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Sparse representation, acquisition and reconstruction of signajgided by the-
ory of Compressive Sensing (CS) has become an active researskagch topic over
the last few years. Sparse representations e ectively capturbd idea of parsimony
enabling novel acquisition schemes including sub-Nyquist sampling.ebk from CS
have had signi cant impact on well established elds such as signal @aisition, ma-
chine learning and statistics and have also inspired new areas of esh such as
low rank matrix completion. In this dissertation we apply CS ideas to lovievel
computer vision problems. The contribution of this dissertation is t@how that CS
theory is an important addition to the existing computational toolbox in computer
vision and pattern recognition, particularly in data representationand processing.
Additionally, in each of the problems we show how sparse represetida helps in
improved modeling of the underlying data leading to novel applicationand better
understanding of existing problems.

In our work, the impact of CS is most felt in the acquisition of videos wit

novel camera designs. We build prototype cameras with slow sersaapable of



capturing at an order of magnitude higher temporal resolution. Fat, we propose
sub-Nyquist acquisition of periodic events and then generalize thee to capturing
regular events. Both the cameras operate by rst acquiring theigeo at a slower
rate and then computationally recovering the desired higher tempal resolution

frames. In our camera, we sense the light with a slow sensor aftepdualating it

with a uttering shutter and then reconstruct the high speed vid® by enforcing its
sparsity. Our cameras o er a signi cant advantage in light e ciency and cost by
obviating the need to sense, transfer and store data at a higheame rate.

Next, we explore the applicability of compressive cameras for conpu vi-
sion applications in bandwidth constrained scenarios. We design a qunessive
camera capable of capturing video using fewer measurements atgbaseparate the
foreground from the background. We model surveillance type vide with two pro-
cesses, a slower background and a faster but spatially sparseefwound such that
we can recover both of them separately and accurately. By forating the problem
in a distributed CS framework we achieve state-of-the-art videeconstruction and
background subtraction. Subsequently we show that if the cameegeometry is pro-
vided in a multi-camera setting, the background subtracted CS imag can be used
for localizing the object and tracking it by formulating its occupancyin a grid as a
sparse reconstruction problem.

Finally, we apply CS to robust estimation of gradients obtained throgh pho-
tometric stereo and other gradient-based techniques. Since dient elds are often
not integrable, the errors in them need to be estimated and remale By assum-

ing the errors, particularly the outliers, as sparse in number we ao@tely estimate



and remove them. Using conditions on sparse recovery in CS we cltterize the
distribution of errors which can be corrected completely and thogkat can be only
partially corrected. We show that our approach has the importanproperty of lo-
calizing the e ect of error during integration where other parts othe surface are
not a ected by errors in gradients at a particular location.

This dissertation is one of the earliest to investigate the implicationsf @om-
pressive sensing theory to some computer vision problems. We hoipat this e ort
will spur more interest in researchers drawn from computer visioopmputer graph-

ics, computational photography, statistics and mathematics.
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Chapter 1

Introduction

Modeling data and representing signals as a linear combination of basie-
ments is a simple and popular way of describing a signal using its congént parts.
For example, the Fourier transform of a signal gives us the weightgth which the
sinusoidal basis functions should be combined. Similarly, given datansales the
singular value decomposition (SVD) provides us with orthogonal bgselements and
their weights. Nevertheless, most of the energy in the signal is eft concentrated
at few basis elements.

The simplest way to characterize this redundancy is to approximatine data
with a subspace of the space spanned by all the basis elements. iRstance, natural
signals have a Fourier transform which rapidly falls o with frequencyleading to
a baseband bandwidth which is a fraction of the entire spectrum. Sikarly, the
principal component analysis (PCA) of data samples reveals a pattewhere most of
the energy is concentrated at principal components. Thus sulesge representation of
signals captures the energy distribution but it doesn't always explaithe underlying
redundancy. For example, a signal may have a large baseband bardth but only
a small bandwidth. Also, to explain the redundancy in a signal, a di enat set of

basis elements might be required such as Wavelets for image decosijmm. In such



a decomposition the energy maybe distributed sparse and non-tigoously.

Often over-complete representations (such as the union of Feemrand canon-
ical basis) are used to capture the underlying redundancy leading & non-unique
representation. Unlike subspace representation, the ensembleignals here are rep-
resented not by a single subspace but a union-of-subspaces. &present a signal
with a subspace from the union requires solving computationally intee optimiza-
tion problems with sparsity constraints. The guarantees for uniqisparse decompo-
sition of signals given an over-complete representation have beeuarid only recently.
This resulted in great excitement and fervent research in the ddepment of theory
and applications of sparse representations.

