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Chapter 1: Introduction

Originally discovered by Springer in [Spr76], the Springer correspondence realized the

representations of Weyl groups via the l-adic cohomology of Springer fibers. The analogue

of Springer fibers for loop groups is introduced by Kazhdan and Lusztig in [KL88], it is a

fundamental objects in geometric representation theory. The geometry of affine Springer fibers

is a very interesting and important topic. One direct application is the affine version analogue of

Springer’s Weyl group action in the study of representation theory of affine Weyl groups due to

Lusztig [L96]. This action has substantial application in the study of other important algebrass,

such as (graded) double affine Hecke algebras, attributed to the works of Varagnolo and Vasserot

[VV09], Oblomkov and Yun [OY16], Boixeda Alvarez and Losev [BL21].

In [KL88], Kazhdan and Lusztig also defined the Kazhdan-Lusztig map, relating the uni-

potent conjugacy classes of a reductive group to the conjugacy classes of its Weyl group, via the

geometry of its loop group. An inverse direction of this map, called Lusztig map, was constructed

by Lusztig in [L11-A] using the geometry of the reductive group itself. Based on Lusztig map,

He and Lusztig generalized Steinberg’s cross section and constructed transversal slices for some

unipotent conjugacy classes in the reductive group [HL12]. A key ingredient in the construction

is the existence of good minimal length element. In a recent work of Yun [Y21], such elements

in elliptic conjugacy classes in the Weyl group are related to the shallow elements in the loop
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group and their corresponding affine Springer fibers. In this thesis, we define a generalization of

such elements, called good position braids, in the associated braid monoid of the Weyl group. We

use these new elements to construct transversal slices for arbitrary unipotent conjugacy classes

in the reductive group. We also give a correspondence between such braid elements and affine

Springer fibers, which yield a reformulation of the dimension formula of affine Springer fibers.

This correspondence is an explicit realization of Trinh’s work on algebraic braids and affine

Springer fibers in [T20]. Furthermore, these braid elements are exactly the proper elements that

can be used to construct the Betti moduli space in the hypothetical non-Abelian Hodge theory in

the work of Bezrukavnikov, Boixeda Alvarez, McBreen and Yun [BBMY22]. Last but not least,

we also apply these braid elements to generalize the study of Lusztig on Lusztig varieties and

Deligne-Lusztig varieties in [L11-B] to parabolic case.

The contents in chapter 3, chapter 4 and chapter 5 corresponds to the paper [Duan23-A].

The contents in chapter 6 corresponds to the paper [Duan23-B] and [Duan21] gives chapter 7.

1.1 Good position braids

We refer to chapter 2 and chapter 3 for detailed explanation of notations and definitions.

Let W̃ = W ⋊ ⟨δ⟩ where W is a finite Coxeter group and δ is a twist of W . Let B+(W̃ ) be

its associated braid monoid. The length function l on W naturally extends to W̃ . Consider an

arbitrary Coxeter element w of W . There is a certain power of w in B+(W̃ ) which is equal to

w0
2 where w0 is the longest element in W . A generalization of this property is the good element

property introduced by Geck and Michel in [GM97]. A good element w has a certain power in

B+(W̃ ) which is equal to the product of even powers of some wJ . Here wJ is the longest element
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in some standard parabolic subgroup of W .

A characterization of some good elements is due to He and Nie in [HN12]. Let V be the

real reflection representation of W̃ and H be the set of hyperplanes of V corresponding to the

reflections in W . By investigating a specific sequence of “real eigenspaces” of any element in V ,

one can find the good minimal length elements in any W -conjugacy class of W̃ . There are two

natural questions on this characterization:

• i) Does other sequences of “real eigenspaces” provide with a characterization of more good

elements?

• ii) Can we further decompose those “real eigenspaces” into indecomposable spaces?

The answer of the first question leads to our definition of good position braids. Actually,

one notice that the good element property naturally extends to elements in B+(W̃ ). By changing

the sequence of “real eigenspaces”, we can obtain much more braid elements with such property.

These elements have nice geometric behaviors and we would like to replace good minimal length

elements with them. Specifically, a good position pair (w̃,Θ) consists of an element w̃ ∈ W̃ and

a sequence Θ whose elements corresponds to the eigenvalues of the action ofw̃ on its reflection

representation. Our first main result defines the good position braids b(w̃,Θ).

Proposition 1.1.1. Let (w̃,Θ) be a good position pair where Θ is an increasing admissible

sequence. Then there exists an element b(w̃,Θ) ∈ B+(W̃ ), which projects to w̃ under the natural

projection, with “good element” property.

The answer of the second question leads to an even more general form of braid elements,

called indecomposably-good position braids. The geometric behavior of them are closely related
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to the root valuation strata introduced by Goresky, Kottwitz and MacPherson in [GKM09]. We

shall use them to study affine Springer fibers in Chapter 5.

1.2 Transversal slices

We again refer to chapter 2 and chapter 4 for detailed explanations. Let G be a connected

reductive group over an algebraically closed field k with Weyl group W and Lie algebra g. In

[Ko63], Kostant constructed a section of the adjoint quotient g → g � Ad(G). This also gave a

slice which is transversal to any G-orbit in g it meets. In particular, it meets exactly one nilpotent

orbit, which is the regular nilpotent orbit. In [St65], Steinberg constructed the Steinberg cross-

section, which is the group version analogue of Kostant section. Similarly, this gave a slice

which is transversal to any conjugacy class in G it meets. This yielded the transversal slice of the

regular conjugacy class in G. Furthermore, Steinberg conjectured an alternative version of the

cross-section property, where we replace the conjugation action of G by the conjugation action

of the unipotent radical U of some Borel subgroup.

It is well-known that Slodowy slices are generalizations of the Kostant slice for other

nilpotent orbits. Then one can ask a natural question:

Question 1.2.1. Does the Steinberg slice also have such generalization?

Before we answer this question, we also would like to know why this question is important.

First of all, these slices have wide applications in symplectic geometry and Poisson geometry

such as the geometry of quasi-Poisson structures in [Ba22]. Other than that, the construction

of such slices was related to Deligne-Lusztig varieties and Lusztig varieties and we will explain

that in chapter 6. These are also used in the later work of He on affine Deligne-Lusztig varieties
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[He14].

As for the question, first notice the original construction of Steinberg is based on an

arrangement of roots. It was pointed out by Lusztig that the arrangement is actually equivalent

to choosing a Coxeter element. Therefore, one can actually view the question from two different

levels, the level of conjugacy classes in the Weyl group W and the level of unipotent conjugacy

classes in G. The relation between these two levels is exactly given by the Lusztig map, which is

a surjective map from the set of conjugacy classes in W to the set of unipotent conjugacy classes

in G. In particular, its restriction on elliptic conjugacy classes in W is a bijection to the set of

basic unipotent conjugacy classes in G. Based on this observation, a partial answer of the above

question was given by He and Lusztig in 2012. In [HL12], they constructed transversal slices

for basic unipotent conjugacy classes in G by using the good minimal length elements in elliptic

conjugacy classes in W . Furthermore, these slices admit the alternative version of Steinberg’s

cross-section property. One key notice of the correctness of using such good minimal length

elements is: the length is equal to the codimension of its corresponding unipotent conjugacy class

in G under Lusztig map. This ensure that the dimension of the slice is equal to the dimension of

required transversal slice.

This “length-dimension” condition no longer holds in non-elliptic case. Actually, the length

of the minimal length elements would be too small in this case. The simplest example is the

case for the identity class in W , whose minimal length element is just identity with zero length.

However, the image of the identity class is exactly identity in G, which is a singleton and has

codimension equal to the dimension of G. In this case, a natural slice we would pick is exactly

G itself. The unipotent part of this slice should have dimension equal to the number of roots.

Therefore, a proper replacement of the identity element inW is the full twistw0
2 in the associated
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braid monoid B+(W ) of W . Motivated by this, we pick good position braids in B+(W ) to

construct general transversal slices. We have the second main result.

Theorem 1.2.2. Let O be any unipotent conjugacy in G and C be the “most elliptic” conjugacy

class in Φ−1(O) ⊂ [W ]. There exists b ∈ B+(W ), which projects to some w ∈ C under the

natural projection, and a corresponding slice SBr(b) satisfying:

(1) The conjugation map

Ξb : UR+\Rw × SBr(b) → SBr(b)UR+\Rw

given by (u, g) 7→ ugu−1 is an isomorphism of varieties.

(2) SBr(b) intersects any conjugacy class in G it meets transversally. In particular, it is a

transversal slice of O.

Recall in section 1.1 we actually have defined good position braids for twisted Coxeter

groups. The above theorem actually also work in twisted case when G is of classical type and G̃

is an affine algebraic group with G as its identity component. When G is of exceptional type, we

expect this theorem still holds. However, I am still working on the last step to check the “length-

dimension” condition by programming in GAP-CHEVIE [GAP] [CHEVIE]. Furthermore, a

weaker form of this theorem works for finite groups of Lie type. In the unpublished work

of Malten [Ma21], he also gave a generalization of the transversal slices in good prime case.

However, he still started from Weyl group elements.
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1.3 Affine Springer fibers

In this part, we assume k = C and g is the Lie algebra of G. Let LG, L+G, Lg and L+g be

the loop group, positive loop group, loop Lie algebra and positive loop Lie algebra. In [KL88],

Kazhdan and Lusztig defined the affine Springer fibers for γ ∈ Lg as

Grγ = {gL+G ∈ GrG | Ad(g−1)γ ∈ L+g},

Flγ = {gI ∈ FlG | Ad(g−1)γ ∈ Lie I}.

Here Gr, Fl are the affine Grassmannian and the affine flag variety of G and I is an Iwahori

subgroup of LG.

As we mentioned in section 1.1, Kazhdan-Lusztig map is defined in the same paper. After

Lusztig constructed Lusztig map in [L11-A], he conjectured that these two maps are actually

inverse to each other. In [Y21], Yun defined a new map, called the minimal reduction type map,

with the same direction as Lusztig map using the geometry of the loop group LG. Using this

map, Yun proved the above conjecture of Lusztig. The proof involves some investigation of the

shallow elements. In elliptic case, as we mentioned before, these elements are related to good

minimal length elements. However, things are different in non-elliptic cases due to the similar

reason as in section 1.2. Surprisingly, the good position braids we applied above again work in

this situation. We will prove the shallow elements in the loop Lie algebra are related to good

position braids. Specifically, given a shallow element, one can find a good position braid such

that the dimension of the associated affine Springer fiber can be described using the length of that

braid element.
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Recall that the second question in section 1.1 leads to the construction of indecomposably-

good position braids, which is a more general form of good position braids. The construction

of such braid elements is determined by a sequence of indecomposable “real eigenspaces” of a

Weyl group element. It is natural to relate the choice of such sequences to the root valuation

strata introduced in [GKM09]. Due to the dimension formula of Bezrukavnikov in [Bez96], the

root valuation strata of an element in the loop Lie algebra Lg uniquely determines the dimension

of its associated affine Springer fiber. Thus we have our third main result. See chapter 5 for the

notations below.

Proposition 1.3.1. Let γ ∈ Lg be topologically nilpotent and regular semisimple. There exists

an indecomposably-good position braid b ∈ B+(W ) such that

dimGrγ = dimFlγ =
l(b)− (r − rγ)

2
,

where r (resp. rγ) is the semisimple rank of G (resp. maximal split subtorus of Tγ).

The above result set up a correspondence between indecomposably-good position braids

and affine Springer fibers. Furthermore, we can actually explicitly construct the corresponding

braid elements (they may not be unique). In [T20], Trinh proved that for any affine Springer

fibers admits a model of finite type, one can find a conjugacy class in the associated braid group

B(W ) of W whose elements satisfy the equation above. However, it is not clear if the conjugacy

class he addressed admits a positive braid (a braid element lying in B+(W ) ⊂ B(W )) with the

good element property. Our result above explicitly gives the positive braid with such property

explicitly. In an ongoing project of the Trinh with the author, we expect the combination of

our constructions will lead to something new about the homotopy, especially the cohomology of
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affine Springer fibers.

In [T21], Trinh defined a moduli space using the braid group element in his previous work.

Similar moduli spaces were interpreted in a different way in the work of Shende, Treumann,

Williams and Zaslow when G = GLn (see [STWZ19]). A special case of this moduli space was

considered by Bezrukavnikov, Boixeda Alvarez, McBreen and Yun in [BBMY22]. It served as

the Betti moduli space in a hypothetical non-Abelian Hodge theory associated to affine Springer

fibers, Hitchin fibers. Actually, this moduli space is a general version of Lusztig varieties.

1.4 Parabolic Lusztig varieties and parabolic Deligne-Lusztig varieties

Let G be a connected reductive group over an algebraically closed field k. Let F : G→ G

be the Frobenius map if k = Fq for some finite field Fq. Fix a (F -stable) Borel subgroup B0

of G and a (F -stable) maximal torus T ⊂ B0. Let B be the variety of Borel subgroups of G.

There is a natural diagonal action of G on B×B whose orbits are indexed by W . Let Ow be the

G-orbit corresponding to w ∈ W . For any w ∈ W , the associated Lusztig variety and associated

Deligne-Lusztig variety are defined as

Yw = {(g,B) ∈ G×B | (B, gBg−1) ∈ Ow};

Xw = {B ∈ B | (B,F (B)) ∈ Ow}.

Deligne-Lusztig varieties were defined in [DL76] and their l-adic cohomology were used to

construct representations of finite groups of Lie type. Lusztig varieties appeared first in [L79].

The general form was defined in [L85] and the l-adic cohomology of Lusztig varieties were used

to define the character sheaves. This was further generalized to the twisted case for disconnected
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groups in [L04-A].

As in section 1.1 and 1.2, we consider the twisted case in this part. In general, we consider

the following two cases:

• case I: G is the identity component of a disconnected reductive group G̃ with a fixed

connected component D (no restriction on char(k));

• case II: k = Fq for some finite field Fq and F : G→ G is the Frobenius map.

In these two cases, the fixed component D and the Frobenius map F define twists of W .

For convenience, we denote the twist by δ (not the same in two cases) and the resulting twisted

Weyl group by W̃ . The Lusztig variety in case I becomes:

Y D
w = {(g,B) ∈ D ×B | (B, gBg−1) ∈ Ow}.

In [L11-B], Lusztig studied the geometry of Xw and Y D
w for some good minimal length elements

in certain δ-conjugacy classes in W . The theme of this study and also Chapter 6 is the analogy

between these two varieties. One of the interesting conjecture on this analogy is: the relation

between the multiplicities of unipotent character sheaves on D in a certain perverse cohomology

sheaf and the multiplicities of irreducible unipotent representations of GF in H i
c(Xw,Ql). In

particular, the study involved with the investigation of affineness of these varieties.

In this thesis, we extend the above study to general δ-conjugacy classes in W and the

parabolic version of above varieties. These versions were first introduced in [DL76] and [L04-B].

Here we focus on the version in [DM14]. Similar as previous parts, we will replace good minimal

length elements by the projection of good position braids. For such an alement, denote the
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associated parabolic Deligne-Lusztig variety by X and associated parabolic Lusztig variety by

Y . We also construct some sort of “coverings” of them, denoted as X̃ , Ỹ and Ŷ . Then we have

our fourth main result.

Theorem 1.4.1. Let X , Y , X̃ , Ỹ and Ŷ be as above, which are coming from the projection

w̃ = wδ of some good position braid. Then we have

(a) Any isotropy group of the G (resp. GF )-action on Ỹ (resp. X̃) is trivial;

(b) Any isotropy group of the G-action on Ŷ is trivial;

(c) Any isotropy group Gg,P of the G-action is isomorphic to a subgroup of L′′
Iw̃

.

(d) Any isotropy group of the GF -action on X is isomorphic to a subgroup of Lw
Iw̃

;

(e) The variety Ỹ is affine.

Here Lw
Iw̃

and L′′
Iw̃

are some reductive subgroups of G determined by w̃. We refer to

chapter 6 for a more detailed explanation on these notations and the theorem. Furthermore,

the construction of Ŷ stands as both a motivation and an application of the transversal slices in

section 1.2. The results above also lead to an alternative version of Lusztig map.

1.5 Some other related works

In this part, let G be a connected semisimple group over C. Consider the group version of

affine Springer fibers in affine Grassmannian for γ ∈ LG is

Grγ = {gL+G ∈ GrG | g−1γg ∈ L+G}.
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In [KV12], Kottwitz and Viehmann studied a generalization of Grγ for any coweight λ∨ of G as

Grλ
∨

γ = {gL+G ∈ GrG | g−1γg ∈ L+Gϖλ∨
L+G},

together with its closure Gr≤λ∨

γ . These are called generalized affine Springer fibers or Kottwitz-

Viehmann varieties. The motivation for this study is to give a geometric interpretation of orbital

integrals of spherical Hecke functions. The fundamental geometric properties of them are studied

in [Bou15-A] and [Chi22]. A key input of their study is the using of Vinberg monoids, which is

first defined in [Vin95]. In this paper, Vinberg first gave a characterization of algebraic monoids

with certain unit group to construct the Vinberg monoid. A key object in his characterization is

the perfectness of submonoids of dominant weights. In this thesis, we characterize these perfect

submonoids of dominant weights, which is our last main result.

Theorem 1.5.1. Let G be a connected semisimple algebraic group with a maximal torus T .

a) The perfect submonoids ofX∗
+(T ) with full component support are exactly the intersection

of the sublattices of X∗(T ) containing Q with X∗
+(T ).

b) There is a natural bijection between the perfect submonoids ofX∗
+(T ) with full component

support and the subgroups of the center of G.

We refer to chapter 7 for detailed explanations.
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Chapter 2: Preliminaries

2.1 Twisted Coxeter groups and good position elements

Let W̃ = W ⋊ ⟨δ⟩ be a twisted finite Coxeter group where W is a finite Coxeter group and

δ is a twist of W . Let {si | i ∈ I} be the set of simple reflections of W . For convenience, we also

call this set I . For any subset J ⊂ I , let WJ be the corresponding standard parabolic subgroup of

W . The twist δ : W → W is a group automorphism preserving its simple reflections. The length

function onW induces a length function on W̃ where l(w̃) = l(w) for any w̃ = wδi ∈ W̃ . Denote

the set of conjugacy classes (resp. W -conjugacy classes) of W (resp. W̃ ) by [W ] (resp. [W̃ ]).

Two elements w,w′ ∈ W are said to be δ-conjugate if w′ = x−1wδ(x) for some x ∈ W . The

map w 7→ wδ defines a bijection between the δ-conjugacy classes of W and the W -conjugacy

classes of W̃ contained in Wδ ⊂ W̃ (see [GKP00, Remark 2.1]).

A δ-conjugacy class Cδ of W is called δ-elliptic if Cδ ∩WJ = ∅ for any δ-stable proper

subset J of I . A W -conjugacy class C̃ of W̃ is called elliptic if C̃ ∩ (WJ ⋊ ⟨δ⟩) = ∅ for any

δ-stable proper subset J of I .

Let V be a real reflection representation of W̃ and (, ) be the inner product preserved by

W̃ . Let H be the set of hyperplanes of V corresponding to the reflections in W . If W is the Weyl

group of an algebraic group, then H is just the set of root hyperplanes. A connected component

13



of V −
⋃

H∈H
H is called a Weyl chamber. Let VC = V ⊗RC. The bilinear form (, ) can be extended

to VC naturally and we still denote it as (, ). For any θ, let (VC)θw̃ be the eiθ-eigenspace of w̃ in VC.

Let V ′ be a subset of V . Define HV ′ as the set of hyperplanes in H containing V ′ and WV ′

as the subgroup of W consisting of elements fixing V ′. We also define I(V ′) as the subset of I

corresponding to the simple reflections which fixes V ′. A point x ∈ V ′ is called a regular point

if it is not contained in any hyperplane H ∈ H − HV ′ . We denote the subset of V ′ consisting of

its regular points by (V ′)reg.

For any w̃ ∈ W̃ , define

Γ
[0,π]
w̃ = {θ ∈ [0, π] | eiθ is an eigenvalue of w̃ on VC}.

For θ ∈ Γ
[0,π]
w̃ , define

V θ
w̃ = {v ∈ V | w̃(v) + w̃−1(v) = 2 cos θv}.

For convenience, in this thesis these subspaces V θ
w̃ are called real eigenspaces of w̃. Then we

have V θ
w̃ ⊗R C = (VC)

θ
w̃ ⊕ (VC)

−θ
w̃ . It is also clear that V =

⊕
θ∈Γ[0,π]

w̃

V θ
w̃ .

Let Θ = (θ1, θ2, . . . , θm) be a sequence of elements in Γ
[0,π]
w̃ . We call Θ an increasing

sequence if θ1 < θ2 < · · · < θm. Define Fi =
i∑

j=1

V
θj
w̃ for any 1 ≤ i ≤ m and F0 = 0. This gives

a filtration of subspaces of V ,

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fm ⊂ V.

We say Θ is admissible if Fm ∩V reg is nonempty. In particular, we say Θ is complete if Fm = V .

14



Notice that the filtration above gives another filtration

W = WF0 ⊃ WF1 ⊃ · · · ⊃ WFm

of subgroups ofW . It is clear thatWFm is trivial if Θ is admissible. The irredundant subsequence

of Θ is r(Θ) = (θi1 , θi2 , . . . , θil) such that WFij
= WFij+1

= · · · = WFij+1−1
̸= WFij+1

for any

0 ≤ j ≤ l − 1 where i0 is set as 0. It is clear that HFij
= HFij+1

= · · · = HFij+1−1
̸= HFij+1

for

any 0 ≤ j ≤ l − 1.

Let C be a Weyl chamber in V −
⋃

H∈H
H and (w̃,Θ) be a pair as above. We say C is in good

position with respect to (w̃,Θ) if C ∩ F reg
i is nonempty for all i. One can check this definition is

equivalent to the original definition in [HN12, §5.2]. Moreover, if the sequence Θ is increasing

and complete, then we say C is in good position with respect to w̃. In particular, we call w̃ a good

position element if C is the fundamental Weyl chamber.

Let B+(W ) be the positive braid monoid associated to W . Let πW : B+(W ) → W be

the natural projection map and jW : W → B+(W ) be the natural embedding. These two maps

canonically extend to the twisted case for W̃ andB+(W̃ ) and we denote them by πW̃ and jW̃ . For

convenience, we write w̃ for jW̃ (w̃). Recall the definition in [GM97, Theorem 1.1], an element

w̃ ∈ W̃ is called good if there exist a filtration I ⊃ I0 ⊋ I1 ⊋ · · · ⊋ Il, a twist σ ∈ ⟨δ⟩ and

d0, . . . , dl ∈ 2Z>0 such that

w̃d = w0
d0 · · ·wl

dlσ,

where d is the order of w̃ and wj is the longest element of the parabolic subroup of W generated

by Ij for any 0 ≤ j ≤ l. The following result attributes to He and Nie.
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Theorem 2.1.1. [HN12, Theorem 5.3] Let (w̃,Θ) be a pair where Θ is an increasing admissible

sequence in Γ
[0,π]
w̃ with r(Θ) = (θi1 , θi2 , . . . , θil). Suppose that the fundamental Weyl chamber C0

is in good position with respect to (w̃,Θ). Then

w̃d = w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd,

where σ ∈ ⟨δ⟩ is the twist part of w̃. Here d ∈ N such that d
θij
2π

∈ Z, and wj is the longest

element in WFij
for 0 ≤ j ≤ l. Moreover, if d is even, then

w̃
d
2 = w0

dθi1
2π w1

d(θi2
−θi1

)

2π · · ·wl−1

d(θil
−θil−1

)

2π σ
d
2 .

Remark 2.1.2. The moreover part is also called very good in [GM97, Theorem 1.1].

In [HN12, §5.3], it is proved that the good position elements are actually of minimal length

in its conjugacy class. This gives a type-free proof of the existence of good elements in minimal

length elements. The type-by-type proof was given in [GM97] for non-twisted case and in [He07]

for twisted case.

2.2 Unipotent conjugacy classes and Lusztig’s map

We recall some basic facts on unipotent conjugacy classes and Lusztig’s map Φ. Let G

be the identity component of an affine algebraic group G̃ over an algebraic closed field k. For

convenience, in this section we may assume that G is almost simple and G̃/G is cyclic. Let D

be a fixed connected component of G̃ whose image in G̃/G is unipotent (i.e. its order is a power

of p := char(k) if p > 1 and 1 if p = 0). Let [Du] be the set of unipotent G-conjugacy classes
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in D. Let W be the Weyl group of G. The conjugation action of D on G naturally defines a

group automorphism δ : W → W (see [L12-B, §1.1]). We denote the corresponding group

automorphism of G also as δ. One can find g̃D ∈ D such that g̃Dxg̃−1
D = δ(x) for any x ∈ G.

In this paper, following [L12-B], the disconnected case when G is of type D4 and char(k) = 3 is

regarded as an exceptional case.

We recall the definition of Lusztig’s map Φ in [L11-A],[L12-A] and [L12-B]. Let B be

the varieties of Borel subgroups of G. For any w ∈ W and O ∈ [Du], we say w ⊣D O if

{B ∈ B | (B, gBg−1) ∈ Ow} is nonempty for some/any g ∈ O. For any w ∈ W , define

Σw,D := {O ∈ [Du] | w ⊣D O}.

By [L12-B, §1.2], we have Σw,D = Σw′,D if w,w′ are of minimal length in some δ-conjugacy

class Cδ of W . We can then define ΣCδ,D = Σw,D for some/any minimal length element w ∈ Cδ.

Moreover, Lusztig proved that ΣCδ,D has a unique minimal element under the partial order on

unipotent classes given by closure condition.

Now for any W -conjugacy class C̃ ∈ [W̃ ] contained in Wδ, define ΣC̃,D = ΣCδ,D where Cδ

is the preimage of C̃ under the bijection in section 2.1. We recall the following result of Lusztig.

Theorem 2.2.1. [L11-A, Theorem 0.4, Proposition 0.6][L12-B, Theorem 1.3] Let C̃ be a W -

conjugacy class contained in Wδ. Set Φ(C̃) to be the unique minimal element in ΣC̃,D. Then Φ is

a surjective map Φ from [Wδ] ⊂ [W̃ ] to [Du]. Moreover, its restriction to elliptic W -conjugacy

classes contained in Wδ is bijective.

First we give a combinatorial parametrization of [Du] for (twisted) classical groups. Let

P(n) be the set of partitions of n. For any partition λ = (λ1, . . . , λm) and any k ∈ Z>0, define
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mλ(k) = |{i | λi = k}|. For ϵ = ±1, we set

Pϵ(n) = {λ ∈ P(n) | mλ(k) is even if (−1)k = ϵ}.

(1) If char(k) ̸= 2, then unipotent elements of G̃ are all contained in G and D must be

equal to G. The unipotent G-conjugacy classes of G̃ are just unipotent conjugacy classes of G,

which are parametrized as follows simply based on their Jordan forms.

• Type An: P(n+ 1);

• Type Bn: P1(2n+ 1);

• Type Cn: P−1(2n);

• Type D2n+1: P1(4n+ 2);

• Type D2n: The unipotent conjugacy classes are parametrized by P1(4n), except that every

partition λ with λi all even actually corresponds to two unipotent conjugacy classes.

(2) If char(k) = 2, then D may not be G in two cases and the unipotent G-conjugacy

classes of D are parametrized as follows.

• Type An and D = G: Same as the case when char(k) ̸= 2;

• Type An and D ̸= G (Type 2An): In this case, following [Spa82, §I.2.7], we assume

G̃ = G∪D whereG = GLn andD is the set of non-singular bilinear forms ϕ : V ×V → k

by identifying G as GL(V ).

The group structure on G̃ is defined as follows. The structure on G is usual. For g ∈ G and

ϕ ∈ D, define (gϕ)(v1, v2) = ϕ(g−1v1, v2) and (ϕg)(v1, v2) = ϕ(v1, gv2). For ϕ, ψ ∈ D,
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define ϕψ as the unique element of G such that ϕ((ϕψ)v1, v2) = ψ(v2, v1). It is clear that

G̃/G ≃ Z/2Z. The twist δ : G → G defined by D is δ(g) = (g⊺)−1. The corresponding

twist of W is given by the conjugation of the longest element w0.

Define P̃1(n+ 1) to be the set of pairs (λ, ϵ), where:

– (i) λ = (λ1, . . . , λm) ∈ P1(n+ 1);

– (ii) ϵ : {2k + 1 | k ∈ Z≥0,mλ(2k + 1) ̸= 0} → {0, 1} satisfying that ϵ(2k + 1) = 1

if mλ(2k + 1) is odd.

Let ϕ ∈ D be unipotent. By [Spa82, §2.7], the conjugacy class of ϕ corresponds to some

(λ, ϵλ) ∈ P̃1(n+1). Specifically, we have u = ϕ2 is unipotent inG and λ is the Jordan form

of u. As for ϵλ, we have ϵλ(2k+1) = 0 ifmλ(2k+1) ̸= 0 is even and ϕ(v, (u− id)2kv) = 0

for any v ∈ ker(u− id)2k−1. Otherwise, we set ϵλ(2k + 1) = 1.

• Type Bn,Cn,Dn and D = G: In this case, Jordan form cannot uniquely determine the uni-

potent conjugacy classes. Let u be a unipotent element inG. Recall that every indecompos-

able block of u is of the formW (k) or V (2k) in [Hes79, §3]. HereW (k), which has Jordan

form (k, k), corresponds to a regular unipotent element in a subgroup SLk of G and V (2k),

which has Jordan form (2k), corresponds to a regular unipotent element in some Sp2k

which lies in an orthogonal group O2k. Moreover, the number of V (2k) blocks is no larger

than 2 for any k since V (2k)3 ≃ W (2k) + V (2k) by [Hes79, Lemma 3.6].

Following [Spa82, §2.6], define P̃−1(2n) to be the set of pairs (λ, ϵ), where:

– (i) λ = (λ1, . . . , λm) ∈ P−1(2n);
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– (ii) ϵ : {2k | k ∈ Z>0,mλ(2k) ̸= 0} → {0, 1} satisfying that ϵ(2k) = 1 if mλ(2k) is

odd.

Now let O be any unipotent conjugacy class in Sp2n or O2n, its Jordan block type gives a

partition λ in P−1(2n). For any even number 2k > 0, set ϵλ(2k) = 1 if there are V (2k)

blocks and ϵλ(2k) = 0 otherwise. This gives a bijection between unipotent conjugacy

classes in Sp2n or O2n and P̃−1(2n). Since there is a bijection between unipotent conjugacy

classes in Sp2n and SO2n+1, the unipotent conjugacy classes in type Bn and Cn are both

parametrized by P̃−1(2n).

As for type Dn, we know the unipotent G-conjugacy classes in SO2n are exactly the uni-

potent G̃-conjugacy classes of O2n contained in SO2n, which are parametrized by {(λ, ϵ) ∈

P̃−1(2n) | λ = (λ1, . . . , λm) with m even}, except that Oλ,ϵ splits into two G-conjugacy

classes if λi and mλ(i) are even for all i and ϵ = 0. However, in this paper we denote these

two conjugacy classes as the same since they have the same dimension.

• Type Dn and D ̸= G: In this case, by above we have the unipotent G-conjugacy classes in

D are parametrized by {(λ, ϵ) ∈ P̃−1(2n) | λ = (λ1, . . . , λm) with m odd}.

Based on the parametrization above, we have an explicit description of Lusztig’s map Φ for

classical groups. First take a look at conjugacy classes of W̃ . We know W̃ = W in type B and

C. It is also well-known that W (Bn) ≃ W (Cn) and W (Dn) is a subgroup of W (Cn) of index 2.

Definition 2.2.2. A bipartition of n is a pair (λ, µ) where λ = (λ1, . . . , λa) and µ = (µ1, . . . , µb)

are two partitions with
∑
i

λi +
∑
j

µj = n.

Let BP(n) be the set of bipartitions of n. The conjugacy classes of W (Cn), W (Bn) and
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W̃ (Dn) are parametrized by BP(n) based on its corresponding signed cycle types. We let λ be

corresponding to all negative cycles and µ be corresponding to all positive cycles. If λ has even

number of parts, then the corresponding conjugacy class of W̃ (Dn) lies in W (Dn). Moreover,

if λ is empty and µi is even for all i, then there are two conjugacy classes corresponding to this

bipartition. (See [Ca72, §7] for details on signed cycle types and classification).

Given a partition λ = (λ1, . . . , λa), we define ψα : {1, 2, . . . , a} → {1, 0,−1} as follows.

We formally set λ0 = λa+1 = 0. If i is odd and λi−1 ̸= λi, then set ψ(i) = 1. If i is even and

λi+1 ̸= λi, then set ψ(i) = −1. For all remaining cases, set ψ(i) = 0. We have the following

explicit description of Φ : [W̃ ] → [G̃u] where [G̃u] is the set of all unipotent G-conjugacy classes

in G̃. The description is computed based on [L11-A, §2] and [L12-B, §3, §5].

• Type An: The conjugacy classes of W are parametrized combinatorially by P(n+1) based

on its corresponding cycle types. For any λ ∈ P(n+ 1), Lusztig’s map Φ sends Cλ ∈ [W ]

to Oλ in all characteristics.

• Type 2An: The conjugacy classes of W̃ = W ⋊ ⟨δ⟩ can be divided into two part. Now

we denote a conjugacy class lying in W as CW and a conjugacy class lying in Wδ as CWδ.

The conjugacy classes lying in W are again parametrized by P(n+1) and the map Φ again

sends CW
λ to the unipotent G-conjugacy class OG

λ in [Gu] in all characteristics.

As for conjugacy classes lying in Wδ, we have they are also parametrized by P(n + 1).

Specifically, the conjugacy class of w̃ = wδ is parametrized by the cycle type ofww0 where

w0 ∈ W is the longest element. We only need to care about the map Φ if char(k) = 2 as

[Du] is empty otherwise. Then Φ will send the conjugacy class CWδ
λ to the unipotent G-
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conjugacy class OD
(λ′,ϵλ′ )

in [Du] where (λ′, ϵλ′) ∈ P̃1(n+ 1) satisfying

mλ′(k) =


mλ(k) + 2mλ(2k) k odd,

2mλ(2k) k even,

and

ϵλ′(2k + 1) =


1 mλ(2k + 1) ̸= 0,

0 mλ(2k + 1) = 0 and mλ(4k + 2) ̸= 0.

• Type Cn: Let (λ, µ) ∈ BP(n) be a bipartition where λ = (λ1, . . . , λa) ∈ P(n1) and

µ = (µ1, . . . , µb) ∈ P(n2). Define a partition λ̃ = (2λ1, . . . , 2λa). Define another partition

µ̃ = (µ1, µ1, µ2, µ2, . . . , µb, µb). By putting all the parts of λ̃ and µ̃ together and rearranging

them, we then obtain a partition ν ∈ P−1(2n).

If char(k) ̸= 2, then Lusztig’s map Φ sends C(λ,µ) to Oν .

