundamental non-identi�ability, as edge probabilities remain invariant under orthogonal

transformations fo the latent positions.

One of the well-studied instance of RDPG is the positive semide�nite stochastic block-

model (SBM) [53] (note that the fully general SBM is an instance of the generalized RDPG

of [109] where edge probabilities incorporate an inde�nite inner-product; in this thesis we

do not study the GRDPG though we suspect many of our �ndings would be transferable to

that setting without too much dif�culty).The general stochastic block model represents an

independent-edge random graph framework where the vertex set is divided intoK disjoint

communities or blocks. This model is formally speci�ed by two parameters:

i . aK � K symmetric probability matrixB governing inter- and intra-block connection

probabilities;

ii. a block membership functiont : [n] ! [K] that determines each vertex's community

assignment; note thatt can either be �xed or random with i.i.d. Multinomial(p;1)

entries.

For verticesi and j, the edge probability is determined by

Pi j = Bt (i);t ( j);

with edges being conditionally independent givent . An example is shown in Figure1.4,

which illustrates a two-block stochastic block model (SBM) withn = 30;K = 2, and the

7



Figure 1.4: Example of a 2-block SBM model withn = 30;K = 2 and B =
[0:8;0:2;0:2;0:8]. Vertices 1–15 are in block 1, and vertices 16–30 are in block 2.

probability matrix given by

B =

2

6
4

0:8 0:2

0:2 0:8

3

7
5

In the example, vertices 1–15 are in block 1, and vertices 16–30 are in block 2.

The positive semide�nite SBM can be seen as an RDPG as follows.

De�nition 1.1.3. Stochastic Block Model RDPG [53]. In the RDPG model above, suppose

that F is a mixture ofK point masses, so that there areK distinct possible rows inX

denoted asX(1); � � � ;X(K) whereX are the latent positions of an RDPG. We de�ne a block

membership functiont via t : [n] ! [K] such thatt (i) = t ( j) if and only if X i = X j . We

can then write

(A;bX) � SBM(t ; f X igK
i= 1;F)

Furthermore, the latent positionsX of this SBM can be written asX = ZWjDj1=2 with the

eigendecompositionB = WDW> , whereZ is the community memberships matrix with

sizen� k such thatZuk = 1 if and only if the vertexu belongs to the blockk.

8



In the SBM model, the primary task is estimation of the community membership func-

tion, which assigns each vertex to a block. This model provides a useful setting for statis-

tically studying graph clustering and community detection [58, 73], serving as a practical

modeling tool for networks with group structure. Several extensions of the SBM have been

proposed to better model complex real-world networks. The degree-correlated SBM from

[102] accounts for degree heterogeneity within communities, the mixed membership SBM

in [4] allows nodes to belong to multiple communities, and the popularity-adjusted SBM

in [63] introduces node popularity parameters to adjust connection probabilities. These

variants enhance the �exibility of SBM and broaden its application across diverse �elds.

In the RDPG model, the latent positions provide a (semi)parametric parameter on which

classical inference can be pursued. As the latent positionsX are unknown, estimating them

is the �rst needed step. Adjacency spectral embedding (ASE) serves as one of the standard

approach for estimating latent positions in RDPG models. The theoretical foundation for

ASE relies, in part, on the Davis-Kahan theorem [114, 132], which establishes that the

subspace spanned by the topd leading eigenvectors of the population matrixP = XX> can

be consistently estimated by the corresponding subspace of the observed adjacency matrix

A [13]. The adjacency spectral embedding (ASE) is de�ned as following:

De�nition 1.1.4 (Adjacency Spectral Embedding (ASE)). Let d � 1 be a positive integer.

The d-dimensionalAdjacency Spectral Embeddingof a graphA into Rd, denoted by

ASE(A;d), is de�ned to bebX = UAS1=2
A , where

jAj= ( A> A)1=2 =
h
UA jU?

A

ih
SA � S?

A

ih
UA jU?

A

i >
;

is the spectral decomposition ofjAj, SA 2 Rd� d is the diagonal matrix with thed largest

eigenvalues ofjAj, andUA 2 Rn� d the corresponding matrix of thed-largest eigenvectors.

The ASE has been a powerful and widely used preprocessing tool for a number of
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statistical inference tasks on networks. It has been effectively used in community detection

via clustering methods with theoretical guarantees under SBM and its variants as in [77,

106]. It has also been applied to vertex classi�cation [115, 119], where node labels are

predicted using supervised learning in the embedded space, and to hypothesis testing tasks,

such as two-sample tests for network equality and subgraph detection [45, 116]. These

applications highlight the versatility of ASE as a foundational step for inferential network

analysis, enabling theoretically grounded methods for handling large and complex graphs.

1.2 Noise in Graph and Outline

The overarching theme of this thesis is to advance statistical methods for analyzing

latent structures in random graphs using spectral graph techniques, particularly in the pres-

ence of noise and structural irregularities, such as the internal dense structures or the disar-

ranged nodes. Spectral graph analysis (e.g., the ASE), which leverages the eigenvalues and

eigenvectors of matrices associated with graphs (e.g., adjacency or Laplacian matrices),

has become a powerful tool for tasks such as clustering, community detection, and graph

comparison. However, real-world networks often deviate from models due to all different

kinds of noise, missing or spurious edges, and misaligned node correspondences, all of

which can hinder inference.

We address some of these noise pathologies in this thesis, with our major contributions

being as follows.

• First, we introduce the novelOmniMatchalgorithm to address the practical chal-

lenge of network alignment (i.e., correcting misaligned or unaligned vertices across

graphs) with theoretical guarantees.OmniMatchis presented in Chapter 2, and we

provide theoretical analysis and empirical validation for the utility of the approach in

aligning graphs prior to subsequent inference. We prove that under mild conditions,

10



OmniMatchcan asymptotically and ef�ciently recover correct vertex alignments for

unseeded vertices even with no edge correlation across graphs. This work has been

submitted for publication, and a preprint can be found here [100].

• Next, the pseudo-clique analysis provides critical insights into when spectral methods

succeed or fail in planted structure detection. This analysis is in Chapter 3, where we

explore the ability of spectral graph embeddings—including Adjacency Spectral Em-

bedding (ASE) and Graph Encoder Embedding (GEE) [113]—and Graph variational

autoencoders to detect embedded dense pseudo-cliques in noisy random graphs. We

provide theoretical and empirical results showing when these methods could fail to

capture modestly sized pseudo-cliques and examine their robustness to contamina-

tion. This work has been submitted for publication, and a preprint can be found here

[101].

• Lastly, the correlation study in Chapter 4 establishes fundamental theoretical un-

derstanding of embedding artifacts that affect all joint embedding approaches. We

analyze joint spectral embedding methods for multiple graphs, including Omnibus

embedding, joint embedding and multiple adjacency spectral embedding methods.

We develop the theoretical framework for induced correlations in MASE with exten-

sive experimental validation, and examine how the correlation affects tasks such as

community detection and anomaly detection in multiple graphs.

These three projects are uni�ed by a common theme of understanding and mitigating

different sources of noise and artifacts that compromise spectral graph analysis. In this

context,OmniMatchdeals with structural noise caused by vertex misalignment across net-

works, the pseudo-clique detection analysis examines signal contamination noise where

embedded dense structures can mask the spectral embedding analysis performance, and

the induced correlation study investigates methodological noise in the form of arti�cially
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induced correlation created by multiple joint embedding algorithms by themselves. These

projects establish a comprehensive framework for multiple venues for noise-aware spectral

graph analysis. They demonstrate that effective graph inference requires not only power-

ful embedding methods, but also thorough consideration of how various noise sources can

compose the reliability of downstream inference tasks.

1.3 Notations

The following notation will be used throughout. For positive integern, we write[n] to

denote[n] = f 1;2;3; � � � ;ng and we write~1n to denote then-dimensional vector of all 1's.

The set ofd � d real orthogonal matrices is denoted byOd. We haveIk to denote thek� k

identity matrix. The Kronecker product of two matricesA andB is denoted byA
N

B. We

write k�k as the Euclidean norm on vectors. For a matrixM 2 Rn� n, we will also routinely

use the following matrix norms: the Frobenius normkMkF=
q

å i j M2
i j ; the spectral norm

kMk=
p

l 1(M> M) wherel 1 denotes the largest eigenvalue of the matrix; and the 27! ¥

norm popularized in [20] whereM i is thei� the row ofM

kMk27! ¥ = supfk Mxk¥ s.t. kxk2= 1g = max
i

kM ik2:

For functions f,g:Z� 0 7! R� 0, we use here the standard asymptotic notations

f = O(g) if 9C > 0; andn0 2 Z� 0 s.t. f (n) � Cg(n) for n � n0

f = W(g) if 9C > 0; andn0 2 Z� 0 s.t.Cg(n) � f (n) for n � n0

f = Q(g) if f = W(g); and f = O(g)

f = w(g) if
g(n)
f (n)

! 0 asn ! ¥
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f � g if
f (n)
g(n)

! 1 asn ! ¥

Note that whenf = o(g) (resp.f = w(g) and f = Q(g)) wheng is a complicated function

of n, we will often write f � g (resp.f � g and f � g) to ease notation.
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Chapter 2: Asymptotically perfect seeded graph matching without edge

correlation (and applications to inference)

In this chapter, we present theOmniMatchalgorithm for seeded multiple graph match-

ing. In the setting ofd-dimensional Random Dot Product Graphs (RDPG), we prove that

under mild assumptions,OmniMatchwith s seeds asymptotically and ef�ciently perfectly

alignsO(sa ) unseeded vertices (wheres it the number of seeds)—fora < 2^ d=4—across

multiple networks even in the presence of no edge correlation. We demonstrate the effec-

tiveness of our algorithm across numerous simulations and in the context of shuf�ed graph

hypothesis testing. In the shuf�ed testing setting, testing power is lost due to the misalign-

ment/shuf�ing of vertices across graphs, and we demonstrate the capacity ofOmniMatch

to correct for misaligned vertices prior to testing and hence recover the lost testing power.

We further demonstrate the algorithm on a pair of data examples from connectomics and

machine translation. Note that we discuss uncorrelated graphs in this chapter. We explicitly

talk about a lack of edge correlation; the presence of structural correlation is another matter

we do not address in this chapter.

2.1 Introduction and Background

Comparing and analyzing graphs is essential for numerous tasks, including understand-

ing structural patterns, detecting anomalies, and hypothesis testing between two graph sam-

ples. However, a persistent challenge in graph comparison arises when node correspon-
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dences are unknown or partially scrambled [110, 122], as often encountered in applica-

tions such as brain connectomics [121], anonymized social networks, or language process-

ing [80]. Traditional multiple graph inference methodologies such as two-sample testing

[11, 34, 116], tensor decomposition [3, 134, 135], multiple graph community detection

[56, 86, 95], etc., typically rely on the assumption that node identities are perfectly aligned

and observed across graphs. When this is not the case inferential performance can degrade

[72, 110, 122], although graph matching methods [28, 36, 128] can be applied to align

the networks, recover the missing cross-graph node labels, and recover inferential perfor-

mance. Despite these recent advancements, statistical inference under node misalignment

remains underdeveloped. When a subset of nodes is shuf�ed or unaligned between graphs,

recovering the correct node correspondences becomes essential to accurately reconstruct

the underlying graph structure and enable valid comparisons.

There is a robust graph matching literature both from the algorithmic and theoretic

perspectives (see Section 2.3.1 for further background on graph matching), though most

existing theoretical work (both information theoretic bounds on de-anonymization and the-

oretical algorithmic guarantees) relies on the presence of edge correlation across graphs to

anchor the alignment. In this chapter, we address the problem ofseededmultiple graph

matching in the setting where there is no edge correlation. Seeds here refer to vertices

across the multiple graphs whose correspondence is knowna priori [41, 76, 82]; multiple

graph matching refers to the problem of simultaneously aligning the vertices across multi-

ple networks. To tackle this problem, we propose theOmniMatchalgorithm which jointly

embeds the seeded vertices across a collection of graphs, out-of-sample embeds the un-

seeded vertices, and then aligns unseeded nodes by solving an approximate de�ned linear

assignment problem in the embedded space. This integrated approach allows us to leverage

expertise in graph embeddings [12] (see Section 2.1.1) to ef�ciently, provably asymptoti-

cally perfectly match uncorrelated graphs in the general Random Dot Product Graph setting
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(under mild model assumptions). To our knowledge, this is the �rst result proving asymp-

totically perfect matching in this RDPG model (in either theory or algorithmically) in the

absence of edge correlation.OmniMatchis then further used to perform robust statistical

inference by combining node matching with hypothesis testing, enabling valid comparisons

even in the presence of node shuf�ing.

This chapter is organized as follows. We describe the Random Dot Product Graph

model and joint graph embedding framework in Section 2.1.1, the graph alignment and

matching problem in Section 2.1.2, and graph hypothesis testing more thoroughly in Sec-

tion 2.1.3. We introduce the new algorithmOmniMatchin Section 2.2 with our main the-

oretical results on its graph matching performance with multiple seeds. In Section 2.3, we

show our simulation results on both graph matching and hypothesis testing withOmniMatch

and results using real brain data. We discuss this new algorithm in Section 2.4.

2.1.1 Random Graph Models and Joint Graph Embeddings

Our analysis will be couched within the context of Random Dot Product Graphs (RDPG)

[130], a class of latent position graph models [52] that are particularly amenable to subse-

quent analysis [12]. Note that we suspect that all results contained herein can be proven for

the more general Generalized RDPG of [109], though the RDPG is suitable for our present

purposes.

De�nition 2.1.1 (Joint Random Dot Product Graph). Let F be a distribution on a setX 2

Rd satisfyinghx;x0i 2 [0;1] for all x;x02 X . Let X1;X2; � � � ;Xn
i:i:d:� F, and letP = XXT ,

whereX = [ XT
1 jXT

2 j� � � j XT
n ]T 2 Rn� d. We say that the random graphs(A(1);A(2); � � � ;A(m))

are an instantiation of aJoint Random Dot Product Graphmodel (abbreviated JRDPG),

written

(A(1);A(2); � � � ;A(m);X) � JRDPG(F;n;m)
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if the following holds:

i. Marginally each(A(k);X) � RDPG(F;n) ; to wit, A(k) is a symmetric, hollow adja-

cency matrix with above diagonal entries distributed via

P(A(k) jX) = Õ
i< j

(XT
i Xj )

A(k)
i j (1� XT

i Xj )
1� A(k)

i j ; (2.1)

Succinctly, conditioned onX the above diagonal entries ofA(k) are independent

Bernoulli random variables with success probabilities provided by the correspond-

ing above diagonal entries inP.

ii. Conditioned onX, theA(k) 's are independent

Note that the assumption of independence of theA(k) 's in De�nition 2.1.1 is adopted

here to emphasize the lack of edge correlation across the graphs we will be aligning with

OmniMatch. Adding edge correlation across theA(k) so as to be suitable for much existing

matching theory (e.g., [29, 30, 72, 127]) is easily achieved, see [89] for detail.

One of the key inference tasks in the RDPG framework is estimating the latent position

matrixX. To this end, spectral methods (in particular the Adjacency Spectral Embedding of

[114]) have proven particularly useful. Spectral methods provide suitable estimatesbX of X

that are then amenable to subsequent (more) classical inference methods such as clustering

[75, 106, 114], testing [34, 116, 117], classi�cation [119], etc; for a survey of work done in

this area, see [12].

One issue when estimating the latent positionsX in the RDPG model is the inherent

rotational non-identi�ability associated with the model [2]: IfY = XW for a rotation matrix

W 2 Rd� d, thenP(AjX) = P(AjY). As such, it is only possible to recoverX up to a

rotation. For single graph inference, this amounts to a requirement the the inference task

be rotationally invariant. For joint graph inference that rely on graph embeddings, this
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can be problematic. If the embeddings are done separately, then an additional step (e.g.,

Procrustes rotation) must be taken to align the graphs in embedding space. The alternative

is to construct a joint embedding that simultaneously constructs an aligned embedding for

each graph (see, e.g., [10, 67, 125, 134, 139]). Note that the trade-off for not bypassing the

need to align is that additional correlation across graphs is often induced in the embedding

space by the joint embedding procedure [89].

In the sequel, we will be making use of theOmnibus Joint Embedding Procedure

(OMNI) of [67]. In OMNI, we are given a collection ofn-vertex graph(A(k))m
k= 1, the block

matrixM 2 Rmn� mn is constructed, where thei; j-th block ofM is given by(A(i) + A( j))=2.

The OMNI embedding of(A(k))m
k= 1 into Rd is then given by

bXM = OMNI(A(1);A(2); � � � ;A(m)) = ASE(M;d):

In the JRDPG setting outlined above, the OMNI embedding provides a jointly consistent

estimator of the true latent position matrixX. To wit, we have

Lemma 2.1.1(Lemma 1 in [67]). Let F be a distribution on a setX 2 Rd satisfying

hx;x0i 2 [0;1] for all x;x02 X . Let (A(1);A(2); � � � ;A(m);X) � JRDPG(F;n;m), and assume

that if Y � F, thenE(YYT) is rankd. We have that there exists a constantsC;C0> 0 and

integern (depending only onF andm) and an orthogonal matrixW such that forn � n,

kbXM � (~1m 
 X)Wk2! ¥ �
Cm1=2 log(mn)

p
n

(2.2)

with probability 1� C0n� 2.

Moreover, under mild assumptions it is shown in [67] that the residual estimation errors of

bXM (suitably rotated) estimating~1m 
 X) are row-wise asymptotically normal, providing a

central-limit-theorem-like result for the estimation error.
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2.1.2 Alignment and matching

An assumption that is made in most joint embedding (and joint inference) methodolo-

gies is that the graphs area priori vertex-aligned; i.e., for eachi 2 [n], vertexi represents

the same entity in each of them graphs; notable exceptions to this assumption include

[57, 61, 110]. In situations where this is not the case, graph matching methods can be used

to recover the true alignment before further inference is pursued. Graph matching is a broad

term for the large collection of methods that are dedicated to �nding an optimal alignment

between the vertex sets of two (or more) networks; see the survey papers [28, 88, 141] for

a review of the �eld. At its simplest, the problem of matching twon-vertex graphs can

be cast as a special case of the quadratic assignment problem: Given graphsA andB, the

graph matching problem seeks to �nd all elements of argminP2Pn
kAP� PBkF wherePn

is the set ofn� n permutation matrices. It is worth noting that ifA andB are allowed to be

weighted, directed, and loopy (i.e., with self-edges), then this is equivalent to the NP-hard

quadratic assignment problem.

Due to its practical utility and computational complexity, there are a huge number of

graph matching algorithms in the literature. Of note here are algorithms that provide high

probability matching guarantees under different levels of network model complexity. Ex-

amples include recent work developing ef�cient methods for asymptotically perfect (and

near-perfect) matching in correlated Erd�os-Ŕenyi graphs (e.g., both seeded [73, 82] and un-

seeded [16, 39, 79]). These algorithms often rely onedgecorrelation to be present across

the graph pair: Edges within each graph are independent, and edges across graphs are inde-

pendent with the exception that for each pair of verticesf u;vg (where for a graphA, E(A)

denotes the set of edges inA):

corr(1 f f u;vg 2 E(A)g;1 f f u;vg 2 E(B)g) = r e > 0 (2.3)
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This correlation is necessary in the Erd�os-Ŕenyi and Stochastic Blockmodel settings

(see [29, 103, 104, 127]) as in the Erd�os-Ŕenyi model all vertices are stochastically equiva-

lent (and all vertices in each block are stochastically equivalent in the blockmodel setting).

