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Chapter 1: Introduction

Originally discovered by Springer in [Spr76], the Springer correspondence realized the
representations of Weyl groups via the [-adic cohomology of Springer fibers. The analogue
of Springer fibers for loop groups is introduced by Kazhdan and Lusztig in [KL88], it is a
fundamental objects in geometric representation theory. The geometry of affine Springer fibers
is a very interesting and important topic. One direct application is the affine version analogue of
Springer’s Weyl group action in the study of representation theory of affine Weyl groups due to
Lusztig [LL96]. This action has substantial application in the study of other important algebrass,
such as (graded) double affine Hecke algebras, attributed to the works of Varagnolo and Vasserot
[VV09], Oblomkov and Yun [OY16], Boixeda Alvarez and Losev [BL21].

In [KL88], Kazhdan and Lusztig also defined the Kazhdan-Lusztig map, relating the uni-
potent conjugacy classes of a reductive group to the conjugacy classes of its Weyl group, via the
geometry of its loop group. An inverse direction of this map, called Lusztig map, was constructed
by Lusztig in [L11-A] using the geometry of the reductive group itself. Based on Lusztig map,
He and Lusztig generalized Steinberg’s cross section and constructed transversal slices for some
unipotent conjugacy classes in the reductive group [HL12]. A key ingredient in the construction
is the existence of good minimal length element. In a recent work of Yun [Y21], such elements

in elliptic conjugacy classes in the Weyl group are related to the shallow elements in the loop



group and their corresponding affine Springer fibers. In this thesis, we define a generalization of
such elements, called good position braids, in the associated braid monoid of the Weyl group. We
use these new elements to construct transversal slices for arbitrary unipotent conjugacy classes
in the reductive group. We also give a correspondence between such braid elements and affine
Springer fibers, which yield a reformulation of the dimension formula of affine Springer fibers.
This correspondence is an explicit realization of Trinh’s work on algebraic braids and affine
Springer fibers in [T20]. Furthermore, these braid elements are exactly the proper elements that
can be used to construct the Betti moduli space in the hypothetical non-Abelian Hodge theory in
the work of Bezrukavnikov, Boixeda Alvarez, McBreen and Yun [BBMY?22]. Last but not least,
we also apply these braid elements to generalize the study of Lusztig on Lusztig varieties and
Deligne-Lusztig varieties in [L.11-B] to parabolic case.

The contents in chapter 3, chapter 4 and chapter 5 corresponds to the paper [Duan23-A].

The contents in chapter 6 corresponds to the paper [Duan23-B] and [Duan21] gives chapter 7.

1.1  Good position braids

We refer to chapter 2 and chapter 3 for detailed explanation of notations and definitions.
Let W = W x (6) where W is a finite Coxeter group and 0 is a twist of . Let B*(WW) be
its associated braid monoid. The length function [ on W naturally extends to . Consider an
arbitrary Coxeter element w of W. There is a certain power of w in B+ (1) which is equal to
wy? where wy is the longest element in W. A generalization of this property is the good element
property introduced by Geck and Michel in [GM97]. A good element w has a certain power in

BT (W) which is equal to the product of even powers of some w,. Here w; is the longest element



in some standard parabolic subgroup of V.

A characterization of some good elements is due to He and Nie in [HN12]. Let V be the
real reflection representation of W and $) be the set of hyperplanes of V' corresponding to the
reflections in 1. By investigating a specific sequence of “real eigenspaces” of any element in V/,
one can find the good minimal length elements in any W -conjugacy class of V. There are two

natural questions on this characterization:

* 1) Does other sequences of “real eigenspaces” provide with a characterization of more good

elements?

* i1) Can we further decompose those “real eigenspaces” into indecomposable spaces?

The answer of the first question leads to our definition of good position braids. Actually,
one notice that the good element property naturally extends to elements in B* (W) By changing
the sequence of “real eigenspaces”, we can obtain much more braid elements with such property.
These elements have nice geometric behaviors and we would like to replace good minimal length
elements with them. Specifically, a good position pair (1, ©) consists of an element W € W and

a sequence © whose elements corresponds to the eigenvalues of the action ofw on its reflection

representation. Our first main result defines the good position braids b(w, ©).

Proposition 1.1.1. Letr (w0, ©) be a good position pair where © is an increasing admissible

sequence. Then there exists an element b(w, ©) € B (W), which projects to W under the natural

projection, with “good element” property.

The answer of the second question leads to an even more general form of braid elements,

called indecomposably-good position braids. The geometric behavior of them are closely related



to the root valuation strata introduced by Goresky, Kottwitz and MacPherson in [GKMO09]. We

shall use them to study affine Springer fibers in Chapter 5.

1.2 Transversal slices

We again refer to chapter 2 and chapter 4 for detailed explanations. Let G be a connected
reductive group over an algebraically closed field k with Weyl group W and Lie algebra g. In
[Ko63], Kostant constructed a section of the adjoint quotient g — g / Ad(G). This also gave a
slice which is transversal to any G-orbit in g it meets. In particular, it meets exactly one nilpotent
orbit, which is the regular nilpotent orbit. In [St65], Steinberg constructed the Steinberg cross-
section, which is the group version analogue of Kostant section. Similarly, this gave a slice
which is transversal to any conjugacy class in G it meets. This yielded the transversal slice of the
regular conjugacy class in GG. Furthermore, Steinberg conjectured an alternative version of the
cross-section property, where we replace the conjugation action of G by the conjugation action
of the unipotent radical U of some Borel subgroup.

It is well-known that Slodowy slices are generalizations of the Kostant slice for other

nilpotent orbits. Then one can ask a natural question:

Question 1.2.1. Does the Steinberg slice also have such generalization?

Before we answer this question, we also would like to know why this question is important.
First of all, these slices have wide applications in symplectic geometry and Poisson geometry
such as the geometry of quasi-Poisson structures in [Ba22]. Other than that, the construction
of such slices was related to Deligne-Lusztig varieties and Lusztig varieties and we will explain

that in chapter 6. These are also used in the later work of He on affine Deligne-Lusztig varieties
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[Hel4].

As for the question, first notice the original construction of Steinberg is based on an
arrangement of roots. It was pointed out by Lusztig that the arrangement is actually equivalent
to choosing a Coxeter element. Therefore, one can actually view the question from two different
levels, the level of conjugacy classes in the Weyl group W and the level of unipotent conjugacy
classes in G. The relation between these two levels is exactly given by the Lusztig map, which is
a surjective map from the set of conjugacy classes in ' to the set of unipotent conjugacy classes
in G. In particular, its restriction on elliptic conjugacy classes in W is a bijection to the set of
basic unipotent conjugacy classes in G. Based on this observation, a partial answer of the above
question was given by He and Lusztig in 2012. In [HL12], they constructed transversal slices
for basic unipotent conjugacy classes in GG by using the good minimal length elements in elliptic
conjugacy classes in . Furthermore, these slices admit the alternative version of Steinberg’s
cross-section property. One key notice of the correctness of using such good minimal length
elements is: the length is equal to the codimension of its corresponding unipotent conjugacy class
in G under Lusztig map. This ensure that the dimension of the slice is equal to the dimension of
required transversal slice.

This “length-dimension” condition no longer holds in non-elliptic case. Actually, the length
of the minimal length elements would be too small in this case. The simplest example is the
case for the identity class in W, whose minimal length element is just identity with zero length.
However, the image of the identity class is exactly identity in G, which is a singleton and has
codimension equal to the dimension of (. In this case, a natural slice we would pick is exactly
G itself. The unipotent part of this slice should have dimension equal to the number of roots.

Therefore, a proper replacement of the identity element in W is the full twist wy* in the associated

5



braid monoid Bt (W) of W. Motivated by this, we pick good position braids in B* (W) to

construct general transversal slices. We have the second main result.

Theorem 1.2.2. Let O be any unipotent conjugacy in G and C be the “most elliptic” conjugacy
class in ®1(0) C [W]. There exists b € BT (W), which projects to some w € C under the
natural projection, and a corresponding slice Sg,(b) satisfying:

(1) The conjugation map

= UR+\RW X SB,«(b) — SBr(b)UR+\Rw

given by (u, g) — ugu™" is an isomorphism of varieties.
(2) Sp.(b) intersects any conjugacy class in G it meets transversally. In particular, it is a

transversal slice of O.

Recall in section 1.1 we actually have defined good position braids for twisted Coxeter
groups. The above theorem actually also work in twisted case when G is of classical type and G
is an affine algebraic group with G as its identity component. When G is of exceptional type, we
expect this theorem still holds. However, I am still working on the last step to check the “length-
dimension” condition by programming in GAP-CHEVIE [GAP] [CHEVIE]. Furthermore, a
weaker form of this theorem works for finite groups of Lie type. In the unpublished work
of Malten [Ma21], he also gave a generalization of the transversal slices in good prime case.

However, he still started from Weyl group elements.



1.3 Affine Springer fibers

In this part, we assume k = C and g is the Lie algebra of G. Let LG, LG, Lg and L™ g be
the loop group, positive loop group, loop Lie algebra and positive loop Lie algebra. In [KL88],

Kazhdan and Lusztig defined the affine Springer fibers for v € Lg as

Gr, = {gL"G € Grg|Ad(g ")y € L*g},

Fl, = {gl€Flg|Ad(g ")y € Lie I}.

Here Gr, Fl are the affine Grassmannian and the affine flag variety of G and I is an Iwahori
subgroup of LG.

As we mentioned in section 1.1, Kazhdan-Lusztig map is defined in the same paper. After
Lusztig constructed Lusztig map in [L11-A], he conjectured that these two maps are actually
inverse to each other. In [Y21], Yun defined a new map, called the minimal reduction type map,
with the same direction as Lusztig map using the geometry of the loop group LG. Using this
map, Yun proved the above conjecture of Lusztig. The proof involves some investigation of the
shallow elements. In elliptic case, as we mentioned before, these elements are related to good
minimal length elements. However, things are different in non-elliptic cases due to the similar
reason as in section 1.2. Surprisingly, the good position braids we applied above again work in
this situation. We will prove the shallow elements in the loop Lie algebra are related to good
position braids. Specifically, given a shallow element, one can find a good position braid such
that the dimension of the associated affine Springer fiber can be described using the length of that

braid element.



Recall that the second question in section 1.1 leads to the construction of indecomposably-
good position braids, which is a more general form of good position braids. The construction
of such braid elements is determined by a sequence of indecomposable “real eigenspaces” of a
Weyl group element. It is natural to relate the choice of such sequences to the root valuation
strata introduced in [GKMO09]. Due to the dimension formula of Bezrukavnikov in [Bez96], the
root valuation strata of an element in the loop Lie algebra Lg uniquely determines the dimension
of its associated affine Springer fiber. Thus we have our third main result. See chapter 5 for the

notations below.

Proposition 1.3.1. Let v € Lg be topologically nilpotent and regular semisimple. There exists

an indecomposably-good position braid b € B* (W) such that

1(b) — (r —
dim Gry = dim FI, = (%) (2T TV)’

where 1 (resp. r.,) is the semisimple rank of G (resp. maximal split subtorus of T’,).

The above result set up a correspondence between indecomposably-good position braids
and affine Springer fibers. Furthermore, we can actually explicitly construct the corresponding
braid elements (they may not be unique). In [T20], Trinh proved that for any affine Springer
fibers admits a model of finite type, one can find a conjugacy class in the associated braid group
B(W) of W whose elements satisfy the equation above. However, it is not clear if the conjugacy
class he addressed admits a positive braid (a braid element lying in BT (W) C B(W)) with the
good element property. Our result above explicitly gives the positive braid with such property
explicitly. In an ongoing project of the Trinh with the author, we expect the combination of
our constructions will lead to something new about the homotopy, especially the cohomology of

8



affine Springer fibers.

In [T21], Trinh defined a moduli space using the braid group element in his previous work.
Similar moduli spaces were interpreted in a different way in the work of Shende, Treumann,
Williams and Zaslow when G' = GL,, (see [STWZ19]). A special case of this moduli space was
considered by Bezrukavnikov, Boixeda Alvarez, McBreen and Yun in [BBMY?22]. It served as
the Betti moduli space in a hypothetical non-Abelian Hodge theory associated to affine Springer

fibers, Hitchin fibers. Actually, this moduli space is a general version of Lusztig varieties.

1.4 Parabolic Lusztig varieties and parabolic Deligne-Lusztig varieties

Let GG be a connected reductive group over an algebraically closed field k. Let F' : G — G
be the Frobenius map if k = F, for some finite field F,. Fix a (F-stable) Borel subgroup By
of G and a (F'-stable) maximal torus 7" C B,. Let B be the variety of Borel subgroups of G.
There is a natural diagonal action of G on B x B whose orbits are indexed by W. Let O,, be the
G-orbit corresponding to w € W. For any w € W, the associated Lusztig variety and associated

Deligne-Lusztig variety are defined as

Vo = {(9.B) € GxB|(B,gBg™") € Oy};

X, = {BeB|(B,F(B)) €O,

Deligne-Lusztig varieties were defined in [DL76] and their [-adic cohomology were used to
construct representations of finite groups of Lie type. Lusztig varieties appeared first in [L79].
The general form was defined in [L85] and the /-adic cohomology of Lusztig varieties were used
to define the character sheaves. This was further generalized to the twisted case for disconnected

9



groups in [LO4-A].
As in section 1.1 and 1.2, we consider the twisted case in this part. In general, we consider

the following two cases:

« case I: G is the identity component of a disconnected reductive group G with a fixed

connected component D (no restriction on char(k));
» case II: k = I, for some finite field F, and F' : G — G is the Frobenius map.

In these two cases, the fixed component D and the Frobenius map F' define twists of .
For convenience, we denote the twist by o (not the same in two cases) and the resulting twisted

Weyl group by TW. The Lusztig variety in case I becomes:

Yy ={(9.B) € DxB| (B,gBg ") € O,}.

In [L11-B], Lusztig studied the geometry of X, and Y,” for some good minimal length elements
in certain d-conjugacy classes in I/. The theme of this study and also Chapter 6 is the analogy
between these two varieties. One of the interesting conjecture on this analogy is: the relation
between the multiplicities of unipotent character sheaves on D in a certain perverse cohomology
sheaf and the multiplicities of irreducible unipotent representations of G in H(X,,Q;). In
particular, the study involved with the investigation of affineness of these varieties.

In this thesis, we extend the above study to general J-conjugacy classes in 1 and the
parabolic version of above varieties. These versions were first introduced in [DL76] and [L.04-B].
Here we focus on the version in [DM14]. Similar as previous parts, we will replace good minimal

length elements by the projection of good position braids. For such an alement, denote the
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associated parabolic Deligne-Lusztig variety by X and associated parabolic Lusztig variety by
Y. We also construct some sort of “coverings” of them, denoted as X , Y and Y. Then we have

our fourth main result.

Theorem 1.4.1. Let X, Y, X, Y and Y be as above, which are coming from the projection
w = wd of some good position braid. Then we have

(a) Any isotropy group of the G (resp. G¥')-action on Y ( resp. X) is trivial;

(b) Any isotropy group of the G-action on Y is trivial;

(c) Any isotropy group G, p of the G-action is isomorphic to a subgroup of L7_.

(d) Any isotropy group of the G -action on X is isomorphic to a subgroup of Ly ;

(e) The variety Y is affine.

Here Ly and L7 are some reductive subgroups of G' determined by w. We refer to
chapter 6 for a more detailed explanation on these notations and the theorem. Furthermore,
the construction of ¥ stands as both a motivation and an application of the transversal slices in

section 1.2. The results above also lead to an alternative version of Lusztig map.

1.5 Some other related works

In this part, let G be a connected semisimple group over C. Consider the group version of

affine Springer fibers in affine Grassmannian for v € LG is

Gr, = {gL*G € Grg | g 'vg € L*TG}.

11



In [KV12], Kottwitz and Viehmann studied a generalization of Gr,, for any coweight A" of G as

Gr,’}v = {gL*G € Grg | g 'vg € L*Gw* LT G,

together with its closure Gr,f’\v. These are called generalized affine Springer fibers or Kottwitz-
Viehmann varieties. The motivation for this study is to give a geometric interpretation of orbital
integrals of spherical Hecke functions. The fundamental geometric properties of them are studied
in [Boul5-A] and [Chi22]. A key input of their study is the using of Vinberg monoids, which is
first defined in [Vin95]. In this paper, Vinberg first gave a characterization of algebraic monoids
with certain unit group to construct the Vinberg monoid. A key object in his characterization is
the perfectness of submonoids of dominant weights. In this thesis, we characterize these perfect

submonoids of dominant weights, which is our last main result.

Theorem 1.5.1. Let G be a connected semisimple algebraic group with a maximal torus T.

a) The perfect submonoids of X; (T') with full component support are exactly the intersection
of the sublattices of X*(T') containing Q with X (T).

b) There is a natural bijection between the perfect submonoids of X (T') with full component

support and the subgroups of the center of G.

We refer to chapter 7 for detailed explanations.
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Chapter 2:  Preliminaries

2.1 Twisted Coxeter groups and good position elements

Let W = W x (0) be a twisted finite Coxeter group where W is a finite Coxeter group and
disatwistof W. Let {s; | # € I} be the set of simple reflections of 1. For convenience, we also
call this set /. For any subset J C I, let W be the corresponding standard parabolic subgroup of
W. The twist 6 : W — W is a group automorphism preserving its simple reflections. The length
function on 1 induces a length function on W where [(w0) = I(w) for any & = wd’ € . Denote
the set of conjugacy classes (resp. W-conjugacy classes) of W (resp. W) by [W] (resp. [IW]).
Two elements w,w’ € W are said to be §-conjugate if w’ = x~'wd(x) for some z € W. The
map w — wo defines a bijection between the d-conjugacy classes of I/ and the W -conjugacy
classes of W contained in W& C W (see [GKPOO, Remark 2.1]).

A J-conjugacy class C° of W is called d-elliptic if > N W; = () for any é-stable proper
subset J of I. A TW-conjugacy class € of W is called elliptic if € N (W, x (8)) = 0 for any
J-stable proper subset .J of I.

Let V' be a real reflection representation of W and (,) be the inner product preserved by
W. Let £ be the set of hyperplanes of V' corresponding to the reflections in W. If W is the Weyl

group of an algebraic group, then §) is just the set of root hyperplanes. A connected component
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of V— HUﬁH is called a Weyl chamber. Let Ve = V ®g C. The bilinear form (, ) can be extended
€
to V¢ naturally and we still denote it as (, ). For any 6, let (V)% be the ¢-eigenspace of @ in V.
Let V' be a subset of V. Define $)y as the set of hyperplanes in ) containing V' and Wy
as the subgroup of W consisting of elements fixing V. We also define (V') as the subset of [
corresponding to the simple reflections which fixes V'. A point x € V" is called a regular point
if it is not contained in any hyperplane H € $) — £,. We denote the subset of V' consisting of
its regular points by (V")"e.
For any w € W, define

T%7 — {9 € [0, 7] | € is an eigenvalue of @ on V¢}.

For § € Fg’”], define

Vi={veV |+ (v)=2cosbv}.

For convenience, in this thesis these subspaces V! are called real eigenspaces of w. Then we

have V! ®r C = (Vo)% @ (Vo);’. Itis also clear that V = @ VY.
GEFLE))’W]

]

Let © = (04,02,...,60,) be a sequence of elements in Fg’ﬂ . We call © an increasing

sequence if ; < 0y < --- < 0,,. Define F; = > ng for any 1 < ¢ < m and F; = 0. This gives
j=1

a filtration of subspaces of V/,
O=IhyCcHC---Ch,CV.

We say O is admissible if F,,, N V™ is nonempty. In particular, we say O is complete if F,,, = V.

14



Notice that the filtration above gives another filtration

W:WFODWFlD"'DWFm

of subgroups of W. Itis clear that W is trivial if © is admissible. The irredundant subsequence
of ©isr(0) = (0;,,0:y, - .., 0;) such that Wg, =Wk = =Wg, ., #Wg,, forany

i+l

0 <7 <[ —1whereissetas0. Itis clearthatﬁFij = ﬁFin =..-=HNHp

i1

L FED Fi for
any 0 <5 <[ —1.

Let C' be a Weyl chamber in V' — HU H and (w, ©) be a pair as above. We say C'is in good

€H

position with respect to (w0, ©) if C' N F;*® is nonempty for all i. One can check this definition is
equivalent to the original definition in [HN12, §5.2]. Moreover, if the sequence O is increasing
and complete, then we say C'is in good position with respect to w. In particular, we call w a good
position element if C'is the fundamental Weyl chamber.

Let BT (W) be the positive braid monoid associated to W. Let my : BT (W) — W be
the natural projection map and jy : W — BT (W) be the natural embedding. These two maps
canonically extend to the twisted case for W and Bt (W) and we denote them by 73, and j3,. For
convenience, we write @ for jy;, (). Recall the definition in [GM97, Theorem 1.1], an element
W € W is called good if there exist a filtration I D Iy D [; D --- 2 I, atwist 0 € (§) and
do, . ..,d; € 27~ such that

= we® - - -

where d is the order of w and w; is the longest element of the parabolic subroup of W generated

by I; for any 0 < j < [. The following result attributes to He and Nie.
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Theorem 2.1.1. [HN12, Theorem 5.3] Let (w0, ©) be a pair where © is an increasing admissible
sequence in Fgg’ﬁ] withr(©) = (0;,,0,,, ..., 0;). Suppose that the fundamental Weyl chamber C

is in good position with respect to (0, ©). Then

0;. .
where o € (0) is the twist part of w. Here d € N such that d5* € 7, and wj is the longest

element in WFij for 0 < 5 < 1. Moreover, if d is even, then

Remark 2.1.2. The moreover part is also called very good in [GM97, Theorem 1.1].

In [HN12, §5.3], it is proved that the good position elements are actually of minimal length
in its conjugacy class. This gives a type-free proof of the existence of good elements in minimal
length elements. The type-by-type proof was given in [GM97] for non-twisted case and in [He07]

for twisted case.

2.2 Unipotent conjugacy classes and Lusztig’s map

We recall some basic facts on unipotent conjugacy classes and Lusztig’s map . Let G
be the identity component of an affine algebraic group G over an algebraic closed field k. For
convenience, in this section we may assume that GG is almost simple and G /G is cyclic. Let D
be a fixed connected component of G whose image in G /G is unipotent (i.e. its order is a power

of p := char(k) if p > 1 and 1 if p = 0). Let [D,] be the set of unipotent G-conjugacy classes
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in D. Let W be the Weyl group of G. The conjugation action of D on G naturally defines a
group automorphism § : W — W (see [L12-B, §1.1]). We denote the corresponding group
automorphism of G also as §. One can find jp € D such that jpzj,' = §(z) for any z € G.
In this paper, following [L.12-B], the disconnected case when G is of type D, and char(k) = 3 is
regarded as an exceptional case.

We recall the definition of Lusztig’s map ¢ in [L11-A],[L12-A] and [L12-B]. Let B be
the varieties of Borel subgroups of G. For any w € W and O € [D,], we say w -p O if

{BeB|(B,gBg™') € O,} is nonempty for some/any g € O. For any w € W, define

Ew7D = {O € [Du] | w _|D O}

By [L12-B, §1.2], we have ¥,, p = X, p if w,w are of minimal length in some J-conjugacy
class C° of W. We can then define Yes p = Yy,p for some/any minimal length element w € .
Moreover, Lusztig proved that Yes p has a unique minimal element under the partial order on
unipotent classes given by closure condition.

Now for any W -conjugacy class Ce [W] contained in W4, define X3 , = Xes p where @

is the preimage of C under the bijection in section 2.1. We recall the following result of Lusztig.

Theorem 2.2.1. [L11-A, Theorem 0.4, Proposition 0.6][L12-B, Theorem 1.3] Let C be a W-

conjugacy class contained in Wé. Set ®(C) to be the unique minimal element in Y p- Then @ is

a surjective map ® from [Wo| C [W] to [D,]. Moreover, its restriction to elliptic W -conjugacy

classes contained in W is bijective.

First we give a combinatorial parametrization of [D,,] for (twisted) classical groups. Let
P(n) be the set of partitions of n. For any partition A = (Ay,...,\,;,) and any k € Z~, define
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mx(k) = [{i | \i = k}|. For e = £1, we set

Pc(n) = {\ € P(n) | my(k) is even if (—1)" = ¢}.

(1) If char(k) # 2, then unipotent elements of G are all contained in G’ and D must be
equal to G. The unipotent GG-conjugacy classes of G are just unipotent conjugacy classes of G,

which are parametrized as follows simply based on their Jordan forms.

Type A,: P(n+ 1);

Type B,.: P1(2n + 1);

Type C,.: P_1(2n);

Type Doyi1: Pi(4n + 2);

Type Ds,,: The unipotent conjugacy classes are parametrized by P;(4n), except that every

partition A with )\; all even actually corresponds to two unipotent conjugacy classes.

(2) If char(k) = 2, then D may not be GG in two cases and the unipotent G-conjugacy

classes of D are parametrized as follows.

» Type A, and D = G: Same as the case when char(k) # 2;

» Type A, and D # G (Type ?A,): In this case, following [Spa82, §1.2.7], we assume
G = GUD where G = GL,, and D is the set of non-singular bilinear forms ¢ : V' xV — k
by identifying G as GL(V).

The group structure on G is defined as follows. The structure on G is usual. For ¢ € G and

¢ € D, define (g¢)(vi,v2) = ¢(g7 " v1,v2) and (¢g) (v, v2) = ¢(v1, gva). For ¢, ¢ € D,
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define ¢t as the unique element of G such that ¢((p)vy, va) = ¥ (ve, v1). It is clear that
G/G ~ Z/27. The twist § : G — G defined by D is §(g) = (¢7)~'. The corresponding

twist of I is given by the conjugation of the longest element wj.

Define 371(71 + 1) to be the set of pairs (A, €), where:

—DA=(A,.. ., ) €Pi(n+1);

— (i) e: {2k + 1|k € Zso,mr(2k + 1) # 0} — {0, 1} satisfying that e(2k + 1) =1

if my(2k + 1) is odd.

Let ¢ € D be unipotent. By [Spa82, §2.7], the conjugacy class of ¢ corresponds to some
(A ex) € T/PZ(TH— 1). Specifically, we have u = ¢?* is unipotent in G and \ is the Jordan form
of u. As for €, we have € (2k+1) = 0if my(2k+1) # 0 is even and ¢(v, (u—id)?**v) = 0

for any v € ker(u — id)*~!. Otherwise, we set €, (2k + 1) = 1.

Type B,,, C,,,D,, and D = G: In this case, Jordan form cannot uniquely determine the uni-
potent conjugacy classes. Let u be a unipotent element in G. Recall that every indecompos-
able block of w is of the form W (k) or V' (2k) in [Hes79, §3]. Here W (k), which has Jordan
form (k, k), corresponds to a regular unipotent element in a subgroup SL; of G and V' (2k),
which has Jordan form (2k), corresponds to a regular unipotent element in some Sp,,
which lies in an orthogonal group Oo. Moreover, the number of V' (2k) blocks is no larger

than 2 for any k since V' (2k)? ~ W (2k) + V(2k) by [Hes79, Lemma 3.6].

Following [Spa82, §2.6], define i/P—\_/l(Zn) to be the set of pairs (\, €), where:

- (l) A= ()\17' . 7)\771) € J)—1(2n)a
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— (i) € : {2k | k € Zug, ma(2k) # 0} — {0, 1} satisfying that e(2k) = 1 if my(2k) is

odd.

Now let O be any unipotent conjugacy class in Sp,, or Os,, its Jordan block type gives a
partition A in P_;(2n). For any even number 2k > 0, set €5(2k) = 1 if there are V' (2k)
blocks and €,(2k) = 0 otherwise. This gives a bijection between unipotent conjugacy
classes in Sp,,, or Oy, and /?5: (2n). Since there is a bijection between unipotent conjugacy
classes in Sp,,, and SOs, 1, the unipotent conjugacy classes in type B,, and C,, are both

parametrized by P_, (2n).

As for type D,,, we know the unipotent G-conjugacy classes in SO, are exactly the uni-
potent G-conjugacy classes of Oy, contained in SOs,,, which are parametrized by {(), €) €
3/3:(271) | A = (A1,..., \y) with m even}, except that O, . splits into two G-conjugacy

classes if \; and m, () are even for all 7 and € = 0. However, in this paper we denote these

two conjugacy classes as the same since they have the same dimension.