Under the umbrella term "Compressive Sensing' (CS), the sparsepmesen-
tation/acquisition theory has had signi cant impact on many problens in signal
processing, statistics and machine learning with applications in manyther. For
instance, CS questions the traditional Nyquist sampling theory angdroposes novel
sub-Nyquist sampling schemes. In the appendix, we brie y descriltiee CS theory.

In this dissertation we apply CS theory to low-level computer vision nob-
lems. Particularly, we focus on novel acquisition of videos leading taqgtotype
compressive cameras which can capture at higher temporal resmn even at lower
frame rate. We also investigate the potential application of compssive cameras in
low-level vision tasks in bandwidth constrained scenarios. Furthewe apply it to
traditional gradient based surface reconstruction algorithms. Ae contribution of
this dissertation is to show that sparse representation and recgtnuction algorithms
are important tools which can improve the state-of-the-art in may applications in

2



computer vision with potential to de ne new research areas. Nexive provide an

overview of the dissertation and brie y describe its component clpgers.

1.1 Coded strobing photography

We propose a camera that can capture high speed periodic phenoore with a
slow sensor at sub-Nyquist rates. We do so by strobing the scengidg the exposure
duration of the sensor according to a pre-determined pseudo thom code, thereby
preserving the high frequency information from being lost due to hiu Later, we
computationally recover the fast phenomenon by enforcing its sgsity in Fourier
transform. We have built a prototype 25fps camera capable of daping at 2000fps

Strobing is a traditional passive/active way of visualizing/capturinghigh speed
periodic visual signals using a low frame rate camera. It relies on asly a bright
source of light (strobe) periodically for a short duration to illuminatethe scene. By
keeping the period of the strobe to be near the signal's period, bdatquencies are
generated which allows visualization of the signal. Although this appagh is widely
used in medical imaging and industrial settings, it is very light ine cient Moreover,
the period of the visual signal needs to be known a priori. Insteadpded strobing
is light e cient and doesn't need a priori knowledge of the period. Alspit allows
us to capture multiple periodic signals of with di erent periods.

Each frame of our camera captures the modulation of coded st®land the
visual signal. Since the modulation matrix is known, we can invert thebserved

coded frames by enforcing sparsity of the periodic signal using @ques from CS



literature. Our approach is also applicable to sparse band-limited sigls including

guasi-periodic signals.

1.2 Programmable pixel compressive camera

We extend the idea of coded strobing to handle regular motion by dgsing
and building programmable pixel compressive camera (P2C2). Ourrnara captures
videos at a higher temporal resolution without blur, loss in spatial s®lution and
any additional cameras. We generalize the model of videos to handléroad class
of motions and at the same time generalize the acquisition by building a&eppixel
shutter. While sparse representations model images accuratetiley need to be
augmented in videos by treating the spatial and temporal correlains separately.
To handle a broad class of motion patterns and occlusions, we em®rsparsity in
each high-speed frame but enforce brightness constancy coaistts temporally.

To prevent the temporal information from being lost through integation of
light during exposure of each frame, we code each pixel indepernttienThis can be
interpreted as ‘time-stamping' the incoming high speed frames withumique mask
which can be inverted during reconstruction. The per-pixel coding ers improved
conditioning of the measurement matrix compared to the utteredglobal shutter.
We have built a prototype camera (25fps) with a liquid crystal on silice (LCOS)
modulating device for testing and show an order of magnitude imprement in
temporal resolution (200fps). Per-pixel control of shutter oers signi cant control

over the sensor and can be used for other applications as well. Fostance, per-



pixel coding can be used to capture high dynamic range (HDR) imagasd also for

implementing programmable sensors.

1.3 Compressive background substraction and tracking

We propose to use compressive cameras for surveillance applicatianolv-
ing computer vision tasks such as detection and tracking. Compsige cameras by
virtue of sensing less data, are particularly useful in bandwidth cetrained scenar-
ios. Compressive cameras also o er the advantage of using fevebeéaper sensors
(e.g. Single Pixel Camera [45]) allowing signi cant savings in hyper-spead and
fast imaging. For example, in a camera (say hyper-spectral) netvkowith band-
width limitations it would be prudent to sense compressively and therransmit to
a central location for subsequent processing.

