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Graphs serve as powerful tools for modeling complex real-world relationships, making
reliable statistical inference on graphs a crucial task. A fundamental problem in this do-
main is the graph matching problem, which seeks to align node labels across graphs while
minimizing structural and feature discrepancies. In this thesis, I investigate algorithms for
the graph matching problem and one of its key variants, the subgraph detection problem.

I develop theoretical frameworks that leverage signals from a clustered, vertex-aligned
collection of graphs to accurately recover node labels in a newly shuffled network and clas-
sify this new network into one of the clusters. Additionally, I propose a novel approach
for detecting multiple instances of a noisily embedded template graph within a large back-
ground graph. Furthermore, I explore the relationship between the anonymization time and
the mixing time of a specific class of Markovian noise applied to graph edges. Beyond
these contributions, I address several related challenges in graph matching and its related
optimization algorithms, offering new insights into their theoretical and practical aspects.

To validate our methodologies, I provide rigorous theoretical justifications and conduct
extensive experiments using both simulated and real-world network data. These findings

demonstrate the effectiveness of the proposed approaches, bridging the gap between theo-



retical advancements and practical applications in graph inference.
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Chapter 1: Introduction

This dissertation focuses on the Graph Matching Problem (GMP) and its various exten-
sions. A graphG = (V; E) consists of two components: a vertex'getypically represent-
ing entities, and an edge def representing connections between these entities (see Fig. 1
below). We denote the set of graphs containingodes ass,. Note that in the network
science literature, the terms networks, nodes, and links are often used in place of graphs,
vertices, and edges, respectively [12]. Throughout this dissertation, we use these terms
interchangeably.

The statistical analysis of networks commonly starts with specifying a random network
model to account for network-valued data [50, 59]. To facilitate statistical inference and

enhance interpretability, researchers commonly use low-rank graph models. These models

Figure 1.1: lllustration of a graph with 7 nodes



require signi cantly fewer parameters than ti§n?) edge probabilities necessary in a
fully general network model, making inference more tractable. Common low-rank network

models include:

De nition 1.1. Letnand @ [0;1] be xed. The Erds—Renyi Model (ER) with parameters
n; p, denoted a&£R(Nn; p), is a probabilistic graph model where for any pair of vertices
i;j2V withi6 j, we have that an edge exists in G between i and j independently with

probability p.

Various thresholds of the graph properties for this model have been established in [21, 47]
for the homogeneous Eod-Renyi case and in [22] for the inhomogeneous (edges exist
independently but with different probability) case.

An extension of this model is the stochastic block model (SBM), which introduces

community structures within the graph [54].

De nition 1.2. Let n be xed, and let K be a positive integer. Consider a symmetric real
matrix L 2 [0;1]X K. The Stochastic Block Model (SBM) with parameters ¥ ;f, de-

noted asSBM(K; L ;t ;R), is a probabilistic graph model where

Figure 1.2: Network and Adjacency Matrix plots for a network sampled from thedsfnyi
Model with 15 nodes and = 0:3.



I. K represents the number of node clusters (blocks) in the graph. These clusters/communities

partition V; denote the i-th cluster viay@r i 2 [K];

maps each node to its respective block/cluster. The vetisra K-dimensional
vector wheren; denotes the number of nodes belonging to community i, satisfying

&< mi=n

iii. The matrixL is a symmetric probability matrix such that for any pair of nodes as-
signed to communities i and j, an edge between them exists independently with prob-

ability Lj;.

In essence, the SBM model relaxes the assumption of having a uniform edge existing proba-
bility, allowing different values across different communities, as well as some (potentially)
smaller probability values between nodes across communities. For theories and applica-
tions of such a model, we refer the reader to, for example, [1, 18, 56, 63, 77, 101, 113].

The aforementioned inhomogeneous &s-dRenyi model allows each edge to have its

Figure 1.3: Network and adjacency matrix plots for a network sampled from a stochastic block
model (SBM) with three communities of size 5 each. The within-community edge probabilities are
set to 08 for all communities, and the across-community edge probabilities are uniformly sét to O



own parameter, thus deviating from low-rank modeling. However, the random dot product
graph (RDPG) model [135] offers greater exibility in edge probabilities while requiring
only parameters proportional to the number of nodes, see [7] for a detailed discussion of
the RDPG model. The RDPG model is a special case of the more general Latent Space

Model (LSM) [51].

De nition 1.3. The Latent Space Model (LSM) [51], where vertices are embedded in a
latent space, and edge probabilities are determined by a kernel function of their pair-
wise latent positions. Speci cally, let n be a positive integer representing the number of
nodes, and let d be a positive integer denoting the dimension of the latent space. The La-

tent Space Model with parametersinf; Z, denoted a$ SM(n;d; f;Z), is a probabilistic

The function £ R RY! [0;1] is a kernel function that determines the probability of an
edge between two nodes based on their latent positions, such that for any pair of nodes i

and |, the edgejgexists independently with probabilityZ4;; Z;).

These models (and their many variants) exhibit conditional independence of edges,

Figure 1.4: Network and adjacency matrix plots for a network sampled from a random dot product
graph (RDPG) model with 15 nodes. The latent dimensidgset to 2, and the latent positions of
the nodes are independently sampled uniformly from the unit square.



meaning that edges are independent given node memberships in the SBM or latent positions
in the LSM. This property makes them mathematically tractable and facilitates establishing
key statistical results such as consistent estimation [7, 17, 19], asymptotic normality [8,
116], and ef ciency [118]. Although these models may not fully capture the complexity

of real-world networks [105], there is a growing body of research demonstrating that they
can nonetheless capture meaningful and signi cant structures in even complex real-world
networks [26, 95, 123, 130].

Statistical network inference typically begins with observed graphs that are assumed to
be noisy copies of an underlying latent background graph [6, 67, 95, 128]. A fundamental
task in network inference is to estimate the parameters governing this latent structure, a
problem referred to as latent position estimation. A widely used approach is Adjacency
Spectral Embedding (ASE) [7, 112], which applies matrix decomposition techniques, such
as principal component analysis (PCA), to the adjacency matrices of observed graphs. ASE
and related spectral embedding methods have enabled various advancements in network
analysis, including classi cation, hypothesis testing, and other inference tasks [32, 35, 100,
114, 124].

The reliability of the latent position estimation depends critically on the number of ob-
served graphs, where we implicitly assume that the vertices of these observed networks
have been aligned. However, inference tasks such as latent position estimation or network
hypothesis testing deteriorate signi cantly if the nodes areanmtiori aligned. To address
this challenge, we introduce the graph matching problem—the task of recovering node cor-
respondence between networks—which is the central focus of this thesis. We now formally

introduce the graph matching problem.



1.1 The Graph Matching Problem

The formulation of the graph matching problem we consider herein can be de ned as

follows.

De nition 1.4. Consider two undirected, loop-free graphs &( V1;E1) and G = ( Vs; Ep)
with corresponding adjacency matrices A and B, respectively, wiNgre jVoj= n. The

NP-hard Graph Matching Problem (GMP) seeks

minkA PBP'kg
P2Ph

whereP ,, denotes the set of permutation matrices of order nlakd represents the Matrix
1=2
Frobenius Norm de ned akMkg = éﬁ“zléﬂlejzk forany m nreal matrix M.

The goal is to nd the best possible alignments between nodes of the two graphs to mini-
mize the edgewise structural differences. If the graphs are allowed being weighted, directed
and loopy the above formulation is equivalent to the NP-hard quadratic assignment prob-
lem. That said, there are ef cient graph matching algorithms for special classes of graphs
(e.g., planar graphs). Note that when discussing the GMP, we will refer to a graph and
its adjacency matrix interchangeably in this context due to the one-to-one correspondence
between weighted graphs and square matrices. Speci cally, there is a bijection between the
set of unweighted, undirected, loop-free graphs and the set of symmetric hollow matrices
(hollow here means the diagonal entries of the matrix are all 0) with binary entries.

The GMP has a long and rich history. Initially, research primarily focused on determin-
ing graph isomorphisms (such that the objective function necessarily equals zero); see [10]
for quasipolynomial complexity of the isomorphism problem. For these purposes, tree-
based methodologies emerged, leveraging hierarchical structures to ef ciently detect graph

isomorphisms, thus enabling faster and more scalable solutions. However, the stringent



Figure 1.5: Simple lllustration of Graph Matching of 2 Graphs

nature of exact matching limited its applicability in real-world scenarios involving noise
and distortion. Consequently, recent developments aim to approximate matches within
noisy data, employing optimization techniques and probabilistic frameworks to more ro-
bustly handle cases where exact graph correspondences are unattainable. See [28] for more
background.

We de ne here the terrmatchabilityof graphs as the ability to recover the node align-
ments with respect to a given ground truth. With this de nition, it becomes clear that match-
ability is primarily determined by the edge correlations in the ground-truth edge pairs, and
[30, 31, 73, 76, 132] identi ed a sharp threshold on edge correlation for graph matcha-
bility. In short, in moderately dense graphs, a correlation of ordendngds required for
matchability with high probability. Note that, when applicable, this sharp threshold could
be used to quickly obtain rough, though potentially overly restrictive, conditions for graph
matchability across various models and under different types of noise.

Before proceeding to the next section, we brie y mention that once the networks have
been matched, we can measure the similarity between them usirgrapb edit dis-
tance (GED), de ned as GEDG3;Gy) = it Seﬁtmgkeel: . S%Sc(s), whereG; and G,

are two vertex-aligned networks ai(k) is the cost of the edits. The allowed edits are:

(i) add/delete nodes; (ii) substitute labels/features of nodes; (iii) add/delete edges; (iv)



Figure 1.6: GED Network Plots

substitute labels/features of edges. Consider the pairwise graph edit distances among the
networks plotted in Fig. 1.6. While it can be easily seen that G&[DG3) is the largest,
the relationship between GEB;;Gy) and GEGy; G3) depends on the costs of edge

insertion and node deletion.

1.2 Overview and Structure

This dissertation extends the theoretical and methodological foundations of the Graph
Matching Problem (GMP), introducing novel techniques to handle noisy and dynamically
evolving networks.

The remainder of this dissertation is structured as follows:
» Section 1.3 provides a summary of the notation used throughout the thesis.

» Chapter 2 introduces a new algorithm that simultaneously performs node matching
across networks and classi cation of a new graph using a set of clustered, node-
aligned reference networks. The paper has been published in IEEE Transactions on

Network Science and Engineering, Volume: 10 Issue: 6 [70].

— Sections 2.1-2.4 present and compare different approaches for achieving this

task, highlighting their respective advantages.



— Sections 2.5 and 2.8 present primary and supplementary experimental evalua-

tions to demonstrate the effectiveness of the proposed methods.
— Section 2.6 discusses the ndings and outlines future research directions.
— Section 2.7 contains proofs of theoretical results.
» Chapter 3 proposes a new approach for identifying multiple noisy embeddings of a

network template within a larger network. The paper has been published in IEEE

Transactions on Signal and Information Processing over Networks, Volume: 10 [71].
— Section 3.1 discusses background information and introduces the subgraph de-
tection problem, a variant of GMP.

— Section 3.2 presents a novel algorithm along with theoretical guarantees for its

performance.

— Sections 3.3 and 3.6 provide experimental results using both simulated and real

data.
— Section 3.4 offers discussions and potential future research directions.
— Section 3.5 contains the proof of the main theorem.
» Chapter 4 investigates the theoretical relationship between graph anonymization time

and mixing time under Markovian noise, a type of edge- and time-dependent stochas-

tic perturbation.

— Section 4.1 highlights the necessity of considering edge-dependent noise in net-

work inference.

— Section 4.2.1 introduces a Markovian noise model fordsrdenyi graphs and
establishes the equivalence between anonymization time and mixing time under

this noise model.



— Section 4.2.2 extends this framework to the stochastic block model (SBM) and
demonstrates cases where (partial) anonymization occurs before full mixing,

provided that latent cluster structures exist.

— Sections 4.3 and 4.6 present experimental validation using simulated and real

data.

— Section 4.4 discusses theoretical implications and outlines avenues for future

research.

— Section 4.5 contains formal proofs of key results.

1.3 Notations

We will use the following asymptotic notations: for functiofig: Z* ! R*

« f(n)= o(g(n)), written asf g, iflimy y % =0

f(n)= w(g(n)), written asf g, if limy fggg - 0

f(n)= O(g(n)), written asf . g, if 9C > 0 andng suchthaBn ng, f(n) Cg(n);

f(n) = Wg(n)), written asf & g, if g(n) = O(f(n));

f(n)= Q(g(n)) if f(n)= 0O(g(n)) andg(n) = O(f(n)).

When the context is clear, fgr2 Z*, we use rj‘ to denote the binomial coef cient if

nis an integer, andjS to denote the collection of all subsets witkelements ifSis a set.

For a given matrixM, the decomposition

o

Mll M12

@I’

m MZl M22

10



dividesM into four blocks where the numbers on the borders denote the corresponding
dimensions. For examplé/!! is the upper-lefl | block of the matrixM. For a real
numberr and positive integersn andn, r, denotes then-dimensional allr vector and
I'm n denotes then n matrix with all entries equal to. For a square matri¥, tr(M)
is the trace oM de ned as the sum of the diagonal entriesf b c denotes the oor
function, de ned asixc= n2 Z such than xandn+ 1> x.

Since graphs and their adjacency matrices convey equivalent information, throughout
this sequel we occasionally abuse notation by referring to a graph and its adjacency matrix

interchangeably using the same notation.

