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Chapter 1: Problem Motivation and Introduction

In longitudinal observational studies, it’s not uncommon that the treatment/exposure
of interest will influence a time-varying covariate, yet this covariate might influence fu-
ture treatment/exposure levels. For example, the human immunodeficiency virus (HIV)
is a virus that attacks and destroys cells in the immune system. With disease progression,
the human body will be increasingly vulnerable to any infections and diseases because
too many immune cells are lost due to HIV infection. The HIV viral load density directly
decides whether the patient will develop AIDS (acquired immunodeficiency syndrome)
or not. Hence, it’s critical to have the viral load density under control. By monitoring
the viral load at subsequent clinical visits, doctors can assess the disease’s progress and
prescribe treatments accordingly. In an observational study, the researchers are trying
to evaluate the effect of a proposed treatment on prolonging subjects’ AIDS-free time
or survival. Some evidence have shown that the treatment could lower the HIV viral
load density and hence improve subjects’ survival. But some unmeasured/unknown con-
founders, such as undesirable life habits, are also harmful to subjects’ health. Conse-
quently, subjects’ HIV viral load and hazard of AIDS may grow simultaneously due to
these unknown adverse influences. In practice, given the apparent non-response, the prac-

titioners may increase the treatment levels in later clinical visits to control the viral load.



As a result, traditional methods that adjust for time-dependent covariates (viral load in
this case) may lead us to the wrong conclusion that the treatment is ineffective. Some
methods have been developed to address this time-varying confounding issue. Neverthe-
less, given the rapidly growing amounts of data collected, previous methods may suffer
from model misspecifications or unacceptable computational burdens.

In a broad sense, a problem in survival analysis is the presence of time-varying con-
founders. The covariate may vary based on previous treatment; it may further influence
the treatment regime at future visits. In such a problem, we cannot identify the causal-
ity with traditional time-dependent confounder adjustment techniques. Some methods in
causal inference (mostly due to Robins and his colleagues) allow us to attack problems
like that. Given the difficulties in specifying a correct parametric structural model, it
may be beneficial to use some nonparametric models such as neural networks, to estimate
the causal parameter of interest. In this dissertation, we propose some modern machine
learning algorithms to make valid causal inferences in the presence of time-varying con-
founders.

In Chapter 2, the background of causal inference is given. Specifically, Section 2.1
and 2.2 provide some fundamental background information in causal inference and im-
portant required assumptions. Section 2.3 introduces a specific challenge in longitudinal
causal inference, the time-dependent confounding issue. Section 2.4 provides necessary
notation clarifications for following discussions. Three previous methods dealing with
time-varying confounding, including G-formula, Marginal Structural Model (MSM), and
Structural Nested Model (SNM), are presented in Section 2.5. These models have the
potential to address different types of outcomes. For the survival outcomes, the Accel-

2



erated Failure Time (AFT) model is considered in this dissertation due to its benefits in
quantifying the survival causal effects. The existing Structural Nested Accelerated Fail-
ure Time Model (SNAFTM) and the associated estimation methods (G-estimation) are
further reviewed in Sections 2.6 and 2.7. Two possible censoring mechanisms and the
correct methods to handle these mechanisms are reviewed in Section 2.8 and Section 2.9.

In Chapter 3, concepts of Neural Networks (NN) and literature on related Machine
Learning (ML) algorithms, especially those targeted on causal inference, are reviewed.
We further discuss the usefulness of deep implementations in estimating structural nested
models, specifically for the investigated model - SNAFTM. Then, the major contribution
of this dissertation - two ML algorithms for SNAFTM are presented (GE-SCORE and
GE-MIMIC). The contributions of the proposed algorithms are the extension of SNAFTM
to a high dimension. Extensive simulations are conducted to compare the performance of
the existing and proposed methods. The simulations are designed for distinct intervention
effects mechanisms.

In Chapter 4, an application of proposed algorithms with real observational health
data (Coronary Artery Risk Development in Young Adults Study) is presented. The re-
search question is the smoking causal effect on time to the first CVD event. Smoking is
very likely to be confounded by time-varying covariates in an observational longitudinal
study; thus methods introduced in Chapter 3 are practical. Estimations from the exist-
ing methods and proposed algorithms are compared. The collusion is that the proposed
algorithms can provide more clinically profound conclusions.

Chapter 5 presents another survival model, Threshold Regression (TR) which may
have similar benefits (collapsibility) as an AFT model in causal survival analysis. The

3



second part of this dissertation focuses on the First-Hitting-Time based Threshold Re-
gression Model using a Wiener process without considering longitudinal data. A neural
network expansion of TR (TRNN) is developed for cases with intervention occurs at
the baseline and the confounding does not depend on time. With the assistance of G-
computation, the causal estimand of interest (usually the marginal intervention effect)
can be easily obtained. Simulations and applications have been supplied to demonstrate
the model properties and its possible applications in causal survival analysis.

Chapter 6 provides the conclusion of the dissertation.



Chapter 2: Background on Causal Inference

2.1 Introduction to Causal Inference

Nearly all questions in medical research concern causality. For instance, the re-
searchers would like to investigate whether an intervention can lower patients’ blood
pressure or whether a medication postpones patients’ first heart attack occurrence. To
formalize the causal intuition we already possess in daily life, the concepts of potential
outcomes or counnterfactual outcomes are needed. Consider a dichotomous treatment A
with two possible values: A = 0 or A = 1 and a continuous outcome variable Y. A and
Y are random variables; and their realizations are denoted by a;y. One way to formally

define the causal effect of treatment A on outcome Y is:

yo=t — ye=0 2.1)

In plain English, this reads as the difference between the outcome variable that would
have been observed under the treatment value a = 0, and the outcome variable that would
have been observed under the other treatment value a = 1. If the difference is not zero,
one can conclude that there is a causal effect of treatment on the outcome, or say, A causes

Y. Similarly, the causal effect can be defined by the ratio of the potential outcomes, or the



logit difference between binary potential outcomes. The causal effects can be explicitly
defined according to the different types of treatment/outcome.

However, the format of the causal effect to be detected should be clarified before any
investigation. The challenges arise when one recognizes the fact that, for an individual,
we can never observe his/her outcome under two different regimes simultaneously. As a
result, randomized controlled trials (RCTs) are the gold standard for identifying the causal
effect, not the association, between a proposed treatment or a specific exposure and the
outcome of interest. If all potential confounders are well controlled by the randomization
procedure and study participants are perfectly compliant with the treatment plan, the trial-
identified association between the treatment and the outcome can be regarded as causality.
However, in many situations, it’s unethical or even feasible to conduct an RCT to answer
particular research questions. For instance, there should never be any RCTs investigating
the adverse effects of smoking on pregnancy. Alternatively, some observational stud-
ies collected smoking status and pregnancy information. These data appear promising
for assisting researchers in answering questions such as “does maternal smoking affect
newborn birth weights?” Furthermore, the results of an RCT may still be suspect if any
non-compliance has occurred after the randomization. Another significant shortcoming
of an RCT is the high expense and slow turnaround. Indeed, in recent decades, much
effort has been expended to make a causal inference with complex observational longi-
tudinal data due to increasing data sizes due to regular (or daily) data collection schema
(e.g., electronic health records (EHRs) generated by scheduled physical examinations,
data collected by wearable smart devices). Supplied with rich observational data, it’s pos-

sible for researchers to answer questions regarding the causal relationship between some
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exposures (e.g., smoking, drinking, high-fat diet) and health. Of course, there is no free
lunch. The prerequisite of valid causal reasoning includes a check of causal assumptions,
picking suitable causal models, etc. Once the causal relationship has been identified,
more healthy lifestyles can be recommended at the individual level. Note: the terms “ex-

posure”, “treatment” and “intervention” will be used synonymously and interchangeably

throughout this dissertation.

2.2 Identifiability Assumptions

Causal inference is hard because the counterfactuals required to identify the effects
are not directly observable. There are three assumptions required for a valid causal in-
ference: Consistency, Exchangeability and Positivity (Herndn and Robins, 2020; Rosen-
baum and Rubin, 1983). As readers will see, RCTs can identify causal effect just because
the estimands are obtained when these three assumptions are true. To facilitate the formal
definition, we further introduce the random variable L (potentially high dimensional) to
denote the covariates often observed in a clinical or an observational study, for example,
gender and race of the subjects. Later, the exposure and covariates will be expanded to

the time-varying cases and these three assumptions will also be modified accordingly.

2.2.1 Consistency

The values of treatment under comparison correspond to well-defined interventions
that, in turn, correspond to the versions of treatment in the data. Consistency ensures that,

an individual ¢ with observed treatment A equal to a, has observed outcome Y equal to



his/her counterfactual outcome Y %:

if A; = athenY;* =Y = Y. (2.2)

This assumption links the counterfactuals with the observables. We could safely regard

observed outcomes for some subjects as the counterfactual outcomes of others’.

2.2.2 Exchangeability

This assumption is the cornerstone for causal inference. It simply states that the

treatment should be assigned independently of the counterfactual outcome.

Yol A 2.3)

In marginally (i.e., unconditionally) randomized experiments, the treated and the un-
treated subjects are exchangeable because the treated had they remained untreated, would
have experienced the same average outcome as the untreated did, and vice versa (Hernan
and Robins, 2020). This is so because the randomization ensures that the independent
predictors of the outcome are equally distributed between the treated and the untreated
groups. The counterfactual outcome Y?, like one’s genetic makeup, can be thought of as
a fixed characteristic of a person existing before the treatment A was randomly assigned
(such as by the flip of a coin). Hence, Y* encodes what would have been one’s outcome
if treatment had been applied and thus does not depend on the treatment one actually

receives.



This assumption can be generalized to the statement that the conditional probability
of receiving any value of treatment depends only on measured covariates L. In other
words, the treatment assignment is still decided by the flip of the coin, but the probability

that the coin lands head can depend on observed covariates L.

Ve L A|L=1 (2.4)

Hence, this assumption is also called the no unmeasured confounder assumption. The
marginal randomization design would ensure the marginal exchangeability and condi-
tional randomization would ensure the conditional exchangeability. The symbol 1L de-
notes statistical independence. For example X 1 Y|Z means X is conditionally inde-

pendent of Y given Z (Dawid, 1979).

2.2.3 Positivity

The probability of receiving any value of treatment conditional on L is greater than
Zero, i.e., positive.

If fr(1) # 0, then fa.(all) > 0 for all a. (2.5)

In an RCT, subjects have positive probabilities of receiving any treatment.

2.3 Time-dependent Confounders

Confounding arises when there is an important influence on the outcome that differs

systematically in the comparison of exposed and unexposed groups. It is then possible that



part or all of the apparent observed effect of exposure is due to these differences, in which
case the comparison of the exposure groups is said to be confounded (Greenland et al.,
1999). A widely noted complication of causal inference with observational longitudinal
data is the existence of time-varying confounding. The usual approach to estimate the
effect of a time-varying treatment on survival is to model the hazard of failure or the
time-to-event (TTE) outcome as a function of the past treatment history using a time-
dependent Cox proportional hazard (PH) model (Cox, 1972) or model the logarithm of
the survival time by a time-dependent accelerated failure time (AFT) model (Wei, 1992).
Traditional methods fail to identify the causal effects of the treatment in the presence
of any time-varying confounding, whether or not adjusting for past confounder history
(Robins, 1986b).

A formal definition of a time-varying confounder is needed before going deeper.
A variable is defined as a time-varying confounder for the exposure/treatment if a) it
influences subsequent exposure levels; b) it is influenced by previous exposure levels
and c) itself is a risk factor for the outcome of interest, either due to a direct causal
path flowing from it to the outcome or there is an unmeasured confounder between this
covariate and the outcome. For instance, it is well recognized that smoking is a risk
factor for cardiovascular disease (CVD) events (Patel et al., 2016). If one is trying to
quantify the causal effect of smoking at the time to the subject’s first CVD event, one
may notice that blood pressure (BP) influences subsequent smoking status - subjects may
quit smoking due to increased health awareness after observing an abnormally high BP.
On the other hand, smoking can raise BP, and BP itself is also an important risk factor for

CVD events. In conclusion, BP is a time-dependent confounder for smoking on subjects’
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time to their first CVD events. Below, a simplified causal Directed Acyclic Graph (DAG)
(Pearl, 2009a) with a time-varying treatment at two different time points demonstrates the

bias of the traditional method graphically.

U

Figure 2.1: A simplified DAG of time-varying smoking status effects on time to first
CVD, under the null hypothesis.

The above DAG presents a covariate L at time 1 and treatment at two distinct time
points for demonstration purposes. First note that L is a time-dependent mediator for
exposure A as it’s in the causal pathway from Aj to Y. U is an unmeasured confounder
for L and Y. The DAG represents a null hypothesis that there is no direct causal effect
of A on Y, encodes by the absence of direct path runs from A to Y. Once condition on
L4, then a backdoor path Ay — L; < U — Y is opened. Also, the effects flow from
Ay — Ly — Y is adjusted away if L, has direct effects on Y. If one does not adjust
for Ly, the backdoor path A; < L; < U — Y remains open. The dilemma is whether
adjusting for L, one cannot identify the unbiased total causal effect of the time-varying
A on the outcome Y.

It’s important to note that, in practice, one must rely on the disease experts and/or
epidemiologists who have the subject matter knowledge to provide the correct form of the

11



DAG. Testing the validity of the DAG falls out of the scope of this dissertation.

2.4 Data Structure and Notations

This section clarifies the necessary notations that are needed to discuss the unbiased
methods to identify the causal treatment effects with time-varying confounding. In an
observational study, the data are usually collected longitudinally. Visits are scheduled at
discrete time points ¢, t1, - - - , tx with visitnumber £k = 0, 1, - - - | K, where 0 denotes the
baseline visit and K denotes the largest possible visit number in the study. Throughout
the follow-up, the outcome of interest is monitored. In this dissertation, the outcome will
be recorded only once as our research interest is the time to the first event. Let V' be the
subject’s last visit before the event or end of his/her follow-up, whichever comes first,
given the fact that some subjects do not experience all visits in a longitudinal study. For
one subject 7, « = 1,---, N, a risk factor could be a time-dependent random process
L;(t), furthermore, the value at a visit k is recorded as L, x, potentially high dimensional.
A high-dimensional process L;(t) can, of course, include time-invariant elements like
gender and race. Similarly, the exposure level is a random process A;(t) that is recorded
at each visit by A, ;. Another assumption required for the following discussions is that
the risk factor/exposure processes jump at and only at the measured times, where process
A(t) jumps right after L(t) is observed at visit k. The subject subscript 7 is suppressed for
the following discussion and it should not cause confusion. Vectors are not necessarily in
bold fonts.

Let us start with an exposure having binary values such as A, = 0 or 1, which corre-

12



sponds to exposed or unexposed. The notations Ay, = (ag, -+ ,ax) and Ly, = (lg, -+ , 1)
are used to record the exposure or covariate histories (realizations) up to the visit k. Some
examples of treatment regimes are “always treated”: A = (1,--- ,1) and “never treated”:
A =(0,---,0). A dynamic treatment regime is a treatment given at visit £ may depend
on covariate histories up to this visit, such as A, = g(l). This is particularly common
in practice: for example, a treatment for AIDS is only rendered when the HIV viral load
is above a certain threshold. For simplicity we assume that the variables L; and A;, take
their values in countable sets, denoted by £; and Aj. Lastly, G denotes the set of all

possible treatment regimes, which is countable but may not be finite. We define maps

Gt Lo x o+ x Ly = Ag x -+ x A by Gi(l) = (90(lo), g1 (la), - - ., g (L))

The outcome of interest is the time from study entry to the first occurrence of a
pre-defined endpoint Y. However, the endpoint may not be observable due to censoring.
Subjects may be lost to follow-up, or simply do not experience the event before the sched-
uled study ending date. The resultant observable outcome is 7" = min(Y, C'), where C'
is the censoring time. We will postpone the discussion of censoring until Section 2.8. In
the spirit of counterfactual outcomes, Y* denotes the outcome that would be observed if
subjects follow the treatment regime A = @, potentially contrary to fact. The total set of
observations are /N independent and identically distributed (i.i.d.) observations from the

distribution of the random vector (T, Ly, Ag).
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2.5 Existing Methods to Adjust for Time-varying Confounders

The G-null hypothesis of interest to be tested with time-varying regimes is

Y9 = Y9 forany g1,92 € G. (2.6)

There exist three classes of models dealing with time-varying confounding (Daniel et al.,
2012), developed mostly by Robins and his colleagues: Marginal Structure Model (MSM)
(Robins et al., 2000), G-formula (Robins, 1986a) and Structural Nested Model (SNM)
(Robins et al., 1992). Robins and his collaborators (Robins and Hernéan, 2008) sug-
gested that these models should be employed instead of traditional time-dependent anal-
ysis methods (e.g., a Cox model adjusting for the time-dependent covariate) in any epi-
demiological studies if the causal estimands are the primary interest.

With enriched history notations, a more comprehensive DAG for the longitudinal
data with the outcome observed by end of the study is provided (Figure 2.2). Possible
causal paths are plotted with gray arrows and the study hypothesis is denoted by dashed
arrows.

The likelihood for observed data O can be partitioned as

K K
fO(O) = fY\E,/_\(ya Za a) H ka|Ek_1,Ak_l(lk, Zk—la @k—l) H fAk\Lk,Ak_l(am Zkv @k—l)
k=0 k=0
2.7

These three methods in fact concern different parts of the likelihood. G-computation fo-

cuses on estimating the first and second elements, whereas the weights used in MSM are
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Figure 2.2: A Comprehensive DAG with more Visits and Possible Causal Paths and Study
Hypothesis

defined by the last element. The reweighting method used for MSM is also known as In-
verse Probability of Treatment Weighting (IPTW). G-formula (also called G-computation/standardization)
directly estimates the potential outcome F/(Y®) by simulating the joint distribution of the
variables L, A, and Y that would have been observed in a hypothetical study where ev-
ery subject follows the treatment regime A. The algorithm is highly computationally
demanding when the possible regime set is large. A more difficult situation arises when
the treatment level is continuous, such as the injection volume. On the other hand, MSM
provides valid causal inference by breaking the connection between the time-depending
confounder and the subsequent exposure. More precisely, a pseudo population is created
by IPTW and the analytic model is fitted to the pseudo population. Hence, the estimated
parameter is the same as the proposed analytic model (e.g., hazard ratio estimated by the
Cox PH model) but provides an unbiased causal interpretation. SNM can be viewed as
a compromise of these two methods. It is better tailored to deal with the failure of re-
quired causal assumptions, does not suffer from the g-null paradox as G-formula does,

and is more efficient than the IPTW method with (near) positivity violations. It avoids
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the technical difficulties of specifying the law of covariates, the model estimation utilizes
the treatment assignment scheme only and has been proved semi-parametrically efficient
(van der Laan and Robins, 2003). In general, there are two classes of SNM - the Struc-
ture Nested Mean Model (SNMM) and Structure Nested Distribution Model (SNDM)
(Vansteelandt and Joffe, 2014).

It has been shown that, these three classes of methods yield identical estimates
in some special cases, such as when both time-varying treatment and time-varying con-
founder are binary (or more generally, categorical) and the number of visits is low (Daniel
et al., 2012). The limited number of possible treatment and covariate histories allow the
causal parameter of interest to be estimated nonparametrically. However, in more realistic
settings with unsaturated models, the parametric models that are needed for each method
are different. From the simulation perspective, data can be generated to satisfy all models
(Young et al., 2009). A similar data generation scheme as used in (Young et al., 2009)
is applied in this dissertation, see Section 3 for more details. Indeed, estimands in these
three methods are often different. Their efficiencies as well as implementation difficulties
vary across scenarios.

This dissertation focuses on causal inference in survival analysis. For a survival
outcome, a specific sub-class model of SNDM - the Structural Nested Accelerated Failure
Time Model (SNAFTM) (Robins, 1992, 2005; Robins and Hernan, 2008) has to be used.
To clarity, this model is also called the Structural Nested Failure Time Model (SNFTM)

in some literature.
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2.6 Structural Nested Accelerated Failure Time Model

2.6.1 Structural Nested Accelerated Failure Time Model (SNAFTM)

In survival analysis, one commonly would like to make inferences about the treat-
ment/exposure effects on the time-to-event outcome. Under the counterfactual outcome
framework, researchers have attempted to estimate the potential outcomes (time-to-event)
directly, that is, the contrary to fact survival times under different exposure regimes. The
G-formula is a useful tool for this purpose. Nevertheless, censoring is an intrinsic problem
in the survival analysis, which further complicates the direct estimation of counterfactu-
als. Though the potential outcome is often of research interest, another important class of
problems is how to quantify the exposure effect with a few parameters, and whether the
effect is statistically significant at the population level. Notably, the SNAFTM equipped
with G-estimation serves these research purposes perfectly (Robins, 1992, 2005; Robins
and Hernan, 2008). For decades, the Cox Proportional Hazards (PH) model has been
criticized for lacking causal meanings(Aalen et al., 2015; Hernan, 2010). The SNAFTM
utilizes another common time-to-event model - the AFT model, which circumvents this
problem by modeling the relationship between survival time and prognosis factors di-
rectly (Cox and Oakes, 1984; Wei, 1992). Though the AFT model itself may not be the
most common survival model used in medical research, it is collapsible, which is a de-
sirable property for causal inference. See more information of collapsiblity in Section
5.2.

In an AFT model, the logarithm of the survival time Y is fitted by linear regression
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on covariates X such as:

log(Y) = X'B +e. (2.8)

If the residual term € has a known parametric distribution such as extreme value, nor-
mal or logistic distribution, then the AFT model is the usual Weibull, Log-normal, or
Log-logistic parametric survival model. A semiparametric AFT model is one with an un-
specified residual distribution. The interpretation of the estimated coefficients in the AFT
model is straightforward. For example, in the results of an AFT model with mortality as
the endpoint and a covariate denoting the treatment group, the covariate coefficient could
be interpreted as a certain percentage increase in expected life expectancy under the treat-
ment compared to the control. For instance, a patient could be informed that she/he would
be expected to live (say) 20% longer if she/he took the treatment, given the estimated co-
efficient = log(1.2). This interpretation can be understood more naturally given the fact

that any AFT model can be written as:

Y = Yo exp(X'B), (2.9)

where Y = €° is the baseline survival time - the survival time without exposure.

Now, we are at a good position to consider using the survival time ratio exp(—v¢*) =
Y =1 /Y=Y to measure the causal effect of a binary treatment A on each subject’s time-
to-event outcome with a constant ¢)* for subjects and time points. Throughout this disser-
tation, »* stands for the true value of 1), and v stands for the estimated value of 1), under

the one-dimensional case. The v is potentially high-dimensional because it may contain
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a finite vector of parameters. Furthermore, the treatment effect may vary over time when
the effect is modified by a time-dependent covariate. The survival time ratio exp(—1*)
is the expansion (or contraction) in survival time attributable to treatment. Hence, this
measure can be used to describe a structural AFT model. It is a structural model because
the counterfactual outcomes are modeled, rather than observed. A positive value of ¥*
indicates that a subject’s survival time when treated or exposed is shorter than the sur-
vival time when untreated (i.e., treatment is harmful) whereas a negative value indicates
that the survival time when treated is longer than the survival time when untreated (i.e.,
treatment is beneficial). When ¢* = 0, there is no causal effect of treatment on survival
time (Hernan et al., 2005). This echoes the AFT structure in Formula (2.9). One can view
Y%=V as the baseline survival time (i.e., the survival time should be without exposure).
Often, Y*=0 is considered as a genetic marker for an individual, such as hair color.

On top of the structural AFT model, when the treatment/covariates are allowed to
vary at each visit k,k = 0,--- , K. At each visit k£, we are able to consider two po-
tential outcomes. The first one is the outcome that would be observed for subject ¢ if
he/she followed some treatment regime @ up to visit £ but all treatment is withheld on-
ward (i.e., Y200t @00y the second is the outcome that would be observed of the

7

same subject following the same regime up to visit k£ — 1 and no treatment onward (i.e.,

YaO#llv'” 1@k —1,0,0,
7

). To ease the notation, we use Y0 to denote Y -1~ :@:0:-:0  Cop-
ceptually, there are K + 1 sub-models in a longitudinal study with K visits. Each model
links two potential outcomes defined above. The population in each model is a subset of
the one constructed at the previous visit. This is where the “Nested” in SNAFTM comes

from.
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2.6.2 Blip function

Formally, the blip function (Robins, 1997) ~(y, li., @) can be used to quantify the
treatment causal effect on the outcome Y of a final brief “blip” of treatment a; in the

interval (x, tg11]-

Definition 2.6.1. A blip function v is a well-defined function that satisfies the following

relationship:

PY®™ O > ylly, @, Y > ty) = P(Y* 10 > vy (y, Iy g )|, @, Y > ). (2.10)

Intuitively, the blip function is a transformation subtracts off the effect of the treat-
ment on the interval (¢;_1, 1], creating a new outcome that is similar to the potential
outcome under no treatment during those same periods. Precisely, this is the “blip-down”
function (which Robins refers to as impulse response functions (Robins, 1997)). The
“blip-up” function can be defined in a similar manner. In this dissertation, only the blip-
down function is used hence we simply call it the blip function. The blip function is a

quantile to quantile transformation function and it satisfies the following conditions:
L y(y, Ik, ap) > tg.
2. Ifap = 0, v(y, I, a) = .
3. v(y, I, Gz is increasing in .

4. The derivative of (y, [, @) with respect to ¥ is continuous almost everywhere.
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The population follows a SNAFTM or blip model v*(y, I, x; 1) with respect to L (Robins,
2002)if y(y, Ik, ax) = v*(y, ly, Gx; 1) where v*(y, I, @x; 1) is a known function and 1 is a
finite vector of parameters to be estimated taking values in R”. For each value of ¢ € R”,
v*(y, I, ax; ) satisfies four conditions stated above for a blip function. Furthermore, if
b= 0,9y, e ar, ¥) = y3 07 (y, e, axs ¥) /0" and Py*(y, Iy, ax; ) /04Dy are contin-
uous for all ¢ and almost all y € (t;, o0). For the sake of simplicity, we use (v, Iy, ax; )
to denote the indexing blip function, which is a function of exposure/covariate histories
up to visit k£ and the parameter to be estimated is ¢). The blip function ~() will be enriched
to v () providing the time-varying nature and nested trial concept. Though the blip func-
tion can be applied to any interval of subjects at risk, given y > t;, we consider only the
final blip, that is, for y € (¢, tx11].

Formally, the Structural Nested Accelerated Failure Time Model (Robins, 2002)

can be defined as follows:

Definition 2.6.2. Structural Nested Accelerated Failure Time Model is a model that maps
percentiles y of the conditional distribution of the failure time yar0, given L, = I; and
A, = ay, into Ye (Y, l_k, ax; 1) percentiles of the conditional distribution of Y ak-10 given

Ly, =l and Aj, = @y, and for subjects who are still at risk (say, alive) at time .

Syak_l’6|Ek:Zk,Ak:@k,Y>tk {’Yk: (y’ lk’ ak’ w)} = Syak’a‘ik:ik,AkZﬁk,Y>tk (y> (2' 1 1)

In the SNAFTM, applying the blip function to the failure time outcome Y removes
the effect of a final blip of treatment of magnitude a; at visit &£ on the survival outcome.

If the blip function is applied to Y%, it leaves us with Y#-1.0. From the observed
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time Y%, with recorded exposure/covariates history, one can reach Y - the “treatment-
free” counterfactual by applying the blip function recursively until all treatment effects
are removed. By using the blip function to link the counterfactual and the observable, the
treatment causal effect can be summarized with a few parameters, which further facilitates
hypothesis testing.

The simplest example of a blip function in SNAFTM is v (y, Iy, Gr; ) = tp +
fti exp(va(u))du. Note, this blip function satisfies conditions specified in the defini-
tion and the true ¥* quantifies the causal survival time ratio between two counterfac-
tual survival outcomes on the log scale, as in the AFT model. If ¥* = 0, there is
no causal treatment effect on the outcome. A more complicated blip function can be
Ve (Y Ly Qs 01, 00) = tr + i exp((¢1 + 2l(u))a(u))du. Now, there is an interaction
effect between the covariate and treatment at visit k, and the null treatment effect is en-
coded as ¥; = ¥y = 0. For instance, it’s plausible that the exposure (smoking) effect is
larger for a heavy smoker compared to a light smoker. This is explained by allowing the
smoking causal effect to be modified by smoking intensity.