Indeed, in Erd�os-Ŕenyi graphs, ifA andB are independent, then the probability

P(Q 2 argminP2Pn
kAP� PBkF ) (2.4)

is the same for allQ 2 Pn.

When edge correlation is not present, matching must rely on structure across graphs for

alignment. We note here the work in [136, 137] which establish algorithms for consistent

(o(n) error for the graphon matching problem) matching across a pair of unseeded, un-

correlated latent position networks. The work in [136, 137] utilizes the common structure

across latent spaces to match graphs. A similar thrust of work considers graph matching

in random geometric graphs (see, for example, [124]), in which the signal in the geome-

try is used to match graphs without edge correlation, though our algorithmic approach and

model is different than the work contained therein ([124], in particular, considered random

complete dot-product graphs). In [42, 43], this structural correlation is termed thehetero-

geneitycorrelation across graphs, which combines with edge correlation to de�ne thetotal

correlation across graphs. To wit, for graphsA andB and permutationP, de�ne

D(A;B;P) =
1
2

kAP� PBk2
F

We de�ne the alignment strength (see [42]) betweenA andB under permutationP to be

(wheredA = jE(A)j=
� n

2

�
is the edge density of a graph)

str(A;B;P) =
D(A;B;P)

1
n! å Q2Pn D(A;B;Q)

=
D(A;B;P)=

� n
2

�

dA(1� dB) + dB(1� dA)
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Alignment strength provides what its name suggests, a measure of the strength of the align-

ment across a pair of graphs. In [42, 43] it is empirically demonstrated that matching algo-

rithms (there the SGM algorithm of [41]) perform better and faster when aligning graphs

with a higher alignment strength across them. They further note that ifA andB are identi-

cally distributed with latent alignmentP, then the alignment strength is asymptotically al-

most surely equivalent to thetotal correlationr T across graphs (i.e.,str(A;B;P) � r T
a:s:! 0)

wherer T is de�ned viar T = 1� (1� r e)(1� r h) where

i. r e is the edge-wise correlation de�ned in Eq. 2.3;

ii. r h is the heterogeneity correlation de�ned viar h = s 2

m(1� m) , where

P = EA = [ puv]; m= å
f u;vg2(V

2)
puv=

�
n
2

�
; s 2 := å

f u;vg2(V
2)

(puv � m)2=
�

n
2

�
:

Just as large values of alignment strength lead to better matching outcomes empirically,

so too does larger total correlation. Of particular note is that total correlation can be (rel-

atively) large even in the case wherer e = 0, as long as there is suf�cient heterogeneity

correlation.

2.1.3 Graph hypothesis testing

Graph hypothesis testing aims to determine whether two samples of graphs are gener-

ated from the same underlying distribution (the null hypothesis) or from different distribu-

tions ( the alternative hypothesis). Researchers have proposed a range of methodologies

and inferential techniques for graph hypothesis testing including the work in [34, 45, 46,

116, 117, 133]. In the context of RDPG's a (semiparametric) two sample graph hypoth-

esis testing framework can be framed as follows. Given two mutually independent graph

samples(A(1); : : : ;A(k1);X) � JRDPG(FX;n) and(B(1); : : : ;B(k2);Y) � JRDPG(FY;n), we
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consider the hypothesis testing problem:

H0 : X 
 Y

HA : X 1 Y

whereFX 
 FY holds if there exist an orthogonal matrixW 2 Od such thatX = YW. This

accounts for the rotational non-identi�ability of the latent positions in the RDPG model.

Given estimated latent positionsX̂ andŶ (computed, for example, via the ASE), there are

a number of natural test statistics that can be formulated; for example, a scaled version of

T = kX̂ � ŶWkF is used in [67, 116] and a scaled version ofT = kX̂X̂T � ŶŶ
T
kF is used

in [110]. In the RDPG framework, suitable bootstrapping [68, 116] can be used to estimate

the appropriate critical value and testing power.

Most existing testing methods assume that the nodes across graphs are perfectly aligned,

and these methods cannot be readily applied when there are errors across labels. However,

in many real-world applications the identity of nodes is often unknown, inconsistent, or

partially observed, which leads to unaligned or partially aligned graphs. As discussed

in 2.1.2, these errorful node correspondences can have a detrimental effect on testing

power [110]. De�ning the noisy test in this setting is nuanced. Considering the sim-

pli�ed setting wherek1 = k2 = 1, let the potential label error be represented by a frac-

tion, say� k=n, of the vertices being shuf�ed. We then observeA and eQA eQT for some

eQ 2 Pn;k = f P 2 Pn : tr(P) � n � kg. For eachQ 2 Pn;k, the associated testing criti-

cal value is de�ned as the smallest valueca ;Q such that (whereT is the appropriate test

statistic)PH0(T � ca ;Q) � a : As the observedeQ is unknown, the conservative shuf�ed

test would reject the null ifT � maxQ2Pn;k ca ;Q; this can result in lost testing power if

ca ;eQ < maxQ2Pn;k ca ;Q which can occur, for example, ifeQ shuf�es less thank=n fraction

of the vertices [110]. When node alignments are not observed or properly recovered via
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graph matching, the underlying structural similarity between graphs may be obscured, and

traditional testing methods can experience a signi�cant loss of statistical power or in�ated

false positive rates.

2.2 OmniMatch

Our proposed matching methodology is designed for the setting where there is no

edge correlation, signi�cant heterogeneity correlation, and available seeded vertices. Here,

seeded verticesrefer to those vertices whose correspondence across graphs is knowna

priori. This amounts to optimizing over a restricted subspace ofPn in which diagonal ele-

ments (those corresponding to the seeded vertices) of the unknown permutation are �xed to

be 1. Notably, theOmniMatchalgorithm can be used to align the unseeded vertices across

any numberm of networks.

Before stating the algorithm, we �rst introduce the problem set-up. Considerm vertex

aligned graphs(A(1);A(2); � � � ;A(m)) on n = s+ u vertices, though rather than observing

these graphs, we observe networks where a portion of the vertices are potentially shuf�ed.

To wit, suppose that the �rstsvertices are aligned across themgraphs and consider the re-

mainingu vertices in each graph as having unknown correspondence across the collection;

denote the aligned vertices viaS and the set of potentially shuf�ed vertices viaU . We

shall model this missing correspondence via each graph being observed as

B(i) = ( Is � Q(i))A(i)(Is � Q(i))T ;

and let the permutation associated with the permutation matrixQ(i) 2 Ru� u be denoted

s (i). TheOmniMatchalgorithm proceeds as follows (see Algorithm 1 forOmniMatchpseu-

docode).
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i. Let the induced subgraph ofB(i) on thes aligned vertices inS be denoted̃A(i) with

corresponding latent positions̃X.

ii. Embed the aligned vertices viabXM = OMNI(Ã(1); Ã(2); � � � ; Ã(m);d). Let bX(i)
M denote

the portion ofbXM corresponding to graphi (i.e., rows[(i � 1) � s+ 1] : [i � s]). If

the embedding dimension is unknown, it can be estimated via a number of available

methods (e.g., [24]); we estimate the dimension via elbow-analysis of the SCREE

plot based on [21, 140].

iii. For eachv 2 U andi 2 [m] use the Least-Squares Out-Of-Sample (LLS OOS) em-

bedding heuristic de�ned in [69] via

ŵs (i)(v) = argminw2Rd

s

å
j= 1

�
~b(i)

v �
�

( bX(i)
M ) j

� T
w

� 2

(2.5)

to obtain the LLS OOS embedding ˆws (i)(v) of Xv in B(i).

iv. For eachi; j 2 [m], compute the cost matricesC(i; j) 2 Ru� u where

C(i; j)
v;w = kŵs (i)(v) � ŵs ( j)(w)k2:

v. For eachi; j 2 [m],, compute the matching of the unaligned vertices inB(i) to the

unaligned vertices inB( j) by �nding an element of

argminQ2Pu
tr(C(i; j)Q);

Solve the multidimensional assignment problem (MLAP see, for example, [84]) with

cost matricesf C(i; j)g to �nd an assignment of labels to the unlabeled vertices across

all m graphs. To wit, let the set of vertices with unknown labels inB(i) be denoted
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UB(i) , and for each~v = [ vi ] 2 UB(1) � UB(2) � � � � UB(m) de�ne the cost

C(~v) = å
f i; jg2(m

2)
CC(i; j)

vi ;v j :

We then seek permutationsp1; � � � ;pm� 1 to minimize the following cost

å
v2U

B(1)

C(v;p1(v); : : : ;pm� 1(v)) :

This could done with an off-the-shelf MLAP solver (such as in [84]); as an alter-

native, an anchor graph can be chosen and all other graphs aligned to the anchor

pairwise. Solving the multidimensional assignment problem is NP-hard in general,

whenm= 2 this amounts to solving a simple linear assignment problem which can

be solved inO(u3) time (using, for example, the Hungarian algorithm of [64]). More-

over, in the theoretical analysis below we can solve pairwise linear assignment prob-

lems

argminQ2Pu
tr(C(i; j)Q) (2.6)

and the composition of these assignments will, with probability going to 1, be inter-

nally consistent (i.e., ifv 2 UB( j) is mapped tow 2 UB(`) andw 2 UB(`) is mapped to

z 2 UB(h) , thenv 2 UB( j) will be mapped toz 2 UB(h) ) and will provide the correct

labels across all graphs.

Remark 1. We note here thatOmniMatchcould be used to match vertices across networks

of different orders, as the assignment of the out-of-sample vertices can be easily tuned to

allow for non-matched nodes.
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Algorithm 1 OmniMatchfor multiple seeded graph matching

Require: Graphsmgraphs(B(1);B(2); � � � ;B(m)) each withn = s+ u vertices; Seeded ver-
tex setSassumed to be the same verticesS= f 1;2;3; � � � ;sg in each graph; Embedding
dimensiond

Ensure: Alignment of unlabeled vertices acrossmgraphs
[i.] For eachi 2 [m], let Ã(i) = A(i)[1 : s;1 : s];
[ii.] Embed the aligned vertices viabXM = OMNI(Ã(1); Ã(2); � � � ; Ã(m);d);
[iii.] For eachv2 U = V nSandi 2 [m], use the least-squares Out-of-sample embedding
heuristic de�ned in Eq. 2.5 to obtain the LLS OOS embedding ˆws (i)(v) of Xv in B(i);

[iv.] For eachi; j 2 [m], compute the cost matricesC(i; j) 2 Ru� u where we de�neC(i; j)
v;w =

kŵs (i)(v) � ŵs ( j)(w)k;

[v.] Solve the multidimensional assignment problem with cost matricesf C(i; j)g to �nd
an assignment of labels to the unlabeled vertices across allmgraphs;

2.2.1 Theoretical analysis

Herein, we provide theoretical analysis of theOmniMatchalgorithm and prove our

main algorithmic consistency result. Let(A(1);A(2); � � � ;A(m);X) � JRDPG(F;n= s+ u;m)

whereF is a distribution inRd satisfying the following Assumption.

Assumption 2.2.1.We will assume the inner product distributionF further satis�es

i. For all x;y 2 supp(F), there exists a constantd > 0 such thatd � xTy � 1� d (we

denote this property as thed-inner product property);

ii. If Y � F, thenE(YYT) is rankd;

iii. There exists a constantcd > 0 (depending on the latent dimensiond, which is �xed)

such that for anyx 2 supp(F), we have thatPF (X 2 Br (x)) � cdrd; (this is not so

onerous as the volume of the ball of radiusr aboutx is proportional tord)

Theorem 7 in [69], adapted here to account for the factor ofm appearing in the Omnibus

two–to–in�nity bound yields that for the sameW as in Eq. 2.2, we have that (whereXv is

the row ofX corresponding to vertexv).
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Lemma 2.2.1. With notation and Assumption 2.2.1 onF as above, there exist constants

D;D0> 0, rotation matrixW (independent of out-of-sample-vertexv and graph indexi),

and integers > 0 (all depending only onF andm) such that for alls � s,

kŵs (i)(v) � WTXvk2� D
m1=2 log(ms)

p
s

(2.7)

holds with probability 1� D0s� 2.

Note that theW appearing in Lemmas 2.1.1 and 2.2.1 can be taken to be equal.

Note that the non-asymptotic form of this Lemma (deviating from the “big-O” version

in [69]; this is needed to apply a union bound over allv 2 U and over them graphs) does

require some nontrivial work; for the proof of the result, see Appendix 2.5.1. Considering

the bound in Eq. 2.7 uniformly over allu unknown vertices and allm graphs, we have that

for all s � s

max
i2 [m];v2U

kŵs (i)(v) � WTXvk2�
Dm1=2 log(ms)

p
s

(2.8)

holds with probability at least 1� D0mus� 2.

We are now ready to state and prove our main result. With notation and assumptions as

above, consider theOmniMatchalgorithm where we output the solutions to the
� m

2

�
LAP's

in step [v]. as its �nal output. Our main result proves that this iteration ofOmniMatch

asymptotically almost surely perfectly aligns all unaligned vertices across allmgraphs.

Theorem 2.2.1.With notation and Assumption 2.2.1 as above, there exist constantsD0;D00

and integers00> 0 such that ifs � s00, the probability thatOmniMatchperfectly aligns the

unaligned vertices across allmgraph simultaneously is at least

1� pm;u;s;d := 1� D00md=2u2 log2d(ms)
sd=2

� D0mus� 2;
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i.e, with probability at least 1� pm;u;s;d we have that for alli; j 2 [m],

argmin
Q2Pu

tr(C(i; j)Q) = f Q( j)(Q(i))Tg:

Note that ifu= sa for a < min(2;d=4) with m�xed, then Theorem 2.2.1 provides eventual

perfect performance forOmniMatchwith probability going to 1; note that the constants in

the bounding probabilities do depend ond, and may be very large for moderated. This

asymptotically perfect matching is in spite of the fact thatthere is no edge correlation

across any of the graphs in our collection. That said, the constraint onF and the dimension

d (especially whend is modestly large) do provide a modest level oftotal correlation[42]

across the networks—due to the presence of heterogeneity correlation across graphs—and

this is enough to asymptotically perfectly align the vertices across networks. Also, we note

that similar bounds for edge-correlated JRDPG models could be developed via the machin-

ery below; improving the present bounds to account for correlation would be a challenge

(understanding correlation in the out-of-sample embedding is perhaps nontrivial), and we

defer this task to future work.

Proof of Theorem 2.2.1.By assumption [iii]. onF, we have that ifX;Y ind:� F, thenP(kX �

Yk� r) � cdrd (condition onX = x and apply assumption [iii]. to the probabilityY falls

into Br (x), integrating overx yields the result). We then have that (D here is the constant

from Lemma 2.2.1)

P

 

min
v;w2U

kXv � Xwk>
10Dm1=2 log2(ms)

p
s

!

= 1� P

 

9v;w 2 U s.t. kXv � Xwk�
10Dm1=2 log2(ms)

p
s

!

� 1� cd

�
u
2

�
10dDdmd=2 log2d(ms)

sd=2
� 1� xdu2md=2 log2d(ms)

sd=2
(2.9)
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for a suitable constantxd > 0. Condition now on the events in Eq. 2.8 and Eq. 2.9 holding,

and we see that

1. For allv 2 U , all OOS-embedded vertices corresponding toXv are in a ball centered

atWTXv of radiusDm1=2 log(ms)p
s ; this implies that

max
v2U

max
i; j2 [m]

kŵs (i)(v) � ŵs ( j)(v)k� 2
Dm1=2 log(ms)

p
s

(2.10)

2. For all v;w 2 U , the distance betweenXv and Xw is at least10Dm1=2 log2(ms)p
s ; this

implies that

min
v;w2U ;v6= w

min
i; j2 [m]

kŵs (i)(v) � ŵs ( j)(w)k � min
v;w2U ;v6= w

kXv � Xwk� 2max
v2U

max
i2 [m]

kŵs (i)(v) � Xvk

� 8
Dm1=2 log(ms)

p
s

(2.11)

From Eqs. 2.10, 2.11, the perfect matching follows immediately as the Linear Assignment

Problem cost matrixC(i; j) for matching graphB(i) to B( j) satis�es (Q(i))TC(i; j)Q( j) has

diagonal values uniformly dominated by 2Dm1=2 log(ms)p
s and off-diagonal entries uniformly

lower bounded by 8Dm1=2 log(ms)p
s . It follows that the optimal matching is given by

argmin
Q2Pu

tr(C(i; j)Q) = argmin
Q2Pu

tr(Q(i)(Q(i))TC(i; j)Q( j)(Q( j))TQ)

= argmin
Q2Pu

tr((Q(i))TC(i; j)Q( j)(Q( j))TQQ(i)) = f Q( j)(Q(i))Tg

as desired.
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Figure 2.1: The proportion of correctly unshuf�ed vertices forOmniMatch and
S-OmniMatchusing thek = 1; 3; 5; 10 nearest neighbors for two- (top-left), ten- (top-
right) and �fteen-dimensional (bottom) RDPG with 500 vertices. Results are averaged
overnMC= 100 simulations.

2.3 Simulations And Real Data Experiments

Herein, we show the effectiveness ofOmniMatchfor both aligning graphs and as a

preprocessing tool used prior to performing multiple graph hypothesis testing. For the

code needed to run the experiments below, we refer the reader tohttps://github.com/

tong-qii/Omnimatch .
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2.3.1 OmniMatchfor graph matching

To evaluate the matching accuracy of theOmniMatchalgorithm, we �rst generate vertex

aligned graph pairs from thed-dimensional RDPG where the i.i.d. latent positions are

obtained by projecting a Dirichlet(~1d+ 1) random vector onto the �rstd coordinates. We

then shuf�e a subset of the vertices in one graph (treating the remaining vertices as seeds),

applyOmniMatchand compute the proportion of correctly aligned vertices. The adjacency

matrices are generated withn= s+ u= 500; 1000; 10000 vertices, and we consider varying

values ofs andu for eachn. The proportion of correctly matched vertices after shuf�ing

and embedding is computed for two different variants ofOmniMatch. The �rst method

uses the “hard” matching approach presented above, where the estimated latent positions

of the shuf�ed vertices are matched using a linear assignment solver. In this case, a shuf�ed

vertex is correctly matched after unshuf�ing if it is exactly matched to its original position.

The second method uses a “soft” matching approach (call thisS-OmniMatch) where a

shuf�ed vertex is correctly matched if its original unshuf�ed position is among thek nearest

neighbors in the embedded space. In each case, for each choice of parameters, we average

overnMC= 100 simulations.

In Figure 2.1 whenn = 500 vertices, we observe thatS-OmniMatchperforms about

as well as or better than the hard-matching version ofOmniMatchfor all three dimensions

of the embedding and all numbers of nearest neighbors (k = 1; 3; 5; 10) in the embedded

space. The proportion of correctly unshuf�ed vertices forS-OmniMatchincreases with the

number of neighbors, but decreases when the embedding dimension grows. The matching

accuracy also decreases forOmniMatchas the dimension grows, and the accuracy is lower

than forS-OmniMatchwith k = 3; 5; 10 nearest neighbors. We see a similar phenomena

whenn = 1000; see Appendix 2.6, Figure 2.8, for detail.