11



Chapter 2: Clustered Graph Matching for Label Recovery and Graph Clas-

si cation

2.1 Introduction

The graph matching literature is recently divided into (at least) two distinct branches:
algorithmic development and theoretic graph de-anonymization (with notable cross-over
work tackling provable algorithmic de-anonymization; see for example [13, 40]). In the
graph de-anonymization literature, a latent alignment across vertex sets is posited and the
guestion of whether an oracle graph matching algorithm can recover this alignment under
various noise models is tackled. Recent work in this area has focused on establishing
phase transitions for graph de-anonymization in terms of the error level in correlatest Erd
Rényi models [30, 31, 57, 76, 132], in the correlated SBM model [73, 91, 97], and in
more general correlated edge-independent graph models [75]. In these models, it is often
assumed that edges within each network are (conditionally) independent, and that edges
across the network pair are independent except that forfdapp2 Y | Aij andB;j are
positively correlated, wherA; B denotes the adjacency matrices of the networks, %nd
denotes the set of all unordered 2-tuples of distinct elements of

Inspired by the error model in [6] (introduced rst in the context of correlatedo&+d

Rényi models in [57]), we will work in the following network error model.

De nition 2.1. Let Q2 [0;1]" " be a symmetric matrix. GivenBG,, we say that S is a

12



Q-errorful observation from B (written S BF(B; Q) for S a “bit- ipped” perturbed B) if

for eachfi; jg2 % , we have that
Sj=Bij(1 Xj)+(1 Bij)Xj;

where Xj = Xji ind: Bernoulli(Qjj). Note that we do not allow for self-loops in B or S so the
diagonal elements of Q are not used in this construction. When Q is the constant matrix

with entries identically equal to g, we write SBF(B;q) in lieu of S BF(B; Q).

This model makes no a priori assumptions on the underlying distributidnwich allows
for de-anonymization criteria to be established in dependent-edge network settings (i.e., in
settings where edges within a network are not (conditionally) independent); see [6] for

detalil.

Remark 2.1. Note that in the sequel, we will be considering “bit- ipped” perturbed graphs
S BF(B;Q) where B is a Erds-Renyi random graph with parameter p (abbreviated
B ER(n;p)); i.e., if each edge is present in B with probability p independent of the
presence or absence of all other edges. For further connection of our “bit- ipped” model
to the graph de-anonymization phase transition work of [31, 132] iroBfEenyi graphs,

see Section 2.7.2.

The inference task we consider herein is a hybridization of graph matching and graph
classi cation. Classi cation tasks on networks consist of two main sub-categories: node
classi cation and graph classi cation. Node or vertex classi cation considers labels at the
level of vertices in the network, and seeks to use the information from a priori labeled
vertices in the network to classify vertices whose label is initially unknown; note that la-
bel classi cation can occur within a single network or across vertices of a collection of

networks. Graph classi cation considers a class label at the graph level, and seeks to use

13



the information from an a priori labeled collection of networks to classify networks whose
label is initially unknown; note that graph classi cation must occur in the setting of multi-
ple observed networks. One popular method for graph-level classi cation is to use graph
kernels to measure the similarity of graphs and then de ne a classi er on the similarity ma-
trices, see [23], [89], [106]. Traditional classi ers on vectorized graphs are also equipped
with regularizations that enforce some network structure [100, 125, 127]. Deep learning
based classi ers are also popular, especially with the growing interest in neural networks;
for example [36, 88]. Another common approach is to nd a proper embedding of the
graph (e.g., spectral embedding) and then build a classi er for the graphs in the embedding

space; e.g., perform a hierarchical clustering via a proper metric [103].

2.1.1 Shufed Graph Classi cation

The authors in [124] consider the shuf ed graph classi cation problem, which is the task
of classifying graphs at the graph-level. They note that when the vertex correspondences
are fully observed across each pair in a collection of networks, then classical classi cation
methods can be used to classify graphs with unknown class types (e.g., a straight-forward
classi cation algorithm can be implemented by choosing a suitable metric across labeled
graphs and considering either the Bayes plug-in classi er or the k-nearest neighbor classi-
er). However, the paper points out that usually the assumption of fully labeled vertices is
unrealistic. Rather, sets of shuf ed graphs—which are labeled graphs with unknown label-
ing functions, or unlabeled graphs—should be considered instead. Under this setting, one
approach is to apply a graph matching algorithm to reconcile the vertex label uncertainties,
after which classical classi cation algorithms can be employed.

Before de ning our task further, we rst remark that a pair of graghandB in G,

are said to bevertex-alignedf the identity permutation is a priori known to be the true

14



alignment across the vertex sets of the two graphs. We note here that the notions of vertex-
aligned and graph matched are subtly different. Vertex-aligned graphs have a true, known
correspondence across their vertex sets. This alignment is often dictated by known vertex-
labels or features in the network, or is provided by a subject matter expert in real data sce-
narios. This true alignment r®ot necessarily the optimal alignment for the graph matching
problem. This is often the case in real data networks, where the behavior of vertices across
networks is not correlated as strongly as in our models (see, e.g., [75]).

Inspired by the work above, we then consider the following shuf ed graph classi cation
problem setup. Consider a collectionmfertex-aligned graphs aéfdifferent classes/types
(heretofore called the “in-sample” networks), where we model the vertex-alignment across
each pair as being known a priori. Note that we will consider these in-sample networks
as being graphs on a common vertex set. While this could be relaxed to allow for partial
alignment, the main results are analogous, and for the sake of readability, we do not pursue
this further herein. Note that if we assume that the graph class labels are initially unknown,
we can estimate the class memberships of the in-sample networks via graph-level cluster-
ing. We can then use these estimated class labels in our classi cation procedure. Given
an additional (“out-of-sample”) graph with both unknown type (assumed to be one of the
k represented in the initial collection af graphs) and unknown vertex correspondence to
the collection oim networks, how would we best (i) recover the vertex correspondences be-
tween the collection of in-sample networks and the out-of-sample network and (ii) classify
its graph type? Note that while we assume all graphs have the same vertex count (denoted
n here), this can be relaxed easily in our graph matching framework via strategic network
padding; see [44].

This is an important problem in the area of data fusion, in which two samples might
come from different data sources. Ideally we would want to utilize all of the existing

data/information (including the vertex and graph labels) in subsequent inference, and al-
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gorithms that require known vertex correspondences would require the label correspon-
dences to be resolved across samples (e.g., tensor factorization [61], joint graph embedding
[5, 67, 87], network regression [138], paired graph testing [115], etc.). While often we can
anticipate data coming from the same source to be already matched (i.e., vertex-aligned),
such assumption often would not carry over different sources.

The main contributions of this chapter are as follows: We provide a novel exploration of
the problem of matching a label-shuf ed graph to a collection of vertex-aligned networks
(Section 2.2). We provide approaches for matching the shufed graph to the matched
collection at three levels of granularity: matching to a coarse average (Section 2.3), to a
clustered average (Section 2.4), and to each graph individually. Throughout, we provide
both theory and illustrative experiments showing the bene ts/costs of matching at each
level of granularity based on the latent structure of the a priori matched collection, with an
emphasis on the bene t of clustered matching if the clusters in the matched collection are

suf ciently different.

2.2 Clustered graph matching for classi cation

Before formally de ning our graph matching setup, we rst note that all graphs/parameters
considered herein are implicitly indexed byso that the background grapB® are graph
sequencé Bﬁ)gn, permutation$® are permutation sequentB,gn, with model parameters

m= my, K= kn, X = Xn, P= pPn, €tc., all varying im. In the sequel, we suppress tiédex

moving forward to ease notation.
G, denotek vertex-aligned, unobserved graphs; each of them represents a distinct graph

type/class (in the classi cation framework). We will consider both settings in which these

background graphs are assumed to be latent and xed, or in which they are assumed to be
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latent graph-valued random variables. In the latter case, we will condition df!ebe-
fore generating the subsequaqf's below. Foreach 2 [K]:= f1;2;3; ;kgletm; 2 N be
suchthai ; m; = m, and conside§”  BF(B(; p;) for 0< pj < 1=2,i= 1;2;:::;m;, and

further assume that the collection of grapﬁhﬁ(j)g:rzjlg'j;1 are conditionally independent

for somej, thens'? "ER(n; 1=2), and they carry no information a&(?). If p; > 1=2,
then BRB(): pj) & BF(B');1 p;), whereB') is the complement graph & Thus, by
replacingB; with its complement we can reduce to the case wipgre 1=2.

For eachj 2 [K], the graphs irf Sfj)gin;jl represent the observed in-sample networks of
type j, which can be thought of as edge-noisy, vertex-aligned versions of the background

graphB(). Consider further a xed 2 [k] and further simulat&.  BF(B("); p) indepen-

letting P be a xed but unknown permutation iR,, we observeR= (P )TAP , which
here represents the out-of-sample, label-obfuscated graph. Note that we assume the class
membershipg are known for the in-sample networks.

Our task then is as follows: given the collection of vertex-aligned netvvbé@g,
we seek to recover both the vertex alignment (Hereand the graph label (hefg of R.
MatchingR to f a(j)g to recover the correct vertex alignment®tan here proceed at (at

least) three levels of granularity:

I. (Coarse matching) De ne the global average ma@iky C = %éi;j S(j); note each

entry ofC is in the interval0; 1]. We can matchRto C to recover the labels dk.

ii. (Clustered matching) Compute the class-level graph means:2_g], and letC: be

the set of graphs in classde ne



MatchRto eactC:, computingdD = minppp KC: PRP kg: Letting™ 2 argminD,
classifyfRastype andlabeRviaP 2 argmins,p kC: PRP kg. Note that if the

class labels are initially unobserved for the in-sample graphs, we can obtain estimated
labels via clustering ths“)'s into k clusters, and then use these cluster assignments

as class labels for the above procedure.

iii. (Fine matching) MatchR to eachs(j), computing
= mi ) Tl -
Dj = min kS?  PRP K:

Lettingfi j g2 argmin;Dj, labelRviaR; j 2 argmir]gzpnka(j ) PRP K.

While we suspect (and empirically it is often the case; see Section 2.5.3) that the clus-
tered matching strategy would yield the highest delity recoveryofi.e., of the permu-
tation that unshuf eR), this is not always the case. Indeed, the data smoothing obtained
via cluster/class averaging can yield worse matchings if there is suf cient variability/bias
across the elements being averaged, in which case the ne matching may yield higher -
delity results. While this is an important issue to untangle, we do not pursue this further
here as in our simulations and experiments, clustered averaging yields the best (or close to
the best) results.

There is a further computational advantage to clustered matching, as it only requires
computingk matchings. In settings whema and n are large, computing all pairwise
matchings can be prohibitively expensive. At the other extreme, while coarse match-

ing is computationally less expensive, if there is signi cant structural differences across

out inC, and matchingR to C will not recoverP . We shall demonstrate below that the

clustered matching balances computational feasibility and within-class signal delity to
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produce an accurate, more scalable estimake oMoreover, the clustered matching alone
is able to solve both aspects of our inference task simultaneously, both matching and clas-

sifying Rin one step.

2.3 The good and the bad of coarse matching

In this section, we explore both the potential bene ts and potential problems associated
with the coarse matching strategy. We consider rst the case wher@; i.e., where we
have two distinct asymmetric (i.e?BOPT 6 B() for all P 6 I,,) background graphB(®
andB(@. Suppose further

fIng 2 argmirpyp kB PB@PTke: (2.1)

Note that if Eq. 2.1 did not hold, then (under modest assumptions) coarse matching would
be successful in unshuf in® with high probability. Eq. 2.1 is necessary for us to explore
the break-down point when coarse matching may fail and clustered matching succeed. We
note here that in this sectidd{? andB( are still modeled as vertex-aligned in that the
true underlying permutation between graphs is still the identity matrix. The setting in this
section captures the often-true reality that the true underlying permutation (according to
the assigned data labels) is not Graph Matching optimal.

Without loss of generality, led  BF(BD; py) for p1 2 (0;1=2), so thaiR= (P )TAP
is our out-of-sample network arfél is the correct permutation that unshuf & Here,
matchingRto C amounts to trying to ndP by solving the following quadratic assignment

problem (where, to ease notatidi{P) := §j; tr(a(j)PRPT)):

minkC  PRP ke, mngétr(g‘”PRPT), maxt(P)
ij
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Letting Eg( ) = E(jBY;B®), if BYY 2 G, (resp.,B'?) denotes the complement graph of

B (resp.,B(@) we have, wher®" := P(P )T to ease notation,

Es(tr(SVPRP)=(1 p)(1 pytr(BPYPF BO(PF)T)
+pj(1 pytr(BYPT BU(PF)T)
+(1 py)patr(BYPF BU(PT)T)
+ pjpatr(BYPF BY(PF)T) (2.2)

=(1 2p)(1 2py)tr(BYPTBDO(PF )T+ T(BW;B;n):
whereT (BM;B(): n) is independent oP andP (see Section 2.7.6).

2.3.1 The bene ts of averaging

Assume for the moment th&F := P(P )T shuf es exactlyx labels, and thaEg(f(P)

f(P)) < 0, which implies thaP is better tharP for matchingR to C, on average. This
condition ensures that there are enough “good” matches (iee., those from the same
background) in the in-sample set to mitigate the effect of averaging the entire collection of

m networks, as those fro®? will, with high probability, not match correctly té.

Proposition 2.1. With notation as above, if
p
Eg(f(P) f(P))= w(mx nlogn); (2.3)

holds for allx 2f 2;3; ;ngand all P such that P )T 2 Pnx (whereP ., is the set of

permutations shuf ing exactly labels), then

P(fP g2 argminbkC PRP kg) = e W(ogn
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The proof of this proposition combines McDiarmid's inequality with a standard union over
suchP andx; see Section 2.7.6 for the derivation). Note that this union bound combined
with McDiarmid or similar concentration bounds is a standard argument in the literature,
appearing in multiple other graph matching works (see, for example, [74, 75, 111] among
others). Lastly, as an example of the feasibility of Eq. 2.3, note that if the background
graphsB()  ER(n;q;), then under mild assumptionsEg(f(P) f(P )) = Q(mxn) 2
W(mxIo nlogn), and Eq. 2.3 holds.