We propose a background subtraction algorithm on compressivaines with-
out the need for reconstructing the individual frames. Since, theompressed mea-
surements are a linear projection of the scene, the statistics ditbackground model
extend in a straightforward way from the typical background sutsaction algorithms.
Typically, the foreground pixel statistics are di erent from that of background and
this holds in compressed measurements as well. Since the foregdimmage is typi-
cally sparse, we show that we can perform background subtragatiovith even fewer
measurements. Our algorithm is robust to both slow and fast variains in the
background.

Next, we show that tracking of objects can be performed in a multamera



setting on compressed measurements. The problem of trackingasnfiulated as that
of sparse estimation where the object being tracked occupies iggasupport on a
localization grid on the ground plane. Given the homography betwedhe ground
plane and the cameras, the appearance of the scene corresjpantb the grid points
on the ground plane can be mapped to pixels on the cameras. By cdileg random
projections of these pixels at multiple cameras, the position of théject is estimated
centrally by rst estimating the background subtracted image at ach pixel and then
solving the position using homography from all cameras. We show tr@ur approach
is scalable in number of cameras and the computation depends only the size of

the grid.

1.4 Joint compressive video sensing and background sub-

traction

In the background subtraction approach mentioned above, theabkground in-
formation is completely lost. This leads to the loss of background dext in which
the object is moving. We propose to reconstruct both foregrodnand background
without any additional measurements by exploiting the fact that tle background
changes slowly compared to the foreground and by modifying thenseng by chang-
ing the measurement matrix in each frame. We overcome the drawdbaof strict
sparsity necessary for good quality compressive reconstructiboy avoiding the need
to enforce sparsity in background. By formulating the problem in aidtributed

compressive framework, we not only separate the backgroundtlalso sense it.



1.5 Enforcing integrability

In many applications such as shape from shading, photometric stéerand gra-
dient domain processing, the estimated gradient eld is noisy. This nelers the
gradient eld to be non-integrable (non-zero curl) leading to poorwsface recon-
struction. We treat the problem of enforcing integrability as that & error correction
where we correct the errors (noise and outliers). Using su cientanditions for sparse
recovery, we analyze the scenarios under which all the errors daa corrected. We
propose minimizing the ;-norm of gradient error subject to the observed curl values
resulting in robust estimation of the gradients. We show through geriments that
our approach is signi cantly better than existing techniques in coecting errors and
that even when it fails to correct the errors it doesn't corrupt thereconstructed

surface elsewhere.



Chapter 2

Coded Strobing Photography

2.1 Introduction

Periodic signals are all around us. Several human and animal biolodipao-
cesses such as heart-beat, breathing, several cellular proessmdustrial automation
processes and everyday objects such as hand-mixer and bleradegenerate periodic
processes. Nevertheless, we are mostly unaware of the innerkivays of some of
these high-speed processes because they occur at a far gregieed than can be
perceived by the human eye. Here, we show a simple but e ective etque that
can turn an o -the-shelf video camera into a powerful high-speeddeo camera for
observing periodic events.

Strobing is often used in entertainment, medical imaging and indusél ap-
plications to visualize and capture high-speed visual phenomena. téke strobing
involves illuminating the scene with a rapid sequence of ashes within eafme time.
The classic example is Edgerton's Rapatron to capture a golf swing [46h modern
sensors, it is achieved passively by multiple-exposures within a fratmae [157][121]
or uttering [124]. We use the term “strobing' to indicate both activeillumination

and passive sensor methods.



_ Coded Strobing Schematic
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Figure 2.1: CSC: A fast periodic visual phenomenon is recorded by armal video

camera (25 fps) by randomly opening and closing the shutter at higépeed (2000
Hz). The phenomenon is accurately reconstructed from the caped frames at the
high-speed shutter rate (2000 fps).

