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Abstract

The purpose of this paper is to develop a framework for designing controllers
for finite state systems which are robust with respect to uncertainties. A determin-
istic model for uncertainties is introduced, leading to a dynamic game formulation
of the robust control problem. This problem is solved using an appropriate infor-
mation state. A risk-sensitive stochastic control problem is formulated and solved
for Hidden Markov Models, corresponding to situations where the model for the
uncertainties is stochastic. The two problems are related using small noise limits.
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1 Introduction

A finite state machine (FSM) is a discrete—time system defined by the model

Tprr = f(@n, ug),
(1.1)
Yk+1 = g(xk)7 k:O717"'7M7
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where the state x evolves in a finite set X, and the control u; and output y, take values
in finite sets U and Y, respectively. These sets have n, m, and p elements, respectively.
The behavior of the FSM is described by a state transition map f : X x U — X and an
output map g : X — Y.

FSM models, together with accompanying optimal control problems, have been used
widely in applications. However, it is typically the case that deterministic treatments of
such problems do not specifically deal with disturbances, e.g., as arising from modelling
errors, sensor noise, etc. In this paper we propose and solve a general robust control prob-
lem for FSMs, paralleling the framework that has been developed for linear systems (e.g.
Doyle et al [2]). The approach we adopt is motivated by [6], [7]. We thus develop a general
framework for robust output feedback control of FSMs which specifically incorporates a
deterministic model for disturbances and their effects.

Hidden Markov Models (HMM) are a different but closely related class of models, and
numerous filtering, estimation, and control problems for them have been proposed and
employed in applications. These models use a probabilistic description of disturbances.
However, the majority of applications to date use a risk-neutral stochastic optimal control
formulation. It is clear from the work of Jacobson [4], Whittle [11] and others that a
controller more conservative than the risk-neutral one can be very useful. Indeed, it is
well known that risk-sensitive controllers are very closely related to robust controllers,
see [2], [6]. Here, we formulate and solve such a risk-sensitive stochastic optimal control
problem for HMMs. Our solution, which is interesting in itself, leads us to the solution of
the robust control problem for FSMs mentioned above. This is achieved by using a HMM
which is designed to be a small random perturbation of the FSM (1.1), and employing
large deviation limits as in [6]. It is possible to solve the robust control problem directly
using an appropriate information state, once it is known, as in [7] (the large deviation
limit identifies an information state).

The robust control problem for FSMs is formulated in §2; this entails defining a de-
terministic disturbance mechanism with associated cost functions. In §3, a stochastic
disturbance model and a risk-sensitive control problem are defined. The risk-sensitive
problem is solved, and a small noise limit is evaluated and used in §4 to solve the robust
control problem of §2.

2 Formulation of the Robust Control Problem

2.1 Deterministic Perturbation

The FSM model (1.1) predicts that if the current state is x and a control input u is
applied, the next state will be ' = f(z, u). However, a disturbance may affect the actual
system and result in a transfer to a state x” # 2’ instead. Similarly, the model predicts
the next output to be y' = g(z), whereas a disturbance may cause an output y” # y' to be



observed. Additionally, the initial state o may be unknown, and consequently we shall
regard it as a disturbance.

We model the influence of disturbances as follows. Consider the following F'SM model
with two additional (disturbance) inputs w and v:

Tp41 = b(l'k,uk,Wk),
(2.1)
Yk+1 = h(a:k,vk), kZO,l,...,M,

where, wy and vy take values in finite sets W and V respectively, and as in (1.1), 24, € X,
yr €Y, u € U. Thus 2" = b(z, u, w) for some w € W, and 3" = h(z,v) for some v € V.

The functions b: X x U X W — X and h : X X V — Y are required to satisfy the
following consistency conditions:

there exists wy € W such that
(2.2)
b(z,u,wp) = f(x,u) forall z € X;ue U,

there exists vy € V such that
(2.3)
h(z,vy) = g(x) for all z € X.

The symbols wy and vy [8] play the role of “zero inputs”, so that when no disturbances
are present (i.e. wy = wy, and vy = vy), the behavior of (2.1) is the same as (1.1).

