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Abstract. Contingent on the existence of certain affine maps, necessary and sufficient condi-
tions for the eigenvalues of all matrices belonging to the convex hull of two given matrices to
lie in a subset of the complex plane are obtained. Such maps are identified for every balanced
convex domain D with polygonal boundary and conclusive D-stability criteria are obtained.
In the case when D is the open left half plane, the computational complexity of the new test
is somewhat lower than that of a previously proposed criterion. For nonpolygonal balanced
convex domains, conditions that are as close to being necessary and sufficient as desired may
be obtained via a suitable approximation of these domains by polygonal ones.
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1. Introduction

Prompted by a result of Kharitonov ([1]), several contributions on robust stability of
linear time invariant systems subject to parameter variations have been made recently. The
robust stability question amounts to investigating the stability of polynomials and matrices
with variable coefficient and entries.

In [1], Kharitonov showed that in order for every member of the family of polynomials
{ p(s) = ans™ +... + a18 + a0, a; € [a;,a;] } to be Hurwitz stable (roots in open left half
plane), it is necessary and sufficient that only certain four “corner polynomials” be Hurwitz
stable. In the discrete stability case (roots inside the open unit disk), this powerful result was
shown not to hold and a weaker result was established in [2]. In [3], it was proved that in
order for the roots of an entire polytope of polynomials to lie in a given domain of the complex
plane, it is enough that the roots of the polynomials on the edges of the polytope lie in this
domain.

A more complex problem is that of stability of polytopes of matrices, i.e. sets of the form
{A=3YTrA : Xo,ri=1,1r20, ¢=1,...,m}([4]). In [5, Fu and Barmish gave
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necessary and sufficient conditions for Hurwitz stability (eigenvalues in open left half plane)
of matrix polytopes in the case of two matrices and showed by means of an example that,
unlike the polynomial case, checking the edges is not enough in the case of several matrices.
More specifically, Fu and Barmish showed that if A is Hurwitz stable, then a necessary and
sufficient condition for A, := (1—r)Ao+rA; to be stable Vr € [0,1] is that the n? X n? matrix
(Ao ® Ao)"1(A; @ A;) have no eigenvalues in (—00,0 ], where @ denotes the Kronecker sum.
This paper focusses on the extension of this result to a broader class of stability criteria.

Given a domain or region D of the complex plane which is symmetric with respect to
the real axis, we say that a square matrix M is D-stable if all its eigenvalues lie within D.
Contingent on finding certain affine maps, necessary and sufficient conditions for D-stability'
of a two matrix polytope, extending that of [5], are obtained in Section 2. Several types of
domains for which this result yields a conclusive criterion for stability are given. For more
general domains, these conditions become sufficient but may be rendered arbitrarily close to
being necessary as desired, by suitably approximating the domains under consideration. It
was pointed out by Fu and Barmish that from the point of view of numerical computations,
the stability criterion in [5] becomes difficult to implement as the dimension n grows. To check
for Hurwitz stability of a two matrix polytope, it is indeed required to invert an n? x n? matrix
as mentioned above. This numerical issue becomes more acute when more general stability
criteria are sought. This problem is briefly addressed in Section 3 where it is pointed out
that in some cases, a substantial computational gain is possible. In particular, it is shown
that the necessary and sufficient condition of Fu and Barmish remains true if the kronecker
sum A @ A is substituted by a certain matrix Az}, the size of which is 1&;—1)— In the last
section, the D-stability of a three matrix polytope is shown to be equivalent to D;-stability of
a corresponding two matrix polytope, where Dy := {s € C: Qm(s) = 0 => Re(s) > 0}.

Notation

D = closure of D

8D = boundary of D

Arg(s) = argument of s in |-, 7]

I, = m X m identity

o{A} = spectrum of A

A6B=A&(-B)

Throughout this paper, we consider domains in the complex plane which are symmetric with

respect to the real axis. These are refered to as ‘balanced’.



2. Necessary and sufficient conditions for generalized stability

Given m real n x n matrices Ay,..., A,,, we denote their convex hull by

co(A1y...yAm) :={A=Zr.~A,- : Zr,-=l, 20, ¢1=1,...,m}
=1 =1

and we say that co(A;,...,A,,) is D-stable if all the matrices it includes are D-stable .
Let D be a balanced open subset of the complex plane.