If char(k) = 2, then Lusztig’s map Φ sends C(λ,µ) to O(ν,ϵν). Here ϵν(2k) = 1 if mλ(k) ̸= 0

and ϵν(2k) = 0 otherwise.

• Type Bn: If char(k) = 2, then Φ for type Bn will be exactly the same as Φ for type Cn

under the bijection of unipotent classes in type Bn and Cn.

If char(k) ̸= 2, still let (λ, µ) ∈ BP(n) be as above. Define a partition λ̃ = (2λ1 +

ψλ(1), . . . , 2λa + ψλ(a)) if a is odd or λ̃ = (2λ1 + ψλ(1), . . . , 2λa + ψλ(a), 1) if a is

even. Define another partition µ̃ = (µ1, µ1, µ2, µ2, . . . , µb, µb). One can check that λ̃ ∈

P1(2n1 + 1) and λ̃ ∈ P1(2n2). By putting all the parts of λ̃ and µ̃ together and rearrange

them, we then obtain a partition ν ∈ P1(2n+ 1). Lusztig’s map Φ sends C(λ,µ) to Oν .
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• Type Dn: If char(k) = 2, then Φ for type Dn is just a restriction Φ for type Cn, except for

the case when C(λ,µ) ∈ [W (Dn)] splits into (C(λ,µ))I and (C(λ,µ))II and O(ν,ϵν) ∈ [Gu] also

splits into (O(ν,ϵν))I = Φ((C(λ,µ))I) and (O(ν,ϵν))II = Φ((C(λ,µ))II).

If char(k) ̸= 2, Let (λ, µ) ∈ BP(n) be a bipartition where λ = (λ1, . . . , λa) ∈ P(n1) and

µ = (µ1, . . . , µb) ∈ P(n2) with a even. Define a partition λ̃ = (2λ1 + ψλ(1), . . . , 2λa +

ψλ(a), 1). Define another partition µ̃ = (µ1, µ1, µ2, µ2, . . . , µb, µb). By putting all the

parts of λ̃ and µ̃ together and rearrangeing them, we then obtain a partition ν ∈ P1(2n).

Lusztig’s map Φ sends C(λ,µ) to Oν , except for the case when C(λ,µ) splits into (C(λ,µ))I and

(C(λ,µ))II and Oν also splits into (Oν)I = Φ((C(λ,µ))I) and (Oν)II = Φ((C(λ,µ))II);

• Type Dn with D ̸= G: We again only need to care about Φ when char(k) = 2 as [Du] is

empty otherwise. In this case, the map Φ is again just a restriction of type Cn which sends

C(λ,µ) ∈ [Wδ] ⊂ [W̃ ] to O(ν,ϵν). We have O(ν,ϵν) ⊂ D since λ will have an odd number of

parts in this case.

• For exceptional cases, one can check [AHN21, §6] for elliptic case. As for non-elliptic

case, one may follow the step in [CHEVIE].

2.3 Strata of reductive groups

In this section we assume G is defined over a field of characteristic 0. Let P be the set

of prime numbers. Set G(0) = G and G(r) be a connected reductive group over an algebraically

closed field of characteristic r of the same type as G for any r ∈ P . For r ∈ {0}∪P , Let [G(r)
u ]

be the set of unipotent orbits of G(r). Let Irr(W ) be the set of isomorphism classes of irreducible

representations of W over Q and S2(W ) ⊂ Irr(W ) be the subset of isomorphism classes of all
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2-special representations (see [L15, §1.1] for 2-special representations).

In [L15, §2], Lusztig defined a map from G to S2(W ) and the fibers of this map are called

the strata of G. Let Str(G) be the set of stratum of G. Lusztig proved that one can identify

each stratum Σ ∈ Str(G) with a set of unipotent conjugacy classes {O(ri)
i | O(ri)

i ∈ [G
(ri)
u ], ri ∈

{0}∪P} in all characteristics. Moreover, for a given stratum, all O(ri)
i have the same dimension,

independent of ri.

In [L15, §4], Lusztig defined a surjective map ′Φ from [W ] to S2(W ) and proved that this

is compatible with Lusztig’s map Φ(r) in any characteristic for any r ∈ {0} ∪ P . In other

words, for any r, r′ ∈ {0} ∪ P , the unipotent orbits Φ(r)(C) and Φ(r′)(C) are both in the stratum

corresponding to ′Φ(C). Therefore, the map ′Φ is actually the mixed characteristic version of

Lusztig’s map.

In [L21, §6], the strata is extended to the disconnected case and we denote it as Str(G̃) :=

Str(G) ⊔ Str(D) if D ̸= G. The map ′Φ is also extended to the disconnected case. However, it is

only a map to unipotent G-conjugacy classes when restricted to r = 2.

2.4 Transversal slices of He-Lusztig

In this subsection we recall the work of He and Lusztig. For convenience, we further

assume that G is semisimple. Fix a Borel subgroup B0 of G and let B−
0 be its opposite Borel

subgroup. Let U,U− be the unipotent radicals of B0, B
−
0 respectively and T = B0 ∩ B−

0 be a

maximal torus of G with Weyl group W . Let R be a root system of W and R+ ⊂ R be the set of

positive roots. For any subset R′ of R, set (R′)+ = R′ ∩R+.

Let w ∈ W be a Coxeter element and ẇ be any representative of w in G. Then define
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Uw = U ∩ ẇU−ẇ−1. This is the original Steinberg slice. Other than the classic cross-section

property and transversality, in [St65, §8.9], Steinberg also stated the following results.

• (1) The conjugation action of U on UẇU has trivial isotropy groups;

• (2) The intersection of Uwẇ with any U -orbit on UẇU is a singleton;

• (3) The set of U -orbits on UẇU is isomorphic to Al(w).

However, Steinberg did not give a proof for these. Now let w be a minimal length element in any

elliptic conjugacy class O ∈ [W ], Lusztig proved (1) is true in [L11-A, §5]. Moreover, if G is of

classical type, Lusztig proved (3) is also true in [L11-B, Theorem 0.4]. Later in the paper of He

and Lusztig, they proved that (2) and (3) are true in [HL12, Theorem 3.6] for any G and even in

twisted case. Furthermore, they proved that actually S(w) := Uwẇ is a transversal slice of basic

unipotent orbit of G (the image of elliptic conjugacy classes in W under Lusztig’s map).

Remark 2.4.1. Note that different choices of the representative ẇ will give different slices.

However, for convenience we will abuse the notation and denote them all as S(w) sometimes.

Theorem 2.4.2. [HL12, Theorem 4.2] Let w be a minimal length element in an elliptic conjugacy

class C ∈ [W ]. The slice S(w) = Uwẇ is a closed subvariety of G isomorphic to Al(w) and

S(w) ∩ Φ(C) is a finite set. Moreover, it intersects the corresponding unipotent class Φ(C)

transversally.

2.5 Deligne-Lusztig varieties and (twisted) Lusztig varieties

In this section we recall the results in [L11-B]. Keep our settings in section 1.4. Denote

the twist of W defined by D and F by δD and δF . In case I, for any w ∈ W , recall the associated
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(twisted) Lusztig variety is defined as

Y D
w = {(g,B) ∈ D ×B | (B, gBg−1) ∈ Ow}.

We have G (resp. GF ) acts on Y D
w (resp. Xw) by

x : (g,B) 7→ (xgx−1, xBx−1);

x : B 7→ xBx−1.

In [DL76, §1.11] and [L11-B, §0.2], we see that Xw and Y D
w admit natural finite coverings.

Recall that T is a (F -stable) maximal torus of a fixed (F -stable) Borel subgroup B0. Also recall

that U is the unipotent radical of B0 and U− is opposite to U . Choose g̃D ∈ D be such that

g̃DT g̃
−1
D = T and g̃DB0g̃

−1
D = B0. As in [L11-B, §0.2], choose representatives ẇ for all w ∈

W in NG(T ) such that ẇ = ẇ1ẇ2 if w = w1w2 is reduced, and δDẇ = g̃Dẇg̃
−1
D or δF ẇ =

F (ẇ) respectively. Here we denote the representative of δ(w) as δẇ. Let wU = U ∩ ẇUẇ−1

be generated by root subgroups corresponding to R+ \ Inv(w−1) and Uw = U ∩ ẇU−ẇ−1 be

generated by root subgroups corresponding to Inv(w−1). Set Tw = {t ∈ T | ẇ−1tẇ = g̃Dtg̃
−1
D }

in case I or Tw = {t ∈ T | ẇ−1tẇ = F (t)} in case II. Define

Ỹ D
w = {(g, g′wU) ∈ D ×G/wU | g′−1gg′ ∈ ẇUg̃D};

X̃w = {gwU ∈ G/wU | g−1F (g) ∈ ẇU},
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and G (resp. GF ) acts on Ỹ D
w (resp. X̃w) by

x : (g, g′wU) 7→ (xgx−1, xg′wU);

x : g′wU 7→ xg′wU.

We know these are natural coverings of Y D
w and Xw via maps (g, g′wU) 7→ (g, g′B0g

′−1) and

g′wU 7→ g′B0g
′−1. For convenience, we denote these two covering maps both as πw.

Theorem 2.5.1. [L11-B, Theorem 0.3, Theorem 0.4] [HL12, §4.2 §4.3] Letw be a minimal length

element in a δ-elliptic conjugacy class Cδ of W . In case I we further assume G is semisimple.

Then we have:

(a) Any isotropy group of the G (resp. GF )-action on Ỹ D
w (resp. X̃w) is trivial;

(b) Any isotropy group of the G (resp. GF )-action on Y D
w (resp. Xw) is isomorphic to a

subgroup of Tw, which is a finite abelian group;

(c) The varieties Y D
w and Ỹ D

w are affine;

(d) The orbit spaceG\Ỹ D
w is isomorphic to U δD(w) and the orbit spaceG\Y D

w is isomorphic

to Tw\U δD(w);

(e) The orbit space G\X̃w is quasi-isomorphic to U δF (w) and the orbit space G\Xw is

quasi-isomorphic to Tw\U δF (w).

The analogue of part (c) for Xw and X̃w was first proved in [DL76, Corollary 1.12] if

char(k) is large enough. They also gave a criterion for small characteristics. For arbitrary

char(k), it was proved type-by-type in [OR08, §5] for split classical groups and [He08, Theorem

1.3] in general. The type-free proof came from [BR08, Theorem B]. This theorem is also one of
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the intrinsic reason of the construction of transversal slices in [HL12].

2.6 C-small classes

In this section we assume that G̃ = G and δ is trivial. In [L11-A, §5], Lusztig varieties were

used to give an alternative definition of Lusztig’s map Φ in this case, which is a surjective map

from [W ] to [Gu]. Let [G] be the set of all conjugacy classes of G. There is a natural stratification

Yw =
⊔

O∈[G]

Y O
w , where

Y O
w = {(g,B) ∈ Yw | g ∈ O}.

As in section 2.5, we know G and Gad = G/Z(G) act on Yw and Y O
w by

x : (g,B) 7→ (xgx−1, xBx−1);

xZ(G) : (g,B) 7→ (xgx−1, xBx−1),

and Y O
w is a union of Gad-orbits in Yw. Now let w be a minimal length element in an elliptic

conjugacy class C ∈ [W ]. Lusztig showed that dimY O
w ≥ dimGad if Y O

w is nonempty (see

[L11-A, Theorem 5.2]).

Definition 2.6.1. [L11-A, §5.5] Let C be an elliptic conjugacy class of W . A conjugacy class

O ∈ [G] is called C-small if dimY O
w = dimGad and Y O

w ̸= ∅.

Lusztig proved that for any elliptic C ∈ [W ] there is a unique C-small unipotent conjugacy

class in G, which is exactly Φ(C) (see [L11-A, §5.8]).
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2.7 Tensor product decomposition

Still let G be a connected reductive algebraic group over k. For convenience we let k = C.

Recall T is a maximal torus of G, the root datum of G is a quadruple (X∗(T ), R,X∗(T ), R
∨),

where X∗(T ) is the weight lattice, X∗(T ) is the coweight lattice, R is the set of roots and R∨ is

the corresponding set of coroots.

Let Q = ZR be the root lattice of G. Let V = X∗(T ) ⊗ R, there is a natural pairing

⟨, ⟩ : X∗(T ) ×X∗(T ) → Z and P := {x ∈ V | ⟨x,R∨⟩ ⊂ Z}. Then Q ⊂ X∗(T ) ⊂ P . If G is

simply connected, then X∗(T ) = P .

Choose the set of positive roots R+ ⊂ R. Let {αi | i ∈ I} ⊂ R+ be the set of simple roots.

The fundamental dominant weights with respect to it are {ωi | i ∈ I}. For any two weights λ, µ

in X∗(T ), write µ ⪯ λ if µ = λ−
∑
i∈I
kiαi where ki ∈ Z≥0 for i ∈ I . The simple reflection si of

W acts on X∗(T ) by si(λ) = λ− ⟨λ, α∨
i ⟩αi.

Let X∗
+(T ) be the set of dominant weights of G. Recall that for any dominant weight λ in

X∗
+(T ), L(λ) is the irreducible representation of G with highest weight λ. Let L(λ)∗ be its dual

representation, which is irreducible with highest weight λ∗. Denote the set of weights of L(λ)

by Π(λ). For any µ ∈ Π(λ), denote the µ-weight space of L(λ) by L(λ)µ and the dimension of

L(λ)µ by nµ(λ). It is well known that µ ∈ Π(λ) implies µ ⪯ λ.

By definition, A subset Π of X∗(T ) is called saturated if for any λ ∈ Π, α ∈ R and

0 ≤ j ≤ ⟨λ, α∨⟩, we have λ − jα ∈ Π. The following properties are well-known, see e.g.

[Hum72, §21].

• For any λ′ ∈ Π(λ) and w ∈ W , we have w(λ′) ∈ Π(λ) and dimL(λ)λ′ = dimL(λ)w(λ′);
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• Π(λ) is saturated and if µ ∈ X∗(T ), then µ ∈ Π(λ) is equivalent to that for any w ∈

W,w(µ) ⪯ λ. Therefore, Π(λ) is a finite set and for any dominant weight µ ⪯ λ, we have

µ ∈ Π(λ).

For any two dominant weights λ, µ, define

X(λ, µ) = {ν | L(ν) is a direct summand of L(λ)
⊗

L(µ)}.

In the study of the classification of reductive monoids, Vinberg introduced the following definition.

Definition 2.7.1. [Vin95, §1] An additive submonoid L of dominant weights is perfect if

λ, µ ∈ L implies X(λ, µ) ⊂ L.

Let λ, µ be two dominant weights of G. We have the tensor product decomposition:

L(λ)
⊗

L(µ) =
⊕

ν∈X∗
+(T )

L(ν)⊕mν
λ,µ

Here mν
λ,µ is the tensor product multiplicity. Then mν

λ,µ > 0 if and only if ν ∈ X(λ, µ).

Therefore, a perfect submonoid of dominant weights is closed under taking direct summands

of tensor product.

Recall following classic results describing the possible weights in X(λ, µ).

Lemma 2.7.2. [Ko59, Theorem 5.1] Let λ, µ, ν be dominant weights in X∗
+(T ). If ν ∈ X(λ, µ),

then ν = λ′+µ for some λ′ ∈ Π(λ). In particular, we have ν = λ+µ−
∑
i∈I
kiαi, where ki ∈ Z≥0

for i ∈ I .
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Lemma 2.7.3. [Hum72, §24] Let λ, µ be dominant weights in X∗
+(T ). Suppose that for any

µ′ ∈ Π(µ), λ + µ′ is dominant. Then for any µ′ ∈ Π(µ), λ + µ′ ∈ X(λ, µ) with multiplicity

mλ+µ′

λ,µ = nµ′(µ).

Another key ingredient is the PRV conjecture formulated as a fallout of [PRV67], which

was first proved by Kumar.

Theorem 2.7.4. [Ku88, Theorem 2.10] (PRV conjecture) Let G be a semisimple group with Weyl

group W over C. Let λ, µ be two dominant weights of G. For any w ∈ W , λ+ wµ ∈ X(λ, µ),

where λ+ wµ is the only dominant weight in the W -orbit of λ+ wµ. In particular, if λ+ wµ is

dominant, then λ+ wµ ∈ X(λ, µ).
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Chapter 3: Good position braids

In this section, we generalize the definition of good position elements and construct the

wanted braid elements in B+(W̃ ).

3.1 Good position braid representatives

Keep the notations in section 2.1. For any element w̃ ∈ W̃ , define

Γw̃ = {θ ∈ [0,∞) | eiθ is an eigenvalue of w̃ on VC}.

For any θ ∈ Γw̃, we define V θ
w̃ and (VC)

θ
w̃ in the same way as in section 2.1. In this case, the

sequence Θ is a sequence in [0,∞) and we still focus on the position of Weyl chambers with

respect to (w̃,Θ).

Definition 3.1.1. A pair (w̃,Θ) as above is called a good position pair if the fundamental Weyl

chamber C0 is in good position with respect to it.

Now we give the complete form of our first main result, which is proposition 1.1.1.

Proposition 3.1.2. Let (w̃,Θ) be a good position pair where Θ is an increasing admissible

sequence in Γw̃ with r(Θ) = (θi1 , θi2 , . . . , θil). Suppose that w̃ = wσ with σ ∈ ⟨δ⟩ and w ∈ W .

Then there exists an element b(w̃,Θ) = b(w,Θ)σ ∈ B+(W̃ ) such that b(w̃,Θ) projects to w̃
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under the natural projection and

b(w̃,Θ)d = w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd.

Here d ∈ N such that d
θij
2π

∈ Z, andwj is the longest element inWFij
for 0 ≤ j ≤ l. Furthermore,

if d is even, then

b(w̃,Θ)
d
2 = w0

dθi1
2π w1

d(θi2
−θi1

)

2π · · ·wl−1

d(θil
−θil−1

)

2π σ
d
2 .

Based on above result, we have the following definition.

Definition 3.1.3. Let (w̃,Θ) be a good position pair. The element b(w̃,Θ) in proposition 3.1.2 is

called a good position braid representative of (w̃,Θ). In particular, if Θ is the increasing complete

sequence in (0, π]∪{2π} for w̃, then b(w̃,Θ) is called a good position braid representative of w̃,

denoted as b(w̃).

Remark 3.1.4. Let w̃ be a good position element. It is clear that w̃ is the only good position braid

representative of w̃. However, if we replace the increasing complete sequence in (0, π] ∪ {2π}

by any increasing admissible sequence Θ in Γw̃ such that (w̃,Θ) is a good position pair, we may

obtain many different good position braid representatives.

By [HN12, Lemma 5.1], for any W -conjugacy class C̃ ∈ [W̃ ] and any sequence Θ in Γ
[0,π]
w̃ ,

there exists w̃ ∈ C̃ such that (w̃,Θ) is a good position pair. Since the proof of this result actually

does not require anything on Θ, it holds for any Θ in Γw̃. Now for any C̃ ∈ [W̃ ], if it admits a

good position braid representative b(w̃) of some w̃ ∈ C̃, then we call b(w̃) a good position braid

representative of C̃. This element w̃ here is not unique in general. Moreover, it is not even unique

up to inverse in general. However, all good position braid representatives of a conjugacy class
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will have the same length due to the following lemma.

Lemma 3.1.5. Keep the notations in proposition 3.1.2. We have

l(b(w̃,Θ)) =
l∑

j=1

θij
π
|HFij−1

− HFij
|.

Moreover, the right hand side will be the same if we replace w̃ by any other w̃′ ∈ C̃, even when

(w̃′,Θ) is not a good position pair.

Proof. The equation is direct from proposition 3.1.2. It suffices to prove the moreover part. First

we notice that applying a twist will not change the right hand side. Let w̃′ = uw̃u−1 for some

u ∈ W and write Θ = (θ1, . . . , θk). For any 1 ≤ i ≤ k, let F ′
i =

i∑
j=1

V
θj
w̃′ . Let r(Θ)′ be the

irredundant subsequence corresponding to (w̃′,Θ). For any θ in Γw̃ = Γw̃′ and v ∈ V θ
w̃ , we have

w̃′(u(v)) + w̃′−1(u(v)) = uw̃(v) + uw̃−1(v) = 2 cos θu(v). Then V θ
w̃′ = u(V θ

w̃). This tells that

F ′
i = u(Fi) and r(Θ)′ = r(Θ). Thus (α, Fi) = 0 is equivalent to (uα, F ′

i ) = 0 for any root

α ∈ R. Therefore, we have |HFij−1
− HFij

| = |HF ′
ij−1

− HF ′
ij
| and the right hand side are the

same.

3.2 Proof of proposition 3.1.2

We follow the idea of the proof of [HN12, Theorem 5.3]. We prove by induction on |W |.

Assume that this theorem holds for any W̃ ′ with |W ′| < |W |. We first reduce Θ to its irredundant

subsequence.

Lemma 3.2.1. Suppose that (w̃,Θ) is a good position pair, then (w̃, r(Θ)) is also a good position

pair.
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Proof. It suffices to show that C0 ∩ (
k∑

j=1

V
θij
w̃ )reg is nonempty for all 1 ≤ k ≤ l. We prove by

induction. This is clearly true when k = 1.

Suppose that the statement is true for k, then there exists v = v1 + · · · + vk lying in

C0 ∩ (
k∑

j=1

V
θij
w̃ )reg where vj ∈ V

θij
w̃ . Take u ∈ C0 ∩ F reg

ik+1
and let vk+1 be its projection onto

V
θik+1

w̃ . We set v′ = v + ϵvk+1 ∈
k+1∑
j=1

V
θij
w̃ where ϵ > 0 is sufficiently small. For any positive root

α such that Hα ̸⊃
k∑

j=1

V
θij
w̃ , we have (α, v′) > 0 since ϵ is sufficiently small. For any positive root

α such that Hα ⊃
k∑

j=1

V
θij
w̃ and Hα ̸⊃

k+1∑
j=1

V
θij
w̃ , we have (α, v′) = ϵ(α, vk+1) > 0. Therefore the

statement is true for k + 1.

Since (w̃,Θ) is a good position pair, then by definition C0 ∩ F reg
i1

is nonempty. By [HN12,

Proposition 2.2], we have w̃ = u1ũ where u1 ∈ WFi1
and ũ ∈ Wσ is a minimal double coset

representative in WI(Fi1
)\W̃/WI(Fi1

) preserving the simple reflections in I(Fi1). Therefore, the

conjugation action of ũ on WFi1
is actually a twist and we denote it by δũ.

Under our identification, let V ′ ⊂ V be the subspace generated by α ∈ R with Hα ⊃ Fi1 .

Then V ′ is a real reflection representation of W̃Fi1
= WFi1

⋊ ⟨δũ⟩ and C0 ∩ V ′ is its fundamental

Weyl chamber. Set Θ1 = (θi2 , . . . , θil). Since C0 is in good position with respect to (w̃, r(Θ)) by

lemma 3.2.1, then C0 ∩ V ′ is in good position with respect to (u1δũ,Θ1).

Now focus on W̃Fi1
, we have Θ1 is clearly increasing and admissible with r(Θ1) = Θ1 by

our proof of lemma 3.2.1. By induction hypothesis we have there exists an element b(u1,Θ1) in

B+(W̃Fi1
) ⊂ B+(W̃ ) satisfying that πW̃ (b(u1,Θ1)) = u1 and

(b(u1,Θ1)δũ)
d = w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π (δũ)
d.
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First assume that θi1 = 0 or 2pπ
q

∈ (0, 2π) for some p, q ∈ N>0 with (p, q) = 1. Clearly

q|d and q > 1. If θi1 = 0 then we choose ũ′ = ũ which is equal to σ by [HN12, Lemma 5.2].

If θi1 > 0, let t, s ∈ N be such that pt = sq + 1. Let v0 ∈ C0 be a regular point of V θi1
w̃ . Since

ũq fixes v0 and the connected component of V −
⋃

H∈HFi1

H containing C0, we have ũq = σq.

Consider the element ũ′ := ũt ∈ W̃ . For any v ∈ V
θi1
w̃ and any simple reflection sα ∈ WFi1

,

we have sα(v) = v since Hα ⊃ V
θi1
w̃ . Notice that WFi1

< W is a standard parabolic subgroup

by [HN12, §2.1], then any element in WFi1
fixes v. This tells that V θi1

w̃ = V
θi1
ũ = V

2π
q

ũt . Clearly

2π
q
∈ (0, π). By [HN12, Lemma 5.2], we have

(ũ′)q = (w1w0 · w0w1)σ
tq.

Consider b̃ = b(u1,Θ1)(ũ
′)pσ−sq ∈ B+(W̃ ). One can see that (ũ′)pσ−sq acts on WFi1

as

ũptσ−sq = ũ, which is exactly δũ. Therefore, by induction hypothesis we have

b̃d = b(u1,Θ1)δũ(b(u1,Θ1)) · · · δd−1
ũ (b(u1,Θ1))((ũ

′)pσ−sq)d

= w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π ((ũ′)pσ−sq)d

= w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π (ũ′)pdσ−sqd

= (w1w0 · wow1)
dθi1
2π w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π σd

= w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd.

Here the second equation is because σ−sq = ũ−sq. Meanwhile, one can check that πW̃ (b̃) =

u1ũ
ptσ−sq = u1ũ = w̃.

Finally let θi1 be arbitrary. There exists k ∈ N such that θ′i1 = θi1 − 2kπ ∈ [0, 2π). By
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previous discussion, there exists b(u1,Θ1) · b̃′ ∈ B+(W̃ ) such that πW̃ (b̃′) = ũ and

(b(u1,Θ1) · b̃′)d = w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd.

Now we consider b̃ := b(u1,Θ1) · (w1w0 · w0w1)
k · b̃′. Clearly we have πW̃ (b̃) = w̃. Notice that

w1w0 · w0w1 commutes with WFi1
, then we have

b̃d = w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π ((w1w0 · w0w1)
k · b̃′)d

= w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π (w1w0 · w0w1)
kd(b̃′)d

= (w1w0 · w0w1)
dθi1
2π w1

dθi2
π w2

d(θi3
−θi2

)

π · · ·wl−1

d(θil
−θil−1

)

π σd

= w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd.

Here the second equation is because of our choice of b̃′ in previous discussion.

One can prove the furthermore part in the same way.

3.3 Relation with Lusztig’s map and the strata of reductive groups

Recall in [HN12, Proposition 5.4] and [HN12, Corollary 5.5], it is proved that every good

position element w̃ of an elliptic conjugacy class C̃ ∈ [W̃ ] is a minimal length element in C̃ and

w̃d ∈ w0
2B+(W̃ ). However, for non-elliptic conjugacy classes, minimal length elements do not

satisfy the second condition anymore. Therefore, we consider good position braid representatives

for non-elliptic conjugacy classes instead. In this subsection we will see these representatives are

related to the Lusztig’s map Φ.

As in section 2.2. Let G be the identity component of an affine algebraic group G̃ over
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an algebraically closed field k and assume G is reductive with Lie algebra g. Fix a connected

componentD of G̃whose image in G̃/G is unipotent. Fix a Borel subgroupB0 ofGwith T ⊂ B0

a maximal torus with Lie algebra t. Let W be the Weyl group of G and W̃ = W ⋊ ⟨δ⟩ where the

twist δ : W → W is defined by D.

Let [Wδ] be the set of W -conjugacy classes of W̃ contained in Wδ and Φ : [Wδ] → [Du]

be the corresponding Lusztig’s map. Recall that Φ is actually surjective and Lusztig defined a

canonical section Ψ : [Du] → [Wδ] in [L12-A, Theorem 0.2] and [L12-B, Theorem 1.16] of Φ.

The image C := Ψ(O) is called the “most elliptic” conjugacy class in Φ−1(O). Here C is the

unique conjugacy class in [Wδ] such that dim tw̃ < dim tw̃
′ for any w̃ ∈ C and w̃′ ∈ C′, where C′

is any other conjugacy class in Φ−1(O) (see [CC23, Proposition 2.2]). We will use this criterion

for our calculation of Ψ in §3.4. For convenience, we set dim tC := dim tw̃ for some (or any)

w̃ ∈ C.

Let l be the length function of W̃ . There is a natural extension of l to B+(W̃ ) and we

still denote it as l. By lemma 3.1.5, it is clear that all good position braid representatives of a

conjugacy class C have the same length, we denote it by lgood(C). We claim the following result

which relates lgood(C) of some C = Ψ(O) to the codimension of O.

Proposition 3.3.1. Let O be a unipotent orbit in D and C = Ψ(O). Then we have

codimG̃O = lgood(C) + dim tC.

Using the strata of (disconnected) reductive groups, we can actually rephrase proposition

3.3.1. Recall that all G-conjugacy classes corresponding to a given stratum Σ ∈ Str(G̃) will have

the same dimension independent of characteristics. We set codimG̃Σ = codimG̃(r)O(r) for any
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(or all) O(r) corresponding to Σ. We then have the following equivalent version of proposition

3.3.1.

Proposition 3.3.2. Let Σ be a stratum of G̃. Suppose that C is the most elliptic conjugacy class

in (′Φ)−1(Σ), then we have

codimG̃Σ = lgood(C) + dim tC.

3.4 Proof of proposition 3.3.1 and 3.3.2

We start from the reduction procedure. Since all parts of this equation are the same up to

isogeny, we only need to prove the statement when G is of the form T ′ ×
∏
i

Gi where T ′ is a

torus and all Gi are almost simple. Moreover, one may assume T ′ is trivial since this does not

change any side of the equation. Now suppose that G =
∏
i

Gi and W =
∏
i

Wi. Since both sides

of the equation are just the sum of its value on each almost simple factors, we only need to show

the statement when G is almost simple. As for the connected component D, we may assume that

G̃/G is cyclic.

Now let G be an almost simple algebraic group of classical types and G̃/G be cyclic. By

[L15, §2.5] and the fact that [Du] is empty if char(k) ̸= 2, it suffices to prove proposition 3.3.1

when char(k) = 2. We keep the notations in section 2.2 and then prove this type by type. The

formulas we will use to calculate codimG̃O are based on [LS12, §3-§6] and [Spa82, §II.6] (See

also [Hes79]).

• Type An and D = G (nontwisted): In this case, recall the unipotent G-orbits in G are

parametrized by partitions of n + 1. For any λ = (λ1, . . . , λm) ∈ P(n + 1), we have

Cλ = Ψ(Oλ). We may rewrite λ as λ = (rm1
1 , rm2

2 , . . . , rml
l ). Here r1 > · · · > rl with
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mλ(rj) = mj and mλ(r) = 0 for any other integer r.

First we compute codimG̃Oλ. By [LS12, Theorem 3.1], we have

codimG̃Oλ =
l∑

j=1

mjrj(mj + 2

j−1∑
k=1

mk)− 1.

Then we compute lgood(Cλ). We choose w̃ = w as follows. For any 1 ≤ j ≤ l, let

{
j−1∑
k=1

mkrk +1, . . . ,
j−1∑
k=1

mkrk + rj}, . . . , {
j−1∑
k=1

mkrk + (mj − 1)rj +1, . . . ,
j∑

k=1

mkrk} be all

rj-cycles of w. By lemma 3.1.5, we may use this w to compute lgood(Cλ).

The corresponding irredundant sequence r(Θ) will then be (2π
r1
, . . . , 2π

rl−1
) if rl = ml = 1

and (2π
r1
, . . . , 2π

rl
) otherwise. By lemma 3.1.5, we have

lgood(Cλ) = 2
l∑

j=1

1

rj
|HFmj−1

− HFmj
|,

where we formally set m0 = 0. Since WFmj
is a finite Coxeter group of type A with rank

n−
j∑

k=1

mkrk, we have

|HFmj−1
− HFmj

| =
1

2
((n−

j−1∑
k=1

mkrk)(n−
j−1∑
k=1

mkrk + 1)

− (n−
j∑

k=1

mkrk)(n−
j∑

k=1

mkrk + 1))

=
1

2
(2mjrjn− 2mjrj

j−1∑
k=1

mkrk − (mjrj)
2 +mjrj).
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Therefore, we have

lgood(Cλ) =
l∑

j=1

(2mjn− 2mj

j−1∑
k=1

mkrk −m2
jrj +mj).

Finally, noticing that dim tCλ = m− 1 =
l∑

j=1

mj − 1, we have

lgood(Cλ) + dim tCλ =
l∑

j=1

(2mjn− 2mj

j−1∑
k=1

mkrk −m2
jrj +mj) + (

l∑
j=1

mj − 1)

=
l∑

j=1

(2mj

l∑
k=j+1

mkrk +m2
jrj)− 1

=
l∑

k=1

2mk

k−1∑
j=1

mjrj +
l∑

j=1

m2
jrj − 1

= codimG̃Oλ.

Thus proposition 3.3.1 holds for type An.

• Type An and D ̸= G (Type 2An, twisted): In this case, recall the unipotent G-orbits in D

are parametrized by P̃1(n + 1). Let OD
(ν,ϵν)

be a unipotent G-orbit in D. Let λ ∈ P(n + 1)

be such that CWδ
λ = Ψ(OD

(ν,ϵν)
). The partition λ is uniquely determined as follows:

(i) If k is even, then mλ(2k) =
1
2
mν(k);

(ii) If k is odd and ϵν(k) = 1, then mλ(k) = mν(k) and mλ(2k) = 0;

(iii) If m is odd and ϵν(k) = 0, then mλ(k) = 0 and mλ(2k) =
1
2
mν(k);

(iv) If k is odd and mν(k) = 0, then mλ(k) = mλ(2k) = 0.

For calculation, we give another parametrization of conjugacy classes in [Wδ]. Recall

§2.2, the partition λ corresponding to the conjugacy class CWδ
λ is the cycle type of ww0 for
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any w̃ = wδ ∈ CWδ
λ , under the natural identification of W with the permutation group of

{1, 2, . . . , n + 1}. One can actually extend the identification to W̃ with a subgroup of the

permutation group of {±1,±2, . . . ,±(n + 1)} by viewing δ as δ : ±i 7→ ∓(n + 2 − i).

Thus we can parametrize [W̃ ] using signed cycles.

Specifically, for CWδ
λ , we associate it to a bipartition (λodd, λeven) ∈ BP(n + 1). Let

λodd = (λodd
1 , . . . , λodd

a ) be the subsequence of λ consisting of all odd parts and λeven =

(λeven
1 , . . . , λeven

b ) be the subsequence of λ consisting of all even parts. Here λodd corresponds

to all negative cycles of CWδ
λ and λeven corresponds to all positive cycles of CWδ

λ . We then

obtain a partition µ by combining (2λodd
1 , . . . , 2λodd

a ) and (λeven
1 , λeven

1 , . . . , λeven
b , λeven

b ) and

rearranging them. Write µ = (µ1, . . . , µm). By our construction of µ, all parts of µ are

even. Moreover, one notice that ν = (µ1

2
, . . . , µm

2
).

We proceed by induction on the rank n. Assume the statement is true if the rank of G is

less than n. One can check easily dim tC
Wδ
λ = b, which is the number of positive cycles.

