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Chapter 1

Overview

This thesis investigates stability thresholds, specifically the a- and é-invariants, which play a crucial role
in various areas, most notably in their original purpose of detecting the existence of (twisted) K&hler—
Einstein metrics on Ké&hler manifolds. These invariants are related to singularities and stability conditions
in algebraic geometry.

The a-invariant, introduced by Tian in 1987, provides a sufficient condition for the existence of
Kahler—Einstein metrics on Fano manifolds, while the J-invariant, developed by Fujita-Odaka in 2016,
offers a necessary and sufficient criterion. This thesis explores the asymptotic behavior of these invariants,
mostly in the toric case, where their computation can be reduced to combinatorial problems for lattice
polytopes.

The main results of this thesis include: a counterexample to Tian’s stability conjecture on ay-
invariants (Chapter 4), a resolution of the last case of Cheltsov—Rubinstein problem (Chapter 5), and the
derivation of toric G-equivariant a-invariants (Chapter 6), as well as asymptotic expansions for quantized
barycenters of lattice polytopes and toric dx-invariants (Chapter 7). Chapters 4 and 5 deal with surfaces

that are not toric, while Chapters 6 and 7 deal with toric manifolds.



1.1 Motivation

1.1.1 The Kahler—Einstein problem

Let X be a compact Kéahler manifold of dimension n. Recall that X is Kdhler—Fintein if it admits a

Kéahler—Einstein metric, i.e., the Kéhler form w satisfies
Ricw = \w

for some A € R.

Notice that there is a cohomological constraint for the existence of such a metric. Indeed, taking
cohomology classes of both sides, we obtain 2mc¢i(X) = Aw]. In particular, ¢1(X) is either negative, 0,
or positive. For the first two cases, it was shown that a unique Kéahler-Einstein metric always exists
[5, 111, 112]. The last case, i.e., X is Fano, is more complicated. Unlike the former cases, Fano manifolds
do not always admit Kéahler—Einstein metrics. Indeed, a necessary condition for the existence of such a
metric on X was found by Matsushima, namely the reductivity of Auty(X), the identity component of
its automorphism group [78]. In particular, P? blown up at 1 or 2 points does not admit Kihler-Einstein
metric, as its automorphism group is not reductive.

On the other hand, Tian’s a-invariant provided the first sufficient condition for the existence of
Kahler—Einstein metric. We may assume A = 1 by rescaling, and fix some reference metric w in the class

2meq(X). Consider the space
Hey = {@’ww = w+V—100¢ > 0} C C™(X)
of Kéahler potentials of metrics cohomologous to w. Tian introduced the invariant

a(X) = Sup{c >0

sup / e_c(“’_sup“’)w”<oo}
pEHL JX

Note that o does not depend on the choice of w.



Theorem 1.1.1. [101, Theorem 2.1] Let X be a Kdhler manifold with c1(X) > 0. X admits a Kdhler—

Einstein metric if

There is also a discrete version of a-invariants,

ap(X) = sup{c >0

sup /e_c(¢_sup¢)w"<oo ,
peHwL K JX

where

Hw,k = {(p

and —K x is the anti-canonical bundle. This was introduced by Tian, as a result of the approximation of

dp,
1 _
wp = 7V=10010g Y |sil®, {s:}{%, is a basis of H*(X, —kKx)
k i=1

H., by the quantized spaces M, [102, 103]. The aj-invariant is the quantized version of the a-invariant
in the sense that

a(X) = lim a(X) = i%fak(X).

k—o0

In 1988 Tian conjectured that ay(X) = a(X) for sufficiently large k [103, Question 1]. This is
known as Tian’s stabilization problem. The stabilization of ay(X) will provide a way to compute a(X),

without the need to consider infinitely many k.

1.1.2 Complex singularity exponents and log canonical thresholds

On the algebraic side, it was later conjectured by Cheltsov and established by Demailly that o actually
coincides with the global log canonical threshold from algebraic geometry [29].

The log canonical threshold is a fundamental invariant in algebraic geometry. It first appeared in
a paper of Atiyah [4]. There he proved a conjecture of Gelfand proposed in the Amsterdam Congress
of 1954 (see [60, §5.4]): for any s € C with positive real part there is a distribution on C" given by
© = Jou |f(2)[*@(2)dzdz for any ¢ € C°(C™). Atiyah proved that this can be extended to C as a
meromorphic function, with the largest pole bounded above by —lct(f). Specifically, by taking a log

resolution we may reduce to the case when f(z) = 2! for some multi-index I. Then lct(f) = (max; I;) .



Later it was Shokurov who first used the idea of log canonical threshold in the context of birational
geometry [95, Definition 6.1]. The log canonical threshold is the largest multiple AD of a divisor D in X such
that the pair (X, AD) is log canonical, that is, up to some log resolution, the coefficients of AD = 3", a;D;
are bounded above by 1. This invariant plays a crucial role in the minimal model program, particularly in
the study of singularities and termination of flips. Shokurov also proposed the ACC conjecture and proved
it in dimension 2, which asserts that the set of all log canonical thresholds in a fixed dimension contains
no strictly increasing sequences, i.e., any increasing sequence stabilizes.

The log canonical threshold is used to measure how bad a singularity is. Geometrically, it coincides

|—2c

with the notion of complex singularity exponent, which measures the integrability of |f near the

singularity.

Proposition 1.1.2. [66, Proposition 8.2] The log canonical threshold coincides with the complex singularity
exponent, i.e.,

let(f) = sup{c > 0| 177 € Li,.}.

By Demailly-Kollar [37, Main Theorem 0.2], it is lower semi-continuous.
It was first shown by Demailly that « coincides with the global log canonical threshold, defined as
the infimum of the log canonical thresholds of all effective Q-divisors in the anti-canonical class. Another

proof is also given by Shi.
Definition 1.1.3. Let X be a Fano manifold. For k € N, the k-th global log canonical threshold
let, (X):= inf  klet(D),
glety (X) = | _nf  Flet(D)

and the global log canonical threshold

glet(X) := i%f glet, (X).



Theorem 1.1.4. [29, Theorem A.1],[94, Theorem 2.2] Let X be a Fano manifold. Then

a(X) = glet(X) = ler{:o glety, (X).

Moreover, it was also shown that the discrete version, glct,, coincides with ay, as well.

Proposition 1.1.5. [94, Remark 2.1] Let X be a Fano manifold. Then for k € N4,

ap(X) = glet, (X).

This equivalence allows the study of Tian’s a-invariants using tools from birational geometry.

1.1.3 K-stability, Ding stability, and /-invariants

The notion of K-stability was first introduced by Ding-Tian [38] and Tian [106], and later refined by
Donaldson [39], Berman [10], Fujita-Odaka [48] and Fujita [45]. It characterizes the existence of Kéhler—
Einstein metrics. While Tian’s a-invariant gives only a suffcient condition, the d-invariant, introduced
by Fujita—Odaka, provides both necessary and sufficient conditions for the existence of Kahler—Finstein
metrics [48]. Instead of taking into consideration all the divisors, it measures the singularity of a special

class of divisors called basis divisors.

Definition 1.1.6. [48, Definitions 0.1, 0.2] Let X be a Fano manifold. For k € N, a divisor D is a k-basis

divisor if there is a basis {s;}%*, of H°(X, —kKx) such that

dy,

1
The k-basis log canonical threshold
0 := inf let(D).
D k-basis
The basis log canonical threshold
k—o0



The existence of the limit (i.e., the convergence of dj) is due to Blum—Jonsson [16, Theorem A].
They used valuations to reduce this problem to the approximation of the integral of a concave function by

its restriction to lattice points.

Theorem 1.1.7. [48, Theorem 0.3],[16, Theorem B] Let X be a Fano manifold. If X admits a Kdihler—

Einstein metric, then 6 > 1. If 6 > 1, then X admits a Kdhler—FEinstein metric.

We also mention that orbifold Kadhler—Einstein metrics can give rise to Sasaki—FEinstein metrics on
Seifert circle bundles [17].So the a- and d-invariants have played a role in constructing such metrics.

The Kahler—Einstein problem can also be generalized to the twisted case. Let L be ample and take
a semi-positive smooth form 6 in the class 2w(c;(X) — ¢1(L)). A 0-twisted Kahler—Einstein metric is a

solution to the twisted Kéhler—Einstein equation
Ricw =w + 6.

This corresponds to the notion of Ding stability, which can also be detected by J-invariant, defined with

respect to L instead of —Kx. The following generalizes Theorem 1.1.7.

Theorem 1.1.8. [11, Theorem A],[16, p. 2] Let L be ample and take a semi-positive smooth form 6 in the
class 2m(c1(X) —c1(L)). If X admits a O-twisted Kihler—Einstein metric, then 6(L) > 1. If § > 1, then X

admits a 0-twisted Kahler—FEinstein metric.

1.1.4 Exceptional Fano manifolds

Tian’s a-invariant can be generalized to the case when we are given a compact subgroup G of Aut X.

Indeed, we may define

ag(X) = sup{c >0

sup /e_c(“”_s‘lp“’)w"<oo
pEHw,g J X

where H,, ¢ contains only the G-invariant metrics. Since ag > «, ag can give rise to more Kahler-Einstein

manifolds.



When ag > 1, the first application in differential geometry was given by Rubinstein, namely that

Kahler—Einstein metrics can be constructed via Ricci iteration.

Theorem 1.1.9. [87, Theorem 3.3] Suppose ag(X) > 1. Then the Ricci iteration

Ric WE = WE—1

is solvable in the class 2me1 (X)), with wy, C—> WK E, where wig 15 a G-invariant Kdhler—FEinstein metric.

Examples of smooth Fano manifolds satisfying ag(X) > 1 include the del Pezzo surface S = dP;
(i.e., P? blown up at four points with no three of them colinear) with G = Aut(S) = Ss. In this case

ag(X) = 2 [25, Example 1.11]. In 2009 Rubinstein asked whether such examples exist for P™.
Problem 1.1.10. Is there a finite subgroup G C Aut(PP") such that ag(P™) > 1?7

Cheltsov—Shramov showed that such finite subgroup exists for n < 4 [30, Theorem 1.22], n =5 [31,
Theorem 1.4], and n = 8 [32, Theorem 6], but not for n = 6 [31, Theorem 1.5]. It turns out that this is
almost equivalent to the existence of exceptional quotient singularities of dimension n + 1 [30, Theorem
1.17).

Recall that a singularity O € X is exceptional if for any log canonical pair (X, D) (i.e., A(x,p)(E) > 0

for any E over X), there is at most one exceptional divisor E such that A x, p)(E) = 0 [96, Definition 1.5].

Theorem 1.1.11. [30, Theorem 3.17] Let G be a finite subgroup of GL,41(C) that does not contain
reflections, and G its image under the projection GLy1+1(C) — PGLy,11(C). Then the singularity C**1 is

exceptional if and only if let(D) > 1 for any G-invariant Q-divisor D ~g —Kpn.

Recall that

Oéé(]Pm) = DwérifKﬂm ICt(D)
G-invariant

It follows that ag(P™) > 1 implies that the singularity C"*! is exceptional. Conversely, if the singularity
C™*! is exceptional, ag(P") > 1.
Using the notation of Theorem 1.1.11, when n < 4, the singularity C"*! is exceptional if and only



1.2 Main results

1.2.1 Tian’s stability conjecture on ai-invariants
In 1988 Tian proposed the following conjecture, that ay stabilizes for sufficiently large k.

Conjecture 1.2.1. [103, Question 1] For any Fano manifold X, there exists ko € Ny such that for k > ko,

L (X) = a(X)
Tian generalized this conjecture to any polarization in 2012.

Conjecture 1.2.2. [107, Conjecture 5.3] For any ample line bundle L over a projective manifold X , there

exists ko € Ny such that for k > ko, ar(L) = a(L).

There is also a weaker folklore conjecture, stating that the sequence of ag-invariants is eventually

monotone.

Conjecture 1.2.3. For any ample line bundle L over a projective manifold X, there exists kg € Ni such

that fOT k() S kl S k2y akl (L) 2 akz (L)

These conjectures were originally stated for Fano X and L = —Kx. That remains the most inter-
esting case, due to the relation to Kéhler—Fintein metrics. Some positive results are known for this case.
The case of smooth del Pezzo surfaces can be deduced from [25]. In general, it was shown by Birkar that
there exists some ¢ € N, such that ag(—Kx) = a(—Kx) for all k € Ny, provided that a(—Kx) < 1
(even for —Kx big and nef) [13]. Note that this result does not provide an answer to Conjecture 1.2.2
or 1.2.3. When the manifold is toric, this thesis confirms Conjecture 1.2.2 for any ample line bundle, and
stabilization is disproved for other quantized invariants of the form ay ,, in the toric setting. See Chapter
6.

There is an even stronger version of Conjecture 1.2.2, predicting how large kg is.

Conjecture 1.2.4. [107, Conjecture 5.4] For any ample line bundle L over a projective manifold X, if the
section ring R(X, L) := &2 H(X, kL) is generated by @Zf’:OHO(X, kL), then for k > ko, ax(L) = a(L).

In particular, if the section ring R(X, L) is generated by H°(X, L), then for any k € Ny, ax(L) = a(L).



A counterexample to Conjecture 1.2.4 was provided by Ahmadinezhad-Cheltsov—Schicho [1]. They
found a smooth surface S with a very ample line bundle L such that the section ring R(S, L) is generated
by H°(S, L), but a; (L) > a(L).

The main result of Chapter 4 is a counterexample to Conjectures 1.2.2 and 1.2.3.

Theorem 1.2.5. There is an ample line bundle L over a smooth surface S with —Kg nef and big such

that oy does not stabilize, nor is it eventually monotone.

As L # —Kx, Conjecture 1.2.1 is still open.

1.2.2 Cheltsov—Rubinstein Problem

The purpose of Chapter 5 is to complete the solution of the Cheltsov—Rubinstein problem [26, 88] on the
classfication of strongly asymptotically log del Pezzo surfaces admitting a Kéhler—Einstein edge metric.
This has been a topic of intense research. See, e.g., [26, 27, 28, 47, 88, 89, 91]. As a consequence of these
works, one (infinite) family of pairs remains to be understood: the pairs (II.6A.n.m) (see Definition 5.0.6).
This is the only pair where the boundary consists of more than one component. In Chapter 5 we treat
this family completely and hence solve the Cheltsov—Rubinstein problem for strongly asymptotically log
del Pezzo surfaces. The Cheltsov—Rubinstein problem for general (i.e., not strongly) asymptotically log del

Pezzo surfaces is very challenging and remains wide open.

Theorem 1.2.6. Consider (IL6A.n.m) as in Definition 5.0.6. We have
6(8, (1= B)Cr+ (1= B)Cs) <1,

with equality if and only if

1~ 1~
BT + 50125{) =55+ 5022@7 m # 1. (1.1)

The pair is log K-polystable, i.e., it admits a Kdhler—Einstein edge metric, if and only if (1.1) holds.



1.2.3 Stabilization of toric «,-invariants

Chapter 6 starts with the by-now-classical relation between Tian’s (holomorphic) invariants and the (al-
gebraic) global log canonical thresholds. The relationship was first conjectured by Cheltsov and proved
by Demailly and Shi [29, 94]. However, so far, this relationship has only been shown for the a- and oy-
invariants, or for the ag-invariant (see [29, Theorem A.3], [94, Proposition 2.1], [29, (A.1)], respectively),
and not for the more subtle invariants oy, . Inspired by Demailly, we introduce (Definition 6.2.4) the k-th

G-equivariant global log canonical threshold

glct]%G
as an algebraic counterpart of Tian’s ay ¢ (Definition 6.2.1). A natural question is:

Problem 1.2.7. Let X be Fano and L = —Kx, and let G be a compact subgroup G C Aut X. Is

glCthG = O{k7G?

In Chapter 6, we consider a toric manifold X and a compact subgroup of the normalizer

N((C)")

of the complex torus (C*)™ in Aut X. Denote by

AwP CGL(M) = GL(n,Z)

the subgroup of the automorphism group of the lattice M that leaves the polytope P (3.18) invariant. It is
necessarily a finite group. In fact, Aut P is the quotient of the normalizer N((C*)™) of the complex torus
(C*)™ in Aut X by (C*)", so that N((C*)™) consists of finitely many components each isomorphic to a

complex torus [7, Proposition 3.1]. For H C Aut P, let

G(H):=Hx (S")" CN((C)") CAwt X (1.2)

denote the compact group generated by H and (S')™ (the latter is the maximal compact subgroup of the
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complex torus (C*)™).

Proposition 1.2.8. Let X be toric Fano and L = —Kx. Let P C My (see (3.6), (3.18)) be the polytope

associated to (X, —Kx), let H C Aut P, and let G(H) be as in (6.5). Then glcty, ¢y = ar.c(m)-

This solves Problem 1.2.7 in the toric setting.
Using this result, and several new estimates, we can resolve Tian’s stabilization problem (Conjecture
1.2.2) in the toric setting in a surprisingly strong sense, showing that equality holds for all k € N. We also

allow for all groups G(H) (recall (1.2)) and not just the maximal toric one G(Aut P).

Theorem 1.2.9. Let X be toric Fano associated to a fan A whose rays are generated by primitive elements
v; in the lattice N dual to M. Let P C Mg (see (3.6), (3.18)) be the polytope associated to (X,—Kx), let

H C Aut P, and let G(H) be as in (6.5). Then for any k € N,

Qk,G(H) = SUP{C € (0,1) ‘ 1 ©_pHC P}

—C

. 1
= mn ——
ueVer PH max; (u, v;) + 1

1
= min —_——
uemy (Ver P) max; (u, v;) + 1

)

where PH and g are defined in (6.6)—(6.7) and Ver(-) denotes the vertex set of a polytope. In particular,

ap,cem) is independent of k € N and is equal to ag(my. Same is true for any G(H )-invariant line bundle.

1.2.4 Asymptotics of toric dy-invariants

Chapter 7 deals with the d-invariants of Fujita-Odaka (also called k-th stability thresholds) on toric Fano
manifolds. It turns out that for these invariants there is a quantitative dichotomy regarding stabilization,
and when stabilization fails we derive their complete asymptotic expansion.

Chapter 7 also initiates the study of a combinatorial problem: what is the asymptotic behavior of
the quantized (or discrete) barycenters of lattice polytopes?

To state this more precisely, let
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denote a lattice and P C M ®z R 2 R™ a convex lattice polytope, i.e., the vertex set satisfies Ver P C M.
Does the sequence {Bcy(P)}ren encode other canonical quantities associated to P beside Be(P)? We pose

the following:

Problem 1.2.10. Is there an asymptotic expansion

Bep(P) =Y a;(P)k™*?
=0

If so, what are the coefficients a;(P)?

Problem 1.2.10 is of purely combinatorial interest within Ehrhart theory. Thus, the bulk of Chapter
7 (Sections 7.1, 7.3, and 7.4) is purely enumerative combinatorics, and to some extent also Section 7.2 that
is concerned with algebraic combinatorics. Sections 7.5-7.6 are concerned with the algebraic geometric
applications and can be read independently by the reader interested only in those (or skipped by the
combinatorics-oriented reader).

At the same time, Chapter 7 can be considered as a sequel to Chapter 6 where we initiate the
study of asymptotics of algebro-geometric invariants arising from Kodaira embeddings using vector spaces
of holomorphic sections of powers of a line bundle H°(X, Lk). The asymptotic parameter is the power
k of the line bundle, where 1/k can be thought of as Planck’s constant in geometric quantization. The
over-arching geometric motivation for the series initiated in Chapter 6 is to obtain complete asymptotic
expansions for these invariants. This is of course motivated by the foundational result of Catlin and
Zelditch on the complete asymptotics of the Bergman kernel [24, 117], but the setting is quite different:
the invariants we are interested in are Tian’s ay- and Fujita-Odaka’s dj-invariants [103, 48] and they are
not directly defined in terms of the Bergman kernel. Rather, they are more related to singularities of
divisors in the linear series |kL| on X. These invariants play a fundamental role in both the minimal model

program in algebraic geometry and in the study of canonical Kéhler metrics in differential geometry.

Problem 1.2.11. Is there an asymptotic expansion

O = ai(X,L)k™"?
=0
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If so, what are the coeflicients a;(X, L)?

By a theorem of Blum—Jonsson limy, §;, = ¢ [16, Theorem 4.4], with d the basis log canonical threshold
of Fujita-Odaka [48]. Thus, if such an expansion exists then ag(X, L) = 4.

Another motivation is Tian’s stabilization problem which asks whether such invariants “stabilize”,
i.e., become eventually constant in k. Tian asked this for his ag-invariants in the smooth Fano setting
[103, Question 1], and later for all polarizations on possibly singular varieties [107, Conjecture 5.3], and

one can extend his problem to the dg-invariants.
Problem 1.2.12. Is d; = ¢ for all sufficiently large k?

One can consider our Problem 7.0.2 as a refinement of Problem 7.0.3.

We completely solve Problem 1.2.12 in the (possibly singular) toric Fano setting. This shows there
is a remarkable dichotomy between the ag-invariants and the §i-invariants. Chapter 6 resolved Tian’s
stabilization problem for aj-invariants by showing that in the toric Fano setting aj = « for all k. Here we
show that J-invariants behave very differently and rarely stabilize, but that if they do stabilize then they
also satisfy 0 = ¢ for all k € N, and when Fano also 6, = § = 1. This precisely suggests that most likely
there is a complete asymptotic expansion as conjectured in Problem 7.0.2, and indeed we prove that is the
case.

The main result of Chapter 7 is this asymptotic expansion, along with computations of the coefficients

in various special cases. The most general case is the following.

Theorem 1.2.13. Let M be an n-dimensional lattice and P C My an n-dimensional convex lattice poly-

tope. Then Beg(P) =Y 12, ai(P)k™" for some constants a;(P). In particular,

ao(P) = Be(P), a1 (P) = Z‘)\}él‘?g (1”32(313) - Bc(P)),

where Vol is the normalized measure on 0P, and Be denotes barycenter with respect to this measure (see
Definition 3.3.1).
Moreover, Bey(P) is the quotient of two polynomials of degree n. In particular, if Beg(P) is constant

for n+ 1 values of k then it is constant for all k € N.
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Theorem 1.2.14. Let X be a (possibly singular) toric variety given by a fan A in a lattice N. Let

v1,...,0q € N denote the primitive generators of rays in A. Let L be an ample line bundle with the

associated convex polytope

P={x e Mg|{x,v;) > —b;, foralli=1,...,d}

for some b; € R. Let I be the set of indices i such that v; and b; compute §. Then

— _@ R _ N\ 5271 —2
oy =10 QVOI(P)I?E%X@(;@P) Be(P),vi )62k~ + O (k™).

For sufficiently large k, it is a rational function of k with both numerator and denominator polynomial

of degree n in k.

14



Chapter 2

Notions from algebraic geometry

This chapter introduces fundamental concepts from algebraic geometry that are essential for understanding

stability thresholds.

2.1 Log canonical thresholds

In this section we explain the notion of log canonical threshold in the definition of the a- and J-invariants.
Definition 2.1.1. Let D be an effective divisor on a complex manifold X given by local defining functions
{(Us, £}, Tts log canonical threshold

let(D) := sup{c > 0‘ Ifil % e Llloc(Ui)}.

Proposition 2.1.2. For any effective divisor D and k € Ny, let(kD) = k= 1ct(D).

Proof. If f is a local defining function of D, then f* is a local defining function of kD. The result follows

from Definition 2.1.1. O

Using this homogeneity we can extend the notion of log canonical threshold to effective Q-divisors.
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Definition 2.1.3. Let D be an effective Q-divisor and suppose kD is a divisor for some k£ € N, . Then
let(D) := klct(kD).

Definition 2.1.4. A Q-divisor D on a complex manifold X is normal crossing if for any p € X there is a
coordinate chart on some neighborhood U of p such that Supp DNU is a union of coordinate hyperplanes,

i.e., it is the vanishing locus of z7 - - - z4, for some 0 < £ < n.

Example 2.1.5. Consider X = P". Let H; denote the hyperplane V(Z;), i = 0,...,Z,. Then D :=

n . .
> iz Hi is normal crossing.

Example 2.1.6. The nodal curve V(Y?Z — X?(X + Z)) in P? is normal crossing. See Figure 2.1.

X

Figure 2.1: The nodal curve V(Y2Z — X%(X + Z)) in P2,
Lemma 2.1.7. Consider the function f(z1,...,2,) = [[1, 2{"", where a; € N. Then for ¢ >0, |f|72¢ is

—1
c < | max qa; .
1<i<n

Proof. Let D denote the unit disc. We compute

integrable around 0 if and only if

f(2)| *dz = / P I P
f, ez =11 [ I

Therefore | f|~2¢ is integrable around 0 if and only if for each i, ¢ < a;*. O

Proposition 2.1.8. Suppose D = Zle a;D; is a normal crossing Q-divisor, where a; > 0. Then lct(D) =

(Inaxlgigg ai)_l.

Proof. By homogeneity (Proposition 2.1.2) we may assume D is a divisor, i.e., a; € N;. Recall Definition

2.1.4. The result follows from Lemma 2.1.7. O

16



Example 2.1.9. Let H; denote the hyperplane V(Z;) in P". By Proposition 2.1.8, let(>"1  a;H;) =
(maxlgig ai)’l.

Example 2.1.10. Let C be a nodal curve in P2. Since it is normal crossing, by Proposition 2.1.8,

let(aC) = a~t.

There is a more algebraic approach to define log canonical threshold, which we now explain. See,

e.g., [66, §8].

Definition 2.1.11. Let X be Q-Gorenstein, i.e., X is normal and some multiple of —Kx is Cartier. We
call E a prime divisor over X if there is a projective birational morphism f :Y — X with normal variety

Y, and E is a prime divisor on Y. Its log discrepancy is
A(E) =1- OI‘dE(f*(Kx) — Ky)

X is called kit if A(E) > 0 for any E over X.
For any Q-divisor D on X,
ordg (D) := ordg(f*(D)).
Example 2.1.12. Let E be on X and take f =idx. Then A(E) = 1.

Example 2.1.13. Let Y = Bl, X 75 X be the blow-up of a point p € X, with E the exceptional divisor.
Since Ky — f*(Kx) = (dimX — 1)E, we have A(F) = dim X. For any divisor D on X, ordg(D) =

ordg(f*(D)) = mult, D.

Theorem 2.1.14. For any effective Q-divisor D,

)
let(D) = El]f/lﬁ{m

2.2 Nef and big classes and their volume

While a- and d-invariants are useful in determining the existence of Kéhler—FEinstein metric, they are in

general hard to compute. In this section, we recall some basic notions from algebraic geometry that will
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be needed in the study of these invariants, especially for surfaces.

Definition 2.2.1. Let X be a projective manifold of dimension n and D a divisor on X. D is called

numerically effective, or nef, if D - C' > 0 for any (irreducible) curve C. Tts volume is

|
lim — dim H°(X, kD). (2.1)

T koo k7

Vol(D)

In general, if D is a Q-divisor, assume its multiple mD is an integral divisor. Then its volume is defined
by rescaling

Vol(D) i= % Vol(mD).

We say D is big if Vol(D) > 0.

Example 2.2.2. Consider X = P". A hyperplane H is nef since it has positive intersection with any
curve. For any k € N, H°(X,kH) is isomorphic to the space of homogeneous polynomial of degree k in

C[Zo,- .., Zy). In particular, dim H*(X,kH) = ("Zk) By (2.1),

! k " ;
Vol(H) = lim ;Ln <”Z ) - khlilon(l n ;) —1.
1=1

To compute the volume, the following standard result is useful.

Proposition 2.2.3. [68, Corollary 1.4.41] Let X be a projective manifold of dimension n and D a nef
divisor on X. Then

Vol(D) = D™.

Remark 2.2.4. Suppose D is ample and let w € ¢1(D) be a metric. Then Vol,(X) = [, w" = [, c1(D)" =

D™ = Vol(D), i.e., the notion of volume coincides with the volume in differential geometry.

Example 2.2.5. We can apply Proposition 2.2.3 to Example 2.2.2 and directly yield
Vol(H) = H" = 1.

If the divisor is not nef, the volume is harder to compute. In the next section we provide a way to
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compute the volume in dimension 2.

2.3 Zariski decomposition

When X is a surface, we can use Zariski decomposition to compute the volume [116, Theorems 7.7 and

8.1].

Definition 2.3.1. Let D be an effective Q-divisor on a smooth projective surface S. There is a unique

effective Q-divisor
N = Z a;N;
satisfying the following:
(i) D — N is nef;
(ii) The intersection matrix (N; - N;) is negative definite;

(iii) For any i,

(D—N)-N; =0. (2.2)

The Q-divisor N is the negative part of D, and the Q-divisor

is the positive part of D.

Remark 2.3.2. We see from the definition that if two effective Q-divisors are numerically equivalent, i.e.,

their intersection numbers with any given curve are equal, then their negative parts are the same.

Proposition 2.3.3. Let D be an effective divisor on a smooth projective surface S with Zariski decompo-
sition D = P+ N. Then

Vol(D) = Vol(P) = P2.

19



Example 2.3.4. Consider X =F, and D = Z_,, + F, where Z_,, is the —n-curve and F' is a fiber. To
obtain the Zariski decomposition D = P + N, assume the negative part N = aZ_,, for some a € [0,1]. For

n > 1, since Z_,, has negative self-intersection, (ii) is satisfied. To satisfy (iii), we need
(D-N)-Z_,=-n+1+na=0, (2.3)
ie,a=1-— % We claim that N = (1 — %)Z,n is the negative part of D by checking (i), i.e.,
P:D—N:%Z_n—i-F

is nef. Indeed, by (2.3), P-Z_,, = 0. Any curve other than Z_,, has non-negative self-intersection, and
hence intersect non-negatively with any effective divisor. In particular, P - C > 0 for any curve C, i.e., P
is nef.
By Proposition 2.3.3,
Vol(D) = Vol(P) = P? = 1

n

We provide a simple proof of the existence and uniqueness of Zariski decomposition due to Bauer

8].
Definition 2.3.5. Let D, D’ be effective Q-divisors. D < D' if D’ — D is effective.

Lemma 2.3.6. Let D be an effective Q-divisor on a smooth projective surface X. D admits a mazimal
nef subdivisor P. That is, for any nef divisor D' such that D’ < D, D' < P. Moreover, any mazimal nef

subdivisor P is a positive part of D.

Proof. Step 1: Existence of maximal nef subdivisor P. Suppose

d
D = Z azCi
i=1
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where C; is distinct and a; > 0. We consider its subdivisor

d
D/ = Z £L'1CZ
i=1

where
0 < €T, < a;. (2 4)
D’ is nef if for all j,
d
Zaficz‘ : Cj > 0. (2.5)
i=1

The constraints (2.4) and (2.5) cut out a compact convex set K in [0,a1] X - - - X [0, a4]. Hence the function

f(z) = Z?Zl x; on K attains its maximum at some point (by,...,bq) € K. Then

d
i=1

is a maximal nef subdivisor.

Step 2: P is a positive part of D. By construction, P is a nef subdivisor of D. Therefore
d
N:=D-P=> (a;—b)C;
i=1

is effective. It remains to check (ii) and (iii). For simplicity we may assume the irreducible components of
Supp N is C,...,C, where e < d, i.e., a; > b; for i < e, and a; = b; otherwise.

To check (iii), suppose P - C; > 0 for some j < e. Then we may take a sufficiently small € > 0 such
that

13 S aj — bj (26)

and

P-Cj+eC?>0 (2.7)
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Now, consider the divisor

P':=P+¢C;.

By (2.6),

P/ = szCl + (bj +€)Cj S D.
i#]

By (2.7),

P'-C;=P-Cj+eC;>0.

For any i # j, since P is nef,

P,-Oi:P'Cz’+€C¢'CjZO.

Hence P’ is also a nef subdivisor of D, contradicting the maximality of P.

To check (i), it suffices to show that if the intersection matrix of N is not negative definite, then
there is a non-zero effective divisor E = ¢, f;C; that is nef. Indeed, the existence of such divisor implies
that P + eF is a nef subdivisor of D for sufficiently small e, contradicting the maximality of P.

First we assume the intersection matrix is not negative semi-definite, i.e., there is a divisor

B=)Y ¢C; (2.8)
=1
such that
B*>0 (2.9)

Note that B is not necessarily effective. Write B = By — B_, where

B+ = Z cz-C’i, B_:=— Z CZCZ

c; >0 c; <0

Then 0 < B? = B2 + B2 — 2B, - B_ < B? + B%. Therefore at least one of By and B_ has positive
self-intersection. Hence by replacing B with By or B_ we may assume B is effective while still satisfying

(2.8) and (2.9). By Riemann-Roch, for sufficiently large k such that h°(X, Ky — kB) = 0, we have

22



hO(X,kB) > x(kB) ~ +B%k?. By (2.9), there is at least another divisor B’ € |kB| different from kB.

Write B’ = Y7 | ¢;C; + B(), where Supp By does not contain any curve C;. Consider the effective divisor

1=1"1

€

E = "(ke; — minf{ke;, ¢}})C:.

i=1

Note that E # 0, i.e., there is some 4 such that k¢; > ¢}. Indeed, otherwise kB < B’, contradicting the

fact that B’ ~ kB. Moreover, E is nef. Indeed, for any C; in its support, i.e., kc; > c;-, we have

E=kB - Zmin{kzci, c;}C; ~ B — Zmin{kci, c;}C; = B + Z(c; — min{kc;, ¢} })C;

i=1 i=1 i=1

and hence

E-C;=B; -C;+ Z(C; — min{ke;, ¢j})C; - C; > (¢ — min{ke;, ¢ })CF = 0.
i=1

We are left with the case when the intersection matrix is negative semi-definite, but not negative
definite, i.e., its kernel is non-trivial. We prove by induction on e. When e = 1, the intersection matrix is
C?. Since it is singular, C? = 0. Hence E = ) is a non-zero effective nef divisor. For e > 2, since the

intersection matrix has a non-trivial kernel, there is a non-zero divisor

B = ze: CiCZ‘
i=1

such that

B-C;=0 (2.10)

for any 1 <i <e. If B or —B is effective, then it is nef and we can simply take it as the non-zero effective

nef divisor E. Otherwise, write B = By — B_, where

B+ = Z Cl'Ci, B_:=— Z CzCz

c; >0 c; <0
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By (2.10), B2 = 0. On the other hand, since the intersection matrix is negative semi-definite, B? =
Bi +B%? -2B, -B_ < Bi + B% < 0. Hence equality holds and in particular Bi = 0. Recall that
B is assumed to be not effective. Hence Supp By has less than e irreducible components. In particular,
its intersection matrix is singular and negative semi-definite with rank less than e, and the induction

hypothesis guarantees the existence of such divisor. This completes the proof. O

We have shown that any maximal nef subdivisor is a positive part. The following lemma shows the

converse.
Lemma 2.3.7. Let P be a positive part of D. Then P is a maximal nef subdivisor of D.

