








































































































































































































































































































































































































its dim ensions of at least th is size is necessary to a llow information to pass from 

the initial state to the final state. Indeed. for t h(' 5 1 x 5 2 connecting manifold , thP 

radius c of the 5 2 section can be of this size. For exarnple, we ca11 let c = /Iii.., 

whi ch would correspond to the size of the black hole li orizon . Also, we could 

let c = /i!A, which would encompass both the black hole and the cosmological 

horizon of the Nariai spacetime. 

6.6 Conclusion 

In this chapter , we have in troduced an alternative fo rmalism to construct con­

tinuous imaginary time histories representing the nucleation of black holes in a 

de Sitter spacetime. Using this formalism, we studied two different connecting 

topologies, namely 5 3 and 5 1 x 5 2 . The study of various connecting topologies 

was motivated by the path integral formalism, i.e., one shou ld sum over all pos­

sible histories connecting initial and final states. We believP that such histories 

would contain various connecting topologies. We determined that a connection 

facilitated by a manifold of topology 5 3 resulted in an act ion which was more 

negative compared to the action of a connection facilitated by a manifold of 

topology 5 1 x 5 2 . In the context of the no-boundary formulation of quantum 

cosmology, this indicates that an 53 connection would be more probable than 

an 5' x 5 2 connection. However, we believe that a11 5 3 conn ection where tli c 

radius is constrained to be small is problematic in that it is not much difforeut 

than the case of the disconnected instanton. Furthermore, it is not clear how the 

informatiou possessed by the bulk spacetirne of the initi al state could survive the 

near-annihilat ion , recreation process . If one takes the claims of holography seri­

ously, then a connection where at least two dirnenions of the connection remain 
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large, but \\'h r re t lw , ·o l11rn e rem ai ns s11 rn ll. co11lcl a ll o\\' in fo rrn at ion to s11n·iw 

the nucleation process. \,Vit h this in mi11 d . we' co11 sicl crccl a coun rct iug ma ui fo ld 

of topo logy 5 1 x 5 2
, where the dirncusions oft he 5 2 port ion of the ma ni fo ld could 

be large , say ou the order of the cosmologica l (or black hole) l1 ori zon . For this 

par t icul a r connecting topolog_v. the pat l1 in tegra l possrssPs many mor C' historiPs 

over whi cl1 to sum than the 5 3 c-0111H'c ti ug manifold . T hese histories resul t from 

Pl anck s ized p er t urba tions that can be pl aced on the 5'2 por tion of the 5 1 x 5'2 

connecting ma ni fo ld. We showed that the contribu t ion to the path integral from 

t hese per t urbations was au exponentia l, and ,vas of the same ord er as t he saddle 

point con t ribution. However, we noted t ha t such a cont ribut.ion would uot be 

present iu an expression for the nucleation rate, since it would be cancelled when 

one norma lizes wi th resp ec t to an appro pria te background ins tantou . In some 

sense then , there seems to be 110 observational distinction between connecting 

top ologies in thi s context. Attempting to determin e a possible distinct ion wo uld 

const itu te interesting future work . 
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Appendix A 

Tunneling Calculation of Transmission 

Coefficient via the WKB Approximation 

In t11is app endix we derive the t ransmission coeffi cient T for t nnn eling thro ugh 

a potential ba rri er. Our d eri vati on uses tll e techniques of ordina ry quan t 11m 

m echa nics a nd is done in tlie context of thr vVKB approxima tion , or serniclassical 

limi t. T he form a lism discussed here is prese11 tcd in mos t in trodu -tory text books 

on qua n t um m echanics, c. f [131). 

We consider a particle incident on a po tenti al U(x ). In the semiclassical 

limit , tli e typical wavelength of th e p article is sm all compared to the distance 

over which th e potential vari es significantly. vVe star t "vi th the time-independen t 

Schrodinger equation 

(A.I) 

We the11 assume th e tunnelin g behavior of a particle is well approximated by a 

WKB wavefun c ti on of tl1 e form 

1Pw1<a (x) = a(x) exp [iS(x )/ !i] , 

wh Pre S is the phase of th e wavefun ction vvhich is not ass umed to be real, and 
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U(x} 

Umax - - - - - - - - - - -

E ------- -------
P 

I 

X 
J 

II 11l 

X 

F igure A. I: Potential U(::c) . A par ticle ini tiall y in region I wi th total energy EP 

is inciden t on the potential barri er. T he classica l turniJJg poin ts are 1:1 and :r2. 

a is the amplitude of the wavefun ction . \Vr s ubsti tu te this wavcfun ctioJJ in to 

Eq. (A. I ) and get 

2 2 · [ 2 ) 22 -a(v7S) + p a+ di 2(v7o,) (v7S)+av7 S + It v7 a=O. (A .2) 

The \VKB approximation in volves keeping te rms to firs t order in It ; thus, the last 

term in the a bove equation can be neglected. Grouping terms by powers of It and 

setting each to zero, we get_ t /1 e two equations 

(v7 S)2 _ P2 

2(v7o)(v7S) + a v7 2S 

0 , 

0 . 