For larger networks withn= 10000 vertices, we observe in Figure 2.2 thatS-OmniMatch
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Figure 2.2: The proportion of correctly unshuf�ed vertices forOmniMatch and
S-OmniMatchusing thek = 1; 3; 5; 10 nearest neighbors for two- (top-left), ten- (top-right)
and �fteen-dimensional (bottom) RDPG with 10,000 vertices. Results are averaged over
nMC= 100 simulations.

still outperforms the hard-matchingOmniMatchfor all dimensions, with only similar per-

formance betweenOmniMatchandS-OmniMatchwith k = 1 nearest neighbor. We also

observe an increased performance for both methods as the dimension is increased from

two to ten, followed by a decrease as the dimension increases from ten to �fteen. This

change in performance follows the trends in Figure 2.3. The precision seems to increase

with k here; see Figure 2.9 in Appendix 2.6. However, the methods have increasingly

similar performance as the embedding dimension and number of nearest neighbors both

increase. This is reasonable as the soft-matching method is overall more forgiving, and

even more so when a larger number of nearest neighbors is considered for determining a
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Figure 2.3: Graph matching accuracies on the graph withn = 10k nodes andns =
[500;1500;3000] shuf�ed nodes usingOmniMatchwith LAP andS-OmniMatchwith 1-
nearest neighbor on the left panel. Results are averaged overnMC = 100 simulations, the
lines indicate the mean of the accuracies and the error bars represent one standard devia-
tion. The right panel shows graph matching accuracies usingOmniMatchwith LAP and
S-OmniMatchwith 5-nearest neighbors.

correct match. Note that, in this large graph setting, when we consider the effect ofd on

accuracy, we see in Figure 2.3 that for larger graphs, performance increases withd initially

before decreasing for largerd. This coincides with our theory, as largerd allows for a better

growth rate ofu in terms ofs, though the constants in our probability bounds often increase

in d which eventually will inhibit performance given a �xedn ands.

OmniMatchfor multiple graph matching

One application of graph matching is the computation of pairwise graph similarity:

given a collection of unaligned (or partially aligned) networks, use graph matching tools

to align the network and the graph matching objective function to assess the similarity

of the networks. This matching objective function of Eq. 2.4 is a commonly occurring

pseudo-distance [17] in the literature, and upper bounds the popular cut metric. More-

over, properly normalized, it is the root of the total correlation/alignment strength measure
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of graph similarity from [42]. To demonstrate the capability ofOmniMatchto simultane-

ously align multiple graphs—and hence simultaneously provide similarity measures across

a graph collection—we consider the following illustrative experiment based on multiple

RDPGs. We generate 10 RDPGs from the same distribution, which posits i.i.d. latent posi-

tions from the Dirichlet(~112) distribution projected onto the �rstd = 10 coordinates. Each

graph contains 500 nodes and we introduceu = 120 (top) oru = 400 (bottom) shuf�ed

nodes for every graph (the same 120 or 400 shuf�ed in each graph, though the shuf�ing

permutations differ graph–to-graph). To simulate errors, we randomly select one of the

graphs and select 80 of its vertices at random; we then add errors into its probability ma-

trix with err = 0:05 on these vertices. Next, we applyOmniMatchto embed and align the

shuf�ed vertices across the graphs and compute the graph matching objective function (i.e.,

the pairwise Frobenius distance among the aligned graphs), visualizing the results in the

heatmaps of Figure 2.4. The left panels display the pairwise distances with the 10th graph

as an anchor forOmniMatch(i.e., ,we align the embedded graphs by aligning each graph

via the LAP to the 10th graph); the right panels show the pairwise distances without using

an anchor graph, whereOmniMatchis used to embed the graphs and each pairwise LAP

alignment is performed. Both sets of heatmaps reveal signi�cantly higher distance values

for the graph where errors were introduced into the probability matrix, even in the case

where the number of shuf�ed nodes is relatively high. Notably, the graphs whereu = 400

have higher values for the pairwise distances across the board, showing that in this case

the matching we are �nding may not be optimal (the matching in theu = 120 case yields

smaller values, though this is in a different embedding space), though it is suf�cient to

identify the anomalous graph here. This demonstrates the capacity ofOmniMatchto align

multiple graphs simultaneously and detect anomalies between the aligned collection.
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(a) last graph as anchor graph,u = 120 (b) without anchor graph (pairwise),u = 120

(c) last graph as anchor graph,u = 400 (d) without anchor graph (pairwise),u = 400

Figure 2.4: Pairwise distances among 10 RDPG withn = 500 nodes andu = 120 (top) or
u = 400 (bottom) shuf�ed vertices usingOmniMatch. The noise with err= 0:05 is added
to 80 randomly selected vertices in one randomly chosen graph. The left panels show
pairwise distances computed using the last graph as an anchor. The right panels show
pairwise distances computed without using any anchor graph.
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2.3.2 Power Test With Shuf�ing

We next aim to explore the effect ofOmniMatchon two sample graph hypothesis test-

ing. In the shuf�ed testing setting, one option is to useOmniMatch(andS-OmniMatch)

as a preprocessing tool before applying more classical testing methods that assume known

alignmenta priori. Another option is to ignore the signal/noise in the labels across graphs

and use a nonparametric (i.e., label free) testing procedure such as that proposed in [6, 117].

Similar to Section 2.3.1, we considern = 500 vertex RDPG's, where underH0 the graphs

are generated with i.i.d. Dirichlet(~1d+ 2) latent positions projected onto the �rstd coor-

dinates. With notation as in Section 2.1.3 (herek1 = k2 = 1), under the null hypothesis,

A is observed cleanly whilev0 = 120 vertices ofB are shuf�ed. Under the alternative

hypothesis,v1 2 f 20;30;40; : : : ;100;110;120g vertices are shuf�ed inB. At the same

time, a different scale of error is added to the latent positionsY = X + err as noise, where

err= 0:01;0:011;0:012.

We employed two methods for the parametric tests. Graph pairs were generated with

and without shuf�ed vertices corresponding the hard-matchedOmniMatchand the soft-

matchingS-OmniMatchwith k = 5; in the soft-matched case the associated estimate for

the soft-matched latent position is the average of these 5 soft-matched vertices. For both

methods, the Frobenius norm between the latent position estimations of the whole graph

pairs was computed as the test statistic (as in [67, 116]). We conductednMC= 200 rounds

of simulation under the null and determined the 95th percentile of the null hypothesis dis-

tribution as the critical value. The power of the test was computed as the proportion of

distances exceeding the critical value over the 200 simulations under the alternative model.

We compare the performance of these two methods with the non-parametric test proposed

in [6, 117], which is applied to pairs of graphs directly without need for pre-matching (this

method estimates and compares the latent position distributions and do not use the labels
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across graphs) . All the embedding methods and tests are incorporated usinggraspologic

Python package.

Results ford = 10 are displayed in Figure 2.5 ; note that similar results hold whend = 2

(see Figure 2.10 in Appendix 2.6) though this higher embedding dimension setting allows

for more structural information about the graphs to be preserved in the embedding space,

leading to improved discriminative power. We see that, in general,S-OmniMatchoutper-

formsOmniMatchacross most parameter settings. Moreover, examining the plots column

by column shows that soft matching with 5 nearest neighbors consistently achieves higher

power compared to using 1 nearest neighbor; using 5 nearest neighbors achieves nearly

optimal testing power across all parameter settings, and soft-matching has recovered the

lost testing power. Moreover, the nonparametric method exhibits increasingly good power

as err increases. This is entirely expected; what is of interest is that in these higher power

settings, the matching-based tests (S-OmniMatchwith k = 1 andOmniMatch) are worse

than the nonparametric tests in the overly conservative testing regime (v1 < v0), though the

testing power increases and surpasses the nonparametric alternative asv1 increases tov0.

Exploring this intersection point is of great interest, and is the subject of ongoing work.

2.3.3 Real Brain Data

We next include a real data set to examine the performance ofOmniMatch. We con-

sider a data set about connectomes that consists of 10 DTMRI brain scans for each of 30

subjects from the HNU1 data repository at neurodata.io. These connectomes data are pro-

duced with NeuroData's MRI Graphs pipeline (m2g) [27]. Each scan is represented as a

weighted graph with 70 vertices after being registered to the Desikan brain atlas. Each

vertex corresponds to a region of interest (ROI) from the brain atlas and the edges between

vertices indicate the strength of neuronal connections between these regions. All the graphs
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are pre-aligned both within individual subjects and across subjects.

In the experiments, we select the �rst 10 subjects, resulting in a total of 100 brain scans.

Using the automatic dimensionality selection method (locating an appropriate elbow of the

SCREE plot) based on [21, 140], we set the embedding dimension todim = 7 for these

brain scan graphs. For this set of graphs, we randomly shuf�ed 20 or 50 vertices across all

the graphs. We consider three approaches. We �rst directly apply the Omnibus embedding

[67] to all 100 graphs with shuf�ed vertices (i.e., with no correction of the shuf�ing). This

whole process is repeated fornMC = 200 rounds, and the average pairwise distances are

presented in the left column of Figure 2.6; note that in the heatmaps, the 100 graphs are

ordered by subject, with each subject contributing 10 scans; thus the diagonal blocks corre-

spond to within-subject comparisons. Lighter color blocks along the diagonal indicate that

scans from the same subject exhibit shorter pairwise distances, re�ecting higher similarity.

The heatmaps on the middle column display the average pairwise distances after applying

OmniMatchto align the vertices of all 100 brain scans, using the last brain scan as an an-

chor for vertex matching. The right column presents pairwise distance heatmaps obtained

by applyingOmniMatchwith pairwise matching among the 100 brain scans. The top row

in 2.6 corresponds to graphs withu = 20 shuf�ed nodes, while the bottom row corresponds

to u = 50 shuf�ed nodes. Figure 2.6 clearly illustrates that the pairwise distances are lower

when u = 20 nodes are shuf�ed, compared to the case with u = 50. This effect is especially

pronounced under the Omnibus embedding, where greater node misalignment signi�cantly

distorts the latent structure of the graphs, leading to increased dissimilarity across scans.

However, in both the middle and right columns, the block structure becomes more dis-

tinct with sharper separation between different subjects. In particular, subjects with greater

inter-scan variability, such as Subject 3 (scans from 31-40) and Subject 5 (scans from 51-

60) exhibit more pronounced separation in the pairwise distance values. These results

emphasize the effectiveness ofOmniMatchin recovering meaningful graph structure and
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identifying variability to enhance interpretability within and across subjects in the presence

of partial nodes shuf�ing.

To further evaluate the effectiveness of recovering subject-speci�c structure, we apply

hierarchical clustering (hclust ) to the pairwise distance matrices and compute the Ad-

justed Rand Index (ARI) for each trial. The ARI is a widely used statistical measure that

quanti�es the agreement between two clustering assignments. It ranges from -1 to 1, where

a value near 0 suggests clustering similarity no better than random chance, while a value

of 1 indicates a perfect match between the predicted and true cluster assignments. We

performhclust using the complete linkage method in Python which de�nes the distance

between clusters as the maximum pairwise distance between their elements. Clusters are

formed using themaxclust criterion and a target of 10 clusters for 10 subjects from the

data. The whole process is repeated fornMC = 200 simulations to compute the averages.

The results of this evaluation are summarized in Table 2.1. For bothu = 20 andu = 50, the

OmniMatchmethod applied with pairwise node matching consistently achieves the highest

ARI scores, followed byOmniMatchwith anchor graph. When the proportion of shuf�ed

nodes is relatively small (u = 20), OMNI retains enough structural information to support

accurate clustering. However, as the number of shuf�ed nodes increases tou = 50, the

performance of OMNI degrades signi�cantly. In contrast,OmniMatchremains robust and

continues to deliver high clustering accuracy, as re�ected by its higher ARI values across

both settings.

2.3.4 OmniMatch applied to English-Zulu Parallel Sentences

We further conduct experiments on a cross-lingual dataset consisting of 1000 English

sentences and their corresponding translations into Zulu. Sentence embeddings were ob-

tained using the Nomic embedding framework [87], applied to the raw textual data. The
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Algorithm OMNI Omnimatch(anchor) Omnimatch(pairwise)
avg(ARI) 20 0.2897 0.4374 0.5132
avg(ARI) 50 0.0199 0.2525 0.4229

Table 2.1: Mean Adjusted Rand Index (ARI) overnMC = 200 simulations for clustering
brain scan graphs under OMNI andOmniMatchalignment methods and levels of node shuf-
�ing. Results are reported foru= 20 andu= 50 randomly shuf�ed nodes.OmniMatchwith
pairwise matching consistently achieves the highest ARI, demonstrating greater robustness
to node misalignment.

resulting datasets for both English and Zulu consist of matrices of size 1000� 768, where

each row corresponds to the 768 dimensional embedding of a sentence. For each lan-

guage, we compute the pairwise cosine similarity matrices and use them as input to both

the OmniMatchandS-OmniMatchalgorithms. This results inm = 2 graphs whose ver-

tices/nodes aren=1000 sentences, each of which has a corresponding translation in the

other graph. The edges are inferred sentence-level measures of semantic similarity com-

puted in the embedding spaces. Following a similar experimental setup as described in

Section 2.3.1, we evaluate matching performance under varying levels of node shuf�ing,

with the number of shuf�ed nodes set tou = [ 100;200;300;400;500] embedding dimen-

sions chosen fromdim= [ 10;50;100;200]. Here a correct match corresponds to recover-

ing the correct out-of-sample embedded Zulu translation for each out-of-sample embedded

English sentence. Each con�guration is repeated overnMC = 200 simulations, and the

average matching accuracies are computed and visualized in Fig. 2.7.

The left panel of Fig. 2.7 presents the average graph matching accuracies usingOmniMatch

andS-OmniMatchwith 1-nearest neighbor matching. In this setting, the hard matched lin-

ear alignment (LAP) consistently achieves higher accuracy across all levels of node shuf-

�ing. In contrast, the right panel displays results for 5-nearest neighbor matching using

S-OmniMatch, where the soft matching approach consistently outperforms LAP, demon-

strating its effectiveness in leveraging neighborhood information for more robust alignment
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under higher uncertainty. The original data here is 768 dimensional. We see here that per-

formance increases for alld considered, thoughd = 100 andd = 200 show similar per-

formance. This suggests that the data is most likely truly high dimensional, though there

appears to be a diminishing return when including many data dimensions.

2.4 Discussion

In this chapter, we proposeOmniMatchto address the challenge of partial node scram-

bling in graphs, where ef�cient graph node matching and two-sample graph hypothesis

testing must be performed under node permutation uncertainty. This scenario frequently

arises in practical applications such as social networks and biological network data, where

perfect node alignment cannot be assumed. Most existing graph inference methods rely on

the assumption of known node correspondences, thereby limiting their applicability when

alignment is unknown. To overcome this limitation,OmniMatchintegrates joint embedding

and approximate graph matching under the setting of independent edge correlations, en-

abling both node correspondence recovery and robust hypothesis testing across graph pairs.

Leveraging the RDPG model and the Omnibus embedding framework,OmniMatchextends

latent positions to out-of-sample nodes and formulates an approximate graph matching

problem that can be ef�ciently solved. The proposed method generalizes beyond pairwise

alignment to accommodate the joint matching of multiple (m> 2) graphs, enabling simulta-

neous alignment across networks. We theoretically establish the consistency ofOmniMatch

under general conditions, ensuring its robustness and reliability for a wide range of graph

inference tasks. Here we assume there always exist correct correspondence of seeds, but the

case of having wrong seeds or needing to correct seeds �rst then perform graph matching

represents a signi�cant future work direction [131]. Wrong seeds can systematically skew

the embedding space and propagate errors throughout the entire alignment process [33].
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Developing methods that can detect and correct inexact seed correspondences and simulta-

neously performing unseeded vertex alignment would greatly enhance the applicability of

seeded graph matching approaches.

Through comprehensive simulation results and real world data analysis, we demon-

stratedOmniMatcheffectively recovers node alignments, improves the power of two-sample

tests under varying levels of node shuf�ing and embedding dimensions, and practically

distinguish the graph with disorganized nodes among a collection of graphs. Moreover, it

has practical application to problems of harvesting NLP data, such as scraping and align-

ing parallel sentence pairs from web documents which contain similar content in different

languages [15]. It also has signi�cant potential for other NLP-related tasks such as cross-

domain or cross-temporal document matching where vocabularies vary, cross-corpus text

classi�cation for improved domain adaptation when transferring models between different

text collections, and multi-source entity information extraction where the same concepts

are referenced inconsistently across heterogeneous document sources. The results under-

line the necessity of integrating graph matching (or point-cloud alignment) with joint em-

bedding when addressing node misalignment. Extending the current framework to fully

unaligned structure, dynamic temporal networks or graphs with varying sizes still desire

further investigation. Additionally, optimizing the embedding dimension selection and im-

proving computational scalability for very large graphs applications are also critical for

broader applications.

2.5 Proofs of main results

Herein we collect the proofs of the main results in this chapter. Below, we shall use the

following notation. For a matrixM 2 Rn� m (n > m), we denote the ordered singular values
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of M via

s1(M) � s2(M) � � � � � sm(M):

For a square matrixM with real spectrum, we will similarly use(l i(M))n
i= 1 to denote the

ordered spectrum ofM.

Throughout, we will make use of the following Lemmas

Lemma 2.5.1(Observation 2 in [67]). Let F be a distribution onRd satisfying thed-inner

product property, and let then-rows of X̃ be i.i.d. F and letY independently distributed

according toF. With probability at least 1� d2=n2, it holds that for alli 2 [d],

jl i(X̃X̃T) � nl i(E(YYT)) j� 2d
p

nlogn:

Lemma 2.5.1, combined with assumption [ii]. onF then provides that there exist constants

C1 < C2 (only depending onF) such that forn suf�ciently large (i.e., for alln � n0 some

n0 depending only onF)

C1
p

n � sd(X̃) � s1(X̃) � C2
p

n (2.12)

holds with probability at least 1� d2=n2.

2.5.1 Proof of Lemma 2.2.1

As in [69], we begin with (a slight extension of) Theorem 5.3.1 in [48]. We state the

adapted version here (with our modi�cation) as in [69].

Note that the error term in Eq. 2.14 is presented in non-asymptotic form here (which

requires the slight proof modi�cation provided below).
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Theorem 2.5.1.Let W be as in Lemma 2.1.1. Suppose thatws (i)(v), ŵs (i)(v) 2 Rd and

rs (i)(v); r̂s (i)(v) 2 Rs satisfy

kX̃Wws (i)(v) � ~b(i)
v k = min

w
kX̃Ww� ~b(i)

v k; rs (i)(v) = ~b(i)
v � X̃Wws (i)(v)

kbX(i)
M ŵs (i)(v) � ~b(i)

v k = min
w

kbX(i)
M w� ~b(i)

v k; r̂s (i)(v) = ~b(i)
v � bX(i)

M ŵs (i)(v):

There exists constantsD0;D1 > 0 ands0 2 Z+ (all depending only onF andm) such that

for all s � s0, we have that the following holds with probability at least 1� D0=s2:

i. We have that

kbX(i)
M � X̃Wk� sd(X̃) (2.13)

ii. ~b(i)
v , ws (i)(v) are all non-zero (note that to apply Eq. 5.3.11 from [48], we need not

havers (i)(v) 6= 0 as assumed in [69]);

iii. X̃W is rankd;

iv. De�ne qs (i)(v) 2 (0;p=2) via sin(qs (i)(v)) = krs (i)(v)k=k~b(i)
v k. Letting

ns (i)(v) =
kX̃Wws (i)(v)k

sd(X̃W)kws (i)(v)k
;

we have (wherek2(�) is the usual condition number of a matrix)

kŵs (i)(v) � ws (i)(v)k

kws (i)(v)k

�
kbX(i)

M � X̃Wk
kX̃Wk

(1+ ns (i)(v) tanqs (i)(v))k2(X̃W)+ D1
dmlog(mn)2

n
kbX(i)

M � X̃Wk2

kX̃Wk2kws (i)(v)k

(2.14)
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We adapt the proof given in [48] here to provide the non-asymptotic form for the er-

ror. This will be key to our subsequent application of the OOS result to multiple vertices

simultaneously.