Proof. Suppose D = P + N is a Zariski decomposition with N = ¢, ¢;C;. If P’ > P is another nef

subdivisor of D, since P’ — P < D — P = N, we may write
P'—P=3 ¢iC;
i=1
where 0 < ¢; < g;. Since P’ is nef, by (iii),

(P'=P) = "giCi-(P'—P) = giC;- P' > 0.
=1

i=1
But the intersection matrix of N is negative definite. It follows that P’ — P = 0. O
Next, we show that maximal nef subdivisors are unique.
Lemma 2.3.8. Any effective Q-divisor admits a unique mazimal nef subdivisor.

Proof. Tt suffices to show that if P = 2?21 b;C; and P’ = Zle b.C; are two maximal nef subdivisors, then

d
P’ =" max{b;,b;}C;
i=1

is also nef, i.e., for any j,

—max{b;,b;}C? < Zmax{bi,bg}Ci - Cj.
i#£]
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To see this, we may assume b; > b;-. Then by nefness of P,

d
P-Cj=> bC;-C;>0.

i=1

Therefore

—max{b;, ;}C7 = —b;C} <> b;C; - C; <> max{b;, b}C; - C;.
i#£] i#]

This completes the proof. O
The existence and uniqueness of Zariski decomposition follows from Lemmas 2.3.6, 2.3.7, and 2.3.8.

Theorem 2.3.9. Let D be an effective Q-divisor on a smooth projective surface X. Its Zariski decompo-

sition exists and is unique. Indeed, the positive part P is the unique maximal nef subdivisor of D.
Using Theorem 2.3.9 we can compute any Zariski decomposition via linear programming.

Example 2.3.10. We generalize Example 2.3.4 to any effective divisor D = aZ_,, + bF’, where a,b > 0.
Since D-Z_,, = —na+b, and D - F = a, we know that D is nef if and only if na < b. In that case
we have P =D and N = 0.
Now let us assume that D is not nef, i.e., na > b. By Theorem 2.3.9, its positive part P =

apZ_p + by F' is the maximal nef subdivisor of D, i.e., it is the largest solution to the inequalities

0<ap<a, (2.11)
0<b,<b, (2.12)
nap < by. (2.13)

By (2.12), b, < b. Combining with (2.13), a, < %. This automatically imply (2.11) since we have assumed
na > b. Therefore the maximal nef subdivisor of D is P =2Z_, 4+ bF,and N =D — P = (a— 2)Z_,,.
By Proposition 2.3.3, when D is nef, i.e., na < b, Vol(D) = D? = 2ab — na?. When D is not nef,

ie., na>b, Vol(D) = P? =2
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2.4 «-invariants
The «a- and d-invariants, initially defined in the Fano case, can be generalized to arbitrary polarized
projective manifolds. In this section and the next we study them in this generality.

Definition 2.4.1. Let X be a projective manifold, and L a big line bundle on X. Its section ring is

R:= é Ry = éHO(X, KL).
k=0 k=0

Let

dy, := dim H°(X,kL).

Definition 2.4.2. Let X be a projective manifold, and L a big line bundle on X. For k € N,

Q= Diellllle let(k~'D). (2.14)

Blum-Jonsson realized that a more algebraic approach can be taken to study these invariants, via
valuations [16]. In particular, they provide an equivalent definition of these invariants, using notions from
birational geometry. We now express oy, in terms of prime divisors over X using Theorem 2.1.14. First we

introduce the notion of maximal vanishing order.

Definition 2.4.3. Fix a big line bundle L — X. For a prime divisor E over X, let f: Y — X denote the

map as in Definition 2.1.11. For each k € Ny, the mazimal vanishing order of F is

(F) = %max{x e N| f*(kL) — xF is effective}.

By convention, if kL is not effective, 7,(E) = —o0.

Remark 2.4.4. Equivalently, we have

sup ordg(D). (2.15)
De|kL|

| =
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Proposition 2.4.5. For a big line bundle L — X, if kL is effective,

— i AE)
= B ey

Proof. By (2.14), Theorem 2.1.14, and (2.15),

= it Jet(: 7D 2.1
U ek ct(k™'D) (2.16)
_ kA(E)
" pelkL| E/X ordp(D) (2.17)
= inf RAE) (2.18)
E/X SUPpe|pr ordp(D)
_A(E)
= ' 2.1
E)x (B (2.19)
O

Notice that k7. satisfies the following super-additivity property.

Proposition 2.4.6. For any E over X, {k7,(E)}2, is super-additive, i.e., For any k, k" € N,

ki (E) + K1 (E) < (k + K )7 (B).

Proof. If kL or k'L is not effective, the inequlity holds. Otherwise, we can find divisors D € |kL| and
D’ € |K'L| such that

OI‘dE(D) = kiTk(E), OI“dE(D/) = k'/Tk/(E).

Hence we have D + D’ € |(k + k')L| with

OI‘dE(D =+ D/) = k}Tk(E) + k‘/Tk/ (E)

In particular,

(k 4+ K)Tpan (E) > ordg(D + D) = ki (E) + K 11 (E).
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Recall Fekete’s super-additive lemma.

Lemma 2.4.7. [43] Suppose {a,}?2 | is super-additive. Then

Proof. Fix any ¢ € N;. For any k € N, consider the Euclidean division

k= q(R)C -+ r(R),

where 0 < r(k) < £. By super-additivity,

Therefore

Since ¢ is arbitrary,

This completes the proof.

Since {k7y(E)}32, is super-additive, it follows that 74 (E) converges to its supremum.

Definition 2.4.8. Fix a big line bundle L — X. For a prime divisor E over X, let f: Y — X denote the

ap > q(k)ag + arm)-

liminf% > lim @CL@ + liminfM = %.
k—o0 k—oo k k—o0 k

... e @ a . a .. o.a
lim inf =& > sup had > lim sup had > lim inf y
k—o0 Y 14 {— 00 £—00

map as in Definition 2.1.11. The pseudo-effective threshold of E is

T(E) :=sup{zx € Qso | f*(L) — zE is effective},
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and

. . A(E)
= inf . 2.21
“T B)x T(E) (221)
Proposition 2.4.9. For any E over X,
lim 74 (F) = sup 1 (F) = 7(E).
k—o0 k
Proof. This follows from Lemma 2.4.7 and (2.20). O
Theorem 2.4.10. [29, Theorem A.3], [94, Theorem 2.2] For a big line bundle L — X,
a= lim o = inf o
k—o0 k
Proof. Recall (2.21). By Propositions 2.4.9 and 2.4.5, if kL is effective,
L AE) _ o A(E)
= inf < inf = ay.
YT ExT(E) " Exm(E) F
If kL is not effective, we have @ < +00 = a. Therefore
a< ir’if . (2.22)
For any Fy over X, by Propositions 2.4.5 and 2.4.9,
. . . . A(E) . A(Ey) A(Ey)
lim sup a = limsup inf < lim = .
tre e B/X Ti(E) ~ kooe mi(Bo)  7(E)
Since Ej is arbitrary, by (2.21),
A(E
limsup o < inf (E) =a. (2.23)

k—ro00 E/x T(E)
Combining (2.22) and (2.23), we get

a <infay <liminf o <limsupag < a.
k k—oo k—o0
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This completes the proof. O

Remark 2.4.11. Shi’s proof only works on ample line bundles as metrics on the line bundle are assumed
to be smooth. Demailly’s proof works for any big line bundle, as singular metrics are included, but it was

not explicitly stated that a = limg_ oo -

Remark 2.4.12. Note that

a=infap= inf let(D)= inf lct(D). (2.24)
k kDE|kL| D~gL

2.5 Jd-invariants

We continue in this section to study d-invariants. To define them we use the notion of basis divisors.

Definition 2.5.1. [48, Definition 0.1] Let X be a projective manifold, and L a big line bundle on X. A

Q-divisor D ~g L is a (k-)basis divisor if there is a basis {s;}%*, of H(X, kL) such that

1 dy

D = kdy Z(Sz)

=1

Definition 2.5.2. [48, Definition 0.2] Let X be a projective manifold, and L a big line bundle on X. For

ke N4,
O := inf let(D),
D~gL
k-basis divisor
and
6 := limsup dy.
k—o0

Theorem 2.5.3. [16, Theorem A] For a big line bundle L — X,

k—o0

Similar to a-invariants, we can also define é-invariants in terms of valuations due to Blum—Jonsson.
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Definition 2.5.4. Fix a big line bundle L — X. For a prime divisor £ over X, let f : Y — X denote the

map as in Definition 2.1.11. The expected vanishing order of E is

1
S = Folm

TL(E)
/ Vol(f*(L) — zE)dx.
0

Theorem 2.5.5. [16, Theorem C] For a big line bundle L — X,

. A(E
TN S®E)

Finally, we note that the above definitions can be generalized to log pairs as follows. Recall the

following definitions.

Definition 2.5.6. [11, Theorem 3.3],[67, Definition 2.24] Let A = >, a;D; with a; € (0,1). Assume the
canonical divisor of the pair (X, A),

KX,A =Kx +A

is Q-Cartier.
Recall that E is a prime divisor over X if there is a projective birational morphism f:Y — X with

normal variety Y, and E is a prime divisor on Y. Its log discrepancy
A(E) =1 OI‘dE(f*(KX’A) - Ky) (225)

(X,A) is called kit if A(E) > 0 for any F over X.
It can be verified that (2.21) and Theorem 2.5.5 generalize to pairs as well.

Theorem 2.5.7. [14, Theorem E| For a pair (X,A) and a big line bundle L — X,
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Chapter 3

Toric (Geometry

This chapter introduces the basics in toric geometry, as well as T-varieties, which will be crucial tools to

be used in the subsequent chapters.

3.1 Notions from convexity

Consider an n-dimensional real vector space V and let V* denote its dual with the pairing denoted by
(-, ). Given a set A CV, denote by
A°={yeV*|(z,y) <1, forall z € A}

the polar of A [86, p. 125], and by

4
dAi=1, A€ [0,1]£,pi€A,€EN+} (3.1)

i=1

4
coA:= {Z)\Zpl

i=1

the convex hull of A [86, p. 12].
Set

K :={-z|zeK}

Note (—K)° = —K°. Also, K° = (co K)° C V* whenever K C V. The polar can also be described via the
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support function hg : V* — R,

hr(y) == sup (z,y), (3.2)

by K° = {hx < 1}.

A dual notion to the support function is the near-norm function

|z|| :=1inf{t > 0|2z € tK}, (3.3)

associated to any compact convex set K with 0 € int K. Note that [86, Corollary 14.5]

Il = o (3.4)

When K is centrally symmetric (i.e., K = —K), ||| is a norm. Otherwise it is only a near-norm in
the sense that it satisfies all the properties of a norm but is only R;-homogeneous: ||Az||x = A||z||x for
A € Ry (and not fully R-homogeneous). The infimum in (3.3) is achieved: for a minimizing sequence {¢;},
i € K for any i, so

z € ||z|| K (3.5)

since K is closed.

Example 3.1.1. Let V = R? and A = {(1,1),(1,-1),(=1,1),(—=1,—1)}. Then K := co A is the unit

oo-ball {||z||s < 1}. The polar body

AO:{y€R2|_1§y1—|—y2§1,—1Syl—y2§1}2{||y”1§1}

is the unit 1-ball. See Figure 3.1.
By (3.3),

2]l = inf{t > 0 [lz], <} =[]

Similarly,
I-llae = 5
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Figure 3.1: The unit oo-ball and its polar body.

Lemma 3.1.2. Let V be an R-vector space. Consider the polytope

d
A= e eV <1},

Jj=1

where v; € V*. Then,

Izl = max (e 0).

Proof. Notice that « € tA if and only if for any 1 < j <d, (z,v;) <t. Thus,

x|l 4 = inf{t >0

2 ) < t} = Jmax, @ vg).

Alternatively, observe that A = {vy,...,v4}° and A° = ({v1,...,v4}°)° = co{v1,...,vq} [86, Theorem

14.5] and then use (6.34) and (3.4). O

3.2 Toric algebra

We start from the standard n-dimensional torus (C*)™. The space of 1-parameter subgroups A : C* — (C*)™
forms a free abelian group of rank n. Indeed, it is always in the form of A, : ¢t — (¢"2,...,t"), for
v=(v1,...,0n) € Z™ [49, §2.3]. Let N denote this group. Its dual M := Hom(N,Z) is also a free abelian
group of rank n, isomorphic to the space of characters x : (C*)* — C*. Explicitly, it is in the form

of x* : (t1,...,tn) — ¢t} -+ tin, for u = (ug,...,u,) € Z". Let Ng and Mg denote the corresponding
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R-vector space and its dual

Np:=N@zR, Mg:=MazR=N;. (3.6)

A rational convex polyhedral cone in N takes the form

d
oc=o0o(vy,...,vq) = {Zaivi aiZO,viGN}. (3.7)
i=1
The rays Ryv;, i = 1,...,d are called the generators of the cone [49, p. 9]. They are (1-dimensional) cones
themselves, of course. Our convention will be that
v1,...,0q are primitive elements of the lattice NV, (3.8)

which means there is no m € Ny \ {1} such that v; € mN. A cone is called strongly convex if o N —o = {0}
[49, p. 14]. A face of o is any intersection of o with a supporting hyperplane.

For any rational convex polyhedral cone in Ng as in (3.7), its dual cone in My is given by

0" :={ue Mg|(u,v) >0, for all v € Ng}

d
= ﬂ{u € Mg | {u,v;) > 0}.

i=1

Example 3.2.1. Consider C™. It has a natural toric structure. Recall that each lattice point © € M gives
rise to a character x*, which is a function on C* given by x*(¢) = t*. Such function can be extended to an
entire function on C” if and only if u; > 0 for all ¢, i.e., u lies in the first orthant. We associate this cone

(and its dual cone in Ng) to this toric variety. See Figure 3.2.

Example 3.2.2. Notice that C* x C*~! C C™ also has a toric structure inherited from C". A character

Y extends to an entire function on C* x C*~! if and only if u; > 0 for ¢ > 2, i.e., u lies in the cone
n
o= ﬂ{u € Mg | {u,e;) > 0},
i=2

\

where eq,..., e, is the standard basis of N. See Figure 3.3. The dual cone ¢V is generated by es, ..., e,.
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Figure 3.2: The cone o in My associated to C". The lattice points in ¢ are the characters that extend to
an entire function on C™.

Figure 3.3: The cone o in My associated to C* x C"~!. The lattice points in o are the characters that
extend to an entire function on C* x C"~1.

We associate this cone to C* x C"~!. See Figure 3.4.
In general, each face of the first orthant is associated to a toric subvariety, which is the product of

copies of C and C*. Specifically, the i-th factor is C if and only if e; is a generator of the face.

Definition 3.2.3. A fan A = {0;}9_, in N is a finite set of rational strongly convex polyhedral cones o;

in Nk such that:
(i) each face of a cone in A is also (a cone) in A;

(ii) the intersection of two cones in A is a face of each.

Such a fan gives rise to a toric variety X (A): each cone o; in A gives rise to an affine toric variety
[49, §1.3], that serves as a (Zariski open) chart in X (A) with the transition between the charts constructed
by (i) and (ii) above [49, p. 21]. For instance, the zero cone corresponds to the open dense orbit (C*)"

[23, p. 64], and more generally there is a bijection between the cones {0;}_; and the orbits of the

complex torus (C*)™ in X (A) [23, Proposition 5.6.2], which is further in bijection with irreducible closed
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C* x (Cn—l (Cn

Figure 3.4: The cone in Ny associated to C* x C*~! is generated by es,...,e,. It is a face of the first
orthant, which is the cone associated to C™.

toric subvarieties (via taking the closure of the orbit, and the dense orbit of the subvariety), with the
non-zero cones corresponding precisely to all the irreducible closed toric subvarieties of X (A) of positive
codimension. Indeed, the dimension of the cone coincides with the codimension of the orbit and the
subvariety. In particular, the 1-dimensional cones correspond to the torus invariant prime (Weil) divisors.

The following examples explain intuitively the correspondence between toric manifolds and fans.

Example 3.2.4. Consider P*. It has a natural toric structure. We can cover P™ using the standard
coordinate charts U; = {Z; #0},i=0,...,n.

Let the torus (C*)™ < P be given by t(t1,...,t,) = [1 : t; : --+ ,t,]. On the chart Uy with
coordinates 2o 1, ..., 20,n,

XU =1 =24 - 200

which extends to an entire function on Uy when u lies in the first orthant, which is the dual of the cone

gp ‘= iR+€Z’ - NR.

i=1

On the chart U;, i = 1,...,n, the coordinate (2;0,...,%ii,...,2in) of apoint t = [1:¢y :---:¢,] on (C*)"

is given by

[~
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ie.,

t]' = ZiJ ] 7& 1.

zi0”

Therefore
X4(t) =t - Ht;.” =z TTTUn Hzm-“f.
J#i J#i
This function extends to an entire function on U; =2 C" when —u; — -+ — u, > 0 and u; > 0 for all
Jj #1i, ie, (y,v;) >0 forall j = 0,...,%,...,n, where vg = —e; — - — ey, and v; = ¢; for i = 1,...,n.

Equivalently, u lies in the dual of the cone
0= ZRJFUJ"
j#i

These cones are precisely the n-dimensional cones in the fan associated to P™. See Figure 3.5. Under the

correspondence between rays and prime toric divisors, the ray generated by wv; corresponds to the toric

divisor V(Z;).

]

U1

Vo

Figure 3.5: The fan corresponding to P2. The ray generated by v; corresponds to the toric divisor V(Z;).

Example 3.2.5. Consider F,,. It is also equipped with a toric structure. Indeed, we can obtain F,, by
gluing two copies of P! x C as follows. Let each of the two copies of P! x C be covered by two charts
Uio = {(zi,wi0)} and Uy = {(z1,w;1)}, @ = 0, 1, with transition functions
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Wo1 w11

Woo w10
Uoo Uio

20 21

Figure 3.6: F,, is constructed by gluing two copies of P! x C. In total there are four charts.

Glue them along {z; # 0} by

2071 = 1, (310)

and

n
Woo = %1 - W10-

See Figure 3.6.

On the chart Uy, let the torus (C*)? 4T, be given by

(Zo,wo()) = L(tl,tg) = (tl,tg).

Then

X“(t) = t* = 25" weg, (3.11)

which extends to an entire function on Uy when uy,us > 0, i.e., u lies in the dual of the cone generated by
(1,0) and (0,1).

On the chart Up;, rewriting (3.11) using the transition function (3.9), we get

u _ Ul u2 __ U1l —u2
X“(t) = 25" wog = 25" wer*?,

which extends to an entire function on Uy; when uy, —us > 0, i.e., u lies in the dual of the cone generated
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by (1,0) and (0, —1).

On the chart Uy, rewriting (3.11) using the transition functions (3.10) and (3.9), we get

XU(t) = 25 wgg = 21 " (2fwi0)"™? = 27T wig, (3.12)
which extends to an entire function on U;g when —uy + nus,us > 0, i.e., u lies in the dual of the cone
generated by (—1,n) and (0,1).

On the chart Uy, rewriting (3.12) using the transition functions (3.9), we get

XH(E) = 2Ty = e
which extends to an entire function on Uy; when —uy + nus, —us > 0, i.e., u lies in the dual of the cone
generated by (—1,n) and (0,—1).
These cones are precisely the n-dimensional cones in the fan associated to F,. See Figure 3.7.
Under the correspondence between rays and prime toric divisors, the ray generated by v, va, v3, and vy

corresponds to the —n-curve, the toric n-curve, and the two toric fibers of self-intersection 0, respectively.

Uy
U1
U3
Vo
Figure 3.7: The fan corresponding to F,,. The rays generated by vy, ...,vs correspond to the —n-curve,

the toric n-curve, and the two toric fibers, respectively.

We can obtain new toric manifold by blowing up torus-invariant submanifolds. In particular, we
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explain the blowing up of points.

Proposition 3.2.6. [33, Proposition 3.3.15] Let U = C™ be a chart corresponding to a cone spanned by a
Z-basis v1,...,v, of N. Let vg = Y i v;. Then the fan of BlyU consists of all cones that are generated

by any subset of {vg,...,v,} that does not contain {vy,...,v,}.

Remark 3.2.7. In particular, to blow up a point in a toric surface that corresponds to a cone generated
by v1 and vy, we replace this cone by a new 1-dimensional cone generated by vg := v 4+ vo and two

2-dimensional cones generated by vg, v, and vg, v, respectively.

Example 3.2.8. Recall the fan of P? (See Figure 3.8). Blowing up a point that corresponds to, say,
the cone generated by v; and vy, we obtain the fan for dPg. Similarly, blowing up the two points that
correspond to the other two 2-dimensional cones gives the fan for dP;, and blowing up the three points

that correspond to all three 2-dimensional cones gives the fan for dFPs.

V2 V2 V3
U1 U1
Vo Vo
V2 V2 U3
Vg U1 V4 U1
Vs Us
Vo Vo

Figure 3.8: The fans corresponding to P? and its blow up at up to 3 points.

When X(A) is a smooth toric Fano variety, the fan A must arise from an integral polytope as

follows. Let A be a fan such that X (A) is smooth Fano and let o1, ..., 04 be its 1-dimensional cones (i.e.,
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rays) generated by primitive generators

Al = {’Ul,...,’l}d} QN,

so 0; = Ryv;, and set (recall (3.1))

Q = COAl ZCO{Ul,...,Ud} = COAl - NR.

(3.13)

(3.14)

Then A is equal to the collection of cones over each face of @ plus the zero cone [49, p. 25], in other words

if FF C (@ is a face, then

op:={rz € Ng|r >0,z € F'}

is the union of all rays through F' and the origin, and

A= {UF}FQQ U {O}a

where 0 denotes the zero cone. Denote by

Ver A

the vertices of a polytope A. Note that Ver F' C Ver @ = Ay, and by (3.7)—(3.8),

op =co(Ver F).

Oftentimes we will work with

P = _QO = {_’Ula ceey _vd}o = _{'Ula v 7'Ud}o - MR»

(3.15)

(3.16)

(3.17)

(3.18)

as it has the nice geometric property of faces of (real) dimension k corresponding to toric subvarieties of

dimension k, and since the metric properties (e.g., volume) of P correspond to those of X. (Moreover,

P can also be realized as the Delzant (moment) polytope associated to any (S!)"-invariant Kéhler metric
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representing the anticanonical class.) In particular,

d
P=({ueMp|(u,—v;) <1} ={h_p, <1} = {u € Mg | min(u,v;) > —1}7 (3.19)
i=1 !
and the prime toric divisors correspond to facets of P
{u € P|{u,v;) =—1}. (3.20)

Note that P contains the origin in its interior. Also note that (3.18) is the standard convention since then

lattice points of P correspond to monomials via (6.11). Batyrev—Selivanova use —P instead.

Example 3.2.9. Recall that X = P” has a natural toric structure. The corresponding polytope P is the

simplex (n+ 1)A —(1,...,1), where A is the standard simplex. See Figure 3.9.

Figure 3.9: The polytope corresponding to P2

Example 3.2.10. Combining Examples 3.2.4, 3.2.5, and 3.2.8, we obtain the polytopes for all toric del

Pezzo surfaces. See Figure.

Smoothness of X means that the generators of op form a Z-basis for N [49, p. 29]. By (3.17) this
means

the vertices of F' form a Z-basis for N (for any facet F' C Q). (3.21)

Thus each facet F' of @ is an (n — 1)-simplex whose vertices form a Z-basis of N. This means the vertices

of the polar polytope P := —Q° belong to the dual lattice M.

Lemma 3.2.11. Let P C My be the polytope associated to a smooth toric variety X. Then P is an integral
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Figure 3.10: The polytope P for del Pezzo surfaces, namely P? blown up at no more than 3 generically
positioned points, and P! x P!,

lattice polytope, i.e., Ver P C M.

Proof. By duality, if u € My is a vertex of P, then
F={ve]|(uv)y=-1} C Ng (3.22)

is a facet of Q@ = —P° C Ng. Since X is smooth, the vertices of F form a Z-basis for N by (3.21). Choose
coordinates on N associated to this Z-basis, i.e., the vertices of F are the standard basis vectors eq, ..., e,.
Then the facet F' = co{ey,...,e,} is the standard (n—1)-simplex in R™ cut out by the equation (u,v) = —1
where u = (—1,...,—1) € M, as desired.

Alternatively, if one does not wish to choose coordinates but rather work invariantly, denote by
Ver F' = {f1,..., o} € N, and note any v € N can be written uniquely as v = Y .- | a; f; with a; € Z.

Thus ©v € Mg = Hom(N,R) can be identified with the map

n
NBU»—)—Zai,
i=1

As Y | a; € Z, this map actually belongs to Hom(N,Z) = M. O
In fact, the associated polytope P is a reflexive Delzant lattice polytope [22, 36].
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Definition 3.2.12. A convex lattice polytope P in R™ is Delzant if
(i) there are exactly n edges meeting at each vertex p (i.e., P is simple);
(ii) the edges meeting at a vertex p satisfy that each edge is of the form p+tu; withw; € Z", i =1,...,n;
(iii) the uq,...,u, in (ii) can be chosen to be a basis of Z™.
It is reflexive if P° is a lattice polytope.

Such polytopes are an important sub-class of lattice polytopes since there is a one-to-one correspon-
dence between Delzant lattice polytopes and polarized toric manifolds. We collect in one statement that

correspondence and in fact a more general one including the singular and reflexive cases.

Theorem 3.2.13. [22, Theorem 28.2], [36], [49, §1.5], [6, Proposition 2.2.23] There is a one-to-one corre-

spondence between lattice polytopes and polarized toric varieties. Specifically, let

d
P= ﬂ{u € Mg | (u,v;) > —b;} (3.23)

=1

be a lattice polytope, where each v; € N := Hom(M,Z) is chosen to be primitive, i.e., not a multiple of
another lattice point, and b; € Z. It determines a fan where {v;}_, is the set of primitive generators of
the one-dimensional cones. This fan then determines a toric variety X, on which the prime toric divisors

{D;}%_, are in one-to-one correspondence with {v;}_,. The divisor

is ample and Cartier. Let L be the corresponding line bundle. Then the polarized variety (X, L) is the one
in correspondence with P.

The variety X is smooth if and only if P is Delzant (Definition 3.2.12).

The variety X is Gorenstein Fano (i.e., —Kx is Cartier and ample) with L = —Kx if and only if

P is reflexive (Definition 3.2.12).

When L = —Kx, there is an Aut X action on H°(X, —kKx) for every k € N. To get an induced

linear action on Mg we must restrict to the normalizer N((C*)™) of the complex torus (C*)™ in Aut X.

45



The representation of (C*)™ on H°(X, —kKx) splits into 1-dimensional spaces, whose generators are called
the monomial basis. There is a one-to-one correspondence between the monomial basis of H°(X, —kKx)
and points in kP N M, and the quotient N((C*)™)/(C*)™ is a linear group, that can be identified with
Aut P C GL(M) = GL(n,Z) (6.4). Since P is defined as the convex hull of vertices in M it follows that
Aut P is finite. Alternatively, this can be seen by observing that Ny is canonically isomorphic to the
quotient of (C*)™ by its maximal compact subgroup (S1)" [7, p. 229] and the induced action on Mg is
then defined by transposing via the pairing. Conversely, all compact subgroups of N((C*)") that contain
(S1)™ are generated by (S!)" and a finite subgroup H of Aut P [7, Proposition 3.1], and we denote such a
group by G(H) C Aut X as in (6.5). We describe in the proof of Lemma 6.1.1 concretely how the action

of Aut P is expressed in coordinates. For a finite group H or finite set A we denote by
|H|, respectively |.A|,

its order or cardinality.
Another useful fact is a sort of maximum principle for convex polytopes, saying essentially that a

convex function on a polytope achieves its maximum at some vertex (regardless of continuity).
Lemma 3.2.14. Let A be a convex polytope and f: A — R U {oco} a convex function. Then:
(i) supy f = Supyer 4 f5
(ii) if [ is bounded on Ver A, it is bounded on A and its mazimum is achieved in a vertex;
(iii) if [ attains its finite maximum on int A it is constant;
(iv) if [ attains its finite mazimum on the relative interior of a face F C A it is constant on F.

Proof. Write Ver A = {p1,...,p¢} and assume f(p1) < --- < f(pe). By convexity, A = coVer A, and (3.1)

implies that any x € A can be expressed as

l 4
r=Y Npi, Y A=1 Xelo,1]". (3.24)
i=1 i=1
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Then

4 4
SZ pléz f(pe),

proving (i) and (ii).
To see (iii), again express any « € A using (3.24). Suppose that zi,; € int A achieves the (finite)

maximum of f. Since xj,; € int A, there is § = §(z) € (0, 1) such that

Notice that dz + (1 — §)2’ = xjny. Thus,

i f = flaim) < 0f(x) + (1 - 8) () < ma f,

forcing equality, i.e., f(z) = max, f (since § > 0 and max, f < o0), proving (iii). The proof of (iv) is

identical by working on the polytope F' O

3.3 Ehrhart theory

In this section we set up some basic terminology from Ehrhart theory.

A real Euclidean space V' of dimension n and an R-basis {v1,...,v,} of V define a lattice

72" =M= M(vq,...,v {Zavl

a= al,...,an)eZ"}CV%R",

and {vy,...,v,} is called a basis of M, and M®zR =V = R™. Any other basis of M differs by an element of
GL(M), i.e., an nx n matrix with integer entries and determinant +1 [57, Theorem 21.1]. The determinant
of M is the Euclidean volume of the unit (or fundamental) parallelotope {>__; a;v; |a € [0,1)"} C M @zR,
ie.,

det M = |det[vy ... v,]],

independent of the choice of the basis.
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A convex lattice polytope P C My is the convex hull of a finite collection of lattice points, assumed
to be n-dimensional.

The k-th quantized barycenter (or k-th discrete barycenter) of P is defined as the average of the
lattice points in kP divided by k:

1
Bern(P) i= ———— k e N.
c(P) k[kP O M| uekZmM“’

The barycenter of P is the first moment of the uniform probability measure on P, considered as a convex
body in My := M ®z R = R", or

1
Be(P) = E/dex € Mg.

The empirical measures W > wepnk-1m Ou (Where §, is the Dirac measure at u) converge weakly to
1pdx/|P| so

Be(P) = lim Beg(P) € Mg.

k—o0

Definition 3.3.1. Let L be a n-dimensional lattice and Ly an affine sublattice obtained by intersecting
L with a hyperplane H.
Let Vol denote the standard Lebesgue (n — 1)-dimensional measure on H. Define the lattice-

normalized measure on H as the measure with respect to the affine sublattice Ly, i.e.,

where C' is a fundamental parallelotope of the affine sublattice Ly. That is, C' is the parallelotope spaned
by a basis of Ly. Note that while fundamental parallelotopes are not unique, their volumes are the same
[57, p. 358].

Let P be a lattice polytope. The lattice-normalized measure on P is defined to be the measure whose

restriction to any facet of P is the normalized volume on that facet. Let ]§E(8P) denote the barycenter of
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OP with respect to this measure, i.e.,

Vol(0P) Jar

Example 3.3.2. Let P be the associated polytope of P2. Specifically, the three edges of OP are F; :=
{(-Ly) eR?| —1<y <2}, K= {(z,-1) e R*| =1 <z <2}, and F3:= {(z,9) e R* |z +y - 1=
0, —1 <z < 2}. Let Cy, Cy, and C3 denote the standard cubes of the induced affine sublattices on F7,
Fy, and F3, respectively. Precisely, we may choose C := {(—1,y) € R?| —1 <y < 0}, Cy := {(x,-1) €
R?| —1<2<0}and C5:={(z,y) e R*|z+y—1=0, —1 <z <0}. Then Vol(C;) = Vol(C3) = 1 and

Vol(C3) = v/2. Thus one has

Vol(8P) = Vol(Fy) 4 Vol(Fy) + Vol(Fs)

o VO](Fl) VOI(FQ) VOl(Fg)
= Vol(Ch) T Vol(Ca) T Vol(Ch)

3v2
334 22

V2

-9,
Be(aP) — vo/l(lap)(/Fl(m,y)d{/a—k/ﬁ(x,y)d{/a—i-/Fs(x,y)d\Afcﬁ)

(59+6)+GD)

Example 3.3.3. Let P’ be the associated polytope of blow-up of P? at one point. Specifically, the four
edges of OP' by F| := {(-1,y) € R?|0 <y < 2}, F} := {(z,—1) € R?|0 < z < 2}, F} = {(z,y) €
R*|lz+y =1 -1 <z <2}, and F, = {(z,y) € R¥*|z+y = -1, =1 < z < 0}. Let C}, C5,
CY%, and C) denote the standard cube of the induced lattice on Fy, Fy, F}, and Fy, respectively. Then

Vol(C}) = Vol(C%) = 1 and Vol(C3) = Vol(C}) = v/2. Thus one has

Vol(dP') = Vol(F}) + Vol(F}) + Vol(F}) + Vol(F})
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AR CARR AR A
3V2 2

oy B2 V2
V2 V2

= 87

Be(aP') = ﬁ(gpl)</F{(x,y>dV<ﬁ+/Fé(x,y)dﬁ+/Fé<x,y)d\7&+/Fi(x,y)dva>
- ;((—2,2) +(2,-2)+ (‘zg’) + (—é—é))
()

This measure is important in Ehrhart theory, as it governs the first non-trivial coefficient of the

Ehrhart polynomial, a classical object recalled in the next result:

Theorem 3.3.4. [41, 42],[57, Theorem 19.1],[79, Theorem 12.2, Exercise 12.5],[9, Corollary 5.5] Let M be

a lattice of dimension n. For any lattice polytope P, there is a polynomial
n
Ep(k) =) a;k'
i=0

such that

Ep(k) = #(kP 0 M)

for any k € N. In particular,
1-—
an = Vol(P), an—1 = 5\/01(813), ag = 1.
Next, embed M as a sublattice M x {0} of M x Z. For ¢ = (c1,...,¢,) € M such that

P+cCR? x {0},
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and for each ¢ € {1,...,n}, define the convex lattice polytope of one dimension higher (“rooftop polytope”),

P(c;i) == {(u,h) |u=(uy,...,un) € P+c,hel0,u]} C Mg xR.