The structural AFT model discussed as the example so far is a subclass of structural
distribution models - the rank-preserving SNAFTM (RPSNFTM) (Robins, 2002; Robins
and Tsiatis, 1991), which coincides with a strong version of the AFT model (Cox and
Oakes, 1984). It’s called rank-preserving in the sense that given any two subjects ¢ and
J, if ¢ fails before j when both followed a particular treatment regime, then subject ¢ will
also fail before j if both follow some other treatment regimes. The blip functions shift
the potential outcomes themselves rather than their distributions. This class of models is
seldom biologically plausible. However, it is easy to communicate and hence, serves the
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demonstration purpose well. The untestable rank-preserving assumption can be relaxed
(Robins et al., 1992), also, the G-estimation method discussed in Section 2.7 can be im-
plemented if the data follow an AFT model, regardless of whether it’s rank-preserving or
not (Robins, 2002, 2005; Robins et al., 1992). The blip function in a non-rank-preserving
SNAFTM maps the distribution of counterfactual outcomes, not the outcomes themselves,
hence does not assume rank preserving.

To close this section, we restate that SNAFTM handles the time-varying confound-
ing bias by never lumping treatments received at different times. SNAFTM allows one to
directly model the interaction between treatment at each visit k£ and past time-dependent
covariate history. The SNAFTM sheds more light on answering causal survival questions,

especially when time-varying confounders are in the scene.

2.7 G-estimation

The next problem naturally is how to estimate the causal parameter ¢ in the SNAFTM
and make inferences. The identifying assumptions mentioned in Section 2.2 need to be
revised slightly to address this specific type of causal problem (Robins and Hernén, 2008),
because now there are time-varying exposures and covariates. The Exchangeability as-
sumption in (2.2.2) can be adapted to the Sequential Randomization Assumption (SRA)

(Robins and Hernan, 2008): for all regimes @, all [, and for k = 0, - - - , K,

Ap LY®1OL A | Y >t (2.12)
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This assumption means that the treatment at visit £ will be randomly assigned indepen-
dently of the counterfactual unexposed outcome, but the randomization probabilities may
depend on L and A histories prior to treatment at visit k is given. The required indepen-
dence will only be examined for subjects who are still alive/free of endpoint events at the
beginning of each nested trial. Conceptually, each subject contributes a number (V; + 1)
of visits to the final analysis.

The consistency assumption (2.2.1) is updated to say, for any individual,

ifA=athenYA=Y? =Y. (2.13)

The positivity assumption (2.2.3) is updated as to say, for all possible levels of ay, if

f(L, Ag—1) > 0, then f(ax|Ly, Ax—1) > 0. (2.14)

For dynamic regimes, the positivity assumption stays the same while for exchange-
ability and consistency, a “strengthened” version is needed. The SRA is updated as to say,

for any k, treatment regime g € G and [,

A LYI Ly, Ay = gi(Li—1, Ap—2),Y >ty (2.15)

The strengthened consistency reads, for any individual, any k, and treatment regime g €
G, l,

if Ak = gk(ika Akfl), then Y7 =Y and Z_—Jg( = l_—JK’ (216)
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where L{ is the counterfactual L-history through visit k& under regime g.
Then, one proper approach to test the G-null hypothesis (2.6) is based on the fol-

lowing theorem (Robins, 1997):

Theorem 1 (G-null Theorem). The G-null hypothesis (2.6) is true if and only if A, 1L

Y|Ly, Ay forallk =0,--- K.

The G-null theorem only refers to the observables; however, it still has implications
for the distributions of counterfactual outcomes (Robins, 1997). Combining SRA and the
blip function, the G-null theorem indicates that there is no effect of final blip of treatment
of size a; among subjects with each observed history I, a [ie., e (Y, U, @k ) = ylif
and only if the G-null hypothesis is true. Thus, the treatment causal effect can be tested
via a v dimensional statistical test of 1) = 0.

The simplest blip function Vi (y, I, ax; ) = ty + fti exp(va(u))du is used as a
running example in following discussion. The first step in G-estimation is to calculate the
counterfactual treatment-free outcome with the hypothesized known blip function. If the
blip function is correctly specified, the true unexposed counterfactual variable Y can be

recovered from the observed quantities {Y, Ay, L.} by the relationship

Y
Y0 = /0 exp{v* A(u)}du. (2.17)

The counterfactual can be written as a function of 1. For individual ¢ with a given 1), we

can use function H(v)) to make the relationship between Y and the parameter of interest
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1 explicit:

Hi(@b):/o iexp{@DAi(u)}du. (2.18)

Furthermore, consider the nested trial concept. Conditional on {L;, = [}, Ay =
ay_1, the survival time up to time ¢, becomes a constant and will be always independent
of Ay. As aresult, it contributes no information to the required conditional independence
testing (2.12). Then, H; (1)) will only be computed for subjects who are still alive at time
t; with

Y,
H;(Y, k) =t +/ exp{A;(u) }du. (2.19)

This function shows that the counterfactual outcome can be computed by a deter-
ministic function and the mapping from {Y;, Ay, Ly} to {H;(), k), Ay, Ly} is one to one.
It’s also easy to observe that YP = H;(v*,0). Based on this one-to-one mapping, the ob-
served likelihood £{Y}, Ag, Z)k} can be written with respect to the counterfactual outcome

by variable transformation as:

H{aH( )}f{H H}Hf{szle 1 Ajgr, H, gb}Hf AiwlLig, Aig-1; ).

(2.20)
We focus on specifying the correct parametric form of treatment density function while
allowing f{H ()} and f{Ly|Ly_1, Ar_1, H(x))} to remain completely unrestricted. The

following relationship is true based on the SRA:

f{A|Ly, Ap_1, HW* K)} = f{AR| Ly, Ap_1}. (2.21)
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When the treatment A is a binary variable, a pooled logistic regression has been
proved useful in testing the above-stated conditional independence and obtaining a semi-
parametric estimation of i) (Hernan et al., 2005). Once H (v, k) is obtained for a specific
1 = 1)y, for all subjects, the term H (v, k) is added as a covariate to the pooled logistic
regression which fits the distribution of A;. The Markov assumption specified that the
treatment probability at visit k is associated only with the most recent treatment/covariate

history:

10g1t(P(Ak = 1|E1€, Ak—l)) = qp + OélLk + OéQAk_l + 0H('¢0, ]{?) (222)

An asymptotic a-level G-test of the hypothesis i)y = 1 is performed by using any stan-
dard likelihood-based test (e.g., a score test) of the hypothesis § = 0 based on the likeli-
hood of the pooled logistic model such as in Formula (2.22). These tests are often called
the G-tests. The 95% confidence interval of 1, is the set of 1)y when the hypothesis
that & = 0 cannot be rejected. Of course, a similar logic can be applied when A is no
longer binary, but the implementation requires a more sophisticated model specification
(Robins et al., 1992). In conclusion, if the density of treatment f(Ay|Ly, Ax_1) can be
correctly specified, SRA implies that the estimated coefficient (e.g., f) before the extra
term H (¢*, k) added to the model should be 0. In other words, the true ¢ recovers the
latent unexposed counterfactuals, which are conditionally independent of A; given histo-
ries, at each k.

Essentially, estimating the causal parameters in the structural models is equivalent
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to solving the estimating equation

U) =Y Ui,a) =0, (2.23)

where v is the causal parameter of interest (e.g., the causal survival time ratio) and ¢ is the
consistent estimator of a p-dimensional nuisance parameter «.. In the SNAFTM, « denotes
the parameters of a parametric distribution that describes the treatment mechanism. For

the running example with binary treatment, the explicit G-estimating equation is:

HZ(Q/J, k){Az,k — P’/’(A@k = 1|E,’7k, Ai,k—l)} =0. (224)

U(y) = Z

N V
=1

k=0

The consistency estimation of ¢) by the G-estimation requires the correct specifi-
cation of the exposure mechanism f(Ay), in addition to the correctness of “known” blip
function « and the SRA. For high-dimensional cases such as ) = {1, 99, -+ , 9, }, v es-
timating equations can be posed and a x? test statistic can be used to test the conditional
independence (Joffe et al., 2011; Robins, 1992).

Last, The SNM and G-estimation were developed for settings in which treatment
decisions are being made at discrete times at which all the confounders are observed.
Essentially, SNMs (and Robins’ other longitudinal causal inference techniques) assume
discrete-time underlying data generating processes. There is a fundamental difficulty in
the extension to the continuous case because the theory involves conditional distribu-
tions that are not uniquely defined for continuous variables. However, the method can be

salvaged under certain continuity assumptions (Gill and Robins, 2001). The continuous
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data-generating process is not considered in this dissertation. We also refer readers to

other continuous case generalizations (Zhang et al., 2011).

2.8 Artificial Censoring

In the previous discussion, the counterfactual survival time H;(1), k) can only be
calculated for subjects with observed event times. If the event time is right censored due
to scheduled study close out, one may want to apply the same rule but with Y replaced
with 7" = min(Y, C') which is considered right-censoring in equation (2.17). However,
this will introduce bias.

Figure 2.3 aims to provide a simple example that explains the bias and suggested
remedy. Assume there are six subjects, three come from the treated group, and the other
three are from the untreated group. These subjects are exchangeable in terms of treatment
group as the baseline survival times in each group are both (2,4, 6) (black dots). Further,
panels a and b showed that, without administrative censoring, the treatment is beneficial
with an acceleration factor equal to 1.5 because the observed survival time for the treated
group (red dots) is (3,6,9). For the untreated group, the observed survival time is the
same as the baseline survival time. Referring back to the G-estimation section, a correct
1 = —log(1.5) can restore the exchangeability from the observed data (red dots are
mapped back to black dots). Panels ¢ and d present the cases when the study is scheduled
to end at time 5, the black and red dots still denote the baseline and observed survival
time. Now, with the event indicator added, for the untreated group, the observed data are

2,1), (4,1), and (5,0) and for the treated the data are (3,1), (5,0), and (5,0). Even if the
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Figure 2.3: Artificial Censoring Example: red dots denote the observed survival times,
black dots denote the latent baseline survival times. Baseline survival time are (2, 4, 6)
for three subjects in all plots. Treated subjects would have longer survival time (a & b).
If censoring at time 5 is further considered, not all events can be observed. Numbers in
brackets annotating each red dot in plots ¢ & d are observed event time and event indicator.

true 1) is applied to the observed survival time, the exchangeability cannot be recovered
as one has reason to believe that people from the treatment group are more likely to be
censored and have a smaller baseline survival time. Mathematically speaking, even with
Yo L A, C; L A; ) as the censoring status has a direct relationship with the treatment
regime unless the treatment causal effect is 0.

A solution is to use the artificial censoring mechanism which censors some subjects
even if they experienced the event. To define artificial censoring, first, replace the event

time Y; in (2.19) with the right censoring time C;. This information should be available
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at the beginning of the study. Then, define the minimal potential follow-up time as

C;
C: (k) = minfts+ [ exp{vA(w)du). (2.25)

ty

As the name suggests, C(1, k) denotes the minimal potential follow-up time under all
possible treatment regimes at visit &, with respect to a specific . Cf (¢, k) is a fixed
function of {Lj, Ay_,} but not a function of A;. Referring to the working example,
there are two possible treatment regimes: treated versus untreated. When the 1 is hy-
pothesized as the true value, — log(1.5), the minimal potential censoring time is obtained
when subjects are exposed, which is 5/1.5. Now, the artificial censored bivariate ran-
dom variable {time, event indicator}: {X;(¢, k), A;(¢,k)} can be calculated as usual
but replacing C;(v¢, k) with C} (¢, k). Hence, X;(¢, k) = min(H;(¢, k), Ci (1), k)) and
A, k) = 1{H;(¢,k) < Cf(¢,k}. In the working example, the constructed artifi-
cially censored observations are {(2,1),(5/1.5,0),(5/1.5,0)} for the untreated group,
and {(2,1),(5/1.5,0),(5/1.5,0)} for the treated group. With the original censoring
time 5 replaced by the new censoring time (5/1.5), the exchangeability is restored when
1 = 1*. The newly defined counterfactuals {X;(¢, k), A;(¢, k)} are calculable for all
subjects at all visits and they obey SRA when v = 1*. For computational convenience,
the artificial event indicator A; (7)) will be used in the G-estimation in replace of H;(¢, k),
to solve for 7). The consistent and unbiased estimator of ¢) can then be obtained.

The SRA holds for any deterministic p-dimensional function gy () of H;(1, k), and
in fact, for any deterministic v-dimensional function g of {X;(v, k), A;(¢,k)}. The

choice of g, should not influence the consistency of the estimator but the efficacy. The
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optimal g; which attains the semiparametric variance bound is provided in (Robins, 1992).
However, the optimal estimator is not feasible since it depends on the unknown joint dis-
tribution of {Y, L(Y"), A(Y')}. There are some other possible choices that provide double
robustness (Mertens and Vansteelandt, 2017; Vock et al., 2013) against misspecification
of the exposure mechanism. Nevertheless, the artificial censoring indicator A;(v, k) is
much easier to calculate and hence is more popular in practice.

The problems of artificial censoring include the non-smoothness of the resultant
estimating equation, potential loss of information, etc (Joffe et al., 2011). As a result,
the usual gradient-based algorithms such as Newton-Raphson cannot be applied to G-
estimation. Some non-gradient-based algorithms, such as grid searching or Nelder-Mead
have to be employed. The target parameter v in the simplest blip function is suggested
to be estimated by grid search (Hernén et al., 2005), i.e., grid search values on [—3, 3] by
a step of 0.01. An oversimplified blip function is very likely to fail to quantify the true
causal effect of the exposure. The causal effect may not be linear and there could be com-
plicated interaction effects between covariates and exposure, as well as among their histo-
ries. The ranges considered in the grid search algorithm should be wide enough to cover
the true value as well as the CIs.This requirement, in turn, renders the algorithm computa-
tionally unfeasible for a high-dimensional 1) in a more sophisticated blip function. Some
remedies have been proposed to address these issues (Joffe et al., 2011). Yet, these reme-
dies are still computationally intensive, fail to find the solution in high-dimensional cases,
and further require a large amount of expert knowledge. These existing obstacles point

out the need to develop more stable, user-accessible estimation algorithms for SNAFTM.
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2.9 Competing Risk Censoring

Besides the often-encountered right-censoring, subjects may drop out due to other
competing risk events. If a subject’s loss to follow-up is due to moving out of the area, it’s
safe to regard them as regular right censored subjects because the censoring scheme is in-
dependent of the counterfactual survival outcome. However, if a subject drops out due to
illness that makes him or her unable to be compliant with the study, this makes this inde-
pendent censoring assumption suspicious. To deal with this type of censoring, we further
need the Ignorable Censoring Assumption (ICA). ICA states that the observed history
(Ly, Aj_1) is sufficient to predict censoring at visit & in the sense that censoring carries
no residual information about survival under any of the considered exposure regimes,
conditional on the covariate history up to visit £ (Robins, 1992). Inverse Probability of
Censoring Weighting (IPCW) can deal with competing risk censoring in G-estimation
under ICA. The weights ¥, ;, are the inverse of an individual’s probability of being un-
censored until the end of the study, at visit £ (Hernan et al., 2005). The competing risk
censoring probability at each visit k£ can be predicted by a model of the censoring mecha-
nism. Using [PCW allows adjusting for confounding by creating a pseudo-population in
which the competing risk censoring is independent of the measured confounders. In the
pseudo-population, an uncensored subject not only represents himself or herself but also
similar but censored subjects. This idea is similar to using weighting for non-response to
adjust for missing data (Little and Rubin, 2002).

Specifically, the censoring scheme can be fitted by a logistic (if there is only one

censoring mechanism) or multinomial (if there is more than one censoring mechanism)
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regression. The censoring model uses all available data to relate the probability of being
censored at each measurement to the exposure and covariate history. Then, the estimating
equations that define the G-estimator are restricted to subjects who remain uncensored
from the competing risk events during follow-up. These subjects are weighted by the re-
ciprocal of the cumulative probability of not being censored until the end of the follow-up.
Some doubly robust methods have been proposed to address possible misspecifications of
the censoring mechanism (Mertens and Vansteelandt, 2017), for traditional G-estimation.

In any application, the event that qualifies as a competing risk event should be
carefully defined. For instance, if the event of interest is the CV death, then deaths due to
other causes are competing risk events. Another example is, to examine the causal effect
of high blood pressure on CVD events, individuals are competing risk censored when
they first report the use of any anti-hypertensive medications (Witteman et al., 1998).
Theoretically, other than the scenario of a study defining a pre-fixed treatment regime and

using all-cause death as the endpoint, competing risk censoring is possible.

2.10 Conclusion and Other Causal Inference Perspectives

The SNAFTM along with G-estimation has been successfully applied to many stud-
ies (Hernan et al., 2005; Robins et al., 1992; Witteman et al., 1998). However, this method
is still not popular due to multiple reasons. First, a user has to specify the correct form
of the blip function, which could be a non-trivial task. Second, there is no ready algo-
rithm to compute the causal parameter. The estimating equation of the causal parameter

(especially for the high-dimensional case and when censoring must be taken care of) is
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not monotone or differentiable with respect to the parameter to be estimated (Joffe et al.,
2011; Vansteelandt and Joffe, 2014). As a result, a non-gradient-based optimizer has to
be used. However, the commonly used grid search does not guarantee a unique solution
and so the procedure is computationally intensive and inconvenient. This computational
challenge further restricts the blip function’s possible specifications - only estimation for a
low dimensional 1) is feasible. Third, the estimation method heavily relies on a strong but
untestable assumption, the sequential randomization assumption. A remedy is to include
as many covariates as one can in the analysis to mitigate the risk of assumption violation.
Finding a suitable parametric model for the treatment mechanism with rich covariates
collected in modern studies could be a prohibitive task in the beginning, and could suffer
from the curse of dimensionality. The Markov assumption may permit a comparable sim-
ple formula such as (2.22), but it’s obviously too restrictive to agree with clinical practice.
Nevertheless, if an important confounder is left out during the data collection period of an
observational study, the assumption violation is inevitable. Fourth, G-estimation resultant
confidence intervals (Cls) can be uselessly wide or even infinite when the SRA assump-
tion is violated. Robins (Robins, 1997) specified the conditions where the Cls are finite
and proposed some practical guides. But, the existing practical guides are still vague for
day-to-day analysis and require a large amount of side input. The optimal choice of g
which attains the semiparametric variance bound is not accessible and barely used.

If the null hypothesis of no treatment effect has been rejected and the causal parame-
ter 1) has been estimated, one might wish to estimate the survival distribution Pr(Y9 > y)
of the outcome under specific treatment regimes ¢ in a way consistent with the estimator

1. This can be done by estimating the distribution of Y (e.g. by the empirical distribu-
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tion of ) and the empirical distribution of L; given Lj_;, A;_;and 0 (k =0,--- , K) for
histories L;_;, A;_, consistent with g.An approximate sample Tig from the distribution
of TY could then be generated by using these estimated distributions by the Monte Carlo
algorithm (Lok et al., 2004; Robins et al., 1992).

Besides Robins’ counterfactual outcome framework, there are other causal infer-
ence perspectives. For example, because the counterfactual outcomes are not always
observable, it’s natural to think it’s a missing data problem (Ding and Li, 2018). Some
Bayesian methods have been proved useful as well (Oganisian and Roy, 2020; Rubin,
1978). However, these discussions are beyond the scope of this dissertation. The main
contribution of this dissertation is extending the SNAFTM/G-estimation to the deep learn-
ing field and developing useful machine learning algorithms. Starting from the next chap-
ter, it’s assumed that the required causal inference background has been well elaborated

and discussions will be mostly on the computational side.
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Chapter 3: Neural Network based Algorithms for SNAFTM

3.1 Background

Computers/machines learning from data to perform a task by using algorithms in-
stead of being explicitly programmed is called Machine Learning (ML). In a broad sense,
deep learning (LeCun et al., 2015) is a subfield of ML. Deep learning includes algorithms
that analyze data with a layered structure called an Artificial Neural Network (ANN)
(Goodfellow et al., 2016). ANN’s history can be traced back to 1943 when McCulloch
and Pitts published the first mathematical model of a neural network (McCulloch and
Pitts, 2021). ANN can be viewed as an estimation method that models the relationship
between inputs and outputs using layers of connected computational units (neurons), pat-
terned after the biological neural networks of brains. Computational units in the network
- neurons - sit between the inputs and outputs. A hidden layer neuron receives its inputs
from the neurons in the preceding layer of the network, adds up each input multiplied by
the corresponding weight, and passes the result on to neurons in the next layer with an
activation function applied. The network structure allows data-driven learning of the ap-
propriate model, in addition to learning the parameters of that model (Farrell et al., 2021).
ANNs make up the backbone of deep learning algorithms. This estimation method has be-

come increasingly popular in causal discovery given its capability to capture the complex
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dependencies between variables by using a great amount of available data.

Deep learning techniques are useful tools for clinical data analysis in many senses.
On the one hand, observational data can be used to train a supervised learning model.
However, the model may lack causal meanings if it fails to adjust for the bias introduced
by time-varying confounders. Alternatively, given potentially complicated covariates and
treatment distributions, along with their temporally connected nature at consecutive time
points, the three aforementioned methods in Section 2.5 all suffer from model misspec-
ification. To improve estimation consistency and efficiency, a natural thought is to de-
velop some deep learning algorithms for existing methods that address the time-varying
confounding issue. This Chapter starts with reviewing related literature. The proposed

algorithms will then be mathematically justified and described in detail.

3.1.1 Recurrent Neural Network

To start with, ANNs such as Recurrent Neural Networks (RNNs) have achieved
state-of-the-art performance in processing sequential data or time series data. The most
important property of RNN is its ability to remember the history. At each time step ¢, the
network takes accumulated information at the prior step - the hidden state h;_; - besides
current covariates z; as input. While traditional deep neural networks assume that inputs
and outputs are independent of each other, the feedback loops in RNN allow its output
to depend on the prior elements within the sequence. Depending on the input and target
output sequence lengths, there are four types of RNN (Liu, 2020), many-to-one, many-

to-many, etc. Long short-term memory (LSTM) (Hochreiter and Schmidhuber, 1997) is
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the most popular RNN variant as it contains a special unit (memory cell) in addition to
standard units to maintain information in memory for long periods. Hence, LSTM has
some advantages in learning long-term temporal dependencies. RNN and its variants
have become impressive benchmarks in solving ordinal or temporal problems, such as
language translation, natural language processing, and speech recognition (Sherstinsky,
2020).

Figure 3.1 displays how a RNN takes the input sequence {2;}. , and outputs a

prediction sequence {yt}le. Here, z; and y; can be vectors at each time point. The widely

Output (§.37_, 21 Y2 V3
| Wy, by Wy, by W, by Wy, by
Unfold w w w
on | Wi RNN —> hy e h, AN hs A
Winpusr bn Winput, bn Winputs bn Winputs bn
Input {z¢}f=1 2 Zy Z3
Time 1 Time 2 Time 3

Figure 3.1: An example unfolded many-to-many RNN.

known equation below describes how the simple RNN unit takes the current covariates
input 2, and the previously hidden state i, _; when generating the currently hidden state
h;. In this case, the model parameters are the recurrent weight matrix W, the input

weight matrix W,,,,,,,, and the bias by,.

ht = O.h<Wrechtfl + V‘/inputzt + bh) (31)
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The many-to-many RNN is capable of producing output ¢; from the current hidden state
h. by further introducing an output weight matrix W,, and the bias associated with output
- by.

U = 0o(Wyhy + by). (3.2)

Element-wise activation functions ¢ can be chosen accordingly for the generation of the
hidden state and the output estimation, as o, in (3.1) and o, in (3.2). The loss function £

of all time steps is defined based on the loss at every time step as follows:

L(Gy) =D L w). (3.3)

We refer readers to (Goodfellow et al., 2016) for a complete treatment of RNN.

From the perspective of the gradient information in optimization, popular neural
network optimization methods can be divided into three categories: first-order optimiza-
tion methods, which are represented by the widely used stochastic gradient methods;
high-order optimization methods, in which Newton’s method is a typical example; and
heuristic derivative-free optimization methods, in which the coordinate descent method
is a representative. In this dissertation, we focus on the first category, the gradient-based
optimization methods. Gradient Descent is generally attributed to Cauchy back to 1847
(Cauchy, 1847). The gradient descent is a first-order iterative optimization algorithm for
finding a local minimum of a differentiable function. The algorithm proceeds by taking
repeated steps in the opposite direction of the gradient of the objective function at the

current step during the iteration. Furthermore, the Stochastic Gradient Descent (SGD)
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is preceded by a stochastic approximation, as first described by Robbins and Monro in
the 1950s (Robbins and Monro, 1951). The idea of stochastic gradient descent is using
one sample randomly to update the gradient per iteration, instead of directly calculat-
ing the exact value of the gradient. The stochastic gradient is an unbiased estimate of
the real gradient (Robbins and Monro, 1951). The algorithm learning rate determines
the step size in each iteration, and thus influences the number of iterations to converge.
Besides SGD, there are many other first-order optimization methods such as AdaGrad
(Duchi et al., 2011), RMSProp (Tieleman and Hinton, 2015) and Adam (Kingma and Ba,
2015). Specifically, Adam combined benefits from adaptive gradient methods AdaGrad
and RMSProp; thus it has gained increasing popularity in recent years. Its advantages
include the magnitudes of parameter updates are invariant to rescaling of the gradient, its
stepsizes are approximately bounded by the stepsize hyperparameter, it does not require
a stationary objective, it works with sparse gradients, and it naturally performs a form of
step size annealing (Kingma and Ba, 2015). For a review of optimization methods used
in the contemporary machine learning community, see paper (Bottou et al., 2018; Ruder,
2016; Sun et al., 2020).

Clinical data differ from other sequence data as they often include a mixture of static
(e.g., race, gender) and dynamic information, which is recorded at each visit (e.g., lab
measurements, medications prescribed) (Esteban et al., 2016). During the past decades,
RNN along with its variants have been successfully applied to medical longitudinal data
analysis and outperformed other methods in future event prediction. Given the fact that
the medical records are growing longer (more visits) and wider (more information is
collected at each visit), the capability of handling high-dimensional data makes the neu-
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ral network one of the most competitive tools in medical data analysis. In the causal
inference field, it’s also not uncommon that researchers sought help from the ML com-
munity (Chernozhukov et al., 2018). The time-varying confounding issue only persists
for longitudinal data. Hence, RNN and its variants are popular tools when researchers
attempt to solve causal problems. To this end, Li et al. (Li et al., 2020) proposed the
G-Net, a deep-learning approach to G-computation. Lim et al. (Lim et al., 2018) in-
troduced the Recurrent Marginal Structural Networks (RMSN) which combines MSMs
with RNN. On the basis of Lim et al.’s work, Counterfactual Recurrent Network (CRN)
(Bica et al., 2020) was developed to make the counterfactual estimation of future out-
comes. CRN constructs treatment invariant representations at each time step to remove
the bias from time-varying confounders. The CRN also has adversarial training layers
which break the association between subjects’ history and treatment assignment. Thus,
the network can be reliably used for estimating counterfactual outcomes. The algorithm
can also estimate counterfactual outcomes for treatment plans (not just single treatment).
The counterfactual outcomes can then be used in answering clinical questions such as

when to initiate/terminate the treatment.

3.1.2 ML Assisted AFT

Some deep applications of the AFT model (Martinsson, 2016; Yang et al., 2017)

may be helpful because the SNAFTM is inherited from the AFT. Nevertheless, these
existing deep AFT algorithms assume specific parametric forms for the survival distribu-

tions, for instance, the Log-normal or Weibull distribution. The loss functions are either
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defined with respect to a specific likelihood of the data or the mean square error (MSE)
between predicted and observed survival outcomes. As shown in Chapter 2, the tradi-
tional time-dependent AFT model fails to identify the true treatment causal effect in the
presence of time-varying confounders. In contrast, algorithms proposed in this chapter
target relaxing the known parametric assumption of the blip function as well as the treat-
ment mechanism, while keeping the inference under the SNAFTM framework. The goal
is to provide an unbiased estimation of the intervention’s causal effect after controlling

for the time-varying confounding issues.

3.1.3 ML Assisted Conditional Independence Testing

The three existing methods discussed in Section 2.5 adjust for time-varying con-
founding have different estimands and are developed to answer distinct research ques-
tions. SNAFTM has advantages in survival causal inference as demonstrated in Section
2.6. Though the hybridization of G-computation/MSM with ML algorithms seems suc-
cessful, a similar deep implementation of G-estimation has not been discovered. The gap
is of interest to be filled in this dissertation.