Type D,, and D # G In this case, by above we have the unipotent GG-conjugacy classes in

D are parametrized by {(\, €) € 3/3:(271) | A= (A1,..., \p) with m odd}.

Based on the parametrization above, we have an explicit description of Lusztig’s map ¢ for

classical groups. First take a look at conjugacy classes of W. We know W = W in type B and

C. It is also well-known that W (B,,) ~ W(C,,) and W (D,,) is a subgroup of W (C,,) of index 2.

Definition 2.2.2. A bipartition of n is a pair (A, ) where A = (Ay,..., \,) and g = (e, ..., tp)

are two partitions with > \; + > p; = n.

? J

Let BP(n) be the set of bipartitions of n. The conjugacy classes of W (C,,), W (B,,) and
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W (D,,) are parametrized by BP(n) based on its corresponding signed cycle types. We let A be
corresponding to all negative cycles and p be corresponding to all positive cycles. If A\ has even
number of parts, then the corresponding conjugacy class of 1 (D,,) lies in W (D,,). Moreover,
if \ is empty and p; is even for all ¢, then there are two conjugacy classes corresponding to this
bipartition. (See [Ca72, §7] for details on signed cycle types and classification).

Given a partition A = (Aq,...,\,), we define ¢, : {1,2,...,a} — {1,0,—1} as follows.
We formally set \g = A\,y1 = 0. If ¢ is odd and \;_; # \;, then set ¢)(¢) = 1. If i is even and
Ai+1 # N, then set 10(i) = —1. For all remaining cases, set ¢)(i) = 0. We have the following

explicit description of ® : [W] — [G,] where [G,] is the set of all unipotent G-conjugacy classes

in G. The description is computed based on [L11-A, §2] and [L12-B, §3, §5].

» Type A,.: The conjugacy classes of W are parametrized combinatorially by P(n + 1) based
on its corresponding cycle types. For any A € P(n + 1), Lusztig’s map ® sends C € [IV]

to O, in all characteristics.

* Type 2A,,: The conjugacy classes of W = W x (0) can be divided into two part. Now
we denote a conjugacy class lying in W as " and a conjugacy class lying in W§ as €"?,
The conjugacy classes lying in W are again parametrized by P(n + 1) and the map ® again

sends CY to the unipotent G-conjugacy class Of in [G,] in all characteristics.

As for conjugacy classes lying in W4, we have they are also parametrized by P(n + 1).
Specifically, the conjugacy class of w = wJ is parametrized by the cycle type of ww, where
wy € W is the longest element. We only need to care about the map ® if char(k) = 2 as

[D,] is empty otherwise. Then ® will send the conjugacy class € to the unipotent G-
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conjugacy class Og,ﬂ/) in [D,] where (X, €y) € ﬁ(n + 1) satisfying

m)\(k:) + 2m,\(2k) k Odd,
m,\/(k:) =

2m(2k) k even,

and

1 ma(2k +1) #£0,
6)\/(2]{? + 1) =

* Type C,: Let (A\,n) € BP(n) be a bipartition where A = (A\1,...,\,) € P(n;) and
pw=(p,.... 1) € P(ny). Define a partition X = (2\y, .. ., 2)\,). Define another partition
= (p, ft1, f2, b, - - - Mo, o). By putting all the parts of A and (t together and rearranging

them, we then obtain a partition v € P_;(2n).
If char(k) # 2, then Lusztig’s map ® sends C(, ) to O,.

If char(k) = 2, then Lusztig’s map ® sends C(, ) to O, ). Here €, (2k) = 1if my(k) # 0

and €, (2k) = 0 otherwise.

* Type B,: If char(k) = 2, then ® for type B,, will be exactly the same as ¢ for type C,

under the bijection of unipotent classes in type B,, and C,,.

If char(k) # 2, still let (\, 1) € BP(n) be as above. Define a partition A = (2\; +
VA1), ..., 2) + Ua(a)) if @ is odd or A = (2A; + ¥x(1),...,2)e + ¥x(a), 1) if a is
even. Define another partition i = (1, ft1, fho, f2, - - -, s fp). One can check that )€
P1(2n1 + 1) and A € P;(2n,). By putting all the parts of \ and /i together and rearrange

them, we then obtain a partition v € P;(2n + 1). Lusztig’s map ® sends C(, ;) to O,.
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* Type D,: If char(k) = 2, then & for type D, is just a restriction ® for type C,,, except for
the case when C(, ,) € [W(D,,)] splits into (C(» ,)); and (Cpx )17 and Oy, € [G] also
splits into (O(,.¢,))r = P((Crpy)1) and (Oe,))rr = PU(Ca ) 11)-

If char(k) # 2, Let (A, u) € BP(n) be a bipartition where A = (A1,...,\,) € P(ny) and
f=(pi1, ..., ) € P(ny) with a even. Define a partition A = (2X; + ¢ (1),...,2)\, +
¥y(a),1). Define another partition i = (p1, ft1, f2, fi2, - - -, o, fp)- By putting all the
parts of A and fi together and rearrangeing them, we then obtain a partition v € P;(2n).
Lusztig’s map ® sends C, ., to O,, except for the case when €, ,,) splits into (C(, ,,)); and

(Coaw)rr and O, also splits into (O,); = P((Ca)r) and (0,)1r = P((Ciapw)ir);

* Type D,, with D # G: We again only need to care about ® when char(k) = 2 as [D,] is
empty otherwise. In this case, the map @ is again just a restriction of type C,, which sends

Co € [W6] C [W]to Oe,). We have O,y C D since A will have an odd number of

parts in this case.

* For exceptional cases, one can check [AHN21, §6] for elliptic case. As for non-elliptic

case, one may follow the step in [CHEVIE].

2.3 Strata of reductive groups

In this section we assume G is defined over a field of characteristic 0. Let &2 be the set
of prime numbers. Set G = G and G") be a connected reductive group over an algebraically
closed field of characteristic r of the same type as G for any r € &2. Forr € {0} U 2, Let [Ggf)]
be the set of unipotent orbits of G("). Let Irr() be the set of isomorphism classes of irreducible
representations of W over Q and 83(1W') C Irr(1V) be the subset of isomorphism classes of all
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2-special representations (see [L15, §1.1] for 2-special representations).

In [L15, §2], Lusztig defined a map from G to 85(W) and the fibers of this map are called
the strata of G. Let Str(G) be the set of stratum of GG. Lusztig proved that one can identify
each stratum ¥ € Str(G) with a set of unipotent conjugacy classes {Oz(”) | OE”) € [Gz(fi)], T €
{0}U 2} in all characteristics. Moreover, for a given stratum, all (‘)E”) have the same dimension,
independent of 7;.

In [L15, §4], Lusztig defined a surjective map '® from [W] to 8(W') and proved that this
is compatible with Lusztig’s map ®) in any characteristic for any 7 € {0} U Z. In other
words, for any r, 7’ € {0} U 22, the unipotent orbits &) (€) and ®"")(€) are both in the stratum
corresponding to '®(C). Therefore, the map '® is actually the mixed characteristic version of
Lusztig’s map.

In [L21, §6], the strata is extended to the disconnected case and we denote it as Str(é) =

Str(G) U Str(D) if D # G. The map ’® is also extended to the disconnected case. However, it is

only a map to unipotent (G-conjugacy classes when restricted to r = 2.

2.4 Transversal slices of He-Lusztig

In this subsection we recall the work of He and Lusztig. For convenience, we further
assume that GG is semisimple. Fix a Borel subgroup B, of G and let B be its opposite Borel
subgroup. Let U, U~ be the unipotent radicals of By, B respectively and " = By N B, be a
maximal torus of G with Weyl group . Let R be a root system of W and R™ C R be the set of
positive roots. For any subset R’ of R, set (R')" = R' N R*.

Let w € W be a Coxeter element and w be any representative of w in G. Then define
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U* = U NwU !, This is the original Steinberg slice. Other than the classic cross-section

property and transversality, in [St65, §8.9], Steinberg also stated the following results.
* (1) The conjugation action of U on UwU has trivial isotropy groups;
* (2) The intersection of U"w with any U-orbit on UwU is a singleton;
* (3) The set of U-orbits on U U is isomorphic to AN®),

However, Steinberg did not give a proof for these. Now let w be a minimal length element in any
elliptic conjugacy class O € [W], Lusztig proved (1) is true in [L11-A, §5]. Moreover, if G is of
classical type, Lusztig proved (3) is also true in [LL11-B, Theorem 0.4]. Later in the paper of He
and Lusztig, they proved that (2) and (3) are true in [HL12, Theorem 3.6] for any GG and even in
twisted case. Furthermore, they proved that actually S(w) := U™ is a transversal slice of basic

unipotent orbit of GG (the image of elliptic conjugacy classes in W under Lusztig’s map).

Remark 2.4.1. Note that different choices of the representative w will give different slices.

However, for convenience we will abuse the notation and denote them all as S(w) sometimes.

Theorem 2.4.2. [HLI2, Theorem 4.2] Let w be a minimal length element in an elliptic conjugacy
class C € [W). The slice S(w) = U% is a closed subvariety of G isomorphic to A'™) and
S(w) N ®(C) is a finite set. Moreover, it intersects the corresponding unipotent class ®(C)

transversally.

2.5 Deligne-Lusztig varieties and (twisted) Lusztig varieties

In this section we recall the results in [L11-B]. Keep our settings in section 1.4. Denote
the twist of W defined by D and F' by 6p and 5. In case I, for any w € W, recall the associated
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(twisted) Lusztig variety is defined as

VP ={(9,B) € DxB|(B,gBg") € O,}.

We have G (resp. GT') acts on Y. (resp. X,,) by

i (g,B) (age" aBr™);

x : B~ xBx %

In [DL76, §1.11] and [L11-B, §0.2], we see that X, and Yu’? admit natural finite coverings.
Recall that 7" is a (/'-stable) maximal torus of a fixed (F'-stable) Borel subgroup Bj. Also recall
that U is the unipotent radical of By and U~ is opposite to U. Choose gp € D be such that
TGy = T and GpBygy,' = Bo. Asin [L11-B, §0.2], choose representatives i for all w €
1

W in Ng(T) such that @ = wjw, if w = wywy is reduced, and °Pw = Gpwgy' or °Friy =

F (1) respectively. Here we denote the representative of J(w) as %w. Let “U = U N wUw™!
be generated by root subgroups corresponding to R+ \ Inv(w™!) and U* = U N wU w™! be

generated by root subgroups corresponding to Inv(w ™). Set T% = {t € T | v ™'t = gptgy'}

incase lor 7% = {t € T | w1 = F(t)} in case II. Define

VP = {(9,9"U) e Dx G/*U | ¢ 'g¢ € iUigp};

Xo = {g"UeG/"U| g 'F(g) € iU},
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and G (resp. GF) acts on Y2 (resp. X,,) by

o (9,9"U) = (zgz " 2g"U);

x o ¢VU s xg™U.

We know these are natural coverings of Y, and X,, via maps (g, ¢“U) — (g,¢'Bog'~') and

g"“U > ¢’ Byg'~'. For convenience, we denote these two covering maps both as .

Theorem 2.5.1. [L11-B, Theorem 0.3, Theorem 0.4] [HLI12, §4.2 §4.3] Let w be a minimal length
element in a d-elliptic conjugacy class C° of W. In case I we further assume G is semisimple.
Then we have:

(a) Any isotropy group of the G (resp. GT')-action on f/u’? (resp. X,) is trivial;

(b) Any isotropy group of the G (resp. G¥)-action on Y (resp. X,,) is isomorphic to a
subgroup of T, which is a finite abelian group;

(c) The varieties Y,P and Yff are affine;

(d) The orbit space G\fff is isomorphic to U°" ™) and the orbit space G\Y.P is isomorphic
to TV\U>);

(e) The orbit space G\Xw is quasi-isomorphic to U"") and the orbit space G\X,, is

quasi-isomorphic to TV \U’r ),

The analogue of part (c) for X,, and X, was first proved in [DL76, Corollary 1.12] if
char(k) is large enough. They also gave a criterion for small characteristics. For arbitrary
char(k), it was proved type-by-type in [OR08, §5] for split classical groups and [He08, Theorem

1.3] in general. The type-free proof came from [BROS, Theorem B]. This theorem is also one of
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the intrinsic reason of the construction of transversal slices in [HL12].

2.6 (CG-small classes

In this section we assume that G = G and ¢ is trivial. In [L11-A, §5], Lusztig varieties were
used to give an alternative definition of Lusztig’s map & in this case, which is a surjective map
from [W] to [G,]. Let [G] be the set of all conjugacy classes of G. There is a natural stratification
Y, = |] Y., where

0€[G]
Y2 ={(9,B) €Yy, | g€ O}

As in section 2.5, we know G and Gy = G/Z(G) acton Y,, and Y0 by

x : (9,B)— (mgxil,a:B:Ifl);

vZ(G) : (g,B)w (xgx~ ', wBx™),

and Yu‘? is a union of G4-orbits in Y,,. Now let w be a minimal length element in an elliptic
conjugacy class € € [W]. Lusztig showed that dimY,? > dim Gy if Y,V is nonempty (see

[L11-A, Theorem 5.2]).

Definition 2.6.1. [L11-A, §5.5] Let € be an elliptic conjugacy class of . A conjugacy class

O € [G] is called C-small if dim Y,? = dim G,q and V.0 # 0.

Lusztig proved that for any elliptic C € [IV] there is a unique C-small unipotent conjugacy

class in GG, which is exactly ¢(C) (see [L11-A, §5.8]).
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2.7 Tensor product decomposition

Still let GG be a connected reductive algebraic group over k. For convenience we let k = C.
Recall T is a maximal torus of G, the root datum of G is a quadruple (X*(T), R, X.(T), RY),
where X*(T) is the weight lattice, X, (7") is the coweight lattice, R is the set of roots and R is
the corresponding set of coroots.

Let Q = ZR be the root lattice of G. Let V = X*(T') ® R, there is a natural pairing
() X*T) x X.(T) = Zand P :={z € V | (z,R¥) C Z}. Then Q C X*(T) C P. If G is
simply connected, then X*(7T") = P.

Choose the set of positive roots R™ C R. Let {a; | i € I} C R* be the set of simple roots.
The fundamental dominant weights with respect to it are {w; | i € I}. For any two weights A, i1
in X*(T), write p < Nif p =\ — z; kic; where k; € Z> for i € I. The simple reflection s; of

S
W acts on X*(T) by s;(\) = A — (\, o)) ;.

Let X (T) be the set of dominant weights of G. Recall that for any dominant weight \ in
X3 (T), L(X) is the irreducible representation of G with highest weight A\. Let L(\)* be its dual
representation, which is irreducible with highest weight A\*. Denote the set of weights of L(\)
by II(\). For any ;o € II()), denote the pi-weight space of L(\) by L(\), and the dimension of
L(X), by n,(N). It is well known that 1 € II(X\) implies p1 < .

By definition, A subset I of X*(T) is called saturated if for any A\ € I, € R and
0 <j < (\NaY), wehave A — ja € II. The following properties are well-known, see e.g.

[Hum72, §21].

* Forany \' € II(\) and w € W, we have w(\’) € II(\) and dim L(A)x = dim L(X)y s
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 TI()) is saturated and if p € X*(T), then u € II(\) is equivalent to that for any w €
W,w(p) < A. Therefore, I1(\) is a finite set and for any dominant weight ;. < A, we have

w e II(N).

For any two dominant weights A, i, define

X\, n) =A{v| L(v) is a direct summand of L(\) ® L(p)}.

In the study of the classification of reductive monoids, Vinberg introduced the following definition.

Definition 2.7.1. [Vin95, §1] An additive submonoid £ of dominant weights is perfect if
A, i € L implies X (A, u) C L.

Let A, 1 be two dominant weights of G. We have the tensor product decomposition:

LA L) = @ L)s

veX:(T)

Here mf , is the tensor product multiplicity. Then m% , > 0 if and only if v € X(A, ).
Therefore, a perfect submonoid of dominant weights is closed under taking direct summands
of tensor product.

Recall following classic results describing the possible weights in X (\, p).

Lemma 2.7.2. [K059, Theorem 5.1] Let A, ju, v be dominant weights in X (T). If v € X(\, ),
thenv = X + u for some X' € II(\). In particular, we have v = A+ 1 — Y ko, where k; € Z>q
il

fori e I.
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Lemma 2.7.3. [Hum72, §24] Let A, ;i be dominant weights in X (T). Suppose that for any
w o€ (u), N+ p' is dominant. Then for any p/ € TI(u), N + ¢/ € X (A, p) with multiplicity

)\ /
mi = ()

Another key ingredient is the PRV conjecture formulated as a fallout of [PRV67], which

was first proved by Kumar.

Theorem 2.7.4. [Ku88, Theorem 2.10] (PRV conjecture) Let G be a semisimple group with Weyl
group W over C. Let \, i be two dominant weights of G. For any w € W, A+ wpu € X (A, p),
where A\ + w is the only dominant weight in the W -orbit of X + wu. In particular, if X + wy is

dominant, then A\ + wp € X (A, p).
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Chapter 3: Good position braids

In this section, we generalize the definition of good position elements and construct the

wanted braid elements in BT (W).

3.1 Good position braid representatives

Keep the notations in section 2.1. For any element & € W, define

I'y = {0 € [0,00) | € is an eigenvalue of 10 on V¢}.

For any § € Ty, we define V¢ and (V)% in the same way as in section 2.1. In this case, the
sequence O is a sequence in [0, cc) and we still focus on the position of Weyl chambers with

respect to (w, ©).

Definition 3.1.1. A pair (0, ©) as above is called a good position pair if the fundamental Weyl

chamber Cj, is in good position with respect to it.
Now we give the complete form of our first main result, which is proposition 1.1.1.

Proposition 3.1.2. Let (w,0) be a good position pair where © is an increasing admissible
sequence in I'g with r(©) = (0;,,6,,,...,0;). Suppose that & = wo with o € () and w € W.

Then there exists an element b(w,©) = b(w,0)c € B (W) such that b(w, ©) projects to
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under the natural projection and

0; . . .
Here d € N such that dﬁ € Z, and w; is the longest element in WFij for0 < 5 <. Furthermore,

if d is even, then

., iy dOi=0iy) 20~y y)
b(w’ @)2 = wo T wy 2% CewWpy 27 o2.

Based on above result, we have the following definition.

Definition 3.1.3. Let (w, ©) be a good position pair. The element b(w, ©) in proposition 3.1.2 is
called a good position braid representative of (1, ©). In particular, if © is the increasing complete
sequence in (0, 7] U {27} for w, then b(w, ©) is called a good position braid representative of 1,

denoted as b(w).

Remark 3.1.4. Let w be a good position element. It is clear that w is the only good position braid
representative of w. However, if we replace the increasing complete sequence in (0, 7| U {27}
by any increasing admissible sequence © in I';; such that (w0, ©) is a good position pair, we may

obtain many different good position braid representatives.

By [HN12, Lemma 5.1], for any WW-conjugacy class Ce [W] and any sequence O in Fg’ﬂ},

there exists @ € € such that (w, ©) is a good position pair. Since the proof of this result actually
does not require anything on ©, it holds for any © in I';. Now for any Ce [W}, if it admits a
good position braid representative (1) of some w € C, then we call b(1b) a good position braid
representative of C. This element @ here is not unique in general. Moreover, it is not even unique
up to inverse in general. However, all good position braid representatives of a conjugacy class
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will have the same length due to the following lemma.
Lemma 3.1.5. Keep the notations in proposition 3.1.2. We have

l

0,
(b, 0) =) 9k, , — 9,

j=1

Moreover, the right hand side will be the same if we replace w by any other W' € C, even when

(@', ©) is not a good position pair.

Proof. The equation is direct from proposition 3.1.2. It suffices to prove the moreover part. First

we notice that applying a twist will not change the right hand side. Let @' = uwu~' for some

u € W and write © = (0y,...,0;). Forany 1 < i < k, let F! = zi:l\/g,". Let 7(©)’ be the
j=

irredundant subsequence corresponding to (@', ©). For any 6 in 'y = Iz and v € V.Y, we have

W' (u(v)) + @' u(v)) = uw(v) + wiv = (v) = 2cosOu(v). Then V¥, = u(V2). This tells that

F! = u(F;) and 7(©)" = r(©). Thus (o, F;) = 0 is equivalent to (ua, F}) = 0 for any root

o € R. Therefore, we have |~6Fi]-_ - ﬁFi7_| = |jr’)Fi/‘71 — 53F{.| and the right hand side are the

1

same. O]

3.2 Proof of proposition 3.1.2

We follow the idea of the proof of [HN12, Theorem 5.3]. We prove by induction on |W|.
Assume that this theorem holds for any W’ with [WW’| < |W|. We first reduce © to its irredundant

subsequence.

Lemma 3.2.1. Suppose that (w0, ©) is a good position pair, then (W, r(©)) is also a good position
pair.
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— ko6
Proof. Tt suffices to show that Cy N (D V7)™ is nonempty for all 1 < k < [. We prove by
j=1
induction. This is clearly true when £ = 1.
Suppose that the statement is true for k, then there exists v = vy + --- + v lying in

_ LA 6; . — . ..
Co N (> V.7 ) where v; € V7. Take u € Co N F;® and let vy, be its projection onto
j=1

k41
0; ktl 6, . . .-
Vo We set v/ = v+ evgg € Y V7 where € > 0 is sufficiently small. For any positive root
Jj=1

ko 0 ) . . o
asuchthat H, % > V. ’, wehave (a,v’) > 0 since € is sufficiently small. For any positive root
=1
ko g K+l g
asuch that H, D Y V.7 and H, % Y  V;’, we have (a,v’) = €(a, vg+1) > 0. Therefore the
i=1 =1

statement is true for k + 1. O

Since (w, ©) is a good position pair, then by definition Co N F* is nonempty. By [HN12,
Proposition 2.2], we have w = wu,u where u; € Wpl.l and u € Wo is a minimal double coset
representative in Wy Fil)\W /Wi(r,,) preserving the simple reflections in I(F;, ). Therefore, the
conjugation action of @ on W, is actually a twist and we denote it by d;.

Under our identification, let V' C V be the subspace generated by o € R with H, D F},.
Then V" is a real reflection representation of Wpil = WFZ.1 X (dz) and Cy N V' is its fundamental
Weyl chamber. Set ©, = (6,,,...,6;,). Since Cy is in good position with respect to (w, 7(©)) by
lemma 3.2.1, then Cy N V" is in good position with respect to (1153, O;).

Now focus on Wpil, we have O, is clearly increasing and admissible with 7(©,) = ©, by
our proof of lemma 3.2.1. By induction hypothesis we have there exists an element b(uy, ©,) in

BJF(WFZ-I) C BT (W) satisfying that 75, (b(uy, ©,)) = u; and

(b1, ©,)00) = wy = wy 7wy (65)%

|
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First assume that 6;, = 0 or 2%“ € (0,27) for some p,q € Nog with (p,q) = 1. Clearly

g|d and ¢ > 1. If §;, = 0 then we choose @' = @ which is equal to o by [HN12, Lemma 5.2].

If 6;, > 0, lett,s € N be such that pt = sq + 1. Let vy € C, be a regular point of Vgil. Since

u? fixes vg and the connected component of V' — ) H containing Cy, we have u? = o9.
H EfJF,Ll
. ~ ~ T 91' . .
Consider the element @' := @' € W. For any v € V" and any simple reflection s, € Wk,

. 0; . . .
we have s,(v) = v since H, D V;". Notice that Wy, < W is a standard parabolic subgroup

27

by [HN12, §2.1], then any element in W, fixes v. This tells that Vgil = V; "= V7. Clearly

T € (0,7). By [HN12, Lemma 5.2], we have
(ﬂ_’)q = (w1w0 . wowl)otq.

Consider b = b(uy,0,)(@)Po0~*¢ € B*(W). One can see that (@/)?c~*¢ acts on Wk, as

to%1 = @, which is exactly ;. Therefore, by induction hypothesis we have

b = b(ur, ©,)8a(b(ur, ©y)) - 53 (b(u, ©,)) ((&)Po ™)

d(03, =05, 1)

= w wwy w w7 ((@)Po5)
404y 4033 —0iy) 05, =03y _)
= wp T Wy T cer Wi T (i)pdaisqd
B ( oy, 05, (05 —0iy) (05, =04,_,) d
fry wle . wowl) 27 w]. ™ w2 ™ .« .. wl*l T o
iy iy =0y W0y
= wo ™ wl ™ e wl—l T o .

Here the second equation is because 0~ *? = @ *?. Meanwhile, one can check that 7 (b) =
UlfbptO'_Sq = ulﬂ = w.

Finally let 6;, be arbitrary. There exists k¥ € N such that 0] = ;) — 2kn € [0,27). By
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previous discussion, there exists b(uy, ©,) - ¥ € B+ (W) such that 7y, (I') = @ and

05, d(0;,—0;.) (85, =05, _1)

(b(u,0,) - V) =wy = wy 7w 7ol

Now we consider b := b(u1,0,) - (wywy - wow, )* - ' Clearly we have 75 (b) = . Notice that

wiWy - Wow; commutes with I/VFZ.1 , then we have

- d6;,, (6545 —6:,) d(03, =05, ) .
bd = ﬂ s % s .. wl—l ks ((wlwo . wowl)k . b/)d
B a6, (65 —0;,) d(63, =05, ) kd 5/ d
= ﬂ s % T ... wl—l ks (wlwo . w0w1> ( )
Wiy 0y iz —0iy) WOy~ y)
= (wlwo . wowl) 27 & ™ @ T o e wl*l T o
494y (05 —03;) O3y =%, _,) d
= wO ™ wl T o e wl*l T o .

Here the second equation is because of our choice of b’ in previous discussion.

One can prove the furthermore part in the same way. 0

3.3 Relation with Lusztig’s map and the strata of reductive groups

Recall in [HN12, Proposition 5.4] and [HN12, Corollary 5.5], it is proved that every good
position element w of an elliptic conjugacy class Ce [W] is a minimal length element in C and
w? € @2B+(W). However, for non-elliptic conjugacy classes, minimal length elements do not
satisfy the second condition anymore. Therefore, we consider good position braid representatives
for non-elliptic conjugacy classes instead. In this subsection we will see these representatives are
related to the Lusztig’s map ®.

As in section 2.2. Let G be the identity component of an affine algebraic group G over
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an algebraically closed field k and assume G is reductive with Lie algebra g. Fix a connected
component D of G whose image in G /G is unipotent. Fix a Borel subgroup By of G with T C By
a maximal torus with Lie algebra t. Let I be the Weyl group of GG and W =W x (0) where the
twist 0 : W — W is defined by D.

Let [IV6] be the set of W-conjugacy classes of T contained in W& and ® : [W3] — [D,]
be the corresponding Lusztig’s map. Recall that ¢ is actually surjective and Lusztig defined a
canonical section ¥ : [D,] — [W4] in [L12-A, Theorem 0.2] and [L.12-B, Theorem 1.16] of ®.
The image C := W(0) is called the “most elliptic” conjugacy class in ®~(0). Here C is the
unique conjugacy class in [I¥/§] such that dim t” < dim t* for any @ € € and @’ € €', where €’
is any other conjugacy class in ®~1(0) (see [CC23, Proposition 2.2]). We will use this criterion
for our calculation of ¥ in §3.4. For convenience, we set dim t® := dim t? for some (or any)
w € C.

Let [ be the length function of W. There is a natural extension of [ to B*(W) and we
still denote it as [. By lemma 3.1.5, it is clear that all good position braid representatives of a

conjugacy class C have the same length, we denote it by lgy0q(C). We claim the following result

which relates lg04(C) of some € = W(0O) to the codimension of O.

Proposition 3.3.1. Let O be a unipotent orbit in D and C = V(0O). Then we have

codimgzO = lgoa(€) + dim ¢°.

Using the strata of (disconnected) reductive groups, we can actually rephrase proposition
3.3.1. Recall that all G-conjugacy classes corresponding to a given stratum X € Str(é’) will have

the same dimension independent of characteristics. We set codimgz> = codim@m(‘)(”) for any
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(or all) O corresponding to Y. We then have the following equivalent version of proposition

3.3.1.

Proposition 3.3.2. Let >. be a stratum of G. Suppose that C is the most elliptic conjugacy class
in ('®)~Y(X), then we have

codimgzY = lgp0a(€C) + dim t©.

