








































































































y = go,0(A) for k=3 and [ =4

figure 2-6
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& o= 235-7126645969392' g 222.2772810224269, t => 553.7796675881827,
i iy 972246609987 t -> 228.2863896006418, t -> 232.9726521730004,
t - 251.3114224861125' £ => 240.6339454074342, g -> 242 053052337211,
b s 259'4971836490692' t =P 246.3115800182405, ¢ -> 250 1148040114355
o 272-8281220388808' t = 253.4120875593681, £ -> 255 458302490369
= o 292.2614853716922' § o 262,5648245386514, £ -> 263 3603857898382
e % 305'5902282462008' T =2 276.1634739640419, g5 284 7456606211888,
t 311'537645888512 , &= 2 g4, 0312510403827 t -> 298.3424598592013,
. > 315-6712004217218' t -2 306.0957225674991, -> 307 4892338283685/
L 324-6126261548548’ t == 311.6713024082773, t -> 313 0480668874255+
v =5 333-0707110704315' r == 317.1800661447803, g wy 318 6453009133259,
g 348'7267120590974’ B == 328.416877854687 L g > 328 5737439469907/
P e 361-7503645943483’ R = 340.9940525627645, ¢ -> 346 1567359982674,
iy 3585796779654 5, t = 320, 2059800454377/ g => 384 5759959005625,
Py 377'0578123606973’ t -2 366.4327520975686, ¢ -> 367 388696122734/
g e 385'2039589061038' t -2 372.05832442857 . Lo 375.822622550183,
o 397'1811863804658’ -> 379 0943865589569/ £ -> 381.3518958814835,
e 431'959940080823' ¢ -> 388.268888 21674, t =2 338, 9510535971022
- 443-0791531895277’ t -> 401.634908135519 .t > 410 325984238354
g 449'858728579405' t =2 432.49838259010 . B 436.757990 800428,
e 466'9434134150 38, t ~» 444.3864239719707, -> 445 2765652487394/
N =3 499-602570455887r t =2 453,305192594031 , > 456. 2601487988,
fe o 512‘9918590266634' t -> 466 6256030546203/ -> 479 1829568486766
& 2 522-8897325129474' t -> 501 1226806995302 g -> 502 7239487596139/
. 535.9269039653;78, t -> 517 3313136854684, y -» 518 7304758548201,
e 594.8418144117 56, t -> 522 9276163518753, ~5 529.928362 094487,
" co 618885199 165, t -> 539.7323 J5L6; &7 5o2.347745706358,
£ 676'3039143852433’ ¢ -> 596.0281 50590512/ £ 77 600.2557219958029,
- eas-213711285 849, t -> 617,1756 59960111, t 77 629.8752420518649,
-98976189 4012, t -> 677 6328437120643, £ -> 681.8894110400342,
19281, t -> 638 $315089788519 © > 711.7182740803474]



Mathematica procedure for tables 2-1 and 2-2

hz/: hz{k_, 1 _, m, p1, p2_, ql_, g2_] := e

Polgz(k, 1, i, 3, m]; Putappend[(i, j), "data"l: i
Pgthppendenion[li], "data"); lj=append[l3], Union i
{i, p1, p2, 1},

{3, q1, az, 1}]

gz/: 9z(k_, 1_, mx , my , m - . '
Block [{x1, %2, ml, n o= 17 xl = 25 %2 « 1@ 14 = £z

> 0,
While(n'<='m, If(N(g(k, 1, mx, my, x1]*glk, 1, mx, my, x2J]

X2 = x2 4+ 10, AppendTo[li, L we
FindRoot [g(k, 1, mx, my, t], {t, {x1, x2))]]i n =n + 17X
X2 = x2 + 11)])
Q/:Hglk_, 1, mx_, my , lambda_ ] := e
Pergeometric2F1 [(mx/2 + my/2 + h(k, 1, la al, .
(Mx/2 + my/2 + (kx + l)/2)y— (1 + h(k, 1, lambda]), my + 1/2, 1/(k + 1))

A /2
h/: hik_, 1_, lambda ] := ((k + 1)/2 - 1 + Sgrt[((k + 1)/2 - 1)7°2 + lambda])
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3.FURTHER COMMENTS

jons made in chapters 1 and

° ig;his chapter we recall some of the basic definit : 3 t
set tinge, and we investigate the connections among them in a more abstrac
- il:?p fose M iS_a Riemannian manifold. A function f:M — Risan z'so-pam-
Lisiil = iedon {f Af and ||V £]|* are both functions 9f f. As above, A is the
place-Beltrami operator on M, and Vf is the gradient of f.
m,’ilégpos? Q is an open domain in M. A function ¢ : 2 = R is'an overdeter-
sl (Dz”Chlet)-6igenfunction of ) if g satisfies Ag + Ag _——:90 in §) for some
o0 Ner A and satisfies both boundary conditions g =0 and 5% = constant on
. Not every domain in a manifold will admit overdetermine

(see th d eigenfunctions
: There refer'ences a_t the beginning of Part I).

termin:dar.e lnterest.mg overlaps between isopara?metric flfnctions and overdé-
tion that zge'nfunctlor}s_ Any eigenfunction g satisfies the 1sopm§metrlc cond'l—
function f gisa fu.nctlon of g, bec?use in fact Ag = ——/\g Every 1sopara'metr1.c
it satisfie will Satley. 9verdeternuned bound'a,-ry conditions on a domain {0 if
IV _s only the Dirichlet boundary condition f = 0 on 9. For suppose
= h(f), then on 8%, ||V f||> = h(0) = constant. Now because 0§} is a

v

level surface of f
, a normal vector to it will be ——. S
IV

o _ Vi Gp_[vfl = KO
on ~ |IVS Vf=IIVfll = vVRO0)