Proof. Condition on the events in Eq. 2.2 and Eq. 2.12, so that parts [i]. and [iii]. in

the theorem holds immediately. Indeed, conditioning on the aforementioned events (where

C > 0 is the constant appearing in Lemma 2.1.1)

kbX(i)
M � X̃Wk2� k bX(i)

M � X̃Wk2
F �

s

å
j= 1

k(bX(i)
M � X̃W) jk2� C2mlog(ms)2 = o(

p
s):

For part [ii]., by thed-inner product property assumption, the probability~b(i)
v is zero is

easily bounded above via Hoeffding's inequality by an exponentially small probability for

s suf�ciently large (with threshold ons only depending onF); indeed we have that if

Y � Binom(s;d), then

P
�

k~b(i)
v k2= 0

�
� P(Y = 0) � e� 2sd2

:

From~b(i)
v being nonzero, we have thatws (i)(v) would be non-zero as well giving part [ii].

in the theorem.

For part [iv]., we will follow the proof of Eq. 5.3.11 in [48] closely. Let

e =
kbX(i)

M � X̃Wk
kX̃Wk

and de�ne

E =
bX(i)

M � X̃W
e

:

Theorem 2.5.2 in [48] provides that rank(X̃W + tE) = d for all t 2 [0;e]. The solutionx(t)
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to

(X̃W + tE)T(X̃W + tE)x(t) = ( X̃W + tE)T~b(i)
v (2.15)

is continuously differentiable for allt 2 [0;e], and note thatx(0) = ws (i)(v), x(e) = ŵs (i)(v).

Differentiating Eq. 2.15 above, we arrive at the following

x(t) =
�
(X̃W + tE)T(X̃W + tE)

� � 1
(X̃W + tE)T~b(i)

v

(2.16)

�x(t) =
�
(X̃W + tE)T(X̃W + tE)

� � 1
�

ET~b(i)
v � (( X̃W)TE+ ETX̃W + 2tETE)x(t)

�

(2.17)

ẍ(t) =
�
(X̃W + tE)T(X̃W + tE)

� � 1 �
� 2ETEx(t) � 2(( X̃W)TE+ ETX̃W + 2tETE) �x(t)

�

(2.18)

Note next that







�
(X̃W + tE)T(X̃W + tE)

� � 1





 = ( sd(X̃W + tE)) � 2

� (sd(X̃) � ts1(E)) � 2

�
�
C1

p
s�

t
e

kbX(i)
M � X̃Wk

� � 2

�
�
C1

p
s� Cm1=2 log(ms)

� � 2

where in the last line we applied Eq. 2.2. Fors suf�ciently large (bigger than a threshold

s0
0 depending onF andm), we then have that there exists a constantC3 (depending on only

F andm) such that

k[(X̃W + tE)T(X̃W + tE)]� 1k� C3=s (2.19)
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Applying this to Eq. 2.16–2.18, we have that forssuf�ciently large (bigger than a threshold

s00
0 depending onF andm) there exists constantsC4;C5;C6 > 0 (independent of~b(i)

v ) such

that for anyt,

kx(t)k � C3=s� (C2
p

s+ Cm1=2 log(ms))
p

s � C4

k �x(t)k � C3=s�
�
C(ms)1=2 log(ms)+ 2C4C2C(ms)1=2 log(ms)+ 2C4C2mlog(ms)2

�

� C5
m1=2 log(ms)

p
s

kẍ(t)k = C3=s�

 

2C4C2mlog(ms)2 + 4C5C2Cmlog(ms)2 + 2C5C
2m3=2 log(ms)3

p
s

!

� C6
mlog(ms)2

s

A Taylor expansion then yields

ŵs (i)(v) = ws (i)(v) + e�x(0)+ e2R2

where the remainder termR2 satis�es

kR2k� C6
dmlog(ms)2

2s

from the above bound onkẍ(t)k (which we note is uniform ont 2 [0;e]).

This yields that

kŵs (i)(v) � ws (i)(v)k

kws (i)(v)k
= e

k �x(0)k
kws (i)(v)k

+ e2 kR2k
kws (i)(v)k

: (2.20)
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Now

�x(0) =
�
(X̃W)T(X̃W)

� � 1
�

ET~b(i)
v � (( X̃W)TE+ ETX̃W)ws (i)(v)

�

=
�
(X̃W)T(X̃W)

� � 1
ETrs (i)(v) �

�
(X̃W)T(X̃W)

� � 1
(X̃W)TEws (i)(v)

We then have that

k �x(0)k �






�
(X̃W)T(X̃W)

� � 1
ETrs (i)(v)






 +







�
(X̃W)T(X̃W)

� � 1
(X̃W)TEws (i)(v)








�
kX̃k�krs (i)(v)k

sd(X̃)2
+

kX̃k�kws (i)(v)k

sd(X̃)

Plugging this into Eq. 2.20 yields that

kŵs (i)(v) � ws (i)(v)k

kws (i)(v)k
� e

 
kX̃k�krs (i)(v)k

sd(X̃)2kws (i)(v)k
+

kX̃k
sd(X̃)

!

+ e2 kR2k
kws (i)(v)k

:

Now cos(qs (i)(v)) = kX̃Wws (i)(v)k=k~b(i)
v k and tan(qs (i)(v)) = krs (i)(v)k=kX̃Wws (i)(v)k. Plug-

ging this into the above yields the desired result. Again, we note this proof closely followed

the analogous proof of Theorem 5.3.1 in [48] (noting that heref = 0 in the notation of

[48]).

We next turn our attention to proving Lemma 2.2.1; note we closely follow the analo-

gous proof of Theorem 7 in [69].

Proof. Applying Lemma 25 in [69] yields that there exists a constantg 2 (0;1) (depending

only onF; the key being thed-inner product property) such that with probability at least

1� D2n� 2 (D2 here depending only onF),

cosqs (i)(v) � g: (2.21)
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Next, following the proof of Theorem 7 in [69], we de�ne~r = ~b(i)
v � X̃W(WTXv), and we

note thatkrs (i)(v)k� k ~rk. We then have that

k~r TX̃Wk2= k~r TX̃k2=
d

å
k= 1

 
n

å
j= 1

((~b(i)
v ) j � X̃T

j Xv)X̃ jk

! 2

For eachk, conditioning onX̃ andXv we note that the sum (overj) is the sum ofs mean 0

independent random variables uniformly bounded in[� 1;1] (bounded here uniformly for

all~b(i)
v ) and that Hoeffding's inequality yields

P

 �
�
�
�
�

s

å
j= 1

((~b(i)
v ) j � X̃T

j Xv)X̃ jk

�
�
�
�
�
� 20

p
slogs

!

= E

"

P

 �
�
�
�
�

s

å
j= 1

((~b(i)
v ) j � X̃T

j Xv)X̃ jk

�
�
�
�
�
� 20

p
slogs

�
�
� X̃;Xv

!#

� exp(� 5 log2s) � s� 5

Taking a union over thed values ofk, we have that

P(k~r TX̃k2� 400dslogs) � 1� ds� 5: (2.22)

Next note that conditioning on the events in Eq. 2.2, Eq. 2.12, Eq. 2.21, and Eq. 2.22

we have thatns (i)(v) � C2
C1

; andk2(X̃W) � C2
C1

as well. We then have

kŵs (i)(v) � ws (i)(v)k

kws (i)(v)k

�
kbX(i)

M � X̃Wk
kX̃Wk

(1+ ns (i)(v) tanqs (i)(v))k2(X̃W)+ D1
dmlog(ms)2

s
kbX(i)

M � X̃Wk2

kX̃Wk2kws (i)(v)k

�
Cm1=2 log(ms)

C1s1=2

�
1+

C2

C1g

�
C2

C1
+

D1C2dm2 log4(ms)
C2

1s2kws (i)(v)k
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implying that

kŵs (i)(v) � ws (i)(v)k� C4
Cm1=2 log(ms)

C1s1=2

�
1+

C2

C1g

�
C2

C1
+

D1C2dm2 log4(ms)
C2

1s2
: (2.23)

Following the proof of Lemma 27 in [69] Noting that

k~rk� k ~b(i)
v � X̃Wws (i)(v)k= kX̃WW TXv + ~r � X̃Wws (i)(v)k

we then have that

s 2
d (X̃)kws (i)(v) � WTXvk2� k X̃W(ws (i)(v) � WTXv)k2� 2(~r )TX̃W(ws (i)(v) � WTXv)

from which we have (via Cauchy-Schwartz)

kws (i)(v) � WTXvk2�
2(~r )TX̃W(ws (i)(v) � WTXv)

C2
1s

�
2k(~r )TX̃k�kws (i)(v) � WTXvk

C2
1s

We then have (assumingkws (i)(v) � WTXvk> 0, as equaling 0 would immediately provide

the bound in Eq. 2.24),

kws (i)(v) � WTXvk� 2
k(~r )TX̃k

C2
1s

�
20

p
dlogs

C2
1
p

s
(2.24)

Combining Eq. 2.24 and Eq. 2.23 and the boundedness ofx(t) (and hence ofws (i)(v)) yields

the desired result.

2.6 Additional �gures and simulations
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Figure 2.5: Statistical power for two-sample graph hypothesis testing under node shuf�ing.
Each panel displays results from experiments on pairs of graphs withn = 500 nodes. For
each pair, one graph is �xed while the other has noise with err2 0:01;0:011;0:012 added
to the lated positions. All embeddings are performed in dimension 10. The three panels on
the left compare the empirical testing power ofOmniMatch, S-OmniMatchusing 1 nearest
neighbor, and a non-parametric test. The three panels on the right includeS-OmniMatch
with 5 nearest neighbors.
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(a) Omnibus Embedding 20 (b) OmniMatch (anchor) 20 (c) OmniMatch(pairwise) 20

(d) Omnibus Embedding 50 (e)OmniMatch (anchor) 50 (f) OmniMatch(pairwise) 50

Figure 2.6: Pairwise distance heatmaps among 100 brain scans. A total of 10 subjects, each
with 10 brain scan derived graphs are included for embedding. The left column displays
the mean pairwise distances computed via the Omnibus Embedding procedure, the middle
column presents the mean pairwise distances averaged overnMC = 200 simulations in-
volving application ofOmniMatchusing the last brain scan as anchor to match the vertices.
The right column utilizesOmniMatchon pairwise nodes matching. The top and bottom
row haveu = 20 andu = 50 randomly shuf�ed nodes per graph respectively.
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Figure 2.7: Graph matching accuracies for both LAP andS-OmniMatchon English Zulu
data. The left panel presents the mean matching accuracies usingS-OmniMatchwith 1-
nearest neighbor for matching. The right panel displays results using 5-nearest neighbor
for matching. The accuracies are average overnMC = 200 simulations. The number of
shuf�ed nodes varies asu = [ 100;200;300;400;500] and the embedding dimensions varies
asd = [ 10;50;100;200].
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Figure 2.8: The proportion of correctly unshuf�ed vertices forOmniMatch and
S-OmniMatchusing thek = 1; 3; 5; 10 nearest neighbors for two- (top-left), ten- (top-right)
and �fteen-dimensional RDPG with 1000 vertices. Results are averaged overnMC = 100
simulations.
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Figure 2.9: Precision plots for the proportion of correctly unshuf�ed vertices with
ns = 500; 1500; 2500; 3000 shuf�ed vertices, where the number of neighbors used in
S-OmniMatchranges from 1 tons. Results are averaged overnMC = 100 simulations
for embeddings of dimensions two, ten, and �fteen of the RDPG with 10,000 vertices.
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Figure 2.10: Statistical power for two-sample graph hypothesis testing under node shuf-
�ing. The three panels on the left compare the empirical testing power ofOmniMatch,
S-OmniMatchusing 1-NN, and a non-parametric test. The three panels on the right include
S-OmniMatchwith 5-NN.
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Chapter 3: Detection of Model-based Planted Pseudo-cliques in RDPG

In this chapter, we explore the limitations of Adjacency Spectral Embedding (ASE) and

Graph Encoder Embedding (GEE) in capturing an embedded pseudo-clique structure in the

random dot product graph setting. In both theory and experiments, we demonstrate that this

pairing of model and methods yields worse results than the best existing spectral clique de-

tection methods, demonstrating at once the methods' inability to capture even modestly

sized pseudo-cliques and the methods' robustness to the model contamination giving rise

to the pseudo-clique structure. To further enrich our analysis, we also include/implement

the Variational Graph Auto-Encoder (VGAE) model in our simulation and real data exper-

iments.

3.1 Introduction

Research in the �eld of graph-structured data is experiencing signi�cant growth due

to the ability of graphs to effectively represent complex real-world data and capture intri-

cate relationships among entities. Indeed, across various domains including social network

analysis, brain tumor analysis, text corpora analysis (e.g., clustering multilingual Wikipedia

networks), and citation network analysis, graphs have proven to be a versatile and expres-

sive tool for representing data [47, 50, 70, 81]. Within the broad �eld of network analysis,

a classical inference task is that of detecting a planted clique/dense subgraph in a larger

background network. There is a vast theoretical and applied literature on detecting planted
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cliques in networks (see, for example, [9, 18, 49, 91]), and there are numerous proposed

approaches for tackling this problem across a wide variety of problem settings.

In this chapter, we explore the planted (pseudo) clique detection problem within the

context of spectral methods applied in the setting of random dot product graphs (see Def.

1.1.4). The Random Dot Product Graph (RDPG) [13, 130] is a well-studied network model

in the class of latent-position random graphs [52]. It is of particular note here due to the ease

in which pseudo-clique structures can be embedded into the RDPG model via augmenting

the latent positions of the graph with extra (structured) signal dimensions; see Section

3.2 for detail. Estimation and inference in the RDPG framework often proceeds via �rst

embedding the network into a suitably low-dimensional space to estimate the underlying

latent structure of the network.

Herein, we consider a trio of graph embedding procedures applied to an RDPG model—

the Adjacency Spectral Embedding [114], the Graph Encoder Embedding [113], and the

Variational Graph AutoEncoder [59]— with the ultimate goal of better understanding how

these methods capture planted clique-like structures in the RDPG model. The Adjacency

Spectral Embedding (ASE) has proven to be a potent modeling/estimation tool for teasing

out low-rank structure in complex network data [13], with numerous applications and ex-

tensions in the literature. ASE computes a low-rank eigendecomposition of the adjacency

matrix to estimate the latent structure of the RDPG, with this estimated latent structure

then forming the foundation on which subsequent inference tasks can be pursued. The

Graph Encoder Embedding (GEE), on the other hand, leverages vertex class labels and

edge weight information to specify the vertex embedding via a combination of the adja-

cency matrix and the column-normalized one-hot encoding of the label vector. Like ASE,

GEE has proven to be an effective tool across a host of inference tasks, e.g., vertex clas-

si�cation, vertex clustering, cluster size estimation, etc. [112, 113]. ASE and GEE can

both be seen as spectral embedding tools, and our main results give threshold values for
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the planted pseudo-clique size under which these methods produce embeddings for the

graph with/without the planted pseudo-clique that are effectively indistinguishable. These

thresholds are larger than the best known threshold for spectral detection of a planted clique

[5, 78]. This pairing of model and methods is (to the best of our knowledge) novel, and

provides insights into spectral methods useful for both practitioners and researchers (for

example, these results could be cast as providing robustness conditions for ASE and GEE

under a particular latent position contamination model). Moreover, recognizing the grow-

ing importance of modern graph neural networks, we also incorporate a graph convolutional

network-based unsupervised learning approach known as Variational Graph Auto-Encoders

(VGAE)[59] into all our experiments to further enrich our �ndings. All relevant Python and

R code are available on Github1.

3.2 Pseudo-clique detection in RDPGs

In this section, we analyze the statistical performance of ASE and GEE to identify an in-

jected (pseudo)clique utilizing the Random Dot Product Graph (RDPG) model. RDPGs are

a well-studied class of random graph models in the network inference literature, and a large

literature is devoted to estimating the RDPG parameters,X, in the service of subsequent in-

ference tasks such as clustering [75, 106, 114], classi�cation [119], testing [34, 116, 117],

and information retrieval [138], to name a few; see the survey paper [13] for more applica-

tions and exposition of the model in the literature. We note here that all of our subsequent

results follow with minor modi�cations in the generalized random dot product graph setting

of [109] as well, though this is not pursued further here. We opt here for the conceptually

simpler (and yet still illustrative) RDPG model in our theory, simulations and experiments.

The edge probability matrix of our RDPG isP = XX> . We next augment the latent

1https://github.com/tong-qii/Clique_detection
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positionX matrix with an additional columnV(c) to maximally increase the probability

of connections between vertices in a setC, so that the set of vertices inC form a denser

pseudo-clique in the augmented graph as opposed to their behavior in the originalA. For-

mally,

V(c)
i =

8
>><

>>:

0 if i =2 C
q

1� å d
j= 1X2

i; j if i 2 C

The augmented edge probability matrix then becomes

P(c) = X(c)(X(c))> = XX> + V(c)(V(c))>

In the sequel, we de�ne

a (n) := jCj= kV(c)k0:

Remark 3.2.1. Note that if the underlying graphA is a positive semide�nite stochastic

blockmodel [53, 58] (realized here by having the latent position matrixX have exactlyK

distinct rows), then as long as the vertices inC are in the same block (i.e., have the same

latent position), the above augmentation will a.s. yield a true clique between the vertices in

C.

3.2.1 Pseudo-clique detection via Adjacency Spectral Embedding

One of the most popular methods for estimating the latent positions/parameters of an

RDPG is the Adjacency spectral embedding (ASE). The ASE provides a valuable estimator

of X, and classical statistical estimation properties of consistency [13, 77] and asymptotic

normality [14, 118] have been established for the ASE estimator. ASE nicely exempli-

�es the utility of graph embedding methods, as ASE has proven to be a valuable piece

of many inferential pipelines including graph matching [74, 93, 137], vertex classi�cation
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[77, 119] and anomaly/change-point detection [22, 25, 55]. In the context of clique de-

tection, spectral methods have proven to be effective for detecting planted cliques down to

the (hypothesized) hardness-threshold of clique sizeW(n1=2) [5, 78]. Our �rst theoretical

result demonstrates the inability of ASE and GEE to capture planted pseudo-cliqueC at

this level. The theory for ASE below will adapt thek�k27! ¥ consistency bound of [13] for

the residual errors when ASE is used to estimateX. Note that the rotationsW� appearing

in Theorem 3.2.1 (proven in Appendix 3.5.1) are a necessary consequence of the rotational

nonidenti�ability inherent to the RDPG model; i.e., ifA � RDPG(X) andB � RDPG(XW)

for orthogonal matrixW, thenA d= B are equal in law.