3.4 Stability thresholds for toric varieties

When X is toric, there are explicit formulas for stability thresholds of big line bundles, in terms of the

associated polytope given by (3.23).

Theorem 3.4.1. [16, Corollary 7.16],]90, Corollary 7.1],[63, §A] Let

d
P= ﬂ{u € Mg | (u,v;) > —b;}

i=1

be the polytope associated to the big line bundle L = Z?:l b; D;, where D; is the prime divisor corresponding

to v;. Then
o = (a0 41 ) o= (g, ) )
o= (fE??JBCk(PW * bi) ! 6= (1rgg<>cd<Bc<P>,vi> + bl-) ‘

Example 3.4.2. Recall Example 3.2.10. We apply Theorem 3.4.1 to all toric del Pezzo surfaces. The

result is collected in Table 3.1.

S a(S) = ai(S) Bey(P) Be(P) 0, (S) 5(9)
P? 1/3 0 0 1 1
P! x P! @, 1/2 0 0 1 1
k k 3(2k+1
F, 1/3 ( <ﬁ Wﬁll?? | /o) wir | 6/
k+1)(2k+1 k+1)(2k+1 k k
dry 1/3 (= 21k(k+1)+6° ~ 21k(k+1)+6 ) | (=2/21,-2/21) % 21/25
dPs 1/2 0 0 1 1

Table 3.1: Stability thresholds for toric del Pezzo surfaces.
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3.5 T-varieties

Toric varieties are a special case of a more general varieties called T-varieties.

Definition 3.5.1. A T-variety of complexity k is a normal variety X admitting an effective torus action

of codimension k.

Example 3.5.2. Any toric variety of dimension n can be thought of as a T-variety of complexity k < n
by restricting the torus action to a sub-torus of codimension k. For example, while [F,, is a toric variety,
we can restrict ourselves to the sub-torus action that preserves fibers. This equips F,, with the structure

of T-variety of complexity 1. See Figure 3.11.

Zn

Figure 3.11: The Hirzebruch surface IF,, as a T-variety. The torus-invariant curves are Z,, Z_,, and all
the fibers F.

Example 3.5.3. Given a surface F,, with the T-variety structure as in Example 3.5.2, let X be the surface
obtained by blowing up some points that are invariant under the torus action. Then the torus action can

be lifted to X, equipping it with the structure of T-variety of complexity 1.

To compute ag-invariants on T-varieties it suffices to look at torus-invariant divisors.

Theorem 3.5.4. [98, Proposition 2.6] Let X be a T-variety. For any effective divisor D, there is a

torus-invariant divisor D' ~ D with let(D’) < lct(D).

As a result, the computation of ag-invariants can be simplified for T-varieties. If we can classify the

torus-invariant divisors, we can compute their log canonical thresholds and aj-invariants.
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Chapter 4

Tian’s stability conjecture on

a-lnvariants

In 1988 Tian proposed the following conjecture (refined in 2012), that «y, stabilizes for sufficiently large k.

Conjecture 4.0.1. [103, Question 1],[107, Conjecture 5.3] For any ample line bundle L over a projective

manifold X, there exists ko € N such that for k > ko, oy (L) = a(L).

There is also a folklore conjecture, weaker than Conjecture 4.0.1, stating that the sequence of o-

invariants is eventually monotone (see Chapter 6 for a discussion and references).

Conjecture 4.0.2. For any ample line bundle L over a projective manifold X, there exists kg € N1 such

that fOT kO < kl S kQ; Ay (L) > akz(L)'

Conjectures 4.0.1 and 4.0.2 were originally stated for Fano X and L = —Kx. That remains the
most interesting case, due to the relation to Kédhler—Eintein metrics. Some positive results are known for
this case. The case of smooth del Pezzo surfaces can be deduced from [25]. In general, it was shown by
Birkar that ax(—Kx) = a(—Kx) if k is sufficiently large and divisible, provided that a(—Kx) < 1 (even
for —Kx big and nef) [13]. Note that this result does not provide an answer to Conjecture 4.0.1. When
the manifold is toric, Conjecture 4.0.1 is confirmed for any ample line bundle, and stabilization is disproved

for other quantized invariants of the form «y ,, in the toric setting. See Chapter 6.
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There is an even stronger version of Conjecture 4.0.1, predicting how large kg is.

Conjecture 4.0.3. [107, Conjecture 5.4] For any ample line bundle L over a projective manifold X, if the
section ring R(X,L) := @3, H(X, kL) is generated by & (H°(X, kL), then for k > ko, ax(L) = a(L).

In particular, if the section ring R(X, L) is generated by H°(X, L), then for any k € Ny, ay(L) = a(L).

A counterexample to Conjecture 4.0.3 was provided by Ahmadinezhad—Cheltsov—Schicho [1]. They
found a smooth surface S with a very ample line bundle L such that the section ring R(S, L) is generated
by H°(S, L), but oy (L) > a(L).

In this chapter, we prove Theorem 4.0.4 by explicitly providing a pair (S, L), disproving Conjectures

4.0.1 and 4.0.2.

Theorem 4.0.4. There is an ample line bundle L over a smooth surface S such that «y does not stabilize,

nor is it eventually monotone.

Note that in this counterexample — K g is big and nef, although we are not taking L = —Kg. It still
remains open whether for Fano X and L = — K x such an example exists. Further counterexamples can be
constructed if the positivity of —Kx is relaxed (e.g., curves of genus g > 2, or ruled surfaces over them, as
observed already by Zhuang [122, Example A.8]. These are counterexamples to Conjecture 4.0.1, but not
necessarily to Conjecture 4.0.2). However, as noted earlier, the main impetus of Tian’s original conjecture
in 1988 was the positive regime. In the big and nef setting of Birkar’s theorem, Theorem 4.0.4 shows that
stabilization along a divisible subsequence, i.e., Birkar’s theorem, is optimal.

This chapter can be considered as part of the program to tackle problems on stabilization of quantized
algebraic invariants arising in K-stability, and in the absence of such stabilization to consider the refined
problem of determining the large k asymptotics of such invariants. In this direction, Theorem 4.4.1 below
also shows that the asymptotics ay(L) = (L) + O(k~1) [16, Corollary 5.2] [64, Theorem 1.5] is optimal
in the setting that either L is ample or a(L) = ay(L) for some ¢. As far as we are aware, this is also the

first time the sequence {a4} is explicitly computed in any example where the sequence is non-constant.
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4.1 The construction of the pair

In this section we explain the construction of the pair (S, L) and fix some notations. See Figure 4.1 for an

illustration.

Z,Q ZQ Z_3 Za

ﬁ E Fg, Eg ps3 ’7T(p3)
’ E> I B, p2 " An(ps)
7 o Fo Ey 2
- E - - /\ = n 7r(p1)
i) F 1 1

S ? ]F2 Pl

Figure 4.1: The construction of the surface S.

Recall that the Hirzebruch surface Fy is a P!-bundle over P!. Let 7 : F; — P! denote this projection
map. We also fix two sections of this bundle, namely the —2-curve Z_5, and a smooth 2-curve Z.
Pick four points py,...,ps € Zo. Let F; denote the fiber 771 (7 (p;)), and F a general fiber on Fo,

i.e., F =n"1(p) for some p € U, where
U:=P"\{n(p1),...,7(ps)}.

Let S denote the blow-up of Fy at the four points p1,...,ps. Let E; denote the corresponding exceptional
divisor, and F; the proper transform of Fj.

Finally, let S denote the blow-up of S at the two points E1NF; and EoNFo. Let E; and Es denote
the corresponding exceptional divisor, and E; (resp. E) the proper transform of E; (resp. F;).

Let f: S — Fsy denote the composition of blow-up maps, Zg (resp. 2_2, ﬁ) the proper transform of

Zy (resp. Z_g, F'). We consider the line bundle
L= OS(2ZQ+2Z,2+3I3+E+E+EI+EQ+E+E2). (4.1)

Note that _KX:ZQ+Z_2+E1+ﬁ1+E1+E2+ﬁ2+E2.
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4.2 Picard group and intersection numbers

We compute the intersection numbers on Pic(S) in this section. As an application, we show that L is
ample (Theorem 4.2.2).
Recall that Pic(F2) is a free abelian group of rank 2, generated by [Z5] and [F], with 2-by-2 inter-

section matrix

2 1
10 ’
and
Z_og~ Zy—2F.

After the six blow-ups, Pic(S) is a free abelian group of rank 8, generated by [22], [ﬁ ], and the exceptional

divisors [E1],. .., [E4], [E1], [E2), with 8-by-8 intersection matrix (off-diagonal zero entries are omitted)

-2 1 1 1 1 1
1 0
1 -2 1
1 -2 1
, (4.2)
1 -1
1 -1
1 -1
1 -1
and
Fy ~F —E, —2F;, Fy~F —FEy—2F,,  Fy~F — Es, Fy~F — Ey,
(4.3)

Z o~ Zy—2F+FE 4+ Ey+ Es+ Ey+ Ey + Bs.

See also Figure 4.2.
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2

1

)

Figure 4.2: Some curves with negative self-intersection on S. The thick curves have self-intersection —2,
and the thin curves have self-intersection —1.

Recall (4.1). We compute the following intersection numbers.

L-Zy=1, L-Z_o=1 L-F=4,

L-E

|
—

L-Ey=1, L -F=1, L -Ey=1,

L-Ey=2 L - F3=2  L-E;=2  L-F =2

To prove ampleness we use Nakai-Moishezon criterion (see, e.g., [59, Ch. V, Theorem 1.10]).

Theorem 4.2.1. A divisor D on the surface X is ample if and only if D> > 0 and D - C > 0 for all

irreducible curves C in X.
Theorem 4.2.2. The line bundle L defined by (4.1) is ample.

Proof. Since L is effective, it suffices to prove L - C > 0 for all irreducible curves C.
Let

D=2ZQ+22_2—|—3ﬁ—|—E1—|—ﬁ1—|—E1—|—E2—|—ﬁ‘2—|—E2NL

If C lies in Supp D, it has been shown in (4.4) that L - C > 0. If C does not lie in Supp D, it suffices to
show that C intersects Supp D. Recall the blow-down map f : S — Fy and the projection 7 : Fy — P
The image (7o f)(C) is either 0-dimensional (i.e., a point p € U C P!) or 1-dimensional (i.e., the whole
PY). In the former case, C' = (7o f)~1(p), so C intersects ZQ and Z,g. In the latter case, C' intersects F.

This completes the proof. O
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Note that —Kx is nef but not ample. It is big with Vol(—Kx) = 2.

4.3 Torus-invariant divisors

In this section we discuss the T-variety structure of S, and reduce the family of divisors to be considered
in computing ag-invariants.

Recall that Fo admits a toric variety structure, with Z5 fixed by the torus action. We regard it as a
T-variety of complexity 1 by restricting the torus action to the one dimensional subgroup that leaves each
fiber invariant. More specifically, recall that Fo \ Z_5 is the total space of the line bundle Op1(2). The
C*-action is the scalar multiplication on each fiber of this line bundle.

This action can then be lifted to S, equipping S with the structure of T-variety of complexity 1.

3y

Figure 4.3: The fixed points under the torus action.

Lemma 4.3.1. The torus-invariant curves on S are 227272,51,...,5‘47?1,...,ﬁ4,E17E2, and (w o

)Y (p) forp € U (recall §4.1).

Proof. Notice that the set of fixed points under the torus action consists of 22 U 2_2 and six points
Ei N El, Ei N ﬁl, E>y N Eg, Eyn ﬁ27 E3 N ﬁ;),, E4 N 134 (see Figure 4.3). Let C be a torus-invariant curve. If
C is fixed by the torus action, then C' = ZQ or Z_g. If C is not fixed by the torus action, then C contains

a one-dimensional orbit. In that case, C' = El, e ,E4, 1?'1, RN ﬁ4,E1, Ey, or (mo f)~Y(p) for pe U. O

Lemma 4.3.2. For k e N,

ai(L) = i%f klet(D),
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where the infimum is taken over divisors of the form
D= a122 + a2272 + 0351 +-+ G6E4 + a7ﬁ1 +-+ a10ﬁ4 +an kb +aaFy ~ kL.
Proof. By Theorem 3.5.4 and Lemma 4.3.1, it suffices to look at divisors of the form

D= alfg + a2§_2 + agﬁl + -+ a6£~*74 + a7151 + -+ a10134 + a1 by +appky + Z ap(7T © f)_l(P)-
peU

We may drop the last term. Indeed, by (4.3),

D~ DI = a122 + (122_2 + Q3E1 + a4E2 + (15E3 + | ag + Z Gp E4
pelU

+arFy + agFy + agFs + | a0 + Z ap Fy +an By + anBs.
peU

By Proposition 2.1.8, let(D’) < let(D). This completes the proof. O

4.4 The computation of a;-invariants

In this section we finish the computation of aj-invariants, providing an explicit counterexample to Tian’s

stabilization conjecture.

Theorem 4.4.1. Let (S,L) be as in §4.1. Then

1
3’ k is even;
(L) =
L k is odd
8k —1’ ’
and
1
L)=-.
o(I) = ¢

In particular, ap(L) > (L) with equality if and only if k is even, and ar (L) is not eventually monotone.
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Proof. Let
D= a122 + a2272 + 0351 +-+ G6E4 + a7ﬁ1 +- 4+ a10ﬁ4 +an k1 +apkEy ~ KL,

where aq,...,a12 € Ni. By (4.2) and (4.3) (see also Figure 4.2),

—Ey+ Es) = 2a4 — a5 + ag — aia,

—FE + E3> = 2a3 — a5 + ag — ai1,

D - Z,2+ﬁ3+ﬁ4):a5+a6+a7+a8,

D'(Z2+E3+E4) = a3 + a4 + ag + aio,
D - (2ZQ+E1 +E2+2E3) = 2a¢ + 2a9 + a11 + a12,

D- 222 + E1 + EQ + 2E4) = 2a5 + 2a10 + a11 + a12.

Since D ~ kL, combining with (4.4) we get

ay + ag = 4k, (4.5)
2a4 — a5 + ag — a1s = k, (4.6)
2a3 —as + ag — a1 = k, (4.7)
az + a4 + ag + a9 = 5k, (4.8)
as + ag + a7 + ag = bk, (4.9)
2a¢ + 2a9 + a11 + a12 = 8k, (4.10)
2as + 2a19 + a11 + a12 = 8k. (4.11)
By (4.5),
ay,as < 4k. (4.12)
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By (4.8) and (4.9),

as,...,aio < 5k. (413)
By (4.10) or (4.11),
aii, a12 § 8k. (414)
Combining (4.12), (4.13), and (4.14), by Proposition 2.1.8,
let(D) > (8k)™".
Since D is arbitrary, by Lemma 4.3.2,
1
ap(L) > 3 (4.15)

If k is even, consider the divisor

= o~ 9% ~ 9k ~ k- k=
D/ = 2]{,‘22 + 2]€Z_2 + ?El + ?Fl + 8]{,‘E1 + §E2 + §F2

Using (4.3) we can check that D' ~ kL. By Proposition 2.1.8,

let(D') = (8k) .

By Lemma 4.3.2 and (4.15),

Finally, let k& be odd. We claim that a11,a12 # 8k. Indeed, assume a7 = 8k. By (4.10) and (4.11),

as = ag = ag = ajpg = a2 = 0.

Hence by (4.6),
2&4 = k‘,
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contradicting the fact that & is odd. Similarly, assume a;2 = 8k. By (4.10) and (4.11),

a5 = ag = ag = ayp = a11 = 0.

Hence by (4.7),

2(13 = /{J,

contradicting the fact that k is odd. Therefore, (4.14) can be strengthened to

ajl, a1 S 8k — 1.

Combining with (4.12) and (4.13), by Proposition 2.1.8,

let(D) > (8k —1)".

Since D is arbitrary, by Lemma 4.3.2,

L 4.1
ar(L) 2 g (4.16)
On the other hand, consider the divisor
= = 9k —1 ~ 9k — 1 ~ k+1~ k+1
D" =275 +2h7 5+ By + o Fy + (8k— DE; + %EQ n ;r Fy + Es.
Using (4.3) we can check that D" ~ kL. By Proposition 2.1.8,
let(D") = (8k —1)".
By Lemma 4.3.2 and (4.16),
k
L) = .

(L) = g3

This completes the proof. O
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Chapter 5

Cheltsov—Rubinstein Problem

The purpose of this chapter is to complete the solution of the Cheltsov—Rubinstein problem [26, 88] on
the classfication of strongly asymptotically log del Pezzo surfaces admitting a K&hler—Einstein edge met-
ric. This has been a topic of intense research. See, e.g., [26, 27, 28, 47, 88, 89, 91]. As a consequence
of these works, one (infinite) family of pairs remains to be understood: the pairs (II.6A.n.m) (see Def-
inition 5.0.6). In this chapter we treat this family completely and hence solve the Cheltsov—Rubinstein
problem for strongly asymptotically log del Pezzo surfaces. The Cheltsov—Rubinstein problem for general
asymptotically log del Pezzo surfaces is very challenging and remains wide open.

To explain the problem and our work let us introduce some notation. Let X be a Kéhler manifold.
Fix a divisor D = D; + --- + D,. with simple normal crossings on X, and angle vector 8 = (81,...,58) €
(0,1]". A Kéahler-Einstein edge metric is a smooth Kéhler—Einstein metric on X \ U D; that has a conical

i

singularity of angle 27 3; along D, [61, 88, 105]. The existence of a Kahler-Einstein edge metric with

positive Ricci curvature imposes the cohomological condition that

T

—Kx =Y (1-8)D;

=1

is ample. When §; = 1, the metric reduces to the ordinary (smooth) Kéhler-Einstein metric. On the

other hand, the case when the (;’s are small is also of much interest; this corresponds to the notion of
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asymptotically log Fano varieties, introduced by Cheltsov—Rubinstein.

Definition 5.0.1. [26] (X, Dy +---+ D,) is (strongly) asymptotically log Fano if —Kx — Z(l — Bi)D; is
i=1
ample for (all) sufficiently small 8 € (0,1]". In dimension 2, these are also called (strongly) asymptotically

log del Pezzo surfaces.

Strongly asymptotically log del Pezzo surfaces have been classified by Cheltsov—Rubinstein [26, 89].
A natural question to ask is the existence of Kéhler—Einstein edge metrics on such surfaces, namely the

following uniformization problem posed by Cheltsov—Rubinstein.

Problem 5.0.2. [88, Problem 9.1] Determine which strongly asymptotically log del Pezzo surfaces admit

Kahler—Einstein edge metrics for sufficiently small 3.

Assume the boundary is smooth. By Cheltsov—Rubinstein classification, we are reduced to the

following 10 families.

Theorem 5.0.3. [26, Theorems 2.1 and 3.1] Let S be a smooth surface, Ci,...,C, be disjoint smooth
irreducible curves on S. Let Z,, denote the curve of self-intersection —n on the Hirzebruch surface Fy,, and
F a fiber on it. Then (S,Cq1 + -+ C}) is strongly asymptotically log del Pezzo if and only if it is one of

the following pairs.
(I?)A) S = Fq, and C, e ‘2(21 + F)|,
(L4A) S = P! x P, and C; is a smooth elliptic curve of bi-degree (2,2);

(L5.m) S is a blow-up of P? at 0 < m < 8 distinct points on a smooth cubic elliptic curve such that

—Kg is ample, and C; is the proper transform of the elliptic curve;

(I.6B.m) S is a blow-up of P2 at m > 0 distinct points on a smooth conic, and C is the proper transform

of the conic;

(L6C.m) S is a blow-up of P? at m > 0 distinct points on a line, and Cy is the proper transform of the
line;
(I.7.n.m) S is a blow-up of F,, at m > 0 distinct points on Z,, and Cy is the proper transform of Z,,

for anyn > 0;
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(I.8B.m) S is a blow-up of Fy at m > 0 distinct points on a smooth rational curve in the linear system

|Z1 + F|, and C; is the proper transform of the rational curve;

(L9B.m) S is a blow-up of P! x P! at m > 0 distinct points on a smooth rational curve of bi-degree
(2,1) with no two of them on a single curve of bi-degree (0,1), and C1 is the proper transform

of the rational curve;

(L9OC.m) S is a blow-up of P! x P! at m > 0 distinct points on a smooth rational curve of bi-degree

(1,1), and Cy is the proper transform of the rational curve;

(II.6A.n.m) S is a blow-up of F,, at m > 0 distinct points on Z,, and a smooth rational curve in the linear
system | Z,, + nF| with no two of them on a single curve in the linear system |F|, Cy is the

proper transform of Z,, and Cs is the proper transform of the rational curve, for any n > 0.
As a step towards Problem 5.0.2, Cheltsov—Rubinstein proposed the following conjecture.

Conjecture 5.0.4. [26, Conjecture 1.6] Let (S,C) be a strongly asymptotically log del Pezzo surface
with r = 1. Then (S,C) admits a Kdahler—FEinstein edge metric for sufficiently small B if and only if

(Ks + 0)2 =0.

The necessary part and all but 6 sub-families of the sufficient part were verified. Namely, the
pairs (I.6B.m), (I.6C.m), (I.7.n.m), (I.8B.m), (1.9C.m) do not admit K&hler—Einstein edge metrics with small
angles [27, Theorem 1.6], while the pairs (I.3A), (I.4A), (I.5.m), and (I.9B.m) for m = 0 or m > 7 admit
Kéhler—Einstein edge metrics with small angles [26, Propositions 7.4 and 7.5], [28, Theorem 1.3], [61,
Corollary 1].

Let us now discuss the remaining cases, namely, the sub-families (I.9B.m) with 1 < m < 6 and
(II.6A.n.m).

For the sub-families (I1.9B.m) with 1 < m < 6, each sub-family is parameterized by the position of
the m blown-up points on the smooth (2, 1)-curve. Let py and p. denote the points where the (2, 1)-curve
on P! x P! is tangent to a (0, 1)-curve. Fujita-Liu-Siil-Zhang-Zhuang showed that the pairs (I.9B.m)
contradict the conjecture if m = 1,2 and exactly 1 of the points py and p., is blown-up, by computing

an upper bound for the é-invariant [47, Corollary 2.9]. Fujita verified that these 2 pairs are the only
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counterexamples in the 6 sub-families [45, Theorem 1.3]. Thus, Conjecture 5.0.4 of Cheltsov—Rubinstein
holds for the vast majority of the cases, and the remaining cases are semi-stable degenerations that are
now completely understood by the aforementioned works.

In this chapter we restrict to the remaining tenth and final family, (II.6A.n.m), where Supp C has

multiple components, and hence is not within the scope of Conjecture 5.0.4.

Problem 5.0.5. Determine whether (II.6A.n.m) admit Kéhler—Einstein edge metrics for sufficiently small

B.
First we introduce some notation to describe the curves appearing in the study of (II.6A.n.m).

Definition 5.0.6. Let F,, denote the Hirzebruch surface containing a curve C; whose self intersection
number is —n, and pick a smooth curve Cy in |C; + nF’| where F' denotes a fiber. Let S be the blow-up of
FF,, at m points on C7 U C5 such that no two of them lie on the same fiber, and C' = 61 + 5’2, where 6’1- cs

is the proper transform of C;. This family is named (II.6A.n.m). See Figure 5.1.

61 Fl F2 Fm/
' F
AN B,

Figure 5.1: The pair (IL.6A.n.m). The surface is given by blowing up m points pi,...,p, on the curve
Cy C F,,, where F,, is the Hirzebruch surface containing a curve C; whose self intersection number is —n
and a generic fiber F', and Cj is a smooth element of |Cy + nF|. The fiber through the point p; is denoted
by F;, and the exceptional curve over p; is denoted F;. The curves Cy,Cs, Fy,...,F,, are the proper
transforms of C1, Cy, F1, ..., F,,, respectively.

This family is the generalization of the football to complex surfaces. In particular, the pair (IL.6A.0.0)
can precisely be equipped with the standard conical metric on the football times P!, if 5; = 35. General-
izing the product football metric, using the P'-bundle structure of Hirzebruch surfaces, Rubinstein-Zhang

constructed a family of Kéhler—Einstein edge metrics using the Calabi ansatz [91, Theorem 1.2], and settled

the case m = 0 for all n by finding an explicit relation between 5, and Ss.
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Theorem 5.0.7. [91, Theorem 1.2]. Consider (II.6A.n.0). Namely, S is the Hirzebruch surface F,, con-
taining a curve Cy whose self intersection number is —n, and Cy is a smooth curve in |Cy + nF| where
F denotes a fiber. Let 81 and By be the cone angles along the boundary curves Cy and Cy. Then Kdhler—

Einstein edge metrics exist if and only if
n n
B~ 16— g+ 5)

It is difficult to generalize such a construction to the cases m > 1, as these pairs no longer have
a P!-bundle structure. In this chapter, we study Problem 5.0.5 for m > 1 using algebraic methods, i.e.,
verifying log K-stability.

The notion of K-stability introduced by Tian [106] and refined by Donaldson [39], Berman [10],
Fujita-Odaka [48] and Fujita [45] turned out to characterize the existence of Kahler-Einstein metrics. It
was also extended to log setting [40], namely Kéhler—Einstein edge metrics exist if and only if the pair
is log K-polystable [11]. Moreover, Fujita-Odaka [48] introduced the J-invariant (Definition 2.5.6) that
characterizes K-stability. In fact, it has been shown by Blum—Jonsson [16] that § > 1 is equivalent to
(uniform) K-stability, which is stronger than K-polystability, and § > 1 is equivalent to K-semistability,
which is weaker than K-polystability. This was also extended to log setting [14].

The d-invariant is the main technical tool used in this chapter. Our main result generalizes (5.1),

imposing a relation on the cone angles.

Theorem 5.0.8. Consider (II.6A.n.m) as in Definition 5.0.6. We have
6(8, (1= B)Cr+ (1= )0 ) <1,

with equality if and only if
1~ . 1~
BT+ gcfﬂf =B85+ §C§ﬂ§7 m # 1. (5.2)
The pair is log K-polystable, i.e., it admits a Kahler—Einstein edge metric, if and only if (5.2) holds.

The equivalence between stability and existence of Kahler—Einstein edge metrics used in the state-
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ment is due to the resolution of the logarithmic Yau-Tian-Donaldson conjecture [73, Theorem 1.6].

Theorem 5.0.8 generalizes Rubinstein-Zhang’s Theorem 5.0.7 and completely solves Problem 5.0.5.

5.1 The pairs (II.6A.n.m)

In this section, we start by explaining the definition of the family (II.6A.n.m). As a preparation, we also
compute the intersection numbers of curves as well as the log anti-canonical divisor of the surface S.

For n > 0, let IF,, denote the Hirzebruch surface containing a curve C; whose self intersection number
is —n. A fiber F' is a smooth curve on F,, whose self intersection number is 0. Pick a smooth element of
|C1 + nF| and call it Cy. Let S be the blow-up of F,, at m points p1,...,p;, on C; U Cs such that no two
of them lie on the same fiber, and C; C S the proper transform of C;. Consider the pair (S, C1 + 52)
Let 7 : S — FF,, denote the blow-up morphism, E; the exceptional divisor 7=1(p;), F a generic fiber, i.e.,
a fiber not through any p;, and F; the fiber through p;. For an irreducible curve C' C F,,, let C denote its

proper transform. For ¢ = 1,2, define

Ii == {jlpj € Ci}, m;:= L]

Remark 5.1.1. Recall that F,, ;1 can be obtained by blowing up a point on the —n-curve of F,, and then
blow down the proper transform of the fiber through that point. In other words, if S is obtained from F,
by blowing up m; points on C; C F,, and my points on Cy C F,, such that no two of them lie on the same
fiber, then it can also be obtained from F,,4,,, by blowing up my + mq points on Cs C F,,1,,,. Because of

this, we may assume

m1 =0, mo=m.

The Picard group of S is generated by the linear equivalent classes of 7*Csy, n*F and E;, giving
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intersection matrix

-1
Note that
51 ~ 7T*(Cg —7”LF’)7
Co ~ 7 Cy — ZEi>
—KS = 61 +52 +27T*F ~ W*(QCQ + (2 —ﬂ)F) - ZEZ
Let

Ag = (1-B1)C1+ (1= B2)Ca ~g (2= B1 — B2)Ca — (n — np1)F) — (1= B2) > Ei.

%

Then

~Ksn, = —Ks —Ag =7"((B1 + 2)C2 + (2 = np1)F) — o ZE (5.3)

5.2 Nefness criterion

For the remainder of the chapter we let (S, C) be the pair (IL.6A.n.m). See Section 5.1.
To compute Zariski decomposition, we need to check nefness of various divisors. To simplify this

process, in this section we first compute the nef cone. The result is the following.

Lemma 5.2.1. A Q-divisor

D ~g 7" (aCs + bF') — ch )
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is nef if and only if

0§D-C’2:na+b—20i.
i

Proof. Recall Definition 2.2.1. If D is nef, then (5.4) is necessary.

On the other hand, if (5.4) is satisfied, then the Q-divisor
D':=aCy+ Y (a—¢;)E; +bn*F ~g D

is effective. To prove that D is nef, it suffices to show that D - C' > 0 for each irreducible component C' of
D’. Since (5.4) is satisfied,

D-égzna—I—b—ZciZO,
i

DEZZCZZO,
D -7m*F =a2>0.

This shows D is nef. O

Corollary 5.2.2. The log anti-canonical divisor —Kg a, is ample if and only if

9 (0,+0), n>m
P € (O, n) B2 € (5.5)

Proof. Since the ample cone is the interior of the nef cone [68, Theorem 1.4.23], —Kg A, is ample if and
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only if the inequalities of (5.4) are strict. By (5.3),

62 > Oa
61 > 07
2—npB >0,
2+ ’I’Lﬁg > mﬂg.
This is (5.5). O

5.3 Intersection matrices

Since the Zariski decomposition of a divisor also involves curves with negative definite intersection matrices,
in this section we give some collections of curves that have negative definite intersection matrices. They

will be used in the computation of Zariski decompositions.
Claim 5.3.1. The following families of divisors have negative definite intersection matrices.
(1) Fr,...,Fp;
(2) Ev,...,En;
(3) él,ﬁi, wheren > 1 and 1 <1 < m;
(4) 51,ﬁ’1, .. .,Z*:m, where n > m;
(5) 52,152-, wheren <m and 1 < i < m;
(6) C1,Co, F;, wherel <n<m and 1 < i< m;
(7) 62,Fvi,E1,...,Ei7...,Em, wheren =0 and 1 <7 < m.

Proof. (1) The intersection matrix is —I, which is negative definite.

(2) The intersection matrix is —I, which is negative definite.
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(3) The intersection matrix is

-n 1
1 -1
Since
-n 1 1 -1 —(n—1)
1 -1 B 1
it is negative definite.
(4) The intersection matrix is
-n 1 1
1 -1
1 -1
Since
-n 1 1 1 -1 1) —-(n—m)
1 -1 1
1 -1 1
it is negative definite.
(5) The intersection matrix is
—(m —n)
1 ,
which is negative definite.
(6) The intersection matrix is
—-n 1
—(m —n)
1 -1
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Since

it is negative definite.

(7) We may assume ¢ = 1. The intersection matrix is

Since

it is negative definite.

10

-1
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5.4 Upper bounds for the delta-invariant

In this section, we give some upper bounds for the §-invariant by computing the ratio

AS,Aﬁ (E)
SL(E)

for various divisors E. In particular, by letting £ = 51, C, we prove Theorem 5.4.5, and by letting £ = E;

we prove Theorem 5.4.11. They combine to give the necessary part of the main theorem.

Lemma 5.4.1. The pseudo-effective threshold

T-Ksa, (51> = 1 + B,

and

_ Vol(—=Kgs,a,) — 2(2 — npy)z — na?, x € [0, f1],
VOl(*K&Aﬁ - zcl) -
(B1+ B2 —x)(4— (m—n)(x— 1+ Ba2)), =€ (B1,B1+ P

Proof. By (5.4) and (5.5),
—Ksn, — zCy = 7 ((B1 + B2 — x)Ca + (2 — nf1 + nz)F) — B2 ;El
is nef when z € [0, 31]. Therefore by Proposition 2.2.3,
Vol(—Ks,AB — x51> = Vol(—KSAB) —2(2 = nB)x — na’.

When z reaches 1, the intersection number (fKSAﬁ — xé’l) . E decreases to 0. When = > [,

assume there is an effective R-divisor N supported on U F; that satisfies (2.2). We can solve

7

N = (33—/31)ZE-

7
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By (5.4) and (5.5),

~Ksa, —2C1i = N =7 ((B1 + B2 —2)Co+ 2+ (m—n) (81 —2))F) = (B + B2 —2) D B

(2

is nef when x € (81, 51 + 82]. Also note Claim 5.3.1(1). By Definition 2.3.1, N is indeed the negative part

of —Ksa, —xC, for a € (B1, 1 + Ba]. Therefore by Proposition 2.3.3,
Vol(—KSVAB - x('fl) = (1 + Bo — 2)(4 — (m —n)(z — f1 + Ba)).
When z reaches 31 + 32, the volume Vol(—Kga, — xél) decreases to 0. This implies

T-Ksa, (51) = B + Ba.

O
Lemma 5.4.2. The expected vanishing order
S_k (61) =ﬁ1—# ﬁ%—ﬁg—i—l(—nﬁ?—%(m—n)ﬂg’))
S8p Vol(—KS,AB) 3
Proof. By Lemma 5.4.1,
B1 ~ 2
/ Vol (~Ks,a, — 201 )da = i Vol (—Ks,a,) — 267 + “n,
0
B1+B2 _ )
/ VOl(*K&AB - zCl)do: =262 — Z(m —n)B3.
B 3
Therefore By 4p
. 1 1+52 -
S_ Ci)= —F——~ Vol —K —zC)d
KS,Aﬁ ( 1) VO](*KSVAﬁ) /0 (@) ( S,Aﬁ T 1) X
_ 2 2 2, 1 3 3 )
— 51 VOI(—KS,Aﬁ) <B1 BQ + 3( nﬂl + (m n)ﬁZ) .
O
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Lemma 5.4.3. The pseudo-effective threshold

T—Ks,ap (52) = 1 + B,
and

_ Vol(—KS,AB) —2(2—(m—n)Ba)x — (m —n)x?, x €0,
Vol (~Ksa, —2Cs) =

(B1+ B2 —x)(4 —n(z + B1 — B2)), x € (B2, B1 + Pa].