We will assume that there exists a null control uy € U and an equilibrium or rest state
xg € X such that

zg = f(wg,up).

The set of possible initial states is denoted Ny C X, and assumed to contain xy, while
the set of possible future states for the disturbance model (2.1) is

Nx(z,u) = {b(z,u,w) : we W} C X,
and the corresponding set of possible future outputs is
Ny(z) ={h(z,v) : veV} CY.

These sets can be thought of as “neighborhoods” of the nominal future values f(x,u),
g(x), and are determined by the maps b and h. These can be designed as appropriate for
the application at hand.



2.2 Cost Functions

To quantify the effect of the disturbances, a measure of their “sizes” is required. To this
end, one specifies functions

P  WXxXxU—-R, ¢,:VxX—-R, [:X—=>R,
with the following properties:
bu(wp; x,u) =0 for all x € X, u € U,

(2.4)
Ow(w;z,u) >0 for all w # wy € W,z € X, u € U,

bw(vp; ) =0 for all x € X,
(2.5)

bp(v;z) >0 forallv #vy € Vo € X,u € U,
and

B(zy) = 0,

(2.6) +oo > () > 0 for all zy # x5 € Ny,

B(xg) = +oo for all g & Ny,

We think of ¢, (w;x,u) as the magnitude of the disturbance w as it affects the sys-
tem when it is in state x with control u applied, and ¢,(v;x) as the magnitude of the
disturbance v when in state x. Of course, null disturbances are assigned zero cost. The
cost function (3 specifies the amount of uncertainty regarding the initial state. The two
extreme choices are (i) 3(zo) = 0 for all 25 € X (high uncertainty), and (ii) 5(z¢) = —dp
(certainty), where

0 if z =2,
(Sx/ (IL‘) =
—oo ifx # 2.

Associated with these cost functions are quantities which define the optimal cost of

transfering from z to 2" and the optimal cost of producing the output 3”. These quantities

will be used in the solution of the robust control problem below. They are defined by
Uz, z";u) 2 min,ecw {¢w(w; z,u) : 2" =b(x,u, w)},
(2.7)
Via,y") £ miney {¢,(v;2) : y" = h(z,v)}.
We adopt the convention that the minimum over an empty set equals +o00. Thus U and
V' are extended real valued functions. Note that

Uz, f(z,u);u) = 0 forallze X ueU,
Ulz,b(z,u,w);u) > 0 forallw#wye W,z e X ueU,
Ulz,2";u) = oo if 2" & Nx(z,u).
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and
V(z,g(z)) = 0 forallzeX,

V(z,h(z,v)) > 0 forallv#uv € V,zeX,

V(z,y") = +oo if y”" & Ny (x).

2.3 Robust Control

As part of the problem specification, one defines an additional output quantity

(28) Zk+1 = Z(xk,uk),

where 2, takes values in a finite set Z, and ¢ : X x U — Z. We assume there exists a
specific null element zy € Z such that

(2.9) U(zp,up) = zp-

A cost function for this output is also specified, with the properties
¢ (Z@) = 0,

(2.10)

$.(z) > 0 forall z € Z.

The output quantity z and its associated cost function ¢, encode the performance ob-
jective of the problem at hand. To summarize, the complete system is described by the
equations

Trr1 = b(xk, ug, w),

(2.11) Zipr = (g, up),

Yk+1 = h(a:k,vk), kZO,l,...,M.

The state variable xj is not measured directly, and so the controller must make use
of information available in the output signal y4; i.e., the controller must be an output
feedback controller. We denote by Oy the set of non-anticipating control policies defined
on the interval [k, []; i.e., those controls for which there exist functions @, : Y/=*! — U
such that u; = @;(y41,;) for each j € [k, 1].

The output feedback robust control problem we wish to solve is the following: given
7 > 0 and a finite time interval [0, M] find an output feedback controller u € Qg ps—1 such
that

(2.12) > bu(zmgr) < Blxo) +7 Y (Puwlwis xp, ur) + ¢y (vis x1))

for all (w,v) € WM x VM 7, € X.