Theorem 3.2.1.Let (An � RDPG(Xn))¥
n= 2be a sequence of random dot product graphs

with An being then� n adjacency matrix. Assume that

i. Xn is of rankd for all n suf�ciently large;

ii. There exists constanta > 0 such that for alln suf�ciently large,

d(Pn) := max
i

n

å
j= 1

(Pn) i j � log4+ a(n)

iii. There exists constantc0 > 0 such that for alln suf�ciently large,

g(Pn) :=
l d(Pn)
d(Pn)

� c0

wherel d(Pn) is thed-th largest eigenvalue ofPn;

iv. (Delocalization assumption) There exists constantsc1;c2 > 0 and a sequence of or-

thogonal matricesfWn such that for alli; j andn suf�ciently large,

c1p
n

� j (UPn
fWn) i; j j�

c2p
n
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With A(c) the augmentation ofA as above witha (n) = o(d3=4(Pn)) , let bX(c) = ASE(A(c);d)

and bX = ASE(A;d). For all n suf�ciently large, it holds with probability at least 1� n� 2

that there exists orthogonal transformationsWn;1;Wn;2 2 Rd� d such that

kbX(c)Wn;1 � bXnWn;2k27! ¥ = O
�

log2n
d1=2(P)

+
a (n)

d1=2(P)
p

n
+

a (n)2

d3=2(P)

�
:

With a (n) = o(d3=4(P)) , elbow analysis/thresholding of the scree plot (adapting the

work of [140] and [21]) for dimension selection in ASE will often yield an estimated em-

bedding dimension forA(c) of d, rather than the true model dimension ofd+ 1 (as the top

d eigenvalues would be orderd(P)). Moreover, the above results show that, for all prac-

tical purposes, the embedding ofA(c) obtained by ASE into the incorrect dimension will

be indistinguishable from the embedding ofX = ASE(A;d) in Rd; and the pseudo-clique's

signal is lost in the noise of the embedding procedure. While it is suspected that detect-

ing planted cliques is hard for the clique size ofo(n1=2� e) [78], this result shows that this

pairing of RDPG and ASE cannot detect a planted pseudo-clique at the threshold order of

W(n1=2) (i.e., this pairing of model and method yields embeddings with and without the

pseudo-clique planted that are asymptotically indistinguishable for a much larger practical

detection threshold).

Remark 3.2.2. An analogous result to Theorem 3.2.1 will hold if we augmentX with

h (n) disjoint pseudo-cliques each of size at mosta (n), and with each pseudo-clique corre-

sponding to the addendum of another additional latent space dimension toX. The analogue

would then hold (i.e., that the 27! ¥ norm of the residuals wouldo(1) as long ash (n)a (n)

grows suf�ciently slowly; i.e., of ordero(d3=4(Pn)) .

Remark 3.2.3.The result of Theorem 3.2.1 may seem to follow immediately from a 27! ¥
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bounds oneX(c) = ASE(A(c);d+ 1), as this could yield concentration of the form

keX(c) � X(c)Wk27! ¥ = O
�

log2n
d1=2(P(c))

�
:

However, the small (as we assumea (n) = o(d3=4(Pn)) ) eigengap provided by thed+ 1-st

eigenvalue ofP(c) complicates direct concentration of the full eigenspace ofA(c) to that of

P(c). Moreover, even if such a result held, the other issue would be that thed � d principle

submatrix ofW (acting onbX(c)) need not be orthogonal as required in Theorem 3.2.1. As

such, we provide the proof of Theorem 3.2.1 in Appendix 3.5.1, and note here that it is a

relatively straightforward adaptation of the analogous 27! ¥ concentration proof in [13].

3.2.2 Detection via the GEE algorithm

Our next results seek to understand how well-competing methods, here the Graph En-

coder Embedding (GEE) theoretically and VGAE later empirically, are able to detect the

implanted pseudo-clique. While we do not have a corresponding theory yet for VGAE (see

Section 3.3 for extensive simulations using VGAE), below we derive the analogous theory

for GEE.

De�nition 3.2.1. Graph Encoder Embedding (GEE) [113]. Consider a graphA and a corre-

spondingK-class label vector for the vertices ofA, denotedY 2 f 0; : : : ;Kgn. The number

of vertices in each class is denoted bynk, andW 2 Rn� K represents the transformation

matrix whereW is the one-hot encoding of the label vector column-normalized by the

appropriatenk. The graph encoder embedding is denoted byZ 2 Rn� K where

Z = AW

and itsi-th rowZ i is the embedding of thei-th vertex. We will writeZ = GEE(A;Y).
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In order to make use of the theory for the encoder embedding, we need to consider a slightly

modi�ed characterization of the base graphA � RDPG(X) from Section 3.2.1. As the GEE

requires class labels, we will assume that the rows of the latent positionsX matrix have an

additional class-label featureY. This could be achieved, for example, by conditioning on

latent positions drawn i.i.d. from aK-component mixture distribution, i.e.,(X i ;Yi)
i:i:d:� FXY

whereFXY is a distribution onRd � [K] andYi denotes the mixture component ofX i ; note

that our results below consider �xed, and not random, latent positions in the RDPG.

Assuming the class labels are identical forA andA(c), we have the following result

(proven in Appendix 3.5.2).

Theorem 3.2.2.Let (An � RDPG(Xn))¥
n= 2 be a sequence of random dot product graphs

with An being then� n adjacency matrix, and assume the corresponding vertex class vector

being provided byY. Assume thatK = O(1) and

i. for eachk 2 [K], nk = å n
i= 11f Y i = kg = Q(n);

ii. x (n) := mini;k å n
j= 1:Y j= k(Pn) i j = w(

p
nlog(n))

then withA(c) the augmentation ofA as above witha (n) = o(x (n)) , let Z = GEE(A;Y)

andZ(c) = GEE(A(c);Y). Then with probability at least 1� n� 2 there exists a constant

C > 0 such that

kZ(c) � Zk27! ¥ � C

 r
K logn

n
+

a (n)
n

!

:

Note that under the assumptions of Theorem 3.2.2, a simple application of Hoeffding's

inequality yields that the norms of the rows of both GEE embeddings are of order at least

x (n)=n with high probability, and hence the relative error of the difference between the

GEE embeddings ofA(c) andA areo(1). As in the ASE setting, in the embedded space

GEE is unable to capture the implanted pseudo-clique structure (or clique in the SBM case).

Indeed, the GEEs ofA and A(c) are asymptotically indistinguishable. It is of note that
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the GEE result requires signi�cantly stronger density assumptions than the ASE results,

though we suspect this is an artifact of our proof technique. Indeed, looser bounds (e.g., on

kZ(c)
i � Z ik2 for a �xed i) are available under much broader sparsity assumptions.

3.3 Experiments and simulations

In the experiments and simulations to follow, we also incorporate a graph convolutional

network-based unsupervised learning approach known as Variational Graph Auto-Encoders

(VGAE) [59] into all our experiments to further enrich our �ndings. The relationship be-

tween ASE and VGAE was recently explored in [99], and this work motivates our current

comparison of the two methods.

Our VGAE framework here, again motivated by [99], is as follows. Consider a graph

G = ( V ;E) with the number of verticesn = jVj, adjacency matrixA, and degree matrix

denoted byD. The VGAE estimates latent positionsbX via the variational model

p(bXjX;A) =
n

Õ
i= 1

p(bX i jX;A)

where (here, we have no latent features soX = I)

p(bX i jX = I ;A) = Norm(bX i jmi ;diag(s 2
i ))

and (hereÃ = D� 1=2(A + I)D� 1=2)

~m= GCNm(I ;A) = ÃReLU(ÃW0)Wm
1

log(s ) = GCNs (I ;A) = ÃReLU(ÃW0)Ws
1

Note that the convolutional networks learn a common �rst layer of weight and indepen-
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(a)nc =
p

n (b) nc =
p

n, normalized (c) Singular values

(d) nc = n3=4 (e)nc = n3=4, normalized (f) Singular values

(g) nc = 0:2� n (h) nc = 0:2� n, normalized (i) Singular values

Figure 3.1: The results of unlabeled RDPG design are shown in this �gure for the planted
pseudo-clique (option ii). The average graph-level distances (� 2 s.d.) are displayed in
(a), (d) and (g) resulting fromnMC = 50 repetitions, and in (b), (e) and (h) we plot the
normalized distances. In (c), (f) and (i), we plot the top 10 singular values of the Adjacency
matrices ofA from G andA(c) from G(c) respectively. The plots for the case wherenc =
logn; andnc = log2(n) are found in the appendix (Figures 3.9 and 3.10).
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(a)nc =
p

n (b) nc = n3=4 (c) nc = 0:2� n

(d) nc =
p

n; normalized (e)nc = n3=4 normalized (f) nc = 0:2� n, normalized

Figure 3.2: The results of unlabeled RDPG design are shown in this �gure for the planted
true clique (option i). The average graph-level distances (� 2 s.d.) are displayed in (a) to
(c) resulting fromnMC= 50 repetitions, and in (d) to (d) we plot the normalized distances.
The plots for the case wherenc = logn; andnc = log2(n) (see Figures 3.9 and 3.10).

dently learn the second layers. To train the VGAE, we aim to optimally reconstructA in

the RDPG framework by optimizing the variational lower bound with respect to the weight

layers

Ep(bXjI ;A)

h
logP(AjbX) � KL[p(bXjI ;A)jjq(bX)]

i

and where we assume a Gaussian priorq(bX) = Õi Norm(bX i j0; I ), andKL[q(�)jj p(�)] is the

Kullback-Leibler divergence betweenq(�) andp(�). We will denote the VGAE embeddings

via bXVGAE for A andbX(c)
VGAE for A(c).
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3.3.1 Simulations

We employ simulations to evaluate the strength of the embedded clique-signal when the

graph is embedded using three different methods: ASE (Adjacency Spectral Embedding),

GEE (Graph Encoder Embedding), and VGAE (Variational Graph Auto-Encoder model).

To conduct this assessment, we generate pairs of random graphs, labeled as(G;G(c)).

Speci�cally, G is directly sampled from a speci�edn � 2 latent position matrixX with

i.i.d. rows generated as follows:

i. In the unlabeled case, each row is the projection map onto the �rst two coordinates

of an i.i.d. Dirichlet(1;1;1) random variable.

ii. In the labeled case, we consider the projection onto the �rst two coordinates of i.i.d.

draws from a 3-component mixture of Dirichlet random variables inR3.

G(c) is derived fromX(c) as follows:

i. (true clique) A true clique is added between randomly chosen vertices in the RDPG

graph in one of the following sizes: log(n), log2(n),
p

n, n3=4 or 0:2� n vertices; or

ii. (pseudo-clique) the additional columnV(c) is appended toX (yielding an n � 3

matrix) to form a stochastic pseudo-clique in the sampled RDPG (again, we use
q

1� X2
i1 � X2

i2 to �ll the entries); again this is done in one of these sizes log(n),

log2(n),
p

n, n3=4 or 0:2� n vertices.

The total number of vertices in these graphs varies within the range ofn = [ 100, 300, 500,

: : : ;1500]. For each pair(G;G(c)), we apply ASE, GEE, and VGAE, followed by comput-

ing relevant distances between the resulting graph embeddings. Speci�cally, we compute

the following. For ASE we calculate the graph-wise (hereDProc( bX(c); bX) = minW2OdkbX(c) �
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(a)nc =
p

n;K = 3 (b) nc =
p

n;K = 3

(c) nc = 0:2� n;K = 3 (d) nc = 0:2� n;K = 3

Figure 3.3: The results for the clustered RDPG design withK = 3 for the planted true clique
(option i) are presented in this �gure. The experimental con�gurations remain consistent
with those detailed in Figure 3.2; i.e., with the planted true clique in the setting where no
latent clusters are present.

bXWkF ) and vertex-wise Procrustes distance (see Eq. 3.1) accounting for the nonidenti�-

ability of the ASE estimator. For the GEE, we compute the Procrustes distances (again at

the graph and vertex levels) of the embedding minW2OdkZ(c) � ZWkF to account for the

possible differences in cluster labelings across the GEE embeddings. For the VGAE, we

compute the Frobenius norm distances (again at the graph and vertex levels) of the embed-
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ding directlykbX(c)
VGAE� bXVGAEkF . This entire process is repeatednMC= 50 times for each

pair of graphs, and the average distances are recorded with error bands representing� 2s.d.

We note here that we are not running a clique-detection algorithm on the planted-clique

embedding. We are rather comparing the embeddings (at the graph-level and at the vertex-

level) before and after the clique is implanted. If the before and after graph embeddings are

relatively indistinguishable, then this is evidence that the clique structure is not captured

well in the embedding space. Even in the event that the graph-level embeddings of the

before and after graphs are suf�ciently different, if the distances across the two embeddings

for the clique vertices (versus the non-clique vertices) at the vertex-level are not localized

(i.e., large values are not concentrated on the clique vertices) then the signal in the clique

may be present, but the clique vertices are dif�cult to accurately identify. As we will

demonstrate below, different methods (ASE, GEE, and VGAE) exhibit markedly different

performances across the experimental conditions.

We conducted two sets of experiments. The results of the �rst experiment are visualized

in Figure 3.1 (and Figures 3.2, 3.4–3.6). Therein, we sampled data from an RDPG latent

position matrix without any prede�ned cluster structure. Within this set, we employed two

variants of the Leiden algorithm [120] to identify node clusters in order to apply GEE. Note

thatA andA(c) are clustered separately, and hence the cluster labels/assignments may dif-

fer across graphs, and the Procrustes distance is used to ameliorate this. The �rst approach,

known as the modularity vertex partition employs modularity optimization and often yields

a smaller number of clusters. Consequently, the distances between graph embeddings are

also often smaller, as indicated by theGEEdist (or GEE1) values shown in Figure 3.1. The

second approach, referred to as the CPM vertex partition, implements the Constant Potts

Model and often yields a larger number of clusters. This results in relatively larger across-

graph distances (due to variability in label/cluster assignment and not necessarily the clique

signal strength), as represented by theGEEdist2 (or GEE2) values in Figure 3.1. In the
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Figure 3.4: The results of unlabeled RDPG design are shown in this �gure for the planted
pseudo-clique (column 1) and the planted true clique (column 2) all of size

p
n. Thevertex-

leveldistances are displayed in row 1 embedding the graphs in toR2 (for ASE and VGAE)
and in row 2 embedding the graphs in toR3 (for ASE and VGAE). Results are averaged
over nMC = 50 repetitions. Note that GEE is embedded into the dimension equal to the
number of clusters fed into the algorithm, and GEE is included in all panels of this �gure
for reference.

second batch of experiments (see, for example, Figure 3.3) we sampled the RDPG with a

�xed number of clusters (K = 3). In this scenario, as the number of clusters is predeter-

mined (we still use Leiden to identify the clusters), only one GEE distance measurement is

recorded.

In Figure 3.1, panel (a) demonstrates that ASE struggles to capture the gross pseudo-

clique signal when the pseudo-clique size is relatively small, here
p

n. That said, in this
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Figure 3.5: The results of unlabeled RDPG design are shown in this �gure for the planted
pseudo-clique (column 1) and the planted true clique (column 2) all of sizen3=4. The
vertex-leveldistances are displayed in row 1 embedding the graphs intoR2 (for ASE and
VGAE) and in row 2 embedding the graphs intoR3 (for ASE and VGAE). Results are
averaged overnMC= 50 repetitions. Note that GEE is embedded into the dimension equal
to the number of clusters fed into the algorithm, and GEE is included in all panels of this
�gure for reference.

small pseudo-clique setting, ASE is better able to capture the clique signal (locally and

globally) if the graph is embedded intoR3 as opposed toR2 (see Figure 3.4). Even in

the relatively larger pseudo-clique settings where ASE is better able to differentiate the

embeddings pre/post planted pseudo-clique (panels (d) and (g)), the relative strength (dis-

tances divided bykbXkF )) of the signal of the pseudo-clique in the embedding is rapidly

diminishing (panels (e) and (h)). As the graph size increases, GEE with a greater number
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Figure 3.6: The results of unlabeled RDPG design are shown in this �gure for the planted
pseudo-clique (column 1) and the planted true clique (column 2) all of size 0:2 � n. The
vertex-leveldistances are displayed in row 1 embedding the graphs intoR2 (for ASE and
VGAE) and in row 2 embedding the graphs intoR3 (for ASE and VGAE). Results are
averaged overnMC= 50 repetitions. Note that GEE is embedded into the dimension equal
to the number of clusters fed into the algorithm, and GEE is included in all panels of this
�gure for reference.

of clusters (GEEdist2 ) consistently shows larger distances on average and better captures

the gross pseudo-clique signal compared to VGAE and GEE with fewer clusters; however

this is at the expense of relatively poor pseudo-clique localization in the embedding as the

differences across the embeddings are more spread among all the vertices in the graph (see

Figures 3.4–3.6). VGAE performs well in capturing the gross pseudo-clique signal, but

again does not localize the clique signal well in the small to modest pseudo-clique size
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settings (see Figures 3.4–3.5). In the relatively larger clique setting (� n3=4) ASE and

GEEdist (GEE1) appear to best balance capturing gross pseudo-clique structure and local-

izing the clique signal in the embedding. As mentioned previously, in Figure 3.1 (b) (e)

(h), we observe the normalized distances (i.e., dividing the distances bykbXkF ), and these

normalized distances decrease as the graph size increases. This indicates that, relative to

the signal present in the overall graph, the signal contributed by the clique in the embedded

space is relatively small; again, this is evidence for the potential dif�culty of detecting the

clique in these embedding methods.

In addition to calculating the distances before and after pseudo-clique planting, we also

explore the top 10 singular values of the adjacency matricesA andA(c). For illustration, we

focus on graphs with a size ofn = 1500 as an example, and we depict the top 10 singular

values acrossnMC = 50 simulations in Figure 3.1 (c),(f) and (i). The results reiterate that

when the clique size is small (here
p

n), the top singular values ofA1 andA2 are nearly

identical, though interestingly, in this small clique setting ASE is better able to capture

the clique signal if the graphs are embedded intoR3 here (though dimension selection via

elbow analysis of the singular value scree plot would likely yieldd = 2). In contrast, with

the introduction of a bigger-sized clique, the top three singular values ofA2 surpass those

of A1. In these larger clique settings ASE seems to localize the clique signal equally well

in R3 and inR2 (see Figures 3.5–3.6), indicating the clique's signal has bled into the higher

eigen-dimensions. Our �ndings for the planted true clique are depicted in Figure 3.2 and

align closely with those depicted in Figure 3.1. Moreover, in the context of a three-cluster

RDPG design (K = 3), the �ndings depicted in Figure 3.3 (a) indicate that VGAE and

ASE yield the largest distances among the methods; i.e., they capture the gross true-clique

structure best in the embedding space, and both also localize the clique vertices well (see

Figure 3.7). Notably, GEE consistently produces the smallest distances when the number

of clusters is �xed (this is similar to theGEE1case), and it demonstrates lower variance
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Figure 3.7: The results of labeled RDPG design are shown in this �gure for the planted
pseudo-clique (column 1) and the planted true clique (column 2) size

p
n in row 1 and

0:2� n in row 2. Thevertex-leveldistances are displayed in row 1 embedding the graphs
into R2 (for ASE and VGAE) and in row 2 embedding the graphs intoR3 (for ASE and
VGAE). Results are averaged overnMC= 50 repetitions. Note that GEE is embedded into
the dimension equal to the number of clusters fed into the algorithm, and GEE is included
in all panels of this �gure for reference.

when compared to the no-cluster RDPG design.