2.3.2 The cost of averaging

The case where coarse averaging is detrimental to matchability is a bit more nuanced.
Assume that there existsRasuch thatP(P )T 2 Pnx, andEg(f(P) f(P))>0. Thisis
tantamount to the noise contributed by the class 2 graphs obfuscating the alignment signal
present in the in-sample class 1 graphs. Indeed, the optimal graph matching permutation
between a class 1 and class 2 graph will, with high probability, not be the true latent (in the
case of the out-of-sample graph) or observed (in the case of in-sample graphs) alignment.
To see the effect of averaging with this noise, we rst de ne for ea¢hf 0;1g%, the
following quantity, which captures the edge/non-edge patterns in the graphs before and

after shufing,
Ne:=  fh;'g2 \; st. BO[s(h);s (1)];BO[h;11;B@[s (h);s (N];B@[h;1] = x

We then have the following theorem (see Section 2.7.3 for the proof using Stein's

method).

Theorem 2.1. Under the setup as above, let p po = p for xed p2 (0;1=2). If any of

the following conditions hold
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i. jmy mpj= o(m) and Ni110+ Noooz= W((nx)*=);
ii. my;mp= Q(m); jmy mpj= Q(m) and Niz1o+ Nooor+ Nioo1+ Nozzo= w((nx)>=3);

iii. ma=mg = w(1) and Nia1o+ Noooz+ Niooa+ No1zo= W((nx)Z=);

nx

iv. =5 =w(l),

then we have that
f(P) f(P) Eg(f(P) f(P))
" Varg(fF(P)  f(P))

converges in law to a standard normal random variable with

Varg(f(P) f(P))= O(nxm?):

The conditions in Theorem 2.1 ensure tB& andB( have suf ciently many edgewise
structural differences post-shufing to provide an adequate sample size for Stein's nor-
mal approximation method to provide approximate normality @) f(P ), as well as
suf cient variance growth forf (P)  f(P ) which will be used later to provide sharp con-
centration of this difference. We suspect these precise conditions are not necessary, and
can be relaxed with more careful analysis of the mismatch betB&emndB(@, though
we do not pursue this further here.

As an immediate consequence of Theorem 2.1, we have the following corollary, which
shows that the incorrect permutatiéhis a better solution of the quadratic assignment

problem.

Corollary 2.1. Given the conditions of Theorem 2.1Eg(f(P) f(P )) > Owe have the

following:

I. With no further assumptions deg(f(P) f(P )), we have thaP(f(P) > f(P ))
1=2(1 o(1)):
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ii. If we assume thaEg(f(P) f(P)) = W(mp nx logn); we have thatP(f(P) >
f(P) 1 o(d):

Note that in the case whekg(f(P) f(P )) < OforeveryP 6 P , if we do not provide an
associated growth rate, then the same proof as in Theorem 2.1 REi@B) > f(P ))
1=2(1 o(1)). The growth rate assumption in Eq. 2.3 is made to uniformly bound these

probabilities close to O.
Remark 2.2. Sections 2.3.1 and 2.3.2 imply that the key for correctly recovering the latent

vertex alignment for the out-of-sample graph is

tr(B@BD) tr(BAPF B(l)(PF)T)< m(l 2p1)
tr(BOPF BO(PF)T) tr(BOBMD)  mp(l 2py)

This is akin to a signal-to—noise ratio bound, so that coarse matching is successful if the
noise contributed by the class 2 graphs is comparatively small. Note that there is a gap in
the growth rates of Eq. 2.3 and Corollary 2.1 used to ensure coarse matching will/will not

fail with high probability. While we suspect a sharp phase transition is present, we do not

pursue this further herein.

2.3.3 Matching when k greater than 2

We next consider cases whéte> 2; i.e., where we have multiple distinct backgrounds

f1ng 2 argmirp,p kB PBUPTke:

Without loss of generality, leA  BF(B™; py), so that we obsenB@= (P )TAP . In the
k= 2 case, we saw that the noise contributed by the graphs not from the background class

of A (i.e., the one satisfying Eq. 2.1) could overwhelm the signal provided by the graphs
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from the same background classfsWhenk > 2, the effect of this noise can be more
nuanced.

In one direction, note that the same McDiarmid's inequality argument as ik th@
case yields that if Eg(f(P) f(P )) is sufciently big for all P 6 P , then, with high
probability, matchindR to C will yield the correct alignment.

In the other direction, if there existsRasuch thatP(P )T shuf es x vertex labels and
Eg(f(P) f(P)) > 0, then we have the following result (which is an immediate corollary

of the analogue of Theorem 2.1 in the present setting).

Corollary 2.2. Under the setup as above with=p p for all i 2 [K], if nx=m®= w(1) and
Eg(f(P) f(P)) > 0, then

I. with no further assumptions dig(f(P) f(P )), we have thaP(f(P) > f(P ))
1=2(1 o(1)):

ii. iIf we assume that

Esg(f(P) f(P))= W(mIO nx logn);
we have thaP(f(P) > f(P)) 1 o(1):

Asinthek= 2 case, the behavior hingesBg(f(P) f(P )), which can be more nuanced
in thek > 2 setting, as the following example illuminates.

For eacti = 1;2:3, letBM ™" SBM(3n; [n: n; n]: LM), so that for each, the 3 vertices
in B() are divided into three communities, each of sizélext, sample independes}’

BF(B(); p) and letA BF(BM; p). Then,
Etr(PTAPC) = Etr(PTApéf)) + Etr( PTAPS?Y) + Etr(PTApéf’)
Let bj : vV 7! f 1;2;3g denote the community membership function (so thét) = j if
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vertexv is in communityj), and assume thét = by, = bz with
b(v)= 1+ 1fn+1 v 2ng+2 1lf2n+1 v 3ng:

For eachi, LM 2 [0;1]3 3 is a symmetric 3 3 matrix such that for eachu;vg 2 % ,

(whereE; is the set of edges &), 1ff u;vg 2 Eig"™® Bernoulli(L ) [b;(u); bi(V)]):
Letpi=p, p2= p3= q and leta> r > 0, ande > 0. De ne L{) as follows. Each

L® has all entries identically equal toexcept that. (D[1;1] = a, L®[2;2] = a+ e; and

L®3[3;4] = a+ e: To demonstrate the complications of averaging multiple backgrounds,

consider for example (among other similar choiaes)0:3; e= 0:5;r = 0:1; p= 0:4; =

0:1: Let P be any xed permutation that ips all the vertices between blocks 1 and 2. When

mp = 2m andmg = 0,

Etr(AC)= c1n’(1 o(1)); Etr(PTAPO) = con*(1 0o(1));
and whemp = m = g,

Etr(AC)= cin’(1 o(1)); Etr(PTAPCO)= cgn’(1 o(1)):

where 1< c3< €1 < ¢ < 2 are constants that can be obtained from direct mathematical
computation. As {AC) and t{PT APC) concentrate tightly about their means, we see that
for suf ciently large n, ipping blocks 1 and 2 viaP (an optimal alignment of. () and

L @) whenm, = 2m; andmg = 0 will, with high probability, result in a better match for
the average than the true identity alignment. This is unsurprising2ais designed for this
end; i.e., to attract the dense blocklif to block 2 inL . If, however, the wrong-class
in-sample graphs are evenly split between classes 2 and Jnwititom each of the three

classes, then the alignment provided®ys no longer better than the identity alignment
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(again with high probability). Noting the same analysis holds for ipping blocks 1 and 3
(an optimal alignment of. (D andL(®), we see here that the noise from the in-sample,
wrong-class networks effectively cancels across classes as the wrong-classes pushing the
optimal permutation in different, counteracting directions.

It is clear that if all theP()'s that optimally alignB® andB() are equal (or overlap
signi cantly), then the noise cancellation demonstrated in the example above will not occur.
In the SBM setting, this can be achieved by ensuring that the optimal alignmén? of
to L() is the identity mapping for; j 6 1. We next seek to generalize this idea to other
network models. To this end, we consider the following multiple random dot product graph

model from [5].

De nition 2.2. Let U be an n d matrix with orthonormal columns, and for2j[n], let
0 URODUT 1forall j;h2[n];i2 [K]. We say that the random adjacency matrices

graph (COSIE) model with rank d and parameters U ardd:R::;R® if given U and
fROgK ,, the collection of networksBgY , is independent, and for eactRi[K], the

upper-triangular entries of 8 are independent and distributed according to

BO[j;h] 1 BO[j;h]

PBOjU;RN = O uRMYT 1 U;ROuT

j<h
The COSIE model of De nition 2.2 provides a exible framework for modeling a collection

of networks on a common vertex set, and it encompasses many important network models
including the multilayer stochastic blockmodel of [53]. The score matiR&sin the
COSIE model allow us a similar opportunity as in the SBM setting to ensure that the wrong-
class, in-sample graphs are all misaligned in synchrony. We shall now demonstrate this in

the following example.
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matrices for allj (this is similar to the model considered in [34, 128]). Suppose further
that the diagonal oR(® are ordered to be non-decreasing, and that there exists a common

Q2 Pynflgg such that for allj 2 [K]nf1g,

Q2 argmirpyp kR PROPTKe;

lg 2 argming,p kRY  PRVPTKe:
The following lemma, proven in Section 2.7.5, will codify suf cient conditions under
which wrong-class in-sample graphs are all misaligned in synchrony.

Lemma 2.1. With setup as above, if there exists a permutatioh P, such that for all

i6 1,

tr(ROIGRDI])
tr(ROQRIQT)

1 2kUTPU Qke> (2.4)

then8 j 6 1, tr(PTE(BD)PE(BD) > tr(E(BD)E(B)Y):

The technical Lemma condition (Eq. 2.4) is used to ensure that the action of shi{B)g
by P (and yieldingPURDUTPT) is suf ciently close to the action of shuf indX" by Q
(and yieldingu QRN QTUT); this is used to then lift the shuf ing of the unknow®)'s to
a shuf ing of the observe®('s.

Next, de ne
fi(P) := t(PTE(BW)PE(BY) tr(E(BD)E(BW)):
If P satis es the conditions in Lemma 2.1 aégs 1 m is suf ciently large relative tamy,
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we have

a mfi(P)> mfiP): (2.5)
i61
Consider now the setting wheps = = pk= p, and letA BF(B(l); p) and letf S(ji)g
as before. We seek then to match the observed net®erkP )TAP with C = %éi;j Sﬁi).

Eqg. (2.5) ensures that

E tr PPAPC = E Eg tr(PTAPQ)

= 3 m(szp)ztr(pTE(B(l))pE(B(i)))

é m(lTZp)Z tr(E(B(l))E(B(‘)))

\

= E(Eg(tr(AQ))) = E(tr(AQ)):

A similar application of Stein's method as in Theorem 2.4 will yield theAtPCP" C))
suitably scaled and centered will converge to a standard normal random variable. This will

yield the following theorem.

Theorem 2.2. With assumptions as in Lemma 2.1, assume that p for some xed) <
p< 1=2foralli 2 [K]. Letting P satisfy the conditions of Lemma 2.1, and assumd thgt
is such that Eq. 2.5 holds. If(P )T shufes’ vertex labels, then'sm? = w(1) implies

that

i. with no further assumptions datr(A(PCP"  C)), we have thaP(f(P) > f(P))
1=2(1 o(1)):

ii. if we assume thaEtr(A(PCP" C))= W(p n logn); we have thaP(f(P)> f(P))
1 o(1):
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Figure 2.1: With a single backgroul ER(n= 100 1=3), we conside”; S” ""*BF(B;q), and

we matchA (i.e.,P = I,) to C using SGMvith 5 seeds. Varying the number of in-sample graphs
(m= 10 in the left panelsm= 100 in the middle panels, and = 1000 in the right panels), we
plot the SGNbbjective function valug = KA PCP'kg versus the value of the edge perturbation
parameter, averaged over 10 Monte Carlo iterates.

2.4 Clustered matching

Consider next the case of clustered matching, where for simplicity we will assume the
class labels are observed or the clustering perfectly recovers the class labels amongst the
in-sample network§"). The case in which the clusters are noisily recovered is of great
interest, and will be the subject of subsequent work. For eadf], letCl) be the cluster
average of the graphs from claissso thatC() = %é?lls(ji): with A BF(BW:; py) as

before (recall that we observe the shufédi.e.,R= (P )TAP), recalling the form of
Eg(tr(CPRP")) from Eq. (2.2), we have thatfét6 P andp= p1= = pk (note that

this equation is shown in Section 2.7.6),

Es(tr(COP R(P)T)) Eg(tr((CVPRF))
=(1 p(1 2pkBDYKZ p1 2pkBOKZ (1 2p)2r(BVP(P )TBDP PT):
(2.6)
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Theorem 2.3. With notation as above, denotgpé& tr(COP R(P )T) tr(COPRP"): If
forallinteger2 x n,andforalligé 1, andPs.t. PP )T 2 Pnx, we have Eq. 2.6 is of

orderw(np x log(n)) , then
Pe(9i 2 [KInflg;P2 Pps.t. Xp 0)= e W(logn). (2.7)

The proof of Theorem 2.3 is a straightforward application of Hoeffding's inequality; see
Section 2.7.6 for detail.