3.4 Proof of proposition 3.3.1 and 3.3.2

We start from the reduction procedure. Since all parts of this equation are the same up to
isogeny, we only need to prove the statement when G is of the form 7" x H G; where T" is a
torus and all GG; are almost simple. Moreover, one may assume 7" is trivial since this does not
change any side of the equation. Now suppose that G = H G;and W = H W;. Since both sides
of the equation are just the sum of its value on each almost simple factors, we only need to show
the statement when G is almost simple. As for the connected component DD, we may assume that
G/G is cyclic.

Now let G be an almost simple algebraic group of classical types and G /G be cyclic. By
[L15, §2.5] and the fact that [D,,] is empty if char(k) # 2, it suffices to prove proposition 3.3.1
when char(k) = 2. We keep the notations in section 2.2 and then prove this type by type. The

formulas we will use to calculate codim =0 are based on [LS12, §3-§6] and [Spa82, §I1.6] (See

also [Hes79]).

* Type A,, and D = G (nontwisted): In this case, recall the unipotent G-orbits in G are
parametrized by partitions of n + 1. For any A = (A1,...,\,) € P(n + 1), we have
Cy = ¥(0,). We may rewrite A as A = (r{",r5,...,7"). Here 1y > --- > r; with
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my(r;) = m; and my(r) = 0 for any other integer 7.

First we compute codimz0,. By [LS12, Theorem 3.1], we have

l j—1
CodhnéClx::j£:7njrj0nj+—22£:7nk)—»1
j=1 k=1

Then we compute /y00q(Cy). We choose w = w as follows. For any 1 < j < [, let
j—1 j—1 Jj—1 J

{Dompr+ 1,00, > g+ DD mere 4+ (my — )y 41,000, ) myrg } beall
k=1 k=1 k=1 k=1

r;-cycles of w. By lemma 3.1.5, we may use this w to compute lyoq(C)).

2

The corresponding irredundant sequence r(©) will then be (i—’:, R

)ile::ﬁn =1

and (i—f, e 3—?) otherwise. By lemma 3.1.5, we have

l
1
lg00d<e>\) = 2 Z F|S{)ij_1 - ngmj |7

j=1 "7

where we formally set my = 0. Since Wij is a finite Coxeter group of type A with rank

J
n— myry, We have
k=1

1 J—1 J-1
N e (e > k) (n =Y myre +1)
k=1 k=1

— (n— kark)(n — kark +1))

1 —
— 5(Qmjrjn — 2m,r; Z myry — (mr;)? + myr;).
k=1
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Therefore, we have

! j—1
loood(Cr) = Z(Qmjn — 2m; Z METy — m?'r’j +m;).
j=1 k=1

l
Finally, noticing that dim t=m—-1= > m; — 1, we have
=1

l j—1 l
leooa(Cy) + dim t& = Z(Qmjn — 2m; Z MyT — m?rj +m;) + (Z m; — 1)
j=1 k=1 Jj=1
! !
- Z(ij Z mEry + m?rj) -1
i=1 k=j+1
! k—1 1
= Zkaijrj+Zm§rj -1
k=1 Jj=1 Jj=1
= codimgz0,.

Thus proposition 3.3.1 holds for type A,,.

Type A, and D # G (Type 2A,,, twisted): In this case, recall the unipotent G-orbits in D
are parametrized by ifPZ(n +1). Let O(’i’ﬁu) be a unipotent G-orbitin D. Let A € P(n + 1)
be such that C}? = W(O(..,)- The partition A is uniquely determined as follows:

(i) If k is even, then m (2k) = im, (k);

(i) If k is odd and €, (k) = 1, then m, (k) = m, (k) and m,(2k) = 0;

(iii) If m is odd and €, (k) = 0, then m, (k) = 0 and m,(2k) = 1m, (k);

(iv) If k is odd and m,, (k) = 0, then m, (k) = my(2k) = 0.

For calculation, we give another parametrization of conjugacy classes in [W4]. Recall

§2.2, the partition \ corresponding to the conjugacy class CY? is the cycle type of wwj for
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any w = wd € GV, under the natural identification of W with the permutation group of
{1,2,...,n 4+ 1}. One can actually extend the identification to W with a subgroup of the
permutation group of {+1,+2,...,+(n + 1)} by viewing d as 0 : +i — F(n + 2 — i).

Thus we can parametrize [I¥/] using signed cycles.

Specifically, for €Y%, we associate it to a bipartition (Aogd, Aeven) € BP(n + 1). Let
Modd = (A4, )\gdd) be the subsequence of A consisting of all odd parts and Aeyen, =
(AT ..., A5Y") be the subsequence of A consisting of all even parts. Here \oqq corresponds

to all negative cycles of CY? and Ayen corresponds to all positive cycles of €Y°. We then

obtain a partition x4 by combining (2X3%, ... 2X%4) and (AS¥em, ASven . ASveR \even) and
rearranging them. Write o = (p1, ..., ). By our construction of p, all parts of u are
even. Moreover, one notice that v = (&, ..., &),

We proceed by induction on the rank n. Assume the statement is true if the rank of G is
less than n. One can check easily dim & = b, which is the number of positive cycles.
Let {e; — ej41 | j € I} be the natural basis of 1 such that w(e;) = eg(j) under our
identification above. Here we set e_; = —e;. Choose the simple roots as usual to be
{e1 —ea,...,ep —eppr}andset I' = {1,2,...,n+ 1}. Let r(©) = (0;,,...,0;,) be the
irredundant sequence corresponding to CY?. We divide the proof into two different cases
based on p; and €,,.

(1) We first consider the case when £} is even. Then the longest cycle of €YV is a positive

mi

pa-cycle. Set my = my,(p1). We have m; is also equal to 2my(y;1) and there are 7%

positive yq-cycles. Therefore, we have 0;, = Z—’I

By lemma 3.1.5, choose an arbitrary @ € CY. Let I; C I’ be corresponding to all positive
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pui-cycles of w. Let

Jr =2 = = Jpy TI T T2 7 T T

be a positive 14-cycle of @ where ji,...,7,, € %I;. By our identification of §, assume
p1—1

that j, € I7, we have (—1)*1j; € I for all k. One can then check that 1;::1 sin f—fe]k and

p1—1 p1—1

Z sin 2’“—”eJk+1 both lie in Vf” \ {0}. This is because Z (—1)k sin 2£7 u = 0as & iseven.
=1

We also have similar results for all other positive p1-cycles of w and thus gives a basis for
27

Vit

Then one can check that §r, = {H, | (a,e;) = 0,Vi € I1}. Then Wg, < W is the

standard parabolic subgroup of the same type as W with rank n — =% > 1. If Wg,, is

trivial, then n — ™4

= 0 or —1. We formally allow this to happen as it will not lead to
anything bad to our calculations.

Let G be almost simple of the same type as G corresponding to Weyl group W, := W, ,

mlﬂl

which means its rank is n — . Let G be the disconnected affine algebraic group with
(G as its identity component and 9; be the restriction of ¢ and D; be the corresponding

component of G 1. Let t; be the Lie algebra of a maximal torus of G;. Set W1 = W1 x(d1).

Let ®; : [IW1] — [(G1).] be the Lusztig’s map.

Let v = (U1, - -, V) = (B2 L B2) € Py(n— ™ 4 1) and €,/ be the restriction

of ¢,. Let X

even

be the subpartition of Ae,e, Obtained by deleting the first =5t terms and A i

be exactly Aoqq. Then we get \' € P(n — ™ + 1) by combining A{,., and A4, together.

even

It is clear that G?,/l‘sl is most elliptic in <I>1_1(051 ;e /)). By induction hypothesis, we have

W11

codimg, OD1 lgood((ﬁfyl‘sl) + dim ¢, Cx ,

(Vhe)
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. emnn .
and dimt, =b— % Therefore, it suffices to show

COdiméog,ey) - COdimélo(Dj’eul) = lgood<eK‘/6) - lgood<e?//l6l) + %

27
By our discussion above on V" and lemma 3.1.5, we have

my  mip
lgOOd(eyé) - lgood(eyl/lél) =nmin — 71(% — 1)
Then we need codimgO(,,, ) — COdimélo(’i},ey,) — myn — m%4u1 g

Let v* and v"* be the dual partition of v and 1/’ respectively. It is clear that v} — v* = m,

for any i such that v > 0. We also notice v}, ; — v = v;}, — v;* for all i. Then by [Spa82,

(]

§11.6.3], we have

codimé(‘)a@) — codimé1 O(DI}’EV/)
1 . " " " my
= ST = ) — o — )+
i i odd
1 . . v m
= gm ) - milg) s =
1 m m
= “m(n+l4n— 1M1+1)_m1&+ 1M1
2 4 4
2
= mn — T + my.

Thus the statement is true in this case.

(2) Then consider the case when &' is odd and ¢,(%) = 1. Then the longest cycle of

€% must be a negative Ei-cycle. Moreover, there is no positive zi;-cycle since el =
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U(O(,e,)). Set my = my(u1). Then there are m, negative &'-cycles. Therefore, we
again have 0;, = Z—T If iy =2, thenv = X = (1,...,1) € P(n+ 1), (1) = 1 and
r(©) = (2). Thus lgea(€Y?) = "5 and dim t*" = 0. By [Spa82, §$I1.6.3], we have

2
codlmGO’zeV = ("J;l) —(n+1)+2- = @ and the statement is true.

Now assume 1 > 2. Choose an arbitrary @ € CY°. Let I} C I’ be corresponding to all

negative -cycles of w. Let

Jir Jo e T jm =iy e =

K1
2

=

K1
2
be a negative &}-cycle of w where ji, .. ,Jju € £17. 1. One can check that kz sin 2'“—’Tejk

\E

27

2 2T
and Z sin 2 both lie in V* \ {0} if uq > 2.

1 e]k+1
=1

As above case, one can check that i, = {H, | (a,e;) = 0,Vi € I1}. Then Wg, < W is
the standard parabolic subgroup of the same type as W with rank n — =%, Still formally

allow this to be 0 or —1.

As previous case, we get C?l, G1, D1, 4, W1, 04, Wl and @, in the same way. Similarly
define (V/,¢,/). Let A,y be the subpartition of \,q4q Obtained by deleting the first m; terms

and X, be exactly Aeven. Then we get X' € P(n — ™3 + 1) by combining X, and A,

even even

together. It is clear that €W151 is most elliptic in <I>1_1(O€/ ;e /)). By induction hypothesis,

we have
eWid
codimél(‘)gj,eul) Leood (C°1) + dim tlw ,
@V‘j151 .
and dimt,* = b. Then it suffices to show
CodlrnGO(l,6 codimGlO(DV1 e = = lgo0a(CY?) — Tgo0a(C 1),
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As previous case, we again have

lgood(ey/é) - lgood(ey,/l&l) =min — _1(

Still let * and v be the dual partition of v and v/ respectively. By [Spa82, §I1.6.3], since

% = 1y is odd, we have

: . 1 . . v m
codlm@(‘)a@) — codlmelogj e = §m1 Z(yZ + ) — ml[é] + iTMl
mful my
= mln — _
4 2

Thus the statement is true in this case.

(3) Finally consider the case when £ is odd and €, (5}) = 0. Then the longest cycle of el
must be a positive z1-cycle and there is no negative &--cycle. Set m; = my,(p1). Then
my = 2my(p1) and there are - positive p;-cycles. Then we have 6;, = i—f If iy = 2,
thenv = (1,...,1) € P(n+ 1) and ¢,(1) = 0. We also have A = (2,...,2) € P(n+ 1)
and § € G?f‘s. We have dim t&° = "“ . By [Spa82, §I1.6.3], we have codlmG(‘)(VE
@ —m+ )+ +(n+1)= w By applying the formula in lemma 3.1.5

to d, we have |95, | = my = 5. Then Iy (CY°) = w +(n+1) = (”“ and

our statement is true.

Now assume ; > 2. Choose an arbitrary @ € CY°. Let I, C I’ be corresponding to all

positive p1-cycles of w. Let

. w . w . [} .
{Jsa = Js2 = = = Js s ysl—>—352—> = e | 1 <5 < B



be all positive ul—cycle of w where js1,...,7s,, € £I;. Again one can check that

pn1—1 2m
Z sin 2"3—”(2]” and Z sin 2"‘—“6]8 po for 1 < s < Ztalllie in V" \ {0} if puy > 2.

Unlike above two cases, in this case we have £ P is actually the disjoint union of {H,, |

(,e) = 0,Vi € I} and {Hy | o = e, — e‘js%wbl <s < BL1 < k< B
p1—1 . p1—1 L
Moreover, one may check that kzl sin i—”ej , and Z sin 4_7Tej o for1 < s < all

4n

liein V7' \ {0} and {H, | a = ¢}, — €l uy 1 S8 < ™1 < k < 4} does not

contain the subspace spanned by these vectors.

Then Wg, < W is the product of 13 and W'. Here W1 is generated by the reflections
corresponding to {H, | (a,e;) = 0,Vi € I{} and W' is generated by the reflections

corresponding to {ej; | — 1 <s< %1 <k <&} Onecan check that 1V,

e .
|szu71+k| |

is of same type as W with rank n — ™ > 1 and W’ is of type A; x --- x A; with ™4
4n

copies of A;. By above discussion on Vwﬁ \ {0}, the root hyperplanes corresponding to

W actually lie in $o, \ 9, forb; = i—’r

i1
Let GG; be almost simple of same type as GG corresponding to Weyl group W3, which again
make its rank n — % Then define C~¥1, Dy, t, 01, W1 and @, as before. Similarly define
(v, €,/) and X as in the first case. It is clear that €} is most elliptic in &} (O’:l)/1 B ,)) By

induction hypothesis, we have

eWid
codimGl(‘)DV1 oy = = Leood (CX°1) + dim tl*' ,
. emh . .
and dim ¢;* =b-— % By our above discussion on £) F, and W', let $; be the set of
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root hyperplanes corresponding to 1/, we have

2
loood (CX'°) = lgooa (€X/1) = Zm—ﬁFil

2
mip

4
+ —19r, — 91|
H1

= min —

+m1.

Still let v* and v™* be the dual partition of v and v’ respectively. Let v, = v} where i is

max

the largest number such that ;7 > 0. By [Spa82, §I1.6.3], we have

_ ) 1 . . v m .
codimgzOf, ) — codlmélogj’eyl) = 3 E (Vi +v) — ml[é] + ZJI + Ve
2
- - mipta mq
= mn 1 + —2 +my.

Thus the statement is true in this case.

By above three cases and induction, proposition 3.3.1 holds for type %A,,.

* Type B,,, C,,, D,,: In these cases, we label the simple roots as follows.

First consider in type D,,, a unipotent G-orbit O, splits into (O,.¢,))r and (O(¢,)) 11 if v;
and m,,(j) are all even and ¢, = 0. By §2.2, we have @~ '((O(,,,))r) and @' ((Ove,)) 11)
are both singletons. They are the two conjugacy classes corresponding the same bipartition

(A, ) where X is the zero partition and p € P(n) with m, (k) = $m, (k) for all k. By
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our definition of good position braid representatives, one only need to prove this for one of

these two classes.

We proceed by induction. Assume the statement is true if the rank of G is less than n.
Recall G = G in type B,, and type C,,, we only consider the twisted case in type D,,. We
denote the two components of G in type D,, as G and D # G. Let (v,¢,) € /?5:(271) and

O(v,c,) be the corresponding unipotent G-orbit in G or D. In type D,,, we have O(,.,) € G

if v has even number of parts and O(,,) € D if v has odd number of parts.

Let (A, 1) € BP(2n) suchthat C(y ) = ¥(O(ye,)). Write v = (v4,...,11) € P_1(2n), A =
(A, .., Ag)and o = (g, . . ., p1). We have dim t°» = b which is the number of positive
cycles of C(y ). Let {e; | j € I} be the natural basis of V' such that @w(e;) = ey(;) for all
W € W. Here we set e_; = —e;. Choose the simple roots to be {e,, —€,,_1,...,ea—e€1,€1}
intype B, and {e,, —e,_1,...,ea—e1,2¢;} intype C, and {e, —€,_1,...,ea—€1,ea+¢€1}
in type D,,. One notice that the twist 0 in type D,, satisfies d(e;) = e_;. Let r(©) be the
irredundant sequence corresponding to €y ,,). We divide the proof into three different cases

based on the size of the longest cycle of C(, ,). The ideas are the same for these cases.

(1) First consider the case when v is odd. Then the longest cycle of €, ,) is a positive

vy-cycles. Then m, (v1) = my is even and m,, (1) = %t There are ' positive v;-cycles.

_2n

Therefore, we have 6;, = o

Again choose an arbitrary w € C, ;. Let I; C I be corresponding to all positive v;-cycles

of w. Let

. W . W woo. .w .w .
Jr—=>J2 7 = Ju,—J1 7 )2 s 7
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be a positive v;-cycle where ji, ..., 7,, € £I;. Then again one can check that the vectors

v1—1 vi—1 27

> sin 25—1”6]»“ > sin %ﬂ“—lwejkﬂ e V2 \{0}ifry > lande; € V27 \ {0} if; = 1. As
k=1 k=1

before, we have Hr, = {H, | (a,¢;) = 0,Vi € I,}. Then W, < W is the standard

mivy

parabolic subgroup of the same type as W with rank n —

Let G be almost simple of same type as G corresponding to Weyl group Wy := W, ,

mivy

which means its rank is n — 5

. Let G4 be the affine algebraic group (disconnected in
type D) with (G as its identity component. Let d; be the restriction of § and D, be the
corresponding component of Gi. Clearly D; = G, and ¢; is trivial in type B, C. Let t; be

the Lie algebra of a maximal torus of G'y. Set W, = Wy x (6,). Let ®; : [W1] — [(G1)d]

be the Lusztig’s map.

Let v/ = (Umys1,---,v) € P_1(2n) and €, be the restriction of €,. We set /' =
(migy, .o ). Itis clear that €, ) is most elliptic in 7' (O@r.,))- By induction

hypothesis, we have
Cix
codime, O(e,) = leooa (Corp)) + dim ;"7

. Cixn .
and dim tl(”‘ ) =p— % Therefore, it suffices to show

. . ma
codimiO(, ) — codimg, O ) = Leood (€ ) — Leood (Ciaur)) + 9
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By lemma 3.1.5, we have

m2u

2min — = type B,,, C,,,

lgood(e(/\,u)) - lgood(e(/\,u’)) =
m%ul
2

2min — —my type D,.

Meanwhile, by [Hes79, Theorem 4.4] we have

mi l mi
codimgz0,¢) — codimg Oy = Z w; +my Z v; — Z X(v)
i=1 i=1

i=mi1+1

2 mi
B min min
= 2mn— =+ = - 21 X (vi)-
Here x : N — Z is defined in [Hes79, §3.5] as x(s) = max{0, min{n — s + ¢,¢}} in rank

n, where

if G is of type B, C and O has a V() block ,

N |»

2 if G is of type D and O has a V() block,
[551] if G is of type B, C and O has no V(s) blocks,

(1] if G is of type D and O has no V(s) blocks.

In our case, we have

m % if G is of type B, C,
Z x(vi) =
= % if G is of type D.

By above equations, the statement is true if v, is odd.
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(2) Then we consider the case when v is even and €(v;) = 1. Then O(,,) has a V(1)
block and the longest cycle is a negative 4--cycle. Since C(y,y = ¥(O(,,)), there is no

positive v;-cycle. Set m,, (1) = m;. We then have m (%) = m; and 0;, = 3—7;

Choose an arbitrary w € C(y . Let I} C I be corresponding to all negative 5 -cycles of

w. Let
.ow . W . W .w w .
e e A O L T R e 21

be a negative 3-cycle where ji, ..., ju € £I;. One can check that e;, € V.7 \ {0} if
9 9
w2k i 2k o -

vi =2and ) sin=e;, > sin<e; € Vi, \ {0} if 11 > 2. As before, we have
k=1 k=1

9r, = {Ha | (,e;) = 0,Vi € I }. Then Wg, < W is the standard parabolic subgroup
myvy

of the same type as W with rank n —

Define Gy, G1, D1, 1, Wy, 61, W; and @, in the same way as previous case. Similarly define
(V). Set N = (Mg, ..., Aa). We have €y, is most elliptic in ®7' (O, ,)). By

induction hypothesis, we have
. N
codimg O ) = loood (Coy ) + dim tl“ 8
. Coxn . .
and dim t,*"” = dim t®»» . Therefore, it suffices to show

COdim@O(MGD) — codimélO(,,/@,) = lgood(e(,\’“)) — lgood((ﬂ(x,#)).
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By lemma 3.1.5, we have

m% 141

2

lgood(e(kau)) - lgood(e(kau’)) = 2min —

By [Hes79, Theorem 4.4] and the description of y above, we have

codimz0,¢,) — codimg O ) = sz + my Z v — ZX v;)

i=mi+1
m1V1 ml#l
= 2mn — X v;)
2
miu,
= 2min — 5

Thus the statement is true in this case.

(3) Finally consider the case when v is even and €(;) = 0. Then the longest cycle is a
positive v;-cycle and there are no negatlve L-cycles. Set m, (1) = my. Then mu(l/l) =

%L and there are "' positive vi-cycles. Then we have 0;, = 2n

vy

Choose an arbitrary w € €, ,). Let

. w . w w . . w w .
{Jsa = Js2 = - = Jswns —Jsg = 00 = —Joun | 1 <8 <L}

v1—1 vi—1
2km 2km mi
be all positive v;-cycles of w. Again kZ: sin <7 e;, Z sin 2%e;, ,, for 1 <s < 5tall
=1
27 vi—1 v1—1 4m

liein V" and Z sin %ej , and Z sin %e] o forl < s < Zallliein Vujq ifry > 2.
If vy = 2,then {e;,, —e;,, | 1 <s < Hlyisabasisof V] and {e;,, +e;,, |1 <s < B

2

is contained in V2.

Therefore, we have WE1 < W is the product of W; and W’. Here W, is of the same
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type as W with rank n — *4“- and W’ is generated by the reflections corresponding to
{6js,k + 6js,k+7‘ | 1 S S S %’ 1 S k S %}
Let (G; be almost simple of same type as G corresponding to Weyl group ;. Then define

@1, Dy, 1,01, W, and @, as before. Similarly define (v/,¢€,/) and p as in the first case.

Then € ,) is most elliptic in ot (O c,,))- By induction hypothesis, we have

. . ¢ /
COdlmélo(yl7gy,) = lgood(e(,\w)) + dim tl(A’” ),

. cC ’
and dim t,*"" = b — o,

Let $; be the set of root hyperplanes corresponding to ;. By our discussion above, we

have

2 4
lgood(c(%u)) - lgood(G(Avu’)) = V—llﬁ - ﬁFil + V—llfml — 1

2

2min — “5* 4+ 1 type B, C,,
2V

2min — =2 — I type D,,.

By [Hes79, Theorem 4.4] and the description of y above, we have

mi l mi
codimzO(y,) — codimg O ) = Z Wi +my Z v; — Z X (v4)
i=1 i=ma+1 i=1

2 mi
. m1V1 min
= 2min — 5 + 5 El x(v;)

2min — —5— +my  type B, C,,

2min — = type D,,.
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Thus the statement is true in this case.

By above three cases and induction, proposition 3.3.1 holds for type B,,, C,,, D,,.

* Combining all discussion above, proposition 3.3.1 (or proposition 3.3.2) is proved for

classical groups. O

3.5 Indecomposably-good position braid representatives

Recall that in section 2.1, the real eigenspaces VJ are not indecomposable in general. In
this subsection, we will use a sequence of indecomposable real eigenspaces to replace ©. Let
V' € V¢ be an indecomposable real eigenspace. One can see that dim V'’ = 1 if cos § = +1 and
dim V' = 2 otherwise.

Letw € Wand V = (Vi,..., Vi) be a sequence of distinct indecomposable real eigen-
spaces of w in V. Define F; = i1VZ for 1 < ¢ < kand Fy = 0. The definition of being

=
admissible and complete for V is the same as in §2.1. For any Weyl chamber C, we say
C is in good position with respect to (w,V) if C N F;*® # ( for all i. We call (i,V) an
indecomposably-good position pair if C' is the fundamental chamber C).

For any 1 < i < j, by definition V; lies in some real eigenspace V.Y of w. We know the
choice of 6 is not unique. Let ©, = (f,...,0;) be a sequence such that V; C Vg". As in
§2.1, one can again define the irredundant subsequnce (V) = (V;,,...,V;) of V. Set O,y =
(0iy,...,0;). We call (w,V,0y) an indecomposably-good position triple if the fundamental
chamber C is in good position with respect to (w, V), or equivalently (@, 7(V)). Note that here

0; and 6;; might be the same. Now if we have §; < 0, < --- < 6, then we say Oy is weakly-

increasing. One should also note that we can have infinitely many choices of ©,, for a given V.
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Therefore, we have infinitely many choices of indecomposably-good position triples for a given
indecomposably-good position pair.

We have following analogy to proposition 3.1.2.

Proposition 3.5.1. Let (w0, V, ©y) be an indecomposably-good position triple where 'V is admissible

withr(V) = (Vi,,..., V) and O,y = (0iy, . . ., 0y)) is weakly-increasing. Suppose that & = wo

with o € (0) and w € W. Then there exists an element b(w,V,0y) = b(w,V,0y)o € BT (W)

satisfying that 7, (b(w,V, ©y)) = @ and

05y A0y —0iy) A0y %)

ﬂ-ﬂ E e "'wl—l ™ g .

b(lZ], anV)d = Wo

0; ; . . .
Here d € N such that d* € 7Z, and wj is the longest element in WFL-J. for0 < j <. Furthermore,

if d is even, then

03y 4(0ip =0y A4y g
:wo 27 wl 27 "‘wlfl 2m g2,

[NJisH

b(ﬁ), V? QV)

Proof. The proof of this theorem is almost exactly the same as the proof of proposition 3.1.2.
One just have to notice that [HN12, Lemma 2.2, Lemma 5.2] also work, if we replace V¢ by any
w-stable subspace K C V¢ satisfying that C;y contains a regular point of K and Cj, w(Cj) are in

the same connected componentof V. — |J H. ]
HeHg

Definition 3.5.2. The braid element b(w, V, ©,) above is called an indecomposably-good position

braid representative of the triple (w,V, ©y).

Again we directly have the similar formula for the length of these braid representatives as
lemma 3.1.5.
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Corollary 3.5.3. Keep the notations in proposition 3.3.1. We have

l

0
Ub(w,V,0y)) = > |95, _, — 9r,

Jj=1

The following result compare these new braid representatives with good position braid
representatives defined in section 3.1. We shall see that good position braid representatives are

all indecomposably-good.

Proposition 3.5.4. Let (0,0) be a good position pair. Then there exists a sequence V of
indecomposable real eigenspaces of W with sequence ©,yy = 7(Q) such that (w,V,0y) is
an indecomposably-good position triple. Furthermore, if b(w,©) be a good position braid

representative of some (W, ©), then it is an indecomposably-good position braid representative

of (w,V, BOy).

Proof. Let© = (64,...,0;) and F; := Zijlvufj for1 <i <k Letr(©) = (0,...,0;). By our
iz

assumption and lemma 3.2.1, we have (w0, r(©)) is a good position pair. Then for any 1 < j </,
there exists a regular point v’; of ilvuff“ lying in Cy. It is also a regular point of F;,. Let v,
be its projection to Vgij . Let o be any root such that H, € F_ \ 9 o Then we must have
(vj,a) > 0. Now we choose V; = Ruv; + R (v;). Clearly V; C Vgij is an indecomposable real
eigenspace.

Let V = (V4,..., V). Clearly we can choose ©y = O,y) = r(Q). Write Iy ; = TJ; V.
Then for any 1 < j < [, there exists il)\,«vr € Fy; lying in F;J_eg NC, and H F, = 9, , by our

choice of v; above. Therefore, we have (w0, "V, Oy) is an indecomposably good position triple.

Furthermore part is direct by definition. [
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Based on above results, we see indecomposably-good position braid representative is a
more general form. We will naturally relate them to affine Springer fibers in chapter 5.
We end this section by the following result on the existence of indecomposably-good

position triples (or pairs since O is chosen manually).

Lemma 3.5.5. Let V = (Vi,..., V) be a sequence of indecomposable real eigenspaces of 0.

l

Suppose that Wi, is trivial where F) := Y V;, then there is an admissible (or complete) sequence
i=1

V' of indecomposable real eigenspaces of W whose irredundant subsequence is a subsequence of

V.