For a more detailed examination of the precise distance between the estimated latent

positions of individual vertices, we compute the sum of squared distances for each row

between the embeddings ofG andG(c), which is represented as (whereW is the Procrustes

75



alignment in the ASE and GEE cases)

d(ASE)
i = jbX i � W(bX(c)) i j2 (3.1)

d(VGAE)
i = j(bXVGAE) i � ( bX(c)

VGAE) i j2 (3.2)

d(GEE)
i = jZ i � WZ (c)

i j2 (3.3)

Results are displayed in Figures 3.4–3.7. In each �gure, we plot the performance with

the planted true clique (column 1) and the planted pseudo-clique (column 2). In Figures

3.4–3.6, thesevertex-leveldistances are displayed in row 1 embedding the graphs in to

R2 and in row 2 embedding the graphs in toR3 for ASE and VGAE; note that GEE is

embedded into the dimension equal to the number of clusters fed into the algorithm, and

GEE is included in all panels of this �gure for ease-of-reference. From Figure 3.4, we see

thatGEE1seems to do the best job of localizing the signal in the clique structure when the

clique is relatively small in size; indeed, forGEE1the row differences for the embedded

clique vertices are more sharply larger than those of the non-clique vertices compared to

the other methods. That said, the level of the global signal in theGEE1embedding is weak

(relative to other methods) and the noise across the embeddings still greatly inhibits the

discovery of these clique vertices in a single embedding. ASE localizes the clique well, but

the clique signal is quite weak (see the inset plots for a zoom in of the structure). VGAE

andGEE2seem to struggle localizing the clique structure, though these methods do exhibit

a large global change in the graph pre/post clique implantation. This �gure indicates the

global change may be a result of variance in the method rather than entirely from the clique

signal. Another trend to note is that the performance of VGAE is relatively insensitive to

embedding the data intod = 2 dimensions or the trued = 3 dimensions.

From Figure 3.5, we see that ASE and GEE, hereGEE1(denotedGEE_dist in Figures

3.1, 3.2) seem to do the best job of both capturing a global structural change and localizing
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the signal in the clique structure when the clique is modestly sized(n3=4). While ASE and

GEE1localize well in the large clique setting (0:2� n; Figure 3.6), VGAE's performance is

of particular note here. VGAE exhibits a threshold at 200 in the true clique setting (faintly

visible also in then3=4 setting), where there is a notable jump from the non-clique-vertex

distances to the clique-vertex distances. Of note is that this jump is not as prominent in

the model-based planted pseudo-clique setting. In theK = 3 class RDPG setting, ASE and

VGAE (and not GEE) were able to capture the global structural change caused by the clique

(see Figure 3.3), and we see that in the localized distances as well; see Figure 3.7. Again,

in the larger true-clique case, VGAE exhibits an interesting threshold at 200 evincing its

ability to balance the preservation of local and global structure. That said, in the smaller

clique-size case, the clique signal in the VGAE embedding is less localized than in that of

ASE (and even GEE in cases).

3.3.2 EUemail

TheEUemaildataset is a network created from email data obtained from a prominent

European research institution. It is comprised of 1005 nodes, representing members of the

institution. An edgef u;vg exists between two individuals if either personu has sent at

least one email to personv or vice versa. Each individual belongs to one of the 42 depart-

ments within the research institution. The dataset also includes the ground-truth community

membership information for the nodes [129]; note that in GEE we use these 42 ground-

truth communities in both the original and clique-implanted embeddings, and so here the

Procrustes step is not needed to ameliorate the different community labels. Applying a

methodology akin to our experimental approach, we randomly select a subset of vertices

to form a true clique in the original graph. The number of vertices in the clique varies

asnc = [ log(n);
p

n; log(n)2;0:1n;n3=4;0:2n]. Subsequently, we compute the distances be-
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tween the original graph embedding and the embedding of the graph containing the clique

using ASE, GEE and VGAE methods. The entire process is repeatednMC= 50 times with

error bands� 2s.d., and we plot the average distances in Figure 3.8. The outcomes are also

summarized in Table 3.1.

nc ASE GEE VGAE
log(n) 0.0434 0.3923 37.2258p

n 1.0743 2.2252 34.1321
log(n)2 8.3648 3.3992 32.3718

0:1n 11.1573 9.1703 35.7826
n3=4 13.8667 19.5171 40.7796
0:2n 14.5977 23.0077 43.1421

Table 3.1: Distances between embeddings

Figure 3.8: Using the EUemail graph dataset, we randomly select a set of vertices to form
a clique, the size of it varies asnc = [ log(n);

p
n; log(n)2;0:1n;n3=4;0:2n]. We compute

the distances between the original graph and the graph with clique using methods ASE,
GEE and VGAE. This �gure shows the record of the mean distance (� 2 s.d.) after doing
nMC= 50 simulations.

When the clique size is small, ASE's inability to distinguish between two graph embed-

dings aligns with both theoretical expectations and empirical observations. As the clique

size increases, ASE progressively discerns disparities between the embeddings. Mean-

while, GEE consistently produces increased distances with a �xed 42 clusters. Remark-

ably, VGAE seems to extract a wealth of information from the complex data within the

real graph dataset, resulting in signi�cantly larger distances across embeddings when com-

pared to the other methods. However, it also exhibits a noteworthy degree of variability,

particularly when contrasted with the more stable outcomes of GEE and ASE.
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3.4 Conclusion

Graph embedding techniques are widely used to create lower-dimensional representa-

tions of graph structures, which can be used for multiple downstream inference tasks such

as community detection and graph testing. In this chapter, we theoretically investigate the

limitations of ASE and GEE for use in capturing the signal contained in pseudo-cliques

planted into RDPG latent position graphs. Our experimental �ndings support and augment

these theoretical insights: namely that ASE and GEE (with a �xed cluster structure) poorly

capture—both locally and globally—the pseudo-clique signal when the pseudo-clique is

small. Both do exhibit better performance capturing the pseudo-clique signal when the

clique size grows larger, though the in�uence of clique size is not the sole factor at play.

We note that community membership information and the number of communities notice-

ably affect the performance of GEE. A higher degree of clustering variability (often in

the case of a larger number of clusters) accentuates the global distinguishability between

the graphsA andA(c), often at the expense of the distances across embeddings not local-

izing on the clique vertices. The VGAE, while unexplored theoretically, experimentally

exhibits its own performance quirks. The method is best able to detect large planted true

cliques, though struggles to balance global signal capture and local signal concentration in

the smaller clique and model-based planted clique settings.

Beyond deriving the analogous theoretical results to Theorems 3.2.1 and 3.2.2 in the

VGAE setting and for related embedding methods (e.g., the Laplacian Spectral Embedding

[106, 118]), it is natural to also consider planting (and detecting) pseudo-cliques in more

general random graph models. Moreover, as mentioned previously, the results contained

herein could also be cast as a type of robustness of ASE and GEE to a particular noise

model. Furthering these results to understand the robustness/detection ability of ASE and

GEE to additional structures that can be embedded into the graph model (e.g., higher degree
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of transitivity [107]) is a natural next step.

3.5 Proofs

Herein we collect the proofs of the major results in the manuscript. In the sequel,

we write that a sequence of events(En) holds with high probability (abbreviated whp) if

P(En) � 1� n� 2 for all n suf�ciently large.

3.5.1 Proof of Theorem 3.2.1

In the proof of Theorem 3.2.1, we will assume the following for our base (non-augmented)

RDPG sequence throughout.

Assumption 3.5.1.[12] Let (An � RDPG(Xn))¥
n= 2 be a sequence of random dot product

graphs withAn being then� n adjacency matrix. We will assume that

i. Xn is of rankd for all n suf�ciently large;

ii. There exists constanta > 0 such that for alln suf�ciently large,

d(Pn) := max
i

n

å
j= 1

(Pn) i j � log4+ a(n)

iii. There exists constantc0 > 0 such that for alln suf�ciently large,

g(Pn) :=
l d(Pn)
d(Pn)

� c0

wherel d(Pn) is thed-th largest eigenvalue ofPn.

iv. There exists constantsc1;c2 > 0 and a sequence of orthogonal matricesfWn such that
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for all i; j andn suf�ciently large,

c1p
n

� j (UPn
fWn) i; j j�

c2p
n

We now consider(An � RDPG(Xn))¥
n= 2 to be a sequence of random dot product graphs

satisfying the conditions of Assumption 4.3.1. Suppressing the implicit dependence of the

parameters onn, we have that the edge probability matrix forA is given byP = XX> .

Similarly, for the augmented RDPG graphA(c), we haveA(c) � RDPG(X(c)) and the edge

probability matrix is given by

P(c) = X(c)(X(c))> = XX> + V(c)(V(c))> = P+ V(c)(V(c))>

where we augment theX matrix with an additional columnV(c) to maximally increase

the probability of connections between vertices in a setC (i.e., to maximally increase the

probability of an edge forming between every pair of vertices inC). In the following proof,

we will assume thata (n) = kV(c)k0= o(d3=4(P)) .

Note thata (n) = kV(c)k0 count the number of non-zero entries inV(c). We have that

entrywise 0� V(c) � 1 so that for eachi 2 [n], 0 � (V(c)
i )2 � V(c)

i � 1, and

kV(c)(V(c))> k = kV(c)k2kV(c)k2= kV(c)k2
2=

n

å
i= 1

(V(c)
i )2 � a (n)

Next note thatA(c) � XX> = A(c) � X(c)(X(c))> + X(c)(X(c))> � XX> , so that

kA(c) � XX> k� k A(c) � X(c)(X(c))> k+ kV(c)(V(c))> k:

Theorem 21 in [12] (re�ned spectral norm control ofA � P, adapted there from the anal-
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ogous result in [71]) then yields that w.h.p., we havekA(c) � X(c)(X(c))> k is of order

O(
p

d(P(c))) . Note thatd(P(c)) � d(P) + a (n) = O(d(P)) so thatkA(c) � X(c)(X(c))> k

is of orderO(
p

d(P)) w.h.p., implying thatkA(c) � XX> k= O(
p

d(P)+ a (n)) w.h.p..

In what follows, we will adapt the proof of [13, Theorem 26] to the present setting,

accounting fora (n) at each stage as appropriate.

By the Davis-Kahan Theorem (see, for example, [132]), lettingUP (resp.,UA(c) , , with

ordered eigenvalues inSA(c) ) be the matrix with columns composed of thed-largest eigen-

vectors ofP (resp.,A(c)), we have that there exists a constantC > 0 (that can change

line–to–line) such that (whereqi are the principal angles between the subspaces spanned

by UA(c) andUP)

kUA(c) U>
A(c) � UPU>

P k= max
i

ksinqik �
p

d
CkA(c) � Pk

l d(P)

� C
p

d
�

1
d1=2(P)

+
a (n)
d(P)

�

The variant of the Davis-Kahan theorem given in [106] yields also that there is a constant

C and an orthonormal matrixW 2 Rd� d such that

kUPW � UA(c) kF � C
p

d
kA(c) � Pk

l d(P)
� C

p
d

�
1

d1=2(P)
+

a (n)
d(P)

�
(3.4)

Letting W1SW>
2 be the singular value decomposition ofU>

P UA(c) (with singular values

denoteds i), we have that w.h.p.

kU>
P UA(c) � W1W>

2| {z }
:= W�

k = kS� Ik= max
i

j1� s i j� max
i

(1� s 2
i )

= max
i

sin2(qi) = kUA(c) U>
A(c) � UPU>

P k2

= O
�

d(P)+ a (n)2

d2(P)

�
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We next establish the analogue of Lemma 49 in [13], and adopt the notation used

therein. LetR = UA(c) � UPU>
P UA(c) , and note that by Eq 3.4, (asR denotes the resid-

ual after projection ofUA(c) onto the column space ofUP)

kUA(c) � UPU>
P UA(c) kF � min

W2Od
kUA(c) � UPWkF= O

 
d1=2(P)+ a (n)

d(P)

!

Next, we note that

W� SA(c)

= ( W� � U>
P UA(c) )SA(c) + U>

P UA(c) SA(c)

= ( W� � U>
P UA(c) )SA(c) + U>

P (A(c) � P)UA(c) + U>
P PUA(c)

= ( W� � U>
P UA(c) )SA(c) + U>

P (A(c) � P)R+ U>
P (A(c) � P)UPU>

P UA(c) + U>
P PUA(c)

= ( W� � U>
P UA(c) )SA(c) + U>

P (A(c) � P)R+ U>
P (A(c) � P)UPU>

P UA(c) + SPU>
P UA(c)

Write SPU>
P UA(c) = SP(U>

P UA(c) � W� ) + SPW� ; we then rearrange terms above to get

W� SA(c) � SPW� = ( W� � U>
P UA(c) )SA(c) + U>

P (A(c) � P)R+ U>
P (A(c) � P)UPU>

P UA(c)

+ SP(U>
P UA(c) � W� ):

Note that by Weyl's Theorem [54], we have that for anyi 2 [n],

jl i(A(c)) � l i(P)j � k A(c) � Pk= O(
p

d(P)+ a (n)) = o(d3=4(P)) :
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and hence bothkSPk andkSA(c) k areO(d(P)) . Then we can obtain

kW� SA(c) � SPW� kF � k W� � U>
P UA(c) kF (kSA(c) k+ kSPk)+ k(A(c) � P)k�kRkF

+ kU>
P (A(c) � P)UPU>

P UA(c) kF

� O
�

1+
a (n)2

d(P)

�
+ kU>

P (A(c) � P)UPkFkU>
P UA(c) k

� O
�

1+
a (n)2

d(P)

�
+ kU>

P (A(c) � P(c) + P(c) � P)UPkFkU>
P UA(c) k

� O
�

1+
a (n)2

d(P)

�
+

�
kU>

P (A(c) � P(c))UPkF+ kU>
P (P(c) � P)UPkF

�
kU>

P UA(c) k
| {z }

� 1

Now, the localization assumption gives us that

kU>
P (P(c) � P)UPkF = kfW> U>

P (P(c) � P)UPfWkF

=

vu
u
t å

i j

 

å
kl

(fW> U>
P ) ik(P(c) � P)kl(UPfW) l j

! 2

�

vu
u
t å

i j

 

å
kl

c2

n
(P(c) � P)kl

! 2

�

vu
u
t å

i j

c2
2a (n)4

n2

= O
�

a (n)2

n

�

As in the argument in the proof of Lemma 49 in [12], we knowU>
P (A(c) � P(c))UP is ad� d

matrix. By utilizing Hoeffding's inequality, we get that each entry ofU>
P (A(c) � P(c))UP is

of orderO(logn) with high probability. As a consequence,

kU>
P (A(c) � P(c))UPkF= O(log(n))
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with high probability, and hence w.h.p. (recalling the assumption thata (n) = o(d3=4(P)) )

kW� SA(c) � SPW� kF= O
�

log(n)+
a (n)2

d(P)

�
(3.5)

To establish that

kW� S1=2
A(c) � S1=2

P W� kF= O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�
; (3.6)

we note that thei j � th entry ofW� S1=2
A(c) � S1=2

P W� can be written as (notingi; j 2 [d])

W�
i j (l

1=2
i (A(c)) � l 1=2

j (P)) = W�
i j

l i(A(c)) � l j (P)

l 1=2
i (A(c)) + l 1=2

j (P)

wherel 1 � l 2 � : : : � l n are the ordered eigenvalues of the matrix, and we recall that

Weyl's theorem gives the denominator is of orderd1=2(P).

We next establish the analogue of Theorem 50 in [12]. Adopting the notation used

therein, letR1 = UPU>
P UA(c) � UPW� andR2 = W� S1=2

A(c) � S1=2
P W� . We deduce that

bX(c) � UPS1=2
P W� = UA(c) S

1=2
A(c) � UPW� S1=2

A(c) + UP(W� S1=2
A(c) � S1=2

P W� )

= UA(c) S
1=2
A(c) � UPU>

P UA(c) S
1=2
A(c) + R1S1=2

A(c) + UPR2

= ( A(c) � P)UA(c) S
� 1=2
A(c) � UPU>

P (A(c) � P)UA(c) S
� 1=2
A(c) + R1S1=2

A(c) + UPR2

sinceUPU>
P P = P andUA(c) S

1=2
A(c) = A(c)UA(c) S

� 1=2
A(c) . Let

R3 = UA(c) � UPW� = UA(c) � UPU>
P UA(c) + R1;
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we can write

bX(c) � UPS1=2
P W� = ( A(c) � P)UPW� S� 1=2

A(c) � UPU>
P (A(c) � P)UPW� S� 1=2

A(c)

+ ( I � UPU>
P )(A(c) � P)R3S� 1=2

A(c) + R1S1=2
A(c) + UPR2

Now, combining the above bounds we have that w.h.p. (again using the assumption that

a (n) = o(d3=4(P)) )

kR1kF = O
�

d(P)+ a (n)2

d2(P)

�
) k R1S1=2

A(c) kF= O
�

d(P)+ a (n)2

d3=2(P)

�

kR2kF = O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

kR3kF = O

 
d1=2(P)+ a (n)

d(P)

!

) k (I � UPU>
P )(A(c) � P)R3S� 1=2

A(c) kF= O
�

d(P)+ a (n)2

d3=2(P)

�

Again applying Hoeffding's inequality, the delocalization assumption, and Weyl's Theo-

rem, we have that

kUPU>
P (A(c) � P)UPW� S� 1=2

A(c) kF= kUPU>
P (A(c) � P(c) + P(c) � P)UPW� S� 1=2

A(c) kF

� (kU>
P (A(c) � P(c))UPkF+ kU>

P (P(c) � P)UPkF )kS� 1=2
A(c) kF

= O
�

logn
d1=2(P)

+
a (n)2

nd1=2(P)

�

Therefore, with high probability, we have

kbX(c) � UPS1=2
P W� kF = k(A(c) � P)UPW� S� 1=2

A(c) kF+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

= k(A(c) � P)UPS� 1=2
P W� � (A(c) � P)UP(S� 1=2

P W� � W� S� 1=2
A(c) )kF

+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�
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As in the argument used to prove Eq. 3.6, we derive that w.h.p.

kW� S� 1=2
A(c) � S� 1=2

P W� kF= O
�

logn
d3=2(P)

+
a (n)2

d5=2(P)

�

Combining the above, we arrive at

kbX(c) � UPS1=2
P W� kF= k(A(c) � P)UPS� 1=2

P W� kF+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

= k(A(c) � P)UPS� 1=2
P kF+ O

�
logn

d1=2(P)
+

a (n)2

d3=2(P)

�

= O

 
d1=2

d1=2(P)

!

k(A(c) � P(c) + P(c) � P)UPfWkF+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

This then gives us that (whereW is such thatXW = UPS1=2
P W� )

max
i

kbX(c)
i � WX ik

� O

 
d1=2

d1=2(P)

!

max
i

k((A(c) � P(c) + P(c) � P)UPfW) ik+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

� O
�

d
d1=2(P)

�
max

j
k(A(c) � P(c) + P(c) � P)(UPfW): jk¥ + O

�
logn

d1=2(P)
+

a (n)2

d3=2(P)

�

� O
�

d
d1=2(P)

� �
max

j
k(A(c) � P(c))(UPfW): jk¥ + max

j
k(P(c) � P)(UPfW): jk¥

�

+ O
�

logn
d1=2(P)

+
a (n)2

d3=2(P)

�

where(UPfW): j denotes thej� th column ofUPfW. For a givenj and a given indexi, we
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can use Hoeffding's inequality to show that thei� th element of the vector

�
(A(c) � P(c))(UPfW): j

�

i
= å

k
(A(c)

i;k � P(c)
i;k )(UPfW)k j (3.7)

is O(logn) w.h.p.. The delocalization assumption yields that for a givenj and a given index

i, (whereC > 0 is a constant that can change line–to–line)

�
�
�
�

(P(c) � P)(UPfW): j

�

i

�
�
� =

�
�
�
�
�åk

(P(c)
ik � Pik)(UPfW)k j

�
�
�
�
�

� å
k

�
�
�(P

(c)
ik � Pik)(UPfW)k j

�
�
�

�
a (n)
p

n

Combining the above with a union bound overi and j (for Eq. 3.7), we have that w.h.p.

max
i

kbX(c)
i � WX ik = O

�
log2n

d1=2(P)
+

a (n)
d1=2(P)

p
n

+
a (n)2

d3=2(P)

�

as desired. The result then follows by combining the above inequality with the analogous

(signi�cantly tighter) concentration bound for the ASE ofA into Rd as found in [13, The-

orem 26].