(A.3) 

(A.4) 

To simplify t hP s ubsequent developm en t , wf' assume only one sp atia l dimen­

sion and a potential fun ct ion U(.x) of tli e form shown in F igure A.1. The La­

grangian for this sys tem is given by L = 7} /2 - U (.'I:), wliere we arc considering a 

particle of unit mass. Tl1 c mom entum of the particle is given by 7/2(:r) = 2(E-U) 

where E is the total energy of the particle. WP will ass um e that the particle has 

total energy 0 < Ep < Urnax · 
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The solu t ion of Eq . (A.3) is 

Su bstituting this result iu to Eq. (A.4) , we can solve for o alld get. 

C 
n{'.C) = ± ;;,. ' 

V JJ 

where C is a constant of i11tegration. Thus, to first order in ti , t he most genera] 

WKB wavefunction becomes 

where D and F a re constants. 

In our approximation , we assumed that terms of higher order in /l, were smaller 

than terms of lower order in n. From Eq . (A.2), wr chose the term -a (S' )2 to 

represent a term whose size is of order zero in /i, ; and the term itwS" to represent 

a term whose size is first order in h,, ;vhrrc primes i11 rl icate differentiation with 

respect to .'./.: . The condi t ion t hat the first order term should be smaller than the 

second order term gives 

I 
ih, c~ S " I 

-------,,-2 « 1 . 
-a (S') 

This expression yields 

2 /dp/ Iv I » ti, rlx , 

from which , after using the expression relat ing the de Broglie wavelength to the 

momentum>. = 21r /l,/ p , we get 

I
d>./ dx « l. 

This is the condition underwhi ch the WKB approximation is justifi ed . 

T his condition presents an immediate problem for our appli cation . We arc 

interested in the behavior of the particle at the turning points. However , at these 
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poiuts , JJ = 0 and cLµ / cL:r =/ 0, oln-iousl.r , ·iolati ug t]1 (' aboYr condit iou . Sin er wr 

wi ll ass um e that the WKB a pproximation is valid 011 eacl1 side of :i: 1 a nd .T 2 , wr 

must find a way to relate t he WKB vvavefun ctious in these regio11s. 

F inding the rclatio11ship between the WKB ,rnvcfunctions in regions far from 

the t 11rni11g point is done h~- first solving t lie Scl1rodiugcr eq uation cx;:ictlv near ;:i 

c-Iassical tmniug point and arriving at a wavefun ction . T hi s wa.vcfunction is t hen 

extrapolated to regions far from the t urning point . T he fo rm of t hi s wavefn11 c­

t ion far from the t urning point wi ll resemble t he vVKB wavefunctions in these 

regions. Knowing the relationsliip between forms of thr, extrapolated wavefun c­

tion in the regions far from the turning point will give us equations we can use 

to conn r,ct these two regions ; these equations are known as conn ection formulae. 

\iVe then ass ume that t l1 c rela tionship betweel! the \1/KB wavefunctions in t li e 

regions fa r from the turning poin t will be of t he same form as t he extrapolated 

solu tio 11. T hus, we usr the connection formu lar to relate t he \t\TKB solutions. 

T he connec tion fo rmulae are given by [131 J 

Classical Region Forbidden Region 

n [ l ;·x1 1r ] 1n sin -
1
_ JJ <h' + -

vP 1, x 4 
f--t Cl' [ l / ·

1

: '] re;, ex p - -ti /JJ / d:r , 
2v /vi ,, . 1: 1 

/J [ l ;·xi 7r ] 
;;; cos ;; p d.1:' + -

vJJ 11, :c 4 
f--t 

/J [ l ;·x ] 
-- exp - /p/ d:i;' . 
JIPI ti, X 1 

For the particula r exampl e of the potential shown in Figure A .1 , we first 

write a general wavefunction for regions I , II , and III. In region I , the \1/KB 

wavefunction is given by 

D 1 [ i ;·x ] F1 [ i ;·:r ] 
'1/;1 = - exp ..:... JJ ci:1;' + - exp - - JJ d:r' 

1/P ti, :r1 Jf] ti, :r1 

(A.5) 

In region III , there is on ly a transmi tted pa r t icle. T hus, t he WKB wavefun ction 
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1s given by 

1/1, II = D.1 exp [i l ,. p d.'t'] . 
.fi5 /i, ./,2 

where it is impor tant to note that 'I/Ji and '1/) 111 represent form s of the same wave-

function in d ifferent spatial rrgions. T he t ransmission coeffi cient T can now br 

defined as 

T - /J111 I ~ /D.3 /2 

- µJ ~ /Di/L ) 

