














































































































































































































































































































































































































































































































































































































large, but where the volume remains small. could allow imformation to survive
the nucleation process. With this in mind, we considered a connecting manifold
of topology S' x S?, where the dimensions of the S? portion of the manifold could
be large, say on the order of the cosmological (or black hole) horizon. For this
particular connecting topology, the path integral possesses many more histories
over which to sum than the S% connecting manifold. These histories result from
Planck sized perturbations that can be placed on the S? portion of the S' x S?
connecting manifold. We showed that the contribution to the path integral from
these perturbations was an exponential, and was of the same order as the saddle
point contribution. However, we noted that such a contribution would not be
present in an expression for the nucleation rate, since it would be cancelled when
one normalizes with respect to an appropriate background instanton. In some
sense then, there seems to be no observational distinction between connecting

topologies in this context. Attempting to determine a possible distinction would

constitute interesting future work.
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Appendix A

Tunneling Calculation of Transmission

Coeflicient via the WKB Approximation

In this appendix we derive the transmission coefficient 7 for tunneling through

a potential barrier. Our derivation uses the techniques of ordinary quantum
mechanics and is done in the context of the WKB approximation, or semiclassical

limit. The formalism discussed here is presented in most introductory text books
on quantum mechanics, c.f. [131].

We consider a particle incident on a potential U(x). In the semiclassical

limit, the typical wavelength of the particle is small compared to the distance

over which the potential varies significantly. We start with the time-independent

Schrodinger equation
9 1 2 / \ i
(V2 + 2592 (x)| 9(x) = 0. (A1)
2

We then assume the tunneling behavior of a particle is well approximated by a

WKB wavefunction of the form
/(/Yw;\'n (X) s ( exp [/5 )/”

where S is the phase of the wavefunction which is not assumed to be real, and
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Uix)

Figure A.1: Potential U(z). A particle initially in region I with total energy £,
The classical turning points are and z.

is incident on the potential barrier.
We substitute this wavefunction into

o is the amplitude of the wavefunction.
Eq. (A.1) and get
—a(VS)* +pPa+ih [Q(Vn)(VS) + ()'VZS'] Ve =1, (A.2)

es keeping terms to first order in 7; thus, the last

The WKB approximation involv
term in the above equation can be neglected. Grouping ternis by powers of /i and

setting each to zero, we get_the two equations
(A.3)

(wEfE Lp? =
(A.4)

2(Va)(VS) + aV2s

To simplify the subsequent development, we assuine only one spatial dimen-
sion and a potential function U(z) of the form shown in Figure A.L The La-
grangian for this system is given by L = p*/2 — U(x), where we are considering a
particle of unit mass. The momentum of the particle is given by p*(z) = 2(E-U)

where E is the total energy of the particle. We will assume that the particle has

total energy 0 < Ej, < Upax-
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The solution of Eq. (A.3) 1s

Slz) == /Alr pda’.

Substituting this result into Eq. (A.4), we can solve for a and get

where (' is a constant of integration. Thus, to first order in A, the most general

WEKB wavefunction becomes

D i F PR . ’
Woren () = — €XP [ / p(a’ (,[.r’} + —— exp {—— / p(x )(1’,:1'} ,
Dy () v ply [ Pl ) v 5
where D and F' are constants.

In our approximation, we assumed that terms of higher order in /i were smaller

] / g 0 3 F ! 2
than terms of lower order in h. From Eq. (A.2), we chose the term —a (S)” to

5 . . . = oy !/
represent a term whose size 1s of order zero in A; and the term 1haS” to represent

a term whose size is first order in A, where primes indicate differentiation with

respect to x. The condition that the first order term should be smaller than the

second order term gives

ihaS"
'_(,Y (AS‘I)

S|« 1.

This expression yields
dp

2
/ hl—1|,
P | > 7 dx

from which. after using the expression relating the de Broglie wavelength to the

momentum A = 27h/p, we get
dM\|
—| < 1.
dx

This is the condition underwhich the WKB approximation 1s justified.

This condition presents an immediate problem for our application. We are

interested in the behavior of the particle at the turning points. However, at these
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points, p = 0 and dp/dx # 0, obviously violating the above condition. Since we

will assume that the WKB approximation is valid on each side of x; and x5, we

must find a way to relate the WKB wavefunctions in these regions.

Finding the relationship between the WKB wavefunctions in regions far from

the turning point is done by first solving the Schrodinger equation exactly near a

classical turning point and arriving at a wavefunction. This wavefunction is then

extrapolated to regions far from the turning point. The form of this wavefunc-

tion far from the turning point will resemble the WKB wavefunctions in these

regions. Knowing the relationship between forms of the extrapolated wavefunc-

tion in the regions far from the turning point will give us equations we can use

to connect these two regions; these equations are known as connection formulae.