In the case of periodic phenomenon, strobing is commonly used tchizwe
aliasing and generate lower beat frequencies. While strobing perfa e ectively
when the scene consists of a single frequency with a narrow sidataihis di cult
to visualize multiple or a wider band of frequencies simultaneously. besd of
direct observation of beat frequencies, we exploit a computationegamera approach
based on dierent sampling sequences. The key idea is to measurerajpriate
linear combinations of the periodic signal and then decode the sigrial exploiting
the sparsity of the signal in Fourier domain. We observe that by cang during

the exposure duration of a low-frame-rate (e.g., 25 fps) video cam, we can take



appropriate projections of the signal needed to reconstruct agh-frame-rate (e.g.,
2000 fps) video. During each frame, we strobe and capture a cdd&ojection of
the dynamic event and store the integrated frame. After captimg several frames,
we computationally recover the signal independently at each pixelybexploiting

the Fourier sparsity of periodic signals. Our method of coded expos for sampling
periodic signals is termed "coded strobing' and we call our camera flseded strobing

camera' (CSC). Figure 2.1 illustrates the operation of CSC.

2.1.1 Contributions

We show that sub-Nyquist sampling of periodic visual signals is possitdad
that such signals can be captured and recovered using a codedbing com-

putational camera.

We develop a sparsity-exploiting reconstruction algorithm and exge connec-

tions to compressive sensing.

We show that the primary bene t of our approach over traditionalstrobing is,
increased light-throughput and the ability to simultaneously tackle naltiple

frequencies post-capture.

2.1.2 Benets and limitations

The main constraint for recording a high-speed event igght throughput
We overcome this constraint for periodic signals via su cient expose duration

(in each frame) and extended observation window (multiple frames)For well-lit
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non-periodic events, high-speed cameras are ideal. For a stati@agshot, a short
exposure photo (or single frame of the high-speed camera) is sieat. In both cases,
light throughput is limited but unavoidable. Periodic signals can also beaptured
with a high-speed camera. But one will need a well-lit scene or must illunate it
with unrealistic bright lights. For example, if we use a 2000 fps camefar vocal
cord analysis instead of strobing using a laryngoscope, we would sh@esigni cantly
brighter illumination source and this creates the risk of burn injurieso the throat.
A safer option would be 25 fps camera with strobed light source antidn exploit
the periodicity of vocal fold movement. Here, we show that an evdretter option
in terms of light-throughput is a computational camera approach. Further, the
need to know frequency of the signal at capture-time is also avodleMoreover, the
computational recovery algorithm can tackle the presence of migte fundamental

frequencies in a scene, which poses a challenge to traditional stngp

2.1.3 Related work

High-speed imaging hardware: Capturing high-speed events with fast,
high-frame rate cameras require imagers with high photorespongyvat short in-
tegration times, synchronous exposure and high-speed parallebdout due to the
necessary bandwidth. In addition, they su er from challenging stage problems.
A high-speed camera also fails to exploit the inter-frame cohereneehile our tech-
nique takes advantage of a simpli ed model of motion. Edgerton [4@nd others

have shown visually stunning results for high-speed objects usingremely narrow-
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duration ash . These snapshots capture an instant of the actiobut fail to in-
dicate the general movement in the scene. Multiple low-frame rateameras can
be combined to create high-speed sensing. Using a staggered swpo approach,
Shechtman et al. [137] used frames captured by multiple co-locatedmeras with
overlapped exposure time. This staggered exposure approactoassisted a novel
recon gurable multi-camera array [159]. Although numerous supeesolution tech-
niques have been proposed to increase the spatial resolution of ges, only few
methods are available for temporally super-resolving a video [57]. Irb]6a super-
resolution technique to reconstruct a high-resolution image fromsequence of low-
resolution images was proposed using the backprojection methodl.method to do
super-resolution on a low quality image of a moving object was propukin [12] by
rst tracking it, estimating the motion and deblurring the motion blur and creating
a high quality image. Freeman et al. [55] proposed a learning-basedheique for
superresolution from one image where the high frequency compuotselike edges of
an image are lled by patches obtained from examples with similar low refution
properties. Finally, fundamental limits on super-resolution for remnstruction based
algorithms have been explored in [7][85].
Stroboscopy and periodic motion: Stroboscopes (from the Greek word

I for “whirling") play an important role in scienti ¢ research, to study ma
chinery in motion, in entertainment and medical imaging. Muybridge in ts pioneer-
ing work used multiple triggered cameras to capture high-speed na of animals
[105] and proved that all four of a horse's hooves left the ground the same time
during a gallop. Edgerton also used ashing lamp to study machine p@rin motion
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[46]. The most common approaches for \freezing" or \slowing dowrthe movement
are based on temporal aliasing. In medicine, stroboscopes aredugeview the vocal
cords for diagnosis. The patient hums or speaks into a microphondiah in turn
activates the stroboscope at either the same or a slightly lower éngency [81],[131].
However, in all healthy humans, vocal-fold vibrations are aperiodi®ta greater or
lesser degree. Therefore, strobolaryngoscopy does not captihe ne detail of each
individual vibratory cycle; rather, it shows a pattern averaged cer many succes-
sive nonidentical cycles [100][135]. Modern strobocopes for machimgpection [36]
are designed for observing fast repeated motions and for detémmg RPM. The
idea can also be used to improve spatial resolution by introducing higrequency
illumination [60].