Remark 2.1 The formulation of this problem is similar to the H., problem in the time
domain for nonlinear systems [7], motivated by the formulation for linear systems [2].



2.4 Dynamic Game

The robust control problem formulated above can be recast as a dynamic game problem,
see, e.g., [7] and the references contained therein. The payoff function for a controller
u € Opar1 (player 1) and disturbances (w, v, x9) € W x VM x X (player 2) is given by

M—-1

—B(wo) + Z G2 (2k11) — ¥ (Puw (Wrs Thy uk) + b (Ve 1)) -

k=0

J’Y(u, w, v, xU) é

We consider the upper game for this payoff given the dynamics (2.1). Define

A
J7 = I |
(U) (waU)EHVI\?‘]\}/f{xVM gg% { ('LL, w, v, 1'0)}
The bound
(2.13) 0 < J'(u) < Mmaxe.(z)
FAS

is readily verified. The dynamic game problem is to find an output feedback controller
u* € Opar—1 such that

(2.14) J'(u*) = min J7(u).
u€Oo,pmr—1

Then if

(2.15) J(u*) = 0,

the robust control objective (2.12) is achieved.

We will solve this dynamic game problem in §4.

2.5 State Feedback Robust Control

For completeness and clarity, we consider now the solution of the robust control problem
in the special case where complete state information is available. In this case, g(z) = «
and h(z,v) = =z, so that yx1 = =z, for all k, and Op; = S, the class of U-valued
non-anticipating functions of the state xy.

The state feedback robust control problem is to find a controller u € Sy a1 such that

M-1 M-1

(2.16) > d(2h11) VY Gulwis e, ug)

IN

for all w € WM, given zy = x5, and v > 0.

The equivalent dynamic game problem is to find u* € Sy a1 such that

(2.17) J'(u*) = min J'(u) = 0,

u€Sy M1



where now

M-1
A
J7 — z - w ; ) : = :
(u) wfen‘%/XM{kz:% Oz (2h+1) — YPuw (Wi Ty )+ To 95(0}
Note that
(2.18) 0 < J'(u) < Mmazxqﬁz(z).
zE

The upper value function for this game is defined by

2

M—-1
(219)  Fi(@) £ min max {zqﬁz(zm)—m(wl;xl,uo:xkzx},
=k

uESE M1 weWM—k

and the corresponding dynamic programming equation is

fl:(x) = min,ey MaX,cw {flz-i-l(b(x? u, w)) + d)z(€($, u)) - 7¢w(w; €, u)}
(2.20)

fu(x) = 0.

Theorem 2.2 (Necessity) Assume that u® € Sy a1 solves the state feedback robust con-
trol problem. Then there exists a solution f7 to the dynamic programming equation (2.20)
such that f;(z) >0, fJ(xg) = 0. (Sufficiency) Assume that there exists a solution f7 of
the dynamic programming equation (2.20) such that f)(x) > 0, fJ(zp) = 0. Let ()
be the control value achieving the minimum in (2.20). Then @} (x) is a state feedback
controller which solves the state feedback robust control problem (2.16).

PRrOOF. For z € X, k € [0, M] define f(x) by (2.19). Then we have

0 < filx) < Ba),

for some constant 3(z) depending on M. By dynamic programming f7 solves equation
(2.20). By definition, )
fo(ze) < J7(w) <0,

and so fg (zgp) = 0. This proves the necessity part.

As for sufficiency, standard dynamic programming arguments and the hypotheses im-
ply that )
0 = fi(ze) = J7(u").

Therefore by (2.17) we see that u* solves the state feedback robust control problem.

3 A Risk—Sensitive Stochastic Control Problem

In this section we formulate and solve a risk-sensitive stochastic control problem for Hid-
den Markov Models (HMM). While the particular HMM treated is a random perturbation
of the FSM (1.1), [5], the method applies more generally.
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3.1 Random Perturbation

The random perturbation defined below is a stochastic analog of the deterministic per-
turbation introduced in §2, and indeed much of the notation from §2 will be used here.