Theorem 2.3 implies that with high probability the correct matching oé C(P will
yield a better objective function value than any other matching® ¢ any other class
mean. Hence, clustered matching can be used to both unstud elassifyR by assigning
it to the cluster/class it matches best to (best as in lowest objective function value). As an
example, consider the SBM setup of Section 2.3.3, with andL(® de ned as before,
andL @ setto be. @, If my = mp = my, then the results of Section 2.3.3 imply that coarse
matching would not recover the true permutation, while Theorem 2.3 implies clustered

matching would recover the right permutation with high probability.

n 50 | 50 | 50 | 100 | 100 | 100

m 10 | 100 | 1000| 10 | 100 | 1000
q=0200] 1 | 1 | 1 | 1 | 1 | 1
q= 0225/ 014 1 | 1 |010] 1 | 1
q= 0:250| 0.40| 0.50| 0.42 [ 0.12] 1 | 0.19
q= 0:275| 0.20| 0.12| 0.36 | 0.12]| 0.12] 0.12
q= 0:300| 0.20] 0.30| 0.12 ] 0.07| 0.09| 0.07
q= 0:325| 0.22] 0.14| 0.20 | 0.06| 0.07| 0.11
q= 0:350| 0.14] 0.24| 0.14 | 0.08 0.08] 0.08
q= 0:375| 0.20| 0.18| 0.10 | 0.05| 0.06| 0.06
q= 0:400| 0.10| 0.14| 0.10 | 0.05| 0.07| 0.10

Table 2.1: Table of matching accuracy in the singledsr&€nyi background setting with = 1=3,
averaged over 10 Monte Carlo iterates; similar results are obtained jintie5 setting; see Section
2.8 for detail.
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2.5 Simulations and Real Data Experiments

We will now explore the impact of the three different strategies for matcRibgC out-

lined in Section 2.2, namely coarse matching, clustered matching, and ne matching. Note
that in the experiments below, as computing the exact solution of the graph matching prob-
lem is often computationally intractable, we rely on the approximate graph matching algo-
rithm, SGMof [44]. This algorithm will use seeded vertices acrBsandC (those whose
alignments viaP are a priori provided), as this will help us to hone in on wH¢R ) is

sub-optimal, which is our chief computational question.

2.5.1 Maitching in the ER model

We rst consider the effectiveness of the coarse matching strategy ik théd setting
in a simple Erds—Renyi model withn nodes and edge probability denoted fay In the

k = 1 setting, all in-sample networks are equally informative and averaging them into a

Figure 2.2: Objective function plot for different averaging methods for the twosREnyi back-
ground setting considered in Section 2.5.1. For each of the two out-of-sample networks we perform
coarse matching, clustered matching with its own cluster, and cluster matching with the incorrect
cluster. We plot the objective function of the match vergusr each matching strategy/out-of-
sample graph pair, averaged over 50 Monte Carlo iterates. Note thag-ttlestered and\y,-coarse

point values and subsequent lines are nearly identical, and are hard to distinguish; see Table 2.2.
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backgroundC is sensible and recommended as long as the edge ipping probability is
not too large. When th& matrix in De nition 2.1 is close to #2, the in-sample and
out-of-sample graphs become closer to independent, though this can be overcome to an
extent by considering a large valuerof Formalizing this, we considd&d ER(n; p), and

A SV BE(B; g), and we matcth (i.e.,P = 1) to C usingSGMith 5 randomly chosen

seed vertices. In Figure 2.1 we consiger 1=3 (similar results are obtained with= 0:5,

see Section 2.8 and Figure 2.6 for detail), and we consider the effect of varying the number
of nodesn (n = 100 in the gure, see Section 2.8 for= 50 plots), and the number of
in-sample graphsii= 10 in the left paneln= 100 in the middle panel, and= 1000 in

the right panel). In each panel, we plot tBEMbjective function valug = kA PCP"kg

versus the value of the edge perturbation parangetéthen combined with the information

in Table 2.1 (see also Section 2.8 for a full table), we see that for suf ciently sgnall
(here less than:Q), we will always recover the exact match, and the objective function is
steadily increasing. The jump in the objective function scores correspond to the point at
which theSGMlgorithm no longer recovers the true alignment, which is evidence for the
true alignment no longer being optimal. While subtle, we do see that this transition point
occurs at a larger value gfwhenn andm generally increase as expected. The nature of
the jump, and the relatively at objective function value post-jump, across all the gures
whenSGNails is indicative of the presence of phantom alignment strength after this critical
threshold; see [43] for further detalil.

We next consider the case of two backgrouBd8 ER(n= 80, p= 0:2) andB(®

i.i.d. sampled from BEB(?;q) wherem; = 200, m, = 2000 and &< < 0:5 is the edge
ipping probability. We draw two out-of-sample networks BF(B():q) fori= 1;2 and
match them with the full average of all ti$s, the average of just th&1's and the average

of justSd's. We plot the objective function of the match versiia Figure 2.2, and provide

32



the corresponding matching error rates (i.e., the proportion of labels incorrectly recovered)
in Table 2.2; both are averaged over 50 Monte Carlo (MC) iterates.

We see that matching either graphto the coarse average, or the wrong cluster (i.e.,
matchingA to the average of!)'s for i & j) yields poor matching accuracy and nearly
uniformly high objective function value. The exception is matchdago the coarse mean
whenq is small, due to the large proportion of type-2 graphs in the in-sample data, still
enables a high delity matching. As expected, matching to the correct in-sample cluster
yields both better matching accuracy and better objective function value (compared to the
wrong cluster matching), at least for modest valueg.ofhis points to the utility of using
the class labels to locally average (or clustering) before matching, as the objective function
value of matching to the class means can be used to identify the right class to match to

which will then yield higher matching accuracy.

Method | A class| g=0.1| g=0.2| g=0.3| g=0.4| g=0.5
Coarse 1 0.080| 0.076| 0.076| 0.076| 0.077

Clustered 1 1.000| 0.737| 0.129| 0.084| 0.076
Misclustered 1 0.074| 0.073| 0.076| 0.075| 0.074
Coarse 2 1.000| 1.000| 0.170| 0.093| 0.075
Clustered 2 1.000| 0.987| 0.199| 0.089| 0.074
Misclustered 2 0.074| 0.075| 0.075| 0.076| 0.074

Table 2.2: Table of matching accuracy in the two &denyi background setting, averaged over
50 Monte Carlo iterates. Values are rounded to three decimal places.

2.5.2 Clustered matching in the COSIE model

Our theoretical results in the COSIE model show that when the score matrices are disor-
dered in a similar direction, averaging across samples drawn from multiple backgrounds
can produce inferior label recovery in the downstream out-of-sample matching task. If the
score matrices are disordered in different enough directions, we expect that the noise in the

score matrices could cancel (as in the SBM case of Section 2.3.3), which would result in
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Figure 2.3: In the COSIE model considered in Section 2.5.2, we consider maghing,, for

a6 branging overf 2;:::;10g. In the left (resp., right) heatmap, we plot the objective function

value (resp., matching error rate) obtained fr6@Mvith 5 seeds. In both heatmaps, lighter shade
denotes smaller values/better matches while darker shade denotes larger values/worse matches; note
that the diagonal blocks are not included as we assuéé.

strong label recovery in the downstream out-of-sample matching task even when averaging
a large number of wrong-cluster in-sample networks.

We further explore this phenomenon in the following simple, yet illustrative experi-
ment. We generatk = 10 COSIE background graphs as follows: We conskder 10
independenG; ER(10G 0:5) graphs (i.e., uniformly random graphs), and use the proce-
dure in [5] to project these graphs into a common COSIE framework (i.e., nding a com-
monU andR")'s such thatG; URMUT and where eacR(") 2 R0 10) \We then sample
B) COSIHU;RY), and for each2 [10], we samplam i.i.d. networkSli); : S from
BF(B(M;0:1). We consideA BF(B(;0:1), andmy, = 10,m, = 5 fori & 1.

We then consider matchingto C,., whereCy,p is formed vieCy.p = 2—10 &i2f 1.abg Tl 15?)?
indices representing valuesatfb chosen. In the left (resp., right) heatmap, we plot the ob-
jective function value (resp., matching error rate) obtained f&&Mvith 5 seeds. In both
heatmaps, lighter shade denotes smaller values/better matches while darker shade denotes

larger values/worse matches; note that the diagonal blocks are not included as we assume

a6 b. From the gure, we see a strong positive correlation between matching error rate
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and objective function score, and that which combination of background graphs are being
averaged int®C4 is consequential and nuanced. In Section 2.3, we saw that the nature
of the backgrounds was crucial for determining whether a coarse matching would produce
good results. In this example, similar to the SBM example considered in Section 2.3.3, we
considerk = 3 and consider coarse matching(&f ) "AP to C, with the aim of better un-
derstanding when the coarse class averaging is bene cial/harmful for label recovery of the
shuf ed A. To this end, we saety = np+ g, and we consider different combinations of
background grapH&® andB® for representing classes 2 andB8} will always represent

class 1).

As demonstrated in Theorem 2.2, the wrong combination of in-sample backgrounds can
lead to poor performance via coarse matching; this gure suggests that this phenomenon is
neither uncommon nor straightforward. Indeed, while some background graph class pairs
(e.g., (5,7)) have their order relative BYY) combine to provide poor matching accuracy
and large matching objective function, those same graphs paired differently (e.g., (5,6) and
(7,8)) are relatively innocuous when averaged with&s, as the true alignment is still

well-recovered even with coarse matching.

2.5.3 Matching human connectomes

We next consider a real data set of human connectomes from the HNU1 data repository
[139]. In the dataset, for each of 30 subjects there are 10 test/retest DTMRI brain scans.
The raw scans were processed via NeuroData's MRI Graphs (m2g) pipeline of [58] and
registered to the Desikan atlas [33], yielding a 70 vertex weighted graph for each scan.
The graphs are a priori vertex-aligned both within and across subjects, with vertices in
each graph representing regions of interest in the brain atlas, and with edges measuring the

strength of the neuronal connections between regions. The post-processed brain graphs are
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Figure 2.4: For each of the 15 out-of-sample brain networks, we match ijtlihe average of
all existing 135 graphs (coarse averagingj)) the average of the 9 in-sample graphs from the
same subject (clustered averagingii;) each of the existing simulated graph ( ne averaging). In
the top heatmap, we plot the objective function value obtained B@iwvith 5 seeds, and in the
bottom heatmap we plot the matching error rate. In both heatmaps, lighter shade denotes smaller
values/better matches while darker shade denotes larger values/worse matches. In each heatmap,
the columns correspond to the 15 out-of-sample networks, with the rows corresponding to: top 135
(thinner) rows the ne matching with each in-sample network separately; the second-to-the bottom
(thicker) row the clustered matching and the bottom (thicker) row the coarse matching result.
available fromneurodata.io .

For our experiment, we randomly select 15 different subjects and their corresponding
15 10= 150 scans. We perform the experiment as follows: for each individual, we ran-
domly take 9 brain graphs as the existing matched graphs (i.e., in-sample), with 1 brain
graph assumed to be the out-of-sample network. These 15 out-of-sample graphs will have
both their class labels and vertex alignments (to the 135 in-sample graphs) treated as un-
known/hidden in this experiment, with the goal then to recover the hidden class label (i.e.,
subject label) and vertex alignments for these out-of-sample graphs. To recover the vertex
alignments, for each of these 15 out-of-sample networks, we match them(yithe av-
erage of all 135 in-sample graphs (coarse averagiig)the average of the 9 in-sample
graphs from the same subject (clustered averaging)(i@naach of the in-sample graphs
separately ( ne averaging). Note that while we used the true class/subject labels in our

clustered averaging, these can be readily obtained via a simple k-means procedure applied

to an embedded inter-graph distance matrix; see Section 2.8.3 for detail.
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We plot heatmaps of the matching objective function and matching error in Figure
2.4. In the top heatmap, we plot the objective function value obtained 8Qiwvith
5 seeds, and in the bottom heatmap we plot the matching error rate. In both heatmaps,
lighter shade denotes smaller values/better matches while darker shade denotes larger val-
ues/worse matches. In each heatmap, the columns correspond to the 15 out-of-sample net-
works, with the rows corresponding to: the ne matching (top ftdBnerrows) with each
in-sample network separately; the clustered matching (the second-to-the hbitier
row) and the coarse matching (the bottom row) results. From the gure, we see that for
the majority of subjects, the clustered matching yields smaller objective function error and
better matching accuracy than coarse matching (the subject in column 11 being the notable
exception). Moreover, we see that in some cases the best of the ne matchings yields better
matching accuracy than even the clustered matching, though this is not always the case. For
example, considering the matching accuracy at differing levels of granularity for a pair of
subjects displayed in Table 2.3, we see that for some patients the best ne matching yields
the best matching accuracy while for others the clustered matching is best.

We next explore whether clustered averaging can be used to uncover the correct brain
class labels as well. This would be a key step for identifying the correct cluster to aver-
age to in Figure 2.5. To explore this, for each of the 15 out-of-sample brain networks, we
plot a heatmap of the objective function obtainedS$Mvith 5 seeds by matching with
each of the 15 in-sample cluster averages. In each heatmap, the columns correspond to
the 15 out-of-sample networks, and the rows correspond to the 15 in-sample network av-
erages (the diagonal corresponds to the matched indices). Larger values in the heatmap

are denoted by darker colors. We indeed see that across the board, the cluster matching

Subject | Coarse Matching Clustered Matching Fine Matching
0025435 0.8286 0.9429 0.8857
0025440 0.6000 0.8143 0.8571

Table 2.3: Matching accuracy for a pair of subjects across levels of granularity.
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that obtains the best objective function is the one that matches the out-of-sample brains to
the correct in-sample cluster average, pointing again to the validity of using this approach
(with high delity clusters) for simultaneous classi cation and label alignment. While we

do not suspect these brain graphs follow our posited bit- ipped model, the theory devel-
oped for our model nevertheless plays out in this real data setting: the differences among
the background connectome classes cause coarse matching to be less effective than clus-
tered matching. This is as predicted by the theory, and clustered matching here provides
both a computationally more ef cient alternative to ne matching (that can produce better

matching results) and an empirically better match than coarse matching.

2.6 Conclusion and discussion

We investigate strategies for recovering the vertex labels of an out-of-sample graph by
using the information in a collection of vertex-aligned in-sample graphs. In both theory

and synthetic/real data simulations, we explore the effectiveness of recovering the out-of-

Figure 2.5: For each of the 15 out-of-sample brain networks, we plot a heatmap of the objective
function obtained bysGMvith 5 seeds by matching with each of the 15 in-sample cluster averages.

