




































































Y :::: go ,o(>, ) 
for k :::: 2 and l :::: 2 
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y :::: 92 ,l (A) 
for k :::: 2 and l :::: 2 
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O. s 
y=go,o(>- ) for k = 3 and I = 4 
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89548412

• t _ , 47. 69465404699078 , t -, 41. 69465487

42863

7 
t -> 65 

9
28 54351930347' t _, 53 .10234291389381, t _, 54. 9716418999163 ' 

t -> ,O l0469165294185 t _, 59 ,8679960048814', t _, 63.89023901576903 
t -> 

1

,-000042

8892595

5 t - , 65.4191231356!606, t ., 69.346221s16

34772

' 
t -> 

8 

,60597394463 't _, 14.1219514662958', t _, 75,50515332191511 ' 
t -> 8; ,532 71263997;

91
, t _, 78 .00856290934334, t _, 79.65635319861751: 

t -> 96 890380752979 4 , t _ , 86, 5197052341162, t _, 88, 1961584307179, 
t -> 

1 

· 280 60332868 7 ' t _, 91. 471958550221, t _, 96. 2092901649297, 
t -> ,°

4

, 879893598 57 ' t _, 101. 7128251920268, t _, 104. 0816882455761, 
t -> 1\0. 543664115:ii3 • t _, 106,2955151301698, t _, 108, 7625326937922, 
t -> l1 

5 

· 05378714997 
2

• t _ , 110. 50664970148 6, t _, 111. 9114801112519, 
t -> 

1 
9

. 77211621 
54

, t _, 116,01135968282, t _, 117 ,6261531232451 
t -> / 

6

, 2682 8372 04 
86

, t _, 121. 391 7863965991, t _, 122. 868230208597;, 
t --> 

1

;