Processing: In computer vision, periodic motion of humans has received sig-
ni cant attention. Seitz et al. [132] introduced a novel motion repesentation, called
the period trace, that provides a complete description of temporaariations in a
cyclic motion, which can be used to detect motion trends and irreguities. A tech-
nique to repair videos with large static background or cyclic motion vgapresented
in [69]. Laptev et al. [80] presented a method to detect and segmegr@riodic motion
based on sequence alignment without the need for camera stabilinatand tracking.
[14] exploited periodicity of moving objects to perform 3D reconsiction by treating
frames with same phase to be of same pose observed from di ereigws. In [141],
the authors showed a strobe based approach for capturing higheed motion using
multiexposure images obtained within a single frame of a camera. Theages of a
baseball appear as distinct non-overlapping positions in the image igH temporal
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and spatial resolution can be obtained via a hybrid imaging device whiawonsists
of a high spatial resolution digital camera in conjunction with a high fime-rate
but low resolution video camera [16]. In cases where the motion can in@deled
as linear, there have been several interesting methods to engintéee motion blur
point spread function so that the blur induced by the imaging device igvertible.
These include coding the exposure [124] and moving the sensor dgrhe exposure
duration [83]. The method presented in this dissertation tackles as@what related
problem of reconstructing periodic signals from very low-speed inegyacquired via
a conventional video camera (albeit enhanced with coded exposure

Comparison with utter shutter: In [124], the authors showed that by
opening and closing the shutter according to an optimized coded patn during
the exposure duration of a photograph, one can preserve higkeduency spatial
details in the blurred captured image. The image can be then de-bled using a
manually speci ed point-spread function. Similarly, we open and clogée shutter
according to a coded pattern and this code is optimized for capturélevertheless,
there are signi cant di erences in motion models and reconstructio procedures
of both these methods. In utter shutter (FS), a constant velaity linear motion
model was assumed and deblurring was done in blurred pixels along tmetion
direction. On the other hand, CSC works even on very complicatedation models
as long as the motion is periodic. In CSC each of the captured framissthe result
of modulation with a di erent binary sequence whereas in FS a singleaine is
modulated with a “all-pass' code. Further, our method contrastsuhdamentally
with FS in reconstruction of the frames. In FS the system of equanhs is not
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under-determined whereas in CSC we have a severely under-deti@ed system. We
overcome this problem by ;-norm regularization, appropriate for enforcing sparsity
of periodic motion in time. In FS a single system of equations is solved fentire
image whereas in CSC at each pixel we temporally reconstruct theralic signal

by solving an under-determined system.

2.1.4 Capture and reconstruction procedure

The sequence of steps involved in the capture and reconstructiof a high-
speed periodic phenomenon with typical physical values are listedid& with refer-

ences to appropriate sections for detailed discussion.

Goal: Using a 25 fps camera and a shutter which can open and clos2@d0 Hz,
capture a high-speed periodic phenomenon of unknown period bysehving

for 5s.

The length of the binary code needed i = 2000 5 = 10000. For an
upsampling factor of U = 2000=25 = 80, nd the optimal pseudo random

code of lengthN (Section 2.3.1).

Capture M =25 5 =125 frames by uttering the shutter according to the
optimal code. Each captured frame is an integration of the incomingsual
signal modulated with a corresponding subsequence of binary vadue length

U = 80 (Section 2.2.3).

Estimate the fundamental frequency of the periodic signal (Sech 2.2.4.3).
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(f) Coded Strobing: Measure linear combinations of a pe  riodic signal’s harmonics.

Figure 2.2: Time domain (Left) and the corresponding frequency dwin (Right)
characteristics of various sampling techniques as applicable to peliosignals. Note
that capturing high-speed visual signals using normal camera caesult in attenu-
ation of high frequencies ((b) and (c)) whereas a high-speed camelemands large
bandwidth (d) and traditional strobing is light-ine cient (e). Coded strobing is
shown in (f). To illsutrate sampling only two replicas have been showmd note
that colors used in time domain and frequency domain are unrelated.