Definition 1: We say that D satisfies property (P) if there exist an integer m = m(D) and

an affine map 7p : R™™™ — C™>™ such that the following holds for every D-stable n x n real
matrix A

Ais D-stable <=  7p(A) is nonsingular (%)

The following Lemma slightly generalizes a result by Fu and Barmish ([5])-

Lemma 1: Suppose Ao is D-stable and D satisfies property (P) and let 7p be a corresponding
affine map. Then

co(Ao, Ay) is D-stable <= My:= (.‘f'p (Ao))‘lfp (A1) is Dy-stable

where D) := {s € C: Qm(s) =0 => Re(s) > 0}.

O
Proof: First suppose that co(Ao, A;) is not D-stable . Then there exists A* € (0,1] such that
A\ is not D-stable , where, Ay := (1—X)Ao+AA;. Since Ag is D-stable and the eigenvalues of
A\ depend continuously on A, then, A* can always be picked so that A« has all its eigenvalues
inside D with at least one on 8D. It follows from (%) that 7p(Ax-) is singular. Since 7p is
affine, we have:

Fo(Ax)=(1- A*)#p(Ao) + A 7p (A1) (1)

= X7 (40) [ (70 (40)) " Fo(ar) - 22 11,) 2)

. It follows from (2) that My has a negative real eigenvalue Xxlll, thus is not D-stable . Con-

versely, if Mo has a negative eigenvalue a, then by writing o = '\;Tl for some A* € (0,1] and
reversing the steps in the argument above, we get that p(Ax.) is singular. This implies that
Aj- is not D-stable , for if Ay. were D-stable (thus D-stable), property (P) would imply that
Fp(Ax-) is nonsingular, a contradiction.
O
The result above states that, if D satisfies property (P) ,then in order for the family of
matrices {Ax = (1 — A)Ag+ AA; : X € [0,1]} to be D-stable , it is necessary and sufficient
that My be D,-stable. Despite the fact that one is required to exhibit an affine map 7p as in
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Definition 1, it will be seen that Lemma 1 has the advantage of being applicable in many cases
in which such a map may not exist.

As direct consequences of Lemma 1, we state the following two corollaries (Lemma 4.2
and Theorem 3.2 in [5], respectively) obtained by setting D = €\ {0}, #p equal to the identity
map and D = {8: Re(s) < 0}, Fp(A) = A® A, VA € R™*", respectively.

Corollary 1: Suppose Ap in nonsingular. Then Ay := (1 — A)Ap + AA, is nonsingular for
every X € [0,1] if and only if AJ' A, is D;-stable.
Corollary 2: Assume Ag is Hurwitz stable. Then

CO(Ao,Al) is Hurwitz stable Sl M; = (Ao 23] Ao)_l(Al (23] Al) is D;-stable

3. Applications

In this section, two basic domains satisfying property (P) are provided. They are in turn

used to show that any convex balanced open polygon satisfies property (P) .
3.1. Two basic domains

For 6§ € [3,7] and 8 > 0, let Dy and D# denote the sets depicted in Fig. 1 and 2,
respectively, That is, let Dy = {s: |Arg(s)| > 8} and D? = {5: |Om(s)| < B}.

4 lsm 4; m

N . I
; 111111

Fig. 1. Ds Fig. 2. D?
Proposition 1: If § € [Z,7], then D, satisfies property (P) . Furthermore, we can take

70, (A) := o (A) = e’’’ A0 ™A VA€ R™"

Proof: From a well known property of the Kronecker sum, we obtain that
0’{ .%(A) }= { ejoz\l - c—jeAz : Ax, /\2 GU{A} }.
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Assume A is a Dj-stable real n x n matrix and let A := r;e?% with |6;| > 0, ¢ = 1,2, be two of
its eigenvalues. Then €%y — e=7%X; = 0 if and only if §; — 02 =20 (mod 27) and r; = r,.
For § > 7, this is possible if and only if A; and A; are conjugate members of 30s. Thus we
have shown that for every J-stable matrix A, %3(A) is singular if and only if 0{A} N 8Dy # 0.