In each heatmap, the columns correspond to the 15 out-of-sample networks, and the rows corre-
spond to the 15 in-of-sample network averages (the diagonal corresponds to the matched indices).
Larger values/worse matches in the heatmap are denoted by darker colors, with smaller values/better
matches denoted by lighter colors.
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sample graph vertex labels by matching it to the in-sample collection at three levels of
granularity. While it can be the case that the best method is to match the out-of-sample
graph to all individual in-sample graphs and take the labels according to the matching
result with smallest loss function, often this is too computationally expensive and the data-
smoothing inherent to clustered matching often yields better alignment than the ne-grain
matching. At the other end of the granularity spectrum, in both theory and practice we
demonstrate that labeling the out-of-sample graph by matching it to the full average of
all in-sample graphs can yield poor label recovery, especially in settings where there are
signi cant differences in the structures across the in-sample graphs.

Our proposed matching algorithm is a compromise between these two extremes. Our
“clustered matching” involves matching the out-of-sample graph individually to each class's
average and labeling it via the matching result with smallest loss function. A consequence
of our theory is that given high enough delity classes, under mild model conditions the
clustered matching will recover the right cluster and the right alignment with high proba-
bility. We also used both simulated as well as real world data to demonstrate the validity
of the proposed algorithm as well as the advantage of clustered matching compared to the
ne-grain and coarse-grain strategies outlined in Section 2.2.

We also proposed the following possible extension and questions. While we consider
matching here to the usual sample average, there are a number of different notions of net-
work means we could consider aligning to (e.g., Frechet means [48, 60] or smoothed means
[119]). We next seek to relate this work to the phantom alignment strength conjecture pro-
posed by Fishkind et. al. in [43]. In particular, our result in the dsréenyi model
simulations (Fig. 2.1) showed matching objective functions similar to the “hockey stick”
matchability plots in [43]. Both our work and that in [43] deal with edge-wise correlations,
and we are working to unify our results and use our results and computations to support

the foundation of the phantom alignment strength conjecture, ideally nding explanation

39



or causation for the “hockey sticks” matchability plots. We would then be able to propose
more precise conditions on when our three aforementioned matching strategies will behave
similarly and when they will differ signi cantly.

Another important issue we want to explore is the edge-wise matchability of the out-
of-sample graph. In particular, standing on a single edge level, it is hard to predict if the
matching is exact for both clustered matching and ne matching. We want to nd condi-
tions or ways to verify if the edge-wise matching is indeed the exact one by looking at the
edge mismatch level and nding computationally tractable remedies for misaligned struc-
ture. Also, as in [132], we want to explore the information theoretic recovery limitations
of clustered versus coarse matching as well.

Finally, it is important to note that if class labels are not known a priori, our proposed
clustered matching relies heavily on a good graph clustering algorithm. If a clustering
algorithm is provided, then our matching approaches are essentially standard GMP's and

can be solved using existing methods and packages.

2.7 Proofs

2.7.1 Notation used throughout the proofs

Throughout the section, we will observe that

(P fP)= & &5V (Als()isCO) AD: (28)

h;; s.t. ;]
fs(h);s()géfh g

wheres is the permutation associated wih = P(P )T. This expansion is essential for

applying the concentration inequalities appearing throughout the manuscript.
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2.7.2 Connection between De nition 2.1 and BsdRenyi matchability

The model in De nition 2.1 can be used to study the phenomenon of graph matchabil-
ity/graph de-anonymization. Loosely stated, if graphendB in G, have true, but latent,
alignmentP , graph matchability is concerned with understanding the conditions (often in

terms of the edge correlation across networks) under which
fP g= argmirpyp KA PBP K:

(determining whether there is enough signal to match the vertices of two random graphs).
Consideringd ER(n; p) in De nition 2.1 andQ = sJ, (wherelJ, is the hollown nmatrix

with all off-diagonal entries identically equal to 1), matchability in the classical correlated
Erdos-Renyi model is obtained by considering alignment$pénd (a shuf ed)S,, where

S SIA isi:d:
both have ERn; p(1 s)+ s(1 p)) distributions and the edge-wise correlation is given by

BF(B; Q). Indeed, (no longer conditioning @ in this case5; andS, would

p(l p)(1 292

corr(Syij; Sziij) = (p+s 2sp(l p s+2sp’

Here, sharp matchability thresholds are established in [31, 132] in tersmnofp (i.e., in

terms of the correlation across networks).

2.7.3 Proof of Theorem 1:

Proof. We will use Stein's method to prove this result; principally Theorem 3.6 in [102].
We say that a collection of random variable§; ;X,) hasdependency neighborhoods

Ni [n]fori2 [n] if for eachi, X is independent of X s.t. j Z Nig.

Theorem 2.4(Adapted from Theorem 3.6 in [102]).et dk be the Kolmogorov metric, so
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that for random variables X and Y

d(X;Y) = sughbx(x) K (X)j;

X2R

where K (resp., ) is the distribution function of X (resp., Y). Let;X :; X, be random
variables such that for all2 [n], E(X*) < ¥, E(X) = 0,s2= Var(3; %), and de ne W=

and also de ne D= max,iNij. Then for Z a standard normal random variable

J——— —
L, D2g p¥2 §
(2=p) 12 538 EjXij3+ 5 5 aE(X“)

<

dk (W;2)

Recalling thas is the permutation associated wiP )T, de ne
Yo = (8 SV DA (s O] Al D)
i

Note that the maximum size of the dependency neighborhoods for each(oftfigis at

most 2 (i.e.D in Theorem 2.4 is 2). Let
an = é SO
i

and

b = (Als (h);s (D] Alh;l]);

so thaty = apby. It is immediate that conditioning 08" ;i = 1;2, we have ap gy, is
independent of by, g . Below, we will implicitly condition onB(;i = 1;2 in all expecta-

tions.
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We de ne

Xa .= Yo E(Y) = anibni  E(an)E(bn)

We rst note:

EX31= E [anbn  E(am)E(bn)]*

E (an  E(an)l[bni+ E(bn)]+ [ bnE(an)  anE(bn)))*

2% E(lan  E(an))E([bri+ E(br)]*) + E(lbriE(an) anE(bm)]?)
= 2° E(lan  E(am)])E([on + E(bn)]*)+ E((bri(E(an) an)+ an(bn  E(bn))]?)
2° Elan  E(an)])E([bri+ E(bn)]") _
+ 23hE(bﬁ‘|)E([ah| E(aml)+ E@EDY Eon1Y)

= AE(fan  E(an)]*)+ B2E(af)

whereA; = 8E([br + E(bn)]*)+ 64E(by) andBz = 64E([bn + E(bn)]*).

Note thatap follows the Poisson-binomial distribution withindependent summands.
The 4-th central moment of the Poisson-binomial distribution can be calculated via its
Excess Kurtosis which has magnitu@1=m) and its variance which has magnitude of
s2= O(m). The 4th central moment therefore has magnitud®@=m)O(n?) = O(m).

The 4th non-central moment of the Poisson binomial distribution is of d@ef"). Turn-

ing our attention tdo, there are three cases to consider:

1. 1f BO[h;1]1= B@[s (h);s (1)], then we know

P(bn = a) =

8
§p2+(1 P2 a=0
gp(l P); a=1

- p(l p); a= 1
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andE(bp) = O;V(bn) = 2p(1 p)

2. 1f BOh:1]= 1;B@[s (h);s (1)] = 0, then we know

§2p(1 0 a=0
P(bh = a)= _ p% a=1

%

E(bn) = 2p 1;V(bn)= 2p(1 p)

1 p% a= 1

3. 1 B@[h;1]1= 0;BD[s (h);s ()] = 1, then we know

§2p(1 p); a=0
P(bn = a)= _ p 1

%

E(bn)=1 2p;V(bn)= 2p(1 p)

(1 p% a=1

Now, it is clear thatd, = 8E[by + E(bn)]*+ 64E(b/T) andB, = 64E[by, + E(by)]* are
two constants that do not grow with. This yields tha€[X] = O(m®). Similarly, we can
SshowE[jXpj%] = O(m3).

Next, we have (wher¥ is shorthand for variance, and we are implicitly conditioning
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on theB()'s below)

vh 8 xk

1 1

0
V% a Yh|§

hil; s.t. h;l; s.t.
fs(h);s(l)g&fh;lg fs(h);s(l)géfh;jlg

a V(Yhi)
hil; s.t.
]S (h);s (l)ggh:lg

=V1i

}

o} o}

+ a a Cov(Yhi; Yhyl,)

h;l; s.t. hy;l> s.t.fhy;log6fh;lgand
ES(h);S(l)gﬁfh:lg fS(hz);sg%)gﬁfhz;lzg

=C2

}

Now, asPP shuf es exactlyk labels, the size of the séh;l; s.t.fs (h);s(I)g$6 fh;lgg

is Q(nk). We then have

V1=

a V(anibn)
hil; s.t.
fs(h);s(l)g6fh;lg

é"l V(an)V(bn) +[ E(br)1?V(an) +[ E(an)]?V(bn)
fs () ()66 Thig

a E(brﬁ)V({ahl} +V (b)[E(an)]?
hil; s.t. |— Z-
fs(h):s(l)ggfhlg =Q(m)

Q(nkm+ 2p(1 p) a [E(an)]?
fs(h);hs’l('l)sétéfh;lg
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Next, we have

Cc2

n h i 0
a Cov anbni;as s 1y)bs s gy + CoOV anibni;as s 1)bs s ()
h;l; s.t.

fs(h);s(l)géfh;lg

&  TE@E(@s 1pys 1)) VAN + E(an)E(asmsqy) V(AL (h);s())g
hil; s.t.

fs(h);s(l)g6fh;lg

2p(1 p) a E(an)E(as ms 1))

hil; s.t.
fs(h);s(l)g6fh;lg

Combining, we then see

1

o

0
V% a Xhl§ = Q(nkm+ p(1 p) a E(an) E(asms)) ?

hil; s.t. hil; s.t.

fs(h);s(l)géfh;lg fs(h);s(l)géfh;lg

Now, ap follows the Poisson-Binomial distribution, and

and so

E(an)=m (1 2p)BB[hI]+p +mp (1 2p)B@[I]+ p ;

E(asmsa) E(an)

=(1 2p) my BO[s(h);s()] BYhI] +my BO[s(h);s(1)] B@[hl]

Without loss of generality, we will consid& = |, below (this is done to simply ease
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notation). By assumption, we have that

h(B?:BW:P) _ m(1 2p) _m

h(B®:BD;P) ~ m(l 2p) m’ (2.9)

where we recall

h(BD:BW: Py = tr(BVPBDPTY tr(BMWE):

Note that the possible values d®[s (h);s ()] BW[h;I] and B@[s (h);s(1)] B@[h;I]

are 1;0o0r 1. A key term in the variance computation above is
2
p(l p) a E(an) E(asmsy)

hil; s.t.
fs(h);s(l)g6fh;lg

=p(l p(1 2p)?

a m BB[s(h);s()] BYhI] +mp BA[s(h);s ()] B@[hl]
fs(h);rgl(;l)sgtéfh;lg

(2.10)

We desire (for the application of Stein's method in Theorem 2.4) that this tesgmig(nk)2=).
When will this be the case?

For eachx 2 f 0;1g%, let
Ne:= fh; g2 \é s.t. BO[s (h):s (N];BO[;11;B@[s (h):s (N];B@[h;1] = x
Note that, by parity, we have

No110+ No111+ No1oo+ No1o1= Nioio+ Nio11+ Niooo+ Nioo1

Nooo1+ N1101+ Nioo1+ No1o1= Nooio+ Ni110+ Nioio+ Noi1o
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Equation 2.9 is then equivalent to

Mp(No11o+ N1110 Noio:  Ni101) > Mi(No11o+ Noz11+ Noioot+ Noio1):

This then implies

mp mp
7(N0110+ Ni110 Nozo1 Nizon)+ 7(N1001+ Noooz Nioi1o Noo1o
M my
> ?(N0110+ No111+ No1oot No1o1) + 7(N1010+ N1o11+ N1ooo+ Nioo1)
my m
: 7(N0110+ N1110+ N1oo1+ Nooo1) > 7(N0110+ No111+ No1oo+ No1o1)
m
+ 7(N1010+ Nio11+ Niooot Nioo1)

mp
+ ?(N0101+ Ni101+ Nio1o+ Noo1ig) (2.11)
Note that in Eq. 2.10, each

Nig10term contributegmy + mp)2;  Noio1 term contributegmy + mp)?;
N1oo01 term contributegnmy rr12)2; No110term contributegnmy mz)z;
Noozoterm contributesd;  Ni110term contributesns;
Nooo1 term contributesrd;  Ni101 term contributesns;
Nio11term contributesng;  Njoooterm contributesm;

No111 term contributesr?;  No1goterm contributesré:

We consider the following cases:

I. jmg  myj= o(m) : In this case th&;po1 andNg110terms contribute minimally (i.e.,

of ordero(m?) and not of orden?) to Eq. 2.10. In order for Eq. 2.10 to be of order
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w(m?(nk)23) it is necessary and suf cient for at least one of

N10106 No10o1; Noo1g N1110, Nooos; N1101; N1013; N1oog No111; No1oo

to bew((nk)2=2), which, by Eq. 2.11, is equivalent to

N1110+ Nogo1= W((nk)>3):

. my;my = m(m); jmy  myj= m(m) : In this case, all terms contribute meaningfully

(i.e., ordem?) to Eq. 2.10. Ifm= w(1), then in order for Eq. 2.10 to be of order

w(m?(nk)%=3) it is necessary and suf cient for at least one of

N1010 No101; N10oz; No116 Noo1g N11106 Nooos; N1101 N1011; N1ooo No111; No1oo
to bew((nk)>=3), which, by Eq. 2.11, is equivalent to