We then assume that the relationship between the WKB wavefunctions in the

regions far from the turning point will be of the same form as the extrapolated

the WKB solutions.

solution. Thus, we use the connection formulae to relate

The connection formulae are given by [131]

Classical Region — Forbidden Region
(1

a . [1 /.1:1 i+ W} ! /I D] (/1'}
—sin |~ ndr' +—-| «— exp |— 7 pldx’| ,
VP hJax 3 4 2./|p| I Ja

p cos {1 /“ dz’ + W} — s exp {1 /T p| (11"}
— COS | — ) Al At —eX - y e
\/]—) 1Jz P 4 /“)’ h. T1

For the particular example of the potential show

. and III. In region 1, the WKB

n in Figure A.1, we first

write a general wavefunction for regions I, I
wavefunction is given by

D,

P = ——= exp

VP

In region III, there is only a transmitt

_% /II P d:l'/} . (A.5)

Ty

7 /':r ; /} " F]
= ) A — EXD
R 75

ed particle. Thus, the WKB wavefunction
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1s given by
iy = —= EXP [I— / p (l:(:’]
ﬁ fl Jxo

where it is important to note that oy and W represent forms of the same wave-
function in different spatial regions. The transmission coefficient 7' can now be

defined as
13 1D

where J is the particle flux in the respective region. We obviously need to relate

the constants D; and Ds. To do this, we will rewrite the wavefunction in region

IIT in the form

! D 1 T T . 1 /* , 7
Ym = —\/—p {cos [E /, pdz' + 11] + 4sin h /I pdx’ + ZH ,

where D = Dye”™/*. By using the connection formulae given above, we can write

the wavefunction in region IT as

1 rz ; i . —1- /, | H,} }
= ‘/:” |pldx } + ) exp [ﬁ, /.. Ip|dz’| ¢,

— n (]:1:'}
: / P

a to the wavefunction in re

D
Yy = —— {(—) exp

Ip|

Wh(’.re

© =exp

We now apply the connection formul gion II to write

the wavefunction in region I in terms of the constant Ds, i.e.,

D; 1 7 [T A 1 i re ,
P = — O L ) ex _/ ,;;’} ] ((—)— ——) X [—~/ l::}} .
i VP {(O + 4(_)> exp [ﬁ . pdx I 10 exp | =3 y pda

Comparing this forn on [ with that given in Eq. (A.5),

| of the wavefunction in regic

we see that

|
_(e+—)Ds.
& <O+4(—)> ’
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Thus,

For a high and wide barrier, © > 1 In this case, the transmission coefficient

takes the simple form

D) €T
T a8 —1— = exp I:—-]‘-:- / 2([' = El’) {1.’1':| . (‘AG)
l.
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Appendix B
Embeddings of S' x $2 in RY and S

" ; : > ol o Q23 4, v To at: 1
In this appendix, we consider embeddings of Sl x S%in Rt and 57 We start with

the embedding in R*." One can proceed as follows. First. let M be the manifold

of revolution M = S x S%. In a Cartesian representation, one can write R1 as

a product manifold R R3. Let us denote (z,y) as the coordinates in the first

factor fo the product, and (v,w) as the coordinates in the second factor. The

manifold of revolution can be obtained by revolving a sphere of radius b in R*

centered at (a,0,0,0) around the origin in R?. The equation for the manifold of

revolution is given by

2 ‘
(\/.’172 +y? - a,> yo?+uw?=b. (B.1)

Using the Lie group SO(2) x SO(2) acting by linear isometries, one can map any

point on M to a point with coordinates
(z,y) = (a+bcos 6,0),

(v,w) = (bsin().()).

IT would like to thank committee member Prof. William Goldman for pointing out this

embedding to me.
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e can find the coordinates of a general point on the

To determine the metric, on
matrix representation of the SO(2)

manifold. Operating on (z,y) by a 2 x2

group, we get
a+ beost (a + bcosB) cos ¢

cos¢ —sing
0 (a + bcosf)sin O
(B.2)

sing  cos@

One can do the same for the point (v, w) with the result

'0s Y —siny bsin € b sin 6 cos x
COSX \ = . (B.3)
siny  €oS X 0 hsin @ sin \
The metric can then be written as
(B.4)

ds? = db + (a + beos 0)2d? + bA(d0” + sin® 0dx”)
embedding because in the approximations

We chose not to use this particular
s . If this were the case, then the metric would

used in Chapter 6, we wanted b
be singular at certain points.
One can consider the

; ) . s 7 9 . v4
We now discuss the embedding of S' x §% in 5.

coordinates
r = cos y cos w = cosysinx,
y = cos ysinfsing, wu=sinysiny,
Z=1¢08ycosl, (B.5)
which satisfy the equation
2 - ; 2 -
2+ ¥+ 22+ +wi=1. (B.6)
The metric then has the form
(B.7)

ds® = dy? + sin® xdy? + cos® x(d6? + sin® 0dg?)
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With this metric adii of |

| this metric, the radii of each component of the product manifold are not

independe e, we ard . ' .
pendent. Hence, we are not free to consider arbitrary values for each one
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