It follows by definition that Dy satisfies property (P) .
|

A similar result for D? is stated below. Its proof is trivial and is omitted.
Proposition 2: D?, B > 0, satisfies property (P) with
Fp(A) := FP(A) = (A+ jBI) © (A - jBI)

3.2. Polygonal domains

As already mentioned, Dy and DP may be used to construct new domains satisfying
property (P) . This construction relies on the following simple facts.
Proposition 3:
(i) D satisfies property (P) if and only if —D := {8 : —s8 € D} satisfies property (P) .
Furthermore, we can take ¥_p = Fp, when 7p is linear.
(i) D satisfies property () if and only if D(*) := {s+ a: & € D}, a € R, satisfies property
(P) . Furthermore, we can take Fp(a)(A) = Fp(A — al).
(iii) If D ===, Ds # 0, and D;, i = 1,...,m all satisfy property (P) , then so does D.

O
Proof: (i) and (ii) are straightforward. For (iii), take 7p = diag(#%p,,...,p,.)-
O
4 S S
+1

<+
E— ;

2 N\ —
= R — . Re
V4 —°
— |,
[
Fig. 3. Fig. 4. D"

Example: The domain D in Fig. 3 is equal to D' N Dy N (—Dg)). Consequently (see the
proof of Proposition 3)
7p(A) = diag{(A+ 1) © (A-jI),' A0 eI A (A-3I) @ (A+3]))}
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Thus, a direct consequence of Propositions 1-3 is that any convex balanced domain with
polygonal boundary satisfies property (P) ; moreover, these same propositions provide one
with a means for finding the corresponding affine map.

A domain D* of particular interest in control systems design is that of Fig. 4. Indeed
((6]), compensated linear systems with eigenvalues (poles) in D* exhibit step responses with
settling times no greater than g- and maximum overshoots corresponding to . For this domain,

Lemma 1 may be restated as follows:

Theorem 1: Assume Ag is D*-stable. Then co(Ao,A;) is D*-stable if and only if both M,
and M, are D;-stable, where D, is as in Lemma 1, My and M, are given by:

Mo = [(Ao + 01) @ (Ao + oI)] "' [(A1 + o) ® (A1 + oT)]
M, = [eif’Ao 1) e—:'vo]—l [ejOAl o e—joAl]

O
Proof: Clearly, D* = Dy N Dé_”). It follows from Proposition 3 that D* satisfies property
(P) and #p = diag{?g,.‘r’*(—s)}, with obvious notations. Using Propositions 1-3 to find the
expression of Fp and applying Lemma 1 yields the result.

O
Remark: Since any convex domain, e.g. the unit disk, can be approximated arbitrarily closely
by a polygon, it is clear that Lemma 1 may be used to address the D-stability question for
such domains as well. The condition in Lemma 1 then becomes sufficient (resp. necessary)
but may be rendered, conceptually at least, as close to being necessary (resp. sufficient) as
desired depending on how finely the aformentioned approximation has been carried out.

3.3 Implementation issues

From the point of view of numerical computations, the D-stability criteria discussed above
are expensive to use due to the size of the matrices involved. It can be seen from the way
7p is constructed, e.g. see example 1, that the more faces a polygon D has, the greater the
computation burden. For instance, in the case of D*-stability (see Fig. 3), the eigenvalues of
two matrices, each of which has size n2 x n2, need to be computed. For a general domain with
k (pairs of conjuguate) faces, k such matrices need to be dealt with. This raises the question
of whether it is possible to obtain generalized stability criteria involving matrices of a smaller
size. It turns out that the answer is affirmative in some cases, though the size reduction is,
by all means, not dramatic. Nevertheless, we think it is worth mentioning how this could be
accomplished. We first give some definitions.

If £ = (21,...,2,)T and p > 2, then z!?] is, by definition, the N}-dimensional vector

N™:= ("**71)) formed by the lexicographic listing of all linearly independent terms of the
P 4
form

p! P1 p
—_— T .. I pi=p
pl!--npn! 1 n> ; *

P20



For an n x n matrix A, the Schliflian matrix of order p, denoted AlPl, is implicitly defined by

the relationship (Az) L AlPlzlPl ¥z € R™ The map of interest, A[p)s is then defined in
terms of Al?! by
1

Ap) = lim = [(In + hA)P — Ing]

In other words A, is the Gateaux derivative of the of the nonlinear map 4 Alrl evaluated
at the identity I, and acting on A. As such, A, is linear in A.

