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Abstract

In this paper we extend Choquet’s result to obtain a recursive pro-
cedure for the computation of the underlying event-space probability
law for Discrete Random Sets, based on Choquet’s capacity functional.
This is an important result, because it paves the way for the solution of
statistical inference problems for Discrete Randomn Sets. As an exam-
ple, we consider the Discrete Boolean Random Set with Radial Convex
Primary Grains model, compute its capacity functional, and use our
procedure to obtain a recursive solution to the problem of M-ary MAP
hypothesis testing for the given model. The same procedure can be
applied to the problem of ML model fitting. Various important prob-
ability functionals are computed in the process of obtaining the above
results.
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1 Introduction

Statistical inference techniques similar to maximum likelihood, or maximum
a posteriori, are practically non-existent in Random Set theory [2]. This is
due to inherent analytical difficulties, and the fact that, despite its use-
fulness, Random Set theory has been largely inaccessible to wide-ranging
audiences. In this paper, we consider Discrete Random Sets and present a
result that establishes a vital link between Discrete Random Set theory and
standard existing Statistical Inference techniques. Discrete Random Sets
have a very strong potential for applications in the areas of Machine Vision
and Image Modeling and Understanding.

The rest of this paper is organized as follows. Section (2) formalizes the
notion of a Discrete Random Set, and presents the discrete-case equivalent
of Choquet’s theorem. Section (3) presents the main result. Section (4) de-
fines the Discrete Boolean Random Set with Radial Convex Primary Grains
model, and its capacity functional is computed in section (5). Sections (6)
and (7) contain applications to the problems of M-ary MAP hypothesis test-
ing, and ML model fitting, respectively. Finally, section (8) contains some
concluding remarks.

2 Discrete Random Sets

Definition 1 Let B be a bounded subset of Z2. Assume that B contains the
origin. Let ¥©(B) denote the power set (i.e. the set of all subsets) of B. A
Discrete Random Set (DRS), X, on B C Z2, is a measurable mapping
of a probability space (2, £(R), P) into the measurable space (B, X(B)).

Definition 2 The capacity functional, Tx(K), ofa DRS X, on B C 22,
is defined by
Tx(K)=Px(XNK#0), KeX(B)

The capacity functional Tx (K), for all ' € ¥(B), contains all the informa-
tion about the DRS X.

Theorem 1 [2, Choquet] Given Tx(K), VK € T(B), there erists a unique
probability measure, Px, on X(B), such that

Px(XNK #0)=Tx(K), VK € X(B)



Proof: The theorem is valid for Random Sets defined on R?, and for all
compact subsets of R2. Since 22 C R?, and all subsets of Z2 are both open
and closed (topologically), the validity of the theorem for the discrete case
follows. Briefly, Discrete Random Sets are a special case of Random Sets,
defined on the integer coordinate grid. Therefore, by Choquet’s theorem,
the probability measure on X(B) is uniquely determined by the knowledge
of hit probabilities over the entire collection of compact subsets of R2. The
hit probability of any particular compact subset, K C R? is uniquely de-
termined by the hit probability of K N B C B. Therefore, given the hit
probabilities of all subsets of B, the probability measure on X( B) is uniquely
determined.

3 Probability functionals

Let K,K;, -, K, be n + 1 elements of the event space X(B), and define
the following probability functionals

Txn(K,Ki,K2,--+, K,)=Px(XNK=0AND XNK,#0 AND --.
-« AND XN K, #9)
i.e.
Txn(K,Ki,Ks,---,K,) = Px(X misses K AND X hits Ky AND ...
.+« AND X hits K,)

Since the event space, ¥(B), is countable, using Bayes rule we have
Px(X misses K AND X misses K,, AND X hits K, through K,_1) =

Px(X misses K, | X misses K AND X hits Ky through K, _1)-
-Px (X misses K AND X hits Ky through K,_1) =
=[1 - Px(X hits K, | X misses K AND X hits K, through K,_1)]-
-Px(X misses K AND X hits Ky through K, ;) =
= Px(X misses K AND X hits K, through K,_,)—
Px(X misses K AND X hits K, through K,,)

Nt
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Therefore
1-‘X,n—l(I( U I(rn I(l, Tty I(n—l) = I1)(,"1—1(1(’ I(h tC I(n-—l)"'

Cx (K, K1, Kp)

and reorganizing
rX,n(I(a I(l, Tty I(n) = I‘X,n—l(I('; I(h Ty I('n—l)_

I“X,n—l(-K' U KnyI(h Tty I(n-—l)

with
Txo(K)=1-Tx(K)=Qx(K)2>0

We remark that for all n > 0, and any collection, K, Ky,:--, Ky, of n +1
elements of the event space L(B), Tx n(K, Ky,- -+, K») > 0, because it is a
probability which can be recursively computed using Bayes rule.