Let {ej − ej+1 | j ∈ I} be the natural basis of V such that w̃(ej) = ew̃(j) under our

identification above. Here we set e−j = −ej . Choose the simple roots as usual to be

{e1 − e2, . . . , en − en+1} and set I ′ = {1, 2, . . . , n + 1}. Let r(Θ) = (θi1 , . . . , θil) be the

irredundant sequence corresponding to CWδ
λ . We divide the proof into two different cases

based on µ1 and ϵν .

(1) We first consider the case when µ1

2
is even. Then the longest cycle of CWδ

λ is a positive

µ1-cycle. Set m1 = mµ(µ1). We have m1 is also equal to 2mλ(µ1) and there are m1

2

positive µ1-cycles. Therefore, we have θi1 =
2π
µ1

.

By lemma 3.1.5, choose an arbitrary w̃ ∈ CWδ
λ . Let I ′1 ⊂ I ′ be corresponding to all positive
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µ1-cycles of w̃. Let

j1
w̃−→ j2

w̃−→ · · · w̃−→ jµ1 ,−j1
w̃−→ −j2

w̃−→ · · · w̃−→ −jµ1

be a positive µ1-cycle of w̃ where j1, . . . , jµ1 ∈ ±I ′1. By our identification of δ, assume

that j1 ∈ I ′1, we have (−1)k+1jk ∈ I ′1 for all k. One can then check that
µ1−1∑
k=1

sin 2kπ
µ1
ejk and

µ1−1∑
k=1

sin 2kπ
µ1
ejk+1

both lie in V
2π
µ1
w̃ \{0}. This is because

µ1−1∑
k=1

(−1)k sin 2kπ
µ1

= 0 as µ1

2
is even.

We also have similar results for all other positive µ1-cycles of w̃ and thus gives a basis for

V
2π
µ1
w̃ .

Then one can check that HFi1
= {Hα | (α, ei) = 0,∀i ∈ I ′1}. Then WFi1

< W is the

standard parabolic subgroup of the same type as W with rank n − m1µ1

2
≥ 1. If WFi1

is

trivial, then n − m1µ1

2
= 0 or −1. We formally allow this to happen as it will not lead to

anything bad to our calculations.

Let G1 be almost simple of the same type as G corresponding to Weyl group W1 := WFi1
,

which means its rank is n− m1µ1

2
. Let G̃1 be the disconnected affine algebraic group with

G1 as its identity component and δ1 be the restriction of δ and D1 be the corresponding

component of G̃1. Let t1 be the Lie algebra of a maximal torus of G1. Set W̃1 = W1⋊ ⟨δ1⟩.

Let Φ1 : [W̃1] → [(G̃1)u] be the Lusztig’s map.

Let ν ′ = (νm1+1, . . . , νm) = (
µm1+1

2
, . . . , µm

2
) ∈ P1(n− m1µ1

2
+1) and ϵν′ be the restriction

of ϵν . Let λ′even be the subpartition of λeven obtained by deleting the first m1

2
terms and λ′odd

be exactly λodd. Then we get λ′ ∈ P(n − m1µ1

2
+ 1) by combining λ′even and λ′odd together.

It is clear that CW1δ1
λ′ is most elliptic in Φ−1

1 (OD1

(ν′,ϵν′ )
). By induction hypothesis, we have

codimG̃1
OD1

(ν′,ϵν′ )
= lgood(C

W1δ1
λ′ ) + dim t

C
W1δ1
λ′

1 ,
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and dim t
C
W1δ1
λ′

1 = b− m1

2
. Therefore, it suffices to show

codimG̃O
D
(ν,ϵν) − codimG̃1

OD1

(ν′,ϵν′ )
= lgood(C

Wδ
λ )− lgood(C

W1δ1
λ′ ) +

m1

2
.

By our discussion above on V
2π
µ1
w̃ and lemma 3.1.5, we have

lgood(C
Wδ
λ )− lgood(C

W1δ1
λ′ ) = m1n− m1

2
(
m1µ1

2
− 1).

Then we need codimG̃O
D
(ν,ϵν)

− codimG̃1
OD1

(ν′,ϵν′ )
= m1n− m2

1µ1

4
+m1.

Let ν∗ and ν ′∗ be the dual partition of ν and ν ′ respectively. It is clear that ν∗i − ν ′∗i = m1

for any i such that ν∗i > 0. We also notice ν∗i+1− ν∗i = ν ′∗i+1− ν ′∗i for all i. Then by [Spa82,

§II.6.3], we have

codimG̃O
D
(ν,ϵν) − codimG̃1

OD1

(ν′,ϵν′ )

=
1

2
(
∑
i

((ν∗i )
2 − (ν ′∗i )

2))−
∑
i odd

(ν∗i − ν ′∗i ) +
m1µ1

4

=
1

2
m1

∑
i

(ν∗i + ν ′∗i )−m1[
ν1
2
] +

m1µ1

4

=
1

2
m1(n+ 1 + n− m1µ1

2
+ 1)−m1

µ1

4
+
m1µ1

4

= m1n− m2
1µ1

4
+m1.

Thus the statement is true in this case.

(2) Then consider the case when µ1

2
is odd and ϵν(

µ1

2
) = 1. Then the longest cycle of

CWδ
λ must be a negative µ1

2
-cycle. Moreover, there is no positive µ1-cycle since CWδ

λ =
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Ψ(O(ν,ϵν)). Set m1 = mµ(µ1). Then there are m1 negative µ1

2
-cycles. Therefore, we

again have θi1 = 2π
µ1

. If µ1 = 2, then ν = λ = (1, . . . , 1) ∈ P(n + 1), ϵν(1) = 1 and

r(Θ) = (2π
µ1
). Thus lgood(C

Wδ
λ ) = n(n+1)

2
and dim tC

Wδ
λ = 0. By [Spa82, §II.6.3], we have

codimG̃O
D
(ν,ϵν)

= (n+1)2

2
− (n+ 1) + n+1

2
= n(n+1)

2
and the statement is true.

Now assume µ1 > 2. Choose an arbitrary w̃ ∈ CWδ
λ . Let I ′1 ⊂ I ′ be corresponding to all

negative µ1

2
-cycles of w̃. Let

j1
w̃−→ j2

w̃−→ · · · w̃−→ jµ1
2

w̃−→ −j1
w̃−→ · · · w̃−→ −jµ1

2

be a negative µ1

2
-cycle of w̃ where j1, . . . , jµ1

2
∈ ±I ′1. One can check that

µ1
2
−1∑

k=1

sin 2kπ
µ1
ejk

and
µ1
2
−1∑

k=1

sin 2kπ
µ1
ejk+1

both lie in V
2π
µ1
w̃ \ {0} if µ1 > 2.

As above case, one can check that HFi1
= {Hα | (α, ei) = 0,∀i ∈ I ′1}. Then WFi1

< W is

the standard parabolic subgroup of the same type as W with rank n− m1µ1

2
. Still formally

allow this to be 0 or −1.

As previous case, we get G̃1, G1, D1, t1,W1, δ1, W̃1 and Φ1 in the same way. Similarly

define (ν ′, ϵν′). Let λ′odd be the subpartition of λodd obtained by deleting the first m1 terms

and λ′even be exactly λeven. Then we get λ′ ∈ P(n− m1µ1

2
+ 1) by combining λ′odd and λ′even

together. It is clear that CW1δ1
λ′ is most elliptic in Φ−1

1 (OD1

(ν′,ϵν′ )
). By induction hypothesis,

we have

codimG̃1
OD1

(ν′,ϵν′ )
= lgood(C

W1δ1
λ′ ) + dim t

C
W1δ1
λ′

1 ,

and dim t
C
W1δ1
λ′

1 = b. Then it suffices to show

codimG̃O
D
(ν,ϵν) − codimG̃1

OD1

(ν′,ϵν′ )
= lgood(C

Wδ
λ )− lgood(C

W1δ1
λ′ ).
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As previous case, we again have

lgood(C
Wδ
λ )− lgood(C

W1δ1
λ′ ) = m1n− m1

2
(
m1µ1

2
− 1).

Still let ν∗ and ν ′∗ be the dual partition of ν and ν ′ respectively. By [Spa82, §II.6.3], since

µ1

2
= ν1 is odd, we have

codimG̃O
D
(ν,ϵν) − codimG̃1

OD1

(ν′,ϵν′ )
=

1

2
m1

∑
i

(ν∗i + ν ′∗i )−m1[
ν1
2
] +

m1µ1

4

= m1n− m2
1µ1

4
+
m1

2
.

Thus the statement is true in this case.

(3) Finally consider the case when µ1

2
is odd and ϵν(µ1

2
) = 0. Then the longest cycle of CWδ

λ

must be a positive µ1-cycle and there is no negative µ1

2
-cycle. Set m1 = mµ(µ1). Then

m1 = 2mλ(µ1) and there are m1

2
positive µ1-cycles. Then we have θi1 = 2π

µ1
. If µ1 = 2,

then ν = (1, . . . , 1) ∈ P(n + 1) and ϵν(1) = 0. We also have λ = (2, . . . , 2) ∈ P(n + 1)

and δ ∈ CWδ
λ . We have dim tC

Wδ
λ = n+1

2
. By [Spa82, §II.6.3], we have codimG̃O

D
(ν,ϵν)

=

(n+1)2

2
− (n + 1) + n+1

2
+ (n + 1) = (n+1)(n+2)

2
. By applying the formula in lemma 3.1.5

to δ, we have |HFi1
| = m1 =

n+1
2

. Then lgood(C
Wδ
λ ) = n(n+1)−(n+1)

2
+ (n+1) = (n+1)2

2
and

our statement is true.

Now assume µ1 > 2. Choose an arbitrary w̃ ∈ CWδ
λ . Let I ′1 ⊂ I ′ be corresponding to all

positive µ1-cycles of w̃. Let

{js,1
w̃−→ js,2

w̃−→ · · · w̃−→ js,µ1 , −js,1
w̃−→ −js,2

w̃−→ · · · w̃−→ −js,µ1 | 1 ≤ s ≤ m1

2
}
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be all positive µ1-cycle of w̃ where js,1, . . . , js,µ1 ∈ ±I ′1. Again one can check that
µ1−1∑
k=1

sin 2kπ
µ1
ejs,k and

µ1−1∑
k=1

sin 2kπ
µ1
ejs,k+1

for 1 ≤ s ≤ m1

2
all lie in V

2π
µ1
w̃ \ {0} if µ1 > 2.

Unlike above two cases, in this case we have HFi1
is actually the disjoint union of {Hα |

(α, ei) = 0, ∀i ∈ I ′1} and {Hα | α = e|js,k| − e|j
s,

µ1
2 +k

|, 1 ≤ s ≤ m1

2
, 1 ≤ k ≤ µ1

2
}.

Moreover, one may check that
µ1−1∑
k=1

sin 4kπ
µ1
ejs,k and

µ1−1∑
k=1

sin 4kπ
µ1
ejs,k+1

for 1 ≤ s ≤ m1

2
all

lie in V
4π
µ1
w̃ \ {0} and {Hα | α = e|js,k| − e|j

s,
µ1
2 +k

|, 1 ≤ s ≤ m1

2
, 1 ≤ k ≤ µ1

2
} does not

contain the subspace spanned by these vectors.

Then WFi1
< W is the product of W1 and W ′. Here W1 is generated by the reflections

corresponding to {Hα | (α, ei) = 0,∀i ∈ I ′1} and W ′ is generated by the reflections

corresponding to {e|js,k| − e|j
s,

µ1
2 +k

| | 1 ≤ s ≤ m1

2
, 1 ≤ k ≤ µ1

2
}. One can check that W1

is of same type as W with rank n− m1µ1

2
≥ 1 and W ′ is of type A1 × · · · × A1 with m1µ1

4

copies of A1. By above discussion on V
4π
µ1
w̃ \ {0}, the root hyperplanes corresponding to

W ′ actually lie in Hθij
\ Hθij+1

for θij =
4π
µ1

.

Let G1 be almost simple of same type as G corresponding to Weyl group W1, which again

make its rank n− m1µ1

2
. Then define G̃1, D1, t1, δ1, W̃1 and Φ1 as before. Similarly define

(ν ′, ϵν′) and λ′ as in the first case. It is clear that CW1δ1
λ′ is most elliptic in Φ−1

1 (OD1

(ν′,ϵν′ )
). By

induction hypothesis, we have

codimG̃1
OD1

(ν′,ϵν′ )
= lgood(C

W1δ1
λ′ ) + dim t

C
W1δ1
λ′

1 ,

and dim t
C
W1δ1
λ′

1 = b − m1

2
. By our above discussion on HFi1

and W ′, let H1 be the set of
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root hyperplanes corresponding to W1, we have

lgood(C
Wδ
λ )− lgood(C

W1δ1
λ′ ) =

2

µ1

|H− HFi1
|+ 4

µ1

|HFi1
− H1|

= m1n− m2
1µ1

4
+m1.

Still let ν∗ and ν ′∗ be the dual partition of ν and ν ′ respectively. Let ν∗max = ν∗i where i is

the largest number such that ν∗i > 0. By [Spa82, §II.6.3], we have

codimG̃O
D
(ν,ϵν) − codimG̃1

OD1

(ν′,ϵν′ )
=

1

2
m1

∑
i

(ν∗i + ν ′∗i )−m1[
ν1
2
] +

m1µ1

4
+ ν∗max

= m1n− m2
1µ1

4
+
m1

2
+m1.

Thus the statement is true in this case.

By above three cases and induction, proposition 3.3.1 holds for type 2An.

• Type Bn,Cn,Dn: In these cases, we label the simple roots as follows.

Bn,Cn: ◦
n

◦
n− 1

◦
2

◦
1

Dn: ◦
n

◦
n− 1

◦
◦2

◦1

First consider in type Dn, a unipotentG-orbit O(ν,ϵν) splits into (O(ν,ϵν))I and (O(ν,ϵν))II if νj

and mν(j) are all even and ϵν = 0. By §2.2, we have Φ−1((O(ν,ϵν))I) and Φ−1((O(ν,ϵν))II)

are both singletons. They are the two conjugacy classes corresponding the same bipartition

(λ, µ) where λ is the zero partition and µ ∈ P(n) with mµ(k) = 1
2
mν(k) for all k. By
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our definition of good position braid representatives, one only need to prove this for one of

these two classes.

We proceed by induction. Assume the statement is true if the rank of G is less than n.

Recall G̃ = G in type Bn and type Cn, we only consider the twisted case in type Dn. We

denote the two components of G̃ in type Dn as G and D ̸= G. Let (ν, ϵν) ∈ P̃−1(2n) and

O(ν,ϵν) be the corresponding unipotent G-orbit in G or D. In type Dn, we have O(ν,ϵν) ∈ G

if ν has even number of parts and O(ν,ϵν) ∈ D if ν has odd number of parts.

Let (λ, µ) ∈ BP(2n) such that C(λ,µ) = Ψ(O(ν,ϵν)). Write ν = (ν1, . . . , νl) ∈ P−1(2n), λ =

(λ1, . . . , λa) and µ = (µ1, . . . , µb). We have dim tC(λ,µ) = bwhich is the number of positive

cycles of C(λ,µ). Let {ej | j ∈ I} be the natural basis of V such that w̃(ej) = ew̃(j) for all

w̃ ∈ W̃ . Here we set e−j = −ej . Choose the simple roots to be {en−en−1, . . . , e2−e1, e1}

in type Bn and {en−en−1, . . . , e2−e1, 2e1} in type Cn and {en−en−1, . . . , e2−e1, e2+e1}

in type Dn. One notice that the twist δ in type Dn satisfies δ(e1) = e−1. Let r(Θ) be the

irredundant sequence corresponding to C(λ,µ). We divide the proof into three different cases

based on the size of the longest cycle of C(λ,µ). The ideas are the same for these cases.

(1) First consider the case when ν1 is odd. Then the longest cycle of C(λ,µ) is a positive

ν1-cycles. Then mν(ν1) = m1 is even and mµ(ν1) =
m1

2
. There are m1

2
positive ν1-cycles.

Therefore, we have θi1 =
2π
ν1

.

Again choose an arbitrary w̃ ∈ C(λ,µ). Let I1 ⊂ I be corresponding to all positive ν1-cycles

of w̃. Let

j1
w̃−→ j2

w̃−→ · · · w̃−→ jν1 ,−j1
w̃−→ −j2

w̃−→ · · · w̃−→ −jν1
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be a positive ν1-cycle where j1, . . . , jν1 ∈ ±I1. Then again one can check that the vectors
ν1−1∑
k=1

sin 2kπ
ν1
ejk ,

ν1−1∑
k=1

sin 2kπ
ν1
ejk+1

∈ V
2π
ν1
w̃ \ {0} if ν1 > 1 and ej1 ∈ V 2π

w̃ \ {0} if ν1 = 1. As

before, we have HFi1
= {Hα | (α, ei) = 0,∀i ∈ I1}. Then WFi1

< W is the standard

parabolic subgroup of the same type as W with rank n− m1ν1
2

.

Let G1 be almost simple of same type as G corresponding to Weyl group W1 := WFi1
,

which means its rank is n − m1ν1
2

. Let G̃1 be the affine algebraic group (disconnected in

type D) with G1 as its identity component. Let δ1 be the restriction of δ and D1 be the

corresponding component of G̃1. Clearly D1 = G1 and δ1 is trivial in type B,C. Let t1 be

the Lie algebra of a maximal torus of G1. Set W̃1 = W1 ⋊ ⟨δ1⟩. Let Φ1 : [W̃1] → [(G̃1)u]

be the Lusztig’s map.

Let ν ′ = (νm1+1, . . . , νl) ∈ P−1(2n) and ϵν′ be the restriction of ϵν . We set µ′ =

(µm1
2

+1, . . . , µb). It is clear that C(λ,µ′) is most elliptic in Φ−1
1 (O(ν′,ϵν′ )

). By induction

hypothesis, we have

codimG̃1
O(ν′,ϵν′ )

= lgood(C(λ,µ′)) + dim t
C(λ,µ′)
1 ,

and dim t
C(λ,µ′)
1 = b− m1

2
. Therefore, it suffices to show

codimG̃O(ν,ϵ) − codimG̃1
O(ν′,ϵ) = lgood(C(λ,µ))− lgood(C(λ,µ′)) +

m1

2
.
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By lemma 3.1.5, we have

lgood(C(λ,µ))− lgood(C(λ,µ′)) =


2m1n− m2

1ν1
2

type Bn,Cn,

2m1n− m2
1ν1
2

−m1 type Dn.

Meanwhile, by [Hes79, Theorem 4.4] we have

codimG̃O(ν,ϵ) − codimG̃1
O(ν′,ϵ) =

m1∑
i=1

iνi +m1

l∑
i=m1+1

νi −
m1∑
i=1

χ(νi)

= 2m1n− m2
1ν1
2

+
m1ν1
2

−
m1∑
i=1

χ(νi).

Here χ : N → Z is defined in [Hes79, §3.5] as χ(s) = max{0,min{n− s+ t, t}} in rank

n, where

t =



s
2

if G is of type B,C and O has a V (s) block ,

s+2
2

if G is of type D and O has a V (s) block,

[ s−1
2
] if G is of type B,C and O has no V (s) blocks,

[ s+1
2
] if G is of type D and O has no V (s) blocks.

In our case, we have

m1∑
i=1

χ(νi) =


m1(ν1−1)

2
if G is of type B,C,

m1(ν1+1)
2

if G is of type D.

By above equations, the statement is true if ν1 is odd.
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(2) Then we consider the case when ν1 is even and ϵ(ν1) = 1. Then O(ν,ϵν) has a V (ν1)

block and the longest cycle is a negative ν1
2

-cycle. Since C(λ,µ) = Ψ(O(ν,ϵν)), there is no

positive ν1-cycle. Set mν(ν1) = m1. We then have mλ(
ν1
2
) = m1 and θi1 =

2π
ν1

.

Choose an arbitrary w̃ ∈ C(λ,µ). Let I1 ⊂ I be corresponding to all negative ν1
2

-cycles of

w̃. Let

j1
w̃−→ j2

w̃−→ · · · w̃−→ j ν1
2

w̃−→ −j1
w̃−→ · · · w̃−→ −j ν1

2

be a negative ν1
2

-cycle where j1, . . . , j ν1
2

∈ ±I1. One can check that ej1 ∈ V π
w \ {0} if

ν1 = 2 and
ν1
2
−1∑

k=1

sin 2kπ
ν1
ejk ,

ν1
2
−1∑

k=1

sin 2kπ
ν1
ejk+1

∈ V
2π
ν1
w \ {0} if ν1 > 2. As before, we have

HFi1
= {Hα | (α, ei) = 0,∀i ∈ I1}. Then WFi1

< W is the standard parabolic subgroup

of the same type as W with rank n− m1ν1
2

.

Define G̃1, G1, D1, t1,W1, δ1, W̃1 and Φ1 in the same way as previous case. Similarly define

(ν ′, ϵν′). Set λ′ = (λm+1, . . . , λa). We have C(λ′,µ) is most elliptic in Φ−1
1 (O(ν′,ϵν′ )

). By

induction hypothesis, we have

codimG̃1
O(ν′,ϵν′ )

= lgood(C(λ′,µ)) + dim t
C(λ′,µ)
1 ,

and dim t
C(λ,µ′)
1 = dim tC(λ,µ) . Therefore, it suffices to show

codimG̃O(ν,ϵν) − codimG̃1
O(ν′,ϵν′ )

= lgood(C(λ,µ))− lgood(C(λ′,µ)).
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By lemma 3.1.5, we have

lgood(C(λ,µ))− lgood(C(λ,µ′)) = 2m1n− m2
1ν1
2

.

By [Hes79, Theorem 4.4] and the description of χ above, we have

codimG̃O(ν,ϵν) − codimG̃1
O(ν′,ϵν′ )

=

m1∑
i=1

iνi +m1

l∑
i=m1+1

νi −
m1∑
i=1

χ(νi)

= 2m1n− m2
1ν1
2

+
m1µ1

2
−

m1∑
i=1

χ(νi)

= 2m1n− m2
1ν1
2

.

Thus the statement is true in this case.

(3) Finally consider the case when ν1 is even and ϵ(ν1) = 0. Then the longest cycle is a

positive ν1-cycle and there are no negative ν1
2

-cycles. Set mν(ν1) = m1. Then mµ(ν1) =

m1

2
and there are m1

2
positive ν1-cycles. Then we have θi1 =

2π
ν1

.

Choose an arbitrary w̃ ∈ C(λ,µ). Let

{js,1
w̃−→ js,2

w̃−→ · · · w̃−→ js,ν1 ,−js,1
w̃−→ · · · w̃−→ −js,ν1 | 1 ≤ s ≤ m1

2
}

be all positive ν1-cycles of w̃. Again
ν1−1∑
k=1

sin 2kπ
ν1
ejs,k ,

ν1−1∑
k=1

sin 2kπ
ν1
ejs,k+1

for 1 ≤ s ≤ m1

2
all

lie in V
2π
ν1
w̃ and

ν1−1∑
k=1

sin 4kπ
ν1
ejs,k and

ν1−1∑
k=1

sin 4kπ
ν1
ejs,k+1

for 1 ≤ s ≤ m1

2
all lie in V

4π
ν1
w̃ if ν1 > 2.

If ν1 = 2, then {ejs,1 − ejs,2 | 1 ≤ s ≤ m1

2
} is a basis of V π

w̃ and {ejs,1 + ejs,2 | 1 ≤ s ≤ m1

2
}

is contained in V 2π
w̃ .

Therefore, we have WFi1
< W is the product of W1 and W ′. Here W1 is of the same
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type as W with rank n − m1ν1
2

and W ′ is generated by the reflections corresponding to

{ejs,k + ejs,k+r
| 1 ≤ s ≤ m1

2
, 1 ≤ k ≤ ν1

2
}.

Let G1 be almost simple of same type as G corresponding to Weyl group W1. Then define

G̃1, D1, t1, δ1, W̃1 and Φ1 as before. Similarly define (ν ′, ϵν′) and µ′ as in the first case.

Then C(λ,µ′) is most elliptic in Φ−1
1 (O(ν′,ϵν′ )

). By induction hypothesis, we have

codimG̃1
O(ν′,ϵν′ )

= lgood(C(λ,µ′)) + dim t
C(λ,µ′)
1 ,

and dim t
C(λ,µ′)
1 = b− m1

2
.

Let H1 be the set of root hyperplanes corresponding to W1. By our discussion above, we

have

lgood(C(λ,µ))− lgood(C(λ,µ′)) =
2

ν1
|H− HFi1

|+ 4

ν1
|HFi1

− H1|

=


2m1n− m2

1ν1
2

+ m1

2
type Bn,Cn,

2m1n− m2
1ν1
2

− m1

2
type Dn.

By [Hes79, Theorem 4.4] and the description of χ above, we have

codimG̃O(ν,ϵν) − codimG̃1
O(ν′,ϵν′ )

=

m1∑
i=1

iνi +m1

l∑
i=m1+1

νi −
m1∑
i=1

χ(νi)

= 2m1n− m2
1ν1
2

+
m1ν1
2

−
m1∑
i=1

χ(νi)

=


2m1n− m2

1ν1
2

+m1 type Bn,Cn,

2m1n− m2
1ν1
2

type Dn.
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Thus the statement is true in this case.

By above three cases and induction, proposition 3.3.1 holds for type Bn,Cn,Dn.

• Combining all discussion above, proposition 3.3.1 (or proposition 3.3.2) is proved for

classical groups.

3.5 Indecomposably-good position braid representatives

Recall that in section 2.1, the real eigenspaces V θ
w̃ are not indecomposable in general. In

this subsection, we will use a sequence of indecomposable real eigenspaces to replace Θ. Let

V ′ ⊂ V θ
w̃ be an indecomposable real eigenspace. One can see that dimV ′ = 1 if cos θ = ±1 and

dimV ′ = 2 otherwise.

Let w̃ ∈ W̃ and V = (V1, . . . , Vk) be a sequence of distinct indecomposable real eigen-

spaces of w̃ in V . Define Fi =
i∑

j=1

Vi for 1 ≤ i ≤ k and F0 = 0. The definition of being

admissible and complete for V is the same as in §2.1. For any Weyl chamber C, we say

C is in good position with respect to (w̃,V) if C ∩ F reg
i ̸= ∅ for all i. We call (w̃,V) an

indecomposably-good position pair if C is the fundamental chamber C0.

For any 1 ≤ i ≤ j, by definition Vi lies in some real eigenspace V θ
w̃ of w̃. We know the

choice of θ is not unique. Let ΘV = (θ1, . . . , θk) be a sequence such that Vi ⊂ V θi
w̃ . As in

§2.1, one can again define the irredundant subsequnce r(V) = (Vi1 , . . . , Vil) of V. Set Θr(V) =

(θi1 , . . . , θil). We call (w̃,V,ΘV) an indecomposably-good position triple if the fundamental

chamber C0 is in good position with respect to (w̃,V), or equivalently (w̃, r(V)). Note that here

θi and θi′ might be the same. Now if we have θ1 ≤ θ2 ≤ · · · ≤ θl, then we say ΘV is weakly-

increasing. One should also note that we can have infinitely many choices of ΘV for a given V.
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Therefore, we have infinitely many choices of indecomposably-good position triples for a given

indecomposably-good position pair.

We have following analogy to proposition 3.1.2.

Proposition 3.5.1. Let (w̃,V,ΘV) be an indecomposably-good position triple where V is admissible

with r(V) = (Vi1 , . . . , Vil) and Θr(V) = (θi1 , . . . , θil) is weakly-increasing. Suppose that w̃ = wσ

with σ ∈ ⟨δ⟩ and w ∈ W . Then there exists an element b(w̃,V,ΘV) = b(w,V,ΘV)σ ∈ B+(W̃ )

satisfying that πW̃ (b(w̃,V,ΘV)) = w̃ and

b(w̃,V,ΘV)
d = w0

dθi1
π w1

d(θi2
−θi1

)

π · · ·wl−1

d(θil
−θil−1

)

π σd.

Here d ∈ N such that d
θij
2π

∈ Z, andwj is the longest element inWFij
for 0 ≤ j ≤ l. Furthermore,

if d is even, then

b(w̃,V,ΘV)
d
2 = w0

dθi1
2π w1

d(θi2
−θi1

)

2π · · ·wl−1

d(θil
−θil−1

)

2π σ
d
2 .

Proof. The proof of this theorem is almost exactly the same as the proof of proposition 3.1.2.

One just have to notice that [HN12, Lemma 2.2, Lemma 5.2] also work, if we replace V θ
w̃ by any

w̃-stable subspace K ⊂ V θ
w̃ satisfying that C0 contains a regular point of K and C0, w̃(C0) are in

the same connected component of V −
⋃

H∈HK

H .

Definition 3.5.2. The braid element b(w̃,V,ΘV) above is called an indecomposably-good position

braid representative of the triple (w̃,V,ΘV).

Again we directly have the similar formula for the length of these braid representatives as

lemma 3.1.5.
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Corollary 3.5.3. Keep the notations in proposition 3.3.1. We have

l(b(w̃,V,ΘV)) =
l∑

j=1

θij
π
|HFij−1

− HFij
|.

The following result compare these new braid representatives with good position braid

representatives defined in section 3.1. We shall see that good position braid representatives are

all indecomposably-good.

Proposition 3.5.4. Let (w̃,Θ) be a good position pair. Then there exists a sequence V of

indecomposable real eigenspaces of w̃ with sequence Θr(V) = r(Θ) such that (w̃,V,ΘV) is

an indecomposably-good position triple. Furthermore, if b(w̃,Θ) be a good position braid

representative of some (w̃,Θ), then it is an indecomposably-good position braid representative

of (w̃,V,ΘV).

Proof. Let Θ = (θ1, . . . , θk) and Fi :=
i∑

j=1

V
θj
w̃ for 1 ≤ i ≤ k. Let r(Θ) = (θi1 , . . . , θil). By our

assumption and lemma 3.2.1, we have (w̃, r(Θ)) is a good position pair. Then for any 1 ≤ j ≤ l,

there exists a regular point v′j of
j∑

r=1

V
θir
w̃ lying in C0. It is also a regular point of Fij . Let vj

be its projection to V
θij
w̃ . Let α be any root such that Hα ∈ HFij−1

\ HFij
. Then we must have

(vj, α) > 0. Now we choose Vj = Rvj + Rw̃(vj). Clearly Vj ⊂ V
θij
w̃ is an indecomposable real

eigenspace.

Let V = (V1, . . . , Vl). Clearly we can choose ΘV = Θr(V) = r(Θ). Write FV,j =
j∑

r=1

Vr.

Then for any 1 ≤ j ≤ l, there exists
j∑

r=1

λrvr ∈ FV,j lying in F reg
ij

∩ C0 and HFij
= HFV,j

by our

choice of vj above. Therefore, we have (w̃,V,ΘV) is an indecomposably good position triple.

Furthermore part is direct by definition.
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Based on above results, we see indecomposably-good position braid representative is a

more general form. We will naturally relate them to affine Springer fibers in chapter 5.

We end this section by the following result on the existence of indecomposably-good

position triples (or pairs since Θ is chosen manually).

Lemma 3.5.5. Let V = (V1, . . . , Vl) be a sequence of indecomposable real eigenspaces of w̃.

Suppose thatWFl
is trivial where Fl :=

l∑
i=1

Vi, then there is an admissible (or complete) sequence

V′ of indecomposable real eigenspaces of w̃ whose irredundant subsequence is a subsequence of

V.

Proof. It is clear that one can also complete V to a complete sequence V′ by adding indecompos-

able real eigenspaces after Vl. The statement on irredundant subsequence is direct by definition

and the assumption that WFl
is trivial.
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Chapter 4: Transversal slices

In this chapter, let G be a connected reductive algebraic group over an algebraically closed

field k. We consider the following two cases (see [L11-B, §0.2]).

• case I: G is the identity component of a disconnected reductive group G̃ with a fixed

connected component D (no requirements on char(k));

• case II: k = Fq for some finite field Fq and G̃ = G with Frobenius map F : G→ G.

Now fix a Borel subgroup B ⊂ G which is F -stable in case ii and let T ⊂ B be a maximal torus

of G. In case i, let g̃D ∈ D be such that g̃DT g̃−1
D = T and g̃DBg̃−1

D = B. Identify NG(T )/T with

W .

In the first case, the conjugation of component D defines a twist δD : W → W . This

induces δD : G→ G which send the 1-parameter root subgroup Uα to UδD(α). In the second case,

the Frobenius map F also define a twist δF : W → W which send the 1-parameter root subgroup

Uα to UδF (α). We assume that g̃Dxg̃−1
D = δD(x) in case i and F (x) = δFχ(x) in case ii where

χ(x) = xq for all x ∈ k.

The above two cases both lead to some twisted Weyl groups. For convenience, we will

denote the twists δD and δF of W both by δ and the resulting twisted Weyl groups by W̃ . We

also denote the corresponding automorphism δD and F of G both by δG. We will generalize

the construction of transversal slices in [HL12] using good position braid representatives of non-
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elliptic W -conjugacy classes in [W̃ ]. The construction of our slices is related to the structures of

Lusztig varieties and Deligne-Lusztig varieties attached to these braid elements.

Remark 4.0.1. We will construct slices in both cases while they may not be transversal in case

II. However, these slices still satisfy some nice conditions in case II.

4.1 Slices for braids

We start from constructing slices. For any b̃ = bδ ∈ B+(W̃ ), recall the following canonical

decomposition of b̃.

Definition 4.1.1. [DDGKM15] Let b̃ = bδ ∈ B+(W̃ ) be any twisted braid. There is an unique

right Deligne-Garside normal form of b̃

b̃ = bm · · · b1δ.

Here for any i, the braid element bi is the largest right common divisor of bm · · · bi and w0 where

w0 is the longest element in W .

Now we write the left Deligne-Garside normal form of b̃ as b̃ = wm · · ·w1δ where wi ∈ W .

(Here wi are not the same as in proposition 3.1.2). For any w ∈ W , define its inversion set as

Inv(w) = {α ∈ R+ | w(α) ∈ −R+}. For any R′ ⊂ R, define UR′ to be the subgroup of

G generated by root subgroups corresponding to the roots of R′. Then we have UInv(w−1) =

U ∩ ẇU−ẇ−1 = Uw. We can naturally define a collection of subsets of roots as follows.

• Rm := R+ ∩ wm(R
−) = Inv(w−1

m );

• Rm−1 := wm(R
+) ∩ (wmwm−1)(R

−) = wm(Inv(w−1
m−1));
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• Rm−2 := (wmwm−1)(Inv(w−1
m−2));

• . . .

• R1 := (wm · · ·w2)(Inv(w−1
1 )).

For any 1 ≤ i ≤ m, by above we have URi
= ẇm · · · ẇi+1U

wiẇ−1
i+1 · · · ẇ−1

m < G. By [HL12,

§2.7] we haveURi
is isomorphic to affine space Al(wi) and is actually the product of corresponding

root subgroups.