2 

• 47 51 

7711

~i g, t _, 127. 5485956915106, t -, 129. o76J833022" 4, 
t -> l O · 3128 4074 

7
, t _, 134. 3661171514'31, t _, 139. 8151188509603, 

t -> 

1

~ 

5

. 661

21533 

;gn, t -, 141. 32126162B9276, t -, '". 85193624B1336, 
t -> l O · 9312219 

26
, t _, 145. 6612236085271, t _, 149. 5486590800423, 

t -> l~0.111129

5

~~~502, t -> 1S2,8966920461671, t -> 155,0801928162633, t -> l81. 7066428874!"' t _, 162,0029283791606, t _, !63,0291016520 376 , 
t -> O, 503185 87, t _, 176. Q6054186!1461, t _, 179. 0276772027119, 
t -> ;;2. 307958;;~: 97 , t _, 184 ,2039363892649, t _, 184. 9297917031225 , 
t -> 20 B.536466
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088, t -> 192 . 9334991027171, t -> 194.3343911511273, 
t -> 2. 637885 l88, t -> 198 . 5366018382149, t _, 199 _9104284813351, 
t -> go. n

2624 

~~: 
4 

458, t -> 204. 034024414969 2, t _, 205. 5457689475'39, 
t -> '2 o. 554836230 

44
6, t _, 215 _3675606955191, t _, 2is,9200921916279, t -> 8. 012664 

7 
001, t _, 222. 2112810224269, t _, 223 . 779667 5881827, 

t -> 335. 797221~:~9392, t _, 228. 286389600641', t _, 232-9126521130004, t -> 

2 

46. 31

142248

/ "', t -, "o. 6339'5'°" 342, t -> 242. os3052337211, 
t -> 51. "'

183 
11

25, t -, "6. 311ssoo1B2405, t -, ,so .114804 011oss, 
t -> 3"• B2Bl22~j

9
0692, t _, 253_4120815593681, t _, 255, 6458302490369, t -> 72.26

1485 
88

808, t -> 262.564824538651', t -> 263,36038578983B2, 
t -> ~92. 590228~7!6922, t -> 276. 1634139640419, t _, ,S4. 7456606211888, 
t -> OS. 537 

645 
462

008, t -> 294. 0312510<0381. t -> 298 _ 3424598592013, t -> 

31

1. "

120

,8
88

5128, t -> 
3

06. 0957225674991, t -> 301. 48923382'3685, 
t -> 

3

15. 612626 '217 218, t -> 311- 6713024082713, t _, 313- 0430668814255, 
t -> 

3

24.070

711

~
54

8545, t -> 311.1B00661447B03, t -> 318,6453009133259, 
t -> 333. 72671 704314, t -> 328. 416877854 6816, t _, 32'. 51374394 69901 , 
t -, 34 8. 7So3s'0590 97 3, t -> 340. 9940525621645, t _, 346 . 1s67359982614, t -> 361.

85796

;
5

948485, t _, 
350

_205980045 4311, t -, 354_s159959005625, 
t -> 

3

12. 05781 
7

965473, t -> 366,4327520975686, t _, 367 _3388696122734, t -> 

3

77. 

20395 
2

3606938, t _, 
372

. 0583244 28 5123, t _, 31S. B22622550lB3, 
t ·> 

3

85. 18118: 
9
061058, t _, 379. 094386558956 9, t _, 381. 3518958814835, t -> 397 _9

5994 

380463, t -> 388 ,268888637161', t -> JBB.9510535971025, 
t ·> '31. 0

791 

00808277, t -> 40l - 6349081355191, t -> 410 . 4325984238354, 
t ·> "3 . 

858

,5"89525, t -> 
432

. 498382 590 1077, t _, 436. 75799058004 28, 
t ·> '49 .9434 

28
5794038, t _, 444.3864239119701, t ., 445. 71656524'7394, 

t -> 466. 602s'3415087, t -> 453. ,05192594 081', t _, 456. 9026014'7988, t ·> '99. 9918 
704 

558634, t _, 
4 

66 64 56030546203, t _, 479. 1B29568486166, t -> 512. 

8897 

5902664
74

, t _, 
501

: 424680699530 1, t -, sos. 7239481596139, 
t ·> 522. 

92 69 
3

251294 78, t _, 
517 3313136854 68', t -> 518. 73Q475B54B201, 

t -> 535. 841,°89653256, t -> 522. 921616JSlB153, t _, 529. 9,sJ62009448

7

, 
t ·> 594. 618 144117165, t -> 53,- 732964560646, t _, 552. 347145706559, 
t ·> 607. 

303 

8851997433, t _, 
596 

· 0281 050590 512, t -> 600- 2557219958029, 
t -> 6 76. 

213 

~ 143,588 
49

, t _, 
61

7 1156389960111 , t _, 629. B7 s2' 2os18649, 
688. 989 112854012, t -> 677 6328437120643, t _, 681, 889'110400342, 

7618919281, t -> "': 9315989188519, t _, 711. 718274 0803474 I 

38 



Mathematica procedure for tables 2-1 and 2-2 

hz/: hz(k l 
Do (g (k, - ' . m_ , pl_, p2_ , ql_, q2_J : -

Pu 2 'l, i , _j , m); Put Append({i, j) , "data " ); _ . 

1
.tAppend (Union(li], "dat a " ); lj - Appendflj , Uni on (l i] J, 

l. ' Pl , p2, 1) , 
{ J , gl, g 2 , 1)) 

gz/: gz(k 
Bl k _ , l_ , mx_ , my , m J :-

oc f{xl 2 - -
Wh'l ' x , n), n - 1; xl - 2; x2 - 1 2; li - (); 

i
2

e(n <- m, If(N(g ( k , l , mx, my, xl)•gfk, l, mx, my, x2)) > 0 , 

x ~ x2 + 10, AppendTofli, 

~l.ndRoot ( g(k , l, mx, my , tl, / t , /xl, x2}}]); n - n + l; xl -

X - X2 + 11) )) 

g/: 9!k l 
Hyper ' - ' mx_ , my_ , lambda J 

x2+l ; 

(mx/?eomet ri c2Fl (mx/2 + my/2 + h(k, 1, lambda), 

. + my 12 + ( k + 1 J / 2 J - ( 1 + h ( k , 1, lambda J) , my+ 1/2, 1/(k + 1)) 

h/: h[k_ , l , 
lambda_ ) ((k + l)/2 - 1 + Sqrt(( (k + 1)/2 - 1)~2 + lambda)) /2 
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3.FURTHER COMMENTS 

I th. . d fin·t· ade in chapters 1 and 
n 1s chapter we recall some of the basic e 1 ions m t 

2 b . th m in a more abstrac 
a ove, and we investigate the connect10ns among e 

setting. . 

S • . . d A f t · f. M---+ R is an isopara-
uppose M 1s a Riemanrnan marnfol . unc wn · . h 

metric function if !).J and 1/'v J//2 are both functions ~ff. As above, D. is t e 

Laplace-Beltrami operator on M and 'v J is the gradient off. 
S r. · • : A f t· . 0 ---+ R is an overdeter-

uppose H 1s an open domam m M. unc 10n 9 · H 

mined ( Dirichlet) eigenfunction of n if g satisfies D.g + Ag = 0 in n for some 

number>.. and satisfies both boundary conditions g = 0 and ?n = constan~ on 

on. Not every domain in a manifold will admit overdetermined eigenfunctwns 

(see the references at the beginning of Part I). 
Th · • · t · f t·ons and overde-

_ ere are 1nterestmg overlaps between 1soparame nc unc 1 • • 