For reasons that will soon become apparent, the recursion obtained above
is a very interesting result. It implies that, given Tx(K), for all K € X(B),
we can recursively compute various important probability functionals. In

particular, let
K=U"{p}, K=B-K

then
PX(X = I() = I‘X,n(I(c’ {p1}7 {pZ}a ) {pn})

Therefore, given any observation set (event) K € I(B), we can recursively
compute the probability of this event. Theorem 1 guarantees that, given
Tx(K) for all K € X(B) there exists a unique probability law Px on I(B),
but here we claim even more: the unique probability law can be re-
cursively obtained, i.e. we can infer the underlying distribution
on X(B)! This is a striking result, especially because it is valid for any
Discrete Random Set model! Its implications are significant, because, for
example, all statistical inference problems involving Discrete Random Sets
whose capacity functional can be specified are essentially solved! We note,
however, that the cost of recursively deriving the underlying probability law
on X(B) is high. In section (6.1) it is shown that the number of operations
needed to determine the probability of any event K € X(B) is 0(2X1). The
power set itself, $(B), has O(2/P!) elements. Therefore, the overall num-
ber of operations needed to find Px(X = K), VK € X(B), is 0(22B1),
Furthermore, this result does not carry over to the continous case.



Another important quantity that can be computed is the so-called cover-
ing probability, which can be shown to be given by the following closed-form
expression {2, p.8]

Rx(K)= Px(K C X)

= 1= Txaalpih o)y (i)

i=1

Again, this formula is valid for any Discrete Random Set model.

4 The Boolean RS with Radial Convex Primary
Grains model

The Boolean random set is an important and relatively simple example of
a random set. Its importance stems from two principal considerations: its
analytical tractability and its power in modeling many real-life applications.
Despite its simplicity, it has many interesting properties, and, in fact, there
are many unanswered questions [6, p65]. A Boolean model is a basic model
in stereology and stochastic geometry [6,3,5,1]. Typical applications include:
random clumping of dust, or powder particles, or blood cells; modeling of
geological structures, patterns in photographic emulsion, colloids in gel form,
and structural inhomogeneities in amorphous matter [6, p68, and references
therein].

Here, we consider a restricted version of the discrete case analog of the
Boolean random set, the discrete Boolean random set with radial convez pri-
mary grains. This version is still powerfull enough to model many real-life
applications, yet restricted enough to allow for the analysis and design of
efficient algorithms for the statistical inference of various model parameters.
Recently, this version has been successfully used to model the degradation
process in an attempt to derive the “optimal” reconstruction filters for com-
munication of morphologically coded images [4].

The discrete “analog” of a planar Poisson Point Process (PPP), ¥, ob-
served through a bounded Borel window, B, is defined in what follows.

Definition 3 Let B be a bounded subset of Z2. Assume that B contains
the origin. Let ¥(B) denote the power set (i.e. the set of all subsets) of B.
A Discrete Point Process (DPP), ¥, on B, is a measurable mapping of
a probability space (2, (), P) into the measurable space (B, X(B)).



Observe that the DPP definition is identical to the DRS definition. In the
discrete case (at least in principle) there is no distinction between random
point processes and random sets; in fact discrete random sets are discrete
random point processes, because the regularity conditions are automatically
satisfied here (discrete random sets are locally finite and simple). Informally,
¥ can be thought of as a random pattern of points scattered over B. The
continous case PPP can be derived from a generalization of the continous
case Binomial Point Process {6, pp36-38], by using a limiting argument.
Alternatively, the continous case PPP can also be derived from a general-
ization of the Bernoulli Lattice Process (BLP) [6, pp40-42], again by using
a limiting argument. This, then, is the correct discrete-case analog of the
PPP.

Definition 4 A Generalized Bernoulli Lattice Process (GBLP), ¥,
on B, is a discrete point process on B which is constructively defined in
the following manner. Each point x € B is contained in ¥ with probability
pAs(z), independently of all others. Here, p € (0,1] and A,(z) € [0,1], Vz €
B.

Clearly, the GBLP enjoys the independent scattering property, i.e. the
number of points that fall on n disjoint subsets of B form n independent
random variables.

Definition 5 The dilation, X ® H?, of a set X C Z2%, by a structuring
element H C Z?, is defined as

XoH =] X={z€2*3H.nX £}
heH

In the discrete case the notion of size is formalized via the operation of set
dilation

_ | {0}oHoH®---® H, (rdilations) ,r=1,2,...
TH‘{ ) 2o @

Let H be a nonempty, bounded, and convex subset of B, which contains
the origin, and H ¢ B' C B, |H| << |B'| << |B|. We have the following
definition.

Definition 6 LetV be a GBLP on B with parameters (p, A;). Let {G1,G2,- - -
be a set of nonempty, bounded and convez i.i.d. discrete RS’s, on B' C B,



|B’| << |B|, each given by G; = R;H, where {Ry, R3,---} form an i.i.d. se-
quence of Z.-valued r.v.’s which is independent of ¥, R; < R, Vi, and each
R; is distributed according to the pmf fr(r), which is compactly supported
on {0,1,...,R}. Define

X= | Gio{u}

1=1,2,...

where ¥ = {y1,y2,---}. Then X will be called a Discrete Radial Boolean
RS (DRBRS) , with parameters (p,As, H, fr), and will be denoted by
(ps As, H, fR)-DRBRS. The points {y1,¥y2,-- -} are called the germs, and the
RS’s {Gy,G2,- -} are called the primary grains of the RS X.