Proof. 1t is clear that one can also complete V to a complete sequence V' by adding indecompos-
able real eigenspaces after V;. The statement on irredundant subsequence is direct by definition

and the assumption that W, is trivial. [
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Chapter 4: Transversal slices

In this chapter, let G be a connected reductive algebraic group over an algebraically closed

field k. We consider the following two cases (see [L11-B, §0.2]).

e case I: G is the identity component of a disconnected reductive group G with a fixed

connected component D (no requirements on char(k));

« case II: k = T, for some finite field F, and G’ = G with Frobenius map F' : G — G.

Now fix a Borel subgroup B C G which is F'-stable in case ii and let 7" C B be a maximal torus
of G. In case i, let §p € D be such that jpTj,' = T and §pBgp' = B. Identify Ng(T)/T with
W.

In the first case, the conjugation of component D defines a twist 0p : W — W. This
induces 0p : G — G which send the 1-parameter root subgroup U, to U, (). In the second case,
the Frobenius map F' also define a twist 6 : W — W which send the 1-parameter root subgroup
U, 10 Usp (). We assume that gpzgp," = dp(x) in case i and F(z) = dpx(z) in case ii where
x(x) =z for all z € k.

The above two cases both lead to some twisted Weyl groups. For convenience, we will
denote the twists dp and J; of W both by § and the resulting twisted Weyl groups by 1W. We
also denote the corresponding automorphism dp and F' of G both by d5. We will generalize
the construction of transversal slices in [HLL12] using good position braid representatives of non-
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elliptic W-conjugacy classes in [W]. The construction of our slices is related to the structures of

Lusztig varieties and Deligne-Lusztig varieties attached to these braid elements.

Remark 4.0.1. We will construct slices in both cases while they may not be transversal in case

II. However, these slices still satisfy some nice conditions in case II.

4.1 Slices for braids

We start from constructing slices. For any b = bd € B*(W), recall the following canonical

decomposition of b.

Definition 4.1.1. [DDGKM15] Let b = b6 € B*(WW) be any twisted braid. There is an unique

right Deligne-Garside normal form of b

o
I
Sa
3
o~
=
>

Here for any i, the braid element b; is the largest right common divisor of by, - - - b; and wy where

wy is the longest element in .

Now we write the left Deligne-Garside normal form of b as b = Wy, -+ - w10 Where w; € W.
(Here w; are not the same as in proposition 3.1.2). For any w € W, define its inversion set as
Inv(w) = {a € Rt | w(a) € —R*}. For any R' C R, define Up to be the subgroup of
G generated by root subgroups corresponding to the roots of /. Then we have Upy(w-1) =

U NwU w™! = UY. We can naturally define a collection of subsets of roots as follows.
* R, = R"Nw,(R™) =Inv(w,');

¢ Rt = wn(R") N (Wnwm_1)(R™) = w(Inv(w " ,));

m—1
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e Ryo = (wmwmfl)(ln\'(w:nl—Q));

o Ry = (W wy)(Inv(wit)).

For any 1 < ¢ < m, by above we have Ug, = w,, -- -wiHUwiw;;l - -u';;f < G. By [HL12,
§2.7] we have Uy, is isomorphic to affine space A'#) and is actually the product of corresponding
root subgroups.

Let C be any 1¥-conjugacy class in [I¥]. Consider b = b(i0) is a good position braid
representative of C where @ = wd. By our proof in section 3.2, one can deduce that the right
Deligne-Garside normal form of bisb = bybyd = w' - w'wd. (We formally write b = id - wd when
there is only one term in the Deligne-Garside normal form of b). Here w’ is the longest element
in the standard parabolic subgroup W’ of T corresponding to R, which is the set of fixed roots
under the action of . In this case, we have R, R, are defined where Ry = Inv(w') = (R®)*
and R; = (RY)” UInv(w™!). Since §(RT) = R™, one can see that Inv(w™") = Inv(w ). Recall
in definition 3.1.1, the above braid element b(w) is a good position braid representative of (w0, ©)
where O is the increasing complete sequence in (0, 7] U {27} for w.

More generally, if 2 € O, we consider the case when bisa good position braid representa-

tive of (w,©’). Here ©' is obtained by replacing the 27 in © with 2n7 for any n € Z-;. One

can notice that ©' is actually the increasing complete sequence in (0, 7] U {2n7} for w. In this

case, as before we have the left Deligne-Garside normal form of bisb = (w')? =1 w'wd.
Therefore, we have Ry = (R?)” UInv(w™') and Ry = Ry = --- = Ry, = (R®)" and
Ry = Rs =+ = Ry, 1 = (R®)". Now we define the slices for these braid elements.
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Definition 4.1.2. Given a good position braid representative b = b§ € B+ (W) of a pair (w0, ©)
where W = wd and O is the increasing complete sequence in (0, 7] U {2n7} for w. Define the

braid slice S (b) in D C G associated to b = (w)>"~! - w'wd as

Sgr(g) = TwURQn URzn—1 e UR1w§D'

Here 1 is a representative of w, T is the subtorus of 1" consisting of the fixed points under the
action of w. The element gp € D is determined as before if D # G and is set to be identity if
D = G. Denote Ug,, Ug,, , -+ Ug, by uUe.

We also define the G-braid slice Sp,(b) in G C G associated to b as

Spe(b) == TU".

Remark 4.1.3. (1) The slice S5.(b) is equal to S, (b) if D = G, e.g. in case II.
(2) The “‘unipotent part” U b here does not lie in G, in general, we just write it as U b to
emphasize it is an analogy of U™ = U NwU ~w~". For example, if b = w;?, we have Ut =UU-

which is clearly not unipotent.

Definition 4.1.4. Keep the notations in definition 4.1.2 and assume that b is actually the good

position braid representative b(w) of w. Define the enlarged slice of b as

S (b) = Lol igp,

where Ly is the (possibly disconnected) reductive group generated by 7™ and the root subgroups
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corresponding to R¥. We similarly define the enlarged G-slice

Spr(b) i= LU 4.

For any given @ € € which admits a good position braid representative b(w), the above
braid slices SL.(b) (resp. Sg,(b)) in definition 4.1.2 are all open dense in @(b(zﬂ)) (resp.
S (b(@))).

Example 4.1.5. (Both are nontwisted case) Keep the labeling in section 3.4.

(1) Let G be of type Cy, D = G and C be the conjugacy class corresponding to a positive

3-cycle and a negative 1-cycle (non-elliptic). Then b = s5455515253545251525351 18 @ good position

braid representative b(w) of € where w = 7y (b). However, it is not of minimal length in C. In
this case, the braid slice of b is SE (b) = Sp,(b) = T*U"w and the enlarged slice of b is also
§\BT(Z)) = T*U". Indeed, we have Sp,(b) = §B\T(5) whenever RY is trivial.

(2) Let G be of type Cy, D = G and C be the conjugacy class corresponding to a positive
2-cycle. (This is again non-elliptic). Then one may choose b = s; - 51835153 = 53 - Wy as a
good position braid representative of €. Thus w = mw(b) = s1525;. In this case, we have
U = U*2U,,(p+) and thus the braid slice of b is S5, (b) = Sp,(b) = TUUs,g+w. It is easy
to notice that U° is not unipotent as Ue,_., U, _., C U°. The enlarged slice of b is @(b) =
L,,U"w where L,, is generated by U,,_.,, U.,—, and T*. From this example, one can see that

in the enlarged slice, the part L,,U" is a subgroup of GG. This may admit some better geometric

properties than braid slices.

From now on we always assume that b is a braid element in definition 4.1.2. We first prove
the following lemma on convexity of subsets of R.
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Lemma 4.1.6. The subsets (R”)" U Inv(w™') and (RY)~ U Inv(w™") are convex in R.

Proof. As before, let V be the real reflection representation of 1. Since b = b(w) is a good
position braid representative of C, then there exists v € V such that (v,«) > 0 for any o €
R™\ R” and (v,a) = 0 for any a € R”.

Letaw € R” = R " and 3 € Inv(w™!) = Inv(w~"). Suppose that ma +n3 € R for some
m,n € Zso, then we have (v, ma + nf) = (v,nB) > 0. This tells that ma + nf € RT \ R®.
Meanwhile, we have (v, 0™ (ma + nf)) = (v,ma +nw 1 (8)) = n(v,w~*(8)) < 0. Then we
have w™!(ma + nB) € R~ and ma + nB € Inv(w ') = Inv(w™). Since (R*)*, (R”)~ and

Inv(w™!) are clearly convex, we have (R®)" UInv(w™!) and (R?)~ UInv(w™!) are convex. [J

By [HL12, §2.7], we know Ugrw)- is actually the product of the root subgroups corres-
ponding to the roots in (R?)~. Based on the proof of above lemma and Chevalley commutator
formula, we have Ug, = U(ga)-U" = U U(ga)-.

Next we show there is a natural way to relate the G-braid slice Sp,(b) to the original slices

in section 2.4. First consider the case when w' is not the identity.

Lemma 4.1.7. Let b = (w')*=1 - w'wé be a good position braid representative as above. For
certain choices of representatives in G, there is a natural surjective map from T® x S(w') x - - - x

S(w') x S(w'w) with (2n—1)-copies of S(w') to the G-braid slice Sg,(b) given by multiplication.

In particular, this map is bijective if n = 1.

Proof. Since w' is the longest element corresponding to R?, one can choose a representative i’
such that ()% € T. Keeping this choice, any element of 7% x S(w') x - - x S(w') x S(w'w)

can be identified as (¢, uit’, . .., Ugp 10, Ug'h) With t € T, uy, € Uv'" and u; € U for
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1 <17 < 2n — 1. Then we have

tugi -+ Ugp 0 U W' = tug (W ug (W) ) - (0P g, () ) (W) 2 i
= tujul - - - uh, (W)
2n_ 11

= t(w) " ufuy - Uz, W,

/
i

where u; = (@) 1u; (W) " and uwf = (W')"*"uj(w')*" lie in U, ,, , for all i by our choice of

w'. This gives the natural multiplication map. Since any element in S Br@) can be written in the
form as the right hand side, we have this map is surjective.

Now if n = 1, we claim that any element in Sp,(b) has a unique decomposition into the
form tu/uri with t € T, u/ € Ug, = U and ujj € Up, = w'U""™(w')~'. By our discussion
above we know Ug,Ug, = Ugay+Ugas)-U". Furthermore, the proof of lemma 4.1.6 ensures

that any element in U gay+ U gay- U™ can be written uniquely as a product of elements in U ga)+,

U(gray- and U". This proves the claim and thus the bijectivity in this case. 0

In above lemma we allow w’ = id, in which case S Br(l;) = T"U" and there is a natural

bijective map from T% x S(id) x S(w) to Sp,.(b).

4.2 Cross-section property

In this subsection we care about the cross-section property. Recall that an important version
of cross-section property of Steinberg’s slice and He-Lusztig’s slices is about the U-orbits on
UwU = S(w)U. We will generalize this for our braid slices and enlarged slices. We consider the

action of U on S& (b). However, we have to modify this action.
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Let b = (w')*~1 . w'wd be a good position braid representative in definition 4.1.2. We
first need to fix the choice of representatives for all w € 1//. In this subsection the choice of
representatives will be the same as in [HL12, §2.4]. From there we immediately know that these
representatives satisfy the braid relations and is compatible with the action of §. Moreover, we
have (vw')? € T based on this choice. Indeed, one notice that \Y = w(\") for any coweight A"

corresponding to R¥. One also notice that

(0, A7) = ((a), (X)) = {a, @(A"))

for any o € R”. By [HL12, §2.4.(b)], we have (u')? € T?.
We first consider slices in case I. Recall above we have Ug, = Uga)-U" = U"Uga)-.
Similarly, we have U = UR+\R17JU(RJJ)+ = U(Rm)+UR+\Rm and UR+\R’(DU(R’LB)* = U(Rw)fUR+\Ruv.

Note that if w’ = id, then Ur, = U™ and Uy, are all trivial for i > 1. Therefore, we have

UR+\R@S£r<E)UR+\R@ == UR+\RmUbdeR+\Rw
— UR+\R1DT1I)U(R@)+U(R@)7 c U(R@)+U(Rﬂ))7wadUR+\Ri;
= TwU(Rﬂ’ﬁ U(Rfﬂ)* te U(Ru?)+ U(Rw)fUR+\Rm wadUR+\Rw

— UMidUpe\pe = S5.(0)Ups g

Therefore, we would consider the Ug+\ ga-orbits on SE (b)U Rr+\po in case L.

However, in case II, we need to modify above two equations. In general, we consider the
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twisted conjugation for the G-slice Sg,.(b). Similar as above, we have

Urt\roSpr(0)Us(ri\rey = Upr\go UwUs(g+\ gay
— TwU(Ru"J)th(RlD)f st U(R“?)‘FU(R@)*UR+\RwawU6(R+\Rw)

= UiUsg\roy = Spr(0)Usr+\ro-

We first show any element in Sp, (b)Usg+\ gay has a unique expression.

Lemma 4.2.1. There is a natural bijection

SBr(b) X UR+\R1I) — SBT(b)Ug(R+\Rm)

given by (g, u) — guwdg(u).

Proof. Clearly this is surjective. Suppose that g110g(u;) = g21dg(usy), then we have gy ' go =
W (uuy )™ € Ug(pe\roy. Again by [HL12, §2.7], We know Ug(g+\gay is actually the
product of root subgroups corresponding to w(R*\ R”). This is equal to (R*\ (R*Ulnv(w~!)))U
(—Inv(w™')). These root subgroups do not appear in L;U" by our definition above and the fact

that Inv(w™!) = Inv(w™!). Since g1, g2 € U® C LgU", we must have g1 = g and u; = up. [

Then we consider the action of Ug+\ga. Following the idea in [HL12, §2, §3], for any

r € Z~q, we set

U(b") = Sp,(b) x 8c(Sp, (b)) -+ x 85 (g, (D)),

U(i)r) = SBT(B)UJ(R+/R15) X 5g<SBT(B)U5(R+/Rw)) <o X 5871(SBr<6>U5(R+/RﬁJ)),
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By above discussion, we know that

06:(Spr (D) Us(rs o)) = 06(Upi\rio)0(Spr(0))06 (Usrs /r))

- U(Si(R+\Rm)5é¥(SBT(6))U5i+1(R+\Ri’)-

Therefore, there is an action of (Up+\g=)""" on U(b") given by

(ulv Uz, - - . 71’[’7‘71) : (gh g2, - .. 797‘) = (gldG(ul)ila 6@(’&1)925%(1@)71, s 752'71(/&7‘71)97")-

Let U(b") be the set of orbits of above action and Ky U(b") — U(") be the natural projection
map. Denote x7(g1,92,.--,9-) as [g1,92---,¢r]. One can check there is a natural Up+\ge X

Usr(r+\ ri#y-action on U(b) given by

(u, ') - [g1, 92, - - - 9] = [ug1, g2, - - -, g () 7",

=1 w'wd, we set

Meanwhile, recall b = (w')

U(DG(Z)),TH)) e Tﬂ}UR+\Rw X S(w/)UR+\R’J) X X S(w/)UR+\Rm X S(w,w>U5(R+\Rm),

where there are (2n — 1)-copies of S(w’)Ug+\ g on the left hand side. Based on our choice of

representatives above, recall there is a natural surjective map in lemma 4.1.7, we can then define

Y : UDG(b), T) = Sp,(b)Us(r\roy
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as follows. Let (tug, g1y, - - ., Gonlia,) be any element of left hand side. Here t € T%, g; € S(w')
for1 <i<2n—1, gon € S(w'w), u; € Ugs\go for 0 < i < 2n — 1 and ug, € Us(p+\gw). As

before, one can show that

UR+\RmS(w/w)U5(R+\Rw) = UR+\Ru‘; Ulnv((w/w)—l)’LU/HJU(;(R+\R@)
— UR+\wa’_1U(Rm)7Ulnv(w%)w'w'ng(RﬂRm)
= ' 'Uro)-Unv(w-1)Une\po /0" 0Us g\ o)
s 1—1

= w U(Rw)—Ulnv(w—l)w,w/UR+\RmIbU5(R+\Rw)

= S(w’w)U5(R+\Rm).

Similarly, one can show that

UR+\R1DS(w/)UR+\Ru} f— U(R’I’)"'UR""\Rﬁ’w/UR"'\Rﬁ’ = U(Rﬁ;)+w/UR+\R1Z; = S(w/)UR"’\Rﬁ"

Therefore, we have

tupgiuy - - - Gantan = t(upgr)(uiga) - -+ (Uz2n—192n)U2n

= t(gug)(gyuy) - - - (Gonliy, 1 )Ua2n

where g € S(w') x --- x S(w') x S(w'w) and u € Usg+\goy. Let g’ be the image of tg

under the map in lemma 4.1.7. Then the image of (tug, g1u1, ..., g2ntis,) under Y; is g'u €
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SBT<b)U5(R+\Rm).

Next we define U(DG(b), T?, r) as

U(DG(b), T) x 6¢(U(DG(D), T?)) x --- x 65 {(U(DG(b), T™)).

Here 05, (U(DG(b), T?)) is defined as

S(T Ugi\go) X 0G(S(W)Ugs\ga) X -+ X 6(S(w ) Ups\ga) X 6g(S(w'w)Us g+ go))

Recall that we have Up\ go S(w'w)Usg+\goy = S(w'w)Usg\gey and Ug i\ go S(W' ) Ug+\go =
S(w")Upg+\ge. Itis also clear that Up+\ go Ty RH\R® = T°U r+\ro- Therefore, one can define a
(Ug#\go) @™V ~Laction on U(DG(b), T, r) as follows.

@ntDr—1 and set ug = U(2n+1)r to be trivial. We also

Let (U,l, e 7u(2n+1)r71) S (UR+\R“7)
let (g, g Sa (), 0a(aS™), o (0, L 65 (gP™Y)) be arbitrary in
U(DG(b), T, r). Here ¢V € TPUg+\ g gf%ﬂ) € S(w'w)Us(p+\goy and gz(j) € S(w")Ug+\ po

7

for all 2 and 2 < j < 2n. It will then be taken to

2n+1 1 2n r— 1 r— 2n+1
(g, g algr ), ey o ), e (YY)
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with

i 1 i 1) - i—1 (b
e 1(92( )) = 0g 1(“(2n+1)(i—1)9§ )“(21&1)@’—271) € o5 (T Upt\ro),
09 = 551(U(2n+1)i—2n9§2)U&H)F%H) € g (S(w")Uge\go),
51 1( ’(2n)) _ 51— ( (2n), -1 SIS (WU _
= U(2n+1)i—29; u(2n+1)i71) S G ( (w) R+\Rw)>

o (g l(2n+1)) = 05 (u@nt1yi- 19, 50( Uant1)i) ) € 0 (S (w'w)Uspe\goy),

for 1 < i < r under the action of (u, us, ... ,u(2n+1)r_1). Denote the orbit set of this action as
U(DG(b), T, r). There is again a similar action of Ug+\ ge X Usr(r+\ vy ON U(DG(b), T, r) as
on U(b").

We first have the following lemma.

Lemma 4.2.2. The map Y, induces a natural surjection

T U(DGD), T, r) — U (V).

This map is compatible with Ug+\rw X Usr(g+\ rw)-actions on both sides.

Proof. First notice that given any {u; € Usp+\ro)}i<i<r and {z; € Spr(b)}i<icr. there is

a unique expression [v1uy, 8g(zaus), . .., 00 (zru,)] = lg1,- -+, 9r1, gru] in U(") with u €

¢ (Usri\roy) = Usr(pi\roy and g; € 0 L(Spr(b)) for all 1 < 4 < r. Indeed, since
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5é;<SBr(b)U§(R+/R1E)) = U5i(R+\RﬁJ)5év<SBT(b>)U§i+1(R+\Rﬂ1), we have

[z1u1, 0 (T2us), . . . ,5271(377«%)] = [z1,u10¢(z2us), . . . ,5271(377«%)]
= [z1,06(25)06(uy), . . ., 0 (z,u,)]
= [:El? 50(‘7:,2)7 s ’56_2(1‘;—1)7 56_1@;)52;_1(“;)]’

where u;. € Usp+\gey and x; € Sp,(b) for all i. Moreover, by lemma 4.2.1, above expression on
the right hand side is unique.

Similarly, given an arbitrary element in U (DG(l;), T®,r), there is a unique expression of
itas [t1, 01", ..., 9", 0a(ta), o 0 (gs™), o 0N, 0 (g ) with £ € TP, o €
Usr(r+\R#)» g§2n) € S(w'w) and gz(j) e Sw')forl <j<2n-—1.

Now for Tg, consider any [t1, ¢!, ... g™ . 6571, ., 05 (g )] as above. For

2n X
any i, we have t; [ | gi(j e s Br(b) as given by lemma 4.1.7. These naturally define
j=1

~7~ 1 2n r— r— 2n

) 9 2 w1, BG)
= [tl Hl gl PR a§g’ (tr—l Hl gr—1)7 68 (tr Hl gr )u/]
J= J= J=

This map is well-defined and surjective due to lemma 4.1.7 and the unique expression of elements

in U(b") mentioned above.

It remains to show TZ is compatible with Ug+\ge X Usr(r+\rw)-actions. Let u € Ug+\gae
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and v’ € U5T(R+\Rm), then

(u,v)[g1,0c(92), - -, 06 (gr)ue] = T[ugr,..., 06 (gr)ur(u')™"]
= [gllulla ce 76871(97‘)7“(”/)71]

= [¢},u10c(g2), .-, 05 " (gr)ur(u') 7"

= 91.9¢(95).- -, 0g " (g )upur (u) ).

Here u) = u, u,_,64 '(9:) = 6¢ "(g/)u} with u} € Usi(g+\go) and g € Spr(b) determined by

applying (5271 to both sides of lemma 4.2.1. Similarly, we have

(u7u,)[tl7g§1)7 ttt 7g§2n)? A 768_1<t7’)7 R 758_1(g£2n))u7“]
0 1 2n r— r— 2n _
= [t g, g ), 0 (0 (W)Y

1 1 2n r— r— 2n _
— [y, g PuV, g e ), 8 (0 e ()Y

= [t1, g’l(l), . ,g’l(Q"), s O (), ,5&71(9;(2"))ugn)u,«(u’)_l].

2n)

2n R 2n .
We know gjuj = ugr = uty [] ggj) =t [] gllmug . By lemma 4.2.1, we have v} = ugzn) and
j=1 =1

J

2n .
g =t ]] gi(] ), By passing it to g/.u!, it is clear that
j=1

rre

r 1 2n r— r— 2n 2n _
TB([tl,g;”,...,g;( o), 8 (g e (u) )

= [91,0c(gh), ., 05 (gL ulu, (u') Y]
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and our statement is proved. [

Based on above lemma, one can relate the twisted Up+\ ga-orbits on Sp,.(b)Us(p+\ gy to
the (Ug+gs )@+ ~1-orbit space U(DG(b), T, ). Nevertheless, we can further combine these

torus parts together and move it to one end.

We set U(DG(b)) = S(w')Upt\gw X - -+ X S(w')Ug+\go X S(w'w)Usg+\gay where there

are again (2n — 1)-copies of S(w’)Ug+\ ga. Then define

U(DG(b),r) = UDG(D)) x da(U(DG(D))) x --- x 65 {(U(DG(b)))

and

U(DG(b),r) = UDG(b), 1) x 6g(T Ugs\ga)-

Then one can again define an action of (Ug+\gs)*"" on U(DG(b),r) as follows. Consider
an element (¢\", ... ¢ . 55,65 (g™, het) in U(DG(B),r) with by €
(SE(Tﬁ’UR+\Rm), gz-(2n) S S(w’w)U(g(R+\Rw) and gz-(j) € S(w’)U(g(R+\Rw) for 1 < ] < 2n — 1.

Let (uy, ug, ..., usp) € (U RH\ r#)?"" be arbitrary and formally set v to be trivial. Then it takes

(0", g o ) 0 (0P )

to

(g:/l(l)7 c e 7g1(2n)7 R 758_1(.9;(1))7 st 768_1(9:"(211))7 h’;”—‘,—l)
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where

i— 1 i— 1) _—
e 1(92( )) = g 1(U2m'—2ngz( )u2nli—2n+1)7

5871(97/;(2)) = 551(U2n1—2n+19§2)ugqmli—2n+2)a

551(9;(%)) = 56_1(U2n1—19§2n)5(;(u2m)_1),

h;+1 = 5TG(u2nT)hr+lu

for 1 < i < r. Denote the orbit space of this action as U (DG(B), 7). There is also an Up+\ go X
Usr(r+\rw)-action on U(DG(b), r) similar as before.
Recall the proof of lemma 4.2.2, any element in U/ (DG(b), T'%, ') admits a unique expression

as [ty, gV, g @), 05 (9™ u] with some t; € TP, u € Usr(r+\Ro)» g

S
S(w'w) and ggj) e S(w') for1 < j < 2n — 1 and all 4. Similarly, any element in U (DG(b), r)

also admit a unique expression

L Y Y () R e S R A (510

with some t € T, u € Usr(g+\Ri)» g € S(w'w) and g¥ € S(w') for 1 < j < 2n — 1 and all
i.
First assume that r = 2. Let [t1, ¢\, ..., ¢*". 6c(t2), 0c(gs"), . .., 6c(¢5™)u] be any

element in U(DG(b), T, 2) as above. Since t; € T, we have tji = wdq(t;) and t;(u')? =

2n . 2n . .
(@)%t Then t; [ ¢V = [[ ¢i¥6c(t1) for some ¢\*™ € S(w'w) and ¢} € S(w') for 1 <
j=1 j=1
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2n . 2n .
j < 2n—1. Similarly, we have 8¢ (t1ts [ ¢5) = 6 (I] 9\7))62(t1ts) for some g™ € S(w'w)
j=1

7j=1
and g} € S(w') for 1 < j < 2n — 1.

Lemma 4.2.3. There is a natural surjection
72 U(DG(b),T",2) — U(DG(D),2),

which sends the element [t1,9\", ..., ¢, 6c(ts), 6c(gS), ..., 6c(g*™ )] € U(DG(b), T®,2)
0 [g\", . g 5a(gt), ... 6 (g™, 82 (tita)u] from above equations. Again, this map is

compatible with Up+\ga X Us2(g+\gey-actions on both sides.

Proof. Due to the uniqueness of the above expression in both sides and the computations above,
we have 72 is clearly well-defined and surjective. It remains to show the map is compatible with

Urt\ro X Us2(r+\rw)-actions. This can be checked in the same way as in the proof of lemma

4.2.2. ]

By repeating this procedure, we get a natural surjective map

Ti Z?(DG(B),Tw,r) — 0(DG(Z~)),T),
which is compatible with Ug+\ga X Usr(g+\ gw)-actions.

2n—1

Recall our choice of b = (w') -w'wd is such that bis a good position braid representative

of some pair (0, ©). Choose d such that §¢ = idy and d satisfies the condition in proposition
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3.1.2. Therefore, we have

Here all powers are positive integers determined by b and w; is the longest element in a nontrivial
standard parabolic subgroup W; < W for all i. (Here we set W, = W). Moreover, we have a
filtration Wy > W, > --- > W;_; # {id} and this leads to another filtration R* = Inv(wy') D
Inv(w;') D --+ D Inv(w;}) D (R®)*. Moreover, we have Inv(w; ') = (R®)* if and only if
w' # id if and only if R® # 0.

Denote the product S(w’) x --- x S(w') x S(w'w) with (2n — 1)-copies of S(w’) by

S(DG(b)) and the product of d; copies of S(w;) by S(w;,d;). Define

S(DG(D),d) = S(DG(B)) x 6¢(S(DG(D))) x -+ - x 51 (S(DG(D))).

Notice that by our choice of representatives, we have

0(S(DGD)) = 0a(S(w)) x - x Gg(S(w')) x 6 (S(w'w))

= S5 (W) x - x SO (W) x S (w'w)).

By [HL12, §2.9] and the good form of b, there is a bijection

gj) : S(DG(b),d) — S(UJ(),do) X oo X S(wlfl,dlfl).
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For any S(w;), since W; < W is standard parabolic and Inv(w; ') D (R®)*, then we have
Uri\goS(wi)Ups\po = Upr\gaU"0iUpr\go = U Upi\py(u-t)Willpe\ro = S(wi)Up+\ga.
The second equation is due to [HL12, §2.7]. Denote the product of d; copies of S(w;)U R+\R® a8
Ulws, d;).