Inde i 4 . .
ed, an isoparametric function will have constant normal derivatives on all

of its level surfaces.
tiO]I:: ff"((:xl‘k;wfl tha? if an isop.arametx:ic.function is also a Dirichlet eigenfunc-
e OI’III‘E}llln 2 then in -fact it is an ox@rdetermined eigenfunction for
B sub('i e overdetermined elge'nfunctlons shown in Part I above for
(hemispher )omaags o'fl' spheres are all. isoparametric functions. In R®, S ot
OVErdetermfn, dan‘ H (re.al hyperbohc' space) the. only examples known of
o e ane elgenfunthons are also isoparametric functions. As far as we
be an’ i open question whether every overdetermined eigenfunction must
. parametric function.
ng‘d]:tif;dy dno? true tha.t an isopa.rametric. function will necessarily be an
el e thne telgfenflfnctlon of some don'lam.. (The most natural domain
ol Z set o pc?lnts where thf'B function is positive.) An isoparametric
e eeA not satisfy the equation Af + Af = 0, only some condition
- iSopa}x’Zm tf: +fh(f)' =0, However, as was done in Part I above, given
for overdetee ke dun'ctlon f V.Vlth @ = {p € M|f(p) > 0}, one may search
S rmined eigenfunctions on 2 of the form ¢(f) where ¢ : R — R.
e have A(4(f)) = A(f)¢'(f)+ IV fI|*8"(f). Precisely because Af and
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— 0 will become an ODE

+Af
ee that ¢(f)

IV .

for Q’wi:; f“ﬂ’f“‘?ns of £, the equation A(¢(f))
satisfies ov:rtiei;’ngle boundary condit.ion $(0) = 0 will guarant

. ([Ca]) hmxned boundary conditions on on.

surfaces of f will baS shown that if f is an isoparanletri
“Urvatures. Follo °p arzfllel and‘each level surface will have constant pri
fis an OVerdeterW?ng h’? teChlel'leS, we are able to show that if a function
Curvatures, then mm.ed elg_enfunctlon on a domain § where 96 has constant
We Conject,u f will be isoparametric locally to 9. See Theorem 1 below.
re that a proof of the fact that an overdetermined eigenfunction

must be j

i TE ;szp'azametric might go as follows.
Xi 1
stence of one overdetermined (Dirichlet) eigenfunction ki
ned.

main )

2. Thfjii stth:i fir ;I. (DifiChlet) eigenfunction of {1 is overdetermi
tures (by Ra .ge unction of ) overdetermined = 99 has constant curva-

o i Eouleigh metlin]
t%le bOunda:;toe;génquctiOn of Q) overdetermined and constant curvatures on
eigenfunction) is an'=> the ﬁrst'eigenfunction (and any other overdetermined
SEgiTEN coters isoparametric function (Theorem 1 plus a global geometric
T ring level surfaces having cusps, etc.).

EM 1. ;

an open dOmale;ifAAJJ be'aﬂ n-dimensional Riemannian manifold. Suppose 21s
K1,K,,... K g with the surface O having constant principal curvatures
number )\ andn;];_ Ouppos&f . Q — R satisfies Af + Af = 0in § for some
= 0 and gL = k on 99 for some constant k. Then ||V f]| is

const
. stant on level surfaces of f near 92
ROOF: We wi .
: will
of f sufficiently nZ:j)IZOS.e n = 3. We also suppose that 9§ and level surfaces
o it are smooth surfaces of dimension 2. In this region

we define
an orth rm
. ono 1
foll ; i al frame of coordinate vectors ej, €2 and e3 in the
Ilg manner. e; a 1 ,
1 Ild €9 are unit vectors that he in the directions Of

Pl‘incipal C
urvature of each level surface of f (including 89). es is always

perpendi
We Willcluizlictll(; tthe leve¥ surfaces (say inward from 02).
ate Af in terms of this moving frame. We let fi = ei(f)

Then Vf W,

= f3e3- - .
vect 4 will write Dyv for t Wal e :
or field v in the direction u. The';l wzrcal}iilIajl:, QiR tenedient of e

¢ function, the level
ncipal

D.,(Vf) = D.,(fse3) = fa1es + f3De,(e3)
= fa1e3 + f3Kie;

D.,(Vf) = D.,(fse3) = fszes + f3Kzez
Dy (Vf) = D.,(faes) = fazes + f3Dey(e3)

Then
Af=e¢€-(D
1°(De, (V) + €2 (De,(VS)) + €3 (Des(VS)) = faK1 + fsK2 + fs
3.
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H
€re we have used the fact that

1
63(63 . 63) = '2-63(1) =

N =

€3 (Dey(e3)) =

N .
k' Su(;;lv t\;;e have assumed that f is an eigenfunction, so there exists a number
at

(5
) Af =M = fsK1 + f3Ky + f33

Let .

f3 :urv(:onslder this equation on the boundary surface 9. Here we have

We Seelt FII'= constant. Also K, and K, are constants and f = 0. Whegce
hat fi3 is constant. But f13 = e3(f3) = ea(||Vfl). So we may rewrite

(3.1) ag

(3.2
) M = IVFIES) + Ko )+ es(IVAI)

e
-ecall that op 99, ||Vf| is a constant. Now if we imagine solving for [V /]

int :

th t}c;gratlng equation (3.2) in the ez direction from the boundary, we see

g ¢ Value of ||V f || depends only on the value of f. This result holds as
our frame holds,
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