To embrace deep learning methods into the G-estimation method, we first noted that
conditional independence stated in Formula (2.12) is the cornerstone of G-estimation. In
this dissertation, the hypotheses to be tested based on (2.12) can be written as: for each

visitk, k=0, , K,

Ho : Ak A de,l,(),-n,O'Ek’ Ak,1 VS. HA . Ak _,Hi de,l,(),-n,O'Ek’ Akfh (34)
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where Y %-1:0 stands for the exposure-free counterfactuals as before. Further, let Z, =
{Ek, flk_l} denote all treatment/covariate histories observed just before Ay is experi-

enced. Then the above formula can be re-written as:

Hy: Ay LY%10\Zvs. Hy - Y310 Y AL Z. (3.5)

This null hypothesis can be additionally written with respect to conditional distributions
such as:

Hy : Pr(Ap|Ze, Y% 10) = Pr( A Zi) ~ qu, (Ar). (3.6)

We observe that the hypothesis testing problem is actually a conditional indepen-
dence testing problem. This requirement of conditional independence in causal infer-
ence naturally motivates us to consider taking advantage of the recent advances in con-
ditional independence tests (CIT) using NNs. Nevertheless, current literature focuses on
the CIT and outputs a valid p-value, that is, to perform the CIT of Hy : X 1 Y|Z versus
H, : X ) Y|Z with the assistance of NNs. To name a few of these CIT algorithms,
the Model-X knockoffs (Candes et al., 2018) (Conditional Randomization Test; CRT) al-
gorithm aims at testing X; L Y|X_; by constructing knockoffs X ; of the variable X;.
The knockoff samples are drawn from the complete conditional P(X;|X_;), namely, the
distribution of the j* feature given all other features. The complete conditional serves
as a valid null by preserving the joint dependency structure of Pr(X) and removing any
dependency between X; and Y. Finally, the CRT compares a test statistic 7' (f( X i Y)
on the null samples to the statistic on the observed sample 7'(X;; X

_;;Y) and yields a
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p-value. On the bases of CRT, the Holdout Randomization Test (HRT) (Tansey et al.,
2021) works by first splitting the data into training {X; Y} and testing {X";Y"} sets. A
predictive model 7 is fit on the training set and repeatedly evaluated on the testing set.
The prediction quality 7(X") is compared to 7(X"), where X' is a copy of X' that re-
places the feature X ]' to be tested with a null sample X ; A p-value for the hypothesis
test is then approximated by repeatedly sampling and comparing predictive performance
under the null with performance using the original data. Nevertheless, it’s often hard
to generate null samples required by these algorithms as there is no access to the true
null data generation mechanism. Recent advances in Generative Adversarial Networks
(GANSs) (Goodfellow et al., 2014) provide some new working directions here. GAN is
a two-player game in which a generator model is trained to generate new samples, and
a discriminator model tries to classify examples as either real or fake (generated). The
generator and the discriminator models are trained together until the discriminator model
is fooled about half the time, meaning the generator model has become creditably good
at generating plausible samples. GAN allows the production of realistic samples across
a range of problem domains, such as realistic photos of objects, scenes, or people. A
well-trained GAN is able to produce photos very similar to genuine ones. Even humans
cannot tell which are fake. Specifically, the Generative Conditional Independence Test
(GCIT) (Bellot and van der Schaar, 2019) is a test that is based on a modification of GAN
that generates null samples from distribution under the conditional independence assump-
tion (), while maintaining good power in high dimensional data. The GCIT rejects the
conditional independence hypothesis when the observed correlation is at extreme values

of its empirical null distribution, i.e., at the 5% tail of the approximated empirical null
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distribution.

3.2 Notations

Though the notations needed in this section largely follow the notations specified in
Section 2.4. For readers’ convenience, we specify them again here. The data are assumed
to come from a longitudinal study, with £ = (0,1,--- , K') follow-up visits at discrete
time points ¢,k = (0,1,--- , K), tx is the fixed maximum scheduled visit time and
to = 0 denotes time of the baseline visit. Subjects are usually under follow-up after the
last visit for a pre-specified duration and the maximum follow-up time is denoted by ¢k ;.
Due to the limited follow-up time, administrative censoring is expected. The observed
event time is hence 7" = min(Y, C'), where Y is the true survival time and C' = tx ;.

For individual 4, at each visit &, data are collected on a treatment variable Ay, a
vector of covariates Ly, an outcome event indicator variable £}, and a follow-up indicator
variable C;. We assume the following implication for related variables: L, — Ay —
{Cki1, Exy1}. As before, A, € {1,0} indicates that a subject was exposed or not at visit
k. Variable C, € {1,0} indicates whether a subject was under follow-up or was lost to
follow-up at or before visit k. Variable £}, € {1,0} indicates whether a subject acquired
the event of interest by visit k. Variable £}, has an absorbing state = 1 (i.e., £ cannot
transit from 1 to O once £, = 1). Once £, = 1, T = Y with {,_; < Y < t,. Note,
E). will only be observable at visit k if Cj, = 1. Variable C; has an absorbing state = 0.
At the baseline visit £ = 0, we define £y = 0,Cy = 1 and L, as a vector of baseline

variables. Further, A_; = L_; = 0. As before, let 7, = {Z)k, flk,l} denote all histories
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observed just prior to A;. To describe the data needed for RNN, we use Z;, to denote the
covariate random variable at each time point (potentially high dimensional), {23} is
the observed sequences, serve as the input sequence to the RNN.

Still, v is reserved for the blip function. The blip function is a function of Z% r Where
7., 1 is a potential subset of the history Z;. We use Y@-1.0 to denote the counterfactual of
interest - the exposure-free outcomes. Equivalently, the counterfactual can be denoted by
H (&k, k) which makes the relationship between ¢ and counterfactual outcomes explicit.
The index ¢ for the individual is omitted unless necessary. Vectors are not necessarily

bold to ease notations.

3.3 Mathematical Foundations of Proposed Algorithms

To attack the limitations of G-estimation discussed in Section 2.10, we propose to
use neural networks to generate the counterfactual outcome sequence of interest and to
estimate the causal parameters in the associated SNAFTMs. NNs are also used to im-
prove the efficiency in testing conditional independence. These proposed networks will
be optimized with respect to the properly chosen loss functions which capture the con-
ditional correlation between the counterfactual outcome and exposure at each time point,
given histories before the exposure A;. Specifically, this dissertation proposed two deep-
learning algorithms for SNAFTM. The procedures of these two algorithms are clearly
illustrated in Figure 3.4, 3.5, where readers shall see the connections and differences
among them. Both algorithms begin by utilizing an RNN to estimate the sequence of the

causal survival ratio, and further the sequence of counterfactual outcomes. Formulas of
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this estimation step will be given in this section. These two proposed algorithms differ by
the losses employed (discussed further in Section 3.4), in other words, the mechanisms to
enforce conditional independence. As shown in Section 3.1.3, G-estimation is closely re-
lated to the CIT. We further argue that, by minimizing the loss to zero, the network would
estimate the true causal parameter ¢ in the SNAFTM. The resultant counterfactual out-
comes would assure the conditional independence required for valid causal inference.
Detailed structures of these algorithms will be given in Sections 3.5, 3.6.

These two proposed algorithms both use an RNN to first estimate the sequence
of the causal survival ratio ij with Z%k, and then the counterfactual outcome indexed
by the SNAFTM. Let Z, be the set of covariates that are believed to be associated with
the acceleration factor used in the blip function, and let Z%k denotes the history of the
corresponding covariate. For example, Z%k can be the history of a one-dimensional time-
dependent covariate L, such as smoking density (packs/year) collected at each visit &
because we suspect that the smoking intensity directly relates to the compressing rate of
cardiovascular event-free time. Elements of Z, can also include some static covariates.
It’s also reasonable to suspect that males and females respond differently to the same
exposure, so adding gender to Z, can have this biological assumption well absorbed.
If no interaction effect between aj, and other prognostic variables is assumed, Z, ;. can

simply be a one-dimensional constant for all time steps. With Z., the network is capable

of remembering the history and recursively updating the hidden state at each time step:

hk - ah(Wrechk—l + VvinputZ%k + bh) (37)
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The hidden state can be further transferred to any desired dimension by a time-distributed

layer. Hence we can obtain an output sequence:

b = op(Wyhy, + by). (3.8)

By changing the activation function of the time-distributed layer, we can control the out-
put range of prediction. A popular activation function for RNN hidden state o, is tanh,
for o, is sigmoid. In an RNN, though only the current covariate vector Z, ;, enters the
model at each time step, history Z%k_l has been absorbed into the hidden state hj_; at
previous steps. Eventually, the network will receive the complete sequence Zx and the
model prediction at each step is based on history. It’s important to emphasize again that
RNNss are designed to hold past or historic information of sequential data. In this sense,
the network has memory. Note, zﬂk technically ranges from —oo to +00. However, the
empirical values observed from the data are usually in a more compact range.

A popular variant of a simple RNN unit is the LSTM unit which contains multiple
gates and cells. In total, there are six equations in LSTM. At a single time point, the
LSTM unit takes the input Z;, h;_; and ¢;_; that are calculated from previous step, the
unit output ¢, and also generates the h; and ¢; for the consumption of the next time step
of the LSTM. More specifically, let U denote the weight matrix that connects the inputs
to the hidden layer and let W denote the the weight matrix that connects the previous

hidden layer and the current hidden layer. We can describe three gates - input gate, forget
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gate, and output gate in LSTM by equations:

iw=0(Wihi_1 + U, Z, + b;),
ft = U(tht—l + Uth + bf), (39)

0y = U(Woht—l + UOZt -+ bo).

As the names suggest, the input gate controls the amount of new information that will be
saved in the cell state, forget gate decides how much information will be discarded from
the cell state, and the output gate decides the final output for this LSTM unit, at time step

t. The cell state and candidate cell state follow the equations:

C; = O'(Wcht_l + Uth + bc),

(3.10)
Cy = ft * Ct—1 + it . C;.
The hidden state of this time step directly relates to the current cell state:
ht = O * O'(Ct). (311)

Finally, the output 3, is a function of the hidden state h,.

Compared to the over-simplified SNAFTM with a constant acceleration factor, it’s
more biologically plausible to model ?ﬁk by incorporating individual exposure/covariate
histories. The RNN fulfills the goal perfectly. The many-to-many RNN used in the coun-
terfactual estimation process is summarized in Figure 3.2. Clearly, with sequence input

of covariates z, j, 1 is now a function of covariates, hence it should not be treated as a
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constant across all visits, for all subjects. The magnitude of current covariates’ influence
is controlled by the input weights W;,,,,,;. The zﬂk has accounted for covariates history,
as well as exposure history by adjusting the weights W,... before the hidden state h,. The
overall influence of covariates and their histories on the causal parameter 1&,C is further
controlled by Wy, when the hidden state is decoded to the target estimand. This allows a
nonlinear format between all inputs and target output. The output layer which is attached
to the time distributed layer performs as the blip function and calculates the counterfactual
survival time for each individual if treatment is withheld onward from visit k. To name
some blip function forms that can be represented by this RNN, the interaction blip func-
tion we saw earlier v, (v, I, G; ¥1, ) = tp+(y—ti) exp((11 +102ly )az) can be rewritten
as Y1, (y, s g 101, 1hs) = te + (y — tr) exp(Yhray) where Uy, = Uy + 1hsl,.. We could view
the simplest blip function example where i (i, I, Gx; ) = t + (y — t) exp(vay) as
an oversimplified version of (3.8) where b, = v, Wy, is a zero matrix and the activation
function is the identity transformation. The interaction blip function mentioned above can
be decomposed in a similar manner. If the RNN cell only has one unit, the weights W;,,,..;
before all covariate other than {;, will be 0, b;, = 0, no histories need to be addressed hence
W, = 0, both activation functions ¢}, and o, can be identity function. Last, let Wy, = 1

and by, = 1)1, so that the simplest scenario can be adequately addressed.

Nevertheless, the blip function characterized by this layer

V(Y Uy Qg1 &k) =t + (y —t) exp(@kak);fk <y <tpp (3.12)

still satisfies the requirements stated in Section 2.6. This blip function indexes a SNAFTM
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in which the sequence of counterfactual survival time sequence can be calculated as

_ Y .
H(ty, k) = Y10 = ¢, —i—/ exp{ya, tdu (3.13)

173

The counterfactual survival time following the SNAFTM is calculated backward supplied

with the estimated sequence zﬂk and observed event time. Though the @Zk has a much more
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Figure 3.2: The unfold many-to-many RNNs are used to predict the counterfactual out-
comes, in both proposed algorithms.

extensive meaning than the previous constant v/, the interpretation would stay mostly the
same. This parameter still characterizes the effect that suspending treatment ay, at visit &
is the change to the residual lifetime ¢ — t; with a sequence of factors exp(zﬁkak). Note,
tr, will be the same for all subjects who are still at risk at visit k, hence, using a simpli-
fied counterfactual outcome without the term ¢, is sufficient in training the network. This
many-to-many RNN outputs a sequence of the remaining counterfactual exposure-free

survival times {Y%-19}. As we have discussed in Section 2.8 that calculating counter-
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factual unexposed time with the right censored time creates selection bias, artificial cen-
soring has been incorporated into the output layer of this counterfactual outcome network.

The minimal potential follow-up time is defined as:

K
C(p, k) = min{tk 3 (furr — t) expwuau)}; k=0,... K. (3.14)
u=k

For any subject with a given potential censoring time (which is known at the beginning
of the trial), the artificial censoring time is nothing but the earliest time on the trans-
formed scale at which there can be censoring. Here, the same time scale transformation
that applied to event time was applied to the potential censoring time. While training
the network, the minimum is taken over all empirical C' (zﬂk, k) values for subjects in a
batch, recursively at each visit k. We follow (Joffe et al., 2011) to use the empirical cen-
soring value instead of the theoretical value, as the gap between these two quantities can
be large in practice. We would like to artificially censor fewer subjects thus preserving
more information. Another effort made to decrease the artificial censoring rate in practice
is to use the largest potential censoring time for all subjects (Robins et al., 1992). Due
to staggered entry, subjects tend to have different entering times but when calculating
the artificial censoring time, the minimum should be taken with respect to subjects with
common original potential censoring time. Replacing the potential censoring time for all
subjects with the largest potential censoring time (i.e., ¢ 1) first reduces the information
loss amount and also improves the efficiency by dissociating the variation in counterfac-
tual outcome induced by staggered entering times. Nonetheless, subjects with shorter

follow-up times who do not experience a failure event during the observation period are
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considered censored by loss to follow-up at the max censoring time.

Once the network produces the counterfactual survival time H (&k, k), the artifi-
cial censoring indicator and artificial censored time follow as: X (¢, k) = min(H (¢, k),
C(), k) and A(, k) = 1{H(,k) < C(4,k)}. As demonstrated in Section 2.7,
any function of {X (¢, k), A(+), k)} is independent of the treatment/exposure assigned
at time k. Examples of such functions include g, (X (¢, k), A(¢), k)) = X (4, k). Hence,
the dual output of this network should both be conditionally independent of A, given
exposure/covariates histories Z;, following the G-estimation logic. In the previous G-
estimation, only the artificial censoring indicator is used in the estimating equation as the
representative of the counterfactual outcomes. Nevertheless, the indicator is a step func-
tion, which is not preferred when the true parameter space is high as the algorithm often
fails to converge to optimal values (Joffe et al., 2011). A suggested remedy is to use a

smoothed version of the indicator (Joffe et al., 2011). Specifically,

C (i, k)
X R) s -
1 o) if X (1, k) < C(, k)
0, if X (¢, k) = C(b, k)

During our own experiments, it’s discovered that, performances of proposed algorithms
are similar using either X (1, k) or A*(¢), k). From the formula, these two functions con-
tain the same amount of information about the counterfactual causal parameter. Note that
A*(1), k) has a range of [0, 1] which seems more friendly to the optimization problem.

Nonetheless, it’s discovered by us that including both two terms in the loss function in-
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creases the chance of convergence without increasing too much computational burden.
To improve the performance, the bivariate output {X (¥, k), A*(¢, k)} is used in both
proposed algorithms to enforce the conditional independence. In other words, the condi-
tional dependency (as the loss) will be computed between each of {X (¢, k), A*(¥, k)}
and another target vector. The final objective function contains the sum of these two pairs
of losses.

Like other typical machine learning algorithms, data will first be split into training
and testing sets. The network’s weights will be updated by SGD during training with
respect to the specific loss. The algorithm is monitored and potentially stopped early by
validation loss. This can effectively avoid overfitting. Then, the trained network will
estimate the treatment-free survival outcome with respect to test data. The intermediate
outputs of the network -, @k identify the potentially time-varying individualized survival
causal effect of exposure on expanding/compressing subjects’ survival time. Compared to
estimating the counterfactual outcomes directly, the zﬁk allows a better communication of
exposure effects. Thus, the estimation can be used to recommend treatment in the future
or to motivate exposure cessation.

The two proposed algorithms have the following notable advantages:

e None of these algorithms requires a known formula for the blip function and the
RNN structured blip function still satisfies conditions required for the blip function

presented in Section 2.6.

e They incorporate heterogeneity as the individual survival causal effects @ZAJ;“ are

estimated based on subject-specific treatment/exposure history. In fact, subjects’
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histories can be consolidated to the largest extent by using the RNN structure, when

exploring the possible blip function formats.

e These algorithms release users from an infeasible grid search on a potentially high-
dimensional space. Instead of plugging in different 1) values from a wide range
and refitting the exposure model (such as logistic regression for binary exposure or
other regressions for non-binary exposure) repeatedly, the network searches for the

solution by gradient descent directly.

e These algorithms can handle high-dimensional data.

3.4 Loss Functions for two Proposed Algorithms

Following the concept of nested trial, there are /' + 1 sub-models in a SNAFTM.
Subjects who are still alive at each visit £ contribute to each sub-model. Under the general
setting of RNN, a loss is calculated at each time step (visit), with respect to a specific loss
function. The overall loss is calculated by taking the average of these K + 1 losses. The
network is optimized when the overall loss is minimized. RNN lends itself naturally to the
nested trial setting. How to estimate the counterfactual outcomes has been explained in
the above section, we now discuss the loss function prepared for each proposed algorithm

in the following sub-sections.

3.4.1 Loss Function for GE-SCORE - Score of the Partial Likelihood

In the standard G-estimation, the basis is the conditional independence guaran-
teed by SRA (2.12) under the null hypothesis. In other words, if the exposure model
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f(Ag|Lg, Ap_1;00) = f(Ax|Zy; ) can be correctly specified, the SRA under null hy-
pothesis is guaranteed by (2.21). Here, ap € R? is an unknown parameter and, for each
a € RP, f(Ar|Zy; ) is a density with respect to a measure z. Moreover, the exposure
model will only be fitted for subjects with Y; > ¢, at each k. This condition is omitted
from the formula. As in Section 2.7, 8 denotes the coefficient of the extra term of coun-
terfactual outcome to be added to the exposure model and 1) is the causal parameter of

interest, with dimension v, potentially » > 1. We define the likelihood as:

=[I1] £rile.0.%) (3.15)

f(Ali,ilzk,iS ) - expl0Qy i{ Ay, Hi(¥, k) }]
=1 ke0 [ farlZii; @) - expl0Qui{ Axis Hi(¥, k) Ydp(ar)

Here, 0 € R” and Qy i { Ay, H;(¥, k)} = q(Api, Hei(¥), Zii) € R, where g() is a fixed
function. For computational simplicity, we set Qg ;{ Ax.i, Hi (¥, k) } = (G {Hi(¢¥, k) } A
Additionally, Gy ;{ H;(, k)} = gr(Hi(v, k), Zy;) € R”, where gi() is a fixed function
briefly discussed in Section 2.7. For example, if v = 1, gy (H;(, k), Z.;) may equal to
H;(¢, k). Given correct f(Ay|Zy; ), SRA and counterfactual outcomes are calculated
correctly by (3.13), Ly.:(«v, 0,1*) is a correctly specified model for f(Ay|Zy, H(*)) with
true values a and 0y = 0 so that £y ;(«, 0, 1*) is a correctly specified partial likelihood.
Let & = &(v) maximize £(cv, 0, 1) and (&, 0) maximize £ (e, 0, ¢*). Define

0log Ly (0, 0,0)

S@,k,i(aa Oa @Z)) = 89

. (3.16)
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Other score functions can be defined analogously. Solving Sy(&,0,%) = 0 leads to a
consistent estimation of ¢. Taking the partial derivative of log Ly ;(«, 0, 1) with respect

to ¢ directly leads to

Se,k,i(&a 07 %b)

- a IOg ‘Ck,i(a7 97 @D)
N 00

0 _
= %{ log f(Akil Zki; o) + 0Qui{ Ar.i, Hi(¥, k) }

—10g/f(ak|2k,i;04)'eXP[QQk,i{Ak,i,H¢(¢ak)}]dﬂ(ak)}

= Qui{Ari, Hi(1, k) }

S f(Akil Ziis o) - expl0Qui{ A, Hi(v, k)Y - Qua{ Avi, Hi(, k) }p(ar)
f f(Ak,i|Zk,z'; Oé) : eXp[er,i{Ak,ia Hiwa k’)}]dﬂ(ak)

T il A, Hi(0, k) } — / f(Akil Zris @) - Qri{ Ak, Hi(, k) Ydp(ar)

(3.17)

When v = 1 and we set G ;{H;(¢, k)} = H;(¢, k), the above score function can

further be reduced to

S02a,0,0) = B0 ) Aws = [ F(Aui\Zuss@) - Hi(0.B) - A
= Hi(¢, k) - [Agi — / F(Apil Zs; @) - Apadp(a)] (3.18)

= Hi({, k) - [Ari — E(Ari|Z1.4)]
Last, the loss function for Algorithm I is based on the score function:

NV

Sp(@,0,8) = > Y Spri(@,0,4) = 0. (3.19)

i=1 k=0
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This score function has a mean zero. It can be written as Sy ;(¢) to make the relationship
between 1 and the score explicit. The zﬂ obtained by solving this estimating equation
follows an asymptotically normal distribution with mean = ¢)* and variance that can be
consistently estimated from the observed data. Solving the score function for ¢ is equiva-
lent to minimizing the empirical linear correlation between the counterfactuals and resid-
uals. We use a correlation coefficient (e.g. Pearson correlation coefficient) between the
residual and counterfactual as the loss function. A zero Pearson correlation coefficient
means adding the counterfactual cannot provide any new information to the linear model
explaining A;, which already contains Z;. The algorithm I is hence called G-Estimation

based on the Score of the partial likelihood given by an RNN (GE-SCORE).

3.4.2 Loss Function for GE-MIMIC - Difference Between Observed and
Empirical Correlation Metric

The unbiasedness of ) in Algorithm I relies on the correct specification of Pr(A|Z;,),
which would not likely be a trivial task, especially when v > 1. Even though it is ad-
vantageous to use rich likelihood models for Pr(Ax|Z;), given histories accumulated
with time, the curse of dimensionality becomes inevitable. Using RNN can partially
mitigate the high dimensional challenges. Nevertheless, traditional G-estimation and the
GE-SCORE use a loss function that depends on the assumption that a model can capture
the exposure mechanism sufficiently and that conditional independence is guaranteed by
the zero correlation coefficient when the counterfactual is added to the model as an extra

term. The conditional independence obtained under this scenario is only linear. It’s com-
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pletely possible that A and H (k, 1)) are nonlinearly dependent (when vy # 1*) but they
seem linearly independent. Under this case, one fails to reject H (3.5) when it’s wrong,
in other words, commits a type Il error. In terms of the causal parameter estimation, the
resultant confidence interval will include incorrect v values and the estimation efficiency
tends to be low. More robust algorithms are thus desirable.

To ensure both linear and nonlinear conditional independence, some advanced ma-
chine learning algorithms (see Section 3.1.3) are considered when performing the testing.
We first observe that the null hypothesis (conditional independence) is likely to be true
when the correlation obtained with observed a; and ya-1.0 ig close to the same correla-
tion measure obtained under Hj (3.6). Yet, the distribution of exposure under Hj is not
accessible to researchers. We propose to first generate numbers of data sets that are con-
sistent with H, namely, to repeatedly generate a; conditional on z;. Machine learning
algorithms such as RNN are powerful tools to fulfill this goal. Then, we define a statistic
that captures the dependency between Aj, and Y %19, Computing the statistic for each
generated copy of @; and Y %-1:0 will approximate the distribution of the statistics under
the null distribution. The true counterfactual should yield a similar statistic with a; and
ay because the latter is generated under the conditional independence assumption.

Usually, the practitioners have confidence in specifying the null distribution of ex-
posure at each time step, Pr(Ayg|Z;), especially when the exposure of interest is low
dimensional. If the exposure is discrete as in this dissertation, the target is actually to
learn the probability of random exposure variable A taking each possible value. As a
result, desired null samples a; may be simply generated by repeatedly drawing from
the possible outcome set with the predicted probability. Deep networks such as RNN
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are extremely powerful in predicting the E(A;|Z;). In the continuous exposure case,
adding noises to the conditional expectation of exposure given histories E (Ay|Z;) (Sen
et al., 2018) should approximate the null distribution. The validity of Algorithm II is en-
sured because under the null hypothesis (3.6), the generated sequence of random triples
({@g}m, Y19 Z,) m = 1,--- , M are exchangeable, at each visit k. Consequently,
the sequence of summary statistic py, ,,, which is a measurable function of the generated
sequences, is also exchangeable. Specifically, the summary statistics p projects the gener-
ated and observed samples into a real-value scalar, by the mapping (X' x Y x Z) x (X x
YxZ)—=R.

A sequence of random variables is said to be exchangeable if its distribution is in-
variant under permutations. The “representation theorem” for exchangeable sequences
of random variables, first stated by de Finetti and extended by Diaconis and Freedman
(Diaconis and Freedman, 1980) for finite sequences is useful for Algorithm II. Previous
literature has shown that every sequence of conditionally i.i.d. random variables can be
considered as a sequence of exchangeable random variables (Heath and Sudderth, 1976).
For a specific predicted counterfactual outcome sequence Y %-10, by construction, the
resulting random sequence of data sets ({d }mm, Y10, 2;),m = 1,--- , M is exchange-
able at each visit k. This is justified by the fact that {ay },, is generated by sampling from
the same Bernoulli or Multinomial distribution, at each m. Therefore, the sequence of
statistics py, 1s also exchangeable within each k.

Next, we argue that the null samples a; generated by the regressor part preserve
the correlation between a;, and zj, but remove all potential correlations between the coun-

terfactual outcome Y -0 and ;. For the discrete exposure case, a prediction algorithm
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with sufficient capacity can estimate the conditional distribution gz, (Ax) (RHS of the null
hypothesis (3.6)) exactly. The null samples generated from the null model preserves the
dependence structure Pr(Ay, Z;) but break any dependence between A, and Yy @10 In-
tuitively, A}, is random variable generated without looking at the counterfactual outcome
Ya-1.0 at visit k. Replacing the A, with Ay, will break the causal path from Y-1.0 to
Ay, if there is any. Per the law of large numbers, the p; should be close to the mean of
Pr.m When M is large (Figure 3.3), under the null hypothesis. The algorithm hence uses
the mean of the absolute difference between the mean of py, ,,, and observed pj, across all

K + 1 visits as the overall loss.

Pk

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: A sample empirical distribution of pj, and py, ,,, under the null hypothesis

Note, the null sample generation scheme in Algorithm II can be viewed as regression-
based, although a neural network replaces an ordinary regression in this algorithm. The

purpose of the regression is to mimic the null sample distribution while conditioning on a

62



set of covariates. Algorithm II is hence called GE-MIMIC.

3.5

Procedures of GE-SCORE

Assume there exists a proper law of distribution Pr(A|Z}.) (potentially character-

ized by a neural network) which is believed to fit the exposure mechanism sufficiently.

Algorithm GE-SCORE proceeds by:

Step 1

Step 2

Step 3

Step 4

Obtain the law of exposure condition on Z;, by using a normal regression (e.g., for
binary exposure, a logistics regression) or an RNN. Calculate a;; and the residual
of estimated exposure for each subject, at each visit as 1, ; = ai; — ax,;. Here, ry;

follows the general definition of regression residuals.

Prepare the data for the counterfactual estimation RNN. This step includes padding
all individual sequences 2, ; to a length = K + 1, adding a covariate for follow-up

length based on the visit schedule, etc.

Structure the blip function by a many-to-many RNN as described in (3.8). The
target output is the estimated sequence of causal survival ratio for each individual on
each current time interval: {1&0, 1/31, cee @/A) k }- Then, the sequence of counterfactual
outcomes Y %-10 can be calculated by a lambda layer which further incorporates

artificial censoring.

For each epoch of data, use the loss function Lop_yrvrcr = p(7k, Y‘ik—lvﬁ) to

update the network weights.

The above steps are repeated until convergence. The algorithm can be viewed as a deep
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Figure 3.4: Architecture of GE-SCORE

extension of the traditional G-estimation.

3.6 Procedures of GE-MIMIC

To establish the desired exchangeability among the generated sequences of the
correlation statistics, GE-MIMIC first approximates the null distribution of exposure -
Pr(Ax|Z;) by a neural network. After generating null samples &, which is consistent
with the obtained conditional null distribution, the correlation metric p that captures the
{ay,, Y@-19} dependency is computed at each visit. Note, the @ and Y%~ are both
one-dimensional vectors at each visit k. This process can be repeated M times. At each

time we create a new batch of samples with freshly generated null samples a; but other
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information stays the same. When M is sufficiently large, the resultant sequence py, ,,, ap-

proximates the empirical distribution of correlation coefficients p;, between Y %10 and

Ay under the null hypothesis. Finally, pj is the correlation coefficient calculated with

observed data a; and the same batch of counterfactual outcomes Yak-1.0 yged in Py cal-

culation. The GE-MIMIC proceeds as:

Step 1

Step 2

Step 3

Step 4

Train a many-to-many RNN to predict the sequence of exposure conditional ex-
pectations E(A,|Z;). For a discrete random variable, this network predicts the

probability P(Ay, = ay).