Therefore, as before one can define a natural (Ug+\ga)®™*+%-1-action on Ulwy, dy) x
oo x Ulwi_y, di_y) X TPUg+\ga as follows. Let (uy, us, . . ., Udyttay ) € (Ups\ga )t Hd-1,

It takes (g1, Go, - - - Gdo4-tdr_1> D) t0 (gruy ', urgouy*, . .. Ugyt..ya,_h). Denote the orbit space

of this action as U(w*, d,). We define an Ug+\ga X Ug+\ go-action on Ulw,,d,) as

(U, u,)[gla 92, -+ Gdo+-+di_1 s h] = [Ugl, 925+ Gdo+-+di_1 5 héé(u,)_l]

Since Up+\ o S(w;)Ugt\go = S(w;)Up+\ ge, We have any element in U(ﬁ)*, d,) admits a
unique expression as o1, ..., Todys - - - s Ti—1.4,_,, tu] Where u € Urt\rw, t € T% and Tij €
S(w;)for0<i<l—1land1<j<d,.

Let [¢\V, ., g™, 6% (M), .., 65 (g8, 64 (t)u] € U(DG(b),d) be an arbitrary
element where 0%(t) € 6&(T%), u € Usap+\goy = Up+\ga, gi@n) € S(w'w) and gl(j) € S(w')
for 1 < j < 2n — 1 by our choice of d. Let (zo1,-..,%0dys---;%i-1.4,_,) be the image of
(g, g e (g, L6 (g8™)) under %, where ;; € S(w;) for 0 < i <1—1

and 1 < 7 < d;. Then we can define a map

<. . U(DG(b),d) — U(w,,d,),

which sends the element [¢\" ..., g* . 6% (g, ... 64 (g0™), 64(t)u] € U(DG(b), d)
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10 [T0.15 - s T0dyy - - - Ti—1.d,_,, 0% (t)u] as above.

Lemma 4.2.4. The map %; is bijective and is compatible with Up+\ ga X Ug+\ gw-actions on both

sides.

Proof. This map is well-defined and bijective due to the uniqueness of the above expressions and
the bijectivity of %;.

It remains to show Sfb is compatible with Ug+\ ga X Up+\ ge-actions. It acts on the left hand
side since our choice of d ensures Usi(g+\gay = Ugr+\ge. This follows from [HL12, §2.9] and

the equations Ug+\ g S(w;)Ug+\go = S(w;)Ug+\go for all 4. O

Based on above, we get a surjective map

<. 07 UDG(b),T?, d) — Uiy, d,),

which is compatible with Ug+\ ga X Ug+\ ga-actions on both sides.
Finally, we will generalize the cross-sections which implies the main theorem 1.2.2.(1).

We first give the general precise version of that theorem here.

Theorem 4.2.5. Let O be any unipotent G-orbit in D and C be the “most elliptic” W -conjugacy
class in ®1(0O). There exists b € B+ (W), which projects to some W € C under the natural
projection, and a corresponding slice S gr(l;) in D satisfying:

(1) The conjugation map

EE : UR+\R1IJ X Sgr(i)) — SET(E)URJr\R@

1

given by (u, g) — ugu™" is an isomorphism of varieties.
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(2) SET(E) intersects any G-conjugacy class it meets transversally. In particular, it is a

transversal slice of O.

Proposition 4.2.6. Let C € [W] and b = b be a good position braid representative of (i, ©)
where W = wé € C and © is the increasing complete sequence in (0, 7] U {2nm}. The twisted

conjugation map

[1]

g : Up+\go X SBT(Z;) - SBT(E)U(S(R+\R"D)

given by (u, g) — ugdc(u)~! is a bijection.

Proof. Let h be arbitrary in SBT(B)U(;(RﬂRw). Consider the element [h, - -- , 6% (h)] in U(b%).
By lemma 4.2.2, we can find a preimage 7;, of it in U (DG(b), T, ). By applying %072 to 1y, we
get an element in U (wy, d,), denoted as . Recall our discussion above, one can uniquely write
nas [Toq,. .., L-1,4, ,,tue] With ug € Up\ga, t € T and (201, ..., Z1-1,4,,) € S(wo,dy) X
- X S(w_q,di—1).
Consider 05%(ug)hdg ™ (ue) ™t in Ug+\go Spr(0)Usri\roy = Spr(b)Usr+\gay. Due to
lemma 4.2.1, there is a unique decomposition d;%(ue)hd ™ (ue) ™t = ¢'dc(v) with v/ €

Ug+\go and g’ € Sp,(b). We define a map

(Z2) : Spr(b)Usr+\gay = Ug+\go % Spr(b)

as (Z2)(h) = (05%(ue)™", ¢'). We claim that Eg and (Eg)/ are inverse to each other.
We first need to check that (Ei), is well-defined. In other words, we need to show that

ue is independent of the choice of 7;,. Let 1, # 7, be another preimage of [h, ..., 5% *(h)] in
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U(DG(b), T™,r). Write 1, and 7}, uniquely as

1 2n — — 1 — 2n
h = [tlagg )77g§ )7762‘ l(td)vég‘ 1(96(1))7752: 1<g¢(l )>u77]
77;1 = [t;J g/1(1)7 ttt ’91(271)7 te 7(5%71(25&)’ 5é71<glli(l)>7 ttt ’5é71(glli(2n))u;7]

Here u,, € Usa(g+\pioy = Up+\ga, t; € T, gz-(zn) € S(w'w) and gfj) € S(w)forl <j<2n—1.

Similar facts hold for the decomposition of 7;,. By definition of T¢, we have

2n 2n
[h,oG(h),.... 06 (m)] = [t o, 67 (ta [T 95 ua)
j=1 =1

2n 2n
S | P (A | A
j=1 j=1

Now notice that ¢; 12_n[1 gZ(j ) and t! 12_”[1 g;(j ) both lie in S BT(I;), we have u, = u;Y by the uniqueness
Jj= Jj=
of above form. Then by our definition of {é}) o 74, we have ug = u, is independent of the choice
of 1.

We first verify (Eg)’ o Eg = id. Let h = ugdg(u)™ = Eg(u, g) be an element in

Spr(0)Us(r+\gm). Then we have

[h,... ,(5?;_1(h)] = [ugda(u)™t, da(u)da(g)od(v) ™, . .. ,5%‘1(u)5g_1(g)5?;(u)_1]

= [ug.dc(9),-. .06 " (9)0G(u) "] = (u, 6G(u))lg, ... 65 (9)].

Let 7, be a preimage of [g, ..., 0% '(g)]. By our choice of d, the map Tg is compatible with the
action of Ug+\ s X U+ ga. Then we have 1, := (u, 6% (u))n, is a preimage of [, ..., 6% ' (R)].

By applying &, o 74 to n, and 7, we have &, = (u, 6&(u)) - £, since %, o 72 is also compatible
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with the action of UR+\R15 X UR+\Rm.

Since g € Sz, (b), we have £, can be written as [x(,,...,2j_, 4 ,t'] where t’ € T" and
(.1‘6,1, R ,.’If;_LdFI) € S(U)o, do) X X S(wl,l, dlfl). Now write fh = [.%071, R ,$l,17dl71,tu§],
then
o1, .-y Ti—1a4_ .5t = (u, u&é(u))[m&l, . ,xfdelil,t/]
= fuxhy, .. m g tOG(W) .

Now notice that uzj, € Up+\goS(wy) = S(wp) since U = U. Then ue = §&(u)~" due
to the uniqueness of above expression, which implies that 5&d(u§) = u~!. Therefore, we have
ughdc(ug) ™' = g which means ¢’ = g and thus (Z2)'(h) = (u, g).

Conversely, let h € Sp,.(b) Us(r+\r#y be any element. By definition of (Eg)’ , it suffices to
show that 65¢(ue)hdg " (ue)~" is in Sp,.(b). If this is true, then ¢’ = d5%(ue)hdz? ! (ue) =" and
Eg(ég(ug)_l,g’) = h. By lemma 4.2.1, we assume h = godg(uo) for some vy € Ug+\ps and

go € Spr(b). We have

[h, .., 66 (W) = 900 (uo), -, 68 " (90)6&(uo)]
= [g0.0c(uogo), - - -, 08 *(uogo), 6 (uogo) 0 (uo)]
= 190,06(91)0% (1), - ., 6G *(91)0¢ ' (ur), 65" (91)0¢ (uruo)]

= [90,0c(g1), 08 (ur1), ..., 0% *(urgr), 6 (urg1) o (wruo)]

= [90.0c(q1), .-, 68 *(ga—2), 0% " (ga—1)0% (a1 - - - urug)].
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Here we have u; € Ug+\gw and g; € Sp,(b) satisfying that u;g; = gi1106 (1) for 0 < i < d—2.

By our discussion above we have ug = 6% (ug_1 - - - ujug). Then

6c " (ue) s (ue) ™ = g1 -+ uruogoda(ue)dg (o) ™ -+ - S (ug—1) ™

= Ug_1- - u1g10c(w)de(ur) "t 0 (uat)

= Ug—19d—1-

Meanwhile, one notice that

(10, 1)[g0, 6c:(g1) - - -, 0 (9a=1)] = 91, 0c(92); - - -, 0¢ *(ga—1), 0¢ ' (ug—19a—1)]-

Let 1 be a preimage of [go, 6c(g1) .- ., 04 ' (ga—1)] under T¢. Then the image of 7 under G074
can be written as [z() ;, ..., 2], 4 ,t"] where t” € T and (zf ..., 2] 14 ) € S(wo,do) X
coo X S(wp—yg, dj—q).

Let 77/ be a preimage of [g1,6c(g2), - - -, 06 2(ga—1), 6 *(ua_194—1)] under Tg. Then the
image of 7' under %07 is (u, D[g sy g >t = worgy, 2 4, t"]and ugzg 40 €
S(w) since U = U. Therefore, we have 0% (ug_194-1) € 6% '(Sp,(b)). Finally, we have
05 (ue)hdg ™ (ug)™ = ug_194-1 € Sp.(b) and our claim is proved.

Therefore, we have Eg is a bijection with inverse (Eg)/ . O
One can then prove the similar result for enlarged G-slices.

Corollary 4.2.7. Keep the notations above and further require that b= b(w) is actually a good
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position braid representative of C. Then the twisted conjugation map

Eg : UR*’\R“"J X SB7'<6> — SBT(E)U(;(R—O—\Rm)

given by (u, g) — ugdc(u)~! is a bijection.

Proof. First we recall that Sg, (b) = Sp,(b) if R is trivial. We only need to prove for the case

when R is nontrivial. In this case, we have b = w' - w'wd where w' is the longest element in

W' < W corresponding to R”.
We first need to show that this map is well-defined. In other word, one need to show that
ugdc(u)~! always lie in §B\T<B)U5(R+\R1D). Recall that §B\r(l~)) = LgzU"w where Ly, is generated

by T and the root subgroups corresponding to k%, then we have

UR+\RszDwaU5(R+\R@) - LIDUR+\R1DwaU6(R+\Rﬂ’) = LwaU'JUg(RJr\RlD)

and thus ég is well-defined. Moreover, one shall notice that the proof of lemma 4.2.1 generates
to §;(l~)) as our proof there actually investigated root subgroups in L;U". Thus any element in
§B\T<B)U5( R+\g®) can be uniquely written as a product of elements in §B\r(l~7) and Us(p+\ ).

Let  be arbitrary in Sp, (b)Us(z+\ze). We write h = luytiug with | € Ly, u; € U" and
ug € Us(r+\rw). Now for [, by definition we have [ must lie in TwU(Rw)— Ugeyt =+ - Ugay-Ugay+
with a finite number of copies of U(ga)-U(ga)+. Recall our definition of G-braid slices, then by
above there exists a good position braid representative V' of some (w,©’) such that lujw €
Spr (V). Moreover, we assume ¥/ is of minimal length in B* (W) with above property. Then we

have h € Sp,(V')Us(r+\ro). By our proof of proposition 4.2.6, we then have (=2,)'(h) = (u, g)

;_,l;,
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for some u € Up+\ge and g € Sp (1) C Sp,(b) satisfying ugde(u)~! = h.

Now we define a map

(Z2) : Sp (D) Usri\roy — Upt\ge X Spr(b),

where (gi)’ (h) is exactly the pair (u,g) above. We first show this map is well-defined. Let
h and ' be as above. Let 0’ be a good position braid representative of (w,©") for another
sequence ©” such that [u i € Sp,(b"). Let r(€’) and r(©") be the irredundant subsequence
respectively. By our assumption that R is nontrivial and the completeness of © and ©”, we
must have the largest angles in 7(©’) and r(©”) are both multiples of 27. We may then assume
that ¥ = (w/)?*~' . w'wd and I’ = (w')*>' - w'ws. By our assumption on &' we know
ny < ny and thus Sp, (') C Sp,(b"). Then by applying proposition 4.2.6 to (Eg,,)’ we must have

(22)(h) = (Z¢,)'(h). Therefore, the map (Eg)’ is well-defined.

b =pr
It remains to check that =2 and (=)’ are inverse to each other. By definition it is clear
that gg o (gg)’ is identity. As for (ég)’ o ﬁg(u, g) = (u, g), this reduces to proposition 4.2.6 by

replacing (ég)’ with (Eg,)’ where ' is a good position braid representative of some (0, ©’) such

that g € Sp,. (V). O

Now we focus on case I. One can prove the first part of theorem 4.2.5.

Proof of theorem 4.2.5.(1) It is clear that Eg is a morphism of varieties by definition. As for

=z )", we first notice that the map from U g+\ pe OB, (0) t0 Ug+\ ge Which maps n to ug 1S actua
2, we fi ice that the map from Ug+\ o Sp,(b) t0 Ug+\ go which maps h to ug i Iy

a morphism of varieties since it is determined by a series of conjugations by our computations

above. Now in case I, we have ug +— §5%(ug) ™! is also a morphism of varieties since 6% is given

by the conjugation of some element in . Then (Eg)’ is a morphism of varieties. Therefore, we
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have =¢ is an isomorphism of varieties.
b

Now going back to the slice SZ .(b) = Sp,.(b)jp. Elements of SE (b) are of the form ggp
for some g € SBT(Z)). By definition of §p, we have =;(u, ggp) = E‘g(u, 9)gp-. Similarly, one can

construct its inverse (Z;)' by the composition of multiplication of ;' and (Eg)’ . Therefore, we

have Z; is also an isomorphism of varieties. 0

Remark 4.2.8. (1) One shall notice that in this section we do not require € € [IW] to be the “most
elliptic” conjugacy class in @1 () for some unipotent G-orbit O. This implies that the first part
of theorem 4.2.5 actually works for any C.

(2) In case II, the bijective map Eg is not an isomorphism of varieties anymore. This is
because the definition of (Eg)’ involves the inverse of g = F, which is not an isomorphism of
varieties.

(3) It is direct from above proof that the enlarged slice §§T(l~9) also have the above cross
section property.

(4) At the beginning of this subsection we fixed a special form of the representatives w for
all w € W. However, proposition 4.2.6, corollary 4.2.7 and the first part of theorem 4.2.5 actually
hold for any representative w by applying multiplications in G. However, things are different for

transversality and we shall see this then.

4.3 Transversality

In this section, we always assume that € is the “most elliptic” W-conjugacy class in ®~1(0)
for some O € [éu] if there is no specific clarification. We prove the second part of theorem

4.2.5. However, we start by investigating the enlarged G-slice §B\T(l~)). We start with a similar
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result as first part of theorem 4.2.5 for 5;(5) Note this result does not need the “most elliptic”

assumption.

Corollary 4.3.1. Keep the notations in corollary 4.2.7. The twisted conjugation map

(Eg)_ : U,(R+\Ruﬁ) X SBT(B) — U,(RJr\Rw)SBT(Z))U(;(,(RJr\Rw))

1

given by (u, g) — ugde(u) =" is a bijection. Moreover, it is an isomorphism of varieties in case I.

Proof. Recall that there is an anti-automorphism ¢ of G which interchanges root subgroups U,

and U_,. By our discussion in section 4.1, we have

—_— ~

SBr(b) - Lu?wa:Lu?UInv(wfl)w
= waUflnv(w)

= W 6a(Lp)U—_ty(w)-
By applying 551 to it, we have
01 (Spr (b)) = 051 () - LaUs—1(“tny(w))-
Now consider the image L((F(_;I(S/’,;(IN)))), we then have

105" (S5r(1))) = Unn(6-1w-1y)-1) Lo - (05" ().

Notice that ¢(5,' (1)) is a representative of ! (w™!). Meanwhile, we have (wé)~! = 6~ (w™!)-
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6 vand I := w' - w'é (w )0~ is the Deligne-Garside normal form of a good position braid
representative of §(w~1)-§~1. Therefore, by above equation one can check that ¢(d (§B\T(l~7)))
is the enlarged G-slice associated to ¥'. Since the twist part of o' is 6!, by applying remark 4.2.8

we have the twisted conjugation map

22 Upevgo X (051 (S5r(B))) — (35 (S5 (D)) Us-1 e\ o)

given by (u, g) — ugdz' (u)~! is an isomorphism of varieties.
Notice that L((S&l(gB\r(B)))U(;fl(RJr\Ru?) = UR+\RU~1L(5&1(§B\r(g)))U§71(R+\Rzﬂ). Thus we

have (SGOL(L(dal(SBT(Z;)))U(;fl(RJr\Ru‘;)) = U_(R+\Rm)SBT(B)U(;(_(RﬂRm)). Therefore, by applying

571

7, » the corollary is proved. 0

5GoLtOE

Next we prove that the enlarged slice @(i)) does intersect the unipotent G-orbit O. Let B
be the variety of Borel subgroups of G C G. There is a natural diagonal action of G on B x B
with IV as the index set of the orbits. Let O,, be the index set for w € W. The twist ¢ defined by
D satisfies

(B',B"Y €O, = (9B'qg",9B"g") € Osu),

for any g € D. Now define

B ={(9.B)eDxB|(B,gB'g") € O,}.

w —

For our purpose, instead of showing that every slice intersects O, we prove the following lemma.

This lemma does not require the “most elliptic”” assumption.
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Lemma 4.3.2. Keep the notations in corollary 4.2.7. There exists a representative W € G such

that the corresponding slice S gr(g) = LgzU"wgp intersects O.

Proof. We first prove that the intersection of O and the Bruhat cell Bw B is nonempty. Recall the
definition of Lusztig’s map ® in [L11-A] and [L12-B], we have O N BuBgp is nonempty for any
minimal length element @ = ud € C.

Consider any two element wy, wy € W with wy = ugw,6(ug)~* for some uy € W such
that {(ws) > I(w;). Suppose that O N Bw; Bgp is nonempty, then there exists (g, B') € BL,
with g € O. We know (B’,gB'g™') € O,,. There exists B” € B such that (B”, B') € O,. By
property of § we have (¢B'g™!, gB"g ') € Ogu)-1 and thus (B”, gB"g™') € O,,. Then we have
O N BwyBgp # (. Now by combining this with [HN12, Theorem 3.1], we have O N BwB{p is
nonempty.

Let h € O N BwBgp. We know BwBgp = U%wgpB. Then we have h € U%wgpU
for some representative w € (. By our definition of the slice and the equation U%wgpU =

wang(Rm)+UR+\Rm = UwU(Rw)+w§DUR+\Rw C L@wagDUR+\Rw. Then we have O N

— —

SB.(b)Ug+\ga is nonempty for some representative w. Then O N SE, (b) is also nonempty by

theorem 4.2.5.(1) and remark 4.2.8.(3). L]

Finally, before we prove the second part of theorem 4.2.5, we first prove the same result for

—

the enlarged slice S& (b).

Proposition 4.3.3. Keep the notations in corollary 4.3.1. The enlarged slice @(l}) intersects

any G-conjugacy class it meets transversally. In particular, it is a transversal slice of O = ®(C).

Proof. Letn,n™ be the Lie algebras of U, U~ respectively. Recall [L79, Lemma 1.1], it suffices
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to show that

(Id — Ad(9))(g) + (n(ray+ + 7 + Mgy~ + Minyw1) = 9,

for any g € §§T(l~7). Here np corresponds to Ug for any R’ < R and t¥ is the fixed point subset
of w in t.
We know U—(R+\Rw)gB\r(B)Ua(—(m\Rw)) = §B\T(Z~))U5(_(R+\Rw)). Similar as the proof of

theorem 4.2.5.(1), corollary 4.2.7 also implies that the conjugation map

—

(Eg)f : U_(R+\Ru7) X S§r<b) — Sgr(b)U_(RJr\R'LD)

is an isomorphism of varieties. Therefore, by above isomorphism and remark 4.2.8.(3), we have
n+n~ + t¥ is contained in the left hand side of the above equation we need. Then it remains to
show that t; is also contained in it, where t; is the orthogonal complement to t%. Indeed, for this

one just have to notice that

((Id) — Ad(g)(ta))

i, = (Id — Ad(wgp))(ta)

—_—

since g € SL (b). Furthermore, we have (Id — Ad(1§p))(ts) = tz by definition of t;. By above

—_

discussion, the enlarged slice SE (b) intersects any G-conjugacy class it meets transversally.

Finally, by lemma 4.3.2 we know there is a representative 1 whose corresponding enlarged

—_

slice S (b) intersects O. Meanwhile, notice that

dim S (5) = 1(D) + dim T = lgooa(€) + dim T
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by our construction. Since € is the most elliptic W -conjugacy class in [IV], by proposition 3.3.1

we have dim §§\T(Z~)) = codim0O. This proves the slice condition. O]

Proof of theorem 4.2.5.(2) Let I/ be the good position braid representative of w that gives
the enlarged slice @(E’ ). We then have SZ.(b) is an open dense subvariety of @(5’ ) given the
same choice of representative w. Similar as lemma 4.3.2, one can prove there is a representative

w whose corresponding slice .S gr(l;) intersects O. The remainings are just direct from proposition

4.3.3. ]

Remark 4.3.4. (1) Recall that Lusztig’s map @ is surjective. The above theorem tells that we can
construct transversal slices for any unipotent orbit in G.
(2) The proof of transversality part actually works for any € € [W] However, we only

need € to be the “most elliptic” conjugacy class in ®~1(O) for slice condition.

Example 4.3.5. Recall our second example in example 4.1.5. In this case, the corresponding slice
is a transversal slice of ®*)(C) in characteristic 2. However, it is transversal to ®®)(€) while it

does not satisfy the slice condition in any other characteristics due to our dimension check.
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Chapter 5: Affine Springer fibers

In this section, we focus on ( instead of G , which is the connected case. One may assume

that the base field k is C for convenience. (We only need the characteristic of k to be 0).

5.1 Affine Springer fibers and the function §

We first recall some facts about affine Springer fibers and the paper [Y21]. Keep the settings
in section 3.3 for G, By, T, t. Let F = C((w)) be the field of formal Laurent series and C[[w]]
be the ring of integers of F'. For any scheme X over C, let LX be the formal loop space of X
and LT X be the formal arc space of X, i.e., LX(R) := X(R((w))) and LT X (R) := X (R[[w]])
for any C-algebra R. Consider the loop group LG and the positive loop group LTG C LG.
The affine Grassmannian of G is Gr = LG/L*tG. Let I C L*G be the Iwahori subgroup
corresponding to By. The affine flag variety of G is F1 = LG/I.

Consider Lg and L*g. Let v € Lg be regular semisimple. Kazhdan and Lusztig defined

the affine Springer fibers of v in [KL8S, §2] as follows.

Gr, = {gL*GeGr|Ad(g™')ye L g},

Fl, = {gI € Fl|Ad(g" ")y € Lie(I)}.
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Here Ad(g~') means the adjoint action of g~! on Lg. We know these are closed sub-ind-schemes
of Gr and Fl respectively. Throughout this paper, we identify them with their underlying reduced
ind-scheme.

Following the notion in [Y21, §1.3], let L g be the subset of Lg consisting of topologically
nilpotent and generically regular semisimple elements. The centralizer G, = {g € LG |
Ad(g~t)y = 7} is a loop group LT, of some maximal torus 7, of G(F'). Recall by [KL88,
§1, Lemma 2], there is a bijection between the LG-conjugacy classes of maximal torus of G(F)
and the conjugacy classes of IW. If G, corresponds to C under the bijection, we say T, is of type
€ and 7 is of type C. For any v € L"g of type C, there is a formula for the dimension of the affine

Springer fibers of «y as
1
dimFl, = dim Gr, = E(Val(A(y)) — (dim t — dim %)),

where A is the discriminant function and dim t® := dim t* for any w € C. It is conjectured by
Kazhdan and Lusztig in [KL88, §0] and proved by Bezrukavnikov in [Bez96, Proposition].
Denote the subset of LYg consisting of elements of type C as (LYg)e. It is natural to
consider the dimensions of affine Springer fibers of all ¥ € (LYg)e. In particular, define the
function § as d¢ = min{dimGr, | v € (L”g)e}. An element v of type € is called shallow of
type € if dim Gr,, = d¢. The set of shallow elements of type € is denoted as (LVg)s". Let LT, be
any loop torus of type € with loop Lie algebra Lt,, we denote its subset of shallow elements as
(Lt,)*". These shallow elements are key ingredients of the definition of minimal reduction type

map.
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5.2 Root valuation and good position braid representatives

Recall Yun deduced the following formula for éc when C is elliptic by investigating the

root valuation of any shallow element.

Theorem 5.2.1. [Y21, Theorem 2.3] Let C € [W] be elliptic. We have

where 1 is the semisimple rank of G.

This equation no longer holds for non-elliptic conjugacy classes C. However, we may
replace minimal length elements with good position braid representatives . Before we generalize
this result, we need several technical lemmas.

Let C be any conjugacy class in [W] and b = b(w) € BT (W) be a good position braid
representative of C. Let © = (6, ..., 0,,) be the increasing complete sequence in I',, N ((0, 7] U
{27}) corresponding to w and 7(©) = (6;,, ..., 6;,) be its irredundant subsequence.

Lemma 5.2.2. Let a be a positive root and 2“7” € I'y, with a, n coprime. Suppose that (v, VMQQTW) =
0, then for any b € N such that b, n coprime, we have («, Vw%Tﬂ) =0.
2an 2bm

Proof. Consider the complex eigenspaces (Vi) and (Vg).® of w. It suffices to show that

2bm 2am

(o, (V&)o' ) = 0 while we know (a, (Vi)w® ) = 0.

Let M, be the matrix of the action of w on V. It is clear that M, is a rational matrix

2a
n

with respect to the basis {c; }sc;. Now consider M, — ™=~ - Iy, where Iy is the identity matrix

2am

of V. The entries of this matrix all lie in Q(¢'*%"). Now for any v € (Vg)u' , we have v lies
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in the kernel of M,, — ¢+ - I ;. Therefore, there exists a collection of rational polynomials

{fv; € Q[z]};er such that v = > fyvj(ei'%Tﬂ)aj. For any j, write w(a;) = > \jxoy with
jel kel

- 2am

\;ix € Q. By definition of v, we have S A, fo (€7 %) = ¢ 5" f, x(e" "5 ) for any k € I. These

jel
. . ;. 20w j.20m . . .
equations are also true if we replace ¢ » by e" = since they are equations of (Q-polynomials.

2bm

Then o' =) f, (" - oy isin (Vi)'

jel

Meanwhile, We have (o, v') = Y f, (e" ™ =) (e, a;) and g, == ) (a, ;) f,; is again a
Jel iel
;. 2bm

rational polynomial in Q[z]. Since g,(¢" ") = (a,v) = 0, then (a,v') = g,(e"*") = 0.

2bw

Therefore, we have (o, V,,™ ) = 0. O

Based on above, we can determine the irredundant subsequence of a given O.

Lemma 5.2.3. Suppose that b = b(w) € BT (W) is a good position braid representative of some

C € [W]. Then any 0;, in the irredundant subsequence r(©) sansﬁes e N.