N1110+ Nooo1+ Nioo1+ No11o= W((nk)Z>):

mo=m1 = (1) : In this case th&1011, N1ooo, No111, @anhdNg100terms contribute min-
imally (i.e., of ordem?  n¥) to Eq. 2.10. Ifm= w(1), then in order for Eq. 2.10

to be of ordem(m?(nk)2=) it is necessary and suf cient for at least one of

N1010 No101; N10ox No116: Noo1a N1116 Nooos; N11o1;

to bew((nk)>=2), which, by Eq. 2.11, is equivalent to

N1110+ Nooo1+ Nioo1+ No11o= w((nk)Z3):
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If the conditions above hold, we have
0 1
o o 2
V% a Xhl§ = Q(nkm+ p(1 p) a E(an) E(@sms))
hil; s.t. hil; s.t.

fs(h);s(l)géfh;lg fs(h);s(l)géfh;lg

= Q(nkm) + w(m?(nk)*=)

In this case, the bound in Stein's method becomes(where shorthand fod hl: sit. )
fs(h);s(l)g6fh;lg

and
W= a Xn ;
Ve(a %)
S
1=2
A (W:2) O(nkn®) N O((nk)=2m2) - o(1)

QUnkm)32)+ w(m®nk)  Q(nkm) + w(m’(nk)2=) ~

as desired. In the event that none of the growth conditions outlined above fbdjthe

hold, then
VE(Q Xn) = W(nkm)

and we can boundk (W; Z) via

S S
_ O(nkrr®) O((nk=2m?) m3=2 m
kW) Wkm=d T winkm - © = O =
and this bound is(1) whennk  m® as desired. ]
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2.7.4 Proof of Corollary 2.1

By the normal convergence in Theorem 2.1, we have that (wheri(0,1))

!
f(P) f(P) Es(f(P) f(P)) _  Es(f(P) f(P)
" Varg(f(P)  f(P)) " Varg(f(P)  f(P))
f(P) fP) Es(f(P) f(P)
" Varg(f(P) f(P))

P(f(P) f(P)>0=P

P

| P(Z>0)= 1=2;

For partii., lete > 0 xed. We have that for any consta@t> 0,
!

f(P) f(P) Es(f(P) f(P))_ _ Es(f(P) f(P))

" Varg(f(P)  f(P)) " Varg(f(P)  f(P))
f(P) f(P) Eg(f(P) f(P)) S CrrpIO nx Iogn'

" Varg(f(P) f(P)) i X
f(P) pf(P) Es(f(P) f(P) P fogn

Varg(f(P) f(P))

P(f(P) f(P)>0=P

For n suf ciently large, this last term is bounded below by (Wh&é&) = P(Z X))
!

F X1 e

f(P) f(P) Ea(f(P) f(P)) _
" Varg(f(P)  f(P))

I F(F Y1 e)=1 e

As e was arbitrary, letting it go to O nishes the proof.
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2.7.5 Proof of Lemma 2.1

Suppose suck matrix exists, for any grapB{), wherej = 2;3;:::;m, we consider

the matching objective function
kPTE(BMP EBI)KkZ= kP URPUTP URDUTKZ:

We can liftU andRs to U andR() such thatJ is an orthogonal matrixx()'s are still

diagonal matrices, andR(DUT = E(BW) for all j. Therefore we know

k PFTURVUTP URDUTKZ= k PTURDUTP URDJTKZ

k PTURDPUPTKZ k URDUTKZ+ 2tr(PTURMUTPURIUT)

2tr(ROXRIXT) K

whereX = UTPU, andK = k RDkZ k R1DkZ2 R is independent oP.

For generaX 2 RY 9, de ne the matrix functionaff,(X) = tr(ROXRIIXT). Letting
QO=Q 0, 4 (where0, gisthe(n d) (n d) matrix of all 0's), we we have that
f2(Q) > fo(1) = f»(U1UT) by assumption. Further de ne the functional

r
R(X)=  tr RO X R 2T .

The diagonal elements of ea8#) are nonnegative, and by thé 2 norm inequality,

we have thaf2(Q)  g2(Q). LetWw = UTPU 0, 4, and de ne

e= kUTPU Qkg= KW Okg:
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Recall our assumption that

Q2 argmin,p kRY  VRIVTKe

lg 2 argmin,p kKRY VROV ke;
Now, we know that
fo(W) = tr(ROWRDWT)

- VO] POR(Te)

E(BW)  PE(BW)PT

As bothE(B™M) and PE(B)PT are Hermition with respective eigenvalues the diagonal

entries ofRY andR(), we have that
tr(E(BD)PE(BD)PT)  f,(Q)

asQ sorts the eigenvalues &(B™) andPE(B))PT to both be in non-decreasing order;

see Theorem 1in [52]. Similarlyp(W)  g2(Q). Now we consider the mean value theorem
(MVT) applied to the functionf,: By the multivariate MVT, we know there is a point

cO+(1 c)W wherec 2 (0;1) such that

f2(Q) fo(W)= vedNfp(cQ+(1 W) 'vedd W)
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Plugging inN f(X) = 2ROXRD), we get

2 vedRO(cO+(1 oW)RD) Tvec(@ W)

f2(Q)  fa(W)

2h(fz<1) RD)veqcO+( 1 c)W)ITvec(Q W)

2 veqcQ+(1 ow) (RO R 2kveo(cj W)k
= 2kRY(cO+(1 )W)RDkek® Wke

2e ckRYORDke+(1 )kROWRD ke
2ekRO QR ke

r
=2 tr RD %) RD %GT

= 2e02(Q)
2ef,(Q)

Thus we concludd,(W) (1 2e) fo(Q), which implies (by the assumption &)

tr(PTE(BD)PE(BW)) = tr(PTURMUTPURIUT)
= tr(WTROWRD)
(1 2e)tr(Q"ROAGRD)
> tr(RORD)
= tr(URDUTURIUT)

= tr(E(B(l))E(B(j)))

as desired.
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2.7.6 Additional computational details

Proof of Proposition 2.1 McDiarmid Concentration

Fix x. From Eg. 2.8 we can see thetP) f(P ) is a function ofQ(nx) independent
random variables
( )
Al X[ T = 8 SV
) fs(h)s()g8fh g
A single change in one of these variables can change the valiu@pf f(P ) by at most
O(m). Suppose thaEg(f(P) f(P )) < 0holds, then by McDiarmid Inequality, we know

for any xed x < nandP such thaP(P )T 2 P nx, we have

PRy T(PII 0 PALF(R)  T(PII Es(T(P) T(P)) Es(f(P) (P))

[Es(f(P) f(P)?
O(nxm?)

2exp
=2exp( w(xlogn))
A union over suctP andx, we get:
P(fP g2 argminskC PRP kg)= P 9x < mP2 Phst.P(P)T 2P :[f(P) f(P)] O

é eO(x log(n)) 2e w(x logn)

X

= 2¢ (09" = o(1)

as desired.
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Derivation of Eq. 2.6

For any graptB 2 G,, let B denote the complement network@. By linearity of the
expectation and the trace, combined with Eq. 2.2 and the assumptions {hatlattically
equalp, we have (wher®"™ := P(P )T, Jis the hollown n matrix with all off-diagonal

entries identically equal to 1 so that= J  B)

Es(tr(CVPRP")) = Eg(tr(S P PRP))
=(1 p2r(BYPP)BYP P+ p(1 ptr(BPPP )TBOP PT)
+(1 pptr(BPPP )TBOP PN+ p?tr(BYP(P )TBYP P)
=Tr BOPFBO(PF)T  2pTr BUPF BO(PF)T
+ p?Tr BOPF BOPT)T + pTr 3P BO(PF)T
pTr BOPF BO(PF)YT  p?Tr JP° BY(PF)T
+ p?Tr BOPF BOPF)T + pTr BDPF 3(PF)T
pTr BUPF BY(PF)T  p?1r BUPF g(PF)T
+ p?Tr BOPF BOPF)T + p?Tr(aP" J(PT)T)
p?Tr BOPF J(PT)YT  p?Tr JP° BO(PF)T
+ p?Tr BUPF BO(PF)T

=(1 2p)2Tr BOPFBOPF)T +(p 2p?) kBOKE+kBIKZ + p22 2
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We note that the identity TrJP™ BOY(PF)T = Tr(3BW) = Tr (BW)2 = kB)kZ was

used above. We then get

Eg(tr(CPP R(P)T)) Ep(tr(CYPRP"))
=(1 2p)2Tr (W) +(p 2p2)kB(1)k,2;+(p 2p2)kB(1)k,2:
(1 2p)2Tr B() pF B(l)(PF)T (p sz)kB(l)k% (p 2p2)kB(j)k[2:
=[(1 2p)2+p 2p2]kB(1)k,2: (p 2p2)kB(j)k|2: (1 2p)2tr(B(i)P(P )TB(l)P PT)

=(1 p)(1 2pkBYKE p(1 2p)kBDKZ (1 2p)c2tr(BOP(P )TBYP PT)
as desired.

Proof of Theorem 2.3
Write

Xp=a COn1 (PF)TCOPF)Ih ] Al h]
A

is a sum ofO(n?) independent random variables—(@[h; ] ((PF)TCOPF)[h; DA[; h]'s—

which are all bounded if 2;2]. Hoeffding's inequality then yields

PXip 0) P(Xp EXpl EXip)

2(EXip)?

2
exp 162

2expf - w(xlog(n))g
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Then

k
P(9i 2 [KInflg;P2 PpstXip 0 Q a  2expt w(xlog(n)g
i=2Ps.t.PF 2P,

Zké expf O(x log(n))gexpf w(xlog(n))g

= expf w(log(n))g

as desired.

2.8 Additional experiments and gures

2.8.1 ERp=05

In this section, we include the results and output of additional experiments. We rst
display Table 2.4 and Figure 2.6 displaying matching accuracy and matching objective

function for the ER({; p = 0:5) single background setting.

2.8.2 ERp=0.3

We display Table 2.5 and Figure 2.7 displaying matching accuracy for the; BR(

0:3) single background setting.

2.8.3 Clustering the brain graphs

To demonstrate how we can obtain the brain graph clusters, we consider the following
simple example. Using 135 in-sample brain graphs considered from the HNU1, we com-
pute the matrix of inter-graph distancBg = kA;  Ajkr (displayed in Figure 2.8). Em-

bedding this distance matrix in®'* using canonical multidimensional scaling (14 chosen
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Figure 2.6: With a single backgrou®l ER(n;0:5), we considerA;S(l) i BF(B;q), and we
matchA (i.e., P = I,) to C using SGMvith 5 seeds. Varying the number of nodeg¢n = 50 in

the top panels, and= 100 in the bottom panels), and the number of in-sample grapks 10 in

the left panelsm= 100 in the middle panels, amd= 1000 in the right panels), we plot tI&GM
objective function valug = kA PCP"kr versus the value of the edge perturbation parangter
averaged over 10 Monte Carlo iterates.

by an elbow analysis of the scree plot of singular valud3)adnd clustering the embedded
graphs viaK-means clustering (witK = 15, with 25 random restarts) yields an Adjusted
Rand Index [99] of 1 (i.e., perfect clustering) between the obtained clusters and the true

labels.
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n 50 | 50 50 | 100 | 100 | 100

m 10 | 100 | 1000| 10 | 100 | 1000
g=0 1 1 1 1 1 1
g=0025| 1 1 1 1 1 1
g=0050| 1 1 1 1 1 1
g=0075] 1 1 1 1 1 1
g= 0100 1 1 1 1 1 1
g=0125| 1 1 1 1 1 1
g=0150| 1 1 1 1 1 1
g=0175] 1 1 1 1 1 1
g=0200| 1 1 1 1 1 1
g=0225] 1 1 1 1 1 1

g= 0250 0.36| 1 1 |0.18]0.36| 0.16

g= 0275022/ 024, 1 |0.09|0.16| 0.14
g= 0:300| 0.14| 0.44| 0.38 | 0.06| 0.11| 0.10
g= 0:325| 0.16| 0.22| 0.34| 0.13| 0.06| 0.10
g= 0:350| 0.20| 0.18| 0.22 | 0.08| 0.06 | 0.08
g= 0:375] 0.14| 0.20| 0.16 | 0.08| 0.06 | 0.08
g= 0:400| 0.12| 0.14| 0.16 | 0.07| 0.06| 0.11
g= 0:425| 0.18| 0.10| 0.10 | 0.05| 0.08| 0.07
g= 0:450| 0.16| 0.10| 0.14 | 0.05| 0.06| 0.06
g= 0:475| 0.10| 0.18| 0.14 | 0.07| 0.06 | 0.08
g= 0:500| 0.12| 0.14| 0.12 | 0.05| 0.05| 0.05