For each m,m = 1,--- | M, generate a sequence of noise random variables {¢}y.
For example, € ~ MV N(0,3), where X controls the magnitude of noises, hence
the parameter should be chosen with respect to the data. Calculate {ay},, =
E(Ag|Z1) + {ek}m for given Zj.. For binary/multinomial distributed exposure, di-
rectly draw realized values of the discrete variable based on E( A |Z;.) with no noise

added. Repeat the process for all M batches of samples.

Prepare the data for the counterfactual RNN. This step includes padding all indi-
vidual sequences Z, ; to a length = K + 1, adding a covariate for follow-up length

based on the visit schedule, etc.

Structure the blip function by a many-to-many RNN as described in (3.8). The
target output is the estimated sequence of causal survival ratio for each individual on
each current time interval: {1[}0, @/A)l, cee @E x }- Then, the sequence of counterfactual
outcomes Y %-1:0 can be calculated by a lambda layer which further incorporates
artificial censoring.
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Step 5 Calculate pg ,, ({ @ }m, Yak—lvﬁ) for each batch of null samples, m = 1,--- , M. At
each visit k, calculate the observed correlation coefficient py,(ay, Y*-19). The loss

function Lo mrvick = |Prm — pi| as defined in Section 3.4.2.

Covariates Zw

Covariates Z

A 4

Trained RNN for ¢, [
Exposure
RNN -
Count rf tuals: §'
Noise &, v ounA(; a% uals: 2
£ {ak}lh Y k-1 CED
K X 7 &
" . / a-_l
Ak ﬁk,m — Pk —

Figure 3.5: Architecture of GE-MIMIC

The estimation efficiency of 1&;c will depend on the accuracy of the conditional expectation
F(Ay|Z:). The random variable A, should be centered approximately at E(Ay|Z;) if the
true conditional distribution is unimodal and noises are chosen appropriately. Essentially,
the required assumption is that the distribution of A, has a large overlap with the true
null distribution g, (Ax|Zx) (Sen et al., 2018). However, there is no need to add noise
to the scope of this dissertation as the generation of null samples based on the Bernoulli
distribution has introduced randomnesses to the null samples. Note, above Steps 3 and 4
are the same as Steps 2 and 3 of GE-SCORE. This counterfactual RNN structure will be
the same for both proposed algorithms, as shown in the blue boxes in Figures 3.4 and 3.5.
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Multiple metrics can be used to assess the conditional dependence required by the
GE-MIMIC loss functions. Ideally, the metrics employed should be comprehensive to
consider linear as well as non-linear correlation. The Pearson Correlation coefficient

measures the linear relationship between two variables. It’s defined as:

> i@ — )y — ) '
Vilw — 22 (i — 9)

ﬁpc(w,y) = (320)

More generally, the distance correlation (DC) (Székely et al., 2007) measures both linear
and nonlinear association between two random variables or random vectors. Similar to
the Pearson correlation coefficient, the population distance correlation coefficient is zero
if and only if the random vectors are independent. Unlike the Pearson correlation, the
distance correlation coefficient (Formula 3.21) can only take values in the unit interval
[0, 1]. With covariance and variance being expanded to distance covariance (dC'ov) and

distance variance (dV ar), the distance correlation coefficient is defined as:

_ dCov(x,y) ‘
VaVar(z)dVar(y)

ppc(x,y) (3.21)

Though there are many other correlation/distance metrics, they are not suitable as
a neural network loss function. Choice of correlation metrics also depends on their dif-
ferentiability - the optimization is usually along the direction of the steepest loss de-
crease which heavily relies on the derivatives. Some popular distance measures such as
Kolmogorov-Smirnov (K-S) statistics cannot be implemented in the proposed algorithm

as there is no way to minimize such loss with an available optimizer. The correlation
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metrics presented here are preserved for one-dimensional random variables in this disser-

tation. In other words, (x, y) are both one-dimensional.

3.7 Competing Risk Censoring

The artificial censoring method deals with administrative censoring in survival anal-
ysis. For competing risk censored observations we use IPCW to adjust for the bias
as discussed in Section 2.9. ICA (Robins, 1992; Robins et al., 1994) here states that
Crp L Y®OL, y Aj_1,Cr_y = 1. In other words, at each visit k, the observed history
(Lg_1, Ax_1) is sufficient to predict whether subject stay under follow-up until visit k. In
other words, the competing risk censoring carries no residual information about survival
under any of the considered exposure regimes, conditional on the covariate history up to
visit k. The predicted conditional probability 7 ; of under follow-up at visit £ can be

fitted by standard regression methods (such as a logistic model):

Tki = PT(Ck:,i = 1|qu,k—1,ia Ck—l,i = 1) (3.22)

Here, Zy;, is the set of random variables that makes the ICA assumption true at each
visit k. It usually includes some baseline characteristics, treatment history A;_; and
time-varying confounders L;_;. To correct the potential bias introduced by informative
censoring in G-estimation, the original samples are weighted by the inverse of the cumu-
lative product of the predicted probability of staying under follow-up Wy ; = 1/ HZ; & Tsi

until subjects’ last visit. Subjects who are competing risk censored receive weights of 0.

This weighted sampling process asymptotically equals to the weight of the individual
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estimating equation term (3.18):

Vi

N
=3 ) CriSei()Wa. (3.23)

=1 k=0

Though the model is now fitted with non-competing risk censored subjects (those with
had an observed survival time 7" < C' or who were still under follow-up at the end of the
study) only, the estimator for v is still unbiased (Mertens and Vansteelandt, 2017). The

unbiasedness can be proved as below:

(Hﬁ;k s <w>> Hk o Ski()
[ ] ] s, —
=LK H )Skl ‘quV’wCV 11—1}]
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(3.24)

To make the weights less unstable, the numerator 1 in I}, ; can be replaced by the pre-
dicted probability as Formula (3.22) but now excluding time-varying confounders from

Z ¢, (Mertens and Vansteelandt, 2017). The unbiasedness of the estimator can be proved
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analogously.

There are various ways to estimate the conditional probabilities need by the weights.
Popular choices include logistic regression. In this dissertation, we propose to use the
state-of-the-art machine learning algorithm (RNN) in predicting sequential data to predict

the under follow-up sequence.

3.8 Simulation

To assess the performance of the proposed algorithms, this section includes the
simulation schema and results. Different scenarios are basically designed with respect to
different blip functions, which are supposed to reflect the biological natures of distinct
disease processes. Algorithms described in Section 3.5 and 3.6 are compared with the
original G-estimation method with grid search, as well as other methods (e.g., MSM)
dealing with time-varying confounding.

The simulation scheme is close to (Young et al., 2009) and it’s well-accepted in
previous literature that treats time-varying confounding. One first needs to know the visit
schedule and the study length to set up the data. An example visit schedule is three visits
k = (0,1,2), scheduled at year ¢, = (0,2,4). After the last visit at year 4, subjects
are followed for an additional two years, hence the study is scheduled to end at year 6,
the maximal follow-up time ¢ = 6. Different visit schedules with longer/shorter study
duration or unequally spaced visits are easy to incorporate. For each individual 7 in a

sample with size N, the following steps are implemented to generate data.

e Step 1:

70



— Simulate baseline static characteristics if any. For instance, Gender is a binary

variable with 1 denoting female such that Gender ~ Bernoulli(0.5).

— Simulate baseline survival time Y0 ~ Weibull(a, b), where the p.d.f of Weibull
is defined as f(z;a,b) = ($)(3)* " exp(—($)*), a =1,b=5.
— Define L_; = A_; = 0. Then for each visit &,

« when k = 0, simulate Ly ~ N(0,0.5). Simulate A by logit[Pr(A4, =
1|Lo; B)] = Po + Bi1Lo + € if the exposure model is Logistic, where
e ~ N(0,0.01), B3 = (—0.4,0.5). For the non-Logistic exposure model,
replace the logit model with random sampling from the nonlinear func-
tion set.

« when k > 0, simulate L, ~ N(a;Az_y + asLp_y + as{Y? < 20},¢),
where {aq, ag, a3} = {1,0.5,1}; simulate A, by logit[Pr(Ay = 1|Lx,
Ak—1;8)] = Bo + PiLk + B2Ak—1 + €, where 3 = (—0.4,0.5,1). For
the non-Logistic exposure model, replace the logit model with a random

sample from the nonlinear function set defined later.

e Step 2: Define the blip function and corresponding true ¢ values. Use Y #-1:0 =
tr + fOY exp(1Ax) as an example; here the true 1) is a constant, unrelated to other

covariates.

e Step 3: Simulate the event indicator Fj, and the observed survival time 7" based on
the blip function defined in Step 2, Y0 and exposure/covariates simulated in Step 1.
With the example blip function, at each k, k = (0,--- , K):
if YO > [ exp(1pA(u))du then Ey = 0, T = ty 13
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elseif YO < gk“ exp(YA(u))duthen B, = 1,T = tk+[Y6—fg"' exp(YA(u))dul-

exp(—wAyg).
e Step 4: Redefine L, = 0, Ay = 0 for all k£ when ¢, > T. There are V; + 1 valid

records for each subject, given the data is arranged in a long format.

The nonlinear exposure model set we considered include: logit[Pr(A, = 1)] =
ﬁo + 10%(’61[% + BQA]C,”) + N(O, 001), lOgIt[P’I"(Ak = 1)] = 10 * Sin(ﬁo + ﬁlLk +

/BQAk_l + N(O, 001)), PT(Ak = 1) = |SiIl(/30 + BlLk + 52Ak_1 + N(O, 001))

, with
B = (—0.4,0.5,1) as previously defined.

All models and experiments were implemented in R (R Core Team, 2021) with
keras (Chollet et al., 2017). This package provides an interface to Keras from R. Keras
(Chollet et al., 2015) is a high-level neural networks API of either TensorFlow or Theano.

The kerasR interfaces with Python 3.8.8 and Tensorflow 2.9.1 (Abadi et al., 2015).

3.9 Hyperparameter Tuning

To name a few hyperparameters that may influence the algorithm performance, one
can consider the number of neurons, number of layers, algorithm optimizer, learning
rate, etc. The hyperparameters need to be tuned case by case, depending on the data
format/dimension, problem/algorithm complexity, etc. We present some considerations
with the simulation scenarios as examples.

There are two networks in both proposed algorithms, the exposure prediction net-
work and the counterfactual prediction network. First, GE-SCORE and GE-MIMIC both

rely on a faithful model of Pr(Ay|Z;). This is a standard supervised learning problem.
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A shallow network is sufficient for our sequence-to-sequence prediction problem given
the fact that the targeted output (the exposure sequence { A, }) is low dimensional. More-
over, we are not targeting predicting the exposure mechanism with 100% confidence in
this problem. A perfect prediction provides no residuals/randomness for the later counter-
factual network to learn. If the perfect prediction is observed, the positivity assumption
is violated, and a closer examination of the data and reconsideration of the method is
required. In conclusion, we choose a one-layer simple RNN with 20 units for the expo-
sure prediction network. Smaller or larger numbers of units have been explored but no
significant difference observed. More advanced recurrent units such as LSTM can eas-
ily replace the simple RNN unit if the simple RNN is believed to not be sufficient when
a much more complicated exposure mechanism is expected. The sigmoid activation
function is chosen for the output layer as we are predicting the probability of exposure.
The counterfactual outcome network is capable of taking a high dimensional in-
put as it’s free of grid search ideas. However, the network complexity relies on domain
knowledge. For instance, a doctor may advise on whether there is an effect modifier for
the exposure causal effect on the outcome, or whether there are multiple higher order
terms, etc. Usually, a comparable simple RNN is adequate if traditional survival analysis
methods have provided some promising results in previous research. We use a one-layer
RNN or LSTM with one unit for all scenarios presented later. We noted that the net-
work pruning issue is extremely important in the counterfactual outcome network as the
causal survival ratio 1) may only relate to a small subset of covariates. In our simulation
settings, the input dimension is low. Hence the inclusion of many neurons in the hidden
layer does no good. Usually, one can employ dropout layers which randomly set input
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units to 0 with a prespecified rate at each step during training. L-1 and L-2 regularizers
are examples of other popular regularization methods. These methods apply penalties on
layer parameters or layer activity during optimization by summing the weight matrices
of the nodes into the loss function that the network optimizes. However, these methods
are not particularly useful for our counterfactual outcome network due to the complex-
ity of our loss function. One notable useful penalty term is the variance of z/?k at each
k as it directly penalizes the complexity of prediction. By adding this penalty term to
the loss function, predicted causal parameters are encouraged to be less variant and thus
well regularized. When the penalty term weights large in the total loss, the algorithm is
pushed to generate similar even constant output for @@k This reduces to G-estimation in
one dimension. Thus, the choice of weights of the penalty is a delicate question. We
start by considering the scale of the original loss function. In GE-SCORE, the correlation
coefficient is calculated as the first step. As the objective function is to be minimized, we
add an absolute value sign to the coefficient. The range of the loss function is thus [0,
1]. We have considered some transformation functions (e.g., Fisher z transformation) to
expand the loss value range. However, Fisher z transformation has an ignorable influence
on values close to 0, but this optimization question needs large gradients especially when
the coefficient is already close to 0. Other functions that focus on transferring values close
to 0 (e.g., f(z) = log((2—x)/z)) are unstable to use, so the optimization process is likely
to be very noisy. In GE-MIMIC, the scale of p is small (usually between —1 and 1) and
the value may not be close to 0, or at least the objective is not to minimize each p to 0,
hence we first perform the Fisher transformation to expand the p range. Nonetheless, the

absolute difference between p and p is still expected to be small. In the end, we manually
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magnify loss in both algorithms by 100 times to increase the gradients returned by the
loss function. As a result, the theoretical range of GE-SCORE loss is now [0, 100] and
the theoretical range of GE-MIMIC loss is broader. After some experiments, we found
adding the before-mentioned penalty term of ﬁk with a factor of 10 to the loss function

works well. The loss function for GE-SCORE at visit £ is now:

~

/GE—SCORE,k = - Lap-scorpk + Y2 - var(vy). (3.25)

Similarly, the loss function for GE-MIMIC at visit k is now:

~

/GE—M[MICJC =y Lap—mimick + 72 - var(yy). (3.26)

In both loss functions, 7; and v, control the contribution of each term to the total loss.
Per our previous discussion, 73 = 100 and v, = 10 in all following simulations and in the
applications in Section 4.4.4.

The correlation measurement used in loss functions is calculated per batch of sam-
ples, hence the batch size plays an important role in the algorithm optimization. A batch
size that is much smaller than the sample size (e.g., 64) is usually employed in other
ML algorithms Processing the data in small batches requires less memory, also, networks
train faster with mini-batches because the weights are updated after each propagation.
Nonetheless, our proposed algorithms fail to succeed with small batch sizes. The smaller
the batch size, the less accurate using the batch sample correlation to estimate the whole

sample correlation. Then, the less accurate the batch sample gradient. Both proposed
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algorithms require a sufficiently large batch size to ensure the batch of samples well rep-
resents the correlation coefficient in the whole sample. It’s found that a batch size as small
as 25% of the sample size works well. In GE-SCORE, we process 25% of the training
sample during each propagation. In GE-MIMIC, the original sample has been expanded
significantly (i.e. when M = 50, the sample is expanded 50 times with different null
samples), we use the original training sample size as the batch size. Thus, it takes M
batches to process all training samples.

Initialization of weights is another important hyperparameter that can be tuned. The
stochastic nature of machine learning algorithms means that any single run generates dif-
ferent predictions, given a different source of randomness used by the algorithm during
optimization. Proper initialization of the weights in a neural network is critical for its con-
vergence (Glorot and Bengio, 2010). Besides fixing the initialization schema to Glorot
normal initializer (Glorot and Bengio, 2010), we propose to run each algorithm multiple
times (e.g., 20 times). Initializing the network with different weights allows the algorithm
to start from different places hence providing a larger likelihood of locating the global op-
tima. This is called Multi-start (Marti et al., 2013). In our algorithm, each run the weights
will be initialized with random values coming from a truncated normal distribution which
centered on 0 with stddev = sqgrt (2 (fanin + fanout)). Here, fanin is the
number of input units in the weight tensor and fanout is the number of output units in
the weight tensor. The final prediction is the average of predictions from the three best
runs, evaluated by validation loss. Other initialization techniques are explored but the
performance is much more sensitive to whether using Multi-start or not, not the initializer
itself. The possible reason is that the optimization problem we are facing is non-convex
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with a considerable number of local minima. Reporting the mean of multiple runs to im-
prove the robustness as the result no longer relies on a single optimization attempt. To
incorporate a wide range of possible counterfactual causal ratio, we use 4 *sigmoid as
the activation function for the counterfactual RNN output layer which allows a range of
[0, 4] for exp(1)).

Finally, NAdam optimizer (Dozat, 2016) with a learning rate of 0.005 is used for
all models. For a real problem that suffers from the curse of dimensionality, tuning be-

comes more critical. See Chapter 4 for parameter tuning with cross-validation in a real

application.

3.10 Scenarios

As the parameter ¢ quantifies the causal survival time ratio and is the parameter of
interest, simulation scenarios are designed to include a broad range of blip functions. Blip
functions defined in simulation Step 2 above change across scenarios and Step 3 needs
to be adjusted accordingly based on specific blip formats, while other steps mostly stay
the same. Additionally, the exposure mechanism is allowed to be nonlinear to test the
robustness of traditional G-estimation and proposed algorithms under potential misspec-
ifications of the exposure model. Given the fact that all deep learning methods need an
adequate number of samples to thrive, /V is taken as 3000 in all simulations. We didn’t
explore the capability of algorithms with a small sample size.

The benchmarked algorithm is G-estimation, either with one-dimensional ¢ which

treats the causal effect universally for all subjects, all time points; or a G-estimation
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searching on two-dimensional {1, 12} space. The search range is set to [-1.5,1.5] with a
grid size of 0.02. For two-dimensional G-estimation, the search range is decreased to [-1,
1] with a step size of 0.05, for each dimension. Note, it’s very important to include the
correct set of covariates in high dimensional G-estimation, i.e., the grid search needs to
be performed for the covariate which truly has the causal effect. We explored both correct
and incorrect G-estimation formula specifications in the simulation. The G-estimation
procedure also requires a model for the exposure, logistic regression is chosen to perform
this prediction task with f(Ay) = ax + a1 Lg + @ A_1.

To be more comprehensive, besides the G-estimation method, we also consider
the marginal structure model. Although MSM is able to produce the same set of the
casual parameters as G-estimation, for instance, a marginal structural AFT model is able
to estimate the causal survival ratio as a G-estimation. In general, MSM relies on picking
an analysis model correctly to make an unbiased causal inference. Nevertheless, the data
generation mechanisms and appropriate analysis models are unknown to practitioners
most of the time. In the following simulation, to make the MSM results on par with
others, the marginal structural Weibull model is employed to estimate the causal survival
ratio. The stabilized weights used in MSM are estimated by R package ipw (van der Wal
and Geskus, 2011).

The hyperparameters we employed in the proposed algorithms have been discussed
in Section 3.9. Finally, it’s completely possible that the causal effect of research interest
only relates to a set of covariates instead of the whole available covariates set, based
on domain knowledge. As a result, those covariates of suspicion were input into the

counterfactual network. In the following simulation, as the dimension of covariate is
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small (Gender, L are two simulated covariates) and we would like to show the robustness
of proposed algorithms, all simulated covariates plus the lagged exposure (i.e., Gender,
Ly, A1) are feed into the counterfactual network, at each time point.

The censoring rate is another factor that influences the model performance. The
right-censoring proportion is controlled by the underlying survival distribution, true causal
survival ratio, follow-up length, etc. In practice, the occurrence of the event of interest in
an observational study directly relates to the disease prevalence. Multiple scenarios and
magnitudes of causal coefficients we considered in the simulation have reflected a wide
range of right censoring (e.g., a high censoring scenario with 80-85% right censored, a
low censoring scenario with 20-25% right censored).

Next, we provide all simulation results of scenarios considered in order. For each
scenario, we explored the positive and negative parameterization of @». However, when-
ever there is an effect modificator such as L, the sign of Un may not be consistent for all
subjects, at each time point because now zﬂk is a function of L. Nevertheless, a positive
Q@k stands for a harmful treatment effect as before. Note the Weibull MSM has the effect
estimated in an opposite direction (i.e., positive estimation means beneficial effect), the
estimation signs from different methods have been unified before compared to the true
value. Absolute bias is the main evaluation metric. Each scenario with certain parameter-
ization is repeated 100 times. Besides the mean, we further report the 25%, 75% quantile,

standard error of the absolute bias to present the bias distribution comprehensively.

79



3.10.1 Scenario

Scenario I is the simplest case where the causal effect is a constant across all sub-

jects, all time points. In other words, @k = 11 = —0.5 or 0.5 throughout.

Parameter Estimation Mean 25% 75% Bias
Exposure Mechanism Method Absolute  Absolute  Absolute s.d.

Percent Censored Bias Bias Bias

G-est 1-d 0.049 0020  0.060  0.033

G-est 2-d (L) 0.111 0.059 0152 0.073

05 g}giﬁg 0.020 0.000 0.027  0.032

Logistic Weibull MSM 0.053 0024 0078  0.039

40.6% Censored (1 SCORE (simple RNN) | 0.078 0.037 0.103  0.055

GE-SCORE (LSTM) 0.133 0062  0.174  0.080

GE-MIMIC (simple RNN) |  0.071 0.037 0.102  0.042

GE-MIMIC (LSTM) 0.129 0.110  0.145  0.029

G-est 1-d 0.052 0.020  0.080  0.048

G-est 2-d (L) 0.196 0.067 0232 0.187

o o0 A 0020 0000 0050  0.039

Non-Logistic Weibull MSM 0.062 0.024 0.084 0.048

38.7% Censored -k SCORE (simple RNN) | 0.076 0.038 0.104  0.051

GE-SCORE (LSTM) 0.091 0.048 0119  0.065

GE-MIMIC (simple RNN) | 0.087 0.037 0117  0.067

GE-MIMIC (LSTM) 0.075 0042 0102  0.049

G-est 1-d 0.057 0.020 0080  0.046

G-est 2-d (L) 0.105 0050  0.137  0.078

s Goier) 0080 0050 0101 0045

Logistic Weibull MSM 0.040 0.013 0.055  0.031

19:4% Censored 5 SCORE (simple RNN) | 0,058 0.034 0070  0.036

GE-SCORE (LSTM) 0.059 0032 0069  0.044

GE-MIMIC (simple RNN) |  0.052 0.019 0072 0.039

GE-MIMIC (LSTM) 0.096 0.077 0110  0.027
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G-est 1-d 0066 0020 0100  0.060
G-est 2-d (L) 0.194 0069 0232  0.198

05 %Effdir? 0.093 0.050 0.125  0.064
Non-Logistic Weibull MSM 0.045 0012 0063  0.039
21.3% Censored  +p GCORE (simple RNN) | 0.068 0.037 0.088  0.041
GE-SCORE (LSTM) 0070 0027 0093 0052

GE-MIMIC (simple RNN) | 0064 0034 0087  0.041

GE-MIMIC (LSTM) 0.067 0028 0094  0.046

Table 3.1: Simulation Results for Scenario 1.

3.10.2 Scenario 11

Scenario II stands for a slightly more complicated case where the exposure causal
effect at each time point £ is modified by another covariate, such as L. Thus, an interac-

tion effect between L; and Ay, is considered. The true causal effect is: 1@1C =1 + oLy

for k = (0,1,2).
Parameter Estimation Mean 25% T5% Bias
Exposure Mechanism Method Absolute  Absolute Absolute  s.d.
Percent Censored Bias Bias Bias
G-est 1-d 0.373 0.352 0.391 0.028
G-est 2-d (L) 0.084 0.050 0.104 0.058
G-est 2-d
b1 = 0, (Gender) 0.302 0.287 0.312 0.021
P = —0.3 .
Logistic Weibull MSM 0.287 0.281 0.293 0.008
39.5% Censored GE-SCORE (Simple RNN) 0.230 0.197 0.263 0.041
GE-SCORE (LSTM) 0.217 0.181 0.252 0.045
GE-MIMIC (Simple RNN) 0.203 0.175 0.227 0.040
GE-MIMIC (LSTM) 0.236 0.204 0.261 0.038
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G-est 1-d 0.327 0.285 0.354 0.053
G-est 2-d (L) 0.224 0.049 0.352 0.288
G-est 2-d
— (Gender) 0.285 0.265 0.302 0.035
P = —0.3 .
Non-Logistic Weibull MSM 0.264 0.239 0.281 0.024
37.7% Censored GE-SCORE (Simple RNN) 0.233 0.181 0.280 0.058
GE-SCORE (LSTM) 0.219 0.182 0.256 0.047
GE-MIMIC (Simple RNN) 0.224 0.173 0.274 0.057
GE-MIMIC (LSTM) 0.216 0.162 0.263 0.053
G-est 1-d 0.295 0.282 0.305 0.017
G-est 2-d (L) 0.138 0.088 0.180 0.074
G-est 2-d
Py =0, (Gender) 0.290 0.277 0.302 0.017
P = 0.3 .
Logistic Weibull MSM 0.265 0.260 0.269 0.008
19.1% Censored GE-SCORE (Simple RNN) 0.223 0.197 0.241 0.033
GE-SCORE (LSTM) 0.218 0.195 0.241 0.034
GE-MIMIC (Simple RNN) 0.204 0.176 0.231 0.034
GE-MIMIC (LSTM) 0.198 0.175 0.223 0.031
G-est 1-d 0.288 0.272 0.303 0.026
G-est 2-d (L) 0.206 0.100 0.293 0.149
G-est 2-d
W =0, (Gender) 0.277 0.262 0.292 0.021
Yo =0.3 .
Non-Logistic Weibull MSM 0.249 0.237 0.260 0.016
21.2% Censored GE-SCORE (Simple RNN) 0.222 0.186 0.258 0.044
GE-SCORE (LSTM) 0.226 0.183 0.260 0.048
GE-MIMIC (Simple RNN) 0.201 0.171 0.241 0.046
GE-MIMIC (LSTM) 0.201 0.168 0.246 0.047

In scenario III, the current exposure causal effect further relates to exposure and

3.10.3 Scenario III
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Table 3.2: Simulation Results for Scenario II.

covariates histories. The corresponding true causal effect at visit £ = 0 is 1/30 = +
woGender + 3Ly + YyGender x Ly. This reflects that the causal exposure effect is
modified by the baseline characteristic gender, L1, as well as an interaction between these
two. For k > 0, ¢y = ¥ +1.Gender +1)5 Zle(%ikt/_lkt) + 3Ly, +1yGender x Ly,

Besides all terms includes at time point O, there is an extra term L;A; summed over



previous histories. This term accumulates with time if one has been continuously exposed.
On the other hand, this term reduces to zero if one was not exposed throughout. The %
factor controls the magnitude of histories. Conversely, previous exposure (modified by
covariates) further back in time has a smaller, if any, influence on the current exposure
causal effect. This scenario becomes plausible when the current exposure effect relates
to exposure history, as well as an effect modificator in the present. For instance, it’s
convincing that the current smoking causal effect differs between a smoker who has been

smoking for the past 10 years and another smoker who just started last month.

Parameter Estimation Mean 25% 75% Bias
Exposure Mechanism Method Absolute  Absolute Absolute  s.d.
Percent Censored Bias Bias Bias
G-est 1-d 0.365 0.344 0.383 0.029
G-est 2-d (L) 0.176 0.150 0.170  0.055
1 =0, G-est 2-d

by = —0.2, (Gender) 0.285 0.272 0.296 0.019
L Weibull MSM 0298 0291 0306 0011
Logistic GE-SCORE (simple RNN) 0.263 0.235 0.296 0.038

40.7% Censored
GE-SCORE (LSTM) 0.252 0.224 0.284  0.038
GE-MIMIC (simple RNN) 0.243 0.214 0.262 0.035
GE-MIMIC (LSTM) 0.237 0.211 0.255 0.033
G-est 1-d 0.345 0.309 0.374  0.049
G-est 2-d (L) 0.305 0.147 0.398 0.267

P =0, G-est 2-d

by = —0.2, (Gender) 0.269 0.238 0.292 0.041
LA Weibull MSM 0276 0255 0295  0.025
Non-Logistic GE-SCORE (simple RNN) | 0.258 0.220 0.301  0.048

38.7% Censored
GE-SCORE (LSTM) 0.250 0.211 0.296 0.051
GE-MIMIC (simple RNN) 0.251 0.218 0.287 0.041
GE-MIMIC (LSTM) 0.243 0.208 0280  0.044
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Goest 1-d 0286 0272 0298  0.017

G-est 2-d (L) 0.182 0152 0201  0.039

Dok G 0261 0248 0272 0018

LA Weibull MSM 0262 0254 0269 001l

Logistic GE-SCORE (simple RNN) | 0233 0215 0253  0.028
18.1% Censored

GE-SCORE (LSTM) 0229 0209 0246  0.029

GE-MIMIC (simple RNN) | 0216 0187 0248  0.036

GE-MIMIC (LSTM) 0213 0191 0231  0.026

Geest 1-d 0284 0272 029 0019

G-est 2-d (L) 0214 0149 0246  0.089

1;?::0%’ %gffdig 0.252 0234 0269  0.023

A Weibull MSM 0250 0242 0258 0013

Non-Logistic GE-SCORE (simple RNN) | 0.236 0.208 0.263  0.037
20.3% Censored

GE-SCORE (LSTM) 0233 0197 0261 0042

GE-MIMIC (simple RNN) | 0215 0195 0235  0.026

GE-MIMIC (LSTM) 0218 0187 0249  0.036

Table 3.3: Simulation Results for Scenario III.