Proof. By (5.4) and (5.5),

—Ksa, — 2Cy = 7 ((B1 + B2 — 2)Ca + (2 — np1)F) — (B2 — ) > E

7

is nef when z € [0, 33]. Therefore by Proposition 2.2.3,
Vol(styAﬁ - 1:6’2) = Vol(—Kga,) —2(2 — (m —n)Ba)z — (m —n)a>,

When z reaches s, the intersection number (—KS’Aﬁ — .’L‘éz) - E; decreases to 0. When x > (s,

assume there is an effective R-divisor N supported on U E; that satisfies (2.2). We can solve

7

N:(zfﬂg)ZEl

?

By (5.4) and (5.5),

—Ksa, —1Cy — N =" ((B1 + B2 — 2)Ca + (2 — np)F)

is nef when x € (2, f1 + B2]. Also note Claim 5.3.1(2). By Definition 2.3.1, N is indeed the negative part

of —Ksa, — xCs for z € (B2, B1 + B2]. Therefore by Proposition 2.3.3,

Vol(—KS,Aﬁ - :cég) =(B1+ P2 — )4 —n(x+ B — p2)).
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When x reaches 81 + (2, the volume Vol(—Kg A, — x52) decreases to 0. This implies

T—Ksa, (52) =1+ Ba.

Lemma 5.4.4. The expected vanishing order

~ 2 1
S—KS,AB (02) = B2 + m (ﬂ% - ﬂg + g(*”ﬂ% + (m — n)ﬂg))

Proof. By Lemma 5.4.3,

B2 - 2
/ Vol(—Ks,Aﬁ - :UCg)dx = By Vol (~Ks.a,) = 283 + 5 (m — )83,
0

B1+B2 _ 2
/ Vol(—KS,Aﬁ — xC2>dx =287 - gnﬁf
2

Therefore -
~ 1 1182 ~
S_KSAB (C’l) = \M(_MA Vol(—KSAﬁ — J?CQ)dJU
_ 2 S A B 3
= 0r ey (P 5 (st (=) )

Theorem 5.4.5. If

52— B3+ 5 (-n + (m — m)5E) =0,

then 6(S,Ag) < 1. Otherwise 6(S,Ag) < 1.

Proof. By (2.25), As,a,(Ci) =1— ordg Ag = f;, for i = 1,2. Recall Lemmas 5.4.2 and 5.4.4,

B = ey BT = BB+ 5 (- + (m—m)B)), i=1,

—Ks.ag4

S_Ksa, (51) =

P2 + m(ﬂ% - B3+ %(—nﬂf’—f— (m—n)ﬂg’)), i=2.
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By Definition 2.5.6,

As.ng (@)
0(S,Ag) < min —————~—. (5.6)
1=1,2 S C.
_KS,Aﬁ( ’L)
When
1
82— 3+ L (ndt 4 (m— ) =0,
(5.6) becomes (S, Ag) < 1. Otherwise if
1 .
82— 3+ L (nBt 4 (m— ) <0,
then (5.6) gives §(S, Ag) < Asag(@) 1; if
S_KS,AB (C1)
1
Bt = By + 3 (=B + (m —n)B3) >0,
then (5.6) gives §(S, Ag) < Asnay (@) -y O
S*KS,AL;(C?)

Recall that we assume m > 1, i.e., S contains some exceptional curve E;.

Lemma 5.4.6. Assume n > m. The pseudo-effective threshold

T-Ksa, (E;) =24 (n—m)fs,

and

Vol(~Kga, — 2E;) =

4(B1 + B2) —nBi + (n — m)B3 — 2Bz — a2, x € [0, A1),

4(B1 + B2) — (n = )BT + (n—m)B3 — 2(B1 + Ba)z, =€ (B1,2— (n—1)B],

(- 1) (B + 22" (m - 1), re@—(n—1)3,2,
Ct(n=m)fs—a)” 2 € (2,24 (n—m)Bs).
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Proof. By (5.4) and (5.5),

~Ksa, — 2B =7 ((B1+ B2)Ca + (2 = nB1)F) — (B2 + 2)E; — Y _ B
J#i

is nef when z € [0, 31]. Therefore by Proposition 2.2.3,

VOI(—K&AZ; — .:EEZ) = 4(61 + 62) — nﬂf + (Tl — m)ﬁg — 2521‘ — LE2.

When z reaches 31, the intersection number (—KSAﬁ —zE;) - E decreases to 0. When = > (1, assume

there is an effective R-divisor IV supported on F; that satisfies (2.2). We can solve

N = (13 — Bl)ﬁz

By (5.4) and (5.5),

—Ksny, —2B; =N =1"((1+ 2)Co+ (2= (n = 1)1 — ) F) — (61 + B2) E; — Zﬁ2Ej
J#i

is nef when = € (51,2 — (n —1)1]. Also note Claim 5.3.1(1). By Definition 2.3.1, N is indeed the negative

part of —Kg a, —2F; for v € (1,2 — (n — 1)$1]. Therefore by Proposition 2.3.3,

Vol(—Ks.a, — TE;) = 4(B1 + B2) — (n — 1)B] 4+ (n —m)B5 — 2(B1 + B2)x.

When x reaches 2 — (n — 1)1, the intersection number (—Kga, —2E;) - C decreases to 0. If n > 1,
when x > 2 — (n — 1)1, assume there is an effective R-divisor N supported on F;UC} that satisfies (2.2).

We can solve
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By (5.4) and (5.5),

N 2—z 2—z
—Kspny, —xE; —N=m ((52+ — 1)Cz> - <52+ — 1>Ei_ éﬂzEj
J 1

is nef when z € (2 — (n — 1)1, 2]. Also note Claim 5.3.1(3). By Definition 2.3.1, N is indeed the negative
part of —Kga, —2F; for x € (2 — (n —1)B1,2]. Therefore by Proposition 2.3.3,
2—x

2
Vol(=Kga, —zE;) = (n—1) (52 + nl) —(m—1)p3.

When x reaches 2, the intersection number (—Kga, — 2E;) - ﬁj decreases to 0 for j #i. If n > m,

when z > 2, assume there is an effective R-divisor IV supported on 5’1 U U ﬁj that satisfies (2.2). We can

J
solve

n—m

r—-2\~ | = -2 ~
N = Cy + o F, F.
<51+n_m> L+ +zj: j

By (5.4) and (5.5),

—Ksn;, —vEi — N = 7T*(<ﬁ2 - ;__2)02> - Z(ﬂz - 5—_72n>E’

J

is nef when x € (2,2 + (n —m)f2]. Also note Claim 5.3.1(4). By Definition 2.3.1, N is indeed the negative

part of —Kga, —2E; for x € (2,2 + (n —m)Bs]. Therefore by Proposition 2.3.3,

2+ (1 —m)Bs — 1)

VOI(—K&Aﬂ —Z‘Ei) = n—m

When 2 reaches 2 4 (n — m)32, the volume Vol(—Kg a, — ;) decreases to 0. This implies

T-Ks,ag (E%) =2+ (n - m)BQ
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Lemma 5.4.7. Assume n <m and (n —1)81 > (m — n)By. The pseudo-effective threshold

and

VOI(—I(S’A/i - QSEZ') =
4(B1 4 B2) — nBE + (n —m)B3 — 2Box — 22, z € [0, 8],

41+ o) — (n—1)BE + (n—m)B3 — 2(B1 + B2)z, z € (B1,2— (n—1)B],

(= 1)(B2+222)" — (m - 1)3%, re (2 (n—1)1,2— (m—n)f],

e (@ = 2)%, v (2= (m—n)h,2)

Proof. By (5.4) and (5.5),

~Ksn, — B =7 ((B1+ B2)C2 + (2 —nB1)F) — (B2 + ) E; — Zﬂ2EJ’
I

is nef when z € [0, 81]. Therefore by Proposition 2.2.3,

Vol(—Ks.a, — TE;) = 4(B1 + B2) — nfi + (n — m)B3 — 2Baz — 2°.

When z reaches 1, the intersection number (—Kga, — zE;) - ﬁ'i decreases to 0. When x > 1, assume

there is an effective R-divisor N supported on F; that satisfies (2.2). We can solve
N = (z — B1)F;.
By (5.4) and (5.5),
—Ksn, —aBi = N=7"((61+62)C2+ (2— (n = 1)1 —2)F) — (B1 + B2) Ei — 252]5]‘
J#i
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is nef when = € (51,2 — (n—1)p1]. Also note Claim 5.3.1(1). By Definition 2.3.1, N is indeed the negative

part of —Kg A, —xE; for x € (81,2 — (n — 1)B1]. Therefore by Proposition 2.3.3,

VO](_KS’Aﬁ - mEz) =4(B1 + B2) — (n —1)B7 4 (n —m)B3 — 2(B1 + B2)x.

When 2 reaches 2 — (n — 1)1, the intersection number (—Kga, — 2£;) - Cy decreases to 0. When
2> 2— (n—1)B, assume there is an effective R-divisor N supported on F; U C) that satisfies (2.2). We

can solve

22\ ~ —2
N= (mx)clﬂ”c F.
n—1 1

By (5.4) and (5.5),

N 2—z 2—z
—Kspn, —xE;—N=m7 <(52+n_1)02> - (524-”_1)1*7@—;5#?]'

is nef when z € (2 — (n—1)531,2 — (m — n)B2]. Also note Claim 5.3.1(3). By Definition 2.3.1, N is indeed

the negative part of —Kga, —2E; for x € (2 — (n —1)p1,2 — (m —n)Bs]. Therefore by Proposition 2.3.3,

2

2
Vol(—Ks,a, —zE;) = (n — 1) (52 + n_f) —(m—1)p2.

When z reaches 2 — (m — n)S32, the intersection number (—Kga, — 2E;) - C, decreases to 0. When
x > 2 — (m —n)Bs, assume there is an effective R-divisor N supported on F; UC; UC, that satisfies (2.2).

We can solve

22\ ~ 2. —2\ ~
N = (51—96)014-”:5 F; + (524- i )Cz-
n—1 n—1 m-—n

By (5.4) and (5.5),

m—1 m—1 2—x

_KS,A/g —QTE,; —N=g7" (m_l)m_n)(2—$)02> — m(z_‘r)Ez _§ m_nE]

is nef when z € (2 — (m —n)f2,2]. Also note Claim 5.3.1(6). By Definition 2.3.1, N is indeed the negative
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part of —Kg a, —2E; for x € (2 — (m —n)p2,2]. Therefore by Proposition 2.3.3,

Vol(—KSVAB — xEZ) =

When 2 reaches 2, the volume Vol(—K S,A5 — xE;) decreases to 0. This implies

T—KS,Aﬁ (Ez) = 2.

Lemma 5.4.8. Assume (n—1)51 < (m —n)B2 and n > 1. The pseudo-effective threshold

T—KS,AB (EZ) =2,

and

Vol (—Ksa, — 2k;) =
4(B1 + B2) — nBi + (n — m)B3 — 2Bax — 22, x € [0, A1),

4(Br+ B2) — (n—1)B7 + (n —m)B3 — 2(B1 + B2)z, z € (81,2 — (m —n)Ba],

4+(m—")(4—(”—1)51)51—2(2+(m—n)51)z+m2’ zE(2- (m —1)B2,2 — (n — 1)ﬂ1],
sl (2 - 2)%, z€2-(n-1)8,2.

Proof. By (5.4) and (5.5),

~Ksa, — 2B =7 ((61 + B2)Ca + (2 = np)F) = (B2 + 2)Ei = ) fo
i

is nef when z € [0, 81]. Therefore by Proposition 2.2.3,

Vol(—Kga, — TE;) = 4(B1 + B2) — nfi + (n — m)B3 — 2Baz — 2°.
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When z reaches 1, the intersection number (—Kga, — zE;) - ﬁ'i decreases to 0. When x > 1, assume

there is an effective R-divisor N supported on F; that satisfies (2.2). We can solve

N = (l‘ — ﬁl)ﬁz

By (5.4) and (5.5),

—KS7A5 — .’EEZ — N = W*((ﬁl + ﬁQ)CQ + (2 — (TL — 1)51 — .’E)F) — (51 + 52)E2 — ZﬁQEj
J#i

is nef when x € (81,2 — (m —n)fB2]. Also note Claim 5.3.1(1). By Definition 2.3.1, N is indeed the negative
part of —Kga, —2E; for x € (B1,2 — (m — n)Bs]. Therefore by Proposition 2.3.3,

Vol(—Ks,a, —B;) = 4(B1 + B2) — (n = 1B + (n — m)B3 — 2(B1 + B2).

When x reaches 2 — (m — n)Bs, the intersection number (=Ksa, — zE;) - Cs decreases to 0. When
2 > 2 — (m — n)f,, assume there is an effective R-divisor N supported on F; U Cs that satisfies (2.2). We

can solve

By (5.4) and (5.5),

- - N = 2 2 —
Ksny —aEi—N=m" (<51 + w)Cz +2=-(n-1)p — x)F) - (Bl + i ) E;
m—n m—n
Z S E;
m-—n
JFi

is nef when = € (2 — (m —n)fB2,2 — (n — 1)B1]. Also note Claim 5.3.1(5). By Definition 2.3.1, N is indeed

the negative part of —Kga, —2E; for x € (2— (m —n)B2,2 — (n —1)B1]. Therefore by Proposition 2.3.3,

44+ (m—-n)4—(n—1p61)p1 — 22+ (m —n)B1)x + x2_

m—-n

VOI(—K&Aﬁ — J)EZ') =
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When z reaches 2 — (n — 1), the intersection number (—Kg a, —2E;)- Cy decreases to 0. If n > 1,
when = > 2 — (n — 1)1, assume there is an effective R-divisor N supported on ]5Z U 6’1 U 52 that satisfies

(2.2). We can solve

By (5.4) and (5.5),

. m—1 m—1 2—x
Koo o = (G 1) - G O 9B - B

is nef when = € (2 — (n — 1)1, 2]. Also note Claim 5.3.1(6). By Definition 2.3.1, N is indeed the negative

part of —Kg a, —2E; for v € (2 — (n — 1)51,2]. Therefore by Proposition 2.3.3,
Vol(—Kga, — zE;) =
When 2 reaches 2, the volume Vol(—Kg A, — 2E;) decreases to 0. This implies

T_KS.Aﬁ (Ez) =2.

Lemma 5.4.9. Assume n = 0. The pseudo-effective threshold
T-Ksa, (Ei) =2+ B,

and

4(B1 + B2) — mpB3 — 2oz — a2, x € [0, B1],

4(B1 + B2) + 7 —mpB3 — 2(B1 + B2)z, x € (B1,2—mfBa),
VO](—K'S,Aﬁ - xEZ) =

4+m(4+ﬁl)ﬁlﬁ(2+mﬁl)z+x27 S (2 - mﬁ?v 2}

(24 81 —a)%, ze(2,2+ B
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Proof. By (5.4) and (5.5),

—Ksn, —xl; =7 ((B1 + B2)Ca + 2F) — (B2 + x)E; — ZﬂQEj
J#i

is nef when z € [0, 31]. Therefore by Proposition 2.2.3,

Vol(—Ks,a, — 2E;) = 4(f1 + f2) — mB3 — 2Bz — 2.

When z reaches 31, the intersection number (—KSAﬁ —zE;) - E decreases to 0. When = > 1, assume

there is an effective R-divisor IV supported on F; that satisfies (2.2). We can solve

N = (13 — Bl)ﬁz

By (5.4) and (5.5),

—Ksn, =2l =N =1"((B1+ 2)Co+ (2+ 1 —2)F) — (B1 + o) Es — ZﬁzEj
J#i

is nef when = € (81,2 —mf2]. Also note Claim 5.3.1(1). By Definition 2.3.1, N is indeed the negative part

of ~Kga, —2E; for x € (81,2 — mfs]. Therefore by Proposition 2.3.3,

Vol(~Ks,a, — 2E;) = 4(B1 + B2) + B2 — mB3 — 2(B1 + fa)a.

When z reaches 2 — mfs, the intersection number (—K SA5 — zE;) - 52 decreases to 0. When
x > 2 — mpfs, assume there is an effective R-divisor N supported on E U 5’2 that satisfies (2.2). We can

solve

2—x

N= (52— )CN'Q—#(x—ﬁl)E.
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By (5.4) and (5.5),

2- 2 — 92 _
J#i

is nef when z € (2 — mfs,2]. Also note Claim 5.3.1(5). By Definition 2.3.1, N is indeed the negative part
of —Kg n, —xE; for x € (2 —mf,2]. Therefore by Proposition 2.3.3,

) = 44+m(d+B1)B —2(2+mpBy)z + 22

\/vol(—]:(‘g"Aﬂ - in m

When z reaches 2, the intersection number (—Ksa, — 2E;) - Ej decreases to 0 for j # i. When

x > 2, assume there is an effective R-divisor N supported on }7'1 U 6’2 U U E; that satisfies (2.2). We can
J#i
solve

N=(B+z-2)Co+ (z—p1)F+ > (z-2)E;.
J#i

By (5.4) and (5.5),

—Ksn, —zEi =N =7n"(2+ 51 —2)Co+ 2+ 51 —2)F) — 2+ p1 —2)E;

is nef when x € (2,2 + ;]. Also note Claim 5.3.1(7). By Definition 2.3.1, N is indeed the negative part of

—Ksn, —xk; for z € (2,2 + B1]. Therefore by Proposition 2.3.3,

Vol(~Ksa, — 2E;) = (2+ 1 — ).

When 2 reaches 2 4 31, the volume Vol(—Kg A, — 2E;) decreases to 0. This implies

T*KS,Aﬁ (El) = 2 + 61.
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Lemma 5.4.10. The expected vanishing order

S isn, (B) =1+

1 2 2
m (—(n —2)pi +(n—m)B5 +

Proof. By Lemmas 5.4.6, 5.4.7, 5.4.8 and 5.4.9,

1 T_KS,Aﬁ (E)
S_icon, (E}) ) / Vol(—Ks.a, — 2;)da

- VOI(—K&Aﬂ

(n—2)8} + (n —m)*B3

1 )<—<n—2)ﬂf+(n—m)6§+" 5

=1+ ——
VOI(—KS’A@

Theorem 5.4.11. Assume 7 — 83 — 5 (nf} + (n —m)B3) = 0. If m =1, then §(S,Ag) <1

Proof. By (2.25), As.a,(E;) =1—ordg, Ag = 1. Recall Lemma 5.4.10,

1 n
S_ E)=1+4+———-(2- 21— =p).
KS,AB( ) VO](—Ks}Aﬁ) ( m)ﬂl ( 3B1>
By definition 2.5.6, when m =1,
As.ng (Er)

3(S,Ag) < < 1.

S*KS,Aﬁ (El)

Theorems 5.4.5 and 5.4.11 combined imply the necessary part of the main theorem.

Theorem 5.4.12. Consider (I.L6A.n.m) as in Definition 5.0.6. We have
5(57 (1—p1)C1+ (1 - ﬁ2)52) <1,

with equality only if

1~ 1~
B: + 50125? = B35+ 502253

and
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Proof. By Theorem 5.4.5,

If equality holds, by Theorem 5.4.5,
2, 1003 2, 13003
Bi + 50151 =05+ 502[31;

by Theorem 5.4.11,

5.5 Rational T-varieties of complexity 1

In this section we collect some definitions and properties of rational T-varieties of complexity 1 that will

be used in the proof of the main theorem.

5.5.1 Construction of rational T-varieties of complexity 1

We first recall some definitions for T-varieties [2, Sections 2.2 and 2.3], in particular, rational T-varieties

of complexity 1 [118, Section 1].

Definition 5.5.1. Let N be a lattice and M its dual lattice. We say A C Ng := N ®z Q is a polyhedron

if it is a finite intersection of half-spaces. Its tailcone is defined by
tail(A) :={a € Ng|a+ A C A}.

A cone is always assumed to be pointed, i.e., it does not contain non-trivial linear subspaces. Fix a cone

o, a formal sum

D= D,®p

p€eP!

is called a polyhedral divisor on P! with tail(D) := o if each coefficient D, is either a polyhedron with
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tail(D,) = o, or the empty set, and all but finitely many coefficients are o. Define its locus

LocD := P!\ U D

Dp=2

and degree

degD := Z D,.

peP?

a; € Al}

Note that if the tailcone of a polyhedron A is o, then A C A4+0 C A, i.e., A4+0 = A. Hence the definition

Here the sum is in the sense of Minkowski sum, i.e.,

N N
a3
=1 =1

of deg D makes sense. Indeed,

> D= > D,

pEP! Dp#o
is a finite sum, as any polyhedron D, equaling o can be ignored. By convention, if D, = ¢ for all p, then
deg D = 0. We assume D is a p-divisor, that is, deg D ;Cé o. A ray p of o is called extremal if pNdegD = @.

For u € 0¥ N M, the evaluation

D(u) := Z min (u, v) - p

veD)
pELocD

is a Q-divisor on LocD. Consider the graded Or. p-algebra

A(D) = @ Orocp(D(u)) X"

ueoVNM

We can define two T-varieties

TV(D) := Spec A(D), tv(D) := Spec H’(Loc D, A(D)),

equipped with an action of T := Spec C[M] induced by the action of C[M] on A(D).
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Theorem 5.5.2. [83, Proposition 3.13], [118, Section 1]. There are two types of T-invariant prime divisors
on TV(D): wertical and horizontal divisors. Vertical divisors are classified by pairs (p,v), where v is a
vertex of Dp. Such divisor is denoted D, ,. Horizontal divisors are classified by rays p of o. Such divisor
is denoted D,. The natural morphism r : TV (D) — tv(D) is a proper birational T-equivariant contraction
morphism which contracts any horizontal divisor D, where p is not extremal. The other divisors survive

and are precisely the T-invariant prime divisors on tv(D).
Similar to the toric case, general T-varieties are obtained by gluing affine T-varieties.

Definition 5.5.3. [2, Definition 13], [118, Definition 1.4]. For two p-divisors D = Z D, ®pand D' =
pEPL

Z D; ® p, define their intersection

p€EP?

DND =) (D,ND,)@p.
peP!

If D’ C D, then there is an induced map tv(D’) — tv(D). If this map is an open embedding, then D’ is
called a face of D. A finite set S = {D?} of p-divisors on P! is called a divisorial fan if the intersection of
two p-divisors from S is a common face of both and also belongs to S. For p € P!, define a slice S, := {D;}.

S is called complete if each slice is a complete polyhedral subdivision of Ng.

Example 5.5.4. Consider the toric variety [F,,. We restrict its torus action to that of a subtorus, consisting
of the actions that fix the fibers. This induces the structure of a rational T-variety of complexity 1. For
such T-varieties, we can use toric downgrade to obtain its divisorial fan [83, Remark 2.8] (see also [118,
Section 4.1]). See Figure 5.2.

Start from the fan corresponding to the toric variety F,,. As explained in Figure 5.2, let pry : Ngp —
Ng be the projection map onto the k-th variable, £ = 1,2. The fan corresponding to IF,, is mapped via
pry to the fan corresponding to P!, which has two rays corresponding to the two torus-invariant divisors
Dy =0 and D_; = oo, with primitive generators 1 and —1, respectively. For each 2-dimensional cone o3,

define a polyhedral divisor D;, whose coefficient over D; is the polyhedron prq(o; Npry 1(Dj)), j ==+
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,,,,,,,,,,,,,,,,,,,,,,, —1

Figure 5.2: The downgrading of the torus action on F,. The projection to the second variable maps
the fan corresponding to F,, to the fan corresponding to the base P'. Let 0,00 € P! denote the torus-
invariant divisors corresponding to the rays with primitive generators 1 and —1, respectively. Then each
2-dimensional cone o; gives rise to a polyhedral divisor D; whose coefficient over a torus-invariant divisor
is the intersection of that cone and its preimage under the projection map.

That is,
Dy =[n,+0) @0+ T ® oo,
Dy = (—00,n] ® 0+ & ® oo,
Dy =2 ® 0+ (—o0,0] @ oo,
Dy =2 ®0+ [0,400) ® oc.
Note that degD; = @ for any i. These polyhedral divisors now give rise to a divisorial fan corresponding

to IF,,.

Example 5.5.5. Recall how we blow up a torus-invariant point on a smooth toric variety. We can also
interpret it under toric downgrade. See Figure 5.3. The cone o = o1 U 0y corresponds to C2, while the
cones o, and o9 give rise to a fan that corresponds to BlyC?. After the blow-up, we replace the polyhedral
divisor corresponding to ¢ by two polyhedral divisors corresponding to o1 and o3, whose coefficients over
0 € C are [0,1] and [1, +00), respectively. Note that since blow-ups are local, similar construction applies

if we replace the base to some open neighborhood U C C of 0.

Figure 5.3: The blow-up of C? at 0. Since the cone ¢ = o, U 0 is replaced by the cones o1 and oo, we
replace the polyhedral divisor corresponding to o with two polyhedral divisors, whose coefficients over 0
are [0, 1] and [1,400), respectively.

Remark 5.5.6. [2, Section 4.4]. In general, the slices of a divisorial fan S do not capture the entire
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information of S, since the information of which polyhedra from different slices belong to the same p-
divisor is lost. However, in complexity 1, with the additional information of the degree, this problem can

be overcome, which leads to the definition of f-divisors.

Definition 5.5.7. [2, Definition 19]. Consider a pair (Z Sp ® p,veg) where each S, is a polyhedral
peP!
subdivision with common tailfan ¥ and deg C |X|. For any full-dimensional o € tail(S) that intersects deg,

let A7 be the unique polyhedron in S, with tailcone o, and D := Z AJ. The pair (Z Sp @ p,veg) is
pePt pePl
called an f-divisor if each D7 is a p-divisor with deg D = degNo.

Theorem 5.5.8. [2, Proposition 20]. For any f-divisor (Z S, ® p,eg), there is a divisorial fan S with
peP!
slices S, and degree deg. Moreover, the T-variety constructed from S is independent of the choice of S.

Let X be a rational T-variety of complexity 1, characterized by a complete divisorial fan S. By

[83, Section 3.1], a T-invariant Cartier divisor is uniquely characterized by its divisorial support function

h = Z hp ® p, where each h), is defined on the slice S, and is affine on each polyhedron. Moreover, the
peP!

linear part h, on a polyhedron depends only on its tailcone but not on p. The corresponding Weil divisor

is given by the following theorem.

Theorem 5.5.9. [83, Corollary 3.19]. The Weil divisor corresponding to the divisorial support function h
is given by

> " hi(np)Dy = 3 1(0)hy(v) Dy,

(pv)
where hy is the linear part of h, n, is the primitive generator of the extremal ray p, and p(v) is the smallest

natural number such that p(v)v is a lattice point.

Theorem 5.5.10. [83, Theorem 3.21]. Fiz an anti-canonical divisor —Kp = Z ap - p. Then the anti-
peP!
canonical divisor

~Kx =Y Dy+ Y (u(v)ap + 1= p(v)) Dy
p (p;v)

Definition 5.5.11. [83, Definition 3.22]. For a divisorial support function h with linear part h;, define

Oy = m{u € Mg | <u7np> > ht(np)}v
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where p runs through all rays in tail(S). The dual function of h is defined to be

Vi=> " U,@p,
peP!

where

is the Legendre transform of h, on [J,. Note that it suffices to let v run through all vertices in S,. We

also define its degree

deg W= >0,
pePt

5.5.2 J-invariant and K-stability

In this section, we provide results relevant to the d-invariant and K-stability.

Theorem 5.5.12. [118, Section 3|, [99, Theorem 3.15]. Let X be a rational Fano T-variety of complexity 1
with log terminal singularities, characterized by a complete divisorial fan S. Let h be the divisorial support

function corresponding to —Kx specified by Theorem 5.5.10, and ¥ its dual function. Define

Vol(¥) ::/ deg U (u)du,
Ox

1
Vol(V)

Be(0) := /D u - deg U (u)du, (5.7)

Be, = VC)%(\I/) /Dh (; deg ¥(u) — \Ilp(u)) deg ¥ (u)du.

Then

—hi(np) 1
Be(D),ny) — halny) } N {mv)(Bcp F(Be(®), o) — hy(0)) }(W;

3(x) = nin

where each term corresponds to the valuation given by D, and Dp.,,.

The Futaki character vanishes precisely when Be(¥) = 0.

Theorem 5.5.13. [3, Theorem 1.31], [72, Theorem 3.2]. Let (X,A) be log Fano with Kawamata log

terminal singularities. Let T be the mazimal torus in Aut(X,A). Suppose dimT = dim X — 1. Then
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(X, A) is log K-polystable if and only if the Futaki character vanishes, and for any T-invariant prime

divisor E on X,

Ax A(E)

——>1,
S—KX,A(E) -

with equality if and only if E is horizontal.

If (X, A) is toric, recall the following theorem.
Theorem 5.5.14. [14, 16] Let (X, A) be log Fano and toric. Then it is log K-polystable if and only if for
any torus-invariant prime divisor E on X,

Ax a(E)

XA .
S—KX.A (E)

5.6 Proof of main theorem

In this section we make use of the T-variety structure of the pairs to compute the d-invariant, independent
of the computation from Section 5.4, and prove Theorem 5.0.8.

Start from the toric variety IF,,. The C*-action along the fibers can be lifted to S, equipping the
surface with the structure of a T-variety of complexity 1. We choose the f-divisor (i S; ® p;, deg) on P,

i=0
where

{(—oo,n],[n,—l—oo)}, i =0,
{(700, *1]3 [*13 O]v [07 Jroo)}a P> 13

(intersections omitted), and deg = o, as explained in Figure 5.4. By Example 5.5.4, when m = 0, this
f-divisor corresponds to F,,. By Example 5.5.5, for general m, this f-divisor corresponds to S.

Recall Theorem 5.5.10. Consider

*KS = 51 +52+27T*F,

—Ksn, = 51Cy + 20y + 21" F.
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T F n So Po

By -10 S1 D1
Ey -10 So D2
E,, -10 Sm Dm

é2 61 ]Pl

Figure 5.4: An f-divisor corresponding to S. The rays [0,+oc0) and (—o0, 0] correspond to the horizontal
divisors C'1 and Cy, respectively. The vertices correspond to vertical divisors. The vertex n on Sy correspond
to the fiber over pg. The vertices —1 and 0 on S; correspond to E; and F;, respectively. The vertex 0 on

any trivial slice over p € P! correspond to the fiber over p.

By Theorem 5.5.9, — K5 A, corresponds to the divisorial support function h with linear part

52U7 v < 07
hi(v) =
—pBiv, v >0,
and satisfies
hpy(n) = =2, hy, (=1) = Ry, (0) = hy,,(=1) = hy,, (0) =0,
as shown in Figure 5.5.
hip (V) Ba(v—n)—2 —Bi(v—n) -2
n
hp, (v) Ba(v+1) 0 —Brv
-1 0

So

S;i>1

Figure 5.5: The divisorial support function A corresponding to the log anti-canonical divisor —Kg a -
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By Definition 5.5.11, the dual function ¥ of h is given by

nu + 2, 1=0,
‘I’Pi (u) =

min{0, —u}, @>1,

where the domain O, = [—f1, B2], and its degree

nu + 2, u < 0,
deg U(u) =

(n—m)u+2, u>0.

By (5.7), we compute its volume

Vol(W) = 2(B1 + ) — 587 + 5.

and barycenter

2

1 ;
Be(V) = _W<B% - B3 - g(nﬂf +(n - m)ﬂﬁ)),

2

BCP(\II) _m(@—nﬁl—knﬂg)(ﬁl +ﬁ2)+%(n2ﬂ?+(n2_m2)53))7 i 0,

2 2 2 n2 B34 (n—m+2)(n—m)pB3 .
m(2(61+62)—”61+(n—m+1)ﬁ2+ 1 . 2), i> 1.

Recall that by Theorem 5.5.12, the Futaki character vanishes precisely when Be(¥) = 0, i.e.,

B — 85— %(nﬂf’ +(n—m)B3) = 0.
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We are now ready to compute the d-invariant.

As.ag (Cl> _ 1
S*KS,Aﬁ (61) ﬂl a Vol(—?(S,AB) (ﬂ% B Bg o %(nﬂf + (n - m)ﬂg)) ’
As.as (C2> _ B2
~ - 2 1 9
Sroa, (Co)  Bot Tarisayy (B = 5 — 3BT + (n —m)B)) o
AS7Aﬁ (El) o 1
S_KSvAB (El) 1+ m <_(TL - 2)512 + (n — m)ﬁ% + Mni?)ﬁfj;(nim) BS’)
Ag
Asag (Fi) 1
Srtoiay () 1t Gy (o (n - m 4 2)3 4 Ao )
Ag

This reproduces the computation in Section 5.4 and hence proves Theorem 5.4.12, the necessary

part of Theorem 5.0.8. We now prove the sufficient part of Theorem 5.0.8.

Proof of Theorem 5.0.8. Assume

5~ 55— < (nB + (0 —m)B) =0

and m > 2. By (5.9),

As.ng (51) B As.ng (5'2)
S s, (C1) Sk, (&)

Asng (E;) _ Asag (F3) _ 1
S*Ks,aﬁ (EZ) S*KS,AH (Fl) 1+ m@_m)ﬁf(l - %Bl)

:17

When m > 3,
Asag(Ei)  Asnag(F) 51
S*KS,AB (El) S*KS,AB (Fl)
Moreover, since 7*F — F; > 0,
AstB(ﬂ-*F) S AS,AB(Fi) o1

S*KS,Aﬁ (W*F) - S*KS,Aﬁ (Fl)

By (5.8), the Futaki character vanishes. Therefore by Theorem 5.5.13, the pair (S, Ag) is K-polystable.
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When m = 2, for i = 1,2,

AS,A/ﬂ(Ci) _ AS,AB(Ei) . AS,Aﬁ(Fi) B
S_KS,AB (51) S_KS,AB (EZ) S_KS,AB (Fl)

Therefore by Theorem 5.5.14, the pair (S, Ag) is K-polystable. O

Remark 5.6.1. By [46, Theorem 5.1], the vanishing of the Futaki invariant also follows directly from the

fact that Aga,(Ci) = S_ry 5, (C)-
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Chapter 6

Stabilization of toric aj-invariants

In this chapter we focus on Tian’s oy, - and oy, g-invariants that were defined in 1988 and 1991, and to a
large extent are still rather mysterious. The presence of the compact symmetry group G is a major source of
difficulty and new ideas are needed here as these invariants have not been previously systematically studied
or computed. In particular, we provide a formula for such invariants, valid for all toric Fano manifolds,
leading to a resolution of Tian’s stabilization conjecture in this setting, which is also the first general result
on Tian’s conjecture.