Proof. Suppose that 2’"7” is in the sequence © with m,n coprime and 1 < m < n. Then w has
an eigenvalue e” %, which is a primitive n-th root of unit. From the proof lemma 5.2.2, We
see every primitive n-th root of unit is also an eigenvalue of w. In particular, we have T is in
© and is ahead of <% 2”” since © is increasing. By lemma 5.2.2, we have 2T cannot lie in the
irredundant sequence since W e = Wv 2. Therefore, every 0 in r(©) is of the form 2 for
some n € N. ]

Now we generalize the result of Yun. Let d be the order of w € € and w be a primitive d-th

root of unity. Recall by [GKMO09, §4.3], there is a loop torus of type € whose corresponding loop

Lie algebra Lt,, can be written as follows.



Here t,, is the w”-eigenspace of w in t where n := n mod d. Recall t is identified with the C-span

2mn
d, we have a(ta) = 0 is equivalent to (o, >, Vi, ) = 0. By above
n 1<m<n
(m,n)=1

of coroots. Given any n

27
lemmas, this is further equivalent to (a, V3," ) = 0.

Proposition 5.2.4. Let C be any conjugacy class in W. We have

lgo0a(€) — (r = 1¢)

5(3: 9 )

where 1 (resp. r¢) is the semisimple rank of G (resp. maximal split subtorus of T, for any -y of
type C).
Proof. 1t suffices to show val(A(7y)) = lgoa(€) for any shallow element v € (L%g)e. Let

b = b(w) be a good position braid representative of C. By symmetry of affine Springer fibers,

one may assume 7 € (LYt,)*".

By lemma 5.2.2 and 5.2.3, we have () = (i—’lr, %» e i—’;) where ny > --- > n; are all
integers. Recall by lemma 3.1.5 we have
L1
lgood<e) =2 Z ;|~6Fij71 - ”Qsz‘j .
j=1

Therefore, it suffices to show that val(«(v)) = =, for any positive root o with H,, € $ R, ~
; _

ﬁFi.-
J

Let o be a positive root with H, € Hr, = — 9 Fi, for some 1 < j < [. Then we have

Jj—1
2w

(a, anj> # 0. By [Y21, Lemma 2.2] and our discussion after lemma 5.2.3, we have val(a(7)) <
n%- since + is a shallow element. Moreover, since («, V£ ) = 0 for any 0 € I, smaller than i—’;, we

have val(c(y)) = -- and our statement is proved. O
J
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5.3 Dimension of affine Springer fibers

In this section, we concern about the dimensions of affine Springer fibers of any given type

C € [W] and prove proposition 1.3.1.

Proposition 5.3.1. Let C be any conjugacy class in W and v € (LYg)e. There exists an
indecomposably-good position braid representative b such that b projects to some element in

C under the natural projection and

dim Gr, — dim FL, — )= (QT —re)

where 1 (resp. r¢) is the semisimple rank of G (resp. maximal split subtorus of T).

Proof. Similar to the proof of proposition 5.2.4, it suffices to find an indecomposably-good
position braid representative b = b(w,V, ©y) such that [(b) = val(A(v)). We determine the
sequence V and O, by investigating all «(y). Then the existence of w and b follows directly from
lemma 3.5.5 and proposition 3.5.1.

Let d be the order of any element in C. Without loss of generality, fix w = e’T as a
primitive d-th root of unity. Recall that one can write v = Y wi~y,, where 7, € t,. Since 7y

n€l>o

is topologically nilpotent, we have vy = 0. For any n > 0, define

R, ={a € R | a(y;) # 0 for some j < n}.

For any root o, we then have val(a(7)) = % where n, = min{n | a € R,}.

Let (ny,ns, ..., n,,) be an increasing subsequence consisting of all n such that R,, \ R,,_1
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is nonempty. This sequence is finite since there are only finitely many roots. By definition, we

have ,,, # 0 and w(7,,) = w™~,,. By similar argument as in lemma 5.2.2, we have

2nqT
Yy = 2 Fang (€74 ),
jel
where f,, ; € Q[z]. Define vy, = > fn17j(ef22”)ay. Again by the proof of lemma 5.2.2, we

jel

have w(7;,,) = w™™;,, . Therefore, we have

277,17'(
y (Vs + Yy

W(ny + Vi) + W (Y A9y ) = 2008

. —2nqm

Meanwhile, since f,, ; are all rational polynomials, we have fnhj(eiMTﬂ) + foy (€7@ )isa
real number for all j. Thus v, + 7, € tg.
Now we consider v; := Z(fnhj(ei%dlﬂ) + fnl,j(ei_Qslﬂ))ozj € V ® C. By above we

jel
2nqm

have v; € (Vg)w® . Let V3 = Ruy + Rw(vy) C V. This gives us an indecomposable real

2nym
eigenspace of w in V,, ¢ C V. Set 6 = 2”71“. Similarly, for each +,,, we can construct an
2nkﬁ

indecomposable real eigenspace Vj, of win V,, ¢ C V and set 0, = Q”T’“”. Therefore, we have
construct the sequences V' = (V4,...,V,,) and ©,, = (04,...,0,,). By definition we know
©y, is increasing. As for admissibility, one can always extend (V',©,,) into (V,©,) where
V=MW, .., Vi,Vins1,--.),0y = (b1,...,0m,0ms1,...) such that V is admissible (actually
even complete) and O, is weakly-increasing.

Next we determine the irredundant subsequence (V) of V. As in §2 and §3, we set F; =
;Vk and Ry, = {a € R | Hy, D Fj} for 1 < j < m, where H, is the root hyperplane

=1

corresponding to a. Set Rp, = R. Let a be any root, by definition we have o € R,,, \ R,—1 =

Ry, \ Ry,_, for some k. By our definition of 7,, and v, , we know V. ® C = Cv;, + Cw(vy) =
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Cc(>2 fnk,j(ei%Tw)aj) + C(Y f%j(e*"znc’fw)aj). Therefore, we have («, Vi) = 0 is equivalent

jel jel

to a(Vn,) = a(v,,) = 0. This tells that Rp,_, \ Rp, = Ry, \ R,,_,. Moreover, we have the

irredundant subsequence (V) is exactly V'.

Finally, by corollary 3.5.3, we have

m ek m ny
l<b) = Z ?‘5&4 - "6Fk| = Z E‘Rqu - RFk‘
k=1 k=1
m ny
= > e = By | = > val(a(y)) = val(A(y)),
k=1 a€ER
and thus the theorem is proved. [

There is actually a similar result in recent works of Trinh. In [T20], he related conjugacy
classes in the braid groups to affine Springer fibers in a different approach. It is interesting to see

the hidden math of this connection.
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Chapter 6: Parabolic Lusztig varieties and Deligne-Lusztig varieties

In this section, we investigate the Deligne-Lusztig varieties and Lusztig varieties without
the assumption on ellipticity and replace minimal length elements by some other elements. We
keep our settings in section 2.5.

First recall some results in chapter 3. Recall that W = IV x (0) is a twisted finite Coxeter
group where 0 is a twist of W and B*(W) is the braid monoid associated to W and T
B*(W) — W is the natural projection. The following result is a special case of proposition

3.1.2 together with [HN12, Lemma 5.1].

Proposition 6.0.1. Let C bea W -conjugacy class of W contained in Wo for some o € (0).
There exists k € Z~q and a good position braid representative b=bo of Cwithb € Bt (W) such
that 7, (b) € C and

v = wy - b,
where b/ € Bt (W) and wy is the longest element in .

Remark 6.0.2. If € € [W] is elliptic, then any good position braid representative of @ is of the

form wo for some minimal length element wo € e.
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6.1 Deligne-Lusztig varieties and Lusztig varieties in non-elliptic case

From now on, we always set § = Jp in case I and 6 = Jp in case II. Let €° be any J-
conjugacy class of W and it corresponds to a ¥-conjugacy class C of W in Wé. Take a good
position braid element b in proposition 3.1.2 for C. By assumption we have b = bd for some

b € BT(W). Then we have

b3(b)6%(b) - -- 6" (b) = (B)" = wy - V",

for some b’ € BT(W). Now we take w = 7y (b) be the projection of b to WW. Let R” be the set

of fixed roots of @ = wd. One can deduce the following corollary from proposition 3.1.2.

Corollary 6.1.1. Let w = wd be as above. There exists k € Z~q such that

(wé)* = " = wwy - b,

where w' is the longest element of the standard parabolic subgroup W' < W corresponding to

RY and V' € BT(W).

Remark 6.1.2. One should be careful that the element w above depends on ¢ as the braid element
b depends on 4. In other words, different choices of d, such as dp and 6, may give different b

and thus w.

Let Uy be generated by root subgroups corresponding to positive roots in R;. Then we

have the following result on the Lusztig variety attached to w in case I.
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Proposition 6.1.3. Let w = wdp be as above. Then any isotropy group of the G-action on Y, is

isomorphic to a subgroup of T®Us,

Proof. We follow the idea of [L11-A, Theorem 5.2]. Let (g, B) be arbitrary in Y,” and G, 5 < G

be its isotropy group. By our choice of w, there exists k > 1 such that 6§, = 1 and

wép(w)dh(w) - - - 6% (w) = (wip)* = w'wy -V,

by corollary 6.1.1. Let s155...s; be a reduced expression of w and s, ...s. be a reduced

expression of w'wg. We also write b’ = s/s} ... s . We first construct a collection {8'};<;<, of

sequences of simple reflections of IV satisfying the following conditions:
o 81 = (51,52,-,5,00(51)s -, 0p(81), ..., 0% (s1), ..., 0% (s;)) with Kkl terms;

« 8"t! is obtained from 8’ by replacing a subsequence (s’ {, ..., s%,,) which is of the form
(s,t,s,t,...)by (t,s,t,s,...) where s # t and st is of order r in W. In other words, the

sequence 8™ is obtained from 8’ by applying a braid relation;
o 8" = (81,85, ...,8},8],...,sr ) also with k[ terms.

Based on these sequences, we construct a collection { B! }1<;<,, of sequences of Borel subgroups

of G satisfying the following conditions:

* B, = (B, Bi,...,By),where Bj, = g'Bg~"for0 < < kand (B}, 1, Bjj,;) € Osi )

for0<i<k—1,1<j5<1;
* Bilis obtained from B! by replacing (B, ... B.. )by (Bi*',... Bi*}). Here Bi*! = B!
at+j—1> “a+yj

and B, = Bl and (B}l | Bitl) € Oyt for 1 < j < r. In other words, we have
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(Bi+l, Bi*1) € O, while (B!, Bl ) € O, and so on;

* B! = (By,...,By, By, ..., Byy,,), where (B, B') € Oy for 1 < i < h and

Bi?Jrifl?B}TLlJri) < Osg’ for1 <i < m.

We first consider B. Since s;s; . . . s; is areduced expression of w and (B}, B!) = (B,gBg™') €
O, we have B}, ..., B} | are uniquely determined. Similarly, one can see that the sequence B!
is uniquely determined. Now notice that the two expressions of a braid relation are both reduced,
we have B! are all uniquely determined.

Now let © € G, p. By definition we have zgz~' = g and xBz~' = B. This tells us
rBlxz~! = B}, forany 0 < i < k. Now since B} is uniquely determined, by applying the action
of  to it we must have zB}z~! = B} for any 0 < ¢ < kl. Now assume that :ché:fl = BJ"- for
0 < j < kl. Since B! is uniquely determined by applying a braid relation to B?, we again have
B e~ = Bi*! for 0 < j < kl. Therefore, any Borel subgroup in any B! is fixed by z. In
particular, we have zBiz~! = BY. Since (B, BY) € Oyru,, We have x € B U B}, which is a
maximal torus inside B and the unipotent part in B corresponding to R”.

By above, we have G, 5 is contained in 75U’ for a maximal torus Tz C B N gBg~! and
U’ C Ug which is isomorphic to U. As in [L11-B, §0.2], let jp € D be such that jpBg,,' = B
and §pTpj;," = Tg. One can write g = ujhjpus where uy,us € Up and h € Ng(Tp). Here

hgp is uniquely determined. Now let x = tu = u't € G, p where t € T and u, v’ € Us.

1 -1

We have u1hgpus = g = xgr~ ! = sujr tahgprtrusx™! = vujz~ W/ thgpt v/ ousx

1

Notice that zu z v/ = tuuu™t7 ' = tuuyu™tut™ = tuu;t™' € Up. Similarly we have

/

' truyr~t € Up. By uniqueness, we have thgpt~' = hgp. Finally, since (B, gBg™') € O,,

we have (B, hBh™') € O,,. This together with above tell that twgpt— = wgp forw € Ng(Tg)/
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Tp. Thust € {t € Tp | W™ = gptgy'} = T. Therefore, our statement is proved. O
As for Deligne-Lusztig varieties, we can similarly prove the following result.

Corollary 6.1.4. Let 0 = wép be as above. Then any isotropy group of the G -action on X, is

isomorphic to a subgroup of TU,.

However, it is not clear if it is actually isomorphic to a subgroup of T%Uy.

6.2 Parabolic version

In this section, we consider the parabolic version of above varieties, which enable us to
construct nice coverings.

Let I C S and W/ be the corresponding standard parabolic subgroup. We denote the set of
minimal coset representative in W /W (resp. W;\W) as W' (resp. /). Set "W as "W n W7,

Let &, € and @ = wé be as in section 6.1. Let O C D be the image of C under Lusztig’s
map P in section 2.2. By corollary 6.1.1, we set I; C S be the simple reflections of the standard
parabolic subgroup W’ < W corresponding to R®. As in section 2.5, we fix a (F'-stable) Borel
subgroup By and a (F'-stable) maximal torus 7" C By and identify W with Ng(T")/T. For any
J C S, let P; = ByW;Bj be a standard parabolic subgroup of G with and P; be the associated
partial flag variety. Denote the Levi subgroup of P; by L; and the unipotent radical of P; by
Uj. Let Ugay- be generated by all roots subgroups corresponding to (R%)~, the negative roots
in R®. Then P, = BoWj,By = BoUgay-. Now in case I, again choose gp € D such that
dpBodp' = Bo and §pTgp' = T. Then we have §pPr, 5" = BogpWi,3p' Bo = Ps,)- In

case II, since B, is F'-stable, we also have F'(P;,) = Pj,). As in section 2.5, for any J C S
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and any representative i of w, we define L¥P? = {l € L; | @ 'l = §plg,'} in case I and
LY ={le Ly |w = F(l)} in case II.

Recall that given any twist § of W, there is a natural diagonal action of G on P, X Ps(1,).
The set of G-orbits of this action is index by 2/ °U=)  Denote the G-orbit corresponding to a
minimal double coset representative u € @ Wola) as O Io,0(1) (w). Now for any u € Layyro(la)
(recall here 6 = dp in case [ and 6 = 0 in case II), the associated parabolic Lusztig varieties and

parabolic Deligne-Lusztig varieties are defined as

Y]?,@(I,,;)(“) - {(g7p> €D x :Pfu“; ‘ (P7 gpg_l) € OI1D75D([zI;)(u)};

XLIM‘SF(I«I))(U) = {P S :Plu? | (P7 F(P)) S OI@ﬁF(Im)(u)}'

There is a natural left G (resp. G¥')-action on Ylg 6 (La) (u) (resp. Xp, 6015 (w)) given by

t i (g.P) e (wge ' aPa);

x : P~ gPx !

We know w is the element in TV such that &0 = wd € W is the natural projection of a
good position braid bof a conjugacy class e. By our contruction of b in proposition 3.1.2 (see
also [HN12, Proposition 2.2]), we have w is a minimal double coset representative in WI@\W /
Wi, and thus w € Is176(Is) - From now on, we focus on the case where u = w. In this case,
these generalized Lusztig varieties are distinguished in the sense of [Hal3]. This is because
w gw = 6w [zwd™' = §(Iz). In the words of [DM14, §5], the triple (I, w,d(I3)) is a

morphism in the ribbon category B* (7).
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Now we define natural coverings of above two varieties. In case I, the most important
fibers of these coverings we care about are the fibers of some (g, P) with g € O. Let w be any

representative of w in N¢(T'). First recall we have a natural covering of X, 5, (1,)(w) defined as

XI@ﬁF(Iu?)(w) = {g/ULJJ € G/Ufm ’ g/_lF(g/) € Ufme5F(Izb)}>

with covering map 75, »(g'Ur,) = ¢'Pr,g"'. It is a covering map since g — g~ 'F(g) is
surjective. This covering was first defined in [DMRO7, Definition 2.3.11] and was generalized in

[DM14, §7.3]. Then for YIIZ P I@)(w), we may similarly define

}715,6[,(1@)(@) = {(g’g,UIﬁ)> €D x G/Ufﬁ; I g/_lgg/ € UIu”;wU(SD(Ii;)gD}7

with “covering map” 75, (9, ¢ Ur.) = (9,9’ Pr.g'~"'). One can easily check this is well-defined.

We put a quote on “covering map” as it is not generally surjective.

Example 6.2.1. Suppose that w is trivial and D = G. Then we have [, = S and thus P;, = G.
We then have Y (id) = {(g,G) | g € G}. However, for any representative n;y € Ng(T) of id,

we have

Y&(nia) ={(9,9) € Gx G| ¢ 99’ = nia}.

It is clear that (1,G) € Y{(id). Meanwhile, there exist (1,¢) € f{gs(nid) if and only if

ng=1¢d.

However, we still call it a covering as it shares similar properties as X T.,60( ,@)(w). First

notice that there is a natural left action of G' (resp. G*) on Y,” 5\ (w) (resp. X, 5,(1,)())
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given by

T <g7g/UIu}) = (xgxiaxg/UIﬁ,);

z : gU, —xgd'Up,.

Meanwhile, there is also a natural left action of L” (resp. Li¥) on the variety Y2 ; (i)

(resp. X1, 5,(1,) (1)) given by

I (9,9'Ur,) — (9,9'1"UL,);

I : gU, — g1 'U;,.

Moreover, this action commutes with the G (resp. GT)-action. Clearly these covering maps
is compatible with the left action of LYY (resp. L{”) where it acts on Xy, 5,(1,)(w) (resp.
Yo 5p (1) (W) trivially. In case II, the covering map is a principal Li{¥-bundle (see [DM14,
§7.3]). In case I, let (g, P) be arbitrary in YI?,SD(I@)(w> whose fiber 7r5_D17w(g, P) is nonempty,
then 7T5_Dl’w( g, P) is a L}P-torsor. We shall also see later that these two coverings are both affine.

From above we know 75, ,, 1S not surjective in general. Moreover, example 6.2.1 tells that
even for (g, P) € Y,” sp (1) (W) with g € O, there may not exist any representative w such that
50 (9, P) C }75 5p (1) (W) is nonempty. Therefore, we would like to consider another covering

of Y7 i (1. (w) as follows. Again let w € Ng(T') be any representative of w, we first define a

group endomorphism ¢ + G5l tigpt ' and let T < T be the preimage of T under this
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endomorphism. Then we can define

Y spim(@) =1{(9.9"U1,) € D x G/"Up,

g gy’ € wgpL U}.

Here “Uy, = U, MigpUy, gp'w ™" = Ur,MibgpUgp'w " and L is the (possibly disconnected)
reductive subgroup of i generated by 7% and the root subgroups corresponding to fixed roots of
w. Itis clear that L} < Lj,.

We first check if it is well-defined. Let g” = g’u for some u € “U;_ . Then

9" 99" =u g gq'u € "Upwgp L, U.
By definition of “Uj,, we have “Ur,w C wgpLj U. Therefore, we have v~ 'g' 'gg'u €
wgpL; U and thus g"'gg"” € wgpL; U. Define the covering map M5 }711376D(Im)(w) —
YD 50 (w), which takes (g, g" Uy, ) to (g,9'Pr g’ ")

Now we investigate the fibers of 75— Let (g, P) be arbitrary in 5 5p (1) (W) With g € O.
Write P = ¢'Pr,¢g'~* for some ¢ € G. By definition we know ¢'"'g¢g’ € Pr,wPs,1,)Jp =
Py wgpPr,. One can assume that ¢’ gg’ € wjp Pr, by choosing an appropriate ¢'. Furthermore,

by definition of L} _, there is a representative w such that ¢''gg’ € wgpL; U. Take this

representative u, the fiber of (g, P) in Y;” 5, (w) is nonempty.

Remark 6.2.2. One can notice that in the second covering Y]’i’ bp(La) (), the subvariety wgp L} U

contains a conjugate of the enlarged slice §§\T(l~)) in definition 4.1.4.

Now let (g, P) be as above where P = ¢'P;_g~' for some ¢’ € G, and  be such that
’/T(S;l\(g,P) cyp 5p(1) (W) is nonempty. Then (g,9'“Us,) € m—(g, P). Let (g, 9;"Uy,) be
D7w w w D’w
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another point in 7T5;1\<g’ P). We then have ¢" := ¢, !¢’ € P;,. We may write g = ul where
D,W

l € L;, and u € Uy,. By definition of 37[27517(1@)(@), consider g := ¢’ 'gg’ € wgpL; U. We
also have ¢"gog" ' = (¢/¢" ") 9(d'g" ™) = g7 99} € wigpL; U.

Now we consider u € U;,. By [HL12, §2.7], one can write it as u = wujuy with u; €
“Uy, and ug € U where U = Up, NwgpU~gp' ™" = Uy, NwgpU; gp'w~". We have
9\°U;. = ¢'¢""'%U;. = ¢'I7 uy uy U, One may then assume u; = 1 as u; € “Up,.
Further write gy = wgpho with hy € L; U. Then we have ¢"gog" ™ = uslwgphel 'uy' =
Wip(Gp i ugwdp) (G5 i gp ) hol tuyt. Ttis clear that (G5 ' wgp)hol tuy ' € Ly, U.
Suppose that u, is nontrivial, we must have that (§,'w ™ uxigp) € U 1, 1s nontrivial. In this

1

case, we have (gglu‘f ngD)(gglwfllwgD)horlu;l cannot be in L;,U. However, we have

9"g909" " € wgpL; U C wgpLy,U. Therefore, we must have u, = 1.

By above we may assume that u = 1. Then ¢"gog" ' = ligphol~'. Note by definition of
L’ _, one can actually write [ as [ = tI’ for some ¢ € T"and some [ € L _. This expression is not
unique. Since lwgphol ™' € LU, we must have g,'i~'twgpt~" € L} and thus it actually lies
in T%. Recall the definition of 7%, we have ¢ € T);. Therefore, by definition of YIZ) op(La) (w), we
have L acts transitively on the fiber Wa;,j,\w(g’ P)byl': Uy, + ¢g'l'"'"U;,. Here LY is the

reductive subgroup of G generated by 7); and the root subgroups corresponding to fixed roots of

w. Then we have L} < L7 < Ly,.

Theorem 6.2.3. Let C° be a §-conjugacy class of W and W = wé be the projection of a good
position braid of €. Then we have

(a) Any isotropy group of the G (resp. GY')-action on the variety f/}f o I@)(w) (resp.
Xy,

w

or(le)(W)) is trivial;
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(b) Any isotropy group of the G-action on the variety 37113 bp (L) (w) is trivial;

(c) Let (g, P) be arbitrary in E/IgéD([w)(w). The isotropy group G, p of the G-action is
isomorphic to a subgroup of LY. if 7r5_Dl,w (g,P) C f/lf S I@)(u'}) is nonempty. Similarly, we have
G, p is isomorphic to a subgroup of L ifﬂé;DlE(g, P) C Ylfp),ép(lw) (w) is nonempty.

(d) Any isotropy group of the G¥ -action on the variety Xig.60(1) (W) is isomorphic to a

subgroup of LY ;

(e) The variety ?IgﬁD(,m)(w) is affine.

Proof. (a) Let (g,¢'U;,) be arbitrary in )N/I]j S 1@)(11)) and G, be its isotropy group. Let z €
Gy, we have xg'Ur, = ¢'U;,. Thus ¢ 'zg’ € U, and x is unipotent. Moreover, we have
T e g,ULDgl_l C g’Bog'_l.

Again there exists k > 1 such that 6§, = 1 and
wép(w)oh(w) - -+ 6% (w) = wwg - V.

Choose the reduced expressions of w, w’wq and b as in the proof of proposition 6.1.3. Then one
can again construct a collection {8}, <;<,, of sequences of simple reflections as there. Now we set
B} = ¢'g’Bog’"'g~" for 0 < i < k. One can similarly construct a collection { B }1<;<,, as before.

1

By our assumption, we have x¢’Byg''x™! = ¢’ Byg’

~Land zgzr!

= ¢g. This again implies that
xB}”x‘l = B for 0 <i < kland 1 < m < n. In particular, consider z € B; N B}. We know
x is unipotent and x actually lies in ¢'U;, g, which corresponds to the roots in BT \ R with
respect to ¢'Bog' ™' = By Since (B, BY') € Oyry, by our assumption, we must have x = 1 and
the isotropy group G, is trivial. One can prove this for X Ia.0m (1) (W) in exactly the same way

asz € GF.
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(b) This can be proved in the same way as part (a).

(c) Again we only prove for ij 5p(1s) (W) and the other case is the same. Let (g, P) €

D

;- 5515 (W) and Gy p be the associated isotropy group. One find ¢’ such that 75, (g, ¢'Us,) =

(9, P). Let z € Gy p, we then have 75, (g9, 29'Ur,) = (xgz~ ', aPx™') = 75, .0(9,9'UL, ).
Recall that 75, ,, is a principal Ly, -bundle, we have find a unique / € L}, such that x¢'U;, =
g1 u 715 This defines a homomorphism x — [ from G p to L}‘; Moreover, the kernel of this
maps lies in an isotropy group of G-action on f/fi’ o0 (L) (w) which is trivial. Therefore, we have
Gy, p is isomorphic to a subgroup of L7 .

(d) This can be proved in the same way as part (c).

(e) This proof is motivated by the proof of Digne and Michel. As in [DM14, Definition
7.10], if v is a minimal coset representative in W for some I C S and u~'Iu = J for some

J C S, then we call (I, u,J) an admissible triple and define

O(I,u) = {(gU,g'Uy) € G/U; x GJU; | g~ € Uiy}

Moreover, let b € BT (W) be arbitrary such that the longest left divisor of b in Bt (W) is
trivial and 7y (b) " Iy (b) = J for some J C S. Suppose that there is a decomposition b =
wyws - - - Wy, with a sequence [ = Iy, I1,...,1,, = J such that (I;_1,w;, I;) is an admissible

triple, we define

O(]7b> = O(‘[?wl) XG/Ujl e XG’/U[m7 O<]m—17wm)

1

- {(gonoaglUIN cee 7gmUIm) | gi_lgi—i-l € Ufiwi+1UIi+17Vi}'
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By [DM14, §7.3], this is well-defined. Indeed, if we choose another suitable decomposition of b,
the resulting variety will be isomorphic to this variety.

Now we choose b = wdp(w)d3(w)--- 0% *(w) and Iy = I;. By our discussion before,
we have (1, w,dp(Iz)) is an admissible triple. Set I; = &%,(I5), we have (I;, 5} (w), I;4,) are
all admissible triples. Meanwhile, notice that b = w'w, - b’ by our assumption above, we have

O(I,b) is affine by [DM14, Proposition 7.26]. Thus D x O(I, b) is also affine. Now we consider

Y// = {(gag(l)UImvg(Z)UcSD(Iw)a T 7g(k+1)U6kb(Iu~)))} n (D X O(Ia b))

By above we have Y is a closed subvariety of D x O(I, b) and thus is affine. We define a map Y

from Y2 o1 (W) tO Y’ given by

(9, 9U1,) = (9,9 U1y, 99'Ur, 00" 9°9'Ur,ap")-

We have gg/UIw.éBl = gg,gglgDUIm.gBl = gg/.éBlU(SD(Iu‘;) S G/U(sD(IﬂJ) and for any j’ Similaﬂy
99U, € G/Us (1,)- Notice that (¢'Up,, 99'Ur.35") ~ (Ur,,9 '99'Usr.gp"). By the

definition of Y;”. 5p (1) (W), we have

9 '99'U1,095" = Ur,wUs,(1,)30U1,95" = Ur,wUs(1,).

Thus (¢'Us,, 9¢'Us, §5') lies in O(I, w). By similar method we see Y is well-defined. Moreover,
by above equation one can easily check that T is an isomorphism. This tells that }715 b (La) (w) is

affine. O]

112



Remark 6.2.4. By our discussion above, we know that for any (g, P), there always exists some
w such that 7T§;1\ (9, P) C Y[D 5p(1) (W) 1s nonempty. Thus the second part of theorem 6.2.3.(c)
D,w W w

is always true.

6.3 C-small classes and orbit spaces

In this section, we generalized the definition of C-small classes to general case using
parabolic Lusztig varieties. We also investigate the orbit spaces of these varieties.