3.10.4 Scenario IV

In scenario IV, the true causal effect is a nonlinear function of Gender, L, and an
interaction between them. We first assume exposure is modified by L and gender, as well
as an interaction between them, similar to scenario III. Then, a nonlinear transformation
is applied using the function:

A 3
= f(xt) = —log {H—ex—p(—xf)} . (3.27)

In which the z; is calculated per time point. o = )1 + Y.Gender + 3Ly +4Gender x
1. -

Ly, when k> 0, = 1 +aGender+s oy (T Ly Apt) + s L +aGender X Ly

Finally, we let ¢y = 0,19 = 0,%3 = 0.4,¢4 = 0.2. The resultant nonlinear function
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(3.27) indicates that the exposure effect increases whenever the x diverges from 0, but the
effect caps at a certain level (Figure 3.6). Note the function is symmetric about 0, thus the
sign of 13, 104 does not influence the sign of zﬁ, the exposure is consistently beneficial for
the outcome (because the sign of Qﬁ is negative). However, we can test a harmful exposure
effect case by using a nonlinear transform such as f(z) = log [3/(1 + exp(—2?))]. We

also considered linear and nonlinear exposure mechanisms for this scenario.

-0.7 -0.6 0.5 -0.4
| | |

f(x)

-0.9 -0.8
1

-1.0

Figure 3.6: Nonlinear transformation function Formula (3.27) applied in S4.

Parameter Estimation Mean 25% 75% Bias
Exposure Mechanism Method Absolute  Absolute Absolute  s.d.
Percent Censored Bias Bias Bias
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G-est 1-d 0.233 0214 0253 0.026
G-est 2-d (L) 0.297 0248 0344  0.064

N (%gffcér? 0.197 0178 0217  0.025
Logistic Weibull MSM 0.184 0172 0.193 0017
44.0% Censored 1 SCORE (simple RNN) | 0.168 0.145 0.187  0.033
GE-SCORE (LSTM) 0.157 0.130  0.178  0.035

GE-MIMIC (simple RNN) | 0.159  0.133 0.181  0.036

GE-MIMIC (LSTM) 0.148 0.124 0171  0.034

G-est 1-d 0219  0.191 0241 0.037

G-est 2-d (L) 0362 0278 0394  0.139

Benoficial affect %gffdig 0.193 0.166 0216  0.037
Non-Logistic Weibull MSM 0.171 0.158  0.184  0.023
41.5% Censored (- SCORE (simple RNN) | 0.155 0.127 0176  0.037
GE-SCORE (LSTM) 0.153 0.124 0170  0.044

GE-MIMIC (simple RNN) | 0.168 0.135 0.187  0.050

GE-MIMIC (LSTM) 0152 0126 0172 0.037

G-est 1-d 0.156  0.139 0171 _ 0.021

G-est 2-d (L) 0.265 0247 0275  0.026

Harmful effect %gffdzergl 0.161 0.145 0.174  0.021
Logistic Weibull MSM 0.143 0.131 0.150  0.016
15.6% Censored 5 SCORE (simple RNN) | 0.131 0.112 0.144  0.025
GE-SCORE (LSTM) 0.127 0.110  0.139  0.028

GE-MIMIC (simple RNN) |  0.125 0.108  0.134  0.023

GE-MIMIC (LSTM) 0120 0097  0.136  0.027

G-est 1-d 0.157 0.139 _ 0.173 0028

G-est 2-d (L) 0374 0326 0415  0.081

L %gffdir;i 0.164 0144 0182  0.027
Non-Logistic Weibull MSM 0.142  0.125 0.156  0.024
18:2% Censored -k SCORE (simple RNN) | 0.131 0.113  0.144  0.028
GE-SCORE (LSTM) 0.130  0.109  0.146  0.034

GE-MIMIC (simple RNN) | 0.122  0.107  0.140  0.030

GE-MIMIC (LSTM) 0.118 0098  0.134  0.030
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3.11 Discussion

G-estimation has benefits over other methods which adjust for time-varying con-
founding. MSM cannot adjust for any potential effect modifiers; instead, it’s predicting
the same acceleration rate for all subjects. Under our simulation schema, Weibull MSM
should (and indeed does) yield the same estimation as G-estimation 1-d under Scenario
I (Young et al., 2009). Though MSM performed very well in Scenario I, this is a result
of a correct analysis model specification - such as the Weibull model we choose for the
MSM is consistent with the simulation. When examining the MSM results for Scenario
IL, it’s clear that MSM performed much worse compared to Scenario I, as well as the
one-dimensional G-estimation. This is because these two methods both failed to consider
the effect modifier - the covariate L. One of the significant benefits of MSM is that it can
be estimated by standard off-the-shelf software. Nevertheless, the efficiency of MSM is
usually the worst among the three methods discussed in Section 2.5 (Daniel et al., 2012)
due to the possibly unstable weights. The efficiency of G-estimation typically lies be-
tween G-computation and MSM. Often, G-estimation is preferred over G-computation
as users are free from identifying and learning the distribution of high dimensional co-
variates. Moreover, G-computation focuses on predicting the potential outcomes under
different regimes directly. There is no set of parameters that quantify the intervention
causal effects such as the Z/A} estimated by G-estimation in this dissertation.

The one-dimensional G-estimation is easy to conduct and it’s always estimating the
mean of the causal survival ratio. Consequently, G-estimation on 1-dim has a small and

robust standard error. Consistency of high dimensional G-estimation first depends on the
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form of the examined blip function. If we picked the correct blip function (e.g., in Sce-
nario II, estimating 11, v» with L as the effect modifier), the resultant estimation is close
to the true value. Nonetheless, the test statistics used to pick the estimator is not close to 0
under most simulations. Furthermore, a two-dimensional grid search is still manageable.
For higher dimensional G-estimation, a non-derivative based optimization algorithm such
as the simplex algorithm has to be used but its convergence is always questionable (Joffe
et al., 2011). The high dimensional G-estimation becomes significantly unstable when
the exposure mechanism is not logistic, that is when the estimation method suffers from
misspecification of the exposure model. The 2-d G-estimation with L as the effect modi-
fier has the largest variation of bias when the exposure mechanism model is wrong. This
is mainly due to the fact that the exposure mechanism only relates to previous exposure
history and current covariate L. Thus, the type I error rate of 2-dimensional G-estimation
with L exploded and significant inflation of bias was observed, for all scenarios. On the
other hand, one-dimensional G-estimation is less affected, although the standard devia-
tion of bias increased, the mean bias stayed almost the same. Overall, the bias of the
G-estimation method increases with the complexity of the blip function. Especially when
we move to the non-linear blip function case in Scenario IV, the G-estimation is usually
unsuccessful as it’s barely possible to write out the correct blip function format.
GE-SCORE is straightforward, especially in the binary exposure case. The ex-
posure prediction network actually reduces to a basic logistic regression if there is no
hidden layer. GE-MIMIC is more general in the sense that conditional independence is
not enforced by a zero correlation coefficient, but by the similarity of correlation between

observed samples and null samples. It is more robust in the sense that the non-linear de-
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pendence can be captured if a more comprehensive metric is employed. The conditional
independence will be assessed with higher confidence.

In terms of computational burden, both algorithms require fitting an exposure model
which does not raise too many challenges providing available mature algorithms for this
task. Nevertheless, GE-MIMIC takes extra time to generate null samples for the following
steps. The more batches (M) of samples we required, the more processing time the algo-
rithm needed. A reasonable choice such as M = 50 is acceptable. A serious computation
challenge raises when the loss function is designed to capture the nonlinear dependence,
as its computation requires projections into higher dimensional spaces.

Different correlation metrics proposed in Section 3.6 have been explored for GE-
MIMIC. However, there seem no benefits of employing a more complicated correlation
measure such as DC. Some experiments have been conducted, but with significantly in-
creased running time, the performance barely improved. The first possible reason is com-
paring to PC, DC is much hard to compute as well as its derivative, creating a burden
for optimization. Second, given the fact that we are not testing conditional independence
as in other applications, the power is a major concern. If a nonlinear dependence cannot
be captured, the type II error will highly likely be inflated. In this work, a metric that
captures the linear dependency between two samples suffices for our purpose.

In the simulation, we set ; = 100 and 7, = 10 based on the simulated sample
size and a general expectation of blip function format (the simplest as a constant or com-
plicated as a non-linear format). The penalty term may not be necessary if the constant
effect case is not possible at all. We have also considered the simple RNN unit and LSTM

unit for the counterfactual network. The choice of the recurrent unit directly relates to the
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complexity of the blip function it can handle. From the simulation, LSTM performs better
if the simulated blip functions are more complicated such as in Scenarios III and I'V. On
the other hand, it could introduce too much variance when the true blip function is a con-
stant. Using other more advanced recurrent units such as GRU is completely possible and
easy. The neural network structure is subject to tuning. Adopting a more data-adaptive
neural network can bring extra benefits.

G-estimation depends crucially on the untestable assumption of no unmeasured
confounders. In particular, it relies on having all variables determining exposure both
observed and included in one model. Therefore. it is a primary goal of epidemiologists
conducting an observational study to collect data on a sufficient number of covariates to
make the no unmeasured confounders assumption at least approximately true (Robins,
1997). If the factors related to exposure are not measured, then there may still be bias in
the G-estimation (Tilling et al., 2012). Thus, all factors that determine the exposure mech-
anism need to be well collected and well measured for G-estimation to be successful. On

the other hand, the proposed algorithms are more robust.

3.12 Limitations and Future Work

An important limitation of the proposed algorithms we would like to point out first
is that the correlation coefficient only reflects a trend (either linear or nonlinear) between
two random variables. This is the intrinsic property of the correlation coefficient which
cannot be solved by switching to more comprehensive correlation measures such as DC.

The intermediate output of the proposed network - the counterfactual survival time and
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the causal estimand @k cannot be uniquely identified while the proposed loss functions
indeed ensure zero correlations in GE-SCORE. Under the null hypothesis, random noise
can be applied to examined sequences without influencing the correlation coefficient be-
tween them. In other words, more than one sequence can yield near zero correlation co-
efficients, provided another sequence. By the consistency assumption, the counterfactual
unexposed time is the observed time if the subjects stay unexposed. Thus, the algorithms
rely on those unexposed samples to succeed. The existence of these null samples is en-
sured by the positivity assumption. The overall conclusion is, without a pre-specified
blip function format, learning the causal estimand 1&;g can be challenging, especially in
the high-dimensional case. Adding the penalty term of the prediction variation partially
mitigates the problem since predictions with large variances are discouraged. From the
simulation, we indeed observed a significant boost in estimation performance. Nonethe-
less, the G-estimation method is semiparametric in the sense we left the counterfactual
survival distribution as well as the law of covariates unspecified while focusing on pre-
dicting the causal survival ratio. If we are willing to make more parametric assumptions,
the loss can be expanded to incorporate likelihood and more explicit estimations would
be expected.

Following the specification of the baseline survival time, another interesting re-
search question is the direct prediction of the counterfactual survival time. To do that,
besides the G-estimated causal survival time ratio, we further need to specify the law of
covariates such as f(Ly|L_1, Ar_1, H,C) and f(h|C) (Robins et al., 1992), where H is
random variable for the true baseline survival time and C' is the censoring random vari-

able. It would be difficult if not impossible to specify these parametric models as H is
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not observable. Yet, neural networks remain useful for performing the task as they can be
viewed as universal approximators for any functions (Hornik et al., 1989).

We have also considered using a trained RCGAN to generate the null samples as
required in GE-MIMIC. The proposed algorithm can be named GE-RCGAN. The genera-
tive network should be trained with all covariates that are believed related to the exposure
mechanism, before implementing any following steps. GANs have recently stood out as
a powerful approach for learning and generating random samples from a complex, high-
dimensional data distribution. The RCGAN still follows the architecture of a regular
GAN, but with both the generator and the discriminator being replaced by RNNs which
can generate sequences of real-value data subject to some conditional inputs. We argue
that providing the same set of inputs during training motivates the algorithm to learn the
conditional distribution. This method is anticipated to be less time efficient as it requires
a separate training step of the RCGAN.

GE-RCGAN is a very computationally intensive algorithm. The performance of
RCGAN directly relates to the quality and amount of available data. The adversarial net
is performing an unsupervised learning task. The global minimum of the loss can only
be obtained provided with enough data capacity. Given the fact that we centered our in-
terest on binary or (more general, discrete) exposure, the GE-MIMIC seems sufficient.
Noises that are to be added to the null sample generation process for GE-MIMIC are
critical though we didn’t explore that in this dissertation. The goal is to introduce some
randomness to the null samples; hence the empirical distribution (not only the mean) can
be approximated appropriately. For more complicated exposure mechanisms such as con-

tinuous ones, considering a more complicated null sample generation mechanism could
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bring some benefits. Nevertheless, in previous literature, the regression-based algorithm
has a better performance than the RCGAN counterpart (Sen et al., 2018).

Unfortunately, in settings with numerous covariates, knowledge of a complete causal
diagram, including the causal relationships among all the possible covariates themselves
is often unavailable (VanderWeele, 2019). Identification of the correct DAG is mostly
based on the relevant domain knowledge. There are graph-based ML algorithms avail-
able for causal discovery (Vowels et al., 2022). The identification of the causal DAG falls

out of the scope of this dissertation.

3.13 Conclusion

The SNAFTM is an effective method to control time-varying confounding which
is often encountered in observational studies. The intervention causal effect would be
biased if one fails to adjust for the time-varying confounding effects. G-estimation is
the suggested method to estimate a SNAFTM. However, this method is much under pop-
ular due to the computation challenges and implementation difficulties. Two proposed
ML algorithms - GE-SCORE and GE-MIMIC were proven to be efficient in estimating
a SNAFTM. These algorithms have benefits such as the capability to handle high dimen-
sional data, the non-requirement of parametric blip function formats, and robustness to
different intervention mechanisms. The intermediate output of the network has clinical
meanings. It can be interpreted as quantifying amount, the event free time is expanded
or compressed due to the intervention. By using simulated and real observational study

data, we showed that these algorithms are flexible enough to provide clinically meaning-
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ful estimation, under a wide range of scenarios.
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Chapter 4:  Application

4.1 Research Question

The research question is the causal effect of smoking (A) on the time to the first
occurrence of any cardiovascular disease (CVD) events (Y). Even though an RCT is
the gold standard for identifying a certain exposure effect, it is unethical to conduct an
RCT to investigate the smoking effect on health. Nevertheless, some epidemiological
research has indicated that smoking substantially increases the risk of coronary heart dis-
ease (CHD) (Ockene and Miller, 1997). Smoking also acts synergistically with other risk
factors (Anderson et al., 1991). Furthermore, smokers are at an increased risk for pe-
ripheral vascular disease, cancer, chronic lung disease, and many other chronic diseases.
A more recent meta-analysis analyzed 141 cohort studies from 1946 to 2015 on smok-
ing and heart disease. The conclusion is, smoking one cigarette a day raised a male’s
risk of heart disease by 48% on average over a non-smoker, while smoking 20 cigarettes
a day doubled the risk. The risk increases more significantly for women: having one
daily cigarette increased the heart disease risk by 57% while smoking 20 cigarettes a day
raised the risk by 2.8 times (Hackshaw et al., 2018). However, numerous prospective in-
vestigations have demonstrated a rapid decrease in risk with smoking cessation for CHD

mortality and stroke (Burch, 1974; Ockene et al., 1990; Wolf, 1988). In the physician’s
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office, patients are often conscious of their health and most receptive to risk factor inter-
vention, providing an important opportunity for smoking cessation intervention (Ockene,
1987). If the individualized causal relationship between smoking and heart disease could
be identified, healthier lifestyles can be recommended at the individual level and bring
immediate benefits.

The common challenge of using longitudinal observational data to quantify the
causal effect of smoking on the time to CVD event is the time-varying confounding issue,
as discussed in previous chapters. There are many potential time-varying confounders
for this research problem. For instance, diabetic status can be a time-varying confounder
for smoking as it satisfies the three conditions specified in Section 2.3. Simply speaking,
diabetes itself is a risk factor for a cardiovascular event. Diabetic status is influenced by
previous smoking status. Furthermore, a subject may quit smoking exactly due to positive
diabetic status. The same logic applies to other potential time-varying confounders such
as blood pressure (BP). See Figure 4.1 for a simplified DAG of this research problem.
The black dashed arrows running from Aj to Y denote the hypothesis (whether there is
a causal effect of smoking on time to the first CVD event or not) that we are interested
in, the grey dashed arrow running from L, to the Y denote the effects of the covariates
on time to the first CVD event. The time-varying confounding issue could also be intro-
duced by the unmeasured confounder U of L and Y. The causal effect of smoking (A)
on the outcome Y can only be identified when these time-varying confounders (L) are
controlled appropriately. It’s possible for researchers to use appropriate methods to adjust
for time-varying confounding. To do that, we first recognized that the details of the ex-

posure (e.g., whether smoking or not, number of cigarettes smoked daily), time-varying
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Figure 4.1: A simplified DAG of time-varying smoking status causal effects on time to
first CVD event.

confounders at each visit and outcome of interest should be available to the investigator.
In Section 4.2, we would introduce an observational study that fits this research purpose
perfectly. Thus, the SNAFTM would be an excellent choice to quantify the exposure ef-
fect on the time-to-event outcome. However, given the implementation difficulties of the
existing G-estimation method, the proposed algorithms - GE-SCORE and GE-MIMIC are
expected to shed more light on this research question. Other existing methods were also

explored and the results of different methods were compared.

4.2 CARDIA

Coronary Artery Risk Development in Young Adults (CARDIA) Study (Friedman
et al., 1988; Loria et al., 2007) examined the development and determinants of clinical
and subclinical cardiovascular disease and their risk factors. This study is a population-
based observational study of 5,115 participants aged 18 —30 years recruited during 1985 —
1986, from four centers in the United States (Birmingham, AL; Chicago, IL; Minneapolis,

MN; and Oakland, CA). The sample was designed to achieve approximately balanced
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subgroups of race, gender, education (high school or less, and more than high school),
and age (18 — 24 and 25 — 30 years old). After the enrollment, follow-up in-person
examinations were conducted in 1987 — 1988 (Year 2), 1990 — 1991 (Year 5), 1992 — 1993
(Year 7), 1995—1996 (Year 10), 2000—2001 (Year 15), 2005—2006 (Year 20), 2010—2011
(Year 25), and 2015 — 2016 (Year 30), with retention of 90.5%, 85.6%, 80.6%, 78.3%,
73.6%, 72.0%, 72.2% and 71.0% of living participants, respectively. Other than these
in-person visits which collected extensive measures at a subject level in person, there
was also yearly contact via letter or phone. The study examination is still ongoing for
the remaining participants (the Year 35 examination was conducted from June 2020 to
July 2021, but data has not been released). Because this study started to follow subjects
during their young adulthood, it has provided evidence that supports intervening during
young adulthood to prevent CVD mortality in later decades (Liu et al., 2012). There has
also been some research looking into the smoking effect on blood pressure (Luehrs et al.,
2021) and the cardiac function (Gidding et al., 1995), using CARDIA data. Nevertheless,
none of these studies used the time-to-event outcome, nor considered the causal effect of
smoking.

Table 4.1 provides the baseline table for selected characteristics, of the CARDIA
study. Note, the sample size for the table is 5,113 instead of 5,115, because two subjects
do not have baseline visit data. This study was fairly balanced in terms of gender and
race. More than 30% of subjects are current smokers at the baseline. Thus our exposure
of interest is not rare in this population.

At each clinical visit, in addition to standard time-varying measurements such as

blood pressure, anthropometry, blood lipids, smoking behavior, physical activity, diet,
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Count (%)

Characteristics Category N=5.113

Sex Male 2328 (45.5%)
Female 2785 (54.5%)
Hispanic 14 (0.3%)

.. Black not Hispanic 2642 (51.7%)

Race/Ethnicity White not Hispanic 2455 (48.0%)
Don’t know 2 (0.0%)
<=18 254 (5.0%)
19 - 25 2464 (48.2%)

Age at Enrollment 26 - 29 1925 (37.6%)
>=30 470 (9.2%)
Married 1135 (22.2%)

Marital Status Marriage—likF Relati0n§hip 363 (7.1%)
Separated/Divorced/Widowed/ 3593 (70.3%)
Never Married )
Unknown/Missing 22 (0.4%)
Working Full/Part-time 3485 (68.2%)
Unemployed 505 (9.9%)

Working Status In School 671 (13.1%)
Keeping House or other Activity | 435 (8.5%)
Unknown/Missing 17 (0.3%)
High School or Lower 2055 (40.2%)

Education College 2604 (50.9%)
Graduate School or Higher 445 (8.7%)
Unknown/Missing 9 (0.62%)
Non-Smoker 2891 (56.5%)

Smoking Status Current Smoker 1566 (30.6%)
Former Smoker 642 (12.6%)
Unknown/Missing 14 (0.3%)
Less than one year 1624 (31.7%)
1 -2 years 1212 (23.7%)

Last Physical Examination ? Ojri]lzarlzsyears ;(2)8( 1(3187‘/;7)0)
Never 139 (2.7%)
Unknown/Missing 118 (2.3%)

Table 4.1: Baseline Characteristics Table before data cleaning and manipulation, CAR-

DIA
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pulmonary function, and many psychological factors, the CARDIA study has included
other measurements (in subsets or the full cohort) to obtain unique information on other
aspects of risk factor development and early morbidity. These have included but are not
limited to graded exercise treadmill testing; echocardiography, particularly for measure-
ment of left ventricular mass; cardiovascular reactivity; serum cotinine and sympathetic
nervous system activity, etc.

The CARDIA study has high-quality data giving a satisfying retention rate and great
compliance of subjects. A large amount of data and rich covariates were collected for in-
dividuals during the long range of follow-up (30-35 years by 2021). Per the study sched-
ule, a subject can have at most 9 visits. Currently, there are 39,680 subject-visits records
available for our analysis before data cleaning; on average, each subject contributed 7
visits. The study targeted collecting risk factors starting from comparable young ages
and following the change while subjects aged. On the one hand, a large amount of data
should provide researchers with better opportunities to gain more insights into cardiovas-
cular disease progress. Alternatively, this also poses a burden on conventional statistical
analysis methods. Moreover, given repeated measures of the same risk factors across
examinations, traditional statistical models may lose power if the inter-correlated nature
among covariates and exposure is not incorporated.

Last, the endpoint of this study includes death, CVD events, etc. Endpoints-related
events are being adjudicated and are released to the public regularly. There is an End-
points Surveillance and Adjudication Subcommittee (ESAS) to define endpoints of in-
terest to the study and to determine what information related to these endpoints should

be collected. The committee also identifies the criteria for an endpoint and adjudicates
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whether a particular episode of care met the established criteria. There are two types of
endpoints in the CARDIA study, the mortality endpoints include all cases of death oc-
curring in CARDIA participants; the morbidity endpoint includes an incident event in
a CARDIA participant resulting in a minimum 24-hour hospitalization for events such
as Myocardial infarction (MI), coronary revascularization, non-MI acute coronary syn-
drome, congestive heart failure (CHF) and stroke, etc. Event identification occurs during
exams and annual follow-ups of cohort members. The outcome event of our research
interest - any CVD event (fatal or non-fatal) - has been observed for 355 (6.94%) sub-
jects as of Dec 31, 2021. Hence, most subjects are right-censored. Due to staggered
entry, subjects had slightly different on-study times. We use the reported time-to-censor
or time-to-event as the event time to be analyzed because the actual calendar enrollment
time/event times have been masked from public use. The maximal follow-up time re-
ported is 425.5 months as of Dec 31, 2021, the mean is 408.6 months with (Q1, Q3) =
(405.7,411.3). Given the long follow-up range, the staggered entry during the first 1 — 2
years and the slightly different individual visit schedules were ignored to ease the com-
putation. As a result, we use a standard visit schedule at months (0, 24, 60, 84, 120, 180,

240, 300, 360) for all subjects and use 425 months as the end of study time.

4.3 Data Cleaning and Missing Data

In any real observational study, it’s fairly common that subjects skip visits due
to schedule conflicts or simply because they don’t want to attend the study too often.

Nevertheless, the covariates/exposure levels were recorded only at the clinical visits. To
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fill in missing observations, the most reasonable assumption is that everything remains the
same until the next time when the data are updated. This is known as Last Observation
Carried Forward (LOCF) (Lachin, 2015). If an observation is missing from the baseline,
then there is no non-missing value to carry forward. In this case, we would sort the data
backwards and then repeat the LOCF. Thus, a variable will only be missing if there is
no value collected at all during the study course. The corresponding subject would be
removed from the analysis if the model required complete records.

All statistical models are prone to extreme outliers and an unbalanced distribution
of categorical data. The above-mentioned LOCF cannot take care of this. In practice,
a model usually fails to converge if there are a negligible number of observations in a
stratum, such as a few subjects with missing or unknown responses. A minimal amount of
imputation was employed to fill in the missing records or remove these observed extreme
unbalanced levels. For instance, for numeric variables, we replaced missing with the
population mean: a smoker with smoking intensity missing will be replaced with the
population-level mean smoking intensity. Another example is, only a few subjects with
drinker status are unknown, we hard-coded those to “not a drinker”, to facilitate the model
convergence. To reduce the influence of potential numeric outliers, we categorized some
numeric variables (such as education years) and treated them as categorical variables in
the following analysis. These data-cleaning techniques were considered only for variables
that were included in the models. Lastly, because we focus on the time to the subject’s
first CVD event, once the event is observed (fatal or non-fatal), later records are discarded

from the analysis.

102



4.4 Results

4.4.1 IPCW for competing risk censoring

First note that there is a substantial proportion of subjects who have not experienced
the well-defined endpoint in the CARDIA study as of Dec 31, 2021. As proposed in Sec-
tion 3.7, we used the inverse probability of censoring weighting to deal with competing
risk events (Howe et al., 2011). In CARDIA, a non-CV death event should be treated as
a competing risk event for a CVD event if the subject died before experiencing any CVD
event. Though the overall retention rate is surprisingly good for an observational study
that lasts for more than 30 years, there are some subjects who never came back for sched-
uled study visits due to various (unknown) reasons other than death. We treated these
subjects as lost to follow-up if there is no more information that can be located for them
after a certain visit. Though the lost to follow-up reason may have been ignorable, such
as moving out from the study area, to be conservative we treated lost to follow-up as a
competing risk event. Other possible outcomes of subjects after each visit (until the next
visit) include experiencing the event of interest (we simply don’t consider what happened
afterward once the first event of interest has been observed) and still under follow-up.
Table 4.2 provides some basic information on the time-varying exposure (smoking) and
subject disposition, by visit year.