Let (X, L,w) be a polarized Kéhler manifold of dimension n with L a very ample line bundle over

X, and w a Kéahler form representing ¢;(L). The space
Hy = {<p|w4p = w+V—=100p > 0} C C™(X) (6.1)

of Kéhler potentials of metrics cohomologous to w was introduced by Calabi in a short visionary talk in
the Joint AMS-MAA Annual Meetings held at Johns Hopkins University in December, 1953 [19]. In a
groundbreaking article some 35 years later, Tian proved (motivated by a question of Yau [113, p. 139])
that Hz, is approximated (or “quantized”) in the C? sense by the finite-dimensional spaces Hj, consisting
of pull-backs of Fubini-Study metrics on P(H°(X, L*)*) under all possible Kodaira embeddings induced

by H(X, L*) [103]. A decade later this was improved to a complete asymptotic expansion [24, 117] and so
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the Hy, can be considered as the Taylor (or Fourier, depending on the point of view) expansion of Hy. The
theme that holomorphic and other invariants associated to X and H may be quantized using the spaces
‘H;. has dominated Kahler geometry for the last 35 years.

In the 1980’s, Futaki’s invariant was a new obstruction for the existence of Kahler—Einstein metrics,
but there were no invariants that guaranteed existence. At best, there were constructions that utilized
symmetry to reduce the Kéhler—Einstein equation to a simpler equation that could be solved and lead to
specific examples (another theme pioneered by Calabi, which makes a surprise appearance to close this
chapter, see Example 6.6.12). Given a maximal compact subgroup G of the automorphism group Aut X,

Tian introduced the invariant

peHEC

ag = sup{c > 0| sup / e~clemsup ) n o oo} (6.2)
X

(where HE denotes the G-invariant elements of Hz,), and its quantized version (Definition 6.2.1)

ak .G,
computed over the G-invariant elements of Hy, and obtained the sufficient condition

n
S 6.3
aG > (6.3)

for the existence of a Kéhler-Einstein metric when L = —Kx (which we will henceforth assume unless
otherwise stated) [101, Theorem 4.1]. Initially, the main interest in the invariants ag was as the first
systematic tool for constructing Kéhler—Einstein metrics on Fano manifolds, but later it was also conjec-
tured by Cheltsov and established by Demailly that ag actually coincides with the G-equivariant global
log canonical threshold from algebraic geometry [29]. Since Hj C H it follows that ag < infy ay,¢ [103,
p. 128], yet this does not help obtain (6.3). Instead, Tian posed the following difficult question that would
reduce the computation of the invariant a¢ from the infinite-dimensional space H, to a finite-dimensional

one Hj, and establish a highly non-trivial relation between the different Hy'’s.
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Problem 6.0.1. [103, Question 1],[102] Let X be Fano and L = —Kx, and let G be a maximal compact

subgroup G C Aut X. Is ay ¢ = a¢ for all sufficiently large k € N?

It is interesting to note that a slight variation of Tian’s a- and ag-invariants turned out to lead
about three decades later [119, 90] to the very closely related - and dg-invariants of Fujita—Odaka [48] that
are in turn a slight (and ingenius) variation on global log canonical thresholds, and turn out to essentially

characterize the existence of Kahler—Einstein metrics. We return to these invariants in Chapter 7.

A Demailly type identity in the presence of symmetry

Another (easier) problem motivating this chapter concerns the by-now-classical relation between Tian’s
(holomorphic) invariants and the (algebraic) global log canonical thresholds. The relationship was first
conjectured by Cheltsov and proved by Demailly and Shi [29, 94]. However, so far, this relationship has only
been shown for the a- and ay-invariants, or for the ag-invariant (see [29, Theorem A.3], [94, Proposition
2.1], [29, (A.1)], respectively), and not for the more subtle invariants oy . Inspired by Demailly, we

introduce (Definition 6.2.4) the k-th G-equivariant global log canonical threshold

glCt]%G

as an algebraic counterpart of Tian’s ay ¢ (Definition 6.2.1). A natural question is:

Problem 6.0.2. Let X be Fano and L = —Kx, and let G be a compact subgroup G C Aut X. Is

glet, ¢ = ar.g?

Note that the proof of Demailly in the equivariant case [29, (A.2)] works for the limit as k — oo but

not on a fixed level k.

Stabilization of toric o,-invariants

In this chapter, we resolve both Problems 6.0.1 and 6.0.2 in the toric setting. It is perhaps not well-known,
but Calabi was interested in toric geometry and computed certain geodesics in Hy in the toric setting,

although he never published the result [21].
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As standard, we allow the slightly more flexible situation of any (and not just a maximal) compact
subgroup of the normalizer

N((C)™)

of the complex torus (C*)™ in Aut X. Denote by

Aut P C GL(M) = GL(n,Z) (6.4)

the subgroup of the automorphism group of the lattice M that leaves the polytope P (3.18) invariant. It is
necessarily a finite group. In fact, Aut P is the quotient of the normalizer N ((C*)™) of the complex torus
(C*)™ in Aut X by (C*)", so that N((C*)™) consists of finitely many components each isomorphic to a

complex torus [7, Proposition 3.1]. For H C Aut P, let

G(H):=Hx (S")" C N((C)") C Awt X (6.5)

denote the compact group generated by H and (S')" (the latter is the maximal compact subgroup of the
complex torus (C*)™).

Our first result resolves Problem 6.0.2 in this generality.

Proposition 6.0.3. Let X be toric Fano and L = —Kx. Let P C My (see (3.6), (3.18)) be the polytope

associated to (X, —Kx), let H C Aut P, and let G(H) be as in (6.5). Then glcty, ¢y = ok, G (m)-

The proof of this Proposition 6.0.3 relies on the structure of ring of holomorphic sections on a toric
line bundle established in §6.2.3. For general non-toric cases, such a proposition will hold once a similar
result on the space of sections can be established.

Using this result, and several new estimates, we can resolve Tian’s Problem 6.0.1 in the toric setting
in a surprisingly strong sense, showing that equality holds for all k € N. We also allow for all groups G(H)

(and not just the maximal toric one G(Aut P)).
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To state the precise result we introduce some more notation. For H C Aut P, denote by
P .={yecP|lhy=y, YheH} CPC Mg (6.6)
the fixed-point set of H in P, and let

1
TH = T Z n € End(Mg) (6.7)
neH

be the map that takes a point in Mg to the average of its H-orbit. Note that 7y is a projection map (see

§6.4.3 for details).

Theorem 6.0.4. Let X be toric Fano associated to a fan A whose rays are generated by primitive elements
v; in the lattice N dual to M. Let P C Mg (see (3.6), (3.18)) be the polytope associated to (X,—Kx), let

H C Aut P, and let G(H) be as in (6.5). Then for any k € N,

Ok, G(H) = SUP{C € (0,1) ’ 1 ©_pHC P}

—c

. 1
mn ————
ueVer PH max; (u, v;) + 1

1
= min —M——
uwEmy (Ver P) Max; (u7 ’Ui> +1

where PH and 7y are defined in (6.6)—(6.7) and Ver(-) denotes the vertex set of a polytope. In particular,

ag,qm) 18 independent of k € N and is equal to agm)-

This is the first time aj g-invariant is computed. There are a few new ingredients in the proof
of Theorem 6.0.4. The first is a useful formula for the spaces 'HkG(H) in terms of the H-orbits of the
finite group action (Lemma 6.2.5). This together with a trick that amounts to estimating the singularities
associated to a basis of sections in terms of the finite group action orbit of a section yields a useful formula
for a q(mry (Proposition 6.2.6) as well as the equality o, q gy = glety, gy 1-e., a solution to Problem 6.0.2
(Proposition 6.0.3). These then yield a corresponding useful formula for ag () (Corollary 6.2.7). One may

prove using the results of §6.1-§6.2 that ay qa) > areqm) for any fixed k and all £ € N (Proposition
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6.3.1). In Proposition 6.3.3 it is shown that there is a special ko for which oy, cr)y = ag) for all
¢ € N, as well as observed that this does not seem to imply Tian’s conjecture (Remark 6.3.6). Finally, key
new estimates occur in §6.4. First, we show that rather general complex singularity exponents associated
to collections of toric monomials are independent of k (Proposition 6.4.2). The proof of this uses a new
observation about the relation between the support functions of collections of lattice points associated to
the toric monomials and complex singularity exponents. We then apply this to our G(H )-invariant setting,
using the aforementioned expression of H,?(H) and a reduction lemma to the H-invariant subspace (Lemma
6.4.10), to conclude the proof of Theorem 6.0.4.

It is perhaps of some interest to include here a rather immediate application of this circle of ideas
to a slightly more technical set of invariants, also introduced by Tian, that we call Tian’s Grassmannian
a-invariants. These invariants are defined a little differently, algebraically, and are denoted ay, ,, OF 0t m. G
(Definition 6.5.1). At least in the non-equivariant setting (as well as in the torus-equivariant setting, see
Remark 6.5.2) these can be considered as generalizations of the oy as o = ay1 [94, 29]. The invariants
a2 were used by Tian implicitly in his proof of Calabi’s conjecture for del Pezzo surfaces [103, Appendix
A] (cf. [104, Theorem 6.1]) to overcome the most difficult case (of a cubic surface with an Eckardt point)
where equality holds in (6.3), and this was improved by Shi to ag 2 > 2/3 = a1 in that case [94, Theorem
1.3],[25].

Tian also posed a stabilization conjecture for these invariants in 2012 [107, Conjecture 5.3]:
Conjecture 6.0.5. Let X be Fano. Fiz m € N. For sufficiently large k, o m,q is constant.

We completely resolve Conjecture 6.0.5 in the toric setting. Theorem 6.0.4 resolved Problem 6.0.1
in the affirmative (corresponding to the case m = 1 of Conjecture 6.0.5). For m > 2, Conjecture 6.0.5 turn

out to be only partially true as determined by a novel convex geometric obstruction we introduce:
I ll-p < max| - |-p. (xp)

P\Ver P

Note that this condition depends only on P (and not on m, k). The condition (xp) means that the function
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|- ||l-p on P achieves its maximum only at the vertices of P, i.e.,

argmaxp| - ||-p C Ver P. (xp)

When (xp) fails the maximum is achieved also at some point that is not a vertex of P.

Theorem 6.0.6. Let X be toric Fano with associated polytope P (3.19) and let o := a(g1yn be as in (6.2)

with L = —Kx. Conjecture 6.0.5 holds if and only if (xp) fails. More precisely, if (xp) holds,

Qg my(styn > o, for k€ N andm e N\ {1}, (6.9)

otherwise

Qkm,(sHy» =, for m € N and for sufficiently large k € N. (6.10)

Theorem 6.0.6 is proven in §6.5.1 where we also explain the intuition behind it (see also Examples
6.6.6 and 6.6.9). For now, let us elucidate the condition (xp) a bit. The level set {|| - [|[-p = A} is
the dilation \(—P), and {|| - ||-p = maxp || - ||—p} is the largest dilation that intersects P (by Lemma
6.5.4). Thus, condition (xp) states that P intersects maxp || - |- pO(—P) only at vertices. When (xp) fails,
convexity arguments show the intersection will contain a positive-dimensional face of P. See Figure 6.1 for

two examples.

Yy Yy
‘: 777777 UL
NNy
A : 0 :
Figure 6.1: The polytope P (solid line) and the level set {|| - ||-p = maxp| - ||-p} (dashed line). For
P =co{(-1,-1),(2,-1),(—1,2)}, the maximum is only attained at the vertices of P. In particular, (xp)
holds. For P = [—1,2] x [—1, 1], the maximum is attained on the line segment {2} x [—1,1]. In particular,

(#p) does not hold.

Relation to earlier works. Theorem 6.0.4 strengthens and clarifies work of Song [97] and Li-Zhu [71].
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Song obtained a formula for ag but not for ay ¢. In particular, there seems to be a gap in the proof of
[97, Theorem 1.2] that claims that ag = ai ¢ for all sufficiently large k. This claim relies on proving
that for some ky € N and all £ € N, ag = ay¢,¢ and then invoking that oy ¢ is eventually monotone in
k, and hence must be independent of k for sufficiently large k. Unfortunately, the proof of monotonicity
is omitted from [97, p. 1257, line 7], and it appears to be difficult to reproduce. It seems that such
monotonicity is not currently known (cf. Remark 6.3.6). Indeed, there is no obvious relationship between
the various ’HkG coming from different Kodaira embeddings. As noted above, Song showed (for H = Aut P)
that ag(m) = akye,qm) for some kg € N and all £ € N. Li-Zhu showed the same identity (essentially for
H = {id}) for a group compactification of a reductive complex Lie group and also claimed, similarly to
Song, that this implies eventual constancy in k in that setting [71, Theorem 1.3, p. 233]. Unfortunately,
also they do not provide a proof of the needed eventual monotonicity or constancy. In the non-equivariant
setting, and for rather general Fano varieties for which o < 1, Birkar showed the deep result that a = oy,
for some ko € N and all £ € N [13, Theorem 1.7]. However, also this result does not imply Tian stabilization
due to the aforementioned unknown monotonicity. Thus, Theorem 6.0.4 seems to be the first general result
on Tian’s stabilization Problem 6.0.1.

Similarly, Theorem 6.0.6 seems to be the first general result on Conjecture 6.0.5. Indeed, Li—Zhu
showed the same type of result Song obtained in the m = 1 setting, i.e., that ayg ¢ m,(s1)» = @(s1)» under
a condition depending on ko and m, and hence different from our (xp) (with the minor caveat that their
statement as written [71, Theorem 1.4] is incorrect, though can be easily fixed by replacing “facet” by
“face”, see §6.5.1). However, again, due to the lack of monotonicity, they do not obtain a resolution of
Conjecture 6.0.5 though they do obtain the first counterexamples to it when m > 2.

Combining Theorem 6.0.4 and Demailly’s theorem [29, (A.1)] also recovers Song’s formula for the
ag(au Py (that itself generalized Batyrev—Selivanova’s formula that agaw py = 1 whenever PARE — [0}
(recall (6.6)) [7, Theorem 1.1, p. 233]). Cheltsov—Shramov claimed a more general formula for ay (i.e.,
without the real torus symmetry included in G(H), recall (6.5)) however (as kindly pointed out to us by
I. Cheltsov) there is an error in the proof of [29, Lemma 5.1] as the toric degeneration used there need not

respect the H-invariance. Further generalizations of Song’s formula for ag to general polarizations and
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group compactifications are due to Delcroix [34, 35] and Li-Shi-Yao [70] and our methods should generalize
to those settings as well as to the setting of log toric Fano pairs and edge singularities [26, §6-7]. Although
this is not the topic of our chapter, for completeness we mention in passing that the stabilization of the
a(L)-invariants for arbitrary toric varieties (i.e., not necessarily Fano) but for the non-equivariant setting
(ie., H = {id}) is true, i.e., ay (s1yn (L) = a(L) for all k € N, yet is much-simpler; the crux of our work is

to address the equivariant setting that presents new challenges.
Theorem 6.0.7. Let X be a toric variety and L ample, with associated lattice polytope

d
P =y € Mz|{yv)> b}

i=1

with v; € N, b; € Z. For k € N,

1 1
n L = 1 _— = 1 _— = L .
k. (51) ( ) uan’%ﬁlg\l/[/k maxi(u, Ui> + b; uér\lflerrlP maxZ'(u, Ui> + b; OZ( )

The same proof for Theorem 6.0.4 works in this case, with the additional assumption that H = {id},
except that the coefficient 1 is replaced by b;. Proposition 6.2.6, for instance, gives the left-hand side. Blum—
Jonsson’s formula [16, (7.2)] gives the right-hand side. And the equality again relies on Ver P C M and
the fact that a convex function on a convex polytope attains its maximum on a vertex.

Finally, it is also worth mentioning that Tian also posed more general conjectures [107, Conjecture

5.4] for general polarizations (i.e., L not being —Kx) for which there are already some counterexamples

[1].

6.1 A natural equivariant Hermitian metric and volume form

In light of Lemma 6.2.2 below it makes sense to choose a convenient pair (u, h) of a volume form and a
Hermitian metric. In fact, we are free to choose such a pair for each k. The special feature of working with
L = —Kx is that in fact a volume form essentially doubles as a Hermitian metric, which is sometimes a

bit confusing to keep track of in terms of notation, but is quite convenient for computations. This section
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serves to explain this choice (ux = h,lc/k, hi), see (6.17) and (6.19), originally due to Song [97, Lemma 4.3].
We emphasize that the Hermitian metric must additionally be chosen G-invariant in Definition 6.2.1, and
this is confirmed for hj in Lemma 6.1.1.

Let X be a toric Fano manifold and P its associated polytope. There is a natural basis of the space
of holomorphic sections H(X, —kKx) defined by the monomials z** where u € PN %M . That is, there

exists an invariant frame e over the open orbit such that
spu(z) = 2Me. (6.11)

What does e actually look like? This is most naturally expressed in terms of the monomial basis. When

k=1and ue PN M [49, §4.3],

n
Sl,u:ZuHZi'azl /\/\azn
=1

In general, for any k € N and u € PN %M,

n k
Spw = 2F4 (H z) (D2 A--- N D, ). (6.12)

In other words,

n k
e= (H zi> (8, A--- N, )®F, (6.13)

i=1
Next, let us construct a canonical Hermitian metric hy, on —kKx. Since —kKx is very ample [49,
p. 70], it is natural to pull-back the Fubini-Study Hermitian metric via the Kodaira embedding. It turns

out that choosing the Kodaira embedding given by the monomial basis
i X 320 [sea(D/e(Duepnr = [ lucpogar € PO (6.14)

will yield the desired hg; importantly, the resulting hy will be torus-invariant, smooth, and essentially

transform computations on X to P. To wit, the Fubini-Study metric on O(1) — PFr()=1 s (where Ep(k)

109



is the number of lattice points in kP)

Z: 7
hrs(Zis Z) = =
Y2
and we define
hk = L;:hps. (615)

Note that each homogeneous coordinate Z; € H°(PPr(¥)=1 (1)) pulls-back via ¢4 to one of the monomial
sections sy, (which one depends on the ordering for the elements of P N %M chosen in (6.14)). Thus, to

express hy, it suffices to compute it on the monomial basis of H*(X, kK x):

Zkul kuq
hie(Skyur s Skuz ) (2) = hEs (Skoun s Skouz ) (t0(2)) = TS R (6.16)
wePNL M
Comparing (6.12) and (6.16) means that hj can be written as
ok

(dz1 AdzUA -+ A dz? /\ﬁ)
hy, = . (6.17)

(H w) S ekl
i=1 wePNLM

In conclusion, h,ﬁ/ ¥ is a smooth metric on —K x (hi being obtained as a pull-back of a smooth metric
under the Kodaira embedding), hence it is a smooth volume form on X. To express this volume form, on

the open orbit (C*)® = R" x (S1)" consider the holomorphic coordinates
w; = x;/2+vV/—16; =log z; € C". (6.18)

In these coordinates then, this volume form, on the open orbit, is

dry A--- Ndxy, ANdOy A -+ N\ dby,

%
Z elku,x)
uePNM/k

Lemma 6.1.1. Let G(H) C Aut X (6.5) be a subgroup generated by (S*)" and a subgroup H of Aut P.

j = hf = (6.19)
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Then hy, (6.17) is G(H)-invariant.

Proof. From (6.19) it is evident that hj is independent of (f1,...,60,), ie., it is (S!)"-invariant. An
automorphism o € Aut P C GL(M) can be represented (via choosing a basis for the lattice M) by
a matrix in GL(n,Z) = GL(M). Since o preserves the polytope P, then deto € {£1} (o could be
orientation-reversing, e.g., in the case of a reflection). The induced action of o on the dual space Ny is
naturally represented (via the pairing between M and N) by the transpose matrix, that we denote by o7,

and this action is actually coming from the C-linear action of o7 on N¢ = C" (6.18). Thus,
o.(dxy A+ ANdzxy) =d(xy00) A Nd(x, 00) = det(o? )dxy A -+ Aday,

(here o. denotes the action of o on forms, i.e., by pull-back), and o.(df; A---Adf,,) = det(cT)dO; A-- - Adb,.

Since (det oT)? = 1 it remains to consider the denominator of (6.19):

0. Z €k<u=$> — Z ek<u7UT,m>

u€EPNM/k uwePNM/k

_ Z ek(a.u,x)

uePNM/k

— Z ek’(u,z)

u€o(PNM/k)

_ Z €k<u’$>,

weEPNM/k

since o preserves both P and M/k. In particular, h is invariant under o, concluding the proof. O

Remark 6.1.2. An alternative, more invariant, proof of Lemma 6.1.1 is as follows. By (6.15), .h; =
(1), 0 0)*hps. Now ux o o induces the exact same Kodaira embedding if o € (SY)" < G(H). So it
suffices to consider o € H; then, since H preserves P N M/k, one obtains the same Kodaira embedding
up to permutation of the coordinates in PPP()~1  Either way, one obtains the same pull-back of the

Fubini-Study metric as can be from the definition of the Fubini-Study metric or directly from (6.17), i.e.,
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O’.hk = hk.

6.2 An algebraic a; ¢-invariant and a Demailly type result

6.2.1 Analytic definition

Analogous to the classical ag-invariant, Tian [103, p. 128] defined the oy g-invariant. For this one
restricts to a G-invariant subset of Hj. To write the subset explicitly in terms of global Kéhler potentials

it is necessary to choose a continuous G-invariant Hermitian metric h on —kKx:

1
HE (h) = {so = 2log > _lsil:

¢ is G-invariant, {s;} is a basis of H°(X, kKX)} C C™(X). (6.20)

Definition 6.2.1. Let G C Aut X be a compact subgroup. Let h be a fixed continuous G-invariant

Hermitian metric on —kKx, and p a fixed continuous volume form on X. Then

ag.g(h,p) :=sups c¢>0| sup / e PSP gy < 00 b
PeEHG /X

Lemma 6.2.2. Definition 6.2.1 does not depend on the choice of h or p.
For this reason we will simply denote the invariants by ay ¢ from now on.

Proof. Since X is compact, any two continuous volume forms are uniformly bounded and hence define
the same L' spaces. Next, given two continuous G-invariant Hermitian metrics h and h on —kKx there
is an isomorphism from HS (h) to HE (h) given by ¢ — ¢ + + log % Observe that %log% is (again by

compactness of X) a uniformly bounded function on X. Hence, for a fixed ¢ > 0,

sup /e_c(“’_s“pwd,u<oo & sup /e_c(w_s“p“’)du<oo,
T (h) /X peMG (h) /X

as desired. O]
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6.2.2 Algebraic definition

Consider a (complex) non-zero vector subspace V of H°(X,kL). Associated to it is the (not necessarily

complete) linear system |V| := PV C |kL| := PH°(X,kL) [56, p. 137].

Lemma 6.2.3. Let V be vector subspace of H*(X,kL) of dimension p > 0. For any basis v1,...,v, €

HO(X, kL) of V, the number

—C

P
supg ¢ >0 Z lv;(2)]? is locally integrable on X
j=1

is the same.

Proof. Let {V{e), e u,(,i)}, ¢ € {1,2}, be two bases for V € H°(X,kL). Let A € GL(p,C) be the change-

of-basis matrix, i.e., 1/7(-2) = A;yi(l). Observe that A A is a positive Hermitian matrix-valued on X, and

denote its eigenvalues 0 < A\; < --- < \,. Denote v(¥)(z) := (V%Z)(z), . .71/1(,5)(,2)) € CP and [v9(2)]? =

le |1/i(2)(z)|2. Then,

PP A ()P
OEE W)

€ [)‘17>‘P]7

Thus, |#(?|? is locally integrable if and only if [#(M]? is. O

Thus, define the log canonical threshold of the linear system |V| by

—C

let |V] :=sup ¢ >0 Z lvi(2)]? is locally integrable on X ». (6.21)
J

When L = —Kx, there is an Aut X action on H(X, —kKx) for every k € N. Demailly [29, Theorem

A3, (A.1)] noted that then ag-invariants (for compact subgroup G C Aut X) can be algebraically computed

as
ag=inf k inf  let|V], (6.22)
keEN |VIC|-kKx]|
VE=V£0
where

VE ={veV]|gveV VgeG}.
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Note that in (6.22) V # 0 ranges over all G-invariant vector subspaces of H%(X, —kK x) (i.e., of any positive
dimension). For example, lct | — kK x| = co. From the definition, if V4 C V, are two such subspaces it

suffices to compute lct | V7] since

let ‘V1| S lct |V2| (623)

It is thus natural to define the algebraic counterpart of the a;, g-invariant as follows.

Definition 6.2.4. Let X be a Fano manifold and G C Aut X be a compact subgroup of the automorphism
group. Define
glety, g ==k inf  let|V]. (6.24)

[VIC|-kKx]|
ve=v

6.2.3 Characterization of the equivariant Bergman spaces

First, we show that in the toric setting the space HkG(H) consists of Kéahler potentials induced by Kodaira
embeddings of multiples of monomials sections, with the norming constants constant along orbits of H.

Denote by

o ....o¥, (6.25)

the orbits of H in k~1M N P (see Figure 6.2 for an example).

Figure 6.2: The six orbits 051)’ R Oél) of the action of the group generated by the reflection about y = z
on the polytope corresponding to P? with k = 1.

Lemma 6.2.5. Let {s.}uck-1pnp be the monomial basis (6.11) of H°(X,—kL). Let G(H) C Aut X
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(6.5) be a subgroup generated by (S*)™ and a subgroup H of Aut P. Then (recall (6.20) and (6.25)),
N
HkG(H) = HkG(H)(hk) = k‘_llogZ/\i Z |5k,u|%k : >\i >0
=1 yeo™

Proof. Recall the natural basis {s,u}uepnnyi defined by the lattice monomials (6.11). Given any other

basis {s;} for H°(X, —kKx), let A € GL(Ep(k),C) be the change-of-basis matrix, so
S; :A?Sk’u, 1€ {17,Ep(k)}

(we use the Einstein summation convention).

Let ¢ € H,?(H) and let {s;} be the associated basis (6.20). Expanding ¢ in terms of the monomials,

Ep(k)

Slsilie= Y. > AYAY sk sk )n,
7

w,u' €PNM/k i,j=1

ek

: |8k70|i27,k Z Cu,u’zkuzkw

u,u’EPNM/k

. . — / . .
for some coefficients {cy v’ }u,urepnar/e- We claim that {2“2" }, wen are linearly independent. To see

that, suppose

f(Z) = Z cu7u’2u'€U/ =0

u,u’' €M
with all but finitely many coeflicients being 0. We may assume for any ¢, # 0, u,u’ lie in the positive

orthant, by multiplying by H|zi\2 to some sufficiently large power. Then

?

1 ol

Co) = —— ———
WUyl Quzov z

2=0

proving the claim. Now, the subgroup (S*)" < G(H) acts on the open orbit (C*)" by

(Br, ., Br) (21, zn) = (V" WPz, eV "z, (6.26)
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So by (S!)"-invariance and Lemma 6.1.1,

R L D D o S R P D S L e

w,u’ €PNM/k w,u' €PNM/k

for any 8 € (S1)" = (R/27Z)". By comparing the coefficients and using the claim we just demonstrated,
it follows that for e*¢ to be (S!)"-invariant we must have ¢, ., = 0 whenever u # u’ (the converse is also
true, of course).

Moreover, we also require e®¢ to be invariant under the action of H, i.c., Cuu = Cou,ou fOr any

o € H. In conclusion, let O§k), e ,OJ(\’f) be the orbits of the action of H on PN M/k. Then

N
=D N D lsnali

=l yeo®™
for some coefficients {\;}¥;. Thus (6.20) simplifies to
1 N
G(H
Hk:( )(h): (p:%logz:)\i Z |5k7u|}21k A >0 s
=1 ueo™

as claimed. 0O

6.2.4 Replacing a basis of sections by an orbit of a section

The next result generalizes [94, Proposition 2.1] to the equivariant setting using Lemma 6.2.5.

Proposition 6.2.6. For a subgroup G(H) C Aut X (6.5) generated by (S')" and a subgroup H of Aut P

(recall (6.19) and Definition 6.2.1),

/ ( 3 |s,€,m|ik)7duk <o, Vue PﬂM/k:}. (6.27)
X

Ok,G(H) = sup{c >0
oc€EH

Proof. Step 1: estimate a basis-type element using the worst orbit present in its expansion. Comparing

(6.15) and (6.16) gives a useful expression for hj (which is not strictly needed for the computation below,
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but makes it slightly easier to follow),

hk = Z |5k,u|2)_1-

uePNM/k

Now, assuming Ay = max;—1,. N A;, following the notation of Lemma 6.2.5,

N

1

su <sup| =1lo A s
Py <sup| g; Nuezo;k)|k,u

1 N
E log)\N Z Z |5k,u

i=1 4o

2
R

= sup

2
R

1
clogdy Y0 Iskali
uw€EPNM/k

since by (6.28),

2
5, = —
w€PNM/k

27
If ¢ > 0 is such that for each i € {1,..., N},

‘Sk,u

for any s € HO(X, —kKx).

o

2
Z |Sk’“|hk

d:uk < Cc7
ueO(k)

then for ¢ € 'H,?(H) (using Lemma 6.2.5),

J,

o

e—clp—sup “”)duk — ecsupw/

N
E E 2
>\i |Sk7u|hk
X i
=L ueo®

dpig
<
£ log A 2
< ek 108 N/ AN E |3k,u|hk dpg
X (®)
u€O
~
£ —£ 2
:A;V.ANk/ S fskal? | du < C.
X *)
u€Oy
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Step 2: estimate an orbit-type element using an approrimation by degenerating basis-type elements.

Conversely, assume ¢ > 0 is such that for any ¢ € ’HkG(H )7

/ e—C(w—supsa)duk <C..
b'e

Since, for any ¢ € {1,..., N},

N
2 . 2
ECRUN [EE1 Dartl DRUCN B

uco® =l yeol®

where Ay = 1, by Fatou’s Lemma [44, Lemma 2.18],

c
k

N
2 .. _
E Skl dpy, < liminf e~ ©3UP#refsuP A E i g |5k,u|ik dp
)\,;—>O,Z;é€ X )
uecOo{™ =1

o

= | sup g e lim inf e~ elex=suPex) gy
Tk Xi—0,i£L [ x
uEOék)

IN

sup Y skl | Ce

uEOEm

where

N
1
= Elogzz;/\i Z |5k,u|ik-

=1 yeo®

Thus, we have shown that

o

Q. c(H) = Supq ¢ >0 / Z |sku|ik duy, < oo, Vie{l,...,N}
ueng)

-%
=supec>0 /(Z'Sk"“ﬁm) dup, < oo, Vue PNM/E p,
X

oc€EH

proving (6.27).
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From (6.29):

Corollary 6.2.7. Fiz k € N and let ng), .. .,Og\];) be the orbits of the action of H on k=M N P. Then

—L
k

. 2
@ = min supq c>0 S d 00
R G(H) = DI SUpq € > / Z [sk,ulp, Hre <
uGOEk)
We can now answer affirmatively Problem 6.0.2 in our setting.

Proof of Proposition 6.0.3. Let ‘VOW denote the linear system generated by {(sx..)| v € ng)} (recall

(6.25)). By (6.21) and Corollary 6.2.7,

O G(H) = kie minN} Ict ‘Vogk)

3oy

It remains to show

glety gy = kie{llr}}?N} lct ‘VOE’“)

By (6.23), it suffices in (6.24) to restrict to irreducible G(H )-invariant linear systems (cf. [70, p. 146]). Now,
any (S1)"-invariant linear system |V| is spanned by monomials (see Lemma 6.2.8 below). By irreducibility,

this means |V is spanned by the monomials coming from some H-orbit O;. i.e., |[V|= ’VO@ . O

Lemma 6.2.8. Let V C H°(X,—kKx) be a complex vector subspace invariant under (S*)™. Then there

exists a unique subset F C PN M/k such that

V = Span{sku},c -

Proof. Tt suffices to prove that any section in V' is generated by monomials in V. That is, given any section

5= § aySku €V,
ueEPNM/k

if a,, # 0, then s;,, € V.
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By (S')"-invariance, for any 3 € (S')" and s € V also B.s € V (recall (6.26)), i.e.,

B.s = Z ay .Sk = Z auevflw’kwsk,ueV.
ueEPNM/k uePNM/k

Thus for any ug € PN M/k,

/ ef\/jﬂﬁ,km))ﬁ_sdﬁ: Z auSk,u/ e\/jlw,kufkuwdﬁ
(sHr

wePAM/k (G
= Z AuSku (27)" Oy
wE€PNM/k

= (27)" Ay Skuy € V-

If a,, # 0, then sj,, € V. This completes the proof. O

Corollary 6.2.9.

<

Tk
aG(m) = inf ag,cr = supq ¢ > 0 /X <Z sk,guﬁk) dup, < oo, Vue POAM/k, keNY. (6.30)
oc€H

Proof. By Demailly’s theorem (6.22) [29, (A.1)], (6.24), and Proposition 6.0.3,

agm) = Iof glety o) = inf acam)-

By (6.27),

-
_ 2
ag(H)—lirelgsup c>0 /)((;{|sk7guhk> du, < oo, Vue PNMJ/E

-%
=sup{ ¢ >0 /(Zbkxwﬁk) dug < oo, Vue PNM/k, keN
oceH

O

Remark 6.2.10. Note that here it would not have been enough to invoke Tian’s theorem [103, Proposition

6.1], and it was necessary to invoke Demailly’s theorem [29, (A.1)]. The reason is that the oy g-invariants
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are defined by requiring certain integrals to be merely finite, i.e., bounded, but with a constant possibly
depending on k. Tian’s theorem says that H is approximated by 7—[,?, but in approximating ¢ € H by
a sequence @y, € 7—[,? it might happen that the integrals fX e~ c(P=sup k) )" hlow up as k tends to infinity.
Demailly precludes that from happening by using the Demailly-Kollar lower semi-continuity of complex

singularity exponents.

