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I. Introduction

The matrix Riccati equation refers to the quadratic differential equation (RDE)
P(t) = By (t) + Bag (t)P(t) - P(t)Bu(t) - P(t)Blz(t)P(t)

on the space R™*"™ of real m x n matrices. In this equation, Ba; (t), B22(t), B11(t) and By, (t)
are time varying real matrices of dimensions m X n,m X m,n X n and n X m respectively. The
Riccati equation is crucial to a diversity of applications including among others transmission
line phenomena, optimal control and filtering, diffusion problems, and invariant imbedding
(1]. Thus it is natural to consider the problem of understanding which class of differential
equations should be regarded as a generalization of the Riccati equation on R™*"™, It is the

purpose of this paper to illustrate a possible point of view in this direction.

It is well-known (see e.g. [5]) that the flow corresponding to the RDE can be considered as

the description in local coordinates of the flow linearly induced by B(t) = [g“gg 2128]
21 22

on the Grassmann manifold G™(R™*™) of n-dimensional subspaces of R™*™. More precisely,

define a mapping ¢ : R™*" — G*(R""™) by ¢(P) = sp [}I,], the column space of the

(n + m) X n matrix [1{,] The mapping ¥ imbeds R™>"™ as an open and dense subset of

G™(R™*™). Consequently, we may view G™(R"*™) as a compactification of the space of
m X n matrices.
Let now Xp(t,to) be the transition matrix associated with B(t), and define a flow ®5 on
G™(R™*™) by
®p(t, So,to) = XB(t,t0)(So),

S, € G*(R™" ™). The flow ®p is related to the flow P(t, Po,to) of the RDE on R™*" by
¢'(P(t, PO; tO)) = QBU; ¢(P0)’t0)

which is valid as long as the solution P(t, Po,to) continues to exist.

It is clear that the definition of the flow &g linearly induced by B on G"(]R"'*"") can
be generalized to other homogeneous spaces of GL(n,R), such as the so-called partial flag

manifolds. In fact, such flows are of interest in some applications and have been considered
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in the literature (see e.g. (2], (3], [4], [6]). Our suggestion is to regard them as “completions”
of generalized Riccati flows on the affine space RY, in the sense that a generalized Riccati
flow on R™ should be the description in local coordinates of a flow linearly induced by B on
a partial flag manifold.

We point out though that, even in the case under consideration, a clear distinction should
be maintained between the flow P(t, Po,to) on R™*"™ and the flow ®5(¢, So,%0). The two flows,
although closely related, present significant differences such as, for instance, finite escape time
phenomena which generally occur for P(t, Py,to) but cannot appear for the complete flow
®x5(t, So, to)-

We now illustrate in more detail our point of view. Let K = (ky,--+,kq) be a d-tuple of

positive integers satisfying the condition 0 < k; < -+ < kg < ka1 = n. then the (partial)
flag manifold Flag(K,R") is defined by:

d
Flag(K,R") = {(S),---,S4) € [[ G*(R") | Sy -+~ € Sa},
=1
a non-singular subvariety of the indicated product of Grassmannians. In fact, Flag(K,R") can
be given the structure of a real analytic manifold of dimension N(K) 2 ZLI ki(kst1 — k).

Clearly, in the special case d = 1, Flag(K,R") is a Grassmann manifold.

If B(t) and Xp(t,to) are as before, then we can define a flow on Flag(K,R") by
(I)B(t’ (Sl’ ttty Sd)’to) = (XB(t’tO) (Sl)a -+, Xp (t, tO)(Sd))’

and refer to it as the flow linearly induced by B.

Let now ¢ : RN(K) Flag(K,RR") be a regular imbedding (i.e. a one-to-one smooth
mapping with an everywhere non-singular differential) onto an open and dense subset of
Flag(K,R"). It is immediate to show that for each (to,zo) € R x RV (K), there exist 6,2, > 0
and an open neighborhood Uy, ,z, of zo in RN() with the property that & s(t,¥(z),t0) C
'/’(IR-N(K)), for all (t,z) € (to — 6z9,z0s to+ btg,z0) X Uty,zo- Thus, for each (to, o) € R X RNUO