Table 2.4: Table of matching accuracy in the singledsréenyi background setting with = 0:5,
averaged over 10 Monte Carlo iterates
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Figure 2.7: With a single backgrour®l ER(n;0:3), we considery; SV "% BF(B;q), and we
matchA (i.e., P = I,) to C using SGMvith 5 seeds. Varying the number of node¢n = 50 in
the top panels, and= 100 in the bottom panels), and the number of in-sample grapbks 10 in
the left panelsm= 100 in the middle panels, anmd= 1000 in the right panels), we plot tI{&GM
objective function valud = kA PCP"kr versus the value of the edge perturbation parantgter
averaged over 10 Monte Carlo iterates.
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n 50 | 50 | 50 | 100 | 100 | 100

m 10 | 100 | 1000| 10 | 100 | 1000
q=0 1| 1111/ 1
q=0025| 1 | 1 | 1 | 1 | 1 | 1
q=0050| 1 | 1 | 1 | 1 | 1 | 1
q=0075| 1 | 1 | 1 | 1 | 1 | 1
q=0100] 1 | 1 | 1 | 1 | 1 | 1
q=0125] 1 | 1 | 1 | 1 | 1 | 1
q=0150| 1 | 1 | 1 | 1 | 1 | 1
q=0175| 1 | 1 | 1 | 1 | 1 | 1
q=0200 1 | 1 | 1 | 1 | 1 | 1
q= 0225(0.14] 1 | 1 |010] 1 | 1

g= 0:250| 0.40| 0.50| 0.42 | 0.22| 1 | 0.19
g= 0:275] 0.20| 0.12| 0.36 | 0.12| 0.12| 0.12
g= 0:300| 0.20| 0.30| 0.12 | 0.07| 0.09| 0.07
g= 0:325| 0.22| 0.14| 0.20 | 0.06| 0.07| 0.11
g= 0:350| 0.14| 0.24| 0.14 | 0.08| 0.08| 0.08
g= 0:375] 0.20| 0.18| 0.10 | 0.05| 0.06 | 0.06
g= 0:400| 0.10| 0.14| 0.10 | 0.05| 0.07| 0.10
g= 0:425| 0.16| 0.10| 0.12 | 0.06| 0.05| 0.09
g= 0:450| 0.12| 0.12| 0.12 | 0.06| 0.07| 0.07
g= 0:475| 0.10| 0.10| 0.14 | 0.05| 0.06 | 0.06
g= 0:500| 0.14| 0.12| 0.12 | 0.06| 0.07| 0.08

Table 2.5: Table of matching accuracy in the singledsréenyi background setting with= 1=3,
averaged over 10 Monte Carlo iterates; similar results are obtained prwle5 setting; see Section
2.8 for detail.
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Figure 2.8: Inter-graph distance matrix heatmap for the 135 in-sample brain graphs considered from
the HNU1 dataset, where each subject's scans are plotted contiguously (ontldée@onal block).
Larger values in the heatmap are denoted by darker colors.
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Chapter 3: Solution diversi cation in graph matching matched lters

3.1 Introduction

An extension to the GMP is the Subgraph Detection Problem, also known as the Sub-
graph Matching Problem (SMP) or Subgraph Isomorphism Problem. This extension re-
laxes the assumption that both graphs have the same number of nodes. In essence, given
G12 GnandG; 2 G, withm< n, the SMP aims to nd a subgraph ofnodes inG, that is
structurally most similar to the templa® . Note that a general subgrah= (Vs; Es) of a
graphG=(V;E) isde ned suchthaEs E andVs V. In contrast, the term induced sub-
graph imposes the additional condition that for &ny2 Vs, fi; jg 2 Esiiff fi; jg 2 E. This
extension is signi cant in various applications. For instance, [136] demonstrates the use of
SMP on co-authorship networks to extract potential fake reviewers, while [131] discusses
SMP with known protein complexes and protein-protein interaction networks to identify
new protein complexes. SMP is also valuable in analyzing brain neural networks, where
it helps identify speci c regions of interest across multiple networks for focused analysis,
as shown in [120] and [94]. Additionally, the SMP has been used for activity template
detection in large knowledge graphs [81, 82] among myriad other applications in machine
learning, social network analysis, computer vision, and pattern recognition [2, 107].

Numerous algorithms have been proposed to detect subgraphs from larger graphs that
are isomorphic to the template (i.e., there exists an induced sub@%&phd a permutation

matrix P2 P, such thakA PBPTke= 0, whereB®is the adjacency matrix a9, andA
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the adjacency matrix db1), with the rst notable algorithm presented by [122]. Note that
the (perhaps simpler) graph isomorphism problem also has a rich history in the literature,
with recent results establishing at worst quasipolynomial complexity for the problem [10].
Detailed explanations and comparisons between state-of-the-art algorithms can be found
in survey papers such as [107, 110]. Recently, a series of papers [81, 82, 133] introduced
an exhaustive (designed to nd all subgraphs®fisomorphic toG;) tree-based/ ltering
method that reduces the time required for SMP by eliminating symmetries (referred to as
“structural equivalence” and “candidate equivalence”) within the graph. The exhaustive
nature of the tree-search/ Itering based approaches is a key feature that will motivate our
modi cation of the non-exhaustive algorithm of [111] in the following section. It should be
noted that the aforementioned methods work well when an isomorphic copy of the template
exists in the larger graph, but they often fail when such a promise is absent. In [111, 121],
the authors relax the isomorphism requirement and instead aim to nd a subgraph that
shares the highest amount of structural (and feature-based in the case of [121]) similarity
with the template.

Our focus in this chapter will be the matched- Iters-based approach (abbreGatiddF
for graph-matching matched Iters) of [111], in which the authors adapt the Frank-Wolfe-
based [46]5GMlgorithm of [44] by proposing different padding techniques to ensure that
the template has the same number of nodes as the larger graph. The validity of their pro-
posed padding methods is supported by both extensive simulations and theoretical justi -
cation. However, th&MM&lgorithm and the adaptation in [92] (lifting the matched- lters
approach to richly featured, multiplex networks) rely on ef ciently solving iterative lin-
ear assignment problem (LAP) subroutines—via the Frank-Wolfe approach—which can
be cumbersome in cases where the graphs are very large. Moreover, these algorithms are
not designed to exhaustively search the background graph for all close (but perhaps sub-

optimal) matches, aiming instead to nd only the best tting subgraph(s). In cases where
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more solution diversity is desired, this can limit the algorithm's applicability. These two
concerns motivate our extensions of tB&M¥outine to allow for both more solution di-
versi cation and greatly enhanced scalability. Note that code to implement this modi ed
GMMé#pproach can be found github.com/jataware/mgmmf .

We begin by introducing a random graph model in which we anchor our study, and

provide an overview of the algorithm and modi cations we will employ.

3.1.1 Multiple Correlated Ewk-Renyi

Recall the Erds-Renyi model [38] is one of the most popular network models studied.
While assuming all possible edges in the graph exist equally likely and independently, such
a model still exhibits rich properties and provides fertile ground for studying graph match-
ing problems. Discussions regarding thresholds of the graph properties for this model
can be found in [21, 47] for the homogeneous &&denyi case and for the inhomoge-
neous case in [22]. Percolation theories on theoB+Benyi model have been proven in
[16]. Within the related correlated Evd-Renyi model, sharp thresholds for graph de-
anonymization are established in [30, 31, 73, 132], and recent polynomial time algorithms
for almost sure exact graph matching (i.e., recovering the optimal solution asymptotically
almost surely) have been established in [78] (with almost surely ef cient seeded approaches
proposed in [84]).

Our present focus on recovering both optimal and near-optimal solutions ANHF
framework leads us to the following extension of the &-dRenyi model, dubbed the Mul-
tiple Correlated Erds-Renyi model. This model is a natural extension of the classical
correlated Erds-Renyi model of [30, 31, 76, 132, 134] and the embedded template model
of [111], where here we allow for multiple templates to be embedded in the background.
In practice (see Section 3.3.4, it is often the case that there are multiple errorful copies of

the template/motif in the background, and this model allows for such structure where the
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template matches have varying levels of noise.

De nition 3.1. (Multiple Correlated Erds-Renyi) Let m< n be nonnegative integers, with
LMD 2[0;2)™ ™ L@ 2 [0:1]" " probability matrices. Let N be a nonnegative integer, and
letR =(R1;Ry; ;Rn) be a sequence of symmetric matricefdirl]™ ™. Two adjacency
matrices, A and B, follow the Multiple Correlated EBxstRenyi Model with parameteis;,

L, andR if

ind:

. Forallu;v2f1;, ;mg, Aw Bernoulli(L.(ﬁ,)), andforalluv2f1; ;ng, By

Bernoulli(L 2);

ii. There exist induced subgrapliB™; ;BN)) of B, each with m vertices that are
not necessarily disjoint among these subgraphs, such thatfdr,i ;N, and yv2

f1; ;mg,Au\,;BS\), Bernoulli(Ll(ﬁ,)) and

correlation(Auw; BR) = ( R)uvi

iii. AlledgesinBnfB®; :B(N)gareindependent and are independent of all edges in
B®; ;BM). Furthermore, the collection&B{)gl , are independent of each other
asfu;vg 2 f’;‘g varies, wheref' denotes the collection of all possible subsets of
order j from the set S. Note that the edges within each colletfzﬁlﬂ&gi’\i 1 can have

nontrivial dependence.

In [111], the authors de ned a similar Correlated BsdRenyi Model, which is a special
case of our Multiple Correlated Eod-Renyi model with the additional assumption that
N = 1. Allowing N to be greater than one allows us to embed multiple matches of the

templateA into B, and vary the strengths of the matchingsRiaNote that the structure of
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the multiple embeddings in De nition 3.1 constraibg, as multiple copies df 1 need to
be embedded intb, as principal submatrices (up to reordering).

As mentioned earlier, the proposed Multiple CorrelatedofBEnyi Model extends
the classic correlated Evd-Renyi and the correlated Bod-Renyi template models of
[76, 111]. This novel model explores the new, yet common phenomenon where multiple
solutions (here, embedded templates) to the subgraph matching problem could potentially
exist, and where certain nodes are more central to the template structure and should be
preserved in multiple recovered templates. For example, consider a supply chain graph
focusing on key suppliers. Major companies like Nvidia and Intel would be core nodes
because their components are crucial across various products, while smaller or more spe-
cialized suppliers, whose products are limited to speci c areas, would be less likely to exist
in multiple templates. That said, Evg-Renyi models are often not directly applicable for
modeling real data, though correlated &eRenyi models are a standard setting for graph
matching theory in the literature. Moreover, the proposed algorithms in this work perform

well on real network data that is not ErstRenyi, see Sections 3.3.3 and 3.3.4 for details.

3.2 Solution diversi cation

In order to recover signals with suboptim@|l structure (i.e., suf ciently entry-wise
dominated by anotheR;), our approach will make use of vertex-based graph features as
done in [92]. These features will be represented in the form of a similarity nrig*B

de ned as follows.

De nition 3.2. The similarity matrix between a pair of graph2AG,, and B2 G, (where
m< n)is amatrix S= S¥B2 [0;¥)™ " where for(i;j)2f1; :mg f 1, :ng, we have
S’?B represents the similarity score between no@eMy and j2 Vg. When the context is

clear, we shall suppress the indicesBAand simply write S.
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In certain cases, when we have knowledge of the networks only limited to edge struc-
tures, there is not much we can do besides the standard matched Iter approach. See Theo-
rem 3.1 below and [111]. If we have labels or feature vectors for the nodes of the networks,
we can in general try to nd some proper distance measures to de nSmaitrix. When no
good distance measure can be de ned, we can use the multiplex graph matching matched

Iters proposed in [92].
To incorporate the node similarities into our matching problem, we adapt the approach

of [111]. First, for integek we will let J; be thek k hollow matrix with all gff-diagogal

My O
entries equal to 1, and denote the matrix direct sumdened s My = 2 E
0 My

Adopting an appropriate padding scheme:
I. Thecentered paddingvhich matches&:(ZA Jn)  On mn mtoB= 2B J; this
seeks the best tting induced subgraphBitio match toA according to the Frobenius
norm GMP formulation. As noted in [92], this is equivalent to minimizk#g

PBP"kr overP2 Pmn, wherePmn= fP2f0;1g™ "s.t. 1P 15, Pl = 1ng.

ii. The naive paddingvhich matcheA= A 0 mn mto B= B; this seeks the best
tting subgraph ofB to match toA where the objective to minimizeA PBP kg

overP2 Py.

Note that for anyC;D 2 G,
argmiry,p kC PDP'kg = argmirp,p KCP  PDke= argma,p tr(CPDP'):

The above relation between the Frobenius form of the objective function and the trace
form yields that the naive padding scheme is equivalent to maximiz{dPBP") over
P2 Pmn. As in [92], we see that the centered padding scheme is equivalent to mini-

mizing kKA PBP'kg over P 2 P, Which in trace form is equivalent to maximizing
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2tr((APBP") k PBP'k2 overP 2 P . The extrekPBP' k2 term incorporates the penalty

for edge/non-edge disagreements that distinguishes the centered from the naive padding.
We note here that while the above optimization could be cast as optimizindgPawerthis

makes the connection between the Frobenius norm and trace-form of the objective function
a bit more nuanced across paddings (see also the discussion in [92]). We choose instead
to present the optimization over the full permutation matriegswhere naive padding is

then nding argmaaszpntr(APEA%PT) and centered padding nding argn@g,ntr(APl?;PT)

to ease exposition and highlight the connection between the two forms.

From the de nition (see also the discussion in [44]), we see that the centered padding
scheme penalizes like graph edit distance, with equal penalty for any extra or removed
edges in the recovered templates. This is more useful if additional recovered structure is not
desired in the recovered template. The naive padding (which only rewards common edges,
and does not penalize missing or extraneous edges) should be used if extra edges/activity
in the background is unimportant, and the recovery of the template edges is the paramount
task. As an example, consider matching the tempAa?eG,, that is anm=2 regular graph
to the grapiB, whereB is composed of two subgraphs connected by a single edge: one of
which is a copy ofA with one missing edge (call thB,), the other the complete graph on
mvertices (call thiBBk). Centered padding would matétto B, and naive padding tBk .

Note that if the graphs are weighted, the naive padding is more easily used, as the optimal
centered padging scheme for weighted graphs is still an open research topic.

P
Write P = %D (1)2{ whereR3y 2 R™ "andPRy,) 2 R(™ M N we account for the similar-
P2
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ity term by seeking the solution to one of:

0 1

- centere
argmax tr APBPT +1 tr SR} ) §
P2Pn | {z }  padding
=1(PI) 0 1

A naive
argmax tr APBPT +1 tr SR &) X
P2Pn | {z }  padding

=f(Pl)

wherel is a hyperparameter chosen/tuned by the B&rthe similarity matrix as de ned

in De nition 3.2 andP,y) is the matrix consisting only the tap rows of the matrixP. The
GMMé&pproach then uses multiple random restarts of the following procedure to &arch
for the best tting subgraphs t8. We will present the algorithm, adapted from [44, 126],
incorporating the gradient of the feature term while ignoring the seeded portion, in the
centered padding case, the naive padding setting following mutatis mutandis.