6.3 The case of divisible k

We ultimately improve on the results of this section, but we include them since they serve to emphasize

the difficulties that still need to be dealt with (see Remark 6.3.6).

Proposition 6.3.1. Let G(H) C Aut X (6.5) be a subgroup generated by (S')" and a subgroup H of

Aut P. For k,l € N, ay gy > Qre,c(H)-

Proof. Since hy, and hf; (6.16) are both smooth metrics on —k¢Kx, by compactness of X, they are

equivalent. We also use the following lemma.

Lemma 6.3.2. Let ay,...,an > 0. Then for { € N,

Proof. The first inequality follows by expanding (Ef\il a;)*. For the second inequality, consider the function

f(z) := 2’ on [0,400). Since f is convex, by Jensen’s inequality,

N ¢ N
ie., <Zai) < NK_IZaf. O
i=1 i—1

By Proposition 6.2.6, and since M/kl C M/k,

/X ( 3 \swu\ikz)fﬁduk <00, Vue PN M/kz}

Qre,G(H) = sup{c >0
oceH
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<
kL

Ské,o’u‘ikz) dpy, < 00, VuePﬁM/k}

— <
ke

dpy, < o0, VuEPﬂM/k}

“dug < oo, VuePﬁM/k}

Il
)
S
— — "
o
V
o
_—
/ N VS /
»
>
q
3
S
=
N— N— N——
R“n

oceH
=sup{c>0 / skoul? ) dp < o0, VuEPﬁM/k}
X oceH
= Ok .G(H)»
where Lemma 6.3.2 was invoked in the penultimate equality. O

Proposition 6.3.3. Let G(H) C Aut X (6.5) be a subgroup generated by (S')" and a subgroup H of

Aut P. There exists ko € N such that ax gy = agm) for all K divisible by ko.

Remark 6.3.4. In fact, the proof will show that kg is determined by the fan as follows: let uy € P attain
SUp, e prr Max; (u, v;). Since PH is a convex polytope ug will be a vertex of P i.e., cut out by P¥ and the
supporting hyperplanes of P containing ug. The equations defining P¥ are determined by H C GL(M )
hence are linear equations with integer coefficients. So are the equations cutting out dP. It follows that
ug is a rational point, i.e., ug € M/ky for some k. Let ko be the smallest such positive integer. The fact

that ug is a rational point is originally due to Song [97, p. 1257] who proved that oy, qaut P) = QG (Aut P)-

Proof. We can further simplify (6.30). Recall (6.7). By the geometric-arithmetic mean inequality,

2a

-3
LZLS |2 < H|s |*\Hu«:’s |fﬁ
|H| koulp, > k,oulp, |H |k, p (u) Rk

oc€eH occH

o

1 2 )
_ <|}I| Z‘SH|k,oﬂH(u)|h|Hk> ’

oceH

with the last equality since g (u) is fixed by H (recall (6.6)—(6.7)) so each term in the sum is identical.

Therefore the supremum in (6.30) is unchanged if restricted to those u fixed by H. Thus, using Lemma
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6.3.5 (proven below), (6.30) simplifies to (recall (6.6))

_2c 1
QG (H) —sup{c>0‘/ 8k,ulp,” dpk < 0o, VuePHO%M, keN}
b'e

= inf{k et (s u)

1
we PEN=M, keN}

k
1
=inf inf —mMm—
keENue PHAL M max; (u, v;) + 1
1
= inf ————
wePH max; (u, v;) + 1
1

max; (ug,v;) + 1’

where we used the notation of Remark 6.3.4. By that same Remark, ug € P¥ N &M whenever K € N is

divisible by kq. In particular, by (6.27), and using Lemma 6.3.5 again,

_2¢
a,GH) < sup{c >0 ’/ |3K,uo|hKK dug, < oo}
X

=K -let(skug)

. 1
=min-——

i <U0,’I}i> +1
= Ozg(H).

Since by definition agm) < ak,qm), equality is achieved and ag gy = ag) for all K divisible by
ko. O

1

1
Lemma 6.3.5. Foru € PNk™'M, lct(sg,) = T maxi (0, 07)
max;(u, v;

(recall (3.13) and (6.11)).

Proof. This is well-known (see, e.g., [16, Corollary 7.4], [70, Theorem 4.1]). It is also a consequence of

Proposition 6.4.8 proven below (put F = {u}). O

Remark 6.3.6. According to Proposition 6.3.3, the sequence {ay q(m)}ren is constant (equal to ag(m))
along the subsequence kg, 2kg, . ... Proposition 6.3.3 does not yield information for all £ € N unless kg = 1,

and examples show (see §6.6) that oftentimes ko > 1. Moreover, even though the sequence also satisfies
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Q. G(H) = Qe,G(H) > Q) for any k, £ € N (Proposition 6.3.1), these facts combined are still not enough

to conclude Tian’s conjecture without further work. For instance, the sequence

aG(H), k even,
ap —

QG(H) + k_l, k odd,

satisfies these requirements for kg = 2 (and also satisfy limy ax = ag(#)). Perhaps a more natural sequence

that satisfies all the requirements and even for the kg of Remark 6.3.4 is

ap = inf{k et (s u)

uePHﬂlch},

with the proof of Proposition 6.3.3 showing that ax,e = ax, = agm) for £ € N but possibly ax > agm)
for k not divisible by kg. Thus, we are led to develop more refined estimates that are the topic of the next

section.

6.4 Estimating singularities associated to orbits

6.4.1 Real singularity exponents and support functions

In this subsection we develop a key new technical estimate that expresses real singularity exponents asso-

ciated to collections of toric monomials in terms of support functions.

Definition 6.4.1. For non-empty finite sets 7,/ C R™ and k € N,

<
k

(ku,x)
(Z’LLE]:e )170 dr < 0o

ek (F,U) :=supyq c € (0,1) /
" (Zueu e<ku7z>)T

Proposition 6.4.2. For F,U C R™ non-empty finite sets with 0 € int cold (recall (3.1)),

cx(F,U) =sup{c e (0,1)|0 € (1 —c)cold +ccoF}

Sup{CG (0,1)‘ (1icco}"> ﬂcou#@} > 0.
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In particular, c,(F,U) is independent of k.

Proof. Using polar coordinates z = rv and dox = r"“tdr A dS(v) with r € Ry, v € S 1(1) := {z €

R™ [ fa| =1},

c
k

(ku,x)
/ Cuere™™) * / £)dS W), (6.31)
Ceaget) T doy

where f,: S"71(1) — R, is defined by

[eS) kr(u,v) -%
fc(V) .— / (Zue}'e )17C ’I“n_ldT.
(S eFro)

Notice that for any finite set A C R™ and r € Ry (recall (3.2)),

ekrhA(V) < Z ekr(u,l/) < ‘A|€kThA(V).

u€A
Hence for ¢ € (0,1),
- £ kr{u,v) —%
|]:‘1_’: efkrgc(u) < (Zue]:e )1; < efkr'r‘gc(u)’ (632)
|u‘ k (Zueu ekr(u,v)) 2

where

ge(w) = emax(u,z) + (1 — ) max(u, )

= hc]:+(1fc)u (.’17)

= e g lu s+ (1) g )

= Chco]:(x) + (1 - c)hCOU(z) = hcco]:-‘r(l—c) cou(fﬂ), (633)

where A+ B:={x+y|z € A,y € B} is the Minkowski sum.

We need the following property of support functions.
Claim 6.4.3. Let A CR" be a nonempty finite set. Then ha|sn-1(1y > 0 if and only if 0 € int co A.

Proof. Note first that

ha=heua: (6.34)
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ha < heo a since A C co A, while if heo 4(y) = (a(y),y) for some a(y) € co.A, and writing a(y) = E‘éll Aia;

with S A = 1 and A; > 0, where A = {a;} yields heo a(y) = 3120 Ailas, y) < 32 Niha(y) = hay).
Next, if 0 € int co.A then eBy C co A where By := {z € R"||z| < 1} and heou > hepy = chpy =¢
when restricted to S"~1(1).
Conversely, if 0 € int co.A then by convexity of co A there exists a hyperplane H passing through a
boundary point of co.A so that co.A lies on one side of it and 0 lies on the other side of it. If v € S"~1(1)

is normal to H and points toward the side not containing co.A then he, 4(v) < 0. O

Claim 6.4.4. Let A CR" be a nonempty finite set. Then ha|sn-1(1) is somewhere negative if and only if

0 € int(R™\ coA) = R™\ co A.

Proof. Suppose 0 ¢ int(R" \ co.A) = R" \ coA. Equivalently 0 € co.A. Then hg > hoy = 050 ha is
nowhere negative.

Conversely, if 0 ¢ co.A then by convexity of co.A there exists a hyperplane H passing through the
origin so that co A lies strictly on one side. Let v € S"~1(1) be a unit normal to H that points toward the
side not containing co A. By the strictness mentioned above and compactness of co A, for some small € > 0,
co A + ev still lies on the same side of H as co.A. Hence, as in the proof of Claim 6.4.3, heo 4+er (V) < 0.
In other words,

hco.A(V) = hcoA+6u(V) - 5|V‘2 < —s,
as claimed. 0O

Corollary 6.4.5. For F,U C R™ non-empty finite sets with 0 € int cold (recall (3.1)),

. 1, 0 €colF,
sup{c € (0,1) ‘ (—1 — co}'> Ncold # @} = (6.35)

hr]""
{1_57@111(11)}1”] , 0dcoF.

Proof. By assumption 0 € int col/, so by Claim 6.4.3, hy|gn-1(1) > 0. By (6.33),

gec = heott - (1 - C<1 - ZCO-;-))- (636)
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Case 1: 0 € coF. If 0 € co F, i.e., hoo 7 > 0, then g > heors - (1 —¢) > 0 for any ¢ € (0,1). By (6.36) and

Claim 6.4.3 then 0 € int(ccoF + (1 — ¢)cold) C cco F + (1 — ¢) cold and so (6.35) holds in this case.

Case 2: 0 ¢ coF. By assumption and Claim 6.4.4, he, 7 < 0 somewhere, by continuity /compactness let

1o be a minimizer of the function

hco F

hco u

on S"71(1). In particular,
hco]—'(VO) . F
L= min — <
hcoZ/I(VO) sn=1(1) hy

Set

L hco]—'(VO) 71_ . h]: !
C(}—’U) o |:1 hcoU(VO):| = Sy{l;ulr(ll) hu .

First, if ¢ € (0, ¢(F,U)), for all v € S"1(1),

9e(v) = hoou(v) (1 - c(l _ hcof<V>>)

cold V)

< heou(
> hcou(V)(l - C(l - m»
( .

Thus, by (6.33) and Claim 6.4.3, 0 € int(ccoF + (1 — ¢) cold) C ccoF + (1 — ¢) cold; in particular,

<— licco}'>ﬁcou#(b.

So,

sup{cé (0,1)‘ (f . ¢ co}") ﬁcou#@} > o(F,U).

—C

Second, if ¢ € (e(F,U),1),

ge(v0) = heou(v0) (1 - C(l a ZCNE(VO)))

COZ/I(VO>

C

= hcou(u0)<1 — W) < 0.

127



Thus, by Claim 6.4.4, 0 € R™\ (ccoF + (1 — ¢) cold), equivalently,

(— licco]-'>ﬂcoU:@,

and

Cc

sup{c €(0,1) ‘ (— I ccof) Ncold # @} < o(F,U).
Thus, also in this case (6.35) holds. O

The following corollary follows from the proof of Corollary 6.4.5.

Corollary 6.4.6. For F,U C R™ non-empty finite sets with 0 € int cold (recall (3.1)), let

o F.U) = Sup{c € (0,1) ‘ (_1 ¢

— C

cof) Ncold # @}

=sup{c € (0,1)|0 € (1 —c¢)cold + cco F}.

Recall (6.33). If ¢ < ¢(F,U), then g. > 0; if ¢ > ¢(F,U), then g. < 0 somewhere.

We can now complete the proof of Proposition 6.4.2. Set

Cc

o(F,U) = Sup{c € (0,1) ‘ (- :

—C

co]-') Ncold # @}.

By assumption 0 € int cold, thus ¢(F,U) > 0. We consider two cases.

Case 1: ¢ € (0,¢(F,U)). By the proof of Corollary 6.4.5, g.

gn-1(1) > 0. By continuity/compactness it

attains its minimum g.(2) > 0. Therefore,

o (o)
fev) < / e krgeW)pn=1g, < / e~ krae@pm=1gr < oo, (6.37)
0 0

so by (6.31), cx(F,U) > ¢, i.e., cp(F,U) > c(F,U).

Case 2: ¢ € (¢(F,U),1). By the proof of Corollary 6.4.5, g.(v9) < 0 for some open neighborhood U C
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S"=1(1). Thus, by (6.32), for some constant C' = C(c, k, F,U) > 0,
fe(v) > C’/ e kraepn=lgr — 0o, for v e U,
0

so ¢, (F,U) < ¢, ie., cx(F,U) < c(F,U).

In conclusion, ¢ (F,U) = ¢(F,U) and Proposition 6.4.2 is proved. O

6.4.2 Complex singularity exponents

Now, we go back to our setting of estimating complex singularity exponents, where P was a reflexive

polytope coming from a fan. For any k € N and a non-empty subset 7 C P N M /k set

ck(F) :==supy c € (0,1) L<Z|Sku|ik> vduk<oo . (6.38)

ueF

Remark 6.4.7. Consider

¢k (F) :=supq ¢ € (0,00) /<Z|sku|ik> dpy, < 00
X

ueF

Then, by definition (6.21), ¢, (F) = k lct ’ Span{sk7u}ue;|. However, Proposition 6.4.2 would not be
applicable then. The point is that for the proof of Tian’s conjecture we need to compute equivariant
global log canonical thresholds and there will always be ‘admissible’ invariant linear series for which k
times the log canonical threshold is at most 1 (i.e., the “worst” ones will not have ¢, > 1), i.e., for
which ¢, = ¢ . This is essentially because our H are linear groups so {0} is always an H-orbit and

let(sk0) = 1/k = ¢, ({0}) = ¢ ({0}) (by Lemma 6.3.5).

Proposition 6.4.8. For any k € N and a non-empty subset F C PN M/k,

ck(f)—sup{ce(o,n‘Pm(— lc cof) }A@} > 0.

In particular, it is independent of k.
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Proof. By (6.19),

% (ku,x) -%
/<Z|sk7u|ik> d,uk:(QW)n/ (Cuere ) —dx.
X n

uer (ZuGPﬁM/k e<ku’x>) '

By Proposition 6.4.2 with tf = PN M /k,

ck(]:):sup{ce(o,l)‘Pﬁ(—lc co}") #@} >0,

since cold = P (as the vertices of P belong to M/k for all k € N). O

Remark 6.4.9. Although not needed for our analysis, it might be of independent interest to understand
whether the supremum in (6.38) (and in the definition of ay g(q) (6.27)) is attained. In other words, is

(recall the notation of Corollary 6.4.6)

/ fo(v)dS(v) (6.39)
sn=1(1)

finite for ¢ = ¢(F,U)? By (6.31)—(6.32) it is equivalent to consider this question for the integral

/ / e*krgc(”)rnfldrdS(l/):/ e Fha—c)cottheco 7 () g (6.40)
sn-1(1) Jo R

A classical formula in convex geometry says that whenever K C R"™ is a compact convex set with the origin
in its interior, then n!|K°| = [, e hxWdy (for a detailled proof see [12, (4.2)]). In fact, it is possible to
show that when 0 € 0K the formula still holds in the sense that both sides are equal to oo (this is related
to, but stronger than, the classical fact that 0 € int K if and only if K° is bounded [86, Corollary 14.5.1]).
To summarize, both (6.39) and (6.40) are infinite when ¢ = ¢(F,U). We remark that one can also use this

point of view to give an alternative, but equivalent, proof of Corollary 6.4.6.

6.4.3 Group orbits and singularities

Consider the orbit-averaging map mg (6.7), taking a point to the average of its image under H. In

particular, points on the same orbit have the same image. Let Mﬂg be the subspace of fixed points of H
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in Mg. Then 7TH|MI§ = idym, and M{ is the image of 7. Note that unless H is trivial, this is a proper
subspace of Mg, so 7y is a projection from Mg to the invariant subspace M, justifying the notation.
Recall (6.6),

PH .= Pn M,

Since P is convex, g (P) C P. Hence mg(P) C P”. On the other hand, P? = 7y (P?) C 75 (P). This
implies

PH =y (P). (6.41)

Then (recall (3.16))

PH = 7y(P) = g (co(Ver P)) = co(ry (Ver P)).

In particular,

Ver P C y (Ver P). (6.42)
Note that equality does not hold in general (for instance, consider P = [—1,1]? and H the reflection group

about a diagonal).

Lemma 6.4.10. Fizug € M, and let F be a non-empty H-invariant convex subset of some fiber ’/Tﬁl (up)

of 1. Then FNP #0 if and only if ug € P.

Proof. If F NP # (), then 7 (F N P) # 0. By (6.41), ng(F N P) C ng(P) = P C P, and since
0 # F C 7' (uo), then 7 (F N P) C 7 (F) = {ug}. Thus, 7 (F N P) C {up} N P and for this to be
nonempty it follows that ug € P.

For the converse, since F is H-invariant and convex, w7y (F) C F. Additionally, as before §) # F C

7y (up) implies 75 (F) = {uo}. Thus ug € F. Therefore, if uy € P then actually ug € F N P. O

6.4.4 Proof of Tian’s conjecture

We can now prove our main result.

Proof of Theorem 6.0.4. Fix k € N and let ng), .. .,Og\lf) be the orbits of the action of H on P N M/k.
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Recall that 7y maps an orbit to a singleton,

{0} 1= m(0F)

Note that ng) C 7y (ogk)) and hence (as the action of H and hence also 7y is linear) also co Ol(k)

w;ll (ogk)). Moreover, co ng) is convex and H-invariant. By Corollary 6.2.7, Proposition 6.4.8, and Lemma

6.4.10,
a = Imn c(O( ))
k,G(H) = <i<N
__° (k))
—121<nNsup{ (0,1)‘ ( 1_ccoOZ QP#VJ}
_ _C W
= 1I<ri1nNsup{ (0,1) ‘ % € P}
= sup{c €(0,1) ‘ —%_C{ogk), .. .,og\lf)} C P}.
Since
(oM, o)} = 7p <U0(’f>> k"M N P),
then

ey =supq ¢ € (0,1) 71ic (k™M N P)C }
-

Sup}ce(o,n o co(mu (k™' M1 P)) p}

- sup{c €(0,1)| - g (co(k ™' M N P)) © P}

- sup{c € (0,1) | ~—ru(P) C P}

—supfce 0|~ ep)

sup{cE(O,l) *1ic gp}

:uervrgnPHsup{ce(o,l)’— _CueP}. (6.43)
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Also, by (6.42),

Qk,G(H) = SUP{C € (0,1) _%c Ver PH C P}

> Sup{c € (0,1) —%WH(VerP) C P}
—c

Zsup{ce (0.1) | =y —mu(P) gP}

= Ok G(H)-

Therefore,

ak,G(H) = sup{c € (07 1) ' —iﬂ'H(VGI'P) - P}

=  min sup{c €(0,1) ‘ 1 ¢

ue P}. (6.44)
u€my (Ver P)

Recall (3.19),

d
P:ﬂ{xeMR\<x,—vj>§1}.
j=1
For any point u and ¢ € (0, 1),
€ weP ifandonlyif c<mi L for all j € {1,...,d}
T if and only i c_mj11r1<u7vj>+1 or all j yooayd}

In sum, combining (6.43) and (6.44) implies (6.8). In particular, ay (g is independent of k¥ € N and, by

Corollary 6.2.9, is equal to ag(z). This completes the proof of Theorem 6.0.4. O

6.5 Grassmannian Tian invariants

The following definition is due to Tian [104, (6.1)].

Definition 6.5.1. Let X be a Fano manifold and G C Aut X a compact subgroup. For k,m € N, define

133



(recall (6.21))

Qpm,c =k inf  let|V],
IVIS|-kKx|
dim V=m
ve=v

with the convention inf ) = oco.

Equivalently, these invariants are the minimum of the function V'~ klct |V] over the Grassmannian
restricted to the subset of G-invariant m-dimensional subspaces of H°(X, —kKx). This subset can be, in
some situations, even a finite set (see Remark 6.5.9). By Remark 6.5.2 below, these invariants generalize
the invariants oy ¢. Note also that Definition 6.5.1 is an algebraic one. Also, oy g, (x),¢ = o so it is not
equal to oy, ¢ from Definition 6.2.1.

In the toric setting it is natural to consider Conjecture 6.0.5 for the invariants ay, ,,, (s1)». For these
invariants we show that Conjecture 6.0.5 does not quite hold, and we give a precise breakdown of when it
does in terms of a natural convex geometric criterion. In contrast with previous sections, we do not work
with the additional symmetry corresponding to the groups G(H) (6.5). The reason for that is that even

in simple situations ay , gy Will not be well-behaved: see Example 6.6.6.

Remark 6.5.2. Putting H = {id} in Proposition 6.2.6, notice that Qg (s1yn = ap,1,(s1y»- In this sense,

Qk,m,(s1)» is a generalization of the ay, (g1)»-invariants.

First, we show, as a rather immediate consequence of our work, an explicit formula for the invariants

of Definition 6.5.1.

Corollary 6.5.3. Let X be toric Fano with associated polytope P (3.19). For k,m € N (recall (6.38)),

ak’m,(sl)n = min Ck (,/—")
FCPNM/k
| Fl=m

Proof. Fix k,m € N. Let V C H*(X,-kKx) = Span{sy }yepnn/k be a subspace invariant under (ShHn.

By Lemma 6.2.8, there exists a unique F C P N M/k such that

V' = Span{sy },¢c -
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Note that |F| = dim V. By (6.21) and (6.38),

« »~=~Fk min lct{Span{s = min ci(F).
kom, (S1) FCPAM/k [Span{su},cx| FCPAM/k k(F)
| Fl=m | F=m

Lemma 6.5.4. Let K CR" be a compact convex set with 0 € int K. For any set S C R™,
ing N =mf{A>0[SNAK # 0}

Proof. If SN AK # () for some A > 0, pick x € SNAK. Since z € AK, by (3.3), ||z||lx < A. Therefore
On the other hand, for any x € S, SN ||z[|xkK 2 {z} # 0 by (3.5). So infzes||z||x > inf{\ >

0] SNAK #0}. O
Proposition 6.4.8 can be reformulated in terms of near-norms:

Corollary 6.5.5. For k € N and a non-empty set F C PN M/k (recall (6.38)),

1

F=——
S i Ry e

Proof. By Proposition 6.4.8 and Lemma 6.5.4,

Ccof) 7&@}

L=C(_p) 2 w}

x(F) = sup{c €(0,1) ‘ PN <—1i

coF N

—sup{ce (0,1) c

= sup{lj_a a € (0,00), coF N (—aP) # @}
= [1 +inf{a € (0,00) |co F N (—aP) # 0}] "

-1 -1
= [t+ gl | p| = [1minl )]
[+ inf ) |_p + min||- || _p

using compactness of co F. O
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Combining Corollaries 6.5.3 and 6.5.5 yields an explicit formula for ay , (s1)n-
Corollary 6.5.6. Let X be toric Fano with associated polytope P (3.19). For k,m € N,

-1

O (st = |1+ max min|[-||_p
| Fl=m

Remark 6.5.7. For m = 1, Corollary 6.5.6 reads

1
@ "= .
k,(S1) 1+ max |ful_p
wePNM/k
Being a near-norm, the function || - |- p satisfies the triangle inequality and is positively 1-homogeneous,

hence it is convex. By Lemma 3.2.11, the vertex set of P is in the integral lattice M, hence also contained

in M/k for all k € N. This combined with Lemma 3.2.14 gives,

1 1

1 . 1 N
+max|-|_p 14 max|-|_p

Qg (st)yn = (6.45)

This is, of course, a special case of Theorem 6.0.4 (proved in §6.4), derived here in slightly different notation

(using the near-norm instead of the support function). Thus,

Oék’(Sl)n = 05(31)1; = Q, (646)

where the first equality follows from (6.45) and Demailly’s result [29, (A.1)], and the last equality follows

by comparing Theorem 6.0.4 with Blum—Jonsson’s formula [16, (7.2)].

Proposition 6.5.8. Let X be toric Fano with associated polytope P (3.19). For k € N and m’ > m,

Qe m/ (S1)™ 2 O, (S1)7 - (6.47)

In particular,

Chm, ()" 2 Qh,1,(S1)" = Ok (51)" =
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Equality holds if and only if there is F C PN M/k with |F| = m satisfying
1|, =masl I (6.48)

Remark 6.5.9. For a general Fano X, it does not follow from Definition 6.5.1 that ai m/,.¢ > ®km,c»
i.e., there may be no monotonicity in m. For instance, there might be no m-dimensinal G-invariant
subspaces. Thanks to Lemma 6.2.8 the situation for G = (S*)" is particularly simple: there are finitely-
many m-dimensional (S!)"-invariant subspaces (in fact, the Grassmannian of m-dimensional subspaces has
Ep (k)
m

exactly ( ) fixed points by the (S!)"-action), and moreover every (S!)"-invariant subspace consists of

1-dimensional blocks.

Proof. Pick 7' C P N M/k that computes ay, s (s1y» (such a subset exists since P N M/k is a finite set).
That is, [F'| = m/ and ay s (s1)» = [1+ mg_l,H . H_P]fl (recall Corollary 6.5.6). For F be a subset of F’

with |F| = m, Corollary 6.5.6 implies

1 1 1
n = < = / n
G T e i T Tmin[ [ T T mip ], "
ACPAM/k coA coF co F/
|Al=m
proving (6.47).
Next, suppose @y, (s1)» = a, i.e. (recall (6.45)-(6.46)),
inl| - = . . A4
Fopa  min]-fl_p = max(|-l_p (6.49)
| Fl|=m

For any F C P, convexity of P (recall (3.19)) implies coF C P. Hence,

inll - < . .
min | -[|_p < max]|- |

The equality (6.49) holds if and only if there is 7 C P N M/k such that |F| = m and

min| | = max] - _p
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which forces || - ||—p to be the constant maxp || - ||-p on co F. O

6.5.1 Proof of Theorem 6.0.6 and the intuition behind it

Theorem 6.0.4 resolved Tian’s classical stabilization Problem 6.0.1 in the affirmative. This corresponds to

the case m = 1 of Conjecture 6.0.5. Next we show that Conjecture 6.0.5 is only partially true for m > 2.

Proof of Theorem 6.0.6. Let F C PN M/k with |F| = m. By convexity of P and as m > 2, coF contains
an interval in P. In particular, F contains a point of P\ Ver P. Thus, if (*p) holds then (6.48) does not
hold (for any such F), and Proposition 6.5.8 implies (6.9).

Next, suppose (xp) fails (and now we relax to m > 1). Let & € P\ Ver P achieve the maximum of

|| ]|l=p on P. Express & as a convex combination of a subset of vertices of P, {p1,...,p¢} C Ver P, namely,
¢ ‘
E=Y Api, > Ai=1 Ae(0,1). (6.50)
i=1 i=1

Note that necessarily

0> 1. (6.51)

We claim that

]| - p = max||- | _p. for any x € co{pi}i_;.
zEP

Indeed, letting

P = Co{pi}le - Pa

the claim follows from & € int P’ C P and Lemma 3.2.14 (iii).

Now, the lattice polytope P’ := co{p;}{_, has positive dimension by (6.51). Equivalently, the
Ehrhart polynomial of P’ has degree at least 1. Hence, by Proposition 3.3.4, |P' N M/k| > m for all
sufficiently large k. Pick F C PN M/k C PN M/k such that |F| = m. Then coF C P’. By Proposition
6.5.8, (6.10) follows. The case m = 1 was already treated in Theorem 6.0.4 but also from this proof we see

that any k& € N works for m = 1. O
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The proof of Theorem 6.0.6 and condition (xp) have a pleasing geometric interpretation. Geometri-
cally, by Proposition 6.5.8, ay, , (s1)» = « if and only if there is a subset 7 C P N M /k such that |F| =m

and co F lies entirely in the level set
{H |- = max| - ||—P} CoP (6.52)

Recall that any convex subset of the boundary of a polytope must lie in a single face. Hence F must be
a subset of a face F' of P. We may assume F is the minimal face that contains F, i.e., F intersects the
relative interior of F. In particular, || - |- p|r attains its maximum in the interior of F' and so F' has to lie
entirely in the level set (6.52) by Lemma 3.2.14. Therefore ay, ;,, (s1y» = a if and only if there is a subset
F € PN M/k such that |F| = m and F is a subset of a face that lies in the level set (6.52), or equivalently,
there is a face F' that lies in the level set (6.52), and |F N M/k| > m.

Notice that the level set {|| - ||-p = A} is the dilation AO(—P), and (6.52) is the largest dilation

that intersects P (by Lemma 6.5.4); see Figure 6.1. Combining all the above then, (xp) states that
P intersects maxp || - ||-pO(—P) only at vertices.

If (xp) holds, then any such face F consists of a single lattice point. In particular, |F'N M/k| =1 for any
k, and ay, (1)~ stabilizes if and only if m = 1. On the other hand, if (xp) fails, then there is a face F' of
positive dimension that lies in the level set (6.52). Since |F N M/k| increases to infinity, for any m, we can

find ko such that |F'NM/k| > m for k > ko, i.e., 51y stabilizes in k.

6.5.2 A Demailly result for Grassmannian invariants

The next result was obtained independently by Li-Zhu [71, Proposition 4.1].

Proposition 6.5.10. Let X be toric Fano with associated polytope P (3.19). For m € N,

lim o 1yn = Q.
o Qkym, (S1)
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Proof. By continuity, given € > 0 there exists an open set U, C P such that
- > . —e. 6.53
I-ll-p], >maxll-I_p—< (6.53)

Fix 6 > 0 sufficiently small so that there is a closed cube Cs5 C U, with edge length . Now, for &k > K,
|Cs " M/k| > |K§|™. Given m € N, choose K so |K§|™ > m. Then for each k > K there exists

FCCsnM/k C PNM/k such that |F| = m. Since F C Cs and Cj is convex, co F C C5 C U.. By (6.53),
. X > 3 . L | — £&.
min|-[|_p 2 ngin|| - |_p > max|| - |-p —e

So by Corollary 6.5.6 and (6.45)—(6.46),

1 1 «
< - < = )
STtmin| |, 1+max| ||-p—c l-eca
co F P

Ok,m,(51)"

for any k such that [kd] > {/m. Hence limsup,_, .. @ m, (s1)» < 7% On the other hand, by Proposition

ea’

6.5.8, lim infg 00 Qg m,(s1)n > . Since € > 0 is arbitrary the proof is complete. O

6.6 Examples

In §6.6.1 we carefully illustrate Theorems 6.0.4 and 6.0.6 in dimensions 2 and for all toric del Pezzo surfaces.
In §6.6.2 we discuss central symmetry and its characterization in dimension 2 in terms of the a-invariant. In
§6.6.3 we draw the connection between (xp) and work in the convex geometry literature on the asymmetry
constant. We illustrate this with computations related to a remarkable toric 3-fold that uniquely minimizes

a among all toric (and possibly even non-toric) 3-folds.

6.6.1 del Pezzo surfaces

Example 6.6.1. Let v; = (1,0),v5 = (0,1),v3 = (—1,—1). Then P? = X(A) for

A= {{O}7R+U1,R+U2,R+’U3,R+’U1 + R+’U27R+U1 + R+U3,R+U2 + R+U3}
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and P = {—vy1, —vg, —v3}° = {y € Mgr|{y,—v;) < 1,i € {1,2,3}} C My is depicted in Figure 6.3. Then
Aut P = Dg = Ss, the dihedral/cyclic group of order 6 consisting of the permutations of the 3 vertices,
or the 3 homogeneous coordinates P2, as in Figure 6.2. For H = Aut P, P is the origin, so by Theorem
6.0.4, ar,.c(m) = agr)y = 1. When H is the trivial group then PH —= P and Theorem 6.0.4 gives Qk.G(H) =

agH) = %, with minimum achieved at any vertex of P. When H is the subgroup Z, given by reflection

0 1
about, say, y = z (i.e., generated by the matrix associated to switching two of the homogeneous

1 0

coordinates of P2), PH is the line segment co{(—1,—1), (%, %)} and o q(H) = Qg(H) = %, with minimum

achieved at (—1,—1). When H is the subgroup of order 3, P# = {0}, and ay ¢(n) = agm) = 1,

Figure 6.3: The polytope P for del Pezzo surfaces, namely P? blown up at no more than 3 generically
positioned points, and P! x P!. For the two K-unstable examples, the automorphism group H = Aut P is
generated by the reflection about y = x, and P is the intersection of P with this reflection axis. For the
other three examples, the automorphism group H = Aut P is the dihedral group associated to the polygon
P, and P = {0}.

Example 6.6.2. Let P be the polytope for P2 blown up at one point, i.e., v1, v2, v3 as above and v4 = (1, 1).
Then Aut P 2 Zy, as shown in Figure 6.3. There are therefore two choices for H. When H = Aut P, PH is
the line segment co{(—%7 —%), (%, %)} By Theorem 6.0.4, oy (i) = Qc(m) = %, with minimum achieved
at £(4,1). When H is the trivial group then P = P and Theorem 6.0.4 gives ay () = Q) = 3,

with minimum achieved at either of the vertices (—1,2) or (2, —1).
Example 6.6.3. Let P be the polytope for P? blown up at two points, i.e., vi,v2,v3 as above and
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vy = (=1,0),v5 = (0,—1). Again Aut P = Zy, as shown in Figure 6.3. For H = Aut P, P is the line
segment co{(—1,—1),(3,%)}. By Theorem 6.0.4, apg = ag = %, with minimum achieved at (-1, —1).
1

When H is the trivial group then P = P and Theorem 6.0.4 gives Qk,G(H) = Qg(H) = 3, With minimum

achieved still at (—1,—1).