Let C be any W -conjugacy class in [W̃ ]. Consider b̃ = b(w̃) is a good position braid

representative of C where w̃ = wδ. By our proof in section 3.2, one can deduce that the right

Deligne-Garside normal form of b̃ is b̃ = b2b1δ = w′ ·w′wδ. (We formally write b̃ = id ·wδ when

there is only one term in the Deligne-Garside normal form of b̃). Here w′ is the longest element

in the standard parabolic subgroup W ′ of W corresponding to Rw̃, which is the set of fixed roots

under the action of w̃. In this case, we have R1, R2 are defined where R2 = Inv(w′) = (Rw̃)+

and R1 = (Rw̃)−⊔ Inv(w−1). Since δ(R+) = R+, one can see that Inv(w−1) = Inv(w̃−1). Recall

in definition 3.1.1, the above braid element b(w̃) is a good position braid representative of (w̃,Θ)

where Θ is the increasing complete sequence in (0, π] ∪ {2π} for w̃.

More generally, if 2π ∈ Θ, we consider the case when b̃ is a good position braid representa-

tive of (w̃,Θ′). Here Θ′ is obtained by replacing the 2π in Θ with 2nπ for any n ∈ Z>1. One

can notice that Θ′ is actually the increasing complete sequence in (0, π] ∪ {2nπ} for w̃. In this

case, as before we have the left Deligne-Garside normal form of b̃ is b̃ = (w′)2n−1 · w′wδ.

Therefore, we have R1 = (Rw̃)− ⊔ Inv(w−1) and R2 = R4 = · · · = R2n = (Rw̃)+ and

R3 = R5 = · · · = R2n−1 = (Rw̃)−. Now we define the slices for these braid elements.
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Definition 4.1.2. Given a good position braid representative b̃ = bδ ∈ B+(W̃ ) of a pair (w̃,Θ)

where w̃ = wδ and Θ is the increasing complete sequence in (0, π] ∪ {2nπ} for w̃. Define the

braid slice SD
Br(b̃) in D ⊂ G̃ associated to b̃ = (w′)2n−1 · w′wδ as

SD
Br(b̃) := T w̃UR2nUR2n−1 · · ·UR1ẇg̃D.

Here ẇ is a representative of w, T w̃ is the subtorus of T consisting of the fixed points under the

action of w̃. The element g̃D ∈ D is determined as before if D ̸= G and is set to be identity if

D = G. Denote UR2nUR2n−1 · · ·UR1 by U b̃.

We also define the G-braid slice SBr(b̃) in G ⊂ G̃ associated to b̃ as

SBr(b̃) := T w̃U b̃ẇ.

Remark 4.1.3. (1) The slice SD
Br(b̃) is equal to SBr(b̃) if D = G, e.g. in case II.

(2) The “unipotent part” U b̃ here does not lie in Gu in general, we just write it as U b̃ to

emphasize it is an analogy of Uw = U ∩ ẇU−ẇ−1. For example, if b̃ = w0
2, we have U b̃ = UU−

which is clearly not unipotent.

Definition 4.1.4. Keep the notations in definition 4.1.2 and assume that b̃ is actually the good

position braid representative b(w̃) of w̃. Define the enlarged slice of b̃ as

ŜD
Br(b̃) := Lw̃U

wẇg̃D,

where Lw̃ is the (possibly disconnected) reductive group generated by T w̃ and the root subgroups

62



corresponding to Rw̃. We similarly define the enlarged G-slice

ŜBr(b̃) := Lw̃U
wẇ.

For any given w̃ ∈ C which admits a good position braid representative b(w̃), the above

braid slices SD
Br(b̃) (resp. SBr(b̃)) in definition 4.1.2 are all open dense in ŜD

Br(b(w̃)) (resp.

ŜBr(b(w̃))).

Example 4.1.5. (Both are nontwisted case) Keep the labeling in section 3.4.

(1) Let G be of type C4, D = G and C be the conjugacy class corresponding to a positive

3-cycle and a negative 1-cycle (non-elliptic). Then b = s4s2s1s2s3s4s2s1s2s3s1 is a good position

braid representative b(w) of C where w = πW (b). However, it is not of minimal length in C. In

this case, the braid slice of b is SD
Br(b) = SBr(b) = TwUwẇ and the enlarged slice of b is also

ŜBr(b) = TwUwẇ. Indeed, we have SBr(b̃) = ŜBr(b̃) whenever Rw̃ is trivial.

(2) Let G be of type C2, D = G and C be the conjugacy class corresponding to a positive

2-cycle. (This is again non-elliptic). Then one may choose b = s2 · s1s2s1s2 = s2 · w0 as a

good position braid representative of C. Thus w = πW (b) = s1s2s1. In this case, we have

U b = U s2Us2(R+) and thus the braid slice of b is SD
Br(b) = SBr(b) = TwU s2Us2(R+)ẇ. It is easy

to notice that U b is not unipotent as Ue2−e1Ue1−e2 ⊂ U b. The enlarged slice of b is ŜBr(b) =

LwU
wẇ where Lw is generated by Ue2−e1 , Ue1−e2 and Tw. From this example, one can see that

in the enlarged slice, the part LwU
w is a subgroup of G. This may admit some better geometric

properties than braid slices.

From now on we always assume that b̃ is a braid element in definition 4.1.2. We first prove

the following lemma on convexity of subsets of R.
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Lemma 4.1.6. The subsets (Rw̃)+ ⊔ Inv(w−1) and (Rw̃)− ⊔ Inv(w−1) are convex in R.

Proof. As before, let V be the real reflection representation of W . Since b̃ = b(w̃) is a good

position braid representative of C, then there exists v ∈ V such that (v, α) > 0 for any α ∈

R+ \Rw̃ and (v, α) = 0 for any α ∈ Rw̃.

Let α ∈ Rw̃ = Rw̃−1 and β ∈ Inv(w−1) = Inv(w̃−1). Suppose that mα+nβ ∈ R for some

m,n ∈ Z>0, then we have (v,mα + nβ) = (v, nβ) > 0. This tells that mα + nβ ∈ R+ \ Rw̃.

Meanwhile, we have (v, w̃−1(mα + nβ)) = (v,mα + nw̃−1(β)) = n(v, w̃−1(β)) < 0. Then we

have w̃−1(mα + nβ) ∈ R− and mα + nβ ∈ Inv(w̃−1) = Inv(w−1). Since (Rw̃)+, (Rw̃)− and

Inv(w−1) are clearly convex, we have (Rw̃)+ ⊔ Inv(w−1) and (Rw̃)− ⊔ Inv(w−1) are convex.

By [HL12, §2.7], we know U(Rw̃)− is actually the product of the root subgroups corres-

ponding to the roots in (Rw̃)−. Based on the proof of above lemma and Chevalley commutator

formula, we have UR1 = U(Rw̃)−U
w = UwU(Rw̃)− .

Next we show there is a natural way to relate the G-braid slice SBr(b̃) to the original slices

in section 2.4. First consider the case when w′ is not the identity.

Lemma 4.1.7. Let b̃ = (w′)2n−1 · w′wδ be a good position braid representative as above. For

certain choices of representatives inG, there is a natural surjective map from T w̃×S(w′)×· · ·×

S(w′)×S(w′w) with (2n−1)-copies of S(w′) to theG-braid slice SBr(b̃) given by multiplication.

In particular, this map is bijective if n = 1.

Proof. Since w′ is the longest element corresponding to Rw̃, one can choose a representative ẇ′

such that (ẇ′)2 ∈ T w̃. Keeping this choice, any element of T w̃ × S(w′)× · · · × S(w′)× S(w′w)

can be identified as (t, u1ẇ′, . . . , u2n−1ẇ
′, u2nẇ

′ẇ) with t ∈ T w̃, u2n ∈ Uw′w and ui ∈ Uw′ for
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1 ≤ i ≤ 2n− 1. Then we have

tu1ẇ
′ · · ·u2n−1ẇ

′u2nẇ
′ẇ = tu1(ẇ

′u2(ẇ
′)−1) · · · ((ẇ′)2n−1u2n(ẇ

′)1−2n)(ẇ′)2nẇ

= tu′1u
′
2 · · ·u′2n(ẇ′)2nẇ

= t(ẇ′)2nu′′1u
′′
2 · · ·u′′2nẇ,

where u′i = (ẇ′)i−1ui(ẇ
′)1−i and u′′i = (ẇ′)−2nu′i(ẇ

′)2n lie in UR2n+1−i
for all i by our choice of

ẇ′. This gives the natural multiplication map. Since any element in SBr(b̃) can be written in the

form as the right hand side, we have this map is surjective.

Now if n = 1, we claim that any element in SBr(b̃) has a unique decomposition into the

form tu′′1u
′′
2ẇ with t ∈ T w̃, u′′1 ∈ UR2 = Uw′ and u′′2 ∈ UR1 = ẇ′Uw′w(ẇ′)−1. By our discussion

above we know UR2UR1 = U(Rw̃)+U(Rw̃)−U
w. Furthermore, the proof of lemma 4.1.6 ensures

that any element in U(Rw̃)+U(Rw̃)−U
w can be written uniquely as a product of elements in U(Rw̃)+ ,

U(Rw̃)− and Uw. This proves the claim and thus the bijectivity in this case.

In above lemma we allow w′ = id, in which case SBr(b̃) = T w̃Uwẇ and there is a natural

bijective map from T w̃ × S(id)× S(w) to SBr(b̃).

4.2 Cross-section property

In this subsection we care about the cross-section property. Recall that an important version

of cross-section property of Steinberg’s slice and He-Lusztig’s slices is about the U -orbits on

UẇU = S(w)U . We will generalize this for our braid slices and enlarged slices. We consider the

action of U on SD
Br(b̃). However, we have to modify this action.
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Let b̃ = (w′)2n−1 · w′wδ be a good position braid representative in definition 4.1.2. We

first need to fix the choice of representatives for all w ∈ W . In this subsection the choice of

representatives will be the same as in [HL12, §2.4]. From there we immediately know that these

representatives satisfy the braid relations and is compatible with the action of δ. Moreover, we

have (ẇ′)2 ∈ T w̃ based on this choice. Indeed, one notice that λ∨ = w̃(λ∨) for any coweight λ∨

corresponding to Rw̃. One also notice that

⟨α, λ∨⟩ = ⟨w̃(α), w̃(λ∨)⟩ = ⟨α, w̃(λ∨)⟩

for any α ∈ Rw̃. By [HL12, §2.4.(b)], we have (ẇ′)2 ∈ T w̃.

We first consider slices in case I. Recall above we have UR1 = U(Rw̃)−U
w = UwU(Rw̃)− .

Similarly, we have U = UR+\Rw̃U(Rw̃)+ = U(Rw̃)+UR+\Rw̃ and UR+\Rw̃U(Rw̃)− = U(Rw̃)−UR+\Rw̃ .

Note that if w′ = id, then UR1 = Uw and URi
are all trivial for i > 1. Therefore, we have

UR+\Rw̃SD
Br(b̃)UR+\Rw̃ = UR+\Rw̃U b̃ẇdUR+\Rw̃

= UR+\Rw̃T w̃U(Rw̃)+U(Rw̃)− · · ·U(Rw̃)+U(Rw̃)−U
wẇdUR+\Rw̃

= T w̃U(Rw̃)+U(Rw̃)− · · ·U(Rw̃)+U(Rw̃)−UR+\Rw̃UwẇdUR+\Rw̃

= U b̃ẇdUR+\Rw̃ = SD
Br(b̃)UR+\Rw̃ .

Therefore, we would consider the UR+\Rw̃-orbits on SD
Br(b̃)UR+\Rw̃ in case I.

However, in case II, we need to modify above two equations. In general, we consider the
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twisted conjugation for the G-slice SBr(b̃). Similar as above, we have

UR+\Rw̃SBr(b̃)Uδ(R+\Rw̃) = UR+\Rw̃U b̃ẇUδ(R+\Rw̃)

= T w̃U(Rw̃)+U(Rw̃)− · · ·U(Rw̃)+U(Rw̃)−UR+\Rw̃UwẇUδ(R+\Rw̃)

= U b̃ẇUδ(R+\Rw̃) = SBr(b̃)Uδ(R+\Rw̃).

We first show any element in SBr(b̃)Uδ(R+\Rw̃) has a unique expression.

Lemma 4.2.1. There is a natural bijection

SBr(b̃)× UR+\Rw̃ −→ SBr(b̃)Uδ(R+\Rw̃)

given by (gẇ, u) 7→ gẇδG(u).

Proof. Clearly this is surjective. Suppose that g1ẇδG(u1) = g2ẇδG(u2), then we have g−1
1 g2 =

ẇδG(u1u
−1
2 )ẇ−1 ∈ Uw̃(R+\Rw̃). Again by [HL12, §2.7], We know Uw̃(R+\Rw̃) is actually the

product of root subgroups corresponding to w̃(R+\Rw̃). This is equal to (R+\(Rw̃⊔Inv(w̃−1)))⊔

(−Inv(w̃−1)). These root subgroups do not appear in Lw̃U
w by our definition above and the fact

that Inv(w−1) = Inv(w̃−1). Since g1, g2 ∈ U b̃ ⊂ Lw̃U
w, we must have g1 = g2 and u1 = u2.

Then we consider the action of UR+\Rw̃ . Following the idea in [HL12, §2, §3], for any

r ∈ Z>0, we set

U(b̃r) = SBr(b̃)× δG(SBr(b̃)) · · · × δr−1
G (SBr(b̃)),

U̇(b̃r) = SBr(b̃)Uδ(R+/Rw̃) × δG(SBr(b̃)Uδ(R+/Rw̃)) · · · × δr−1
G (SBr(b̃)Uδ(R+/Rw̃)),
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By above discussion, we know that

δiG(SBr(b̃)Uδ(R+/Rw̃)) = δiG(UR+\Rw̃)δiG(SBr(b̃))δ
i
G(Uδ(R+/Rw̃))

= Uδi(R+\Rw̃)δ
i
G(SBr(b̃))Uδi+1(R+\Rw̃).

Therefore, there is an action of (UR+\Rw̃)r−1 on U̇(b̃r) given by

(u1, u2, . . . , ur−1) · (g1, g2, . . . , gr) = (g1δG(u1)
−1, δG(u1)g2δ

2
G(u2)

−1, . . . , δr−1
G (ur−1)gr).

Let Ũ(b̃r) be the set of orbits of above action and κr
b̃
: U̇(b̃r) → Ũ(b̃r) be the natural projection

map. Denote κr
b̃
(g1, g2, . . . , gr) as [g1, g2 . . . , gr]. One can check there is a natural UR+\Rw̃ ×

Uδr(R+\Rw̃)-action on Ũ(b̃r) given by

(u, u′) · [g1, g2, . . . , gr] = [ug1, g2, . . . , gr(u
′)−1].

Meanwhile, recall b̃ = (w′)2n−1 · w′wδ, we set

U(DG(b̃), T w̃) := T w̃UR+\Rw̃ × S(w′)UR+\Rw̃ × · · · × S(w′)UR+\Rw̃ × S(w′w)Uδ(R+\Rw̃),

where there are (2n − 1)-copies of S(w′)UR+\Rw̃ on the left hand side. Based on our choice of

representatives above, recall there is a natural surjective map in lemma 4.1.7, we can then define

Υb̃ : U(DG(b̃), T w̃) → SBr(b̃)Uδ(R+\Rw̃)
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as follows. Let (tu0, g1u1, . . . , g2nu2n) be any element of left hand side. Here t ∈ T w̃, gi ∈ S(w′)

for 1 ≤ i ≤ 2n − 1, g2n ∈ S(w′w), ui ∈ UR+\Rw̃ for 0 ≤ i ≤ 2n − 1 and u2n ∈ Uδ(R+\Rw̃). As

before, one can show that

UR+\Rw̃S(w′w)Uδ(R+\Rw̃) = UR+\Rw̃UInv((w′w)−1)ẇ
′ẇUδ(R+\Rw̃)

= UR+\Rw̃ẇ′−1U(Rw̃)−UInv(w−1)ẇ
′ẇ′ẇUδ(R+\Rw̃)

= ẇ′−1U(Rw̃)−UInv(w−1)UR+\Rw̃ẇ′ẇ′ẇUδ(R+\Rw̃)

= ẇ′−1U(Rw̃)−UInv(w−1)ẇ
′ẇ′UR+\Rw̃ẇUδ(R+\Rw̃)

= S(w′w)Uδ(R+\Rw̃).

Similarly, one can show that

UR+\Rw̃S(w′)UR+\Rw̃ = U(Rw̃)+UR+\Rw̃ẇ′UR+\Rw̃ = U(Rw̃)+ẇ
′UR+\Rw̃ = S(w′)UR+\Rw̃ .

Therefore, we have

tu0g1u1 · · · g2nu2n = t(u0g1)(u1g2) · · · (u2n−1g2n)u2n

= t(g′1u
′
0)(g

′
2u

′
1) · · · (g2nu′2n−1)u2n

= · · ·

= tgu,

where g ∈ S(w′) × · · · × S(w′) × S(w′w) and u ∈ Uδ(R+\Rw̃). Let g′ be the image of tg

under the map in lemma 4.1.7. Then the image of (tu0, g1u1, . . . , g2nu2n) under Υb̃ is g′u ∈
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SBr(b̃)Uδ(R+\Rw̃).

Next we define U(DG(b̃), T w̃, r) as

U(DG(b̃), T w̃)× δG(U(DG(b̃), T w̃))× · · · × δr−1
G (U(DG(b̃), T w̃)).

Here δiG(U(DG(b̃), T w̃)) is defined as

δiG(T
w̃UR+\Rw̃)× δiG(S(w

′)UR+\Rw̃)× · · · × δiG(S(w
′)UR+\Rw̃)× δiG(S(w

′w)Uδ(R+\Rw̃))

Recall that we have UR+\Rw̃S(w′w)Uδ(R+\Rw̃) = S(w′w)Uδ(R+\Rw̃) and UR+\Rw̃S(w′)UR+\Rw̃ =

S(w′)UR+\Rw̃ . It is also clear that UR+\Rw̃T w̃UR+\Rw̃ = T w̃UR+\Rw̃ . Therefore, one can define a

(UR+\Rw̃)(2n+1)r−1-action on U(DG(b̃), T w̃, r) as follows.

Let (u1, . . . , u(2n+1)r−1) ∈ (UR+\Rw̃)(2n+1)r−1 and set u0 = u(2n+1)r to be trivial. We also

let (g(1)1 , . . . , g
(2n+1)
1 , δG(g

(1)
2 ), . . . , δG(g

(2n+1)
2 ), . . . , δr−1

G (g
(1)
r ), . . . , δr−1

G (g
(2n+1)
r )) be arbitrary in

U(DG(b̃), T w̃, r). Here g(1)i ∈ T w̃UR+\Rw̃ , g(2n+1)
i ∈ S(w′w)Uδ(R+\Rw̃) and g(j)i ∈ S(w′)UR+\Rw̃

for all i and 2 ≤ j ≤ 2n. It will then be taken to

(g
′(1)
1 , . . . , g

′(2n+1)
1 , δG(g

′(1)
2 ), . . . , δG(g

′(2n+1)
2 ), . . . , δr−1

G (g
′(1)
r ), . . . , δr−1

G (g
′(2n+1)
r ))
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with

δi−1
G (g

′(1)
i ) = δi−1

G (u(2n+1)(i−1)g
(1)
i u−1

(2n+1)i−2n) ∈ δi−1
G (T w̃UR+\Rw̃),

δi−1
G (g

′(2)
i ) = δi−1

G (u(2n+1)i−2ng
(2)
i u−1

(2n+1)i−2n+1) ∈ δi−1
G (S(w′)UR+\Rw̃),

· · ·

δi−1
G (g

′(2n)
i ) = δi−1

G (u(2n+1)i−2g
(2n)
i u−1

(2n+1)i−1) ∈ δi−1
G (S(w′)UR+\Rw̃),

δi−1
G (g

′(2n+1)
i ) = δi−1

G (u(2n+1)i−1g
(2n+1)
i δG(u(2n+1)i)

−1) ∈ δi−1
G (S(w′w)Uδ(R+\Rw̃)),

for 1 ≤ i ≤ r under the action of (u1, u2, . . . , u(2n+1)r−1). Denote the orbit set of this action as

Ũ(DG(b̃), T w̃, r). There is again a similar action of UR+\Rw̃ ×Uδr(R+\Rw̃) on Ũ(DG(b̃), T w̃, r) as

on Ũ(b̃r).

We first have the following lemma.

Lemma 4.2.2. The map Υb̃ induces a natural surjection

Υ̃r
b̃
: Ũ(DG(b̃), T w̃, r) −→ Ũ(b̃r).

This map is compatible with UR+\Rw̃ × Uδr(R+\Rw̃)-actions on both sides.

Proof. First notice that given any {ui ∈ Uδ(R+\Rw̃)}1≤i≤r and {xi ∈ SBr(b̃)}1≤i≤r, there is

a unique expression [x1u1, δG(x2u2), . . . , δ
r−1
G (xrur)] = [g1, . . . , gr−1, gru] in Ũ(b̃r) with u ∈

δr−1
G (Uδ(R+\Rw̃)) = Uδr(R+\Rw̃) and gi ∈ δi−1

G (SBr(b̃)) for all 1 ≤ i ≤ r. Indeed, since
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δiG(SBr(b̃)Uδ(R+/Rw̃)) = Uδi(R+\Rw̃)δ
i
G(SBr(b̃))Uδi+1(R+\Rw̃), we have

[x1u1, δG(x2u2), . . . , δ
r−1
G (xrur)] = [x1, u1δG(x2u2), . . . , δ

r−1
G (xrur)]

= [x1, δG(x
′
2)δG(u

′
2), . . . , δ

r−1
G (xrur)]

= · · ·

= [x1, δG(x
′
2), . . . , δ

r−2
G (x′r−1), δ

r−1
G (x′r)δ

r−1
G (u′r)],

where u′r ∈ Uδ(R+\Rw̃) and x′i ∈ SBr(b̃) for all i. Moreover, by lemma 4.2.1, above expression on

the right hand side is unique.

Similarly, given an arbitrary element in Ũ(DG(b̃), T w̃, r), there is a unique expression of

it as [t1, g
(1)
1 , . . . , g

(2n)
1 , δG(t2), . . . , δG(g

(2n)
2 ), . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )u′] with ti ∈ T w̃, u′ ∈

Uδr(R+\Rw̃), g
(2n)
i ∈ S(w′w) and g(j)i ∈ S(w′) for 1 ≤ j ≤ 2n− 1.

Now for Υ̃r
b̃
, consider any [t1, g

(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )u′] as above. For

any i, we have ti
2n∏
j=1

g
(j)
i ∈ SBr(b̃) as given by lemma 4.1.7. These naturally define

Υ̃r
b̃
([t1, g

(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )u′])

= [t1
2n∏
j=1

g
(j)
1 , . . . , δr−2

G (tr−1

2n∏
j=1

g
(j)
r−1), δ

r−1
G (tr

2n∏
j=1

g
(j)
r )u′] .

This map is well-defined and surjective due to lemma 4.1.7 and the unique expression of elements

in Ũ(b̃r) mentioned above.

It remains to show Υ̃r
b̃

is compatible with UR+\Rw̃ × Uδr(R+\Rw̃)-actions. Let u ∈ UR+\Rw̃
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and u′ ∈ Uδr(R+\Rw̃), then

(u, u′)[g1, δG(g2), . . . , δ
r−1
G (gr)ur] = [ug1, . . . , δ

r−1
G (gr)ur(u

′)−1]

= [g′1u
′
1, . . . , δ

r−1
G (gr)ur(u

′)−1]

= [g′1, u
′
1δG(g2), . . . , δ

r−1
G (gr)ur(u

′)−1]

= · · ·

= [g′1, δG(g
′
2), . . . , δ

r−1
G (g′r)u

′
rur(u

′)−1].

Here u′0 := u, u′i−1δ
i−1
G (gi) = δi−1

G (g′i)u
′
i with u′i ∈ Uδi(R+\Rw̃) and g′i ∈ SBr(b̃) determined by

applying δi−1
G to both sides of lemma 4.2.1. Similarly, we have

(u, u′)[t1, g
(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )ur]

= [t1u
(0)
1 , g

(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )ur(u

′)−1]

= [t1, g
′(1)
1 u

(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )ur(u

′)−1]

· · ·

= [t1, g
′(1)
1 , . . . , g

′(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

′(2n)
r )u

(2n)
r ur(u

′)−1].

We know g′1u
′
1 = ug1 = ut1

2n∏
j=1

g
(j)
1 = t1

2n∏
j=1

g
′(j)
1 u

(2n)
1 . By lemma 4.2.1, we have u′1 = u

(2n)
1 and

g′1 = t1
2n∏
j=1

g
′(j)
1 . By passing it to g′ru

′
r, it is clear that

Υ̃r
b̃
([t1, g

′(1)
1 , . . . , g

′(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

′(2n)
r )u

(2n)
r ur(u

′)−1])

= [g′1, δG(g
′
2), . . . , δ

r−1
G (g′r)u

′
rur(u

′)−1]
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and our statement is proved.

Based on above lemma, one can relate the twisted UR+\Rw̃-orbits on SBr(b̃)Uδ(R+\Rw̃) to

the (UR+\Rw̃)(2n+1)r−1-orbit space Ũ(DG(b̃), T w̃, r). Nevertheless, we can further combine these

torus parts together and move it to one end.

We set U(DG(b̃)) = S(w′)UR+\Rw̃ × · · · × S(w′)UR+\Rw̃ × S(w′w)Uδ(R+\Rw̃) where there

are again (2n− 1)-copies of S(w′)UR+\Rw̃ . Then define

U(DG(b̃), r) = U(DG(b̃))× δG(U(DG(b̃)))× · · · × δr−1
G (U(DG(b̃)))

and

U̇(DG(b̃), r) = U(DG(b̃), r)× δrG(T
w̃UR+\Rw̃).

Then one can again define an action of (UR+\Rw̃)2nr on U̇(DG(b̃), r) as follows. Consider

an element (g(1)1 , . . . , g
(2n)
1 , . . . , δr−1

G (g
(1)
r ), . . . , δr−1

G (g
(2n)
r ), hr+1) in U̇(DG(b̃), r) with hr+1 ∈

δrG(T
w̃UR+\Rw̃), g(2n)i ∈ S(w′w)Uδ(R+\Rw̃) and g(j)i ∈ S(w′)Uδ(R+\Rw̃) for 1 ≤ j ≤ 2n − 1.

Let (u1, u2, . . . , u2nr) ∈ (UR+\Rw̃)2nr be arbitrary and formally set u0 to be trivial. Then it takes

(g
(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (g
(1)
r ), . . . , δr−1

G (g
(2n)
r ), hr+1)

to

(g
′(1)
1 , . . . , g

′(2n)
1 , . . . , δr−1

G (g
′(1)
r ), . . . , δr−1

G (g
′(2n)
r ), h′r+1)
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where

δi−1
G (g

′(1)
i ) = δi−1

G (u2ni−2ng
(1)
i u−1

2ni−2n+1),

δi−1
G (g

′(2)
i ) = δi−1

G (u2ni−2n+1g
(2)
i u−1

2ni−2n+2),

· · ·

δi−1
G (g

′(2n)
i ) = δi−1

G (u2ni−1g
(2n)
i δG(u2ni)

−1),

h′r+1 = δrG(u2nr)hr+1,

for 1 ≤ i ≤ r. Denote the orbit space of this action as Ũ(DG(b̃), r). There is also an UR+\Rw̃ ×

Uδr(R+\Rw̃)-action on Ũ(DG(b̃), r) similar as before.

Recall the proof of lemma 4.2.2, any element in Ũ(DG(b̃), T w̃, r) admits a unique expression

as [t1, g
(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (tr), . . . , δ
r−1
G (g

(2n)
r )u] with some ti ∈ T w̃, u ∈ Uδr(R+\Rw̃), g

(2n)
i ∈

S(w′w) and g(j)i ∈ S(w′) for 1 ≤ j ≤ 2n − 1 and all i. Similarly, any element in Ũ(DG(b̃), r)

also admit a unique expression

[g
(1)
1 , . . . , g

(2n)
1 , . . . , δr−1

G (g(1)r ), . . . , δr−1
G (g(2n)r ), δrG(t)u]

with some t ∈ T w̃, u ∈ Uδr(R+\Rw̃), g
(2n)
i ∈ S(w′w) and g(j)i ∈ S(w′) for 1 ≤ j ≤ 2n− 1 and all

i.

First assume that r = 2. Let [t1, g
(1)
1 , . . . , g

(2n)
1 , δG(t2), δG(g

(1)
2 ), . . . , δG(g

(2n)
2 )u] be any

element in Ũ(DG(b̃), T w̃, 2) as above. Since ti ∈ T w̃, we have tiẇ = ẇδG(ti) and ti(ẇ′)2 =

(ẇ′)2ti. Then t1
2n∏
j=1

g
(j)
1 =

2n∏
j=1

g
′(j)
1 δG(t1) for some g′(2n)1 ∈ S(w′w) and g′(j)1 ∈ S(w′) for 1 ≤
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j ≤ 2n−1. Similarly, we have δG(t1t2
2n∏
j=1

g
(j)
2 ) = δG(

2n∏
j=1

g
′(j)
2 )δ2G(t1t2) for some g′(2n)2 ∈ S(w′w)

and g′(j)2 ∈ S(w′) for 1 ≤ j ≤ 2n− 1.

Lemma 4.2.3. There is a natural surjection

τ̃ 2w̃ : Ũ(DG(b̃), T w̃, 2) −→ Ũ(DG(b̃), 2),

which sends the element [t1, g
(1)
1 , . . . , g

(2n)
1 , δG(t2), δG(g

(1)
2 ), . . . , δG(g

(2n)
2 )u] ∈ Ũ(DG(b̃), T w̃, 2)

to [g
′(1)
1 , . . . , g

′(2n)
1 , δG(g

′(1)
2 ), . . . , δG(g

′(2n)
2 ), δ2G(t1t2)u] from above equations. Again, this map is

compatible with UR+\Rw̃ × Uδ2(R+\Rw̃)-actions on both sides.

Proof. Due to the uniqueness of the above expression in both sides and the computations above,

we have τ̃ 2w̃ is clearly well-defined and surjective. It remains to show the map is compatible with

UR+\Rw̃ × Uδ2(R+\Rw̃)-actions. This can be checked in the same way as in the proof of lemma

4.2.2.

By repeating this procedure, we get a natural surjective map

τ̃ rw̃ : Ũ(DG(b̃), T w̃, r) → Ũ(DG(b̃), r),

which is compatible with UR+\Rw̃ × Uδr(R+\Rw̃)-actions.

Recall our choice of b̃ = (w′)2n−1·w′wδ is such that b̃ is a good position braid representative

of some pair (w̃,Θ). Choose d such that δd = idW and d satisfies the condition in proposition
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3.1.2. Therefore, we have

b̃d = ((w′)n · w′wδ)d = (w′)n · w′w · δ((w′)n · w′w) · · · δd−1((w′)n · w′w) · δd

= w0
d0w1

d1 · · ·wl−1
dl−1 .

Here all powers are positive integers determined by b̃ and wi is the longest element in a nontrivial

standard parabolic subgroup Wi < W for all i. (Here we set W0 = W ). Moreover, we have a

filtration W0 > W1 > · · · > Wl−1 ̸= {id} and this leads to another filtration R+ = Inv(w−1
0 ) ⊃

Inv(w−1
1 ) ⊃ · · · ⊃ Inv(w−1

l−1) ⊃ (Rw̃)+. Moreover, we have Inv(w−1
l−1) = (Rw̃)+ if and only if

w′ ̸= id if and only if Rw̃ ̸= ∅.

Denote the product S(w′) × · · · × S(w′) × S(w′w) with (2n − 1)-copies of S(w′) by

S(DG(b̃)) and the product of di copies of S(wi) by S(wi, di). Define

S(DG(b̃), d) = S(DG(b̃))× δG(S(DG(b̃)))× · · · × δd−1
G (S(DG(b̃))).

Notice that by our choice of representatives, we have

δiG(S(DG(b̃))) = δiG(S(w
′))× · · · × δiG(S(w

′))× δiG(S(w
′w))

= S(δi(w′))× · · · × S(δi(w′))× S(δi(w′w)).

By [HL12, §2.9] and the good form of b̃d, there is a bijection

Gb̃ : S(DG(b̃), d) −→ S(w0, d0)× · · · × S(wl−1, dl−1).
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For any S(wi), since Wi < W is standard parabolic and Inv(w−1
i ) ⊃ (Rw̃)+, then we have

UR+\Rw̃S(wi)UR+\Rw̃ = UR+\Rw̃UwiẇiUR+\Rw̃ = UwiUR+\Inv(w−1
i )ẇiUR+\Rw̃ = S(wi)UR+\Rw̃ .

The second equation is due to [HL12, §2.7]. Denote the product of di copies of S(wi)UR+\Rw̃ as

U̇(wi, di).

Therefore, as before one can define a natural (UR+\Rw̃)d0+···+dl−1-action on U̇(w0, d0) ×

· · ·× U̇(wl−1, dl−1)×T w̃UR+\Rw̃ as follows. Let (u1, u2, . . . , ud0+···+dl−1
) ∈ (UR+\Rw̃)d0+···+dl−1 .

It takes (g1, g2, . . . , gd0+···+dl−1
, h) to (g1u

−1
1 , u1g2u

−1
2 , . . . , ud0+···+dl−1

h). Denote the orbit space

of this action as Ũ(w̃∗, d∗). We define an UR+\Rw̃ × UR+\Rw̃-action on Ũ(w̃∗, d∗) as

(u, u′)[g1, g2, . . . , gd0+···+dl−1
, h] = [ug1, g2, . . . , gd0+···+dl−1

, hδdG(u
′)−1]

Since UR+\Rw̃S(wi)UR+\Rw̃ = S(wi)UR+\Rw̃ , we have any element in Ũ(w̃∗, d∗) admits a

unique expression as [x0,1, . . . , x0,d0 , . . . , xl−1,dl−1
, tu] where u ∈ UR+\Rw , t ∈ T w̃ and xi,j ∈

S(wi) for 0 ≤ i ≤ l − 1 and 1 ≤ j ≤ di.

Let [g(1)1 , . . . , g
(2n)
1 , . . . , δd−1

G (g
(1)
d ), . . . , δd−1

G (g
(2n)
d ), δdG(t)u] ∈ Ũ(DG(b̃), d) be an arbitrary

element where δdG(t) ∈ δdG(T
w̃), u ∈ Uδd(R+\Rw̃) = UR+\Rw̃ , g(2n)i ∈ S(w′w) and g(j)i ∈ S(w′)

for 1 ≤ j ≤ 2n − 1 by our choice of d. Let (x0,1, . . . , x0,d0 , . . . , xl−1,dl−1
) be the image of

(g
(1)
1 , . . . , g

(2n)
1 , . . . , δd−1

G (g
(1)
d ), . . . , δd−1

G (g
(2n)
d )) under Gb where xi,j ∈ S(wi) for 0 ≤ i ≤ l − 1

and 1 ≤ j ≤ di. Then we can define a map

G̃b̃ : Ũ(DG(b̃), d) → Ũ(w∗, d∗),

which sends the element [g(1)1 , . . . , g
(2n)
1 , . . . , δd−1

G (g
(1)
d ), . . . , δd−1

G (g
(2n)
d ), δdG(t)u] ∈ Ũ(DG(b̃), d)
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to [x0,1, . . . , x0,d0 , . . . , xl−1,dl−1
, δdG(t)u] as above.