Lemma 2: ([7], [8])
The eigenvalues of A, (resp. Al]) consist of the N* sums (products) over distinct unordered

index sets of the form

Ai, (A)+ -+ /\,'P (A) (resp. A (A) x 00 X /\," (A))

0

By contrast, we recall that the eigenvalues of the Kronecker sum A @ A consist of the

n? sums A;(A) + A;(A) over ordered pairs (1,7). In the light of this Lemma, it is clear that
oc{A® A} = 0{A[y} and that the ﬂﬁz—ﬂl X 1(1'.;—12 matrix Ay is nothing but the redundancy-

free version of the n? x n? matrix A@ A, as far as the eigenvalues are concerned. Consequently,
A(z] may be used advantageously instead of A® A, whenever possible (see Section 3.4.). It
should be pointed out that programs that generate the expression of A, in a symbolic form

and up to any order p are currently available ([9]).

) Qm

/ )
\\

NS\

Fig. 5.

3.4. Example:

Given ; . .
Ao=<g El) and A1=<61 _

|
wl
€O
(23]
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we seek to determine whether the matrices {Ay := (1 - A)Ap+ AA; : X € [0,1]} all have their
eigenvalues inside the unit open disk. One way to do this, is to approximate the unit disk by
a polygon from within. One such a polygon is (see Fig. 5)

D={seC: |Re(s)| < —\;—i-, [Sm(s)] < '\?‘}

Clearly, D satisfies property (P) . To obtain a corresponding map, we write D as the
intersection of basic domains, namely

p=p% an;éi) N (-05) %)

Therefore

7p(A) = diag{ #1,72,%3}

where

F(A) = (A+j—‘£—§1) o(A- j‘/;f)

F2(A) = (A + ‘/751) 2

3(A) = (A~ —\;—51)[21

Thus co(Ag,A;) is D-stable if and only if the matrices Mp := (#1(A40)) "1 #1 (A1), M :=
(72(A0)) "1 72(A1) and M, := (F3(A0)) "1 73(A1) are all D;-stable. Using the fact that for n = 2

2a1 v2a12 0
Ap = | V2a21 a1 +ax V2
0 V2az 2a32
we obtain that o(Mp) = {2F24,2221 1}, ¢(M;) = {0.65,0.59,1} and o(M;) = {3.41,1.35,1}.
It follows that co(Ao,A,) is D-stable .
4. Three matrix case

In this section we show that the D-stability problem of a three matrix polytope can be
- reduced to D-stability of a two matrix polytope where D; is as in Lemma 1.

More precisely, let A;, A2 and A3 be three n x n real matrices, D a domain of the complex
plane satifying property {P) , with corresponding affine map 7p.

Proposition 4: Suppose A, is D-stable. Then
co{A1,Az,As} is D-stable <= co{Mo,M,} is D;-stable

where Mo := (Fp (A;))—lfp(Az) and M, := (% (Al))—17p(A3).



Proof: It can be easily checked that A, := ry A +r; A2 +r3Ag is D-stable Vr = (ry,r2,rs), such
that, ZLI ri=1, 7,20, ¢+ =1,2,3if and only if A()\,a):= (1 - A)A; + A[(1 — a)A; + aAj]
is D-stable VA,& € [0,1]. In view of Lemma 1, this is equivalent to

(75(A1)) "' 7o ((1 - a) Az + ads) = (1 - @) My + aM;

being D;-stable Va € [0,1].
O
Clearly, we would now be in a position to supply a complete answer to the problem under

consideration if D; were to satisfy property (P) . It turns out that this is not so.

Proposition 5: D; does not satisfy property (P)

|
Proof: If D, were to satisfy property (P) , then there would exist an affine map ¥ such that
F(al) = aly + Lo is singular Ya < 0, Lo, L; being equal to 7(0), () — (0) respectivly.
This means that the nt? order polynomial p(a) := det(aL; + Lo) is identically zero. It follows
that 7 (al) is singular for a > 0 as well, a contradiction.

O

6. Conclusion

The generalized stability (D-stabslity) question for the convex hull of two matrices was
investigated. Necessary and sufficient conditions were obtained for any convex domain with
polygonal boundary. For more general domains, these conditions become sufficient and as

close to being necessary as desired.
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