t:nnmed eigenfunctions. Any eigenfunction g satisfies the isoparametnc con~i­

tion that /:).g is a function of g, because in fact D.g = ->..g. Every isopar~etr~c 

~unction f will satisfy overdetermined boundary conditions on a domam n if 

it satisfies only the Dirichlet boundary condition J = 0 on an. For suppose 

//'v f //
2 = h(J) , then on 00, 1/'v f/12 = h(0) = co~tant. Now because on is a 

level surface of J, a normal vector to it will be 1/'v j/1 · So 

of VJ /Lin\ 
- = - · 'vf = 1/'vfl/ = vh(0). 
an 1/'vf/l 

Indeed, an isoparametric function will have constant normal derivatives on all 

of its level surfaces. 

. It follows that if an isoparametric function is also a Dirichlet eigenfunc­

tion for a domain n then in fact it is an overdetermined eigenfunction for 

the domain. The overdetermined eigenfunctions shown in Part I above for 

certain subdomains of spheres are all isoparametric functions. In R", 5n+ 

(hemisphere), and H" (real hyperbolic space) the only examples known of 

overdetermined eigenfunctions are also isoparametric functions. As far as we 

know, it is an open question whether every overdetermined eigenfunction must 

be an isoparametric function . 

It is clearly not true that an isoparametric function will necessarily be an 

overdetermined eigenfunction of some domain. (The most natural domain 

would be the set of points where the function is positive.) An isoparametric 

function need not satisfy the equation D.j + >..J = 0, only some condition 

of the type !).J + h(J) = 0. However, as was done in Part I above, given 

an isoparametric function J with n = {p E M/f(p) > 0}, one may search 

for overdetermined eigenfunctions on n of the form </>(f) where </> : R ---+ R . 

Then we have!).(</>(!)) = !).(j)</>'(f) + 1/'v J/1 2 </>"(J). Precisely because D.j and 
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jl 'v f l/
2 

are functions of J, the equa tion D.( </>(!) ) + >.J =. 0 will becom\a~ ~r J 
or_ <I> where the single boundary condition </> (O) = 0 will guaran tee t a 

sa tisfies overdetermined boundary conditions on an. . 
Cartan ( [Cal) has shown that if J is an isoparametric functton , th_e l~vel 

surfaces off will be p arallel and each level surface will have constant prmci?al 

curva tures . Following his techniques we are able to show that if a funct10n 

f is an d . . . ' d · n here an has constan t 
over e termmed eigenfunct10n on a omam H w 

curvatures, t h en f will be isoparametric locally to an. See Theorem 1 bel?w. 

We conjecture that a proof of the fact that an overdetermined eigenfunctton 

must b e isoparametri c might go as follows. 

~ · The exi sten ce of one overdetermined (Dirichlet) eigenfunction on a do­

main n ==> the first (Dirichlet) eigenfunction of n is overdetermined. 

2 · The firs t eigenfunction of n overdetermined==} an has constant curva­

tures (by Ray leigh me thods). 
3 · The firs t eigenfunction of n overdetermined and constant curvatures on 

t~e boundary of n ===} the first eigenfunction ( and any other overde termined 

eigenfunction) is an isoparametric fun ction (Theorem 1 plus a global geometric 

argument covering level surfaces having cusps, etc.) . 

THEOREM 1. L et M be an n-dimensional Riemannian manifold. Suppose n is 

a~ open domain of M with the surface an having constant principal curvatures 

/\. 
1

' K2, · · · , Kn - 1- Suppose f : n -t R satisfies !if+ >.J = 0 inn for some 

number,\ and f = 0 and ¥ = k on an for some constant k. Then 1/'v !II is 

constant on level surfaces off n ear an. 

PROOF: We will suppose n = 3. We also suppose that an and level surfaces 

off sufficiently near to it are smooth surfaces of dimension 2. In this region 

;'e define an orthonormal frame of coordinate vectors e1, e2, and e3 in the 

0
~
10 ':ing manner. e1 and e2 are unit vectors that lie in the directions of 

principal curvature of each level surface of f (including an). e3 is always 

p erpendicular to the level surfaces (say inward from an) . 

We will calculate !if in terms of this moving frame. We let f; = e;(f ). 

Then VJ= /Je3. We will write Duv for the Levi-Civita connection of the 

vector field v in the direction u. Then we calculate 

Then 

DeJ'v f) = De, (/Je3) = /J1e3 + /JDe1 (e3) 

= h1 e3 + hK1 e1 

De2 ('v f) = De2 (/J e3) = f32 e3 + /JK2 e2 

De3 (VJ) = De 3 (/3e3) = /J3e3 + /JDe3 (e3) 
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Iiere w h 
e ave used the fact that 

e3 · (Des(e3)) = te3(e3 · e3) = ~e3(l) = 0 

N 2 
' ow we have ass d th t f . . . . 
" such that ume a IS an e1genfunct1on, so there exists a number 

(3.1) 

Let us . 
f consider th· · 

3 ::::: il'v fll _ IS equat10n on the boundary surface an. Here we have 

We see that - c?nstant. Also K1 and K 2 are constants and f = 0. Whence 

(3.I) as !33 Is constant. But / 33 = e3(!J) = e3 (11V f/1). So we may rewrite 

(3.2) 

¼ ).J = /IV fll(K1 (f) + K2(f)) + e3(1/V f 11) 

e recall th 
by integraf at on an'. /IV !II is a constant. Now if we imagine solving for /IV !II 
that the tg equat10n (3.2) in the e3 direction from the boundary, we see 

far as ou vfa ue of //V fl/ depends only on the value off. This result holds as 

r rame holds. 
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