3.5.2 Proof of Theorem 3.2.2

In the proof of Theorem 3.2.2, we will assume the following for our base (non-augmented)

RDPG sequence throughout.

Assumption 3.5.2.Let (An � RDPG(Xn))¥
n= 2 be a sequence of random dot product graphs

with An being then� n adjacency matrix, and assume the corresponding vertex class vector

being provided byY. We will assume that
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i. For eachk 2 [K], nk = å n
i= 11f Y i = kg = Q(n);

ii. We requirex(n) := mini;k å n
j= 1:Y j= k(Pn) i j = w(

p
nlog(n))

From the de�nition of the encoder embedding,

Z(c)
ik =

å n
j= 1: j6= i;Yj= k A(c)

i j

nk

=

å n
j= 1: j6= i;Yj= k;

f i; jg6�C

A(c)
i j

nk
+

å n
j= 1: j6= i;Yj= k;

f i; jg� C

A(c)
i j

nk| {z }
� a (n)=nk

Note that iff i; jg 6�C, thenA(c)
i j andA i j are identically distributed, and that

E(Z(c)
ik ) =

å n
j= 1: j6= i;Yj= k;

f i; jg6�C

X>
i X j

nk
+

å n
j= 1: j6= i;Yj= k;

f i; jg� C

X>
i X j + V(c)

i V(c)
j

nk

= E(Z ik) +

å n
j= 1: j6= i;Yj= k;

f i; jg� C

V(c)
i V(c)

j

nk

Note that term �
�
�
�
�
�
�
�
�

å n
j= 1: j6= i;Yj= k;

f i; jg� C

V(c)
i V(c)

j

nk

�
�
�
�
�
�
�
�
�

� a (n)=nk

for all i. Note that ifa (n) = o(x (n)) , then

jf j s.t. j 6= i;Yj = k; f i; jg 6�Cgj = nk � 1f Yi = kg � jf j s.t. j 6= i;Yj = k; f i; jg � Cgj

= nk(1� o(1)) :
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From Hoeffding's inequality, we then have thatTik := å n
j= 1: j6= i;Yj= k;

f i; jg6�C

A(c)
i j satis�es

P(jTik � ETikj�
p

2nk logn) � 2exp
�

�
4nk logn

nk

�
=

2
n4

We then have that with probability at least 1� 2=n4,

kZ(c)
i � E(Z i)k2 =




















Tik

nk
+

å n
j= 1: j6= i;Yj= k;

f i; jg� C

A(c)
i j

nk
�

ETik

nk
�

å n
j= 1: j6= i;Yj= k;

f i; jg� C

X>
i X j

nk




















2

�
p

2nk logn+ 2a (n)
nk

An analogous result forkZ i � E(Z i)k2 yields that with probability at least 1� 2=n4

kZ i � E(Z i)k2 �
p

2nk logn
nk

Taking the intersection overi 2 [n] and summing overk 2 [K] (a union bound over the

complements) yields then that w.h.p.

max
i

kZ(c)
i � Z ik2 � max

i
kZ(c)

i � E(Z i)k2
| {z }

= O
�

K(
p

2nlogn+ a (n))
n

�

+ max
i

kZ i � E(Z i)k2
| {z }

= O
�

K
p

2nlogn
n

�

as desired.
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3.6 Extra �gures

(a)nc = log(n) (b) nc = log(n)

(c) nc = log(n);K = 3 (d) nc = log(n);K = 3

Figure 3.9: For each set of vertices ranges fromn = [ 100;300; : : : ;1500], we generate a
pair of graphs(G;G(c)). G is directly sampled from a speci�ed latent position matrix,
while G(c) is derived fromG by introducing a clique with a size ofnc = log(n) for the
planted pseudo-clique (option ii). The average distances (� 2 s.d.) are displayed in this
Figure resulting fromnMC= 50 repetitions.
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(a)nc = log2(n) (b) nc = log2(n)

(c) nc = log2(n);K = 3 (d) nc = log2(n);K = 3

Figure 3.10: For each set of vertices ranges fromn = [ 100;300; : : : ;1500], we generate
a pair of graphs(G;G(c)). G is directly sampled from a speci�ed latent position matrix,
while G(c) is derived fromG by introducing a clique with a size ofnc = log2(n) for the
planted true-clique (option i). The average distances (� 2 s.d.) are displayed in this Figure
resulting fromnMC= 50 repetitions.
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Chapter 4: Induced Correlations in Multiple Adjacency Spectral Embed-

ding

The analysis of graph data is in high demand, as is the analysis of multiple graphs. Re-

cent work has developed various methods for joint spectral embedding of multiple graphs,

such as Omnibus embedding (mentioned in Chapter 2), the joint embedding work of [125],

Multi-RDPG and multiple adjacency spectral embedding (MASE). These algorithms en-

able the simultaneous embedding of multiple graphs and provide separate estimations for

each graph. While the mechanisms of these algorithms have been studied in detail, the ar-

tifactual correlations arising through the embedding process are not completely understood

except for Omnibus embedding. The research in this chapter aims to analyze the induced

correlation in the process of MASE using the COSIE model. We demonstrate the central

limit theorem of the distances between score matrices in the COSIE model. Further, we

derive applicable bounds of the induced correlation in the process of MASE for both inde-

pendent and correlated graph settings. We examine the induced correlations for different

multiple embedding methods mentioned above using the SBM block model and compare

their performance in completing two main tasks, community detection in multiple graphs

and anomaly detection in time series graphs.
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4.1 Introduction

Multiple graphs analysis requires considering the heterogeneity of graphs while pre-

venting redundant correlation during the data processing. Developing innovative methods

of jointly embedding multiple graphs is a popular direction. In Chapter 2 we developed the

OmniMatchalgorithm for multiple graph alignment based on the Omnibus embedding of

[67]. This method is theoretically tractable, but the induced correlation across graphs due

to this method can be prohibitive [89]. In the context of [89], induced correlation refers

to the phenomena that the joint embeddings of independent and correlated networks ex-

hibit row-wise correlation (across networks) in the embedded space that is much higher

than the correlation across graphs in network space; empirically this is observed in multi-

ple methods and theoretically established in the Omnibus framework. There are numerous

other joint embedding methods, and exploring the induced correlation brought about by

these techniques is also an imperative subject. We will focus on spectral methods, and

recently there have been several spectral embedding models developed in recent years to

handle multiple graphs simultaneously. For example, joint embedding [125] projects the

adjacency matrixA(i) of each graph onto a subspace crossing a set of rank one symmet-

ric matrices and obtains the features of each graph; Omnibus spectral embedding [67, 67]

combines all the adjacency matrices of graphs together into a single giant matrix and uses

adjacency spectral embedding to obtain the latent positions of all vertices.

As metioned above, Pantazis et al.[89] have proved there exists a �xed induced corre-

lation in the classical Omnibus embedding as3
4. They also demonstrate that the computing

procedure does induce additional correlation beyond the inherent correlation across the em-

bedded graphs. The work in this chapter is mainly to empirically investigate the induced

correlation—through tthe lens of the impact on downstream inference—of multiple joint

spectral embedding methods. Particular attention is paid to the the common subspace in-
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dependent edge (COSIE) model and the multiple adjacency spectral embedding (MASE)

algorithm, in which we prove a central limit theorem of the distances betweenR score

matrices in the procedure of MASE.

The stochastic block model (SBM) is the primary model we utilize and modify to study

the induced correlation. For a single network of the stochastic block model, each vertex has

its own community membership. For the simulations, a series of SBMs with varying inher-

ent correlations are generated, and two primary tasks are performed: community detection

of the vertices and anomaly detection of consecutive networks. In addition to MASE,

Omnibus embedding, joint embedding, Multi-RDPG model, and the classical Procrustes

alignment are also included in all the experiments since they all perform joint embedding

procedures. We conduct experiments using several real datasets, including the human brain

network, the zebra�sh brain network, the arXiv co-authorship networks, and the message

network of the University of California in Irvine. The results obtained from these exper-

iments are consistent with our simulations. While the induced correlations of the other

approaches are uncertain, the performances of the experiments are compared to learn about

their correlation effects. The code is made available on Github1.

4.2 Background and related work

In this work, we assume the multiple graphs are undirected and unweighted with aligned

vertices (which indicates the same set of vertices for all the graphs), and no vertex has an

edge to itself. Consider a sample ofmobserved graphsG(1); : : : ;G(m) with G(i) = ( V ;E (i)),

whereV = f 1; :::ng denotes a set ofn labeled vertices where[n] := f 1;2; : : : ;ng, andE (i) �
� V

2

�
is the set of edges for graphi. We will denote the set of alln-vertex labelled, undirected,

loop-free graphs viaGn. The adjacency matrix is denoted byA (i) for each graphG(i). It is

1https://github.com/tong-qii/Algorithm-comparison
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an� n symmetric and hollow matrix andA (i)
uv = 1 if there is an edge between nodesu and

v. And the probabilities of an edge between vertexu andv are Bernoulli random variables

Puv. The matrixP contains all these probabilities. In the independent-edge random graph

framework, the entries of the adjacency matrix are conditionally independent withPuv. The

probability matrix of the independent-edge graphs is given by

P(AjP) = Õ
u> v

PAuv
uv (1� Puv)1� Auv

andP = E[AjP]. Since MASE allows the heterogeneity from each graph, the expectations

of adjacency matrices can vary in the set ofmgraphs.

4.2.1 COSIE model and MASE algorithm

Thecommon subspace independent edgerandom graph model (COSIE) introduced in

[10] describes a model that a set of graphs with aligned vertices share a common invariant

subspace and still hold heterogeneity on their probability matrices. As shown in the def-

inition 4.2.1,V 2 Rn� d is the common invariant subspace shared bym graphs, the score

matricesR(i) having sized� d control the edge probabilities for each individual graph. The

eigendecomposition of the score matricesR(i) can be expressed asR(i) = W(i)D(i)(W(i))> ,

in which W(i) is a d � d orthogonal matrix, andD(i) is a diagonal matrix containing the

eigenvalues. Accordingly, latent positions of graphi in the RDPG model can be expressed

asX(i) = VW (i) jD(i) j1=2.

De�nition 4.2.1. (Common Subspace Independent Edge graphs [10] ). Let

V = ( V1; :::Vn)T 2 Rn� d (4.1)

be a matrix with orthonormal columns, andR(1); :::;R(m) 2 Rn� d be symmetric matrices
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such that 0� V>
u R(i)Vu � 1 for all u;v2 [n], i 2 [m]. We say that the random adjacency ma-

tricesA(1); :::;A(m) are jointly distributed according to the common subspace independent-

edge graph model with bounded rank d and parametersV and R(1); :::;R(m) if for each

i = 1; :::;m, givenV andR(i) the entries of eachA(i) are independent and distributed ac-

cording to

P(AjV;R(i)) = Õ
u< v

(V>
u R(i)Vu)A(i)

uv(1� V>
u R(i)Vu)1� A(i)

uv

We use(A(i); :::;A(m)) � COSIE(V;R(1); :::;R(m)) to denote the graphs generated from

above model.

[53] introduced the multilayer stochastic blockmodel which allows for varying connec-

tion probability between and within communities on each graph, while maintaining �xed

community labels across all the graphs. It is a special case of COSIE model when there are

K communities and the edge probabilities can be presented asP(i) = ZB(i)Z = VR(i)V for

somed � K. The two models are equivalent when the invariant subspaceV 2 Rn� d in the

COSIE model has onlyK different rows.

When working with single graph embedding on many latent position models, it is hard

to avoid the non-identi�ability. However, in the COSIE model setting 4.2.1, [10] showed

the identi�ability conditions of the individual parameters ofR(i) and invariant spaceV

along with the spectral distance and Frobenius distance betweenR(i)s even the COSIE

model does not require all full rankR(i).

The Adjacency Spectral Embedding is the fundamental method used to estimate pa-

rameters on the COSIE model withP = VRV> . Given a set ofm graphs, the �rst step is

to implement unscaled ASE on the adjacency matrix of each graph to obtain the estima-

tor V̂(i). Then all theV̂(i)s are concatenating together to form the joint �eld represent by

the matrixÛ = ( V̂(1); :::; V̂(m)). We can get the joint parameterV̂ by doing singular value
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decomposition on̂U and get the topd singular vectors (judged by singular values in mag-

nitude) as a matrix of sizen� d. This step helps to merge individual graphs together and

to generate a common invariant space carrying all the information from them graphs. The

common spaceV can be treated as the shared latent positions from them graphs. With the

estimatorV̂, we can estimate the individual score matricesR(i) of each graph by minimiz-

ing the following function:

bR(i) = argmin
R2Rd� d

kA(i) � bVRbV> k2
F= argmin

R2Rd� d
kR � bV> A(i) bVk2

F ;

thenbR(i) = bV> A(i) bV.

On the basis of spectral embedding on single graph, MASE provides a method for

multiple graph embedding. It also accepts other spectral embedding methods in the �rst

step to estimate the eigenspace of graphs, such as Laplacian spectral embedding that we

use for some of the experiments in the following sections.

4.3 Central Limit Theorem of Distances betweenR score matrices

Theorem 11 in [10] has proved that the individual estimated score matricesbR(i) have

asymptotic normal distributions as the number of vertices within each graph (i.e.,n) is in-

creasing. The proof is based on delicate constructions in order to massage the estimated

score matrices into a form suitable to apply the classical Lindeberg-Feller condition. In this

section, we present the asymptotic normality of the difference of estimated score matrices

from the COSIE model in the next theorem. Before stating the result, we outline the as-

sumptions required. Note that the CLT in [10] and the CLT below have since been extended

and generalized in the work of [139]. The present chapter was completed contemporane-

ously to [139] and does offer some unique insights into induced correlation analysis. We
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will work in the CorrCOSIE model parameterized by

f R(1;n);R(2;n); � � � ;R(m;n) 2 Rd� d;V(n) 2 Rn� d;C (n) 2 Rm� mg¥
n= n0

;

whereCn presents the edge-wise correlation matrix across the graphs (i.e., cor(A(i)
k;` ; (A

( j)
k;` ) =

Cn
i; j for all k; `). Edges between different pairs of vertices are still assumed conditionally

independent.

Assumption 4.3.1.Consider a sequence of CorrCOSIE models parameterized by

f R(1;n);R(2;n); � � � ;R(m;n) 2 Rd� d;V(n) 2 Rn� d;C (n) 2 Rm� mg¥
n= n0

(note we will drop the superscriptn to ease notation in the sequel). Consider the following

assumptions on the model parameters

i. [10, Assumption 2] Delocalization ofV: There exists constantsc1;c2 > 0, and an

orthogonal matrixW 2 Od such that each entry ofVW satis�es

c1p
n

< (VW)kl <
c2p

n
; 8k 2 [n]; l 2 [d]:

ii. [10, Assumption 3] Edge variance: The sum of the variance of edges satis�es for all

i 2 [m],

s2(P(i)) =
n

å
s= 1

n

å
t= 1

P(i)
st (1� P(i)

st ) = w(1); and (4.2)

n

å
s= 1

n

å
t= 1

P(i)
st (1� P(i)

st )(nVskVt` + nVtkVs̀ )2 = w(1); for k 6= ` (4.3)

iii. [10, Assumption 4] Score matrix covariance: The magnitude of the smallest eigen-
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value ofS(i; j) satis�es

jl min(S(i; j))j= w(n� 2)

(note thatS is de�ned below in Eq. 4.4).

The delocalization assumption (Ass. 4.3.1 i.) helps to ensure the eigenvectors are not

too concentrated on a small number of entries, which in turn ensures the effect of the score

matrix is not concentrated on only few vertices. The variance/covariance assumptions (Ass.

4.3.1 ii. and the slightly stronger iii.) are used to ensure the graph is not too sparse/dense

for the desired normality to hold.

Since the score matricesR 2 Rd� d are symmetric, we can focus on estimating the ele-

ments on upper triangle and on diagonal. We de�ne vec(R) 2 Rr as the vector with dimen-

sionr = d(d+ 1)
2 that consists of those elements inR. To wit, for k; ` 2 [d] andk � `,

[vec(R)] 2k+ `(`� 1)
2

:= Rk` :

Given V and P(i) = VR(i)V> , we next de�ne the following covariance scaling matrix

S(i; j) 2 Rr� r , adapted here from [10] (note to ease notation, we de�nes 2;(i)
st := P(i)

st (1 �

P(i)
st ), and we letCi; j = r (i; j))

S(i; j)
2k+ `(`� 1)

2 ; 2k0+ `0(`0� 1)
2

:=
n� 1

å
s= 1

n

å
t= s+ 1

�
s 2;(i)

st + s 2;( j)
st � 2r (i; j)

q
s 2;(i)

st s 2;( j)
st

�
(VskVt` + VtkVs̀ )(Vsk0Vt`0+ Vtk0Vs̀ 0)

(4.4)

The matrixS(i; j) is a function ofV, C andR(i) (and hence ofn), and will provide the proper

scaling for the central limit theorem for the estimated score matrices.
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Theorem 4.3.1.Suppose(A(1); : : : ;A(m)) � CorrCOSIE(V;R(1); : : : ;R(m);C) where the

edge-wise correlation matrixC 2 Rm� m is a block-diagonal matrix withK blocks, thei-

th of which is sizeki , and with entries bounded away from 1; letk� = maxi ki . Further,

suppose that for eachi, d(P(i)) = w(logn), that

s
1
m

m

å
i= 1

d(P(i))
l 2

min(R(i))
= O

 
1

maxi
p

d(P(i))

!

;

and that the delocalizaiton assumption (i.e., Assumption 4.3.1, i.) holds

(a) Suppose that Assumption 4.3.1, ii. holds as well. De�neW 2 Od to be an orthogonal

matrix such thatW = argminW2Od
kbV � VWkF . Thenf bR(i)gm

i= 1, the estimates of

f R(i)gm
i= 1 provided by MASE algorithm, satisfy for each`; k

�
S(i; j)

2k+ `(`� 1)
2 ; 2k+ `(`� 1)

2

� � 1
2
�

W(bR(i) � bR( j))W> � (R(i) � R( j)) + H(i; j)
�

k`

d�! Norm(0;1)

asn ! ¥ , whereH(i; j) is a random matrix that satis�es

E[kH(i; j)kF ] = O

 r
dk�

m

!

andS(i; j)
2k+ l(`� 1)

2 ; 2k+ `(`� 1)
2

� (1� r (i; j))[s2(P(i))+ s2(P( j))]
n2 .

(b) If in addition to the requirements in (a), Assumption 4.3.1 part iii. holds, then as

n ! ¥ ,

(S(i; j))� 1
2vec

�
W(bR(i) � bR( j))W> � (R(i) � R( j)) + H(i; j)

�
d�! Norm(0; I r ) :

Note that the proof of Theorem 4.3.1 can be found in Appendix 4.7; the proof closely fol-

lows the proof of the CLT analogue for a single score matrix from [10]. This result—again
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subsumed by the stronger result in [139] which (for one) better control theH matrices—

help us see that the limit score matrix estimates are uncorrelated when they come from

independent blocks ofC. The induced correlation here would come from the common

estimate ofbV.