,vhere J is t he p a r t icle flux in the respective regiou. We obviously need to relate 

t he constan ts D 1 and D,1 . To do this, we vvill rewrit e t he wavehrnction in regiou 

III in the form 

D { [ l lx Ji ] [ l 1·3: 7i ] } 
?/J111 = 1r, cos - p d:c' + - + isiu ,=- . pd.1;' + -

4 
, 

V p fi 1:2 4 11, .. 1. 2 

where D = D 3e-ir:/
4

. By using the counec tion formul ae given a bove, we can wri te 

the wavefun ction in region II as 

D { [ l 1·:c '] i [ l / .r '] } 
'1/111 = r,::;, 0 exp -- /p/ rh : + G exp ,=- . /p/ d.1; , 

V /p/ ti . x, 2 //, . XI 

where 

[
l 1·.x~ ] 

0 = exp -:-- /p/ dx ' 
Ii ,7'J 

W now apply the connec tiou formula to the wavefun ction in region II to wri te 

the wavefun ction in region I in terms of the cons tant D.1, i. e., 

D-1 { ( 1 ) [ i 1·1: ] ( 1 ) [ i / ": ] } 

'1/1, = -: 0 + --=- exp - prh :' - -i 0 - --=- exp -- _ pd.r;' 

.fi5 40 /i, x , 
40 //, .. 7, j 

Comparing t his form of t he wavefun cti on in region I with tha t given in Eq . (A .5), 

we see that 
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Tlrns, 

For a high and wide barri er , 8 » 1. In thi s case , the transmission coe ffi cient 

takes t he simple form 

(A.G) 
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Appendix B 

Embeddings of 8 1 x 8 2 in R4 and 8 4 

fo t his appendix, we consider embeddings of 5 1 x 52 in R1 and 5 1
. We" tart with 

t li e embedding in R4 
_ .1 One can proceed as follows. F irst , let M be the manifold 

of revolution M = 5 1 x 5 2 . Jn a Cartesian representation , one can wri te R1 as 

a product manifold R~ x Rr Let us denote (.r,, y) as the coordinates in t he first 

factor fo the product , and (v, w) as the coordin ates in the second factor. The 

manifold of revolu tion can be obtain ed by revolving a sphere of radius b in R3 

centered at (a, 0, 0, 0) around the origin i11 Rf The equa tion for the manifold of 

revolution is given by 

(✓ . ) 2 
2 2 2 

x 2 + y 2 - a + v + w = b . (13. 1) 

Using the Lie group S0(2) x S0(2) act ing by linear isometrics , one can m ap any 

point on M to a point with coordina tes 

(:£, y) 

(v, w) 

( a + b cos 0, 0) , 

(bsin0 , O). 

1 
I would like to thank committee member P rof. WiJli am Goldman for pointing out this 

embedding to me. 
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To drterrni11e tli c metric, 011 e can fi 11d the coordi11 ates of a genera l poill t. on the 

n1 an ifo ld. Operating on (1;, y) b_v a 2 x 2 111atrix rrprcsrntatio11 of the S0(2) 

group, we get 

( 

cos <P 

sin <p 

- sin rp ) ( a + b cos fJ ) = ( ( a + h cos fJ) cos <p ) 

cos¢ O (o + b cos fJ) sin ¢ 
(B .2) 

One can do tli e same fo r the point (u , w) wit /J t,/J(' res11H 

( 
c:osx -sin x ) ( bsinfJ) = ( bsrnOcosx ) 

SITJ x cos x O b SJJl fJ szn X 

(B . .3) 

T he m etric can then be 'vvritten as 

(B. -1) 

We chose not to use th is par ticul a r embedding because in tli r approximations 

used in Chapter 6, we wanted h » a. If thi s were the case, then t li c m etri c wo uld 

be s ing ular at certain points. 

We now discuss the embedding of 5 1 x 5 2 111 5 4
. One can consider the 

coor linates 

.x = cos x cos fJ , w = cos '1/1 si II x , 

y = cos x sin fJ sin ¢ , ·u = sin ·i/-• si11 x , 

z = cosxcosfJ, (B.5) 

which satisf:y the eq uation 

2 2 2 'i 2 
.x +y + z +v +w =l . (13 .6) 

T li c m etric then has the form 

d 2 d 2 . L d·,I 2 ·) 2 2 2 
s = X + srn X 'vJ + cos- x(dfl + sin fld¢ ) . (B. 7) 
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\ Vith th is metri c , t he rad ii of each component of the prod uct manifo ld arc not 

independe nt. Hence , we a rc not free to consider ar bitra ry n diws fo r cacl1 onP. 
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