Let @ be a d-conjugacy class of W corresponding to a W -conjugacy class Cof W =
W x (6) contained in W 4. Let b = bd be a good position braid representative of € in proposition
6.0.1 and w be the projection of b in W. Let w = wd and I; C S be as in section 6.2. By our
discussion there, we know w € #11/79(#) and the associated parabolic Lusztig variety is

YIZ?J(L;J)(w) = {(g,P) €D x iPIm | (Pa 9P971> € Ofu"z#s(]u';)(w)}’

wH

where Oy, 5(1,,)(w) is the G-orbit on Py, x Ps(;.y. Let [D] be the set of G-conjugacy classes in

D. There is natural stratification Y,” 5, ,(w) = || Y 5., (w), where
b w OG[D] wH w

Yzi,a(]@)(w) ={(g,P) € ng,a(lw)(w) | g € O}.

For any O € [D], we know YI‘?D’(S(ILB)(w) is a union of G-orbits in YIZ(S(I&)(w). By remark 6.2.4,

we know each G-orbitin Y,” ; ;) (w) has dimension at least dim G — dim L7, . Then we have

dim Yy 5.y (w) > dim G — dim L} = dim G — dim T}, — |R"|.
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Recall the definition in section 6.2, we know 7} is between T% and T. We have the following

definition.

Definition 6.3.1. Given a W-conjugacy class € of W contained in W4§. A G-conjugacy class O

of G is called C-small if

dim YI%(;(IQ)(@U) =dimG — dim 7% — | R"|,

for w = wd, which is the natural projection of some/any good position braid representative of C.

Corollary 6.3.2. Let C € [W] be contained in W6 and @ € C be the natural projection of a good

position braid representative of C. For any g € D, the variety

P = (P € P, | (P,gPg™") € Or, g1y (w)}

is smooth of pure dimension [(w) = l(w) if nonempty.

Proof. Conisder the intersection of Oy, s(r,)(w) and {(P,gPg~") | P € Py, } in Py, x Pys(py). It
suffices to show that these two varieties intersects transversally if fP;D is nonempty. Indeed, we first
notice that dim{(P,gPg™"') | P € P;,} = dimP;,. Meanwhile, we have dim Oy, 51, (w) =
dim P, + [(w) since w is a minimal double coset representative. Then the dimension of the
intersection will be [(w) by transversality.

Suppose that in’ is nonempty, let (P, gPg~!) be arbitrary in the above intersection. Let
g, p be the Lie algebras of G and P. As in the proof of [L79, Lemma 1.1], it suffices to show
that ker(1 — Ad(g) | g* — g*) Np- = 0. Setb = w? € B*(W). As in the proof of theorem
6.2.3(c), we have (15, w, d(I)) is an admissible triple. Consider a sequence (pq, P2, -+ , Par1) =
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(p,Ad(g)p, - -+ ,Ad(g)%p) of subalgebras of g conjugate to p. Here p; is the Lie algebra of P; =
g 'Pg'~". Wehave (P, P,y1) € Ogi-1(1,).6i(15)(w) for all i. Let 2 be arbitrary in ker(1—Ad(g) |
g* — g*) N pt. We must have = € p;- for all i. Meanwhile, by the proof of proposition 3.1.2,
there is another decomposition b = w; - - - %5d with w; = wow’ and each w; is a minimal double
coset representative of some JW' . Therefore, by [DM14, §7.1] we have x € p’ L where p’ is the
Lie algebra of P’ and (P, P') € Oy, (wow') by definition of w’. It is then clear that p= N p’+ = 0

and our statement is proved. 0

Then we have the following result since the fiber of projection }Q‘Z 5(15) (W) — O over any

g € O C D is isomorphic to P}

Corollary 6.3.3. Keep the notations in corollary 6.3.2. Let O be any conjugacy class of G, then

YI?U 51y (W) is smooth of pure dimension dim O + [(w) if nonempty.

Now we recall that Lusztig defined a map ¥ from unipotent G-orbits in D to conjugacy
classes of TV contained in W ¢ in [L12-A, Theorem 0.2]. Now for any unipotent G-orbit O € [D,]

and € = U(0), we have

dim O + l(w) + |R”| = dim G — dim T,

by proposition 3.3.1. In particular, if Yzi, 5( Im)(w) is nonempty, then O is C-small. The following

result is then direct.

Proposition 6.3.4. Let O € [D,] be arbitrary and C = U(0). Let & = wé € € be the natural
projection of a good position braid representative of C. Then the G-action on YI?U ( Iw)(w) has
finitely many orbits if nonempty.
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Finally, we investigate the orbit spaces of G-actions on Y2 ;  (w), Y2 ;| (i) and

A~

Y 501 (1@). Recall that

ﬁg,&D(]@)(w) - {(g7g/U]u‘J) €D x G/U]i/ | g,_lgg, € Ufme5D(Im)§D}

VP soum@) = {(g.9""U1,) € DxG/"Us, | ¢~ gg’ € bgpLy,U}.

Moreover, the first “covering” is actually isomorphic to

{(9,9'Ur,) € Dx GUp, | ¢ 'g9' € wipUp,}.

Here “U;. = U;, NwgpUr,§p ™!, which corresponds to all roots in R\ (R” U Inv(w™!)).
One important fact to keep in mind here is Inv(w™!) = Inv(w ™).

We first prove a technical lemma. Let w be the natural projection of a good position braid
representative bof C. Let w’ be the longest element in the standard parabolic subgroup W’ < W
corresponding to R®. Recall in chapter 4, we have b = w' - wwdp and the corresponding

braid slice is defined as S2 (b) = T™Ubigp where UP = U™'w/U"™i/~'. We also have

—_

the corresponding enlarged slice is defined as Sgr(b) = L ,U%wgp = L;,U “igp. We set
Uy, = Ur, N §pli = Ur,dp. One shall notice that Uy, is actually equal to Ug+ ga. Using

results there, one can prove the following lemma.

Lemma 6.3.5. Keep the above notations. There is a bijection

ne:® Up, x Ly, U” — L; U

w?
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given by (u, g) — ugigpu~ g5

—

Proof. Let h be arbitrary in Ly, U;,. Then we have hivgp € U, SE (b) and is then contained in

@(b)U 1, by section 4.2. Therefore, by the first part of theorem 1.2.2 for enlarged slices, one

can write

hivgp = ugdpug

for some uy € Uy, and g € L;, U™. Now consider uy'h € Uy, L;,U” = L;, U - ®U;.. Write
ug'h = uyuy with uy € Ly U? and uy € “Uy_. We then have ujugp = guirgpug . This is
equivalent to

i Gp(Gpti ugingp) = ggpug .

Since w1t ip, gwgp € SB.(b) and g5 ugigp, ugt € Up,, by lemma 4.2.1 we must have

1

u; = g and ug 1= gglw— UgWGp € Ea ) 1,- This tells that 7 is surjective. The injectivity of 7

follows directly from theorem 1.2.2. [

. . . . D .
Now we may investigate the orbit spaces of the G-actions on Y7~ ; (1) (w) together with

its “coverings” introduced above.

Lemma 6.3.6. Let ' be a G-orbit in YIZ&D(I@)(QD). There is a unique v € L, U" such that

(u}gpv, wU]ﬂ.}) e 0.

Proof. For existence, we first notice that there exists u € L;_ Ur. with (wgpu,“Ur,) € O.

Then it suffices to find v € Ly, U® such that higpuh™' = wgpv for some h € LZ’U]w. This is

equivalent to u = §5'wth~higpvh. Now we set §p'w " h~*igp = h'. It suffices to show that

u = hvigph' = gyt~ for some b’ € §5lu U wgp = Uy, andv € Ly, U™,
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Now by lemma 6.3.5, we have u = h'vigph'~ g5 " for some b’ € U, and v €
L; . U%. Since u € U;,, we must have v € U?. Indeed, write v = vl for some v; € U®
and [ € L;,. Then [ = 1 by checking the corresponding root subgroups and the torus part of
Rvibgph'~t g5 L. This proves the existence of v.

As for uniqueness, suppose that (wipvy, Uy, ) and (wgpvs, “Us,) are both in 0 with
v1,v9 € U”. Then there exists h € “U;, with wgpv; = higpvoh™'. Again by lemma 6.3.5, we

must have h = 1 and v; = v,. O

From above result we know the intersection of the closed subvariety {(wgpv, “U;.) | v €
U®} of Ylfz 5p (1) (W) With each G-orbit in Y/Ilj 5p (1) (W) is a singleton. Furthermore, this does

not depend on the choice of w.

Lemma 6.3.7. The intersection of {(wgpv, Pr,) | v € L;, U} with any G-orbit in Ylg,éD(I@) (w)
is a single L7_-orbit.

Proof. Let € be any G-orbitin Y,” 5 ', (w) and Z = {(wgpv, Pr,) | v € L, U"} N O. Let

~

Ts Ylfj 5o Lj)(u')) — ij 5o Im)(w) be the covering map as defined in section 6.2 where

w is a representative of w such that W%E({(wgDv,wa) | v € L;,U%}) is nonempty. Let
O be the G-orbit in 37/376[)(%)(111) such that Wm(ﬁ) = . By lemma 6.3.6, we have 7 is
nonempty. Let (wgpv, Pr,) be arbitrary in Z and | € LY _, then (lwgpvl™', P;,) € 0. Notice
that lwgpvl™ = wgplvl~" since | € L7_. Moreover, since the unipotent parts of L7 < Ly,
corresponds to the roots in R¥ and v € Ly U%, we have lvl™! € L; U*®. Indeed, let « € R?
and $ € Inv(w™'), then ma + nB € R for some m,n € Z~q implies ma + nB € Inv(w~!) by
our discussion in section 4.2. Then the above claim followed by Chevalley commutator formula.

This finally tells that (lwgpvl~", P;,) € Z and LY_ acts on Z.
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Then we show Z is a single L7_-orbit. Suppose that (wgpvi, Pr,) and (wgpuvs, Pp,) are
both in Z where vy, v, € Ly, U®. Then (wgpvy, “U;_) and (§pve, “Us, ) are both in &. Thus
(wgpvy, “Ur,) = (vgpvexrt, x®Us, ) for some z € G. By our discussion of 75—, in theorem
6.2.3, we must have (wgpvi, 17Uy, ) = (wwgpvex™', 2”Uy,) for some [ € L7_. By applying
the action of [ and z to two sides separately, we have (lwgpvl~!,®U;_) and (1 gpve, “U;, ) are
in the same G-orbit. Since L7 acts on Z, we have lwgpv,l~" = wgpv} for some v} € Ly, U".
Then by lemma 6.3.6 we must have v| = vy and thus (wgpv1, Pr,) and (wgpva, Pr,) are in the

same L7_-orbit. O

Now we further assume that € = \11(6) of some unipotent GG-conjugacy class 0 e [D.,].
Meanwhile, by the second part of theorem 1.2.2, we know @(5) intersects O transversally. This
tells that @(i)) N O is a finite nonempty set and is independent of the choice of w. Then by
considering ﬁlj sy (W) and Y2 o (w), we have Y, 5 (w) is nonempty. Therefore, we

have the following result.

Proposition 6.3.8. Keep our settings above. We have:
(1) The orbit space G\Ylg,éD(I@) (w) is isomorphic to L; U™;

(2) The orbit space G\Ylg,éD(Im) (w) is isomorphic to Lij \L;,U".
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Chapter 7: Perfect submonoids of dominant weights

In this chapter, we first consider the semisimple case and prove theorem 1.5.1. Then we

consider the reductive case.

7.1 Characterization of perfect submonoids of dominant weights

We first reduce the general case to the case when G is simply connected. Let G be a
connected semisimple algebraic group with a maximal torus 7" and center Z. Let G*¢ be the
simply connected cover of G’ with a maximal torus 7 and center Z*°. We know G ~ G*¢/Z’,

where Z’ is a subgroup of Z*¢. One have
1 — XNT) — X*(T?%) — X*(Z') — 1,

and X (T) = {\ € X5 (T%°) | Az = 1} is a subset of X} (7*°) by natural inclusion.

Recall the functor between tensor categories Rep(G) — Rep(G*©) is fully faithful by
[EGNOI15]. Then the tensor product multiplicities mf , are the same for G and G*“ if A, p, v
are dominant weights of G. This can also be seen in [Kul0, Corollary 3.6]. Therefore, if L is
perfect as a submonoid of X% (7"), then it is also perfect as a submonoid of X (7°°¢). Thus we
may focus on the case when G is simply connected.

Now in this section, we always assume G is simply connected. Since G is semisimple,
there is a decomposition G = G X - - - x GG,,, where each G, is simply connected quasi-simple
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with a maximal torus T}, center Z; and Weyl group W. Let {1, ..., n} be the index set of quasi-
simple factors. There are also corresponding decompositions of the weight lattice X*(7T") =

X*(Th) - - - @ X*(T,,) and the root lattice Q = Q1 P - - - P Q.- We also have

XH(T)/Q ~ ea X*(T0)/ Q.

Let the set of simple roots of G be {«; }ic; and the corresponding simple reflections be {s;}cr.
n
Write [ = | | I, where I} is the index set of simple roots of Gy.
k=1
First we give some perfect submonoids of dominant weights.

Proposition 7.1.1. Suppose that G is a simply connected semisimple group. If L is a sublattice

of X*(T) containing Q, then £ = L N X3 (T) is a perfect submonoid of X7 (T).

Proof. Let A\, i be two dominant weights in L. For any v € X (A, p), by lemma 2.7.2, we have
v=XA+pu— Y ki, where k; € Z>, fori € I. Since £ is a lattice containing (), we have
iel

A, pand — > k;«; are all in L. Thus v is also in £. Therefore, we have v € LN X7 and £ is
i€l

perfect. [

Next we focus on the necessary conditions for perfectness of a submonoid £ C X7 (T)).
By above decomposition, any weight A € X*(T') can be denoted by (m1(\), ..., m,())), where
7« X*(T) — X*(T}) is the canonical projection, for 1 < k < n. Suppose that \ is dominant,

define the support of \ as
supp(A) ={i e I'| (\,a)) > 0}.

For any 1 < k < n, say A is k-regular if supp(\) D Ij. If \is k-regular for all k, 1 < k < n,

then \ is a regular dominant weight in X*(7").
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Definition 7.1.2. Let G be a semisimple group. For any dominant weight A of GG, the component

support of X is the set {1 < k < n | mx(\) is nontrivial}.

Let £ be a perfect submonoid of X7 (7). It is clear that for any 1 < k < n, m;(£L) is
a perfect submonoid of X7 (7}). We claim the existence of some certain k-regular dominant

weights in a nonzero perfect submonoid £ of dominant weights.

Lemma 7.1.3. Suppose that G is simply connected semisimple and L is a nonzero perfect sub-
monoid of X (T'). Let X be a dominant weight in L. Then there exists a dominant weight wy € £

such that for any 1 < k < n, wy, is k-regular if 7;,(\) is nontrivial.

Proof. 1t suffices to prove the lemma for quasi-simple group G. Indeed, suppose that for any
1 < k < n such that m(\) is nontrivial, there is a k-regular dominant weight 7y (%) € (L),
where p;, € £. Then ( )Z {4 1s a desirable dominant weight wy € £.
ki (A) is nontrivial

Assume that G is quasi-simple. It suffices to show that for any dominant weight A € £
with supp(\) C I, there is another dominant weight ;o € £ such that supp(u) 2 supp()).

Let D be the Dynkin diagram of G and A be a dominant weight in £ with supp(\) C I.
There are vertices j € supp(A) and ¢; ¢ supp(\) such that j and i, are joint with each other in
D. Then (A, ) > 0. Let I" = {i1,1a, ..., im, j } be the subset of I consisting of all vertices joint

with j and j itself. Consider the weight ;1 = 2\ + s;(\). We show it is dominant.

For any ¢ € I, we have
(o) = 3\, o) — (A, o )y, o).

If i = j,then (u,af) = (A o)) > 0. If i € I'\ {j}, then (i, ;") > 3(\, ;') > 0 since

(aj,af) < 0. Ifi € I'\ I, then (u, o) = 3(\, ) > 0 since (a;, ) = 0. By above
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computations, we have £ is dominant. Then by theorem 2.7.4, we have i € X (2, \) is contained
in L.

Now we look at the support. Still by above computations, fori € I'\I’, we have i € supp(p)
if and only if ¢ € supp(\). We also have supp(s) contains I’ while i; ¢ supp()). Therefore, we

have supp(y) 2 supp(A) and the lemma is proved. O

Based on above property of wy and the fact that II(\) is a finite set, we have a direct

corollary.

Corollary 7.1.4. Suppose that G is simply connected semisimple and L is a nonzero perfect
submonoid of X7 (T'). Let \ be a dominant weight in £. Then there is a positive integer m such

that i + mwy € L for any weight ;1 € TI(\).
We also need the following technical proposition, which will be proved in next section.

Proposition 7.1.5. Suppose that G is simply connected semisimple. If £ is a nonzero perfect

submonoid of X (T), then for any \ € L, all the dominant weights in I1(\) are contained in C.

For the proof of proposition 7.1.5 and our later discussions, we cannot reduce them directly
to the case when G is quasi-simple. This is because (7r1 (A1), ma(A2), oo, 7rn()\n)) may not be in £

evenif \q, ..., A\, are all in L.

Definition 7.1.6. Let £ be a submonoid of X (7"), the component support of £ is the set {1 <
k <n|m(L)# {0}}. If the component support of £ is equal to {1,2,...,n}, then £ is said to
have full component support. In particular, when G is quasi-simple, every nonzero submonoid of

X7 (T) has full component support.

We first restrict ourselves to perfect submonoids of X% (7") with full component support.
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Lemma 7.1.7. Suppose that G is simply connected semisimple. If £ is a perfect submonoid of
X3(T) with full component support, then for any 1 < k < n, we have Q;, N X’ (T) is contained

in L. In particular, Q N X5 (T') is contained in L.

Proof. Let ;1 be arbitrary in Q,NX7 (7). Since £ has full component support, there is a dominant
weight A in £ with full component support. By lemma 7.1.3, there is a regular dominant weight
Wy = (7r1 (Wr)y ey ﬂn(w)\)) in £. We know that w), is a Q>¢-combination of simple roots. Then
one can take a positive integer m such that mwy € QN X (T). Moreover, since wy, is regular, we
have (wy, ) > 0 for any ¢ € I;. One can take m large enough such that (mwy, ) > (1, )
for any ¢« € I;. Then mm(wy) — p is a Z>¢-combination of simple roots in (). Moreover,
we have mw, — p = (mm(w\), ey M1 (W), mmg(wy) — p, mmgrq (wy), ...,mﬂn(w,\)) is a
Z>o-combination of simple roots and thus 1 < mwy. Then p € H(mwy) N X5 (T) is in £ by
proposition 7.1.5. Therefore, @, N X (T') is contained in £.

In particular, since £ is a submonoid of X (T), we have @) N X% (7T") is contained in £ by

adding Q, N X3 (T) for 1 < k < n. O

Based on the above lemma, we use the cocenter to characterize the perfect submonoids
of X (T'). Consider the canonical projection map p : X*(T) — X*(T)/Q. If £ is a perfect
submonoid of X (7") with full component support, then p(£) is a subgroup of X*(7)/@ since
X*(T)/Q is finite.

Proposition 7.1.8. Suppose that G is simply connected semisimple and L is a perfect submonoid
of X3 (T') with full component support. Then L = p~'(£) N Xi(T) for some subgroup £ of
X(T)/Q.

Proof. Let £ = p(£) be a subgroup of X*(7")/Q. By definition we have £ C p~(£) N X% (7).
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Then it suffices to show:
For any a € £, p~'(a) N X3 (T) is contained in £.

Indeed, by our choice of £, there exists A € £ such that p(A\) = a. Let 1 be an arbitrary dominant
weight in p~!(a). Then A — p € Q. By same argument as in the proof of lemma 7.1.7, there
exists a regular dominant weight w € £. Then there is a positive integer m such that A — 1 + mw
is dominant by regularity of w. Then A\ — p 4+ mw € Q N X} (T) is a Zx>-combination of
simple roots. By proposition 7.1.5, u € II(A + mw) N X7 (T) is in £. Therefore, we have

pH(a) N X*(T) C Land £ = p~1(£) N X% (T). O

Based on above, we can give the characterization of perfect submonoids of dominant

weights.

Proposition 7.1.9. Let G be a simply connected semisimple group. The perfect submonoids of
X5 (T') with full component support are exactly LNX 3(T), where L is any sublattice of X*(T)

containing ().

Proof. By Proposition 7.1.1, the intersection of sublattices of X *(7") containing @) with X (T")
are perfect. Moreover, these perfect submonoids clearly have full component support since () N
X7 (T) has full component support.

Let £ be a perfect submonoid of X (T") with full component support. By proposition 7.1.8,
L = p (L) N X5 (T) for some subgroup £ of X*(T')/Q. We also have p~*(£) is a subgroup
of X*(T). Moreover, p~*(£) contains p~'(0) = Q. Therefore, the perfect submonoid £ is the

intersection of a sublattice p~*(£) of X*(T") containing Q with X (T'). O
In proposition 7.1.8, we relates our perfect submonoids of X (7") to the cocenter of G.
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Next we give a reformulation of perfect submonoids of dominant weights using central characters.
Let £ be an arbitrary perfect submonoid of X} (1) with full component support. Define a

subset Z of Z as

Zy=1{2z€Z|XMz)=1,V\e L}

Since Z; = () Ker(\|z), we have that Z is a subgroup of Z.
AEL

Conversely, let Z’ be an arbitrary subgroup of Z. Define a subset £ of X7 (T') as

Then L is a perfect submonoid of X (7') with full component support. Indeed, there is a
unique (up to isomorphism) connected algebraic group G’ with simply connected cover G such

that G’ ~ G/Z'. By [BT65, §1.2], the maximal torus 7" of G’ satifying

1 —7 —T —T —1

gives rise to

1 — XH(T") — XNT) — X*(Z') — 1,

and X% (7T") = {A € X3(T) | A|z» = 1} = L. Moreover, as weights in ) N X (T') act trivially
on Z D Z', wehave Lz D QN X%(T) and Ly is a perfect submonoid of X7 (7") with full

component support.

Proposition 7.1.10. Let G be a simply connected semisimple group. The maps p : L — Zg,
Y Z' — Ly give a natural bijection between the perfect submonoids of X7 (T') with full

component support and the subgroups of Z.
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Proof. Let L be an arbitrary perfect submonoid of X7 (7") with full component support. By
proposition 7.1.9 , we have £ = £ N X (T) for some sublattice L of X*(T) containing Q. Then
there is a unique (up to isomorphism) connected semisimple group G’ with simply connected
cover G and a maximal torus 7" such that X*(7”) = L. Since G’ ~ (/7' for a unique subgroup
Z' of Z, we have X*(T") = {\ € X*(T) | A|z» = 1}. Then we have £ = £ NXL(T)={)e
X3(T) | Nz =1} =4(Z') and ¢ is surjective. Meanwhile, by uniqueness of G, ¢ is injective.

Now we show that ¢ and 1) are inverse to each other. Consider (¢ o ) (L) is also a perfect
submonoid of X (T") with full component support. For any A € £ and any z € ¢(£), we have
A(z) = 1. Then by definition, A is in (¢) o ¢)(£) and £ C (¢ o »)(L). Meanwhile, since 1 is
surjective, L = (Z') for some subgroup Z' of Z. Then ¢(L) contains Z’. Then (¢ o ¢)(L)
is a subset of ¢(Z’) = L. Therefore, we have (¢ o ¢)(£L) = L. For any Z' < Z, we have
(Y opoh)(Z") =1(Z") by above. Since 9 is injective, we have (p o ¥)(Z') = Z'. Therefore,

the pair (¢, 1)) gives a bijection and it is clearly natural by definition. U

7.2 Proof of the main result

In this section we prove theorem 1.5.1. Let £ be a submonoid of X7 (7). We first define

the component support of £.

Definition 7.2.1. Let £ be a submonoid of X} (7"). The component support of £ is the component

support of £ as a submonoid of X (7°¢) (see definition 7.1.6).

Proof of theorem 1.5.1.(a) Let £ be a perfect submonoid of X7 (7") with full component
support. By our discussion above, £ is also a perfect submonoid of X} (7°*) with full component

support. Therefore, by proposition 7.1.9, we have £ = LN X3 (T°) where £ is a sublattice of
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X*(T*) containing the root lattice (. Since £ is contained in X* (T'), we have £ = £ N X* (7).
One can also write £ = (ﬁ NX*(T)) N X3(T). Clearly, L N X*(T) is a sublattice of X*(T)
containing Q).

Conversely, let £ = £ N X*(T) where L is a sublattice of X*(7") containing ). Then
£ is also a sublattice of X*(T*¢) containing Q. We also know £ N X3 (T) = LN X3(T%)
since £ C X*(T). Then by proposition 7.1.9, £ is a perfect submonoid of X7 (T%¢) with full
component support and is also a perfect submonoid of X} (") with full component support.

(b) We know that G is isomorphic to G*¢/Z’. We also have Z ~ Z*¢/Z’" which is natural.
Then it suffices to show: There is a natural bijection between the perfect submonoids of X} (7')
with full component support and the subgroups of Z*¢/Z’.

Recall that perfect submonoids of X7 (7") with full component support are also perfect
submonoids of X (7°¢) with full component support. By proposition 7.1.10, there is a natural
bijection between perfect submonoids of X7 (7°¢) with full component support and subgroups of

Z%¢ given by
o: Lr— ZF¥ ={2z€ 2| Nz) =1,VA € L},
and its inverse
Y (Z25) — Lgsey = {N € XE(T%) | A (zsey = 1}.
Note that
X3(T) = {A € X7(T*) | Al = 1}.

If £ is a perfect submonoid of X (T") with full component support, then ¢(£) = Z7¢ contains
A
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Conversely, for any subgroup (Z°¢)" of Z*° containing Z', 1((Z°°)") = Lzsey is actually a
perfect submonoid of X} (7). Then the restrictions of ¢ and ¢ actually give a natural bijection
between perfect submonoids of X (7") with full component support and subgroups of Z*¢ contain-
ing Z'. Since there is a natural bijection between subgroups of Z°¢ containing Z’ and subgroups
of Z*¢/Z’, one can combine two natural bijections together and get the required bijection.

Next we drop the assumption that £ has full component support and deal with arbitrary
perfect submonoids. Indeed, we only need to consider the nonzero perfect submonoids.

Recall X is the index set of quasi-simple factors. Let X, be an arbitrary nonempty subset of
X and £ be a perfect submonoid of X7 (") with component support Xy. Then £ is also a perfect
submonoid of X7} (7*¢) with component support Xo. Let X*(T)y, = X*(T)) N X*(T"*)x, and

Qx, = Q@ N X*(T%%)x,, where
XH(T5)xy = {(m1(N)s ooy T (V) | X € X*(T5), m(N) = 0 for any & ¢ Xo} C X*(T).

It is clear that X*(7°¢)y, and Qy, are isomorphic to the weight lattice and the root lattice of
Gy, = k;l_alc Gy, respectively. Then £ is contained in X7 (7")x, C X7 (7*)x, and one can view
€lo
£ as a perfect submonoid of dominant weights of GG3¢ with full component support.
Then we can slightly modify the maps ¢ and . Recall that G ~ G*°/Z'. Let Zy, =
II Zi¢and Zy, = Z' N Z%. Define the map ¢, from perfect submonoids of X7 (7°*¢) with

keXo

component support Xy to subgroups of Z5¢ as ¢y, (L) = (25 )¢, where
(Z3)e ={2 € Z% | M2) = 1,¥YA € L}.
For the inverse direction, define the map ¢y, as ¥y, ((Zif))’ ) =L Z3e)'s where
Lizgey = {A € XT(T™)xg | Alzgey = 1}
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One can also write
L(Z&co)/ = {)\ E Xi(TSC) | )\‘(chco)/ = 17)\|Tk - 1,Vk ¢ xo}

Then we deduce the characterization for perfect submonoids of X} (7") with component support

Xy C X and its reformulation as a corollary of theorem 1.5.1.

Corollary 7.2.2. Let G be a connected semisimple algebraic group. Then

a) The perfect submonoids of X (T) with component support Xo C X are exactly LN
X*(T), where L is any sublattice of X*(T)x, containing Qx,;

b) There is a natural bijection between the perfect submonoids of X’ (T') with component

support Xo C X and the subgroups of Zx¢ | Z. .