Lemma 4.2.4. The map G̃b̃ is bijective and is compatible with UR+\Rw̃ ×UR+\Rw̃-actions on both

sides.

Proof. This map is well-defined and bijective due to the uniqueness of the above expressions and

the bijectivity of Gb̃.

It remains to show G̃b̃ is compatible with UR+\Rw̃ ×UR+\Rw̃-actions. It acts on the left hand

side since our choice of d ensures Uδd(R+\Rw̃) = UR+\Rw̃ . This follows from [HL12, §2.9] and

the equations UR+\Rw̃S(wi)UR+\Rw̃ = S(wi)UR+\Rw̃ for all i.

Based on above, we get a surjective map

G̃b̃ ◦ τ̃
d
w̃ : Ũ(DG(b̃), T w̃, d) → Ũ(w̃∗, d∗),

which is compatible with UR+\Rw̃ × UR+\Rw̃-actions on both sides.

Finally, we will generalize the cross-sections which implies the main theorem 1.2.2.(1).

We first give the general precise version of that theorem here.

Theorem 4.2.5. Let O be any unipotent G-orbit in D and C be the “most elliptic” W -conjugacy

class in Φ−1(O). There exists b̃ ∈ B+(W̃ ), which projects to some w̃ ∈ C under the natural

projection, and a corresponding slice SD
Br(b̃) in D satisfying:

(1) The conjugation map

Ξb̃ : UR+\Rw̃ × SD
Br(b̃) → SD

Br(b̃)UR+\Rw̃

given by (u, g) 7→ ugu−1 is an isomorphism of varieties.
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(2) SD
Br(b̃) intersects any G-conjugacy class it meets transversally. In particular, it is a

transversal slice of O.

Proposition 4.2.6. Let C ∈ [W̃ ] and b̃ = bδ be a good position braid representative of (w̃,Θ)

where w̃ = wδ ∈ C and Θ is the increasing complete sequence in (0, π] ∪ {2nπ}. The twisted

conjugation map

Ξδ
b̃
: UR+\Rw̃ × SBr(b̃) → SBr(b̃)Uδ(R+\Rw̃)

given by (u, g) 7→ ugδG(u)
−1 is a bijection.

Proof. Let h be arbitrary in SBr(b̃)Uδ(R+\Rw̃). Consider the element [h, · · · , δd−1
G (h)] in Ũ(b̃d).

By lemma 4.2.2, we can find a preimage ηh of it in Ũ(DG(b̃), T w̃, r). By applying G̃b̃◦τ̃ dw̃ to ηh, we

get an element in Ũ(w∗, d∗), denoted as ξh. Recall our discussion above, one can uniquely write

ξh as [x0,1, . . . , xl−1,dl−1
, tuξ] with uξ ∈ UR+\Rw̃ , t ∈ T w̃ and (x0,1, . . . , xl−1,dl−1

) ∈ S(w0, d0) ×

· · · × S(wl−1, dl−1).

Consider δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 in UR+\Rw̃SBr(b̃)Uδ(R+\Rw̃) = SBr(b̃)Uδ(R+\Rw̃). Due to

lemma 4.2.1, there is a unique decomposition δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 = g′δG(u
′) with u′ ∈

UR+\Rw̃ and g′ ∈ SBr(b̃). We define a map

(Ξδ
b̃
)′ : SBr(b̃)Uδ(R+\Rw̃) → UR+\Rw̃ × SBr(b̃)

as (Ξδ
b̃
)′(h) = (δ−d

G (uξ)
−1, g′). We claim that Ξδ

b̃
and (Ξδ

b̃
)′ are inverse to each other.

We first need to check that (Ξδ
b̃
)′ is well-defined. In other words, we need to show that

uξ is independent of the choice of ηh. Let η′h ̸= ηh be another preimage of [h, . . . , δd−1
G (h)] in
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Ũ(DG(b̃), T w̃, r). Write ηh and η′h uniquely as

ηh = [t1, g
(1)
1 , . . . , g

(2n)
1 , . . . , δd−1

G (td), δ
d−1
G (g

(1)
d ), . . . , δd−1

G (g
(2n)
d )uη]

η′h = [t′1, g
′(1)
1 , . . . , g

′(2n)
1 , . . . , δd−1

G (t′d), δ
d−1
G (g

′(1)
d ), . . . , δd−1

G (g
′(2n)
d )u′η].

Here uη ∈ Uδd(R+\Rw̃) = UR+\Rw̃ , ti ∈ T w̃, g(2n)i ∈ S(w′w) and g(j)i ∈ S(w′) for 1 ≤ j ≤ 2n−1.

Similar facts hold for the decomposition of η′h. By definition of Υ̃d
b̃
, we have

[h, δG(h), . . . , δ
d−1
G (h)] = [t1

2n∏
j=1

g
(j)
1 , . . . , δd−1

G (td

2n∏
j=1

g
(j)
d )uη]

= [t′1

2n∏
j=1

g
′(j)
1 , . . . , δd−1

G (t′d

2n∏
j=1

g
′(j)
d )u′η].

Now notice that ti
2n∏
j=1

g
(j)
i and t′i

2n∏
j=1

g
′(j)
i both lie in SBr(b̃), we have uη = u′η by the uniqueness

of above form. Then by our definition of G̃b̃ ◦ τ̃ dw̃, we have uξ = uη is independent of the choice

of ηh.

We first verify (Ξδ
b̃
)′ ◦ Ξδ

b̃
= id. Let h = ugδG(u)

−1 = Ξδ
b̃
(u, g) be an element in

SBr(b̃)Uδ(R+\Rw̃). Then we have

[h, . . . , δd−1
G (h)] = [ugδG(u)

−1, δG(u)δG(g)δ
2
G(u)

−1, . . . , δd−1
G (u)δd−1

G (g)δdG(u)
−1]

= [ug, δG(g), . . . , δ
d−1
G (g)δdG(u)

−1] = (u, δdG(u))[g, . . . , δ
d−1
G (g)].

Let ηg be a preimage of [g, . . . , δd−1
G (g)]. By our choice of d, the map Υ̃d

b̃
is compatible with the

action of UR+\Rw̃ ×UR+\Rw̃ . Then we have ηh := (u, δdG(u))ηg is a preimage of [h, . . . , δd−1
G (h)].

By applying G̃b̃ ◦ τ̃ dw̃ to ηg and ηh, we have ξh = (u, δdG(u)) · ξg since G̃b̃ ◦ τ̃ dw̃ is also compatible
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with the action of UR+\Rw̃ × UR+\Rw̃ .

Since g ∈ SBr(b̃), we have ξg can be written as [x′0,1, . . . , x
′
l−1,dl−1

, t′] where t′ ∈ T w̃ and

(x′0,1, . . . , x
′
l−1,dl−1

) ∈ S(w0, d0)× · · · × S(wl−1, dl−1). Now write ξh = [x0,1, . . . , xl−1,dl−1
, tuξ],

then

[x0,1, . . . , xl−1,dl−1
, t] = (u, uξδ

d
G(u))[x

′
0,1, . . . , x

′
l−1,dl−1

, t′]

= [ux′0,1, . . . , x
′
l−1,dl−1

, t′δdG(u)
−1u−1

ξ ].

Now notice that ux′0,1 ∈ UR+\Rw̃S(w0) = S(w0) since Uw0 = U . Then uξ = δdG(u)
−1 due

to the uniqueness of above expression, which implies that δ−d
G (uξ) = u−1. Therefore, we have

uξhδG(uξ)
−1 = g which means g′ = g and thus (Ξδ

b̃
)′(h) = (u, g).

Conversely, let h ∈ SBr(b̃)Uδ(R+\Rw̃) be any element. By definition of (Ξδ
b̃
)′, it suffices to

show that δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 is in SBr(b̃). If this is true, then g′ = δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 and

Ξδ
b̃
(δdG(uξ)

−1, g′) = h. By lemma 4.2.1, we assume h = g0δG(u0) for some u0 ∈ UR+\Rw̃ and

g0 ∈ SBr(b̃). We have

[h, . . . , δd−1
G (h)] = [g0δG(u0), . . . , δ

d−1
G (g0)δ

d
G(u0)]

= [g0, δG(u0g0), . . . , δ
d−2
G (u0g0), δ

d−1
G (u0g0)δ

d
G(u0)]

= [g0, δG(g1)δ
2
G(u1), . . . , δ

d−2
G (g1)δ

d−1
G (u1), δ

d−1
G (g1)δ

d
G(u1u0)]

= [g0, δG(g1), δ
2
G(u1g1), . . . , δ

d−2
G (u1g1), δ

d−1
G (u1g1)δ

d
G(u1u0)]

= · · ·

= [g0, δG(g1), . . . , δ
d−2
G (gd−2), δ

d−1
G (gd−1)δ

d
G(ud−1 · · ·u1u0)].
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Here we have ui ∈ UR+\Rw̃ and gi ∈ SBr(b̃) satisfying that uigi = gi+1δG(ui+1) for 0 ≤ i ≤ d−2.

By our discussion above we have uξ = δdG(ud−1 · · ·u1u0). Then

δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 = ud−1 · · ·u1u0g0δG(u0)δG(u0)−1 · · · δG(ud−1)
−1

= ud−1 · · ·u1g1δG(u1)δG(u1)−1 · · · δG(ud−1)
−1

= · · ·

= ud−1gd−1.

Meanwhile, one notice that

(u0, 1)[g0, δG(g1) . . . , δ
d−1
G (gd−1)] = [g1, δG(g2), . . . , δ

d−2
G (gd−1), δ

d−1
G (ud−1gd−1)].

Let η be a preimage of [g0, δG(g1) . . . , δd−1
G (gd−1)] under Υ̃d

b̃
. Then the image of η under G̃b̃ ◦ τ̃ dw̃

can be written as [x′′0,1, . . . , x
′′
l−1,dl−1

, t′′] where t′′ ∈ T w̃ and (x′′0,1, . . . , x
′′
l−1,dl−1

) ∈ S(w0, d0) ×

· · · × S(wl−1, dl−1).

Let η′ be a preimage of [g1, δG(g2), . . . , δd−2
G (gd−1), δ

d−1
G (ud−1gd−1)] under Υ̃d

b̃
. Then the

image of η′ under G̃b̃◦τ̃ dw̃ is (u0, 1)[x′′0,1, . . . , x
′′
l−1,dl−1

, t′′] = [u0x
′′
0,1, . . . , x

′′
l−1,dl−1

, t′′] and u0x′′0,d0 ∈

S(w0) since Uw0 = U . Therefore, we have δd−1
G (ud−1gd−1) ∈ δd−1

G (SBr(b̃)). Finally, we have

δ−d
G (uξ)hδ

−d+1
G (uξ)

−1 = ud−1gd−1 ∈ SBr(b̃) and our claim is proved.

Therefore, we have Ξδ
b̃

is a bijection with inverse (Ξδ
b̃
)′.

One can then prove the similar result for enlarged G-slices.

Corollary 4.2.7. Keep the notations above and further require that b̃ = b(w̃) is actually a good
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position braid representative of C. Then the twisted conjugation map

Ξ̂δ
b̃
: UR+\Rw̃ × ŜBr(b̃) → ŜBr(b̃)Uδ(R+\Rw̃)

given by (u, g) 7→ ugδG(u)
−1 is a bijection.

Proof. First we recall that ŜBr(b̃) = SBr(b̃) if Rw̃ is trivial. We only need to prove for the case

when Rw̃ is nontrivial. In this case, we have b̃ = w′ · w′wδ where w′ is the longest element in

W ′ < W corresponding to Rw̃.

We first need to show that this map is well-defined. In other word, one need to show that

ugδG(u)
−1 always lie in ŜBr(b̃)Uδ(R+\Rw̃). Recall that ŜBr(b̃) = Lw̃U

wẇ where Lw̃ is generated

by T w̃ and the root subgroups corresponding to Rw̃, then we have

UR+\Rw̃Lw̃U
wẇUδ(R+\Rw̃) = Lw̃UR+\Rw̃UwẇUδ(R+\Rw̃) = Lw̃U

wẇUδ(R+\Rw̃)

and thus Ξ̂δ
b̃

is well-defined. Moreover, one shall notice that the proof of lemma 4.2.1 generates

to ŜBr(b̃) as our proof there actually investigated root subgroups in Lw̃U
w. Thus any element in

ŜBr(b̃)Uδ(R+\Rw̃) can be uniquely written as a product of elements in ŜBr(b̃) and Uδ(R+\Rw̃).

Let h be arbitrary in ŜBr(b̃)Uδ(R+\Rw̃). We write h = lu1ẇu2 with l ∈ Lw̃, u1 ∈ Uw and

u2 ∈ Uδ(R+\Rw̃). Now for l, by definition we have l must lie in T w̃U(Rw̃)−U(Rw̃)+ · · ·U(Rw̃)−U(Rw̃)+

with a finite number of copies of U(Rw̃)−U(Rw̃)+ . Recall our definition of G-braid slices, then by

above there exists a good position braid representative b̃′ of some (w̃,Θ′) such that lu1ẇ ∈

SBr(b̃
′). Moreover, we assume b̃′ is of minimal length in B+(W̃ ) with above property. Then we

have h ∈ SBr(b̃
′)Uδ(R+\Rw̃). By our proof of proposition 4.2.6, we then have (Ξδ

b̃′
)′(h) = (u, g)
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for some u ∈ UR+\Rw̃ and g ∈ SBr(b̃
′) ⊂ ŜBr(b̃) satisfying ugδG(u)−1 = h.

Now we define a map

(Ξ̂δ
b̃
)′ : ŜBr(b̃)Uδ(R+\Rw̃) → UR+\Rw̃ × ŜBr(b̃),

where (Ξ̂δ
b̃
)′(h) is exactly the pair (u, g) above. We first show this map is well-defined. Let

h and b̃′ be as above. Let b̃′′ be a good position braid representative of (w̃,Θ′′) for another

sequence Θ′′ such that lu1ẇ ∈ SBr(b̃
′′). Let r(Θ′) and r(Θ′′) be the irredundant subsequence

respectively. By our assumption that Rw̃ is nontrivial and the completeness of Θ′ and Θ′′, we

must have the largest angles in r(Θ′) and r(Θ′′) are both multiples of 2π. We may then assume

that b̃′ = (w′)2n1−1 · w′wδ and b̃′′ = (w′)2n2−1 · w′wδ. By our assumption on b̃′ we know

n1 < n2 and thus SBr(b̃
′) ⊂ SBr(b̃

′′). Then by applying proposition 4.2.6 to (Ξδ
b̃′′
)′ we must have

(Ξδ
b̃′
)′(h) = (Ξδ

b̃′′
)′(h). Therefore, the map (Ξ̂δ

b̃
)′ is well-defined.

It remains to check that Ξ̂δ
b̃

and (Ξ̂δ
b̃
)′ are inverse to each other. By definition it is clear

that Ξ̂δ
b̃
◦ (Ξ̂δ

b̃
)′ is identity. As for (Ξ̂δ

b̃
)′ ◦ Ξ̂δ

b̃
(u, g) = (u, g), this reduces to proposition 4.2.6 by

replacing (Ξ̂δ
b̃
)′ with (Ξδ

b̃′
)′ where b̃′ is a good position braid representative of some (w̃,Θ′) such

that g ∈ SBr(b̃
′).

Now we focus on case I. One can prove the first part of theorem 4.2.5.

Proof of theorem 4.2.5.(1) It is clear that Ξδ
b̃

is a morphism of varieties by definition. As for

(Ξδ
b̃
)′, we first notice that the map from UR+\Rw̃SBr(b̃) to UR+\Rw̃ which maps h to uξ is actually

a morphism of varieties since it is determined by a series of conjugations by our computations

above. Now in case I, we have uξ 7→ δ−d
G (uξ)

−1 is also a morphism of varieties since δ−d
G is given

by the conjugation of some element in D. Then (Ξδ
b̃
)′ is a morphism of varieties. Therefore, we
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have Ξδ
b̃

is an isomorphism of varieties.

Now going back to the slice SD
Br(b̃) = SBr(b̃)g̃D. Elements of SD

Br(b̃) are of the form gg̃D

for some g ∈ SBr(b̃). By definition of g̃D, we have Ξb̃(u, gg̃D) = Ξδ
b̃
(u, g)g̃D. Similarly, one can

construct its inverse (Ξb̃)
′ by the composition of multiplication of g̃−1

D and (Ξδ
b̃
)′. Therefore, we

have Ξb̃ is also an isomorphism of varieties.

Remark 4.2.8. (1) One shall notice that in this section we do not require C ∈ [W̃ ] to be the “most

elliptic” conjugacy class in Φ−1(O) for some unipotent G-orbit O. This implies that the first part

of theorem 4.2.5 actually works for any C.

(2) In case II, the bijective map Ξδ
b̃

is not an isomorphism of varieties anymore. This is

because the definition of (Ξδ
b̃
)′ involves the inverse of δG = F , which is not an isomorphism of

varieties.

(3) It is direct from above proof that the enlarged slice ŜD
Br(b̃) also have the above cross

section property.

(4) At the beginning of this subsection we fixed a special form of the representatives ẇ for

allw ∈ W . However, proposition 4.2.6, corollary 4.2.7 and the first part of theorem 4.2.5 actually

hold for any representative ẇ by applying multiplications in G. However, things are different for

transversality and we shall see this then.

4.3 Transversality

In this section, we always assume that C is the “most elliptic”W -conjugacy class in Φ−1(O)

for some O ∈ [G̃u] if there is no specific clarification. We prove the second part of theorem

4.2.5. However, we start by investigating the enlarged G-slice ŜBr(b̃). We start with a similar

86



result as first part of theorem 4.2.5 for ŜBr(b̃). Note this result does not need the “most elliptic”

assumption.

Corollary 4.3.1. Keep the notations in corollary 4.2.7. The twisted conjugation map

(Ξ̂δ
b̃
)− : U−(R+\Rw̃) × ŜBr(b̃) → U−(R+\Rw̃)ŜBr(b̃)Uδ(−(R+\Rw̃))

given by (u, g) 7→ ugδG(u)
−1 is a bijection. Moreover, it is an isomorphism of varieties in case I.

Proof. Recall that there is an anti-automorphism ι of G which interchanges root subgroups Uα

and U−α. By our discussion in section 4.1, we have

ŜBr(b̃) = Lw̃U
wẇ = Lw̃UInv(w−1)ẇ

= Lw̃ẇU−Inv(w)

= ẇ · δG(Lw̃)U−Inv(w).

By applying δ−1
G to it, we have

δ−1
G (ŜBr(b̃)) = δ−1

G (ẇ) · Lw̃Uδ−1(−Inv(w)).

Now consider the image ι(δ−1
G (ŜBr(b̃))), we then have

ι(δ−1
G (ŜBr(b̃))) = UInv((δ−1(w−1))−1)Lw̃ · ι(δ−1

G (ẇ)).

Notice that ι(δ−1
G (ẇ)) is a representative of δ−1(w−1). Meanwhile, we have (wδ)−1 = δ−1(w−1) ·

87



δ−1 and b̃′ := w′ · w′δ−1(w−1)δ−1 is the Deligne-Garside normal form of a good position braid

representative of δ−1(w−1) ·δ−1. Therefore, by above equation one can check that ι(δ−1
G (ŜBr(b̃)))

is the enlarged G-slice associated to b̃′. Since the twist part of b̃′ is δ−1, by applying remark 4.2.8

we have the twisted conjugation map

Ξδ−1

b̃′
: UR+\Rw̃ × ι(δ−1

G (ŜBr(b̃))) → ι(δ−1
G (ŜBr(b̃)))Uδ−1(R+\Rw̃)

given by (u, g) 7→ ugδ−1
G (u)−1 is an isomorphism of varieties.

Notice that ι(δ−1
G (ŜBr(b̃)))Uδ−1(R+\Rw̃) = UR+\Rw̃ι(δ−1

G (ŜBr(b̃)))Uδ−1(R+\Rw̃). Thus we

have δG◦ι(ι(δ−1
G (ŜBr(b̃)))Uδ−1(R+\Rw̃)) = U−(R+\Rw̃)ŜBr(b̃)Uδ(−(R+\Rw̃)). Therefore, by applying

δG ◦ ι to Ξδ−1

b̃′
, the corollary is proved.

Next we prove that the enlarged slice ŜD
Br(b̃) does intersect the unipotent G-orbit O. Let B

be the variety of Borel subgroups of G ⊂ G̃. There is a natural diagonal action of G on B × B

with W as the index set of the orbits. Let Ow be the index set for w ∈ W . The twist δ defined by

D satisfies

(B′, B′′) ∈ Ow =⇒ (gB′g−1, gB′′g−1) ∈ Oδ(w),

for any g ∈ D. Now define

BD
w = {(g,B′) ∈ D ×B | (B′, gB′g−1) ∈ Ow}.

For our purpose, instead of showing that every slice intersects O, we prove the following lemma.

This lemma does not require the “most elliptic” assumption.
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Lemma 4.3.2. Keep the notations in corollary 4.2.7. There exists a representative ẇ ∈ G such

that the corresponding slice ŜD
Br(b̃) = Lw̃U

wẇg̃D intersects O.

Proof. We first prove that the intersection of O and the Bruhat cell BwB is nonempty. Recall the

definition of Lusztig’s map Φ in [L11-A] and [L12-B], we have O∩BuBg̃D is nonempty for any

minimal length element ũ = uδ ∈ C.

Consider any two element w1, w2 ∈ W with w2 = u0w1δ(u0)
−1 for some u0 ∈ W such

that l(w2) ≥ l(w1). Suppose that O ∩ Bw1Bg̃D is nonempty, then there exists (g,B′) ∈ BD
w1

with g ∈ O. We know (B′, gB′g−1) ∈ Ow1 . There exists B′′ ∈ B such that (B′′, B′) ∈ Ou. By

property of δ we have (gB′g−1, gB′′g−1) ∈ Oδ(u)−1 and thus (B′′, gB′′g−1) ∈ Ow2 . Then we have

O ∩Bw2Bg̃D ̸= ∅. Now by combining this with [HN12, Theorem 3.1], we have O ∩BwBg̃D is

nonempty.

Let h ∈ O ∩ BwBg̃D. We know BwBg̃D = Uwwg̃DB. Then we have h ∈ Uwẇg̃DU

for some representative ẇ ∈ G. By our definition of the slice and the equation Uwẇg̃DU =

Uwẇg̃DU(Rw̃)+UR+\Rw̃ = UwU(Rw̃)+ẇg̃DUR+\Rw̃ ⊂ Lw̃U
wẇg̃DUR+\Rw̃ . Then we have O ∩

ŜD
Br(b̃)UR+\Rw̃ is nonempty for some representative ẇ. Then O ∩ ŜD

Br(b̃) is also nonempty by

theorem 4.2.5.(1) and remark 4.2.8.(3).

Finally, before we prove the second part of theorem 4.2.5, we first prove the same result for

the enlarged slice ŜD
Br(b̃).

Proposition 4.3.3. Keep the notations in corollary 4.3.1. The enlarged slice ŜD
Br(b̃) intersects

any G-conjugacy class it meets transversally. In particular, it is a transversal slice of O = Φ(C).

Proof. Let n, n− be the Lie algebras of U,U− respectively. Recall [L79, Lemma 1.1], it suffices
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to show that

(Id − Ad(g))(g) + (n(Rw̃)+ + tw̃ + n(Rw̃)− + nInv(w−1)) = g,

for any g ∈ ŜD
Br(b̃). Here nR′ corresponds to UR′ for any R′ < R and tw̃ is the fixed point subset

of w̃ in t.

We know U−(R+\Rw̃)ŜBr(b̃)Uδ(−(R+\Rw̃)) = ŜBr(b̃)Uδ(−(R+\Rw̃)). Similar as the proof of

theorem 4.2.5.(1), corollary 4.2.7 also implies that the conjugation map

(Ξb̃)
− : U−(R+\Rw̃) × ŜD

Br(b̃) → ŜD
Br(b̃)U−(R+\Rw̃)

is an isomorphism of varieties. Therefore, by above isomorphism and remark 4.2.8.(3), we have

n+ n− + tw̃ is contained in the left hand side of the above equation we need. Then it remains to

show that tw̃ is also contained in it, where tw̃ is the orthogonal complement to tw̃. Indeed, for this

one just have to notice that

((Id)− Ad(g)(tw̃))|tw̃ = (Id − Ad(ẇg̃D))(tw̃)

since g ∈ ŜD
Br(b̃). Furthermore, we have (Id−Ad(ẇg̃D))(tw̃) = tw̃ by definition of tw̃. By above

discussion, the enlarged slice ŜD
Br(b̃) intersects any G-conjugacy class it meets transversally.

Finally, by lemma 4.3.2 we know there is a representative ẇ whose corresponding enlarged

slice ŜD
Br(b̃) intersects O. Meanwhile, notice that

dim ŜD
Br(b̃) = l(b̃) + dimT w̃ = lgood(C) + dimT w̃

90



by our construction. Since C is the most elliptic W -conjugacy class in [W̃ ], by proposition 3.3.1

we have dim ŜD
Br(b̃) = codimG̃O. This proves the slice condition.

Proof of theorem 4.2.5.(2) Let b̃′ be the good position braid representative of w̃ that gives

the enlarged slice ŜD
Br(b̃

′). We then have SD
Br(b̃) is an open dense subvariety of ŜD

Br(b̃
′) given the

same choice of representative ẇ. Similar as lemma 4.3.2, one can prove there is a representative

ẇ whose corresponding slice SD
Br(b̃) intersects O. The remainings are just direct from proposition

4.3.3.

Remark 4.3.4. (1) Recall that Lusztig’s map Φ is surjective. The above theorem tells that we can

construct transversal slices for any unipotent orbit in G.

(2) The proof of transversality part actually works for any C ∈ [W̃ ]. However, we only

need C to be the “most elliptic” conjugacy class in Φ−1(O) for slice condition.

Example 4.3.5. Recall our second example in example 4.1.5. In this case, the corresponding slice

is a transversal slice of Φ(2)(C) in characteristic 2. However, it is transversal to Φ(p)(C) while it

does not satisfy the slice condition in any other characteristics due to our dimension check.
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Chapter 5: Affine Springer fibers

In this section, we focus on G instead of G̃, which is the connected case. One may assume

that the base field k is C for convenience. (We only need the characteristic of k to be 0).

5.1 Affine Springer fibers and the function δ

We first recall some facts about affine Springer fibers and the paper [Y21]. Keep the settings

in section 3.3 for G,B0, T, t. Let F = C((ϖ)) be the field of formal Laurent series and C[[ϖ]]

be the ring of integers of F . For any scheme X over C, let LX be the formal loop space of X

and L+X be the formal arc space of X , i.e., LX(R) := X(R((ϖ))) and L+X(R) := X(R[[ϖ]])

for any C-algebra R. Consider the loop group LG and the positive loop group L+G ⊂ LG.

The affine Grassmannian of G is Gr = LG/L+G. Let I ⊂ L+G be the Iwahori subgroup

corresponding to B0. The affine flag variety of G is Fl = LG/I.

Consider Lg and L+g. Let γ ∈ Lg be regular semisimple. Kazhdan and Lusztig defined

the affine Springer fibers of γ in [KL88, §2] as follows.

Grγ = {gL+G ∈ Gr | Ad(g−1)γ ∈ L+g},

Flγ = {gI ∈ Fl | Ad(g−1)γ ∈ Lie(I)}.
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Here Ad(g−1) means the adjoint action of g−1 on Lg. We know these are closed sub-ind-schemes

of Gr and Fl respectively. Throughout this paper, we identify them with their underlying reduced

ind-scheme.

Following the notion in [Y21, §1.3], let L♡g be the subset of Lg consisting of topologically

nilpotent and generically regular semisimple elements. The centralizer Gγ = {g ∈ LG |

Ad(g−1)γ = γ} is a loop group LTγ of some maximal torus Tγ of G(F ). Recall by [KL88,

§1, Lemma 2], there is a bijection between the LG-conjugacy classes of maximal torus of G(F )

and the conjugacy classes of W . If Gγ corresponds to C under the bijection, we say Tγ is of type

C and γ is of type C. For any γ ∈ L♡g of type C, there is a formula for the dimension of the affine

Springer fibers of γ as

dimFlγ = dimGrγ =
1

2
(val(∆(γ))− (dim t− dim tC)),

where ∆ is the discriminant function and dim tC := dim tw for any w ∈ C. It is conjectured by

Kazhdan and Lusztig in [KL88, §0] and proved by Bezrukavnikov in [Bez96, Proposition].

Denote the subset of L♡g consisting of elements of type C as (L♡g)C. It is natural to

consider the dimensions of affine Springer fibers of all γ ∈ (L♡g)C. In particular, define the

function δ as δC = min{dimGrγ | γ ∈ (L♡g)C}. An element γ of type C is called shallow of

type C if dimGrγ = δC. The set of shallow elements of type C is denoted as (L♡g)shC . Let LTγ be

any loop torus of type C with loop Lie algebra Ltγ , we denote its subset of shallow elements as

(Ltγ)
sh. These shallow elements are key ingredients of the definition of minimal reduction type

map.
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5.2 Root valuation and good position braid representatives

Recall Yun deduced the following formula for δC when C is elliptic by investigating the

root valuation of any shallow element.

Theorem 5.2.1. [Y21, Theorem 2.3] Let C ∈ [W ] be elliptic. We have

δC =
lmin(C)− r

2
,

where r is the semisimple rank of G.

This equation no longer holds for non-elliptic conjugacy classes C. However, we may

replace minimal length elements with good position braid representatives . Before we generalize

this result, we need several technical lemmas.

Let C be any conjugacy class in [W ] and b = b(w) ∈ B+(W ) be a good position braid

representative of C. Let Θ = (θ1, . . . , θm) be the increasing complete sequence in Γw ∩ ((0, π] ∪

{2π}) corresponding to w and r(Θ) = (θi1 , . . . , θil) be its irredundant subsequence.

Lemma 5.2.2. Let α be a positive root and 2aπ
n

∈ Γw with a, n coprime. Suppose that (α, V
2aπ
n

w ) =

0, then for any b ∈ N such that b, n coprime, we have (α, V
2bπ
n

w ) = 0.

Proof. Consider the complex eigenspaces (VC)
2aπ
n

w and (VC)
2bπ
n

w of w. It suffices to show that

(α, (VC)
2bπ
n

w ) = 0 while we know (α, (VC)
2aπ
n

w ) = 0.

Let Mw be the matrix of the action of w on VC. It is clear that Mw is a rational matrix

with respect to the basis {αi}i∈I . Now consider Mw − ei
2aπ
n · IV , where IV is the identity matrix

of VC. The entries of this matrix all lie in Q(ei
2aπ
n ). Now for any v ∈ (VC)

2aπ
n

w , we have v lies
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in the kernel of Mw − ei
2aπ
n · IV . Therefore, there exists a collection of rational polynomials

{fv,j ∈ Q[x]}j∈I such that v =
∑
j∈I

fv,j(e
i· 2aπ

n )αj . For any j, write w(αj) =
∑
k∈I

λj,kαk with

λj,k ∈ Q. By definition of v, we have
∑
j∈I

λj,kfv,j(e
i· 2aπ

n ) = ei·
2aπ
n fv,k(e

i· 2aπ
n ) for any k ∈ I . These

equations are also true if we replace ei·
2aπ
n by ei·

2bπ
n since they are equations of Q-polynomials.

Then v′ =
∑
j∈I

fv,j(e
i· 2bπ

n )αj is in (VC)
2bπ
n

w .

Meanwhile, We have (α, v′) =
∑
j∈I

fv,j(e
i· 2bπ

n )(α, αj) and gv :=
∑
i∈I

(α, αj)fv,j is again a

rational polynomial in Q[x]. Since gv(ei·
2aπ
n ) = (α, v) = 0, then (α, v′) = gv(e

i· 2bπ
n ) = 0.

Therefore, we have (α, V
2bπ
n

w ) = 0.

Based on above, we can determine the irredundant subsequence of a given Θ.

Lemma 5.2.3. Suppose that b = b(w) ∈ B+(W ) is a good position braid representative of some

C ∈ [W ]. Then any θij in the irredundant subsequence r(Θ) satisfies 2π
θij

∈ N.

Proof. Suppose that 2mπ
n

is in the sequence Θ with m,n coprime and 1 < m < n. Then w has

an eigenvalue ei·
2mπ
n , which is a primitive n-th root of unit. From the proof lemma 5.2.2, We

see every primitive n-th root of unit is also an eigenvalue of w. In particular, we have 2π
n

is in

Θ and is ahead of 2mπ
n

since Θ is increasing. By lemma 5.2.2, we have 2mπ
n

cannot lie in the

irredundant sequence since W
V

2mπ
n

w

= W
V

2π
n

w

. Therefore, every θ in r(Θ) is of the form 2π
n

for

some n ∈ N.

Now we generalize the result of Yun. Let d be the order of w ∈ C and ω be a primitive d-th

root of unity. Recall by [GKM09, §4.3], there is a loop torus of type C whose corresponding loop

Lie algebra Ltw can be written as follows.

Ltw =
∑

n∈Z≥0

ϖ
n
d tn.
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Here tn is the ωn-eigenspace of w in t where n := n mod d. Recall t is identified with the C-span

of coroots. Given any n|d, we have α(t d
n
) = 0 is equivalent to (α,

∑
1≤m≤n
(m,n)=1

V
2mπ
n

w ) = 0. By above

lemmas, this is further equivalent to (α, V
2π
n

w ) = 0.

Proposition 5.2.4. Let C be any conjugacy class in W . We have

δC =
lgood(C)− (r − rC)

2
,

where r (resp. rC) is the semisimple rank of G (resp. maximal split subtorus of Tγ for any γ of

type C).

Proof. It suffices to show val(∆(γ)) = lgood(C) for any shallow element γ ∈ (L♡g)C. Let

b = b(w) be a good position braid representative of C. By symmetry of affine Springer fibers,

one may assume γ ∈ (L♡tw)
sh.

By lemma 5.2.2 and 5.2.3, we have r(Θ) = (2π
n1
, 2π
n2
, . . . , 2π

nl
) where n1 > · · · > nl are all

integers. Recall by lemma 3.1.5 we have

lgood(C) = 2
l∑

j=1

1

nj

|HFij−1
− HFij

|.

Therefore, it suffices to show that val(α(γ)) = 1
nj

, for any positive root α with Hα ∈ HFij−1
−

HFij
.