we may define a map Ry t;,20 : (fo — 60,205 L0 + Oto,20) X Uto,zo —* RN by -

(t’z) - ¢—1 QB(ta 'P(-"’)ato)-
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It is easy to check that Ry 4,2z, is a local flow around zo. Moreover, the family {Ry ¢, 2, |
z0 € RV (K )} is compatible, in the sense that two flow lines that intersect, will coincide in their

common domain. Therefore we obtain a time-varying vector field on R (K ), which we denote

by Yg,¢(t) and refer to as a generalized Riccati field associated with B and . We remark
that if ¢ and ¢ are two different imbeddings of the above type, there will be an open and
dense subset of RV(K) on which the integral curves of Yp y(t) are carried diffeomorphically
onto the integral curves of Yp 4(t). '

In the next section we give an examﬁle of a Riccati field associated with a standard
imbedding 1, and we show that its integral curves are solutions of a polynomial differential

equation of degree d + 1. This equation coincides with the RDE in the special case d = 1.

II. GENERALIZED RICCATI EQUATIONS

Let Vi (IR™) denote the Stiefel manifold of full-rank m x k matrices, k < m, with entries

in R. Let K = (k;,---,ka) be as above, and let

d—1
V(E,R") = [] Vio_i(R*+-9)

=1

G(K,R) = - GL(ks—:, R).
Define a right action of G(K,R) on V(K,R") by
((gd’ tee ’gl)a (Xda s ’Xl)) - (ngd, d,;le—lgd—l’ e ’gz—-IXlgl)-

It is easy to check that this action is free and proper. Consequently, the orbit space V (K,IR")/
G(K,R) is a manifold. The orbit manifold V (K, RR")/G(k,R) may be identified with Flag(K,
R"™) via the natural bijection n given by:

n(< Xay++, X1 >) = (spXg-+--- X1,8pXq - X2, ,8pX4Xa1,8pX4),

where < Xj,---,X; > denotes the G(K,R)-orbit of the point (Xy4,---,X;)) € V(K,R").
(For more details, see [7].)

Let now M;;(IR) denote the space of + X j matrices with entries in IR.  We will make

d—1
the following natural identification: [] Mx,,, .~ks_.)» ka—i(R) = RN and we define a
=0
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mapping 4 : RV(¥) Flag(K,RR") by

(Pay-++, P1) =< [;d]*[Pj_l]""’ [Ifx] 7

It is easy to see that ¢ is a regular imbedding of RN (K) onto an open and dense subset
of Flag(K,R"). Thus, if X441(¢,¢0) C Xg(t,to) is the transition matrix associated with
B(t) € M, »(R), we may consider the Riccati field Yp 4 (t).

If &5 denotes as usual the flow linearly induced by B(t) on Flag(K,RR"), then

I I I
B5(t, $(PS, -+, PP),to) =< Xap(trt [ H ][ ]>.
B(t, ¥ (P 1)»to) a+1(bto) | po |5 | po Po
Next, if we put

Xens(oto) | pg| & [ 54010 ] Patt) £ Zute o) Xatt 1),

then we see at once that P,(t) satisfies the RDE
Py(t) = Ba1(t) + Baa(t) Pa(t) — Pa(t)Bi1(t) — Pa(t)By2(t)Pa(t)

and the initial condition P4(to) = PJ, which expresses the dependency on tq that has been

omitted in the definition of P;(t). Here B(t) = [gugg g:zgg] is a block-partition of B(t)
21 2

corresponding to the partition (kq,n — kg) of n. Thus By;(t), B12(t), B21(t) and B (t) are
ka % ka,kq x (n = kq), (n — ka) x kg and (n — kg) x (n — kq) respectively. Moreover, we observe
that Xd(to,to) =TI and

_ Xa(tsto) = Bu1(t) Xa(t,to) + Bi2(t) Za(t, to)
= (Bu(t) + Blz(t)Pd(t))Xd(t, to).