In the following analyses, subjects with these two types of outcome events (death
and lost to follow-up) will receive weights 0. Subjects who were under follow-up or

experienced the CVD event will be reweighted to stand for those subjects with weights
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Visit Smoking Outcome by Next Visit

(n=(5)?11) 1564 (30.6%) 4987 (97.6%) 0 (0%) 6(0.1%) 118 (2.3%)
(n:ggm) 1519 (30.5%) 4828 (96.8%) 2(0.0%) 27 (0.5%) 130 (2.6%)
(nzggzg) 1436 (29.7%) 4716 (97.7%) 5(0.1%) 12(0.2%) 95 (2.0%)
(n:2;16) 1347 (28.6%) 4576 (97.0%) 8(0.2%) 31(0.7%) 101 (2.1%)
(n:‘lg%) 1243 (27.2%) 4355 (95.2%) 40(0.9%) 37 (0.8%) 144 (3.1%)
(n:AISSS) 1078 (24.8%) 4093 (94.0%) 55(1.3%) 48 (1.1%) 159 (3.7%)
(n:421893) 921 (22.5%) 3756 (91.8%) 91 (2.2%) 56 (1.4%) 190 (4.6%)
(n:§356) 708 (18.8%) 3249 (86.5%) 98 (2.6%) 73 (1.9%) 336 (8.9%)
(n:§(2)49) 475 (14.6%) 3106 (95.6%) 56 (1.7%) 87 (2.7%) 0 (0%)

Table 4.2: Time-dependent Exposure and Visit Outcome by Visit Year, CARDIA

104



0. Let C; = 1 denote the event that subject 7 is still under follow-up at visit k. The

unstabilized weights W, were calculated by:

1

Wwe — _ = _ .
ot P(Cs; =11Csm1; =1, A5 14, L1, Cs1; = 1)

4.1)

k
5=0
Unstable weights can occur when few values of non-right-censored are found in some
strata as defined by the conditioned part of Wy .. The calculated weights can further be
stabilized by using a different numerator than 1. We replace the numerator of above IW*
with the probability that a subject remains uncensored at visit k£ conditional on treatment
history (Robins et al., 2000) and subject-specific static characteristics Lg;. In this study,
we considered statics characteristics: gender, age at enrollment, and race. Note in the

denominator, the covariate vector L has included the static part. The stabilized weights

SWy; are calculated by:

d P(Cyi=1|As 14, Loi, Cs_15=1)

SWE . = - ° _ )
ot H P(Csi =1|Cs1; =1, A5 14, Ls—1,;,Csq=1)

s=0

4.2)

In both Formulas (4.1) and (4.2), the denominator is the probability of a subject remain-
ing uncensored at visit k£ given treatment and time-dependent covariate histories. The
conditional non-censored probability at each visit was computed first and then multiplied
cumulatively to obtain the final up to visit k£ non-censored weights. In CARDIA, 377 sub-
jects died from reasons other than CVD events, and 1,273 subjects were lost to follow-up
before experiencing any CVD event. Due to the small number of visits with these compet-

ing risk events, we combined these two into one category inclusive of all competing risk
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events. In this dissertation, we used many-to-many RNNs to model the subject-specific
probability of remaining under follow-up at each visit. RNNs with different inputs were
used for the denominator and numerator (stabilized weights only). Though no extreme
weights were observed (Figure 4.2) before stabilization, the stabilized weights are always
advocated. Furthermore, it’s a common practice to truncate upper/lower 1% of stabilized
weight values. The distribution of weights was not truncated in this application given the

comparable centralized distribution of stabilized weights (Figure 4.3).
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Figure 4.2: Boxplots of unstabilized inverse probability of censoring weights by the visit
in CARDIA.

The IPCW used in G-estimation was computed similarly but with small modifica-
tions of multiplication order. Because subjects at risk at visit £+ 1 are a subset of subjects

at risk at visit k. Thus, the unstabilized weights 1/ . are now calculated as the following:

1
W9, = | | _ _ _ . 43
ok K P<Cs,i = 1‘0571,1' =1, Asfl,ia Ly, Csfl,i = 1) *3)
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Figure 4.3: Boxplots of stabilized inverse probability of censoring weights by the visit in
CARDIA.

The stabilized version of the inverse competing risk censoring weights SW/ . is (Mertens

and Vansteelandt, 2017):

Y;

P(Cs,i - 1|AS—1,’i7LOi7CS—17i - ]-)

SW9. = Z d — .
ot sll P(Cs; = 1|Cs—1i =1, As145, L1, Cs—1i = 1)

4.4)

Here, individual conditional stay under follow-up probabilities used in the numerator and
denominator were all calculated using many-to-many RNNs. In the G-estimation, the
artificial censoring indicator A for non-competing risk censored subjects was inversely
weighted by these predicted probabilities. This is equivalent to inversely weighting the
estimating equation (Formula 3.18). In the proposed GE-SCORE and GR-MIMIC, non-
competing risk censored records were inversely weighted while calculating the objective

function.
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4.4.2 Traditional Survival Analysis Methods

Some traditional statistical analysis methods were explored at the beginning of the
analysis. We considered the Cox PH model with baseline characteristics only, the Cox
PH model with time-dependent covariates, the Weibull PH model with baseline charac-
teristics only, and the Weibull PH model with time-dependent covariates. We chose the
PH model to facilitate the comparison of hazard ratios among all presented models. How-
ever, the PH assumption is a strong assumption and HR itself lacks causal meanings as
we pointed out in previous sections.

All traditional models controlled for gender (female vs male), race (white vs non-
white), age at enrollment (younger than 18, 19 — 25, 25 — 29, and older than 30), mar-
ital status (married or living as married, divorced or separated or widowed, never mar-
ried), education level (less than high school or GED, some college or college, college
above), employment status (full-time/part-time/unemployed), BMI, SBP, self-reported
diabetic/hypertension/high cholesterol, exercise intensity score, whether the subject is
a drinker or not and family history of heart disease (whether father/mother had a heart
attack and whether father/mother had a stroke). After necessary data cleaning, the mea-
surements of these covariates recorded at the first examination are used in all baseline
models (N=5,111). In time-dependent models, time-dependent versions of these covari-
ates are used (e.g., the SBP variable was switched to the time-dependent one because it
was measured at each clinical visit; also subjects may update their marital status during
each visit thus this can also be enriched to the time-dependent version). All these models

also require complete records. In total, there were 39,671 records available for the time-
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dependent models. All these models identified a passive effect of smoking on time to
the first CVD event. In other words, smokers have higher hazards of experiencing CVD
events compared to non-smokers. The model fitting results are displayed in Table 4.3.
The Cox PH and Weibull PH model yield identical estimations that the hazard of smok-
ers experiencing the event is about 2.27 times that of non-smokers. Both time-dependent
models identified more significant smoking effects on time to the first CVD event com-
pared to the baseline models. Nevertheless, the hazard ratios presented here are highly

likely to have been biased from a causal perspective.

Models Hazard Ratio Estimation Confidence Interval
Cox PH 2.27 (1.80, 2.89)
Time-dependent Cox PH 242 (1.88,3.11)
Weibull PH 2.27 (1.82,2.84)
Time-dependent Weibull PH 2.50 (2.05, 3.05)

Table 4.3: Estimated hazard ratio of current smokers vs non-smokers on time to first CVD
along with 95% CI, CARDIA.

4.4.3 Using G-estimation and MSM to adjust time-varying confounders

To address the time-varying confounding issue as demonstrated in DAG 4.1, the
methods discussed in Section 2.5 are necessary. We applied the traditional G-estimation
method (one dimensional) as well as the marginal structure model to the CARDIA data,
trying to quantify the smoking causal effect on time to the first CVD event while having

the time-varying confounding controlled.
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4.4.3.1 G-estimation

The G-estimation fitted a SNAFTM:

SYak—l’Olik:Zk7Ak:ﬁk,Y>tk {’yk<y’ lk’ ak’ w)} = SYak76|Zk:Zk,Ak:dk,Y>tk (y) : (45)

with the blip function

Ve (Y, ey G ) = ti + (y — t1,) exp(ay,). (4.6)

Applying the blip function to the time-to-event outcome Y is equivalent to remov-
ing the causal effect of the final blip of smoking at visit £ on the outcome. Here we
didn’t consider any effect modificator for the causal effect. The smoking causal effect is
assumed as a constant for all subjects, across time points.

Section 2.7 has presented the procedure of a G-estimation. First, the smoking ex-
posure model was fitted by Generalized Estimating Equations (GEE) with R package
geeglm. Covariates considered in the exposure model include time-independent vari-
ables: gender (female vs male), race (white vs non-white), age at enrollment (younger
than 18, 19-25, 25-29, and older than 30); time-varying variables: BMI, education level
(less than high school or GED, some college or college, college above), working sta-
tus (employed full-time/part-time/unemployed), marital status (married or living as mar-
ried/divorced or separated or widowed/never married), self-reported diabetic/hypertension/high

cholesterol, SBP, depression score measured by CES-D scoring system, exercise intensity
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score, and alcohol consumption status (drinker or not). Then, the proposed SNAFTM re-
covers the counterfactual unexposed time if we provide a hypothesized ). By using grid
search on range [—1, 1] by a step size of 0.01, the estimated causal survival time ratio is

0.57 with a 95% confidence interval (0.47,0.66) (Figure 4.4).

.........
e
.
.
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Figure 4.4: G-estimation Result for CARDIA. X-axis is 1) values. Black dots are the Z-
score of the counterfactual survival time term in the exposure logistic model. The black
solid reference line is where the Z-score = 0 and the blue dashed lines are the interval of
(—1.96,1.96).

The estimation result suggested that smoking as an exposure compresses the CVD-
free time by a factor of exp(—0.61) = 0.54 times as of the nonsmoker’s CVD event-free
time. The G-estimated confidence interval for ¢ is (0.52,0.72).

For all practical purposes, hazards can be thought of as incidence rates, and thus the
HR can be roughly interpreted as the incidence rate ratio (Hernan, 2010). The hazard/rate

ratio is more commonly used in epidemiology. The causal rate ratio is defined as the
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mortality rate if all subjects were exposed from the baseline onward divided by the rate
when all subjects were unexposed throughout (Hernan et al., 2005; Witteman et al., 1998).
To this end, the acceleration factor exp(—1) can be related to the rate ratio if we further
assume that the counterfactual unexposed survival time Y follows a Weibull distribution.
That is, we would like to estimate the shape parameter a from a Weibull distribution with
survival function P(Y? > y) = exp((y/b)®. The estimated causal rate ratio can be
characterized as exp(azﬂ). For right-censored subjects, we took C (1/;, 0) calculated by
Formula (3.14) as their time of censoring by the end of follow-up, under ICA. Subjects
who were censored by competing risks were excluded from the analysis, but the [IPCWs
were used to weigh the estimation procedure. The Weibull distribution seems to be a
very reasonable distribution for the counterfactual survival time (Figure 4.5). Yet, the
fitted curve and the KM curve start to diverge near the end due to the shrinking at-risk
set. The shape parameter we obtained is 2.25 with a confidence interval (2.06,2.46). A
shape parameter greater than 1 indicates that the hazard increases with time, which is
coincident with our expectation of smoking effect on time to the first CVD event. The
corresponding causal rate ratio is exp(2.25 % 0.61) = 3.95 with a confidence interval
(3.22,5.05). Compared with those hazard ratios obtained from traditional models (Table
4.3), G-estimation produced a significantly larger estimated causal effect in terms of the

causal rate ratio.
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Figure 4.5: Kaplan-Meier curve (black solid line) and 95% CI (black dash lines) of coun-
terfactual survival time U;, along with fitted Weibull distribution (red solid line) and 95%
CI (red dash lines), CARDIA.

4.4.3.2 Marginal Structural Models

Now we consider the Marginal Structural Models. Similar to the competing risk
censoring weights Formulas (4.1 and 4.2), the unstabilized/stabilized inverse treatment

weights (Robins et al., 2000) at each visit k are computed as:

k
1
Wt = _ _ 4.7
hi g P(AsilAs—14, Lsi, Cs1i = 1) 7

and

k -
PAsiAsf ’iaLivcsf z:1
swi=1] Aail s Lo G 1> 4.8)

P<As,i’A571,i7 zs,i; Csfl,i = )

s=0
The exposure mechanism was also fitted by a many-to-many RNN, the same as for the

follow-up outcome. For the numerator and denominator in the above weights formula,
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RNNs with different inputs were employed. In the numerator, besides exposure history,
we considered statics characteristics: gender, age at enrollment, and race. RNNs have
been proven competitive in fitting the censoring probabilities and estimating correspond-
ing weights (Lim et al., 2018). Below are boxplots of estimated unstabilized treatment

weights (Figure 4.8) and stabilized weights (Figure 4.7) by visit year. From the plots,
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Figure 4.6: Boxplots of unstabilized inverse probability of treatment weights vs. year of
visit in CARDIA.

the stabilization is quite critical for the treatment weights because it successfully removed
extreme values, and the distribution of weights is much more regularized. The range of
the stabilized weights is (0.25,6.75). If truncate the lower 1% and upper 99%, the range
shrink to (0.56, 2.15). Because no extreme weights were observed, we didn’t truncate the
stabilized weights for treatment in the following computation. The overall weights for the
MSM are the product of stabilized inverse competing risk censoring probability weights

and stabilized inverse treatment probability weights: SW}; = SWy, x SW/ .. The final
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Stablized Treatment Weights

Visit Year

Figure 4.7: Boxplots of stabilized inverse probability of treatment weights vs. year of
visit in CARDIA.

weights range from 0.25 to 6.68, with median = 0.90 and mean = 0.99. A necessary con-
dition for the correct model specification is that the mean weight is 1 (Herndn and Robins,
2006), ideally at each time point rather than just overall. The boxplot of log weights and
the fact that the mean is close to 1 suggested that the condition is approximately true.
The variation of weights grew with follow-up. This is expected as we have fewer subjects
remaining under investigation as the study progresses. A marginal Weibull model is fitted
with the weighted population while adjusting for sex, age at enrollment, and race, as we
adjusted for the numerator part in the inverse. The smoking causal effect on compressing
time to the first CVD event estimated by this Weibull MSM is 0.66 (0.61,0.72). This can
be interpreted as smoking compresses the CVD event-free time by 0.66 folds as of the
nonsmoker’s CVD event-free time. Furthermore, the corresponding causal hazard ratio

is 2.86 (2.32, 3.52). This causal hazard ratio is larger than the traditional Weibull model,
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Figure 4.8: Boxplots of log stabilized inverse probability weights by the visitin CARDIA.

which did not adjust for any time-varying confounders (Table 4.3). However, it’s much
smaller than the G-estimated effect.

With the stabilized weights we can also fit a Cox MSM. Instead of the Weibull
model, we fit a Cox PH model using the weighted population. The smoking causal hazard
ratio on time to the first CVD event estimated by this Cox MSM is 2.77 (2.16, 3.55). The
smoking causal effect detected by this Cox MSM is also larger than the one obtained from
the time-dependent Cox model. However, the confidence interval was much wider than
that for the Weibull MSM. The Weibull model fits the data better compared to the Cox PH
model due to the violation of the PH assumption. Nonetheless, both MSMs explored here
suggested that the time-varying confounding issues need to be addressed if one would
like to detect a smoking causal effect on the time-to-first CVD event, using the CARDIA

study data. Besides G-estimation, the MSM method also succeeded in removing this bias
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to some extent.

4.44 GE-SCORE and GE-MIMIC

The first step in both GE-SCORE and GE-MIMIC is fitting an exposure model. This
has been done previously when fitting inverse treatment probability weights required by
the MSM. The many-to-many exposure RNN achieved an accuracy of 90.05% for the
smoking status prediction using CARDIA data. GE-SCORE will further calculate the
residuals from the exposure model while GE-MIMIC will start to generate null samples
based on a Bernoulli distribution. The counterfactual outcome network we employed
for both algorithms considered six potential effect modifiers: one-step leaped smoking
history (i.e., smoking status at the previous visit), sex (male vs female), alcohol drinking
status (drinker vs non-drinker), smoking intensity (number of cigarettes smoked per day),
BMI and SBP. As suggested in Section 3.9, we employed the multi-start technique and
the final estimation is the average of the three best runs. Last, because from simulation
results, LSTM works better than RNN under more complex cases, these two algorithms
used the LSTM unit to fit the CARDIA data. As in the simulation, data was split into
training (70%), validating (20%) and the prediction is made with respect to 10% test data.

In Table 4.4, we compared the acceleration factors estimated from the baseline
Weibull model, time-dependent Weibull, Weibull MSM, G-estimation, GE-SCORE, and
GE-MIMIC. As the Cox PH model has been criticized for lacking causal meanings for
past decades (Aalen et al., 2015; Herndn, 2010), the acceleration rate is preferred over

the hazard ratio in terms of causal interpretation as we repeatedly emphasized in previous
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sections. We still compared hazard ratios estimated by different models in Section 4.4.2
and 4.4.3. Yet, the transformation from the acceleration rate to hazard ratio is not only
unnecessary but also always introduces another layer of bias in G-estimation, due to the
fact that we further need to assume the counterfactual unexposed survival time is Weibull
distributed. Note, G-estimation and the two proposed algorithms provided acceleration
rates in an opposite direction compared to the regular AFT models (i.e., estimation with
a positive sign means a harmful effect in G-estimation, GE-SCORE, and GE-MIMIC), so
we have manually unified the signs of estimation for comparison purposes. For the two
proposed algorithms, we obtained individualized acceleration factors thus we reported es-
timation mean and range instead of point estimation and associated confidence intervals
in Table 4.4. Technically, results from the proposed algorithms came from more compli-
cated models, which considered several potential effect modifiers. The estimations were
individualized after taking distinct characteristics and the time factor into account.

From the table, rows 1-2 are traditional Weibull survival models without consider-
ing the time-varying confounding bias. These models identified the significant negative
effects of smoking on time-to-first CVD events. Row 3-4 are models that have corrected
for the time-varying confounding issue. G-estimation and MSM Weibull are only equiva-
lent under restrictive parametric assumptions (Young et al., 2009). More generally, mod-
els from rows 1 - 3 assumed the data underlying survival distribution is Weibull while
models from rows 4 and below are semiparametric AFT models which only assumed the
acceleration nature but not the baseline survival distribution.

One of the significant benefits of GE-SCORE and GE-MIMIC is their ability to
provide individual predictions. Furthermore, they can provide insights into heterogeneity

118



Models 1 Estimation Confidence Interval
Baseline Weibull -0.34 (-0.44, -0.24)
Time-dependent Weibull -0.45 (-0.56, -0.34)
Weibull MSM -0.42 (-0.50, -0.33)
G-estimation -0.61 (-0.72, -0.52)
GE-SCORE*
Overall -0.47 (-0.49, -0.43)
Year 00 -0.48 (-0.49, -0.48)
Year 02 -0.47 (-0.49, -0.45)
Year 05 -0.47 (-0.49, -0.44)
Year 07 -0.47 (-0.49, -0.44)
Year 10 -0.47 (-0.49, -0.44)
Year 15 -0.47 (-0.49, -0.43)
Year 20 -0.47 (-0.49, -0.43)
Year 25 -0.47 (-0.49, -0.43)
Year 30 -0.47 (-0.49, -0.43)
GE-MIMIC*
Overall -0.53 (-0.58, -0.49)
Year 00 -0.54 (-0.58, -0.52)
Year 02 -0.53 (-0.58, -0.50)
Year 05 -0.53 (-0.58, -0.50)
Year 07 -0.53 (-0.58, -0.49)
Year 10 -0.53 (-0.58, -0.49)
Year 15 -0.53 (-0.58, -0.49)
Year 20 -0.53 (-0.58, -0.49)
Year 25 -0.53 (-0.58, -0.49)
Year 30 -0.53 (-0.58, -0.49)

*The estimation mean and range were reported.

Table 4.4: Estimated acceleration factor of smoking on time to first CVD event, CARDIA.

among subgroups. Table 4.4 showed that smoking effects do not vary significantly across
follow-up years (aging) although the baseline smoking effect seems the most significant.
Overall, GE-MIMIC provides a more significant effect estimation along with a slightly
wider range. Note that the range of estimation is directly related to the penalty term we
add for the variation of % We have explored that, if 7» = 0 in Formulas (3.25) and

(3.26), the range of estimation would be expanded substantially.

Now we take a closer look at the subgroup smoking effect. Unlike MSM and 1-
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dimensional G-estimation, which provided a constant estimation for all participants, GE-
SCORE and GE-MIMIC provided a more comprehensive estimation. Though we have
considered six causal effect modifiers for both algorithms, we focus on assessing the
group-wise difference for categorical variables: gender, drinker status, and smoking status
at the previous visit. To facilitate our understandings of predictions disparity, we first

provided a tabulation (Table 4.5) of these characteristics, by visit year.

Visit Smoking | |
Status Gender Drinker Previous Smoker
e n (%) Male Female | No Yes No Yes
Smoker
00 1564(30.6%) | 8 818 | 103 1461 | 1564 NA
(n=5111)  Non-smoker
3547 (69.4%) | 1487 1967 | 591 2956 | 3547 NA
Smoker
Proportion 32.1% 29.4% 14.8% 33.1% | 30.6% NA
Smoker
0o 1519(305%) | 733 786 | 16 1403 | 217 1302
(n=4987)  Non-smoker
3468 (69.5%) | 103> 1933 | 625 2843 | 3262 206
Smoker
Proportion 323% 28.9% 157% 33.0% | 6.2% 86.3%
Smoker
s 1uso7e | 698 T | 136 1300 | 178 1258
(n=4828)  Non-smoker
3392 (70.3%) | 1487 1905 | 661 2731 | 3188 204
Smoker
Proportion 31.9% 27.9% 171% 322% | 5.3% 86.0%
Smoker
07 1347(86%) | O35 094 | M6 1201 | 117 1230
(n=4716)  Non-smoker
3369 (71.4%) 1476 1893 700 2669 3209 160
Smoker
Proportion 30.1% 26.8% 173% 31.0% | 3.5% 88.5%
Smoker
0 1243729 | 615 628 | 152 1091 | 118 1125
(n=4576)  Non-smoker
3333 (72.8%) 1434 1899 757 2576 3160 173
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Smoker

. 30.1% 26.8% | 16.7% 29.8% | 3.6%  86.7%
Proportion
Smoker
s 1078 (48%) | 20 548 | 1L 937 1 15 963
(n=4355)  Non-smoker
3277 (7500 | 1408 1869 | 742 2535 | 3080 197
Smoker
. 273% 227% | 16.0% 27.0% | 3.6%  83.0%
Proportion
Smoker
20 01 (2250 | 41 470 | 142779 | 88 833
(n=4093)  Non-smoker
3172 (77.5%) | 1345 1827 | 7100 2462 | 3022 150
Smoker
. 251% 20.5% 16.7% 24.0% | 2.8% 84.7%
Proportion
Smoker
s 708(188%) | oY 367 | 1260 582 1 70 638
(n=3756)  Non-smoker
3048 812%) | 1277 1771 | 674 2374 | 2876 172
Smoker
. 21.1% 17.2% 15.6% 19.7% | 2.4% 78.8%
Proportion
Smoker
0 475(146%) | 22 T | 93 3821 58 41T
(n=3249) Non-smoker
2774 (85.4%) 1145 1629 626 2148 2629 145
Smoker
. 16.6% 13.2% 129% 15.1% | 2.2% 74.2%
Proportion

Table 4.5: Subgroup characteristics distribution for smokers and non-smokers, CARDIA.

Figures 4.9, 4.10, 4.11 display the estimated smoking effects at each visit year, by
gender, drinker status, and smoking status at the previous visit, respectively. The box

plots allow us to compare the distributions of the estimated 1/3, across different subgroups.

Interestingly, we observed that smoking has a more substantial harmful effect on fe-

males compared with males. The gender disparity of the smoking effect has been noticed
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(a) GE-SCORE (b) GE-MIMIC

Figure 4.9: Algorithm estimated &k by Gender Group vs the Visit Year, CARDIA
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Figure 4.10: Algorithm estimated zﬁk by Drinker Status vs the Visit Year, CARDIA
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Figure 4.11: Algorithm estimated U, by Smoking Status at Previous Visit vs the Visit
Year, CARDIA
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by previous researchers (Hackshaw et al., 2018). Also, the smoking causal effect has a
larger variation for females. A smaller proportion of smokers and a smaller proportion
of subjects who experience the event of interest in the female group possibly explained
the wider spread of the estimation, compared to the male group. Furthermore, the female
group may have larger heterogeneity among some other important risk factors for CVD
event, which can also increase the variation of the estimation. GE-SCORE didn’t iden-
tify a significant difference of smoking causal effect between drinkers and non-drinkers.
However, GE-MIMIC suggested that smoking does fewer negative effects on drinkers.
One possible explanation is that in CARDIA population, proportion of drinker is much
higher than non-drinkers. In this application, we simply classify subjects as a drinker and
not a drinker without controlling for the drinking intensity. The causality between drink-
ing and CVD events is still under investigation. When considering drinking intensity, a
U-shaped drinking effect on CVD event is most plausible per current research (Pletcher
et al., 2005). When considering the smoking status at the previous visit, a new smoker
or a relapsed smoker suffers more from current smoking. The conclusion that can be de-
livered to the public is never start smoking, or having stopped, don’t start again. Similar
plots can be made for smoking intensity, BMI, and SBP if we categorize these continu-
ous variables. Yet, the layout would mostly depend on the subjective categorization, thus
those are omitted from presentation. There is also an overall time trend of the estimated
effect, The baseline smoking effect seems more noticeable. The spread of the estimation
is the smallest at baseline, due to the largest available data size among all visits. Further-
more, the proportion of smokers in this population is also decreasing steadily along the
follow-up.
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These two proposed algorithms provided conclusions consistent in direction, not
only in the sign of the smoking effect (harmful effect) but also consistent in each sub-
group. Though GE-MIMIC provided a more significant estimation and the associated
range was wider. As with other ML algorithms, the estimations come with randomness.
Taking an average of multiple runs can improve robustness as discussed in Section 3.9
but the estimation result may still change with a different initiation seed. For duplication
purposes, a random seed was saved for both algorithms and we are only interpreting re-
sults generated with this seed. Different seeds have been explored, similar conclusions
can be drawn, though the estimation may change. For a future application, the model

fitting process can be repeated multiple times without specifying a seed.

4.5 Discussion

CARDIA data were used to quantify the smoking effect on time to the subject’s first
CVD event. The baseline model estimated a less significant smoking effect compared to
time-dependent models, due to the long-term and short-term effects examined by these
two sets of models (Xie et al., 2017). The time-dependent model seems very efficient but
they still lack causal meanings due to the time-varying confounding issue. For baseline
and time-dependent models, we considered the Cox PH and Weibull. Nonetheless, the
Weibull model is a more rational choice for this research question because using CARDIA
data, the estimated Weibull shape parameter is significantly greater than 1. This indicated
that the hazard is not a constant but increases over time, thus suggesting a violation of the

PH assumption.
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When we moved to methods that correct for time-varying confounding, we consid-
ered a SNAFTM that assumes a constant smoking effect for all participants and MSMs
with Weibull and Cox PH survival models. The G-estimation explored for CARDIA
only searched on 1-dimensional space because of the computational burden and imple-
mentation inconvenience. From the simulation, we observed that the 1-dimensional G-
estimation is coverage to the mean of the true effect if the exposure effect varies across
groups. The stability of estimation is also prone to extreme values. MSM is also estimat-
ing a constant smoking effect for all individuals, but with assumptions of underlying sur-
vival distribution. In Section 4.4.3.1, we further added the Weibull distribution assump-
tion to the counterfactual unexposed survival time simply for the purpose of comparing
the hazard ratio among all methods. The causal rate ratios obtained from G-estimation
and MSMs were comparable. Yet, the former estimated a much more significant smoking
causal effect. One possible explanation is that G-estimation is a semiparametric method
in the sense that we don’t need to specify the distribution of the counterfactual unexposed
time. The Weibull counterfactual unexposed survival time assumption may have been too
strong. In conclusion, when compared to the traditional survival models used in Section
4.4.2, both SNAFTM and MSMs seem to correct the time-varying confounding bias to
some extent.

The GE-SCORE and GE-MIMIC are still estimating the SNAFTM but with an en-
riched acceleration factor. These algorithms returned reasonable estimations, and they
provided practical user profiles for the exposure causal effect of interest. The average
smoking effects detected by GE-SCORE and GE-MIMIC lie between G-estimation and

Weibull MSM. If high-dimensional G-estimation is used for the same task, at least the
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blip function needs to include six main effects which have been included in the coun-
terfactual outcome network of GE-SCORE and GE-MIMIC. Grid searching in this high-
dimensional space is not feasible and we won’t expect the result to be stable. From the
algorithm estimation, some meaningful conclusions can be drawn. For instance, the algo-
rithm suggested that females are more vulnerable to smoking compared to males, which
coincides with previous research (Hackshaw et al., 2018). Plus, baseline smoking ap-
pears to have the most significant effect on time-to-first CVD events and new/relapsed
smokers suffer more. Findings from the proposed algorithms provided important infor-
mation about smoking as a risk factor for CVD events, and thus are valuable for public
health. Provided personalized estimation, we expect the communication between health

providers and patients to be more effective.

4.6 Limitations

A strong assumption when quantifying the exposure effects is that the exposure
level (smoking or no-smoking) only changes at the measurement time after all time-
dependent covariates have been measured. This is barely true in any observational stud-
ies. The fact is, subjects may start or stop smoking at any time during the study course,
but the investigator is only updated with the smoking status during each clinical visit.
Nevertheless, given the long follow-up time and subjects’ adherence to smoking, we sim-
ply ignored the probability that subjects change their smoking status between two visits.
Unlike a treatment to be assigned after related clinical measurements are collected, the

mechanism of smoking initiation/cessation is complicated. Some important covariates
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cannot be collected in a timely manner in an observational study (such as employment
status), or they were not collected at all (e.g., the stress scores were not measured in
CARDIA though we suspect a high stress level is an important initiative of smoking).
The many-to-many RNN achieved more than 90% accuracy in predicting smoking status
and this provides some confidence in the exposure model though. All the methods we
used for this application involved IPCW so the quality of censoring weights is also im-
portant. In CARDIA, given that a small proportion of person-visits has a competing risk
censored outcome (Table 4.2), the competing risk censoring mechanism may not be well
addressed. Nonetheless, with the state-of-the-art RNN algorithm has been implemented
for the exposure/competing risk prediction, we expect the information to be extracted to
the maximal amount.