Example 6.6.4. Let P be the polytope for P2 blown up at three non-colinear points, i.e., v1,...,v5 as
in the previous example and vg = (1,1). Now Aut P & D5, the dihedral group of order 12 consisting
of the cyclic permutations of the 6 vertices and the 6 reflections, as in Figure 6.3. For H = Aut P, PY
is the origin, so by Theorem 6.0.4, oy ) = agm) = 1. When H is the trivial group then PH =P
and Theorem 6.0.4 gives oy gy = agur) = %, with minimum achieved at any vertex of P. When H
is the subgroup Z; given by reflection about y = z, P is the line segment co{(f%, f%), (%, %)} and
Ok.G(H) = QG(H) = %, with minimum achieved at :I:(%7 %) When H is the subgroup Z, given by reflection
about y = —x, PH = co{(-1,1),(1,-1)}, and QR G(H) = QG(H) = %, with minimum achieved at (1, F1).
Same for the other reflections. When H contains a cyclic permutation, or more than one reflection, PH is

the origin and oy, ¢y = agm) = 1.

Example 6.6.5. Let P be the polytope for P! x P!, ie., with v1,v2 as above and v3 = (—1,0) and
vy = (0,—1), so P = [~1,1]? and Aut P = Dg, the dihedral group of order 8 generated by 4 reflections
shown in Figure 6.3. Similar to previous examples, we obtain oy g(n) = ag(mr) = 1 whenever H contains

a cyclic permutation or more than one reflection. Otherwise it equals 1/2.

Example 6.6.6. Let P be the polytope for X = P? from Example 6.6.1. Recall that Aut P = S;. Let
H = Ag, the alternating group of order 3, generated by a cyclic permutation of the three vertices. The

group is represented by {I, A, A%} where

All orbits of H on M = 7Z? have cardinality 3 except the orbit of the origin, that has cardinality 1. Any

G(H)-invariant subspace of H°(X, —kK) is spanned by a collection of monomials indexed by a union
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UfZIOZ(k) of H-orbits on kP N M. This forces the subspace to have dimension m = 3¢ or m = 3({ — 1) + 1.
Thus, m =3 0,1 (see Figure 6.4 for the case k = 1). As a result, if m =3 2 then ay, ,,,, () = oo. For this

reason we only consider in §6.5 the case H = {id}.

Figure 6.4: The four orbits O%l), cee Ofll) of the action of the cyclic group of order 3 (generated by cyclic
permutation of the homogeneous coordinates of P?) on the polytope corresponding to P? with k = 1. The
dashed-dotted lines depict the sets on which ha, is constant equal to 1 and that compute a; 5 (g1y2 = 1/2.
These sets are the three components of —9P N P. The dotted lines depict the sets on which ha, is not
constant but whose minimum is 1 and that also compute ;5 (g1)> = 1/2. The dashed lines depict the
sets on which ha, is constant equal to 3/2 and that compute as 5 (g1y2 = 2/5. These sets are the three
components of —%613 NnP.

Example 6.6.7. Let P be the polytope for X = P? from Example 6.6.1. We compute the obstruc-
tion (xp), i.e., compute argmaxpl|| - |_p = argmaxphg = argmaxpha,. Recall Ay = {vq,v9,v3} =

{(1,0),(0,1),(—=1,—1)}. Let y = (y1,y2) be coordinates on P. Then,

ho,(¥) =91, hoy(¥) = w2, hoy(y) = =1 — 12,

SO

ha, (y) = max{y1, y2, —y1 — y2}.
By Lemma 3.2.14 Ver P Nargmaxpha, # (0. Note,

Ver P = {p1,p2,p3} = {(—1,-1),(2,-1),(-1,2)}.

So

mBXhQ = maX{hQ(pl)v hQ(pQ)a hQ(p3)} = max{2, 27 2} = 27
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and Ver P C argmaxpha,. Suppose that hg(y) = 2. Then a computation shows that y € Ver P. Thus
Ver P = argmaxpha,. By Theorem 6.0.6, oy p, (s1)n > a0 = % for all k € N and m > 2.

Let us compute a5 (s1y». Let F = {f1, f2} € PN M. By Corollary 6.5.6 it suffices to consider
‘minimal” F in the sense that for no other 7', coF’ C coF. So for instance, we do not need to consider

{p1,p2} but instead

{plv (07 _1)}7 {(07 _l)a (17 _1)}’ {(lv —1),]92}-

In fact, Mileo{p,,(0,—1)} hg = hQ(O7 —1) =1 while ming, .1 hg = hQ(l/Q, —-1)y=1/2.
Also, again by Corollary 6.5.6, we do not need to consider any F such that 0 € coF since on such
an interval the support function attains its absolute minimum, i.e., vanishes.

Next, observe that ha, = 1 on the vertices of the hexagon
Py :=co{%(1,0),£(0,1), £(—1,1)}.

By Lemma 3.2.14,

ha,lp < hayverp, = 1.

Thus (by Corollary 6.5.6) we do not need to consider any F such that coF intersects Pj, as such an F
will satisfy mine, 7 hg < 1. Since every F intersects P; it follows that ay 5 (s1y2 = 1/2 by Corollary 6.5.6.
See Figure 6.4.

By the same reasoning we can compute oy, » (s1y2 using the hexagons

P, ::co{(2—;7;—1),(2—;,—1),(—1—1—]17—1),(—1,—14-]1),
(-12-7)(-1+p2- )}
:;co{(%—l,l—k),(2k—1,—k>,(—k+1,—k>,(—k,—k+1),

(kz,2k1),(k+1,2k1)}ngM/k.
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By Lemma 3.2.14,

hA1|Pk S hA1|Vchk. =2 1/k

Since every F intersects P it follows that

-1k
-1 277} -
arase = [1+2- 3k — 1

by Corollary 6.5.6. Note that limj, " = 1/3 = « (recall Example 6.6.1 and (6.46)) in accordance with

Proposition 6.5.10 and that this is a monotone sequence in accordance with Proposition 6.5.8.

6.6.2 Central symmetry

The next result should be well-known but we could not find a reference.

Lemma 6.6.8. Let X be toric Fano. Let P C Mg (see (3.6), (3.18)) be the polytope associated to
(X,—Kx). Then o < 1/2, and P is centrally symmetric (i.e., P = —P) if and only if « = 1/2. If P is

not centrally symmetric then o < 1/3.

Proof. If P # —P, then there is ug € P\ —P. By (3.19), —P = {y € Mg| max;(v;,y) < 1}. Thus
(ug,v;,) > 1 for some v;; € Ay C N (recall (3.13)). Recalling Theorem 6.0.4 and (6.46), or [16, Corollary

7.16),

1 1
— min mi < <=
Rl (u,v;) = 14 (ug,vip) 2

In fact, by convexity one may take ug € Ver P\—P, so ug € M by Lemma 3.2.11 and hence Z > (ug,v;,) > 2,
ie, a<1/3.

If P=—P, by (6.45) and (6.46),

by (3.3) and (3.5). O

It turns out that any centrally symmetric toric Fano manifold can be written as the product of
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T

N
N
N
N

Figure 6.5: The polytope P for P? blown up 1 or 2 points, and the level set {|| - |-p = 2}.

factors that are either P! or the so-called toric del Pezzo variety V2*, namely the unique indecomposable
centrally symmetric toric Fano manifold of even dimension 2k [109, Theorem 6]. For example, V? is P?
blown-up at 3 non-colinear points, and the only centrally symmetric toric Fano 3-folds are P! x P! x P!

and P! x V2.

Example 6.6.9. The purpose of this paragraph is to show that when n = 2, condition (xp) holds for a
Delzant polytope P if and only if P is not centrally symmetric, i.e., P # —P. Alternatively, if n = 2,
Conjecture 6.0.5 holds if and only if « = 1/2, by Lemma 6.6.8. However, in dimension n > 3 this is no
longer the case: for instance P? x P! has a non-centrally symmetric polytope P but condition (xp) fails.
For a counterexample that does not admit a centrally symmetric factor, consider the Fano 3-fold 4-11 [3,
p. 90], namely the blow-up of F; x P! along E x {0}, where E is the —1-curve on F;. Condition (*p) fails
along 3 edges of the polytope.

When n = 2, the centrally symmetric Delzant polytopes are associated to P? blown-up at the three
non-colinear points, and P! x P! (Examples 6.6.4-6.6.5). Recall the description of (xp) given in §6.5.1.
Since P = —P, the intersection of P and maxp || - ||-pd(—P) is precisely all of OP, i.e., (xp) fails.

Thus, it remains to check P? blown-up at up to two points. We have already showed that (xp)
holds for (the non-centrally symmetric) P coming from P? (Example 6.6.7). It thus remains to check the
remaining two cases. The polytope for the 1-point blow-up is a subset of the one for P? by chopping a
corner. Thus the intersection of P and maxp || - |- pd(—P) = —20P is still just the two vertices (—1,2)
and (2,—1). For the 2-point blow-up the intersection of P and maxp || - ||-pO(—P) = —20P is just the

vertex (—1, —1), concluding the proof. See Figure 6.5.
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6.6.3 The asymmetry constant and a remarkable Fano 3-fold
The asymmetry constant measures how far a body is from being centrally symmetric.

Definition 6.6.10. [54, 58] For a convex polytope P 3 0, define

— mi . = minmin{A > 0[P C AP —a)} > 1.
asym(P) rarélgmgxﬂ - (p—a) gélgmm{/\_()\P_ AP—-a)}>1

In other words, asym(P)(—P) is the smallest dilation of —P that admits a translation containing

A corollary of (6.45)—(6.46) is

o < [1+4asym(P)] - (6.54)

As we will see in Example 6.6.11, this bound is often not sharp. In order to see that let us first describe
how to compute asym(P) in general.

In practice, asym(P) is the smallest A > 0 such that

—AP+712P

for some 7 € R™. In other words, it is the smallest A among all the pairs (7, A) € R™ x R>¢ satisfying

—AP+7172P.

Hence it is the solution to the following linear programming problem: minimize

F(mA) = A

on the region

{(r,\) €R" x Rsg| -AP + 7 D P}.

More precisely, write Ver P = {u;}’_; and recall (3.20) the d facets of P are given by (-,v;) = 1,j €
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{1,...,d}. Then by (3.19), asym(P) is the solution to the following linear programming problem: minimize

flmA) = A

under the constraints that (7,A) € R™ x Rx( satisfies

(Tyv;) = A < {u;,v;), forallje{l,...,d}andiec{l,...,p}. (6.55)

Figure 6.6: The polytope P for P? blown up 1 or 2 points, and the translation of the smallest dilation of
—P that contains P. We can read from the figure that asym(P) = 5/3,4/3, respectively.

Example 6.6.11. For the polytopes of Figure 6.5 one has asym(P) = 5/3 for the 1-point blow-up and
asym(P) = 4/3 for the 2-point blow-up, confirming the intution that the latter is “more centrally symmet-

ric” than the former. This also serves to show that in many instances
. > P
ma| - |_p > asym(P),

i.e., (6.54) is rarely sharp for Delzant polytopes. The only examples we know it to be sharp are P and

centrally symmetric P.

By John’s theorem [65], asym(P) < n, with equality attained for the simplex associated to P™ [54].
However, the next example shows that for Delzant polytopes arising from toric Fano manifolds one may
have max,ecpl - ||_p > n, even though this seems rare (at least in small dimensions). This first happens in

n = 3 and just for a unique Fano 3-fold.
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Example 6.6.12. Consider the Fano 3-fold 2-36 [3, p. 90|, namely the Calabi-Hirzebruch manifold

F39 :=P(Op2(2) ® Op2) [20]. It is a toric manifold with [110, (4), p. 42]

Ay ={vy,...,v5} ={(0,0,1),(0,0,-1),(1,0,0),(0,1,0), (=1, -1, —2) }.

Let P be the corresponding polytope, i.e., (recall (3.19))

5
P={(-v)>-1}.
i=1
To compute its vertices, first notice that
4
(v > =1} = [-1,400) x [-1,+00) x [-1,1],
i=1

which is an infinite cuboid with vertices (—1,—1,+1). See Figure 6.7. The polytope P is obtained by

Figure 6.7: The polytope P, obtained by cutting the infinite cuboid with vertices (—1,—1,+1) with the
hyperplane (-, vs5) = —1.

cutting it with the hyperplane (-, v5) = —1, introducing the other 4 vertices (—1,0,1), (0, —-1,1), (—1,4, —1),
(4,—1,—1), namely the vertices of the isosceles trapezoid which is the facet cut out by the last equation

(-,v5) = —1. Therefore

Ver P = {(-1,-1,1),(-1,0,1),(0,-1,1),(-1,-1,-1),(-1,4,-1),(4, -1, -1)}.
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For « we use (6.45). We compute
. p— . = 4
max| | _p= max ||| _p=4
with maximum obtained at the vertices (—1,—1,-1),(-1,4,-1), (4, -1, -1), i.e.,

(=40P)NP={(-1,-1,-1),(-1,4,-1),(4,-1,—-1)}.

See Figure 6.8.

Figure 6.8: The frustum P (the solid inside) with upper base co{(-1,-1,1),(-1,0,1),(0,—1,1)} and lower
base co{(—1,-1,-1),(-1,4,-1),(4,—1,—1)}, and the boundary of —4P (edges in solid and dashed lines).
Their intersection consists of the 3 vertices of the lower base of P.

Hence a = ay, 1, (s1)n = 1/5 < @ (s1)n, for m > 2. Solving the linear programming problem (6.55)

yields asym(P) = 14/5 < 3.
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Chapter 7

Asymptotics of toric ) -invariants

This chapter deals with the dg-invariants of Fujita-Odaka (also called k-th stability thresholds) on toric
Fano manifolds. It turns out that for these invariants there is a quantitative dichotomy regarding stabi-
lization, and when stabilization fails we derive their complete asymptotic expansion.

This chapter also initiates the study of a combinatorial problem: what is the asymptotic behavior of
the quantized (or discrete) barycenters of lattice polytopes?

To state this more precisely, let

M=z

denote a lattice and P C M ®z R = R™ denote a convex lattice polytope, i.e., the vertex set satisfies
Ver P C M. Does the sequence {Bcy(P)}ren encode other canonical quantities associated to P beside

Bce(P)? We pose the following;:

Problem 7.0.1. Is there an asymptotic expansion

Bep(P) =Y a;(P)k™*?
=0

If so, what are the coefficients a;(P)?

Problem 7.0.1 is of purely combinatorial interest within Ehrhart theory. Thus, the bulk of this

chapter (Sections 7.1, 7.3, and 7.4) can be read as a purely enumerative combinatorics paper, and to some
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extent also Section 7.2 that is concerned with algebraic combinatorics. Sections 7.5-7.6 are concerned with
the algebraic geometric applications and can be read independently by the reader interested only in those
(or skipped by the combinatorics-oriented reader).

At the same time, this chapter can be considered as a sequel to Chapter 6 where we initiate the
study of asymptotics of algebro-geometric invariants arising from Kodaira embeddings using vector spaces
of holomorphic sections of powers of a line bundle H°(X, L¥). The asymptotic parameter is the power
k of the line bundle, where 1/k can be thought of as Planck’s constant in geometric quantization. The
over-arching geometric motivation for the series initiated in Chapter 6 is to obtain complete asymptotic
expansions for these invariants. This is of course motivated by the foundational result of Catlin and
Zelditch on the complete asymptotics of the Bergman kernel[24, 117], but the setting is quite different: the
invariants we are interested in are Tian’s a- and Fujita—Odaka’s d-invariants [103, 48] and they are not
directly defined in terms of the Bergman kernel. Rather, they are more related to singularities of divisors in
the linear series |kL| on X. These invariants play a fundamental role in both the minimal model program

in algebraic geometry and in the study of canonical Kéahler metrics in differential geometry.

Problem 7.0.2. Is there an asymptotic expansion

Ok =Y ai(X,L)k™"?
1=0

If so, what are the coefficients a;(X, L)?

By a theorem of Blum—Jonsson limy, §; = ¢ [16, Theorem 4.4], with § the basis log canonical threshold
of Fujita-Odaka [48]. Thus, if such an expansion exists then ag(X, L) = 4.

Another motivation is Tian’s stabilization problem which asks whether such invariants “stabilize”,
i.e., become eventually constant in k. Tian asked this for his ag-invariants in the smooth Fano setting
[103, Question 1], and later for all polarizations on possibly singular varieties [107, Conjecture 5.3], and

one can extend his problem to the dg-invariants.
Problem 7.0.3. Is §; = § for all sufficiently large k7
One can consider our Problem 7.0.2 as a refinement of Problem 7.0.3.
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We completely solve Problem 7.0.3 in the (possibly singular) toric Fano setting (Corollary 7.0.14).
This shows there is a remarkable dichotomy between the «ay-invariants and the dg-invariants. The previous
chapter resolved Tian’s stabilization problem for aj-invariants by showing that in the toric Fano setting
ar = « for all k. Here we show that Jx-invariants behave very differently and rarely stabilize, but that if
they do stabilize then they also satisfy 6, = § for all k € N, and when Fano also §; = § = 1. This precisely
suggests that most likely there is a complete asymptotic expansion as conjectured in Problem 7.0.2, and

indeed we prove that is the case.
Problems 7.0.2 and 7.0.3 are intimately related to Problem 7.0.1 as we explain next.

The relation between stability thresholds and barycenters has a rich and long history. Let Q €
H?(M,R) be a Kihler class. In 1983 Futaki introduced the eponymous invariant Fq(v) that associates
to each holomorphic vector field v on X a number; he proved that F must vanish on all holomorphic
vector fields in order for a constant scalar curvature Kéhler metric to exist in € [50]. In the case X is
toric it suffices to consider the n vector fields ¢1,...,t, generated by the complex torus (C*)" acting on
X. A beautiful theorem of Mabuchi states that (when suitably normalized) (F(t1),..., F(t,)) € R™ is the
barycenter Be(Px o) of the Delzant polytope Px o associated to (X, ) [76, Theorem 5.3]. Thus, Futaki’s
obstruction can be rephrased geometrically as Be(Px o) = 0. Some thirty years later, Blum—Jonsson

showed that Mabuchi’s theorem can be rephrased in terms of the Fujita-Odaka ¢ invariant [16, Corollary

7.16]:
571 = max [(Be(Px,a),vi) + b,
i=1,...,
where {v1,...,v4} are the primitive generators of the one-dimensional cones of the fan determining X and

(b1, ...,ba) € R? determine the class Q, so that Px o = ﬂjzl{u € Mg | (u,v;) +b; > 0}. In particular, in
the Fano case Q = —Kx, by = ... = bg = 1, so § < 1 with equality if and only if Be(P) = 0. It was
then realized by Rubinstein—Tian—Zhang that Blum—Jonsson’s formula in the Fano case extends also to
quantized barycenters [90, Corollary 7.1],

6_1 = B P — 7 1 '1
k ie?ll?}-(,d} [(Ber(Px,—kx ), vi) + 1], (7.1)
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and that similarly Beg(Px,— k) is essentially a quantized Futaki character that obstructs the existence of
k-th balanced metrics [90, Theorem 2.3]. The formula (7.1) is the link, at the heart of the present chapter,
between quantized barycenters and stability thresholds. It is shown that (7.1) extends to all polarizations
[63, Corollary A.8].

Thus, the study of asymptotics of Beg(P) for lattice polytopes is essentially equivalent to the study
of the asymptotics of d; for (possibly singular) toric varieties. We employ this link in both directions in
this chapter. For general P we derive a formula for Bey(P) which answers the first part of Problem 7.0.1
as well as determines a;(P); we then use this to obtain corresponding formula and asymptotics for
for general (possibly very singular) toric varieties. Restricting to toric manifolds we then use (as well as
add some entries to) the well-developed dictionary between Riemann—Roch theory and Ehrhart theory to
answer Problem 7.0.1 completely for Delzant lattice polytopes P, determining all a;(P) in terms of mixed
volumes of virtual polytopes. Thirdly, restricting to Gorenstein Fano varieties amounts to working with
the sub-class of reflexive polytopes for which we refine the general expansion and show that Bcg(P) are
colinear, to first order, with Be(P). This is not true for general P. Finally, for toric del Pezzos we show
how the combinatorial and algebraic approach give two completely different proofs of the same formula
for Beg(P) or 6. In this dimension Bey(P) are actually colinear with Be(P). The beauty of this special
case is that either convexity arguments or Ehrhart theory allows to replace the otherwise mysterious
Ehrhart polynomial expressions by completely explicit formulas involving the lattice-normalized measure
or intersection numbers.

Our overarching goal is to make this chapter accessible to both combinatorists and algebraic ge-
ometers. As part of that, we carefully separate the sections dealing with each. Sections 7.1-7.4 detail
our combinatorial results on Problem 7.0.1. Section 7.5 describes our results on Problems 7.0.2 and 7.0.3.

Section 7.6 revisits Section 7.2 in terms of test configurations and is relevant to both audiences.

Quantized barycenters of general lattice polytopes

Our first main result answers the first part of Problem 7.0.1, as well as determines the first non-trivial

coefficient.
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Denote

BCk(P) = (BCk’l(P), - ,BCkyn(P)) € Mgr = R". (72)

Theorem 7.0.4. Let M = 7" be a lattice and P C My be an n-dimensional convex lattice polytope. For
c € M such that P +c CRY,
_ Epeiy(k) — Ep(k) Ep(c;iy(k) — Epxjo,c,) (k)

Bek,; = REr(R) —c= KB (R . (7.3)

In particular, Beg(P) = Y ooy ai(P)k™" for some a; that depend only on P. Moreover,

ag(P) = Be(P), a1(P) = m(ﬁ;(ap) — Be(P)),

where V&(@P) is the mass of the lattice-normalized measure of OP, and Bc(OP) is its barycenter (see
Definition 38.3.1). Finally, if Bep(P) is constant for n + 1 values of k then a;(P) = 0 for alli > 1 and

Bey(P) = Be(P) for all k € N.

Theorem 7.0.4 implies that if Be(P) # Beg(P) for some k € N then the same is true for all sufficiently

large k. In this context, it raises the following interesting problem:

Problem 7.0.5. Assume that P is a lattice polytope satisfying Be(P) # Beg(P) for some k € N. Does

there exist such a P for which {Bc;(P)}ier is a singleton for some subset I C N with |I| > 27?

Theorem 7.0.4 says that if such a P exists then |I| < n. In Remark 7.4.3 we resolve Problem 7.0.5

in dimension n = 2.

Quantized barycenters of Delzant lattice polytopes

In this part, we assume that P belongs to the sub-class of Delzant polytopes.
To generalize this correspondence for divisors that are not necessarily ample, we use the notion of

virtual polytopes (see [84, Corollary 2]).

Definition 7.0.6. e Let P denote the monoid of (possibly degenerate, i.e., of lower dimension) polytopes

in Mg. Recall that a monoid is a set equipped with an associative multiplication with identity. Let P*
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denote the Grothendieck group of P, i.e., the group of equivalent classes of formal differences P, — P> where
P, — P, ~ P] — Pj if and only if P, + Pj = P + P,. The elements in P* are called virtual polytopes.
e The notion of mized volumes (including volumes) can be extended by multi-linearity to virtual polytopes.

For Py,..., P, € P* and my,...,mg € N with my + ... +my = n, set

V(Plvml;'“;kamk) ::V(P17"'7P17~°'7Pk7°"7Pk)7

where each P; appears m; times.

e Let X be a smooth toric variety (toric manifold). Let

{vi}?:l

denote the primitive generators of the rays in the associated fan. Let

denote the toric divisor corresponding to v; [49, §3.3]. For any ample toric divisor

where b; € Z, define the polytope associated to (X, D),

d
Pp = ﬂ{u € Mg | <’U,,Ui> > —bl}

i=1

In general, since any divisor can be written as the difference of two ample divisors [68, Example 1.2.10],

for any divisor D there is an associated virtual polytope Pp € P*.

There are efficient numerical algorithms to compute mixed volumes, see, e.g., [108, 55].

Let P be a Delzant lattice polytope, and let (X, L) be the associated polarized toric manifold given
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by Theorem 3.2.13, where
d
L= bD;.
i=1

Fix v € N. Pick

q € Z such that (-,v) + ¢ > 0 on P (possible as P is compact).

Consider the lattice polytope of one dimension higher,

Pog={(u,h) €R" x Rlue P, 0<h < (u,0) +q}

— {(w,h) € R" xR {u,v5) > —bsi € {1,.....d}, 0<h < (u,v) +q}.

It corresponds to a polarized toric manifold of dimension n + 1

(¥, 2)

(7.7)

(see Figures 7.1 and 7.2). This polytope has d + 2 facets. Under the correspondence of Theorem 3.2.13,

the associated primitive generators of the rays in the fan are

(v1,0),...,(vq,0),(0,1),(v,—1) € N X Z,

and we denote

Dy, ..., Dd,Dat1,Dat2

the corresponding torus-invariant divisors. Rewrite (7.5),

Pv’q = {(u7h) € R" x R' <(u7h)7 (1)2‘,0)> > —b;, <(uvh>7 (07 1)> >0, <(u7 h)? (U7 _1)> > —C]},

By Definition 7.0.6,

Pv,q:PDa
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where
d

D := Z b;D; + qDgy2,
i=1

and
L~D
Define a virtual polytope
Pl/) - Pi biD: = P’U,q *qPDd+2.
i=1
(0,1)

('U, _1)

Figure 7.1: The fan of the new toric manifold X. Note that X corresponds to the subfan consisting of the
cones in Mr C Mpr X R. The cones above My are spanned by the cones in My and the ray generated by
(0,1), while the cones below My are spanned by the cones in Mg and the ray generated by (v, —1).

Dyto o
Days
D, /- |p
Dy
Day1 0

Figure 7.2: The projection 7 : X — P!,

Our second main result is the complete resolution of Problem 7.0.1 when P is Delzant:
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Theorem 7.0.7. Let P C M ® R be a Delzant lattice polytope. Then for any v € N,

n
EO i K ) j 5 i ( 1)e ¢
J= _ i0 —
(Beg(P),v) = —; — = Zk j ZC;“—J“ é + T Z H Ap—ip—1 |
J;O ijk] j=0 i=0 (=1 i — m=1

where

nlBy, --- B _
a; = Z MV(PMJ;PDUEI;”';PDdaéd)a

) FUZIERRN 21

> li=n—j

=1

n+1)By, - B .
C‘/j: Z ( Jw)l;Zled' ZdV(PZnJ;P’Dugi;'~';Pdeéd)~
i=1
In particular,
a, = Vol(P),

-1
an—QZ% V(Pon—2P ky,2)+ Y V(Pn—2;D;,1;D;,1) |,
i<j
g1 = Vol(Py),
/ n+]‘ /
Cn 2 V(Pm n; P—Kj/pl ; 1)7
A R OLY 2 V(P\,n—1; Pp,,1; Pp,, 1)
cnfl_T v T 43 — K p1> + Z (van_ y LDy Ly Dy ’
1<i<j<d
where
Pre=Py o P =Py
i=1 i=1
and
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N <c;1 B Crln—1+ Cpi1Gn_2 N C;Ha%l)l N O<1>

an a2 a?

Quantized barycenters of reflexive polytopes

Another subclass of lattice polytopes is that of reflexive polytopes.

Definition 7.0.8. [33, Definition 2.3.12] A lattice polytope is called reflexive if it contains the origin, and

each of its facet is given by (u,v) =1 where v € N is some primitive vector.

Remark 7.0.9. We are not aware of a relationship between being reflexive and being Delzant. For
instance, the square with vertices (£1,0) and (0,+£1) is reflexive but not Delzant, and the square with

vertices (£2,+2) and (£2, F2) is Delzant but not reflexive.

Our third main result is the specialization of Theorem 7.0.4 to the reflexive setting. It is quite
remarkable that in this setting the quantized barycenters are, to first order, colinear. Furthermore, in the

planar case, they are in fact colinear, and have a completely explicit expression.

Theorem 7.0.10. Let P be a reflexive polytope. Then ai(P) = Be(P)/2 (recall Problem 7.0.1), i.e.,

Bey(P) = Be(P) (1 + ;k) +O(k™2).

Moreover, if dim P = 2, then

Boy (P) = (k+1)(2k + 1) Vol(8P) Be(P)
4+ 2k(k + 1) Vol(9P) '

We give two completely different proofs of the two-dimensional part of Theorem 7.0.10.

Applications to asymptotics of Ji-invariants

Theorem 7.0.4 together with (7.1) answer the first part of Problem 7.0.2 as well as determine the first

non-trivial coefficient for a general polarized (possibly singular) toric variety.
Corollary 7.0.11. Let X be a (possibly singular) toric variety given by a fan A in a lattice N ~ 7.
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Let vy,...,vq € N denote the primitive generators of rays in A. Let L be an ample line bundle with the

associated convex polytope (recall Theorem 3.2.13)

P={zxe Mg|(z,v;)) > —b;, foralli=1,...,d}

for some b; € R, where Mg := Hom(N,Z) @ R. Let I be the set of indices i such that v; and b; compute §.

Then there is a complete asymptotic expansion for o as in Problem 7.0.2, with

B (€T XD = g ma(Be(0P) - Bo(P),u)2”

a0(X, L) =0 = 2Vol(P) et

In particular,

Vol(oP) max(Bc(dP) — Be(P),v;)6%k~" + O(k™2), (7.9)

Sp=0—
F 2Vol(P) iel

where Vol is the normalized volume of the boundary OP and Be is the barycenter of OP with respect to Vol
(see Definition 3.3.1).
In fact, for sufficiently large k, (7.9) is a complete asymptotic expansion of a rational function of k

with both numerator and denominator polynomial of degree n in k.

In the case of most interest, namely when X is Fano polarized by —Kx, Theorem 7.0.10 and (7.1)

give a more explicit result.

Corollary 7.0.12. For a toric Fano (possibly singular) variety X and all k € N,

S~ Kx) = (-~ Kox) — 5 0(~Kx)(1 — 6(~Kx)) + (k).

Moreover, if dim X = 2,

2 -1
u(-x) = (14 RO (R - )
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Test configurations, higher Donaldson—Futaki invariants, and Tian’s stabiliza-

tion problem

Finally, we make contact with the much-studied notion of test configurations [106, 39]. We show that in
the case P is Delzant, the coefficients a;(P) conjectured by Problem 7.0.1 and established by Theorem

7.0.7 are closely related to the higher Donaldson-Futaki invariants of certain test configurations.

Theorem 7.0.13. Let P C M ®z R be a lattice polytope. Let (X, L) be the associated (possibly singular)

toric variety given by Theorem 3.2.13. Let v € N be arbitrary. Then

(a;(P),v) = DF;(X,L,04)), i€NU{0},

where (X,E,Uq(v)) denotes a product test configuration (7.30) constructed in §7.6.1.

In particular, if (X, L) is K-semistable then DF; vanishes for all product test configurations [15,
Remark 2.13(2)], thus a;(P) = 0 by Theorem 7.0.13, i.e., Bc(dP) = Bc(P) by Theorem 7.0.4, recovering
a well-known result of Donaldson [39, Proposition 4.2.1]. In the reflexive case the additional relation
Be(dP) = (1 + 1)Be(P) (by Theorems 7.0.4 and 7.3.5) forces Bc(dP) = Bc(P) = 0, generalizing one
direction of a result of Ono [81, Corollary 1.7] to the non-smooth setting (notice Ono assumes P is reflexive
and Delzant), that is, asymptotic Chow semistability implies Beg(P) = 0 for all k. By (7.1), Begx(P) =0
if and only if 6 = 1. Conversely, if §; stabilizes then by Corollary 7.0.12 § = 1, and hence §; = 1 for large
k, that by the previous sentence means Bcy = 0 for large k. In this case we also know by Theorem 7.0.4
that Bcg = 0 for all &, that in turn by the other direction of Ono’s result (only valid if P is also Delzant)
implies asymptotic Chow semistability. In sum we have the following solution of Problem 7.0.3 for toric

Fanos:

Corollary 7.0.14. For a toric Fano manifold X, i, stabilizes in k if and only if (X, —Kx) is asymptotically
Chow semistable. In this case 6, =0 =1 for all k € N.
For (possibly singular) toric Fano variety X, 0y stabilizes in k if and only if 6y = 6 = 1 for all

k e N.
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Corollary 7.0.14 is in interesting contrast to the situation for the oy, g-invariant, that was shown to
stabilize always (see Chapter 6). Thus P? blown-up at one or two points are examples for which 05, (—Kx)
does not stabilize, while for the three remaining smooth toric del Pezzos stabilization occurs. This might
give the impression that the existence of the Kahler-Einstein metric dictates stabilization; this is true

precisely when n < 6 (Example 7.7.4).

Remark 7.0.15. The first part of Corollary 7.0.14 generalizes to non-toric smooth Fano X using difficult
results from algebraic and differential geometry, e.g., the Yau—Tian—Donaldson correspondence, and finite
generation. Indeed, when ¢ > 1 this follows from [120, Corollary 1.11]. When 6 < 1, here is a sketch:
there exists a “dreamy” divisor E over X that computes ¢ [73, Theorem 1.2], and corresponds to a test
configuration (X, L) with Si(E) = >, DF;(X,£)k~" and 2Fut(X, L) = A(E) — S(E) < 0. In particular,
DFy(X,L£) = —Fut(X,L£) > 0. Therefore, for sufficiently large k, Sx(E) > S(FE). Hence §;, < §. We
emphasize that these results do not seem to give any information concerning the more refined Problem

7.0.2 nor an alternative approach to our Corollary 7.0.11.