A controlled Hidden Markov Model consists of an X valued controlled Markov chain
x}, together with a Y valued output process y;, whose behavior is determined by a state
transition matrix A°(u) and an output probability matrix B¢(x) [9]. These matrices are
defined by their components

A% () g g £ Ziu exp (—%U(x,x”; u)) ,

z,

(3.1)
A
Bi()y = gexp (~1V(ay"),

where the functions U and V" are defined by (2.7), and the normalizing constants Z; , and
Z: are chosen so that

Z Ag(u)m,m” = 1, Z Bs(a?)yu = 1.

z"eX y'eY

Similarly, an initial distribution can be defined by

Ziﬁo exp (—%ﬁ(mo)) .

(3.2) p*(x0) =

Thus
w [ .€ o _ _ _ €
P (xk+1 =T |$k =T, T0,k—1, Uk = U, uU,kfl) = A (U)w,w”a

and pu (y;:;«kl = y” | Ty = LL‘) = BE(.’I))yu,

where P is the probability distribution on XM+! x YM defined by a control policy
u € OgyM,li
Pu(xoyM’yl,M) = HiM:BIAE(uk)évk,xkﬂBs(xk)ykﬂpg(xo)

The HMM (3.1) satisfies the consistency conditions

lim A*(u) = A(u), limB°(z) = B(z),

e—0 e—0
where
1 ifa" = f(z,u),
A(u)x,xu =
0 it 2" £ f(x,u),
1 ify" = g(x),
B(x)y” =

0 if y" # g(x).



If § has a unique minimum at xy, then

lim p*(20) = p(z0),

e—0

where
1 if To = Ty,

plxo) =
0 if xg # .

Thus if z; — zp, we have
(0,00 Y1,00) = (To,0r5 Y1,m1)

in probability as ¢ — 0, where (2o, y1,a7) are the state and output paths for the FSM
with the same control policy and initial condition. Therefore the HMM (3.1) is indeed a
random perturbation of the FSM (1.1).

The probability distribution P* is equivalent to a distribution PT under which {y;}
is iid uniformly distributed on Y, independent of {z%}, and {z5} is a controlled Markov
chain as above:

Pz, vi) = 5 (A7 (0k)ay 0y, 5) 97 (20),

where p here denotes the number of outputs. Note that

dPu € A € £ €
ka = A = Hleq; (xlflayl)a

where N
Ve (z,y") = pB(x)yr,
and Gy, is the filtration generated by (x5, yi ).

3.2 Cost

The cost function is defined for admissible u € Oy ps—1 by
1 M-1
(3.3) ) = B fesp 3 6 (Uaf, )
1=0

and the output feedback risk-sensitive stochastic control problem for the HMM (3.1) is to
find u* € O ar—1 such that

JYE(u*) =  min  J7(u).
’U/EOO,M71
In terms of the reference measure, the cost can be expressed as

M-1

(3.4) ) = BN e — 3 b, (05 u)] -
7 =0



3.3 Information State

Following [6], we define an information state process 0;° € R" by the relation

k—1

£ 1 € €
(3.5) o) (z) = ET Tiys =0} eXP% b (a7, w)) AL | Vil
1=0

where Y, is the filtration generated by the observation process yi ;, and 07 (7) = I{z—z}-

The evolution of this process is determined by a matrix ¥7¢(u,y"”) whose entries are
defined by

(36) EV’E(U,, y”):v,:v”

(1>

£ £ n ]‘
A () W 1) 05 (U, ).

Indeed, the information state is the solution of the recursion (c.f. [6])

o = T (ug, ) o)
(3.7)
05" = r°,

where the * denotes matrix transpose.

We can also define an adjoint process v, € R" by the recursion

Y€ __ R Y€
V1 = Evg(uk—lyyli)l/k

(3.8)

TE
vy = 1.

Then relative to the inner product

(o, v) = 3 olx)v(z)

rzeX

for o,v € R", it is straightforward to establish the adjoint relationships

(X7*g, v) = (o, V),
(3.9)

(o0, i) = {0y, vt

for all c € R", v € R", and all k.