Let α be a positive root with Hα ∈ HFij−1
− HFij

for some 1 ≤ j ≤ l. Then we have

(α, V
2π
nj
w ) ̸= 0. By [Y21, Lemma 2.2] and our discussion after lemma 5.2.3, we have val(α(γ)) ≤

1
nj

since γ is a shallow element. Moreover, since (α, V θ
w) = 0 for any θ ∈ Γw smaller than 2π

nj
, we

have val(α(γ)) = 1
nj

and our statement is proved.
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5.3 Dimension of affine Springer fibers

In this section, we concern about the dimensions of affine Springer fibers of any given type

C ∈ [W ] and prove proposition 1.3.1.

Proposition 5.3.1. Let C be any conjugacy class in W and γ ∈ (L♡g)C. There exists an

indecomposably-good position braid representative b such that b projects to some element in

C under the natural projection and

dimGrγ = dimFlγ =
l(b)− (r − rC)

2
,

where r (resp. rC) is the semisimple rank of G (resp. maximal split subtorus of Tγ).

Proof. Similar to the proof of proposition 5.2.4, it suffices to find an indecomposably-good

position braid representative b = b(w,V,ΘV) such that l(b) = val(∆(γ)). We determine the

sequence V and ΘV by investigating all α(γ). Then the existence of w and b follows directly from

lemma 3.5.5 and proposition 3.5.1.

Let d be the order of any element in C. Without loss of generality, fix ω = ei
2π
d as a

primitive d-th root of unity. Recall that one can write γ =
∑

n∈Z≥0

ϖ
n
d γn, where γn ∈ tn. Since γ

is topologically nilpotent, we have γ0 = 0. For any n ≥ 0, define

Rn = {α ∈ R | α(γj) ̸= 0 for some j ≤ n}.

For any root α, we then have val(α(γ)) = nα

d
where nα = min{n | α ∈ Rn}.

Let (n1, n2, . . . , nm) be an increasing subsequence consisting of all n such that Rn \ Rn−1
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is nonempty. This sequence is finite since there are only finitely many roots. By definition, we

have γn1 ̸= 0 and w(γn1) = ωn1γn1 . By similar argument as in lemma 5.2.2, we have

γn1 =
∑
j∈I

fn1,j(e
i
2n1π

d )α∨
j ,

where fn1,j ∈ Q[x]. Define γ′n1
=

∑
j∈I

fn1,j(e
i
−2n1π

d )α∨
j . Again by the proof of lemma 5.2.2, we

have w(γ′n1
) = ω−n1γ′n1

. Therefore, we have

w(γn1 + γ′n1
) + w−1(γn1 + γ′n1

) = 2 cos
2n1π

d
(γn1 + γ′n1

).

Meanwhile, since fn1,j are all rational polynomials, we have fn1,j(e
i
2n1π

d ) + fn1,j(e
i
−2n1π

d ) is a

real number for all j. Thus γn1 + γ′n1
∈ tR.

Now we consider v1 :=
∑
j∈I

(fn1,j(e
i
2n1π

d ) + fn1,j(e
i
−2n1π

d ))αj ∈ V ⊗ C. By above we

have v1 ∈ (VC)
2n1π

d
w . Let V1 = Rv1 + Rw(v1) ⊂ V . This gives us an indecomposable real

eigenspace of w in V
2n1π

d
w ⊂ V . Set θ1 = 2n1π

d
. Similarly, for each γnk

, we can construct an

indecomposable real eigenspace Vk of w in V
2nkπ

d
w ⊂ V and set θk = 2nkπ

d
. Therefore, we have

construct the sequences V′ = (V1, . . . , Vm) and ΘV′ = (θ1, . . . , θm). By definition we know

ΘV′ is increasing. As for admissibility, one can always extend (V′,ΘV′) into (V,ΘV) where

V = (V1, . . . , Vm, Vm+1, . . .),ΘV = (θ1, . . . , θm, θm+1, . . .) such that V is admissible (actually

even complete) and ΘV is weakly-increasing.

Next we determine the irredundant subsequence r(V) of V. As in §2 and §3, we set Fj =

j∑
k=1

Vk and RFj
= {α ∈ R | Hα ⊃ Fj} for 1 ≤ j ≤ m, where Hα is the root hyperplane

corresponding to α. Set RF0 = R. Let α be any root, by definition we have α ∈ Rnk
\ Rnk−1 =

Rnk
\Rnk−1

for some k. By our definition of γnk
and γ′nk

, we know Vk ⊗ C = Cvk + Cw(vk) =
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C(
∑
j∈I

fnk,j(e
i
2nkπ

d )αj) + C(
∑
j∈I

fnk,j(e
−i

2nkπ

d )αj). Therefore, we have (α, Vk) = 0 is equivalent

to α(γnk
) = α(γ′nk

) = 0. This tells that RFk−1
\ RFk

= Rnk
\ Rnk−1

. Moreover, we have the

irredundant subsequence r(V) is exactly V′.

Finally, by corollary 3.5.3, we have

l(b) =
m∑
k=1

θk
π
|HFk−1

− HFk
| =

m∑
k=1

n1

d
|RFk−1

−RFk
|

=
m∑
k=1

n1

d
|Rnk

−Rnk−1
| =

∑
α∈R

val(α(γ)) = val(∆(γ)),

and thus the theorem is proved.

There is actually a similar result in recent works of Trinh. In [T20], he related conjugacy

classes in the braid groups to affine Springer fibers in a different approach. It is interesting to see

the hidden math of this connection.
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Chapter 6: Parabolic Lusztig varieties and Deligne-Lusztig varieties

In this section, we investigate the Deligne-Lusztig varieties and Lusztig varieties without

the assumption on ellipticity and replace minimal length elements by some other elements. We

keep our settings in section 2.5.

First recall some results in chapter 3. Recall that W̃ = W ⋊ ⟨δ⟩ is a twisted finite Coxeter

group where δ is a twist of W and B+(W̃ ) is the braid monoid associated to W̃ and πW̃ :

B+(W̃ ) → W̃ is the natural projection. The following result is a special case of proposition

3.1.2 together with [HN12, Lemma 5.1].

Proposition 6.0.1. Let C̃ be a W -conjugacy class of W̃ contained in Wσ for some σ ∈ ⟨δ⟩.

There exists k ∈ Z>0 and a good position braid representative b̃ = bσ of C̃ with b ∈ B+(W ) such

that πW̃ (b̃) ∈ C̃ and

b̃k = w0 · b′σk,

where b′ ∈ B+(W ) and w0 is the longest element in W .

Remark 6.0.2. If C̃ ∈ [W̃ ] is elliptic, then any good position braid representative of C̃ is of the

form wσ for some minimal length element wσ ∈ C̃.
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6.1 Deligne-Lusztig varieties and Lusztig varieties in non-elliptic case

From now on, we always set δ = δD in case I and δ = δF in case II. Let Cδ be any δ-

conjugacy class of W and it corresponds to a W -conjugacy class C̃ of W̃ in Wδ. Take a good

position braid element b̃ in proposition 3.1.2 for C̃. By assumption we have b̃ = bδ for some

b ∈ B+(W ). Then we have

bδ(b)δ2(b) · · · δk−1(b) = (b̃)k = w0 · b′δk,

for some b′ ∈ B+(W ). Now we take w = πW (b) be the projection of b to W . Let Rw̃ be the set

of fixed roots of w̃ = wδ. One can deduce the following corollary from proposition 3.1.2.

Corollary 6.1.1. Let w̃ = wδ be as above. There exists k ∈ Z>0 such that

(wδ)k = w̃k = w′w0 · b′δk,

where w′ is the longest element of the standard parabolic subgroup W ′ < W corresponding to

Rw̃ and b′ ∈ B+(W ).

Remark 6.1.2. One should be careful that the element w above depends on δ as the braid element

b̃ depends on δ. In other words, different choices of δ, such as δD and δF , may give different b̃

and thus w.

Let Uw̃ be generated by root subgroups corresponding to positive roots in Rw̃. Then we

have the following result on the Lusztig variety attached to w in case I.
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Proposition 6.1.3. Let w̃ = wδD be as above. Then any isotropy group of the G-action on Y D
w is

isomorphic to a subgroup of T w̃Uw̃.

Proof. We follow the idea of [L11-A, Theorem 5.2]. Let (g,B) be arbitrary in Y D
w andGg,B < G

be its isotropy group. By our choice of w, there exists k ≥ 1 such that δkD = 1 and

wδD(w)δ
2
D(w) · · · δk−1

D (w) = (wδD)
k = w′w0 · b′,

by corollary 6.1.1. Let s1s2 . . . sl be a reduced expression of w and s′1s
′
2 . . . s

′
r be a reduced

expression of w′w0. We also write b′ = s′′1s
′′
2 . . . s

′′
m. We first construct a collection {Si}1≤i≤n of

sequences of simple reflections of W satisfying the following conditions:

• S1 = (s1, s2, . . . , sl, δD(s1), . . . , δD(sl), . . . , δ
k−1
D (s1), . . . , δ

k−1
D (sl)) with kl terms;

• Si+1 is obtained from Si by replacing a subsequence (sia+1, . . . , s
i
a+r) which is of the form

(s, t, s, t, . . .) by (t, s, t, s, . . .) where s ̸= t and st is of order r in W . In other words, the

sequence Si+1 is obtained from Si by applying a braid relation;

• Sn = (s′1, s
′
2, . . . , s

′
h, s

′′
1, . . . , s

′′
m) also with kl terms.

Based on these sequences, we construct a collection {Bi
∗}1≤i≤n of sequences of Borel subgroups

of G satisfying the following conditions:

• B1
∗ = (B1

0 , B
1
1 , . . . , B

1
kl), whereB1

il = giBg−i for 0 ≤ i ≤ k and (B1
il+j−1, B

1
il+j) ∈ OδiD(sj)

for 0 ≤ i ≤ k − 1, 1 ≤ j ≤ l;

• Bi+1
∗ is obtained fromBi

∗ by replacing (Bi
a, . . . B

i
a+r) by (Bi+1

a , . . . Bi+1
a+r). HereBi+1

a = Bi
a

and Bi+1
a+r = Bi

a+r and (Bi+1
a+j−1, B

i+1
a+j) ∈ Osi+1

a+j
for 1 ≤ j ≤ r. In other words, we have
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(Bi+1
a , Bi+1

a+1) ∈ Ot while (Bi
a, B

i
a+1) ∈ Os and so on;

• Bn
∗ = (Bn

0 , . . . , B
n
h , B

n
h+1, . . . , B

n
h+m), where (Bn

i−1, B
n
i ) ∈ Os′i

for 1 ≤ i ≤ h and

Bn
h+i−1, B

n
h+i) ∈ Os′′i

for 1 ≤ i ≤ m.

We first considerB1
∗ . Since s1s2 . . . sl is a reduced expression ofw and (B1

0 , B
1
l ) = (B, gBg−1) ∈

Ow, we have B1
1 , . . . , B

1
l−1 are uniquely determined. Similarly, one can see that the sequence B1

∗

is uniquely determined. Now notice that the two expressions of a braid relation are both reduced,

we have Bi
∗ are all uniquely determined.

Now let x ∈ Gg,B. By definition we have xgx−1 = g and xBx−1 = B. This tells us

xB1
ilx

−1 = B1
il for any 0 ≤ i ≤ k. Now since B1

∗ is uniquely determined, by applying the action

of x to it we must have xB1
i x

−1 = B1
i for any 0 ≤ i ≤ kl. Now assume that xBi

jx
−1 = Bi

j for

0 ≤ j ≤ kl. Since Bi+1
∗ is uniquely determined by applying a braid relation to Bi

∗, we again have

xBi+1
j x−1 = Bi+1

j for 0 ≤ j ≤ kl. Therefore, any Borel subgroup in any Bi
∗ is fixed by x. In

particular, we have xBn
hx

−1 = Bn
h . Since (B,Bn

h) ∈ Ow′w0 , we have x ∈ B ∪ Bn
h , which is a

maximal torus inside B and the unipotent part in B corresponding to Rw̃.

By above, we have Gg,B is contained in TBU ′ for a maximal torus TB ⊂ B ∩ gBg−1 and

U ′ ⊂ UB which is isomorphic to Uw̃. As in [L11-B, §0.2], let g̃D ∈ D be such that g̃DBg̃−1
D = B

and g̃DTB g̃−1
D = TB. One can write g = u1hg̃Du2 where u1, u2 ∈ UB and h ∈ NG(TB). Here

hg̃D is uniquely determined. Now let x = tu = u′t ∈ Gg,B where t ∈ TB and u, u′ ∈ Uw̃.

We have u1hg̃Du2 = g = xgx−1 = xu1x
−1xhg̃Dx

−1xu2x
−1 = xu1x

−1u′thg̃Dt
−1u′−1xu2x

−1.

Notice that xu1x−1u′ = tuu1u
−1t−1u′ = tuu1u

−1ut−1 = tuu1t
−1 ∈ UB. Similarly we have

u′−1xu2x
−1 ∈ UB. By uniqueness, we have thg̃Dt−1 = hg̃D. Finally, since (B, gBg−1) ∈ Ow,

we have (B, hBh−1) ∈ Ow. This together with above tell that tẇg̃Dt−1 = ẇg̃D for ẇ ∈ NG(TB)/
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TB. Thus t ∈ {t ∈ TB | ẇ−1tẇ = g̃Dtg̃
−1
D } = T w̃

B . Therefore, our statement is proved.

As for Deligne-Lusztig varieties, we can similarly prove the following result.

Corollary 6.1.4. Let w̃ = wδF be as above. Then any isotropy group of the GF -action on Xw is

isomorphic to a subgroup of TUw̃.

However, it is not clear if it is actually isomorphic to a subgroup of T w̃Uw̃.

6.2 Parabolic version

In this section, we consider the parabolic version of above varieties, which enable us to

construct nice coverings.

Let I ⊂ S and WI be the corresponding standard parabolic subgroup. We denote the set of

minimal coset representative in W̃/WI (resp. WI\W̃ ) as W̃ I (resp. IW̃ ). Set IW̃ I as IW̃ ∩ W̃ I .

Let Cδ, C̃ and w̃ = wδ be as in section 6.1. Let O ⊂ D be the image of C̃ under Lusztig’s

map Φ in section 2.2. By corollary 6.1.1, we set Iw̃ ⊂ S be the simple reflections of the standard

parabolic subgroup W ′ < W corresponding to Rw̃. As in section 2.5, we fix a (F -stable) Borel

subgroup B0 and a (F -stable) maximal torus T ⊂ B0 and identify W with NG(T )/T . For any

J ⊂ S, let PJ = B0WJB0 be a standard parabolic subgroup of G with and PJ be the associated

partial flag variety. Denote the Levi subgroup of PJ by LJ and the unipotent radical of PJ by

UJ . Let U(Rw̃)− be generated by all roots subgroups corresponding to (Rw̃)−, the negative roots

in Rw̃. Then PIw̃ = B0WIw̃B0 = B0U(Rw̃)− . Now in case I, again choose g̃D ∈ D such that

g̃DB0g̃
−1
D = B0 and g̃DT g̃−1

D = T . Then we have g̃DPIw̃ g̃
−1
D = B0g̃DWIw̃ g̃

−1
D B0 = Pδ(Iw̃). In

case II, since B0 is F -stable, we also have F (PIw̃) = Pδ(Iw̃). As in section 2.5, for any J ⊂ S
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and any representative ẇ of w, we define LẇD
J = {l ∈ LJ | ẇ−1lẇ = g̃Dlg̃

−1
D } in case I and

LẇF
J = {l ∈ LJ | ẇ−1lẇ = F (l)} in case II.

Recall that given any twist δ of W , there is a natural diagonal action of G on PIw̃ × Pδ(Iw̃).

The set of G-orbits of this action is index by Iw̃W δ(Iw̃). Denote the G-orbit corresponding to a

minimal double coset representative u ∈ Iw̃W δ(Iw̃) as OIw̃,δ(Iw̃)(u). Now for any u ∈ Iw̃W δ(Iw̃)

(recall here δ = δD in case I and δ = δF in case II), the associated parabolic Lusztig varieties and

parabolic Deligne-Lusztig varieties are defined as

Y D
Iw̃,δD(Iw̃)(u) = {(g, P ) ∈ D × PIw̃ | (P, gPg−1) ∈ OIw̃,δD(Iw̃)(u)};

XIw̃,δF (Iw̃)(u) = {P ∈ PIw̃ | (P, F (P )) ∈ OIw̃,δF (Iw̃)(u)}.

There is a natural left G (resp. GF )-action on Y D
Iw̃,δD(Iw̃)(u) (resp. XIw̃,δF (Iw̃)(u)) given by

x : (g, P ) 7→ (xgx−1, xPx−1);

x : P 7→ xPx−1.

We know w is the element in W such that w̃ = wδ ∈ W̃ is the natural projection of a

good position braid b̃ of a conjugacy class C̃. By our contruction of b̃ in proposition 3.1.2 (see

also [HN12, Proposition 2.2]), we have w̃ is a minimal double coset representative in WIw̃\W̃/

WIw̃ and thus w ∈ Iw̃W δ(Iw̃). From now on, we focus on the case where u = w. In this case,

these generalized Lusztig varieties are distinguished in the sense of [Ha13]. This is because

w−1Iw̃w = δw̃−1Iw̃w̃δ
−1 = δ(Iw̃). In the words of [DM14, §5], the triple (Iw̃, w, δ(Iw̃)) is a

morphism in the ribbon category B+(I).
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Now we define natural coverings of above two varieties. In case I, the most important

fibers of these coverings we care about are the fibers of some (g, P ) with g ∈ O. Let ẇ be any

representative of w in NG(T ). First recall we have a natural covering of XIw̃,δF (Iw̃)(w) defined as

X̃Iw̃,δF (Iw̃)(ẇ) = {g′UIw̃ ∈ G/UIw̃ | g′−1F (g′) ∈ UIw̃ẇUδF (Iw̃)},

with covering map πδF ,ẇ(g
′UIw̃) = g′PIw̃g

′−1. It is a covering map since g 7→ g−1F (g) is

surjective. This covering was first defined in [DMR07, Definition 2.3.11] and was generalized in

[DM14, §7.3]. Then for Y D
Iw̃,δD(Iw̃)(w), we may similarly define

Ỹ D
Iw̃,δD(Iw̃)(ẇ) = {(g, g′UIw̃) ∈ D ×G/UIw̃ | g′−1gg′ ∈ UIw̃ẇUδD(Iw̃)g̃D},

with “covering map” πδD,ẇ(g, g
′UIw̃) = (g, g′PIw̃g

′−1). One can easily check this is well-defined.

We put a quote on “covering map” as it is not generally surjective.

Example 6.2.1. Suppose that w is trivial and D = G. Then we have Iw = S and thus PIw = G.

We then have Y G
S,S(id) = {(g,G) | g ∈ G}. However, for any representative nid ∈ NG(T ) of id,

we have

Ỹ G
S,S(nid) = {(g, g′) ∈ G×G | g′−1gg′ = nid}.

It is clear that (1, G) ∈ Y G
S,S(id). Meanwhile, there exist (1, g′) ∈ Ỹ G

S,S(nid) if and only if

nid = 1 ∈ G.

However, we still call it a covering as it shares similar properties as X̃Iw̃,δF (Iw̃)(ẇ). First

notice that there is a natural left action of G (resp. GF ) on Ỹ D
Iw̃,δD(Iw̃)(ẇ) (resp. X̃Iw̃,δF (Iw̃)(ẇ))
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given by

x : (g, g′UIw̃) 7→ (xgx−1, xg′UIw̃);

x : g′UIw̃ 7→ xg′UIw̃ .

Meanwhile, there is also a natural left action of LẇD
Iw̃

(resp. LẇF
Iw̃

) on the variety Ỹ D
Iw̃,δD(Iw̃)(ẇ)

(resp. X̃Iw̃,δF (Iw̃)(ẇ)) given by

l : (g, g′UIw̃) 7→ (g, g′l−1UIw̃);

l : g′UIw̃ 7→ g′l−1UIw̃ .

Moreover, this action commutes with the G (resp. GF )-action. Clearly these covering maps

is compatible with the left action of LẇF
Iw̃

(resp. LẇD
Iw̃

) where it acts on XIw̃,δF (Iw̃)(w) (resp.

Y D
Iw̃,δD(Iw̃)(w)) trivially. In case II, the covering map is a principal LẇF

Iw̃
-bundle (see [DM14,

§7.3]). In case I, let (g, P ) be arbitrary in Y D
Iw̃,δD(Iw̃)(w) whose fiber π−1

δD,w(g, P ) is nonempty,

then π−1
δD,w(g, P ) is a LẇD

Iw̃
-torsor. We shall also see later that these two coverings are both affine.

From above we know πδD,w is not surjective in general. Moreover, example 6.2.1 tells that

even for (g, P ) ∈ Y D
Iw̃,δD(Iw̃)(w) with g ∈ O, there may not exist any representative ẇ such that

π−1
δD,w(g, P ) ⊂ Ỹ D

Iw̃,δD(Iw̃)(ẇ) is nonempty. Therefore, we would like to consider another covering

of Y D
Iw̃,δD(Iw̃)(w) as follows. Again let ẇ ∈ NG(T ) be any representative of w, we first define a

group endomorphism t 7→ g̃−1
D ẇ−1tẇg̃Dt

−1 and let T ′
w̃ < T be the preimage of T w̃ under this
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endomorphism. Then we can define

Ŷ D
Iw̃,δD(Iw̃)(ẇ) = {(g, g′w̃UIw̃) ∈ D ×G/w̃UIw̃ | g′−1gg′ ∈ ẇg̃DL

′
Iw̃
U}.

Here w̃UIw̃ = UIw̃∩ẇg̃DUIw̃ g̃
−1
D ẇ−1 = UIw̃∩ẇg̃DUg̃−1

D ẇ−1 andL′
Iw̃

is the (possibly disconnected)

reductive subgroup of G generated by T w̃ and the root subgroups corresponding to fixed roots of

w̃. It is clear that L′
Iw̃
< LIw̃ .

We first check if it is well-defined. Let g′′ = g′u for some u ∈ w̃UIw̃ . Then

g′′−1gg′′ = u−1g′−1gg′u ∈ w̃UIw̃ẇg̃DL
′
Iw̃
U.

By definition of w̃UIw̃ , we have w̃UIw̃ẇ ⊂ ẇg̃DL
′
Iw̃
U . Therefore, we have u−1g′−1gg′u ∈

ẇg̃DL
′
Iw̃
U and thus g′′−1gg′′ ∈ ẇg̃DL

′
Iw̃
U . Define the covering map π

δ̂D,w
: Ŷ D

Iw̃,δD(Iw̃)(ẇ) →

Y D
Iw̃,δD(Iw̃)(w), which takes (g, g′w̃UIw̃) to (g, g′PIw̃g

′−1).

Now we investigate the fibers of π
δ̂D,w

. Let (g, P ) be arbitrary in Y D
Iw̃,δD(Iw̃)(w) with g ∈ O.

Write P = g′PIw̃g
′−1 for some g′ ∈ G. By definition we know g′−1gg′ ∈ PIw̃wPδD(Iw̃)g̃D =

PIw̃wg̃DPIw̃ . One can assume that g′−1gg′ ∈ wg̃DPIw̃ by choosing an appropriate g′. Furthermore,

by definition of L′
Iw̃

, there is a representative ẇ such that g′−1gg′ ∈ ẇg̃DL
′
Iw̃
U . Take this

representative ẇ, the fiber of (g, P ) in Ŷ D
Iw̃,δD(Iw̃)(ẇ) is nonempty.

Remark 6.2.2. One can notice that in the second covering Ŷ D
Iw̃,δD(Iw̃)(ẇ), the subvariety ẇg̃DL′

Iw̃
U

contains a conjugate of the enlarged slice ŜD
Br(b̃) in definition 4.1.4.

Now let (g, P ) be as above where P = g′PIw̃g
′−1 for some g′ ∈ G, and ẇ be such that

π−1

δ̂D,w
(g, P ) ⊂ Ŷ D

Iw̃,δD(Iw̃)(ẇ) is nonempty. Then (g, g′w̃UIw̃) ∈ π−1

δ̂D,w
(g, P ). Let (g, g′1

w̃UIw̃) be
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another point in π−1

δ̂D,w
(g, P ). We then have g′′ := g′−1

1 g′ ∈ PIw̃ . We may write g′′ = ul where

l ∈ LIw̃ and u ∈ UIw̃ . By definition of Ŷ D
Iw̃,δD(Iw̃)(ẇ), consider g0 := g′−1gg′ ∈ ẇg̃DL

′
Iw̃
U . We

also have g′′g0g′′−1 = (g′g′′−1)−1g(g′g′′−1) = g′−1
1 gg′1 ∈ ẇg̃DL

′
Iw̃
U .

Now we consider u ∈ UIw̃ . By [HL12, §2.7], one can write it as u = u1u2 with u1 ∈

w̃UIw̃ and u2 ∈ U w̃
Iw̃

where U w̃
Iw̃

= UIw̃ ∩ ẇg̃DU
−g̃−1

D ẇ−1 = UIw̃ ∩ ẇg̃DU
−
Iw̃
g̃−1
D ẇ−1. We have

g′1
w̃UIw̃ = g′g′′−1w̃UIw̃ = g′l−1u−1

2 u−1
1

w̃UIw̃ . One may then assume u1 = 1 as u1 ∈ w̃UIw̃ .

Further write g0 = ẇg̃Dh0 with h0 ∈ L′
Iw̃
U . Then we have g′′g0g′′−1 = u2lẇg̃Dh0l

−1u−1
2 =

ẇg̃D(g̃
−1
D ẇ−1u2ẇg̃D)(g̃

−1
D ẇ−1lẇg̃D)h0l

−1u−1
2 . It is clear that (g̃−1

D ẇ−1lẇg̃D)h0l
−1u−1

2 ∈ LIw̃U .

Suppose that u2 is nontrivial, we must have that (g̃−1
D ẇ−1u2ẇg̃D) ∈ U−

Iw̃
is nontrivial. In this

case, we have (g̃−1
D ẇ−1u2ẇg̃D)(g̃

−1
D ẇ−1lẇg̃D)h0l

−1u−1
2 cannot be in LIw̃U . However, we have

g′′g0g
′′−1 ∈ ẇg̃DL

′
Iw̃
U ⊂ ẇg̃DLIw̃U . Therefore, we must have u2 = 1.

By above we may assume that u = 1. Then g′′g0g′′−1 = lẇg̃Dh0l
−1. Note by definition of

L′
Iw̃

, one can actually write l as l = tl′ for some t ∈ T and some l ∈ L′
Iw̃

. This expression is not

unique. Since lẇg̃Dh0l−1 ∈ L′
Iw̃
U , we must have g̃−1

D ẇ−1tẇg̃Dt
−1 ∈ L′

Iw̃
and thus it actually lies

in T w̃. Recall the definition of T ′
w̃, we have t ∈ T ′

w̃. Therefore, by definition of Ŷ D
Iw̃,δD(Iw̃)(ẇ), we

have L′′
Iw̃

acts transitively on the fiber π−1

δ̂D,w
(g, P ) by l′ : g′w̃UIw̃ 7→ g′l′−1w̃UIw̃ . Here L′′

Iw̃
is the

reductive subgroup of G generated by T ′
w̃ and the root subgroups corresponding to fixed roots of

w̃. Then we have L′
Iw̃
< L′′

Iw̃
< LIw̃ .

Theorem 6.2.3. Let Cδ be a δ-conjugacy class of W and w̃ = wδ be the projection of a good

position braid of Cδ. Then we have

(a) Any isotropy group of the G (resp. GF )-action on the variety Ỹ D
Iw̃,δD(Iw̃)(ẇ) (resp.

X̃Iw̃,δF (Iw̃)(ẇ)) is trivial;
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(b) Any isotropy group of the G-action on the variety Ŷ D
Iw̃,δD(Iw̃)(ẇ) is trivial;

(c) Let (g, P ) be arbitrary in Y D
Iw̃,δD(Iw̃)(w). The isotropy group Gg,P of the G-action is

isomorphic to a subgroup of Lw
Iw̃

if π−1
δD,w(g, P ) ⊂ Ỹ D

Iw̃,δD(Iw̃)(ẇ) is nonempty. Similarly, we have

Gg,P is isomorphic to a subgroup of L′′
Iw̃

if π−1

δ̂D,w
(g, P ) ⊂ Ŷ D

Iw̃,δD(Iw̃)(ẇ) is nonempty.

(d) Any isotropy group of the GF -action on the variety XIw̃,δF (Iw̃)(w) is isomorphic to a

subgroup of Lw
Iw̃

;

(e) The variety Ỹ D
Iw̃,δD(Iw̃)(ẇ) is affine.

Proof. (a) Let (g, g′UIw̃) be arbitrary in Ỹ D
Iw̃,δD(Iw̃)(ẇ) and Gg,g′ be its isotropy group. Let x ∈

Gg,g′ , we have xg′UIw̃ = g′UIw̃ . Thus g′−1xg′ ∈ UIw̃ and x is unipotent. Moreover, we have

x ∈ g′UIw̃g
′−1 ⊂ g′B0g

′−1.

Again there exists k ≥ 1 such that δkD = 1 and

wδD(w)δ
2
D(w) · · · δk−1

D (w) = w′w0 · b′.

Choose the reduced expressions of w, w′w0 and b as in the proof of proposition 6.1.3. Then one

can again construct a collection {Si}1≤i≤n of sequences of simple reflections as there. Now we set

B1
il = gig′B0g

′−1g−i for 0 ≤ i ≤ k. One can similarly construct a collection {Bi
∗}1≤i≤n as before.

By our assumption, we have xg′B0g
′−1x−1 = g′B0g

′−1 and xgx−1 = g. This again implies that

xBm
i x

−1 = Bm
i for 0 ≤ i ≤ kl and 1 ≤ m ≤ n. In particular, consider x ∈ Bn

0 ∩ Bn
h . We know

x is unipotent and x actually lies in g′UIw̃g
′−1, which corresponds to the roots in R+ \ Rw̃ with

respect to g′B0g
′−1 = Bn

0 . Since (Bn
0 , B

n
h) ∈ Ow′w0 by our assumption, we must have x = 1 and

the isotropy group Gg,g′ is trivial. One can prove this for X̃Iw̃,δF (Iw̃)(ẇ) in exactly the same way

as x ∈ GF .
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(b) This can be proved in the same way as part (a).

(c) Again we only prove for Y D
Iw̃,δD(Iw̃)(w) and the other case is the same. Let (g, P ) ∈

Y D
Iw̃,δD(Iw̃)(w) and Gg,P be the associated isotropy group. One find g′ such that πδD,w(g, g

′UIw̃) =

(g, P ). Let x ∈ Gg,P , we then have πδD,w(g, xg
′UIw̃) = (xgx−1, xPx−1) = πδD,w(g, g

′UIw̃).

Recall that πδD,w is a principal Lw
Iw̃

-bundle, we have find a unique l ∈ Lw
Iw̃

such that xg′UIw̃ =

g′l−1UIw̃ . This defines a homomorphism x 7→ l from Gg,P to Lw
Iw̃

. Moreover, the kernel of this

maps lies in an isotropy group of G-action on Ỹ D
Iw̃,δD(Iw̃)(w) which is trivial. Therefore, we have

Gg,P is isomorphic to a subgroup of Lw
Iw̃

.

(d) This can be proved in the same way as part (c).

(e) This proof is motivated by the proof of Digne and Michel. As in [DM14, Definition

7.10], if u is a minimal coset representative in IW for some I ⊂ S and u−1Iu = J for some

J ⊂ S, then we call (I, u, J) an admissible triple and define

Õ(I, u) = {(gUI , g
′UJ) ∈ G/UI ×G/UJ | g−1g′ ∈ UI u̇UJ}.

Moreover, let b ∈ B+(W ) be arbitrary such that the longest left divisor of b in B+(WI) is

trivial and πW (b)−1IπW (b) = J for some J ⊂ S. Suppose that there is a decomposition b =

w1w2 · · ·wm with a sequence I = I0, I1, . . . , Im = J such that (Ii−1, wi, Ii) is an admissible

triple, we define

Õ(I, b) = Õ(I, w1)×G/UI1
· · · ×G/UIm−1

Õ(Im−1, wm)

= {(g0UI0 , g1UI1 , . . . , gmUIm) | g−1
i gi+1 ∈ UIiẇi+1UIi+1

,∀i}.
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By [DM14, §7.3], this is well-defined. Indeed, if we choose another suitable decomposition of b,

the resulting variety will be isomorphic to this variety.

Now we choose b = wδD(w)δ
2
D(w) · · · δk−1

D (w) and I0 = Iw̃. By our discussion before,

we have (Iw̃, w, δD(Iw̃)) is an admissible triple. Set Ij = δjD(Iw̃), we have (Ij, δ
j
D(w), Ij+1) are

all admissible triples. Meanwhile, notice that b = w′w0 · b′ by our assumption above, we have

Õ(I, b) is affine by [DM14, Proposition 7.26]. Thus D× Õ(I, b) is also affine. Now we consider

Ỹ ′ := {(g, g(1)UIw̃ , g
(2)UδD(Iw̃), · · · , g(k+1)UδkD(Iw̃))} ∩ (D × Õ(I, b)).

By above we have Ỹ ′ is a closed subvariety of D× Õ(I, b) and thus is affine. We define a map Υ

from Ỹ D
Iw̃,δD(Iw̃)(w) to Ỹ ′ given by

(g, g′UIw̃) 7→ (g, g′UIw̃ , gg
′UIw̃ g̃

−1
D , · · · , gkg′UIw̃ g̃

−k
D ).

We have gg′UIw̃ g̃
−1
D = gg′g̃−1

D g̃DUIw̃ g̃
−1
D = gg′g̃−1

D UδD(Iw̃) ∈ G/UδD(Iw̃) and for any j, similarly

gjg′UIw̃ g̃
−j
D ∈ G/UδjD(Iw̃). Notice that (g′UIw̃ , gg

′UIw̃ g̃
−1
D ) ∼ (UIw̃ , g

′−1gg′UIw̃ g̃
−1
D ). By the

definition of Ỹ D
Iw̃,δD(Iw̃)(w), we have

g′−1gg′UIw̃ g̃
−1
D = UIw̃ẇUδD(Iw̃)g̃DUIw̃ g̃

−1
D = UIw̃ẇUδD(Iw̃).

Thus (g′UIw̃ , gg
′UIw̃ g̃

−1
D ) lies in Õ(Iw̃, w). By similar method we see Υ is well-defined. Moreover,

by above equation one can easily check that Υ is an isomorphism. This tells that Ỹ D
Iw̃,δD(Iw̃)(w) is

affine.
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Remark 6.2.4. By our discussion above, we know that for any (g, P ), there always exists some

ẇ such that π−1

δ̂D,w
(g, P ) ⊂ Ŷ D

Iw̃,δD(Iw̃)(ẇ) is nonempty. Thus the second part of theorem 6.2.3.(c)

is always true.

6.3 C-small classes and orbit spaces

In this section, we generalized the definition of C-small classes to general case using

parabolic Lusztig varieties. We also investigate the orbit spaces of these varieties.