4.4 Other algorithms

In addition to the MASE approach mentioned above, there are several multiple graph

embedding methods in the literature. This phenomena of induced correlation is largely

unexplored in the literature. We investigate the algorithmic artifacts induced by each ap-

proach empirically. While most of the multiple graph embedding approaches considered

below have some proven degree of statistical consistency when estimating the latent struc-

ture of the networks, by comparing downstream performance across methods in a variety

of inference tasks, we aim to better compare and contrast the level of induced correlation

across methods. Indeed, we suspect that the level of the induced artifactual correlation is

one of the major contributors to how well/poorly these approaches will work in practice.

Note that each algorithm below is presented with the adjacency matrices of the networks

(i.e., thef A(i)gm
i= 1). In Section 4.5, we will also apply these methods with the normalized

graph Laplacians in place of the adjacencies; i.e., considering the inputs asf L (i)gm
i= 1 where

L (i) = ( D(i))� 1=2A(i)(D(i))� 1=2 and where the diagonal matrix of degrees,D(i), is de�ned

via D(i)
j; j = å n

v= 1A(i)
j;v.

4.4.1 Joint Embedding

The �rst method we consider is the joint embedding method (JEM) of [125]. The

method constructs a spanning set of rank one matrices for a linear subspace onto which a

collection of vertex-aligned graphs can be projected. The embedding is approached from
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an optimization perspective as follows.

De�nition 4.4.1. (Joint Embedding of Graphs) LetA(1);A(2); :::;A(m) 2 Rn� n be a col-

lection of m undirected, vertex-aligned graphs. Thed-dimensional joint embedding of

f A(i)gm
i= 1 is obtained by solving

(l̂ 1; : : : ; l̂ m; ĥ1; : : : ; ĥd) = argminl i ;khkk= 1

m

å
i= 1

kA i �
d

å
k= 1

l i [k]hkh
T
k k2

F (4.5)

where the optimization is overL = [ l T
1 ; : : : ; l T

m] 2 Rm� d andH = [ h1; : : : ;hd] 2 Rn� d. Here

k�kF denotes the Frobenius norm andl i [k] is thekth entry of vectorl i . The joint embedding

estimate for the latent positions forA(i) are then given by

[l̂ i [1]1=2ĥ1; l i [2]1=2ĥ2; � � � ; l i [d]1=2ĥd];

or equivalentlybH bD
1
2
i .

The JEM algorithm—obtaining an approximate solution for Eq. 4.5 via the method of

alternating descent—aims to minimize the sum of squared Frobenius distances between the

networksf A(i)g and their projections onto the subspace spanned by thehkhT
k (i.e., ontoH).

Theoretical guarantees (both from an algorithmic convergence perspective and a statistical

estimation perspective) for the obtained solutions of Eq. 4.5 are proven in [125] in a 1-

dimensional multiple graph variant of the RDPG model framework considered above.

4.4.2 Multi-RDPG

We also consider the Multi-RDPG model of [85] (denoted MRDPG), which posits the

following extension of the MREG model from [123] for modeling multiple independent
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graphsf A(s)gm
s= 1:

for s= 1; : : : ;m; P(A(s)
i j = 1) = f (W(s)

i j ); whereW(s) = UL (s)U> ; (4.6)

whereU is ann� d matrix with orthonormal columns,L 1; : : : ;L K ared � d diagonal pos-

itive semide�nite matrices, andf (�) : R ! [0;1] is a link function. When the link function

is the identity (as presented in the algorithmic formulation in [85]), the MRDPG model

is a submodel of the COSIE framework where the score matricesR are diagonal. In the

m= 1 case, the multi-RDPG model is simply reparameterizing the RDPG model, and the

optimization framework for �tting the MRDPG model is lifted from the following single

graph (m= 1) case: LettingDd
+ be the space of positive semide�nite diagonal matrices in

Rd� d, we seek to solve

minimize
U2Rn� d;U> U= Id;L2Dd

+

kA+ ;d � ULU> k2
F (4.7)

whereA+ ;d is de�ned as follows: LetbX = ASE(A;d), thenA+ ;d = bXbXT . Extending 4.7 to

the simultaneously account forf A(s)gm
s= 1, the MRDPG framework seeks to �nd the solution

of

minimize
U2Rn� d;U> U= d;L 1;:::;L m2Dd

+

m

å
k= 1

kAk
+ ;d � UL kU> k2

F (4.8)

As in [125], an approximate solution to Eq. 4.8 is obtained using an alternating minimiza-

tion approach (alternatingly updatingU and theL 's); see Algorithm 1 in [85] for detail. In

experiments below, we use themultiRDPGpackage inRto �t the above model; for detail

seehttps://CRAN.R-project.org/package=multiRDPG . As the models and optimiza-

tion frameworks of JEM and MRDPG are similar, we might expect these two approaches to

induce similar artifactual correlation in the embedding space and yield similar inferential

performance.
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4.4.3 Omnibus Embedding

The �rst method we consider is the Omnibus Embedding method of [67, 67]. While

the Omnibus method was used in Chapter 2, we reintroduce it here in full for ease of refer-

ence.As with the MASE method considered above, the Omnibus method (hereafter referred

to simply as OMNI) seeks to simultaneously embed into a single shared spacem> 1 graphs

f A(i)gm
i= 1, where eachA(i) 2 Gn and the vertex sets of them graphs are a priori assumed

aligned. As with MASE and the other multiple graph embedding approaches considered

below, the goal of the OMNI embedding is to produce comparable Euclidean graph repre-

sentations of each network without the need for a Procrustean or similar alignment of the

embeddings.

De�nition 4.4.2. Let A(1);A(2); :::;A(m) 2 Rn� n be a collection ofm undirected, vertex-

aligned graphs. We de�ne themn-by-mnOmnibus matrix ofA(1);A(2); :::;A(m) via

M =

2

6
6
6
6
6
6
6
4

A(1) A(1)+ A(2)

2 ::: A(1)+ A(m)

2

A(2)+ A(1)

2 A(2) ::: A(2)+ A(m)

2
...

...
...

...

A(m)+ A(1)

2
A(m)+ A(2)

2 ::: A(m)

3

7
7
7
7
7
7
7
5

Thed-dimensionalOmnibus embeddingof A(1);A(2); :::;A(m) is then the adjacency spectral

embedding ofM; i.e.,

OMNI(A(1);A(2); � � � ;A(m);d) = ASE(M;d):

Let the OMNI embedding be ASE(M;d) = bZ = [( bX(1))T j( bX(2))T j� � � j ( bX(m))T ]T , where

eachbX(s) 2 Rn� d. For eachs 2 [m], bX(s) represents the embedding ofA(s) into the com-

mon Euclidean space, and if allA(s) i:i:d:� RDPG(X), then each of the theX(s) is a consistent
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estimator ofX (in that maxsmaxikbX(s)
i � X ik= op(1)); see [67] for more detail. This consis-

tency, and the ability to bypass a Procrustes alignment step to account for nonidenti�ability

in the bX's (indeed, the joint embedding aligns the estimates directly by construction) has

made the OMNI method an attractive option for subsequent inference [7, 26, 67], although

this comes at the expense of a fairly high level of correlation induced by the method in

the embedding space [89]. For a discussion and theoretical exploration of OMNI when the

A(s) 's are not i.i.d., see [33].

Note that both JEM and MRDPG posit a common invariant subspace similar to the

COSIE model. We shall see (see Section 4.5), that performance across MASE, JEM and

MRDPG can differ signi�cantly despite these similarities. From an optimization perspec-

tive, the OMNI method seeks to minimizekM � ZZTkF over

Z = [( Z(1))T j(Z(2))T j� � � j (Z(m))T ]T 2 Rmn� d;

with eachZ(i) 2 Rn� d. Noting that (whereM (i; j) = ( A(i) + A( j))=2 represents thei; j-th

block ofM),

kM � ZZTk2
F= å

i; j
kM (i; j) � Z(i)(Z( j))Tk2

F

This addition of the off-diagonal structure in the OMNI framework (versus MRDPG or

JEM) as well as the freedom in parameterizing the individualZ(i) differentiates OMNI

from the previously considered approaches.

4.4.4 Sequential Procrustes

We will also be comparing the multiple embedding approaches above with the more

classical approach of embedding the graphs separately and posthoc aligning the networks
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in order to rectify the rotational non-identi�ablility inherent to our spectral embedding ap-

proach. To wit, considering the collection of networksf A(s)gm
s= 1, we compute the ASE sep-

arately on each graph �rst, then sequentially align the graphs via an orthogonal Procrustes

alignment. LettingbX(i) = ASE(A(i);d), we sequentially perform the following steps:

bY
(1)

 bX(1)

for i = 2;3; � � � ;m

W(i)  argminW2Od
kbX(i)W � bY

(i� 1)
kF

bY
(i)

 bX(i)W(i)

When the graphs are naturally ordered (i.e., in a time-series setting), the sequential updates

proceed naturally along the ordering. In cases when there is no ordering of the networks,

the sequential ordering in the Procrustes is more arbitrary. Optimizing over this ordering is

a natural step, though we do not pursue this further herein.

4.5 Experiments and Results

Below we present several experiments designed to compare the performance of the

different algorithms presented above along multiple inference tasks. We consider two

main tasks: community detection/clustering the vertices, and anomaly detection in a time

series of networks. Community structure is prevalent in many complex networks such

as social networks and biological networks, and methods for network community detec-

tion/clustering are ubiquitous in the literature; see [1, 44, 65] for example. Our goal in

these experiments is to both compare performance and sensitivity across embedding meth-

ods, and also to try to get a sense for how we can understand the embedding artifacts

across methods in light of these performances. Our second task is anomaly detection in
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Figure 4.1: We samplem = 25 independent graphs from 4-block SBM model based on
same edge probability matrixBe = P+ eQ with e from 0.005 to 0.845. The left �gure
shows the average of pairwise correlations of the �rst vertices from each graph for different
e. The right �gure is the average of pairwise distances among the �rst vertices from each
graph for differente. We simulatenMC= 100 to get the averages.

network data time-series data, an important inference task for which there are numerous

high-impact applications exist in areas such as �nancial fraud [66, 66] and social network

security [8, 60, 96].

As our goal is to understand the embedding artifacts and the effect on subsequent infer-

ence, we �rst attempt to directly estimate the induced correlation artifact from each of the

methods. To wit, we �rst perform the following set of experiments. LettingP = 0:1�~1~1T 2

R4� 4, we consider

Q =

2

6
6
6
6
6
6
6
4

0:9 0:01 0:01 0:01

0:01 0:6 0:01 0:01

0:01 0:01 0:4 0:01

0:01 0:01 0:01 0:2

3

7
7
7
7
7
7
7
5

:

We samplem= 25 total independent graphs from an SBM model withBe = P+ eQ and

30 vertices per block; viewing these networks as RDPGs we letXe 2 Rn� 4 be the matrix
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of latent positions for the the graphs drawn fromBe. Using each joint embedding method

described above, results are plotted in Figure 4.1 for varyinge (varying along thex-axis in

each panel). In the �gure, we plot two statistics to get our hands on the induced correlation:

the average sample correlation across them estimates of the �rst latent positionX�;e[1; :]

(�rst column of Figure 4.1) and the average pairwise distance between them estimates of

the �rst latent positionX�;e[1; :] (second column of Figure 4.1). From the �gure, we see that

the empirical correlations and distances across embeddings for the MASE, MRDPG and

JEM methods are all quite similar. This is unsurprising as these methods posit similar un-

derlying shared model structures, and MRDPG and JEM additionally share a common opti-

mization framework. The OMNI method here seems to induce less correlation than MASE,

MRDPG and JEM, as does sequential Procrustes. How this �lters down to subsequent algo-

rithmic performance is nuanced, as capturing this artifact does not account for myriad other

factors in�uencing performance, such as estimation bias and convergence rates associated

with the given embeddings. Consider for instance, the goal of network clustering (consid-

ered in more detail below in Section 4.5.1). Considering the model framework outlined

above, for each embedding method considered, we do the following: average across the

embedded networks (or forAveARIandAve lapARI in Figure 4.2, average the graphs and

then embed the adjacency or Laplacian respectively), and then cluster the resulting point

clouds usingMClust for Gaussian-mixture-model-based clustering [111]. Performance, in

terms of Adjusted Rand Index (ARI) between the obtained clustering and the model-based

truth, are plotted in Figure 4.2 averaged over 100 Monte Carlo replicates. The ARI has

an expected value of 0 in case of random partition, and it is equal to one in case of per-

fect agreement; in general higher ARI denotes better cluster agreement. While MRDPG

and JEM obtain nearly identical performance, MASE is marked worse performing on this

task, despite inducing nearly identical correlation according to Figure 4.1. OMNI, while

inducing markedly less correlation, performs nearly identically to MRDPG and JEM. All
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Figure 4.2: Similar to the graph set up in Figure 4.1, we havem= 25 graphs from 4-block
SBM model having same probability matrixBe = P+ eQ with e from 0.005 to 0.845. Then
we use Adjusted Rand Index (ARI) between predicted clustering results usingMClust and
model-based truth to evaluate the performance. A value of 1 for the ARI indicates perfect
agreement among the clusters. We simulatenMC = 100 to calculate the average of the
ARIs for the four clusters. The mean values of ARIs for eache are shown in this �gure.

methods seem to perform better with adjacency (rather than Laplacian) input, and the se-

quential Procrustes, as expected, obtains the worst performance.

4.5.1 Community detection

To further explore the embedding methods in the context of clustering, we consider a

illustrative simpler stochastic blockmodel simulation. We simulate two-block SBMs with

edge probability matrixB given by theB = P+ e� q where

P =

2

6
4

0:1 0:1

0:1 0:1

3

7
5 ; q =

2

6
4

0:9 0:01

0:01 0:3

3

7
5
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ande = ( 0:005;0:025;0:045; : : : ;0:185). As we can see from the design, with a smaller

value ofe, the probability of having edges within a community is similar across all com-

munities (indeed, whene = 0, this model reverts to simple Erd�os-Ŕenyi). When the value

of e gets larger, the entries ofB are more distinct both within communities (i.e., betweenBii

andB j j ) and across communities (i.e., betweenBii andBi j ), indicating a more considerable

disparity of probabilities between the two blocks. For each value ofe, we simulatem= 2;4

or 6 independent graphs to jointly embed, obtaining, for each embedding approach, latent

positions for each graph after embedding. After averaging them embedded graphs, we

again useMclust package [111] inR) to cluster the vertices, and compare these clusters to

the SBM-model-based truth by calculating the ARI between the obtained clusterings and

the ground truth block labels. We repeat the whole processnMC = 100 times to get the

average ARIs and plot them in Figure 4.3.

In addition to the methods considered in Section 4.4, we also consider averaging all the

graphs �rst, then using ASE to get averaged latent positions for clustering. In addition, we

consider all approaches with both adjacency and Laplacian matrices as the inputs. Figure

4.3 shows that, as expected, across the board that with a higher value ofe we can get

more accurate cluster predictions compared with true community labels. In the �rst row

of Figure 4.3, from left to right, we considerm = 2;4;6 graphs to embed. With more

graphs involved in the clustering task, all the methods perform better obtaining a higher

value of ARI with smaller epsilon. For the second row of Figure 4.3, from left to right

the number of vertices are changedn = 220;320;420. With more vertices in the graph,

the different methods also obtain better accuracy of clustering prediction with a minor

disparity of probabilities of two blocks. Unsurprisingly, again the performance of JEM and

MRDPG are very similar here; indeed, they share a common optimization framework and a

similar formulation). Results here mimic those in Figure 4.2, where OMNI, JEM, MRDPG

and averaging �rst then ASE have similar performance in the community detection task.
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Figure 4.3: Given two blocks SBM with same edge probability matrixB = P+ e� q where
e changes from 0.005 to 0.185, we simulatenMC = 100 different number of graphs and
different vertices for each graph, and calculate mean of ARIs from different multiple graph
embedding both on adjacency matrix and Laplacian matrix to compare performance among
methods. The colors represent different methods and the line-type identi�es working on
adjacency or Laplacian matrix. The plots on the �rst row is form= 2;4;6 respectively, the
plots on the second rwo is forv = 220;320;420 respectively.

MASE and separate Procrustes perform worse in general, though the performance seems

similar for largee. This reinforces that methods that induce nearly identical correlation

may have large performance differences, and vice versa. Again, in these simple model-

based experiments, the bias-variance trade-off is at work here [33]. We shall see the story

is again more nuanced as we transition to real data simulations in the next sections.

Brain network

For the next experiment, we use brain MRI scans from 57 patients from the BNU1

(Beijing Normal University) test-retest brain scan dataset (see https://neurodata.io/mri/ and
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Figure 4.4: We simulatem = 25 four-block SBMs with three different conditions. The
three plots on the �rst column on the left are based on same edge probability matrix from
B = P+ e � q with e changing from 0.005 to 0.845. The second column has 12 graphs
from B1 = P+ e� q1 and 13 graphs fromB2 = P+ e� q2. In the third column, the split of
graphs from different probability matrices is 20 versus 5. The plots on the �rst row are the
average of pairwise correlations among the �rst vertex of all the graphs. On the second row,
the plots are the average of pairwise distances among all the �rst vertices. On the last row,
the plots are the mean of ARIs for vertex clustering. All the experiments havenMC= 100.

[142]). In the dataset, each patient has two scans, and each scan is segmented both into

hemisphere, and further into three tissue classes, white matter (WM), gray matter (GM) and

cerebrospinal �uid (CF). This brain data can be obtained fromhttps://www.cis.jhu.

edu/~parky/Microsoft/JHU-MSR/ZMx2/BNU1/DS01216/. In our experiment, we use

Gaussian �nite mixture models (Mclust) [111] to cluster the jointly embedded brains, and

we set the expected numbers of clusters corresponding to the real number of hemispheres

(i.e., 2) or tissue types (i.e., 3). Figure 4.5 shows the Adjusted Rand Index among different
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embedding methods with real tissue/hemisphere classi�cations using 36 brain MRI scans

from 18 patients subject to the memory of hardware to do the computation of large matrices,

with each brain graph havingn = 876 vertices.

The best embedding dimension number selected by the method mentioned from [140]

is 26. To �nd various best embedding dimensions for different algorithms, we set embed-

ding dimensiond asd = 2; : : : ;26 and select the bestd having the highest ARI between

cluster predictions and real labels for each algorithm. The predictions used to get Figure

4.5 are based on the best embedding dimensions as shown in Table 4.1. The heat map

OMNI MASE MRDPG JEM Proc Avg
Hemesphere dim 16 dim 25 dim 25 dim 26 dim 19 dim 24

Tissue dim 2 dim 2 dim 2 dim 2 dim 2 dim 2

Table 4.1: The table presents the optimal number of dimensions for each embedding
method that yields the highest Adjusted Rand Index (ARI) between the cluster predictions
and the actual labels for both brain hemisphere and tissue data.

illustrates the relationship between the Adjusted Rand Index (ARI) values and their corre-

sponding colors, where a darker shade indicates a higher ARI value and a better matching

agreement. The �rst column in Figure 4.5 is the heatmap that shows the ARI values for

four tissue classes (including None as one of the tissue classes). Among the embedding

methods, OMNI and JEM have relatively higher ARI value at 0.99. The sequential Pro-

crustes, MASE and MRDPG have higher ARI values greater than 0.89 between each other.

Despite the low ARI values between the predictions and actual tissue classes, we can still

observe similarities in the clustering patterns generated by different embedding methods.

The second column in Figure 4.5 displays ARI values for three tissue classes. All of the

methods provide similar predictions, as their ARIs are above 0.93, even though they ex-

hibit low ARI values with the actual tissue classes. The last column shows the ARI values

for two hemispheres. MRDPG performs the best among all embedding methods, with the
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