Therefore, X4(t,to) is the transition matrix for

B33 (t) 2 (Bui(t) + B12(t) Pa(t)) € My, 1, (R).
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Finally, keeping in mind the group action of G (K,R) on V(K,R"), we have:
0 "ee 0 — I I LI IR ) I
QB(ta"nt'(ljdi apl)tO) =< Xd+1(t7t0) [Pf]’[Pg_l]’ ’[Plo] >
— Xd(t’ tO) -1 I I
=< [Zd(ta to) | Xeltto) ™o Xalbsto) [ pg o+ [ pp | >
IR I I
=< |y Xttt ERES 7>

Thus, we can proceed inductively as before, to get matrices Xg—(¢,t0), Za—i(t,to), B (t),

Pé-3(t),§ =0,-++,d — 1 defined as follows:

Xa-i(tsto) | & ) I
[Zd_g'(t, tO) = Xd—i-i'l (t, tO) Pf_g
Pyi(t) £ Za_i(t,to) Xa—i(t,t0) !
B471(t) & (B{ () + Biy () Pass ()
B(t) £ B(t),

where (B3.%(t)),n,v = 1,2 is 2 block-partition of B4~%(t) corresponding to the partition
(Kd—iskd—i+1 — ka—s) of ka—i+1. Hence, Xa—i(t,to) is ka—s X ka—i, Za—i(tst0) is (ka—iv1 =
kd_,') X kd__,',Pd_,'(t) is (kd—i+1 - kd_,') x kg_; and Bd_'.(t) is kg—i+1 X ky—;. The above
matrices are such that

i) Xa4_i(t,to) is the transition matrix associated with B4=%~1(2).

ii) Py_;(t) satisfies the differential equation:
(2) Pa_i(t) = B3 (t) + Baz () Pailt) — Pa_i(t) B4 (t) — Pai(t) By *(t) Pas(t)
and the initial condition Pi—;(to) = PJ_;.

I
= ¢(Pa(t), - Py(t))-
We remark that B#~1(t) = (B1(t) + Bi2(t) Pu(t)) is of degree one in Py(t),Bi72(t) =
(BE1(¢) + BY; + Béy? () Pa-1(2)) is of degree two in Py(t), Py_1(t) and, in general, B4~%(t)
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is of degree < ¢ + 2 in Py(t), -+, Pa_i41(t). Thus the differential equation (2) is of degree
< i+ 2 in Py(t), -, Pi—i(t). In particular, for ¢+ = d — 1, we see that the overall degree of
the system is < d + 1. Also, from iii) we see that the flow line for Y5,y (t) passing through
(P9, -, PP) at time to is precisely (Pa(t),---, P1(t))-

We summarize the above discussion in the following.
Theorem The flow line (Py(t), - -, P1(t)) of the Riccati field Yp,y(t) passing through (P2,--,
PP) at time ¢o is the solution of a polynomial differential equation of degree d + 1 which may

be written as a nested system of Riccati equations of the type
Pa_i(t) = BT () + Biy* (8) Pacs(t) — Pa—s(t) BiT*(t) — Pa-i(t) Biz " (t) Pa-i(t)

where B4—i-1(t) = (B¢ *(t) + Bi; *(t) Pa-i(t)),i = 0,-+-,d — 1, and B4(t) = B(t). In partic-
ular, if d = 1, Py (t) is the solution of the single Riccati equation associated with B(t) passing
through P1° at time ig.

We conclude with an example. Let n = 3, K = (1,2), so that N(K) = 3. Thus R® will
be identified with the space {{A,B] | A € M12(R), B € M1;(R)}. We want to describe the

differential equation that the flow line (P3(t), P1(t)) = ([pgl)(t), ) (1)), [p2 (£)]) has to satisfy.

For simplicity of notation, we will omit the explicit time dependencies.

b1y b1z |  bis
B? = bz, bz | b2s
=7 7o Jh
b31 632 I b33
b b b
gl = | 12] [ 13} 1) _(2)
[521 b22 * | bas [5",p2" ]

[bu +biapy) bia+ brapy )] )
bz + bzapg ) bag+ bzspg )

Thus we obtain

[Pgl),l’z ] [b31,b32] + bss [pgl),pgz)] [ gl)’pgz)] [::: bu}.

bs2
[pgl),p( )] [223] [ (1),pgz)]
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p1 = (ba1 + bzapgl)) + (baz + bzspgz))m — p1(b11 + bisp

1
&)
— p1(by2 + 513Pg2))P1-
Hence, if by3 = b13(t) is not identically zero, this is a cubic differential equation.
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