In CARDIA, the visit intervals are not equally spaced. Generally speaking, subjects
were examined more often during the first 10-year of the study (four times during the first
10 years with intervals of 2, 3, 2, and 3 years), and later visits were scheduled every
5 years. When fitting the inverse probability weights, ignoring different visit intervals
assumes that the effect of the covariates at visit 1 on visit 2 (2 years ago) is the same as
the effect of the covariates at visit 2 on visit 3 (3 years ago), which may not be biologically
reasonable. Considering the durations between visits can improve the calculation of the
inverse probability weights. By ignoring visits at year 02 and year 07, we can manually
create equally spaced data (5 years). But abandoning existing data is also a potential
pitfall, especially since subjects’ adherence is higher at the beginning of the study.

All predictors included in the competing risk censoring weights estimation, treat-
ment weights estimation, in the traditional survival models, and in the GE-SCORE, GE-
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MIMIC were all chosen empirically. Covariates collected at each visit also changed
slightly over the study course. Though the proposed algorithms are able to handle high-
dimensional data, it was not realistic nor necessary to clean and include all covariates
collected in the study. For missing data, previous non-missing values are simply carried
forward without any imputation. There are many other practical methods that deal with
missing values besides the LOCF method but are not explored here. In future applica-
tions, different imputation methods may be more reasonable, based on the study settings.
A minimal amount of influence of different imputation methods on the proposed algo-
rithms is expected. We also recognized the fact that data collection errors are inevitable
in any observational study. Self-reported data, such as smoking status and smoking inten-
sity, are particularly prone to bias due to dishonesty or introspective inability. However, as
we have pointed out, there is no way to conduct a clinical trial to investigate the smoking
effect. It’s also impossible to have investigators observe subjects in day-to-day life. How
to best interpret observational data is a critical and challenging research problem. The

estimation results could be improved with data of a higher quality.

4.7 Conclusion

We used CARDIA study data to quantify the causal effect of smoking on time to
the participant’s first CVD event. The causal effect measure we employed is consistent
with an AFT model in which the effect is quantified as an acceleration factor of the event
free time. To correct the time-varying confounding issue, we explored existing methods:

SNAFTM with G-estimation and MSM with COX PH and Weibull survival models. The
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proposed algorithms (GE-SCORE and GE-MIMIC) have also been implemented success-
fully. Compared to the previous G-estimation method for the SNAFTM, both GE-SCORE
and GE-MIMIC provided meaningful and individualized estimations of the acceleration
factor. Furthermore, the proposed algorithms delivered more insights into the hetero-
geneities of smoking’s causal effect. For example, both algorithms detected a gender
disparity in that smoking caused more deceleration of females’ first CVD event free time,

compared to males.
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Chapter 5: Causal Inference in Threshold Regression

5.1 Introduction

This dissertation focuses on causal inference with survival outcomes. Previous sec-
tions (e.g., Section 2.6) briefly touched on the fact that the Cox PH model is not favored in
causal survival analysis though it’s the most prevalent survival model in medical research.
The Cox PH model not only suffers from the difficulties of causal interpretation but also
fails to achieve collapsibility, which will be defined in Section 5.2. Due to these limita-
tions, other models that are more aligned with causal inference have been proposed. For
example, an AFT model builds a linear link between the logarithm of the survival time
and predictors by modeling the acceleration rate. The collapsibility of the AFT model
is one of the major reasons that it is advocated for causal survival analysis. In previous
chapters of this dissertation, we have explored SNAFTM, which roots in the AFT model,
as a valid method to estimate exposure causal effect when any time-varying confounder is
present. Specifically, we have shown in Chapter 3 that this model maintains its advantages
with modern ML methods incorporated.

In addition, the First-Hitting-Time (FHT) based Threshold Regression (abbreviated
as TR) (Lee and Whitmore, 2006, 2010) is a well-accepted method to analyze covariate

effects on time-to-event endpoints while allowing for clinically meaningful interpreta-
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tions. Unlike the first part of the dissertation, we do not consider longitudinal studies in
this chapter. It will be shown later that, TR Models using a Wiener process with linear pre-
dictors are collapsible and hence lends the model naturally to causal survival inference. In
particular, we would like to investigate the causal meaning of TR, as well as how to make
a marginal causal conclusion from TR with the assistance of G-computation. The causal
assumptions required for this Chapter have been identified in Section 2.2. This chapter
is organized as follows: we first present the definitions of confounding and collapsibil-
ity. Then we introduce TR as a competitive survival model and provide some desirable
properties that support its application in causal survival analysis. How to implement G-
computation to estimate the marginal intervention causal effect has also been introduced.
Furthermore, we consider a neural network expansion of the TR model: TRNN. Finally,

simulations and a real application are presented.

5.2 Confounding and Collapsibility

5.2.1 Time Independent Confounding

The definition of time-independent confounding should be straightforward as the
time-varying confounder concept presented in previous chapters has prepared readers for
this. The research question is still the identification of the causal effect of the intervention
on the time to an individual’s first event of interest. In this chapter, we only consider
studies where the intervention was introduced and covariates were measured at baseline,
without additional information being gathered before the occurrence of the first event.

Notations are mostly consistent with those specified in Section 2.4 except that all time-
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dependent random variables were simplified to the time-independent version. The inter-
vention is a dichotomous variable A that takes values O or 1. The outcome Y is recorded
once either during the study (the event happened) or at the end of the study (right cen-
sored), and Z is a time-independent confounder (potentially). Note, in previous chapters,
we used L to denote a confounder.

The previous chapters of this dissertation deal with the time-varying confounding
issue (see Section 2.3 for definition) for longitudinal studies. In this chapter we consider
cases with time-independent confounding measured only at baseline. Although less com-
plicated, it remains critical to consider these confounders during study design as well as
data analysis (VanderWeele, 2019). When a covariate Z has significant correlations with
both the intervention A and the outcome Y, we say Z is a confounder for the causal effect
of AonY because Z is responsible for (at least part of) the appeared relationship between
these two. However, the true causal effect of A on Y cannot be identified without a fair
adjustment of the confounder Z. Another interesting complication of causal inference
is “effect modification” which indicates that the effect of one variable on another varies
across strata of a third (VanderWeele and Robins, 2007). Effect modification falls un-
der the broader idea of “interaction” which is more familiar to statisticians. Traditional
regression approaches are able to control confounding and deal with effect modification
by producing conditional estimates, i.e., by adding potential confounders to the regres-
sion models. Similar conditional estimation methods are prevalent in regression-based
survival data analysis.

The marginal effect provides a unified and simple way to quantify the causal re-
lationship between the intervention and outcome. Thus, estimating the marginal inter-
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vention causal effect is often of research interest (Snowden et al., 2011). G-computation
(also called standardization) is an approach that allows ones to obtain marginal interven-
tion effect estimation though the population contains different covariates groups and a
set of confounders is measured at each observation (Sjolander, 2016). This method al-
lows investigators to deduce the causality from observational studies as from perfectly

randomized controlled trials (Robins, 1986b).

5.2.2  Collapsibility for TR with Linear Predictors

In this chapter, besides the confounding issue, we would also like to inspect col-
lapsibility. It has been emphasized in the literature (Didelez and Stensrud, 2022; Green-
land, 1996; Greenland and Pearl, 2011) that confounding and collapsibility are separate
issues. Usually, the target population for a new drug includes patients with diverse prog-
nostic baseline factors. Nevertheless, a randomized controlled trial can be used to esti-
mate the intervention effect even if the primary analysis does not consider any baseline
covariates as confounders because measured and unmeasured covariates will on average
be balanced between intervention groups (U.S. Food and Drug Administration, 2021).
Although randomization eliminates the bias introduced by confounding efficiently, col-
lapsibility is a model property that cannot be guaranteed by study design.

Using the triplet { A, Z, Y} defined above, we consider the case where Z is a cate-
gorical variable. A measure function of association between A and Y, ¢)(A,Y'), is strictly
collapsible across Z if it is constant across the strata (subtables) and this constant value

equals the value obtained from the marginal table (Greenland et al., 1999). Generally
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speaking, using ¥z (A, Y |Z = z) to denote conditional association, the association mea-
sure between A and Y is collapsible across Z if ¢ is a weighted average of v, for all
z € Z (Greenland and Pearl, 2011). In particular, one may expect the estimated causal ef-
fect of one covariate (e.g., A) on the outcome (e.g., Y) does not depend upon the inclusion
(condition on) or exclusion (not condition on) of another covariate (e.g., Z), especially
when these two covariates (A and Z) are uncorrelated. However, the marginal regression
parameter for a covariate in the popular Cox PH model does not equal the conditional
parameter when other covariates are included in the model (Burgess, 2015; Ford et al.,
1995). The noncollapsiblity of the Cox PH model further complicates its application in
causal reasoning, on top of the fact that HR has been criticized for decades for lacking
causal meanings (Aalen et al., 2015; Hernan, 2010). Though collapsibility can be assured
under the Aalen additive hazard model (Martinussen and Vansteelandt, 2013), the causal
inference community has been considering using other non-hazard-related models due to
the interpretability issue of HR. Not surprisingly, less model restrictive measures, such
as differences between suitably adjusted and standardized survival curves or Restricted
Mean Survival Time (RMST) (Didelez and Stensrud, 2022; Royston and Parmar, 2013;
Uno et al., 2014), have drawn considerable attention. Some recent literature advocates the

usage of RMST over a hazard ratio as the target causal measure (Stensrud et al., 2018).

5.3 Causal Inference of TR with Linear Predictors

The TR model conceptualizes a subject’s latent health as a random process that

drifts down towards a disease threshold (which is usually set at zero) (Lee and Whitmore,
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2006, 2010). For a Wiener process where the health begins at 9y, > 0 and the boundary is
the zero level, the distribution for the first-hitting-time (time-to-event) outcome 7' is given

by an Inverse Gaussian (IG) distribution with p.d.f.

t 2
(o) = é%exp[_%], (5.1)

and survival function

t t—
Sl yo) =1 = F(t|p, yo) = @ (M \J/Eyo) — exp(—2yop) P (M \/gyo) , (52

where ¢y > 0, —o0 < 1 < oo and P denotes the c.d.f. of the standard normal distribution.
In most situations, one expects the deterioration rate y to be negative so that the process
will hit a disease threshold. If the deterioration rate is positive such that ;o > 0, the Wiener
process may not hit the boundary threshold and the first-hitting-time 7" is not certain to be
finite. This case can be used to model applications with cure-rate where the corresponding
p.d.f. is improper with P(T' = c0) = 1 — exp(—2you).

Two parameters can be estimated from the underlying latent health process, namely,
the initial health status parameter y,, which describes the process starting point, and the
deterioration rate parameter p, which describes the rate at which the process drifts to-
wards the threshold. To begin with, we considered TR with linear predictors in Sections
5.2 to 5.5. Nonlinear predictors are considered in Section 5.6 using machine learning

methods. These two parameters can be linked with observed regression covariate vectors
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(1,21, x9,--+) and (1, 21, 29, - - - ). For linear predictors:

=g+ a1ry + asxrs + - = T, (5.3)

log(yo) = Bo + Brz1 + Bozo + -+ = 203, (5.4)

Note, the initial health status y is set to be larger than 0. Thus a logarithmic func-
tion is used to link the parameter y, with covariates in Formula (5.4). It’s legitimate to
use the same covariate vectors for both 1 and g, or to consider completely different sets
of risk factors for these two linear predictors. In other words, covariates in x and z can
completely differ, coincide, or partially agree. The most plausible function format should
come from expert knowledge of scientific research. We often want to consider the inter-
vention A for p. By adding covariate A to the Formula (5.3), the intervention effect is
linked with the deterioration rate. The effect size is estimated by the coefficient of co-
variate A. Once the function formats are determined by the investigator, the maximum
likelihood estimation method is used to estimate coefficient vectors ¢ and 3.

In most chronic diseases (such as CVD, or kidney disease) studies, the intervention
aims at slowing the health deterioration rates. As a result, we focus on investigating the
causal effect of the intervention on the deterioration rate x in this chapter. A simple causal
DAG (Figure 5.1) that includes a binary intervention A and a potential confounder 7
demonstrates the causal problem under investigation. The corresponding linear prediction
function in Formula (5.3) includes predictors A and Z: yu = ap + a1 A + asZ. The

coefficient a; thus encodes the intervention effect on the deterioration rate p. C'is a
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random variable denoting censoring. It is independent of other covariates shown in the

DAG.
Z C
(confounder)
/
/
/
| 4
A > > T > (Y,A)
(Intervention) (deterioration (time to event) (observed time to
rate) event)
t
\

0
(initial health status)

Figure 5.1: DAG of covariates effects on deterioration rate o in TR.

Now, we follow the definition of marginal unadjusted effects and marginal (causal)
effects in (Martinussen and Vansteelandt, 2013). Let ) be a prediction function. First, we
define ¢ (ula) = Ez(p|do(A = a), Z), as a prediction function of the deterioration rate
w. Simply speaking, the do—operator (Pearl, 2009b) sets a random variable, such as A,
uniformly to a level, such as A = 1. The resultant prediction value ) = Fz(u|do(A =
a), Z) is the population value that would be realized if the random variable A is set to a

specific level. The causal estimand of interest is the marginal causal effect 7

T = Ey(u|do(A = 1), Z) — Ey(uldo(A = 0), Z)
:Oéo+Oél+OégE(Z>— (060+OJQE(Z)) (55)

:051
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The Formula (5.5) indicates the pleasant collapsibility of the deterioration rate in TR.
The counterfactual deterioration rate is calculated by first setting A to a fixed (potentially
contrary to fact) level and then taking the expectation over Z. The marginal intervention
causal effect is the difference between two counterfactual outcomes and thus is given by
og.

Next, the marginal unadjusted intervention effect 7, of ;. can be defined based on
a new prediction function ¢(u|la) = Ez(u|A = a, Z) without the do—operator used in
Formula (5.5). It can be calculated by estimating the marginal association using observed
data:

(5.6)

=a;+ax(Ez(Z|A=1)— Ez(Z]|A=0))
which will be a consistent estimator of the marginal causal effect 7 if ap = 0 (i.e., Z is
not a significant predictor for p, given A) or Ez(Z|A =1) — Ez(Z]A=0) =0 (ie., A
and Z are independent).

Since the MLEs of coefficients of x4 and gy, are dynamically correlated, a valid
causal inference of the deterioration rate in TR further requires that the initial health
status gy is correctly adjusted. Figure 5.1 includes a dashed arrow between p and yj.
This dashed arrow does not indicate a causal pathway between these two components.
Instead, we can view g, as a confounder for ; and 7. To estimate the causal effect
of A on p and subsequently on 7" (which is the only causal pathway we are interested

in), the backdoor path 1 < yo — 7 needs to be blocked. This can be ensured either
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by: 1) carefully recruiting subjects so that the participants do not dramatically vary in
terms of the initial health status, or 2) correctly adjusting the initial health status during
analysis. The former approach casts significant challenges because the initial health status
is a latent variable that cannot be observed. The assumption may be true approximately
if investigators carefully recruit subjects with similar demographics. Consequently, the
generalization of the study conclusion becomes unfeasible. However, the complete DAG
of a complex disease process is not always available (VanderWeele, 2019). Thus including
the correct covariates is not an easy task. To select the correct set of covariates to be
adjusted (Vansteelandt et al., 2012), we also need to consider the clinical meaning of
each parameter in TR. For example, we recognized that a post-baseline effect should not
be adjusted in the initial health status yy. Nonetheless, including unrelated predictors
for 1 won’t influence the consistency and efficiency of the causal estimator due to the
collapsibility. As a result, it is encouraged to consider comprehensive predictor sets, for
both parameters.

In particular, the coefficient estimation does not systematically vary with the exclu-
sion of other uncorrelated variables in TR (Hellier et al., 2020), due to its collapsibility.
On the other hand, the Cox model does not have this benefit, i.e., the coefficient estimation
before the intervention would be biased for the causal effects even when an uncorrelated
covariate is omitted from the model. This has been well elaborated in (Crowther et al.,
2022; Martinussen and Vansteelandt, 2013; Sjolander, 2016). Further, the interpretation
of coefficients in the 1 model is completely free from the hazard concept. We would
interpret the intervention causal effect as saying the intervention causes the degradation

rate to increase or decrease. With the same initial health level, a large degradation rate
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means an earlier first-hitting-time, hence a shorter survival time.

Besides focusing on interpreting the causal meaning of p, estimating other causal
measures such as Restricted Mean Survival Time (RMST) can also be done in TR. For a
fixed time horizon 7, RMST is defined with respect to the survival function. It’s the area
under the survival curves with a prespecified restrictive follow-up time. We have also
derived TR RMST formulas in previous publications (Lee et al., 2022). In general, the

RMST for TR is calculated by

RMST(7) = /T S(t|p, yo)dt. (5.7
0

Theoretically, there are three formulas for TR RMST, depending on the sign of deterio-
ration rate. When 1 < 0, a convenient and exact computational formula for evaluating

RMST(7) is given by:

RMST(7) = 7.5(7|pt, yo) + (vo/|1[)S(L/7] = yo, — 1) (5.8)

Two other formulas when ¢+ = 0 and ;¢ > 0 can be easily obtained by variable transfor-

mation (Lee et al., 2022).

5.4 Simulation I - Collapsibility for TR with Linear Predictors

Now, we will use simulations to demonstrate the collapsibility of the TR model with
linear predictors. To investigate whether an intervention postpones an individual’s time to

the first CVD event by slowing the deterioration rate, studies can be conducted to examine
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the relationship among intervention, potential confounder, and time-to-event outcome. In
this simulation, we considered hypothesized studies with sample size N = 1000. We
simulated the dichotomous intervention A and two potential confounders 7, Z5. The in-
tervention A was generated from a Bernoulli distribution, with a probability of receiving
the intervention as 0.5. Confounder Z; is a binary variable generated from a Bernoulli
distribution, with P(Z; = 1) = 0.5. Some baseline characteristics such as gender, follow
this distribution. Confounder 7 is a continuous variable, generated from a Normal dis-
tribution, with mean = 1 and standard deviation = 1. Following this setting, A and Z;, Z5
are independent. The time-to-event outcome 7' is simulated by an Inverse Gaussian (IG)
distribution for TR as shown in (5.1) with p and log yy given later. The study is sched-
uled to end in 3 years. Thus, the endpoint is potentially right-censored due to the limited
follow-up length. The observed time variable Y = min(7',C'). Weuse A = 1{T < C'} to
denote whether an event is observed or not. Later, to make Z5 a confounder for the inter-
vention and outcome, we create an association between the intervention and confounder.
This can be achieved by using logit(P(A = 1)) = (yZ>) to replace the aforementioned
Bernoulli distribution which generates the intervention. The coefficient « thus measures
the magnitude of positive/negative association between A and Zs.

To start with, we consider Design 1 where the initial health status is the same for all
individuals in the population. Intervention A and covariate Z, both have causal effects on

the deterioration rate p. The linear predictors of 1 and log y, are simulated as:
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Design 1:

f=—-24+02%x A+0.2x Zy,
(5.9)

logyo = 1.

For a slightly more complicated design (Design 2), Z; is related to the initial health status
but not to p by construction. Examples of such predictors include the genotype of an
individual. If Z; stands for gender as suggested earlier, the model is reasonable if the fe-
male has Z; = 1 and females have a certain genetic makeup that protects them from CVD
events. In conclusion, the simulation for deterioration rate remains unchanged whereas
/) is added to the generation of log yy:

Design 2:

p=-2+402xA+02x Zs,
(5.10)

logyo =1+ 2.
As a result, the intervention causal effect is 0.2 for both simulated studies. The effect can
be interpreted as the intervention slowing the deterioration rate by 0.2. Now, we consider
the fitting of 1 and logy, separately. For the deterioration rate, we consider a reduced
model that includes A only versus a correct model that includes both A and Z5. Then for
the initial health status, two models for log yy were considered. One does not adjust for
7, while the other does. In conclusion, for each design, with a specific ~y, four TR models
were explored. The simulation results of the intervention effect are summarized in Table

5.1, see the first six rows for Design 1 results and rows 7 - 12 for Design 2 results. The
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first two columns present results of the © model with A only, and the next two columns
present results from the p model which includes both A and Z,. The different log y,
models are summarized by rows, where “1” indicates the log 1y model with the intercept
only and “1,7;” indicates the log 1, model with intercept and Z;. The standard error was

computed based on 1000 repetitions.

1 Model
(A) (A, Z5)
Simulation Design 7y log yp Model Estimates s.d. Estimates s.d.
0 1 0.196 0.050 0.200 0.049
1,73 0.196 0.050 0.200 0.049
Design 1 09 1 0.238 0.049 0.202 0.048
1,7, 0.238 0.049 0.202 0.048
0.2 1 0.157 0.049 0.199 0.049
) 1,73 0.157 0.049 0.199 0.049
0 1 0.087 0.050 0.087 0.049
1,73 0.193 0.054 0.201 0.055
. 1 0.118 0.029 0.098 0.029
Design 2 02 1,7, 0.231 0.036 0202  0.036
0.9 1 0.076 0.029 0.095 0.029
' 1,73 0.152 0.036 0.200 0.036

Table 5.1: TR model estimated intervention effect under Design 1 and 2. For p model
consider including Z5 and A or A only, for 3, model consider including Z; and intercept
or intercept only.

The simulation results of Design 1 first demonstrated that, when both the interven-
tion and the potential confounder are included in the deterioration model, the coefficient
estimations are unbiased. Whether or not Z, is included in the log 1y, component the
estimation is not affected because the true initial health status is a constant. Now if the
deterioration model only includes the intervention A in Design 1, the relationship between
the intervention and the potential confounder Z, needs to be further examined. Note that

Z is not a confounder for the intervention and outcome if it’s uncorrelated with A (i.e.
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v = 0). By examining the first two rows of the table, the intervention causal effect is
estimated consistently by the model, whether omitting Z5 or not. This is due to the inde-
pendence between A and Z, which further indicates that Fz(Z|A = 1) = Ez(Z|A = 0).
As aresult, 7 = 7, and the estimated coefficient for A provides the causal meaning. The
Cox model would fail to provide unbiased estimation when the uncorrelated covariate is
omitted. The covariate Z has a beneficial effect on outcome by setting, same as the in-
tervention. Thus, if covariate 75 is positively associated with the intervention (v = 0.2),
exclusion of this confounder enlarges the intervention effect as the confounder beneficial
effect has to be absorbed by the solely included intervention. If the association between
the confounder and intervention is in a reverse direction (y = —0.2), the intervention
effect is attenuated to account for the exclusion. For Design 2, the previous discover-
ies remain true, but now we have to correctly account for Z; for the log 1y component.
All reduced models failed to provide unbiased intervention estimation (serious underes-
timation), regardless of the format of x. If both intervention and potential confounder
are included in the deterioration rate model, we still obtain an unbiased estimation of the

intervention effect. The unbiasedness is preserved if Z5 is not a confounder (v = 0).

5.5 TR G-computation Procedure with Time-independent covariates

G-computation serves as a useful tool for the marginal causal effect estimation. It’s
straightforward to conduct G-computation for TR with linear predictors. The first step
of a regular G-computation is to fit a regression model of the outcome on the exposure

and relevant covariates. The model fitted in this step is frequently called the “Q-model”
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(Snowden et al., 2011). In TR G-computation, the Q-model is nothing but a standard
threshold regression of the time-to-event outcome with potential predictors such as A, Z.
A correct Q-model is required for G-computation to estimate the intervention causal ef-
fect unbiasedly. To improve the chance of finding the correct model, the investigator is
able to apply classical model selection tools (for example, AIC or BIC) in picking the
most plausible TR model. Model selection techniques for TR were discussed previously
(Saegusa et al., 2020).

Once estimated, the Q-model is used to predict all counterfactual outcomes for each
subject under all possible intervention regimes. If the intervention is dichotomous, this
is accomplished by plugging a 1 and then subsequently a O as the intervention into the
TR fit to obtain predicted outcomes. Depending on the research question, the counter-
factual outcomes p® or other estimands of interest can be calculated. Specifically, p*=1
corresponds to the potential deterioration rate that should be observed under intervention
and ;4= is the counterpart that would be observed without intervention. Predicting all
potential outcomes for each subject provides researchers with a full data set that is free of
confounding under causal assumptions. In other words, comparison/contraction among
different potential outcomes now can be fulfilled at the individual or population level.

Generally speaking, G-computation can be used to generate the full data under all
possible intervention levels if an intervention with discrete levels is under investigation.
If the research question is straightforward as to identify the intervention’s causal effect on
the deterioration rate, we can subsequently merely take the difference between ;*=! and
1%=%. Then averaging the differences across the observed distribution of the confounders

leads us to the marginal causal effect of the intervention on the deterioration rate (7,). For
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instance, the marginal intervention causal effect on y for a population with size /N can be

written as:
(5.11)

Alternatively, a Marginal Structural Model (MSM) (Robins et al., 2000) can be used to
fit the counterfactual outcomes. The estimates from MSM are also equipped with causal
meanings under certain regularization conditions. Under the binary intervention case,
these two approaches yield the same estimation. Nevertheless, if the researcher plans
to use a more clinical-related measure such as RMST, estimated p and logy, can be
plugged into Formula (5.7) to obtain the counterfactual individual RMST. The marginal
intervention causal effect on RMST with a specific 7 can be calculated similarly to what

has been implemented for the deterioration rate:

Trust = Ez(RMST(7)[do(A = 1), Z) — Ez(RMST(7)|do(A = 0), Z)
| X | X (5.12)

—— a=1 _ — a=0

=5 ;RMST(T)Z ¥ ;RMST(T)l .

5.6 Machine Learning Assisted TR

TR models with linear predictors discussed in previous sections enjoy benefits such
as easy interpretation and collapsibility. Nevertheless, the linear format of predictors is
often criticized for the unrealistic linearity assumption. To mitigate the risk of model

misspecification, one may propose adding all relevant covariates along with all possible
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interactions and high-order terms into the model. Yet, a model with linear predictors
is also likely to fail when the input dimension is high, especially when it is close to or
even higher than the observation number (Johnstone and Titterington, 2009). A recent
research work (Bin and Stikbakke, 2022) introduced a novel approach to fit the TR model
with linear predictors in a high-dimensional framework. Using their suggested boosting
algorithm, coefficients estimation can be obtained.

In causal survival analysis, one may not only have to deal with cases with high
dimensional inputs but also have to consider possible non-linearity among predictors. To
address these challenges, we propose to develop a neural network extension for the TR
model, which is called TRNN. TRNN includes two separate neural networks to predict
4 and o in a TR model. Thus, the neural network inputs as well as the structures can
be completely different for ;o and yy. These two neural networks are connected by a log-
likelihood-loss for right censored data. Trainable parameters in these two networks are
updated simultaneously while the model is trained with respect to the objective function.
This is the first time that neural networks are employed to fit a TR. See Section 3.1 for
background information on neural networks.

To start, the linear predictors (5.3) and (5.4) can be replaced by neural networks
without a hidden layer:

=0, (W +b,), (5.13)

and

yo = oy (Wyz +b,). (5.14)

In above formulas, 0, and o, are activation functions. To echo the parameter range for
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TR, we can choose an activation function with output on the real line (such as linear acti-
vation function) for ;o and an activation function with a strictly positive output range (such
as exponential activation function) for y5. When the activation is an identity function and
the logarithm, Formulas (5.13) and (5.14) simply reduce to (5.3) and (5.4), which have
linear formats. More generally, hidden layers can be added between the input and output
layer with user-specified neuron numbers. With increased complexity, neural networks
can approximate any functions (Pinkus, 1999). The number of neurons in the output layer
decides the output dimension. Regardless of the number of hidden layers or neurons in
each layer, the number of neurons in the output layer for predicting 1 and ¥, should al-
ways be one. As a result, each network outputs a one-dimensional value for p or yy in
TRNN. Formula (5.13) and (5.14) can be generalized to u = f,(x) and yo = f,(2),
in which f, and f, are some neural networks. An example of TRNN which takes a 3-
dimensional input is demonstrated in Figure 5.2. This TRNN has one hidden layer with 5
units for both p and .

The log-likelihood function for TR with the right censored data is the sum of the

log density or log survival functions:

log{L (11, y0)} = Z log{ L1, y0)}

N
= Z Aif(tis 1, y0) + (1 — A)S(tis 11, yo)
i=1 (5.15)

o 3 (toat) = ot — )

+(1- A log <<1> <“t:/“%y°) — exp(=2yop)® (“t\;%yo)) .
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N
z log(L(t;, A 1, Vo))
i=1

Figure 5.2: A TRNN with a 3 dimensional input and 5 units in the hidden layer for both
4 and yg.