Let Cδ be a δ-conjugacy class of W corresponding to a W -conjugacy class C̃ of W̃ =

W ⋊ ⟨δ⟩ contained in Wδ. Let b̃ = bδ be a good position braid representative of C̃ in proposition

6.0.1 and w be the projection of b in W . Let w̃ = wδ and Iw̃ ⊂ S be as in section 6.2. By our

discussion there, we know w ∈ Iw̃W δ(Iw̃) and the associated parabolic Lusztig variety is

Y D
Iw̃,δ(Iw̃)(w) = {(g, P ) ∈ D × PIw̃ | (P, gPg−1) ∈ OIw̃,δ(Iw̃)(w)},

where OIw̃,δ(Iw̃)(w) is the G-orbit on PIw̃ × Pδ(Iw̃). Let [D] be the set of G-conjugacy classes in

D. There is natural stratification Y D
Iw̃,δ(Iw̃)(w) =

⊔
O∈[D]

Y O
Iw̃,δ(Iw̃)(w), where

Y O
Iw̃,δ(Iw̃)(w) = {(g, P ) ∈ Y D

Iw̃,δ(Iw̃)(w) | g ∈ O}.

For any O ∈ [D], we know Y O
Iw̃,δ(Iw̃)(w) is a union of G-orbits in Y D

Iw̃,δ(Iw̃)(w). By remark 6.2.4,

we know each G-orbit in Y D
Iw̃,δ(Iw̃)(w) has dimension at least dimG− dimL′′

Iw̃
. Then we have

dimY O
Iw̃,δ(Iw̃)(w) ≥ dimG− dimL′′

Iw = dimG− dimT ′
w̃ − |Rw|.
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Recall the definition in section 6.2, we know T ′
w̃ is between T w̃ and T . We have the following

definition.

Definition 6.3.1. Given a W -conjugacy class C̃ of W̃ contained in Wδ. A G-conjugacy class O

of G̃ is called C̃-small if

dimY O
Iw̃,δ(Iw̃)(w) = dimG− dimT w̃ − |Rw̃|,

for w̃ = wδ, which is the natural projection of some/any good position braid representative of C.

Corollary 6.3.2. Let C̃ ∈ [W̃ ] be contained in Wδ and w̃ ∈ C̃ be the natural projection of a good

position braid representative of C̃. For any g ∈ D, the variety

Pw̃
g := {P ∈ PIw̃ | (P, gPg−1) ∈ OIw̃,δ(Iw̃)(w)}

is smooth of pure dimension l(w̃) = l(w) if nonempty.

Proof. Conisder the intersection of OIw̃,δ(Iw̃)(w) and {(P, gPg−1) | P ∈ PIw̃} in PIw̃ ×Pδ(Iw̃). It

suffices to show that these two varieties intersects transversally if Pw̃
g is nonempty. Indeed, we first

notice that dim{(P, gPg−1) | P ∈ PIw̃} = dimPIw̃ . Meanwhile, we have dimOIw̃,δ(Iw̃)(w) =

dimPIw̃ + l(w) since w is a minimal double coset representative. Then the dimension of the

intersection will be l(w) by transversality.

Suppose that Pw̃
g is nonempty, let (P, gPg−1) be arbitrary in the above intersection. Let

g, p be the Lie algebras of G and P . As in the proof of [L79, Lemma 1.1], it suffices to show

that ker(1 − Ad(g) | g∗ → g∗) ∩ p⊥ = 0. Set b̃ = w̃d ∈ B+(W̃ ). As in the proof of theorem

6.2.3(c), we have (Iw̃, w̃, δ(Iw̃)) is an admissible triple. Consider a sequence (p1, p2, · · · , pd+1) =

114



(p,Ad(g)p, · · · ,Ad(g)dp) of subalgebras of g conjugate to p. Here pi is the Lie algebra of Pi =

gi−1Pg1−i. We have (Pi, Pi+1) ∈ Oδi−1(Iw̃),δi(Iw̃)(w) for all i. Let x be arbitrary in ker(1−Ad(g) |

g∗ → g∗) ∩ p⊥. We must have x ∈ p⊥i for all i. Meanwhile, by the proof of proposition 3.1.2,

there is another decomposition b = w1 · · ·wrδ
d with w1 = w0w

′ and each wi is a minimal double

coset representative of some JW J ′ . Therefore, by [DM14, §7.1] we have x ∈ p′⊥ where p′ is the

Lie algebra of P ′ and (P, P ′) ∈ OIw̃(w0w
′) by definition of w′. It is then clear that p⊥ ∩ p′⊥ = 0

and our statement is proved.

Then we have the following result since the fiber of projection Y O
Iw̃,δ(Iw̃)(w) → O over any

g ∈ O ⊂ D is isomorphic to Pw̃
g .

Corollary 6.3.3. Keep the notations in corollary 6.3.2. Let O be any conjugacy class of G, then

Y O
Iw̃,δ(Iw̃)(w) is smooth of pure dimension dimO+ l(w) if nonempty.

Now we recall that Lusztig defined a map Ψ from unipotent G-orbits in D to conjugacy

classes of W̃ contained inWδ in [L12-A, Theorem 0.2]. Now for any unipotentG-orbit O ∈ [Du]

and C̃ = Ψ(O), we have

dimO+ l(w) + |Rw̃| = dimG− dimT w̃,

by proposition 3.3.1. In particular, if Y O
Iw̃,δ(Iw̃)(w) is nonempty, then O is C̃-small. The following

result is then direct.

Proposition 6.3.4. Let O ∈ [Du] be arbitrary and C̃ = Ψ(O). Let w̃ = wδ ∈ C̃ be the natural

projection of a good position braid representative of C̃. Then the G-action on Y O
Iw̃,δ(Iw̃)(w) has

finitely many orbits if nonempty.
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Finally, we investigate the orbit spaces of G-actions on Y D
Iw̃,δD(Iw̃)(w), Ỹ

D
Iw̃,δD(Iw̃)(ẇ) and

Ŷ D
Iw̃,δD(Iw̃)(ẇ). Recall that

Ỹ D
Iw̃,δD(Iw̃)(ẇ) = {(g, g′UIw̃) ∈ D ×G/UIw̃ | g′−1gg′ ∈ UIw̃ẇUδD(Iw̃)g̃D}

Ŷ D
Iw̃,δD(Iw̃)(ẇ) = {(g, g′w̃UIw̃) ∈ D ×G/w̃UIw̃ | g′−1gg′ ∈ ẇg̃DL

′
Iw̃
U}.

Moreover, the first “covering” is actually isomorphic to

{(g, g′UIw̃) ∈ D ×G/UIw̃ | g′−1gg′ ∈ ẇg̃DUIw̃}.

Here w̃UIw̃ = UIw̃ ∩ ẇg̃DUIw̃ g̃
−1
D ẇ−1, which corresponds to all roots in R+ \ (Rw̃ ∪ Inv(w−1)).

One important fact to keep in mind here is Inv(w−1) = Inv(w̃−1).

We first prove a technical lemma. Let w̃ be the natural projection of a good position braid

representative b̃ of C. Let w′ be the longest element in the standard parabolic subgroup W ′ < W

corresponding to Rw̃. Recall in chapter 4, we have b̃ = w′ · w′wδD and the corresponding

braid slice is defined as SD
Br(b̃) = T w̃U b̃ẇg̃D where U b̃ = Uw′

ẇ′Uw′wẇ′−1. We also have

the corresponding enlarged slice is defined as ŜD
Br(b̃) = LIw̃U

wẇg̃D = LIw̃U
w̃ẇg̃D. We set

w̃−1
UIw̃ = UIw̃ ∩ g̃−1

D ẇ−1UIw̃ẇg̃D. One shall notice that UIw̃ is actually equal to UR+\Rw̃ . Using

results there, one can prove the following lemma.

Lemma 6.3.5. Keep the above notations. There is a bijection

ηw̃ : w̃−1

UIw̃ × LIw̃U
w̃ → LIw̃UIw̃ ,
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given by (u, g) 7→ ugẇg̃Du
−1g̃−1

D ẇ−1.

Proof. Let h be arbitrary in LIw̃UIw̃ . Then we have hẇg̃D ∈ UIw̃ Ŝ
D
Br(b̃) and is then contained in

ŜD
Br(b̃)UIw̃ by section 4.2. Therefore, by the first part of theorem 1.2.2 for enlarged slices, one

can write

hẇg̃D = u0gẇg̃Du
−1
0 ,

for some u0 ∈ UIw̃ and g ∈ LIw̃U
w̃. Now consider u−1

0 h ∈ UIw̃LIw̃U
w̃ = LIw̃U

w̃ · w̃UIw̃ . Write

u−1
0 h = u1u2 with u1 ∈ LIw̃U

w̃ and u2 ∈ w̃UIw̃ . We then have u1u2ẇg̃D = gẇg̃Du
−1
0 . This is

equivalent to

u1ẇg̃D(g̃
−1
D ẇ−1u2ẇg̃D) = gẇg̃Du

−1
0 .

Since u1ẇg̃D, gẇg̃D ∈ ŜD
Br(b̃) and g̃−1

D ẇ−1u2ẇg̃D, u
−1
0 ∈ UIw̃ , by lemma 4.2.1 we must have

u1 = g and u−1
0 = g̃−1

D ẇ−1u2ẇg̃D ∈ w̃−1
UIw̃ . This tells that ηw̃ is surjective. The injectivity of ηw̃

follows directly from theorem 1.2.2.

Now we may investigate the orbit spaces of the G-actions on Y D
Iw̃,δD(Iw̃)(w) together with

its “coverings” introduced above.

Lemma 6.3.6. Let Õ be a G-orbit in Ŷ D
Iw̃,δD(Iw̃)(ẇ). There is a unique v ∈ LIw̃U

w̃ such that

(ẇg̃Dv,
w̃UIw̃) ∈ Õ .

Proof. For existence, we first notice that there exists u ∈ LIw̃UIw̃ with (ẇg̃Du,
w̃UIw̃) ∈ Õ .

Then it suffices to find v ∈ LIw̃U
w̃ such that hẇg̃Duh−1 = ẇg̃Dv for some h ∈ w̃UIw̃ . This is

equivalent to u = g̃−1
D ẇ−1h−1ẇg̃Dvh. Now we set g̃−1

D ẇ−1h−1ẇg̃D = h′. It suffices to show that

u = h′vẇg̃Dh
′−1g̃−1

D ẇ−1 for some h′ ∈ g̃−1
D ẇ−1w̃UIw̃ẇg̃D = w̃−1

UIw̃ and v ∈ LIw̃U
w̃.
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Now by lemma 6.3.5, we have u = h′vẇg̃Dh
′−1g̃−1

D ẇ−1 for some h′ ∈ w̃−1
UIw̃ and v ∈

LIw̃U
w̃. Since u ∈ UIw̃ , we must have v ∈ U w̃. Indeed, write v = v1l for some v1 ∈ U w̃

and l ∈ LIw̃ . Then l = 1 by checking the corresponding root subgroups and the torus part of

h′vẇg̃Dh
′−1g̃−1

D ẇ−1. This proves the existence of v.

As for uniqueness, suppose that (ẇg̃Dv1, w̃UIw̃) and (ẇg̃Dv2,
w̃UIw̃) are both in Õ with

v1, v2 ∈ U w̃. Then there exists h ∈ w̃UIw̃ with ẇg̃Dv1 = hẇg̃Dv2h
−1. Again by lemma 6.3.5, we

must have h = 1 and v1 = v2.

From above result we know the intersection of the closed subvariety {(ẇg̃Dv, w̃UIw̃) | v ∈

U w̃} of Ŷ D
Iw̃,δD(Iw̃)(ẇ) with each G-orbit in Ŷ D

Iw̃,δD(Iw̃)(ẇ) is a singleton. Furthermore, this does

not depend on the choice of ẇ.

Lemma 6.3.7. The intersection of {(ẇg̃Dv, PIw̃) | v ∈ LIw̃U
w̃} with anyG-orbit in Y D

Iw̃,δD(Iw̃)(w)

is a single L′′
Iw̃

-orbit.

Proof. Let O be any G-orbit in Y D
Iw̃,δD(Iw̃)(w) and Z = {(ẇg̃Dv, PIw̃) | v ∈ LIw̃U

w̃} ∩ O . Let

π
δ̂D,w

: Ŷ D
Iw̃,δD(Iw̃)(ẇ) → Y D

Iw̃,δD(Iw̃)(w) be the covering map as defined in section 6.2 where

ẇ is a representative of w such that π−1

δ̂D,w
({(ẇg̃Dv, PIw̃) | v ∈ LIw̃U

w̃}) is nonempty. Let

Õ be the G-orbit in Ŷ D
Iw̃,δD(Iw̃)(ẇ) such that π

δ̂D,w
(Õ) = O . By lemma 6.3.6, we have Z is

nonempty. Let (ẇg̃Dv, PIw̃) be arbitrary in Z and l ∈ L′′
Iw̃

, then (lẇg̃Dvl
−1, PIw) ∈ O . Notice

that lẇg̃Dvl−1 = ẇg̃Dlvl
−1 since l ∈ L′′

Iw̃
. Moreover, since the unipotent parts of L′′

Iw̃
< LIw̃

corresponds to the roots in Rw̃ and v ∈ LIw̃U
w̃, we have lvl−1 ∈ LIw̃U

w̃. Indeed, let α ∈ Rw̃

and β ∈ Inv(w̃−1), then mα + nβ ∈ R for some m,n ∈ Z>0 implies mα + nβ ∈ Inv(w̃−1) by

our discussion in section 4.2. Then the above claim followed by Chevalley commutator formula.

This finally tells that (lẇg̃Dvl−1, PIw) ∈ Z and L′′
Iw̃

acts on Z.
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Then we show Z is a single L′′
Iw̃

-orbit. Suppose that (ẇg̃Dv1, PIw̃) and (ẇg̃Dv2, PIw̃) are

both in Z where v1, v2 ∈ LIw̃U
w̃. Then (ẇg̃Dv1,

w̃UIw̃) and (ẇg̃Dv2,
w̃UIw̃) are both in Õ . Thus

(ẇg̃Dv1,
w̃UIw̃) = (xẇg̃Dv2x

−1, xw̃UIw̃) for some x ∈ G. By our discussion of π
δ̂D,w

in theorem

6.2.3, we must have (ẇg̃Dv1, l
−1w̃UIw̃) = (xẇg̃Dv2x

−1, xw̃UIw̃) for some l ∈ L′′
Iw̃

. By applying

the action of l and x to two sides separately, we have (lẇg̃Dv1l
−1, w̃UIw̃) and (ẇg̃Dv2,

w̃UIw̃) are

in the same G-orbit. Since L′′
Iw̃

acts on Z, we have lẇg̃Dv1l−1 = ẇg̃Dv
′
1 for some v′1 ∈ LIw̃U

w̃.

Then by lemma 6.3.6 we must have v′1 = v2 and thus (ẇg̃Dv1, PIw̃) and (ẇg̃Dv2, PIw̃) are in the

same L′′
Iw̃

-orbit.

Now we further assume that C̃ = Ψ(Õ) of some unipotent G-conjugacy class Õ ∈ [Du].

Meanwhile, by the second part of theorem 1.2.2, we know ŜD
Br(b̃) intersects Õ transversally. This

tells that ŜD
Br(b̃) ∩ Õ is a finite nonempty set and is independent of the choice of ẇ. Then by

considering Ŷ D
Iw̃,δD(Iw̃)(ẇ) and Y D

Iw̃,δD(Iw̃)(w), we have Y O
Iw̃,δD(Iw̃)(w) is nonempty. Therefore, we

have the following result.

Proposition 6.3.8. Keep our settings above. We have:

(1) The orbit space G\Ŷ D
Iw̃,δD(Iw̃)(ẇ) is isomorphic to LIw̃U

w̃;

(2) The orbit space G\Y D
Iw̃,δD(Iw̃)(w) is isomorphic to L′′

Iw̃
\LIw̃U

w̃.
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Chapter 7: Perfect submonoids of dominant weights

In this chapter, we first consider the semisimple case and prove theorem 1.5.1. Then we

consider the reductive case.

7.1 Characterization of perfect submonoids of dominant weights

We first reduce the general case to the case when G is simply connected. Let G be a

connected semisimple algebraic group with a maximal torus T and center Z. Let Gsc be the

simply connected cover of G with a maximal torus T sc and center Zsc. We know G ≃ Gsc/Z ′,

where Z ′ is a subgroup of Zsc. One have

1 −→ X∗(T ) −→ X∗(T sc) −→ X∗(Z ′) −→ 1,

and X∗
+(T ) = {λ ∈ X∗

+(T
sc) | λ|Z′ = 1} is a subset of X∗

+(T
sc) by natural inclusion.

Recall the functor between tensor categories Rep(G) → Rep(Gsc) is fully faithful by

[EGNO15]. Then the tensor product multiplicities mν
λ,µ are the same for G and Gsc if λ, µ, ν

are dominant weights of G. This can also be seen in [Ku10, Corollary 3.6]. Therefore, if L is

perfect as a submonoid of X∗
+(T ), then it is also perfect as a submonoid of X∗

+(T
sc). Thus we

may focus on the case when G is simply connected.

Now in this section, we always assume G is simply connected. Since G is semisimple,

there is a decomposition G = G1 × · · · × Gn, where each Gk is simply connected quasi-simple
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with a maximal torus Tk, center Zk and Weyl group Wk. Let {1, ..., n} be the index set of quasi-

simple factors. There are also corresponding decompositions of the weight lattice X∗(T ) =

X∗(T1)
⊕

· · ·
⊕

X∗(Tn) and the root lattice Q = Q1

⊕
· · ·

⊕
Qn. We also have

X∗(T )/Q ≃
n⊕

k=1

X∗(Tk)/Qk.

Let the set of simple roots of G be {αi}i∈I and the corresponding simple reflections be {si}i∈I .

Write I =
n⊔

k=1

Ik, where Ik is the index set of simple roots of Gk.

First we give some perfect submonoids of dominant weights.

Proposition 7.1.1. Suppose that G is a simply connected semisimple group. If L̃ is a sublattice

of X∗(T ) containing Q, then L = L̃ ∩X∗
+(T ) is a perfect submonoid of X∗

+(T ).

Proof. Let λ, µ be two dominant weights in L̃. For any ν ∈ X(λ, µ), by lemma 2.7.2, we have

ν = λ + µ −
∑
i∈I
kiαi, where ki ∈ Z≥0 for i ∈ I . Since L̃ is a lattice containing Q, we have

λ, µ and −
∑
i∈I
kiαi are all in L̃. Thus ν is also in L̃. Therefore, we have ν ∈ L̃ ∩ X∗

+ and L is

perfect.

Next we focus on the necessary conditions for perfectness of a submonoid L ⊂ X∗
+(T ).

By above decomposition, any weight λ ∈ X∗(T ) can be denoted by
(
π1(λ), ..., πn(λ)

)
, where

πk : X∗(T ) → X∗(Tk) is the canonical projection, for 1 ≤ k ≤ n. Suppose that λ is dominant,

define the support of λ as

supp(λ) = {i ∈ I | ⟨λ, α∨
i ⟩ > 0}.

For any 1 ≤ k ≤ n, say λ is k-regular if supp(λ) ⊃ Ik. If λ is k-regular for all k, 1 ≤ k ≤ n,

then λ is a regular dominant weight in X∗(T ).
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Definition 7.1.2. Let G be a semisimple group. For any dominant weight λ of G, the component

support of λ is the set {1 ≤ k ≤ n | πk(λ) is nontrivial}.

Let L be a perfect submonoid of X∗
+(T ). It is clear that for any 1 ≤ k ≤ n, πk(L) is

a perfect submonoid of X∗
+(Tk). We claim the existence of some certain k-regular dominant

weights in a nonzero perfect submonoid L of dominant weights.

Lemma 7.1.3. Suppose that G is simply connected semisimple and L is a nonzero perfect sub-

monoid of X∗
+(T ). Let λ be a dominant weight in L. Then there exists a dominant weight ωλ ∈ L

such that for any 1 ≤ k ≤ n, ωλ is k-regular if πk(λ) is nontrivial.

Proof. It suffices to prove the lemma for quasi-simple group G. Indeed, suppose that for any

1 ≤ k ≤ n such that πk(λ) is nontrivial, there is a k-regular dominant weight πk(µk) ∈ πk(L),

where µk ∈ L. Then
∑

k,πk(λ) is nontrivial
µk is a desirable dominant weight ωλ ∈ L.

Assume that G is quasi-simple. It suffices to show that for any dominant weight λ ∈ L

with supp(λ) ⊊ I , there is another dominant weight µ ∈ L such that supp(µ) ⊋ supp(λ).

Let D be the Dynkin diagram of G and λ be a dominant weight in L with supp(λ) ⊊ I .

There are vertices j ∈ supp(λ) and i1 /∈ supp(λ) such that j and i1 are joint with each other in

D. Then ⟨λ, α∨
j ⟩ > 0. Let I ′ = {i1, i2, ..., im, j} be the subset of I consisting of all vertices joint

with j and j itself. Consider the weight µ = 2λ+ sj(λ). We show it is dominant.

For any i ∈ I , we have

⟨µ, α∨
i ⟩ = 3⟨λ, α∨

i ⟩ − ⟨λ, α∨
j ⟩⟨αj, α

∨
i ⟩.

If i = j, then ⟨µ, α∨
j ⟩ = ⟨λ, α∨

j ⟩ > 0. If i ∈ I ′ \ {j}, then ⟨µ, α∨
i ⟩ > 3⟨λ, α∨

i ⟩ ≥ 0 since

⟨αj, α
∨
i ⟩ < 0. If i ∈ I \ I ′, then ⟨µ, α∨

i ⟩ = 3⟨λ, α∨
i ⟩ ≥ 0 since ⟨αj, α

∨
i ⟩ = 0. By above
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computations, we have µ is dominant. Then by theorem 2.7.4, we have µ ∈ X(2λ, λ) is contained

in L.

Now we look at the support. Still by above computations, for i ∈ I\I ′, we have i ∈ supp(µ)

if and only if i ∈ supp(λ). We also have supp(µ) contains I ′ while i1 /∈ supp(λ). Therefore, we

have supp(µ) ⊋ supp(λ) and the lemma is proved.

Based on above property of ωλ and the fact that Π(λ) is a finite set, we have a direct

corollary.

Corollary 7.1.4. Suppose that G is simply connected semisimple and L is a nonzero perfect

submonoid of X∗
+(T ). Let λ be a dominant weight in L. Then there is a positive integer m such

that µ+mωλ ∈ L for any weight µ ∈ Π(λ).

We also need the following technical proposition, which will be proved in next section.

Proposition 7.1.5. Suppose that G is simply connected semisimple. If L is a nonzero perfect

submonoid of X∗
+(T ), then for any λ ∈ L, all the dominant weights in Π(λ) are contained in L.

For the proof of proposition 7.1.5 and our later discussions, we cannot reduce them directly

to the case when G is quasi-simple. This is because
(
π1(λ1), π2(λ2), ..., πn(λn)

)
may not be in L

even if λ1, ..., λn are all in L.

Definition 7.1.6. Let L be a submonoid of X∗
+(T ), the component support of L is the set {1 ≤

k ≤ n | πk(L) ̸= {0}}. If the component support of L is equal to {1, 2, ..., n}, then L is said to

have full component support. In particular, when G is quasi-simple, every nonzero submonoid of

X∗
+(T ) has full component support.

We first restrict ourselves to perfect submonoids of X∗
+(T ) with full component support.
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Lemma 7.1.7. Suppose that G is simply connected semisimple. If L is a perfect submonoid of

X∗
+(T ) with full component support, then for any 1 ≤ k ≤ n, we have Qk ∩X∗

+(T ) is contained

in L. In particular, Q ∩X∗
+(T ) is contained in L.

Proof. Let µ be arbitrary inQk∩X∗
+(T ). Since L has full component support, there is a dominant

weight λ in L with full component support. By lemma 7.1.3, there is a regular dominant weight

ωλ =
(
π1(ωλ), ..., πn(ωλ)

)
in L. We know that ωλ is a Q≥0-combination of simple roots. Then

one can take a positive integer m such that mωλ ∈ Q∩X∗
+(T ). Moreover, since ωλ is regular, we

have ⟨ωλ, α
∨
i ⟩ > 0 for any i ∈ Ik. One can take m large enough such that ⟨mωλ, α

∨
i ⟩ ≥ ⟨µ, α∨

i ⟩

for any i ∈ Ik. Then mπk(ωλ) − µ is a Z≥0-combination of simple roots in Qk. Moreover,

we have mωλ − µ :=
(
mπ1(ωλ), ...,mπk−1(ωλ),mπk(ωλ) − µ,mπk+1(ωλ), ...,mπn(ωλ)

)
is a

Z≥0-combination of simple roots and thus µ ⪯ mωλ. Then µ ∈ Π(mωλ) ∩ X∗
+(T ) is in L by

proposition 7.1.5. Therefore, Qk ∩X∗
+(T ) is contained in L.

In particular, since L is a submonoid of X∗
+(T ), we have Q ∩X∗

+(T ) is contained in L by

adding Qk ∩X∗
+(T ) for 1 ≤ k ≤ n.

Based on the above lemma, we use the cocenter to characterize the perfect submonoids

of X∗
+(T ). Consider the canonical projection map p : X∗(T ) → X∗(T )/Q. If L is a perfect

submonoid of X∗
+(T ) with full component support, then p(L) is a subgroup of X∗(T )/Q since

X∗(T )/Q is finite.

Proposition 7.1.8. Suppose that G is simply connected semisimple and L is a perfect submonoid

of X∗
+(T ) with full component support. Then L = p−1(L) ∩ X∗

+(T ) for some subgroup L of

X∗(T )/Q.

Proof. Let L = p(L) be a subgroup of X∗(T )/Q. By definition we have L ⊂ p−1(L) ∩X∗
+(T ).
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Then it suffices to show:

For any a ∈ L, p−1(a) ∩X∗
+(T ) is contained in L.

Indeed, by our choice of L, there exists λ ∈ L such that p(λ) = a. Let µ be an arbitrary dominant

weight in p−1(a). Then λ − µ ∈ Q. By same argument as in the proof of lemma 7.1.7, there

exists a regular dominant weight ω ∈ L. Then there is a positive integer m such that λ−µ+mω

is dominant by regularity of ω. Then λ − µ + mω ∈ Q ∩ X∗
+(T ) is a Z≥0-combination of

simple roots. By proposition 7.1.5, µ ∈ Π(λ + mω) ∩ X∗
+(T ) is in L. Therefore, we have

p−1(a) ∩X∗
+(T ) ⊂ L and L = p−1(L) ∩X∗

+(T ).

Based on above, we can give the characterization of perfect submonoids of dominant

weights.

Proposition 7.1.9. Let G be a simply connected semisimple group. The perfect submonoids of

X∗
+(T ) with full component support are exactly L̃ ∩X∗

+(T ), where L̃ is any sublattice of X∗(T )

containing Q.

Proof. By Proposition 7.1.1, the intersection of sublattices of X∗(T ) containing Q with X∗
+(T )

are perfect. Moreover, these perfect submonoids clearly have full component support since Q ∩

X∗
+(T ) has full component support.

Let L be a perfect submonoid ofX∗
+(T ) with full component support. By proposition 7.1.8,

L = p−1(L) ∩ X∗
+(T ) for some subgroup L of X∗(T )/Q. We also have p−1(L) is a subgroup

of X∗(T ). Moreover, p−1(L) contains p−1(0) = Q. Therefore, the perfect submonoid L is the

intersection of a sublattice p−1(L) of X∗(T ) containing Q with X∗
+(T ).

In proposition 7.1.8, we relates our perfect submonoids of X∗
+(T ) to the cocenter of G.
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Next we give a reformulation of perfect submonoids of dominant weights using central characters.

Let L be an arbitrary perfect submonoid of X∗
+(T ) with full component support. Define a

subset ZL of Z as

ZL = {z ∈ Z | λ(z) = 1,∀λ ∈ L}.

Since ZL =
⋂
λ∈L

Ker(λ|Z), we have that ZL is a subgroup of Z.

Conversely, let Z ′ be an arbitrary subgroup of Z. Define a subset LZ′ of X∗
+(T ) as

LZ′ = {λ ∈ X∗
+(T ) | λ|Z′ = 1}.

Then LZ′ is a perfect submonoid of X∗
+(T ) with full component support. Indeed, there is a

unique (up to isomorphism) connected algebraic group G′ with simply connected cover G such

that G′ ≃ G/Z ′. By [BT65, §1.2], the maximal torus T ′ of G′ satifying

1 −→ Z ′ −→ T −→ T ′ −→ 1

gives rise to

1 −→ X∗(T ′) −→ X∗(T ) −→ X∗(Z ′) −→ 1,

and X∗
+(T

′) = {λ ∈ X∗
+(T ) | λ|Z′ = 1} = LZ′ . Moreover, as weights in Q∩X∗

+(T ) act trivially

on Z ⊃ Z ′, we have LZ′ ⊃ Q ∩ X∗
+(T ) and LZ′ is a perfect submonoid of X∗

+(T ) with full

component support.

Proposition 7.1.10. Let G be a simply connected semisimple group. The maps φ : L 7→ ZL,

ψ : Z ′ 7→ LZ′ give a natural bijection between the perfect submonoids of X∗
+(T ) with full

component support and the subgroups of Z.
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Proof. Let L be an arbitrary perfect submonoid of X∗
+(T ) with full component support. By

proposition 7.1.9 , we have L = L̃∩X∗
+(T ) for some sublattice L̃ of X∗(T ) containing Q. Then

there is a unique (up to isomorphism) connected semisimple group G′ with simply connected

cover G and a maximal torus T ′ such that X∗(T ′) = L̃. Since G′ ≃ G/Z ′ for a unique subgroup

Z ′ of Z, we have X∗(T ′) = {λ ∈ X∗(T ) | λ|Z′ = 1}. Then we have L = L̃ ∩X∗
+(T ) = {λ ∈

X∗
+(T ) | λ|Z′ = 1} = ψ(Z ′) and ψ is surjective. Meanwhile, by uniqueness of G′, ψ is injective.

Now we show that φ and ψ are inverse to each other. Consider (ψ ◦ φ)(L) is also a perfect

submonoid of X∗
+(T ) with full component support. For any λ ∈ L and any z ∈ φ(L), we have

λ(z) = 1. Then by definition, λ is in (ψ ◦ φ)(L) and L ⊂ (ψ ◦ φ)(L). Meanwhile, since ψ is

surjective, L = ψ(Z ′) for some subgroup Z ′ of Z. Then φ(L) contains Z ′. Then (ψ ◦ φ)(L)

is a subset of ψ(Z ′) = L. Therefore, we have (ψ ◦ φ)(L) = L. For any Z ′ < Z, we have

(ψ ◦ φ ◦ ψ)(Z ′) = ψ(Z ′) by above. Since ψ is injective, we have (φ ◦ ψ)(Z ′) = Z ′. Therefore,

the pair (φ, ψ) gives a bijection and it is clearly natural by definition.

7.2 Proof of the main result

In this section we prove theorem 1.5.1. Let L be a submonoid of X∗
+(T ). We first define

the component support of L.

Definition 7.2.1. Let L be a submonoid ofX∗
+(T ). The component support of L is the component

support of L as a submonoid of X∗
+(T

sc) (see definition 7.1.6).

Proof of theorem 1.5.1.(a) Let L be a perfect submonoid of X∗
+(T ) with full component

support. By our discussion above, L is also a perfect submonoid ofX∗
+(T

sc) with full component

support. Therefore, by proposition 7.1.9, we have L = L̃ ∩ X∗
+(T

sc) where L̃ is a sublattice of
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X∗(T sc) containing the root lattice Q. Since L is contained in X∗
+(T ), we have L = L̃∩X∗

+(T ).

One can also write L =
(
L̃ ∩ X∗(T )

)
∩ X∗

+(T ). Clearly, L̃ ∩ X∗(T ) is a sublattice of X∗(T )

containing Q.

Conversely, let L = L̃ ∩ X∗
+(T ) where L̃ is a sublattice of X∗(T ) containing Q. Then

L̃ is also a sublattice of X∗(T sc) containing Q. We also know L̃ ∩ X∗
+(T ) = L̃ ∩ X∗

+(T
sc)

since L̃ ⊂ X∗(T ). Then by proposition 7.1.9, L is a perfect submonoid of X∗
+(T

sc) with full

component support and is also a perfect submonoid of X∗
+(T ) with full component support.

(b) We know that G is isomorphic to Gsc/Z ′. We also have Z ≃ Zsc/Z ′ which is natural.

Then it suffices to show: There is a natural bijection between the perfect submonoids of X∗
+(T )

with full component support and the subgroups of Zsc/Z ′.

Recall that perfect submonoids of X∗
+(T ) with full component support are also perfect

submonoids of X∗
+(T

sc) with full component support. By proposition 7.1.10, there is a natural

bijection between perfect submonoids of X∗
+(T

sc) with full component support and subgroups of

Zsc given by

φ : L 7−→ Zsc
L = {z ∈ Zsc | λ(z) = 1,∀λ ∈ L},

and its inverse

ψ : (Zsc)′ 7−→ L(Zsc)′ = {λ ∈ X∗
+(T

sc) | λ|(Zsc)′ = 1}.

Note that

X∗
+(T ) = {λ ∈ X∗

+(T
sc) | λ|Z′ = 1}.

If L is a perfect submonoid of X∗
+(T ) with full component support, then φ(L) = Zsc

L contains

Z ′.
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Conversely, for any subgroup (Zsc)′ of Zsc containing Z ′, ψ((Zsc)′) = L(Zsc)′ is actually a

perfect submonoid of X∗
+(T ). Then the restrictions of φ and ψ actually give a natural bijection

between perfect submonoids ofX∗
+(T ) with full component support and subgroups ofZsc contain-

ing Z ′. Since there is a natural bijection between subgroups of Zsc containing Z ′ and subgroups

of Zsc/Z ′, one can combine two natural bijections together and get the required bijection.

Next we drop the assumption that L has full component support and deal with arbitrary

perfect submonoids. Indeed, we only need to consider the nonzero perfect submonoids.

Recall X is the index set of quasi-simple factors. Let X0 be an arbitrary nonempty subset of

X and L be a perfect submonoid of X∗
+(T ) with component support X0. Then L is also a perfect

submonoid of X∗
+(T

sc) with component support X0. Let X∗(T )X0 = X∗(T ) ∩ X∗(T sc)X0 and

QX0 = Q ∩X∗(T sc)X0 , where

X∗(T sc)X0 := {
(
π1(λ), ..., πn(λ)

)
| λ ∈ X∗(T sc), πk(λ) = 0 for any k /∈ X0} ⊂ X∗(T sc).

It is clear that X∗(T sc)X0 and QX0 are isomorphic to the weight lattice and the root lattice of

Gsc
X0

=
∏

k∈X0

Gsc
k , respectively. Then L is contained in X∗

+(T )X0 ⊂ X∗
+(T

sc)X0 and one can view

L as a perfect submonoid of dominant weights of Gsc
X0

with full component support.