Using the estimated fundamental frequency, at each pixel recgiruct the pe-
riodic signal of lengthN = 10000 from M = 125 values by recovering the

signal's sparse Fourier coe cients (Section 2.2.4).

2.2 Strobing and Light Modulation

2.2.1 Traditional sampling techniques

Sampling is the process of converting a continuous domain signal irgoset

of discrete samples in a manner that allows approximate or exact ogstruction of
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the continuous domain signal from just the discrete samples. Theast fundamental
result in sampling is that of Nyquist-Shannon sampling theorem. Figer2.2 provides
a graphical illustration of traditional sampling techniques applied to priodic signals.

Nyquist sampling:  Nyquist-Shannon sampling states that when a contin-
uous domain signal is band-limited to [Qfo] Hz, one can exactly reconstruct the
band-limited signal, by just observing discrete samples of the signail a sampling
rate f¢ greater than 4, [111]. When the signal has frequency components that
are higher than the prescribed band-limit, then during reconstrumn, the higher
frequencies get aliased as lower frequencies contributing to ereons reconstruction
(see Figure 2.2(Right)(c)). If the goal is to capture a signal whesmaximum fre-
qguency f yax is 1000 Hz, then one needs a high-speed camera capable of 2000 fps
in order to acquire the signal. Such high-speed video cameras aretlighited and
expensive.

Band-pass sampling (strobing): If the signal is periodic as shown in Fig-
ure 2.2(Left)(a), then we can intentionally alias the periodic signalypsampling at a
frequency very close to the fundamental frequency of the sigras shown in Figure
2.2(Left)(e). This intentional aliasing allows us to measure the peritc signal. This
technique is commonly used for vocal fold visualization [100][135]. Heer tradi-
tional strobing su ers from the following limitations. The frequencyof the original
signal must be known at capture-time so that one may perform sibing at the right
frequency. Secondly, the strobe signal must be "ON' for a veryah duration so
that the observed high-speed signal is not smoothed out and thisakes traditional
strobing light-ine cient. Despite this handicap, traditional strobin g is an extremely
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interesting and useful visualization tool (and has found severapglications in vary-
ing elds).

Non-uniform sampling:  With periodic sampling, aliasing occurs when the
sampling rate is not adequate because, all frequencies of the fdrm+ k fs (k an
integer) lead to identical samples. One method to counter this prédm is to employ
non-uniform or random sampling [19][98]. The key idea in non-uniform eg@ling
[19][98] is to ensure a set of sampling instants such that the obsdiwa sequence
for any two frequencies are di erent at least in one sampling instantThis scheme
has not found widespread practical applicability because of its noisensitivity and

light ine ciency.

2.2.2 Periodic signals

Since, the focus of this chapter is high-speed video capture of ipdic signals,

we rst study the properties of such signals.

2.2.2.1 Fourier domain properties of periodic signals

Consider a signalx(t), which has a periodP = 1=fp and a bandlimit f yay.
Since the signal is periodic, we can express it as,
xQ
X(t) = Xpc + g cos(2jf pt)+ b sin(2jf pt) (2.1)
j=1
Therefore, the Fourier transform of the signak(t) contains energy only in the fre-
guencies corresponding tgf p, wherej 2 f Q; (Q 1);::0;1;:::;Qg. Thus, a

periodic signal has a maximum off = 2Q+1) non-zero Fourier coe cients. There-
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fore, periodic signals by de nition, have a very sparse represetitm in the Fourier
domain. Recent advances in the eld of compressed sensing (CS)][23][9][22][144]
have developed reliable recovery algorithms for inferring sparsepresentations if
one can measure arbitrary linear combinations of the signals. Heme propose and
describe a method for measuring such linear combinations and use tteconstruc-
tion algorithms inspired by CS to recover the underlying periodic sighdrom its

low-frame-rate observations.