Strictly speaking, X is not a radial random set (for example, it does not nec-
essarily contain the origin). Nevertheless, with some abuse of terminology,
we shall call the resulting discrete Boolean RS a Discrete Radial Boolean
RS (DRBRS), to emphasize the nature of the underlying grain process. A
typical realization of a DRBRS is given in figure (1).

Given the result of the previous section, one would be interested in ob-
taining the capacity functional for the model at hand. We proceed to do
this in the section that follows.

5 Capacity functional for the DRBRS model

Let K be any subset of B C Z2. We want to compute Tx(K) = Px(XNK #
0). Observe that the only points (germ locations) that can give rise to a
primary grain that hits I are the ones in the set K @ RH?*, as depicted in
figure (Zy. Consider

Qx(K)=1-Tx(K)= Px(XNnK =)
and define
d¥ (2, K) = mingek||z — kl|g

where
Iz — kl|lg = min{n > 0 | ({2} & nH) N {k} # 0}

Observe that for z € K, d¥(2,K) = 0, since H contains the origin. We
remark that d(2, K), as defined above, is a digital uniform step metric,
which is a generalization of the digital Housdorff metric. For a proof of the



Figure 1: Realization of a DRBRS. Here, the primary grain is a discrete
CIRCLE (see figure 3)
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Figure 2: A set K C B, and its dilation K @ RH*®

fact that df(z, K) is indeed a metric, refer to [7]. With this notation in
place, we now have

Qx(K)= II [a-pA()+PA(2)Fr(d(z,K)-1)]  (2)
2€EK®RH*

where

Fa(m) =3 fa(l)
=0

and Fr(—1) = 0, by convention. Therefore, for a (p, A, H, fr)-DRBRS X,
on B, and any K € X(B)

Tx(K)=1- JI [@-pa()+PA(2)Fr(@(z,K)-1)]  (3)
zeK@RH*

6 M-ary MAP Hypothesis Testing for DRBRS
models

Consider the following M-ary Hypothesis Testing problem
under H;: X ~ (pW, A0, HD f9Y_DRBRS, forj=0,1,---,M-1

8



Observe that the primary grain, H, is allowed to vary along the ensemble of
hypotheses. Let K € X(B) be the observed event (subset of the observation
window, B). Let 7; denote the prior probability of hypothesis-j. The MAP
rule for this problem is given by

d(K) = arg maz; m;P;{(X = K)

According to our results, P;(X = K) can be recursively computed. There-
fore, the products 7;P;(X = K), j =0,1,---, M — 1 can be computed, and
the maximizing j can be picked. This results in an optimal (in the MAP
sense) testing procedure. But what is the cost of optimality?

6.1 Computational Complexity of the MAP rule

Let K € X(B) be the observed event. Let n = |K|. Let T'(n) denote
execution time, and let W(n) denote workload (overall number of operations
involved) associated with the computation of P;(X = K), for some j. From
the recursion for I'x ,, we have

T(n)=T(n-1)+ 1 T(n) = O(n)

W(n)=2W(n-1)+ 1~ W(n) = 0(2") (exponential)

Assuming that the number of hypotheses, M, is a constant, the total time
and workload resources needed for the selection of the maximizing j observe
the same asymptotics as above. Therefore, the selection process is very
costly when implemented on a sequential machine, because in this case the
run time is given by W(n), and, hence, it is exponential. On the other hand,
if one fully exploits the inherent parallelism of the recursion (i.e. recursively,
simultaneously compute both subexpressions) then one can come up with a
run time which is linear in | K| (this requires the use of a parallel machine).

7 ML Model Fitting

A similar problem arises when one is presented with an observation (realiza-
tion of a DRS), K € X(B), and tries to fit a model to the observation, i.e.
tries to find a statistical model that best matches the observation, in some
sense. It is usually the case that one has no a priori knowledge about the
underlying process, and no indication about the building blocks (or struc-
turing elements, or primary grains) used to construct the observation. One
possible approach to this problem is outlined in what follows.
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Figure 3: Some commonly used discrete structuring elements

Pick a sufficiently large collection of hypotheses, {H;}, of the form
under Hi: X ~ (p@,20), HG), 19y _ DRBRS

where p(j),)\gj), f,(-g) are estimated from the data (using empirical point
counts and size distributions), and the collection of structuring elements,
HG) is chosen to be sufficiently large to include all plausible standard dis-
crete structuring elements (e.g. octagon, square, rhombus, triangle, etc, see
figure () for some commonly used discrete structuring elements). Then pick
the model corresponding to hypothesis Hj+, which maximizes P;(X = K),
as the model that best matches the observations.

8 Conclusions

We have extended Choquet’s capacity theorem for the case of Discrete Ran-
dom Sets, and we have shown that, given the capacity functional, the un-
derlying event-space probability law can be recursively infered. The cost of
such an inference procedure is exponential in the size of the observation win-
dow. As an example of the utility of our results, we considered applications
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to the problem of statistical inference for a certain class of Discrete Boolean
Random Sets. Many more applications are currently under investigation.
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