Then we can slightly modify the maps φ and ψ. Recall that G ≃ Gsc/Z ′. Let Zsc
X0

=∏
k∈X0

Zsc
k and Z ′

X0
= Z ′ ∩ Zsc

X0
. Define the map φX0 from perfect submonoids of X∗

+(T
sc) with

component support X0 to subgroups of Zsc
X0

as φX0(L) = (Zsc
X0
)L, where

(Zsc
X0
)L = {z ∈ Zsc

X0
| λ(z) = 1,∀λ ∈ L}.

For the inverse direction, define the map ψX0 as ψX0

(
(Zsc

X0
)′
)
= L(Zsc

X0
)′ , where

L(Zsc
X0

)′ = {λ ∈ X∗
+(T

sc)X0 | λ|(Zsc
X0

)′ = 1}.
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One can also write

L(Zsc
X0

)′ = {λ ∈ X∗
+(T

sc) | λ|(Zsc
X0

)′ = 1, λ|Tk
= 1, ∀k /∈ X0}.

Then we deduce the characterization for perfect submonoids of X∗
+(T ) with component support

X0 ⊂ X and its reformulation as a corollary of theorem 1.5.1.

Corollary 7.2.2. Let G be a connected semisimple algebraic group. Then

a) The perfect submonoids of X∗
+(T ) with component support X0 ⊂ X are exactly L̃ ∩

X∗
+(T ), where L̃ is any sublattice of X∗(T )X0 containing QX0;

b) There is a natural bijection between the perfect submonoids of X∗
+(T ) with component

support X0 ⊂ X and the subgroups of Zsc
X0
/Z ′

X0
.

Proof. a) One notices that X∗(T )X0 is a sublattice of X∗(T sc)X0 containing QX0 . Then X∗(T )X0

and QX0 are the weight lattice and the root lattice of a connected semisimple group G′
X0

with

simply connected cover Gsc
X0

, respectively. Then one can check perfect submonoids of X∗
+(T )X0

with full component support are also perfect submonoids of X∗
+(T

sc) contained in X∗
+(T ) with

component support X0. Then by our discussions above, perfect submonoids of X∗
+(T ) with

component support X0 are exactly perfect submonoids of X∗
+(T )X0 with full component support.

We know X∗
+(T )X0 is the set of dominant weights of G′

X0
. Then by applying theorem 1.5.1

to perfect submonoids of X∗
+(T )X0 with full component support, part a) is proved.

b) Identify X∗
+(T

sc)X0 with the set of dominant weights of Gsc
X0

. Then there is a natural

bijection between the perfect submonoids ofX∗
+(T

sc) with component support X0 and the perfect

submonoids of X∗
+(T

sc)X0 with full component support. Then by applying Proposition 7.1.10 to

Gsc
X0

, we have the maps φX0 and ψX0 give a natural bijection between the perfect submonoids of

X∗
+(T

sc) with component support X0 and the subgroups of Zsc
X0

.
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Moreover, same as the proof of theorem 1.5.1, the restrictions of φX0 and ψX0 actually

give a natural bijection between perfect submonoids of X∗
+(T ) with component support X0 and

subgroups of Zsc
X0

containing Z ′
X0

. Since there is a natural bijection between subgroups of Zsc
X0

containing Z ′
X0

and subgroups of Zsc
X0
/Z ′

X0
, again we can combine two bijections together and get

the required natural bijection.

7.3 Proof of Proposition 7.1.5

In this section, we keep the notations in section 7.1 and prove proposition 7.1.5. We first

give the idea of the proof. Then we reduce it to the case when G is quasi-simple and finally give

the computations in different types.

Let λ be a dominant weight in L with component support X0 ⊂ X. We may assume X0 =

{1, 2, ..., n0}. Take the dominant weight ωλ ∈ L in lemma 7.1.3 such that for any 1 ≤ k ≤ n0,

ωλ is k-regular. By corollary 7.1.4, there is a positive integer m such that for any µ ∈ Π(λ),

µ+mωλ is in L. Without loss of generality, we assume m = 1.

Now let µ be an arbitrary dominant weight in Π(λ). Then the component support of µ is

contained in X0. Our idea is finding a dominant weight η in L based on ωλ, such that µ+η is also

in L and w0(η) = −η, where w0 is the longest element in W . Then we have µ = µ+η+w0(η) ∈

X(µ + η, η) ⊂ L by theorem 2.7.4. Since µ is arbitrary, all dominant weights in Π(λ) are

contained in L, which proves proposition 7.1.5.

Next we proceed to the reduction. As in section 7.1, one can write ωλ =
(
π1(ωλ), ..., πn(ωλ)

)
,

where πk(ωλ) ∈ X∗
+(Tk). For any k /∈ X0, we know πk(ωλ) = 0. For any w ∈ W , we

write w = (w(1), w(2), ..., w(n)), where w(k) is in the Weyl group Wk of Gk. In particular,
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w0 = (w
(1)
0 , w

(2)
0 , ..., w

(n)
0 ), where w(k)

0 is the longest element in Wk. We construct η by some

lemmas.

Lemma 7.3.1. Suppose that G is simply connected quasi-simple and ω ∈ L is regular. There is

a sequence {ν0 = ω, ν1, ..., νr} of nonzero dominant weights in L such that w0(νr) = −νr and

for any 0 ≤ l ≤ r − 1, νl+1 = βl + σl(γl) for some βl, γl ∈ {ν0, ..., νl} and σl ∈ W .

Proof. We give the precise computations for this lemma in different types later.

Lemma 7.3.2. Let 1 ≤ k0 ≤ n0 and ω =
(
π1(ω), ..., πn(ω)

)
be any dominant weight in L with

component support X0 such that, µ + ω ∈ L and ω is k0-regular. Then there is a dominant

weight θk0 =
(
π1(θk0), ..., πn(θk0)

)
in L with component support X0 such that µ + θk0 ∈ L,

w
(k0)
0

(
πk0(θk0)

)
= −πk0(θk0) and πk(θk0) is a positive integral multiple of πk(ω) for k ∈ X0 \

{k0}.

Proof. Recall that πk0(L) is a perfect submonoid of X∗
+(Tk0) with full component support since

L is perfect and Gk0 is quasi-simple. Then there is a regular dominant weight πk0(ω) of Gk0 in

πk0(L). Take the sequence {ν0 = πk0(ω), ..., νr} in πk0(L) in lemma 7.3.1. For any 0 ≤ l ≤ r−1,

one can write νl+1 = βl + σ
(k0)
l (γl) for some βl, γl ∈ {ν0, ..., νl} and σ(k0)

l ∈ Wk0 .

Based on above sequence, there is also a sequence {ν̃0, ν̃1, ..., ν̃r} of nonzero weights in

X∗(T ) as following:

1) ν̃0 = ω;

2) Suppose that we have {ν̃0, ν̃1, ..., ν̃l} and νl+1 = νal+1
+σ

(k0)
l (νbl+1

) for some al+1, bl+1 ∈

{0, 1, ..., l}. Then set

ν̃l+1 := ν̃al+1
+ σ̃l(ν̃bl+1

),
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where σ̃l = (σ̃
(1)
l , ..., σ̃

(n)
l ) is given by σ̃(k)

l =


σ
(k0)
l , k = k0

Id(k), k ̸= k0

.

Then we claim that for any 0 ≤ l ≤ r, both ν̃l and µ+ ν̃l are in L with component support

X0. Moreover, πk0(ν̃l) = νl and πk(ν̃l) is a positive integral multiple of πk(ω) for k ∈ X0 \ {k0}.

Prove the claim by induction on l. For l = 0, the claim is clearly true since ν̃0 = ω.

Suppose that the claim is true for {0, 1, ..., l}. Since ν̃l+1 = ν̃al+1
+ σ̃l(ν̃bl+1

), we have

πk(ν̃l+1) =


πk0(ν̃al+1

) + σ̃l
(k0)

(
πk0(ν̃bl+1

)
)
= νal+1

+ σ
(k0)
l (νbl+1

) = νl+1, k = k0,

πk(ν̃al+1
) + σ̃l

(k)
(
πk(ν̃bl+1

)
)
= πk(ν̃al+1

) + πk(ν̃bl+1
), k ∈ X0 \ k0,

πk(ν̃al+1
) + σ̃l

(k)
(
πk(ν̃bl+1

)
)
= 0, k /∈ X0.

We have πk(ν̃l+1) = πk(ν̃al+1
) + πk(ν̃bl+1

) is a positive integral multiple of πk(ω) for k ∈ X0 \

{k0} by induction hypothesis. Since πk0(ν̃l+1) = νl+1 is dominant, we have ν̃l+1 and µ + ν̃l+1

are both dominant with component support X0 by above computation. Then we have ν̃l+1 ∈

X(ν̃al+1
, ν̃bl+1

) and µ+ ν̃l+1 ∈ X(µ+ ν̃al+1
, ν̃bl+1

) by theorem 2.7.4. Therefore, ν̃l+1 and µ+ ν̃l+1

are both in L. Then the claim is true for (l + 1)-case. By induction, the claim is true.

Consider the dominant weight ν̃r in the sequence. From above claim, We know ν̃r and

µ + ν̃r are both in L with component support X0 and for k ∈ X0 \ {k0}, πk(ν̃r) is a positive

integral multiple of πk(ω). Since πk0(ν̃r) = νr, we also have w(k0)
0

(
πk0(ν̃r)

)
= −πk0(ν̃r) by

lemma 7.3.1. Then ν̃r is a desirable dominant weight θk0 .

Lemma 7.3.3. There is a sequence {η0 = ωλ, η1, η2, ..., ηn0} of dominant weights with component

support X0 satisfying, for any 1 ≤ k0 ≤ n0:

• a) ηk0 ∈ L and µ+ ηk0 ∈ L;

• b) w(k0)
0

(
πk0(ηk0)

)
= −πk0(ηk0) and πk(ηk0) is a positive integral multiple of πk(ηk0−1) for
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k ∈ X0 \ {k0};

• c) For any k0 + 1 ≤ k ≤ n0, ηk0 is k-regular.

Proof. Construct the sequence by induction. Since η0 = ωλ, it is dominant in L with component

support X0. We know ωλ is 1-regular and µ+ ωλ ∈ L. Then by applying lemma 7.3.2 to k0 = 1

and ω = ωλ, one can obtain a dominant weight η1 in L with component support X0. Directly by

lemma 7.3.2, η1 satisfies condition a) and b). Moreover, for any 2 ≤ k ≤ n0, πk(η1) is a positive

integral multiple of πk(ωλ), which is k-regular. Thus η1 is k-regular for any 2 ≤ k ≤ k0. Then

we have constructed η1 satisfying all conditions.

Suppose we have constructed {η1, ..., ηl} satisfying all conditions. By induction hypothesis,

we have ηl and µ + ηl are in L with component support X0. We also have ηl is (l + 1)-regular.

Therefore, we can apply lemma 7.3.2 to k0 = l+1 and ω = ηl. Then we obtain a dominant weight

ηl+1 in L with component support X0. Again directly by lemma 7.3.2, ηl+1 satisfies condition a)

and b). Moreover, for any l+2 ≤ k ≤ n0, πk(ηl+1) is a positive integral multiple of πk(ηl), which

is k-regular. Then ηl+1 also satisfies condition c). Then we have constructed ηl+1 satisfying all

conditions. By induction, this lemma is proved.

Now we consider the dominant weight ηn0 ∈ L in lemma 7.3.3. We know µ+ηn0 is also in

L. For any 1 ≤ k ≤ n0, we have w(k)
0

(
πk(ηn0)

)
= −πk(ηn0) since πk(ηn0) is a positive integral

multiple of πk(ηk) and w(k)
0

(
πk(ηk)

)
= −πk(ηk). Then w0(ηn0) = −ηn0 and ηn0 is a desirable

dominant weight η ∈ L in our idea above. Therefore, the proof of proposition 7.1.5 reduces to

the proof of lemma 7.3.1.
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7.4 Proof of lemma 7.3.1

To prove lemma 7.3.1, we compute it depending on type since w0 acts differently in

different types. There are four cases in total and the following computations are base on some

basic facts of Dynkin diagrams and root data (see e.g. [Bour02, §6.4]).

• TypeA1, Bn, Cn, D2n, E7, E8, F4, G2: In these types, we knoww0 = −1. Thus the sequence

can be chosen as {ω}.

• Type E6: Label the vertices of the Dynkin diagram of E6 as following

◦
α1

◦
α3

◦
α4

◦
α5

◦
α6

◦α2

.

For convenience, we denote weights in the following way. Let ν be any weight. It is a Q-

combination of simple roots, i.e., ν =
6∑

i=1

kiαi. Denote ν by the 6-tuple (
k2

k1, k3 , k4 , k5, k6

).

Therefore, one can write down the list of fundamental weights as 6-tuples:

ω1 =
1

3
(

3

4, 5, 6, 4, 2

), ω2 = (
2

1, 2, 3, 2, 1

), ω3 =
1

3
(

6

5, 10, 12, 8, 4

),

ω4 = (
3

2, 4, 6, 4, 2

), ω5 =
1

3
(

6

4, 8, 12, 10, 5

), ω6 =
1

3
(

3

2, 4, 6, 5, 4

).

Here we have w0 transforms α1, α2, α3, α4, α5, α6 into −α6,−α2,−α5,−α4,−α3,−α1,

respectively. Then we have w0(ω2) = −ω2 and w0(ω4) = −ω4. Therefore, we want the

dominant weight νr to be an nonnegative linear combination of ω2 and ω4.
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Now we give the construction of the sequence {ν1, ..., νr}. First we set ν1 := ω + s6(ω).

For any weight ν = (
k2

k1, k3 , k4 , k5, k6

), we have s6(ν) = (
k2

k1, k3 , k4 , k5, k5 − k6

). Thus

for fundamental weights, we have
ω6 + s6(ω6) = ω5,

ωi + s6(ωi) = 2ωi, 1 ≤ i ≤ 5.

Therefore, we have ν1 ∈
5∑

i=1

Z≥0ωi is dominant. Then ν1 = ω + s6(ω) ∈ X(ω, ω) ⊂ L by

theorem 2.7.4.

Then we set ν2 := ν1 + s5(ν1). For any weight ν = (
k2

k1, k3, k4, k5, k6

), we have s5(ν) =

(
k2

k1, k3 , k4 , k4 + k6 − k5, k6

). Thus for fundamental weights, we have


ω5 + s5(ω5) = ω4 + ω6,

ωi + s5(ωi) = 2ωi, i ̸= 5.

Therefore, ν2 is dominant by above computation. Then we have ν2 = ν1 + s5(ν1) ∈

X(ν1, ν1) ⊂ L by theorem 2.7.4.

Then set ν3 := ν2 + s6s5(ν1) = ν1 + s5(ν1) + s6s5(ν1). By above computations, we have

s6s5(ωi) =


s6(ω4 + ω6 − ω5) = ω4 − ω6, i = 5,

s6(ω6) = ω5 − ω6, i = 6,

s6(ωi) = ωi, i = 1, 2, 3, 4.

Then we have
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
ω5 + s5(ω5) + s6s5(ω5) = ω4 + ω6 + ω4 − ω6 = 2ω4,

ωi + s5(ωi) + s6s5(ωi) = 3ωi, 1 ≤ i ≤ 4.

Since ν1 ∈
5∑

i=1

Z≥0ωi, we have ν3 ∈
4∑

i=1

Z≥0ωi is dominant. Still by theorem 2.7.4, we have

ν3 = ν2 + s6s5(ν1) ∈ X(ν2, ν1) ⊂ L.

Now we have obtained ν3 ∈ L and ν3 ∈
4∑

i=1

Z≥0ωi. Actually, the coefficients of ω5 and ω6

vanished in the process of obtaining ν3. By symmetry of the Dynkin diagram of type E6

and the simple roots, we can make the coefficient of ω1 and ω3 vanished in a similar way.

Set ν4 := ν3 + s1(ν3), one can check ν4 ∈
4∑

i=2

Z≥0ωi is dominant and is in L by theorem

2.7.4. Then we set ν5 = ν4 + s3(ν4) and ν6 = ν5 + s1s3(ν4) = ν4 + s3(ν4) + s1s3(ν4).

Similar to ν2 and ν3, we have ν5 and ν6 are in L and ν6 ∈ Z≥0ω2 + Z≥0ω4. Then we have

w0(ν6) = −ν6 by our computations before. Therefore, {ν1, ..., ν6} is a desirable sequence

for lemma 7.3.1 in type E6.

• Type An(n ≥ 2): Label the vertices of the Dynkin diagram of An as following

◦
α1

◦
α2

◦
αn−1

◦
αn

.

For convenience, we still denote each weight ν by a n−tuple (k1, k2, ..., kn), where ν =

n∑
i=1

kiαi. Then for any 1 ≤ i ≤ n, the fundamental weight ωi is denoted by

ωi =
1

n+1
(n− i+ 1, 2(n− i+ 1), ..., i(n− i+ 1), i(n− i), ..., 2i, i).

In this type, w0 transforms αi into −αn+1−i. Then we have w0(ω1) = −ωn and w0(ωn) =

−ω1. Therefore, we want the dominant weight νr to be an nonnegative linear combination

of ω1 and ωn.
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Now we give the construction of the sequence {ν1, ..., νr}. First we claim that there is a

sequence {ζj}ni=1 of dominant weights in L such that, for any 1 ≤ i ≤ n, ζi ∈
n∑
l=i

Z>0ωl.

Symmetrically, there is also a sequence {θi}ni=1 of nonzero dominant weights in L such

that, for any 1 ≤ i ≤ n, θi ∈
n+1−i∑
l=1

Z>0ωl.

We proceed to prove the claim. Construct the sequence {ζi}ni=1 as following:

(a) ζ1 = ω;

(b) ζi+1 = ζi + si(ζi) + si−1si(ζi) + ...+ s1s2...si−1si(ζi). For any 1 ≤ m ≤ i+ 1, denote

the sum of first m terms of right hand side by ζi+1,m.

Symmetrically, we construct the sequence {θi}ni=1 as following:

(a) θ1 = ω;

(b) θi+1 = θi+sn+1−i(θi)+sn+1−(i−1)sn+1−i(θi)+ ...+snsn−1...sn+1−(i−1)sn+1−i(θi). For

any 1 ≤ m ≤ i+ 1, denote the sum of first m terms of right hand side by θi+1,m.

Then we check these sequences satisfy our requirements by induction on i. By symmetry

of the Dynkin diagram of type An and the simple roots, we only need to check for {ζi}ni=1.

For any weight ν = (k1, k2, ..., kn), we have

si(ν) =


(k1, k2, ..., ki−1, ki−1 + ki+1 − ki, ki+1, ..., kn), i ̸= 1, n,

(k2 − k1, k2, ..., ki−1, ki, ki+1, ..., kn), i = 1,

(k1, k2, ..., ki−1, ki, ki+1, ..., kn−1 − kn), i = n.

Thus for fundamental weights, we have
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si(ωl) =



ωl−1 + ωl+1 − ωl, 2 ≤ l = i ≤ n− 1,

ω2 − ω1, l = i = 1,

ωn−1 − ωn, l = i = n,

ωl, l ̸= i.

For i = 1, it is clear that ζ1 = ω is in L and ω ∈
n∑

l=1

Z>0ωl. Suppose that {ζ1, ..., ζi}

satisfies our requirements where i < n. Then we look at ζi+1. We first compute ωi +

si(ωi) + si−1si(ωi) + ... + s1s2...si−1si(ωi). For this we need the following lemma. Set

ω0 = 0 for convenience.

Lemma 7.4.1. Suppose that 1 ≤ i ≤ n−1. Then si−l+1...si−1si(ωi) = ωi−l−ωi−l+1+ωi+1

for 1 ≤ l ≤ i.

Proof. Proceed by induction on l. For l = 1, we have si(ωi) = ωi−1 − ωi + ωi+1 by our

computations above. Suppose that the equation holds for l − 1. Then for l, we have

si−l+1...si−1si(ωi) = si−l+1(ωi−l+1 − ωi−l+2 + ωi+1)

= ωi−l − ωi−l+1 + ωi−l+2 − ωi−l+2 + ωi+1

= ωi−l − ωi−l+1 + ωi+1.

Therefore, the equation also holds for l. By induction, the lemma is proved.

We know ζi ∈
n∑
l=i

Z>0ωl by induction hypothesis. Now by Lemma 7.4.1, we have ωi +

si(ωi) + si−1si(ωi) + ... + s1s2...si−1si(ωi) = ωi + (ωi−1 − ωi + ωi+1) + (ωi−2 − ωi−1 +
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ωi+1) + ... + (ω0 − ω1 + ωi+1) ∈ Z>0ωi+1. This equation together with the fact that

s1, s2, ..., si fix ωl for i+ 1 ≤ l ≤ n show that ζi+1 is contained in
n∑

l=i+1

Z>0ωl.

Then we show that ζi+1 is in L. Recall our construction of {ζi}ni=1 and {ζi+1,m}i+1
m=1. Again

by Lemma 7.4.1, for any 1 ≤ m ≤ i + 1, the sum of the first m terms of ωi + si(ωi) +

si−1si(ωi)+...+s1s2...si−1si(ωi) is ωi+(ωi−1−ωi+ωi+1)+...+(ωi−m+1−ωi−m+2+ωi+1) =

(m − 1)ωi+1 + ωi−m+1, which is dominant. Still together by the fact that s1, s2, ..., si fix

ωl for i + 1 ≤ l ≤ n, ζi+1,m is always dominant for 1 ≤ m ≤ i + 1. Then for any

2 ≤ m ≤ i + 1, we have ζi+1,m ∈ X(ζi+1,m−1, ζi). Since ζi+1,1 = ζi is in L by induction

hypothesis, we have ζi+1,m are in L for all 1 ≤ m ≤ i + 1 by applying theorem 2.7.4

successively. In particular, ζi+1 = ζi+1,i+1 is in L. Therefore, the claim is true by induction

and symmetry.

Now that the claim is true. Then we have ζn = aωn ∈ L and θn = bω1 ∈ L for some

positive integers a, b. We set ζ = bζn+aθn ∈ L. Notice thatw0(ζ) = abw0(ω1+ωn) = −ζ .

By above construction, we have two sequences {ζi,m | 2 ≤ i ≤ n, 2 ≤ m ≤ i} and

{θi,m | 2 ≤ i ≤ n, 2 ≤ m ≤ i} in L. We know that
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

ζ2,2 = ω + s1(ω),

θ2,2 = ω + sn(ω),

ζi+1,m = ζi+1,m−1 + si−m+2...si(ζi,i), i ≥ 2, 2 < m ≤ i+ 1,

ζi+1,2 = ζi,i + si(ζi,i), i ≥ 2,

θi+1,m = θi+1,m−1 + sn+1−i+(m−2)...sn+1−i(θi,i), i ≥ 2, 2 < m ≤ i+ 1,

θi+1,2 = θi,i + sn+1−i(θi,i), i ≥ 2,

lζn,n = (l − 1)ζn,n + ζn,n, l ≥ 2,

lθn,n = (l − 1)θn,n + θn,n, l ≥ 2,

ζ = bζn,n + aθn,n.

Then consider the following sequence in L,

{ω, ζ2,2, ζ3,2, ζ3,3, ..., ζn,n, 2ζn,n, ..., bζn,n, θ2,2, θ3,2, θ3,3, ..., θn,n, 2θn,n, ..., aθn,n, ζ}.

This is a desirable sequence for lemma 7.3.1 in type An by equations above.

• Type D2n+1: Label the vertices of the Dynkin diagram of D2n+1 as following

◦
α1

◦
α2

◦
α2n−1

◦α2n

◦α2n+1

.

We still denote each weight ν =
2n+1∑
i=1

kiαi by a (2n+1)-tuple (k1, k2, ..., k2n, k2n+1). Then

we have the list of fundamental weights as (2n+ 1)-tuples

ω2n = (
1

2
,
2

2
= 1, ...,

2n− 1

2
,
2n+ 1

4
,
2n− 1

4
),

ω2n+1 = (
1

2
,
2

2
= 1, ...,

2n− 1

2
,
2n− 1

4
,
2n+ 1

4
),

ωi = (1, 2, ..., i− 1, i, i, ..., i,
i

2
,
i

2
), 1 ≤ i ≤ 2n− 1.
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In this type, we have w0 transforms α2n, α2n+1 into −α2n+1,−α2n and acts as −1 on other

simple roots. Then we have w0(ωi) = −ωi for 1 ≤ i ≤ 2n − 1. Therefore, we want the

dominant weight νr to lie in
2n−1∑
i=1

Z≥0ωi.

Now we give the construction of the sequence {ν1, ..., νr}. First set ν1 := ω + s2n+1(ω).

For any weight ν = (k1, k2, ..., k2n+1), we have s2n+1(ν) = (k1, k2, ..., k2n−1, k2n, k2n−1 −

k2n+1). Thus for fundamental weights, we have
ω2n+1 + s2n+1(ω2n+1) = ω2n−1,

ωi + s2n+1(ωi) = 2ωi, i ̸= 2n+ 1.

Therefore, we have ν1 ∈
2n∑
i=1

Z≥0ωi is dominant. By theorem 2.7.4, we have ν1 = ω +

s2n+1(ω) ∈ X(ω, ω) ⊂ L.

Then we set ν2 := ν1 + s2n(ν1). For any weight ν = (k1, k2, ..., k2n+1), we have s2n(ν) =

(k1, k2, ..., k2n−1, k2n−1 − k2n, k2n+1). Thus for fundamental weights, we have
ω2n + s2n(ω2n) = ω2n−1,

ωi + s2n(ωi) = 2ωi, i ̸= 2n.

Since ν1 ∈
2n∑
i=1

Z≥0ωi, we have ν2 ∈
2n−1∑
i=1

Z≥0ωi is dominant. By theorem 2.7.4 we have

ν2 = ν1+ s2n(ν1) ∈ X(ν1, ν1) ⊂ L. Since ν2 ∈
2n−1∑
i=1

Z≥0ωi, we have w0(ν2) = −ν2 by our

computations before. Therefore, we have {ν1, ν2} is a desirable sequence for lemma 7.3.1

in type D2n+1.

142



7.5 Reductive case and Comparison

The definition of perfect submonoids was originally given by Vinberg in [Vin95, §1].

Vinberg used this definition to develope his classification of reductive algebraic monoids. All

algebraic monoids in this subection are assumed to be linear and irreducible.

Let G be a connected reductive algebraic group with a maximal torus T . The natural action

of G×G on K[G] induces [KW84, II.3.1 Satz 3]

K[G] =
⊕

λ∈X∗
+(T )

K[G]λ,

whereK[G]λ ≃ L(λ)∗
⊗

L(λ) is the linear space spanned by matrix entries of L(λ). Every (G×

G)-stable subspace of K[G] has the form of K[G]L =
⊕
λ∈L

K[G]λ for some subset L of X∗
+(T ).

Let M be a reductive monoid with unit group G. Then K[M ] is a G × G-stable subalgebra of

K[G]. By checking the multiplication of K[M ], we have K[M ] = K[G]L where L is a perfect

submonoid of X∗
+(T ). Vinberg gave a description of reductive monoids with unit group G.

Theorem 7.5.1. [Vin95, Theorem 1] A submonoid L of X∗
+(T ) defines an algebraic monoid M

with unit groupG, if and only if L is perfect, finitely generated and generatingX∗(T ) as a group.

Moreover, based on the fact that every algebraic monoid admits a normalization [Re05,

Proposition 3.15], Vinberg gave a classification of normal reductive monoids in [Vin95, Theorem

2]. This classification is important in Vinberg’s construction of Vinberg monoids in [Vin95,

Theorem 5].

By [KKDS73, Lemma 1.1], if L is perfect, finitely generated and generates X∗(T ) as

a group, then the reductive monoid M defined by L is normal if and only if L ⊂ X∗(T ) is

saturated in the following sense.
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Definition 7.5.2. [KKDS73, Definition 1.2] Let L be a subset of X∗(T ). Suppose that for any

λ ∈ X∗(T ), if there is an integer n > 1 such that nλ ∈ L, then λ ∈ L. Then L is called

saturated.

Remark 7.5.3. Note this definition is different from the definition of saturated in section 2.7.

For example, let λ be a dominant weight. The subset Π(2λ) ⊂ X∗(T ) is not always saturated in

the sense of Definition 7.5.2 since λ may not be in Π(2λ). In this section we are always using the

definition from [KKDS73].

Therefore, Vinberg’s results give a characterization for perfect submonoids ofX∗
+(T ) which

are finitely generated, saturated and generates X∗(T ) as a group. Then we compare our results

with Vinberg’s results on perfect submonoids of dominant weights.

We first consider the case where G is semisimple. Let Gsc be the simply connected cover

of G with a maximal torus T sc, and X = {1, 2, ..., n} be the index set of the quasi-simple factors

of Gsc.

Lemma 7.5.4. Suppose that G is a connected semisimple group. The perfect submonoids of

X∗
+(T ) are all finitely generated.

Proof. Recall our results in section 7.3, every perfect submonoid L of X∗
+(T ) with component

support X0 ⊂ X can be viewed as a perfect submonoid of X∗
+(T

sc)X0 with full component

support. Therefore, we may assume that G is simply connected and L has full component

support. Then L = L̃ ∩ X∗
+(T ), where L̃ is a sublattice of X∗(T ) containing Q, by theorem

1.5.1. Therefore, we have L is the set of dominant weights of a connected semisimple group G′

with simply connected cover G. Thus L is clearly finitely generated.
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Therefore, our result differs from Vinberg’s theorem in the sense that, we do not assume

that L is saturated or generates X∗(T ) as a group. Actually, these two conditions do not hold in

general. In conclusion, our results give a complete characterization of all perfect submonoids of

dominant weights in semisimple case.

Next we assume thatG is reductive but not semisimple. LetG0 be its derived subgroup and

Z0 be its connected center. Fix a Borel subgroup B = TU of G. Let T0 = T ∩G0 be a maximal

torus of G0. Since T is an almost direct product of T0 and Z0, there is an natural embedding

i : X∗(T ) → X∗(T0)
⊕

X∗(Z0)

given by restrictions. Therefore, we identify each dominant weight λ ∈ X∗
+(T ) with a pair

i(λ) = (µ, ν), where µ = λ|T0 ∈ X∗
+(T0) and ν = λ|Z0 ∈ X∗

+(Z
0). Then we naturally relate

perfect submonoids of X∗
+(T ) to perfect submonoids of X∗

+(T0)
⊕

X∗
+(Z

0).

Proposition 7.5.5. The perfect submonoids of X∗
+(T ) are exactly the perfect submonoids of

X∗
+(T0)

⊕
X∗

+(Z
0) contained in the image of i : X∗(T ) → X∗(T0)

⊕
X∗(Z0).

Proof. It is clear that the embedding i gives a 1-1 correspondence between submonoids ofX∗
+(T )

with submonoids of X∗
+(T0)

⊕
X∗

+(Z
0) contained in Im(i). It remains to show that L ⊂ X∗

+(T )

is perfect if and only if i(L) ⊂ X∗
+(T0)

⊕
X∗

+(Z
0) is perfect.

Let (µ1, ν1) = i(λ1) and (µ2, ν2) = i(λ2) be arbitrary. We have

X
(
(µ1, ν1), (µ2, ν2)

)
= {(µ, ν1 + ν2) | µ ∈ X(µ1, µ2) ⊂ X∗

+(T0)}.

By lemma 2.7.2 and the fact that the simple roots of G are exactly the simple roots of G0, we

have

i
(
X(λ1, λ2)

)
= {(λ|T0 , ν1 + ν2) | λ ∈ X(λ1, λ2)}.
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Now we consider the tensor product decomposition

L(λ1)
⊗

L(λ2) =
⊕

λ∈X(λ1,λ2)

L(λ)⊕mλ
λ1,λ2 .

We know that L(λ) = {f ∈ K[G] | f(tg) = λ(t)f(g),∀t ∈ T, g ∈ G}. By restricting on G0, we

have L(λ)|G0 is clearly a nontrivial G0-module. Let i(λ) = (µ, ν), which means λ|T0 = µ. Then

by decomposing L(λ)|G0 into a direct sum of irreducibleG0-modules, we have L(λ) = L0(µ)
⊕aλ

for some positive integer aλ, where L0(µ) denotes the irreducibleG0-module with highest weight

µ. Therefore, the restriction of above equation on G0 gives

L0(µ1)
⊕aλ1

⊗
L0(µ2)

⊕aλ2 =
⊕

µ=λ|T0 ,λ∈X(λ1,λ2)

L0(µ)
⊕aλm

µ
µ1,µ2 .

Recall the tensor product decomposition of G0-modules

L0(µ1)
⊗

L0(µ2) =
⊕

µ∈X(µ1,µ2)

L0(µ)
⊕mµ

µ1,µ2 .

By comparing the direct summands of the right hand side of two equations, we have {λ|T0 |

λ ∈ X(λ1, λ2)} = X(µ1, µ2). From this we know X
(
(µ1, ν1), (µ2, ν2)

)
= i

(
X(λ1, λ2)

)
. Then

X
(
(µ1, ν1), (µ2, ν2)

)
⊂ i(L) is equivalent to X(λ1, λ2) ⊂ L. Therefore, we have L ⊂ X∗

+(T ) is

perfect if and only if i(L) ⊂ X∗
+(T0)

⊕
X∗

+(Z
0) is perfect and the proposition is proved.

Now Let L be a submonoid of X∗
+(T0)

⊕
X∗

+(Z
0) and prZ(L) be the projection of L to

X∗
+(Z

0). One can write L as

L =
⋃

ν∈prZ(L)

{(µ, ν) | µ ∈ Lν},

where Lν := {µ ∈ X∗
+(T0) | (µ, ν) ∈ L}. In general, perfect submonoids of X∗

+(T0)
⊕

X∗
+(Z

0)

could be complicated when G is reductive but not semisimple. To see that, we consider the

following example when L0 = {0}.
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Example 7.5.6. Construct the perfect submonoid L of X∗
+(T0)

⊕
X∗

+(Z
0) as following.

Let prZ(L) be Z≥0ν, where ν is nonzero in X∗
+(Z

0). Construct Liν (i ∈ Z≥0) inductively.

For i = 0, let L0 = {0}. Suppose we have already constructed Liν for i < m. For i = m, we

take an arbitrary subet Xm of X∗
+(T ) and construct Lmν as

Lmν =
(m−1⋃

k=1

X(Lkν ,L(m−k)ν)
)⋃

Xm,

where X(Lkν ,L(m−k)ν) denotes the union of sets X(λ, µ) for all λ ∈ Lkν and µ ∈ L(m−k)ν .

We check the perfectness of L. Let (µ1, iν), (µ2, jν) be any two dominant weights in L. By

our discussion in Proposition 7.5.5, every dominant weight in X
(
(µ1, iν), (µ2, jν)

)
has the form

of
(
µ, (i+ j)ν

)
for some µ ∈ X(µ1, µ2) ⊂ X(Liν ,Ljν). By our construction above, µ ∈ L(i+j)ν

and thus
(
µ, (i + j)ν

)
∈ L. Then L is perfect. Since Xm are all arbitrarily chosen, it is difficult

to characterize such L.
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