The neural network solves the optimization problem by minimizing the loss. Con-
sequently, the negative log-likelihood is the final loss function for TRNN. The MLE of
Inverse Gaussian with censored observations is unique (Whitmore, 1983) and thus creates
no challenge for the optimization problem. Optimization algorithms we introduced earlier
in Section 3.1, such as Adam, can be used to train the model. To facilitate model conver-
gence, we can first fit an Inverse Gaussian with intercept only (for both p and y,) using

data, then use the estimated intercept terms as the initial bias for each network. Or, we
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can simply set the initial bias for ;z as —1 and for g, as 1. Usual neural network training
techniques are all applicable to TRNN. For instance, the validation loss can be monitored
during training and the algorithm will be stopped early if the validation loss decrements
between iterations do not exceed a prespecified value (delta), this can effectively avoid
over-fitting. See Section 5.8 for a real example.

The benefits of using TRNN are multi-fold, either when applying TR for a con-
ventional survival analysis or a causal survival analysis. TRNN is capable of handling
high-dimensional data such as gene expression. In Section 5.5, we have claimed that
a correct Q-model is the prerequisite for the unbiased marginal effect estimation using
G-computation. A TRNN can substitute a regular TR model for the Q-model for TR G-
computation. Once the TRNN is optimized, it can be used to predict i and g, under all
possible regimes. Once the Q-model provides the complete data set with i and 79 under
different regimes for each subject, the marginal causal effect can be evaluated as before,

depending on the causal estimands of interest.

5.7 Simulation II - TR G-Computation

This section uses simulated data to demonstrate the application of G-computation
with TR, either with the deterioration rate or RMST as the target causal estimand wherein
the sample size N = 1000. The outcome of interest is still the time until the subject’s first
CVD event. The observed outcome is potentially right-censored at a prespecified study
end time - 10 years. We further simulated two potential confounders. Similar to Simula-

tion I, the binary variable gender (Z;) was generated from a Bernoulli distribution, with
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a probability of female being 0.5, and Z5 is a continuous baseline variable that was gen-
erated from a Normal (1, 1). An example of such a predictor is population-standardized
blood pressure. The covariates Z; and Z, are independent of each other. The binary

intervention variable A was assigned by:

logit(P(A = 1|21, Z2)) = 0.5 — 0.2Z; + 0.3Z, (5.16)

This assignment mechanism indicates that subjects with higher blood pressure and/or
male are more likely to receive the intervention. This is just a sample intervention assign-
ment mechanism. Nevertheless, the estimation procedure described in this section follows
even if other parametrizations that create associations between covariates and interven-
tion are considered. In observational studies, it’s unreasonable to assume intervention is
given at random. Instead, the intervention can be viewed as randomly assigned but the
intervention probability depends on some baseline covariates. This echoes the conditional
exchangeability assumption in Section 2.2.2. The time-to-event outcome 7' is simulated
by an Inverse Gaussian (IG) distribution as shown in (5.1). Linear predictors of p and

log yy are formulated as:

p=—-2+02xA+02xAXZy,
(5.17)

logyoz 1+0.5 % A+Zl

Due to a limited follow-up length, the observed time variable Y = min(7’, C'). We further
use A = 1{T" < C'} to denote whether an event is observed or not. Figure 5.3 presents

the DAG for the simulated study.
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Figure 5.3: DAG of covariates effects on deterioration rate . for the simulated study.

Under this simple simulation setting, two covariates (Z; and Z5) must be considered
when analyzing the effects of intervention A on the outcome Y. Gender (7;) affects
both A and the initial health status (subsequently Y'), hence it’s a confounder for the
intervention and outcome. Without any adjustments, one may incorrectly conclude that
the intervention A has a causal effect on Y even when there is no such causal pathway
from A to Y. The association appears only due to the unadjusted confounder Gender.
In contrast, blood pressure (Z5) affects the intervention, yet has no independent effect
on the deterioration rate x (subsequently Y'). Thus, Z, is just an effect modifier for the
intervention effect on u, evident by the interaction term between Z5 and A and lacking the
causal pathway from Z, to p. This data generation schema implies that the intervention
has a positive effect on slowing the deterioration rate and the effect is further modified
by Z, while the intervention benefit increases blood pressure increases. In terms of the
initial health status, subjects who received the intervention and/or were female have larger

initial health values.
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We explored TR G-computation with four TR models (with different linear predic-
tors for p and/or log o) as well as a TRNN as the Q-model. Model 1 assumes that the
intervention influences both the initial health status and the deterioration rate. Thus one
only adjusts the intervention in both y and log .

Model 1 (linear predictors with intervention only):

p=ay+aA,
(5.18)

logyo = Bo + 1 A.

Model 1 is incorrect for p as it ignores the interaction effect and is also incorrect for
log yo by omitting the gender main effect. Model 2 is another incorrect model with a
similar assumption for the covariate Zs.

Model 2 (linear predictors with Z, only):

p= oo+ a1 A+ sy,
(5.19)

logyo = Bo + S1A + B22o.
This model includes the main effect of Z; when estimating p but this causal pathway is
lacking, Z5 only influences p by interacting with intervention A. Further, Z, wrongly
replaces Z; for logyy. Thus, the model fails to model both the deterioration rate and

initial health status flawlessly. Next, Model 3 is the correct model.
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Model 3 (true simulated model as specified in Formula (5.17):

p=cag+arA+ axA- Zy,
(5.20)

logyo = Bo + L1 A+ B2 2.

Given the fact that picking the correct TR model may not be an easy task for the user, it
is more realistic to consider a full model which includes all potential confounders as well
as the interaction term.

Model 4 (full model with intervention, £, Z,, interaction):

Hm = O + C¥1A + Q/QZl + 063Z2 + Oé4A . ZQ,
(5.21)

logyo = Bo + B1A + B2Z1 + B3Z2 + BsA - Za.
Table 5.2 summarizes the intervention effect estimated by TR, and the intervention causal
effect estimation provided by the G-computation. The estimation standard deviation was
calculated by nonparametric bootstrapping with 1000 times bootstrap samples.

RMST may be more interpretable for clinicians and patients. With the same sim-
ulated data, using 7 = 10, Table 5.3 summarized the RMST estimation results for each
group and the group-wise difference. The estimations were obtained by using TR Model
1 - 4, TRNN (same parameter settings as used in previous G-computation), Kaplan Meier
curves, and the Cox model. The Cox model used in the simulation is similar to the TR
full model which includes A, Z, Z> and an interaction between intervention A and Z, as
covariates. The baseline hazard was estimated by the Breslow method (Breslow, 1972).

The simulated true marginal effect on deterioration rate p is 0.2 + 0.2 = 0.4 per

154



‘[Opow [[n Y3 SI 4 [OPOIA UL ‘[OPOW JO110
oY} ST ¢ TOPOIN ML ‘¥ - T SIPPOIN Y.L £q 109JJ9 [ESNED UOTJUIAIIUI [BUISIEW JO Sj[nsar uoneinduiod-n pue UoeWISS [OPOIN (7' d[qeL

(860°0) £00°0- 7V
(080°0) 100°0 (T0°0) LOO0 ez
(9%0°0) 0001 (610°0) 0001 lz
(0S0°0) 96%°0  (601°0) 66%°0 (6¥0°0) 6670  (6+0°0) 66%'0 (SF0°0) LSE0  (S+0°0) LSE0  (SF0'0) ¥S€0  (S+0°0) #SE°0 74
(160°0) LOO'T (T¥#0°0) +00°'1 (SS0°0) S98°0 (6€0°0) 1L8°0 | "I
0/i o1
(20T°0) 10270 (S€0°0) TOT0 7V
(LLT'0) $00°0 (S€0°0) 8L00 oy
(S80°0) TO0'0 lz
(Z01'0) 21’0 (LTTO) 1120 (101°0) SOF0  (OTT°0) €020 (6£0°0) 920 (6€0°0) #9200 (6€0°0) €£L20 (6£0°0) €LT0 |74
(861°0) STO'C- (980°0) T10°C- (8%0°0) £66°0- (€€0°0) L16°0- .é:
SajewInsq SajewIn sy SajewInsq SajewInsq
Hootm ﬂmmrmU mouwaﬁmm uov.ﬁm ﬁwmﬂ.ﬂmU mouwaﬁmm— uooﬁm ﬁmm?mU moumaﬁmm uooﬁm ﬁwm_.a.mu mou‘maﬁmm
GOEQ@CQGH TolEled AL GOEED?MBGH ToeEled AL GOEGD\CDHGH ToWErEd L EOEG@?NBGH ToItEled L
¥ [9POIN ¢ [9POIN T [9PON [ [9PON

155



Estimation }{MST . A= 1 }{MST . A)=0 Iélr\gig
Method nt;:rventlon (A) = ntcelzrventlon (A) = Difference
(s.d.) (s.d.) (s.d.)

TR Model 1 4.946 (0.093) 2.596 (0.074) 2.350 (0.120)
TR Model 2 4.932 (0.092) 2.611 (0.075) 2.321 (0.120)
TR Model 3 (True Model) | 5.167 (0.092) 2.527 (0.054) 2.640 (0.078)
TR Model 4 (Full Model) | 5.167 (0.092) 2.527 (0.054) 2.640 (0.078)
TRNN 5.156 (0.258) 2.576 (0.133) 2.580 (0.155)
KM 5.105 (0.106) 2.607 (0.076) 2.494 (0.132)
Cox PH (Full Model) 5.448 (0.148) 2.828 (0.110) 2.620 (0.111)

Table 5.3: Group specific and group-wise difference RMST estimations from TR Models
1 -4, TRNN, KM, and Cox model. The RMST difference is calculated by the intervention
group minus the control group.

Formula (5.17). Specifically, the true marginal intervention causal effect on the deteriora-
tion rate is the summation of the main effect and the interaction effect then averaged over
the population distribution of the effect modifier. We observed that the intervention causal
effects estimated by TR are the same as using TR with G-computation, for TR Models 1
and 2. This is because the TR with G-computation is estimating the same marginal effect
as the TR models if no interaction term was captured in the predictor. Nonetheless, these
TR models are biased due to model misspecifications. Both TR Model 1 and 2 have the
intervention effect slightly overestimated because part of the intervention effect modified
by BP is absorbed by the only included main intervention effect. As a result, the param-
eter estimations drift away from the truth. Though TR is collapsible, these TR models
failed to provide consistent estimation as the excluded interaction term is correlated with
the included main effect. Further, intervention A correlates with both Z; and Z, under
this simulation setting. This emphasizes again the importance of confounder adjustment.

Next, when the TR model was correctly specified (Model 3), TR with G-computation
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returned a consistent estimation of the marginal intervention causal effect. This marginal
causal effect has not only accounted for the main intervention effect but also the effect
modified by Z; (BP). After adjusting for gender effect in the initial health level and the
effect modifier (BP) for intervention in the deterioration rate, we were able to conclude
that receiving the intervention will slow the deterioration rate by 0.4 marginally, for this
population. The TR full model (Model 4) with G-computation also provided an unbi-
ased estimation of the marginal intervention effect. Though the standard error for the TR
model 4 estimations increased due to unnecessary terms have been added to the model,
the marginal causal intervention effect estimation has very a similar standard error as the
correct model.

Furthermore, as suggested in Section 5.6, we used a TRNN to fit x and yy. The
algorithm took A, 7, Z, as input, for both 1 and yo networks. We chose a network
with one hidden layer (10 units, activation is tanh) for the p network and a network
without a hidden layer for the y, network. This TRNN can be conceptualized as TR
Model 5 in which there were no specific forms of ;o and y, assumed. Each simulated
data were first split into a training set (90%) and a testing set (10%). 25% of the training
data were randomly selected as validation data and the model was trained with the rest
training set. The optimization process would be potentially stopped early if the validation
loss no longer decreases. Once the p and ¥, networks were trained and we obtained the
predictions of p and v, the G-computation for the marginal intervention effect followed
as demonstrated in Section 5.5. However, the estimation will only be evaluated using the
test data. The marginal intervention causal effect on the deterioration rate we obtained by

using TRNN as the Q-model is 0.358 (0.067), and the logarithm of initial health status is
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0.488 (0.033). Therefore, the estimations were pretty accurate. Though only three main
effects were fed into the model, using neural networks allows us to capture the nonlinear
relationship among covariates. The standard deviations of marginal effect estimation were
even smaller than those obtained from TR Model 3/4.

We would like to further quantify the marginal causal intervention effect in terms of
RMST. Table 5.3 provides the RMST estimation results of TR Models 1-4, TRNN, KM,
and the Cox Model, with G-computation. First, the results obtained by KM were from
group-specific Kaplan-Meier curves nonparametrically. They serve as the true values and
were the average RMST in each intervention group with diverse gender and BP values.
The RMST difference was simply calculated as the difference of the area under group-
specific survival curves. Next, for TR/Cox models, the group-specific estimations came
directly from the estimated survival probabilities while the between-group difference re-
quires an extra step of G-computation. The TR Models 3 and 4 provide nearly identical
results for both group-specific estimations as well as the between-group difference. More-
over, these two TR models provided estimations that are close to the nonparametric es-
timation. Thus, these two models with G-computation both provided unbiased marginal
intervention causal effect on RMST as the intervention effect modified by Z, has been
correctly accounted for. Yet, TR Models 1 and 2 with G-computation fail this purpose as
their underlying Q-models were incorrect. The intervention effect on RMST was under-
estimated. It can be seen from the TR Models 3 and 4 estimation results, the intervention
was beneficial as the RMST increased by 2.640 years when the follow-up horizon was set
to 10 years. In other words, the population-level RMST will be almost doubled if every-

one switches to the intervention. Finally, TRNN outperforms all other TR models as it
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provides the closest results to the nonparametric method, though the standard deviations
of estimation increase significantly as well. The Cox model estimated the group-specific
RMST inaccurately, however, the estimated RMST between-group difference is almost
the same as TR estimated. Note that the standard error of Cox model estimation is much

higher than that of TR models 3 and 4.

5.8 Application - CARDIA

The CARDIA study has been introduced in Section 4.2. In this section, we use the
baseline measurement and the individual’s first CVD event time measured until the end of
the study to demonstrate the TRNN application and the following G-computation. We are
interested in the marginal causal effect of smoking on the heart health deterioration rate
. In total, there are 5,111 available complete baseline records. Following the discussion
of CARDIA data in Chapter 4, we first use IPCW to adjust for the potential informative
censoring process. A subject who is competing risk censored (death or lost-to-follow-up)
will receive weights of 0, and the likelihood-based loss function used in TRNN has been
updated accordingly to incorporate these weights. Figure 5.4 shows the Kaplan-Meier
survival curves of CVD events of smokers vs. non-smokers. The outcome is the subject’s
time to his/her first CVD event. We truncate the follow-up time at month 400. As can be
seen from the survival curves, there is an obvious trend of delayed exposure effect. The
trend is expected as participants’ likelihood of experiencing their first CVD event grows
as they age.

To identify the optimal structure of the TRNN, we started with determining the

159



1.00
1

095
1

Survival Probability
0.90
1

Hon-smoker

0.85
|
w
3
g

0.80
1

T T T T T
0 100 200 300 400

Follow-up Time (Month)

Figure 5.4: Kaplan-Meier Curves of Time-to-First CVD Event, Smokers (red) vs Non-
smokers (black), CARDIA. Note the y-axis does not start from 0.

hyperparameters to be used in the network. Parameter tuning has been mentioned in Sec-
tion 3.9. 5-fold cross-validation (Hastie et al., 2001) was used for the tuning process.
From the simulation, we observed that one hidden layer is sufficient to capture the non-
linear nature of the covariates. In this application, we would like to consider sigmoid
and tanh activation function for the hidden layer. Additional hyperparameters we tuned
included hidden unit number for x network (10, 15,20), hidden unit number for yo net-
work (2,5, 10), and learning rate (0.002, 0.005) and delta for early stopping (0.01,0.02).
There are many other hyperparameters such as batch size to be tuned. The truth is that
it’s impossible to tune all hyperparameters exhaustively as the set of hyperparameters
must be large. Therefore, we only included a working example here with a limited set

of hyperparameters. The choice of network structure and hyperparameter set are mostly
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experience-based. For instance, in this dataset the event rate is low. We don’t encourage
using a small batch size - the algorithm may not perform well if a batch of data does
not include a single event. Thus, we set the batch size to 256 and refrain from tuning
this parameter. The number of hidden units also depends on the input dimension. For
the 1 network, we considered baseline covariates including the smoking status (smoker
vs non-smoker), gender (female vs male), race (white vs non-white), age at enrollment
(younger than 18, 19 — 25, 25 — 29 and older than 30), the marital status (married or
living as married, divorced or separated or widowed, never married), the baseline BMI
and the baseline SBP. For the vy, network, we considered gender (female vs male), race
(white vs non-white), age at enrollment (younger than 18, 19 — 25, 25 — 29, and older
than 30), the marital status (married or living as married, divorced or separated or wid-
owed, never married), the baseline BMI, the baseline SBP, the exercise intensity score,
the working status (full-time/part-time/unemployed), the education level (less than high
school or GED/some college or college/college above), self-reported diabetic, hyperten-
sion, high cholesterol, whether father/mother had a heart attack and whether father/mother
had a stroke. Nevertheless, there are many more potentially important covariates that can
be included and TRNN is capable of handling high-dimensional input. Using domain
knowledge, we narrowed down the range of covariates as well as the hyperparameter set,
for demonstration purposes. The 5-fold cross-validation selects units numbers 15 and 2,
activation function sigmoid and tanh for p and vy, network, respectively. We set the
learning rate to 0.005 and the delta for early stopping to 0.01.

With selected hyperparameters, the data were further split into the training set
(70%), the validation set (20%), and the testing set (10%). Once the model is trained, the
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G-computation is performed with 10% testing data that the model never used previously.
Note without setting a random seed, the resultant neural networks parameter estimations
are different due to the stochastic optimization. With 100 refits of the neural networks,
smoking changes the deterioration rate by —0.024 (—0.029, —0.019) in this population.
In terms of RMST (7 = 400 months) of the first CVD event free time, the difference
between smokers and non-smokers on average is —24.589 (—29.418, —19.761) months.
The confidence interval was computed using the bootstrapped standard deviation. The
marginal smoking causal effect we detected using G-computation and TRNN is signifi-
cant but not as dramatic as that we found in Chapter 4 using data from longitudinal visits.
This is partially due to the fact that we only used records from the baseline as covariates.
In other words, we didn’t use the longitudinal data and assumed these characteristics stay
the same from the enrollment to the end of the follow-up. As shown in previous chapters,
a time-dependent model is more powerful than the baseline model in detecting the smok-
ing effect. Though the difference is not huge per other methods (Table 4.3), our proposed
algorithm GE-SCORE and GE-MIMIC detected that the baseline smoking effect is most

significant in Section 4.4.4.

5.9 Discussion

The TR model provides profound clinical interpretations because the TR model
uses two parameters, i.e., the initial health status y, and the deterioration rate p, to de-
scribe the FHT of a latent health process. Predictors can be linked to these two parameters

by using appropriate link functions. We argued that the TR model with linear predictors

162



for the deterioration rate y is collapsible if yq is correctly controlled. Collapsibility is a
desirable property for a causal model because one often feels uncomfortable interpreting
the conditional effect estimation. Collapsibility at least ensures an unbiased estimation
of the intervention’s causal effect on the outcome, if an uncorrelated covariate i1s omitted
from the model. On the other hand, the Cox model does not have such a property.

When analyzing the intervention effect, any proposed model will generally not be
exactly correct, and results can be difficult to interpret if the model is misspecified and
treatment effects substantially differ across subgroups (U.S. Food and Drug Administra-
tion, 2021). To make things more complicated, the subgroup information may not be
collected at all. As a result, the marginal intervention effect is of research interest as it
provides population summaries with a simple interpretation. A typical randomized con-
trolled trial attempts to estimate the marginal effect of the investigated intervention, which
is the intervention effect on the population level regardless of the diverse characteristics.
Collapsibility is a particularly desirable model property because it provides a model with
a much higher likelihood to estimate the marginal effect unbiasedly.

Furthermore, a collapsible model allows for other more advanced causal inference
techniques such as the instrumental variable (IV) analysis (Tchetgen et al., 2015). It has
been shown that TR offers an appealing opportunity to apply IV analysis under survival
context (Hellier et al., 2020).

The causal aspect of TR i1s underrated with minimum availability of TR causal
inference (Hellier et al., 2020). Section 5.3 and Simulation 5.4 have demonstrated the
collapsibility of TR with linear predictors when one would like to make causal inferences

for the deterioration rate and the initial health status is correctly controlled. Though we
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focus on interpreting the deterioration rate, the log y, part in TR allows one to control for
the population baseline heterogeneity. Thus, we don’t treat the necessity of controlling
log 1o in TR deterioration rate analysis as a disadvantage. Previous research has shown
that the intervention effect may interact with the baseline genotypes (Mok et al., 2009).
This is a common cause for crossing survivals observed in medical research. Subjects in
the intervention group seem to experience the event sooner than the control group in the
early stage of follow-up due to subgroup initial health status heterogeneity. But, the inter-
vention benefit emerges later because the intervention has significant effects on the dete-
rioration rate. The Cox model would lose power significantly when the PH assumption is
violated, not to mention the lack of collapsibility and interpretation issues. Alternatively,
TR is capable of addressing distinct hazard types (Chen et al., 2022). As we have shown
in Section 5.4, the genotype or other baseline characteristics can be adjusted as part of the
initial health status. Once the baseline heterogeneity has been effectively controlled, the
marginal intervention causal effect can be viewed as slowing the health process deterio-
ration, providing a solid causal interpretation of the intervention on the deterioration rate
1L

Though the nonparametric marginal causal estimation is feasible under limited
cases such as when all covariates are discrete and there are data collected for each sub-
category, parametric models are more realistic choices in practice. One may have to seek
help from the G-computation method when confounders for both the intervention and out-
come or an effect modifier (interaction) are present. G-computation is a statistically reli-
able method of covariate adjustment for an unconditional treatment effect that produces

a resulting estimator (U.S. Food and Drug Administration, 2021). We have demonstrated
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that, with correct model specifications, TR is capable of estimating the intervention effect
marginally besides the usual conditional estimation with G-computation. G-computation
with TR can also provide a valid marginal causal estimation if other estimands such as
RMST are chosen as the target causal estimand. Simulation 5.7 advocates using a com-
prehensive model as the Q-model to mitigate the risk of model misspecification. Plus, it’s
possible to derive a doubly robust estimation that combined the outcome model (TR in
our case) and IPW. The combined strategies are generally superior to either strategy alone
(Little and Rubin, 2000).

TRNN is the neural network expansion of the TR model in which the linear predic-
tor structure is replaced by neural networks. TRNN is capable of capturing and analyzing
more sophisticated relationships between covariates and deterioration rate and/or initial
health status. From our observations, TRNN serves as a competitive Q-model for the
G-computation. As we have shown with simulations in Tables 5.2 and 5.3, using TRNN
can free practitioners from selecting the “true” model. Yet, as in other ML methods, the
network structures and hyperparameters have to be tuned before implementation. With
an increasing pool of ML toolkits, we only expect this method to become more accessi-
ble in the future. Last, the convergence of TRNN is fairly quick. Under the simulated
setting, 100 training epochs are sufficient, thus no significant increased computation time
was observed compared to a non-NN-based TR model.

As a flexible parametric survival model, surrogate estimands, such as RMST, can be
readily obtained for TR. Using this estimand also solves the dilemma that an investigated
intervention may provide reverse effects for the initial health status and the deterioration

rate. Given a fixed end of follow-up horizon (7), slowing the degradation rate and/or
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improving the initial health status directly improves the survival rate, subsequently the
RMST. We can also consider other causal estimands such as causal survival probability
difference.

There exist other aspects of TR, which make it more valuable in practice. For
instance, when ;o > 0, TR with a cure rate can handle the case where a substantial pro-
portion of subjects are believed “cured” or immune from the endpoint events (Lee et al.,

2022).

5.10 Limitations and Future Work

As mentioned in Section 3.12, the discovery of the correct DAG falls beyond the
scope of this dissertation. Yet, the correctness of DAG is often the prerequisite of an
unbiased G-computation and the prerequisite of any valid causal inference. Though G-
computation enables one to draw marginal causal effect conclusions, the generalization of
the results requires extra attention because the confounder distribution may vary signifi-
cantly across multiple populations. Even within the same population, making inferences
for unobserved subgroups requires extrapolations that are often dangerous. Applying G-
computation to TR in this chapter requires the assumption that the underlying survival
distribution is Inverse Gaussian. In practice, the assumption is not necessarily true. The
advantage of the model is its rich parameterization that provides good opportunities for
modeling the underlying health process. There are TR models using other processes in
the literature, but it’s outside the scope of this dissertation.

The G-computation for longitudinal studies with time-dependent covariates was
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introduced in Section 2.5. We also have introduced the structural nested AFT model
in Chapter 3. How to do a Structural Nested Threshold Regression Model (SNTRM)
is an open question. In order to consider longitudinal TR with time-varying covariates,
the deterioration rate at an earlier interval is a causal factor of initial health status at the
beginning of the next interval. It thus requires a rethink of the model from the random

process perspective.

5.11 Conclusion

Threshold Regression treats subjects’ latent health status as a random process and
models the process’s first-hitting-time of a boundary. The TR model is straightforward to
implement for time-to-event outcomes and provides clinically meaningful interpretations.
There are two parameters in the model: the initial health status y, and the deterioration
rate p. Different causal questions can be posed for p and/or vy, depending on the domain
knowledge. In this section, we focus on using TR to model the time to the occurrence
of the subject’s event of interest, without considering the longitudinal case. The research
interest centers on whether an intervention causes a change in the deterioration rate when
Yo 1s correctly controlled. It is shown that a TR model with linear predictors for y is
collapsible if y, is correctly controlled. The collapsibility makes this model a useful tool
in causal survival analysis. Furthermore, TR G-computation can provide the marginal
causal effect estimation on the deterioration rate. The neural network expansion of TR -
TRNN, not only provides a new working direction for TR in the ML era but also allows

TR to model a wide variety of scenarios. Thus, it has the benefit to use TRNN as the
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Q-model for the TR G-computation. In conclusion, TR has proved its effectiveness in

causal survival analysis.

168



Chapter 6: Conclusion

Most questions in medical research are causal problems, not association problems.
Survival (time-to-event) outcome is a commonly seen measure as it naturally reflects the
disease process. Many interventions are developed to delay the event if the undesirable
event cannot be avoided (such as death). Models that analyze time-to-event outcomes
capture intervention effects on lifetimes. However, survival analysis has another barrier
as the observed data suffer from censoring due to limited follow-up and/or other factors.
Causal survival analysis has only begun shedding light recently on these problems firstly
due to the existence of randomized controlled trials (RCTs) in which association models
serve as causal models, and secondly due to the complexity of analyses. Nevertheless,
causal survival analysis methods are necessary whenever an RCT is not applicable, or
the trial fails to be compliant with its protocol. The non-compliance may be either due
to uncontrollable post-randomization factors, or unexpected protocol deviations. Even
in a perfectly planned RCT, participants may deviate from the protocol. Whenever the
conduct of a clinical trial is in doubt, the estimated effect is highly likely biased from
the desired causal meaning. Another complication of current medical research is the
increasing amount of data which calls for methods that are still robust and applicable

with high-dimensional input.
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This dissertation focused on causal survival analysis when the outcome of interest
is time-to-event. We first explored the common but complex time-varying confounding
issue in longitudinal observational studies. The Structural Nested Accelerated Failure
Time Model (SNAFTM) is an effective method to correct the time-vary confounding bias.
This model quantifies the intervention causal effect by the acceleration factor. Two neural
network-based algorithms (GE-SCORE and GE-MIMIC) have been proposed to estimate
SNAFTM. From simulations and application, the two proposed algorithms are shown to
be more flexible than the existing G-estimation method. A significant advantage of these
proposed algorithms is that they don’t require a pre-specified functional format. At the
same time, they are able to identify potential effect modifiers, thus providing inference at
individual levels.

In addition to SNAFTM investigated in Chapters 2 to 4, we also explored causal
applications of the Threshold Regression (TR) model for the first hitting time in a Wiener
process in Chapter 5. The exploration was limited to cases with time-independent con-
founding measured at baseline without additional information being gathered before the
occurrence of the first event. This model conceptualizes two parameters of the subject’s
latent health process, namely, the initial health status y, and deterioration rate p. It is
shown that a TR model with linear predictors for p is collapsible if y, is correctly con-
trolled. Furthermore, the proposed neural network expansion of TR (TRNN) allows the
model to handle high-dimensional input as well as complex nonlinear functions of pre-
dictors. TRNN appears to be both novel and promising for practical applications of TR.
We expect more research and applications of this model in causal survival analysis in the

future.
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