Remark 7.0.16. Let (X, L) be a polarized toric manifold with associated Delzant lattice polytope P. A
result of Ono can be interpreted as (he does not implicitly consider the quantized barycenters) Beg(P) =
Be(P) (for a fixed k) is a necessary condition for (X, kL) to be Chow semistable [81, Theorem 1.2] (for Fano,
and not necessarily toric manifolds see [90, Theorem 2.3] and [90, Corollary 7.1]). In particular, if (X, L) is
asymptotically Chow semistable, i.e., (X, kL) is Chow semistable for sufficiently large &, then Ono’s result
can be interpreted as implying Bey (P) = Be(P) for all k [81, Theorem 1.4] (by using the existence of the
generalized Ehrhart polynomial for homogeneous polynomials (cf. Remark 7.1.2)). These results are of
course special cases of Theorems 7.0.4 and 7.0.13, together with the fact that DF} (X,/.Z,crq(v)) = 0 for
all product test configurations whenever (X, L) is K-semistable [39, Definition 2.1.2], a condition that is
implied by asymptotic Chow semistability [100, §5]. Resolving a conjecture of Ono, Futaki [52] showed
Ono’s result can be interpreted in terms of integral invariants related to Hilbert series as in the work of
Futaki [51] and Futaki-Ono—Sano [53]. See also [114, 115, 93] for more on relations between Chow stability,

combinatorics and §j-invariants.
Problem 7.0.17. Does the stabilization of Bey (P) imply asymptotic Chow polystability of X p, assuming

163



it is smooth (i.e., P is Delzant by Theorem 3.2.13)7

The answer is likely affirmative: by a result of Lee—Yotsutani the stabilization of Beg (P) (they phrase
this in an equivalent manner) combined with K-semistability for toric degenerations implies asymptotic
Chow polystability [69, Corollary 1.5]. In general, the stabilization of Bcg(P) does not imply asymptotic

Chow stability. See [69, Corollary C.3] for a reflexive, non-Delzant example.

7.1 First order expansion of quantized barycenters of lattice poly-
topes

In this section we study the first order expansion of Beg(P) for any lattice polytope P.

Proposition 7.1.1. Let P be a lattice polytope. Then

Bex(P) = Be(P) + m(ﬁc(ap) —Be(P))k~' + O(k™2).

U; = —Ci

u; = —C;

Figure 7.3: The lattice polytope P;: u; 4+ C; lattice points above each lattice point in P with i-th coordinate
equal to u;. The dotted lines are fibers of 7 : M x R 3 (u,h) — u € M.
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Proof. Fix 1 < i < n. Pick an integer C; > —min{w; : (u1,...,u,) € P}. Then for any v € P, the function

h;(u) := u; + C; is non-negative. Consider the lattice polytope (see Figure 7.3)
P:={(u,h) eR" xR|ue P, 0<h<h;(u)}.

Notice that

Ep(k)= Y L#{(u,O), (u;) ,(u,hi(u))}

uGPﬂ%

= > (k(wi+Cy)+1)

uePN4L

(kCi+ D)Ep(k)+k > us.

uePN¢ L

Therefore,

1 Ep, (k) 1

U; = - — Cl - —.

EP(k) uG;IL kEP(k) k
2

Now,

Vol(Pi):/ hi(u)d\/ol:/ u;d Vol +C; Vol(P).
P P

Notice that the projection to P C R™ x {0} from the upper boundary of P;, denoted by

(7.10)

(7.11)

(7.12)

preserves normalized volumes, since this projection restricted to the lattice points on the hyperplanes is

an isomorphism of lattices. In particular, Vol(P) = {fa(Hl) It follows that

Vol(9P;) = /

oP opP

165

hi(u)d Vol +2 Vol(P) = / u;d Vol +C; Vol(OP) + 2 Vol(P).
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Combining (7.11), (7.12), (7.13), and Theorem 3.3.4,

1 S ue Vol(P,)kn+! + %@(63)1@" +O(k" Y o1
Ep(k) o, Vol(P)kn+1 + 2 Vol(OP)k" + O(kn~1) k
Vol(P,) Vol(P) Vol(8P;) — Vol(8P) Vol(P;) . .
Vo (p) ( 2Vol(P)? B 406
_ JpuidVol {/a(aP) Jop u;d Vol B Jp uid Vol K14 Ok?)
~ Vol(P) 2Vol(P) \  Vol(aP) Vol(P) ’
concluding the proof of Proposition 7.1.1. O

Remark 7.1.2. An alternative proof of Proposition 7.1.1 can be obtained from the first-order expansion
of the sum of the function ¢(u) = u over the integral lattice points (as opposed to Bey that is its average),
see, e.g., [115, (5)], [74, (7)]. Such a formula follows directly from the existence of the generalized Ehrhart
polynomial for homogeneous polynomials and from Ehrhart—-MacDonald reciprocity for such polynomials
that generalizes Proposition 7.3.2 [18, Proposition 4.1]. While such a proof would be perhaps more standard
for experts in Ehrhart theory, the proof we give is certainly more elementary and allows us to make the
connection to the rooftop polytope (that, in the toric geometry literature, goes back to Donaldson [39, §4.2])

that then leads to the connection to Donaldson—Futaki invariants in Theorem 7.0.13.

Corollary 7.1.3. Each coordinate of the quantized barycenter Beg(P) is a rational function of k. More
precisely, it is the quotient of two polynomials of degree at most n. In particular, if Beg(P) is constant for
n+ 1 values of k, then Beg(P) = Be(P) for all k. Consequently, if Beg(P) is constant for sufficiently large

k, then Beg(P) = Be(P) for all k.

Proof. Let Bey,; denote the i-th coordinate of the quantized barycenter Beg(P) € R™. Using the same
notation as in the proof of Proposition 7.1.1, by (7.11), we have
p, (k) — (Cik + 1)Ep(k)

1 E
" Ep(k) uegﬂ:lL kEP(k) ( )

166



Notice that the numerator

Qi(k) == Ep,(k) — (Cik + 1) Ep(k) = Ep, (k) — Epxjo,c,)(k),

is a polynomial with respect to k of degree at most n + 1 and with constant term 0 by Theorem 3.3.4.

Hence Q;(k) = k@,(k) for some polynomial Cji of degree at most n. Now,

Qi(k)

Be i = .
)

Since there are n + 1 values of k such that Bcy; is equal to a constant, say, A;, the polynomial

Qi(k) — NiEp(k)

has degree at most n and has at least n+ 1 zeros. It follows that this polynomial vanishes everywhere, i.e.,

Bey,; is constant for all . O

Proof of Theorem 7.0.4. The second half of the theorem is proved by Proposition 7.1.1 and Corollary 7.1.3.

It remains to show (7.3). Notice that for any 4,

P(c;i) —e={(u,h)|lu€e P+ec, he[0,u;]} —c={(u,h)|u€ P, h€[0,u; +¢]} =P

(Recall (7.10)). In particular, their Ehrhart polynomials coincide. This reduces (7.3) to (7.14). O

7.2 Asymptotics of quantized barycenters of Delzant lattice poly-
topes

In this section, we express the asympototic expansion of the quantized barycenters in terms of mixed
volumes of virtual polytopes using toric geometry. Here we restrict ourselves to Delzant lattice poly-

topes, namely the lattice polytopes that determines a smooth fan, i.e., the primitive generators of any
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n-dimensional cone form a Z-basis. Recall Definition 7.0.6.

Lemma 7.2.1. For divisors D1, ..., D, with associated virtual polytopes Py, ..., P,,

1
V(Pr,....P) = — Dy Dy,

Proof. Since any divisor can be written as the difference of two ample divisors, by multi-linearity we may
assume Dq,..., D, are ample. In that case the corresponding virtual polytopes Py, ..., P, are polytopes.

For kq,...,k, > 0, the divisor k1 Dy + - - - + k, D,, is ample with associated polytope k1 Py + - - - + k, P,,.

Therefore

1 n
Both sides are polynomials in kq,...,k,. In particular, the coefficients of k; - -k, in both sides of the
equation should be equal, i.e., n!V(Py,...,P,) = Dy D,. O

Definition 7.2.2. Define the Todd class

T &
Ta(x) = [ e
i=1

where the &;’s are the Chern roots of the tangent bundle T'x, i.e., they are symbolic objects such that

n

c(Tx) = H(l +&i),

i=1

or more explicitly,

Ci(Tx) = O—i(fla ce 75,1),
where o; is the i-th elementary symmetric polynomial.

Td(X) can be expressed in terms of the cohomology classes of the torus invariant divisors.

168



Definition 7.2.3. Define

where Bj is called the j-th Bernoulli number.

Lemma 7.2.4. [33, Theorem 13.1.6] Let D; denote the divisor corresponding to v;. Then

d
Td(X) = [[ Ta((Di).

Proposition 7.2.5. Suppose L is ample. Then

WO(X, kL) = a;k’,
=0

where

In particular,

Lr—2. ((—KX)2 +3D;- Dj>

i<j

12(n — 2)!

L 1. (—Kx)
y ap—1 = )
2(n—1)!

ap—2 =

Proof. By the Kodaira vanishing theorem, h®(X, kL) = x(X, kL) for sufficiently large k. Since both are

polynomials, they are equal for all k. Therefore

RY(X, kL) = x(X, kL)

- / ch(kL) - Td(X)

d
_ [ Z,
/X [[Taco)



Remark 7.2.6. Recall the average scalar curvature

S .= Jx Sw w"  [ynRicwAw"™t  n(=Kx) L™ 20,

Jxwr Jx " L® n

By Theorem 3.3.4,
Vol(OP)

5= )

as observed by Donaldson [39, p. 309].

Next, using the construction of Proposition 7.1.1, we relate Beg(P) to this expansion.

Corollary 7.2.7. Let P C M ® R be a Delzant lattice polytope. Fizx v € N. Let (X,L) denote the

corresponding polarized toric manifold as in Theorem 3.2.13, where

d
L= Z b;D;.
=1

Also recall (7.8). Then

n
2003‘4-1]‘5] 0 j 5o i ( 1)2 ¢
j= - i -
(Bep(P),v) = = y = E ,k ! E :C/n+1—y+z an + altt E: H Un—im—1 >
L — — — : =1
J;oaj 7= = = X[I im=it

where
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and

i=1
In particular,
=,
L (- Kx)
apq = —— X
LT T o)
L77«72 . (_KX)Q + Z Di ) D]
_ i<j
(p_2 = T 7
—mn+1
= £7
;L Z/n . <7K§/Pl)
Cn - T’
—m—1 2
£ (‘K?/Pl) + Y DDy
= 1<i<j<d
Cpo1 = 5T 7

where

d
_KT/IPI =Ky + T Kp1 = —K+% —Dgt1 — Dy = ZD“
i=1

and

/ / ,
1) 1
(Ben(P),v) = L 4 <Cn _ Cn+1a”1>k

an Qnp a?
2
iy Chn1 s a2 i\ 1 .
i B 2 + 3 75 T O = -
an a2 p - -
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Write

We have

d
L’ By,
a="7- 2 17
d =1
> Li=n—j
i=1
—J d+2
L By
a5 2 I
d+2 =1
S li=n+1—j

For simplicity, we define

for j <0 or j > n, and

for j <0 or j >n+ 1. We also define

Ep(k) = a;k’,
§=0
n+1

Ep, (k)= c;k’.
§=0

7/.]’
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n+1 )
Z c;-kj
7=0
S —
> aghitl

j=0

'M8

<
I
o

i 4
J T (_1)€
E : ntl—j+i| =+ +1 E : H An—ip—1
1=0 ) m=1

Finally, recall that ag = ¢y = 1. Therefore ¢, = ¢g — ag = 0, and

n+1 . n .
>, Cik? > ik
(Bew(P),v) = 2 =12

S akitt Y akd
=0

Jj=0

This concludes the proof. O
Theorem 7.0.7 is a reformulation of Corollary 7.2.7 in terms of mixed volumes of virtual polytopes.

Proof of Theorem 7.0.7. This follows from Corollary 7.2.7 and Lemma 7.2.1. O

7.3 First order expansion of quantized barycenters of reflexive
polytopes

In this section, we study the special case that the lattice polytope is reflexive.

Definition 7.3.1. [33, Definition 2.3.12] A lattice polytope in M ® R is called reflezive if it contains the

origin, and each of its facet is given by (u,v) = 1 where v is some primitive vector of N.

Proposition 7.3.2. [77], [57, Theorem 19.1] For k € N,

Ep(—k) = (—1)"#((int kP) N M).

Corollary 7.3.3. Let P C My be an n-dimensional reflexive polytope. Then

Ep(~k) = (~1)"Ep(k — 1).
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Proof. By Definition 7.0.8, there exist v1,...,v4 € N so that P can be written

d
P=({ue M|(u,v;) > -1} (7.15)
i=1

Then for k € N,

(int kPYN M = m{u € M| (u,v;) > —k}
zﬂ{uEMHu,vi) > —k+1}

=(k-1)PNM.
By Theorem 7.3.2,
Ep(—k) = (—1)"#((int kP) 0 M) = (—1)"#((k — )P 1 M) = (=1)" Ep(k — 1),

as claimed. O

Proposition 7.3.4. Let P be an n-dimensional reflexive polytope. Then {/\a(@P) = nVol(P). In other
words,

Ep(k) = Vol(P)k" + %Vol(P)k”*l Y

In particular,

Vol(P)k? 4 Vol(P)k + 1, n=2;
Ep(k) =
Vol(P)k? + 3 Vol(P)k? + (3 Vol(P) + 2)k + 1, n=3.

This proposition is well-known [41, 57], except the case n = 3 that seems new.

Proof. By Corollary 7.3.3, since

Ep(—k) = (=1)" Vol(P)k"™ + (=1)" ' Vol(OP)k" ' 4 --- + 1,
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and

(—D)"Ep(k—1)=(-1)"Vol(P)(k —1)" + (—-1)" {/a(ap)(k )" (=),

comparing the coefficients we get
(—1)" 1 Vol(9P) = (—1)"'n Vol(P) + (—1)" Vol(P),

ie.,

Vol(9P) = ngl(P).

It follows that when n = 2,

Ep(k) = Vol(P)k* + Vol(P)k + 1.

When n = 3,

Ep(k) = Vol(P)k* + gVol(P)kQ +ark +1 (7.16)

for some coefficient a;. To determine a1, we may simply plug in special values for k. By Corollary 7.3.3,
Ep(~1) = —Ep(0) = —1.

Letting k = —1 in (7.16) gives

1
—-1= §V01(P) —aj + 1,

ie.,

a; = = Vol(P) + 2,

as claimed. 0O

Theorem 7.3.5. Let P be reflexive. Then

By (P) = Be(P) (1 + 2114;) +O(k™?).
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Proof. Recall (7.15). Fix 1 <4 < d. Consider the reflexive polytope

P :={(u,h) e R" xR|ue P, —1<h<(u,v;)+1}.

Notice that

Figure 7.4: The polytope Py corresponding to P? with v; = (1,0), vy = (0,1), vz = (=1, —1).

r= X #{-n (014 p)o o+ 0}

ue€PN$L

= > (klu,v) +2k+1)

uePN{L

2k +DEp(k)+k > (u,v;)

uePN¢ L

= (Qk + 1)Ep(k?) + kEp(k)<BCk(P), ’Ui>.

Therefore,

_ Ep(k) 1
= kEPP(k) —2- (7.17)

(Bex (P), vi)
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Now,

Vol(F;) = / ((u, v;) +2)d Vol = ({Bc(P),v;) + 2) Vol(P). (7.18)
P
By Theorem 7.3.4,

Vol(P;) k1 + 2EL Vol (P)k™ + O(k 1
(Bew(P) ) = Vo I 4T VOl Oy 1
Vol(P)k"+1 + 2 Vol(P)k" + O(k"—1) k

Vol(P,) 1 1 _
~ Vol(P) <1+2k> —2- g TOGT)

— (Be(P),v3) (1 n ;k) Lok,

Since P is bounded, {Ui}f’:l spans N ® R. This completes the proof. O]

7.4 Quantized barycenters of reflexive polygons

In this section, we give an explicit formula for the quantized barycenters of reflexive polygons without using

Ehrhart theory.
Theorem 7.4.1. Let P be a reflexive polygon, i.e., P C R? is a lattice polytope given by

d
P= ﬂ{x € Mg | (z,v;) > —1} (7.19)

J=1

for some primitive vectors v; € N. Then

Bey(P) = KD+ Vol(oP) Be(P). (7.20)
4+ 2k(k + 1) Vol(9P)

Proof. Since dim P = 2, each facet of P is a line segment on the line (z,v;) = —1. Let
)
£

denote this facet. We may index the lattice points F j(l) N M on the polygon OP counterclockwise as

. ,u;}Nj. Note that u§13 and uglj)\,J are vertices of P and will be indexed twice as they belong to two

)

Ujg,--
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facets. Define w; := u§

on a line perpendicular to v;. For any 0 <1 < Ny,

11) — u§}0), i.e., w; characterizes the distance between two neighboring lattice points

(7.21)

Figure 7.5: The indexing of the edges and the lattice points of the polygon corresponding to the blow-up

of Pt x PL.

We repeat this construction for any & € N. Each facet of kP is a line segment on the line (x,v;) = —k

and are denoted by

Since kP is a dilation of P,

and in particular, the end points are k - uglo) and k -

index the lattice points F’ j(k) N M counterclockwise as ugko) e

k k
o = ol

Notice that the lattice points of kP are

k

kP M ={0}u | J(@@P)n M)

i=1

k d )
={oyuJ Jtuld, ...

i=1j=1
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k-

+lw; =k - uglg + lw;.

u§13 + kNj - w; (recall (7.21)). We may also

(k)

U Ny where for any 0 <1 < kNj,

(7.22)

(7.23)

(@)

SN, b (7.24)



(k)
Ujk

1 2 3 k
DD

Figure 7.6: The relationship between F j(l) and a general F j(k).

Indeed, 0 € kPN M. For any 1 <14 <k, 9(¢P) C kP. Hence

k
kP M 2{0}u J@@EP)n ).

=1

On the other hand, suppose there exists x € kP N M other than the origin that does not belong to any
O(iP). Then there is a unique integer 0 < k, < k such that = ¢ k, P and = € int(k, + 1)P. Recall (7.19).
Since z ¢ k. P, there is some j such that (z,v;) < —k;. On the other hand, since = € int(k, + 1)P, we
know (z,v;) > —k, — 1. However, (z,v;) € Z, which is a contradiction.

We are now ready to compute the barycenters using (7.24). Recall that in the expression (7.24)
every vertex of ¢P shows up twice.

Let mgk) denote the midpoint of Fj(k), ie.,
(7.25)

Since Fj(k) =k- Fj(l), we also have

A (7.26)

Recall the indexed lattice points

k k k
FP oM ={ulf),.ul)y )
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Since each vertex is indexed twice,

d
#(0(kP) N M) = Z(#(Fj(k) nM) - 1) =kY N,

Also, by (7.22), (7.25), and (7.26),

> ey

uwed(kP)NM J

Combining these two equations and (7.23), we get

Bey(P) = % Be(kP N M)

1
= % #(kP N M) >,

ueEkPNM

k
_ 1 ) "

k:(l + zkj #(0(iP) N M)) i=1 ugd(kP)NM
=1

d
_ (k+DEE+1) S Nymd!)
d £ 7
6(1 + ki) Zl Nj> i=1
i=

and .
2 Z ij(l)
Be(P) = lim Begy(P) = —2—
k—oo d
3N
j=1
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Therefore

(k+1)2k+1) > N;

d
=

Bey(P) = Be(P).

J
44 2k(k+1) 3 N,

j=1
Finally, by Definition 3.3.1, N; = \70/1(F j(l)) (The line segment F j(l) has NN, fundamental parallelotopes).

Then
d —
> N; =Vol(9P). (7.28)

=1

This concludes the proof. O

Remark 7.4.2. We record here also the proof of Theorem 7.4.1 using Ehrhart theory. Recall the proof of

Theorem 7.5.3. By Theorem 7.3.4,

Ep, (k) = Vol(P,)k® + %Vol(a)/c2 + <; Vol(P;) + 2) k+1,

Ep(k) = Vol(P)k* + Vol(P)k + 1.

By (7.17) and (7.18),

Ep, (k) — (2k + 1)Ep(k)
kEp(k)
(Vol(P;) — 2Vol(P))k* + (£ Vol(P;) — 3Vol(P))k? + (% Vol(P;) — Vol(P))k
k(Vol(P)k? + Vol(P)k + 1)

(Bew(P), vi) =

B k24 3k+ 3
~ Vol(P)k2 + Vol(P)k + 1
(k+1)(2k + 1) Vol(P)

= 2ok ) voi(p) PeP) v

(Vol(P;) — 2Vol(P))

The result follows since by Proposition 7.3.4,Vol(P) = %V&(@P).

Remark 7.4.3. As a consequence of Theorem 7.4.1, we see that the following are equivalent for toric del
Pezzo surfaces:

1) Be(P) =0;

2) Beg(P) = 0 for some k;

181



BCl

< Bc
Be Bc§

Figure 7.7: The barycenter and quantized barycenters of the polygon corresponding to F;. In particular,

Bey = (%7 %)7 Beo = (Tloa %)7 Bes = (%a %)7 and Be = (11727 %)

3) Beg(P) =0 for all .

This strengthens Corollary 7.1.3 that holds in all dimensions. Moreover, this resolves Problem 7.0.5 in

“ k2

dimension n = 2 showing the answer is “no”. In addition, (7.20) tells us that the quantized barycenter

Beg(P) lies on a certain line.

Remark 7.4.4. For higher dimensions, it is harder to derive such a formula this way, and in general Bcy,
and Bc are not collinear. See Example 7.7.1. In fact, for a polytope of dimension 3 or higher, it has faces

of dimension 2 or higher, whose shapes and lattice points are more difficult to characterize.

7.5 Asymptotics of j,-invariants

In this section we study the asymptotics of dg-invariant using the results of the previous sections.

182



B
ng’ -~ Bce
BC1

Figure 7.8: The barycenter and quantized barycenters of the polygon corresponding to the blow-up of

Py x Py. In particular, Bey; = (—5, —%), Bez = (=2, —5), Bes = (—%, —%), and Be = (— &, —&).

Theorem 7.5.1. If §i,(—Kx) = 1 for sufficiently large k, then §i(—Kx) =1 for all k.

Proof. By (7.1), 0x(—Kx) = 1 if and only if Bcg(P) = 0, where P is the polytope associated to X. By

Corollary 7.1.3, Beg(P) = 0 for all k. O

Proof of Corollary 7.0.11. By Proposition 7.1.1 and Theorem 3.4.1,

5,;1 = _Erllaxd«Bck(P),vi) +b;)

= max_ <<BC(P), v;) + b + ;fsfl(fﬁg ((Be(OP) — Be(P)), vi)k~ " + 0(k2)>
=01+ Vol(0P) max(Bc(dP) — Be(P), v;)k™" + O(k™2).

2 VOl(P) i€l
Therefore,

R I )
66,
8267t — 6t
1—600-1 -6

= 52((15 - ;k) +O(k™?)
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5k — 6 =




= —52;/%1(518(};; I?Ealxﬂ?)wc(@P) — Be(P), vk~ + O(k™2).

Since 0 is the minimum of finitely many rational functions, for sufficiently large k, there is a
rational function that dominates the rest. Indeed, consider the asymptotic expansion and take the one
whose coefficient dominates in the lexicographic order. Therefore § is a rational function of & when k is

sufficiently large. 0

Remark 7.5.2. Recall

Since Beg(P) has an asymptotic expansion by Corollary 7.1.3, for each i =1,...,d,

1
<BCk(P), ’Ui> +b;

has an asymptotic expansion. However, argmin;_; ,((Bey(P),v;) + bi)f1 is not necessarily constant for

all k. Therefore we can only deduce that there is an expansion that works for sufficiently large k, but not

necessarily all k.

Theorem 7.5.3. Let X be Fano. Then

B Kx) = 8(~Kx) — 5 0(~Kx)(1 — 6(~Kx)) + (k).

Proof. By Theorem 7.3.5,

51 = max (Beg(P),v;) +1

i=1,....d

= max (Be(P),v;) (1 + 21k> +14+0(k™?)

=0+ %(5—1 — 1)+ O0(k™?).
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Therefore

5 5

P+ L (=0 +0(k?)
_ 1 -2
=0~ 52001 8) + O(k™).

Lemma 7.5.4. For a smooth del Pezzo surface X,
(X, -Kx) =1+K%.
In particular, if X is toric with associated polytope P, then
Vol(8P) = K%.

Proof. Since —K x is ample, by Kodaira Vanishing Theorem x(Ox(—Kx)) = h°(X, —Kx) and by Riemann—
Roch [56, p. 472] x(Ox(—Kx)) = x(Ox) + K% = h%(X,0x) — k' (X,0x) + h*(X,0x) + K% =
1—hyt +hd% + K% =1+ K%

By (7.23), (7.27) and (7.28), h%(X, ~Kx) = #(PN M) =1+ 39_| N; = 1+ Vol(9P). O

Theorem 7.5.5. Let X be a smooth toric del Pezzo surface. Then

5 1
(-t = (14 I (k) - 1)) (7.29)

In particular,

Sh(-Kx) . 1 _
ﬁ =1 5 (1= 0(=Kx)) + O(k 2).

Proof. By Theorem 7.4.1,

Sp(—Kx)™' —1= max (Bep(P),v;)

1=1,...
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 (k+1)(2k+1)K%

T A 2k(k+ )EZ it ax (Be(P), vi)
~ (k+1)(2k+1)K3 1

T 4+ 2k(k+ 1)K2 (O(=K)™ -~ 1),

Therefore
- (1 " ZI;k ikj&gx (O(=Hx)™ - 1>>
B 1+ 2 +0(k™?) —1 -
_ <1+ 1+2k+0( 57 ((6(-Kx)) 1))
= (-0 + (6K - 90w
= <1 (1-46(— X))+O(k2)>5(KX)’
as claimed. -

7.6 Relation to test configurations

In this section, we explain how the coefficients of the asymptotic expansion relate to the higher Donaldson—

Futaki invariants.

Definition 7.6.1. e A test configuration for (X, L) is a triple (X, £, o), where o is a C*-action on the
pair (X, L), with a C*-equivariant projective morphism = : X — C such that £ is m-relatively very
ample, i.e., 7 lifts to X — P{, = ProjCl[t][Zo,..., Z,] which pulls O(1) back to £, and each fiber

over t € C* C C, denoted by (X}, L), is isomorphic to (X, L).

e We say that a test configuration is a product configuration if X = X x C, and a trivial configuration

if the C* action on X = X x C is trivial on the first factor.

e The C*-action on £ induces a C*-action on H®(Xp, L). Let wy denote the sum of the weights of

this action.
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e Define the Donaldson—Futaki coefficients to be the coefficients of the expansion

Wk

RO (3, 28) ;DE—(X, Lok~

7.6.1 Construction of the rooftop test configuration

We construct a product test configuration

(sz'vo'q(v)) (730)

as follows. Recall the pair (X, L) constructed in (7.7). The projection Mg x R — R corresponds
to an equivariant map 7 : X — P! (see Figure 7.2). The subfan consisting of cones generated by
(v1,0),...,(vg4,0),(0,1) (i.e., the cones on or above the hyperplane Mg x {0}) is the product of the fan of
X and the fan of C, and hence corresponds to the toric manifold 771(C) = X x C. Similarly, the sub-
fan consisting of cones generated by (v1,0), ..., (vg,0), (v,—1) (i.e., the cones on or below the hyperplane
Mg x {0}) corresponds to 7= (P! \ {0}) & X x C. Let X denote the latter open submanifold and £ the
restriction of £ over X. Note that this product structure implies that each fiber of 7 is a copy of (X, L).
The lattice point (0, —1) € N x Z = Hom(C*, (C*)"*!) induces a C*-action expressed on the torus

(C*)n+L = (C*)™ x C* (the first factor is the open-orbit in X considered as a toric variety) as
ot):z—o0(t).z:=(21,..., 20t "2n41), te€C

By definition of a toric variety (both X and X x C are such) it is enough to specify the action on the open
orbit and it will extend uniquely to X x C. Of course, it is not obvious what the action does at t = 0
as 1/t blows up; this shows in passing that what we construct is not a trivial, but rather a product, test
configuration (this test configuration is trivial if and only if X = X x P!, which is precisely when v = 0).

We can lift it to a C*-action on the line bundle £ by (recall ¢ = q(v) defined in (7.4))

O'q(v)(t) Nz, f) (U(t).z,tqu).
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More precisely, for a section s,» € HO(X, L) given by z — z* under the standard local trivialization over

(C*)"*+L, where v’ € M x Z,

u’ -1 —q ) ul, Upi
Tq(v)(t) (z,z ) = ((21, e Zn,t zn+1),t LE SRR S A
—1 u’ —q U/1 u;l —1 “;,+1
= (Zl7 s >Z’n7t Z’I’L+1)7t ntl 21 "t Zn (t Zn+1)

= ().t 90(2)" ).

Thus,

Oq(w) () (Sw) = U105, 0 oy,

i.e., a section s, has weight u;, ; — q.

We define this triple (X, £, 04(,)) to be the product test configuration (7.30). This test configuration

q(v

is also studied in [92, Remark 2.4], [39, Proposition 2.2.2].

7.6.2 Quantized barycenters and higher Donaldson—Futaki invariants

Theorem 7.6.2. Let (X, L,0,) be the product test configuration (7.30) constructed in §7.6.1. Then

(Ber(P),v) = Y DF;(X, L, 0400 ) k"

i=0
Proof. Consider the lattice points on the facet

{(u, (u,v) +q) € Mp x R|u € PNk~ M}.

They correspond to the torus invariant sections of Zk that do not vanish along Xy = Dy42 [49, p. 61]. For
u € PNk™'M, let s, denote the section of P corresponding to (u, {(u,v) 4+ ¢), which has weight k(u,v).

It follows that the section s, .5 on Lk also has weight k(u,v). Since {sulcp uepak—1ar spans HO (X, LE),
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taking the sum of all their weights, we get

W 1
= k{u,v) = (Beg(P),v).
kHO (X, £5) kEp(k)ueP%;lM< ) = (Bex(P),v)

This concludes the proof. O]

Combining this with Corollary 7.2.7, we obtain an expression for the higher Donaldson—Futaki

invariants of this test configuration.

Corollary 7.6.3. Assume X is smooth. Let (X, L,0,) be the product test configuration (7.30) constructed

in §7.6.1. Then

L Gio - (1) -
DFj(X,L,0q)) = ch+1—j+1i P 1 Z H Ap—ip—1 |
" m=1

=0 4
S im=i—t

m=1

where a; and c;- are defined in Corollary 7.2.7.

7.7 Examples

7.7.1 A 3-dimensional reflexive example with non-collinear quantized barycen-

ters

Example 7.7.1. The Fano 3-fold No0.3.29 has a toric structure with the primitive elements of the rays of

its fan being the columns of the matrix [110, p. 43]

Then a computer calculation shows

6 —12 3

BCI(P) = (%’ 28 7278

);
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51 —99 24
260° 260 260
201 —-387 93
10717 1071’ 1071)'

Bea(P) = (

BC3<P) = (

It follows that Bey are not on a line. This means that a;(P) # 0 for some ¢ > 1.

7.7.2 Virtual rooftop polytopes and verification of the terms in the expansion

Example 7.7.2. Consider X = P! with L = —Kx ~ {0} + {oo}. Then P = [~1,1]. For v € Z, let

q = |v| + 1. Then

Pog={(w,h) € [=L1] xRy [h <v-u+tg}.

This corresponds to X = F,| with L = E+ H + qF,, where E is the —|v|-curve, H the torus invariant

|v|-curve, and Fi, the fiber over oo € PL. See Figure 7.9.

(©¢)
Fy E.
H ? L) ]P>1
H E
E
— 0
Foo FO

Figure 7.9: The fan and the polytope P, , of the pair (X, L).

Example 7.7.3. Let X = P? with L = —Kx. We have v; = (1,0), v2 = (0,1), v3 = (—1,—1). Let us
verify Corollary 7.2.7 with v = (1,0).
Let D1, Do, D3 be the corresponding toric divisors. Geometrically, they correspond to virtual poly-

topes Pp, = P_k+p, — P_k,. We have L = —Kx = D1 + Dy + D3. By Corollary 7.2.7,

L? 9
Ao = — = —
2 2 27
L> 9
a1 = — = —
1 2 27
L+ Y D;- D,
i<j
= ——2 1.
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For divisors in (7.8), we have L = —Kxp1 = D1 + Dy + D3, and

Dy ~ Ds, D3 = -2, D? . Dy = —1, D, -DZ=0,
By Corollary 7.2.7,
i/?)
L
Cg = 6 = O’
i/S
C/2 = £4 = O’

Therefore,

7.7.3 Three non-stabilizing quantized barycenter examples

Example 7.7.4. Batyrev—Selivanova symmetry of P [7] implies Beg(P) = 0 for all £ € N, and is further-

more equivalent to it when n < 6 [62]. This relies on Nill-Paffenholz’s exhaustive computer search showing

there are exactly three toric Fano manifolds X7, Xo, X3 of dimension up to 8 whose associated polytopes

have Bc = 0 but are not symmetric in the sense of Batyrev—Selivanova [80, Proposition 2.1].

X, is 7-dimensional. Let P; be the associated polytope. Then a computer calculation shows

1

BCl(Pl) = fg'?(_l’ _].7 —1, ]., 1, 1,2),
60

BCQ(Pl) = m(—l, _1, —].7 1, 1, 1, 2),
2744

BC3(P1) = m(*l, 71, 71, ]., ].7 1,2)

(7.31)

It is interesting to note that our results give a refinement of a theorem of Ono—Sano—Yotsutani [82, The-

orem 1.6], who showed that (X1, —kKx,) is not Chow semistable for k large enough. Chow stability of
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(X1,—kKx,) is equivalent to existence of k-anticanonical balanced metrics (see [85, Theorem 4], [121,
Theorem 3.2], [75, Theorem 0.1]), so this means Ono—Sano—Yotsutani showed that X; does not admit k-
anticanonical balanced metrics for &k large enough. But in fact from the above computation and Corollary
7.1.3, 0k(—Kx,) < 1 for all k except at most 7 values of k. Thus, by [90, Theorem 2.3], (X3, —kKx,) is
actually not Chow semistable for all but at most 7 values of k.

Next, Xy = X1 x PL. So P, = P; x [—1,1]. Then Beg(Ps) = (Beg(Pyr),0) (see (7.31)).

Finally, X3 is 8-dimensional. Let P3 be the associated polytope. Then a computer calculation shows

32

Bcl(P3) = 5459(_17 _17 _17 1a 17 17 17 2);
580

Beo(Ps) = 321787(_17 -1,-1,1,1,1,1,2).

Note that in these three examples, the Beg(P;) we computed are colinear. This is actually true for all k
and is because while P; is not Batyrev—Selivanova symmetric, there is a 1-dimensional subspace that is

invariant under Aut P. We explain this in more detail in [62].
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