Remark 3.1 The reason for introducing the information state o} is to replace the origi-
nal output feedback risk-sensitive stochastic control problem with an equivalent stochastic
control problem with a state variable o}’ which is completely observed, and to solve this
new problem using dynamic programming. This will yield a state feedback controller for
the new problem, or equivalently, an output feedback controller for the original problem
which is separated through the information state [9], [1], [6].
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As in [6], the cost function can be expressed purely in terms of the information state:
(3.10) T (u) = E[{o3f, 1)].
To see this, observe that for u € Oy a1

Ef (o377, 1)]

B [Soex B [Ias, -0y exp £ M0 6. (6, w)) Ny | V]

v
= Ef [exp L 017 6. (Uaf, w) X

= T (u).

3.4 Dynamic Programming

Consider the state 07 on the interval k, ..., M with initial condition ¢} = o € R™

o)f = XV (u_,yf) o, k+1 <1< M,
(3.11)

oyt = o.

The corresponding value function for this control problem is defined for o € R™ by

(3.12) S (0,k) = min E[(o}f, 1) |0} = a].

u€OK, M—1

The dynamic programming equation for this problem is as follows [6]:

S7¢(0, k) = min,ey Ef [S%E(E%E*(u, Yir1)o, k + 1)]
(3.13)
ST (o, M) = (o, 1).

The next theorem is a statement of the dynamic programming solution to the output
feedback risk-sensitive stochastic control problem.

Theorem 3.2 The value function S defined by (3.12) is the unique solution to the
dynamic programming equation (3.13). Conversely, assume that S7° is the solution of
the dynamic programming equation (3.13). Suppose that u* € Oy -1 is a policy such
that, for each k = 0,...,M — 1, uj = u}(0}"), where uj(o) achieves the minimum in
(3.13). Then u* is an optimal output feedback controller for the risk—sensitive stochastic
control problem (§3.2).

PROOF. The proof is similar to those of Theorems 2.5 and 2.6 in [6] (see also [9]).
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Let S7#(o, k) denote the solution to the dynamic programming equation (3.13). We
will show that S7*(o, k) equals the RHS of (3.12) and that the policy u* is optimal. To
this end, define

ST (0 ksu) = BN [(o}", v7) |ol" = o].

We claim that, for all u € O pr-1,
(3.14) ST (o, k) < S57(0,k;u)

for each £k =0,1,..., M, with equality if u = u*.

For k = M, (3.14) is clearly satisfied. Assume now that (3.14) holds for k +1,..., M.
Then

5776(0—7 k; U) — ET |:ET |:<27’E*(Uk, yz+1)0—g£, I/Zfl (U/k+1,M71)> | yk+1] | O_Z,E = 0']
= ET [S%E(E%E*(uka yli+1)0—7 k + 1; Uk+1,M71):|
> Ef [57,5(2%5*(%, Yir1)0s k + 1)]

> S7%(o, k)

using the induction hypothesis and (3.13). If u = u* the above inequalities are replaced
by equalities. This proves (3.14), and hence that S7(o, k) equals the RHS of (3.12).

From (3.14), setting £k = 0 and o = p° we obtain
ST, 05u") = SME(p%,0) < STE(p7, 05u)
for any v € Op pr—1. This implies
TP () <7 (u)

for all u € Op,ar—1. This completes the proof.

Remark 3.3 Note that the controller u; is defined as a function of the information
state 0,°, and since ¢} is a non-anticipating function of yg,, uj is an output feedback
controller for the risk-sensitive stochastic control problem; indeed, »* is an information
state feedback controller.

3.5 Small Noise Limit

In [6] it was shown that a deterministic dynamic game problem is obtained as a small
noise limit of a risk—sensitive stochastic control problem. In this subsection, we carry out
this limit procedure for the risk-sensitive stochastic control problem defined above. We

12



first obtain a limit for the information state, and use this to evaluate the appropriate
limit for the value function. This yields an information state and value function for the
dynamic game problem of §2.4. These results will be used in §4 in the solution of the
output feedback robust control problem of §2.