2.2.2.2 E ect of visual texture on periodic motion

Visual texture on surfaces exhibiting periodic motion introduces hiy fre-
guency variations in the observed signal (Figure 2.3(d)). As a vegimple instructive
example consider the fan shown in Figure 2.3(a). The fan rotates atelatively slow
rate of 833 Hz. This would seem to indicate that in order to capture the spinnm
fan one only needs a 166 fps camera. During exposure time of 60 ms of a:66
Hz camera, the gure "1' written on the fan blade completes aboutdif a revolution
blurring it out (Figure 2.3(b)). Shown in Figure 2.3(c) is the time pro le of the
intensity of a single pixel using a high-speed video camera. Note thie sudden
drop in intensity due to the dark number "1' appearing on the bladesgpsists only
for about 1 millisecond. Therefore, we need a 1000 fps high-speathera to ob-
serve the "1' without any blur. In short, the highest temporal frquency observed
at a pixel is a product of the highest frequency of the periodic evem time and

the highest frequency of the spatial pattern on the objects amss the direction of
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Signal at a pixel over few periods.
Period P = 110 s Frequency spectrum of the signal at pixel (115,245)
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Figure 2.3: (a) Video of a fan from a high-speed camera (b) A 16.66 Emera blurs
out the "1' in the image (c) Few periods of the signal at a pixel wherdné¢ gure
"1' passes. Note the notch of duration 1 ms in the intensity prole. d) Fourier
transform of the signal in (c). Notice the higher frequency compents in a signal
with low fundamental frequencyfp.
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(a) A frame from high speed video  (b) A frame from 16.66 fps video

motion. This makes the capture of high-speed periodic signals withxtere more

challenging.

2.2.2.3 Quasi-periodic signals

Most real world \periodic signals" are not exactly so, but almost; tere are
small changes in the period of the signal over time. We refer to suditoader
class of signals as quasi-periodic. For example, the Crest toothbhuwe use in our
experiments exhibits a quasi-periodic motion with fundamental fregency that varies
between 63 64 Hz. Figure 2.4(a) shows few periods of a quasi-periodic signal at a
pixel of a vibrating tooth brush. Variation in fundamental frequerty fp, between 63
and 64 Hz, over time can be seen in (b). Variation ifip of a quasi-periodic signal
is re ected in its Fourier transform which contains energy not justat multiples
jf p but in small band aroundjf p. Nevertheless, like periodic signals, the Fourier
coe cients are concentrated atjf p (Figure 2.4(c)) and are sparse in the frequency
domain. The coe cients are distributed ina band jffp | fp;jfp+] fp]. For

example, fp =0:75 Hz in Figure 2.4(d).
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(a) Quasi-periodic signal (b) Time varying fund. freq. f
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Figure 2.4: (a) Six periods of &N = 32768 ms long quasi-periodic signal at a pixel
of a scene captured by 1000 fps high-speed camera. (b) Fundatakefrequencyfp
varying with time. (c) Fourier coe cients of the quasi-periodic signa shown in (a).
(d) On zoom we notice that the signal energy is concentrated in a ba around the
fundamental frequencyfp and its harmonics.

2.2.3 Coded exposure sampling (or Coded strobing)
The key idea is to measure appropriate linear combinations of the pedic
signal and then recover the signal by exploiting the sparsity of theignal in Fourier

domain (Figure 2.5). Observe that by coding the incoming signal durinthe expo-

sure duration, we take appropriate projections of the desired sigl.

2.2.3.1 Camera observation model

Consider a luminance signat(t). If the signal is band-limited to [ fmax ; fmax ],

then in order to accurately represent and recover the signal, walg need to measure
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samples of the signal that aret = 1=(2f o« ) apart where t represents the temporal
resolution with which we wish to reconstruct the signal. If the totatime of observ-
ing the signal isN t, then the N samples can be represented inld dimensional
vector X.

In a normal camera, the radiance at a single pixel is integrated dugnthe
exposure time, and the sum is recorded as the observed intensityagpixel. Instead
of integrating during the entire frame duration, we perform amplitadle modulation
of the incoming radiance values, before integration. Then the oliged intensity

valuesy at a given pixel can be represented as
y=Cx + ; (2.2)

where theM N matrix C performs both the modulation and integration for frame
duration, and represents the observation noise. Figure 2.5 shows the structuf
matrix C. If the camera observes a frame ever¥; seconds, the total number of
frames/observations would beM = N t=T s and soy isaM 1 vector. The camera
sampling timeTs is far larger than the time resolution we would like to achieve t(),
therefore M << N . The upsampling factor (or decimation ratio) of CSC can be

de ned as,

M fs

Upsampling factor =U = (2.3)

For example, in the experiment shown in Figure 2.1%,.x = 1000 Hz, andfg = 25
fps. Therefore, the upsampling factor achieved is 80, i.e., the framate 