Proof. a) One notices that X*(7")x, is a sublattice of X*(7*°)y, containing Qx,. Then X*(T")x,
and Qy, are the weight lattice and the root lattice of a connected semisimple group G, with
simply connected cover G, respectively. Then one can check perfect submonoids of X7 (7')x,
with full component support are also perfect submonoids of X (7°°¢) contained in X7 (7") with
component support Xy. Then by our discussions above, perfect submonoids of X7} (7") with
component support X, are exactly perfect submonoids of X (7")x, with full component support.

We know X7 (T')y, is the set of dominant weights of Gy . Then by applying theorem 1.5.1
to perfect submonoids of X% (7")x, with full component support, part a) is proved.

b) Identify X7 (7¢)y, with the set of dominant weights of G%°. Then there is a natural
bijection between the perfect submonoids of X7 (7°¢) with component support Xy and the perfect
submonoids of X} (7*°)x, with full component support. Then by applying Proposition 7.1.10 to
G¥;» we have the maps ¢y, and 1y, give a natural bijection between the perfect submonoids of

X7 (T°°) with component support X, and the subgroups of Z3-
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Moreover, same as the proof of theorem 1.5.1, the restrictions of ¢y, and 1y, actually
give a natural bijection between perfect submonoids of X% (7") with component support X, and
subgroups of Zy¢ containing Zy . Since there is a natural bijection between subgroups of Z3¢
containing Zy, and subgroups of Z3 / Zy.,» again we can combine two bijections together and get

the required natural bijection. 0

7.3 Proof of Proposition 7.1.5

In this section, we keep the notations in section 7.1 and prove proposition 7.1.5. We first
give the idea of the proof. Then we reduce it to the case when G is quasi-simple and finally give
the computations in different types.

Let A be a dominant weight in £ with component support Xy C X. We may assume Xy =
{1,2,...,n0}. Take the dominant weight wy € £ in lemma 7.1.3 such that for any 1 < k& < ny,
wy is k-regular. By corollary 7.1.4, there is a positive integer m such that for any p € II(\),
1+ mwy is in £. Without loss of generality, we assume m = 1.

Now let i be an arbitrary dominant weight in [I(\). Then the component support of y is
contained in Xy. Our idea is finding a dominant weight n in £ based on w, such that y+ 7 is also
in £ and wy(n) = —n, where wy is the longest element in . Then we have j = p+n+wo(n) €
X(p +n,m) C L by theorem 2.7.4. Since p is arbitrary, all dominant weights in II()\) are
contained in £, which proves proposition 7.1.5.

Next we proceed to the reduction. As in section 7.1, one can write w) = (7?1 (W), -vey T (W A)) ,
where 7;(wy) € X3 (T)). For any k& ¢ Xy, we know m,(wy) = 0. For any w € W, we

k)

write w = (w®, w® .. wM), where w® is in the Weyl group W) of G}. In particular,
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wy = (w(()l), w((f), e w(()”)), where w(()k) is the longest element in ;. We construct 77 by some

lemmas.

Lemma 7.3.1. Suppose that G is simply connected quasi-simple and w € £ is regular. There is
a sequence {vy = w, 11, ...,V } of nonzero dominant weights in £ such that wy(v,) = —v, and

forany 0 <1 <r—1, v = B+ o) for some 5,y € {wy,...,v1} and o € W.
Proof. We give the precise computations for this lemma in different types later. 0

Lemma 7.3.2. Let 1 < ko < ng and w = (m(w), ..., m,(w)) be any dominant weight in £ with

component support Xy such that, i + w € L and w is ko-regular. Then there is a dominant

weight O, = (71(0ky), ... 7 (0k,)) in £ with component support Xo such that p + 6, € £,
(ko)

w (7Tko (Qko)) = —Tg, (O, ) and 7 (0y,) is a positive integral multiple of 7, (w) for k € Xy \

{ko}-

Proof. Recall that 7, (L) is a perfect submonoid of X7 (T}, ) with full component support since
£ is perfect and Gy, is quasi-simple. Then there is a regular dominant weight 7y, (w) of Gy, in
Tk, (£). Take the sequence {1y = 7y, (w), ..., v } in 7, (L) in lemma 7.3.1. Forany 0 < [ <r—1,
one can write v, = 3 + Ul(kO)(’yl) for some 3,7, € {w, ..., } and al(kO) € Wi,-

Based on above sequence, there is also a sequence {7, 7y, ..., 7.} of nonzero weights in
X*(T) as following:

1) vy = w;

(ko)

2) Suppose that we have {7, 71, ..., 7} and vy = v, +0,"" (v, , ) for some a;41, b4y €

{0,1,...,}. Then set

Vit1 = Vo iy + Ul(ybz+1)’
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(ko)
) s k?:k’o
5 5 (k) _

where 5, = (6,/,...,6, /) is given by 6," =

Id® |k #£ kg

Then we claim that for any 0 < [ < r, both 7; and p + 7 are in £ with component support
Xo. Moreover, 7y, () = v, and 7 (7;) is a positive integral multiple of 7 (w) for k € Xo \ {ko}-
Prove the claim by induction on [. For [ = 0, the claim is clearly true since 7y = w.

Suppose that the claim is true for {0, 1, ...,1}. Since ;11 = 7y,,, + 6;(%,,, ), We have

4

~ ~ ~ k
ﬂ-k‘O(Val—Q—l) + Ol(kO)(Trk‘o(VblH)) = Va; 4y + Ol( O)(Vbl+1> = Vi1, k= ]{30,
T(Dip1) = T (Vayy,) + &, %) (T(Py,1)) = T(Payer) + 7% (Do), k€ Xo \ ko,
Wk(ﬁaHl) + O'~l(k) (7Tk<17bl+l)) == O, k ¢ :X:()-

We have 7 (7111) = 7k (Va,,,) + Tk(,,,) is a positive integral multiple of 7 (w) for k& € X \
{ko} by induction hypothesis. Since 7, (7,11) = v;41 is dominant, we have 7., and p + 74,
are both dominant with component support X, by above computation. Then we have 7, €
X(Vay,y Unyyy) and pp+ 014y € X (04 Vg, U, ) by theorem 2.7.4. Therefore, ;. and p + 141
are both in £. Then the claim is true for (I 4 1)-case. By induction, the claim is true.

Consider the dominant weight 7. in the sequence. From above claim, We know 7, and
i + U, are both in £ with component support Xy and for & € Xy \ {ko}, mx(7;) is a positive
integral multiple of 7 (w). Since my,(¥.) = v, we also have w(()kO) (7o (7)) = —mko (7)) by

lemma 7.3.1. Then 7, is a desirable dominant weight 0y, . O

Lemma 7.3.3. There is a sequence {1y = wx, M1, M2, ..., M, } 0f dominant weights with component

support X satisfying, for any 1 < kg < ng:
*a)ng € Land p+n, € L;

* b) w(()k‘)) (7% (nko)) = — Tk (Mo ) and 7. (i, ) is a positive integral multiple of mx (1, —1) for
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ke DCO \ {ko},’
* ¢) Forany ko + 1 < k < ng, 0y, is k-regular.

Proof. Construct the sequence by induction. Since 7y = wj, it is dominant in £ with component
support Xy. We know w), is 1-regular and p + wy € L. Then by applying lemma 7.3.2 to kg = 1
and w = w,, one can obtain a dominant weight 77, in £ with component support Xy. Directly by
lemma 7.3.2, 1, satisfies condition a) and b). Moreover, for any 2 < k < ng, 7 (1) is a positive
integral multiple of 7y (w) ), which is k-regular. Thus 7 is k-regular for any 2 < k < ky. Then
we have constructed 7, satisfying all conditions.

Suppose we have constructed {7, ..., 7, } satisfying all conditions. By induction hypothesis,
we have 7, and p + n; are in £ with component support Xo. We also have 7; is (I + 1)-regular.
Therefore, we can apply lemma 7.3.2 to kg = [+1 and w = 7;. Then we obtain a dominant weight
M1 in £ with component support X. Again directly by lemma 7.3.2, 7, satisfies condition a)
and b). Moreover, for any [+ 2 < k < ng, m(n;.41) is a positive integral multiple of 4 (1), which
is k-regular. Then 7, also satisfies condition ¢). Then we have constructed 7, satisfying all

conditions. By induction, this lemma is proved. 0

Now we consider the dominant weight 7,,, € £ in lemma 7.3.3. We know p + 1,,,, is also in
L. Forany 1 < k < ng, we have w(()k) (wk(nno)) = —7(1n, ) since m(ny, ) 18 a positive integral
multiple of (1) and wl” (m(mk)) = —mx(nk). Then wo(1n,) = —7ne and 7, is a desirable

dominant weight n € £ in our idea above. Therefore, the proof of proposition 7.1.5 reduces to

the proof of lemma 7.3.1.
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7.4 Proof of lemma 7.3.1

To prove lemma 7.3.1, we compute it depending on type since wy acts differently in
different types. There are four cases in total and the following computations are base on some

basic facts of Dynkin diagrams and root data (see e.g. [Bour02, §6.4]).

* Type Ay, B,,, C,,, Do, E7, Eg, Fy, Go: Inthese types, we know wy = —1. Thus the sequence

can be chosen as {w}.

* Type Eg: Label the vertices of the Dynkin diagram of Fjg as following

O O O O -

aq (0%] (671 Qs Qg

For convenience, we denote weights in the following way. Let v be any weight. It is a Q-

6 ]Cg
combination of simple roots, i.e., v = > k;a;. Denote v by the 6-tuple ( ).
i=1
kl) k37 k4; k5a kG

Therefore, one can write down the list of fundamental weights as 6-tuples:

1 3 2 1 6
wlz_( )7 CUQ:( )7 W3:§( )7
4,5,6,4,2 1,2,3,2,1 5,10,12,8,4
3 1 6 1 3
W4:( )7 w5:§( )7 W6:§( )
2.4.6,4,2 4,8,12,10,5 2.4.6,5,4

Here we have wy transforms v, i, 3, i, s, (g INtO —Qrg, — g, —Qus, —Qug, —Qt3, — Qv
respectively. Then we have wy(ws) = —ws and wy(ws) = —wy. Therefore, we want the

dominant weight v, to be an nonnegative linear combination of w, and wy.
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Now we give the construction of the sequence {v1, ..., 1. }. First we set vy := w + s¢(w).

ks ks
For any weight v = ( ), we have s¢(v) = ( ). Thus

k17k37k47k57k6 k17k3ak47k57k5_k6

for fundamental weights, we have

we + S¢(we) = ws,
wi + s¢(wi) = 2w;, 1<1i<5.

5
Therefore, we have vy € > Zsow; is dominant. Then v; = w + sg(w) € X (w,w) C £ by
i=1

theorem 2.7.4.

ko
Then we set v := 14 + s5(11). For any weight v = ( ), we have s5(v) =

kl? k37 k47 k57 kﬁ
ks
( ). Thus for fundamental weights, we have
kv, ks, ka, ks + kg — ks, g

ws + s5(ws) = wy + wg,

w; + 35(wi) = Zwi, ] 7é 5.

Therefore, 15 is dominant by above computation. Then we have v, = 1y + s5(11) €

X (v1,1v1) C £ by theorem 2.7.4.

Then set v3 := vy + S¢55(11) = 11 + S5(v1) + SeS5(v1). By above computations, we have

(

Se(ws + we — Ws) = wy —we, =D,

8685(wi) - 86(0.)6) = W5 — Ws, 1= 6,

Sﬁ(wi) = W, 1= 1,2,374.

\

Then we have
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ws + 55(ws) + S655(ws) = Wy + wWe + Wy — W = 2wy,
wi + 55(wi) + 5635(wi) = 30.11', 1 < /) < 4.

5 4
Since vy € Y Zsow;, we have v € Y Zsow; is dominant. Still by theorem 2.7.4, we have
i=1 i=1
V3 = Uy + 8685(V1) S X(VQ, 1/1) cC L.
4
Now we have obtained v3 € £ and v3 € ) Zsgw;. Actually, the coefficients of w; and wg
i=1

vanished in the process of obtaining v3. By symmetry of the Dynkin diagram of type FEj
and the simple roots, we can make the coefficient of w; and w3 vanished in a similar way.
Set vy := v3 + s1(v3), one can check v, € imei is dominant and is in £ by theorem
2.7.4. Then we set v5 = vy + s3(v4) and vg = Vs + S153(va) = vy + s3(va) + s153(va).
Similar to v, and 3, we have v5 and v are in £ and v € Z>ows + Z>ows. Then we have

wo(vg) = —1g by our computations before. Therefore, {11, ..., 5} is a desirable sequence

for lemma 7.3.1 in type Ej.

Type A,(n > 2): Label the vertices of the Dynkin diagram of A,, as following

aq (8% Qp_1 Oy

For convenience, we still denote each weight v by a n—tuple (k1, k2, ..., k), where v =

> k;a;. Then for any 1 < ¢ < n, the fundamental weight w; is denoted by
i=1

wi=mgn—i+1,2(n—i+1),.i(n—i+1),i(n—1),..,2,1).

In this type, wy transforms «; into —a,,+1_;. Then we have wy(w;) = —w,, and wy(w,) =
—wy. Therefore, we want the dominant weight v, to be an nonnegative linear combination
of wy and w,,.
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Now we give the construction of the sequence {v1, ..., v, }. First we claim that there is a
n

sequence {(;}! ; of dominant weights in £ such that, forany 1 < i < n, {; € > Z-ow;.
I=i

Symmetrically, there is also a sequence {6;}!" ; of nonzero dominant weights in £ such

n+1—1
that, forany 1 <i<n,6;, € > Z-ow.
=1

We proceed to prove the claim. Construct the sequence {(;}!-; as following:
(@) G =w;
(b) Ci+1 = C,L -+ 52(<1> + 82;151'((@') + ...+ 5152-“51'7151'(@)- For any 1 <m< 1+ 1, denote

the sum of first m terms of right hand side by (11 .

Symmetrically, we construct the sequence {6;}7_, as following:
(@) 01 = w;
() Oip1 = 0; +5p11-i(05) + Snp1—(i—1)Snt1-i(05) + .+ SpSn—1---Spt1—(i—1)Sn+1-i(0;). For

any 1 <m < i+ 1, denote the sum of first m terms of right hand side by ;.1 ,.

Then we check these sequences satisfy our requirements by induction on 7. By symmetry
of the Dynkin diagram of type A,, and the simple roots, we only need to check for {(;}1 ;.

For any weight v = (ky, ks, ..., k,,), we have

(

(]{1, kQ, cey ki—la ki—l + ki—i—l — kiyki—i-l; ceey kn), 1 7& 1,n,

Si(y) - (kQ_k17k27"'7ki—lakiaki+lv"'Jkn)7 1= 17

(klakQa'--7ki—1aki;kz‘+17--'akn—l —kn), Z = nNn.

\

Thus for fundamental weights, we have
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W1 w1 —wy, 2<0I=i<n-1,
Wy — Wy, l:Z:L
si(wy) =
Wn—1 — Whn, l:z:n,
wi, l#l
\

n

For i = 1, itis clear that (; = wisin £ and w € ) Z-ow;. Suppose that {(i, ..., (}
=1

satisfies our requirements where ¢ < n. Then we look at ;1. We first compute w; +
si(w;) + si—18i(w;) + ... + s189...8;_18;(w;). For this we need the following lemma. Set

wo = 0 for convenience.

Lemma 7.4.1. Suppose that 1 < i < n—1. Then $;_j41...5;-15;(W;) = Wi — w141+ Wit1

forl1 <[ <.

Proof. Proceed by induction on [. For [ = 1, we have s;(w;) = w;_1 — w; + w;;1 by our

computations above. Suppose that the equation holds for [ — 1. Then for /, we have

Sifl+1-~-52'715i<wi) = Si—l+1(wz’71+1 — Wi—l42 + Wi+1)
= Wi — Wit+1 T Wiy — Wiy + Wit
= Wi—| — Wi—+1 T Wit1.

Therefore, the equation also holds for /. By induction, the lemma is proved. [

We know (; € > Z-ow; by induction hypothesis. Now by Lemma 7.4.1, we have w; +
=i

si(wi) + sic18i(Wi) + oo+ 8182.0.8i18i(Wi) = wi + (Wit — Wi +wip1) + (Wice — w1 +
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wit1) + - + (Wo — w1 + wip1) € Zsow;r1. This equation together with the fact that

n
S1, 82, ..., §; fix wy for i + 1 < I < n show that (;,1 is contained in > Z-w.
I=i+1

Then we show that (;,; is in £. Recall our construction of {¢;}7, and {(iy1.n }o2,. Again
by Lemma 7.4.1, for any 1 < m < i + 1, the sum of the first m terms of w; + s;(w;) +
Si—18i(wi)+.F8182...8 18 (wi) 18 Wit (w1 —witwi 1)+ (Wimm i1 —Wimma2TWir1) =
(m — 1)w;s1 + Wi—ma1, which is dominant. Still together by the fact that sq, so, ..., s; fix
w fori+1 < [ < n, (1, 1s always dominant for 1 < m < i + 1. Then for any
2<m <i+1,wehave (ir1m € X(Cit1,m—1,G). Since (111 = ¢ is in £ by induction
hypothesis, we have (;;1,, are in £ for all 1 < m < ¢ + 1 by applying theorem 2.7.4
successively. In particular, (; 11 = (41,441 15 in £. Therefore, the claim is true by induction

and symmetry.

Now that the claim is true. Then we have (,, = aw,, € £ and 0, = bw; € L for some

positive integers a, b. We set ( = b(,,+ab,, € L. Notice that wy(() = abwy(wi+w,) = —C.

By above construction, we have two sequences {(;,m | 2 < i < n,2 < m < i} and

{0im |2<i1<n,2<m <i}in L. We know that
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Coo =w+ 51(w),

Oro = w~+ sp(w),

Gitrm = Gittm—1 + Sicmi2--8i(Ga)y, 1>2,2<m<i+1,

Git1,2 = Gii +5i(Gii), 1> 2,

Oiv1m = Gic1m—1 + Sngi—it(m—2)---Snt1-i(0ii), ©>2,2<m<i+1,
Oiv12="0;; + Sp+1-i(0i:), 1> 2,

o = (1= DCun + Comy, 1> 2,

Opn = (1= 1)+ Opry 1>2,

C = an,n + aen,w
\

Then consider the following sequence in £,

{w7 C2,27 C3,27 <3,37 ceey Cn,na 2<TL,7L7 ceey an,na 02,27 03,27 93,37 ceey en,na 28n,n7 ceey a‘en,na <}

This is a desirable sequence for lemma 7.3.1 in type A,, by equations above.

* Type Ds,1: Label the vertices of the Dynkin diagram of D5, as following

2n+1
We still denote each weight v = > k;«; by a (2n+ 1)-tuple (kq, ko, ..., kan, kont1). Then
i=1

we have the list of fundamental weights as (2n + 1)-tuples

2n—1 2n+1 2n—1
N 2 b 4 b 4 )7
2n—1 2n—1 2n+1
2 7 4 7 4

),

wi=(1,2,.i— 1,0 z%%) 1<i<2n—1.



In this type, we have wq transforms as,,, g, + 1 INtO —v9, 11, —Qra, and acts as —1 on other

simple roots. Then we have wy(w;) = —w; for 1 < ¢ < 2n — 1. Therefore, we want the

2n—1
dominant weight v, to lie in > Z>ow;.
i=1

Now we give the construction of the sequence {v1, ..., . }. First set vy 1= w + S9,11(w).
For any Weight V= (]{31, kg, . k2n+1), we have 82n+1(l/> = (lfl, ]{527 . ]CQn_l, k?gn, k2n—1 —

kon+1). Thus for fundamental weights, we have

Want1 + Sont1(Want1) = Wan—1,
Wi+ Sons1(ws) = 2w;, 1 # 2n+ 1.

2n

Therefore, we have vy € ) Zsow; is dominant. By theorem 2.7.4, we have v; = w +
i=1

Sopt1(w) € X(w,w) C L.
Then we set vy := vy + So, (v ). For any weight v = (ky, ko, ..., kony1), We have s9, (1) =

(k1, k2, .oy kon_1, kon—1 — kan, kony1). Thus for fundamental weights, we have

Wan, + Son(Won) = wop—1,
wi + Son(wi) = 2w, 0 F# 2n.

2n 2n—1

Since vy € ) Zsow;, we have vy € Y Zsow; is dominant. By theorem 2.7.4 we have
i=1 i=1
2n—1

Vo =11+ Son(11) € X(v1,11) C L. Since vy € Y Zsow;, we have wy(12) = —1» by our
=1

computations before. Therefore, we have {14, 15} is a desirable sequence for lemma 7.3.1

in type Do, 1.
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7.5 Reductive case and Comparison

The definition of perfect submonoids was originally given by Vinberg in [Vin95, §1].
Vinberg used this definition to develope his classification of reductive algebraic monoids. All
algebraic monoids in this subection are assumed to be linear and irreducible.

Let G be a connected reductive algebraic group with a maximal torus 7". The natural action

of G x G on K|[G] induces [KW84, 11.3.1 Satz 3]

KlGl= @& K[G,

AEX(T)
where K[G]) ~ L(\)* @ L(\) is the linear space spanned by matrix entries of L(\). Every (G X
G7)-stable subspace of K[G] has the form of K[G], = )\Q}L K|G], for some subset £ of X (7).
€
Let M be a reductive monoid with unit group G. Then K[M] is a G x G-stable subalgebra of
K|[G]. By checking the multiplication of K[M], we have K[M| = K[G]; where £ is a perfect

submonoid of X} (7). Vinberg gave a description of reductive monoids with unit group G.

Theorem 7.5.1. [Vin95, Theorem 1] A submonoid £ of X (T) defines an algebraic monoid M

with unit group G, if and only if L is perfect, finitely generated and generating X*(T') as a group.

Moreover, based on the fact that every algebraic monoid admits a normalization [Re05,
Proposition 3.15], Vinberg gave a classification of normal reductive monoids in [Vin95, Theorem
2]. This classification is important in Vinberg’s construction of Vinberg monoids in [Vin95,
Theorem 5].

By [KKDS73, Lemma 1.1], if £ is perfect, finitely generated and generates X*(7') as
a group, then the reductive monoid M defined by £ is normal if and only if L C X*(T) is
saturated in the following sense.
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Definition 7.5.2. [KKDS73, Definition 1.2] Let £ be a subset of X*(7"). Suppose that for any
A € X*(T), if there is an integer n > 1 such that n\ € £, then A € L. Then £ is called

saturated.

Remark 7.5.3. Note this definition is different from the definition of saturated in section 2.7.
For example, let A be a dominant weight. The subset I[1(2\) C X*(7T') is not always saturated in
the sense of Definition 7.5.2 since A may not be in II(2)). In this section we are always using the

definition from [KKDS73].

Therefore, Vinberg’s results give a characterization for perfect submonoids of X (T") which
are finitely generated, saturated and generates X*(7") as a group. Then we compare our results
with Vinberg’s results on perfect submonoids of dominant weights.

We first consider the case where G is semisimple. Let G*¢ be the simply connected cover
of G with a maximal torus 7%¢, and X = {1, 2, ..., n} be the index set of the quasi-simple factors

of G*.

Lemma 7.5.4. Suppose that G is a connected semisimple group. The perfect submonoids of

X3 (T) are all finitely generated.

Proof. Recall our results in section 7.3, every perfect submonoid £ of X7 (7") with component
support Xy C X can be viewed as a perfect submonoid of X7 (7*¢)y, with full component
support. Therefore, we may assume that GG is simply connected and £ has full component
support. Then £ = £ N X*(T), where £ is a sublattice of X*(7') containing @, by theorem
1.5.1. Therefore, we have £ is the set of dominant weights of a connected semisimple group G’

with simply connected cover GG. Thus £ is clearly finitely generated. [
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Therefore, our result differs from Vinberg’s theorem in the sense that, we do not assume
that £ is saturated or generates X *(7") as a group. Actually, these two conditions do not hold in
general. In conclusion, our results give a complete characterization of all perfect submonoids of
dominant weights in semisimple case.

Next we assume that G is reductive but not semisimple. Let GG be its derived subgroup and
ZY be its connected center. Fix a Borel subgroup B = TU of G. Let T, = T N G, be a maximal

torus of Gy. Since T is an almost direct product of T, and Z°, there is an natural embedding
i X*(T) — X*(Ty) @ X*(2°)

given by restrictions. Therefore, we identify each dominant weight A € X% (7") with a pair
i(\) = (w,v), where 1 = Ng, € X5(Tp) and v = Az € X7 (Z°). Then we naturally relate

perfect submonoids of X (T) to perfect submonoids of X% (Ty) @ X7 (Z°).

Proposition 7.5.5. The perfect submonoids of X (T) are exactly the perfect submonoids of

X (To) B X3 (Z°) contained in the image of i - X*(T') — X*(Tp) @ X*(2°).

Proof. 1tis clear that the embedding ¢ gives a 1-1 correspondence between submonoids of X (T')
with submonoids of X (Tp) @ X (Z°) contained in Im(¢). It remains to show that £ C X7 (T')
is perfect if and only if i(£) C X (Tp) D X% (Z°) is perfect.

Let (p1,v1) = i(A1) and (2, v9) = i(\2) be arbitrary. We have

X (1, n), (p2,v2)) = {( 1 +va) | 1 € X (pa, pa) € XZ(To)}-

By lemma 2.7.2 and the fact that the simple roots of G are exactly the simple roots of G, we

have

(X (A, A0)) = {(\lm> 1 + 12) | A € X(A1, M)}
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Now we consider the tensor product decomposition

LAMQLO) = @ L),
AEX (A1,A2)

We know that L(\) = {f € K[G] | f(tg) = A(t)f(g9),Vt € T, g € G}. By restricting on G, we
have L(\)|g, is clearly a nontrivial Gp-module. Let i(\) = (u, v), which means A|7, = p. Then
by decomposing L(\)|¢, into a direct sum of irreducible G-modules, we have L(\) = Lo(u)®*
for some positive integer a,, where Lg() denotes the irreducible Go-module with highest weight

1. Therefore, the restriction of above equation on G gives

Lo(p1)®™ @ Lo(p2) ™2 = D Lo (jp) e,
M:>\|T07)\€X(/\1,)\2)

Recall the tensor product decomposition of GGp-modules

Lo() @ Lo(pa) = @ Lo(p)®minra,

REX (p1,142)

By comparing the direct summands of the right hand side of two equations, we have {\|, |
A € X(A1,A2)} = X (4u, p2). From this we know X ((u1,11), (p2,v2)) = i(X (A1, A2)). Then
X ((p1,11), (2, 12)) C i(L) is equivalent to X (A1, A2) C £. Therefore, we have £ C X7 (T) is

perfect if and only if i(£) C X7 (Ty) € X (Z°) is perfect and the proposition is proved. O

Now Let £ be a submonoid of X% (7,) @ X7 (Z°) and prz(£) be the projection of £ to

X% (Z°). One can write £ as

L= U {wv) | pell,

veprz (L)
where £, := {u € X3 (Ty) | (1, v) € £}. In general, perfect submonoids of X (1) @ X7 (Z°)
could be complicated when G is reductive but not semisimple. To see that, we consider the

following example when £, = {0}.
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Example 7.5.6. Construct the perfect submonoid £ of X (Tp) @ X (Z°) as following.
Let prz(£) be Zsov, where v is nonzero in X7 (Z"). Construct £;, (i € Z>¢) inductively.
For i = 0, let £, = {0}. Suppose we have already constructed £;, for ¢ < m. Fori = m, we

take an arbitrary subet X, of X7} (7") and construct £,,, as

m—1

Lmu — ( kgl X(Lk,,, L(m—k)u)) UXma

where X (L, £(m—k)) denotes the union of sets X (A, i) forall A € Ly, and v € Lp—pyo.

We check the perfectness of £. Let (u1, iv), (u2, jv) be any two dominant weights in £. By
our discussion in Proposition 7.5.5, every dominant weight in X ((ul, i), (pz, j 1/)) has the form
of (, (i + j)v) for some pu € X (pu1, po) C X (L4, £5,). By our construction above, p € £i+j),
and thus (,u, (147 )1/) € L. Then £ is perfect. Since X, are all arbitrarily chosen, it is difficult

to characterize such L.
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