Define the matrix A”(u,y”) by its entries

(3.15) A (uy y") g = b.(l(x,u)) — v (U(z, 2";u) + V(z,y")).

Then we have
(3.16) lin% velog 7 (u, Y )war = AN (tyy")pan.
E—>

The action of the matrix £7° and its adjoint (transpose) on vectors o,v in R” is
given by the usual matrix multiplication, i.e., sums of products of entries. The action of
the matrix A7(u,y"”) and its adjoint on vectors p,q in R" is instead defined in terms of
maximization operations as follows:

A7 (u, y")p(x") e maxXgex {AY(u, y") g + ()},
(3.17)

A (u, y")q(x) 2 max,rex {A7(u, y") o +q(2")} -

The inner product (-, -) is replaced by the “sup-pairing”

A
(3.18) (p, @) = max{p(z) +q(2)},
and in fact we have . .
(3.19) lim ye log(e*", ") = (p, q).

The actions corresponding to the matrix A7(u,y”) are “adjoint” in the sense that
(3.20) (A""p, q) = (p, Ng).

The limit result for the information state is the following:

Theorem 3.4 We have

1

lim, o ve log X7V *(u, y)er=? = AV*(u,y)p,
(3.21)
1
lim, v log X7¢ (u, y)er=? = AV(u,y)q

i R™ uniformly on U x Y x R™.

13



PROOF. First note that, using Lemma A.1,
limelogZ;, =0, and limelogZ: = 0.
e—0 ’ =0
Next, for a = (2", u,y, p) define

Fi(x) = Fule) —<log Z;, — < log Z:,
Fu) = (N(u,y)aur + pla)) /7.

Then )
27,5*(u,y)6;p(x//) — Z eF;(x)/a,
zeX
and the first limit result follows using Lemma A.1. The second limit is proven similarly.

In view of this theorem, we define a limit information state and its adjoint by the
recursions

P = N *(ug—1, ye)Pp_y
(3.22)

pg = _57
and

G 1 = N (ue_1,uk)q,
(3.23)

ar = 0.

Note that

Pk @) = Pi-1> Gi-1)
for all k.

Turning now to the value function, we have:

Theorem 3.5 The function W7 (p, k) defined for p € R™ by
(3.24) W(p, k) 2 lim 7 log S%E(e%p, k)

erists (i.e. the sequence converges uniformly on R™), is continuous, and satisfies the
Tecursion

WV(p, k) = minuEU maXycy {WV(AV*(ua y)p, k+ 1)}
(3.25)

W(p, M) = (p, 0).

PROOF. First note that the solution of the recursion (3.25) is a continuous function
on R" for each k (this is readily verified by induction).
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Assume the conclusions hold for k+1,..., M. From Theorem 3.2 and (3.24), we need
to compute

lim._, ve log S%E(ev_lfp, k) = lim,_ e logmin,cy Ef [S%E(E%E*(u, y,iﬂ)ev_lfp, k+ 1)]
(3.26)
= lim._,o min,cp ve log Ef [S%E(E%E*(u, yi)er "t k+ 1)] :

The last equality is due to the monotonicity of the logarithm function.

By Theorem 3.4,

1
P52 e log S5 (u, y")e =’ — p 2 N (u, y")p

as ¢ — 0 uniformly in a = (u,y”,p). It then follows from the induction hypothesis and
continuity that

4.
lir% velog ST (e k +1) = W (pa, k + 1)
e—

uniformly in a. Next, applying Lemma A.1, we obtain

lim 7z log Y SR (u, yVer = k+1) = max W (A" (u,y")p, k + 1)
&€
y'eY

uniformly in (u,p). Therefore the RHS of (3.26) equals

min max {W7(A"*(u,y)p, k+ 1)},
uelU yeY

and the limit is uniform in p.

4 Solution to the Robust Control Problem

4.1 Equivalent Game Problem

We now replace the deterministic output feedback game problem (§2) with an equiva-
lent deterministic game problem with p], defined in §3.5, as a completely observed state
variable. The solution of this new problem will result in an information state feedback
controller, and thus an output feedback controller for the original game problem which is
separated through the information state.

The next theorem shows that the cost function can be expressed in terms of the
information state [6], [1].

Theorem 4.1 We have for all u € Oy pr—1

(4.1) J7(u) = max {(pj, 0)}-

yeYM

15



PrRoOOF. We have, for all u € Oy a1,
maxyeym {(par, 0)}
= max,cym maxgrex {py,(z")}
= Maxyeyn MaXeex M+l {—5(50) + 200" 0 (&, w) — v (U (&, &Gvnyw) + V (&, yz+1))}
= maxX,cwnm Max,cym max,x {J7(u, w,v,zp)}
= J(u),

where we have made use of the definitions for the cost functions U and V' (§2.2).

4.2 Dynamic Programming

Consider now the state p” on the interval &, ..., M with initial condition p;, =p € R™:

pl = N *(w,y)p ., k+1<1<M,
(4.2)

pp = p.

The value function is defined for p € R™ by

Y — 1 % . A
(4.3) Wip. k) = min - max {(py, 0) ¢ pr=p}-

The solution of the game problem is expressed as follows.

Theorem 4.2 The value function W7 (p, k) defined by (4.3) is the unique solution to the
dynamic programming equation (3.25). Further, if W7 (p, k) is the solution of (3.25), and
if u* € Og -1 is a policy such that, for each k =0,..., M — 1, uj = uj(p}), where u}(p)
achieves the minimum in (3.25), then u* is an optimal policy for the output feedback
dynamic game problem (§2.4).

ProOOF. Standard dynamic programming arguments, similar to those employed in the
proof of Theorem 3.2, show that the function W7(p, k) defined by (4.3) is the solution to
the dynamic programming equation (3.25), and

W7 (=3,0) = J'(u*) = min J(u).

uEOo,Mfl

Therefore u* is optimal.
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4.3 Robust Control

The solution to the state feedback robust control problem (§2.5) was expressed in terms
of the solution f](x) of a dynamic programming equation, and a state feedback con-
troller u;(r) was obtained. The framework we have developed in this paper allows us
to characterize the solution of the output feedback robust control problem in terms of
the solution W7(p, k) of a dynamic programming equation, and obtain an output feed-
back controller @ (p](-;y1x)). Note that the information state p; is also the solution of a
dynamic programming equation (3.22).

Theorem 4.3 (Necessity) Assume that there exists a controller u® € Oy -1 solving
the output feedback robust control problem. Then there exists a solution W7 (p, k) of the
dynamic programming equation (3.25) such that WY(—3,0) = 0. (Sufficiency) Assume
that there exits a solution W7(p, k) of the dynamic programming equation (3.25) such
that WY(—£3,0) = 0, and let @} (p) be a control value achieving the minimum in (3.25).
Then @} (pl(-;y1%)) is an output feedback controller which solves the output feedback robust
control problem.

PROOF. Define W7 by (4.3). Then by Theorem 4.2 we know that W7 is the solution
of the dynamic programming equation (3.25). Next, we have

0 < W'(=4,0) = min J7(u) < J'(u’) < 0,

u€Oo,pm—1
and so W7(—43,0) = 0.
To prove sufficiency, by Theorem 4.2 we have
0 = W7(=p,0) = J"(u"),

which is the same as (2.15). Therefore u* solves the output feedback robust control
problem.

A Appendix
The following theorem is a version of the Varadhan-Laplace lemma [3].

Lemma A.1 Let A be a subset of R™, and F;, F, be real valued functions defined on a
finite set X such that

ggrgiggggglFa(x)—Fa(x)l = 0.

Then

Al li 1 Fi(@)/e _ F, = 0.
(A.1) lim sup |< ogg(e max Fo ()|
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PROOF. Write F® = max,cx FE(7), F, = max,ex Fy(z). Our assumptions ensure

that

limsup F, = F,.
e=04cA

Since the maximums are achieved, we deduce

eFi/E < ZeFi(l‘)/E < nepi/ﬁ,
zeX

from which (A.1) follows.
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