1. Apply centered padding t& andB yielding A andB;

2. Considering\Nc random restarts,

fork=1;2; ;Nmc do the following
i. SetinitializationP©® = gL, 17=n+(1 g)PwhereP Unif(P,) andg Unif[0,1];
i. While kP® Pt Dke> h for a speci ed tolerancé > 0, do the following

a. Compute the gradient
Npf(P®:1 )= ATPOB+ APYBT + | 1, mS

wherel,, nis the matrix consisting with the rancolumns of am nidentity

matrix.

b. Compute search direction
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h [
QW= argmaxy,p, tr Npf(PY;1)7Q ;
via the Hungarian Algorithm proposed in [62] whelDg, is the set ofn n

doubly stochastic matrices;

c. Perform line search in the direction®f? by solving

g = argmay oy f(PY +(1 9QY;1)

This step involves optimizing a quadratic functiongpfand an analytical solu-
tion is obtained by taking the derivative to nd the critical point, followed by

comparing the function values at the two boundary points and the critical point.

d. SettD =g PO +(1 g)QW
jii. SetP( K = maxpzp, tr p> p(nal)

3. Rank the recovered matchingB( ?")gl'z';“i by largest to smallest value of the objective
function f(P,| ); output the ranked list of matches.

In the above algorithm, we can steer the algorithm away from previously recovered
solutions (in the random restarts) by biasing the objective function away from these already
recovered solutions. Suppose that kil random restart returns the solutiBh® (with

corresponding permutatia( ¥)). To accomplish this, we de ne the mabks¢ 2 R™" via

8
. T ,k N,
_k_;ezs(l e) if j= s(R();
ij
-Bl else

As an example, consid@m] = f1;2;:::;ng; s ( D maps[3] 7! [7] by xing [3] identically;
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ands ( @ maps[3] 7! [7]bys(A(1)= 1,s(A(j)= j+ 3forj= 2;3. Then
3

1 14
1 e 1 llzé

POOCOOD) N
=
(9]
[EnY

Ml;e: l
1 1 1 e 114
2 3
1 e 17 3 1 1 1-
Mz;e=§ 1 1L,31 e 1 1%
1

1; 3 1 1 el

In the next random restart, we apply the mask to the current similarity m@ti
via Skt Le) = pmke gke) (note: S1€) = S) where “ " represents the matrix Hadamard
product. Considering the previous exampleSéke a 3 7 matrix, then

§3;e)= Ml;e M2;e S
2

3

(1 e)?sy Sio Si3 Si4 Sis Sie Si7
:g S1 (1 e S3 S4 (1 €)Ss Se Szé
Ss1 Ss2 (1 e)S3 S Ss6 (1 &)X 7

After penalization, we then seek to solve one of

0 1
. s o Kt 1:€) T centereg
argmax tr APBPT +1 tr Sk1epl) ) (3.1)
P2Pn | —{z }  padding
= fex+ 1(PI
K+ 1(Pl) 0 1
A A , naive
argmax tr APBPT +1 tr SK1ep), % x (3.2)
P2Pn | {z } padding

= fAe;k+ 1(RI)

The masks effectively slightly down-weight the similarity scores for the previously re-

covered matrices. Note that an overly draconian choice ofl may have the effect of
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steering the algorithm away entirely from recovered solutions, and might not allow for
overlapping solutions to be returned. This is suboptimal in the case where a few key
edges/vertices are expected to appear in many recovered templates.

Our algorithm uses a simple gradient descent-based optimization, which is computa-
tionally fast when compared to more complex approximations to NP-hard GMP solution.
To avoid the pitfalls of rst-order methods (e.g., local maxima) that could lead to sub-
optimal solutions, we, in practice, run the algorithm multiple times (easily parallelized)
with random starting points as our Monte Carlo simulations. This allows us to better ex-

plore the objective function and leverages the speed of each Frank-Wolfe iterate.

Remark 3.1. We can also apply the mask¥idirectly to the gradient or to the initializa-
tion in theGMM&lgorithm outlined above. In the gradient penalizing case, step (a.) for the

(k+ 1)-st random restart becomes
N|(Dk+1);e]€‘(P(t);| )= mLe Mke  ATPOB+ APOBT + | ln mS

In the initialization penalizing, the mask is directly applied {®Rollowed by rescaling to
ensure double stochasticity. Similar ideas of penalizing the gradient to diversify solutions
when solving optimization problems, particularly to nd weaker or atter optimizers, exist

in the literature (e.g., [14, 137]). We will consider only the similarity penalization in the
theory below because this approach can be easily incorporated into the analysis of the
graph matching objective function without need for delving into the optimization steps. We
also note that the penalty constamtould be replaced by a sequence of penaltieg if

we are expecting high level of template overlap in the embedded templates. Yet another
approach would be to penalize the edge weights of the recovered templates in the large
network. Assuming a high correlation between edge structures and node similarities, the

result should be similar to our approach. However, the ef ciency of penalizing edges could
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be suboptimal due to the signi cantly higher number of edges compared to nodes in the

denser regime.

3.2.1 Theoretical bene ts of down-weighting

We next provide theoretical justi cation for the down-weight masking in the setting
where there are two overlapping embedded templates in the background (i.e.Nwh&e
in De nition 3.1). The case wherBl > 2 follows from repeated applications of the case
whereN = 2, as does the case of no template overlap. In the case where we expect to nd
only one recovered template, [111] provides a detailed characterization of methods and
conditions for detecting such a recovered template with high probability (sans similarity
S). Throughout the rest of the manuscript, all graphs and parameters should be indexed by
the number of nodes in the larger graph,To improve readability, we will suppress the
subscriptn whenever the context is clear.

We consider Multiple Correlated Eod-Renyi graphs with the following structure. We
will considerL1 = pJn andL, = pJ,. Note that our theories can be easily extended to
inhomogeneous Eo$-Renyi graphs by using 0 and 0.25 as the lower and upper bounds of
the variance of any Bernoulli random variables. While in practice, almost no network is
purely Erds-Renyi, such models are particularly useful for theoretically studying matcha-
bility phase transitions, and are a standard setting for deriving graph matching theoretical
results [30, 31, 76, 132]. Indeed, homogeneou®E+eenyi provides a dif cult theoretical
setting as there is no heterogeneity correlation across graphs [42], and the matching signal
is entirely contained in the edge-correlatiRnlf there was signal in both the edge structure
L and inR, as is common in most real-world networks, the practical dif culty would likely
be reduced signi cantly as additional statistics (e.g., degree sequence, graph bottlenecks,

centrality, etc.) could be more easily leveraged to match the template. Here, we consider
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m k k 2m k n 2m+Kk
0 1

kp Al Al2 2m k C D
m X m % g

where

m k (C13)T (CZS)T C33

Further, for real numbers9rz<ro<ri<1,

8

ri ifi=hj=%i mj m k

r ifi=hj=%0i m kj m

rp ifi=hj="m k<i mm k<j m

rs ifi=h mj=""mi m k| m Kk

cormAij;Bn)= _r3 ifi=h kj=" m+km k<i m

j m Kk

rs ifi=h m+kj=" ki m Kk
m k<j m

~0 else

This structure ensures that the two embedded copies of the template (eachnof lsaze

a non-trivial overlap of siz&> 0. The overlap again is designed to model the case where

76



there are key vertices in the background that appear in multiple template embeddings.
Moreover, the case wheke= 0 is conceptually and theoretically simpler than e 0
case and follows as a corollary to the theory below.
Observe that with shuf ing channe@® 2P ,, andQ(®)2 P, applied to matrice# and
B, our model can account for Multiple Correlated BseRenyi graphs such that two em-
beded templates exist with a shared sub-region of all kinds, aligning with the assumptions
that more than one solutions exist and certain nodes must be preserved in all solutions.
We will consider the centered padding scheme, where we mitel{ 2A  Jy)
On mn mtoB=(2B Jy). Analogous results can be derived for the naive scheme, which

we leave to the reader. In this setting, we will consigerf the form

m k k mk n 2m+k
m ke S g2 g3 gl4 X
K P P2 P3 Rz

where all entries o6 are independent and bounded, without loss of generality bounded in

[0;1] (e.g., Beta distributed), random variables, and where

the diagonal elements & have meam
the diagonal elements &2 have meamy

the diagonal elements &> have meamy

and all other entries have mean. Here we will assume thaty > m > ny > ny. LetP
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andP mapA to

m k k m k k
1 0 1
m k Cll C12 m k C33 C23T
%) X; and %) () X;
k (C12)T C22 k C23 C22

respectively, so that of the two embedded templates, the embeddifg igastronger (in
that the correlation is higher entry-wise as are the similarity scores on average) than that
provided byP.

The goal is to down-weight/penalize the strongly embedded template so that the opti-
mal solution to Eq. 3.1 i® as opposed t® . The features here are the key, as without
this ability to down-weight the features (or the gradient) we do not expect toP ry
solving Eq. 3.1. Indeed, if we can only observe the edgesaridB, without any further

information provided bysthe results of [111] provides the following theorem:

Theorem 3.1.Let A and B be graphs as described above. Assuming we can only observe
the edges of A and B but have no additional knowledge about the vertex-based graph

features, then with probability at leagt n 2, we have that argmax APBPT = fP g.
P2P,

If the strongly embedded template is penalized, tBes weighted as follows. Here,

S29) js set to be (where * is the matrix Hadamard product)

m k k m Kk n 2m+ Kk
0 1
m %(Ln km K elm k) Sll 812 813 814 g
Kk 1 ( 1k; k el k) f2 8 S

We next state our main result, which is for the Multiple CorrelatedoBsEenyi model

where the entries of are independent, and bounded [@y1]). Note the proof can be
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found in Section 3.5.1.

Theorem 3.2. Let A and B be two graphs constructed as above. If there is a constant

a 2 [1=2;1) such that
i. m k= Q(m); m! 2= w(log*n)
i. | =nm?;
jii. (ri r3) m? Lr3;rorq are bounded away froand1;

iv. ;> (1 e)m and(l e)m > ny; the differencesy (1 em, (1 em m,

andny ny are bounded away from O;
V. pis bounded away froand 1;

then if P is the set of permutations perfectly aligning the weakly embedded template (i.e.,

of the formP  Q), we have

P(argmaxyp fer(P1) B) 1 e Wloan),

Note that wher = 0, the objective function becomes the standard one considered in
[111], and Theorem 3.1 applies. However, wher O is suf ciently large, the feature
similarity becomes crucial in the objective function. By increasngve force the global
optimizer to move away from the rst recovered template, thus expecting to recover a
different in-sample subgraph. Wheris too large, the noise in trg%€) matrix (provided
by the entries with meamny) can swamp the signal and suboptimal recovery is possible.
Note also that there are myriad combinations of parameter growth conditions under which
Theorem 1 (or analogues) will hold, and our theorem is not claiming full generality. We

will not mine these conditions further herein. We point out here thas a function oh
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being bounded away from O implies that the graph we consider here is dense, as in much
of the other graph matching literature. Additionally, we could encode the diameter of the
graphs into our objective function to eliminate disconnected matches, if any occur.

By properly realizing the asymptotic notationwfas a xed function and thus express-
ing min terms of logy, we can easily translate our results into a nite sampling result. Note
that most papers discussing graph matchabilities in the literature prove their results in an
asymptotic context, meaning that the asymptotic behavior tells us what to expect for large

enough networks, as seen in real data.

Remark 3.2. Beyond independent entries for S, we could consider S as a similarity be-
tween vertex features. One possible approach to de ne such a similarity matrix S is via
well-constructed distance functions. In these cases, a function of two varigbids s
(resp., da;b) for a distance/dissimilarity function, where, for example, we could then de-
ne s(a;b) = 1=d(a;b)) is de ned such that s increases (resp., d decreasegpashj
becomes smaller, e.g.(ssb) = el @ ¥, For each node P V; = f1;2; :;mgand j2

Vo= 11,2, ;ng, if we model random vertex features vig¥{ F, we can then de ne

Sj = s(X;;Y;) foralli; j. Note that Theorem 3.2 relies only on the fact that the means of the
Beta random variables are well-separated, so it can be easily adapted to account for these
vertex-dependent similarities, as long as the scores satisfy certain tail decay conditions
and the expectation of similarity scores for node pairs under different recovery schemes

are bounded away from each other.

We have developed an approach for recovering weaker signal versions of the embed-
ded templates with high probability, under mild conditions. Our approach builds upon the
method introduced in [111], where we initially recover the strongest in-sample template.
Subsequently, we select a suf ciently large value lfoand gradually increase until we

identify an additional in-sample template. An important aspect is that once a second recov-
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ered template is found, we can iterate the algorithm by penalizing the similarity for both
recovered templates. This allows us to discover more templates until we have exhausted
all possibilities or until the penalty coef cient term for overlapping signal in unrecovered
templates becomes too small compared to the noise in the non-signal nodes.

We next proceed to further demonstrate the validity of our proposed method via exper-

iments in the Multiple Correlated Eod-Renyi model and via two real data experiments.

3.3 Experimental results

Our proposed modi cation of th&MMaélgorithm offers a simple and ef cient solution
for solution diversi cation. Moreover, incorporating a multiple of the 3!3(1) term into
the existing Frank-Wolfe iterations allows us to ef ciently incorporate the feature informa-
tion. Next, we will address scalability issues arising from the line search in steps (ii.a) and
(ii.b) of the GMM&lgorithm. To tackle this, note that the gradiéf(P®;I ) forms an
m nmatrix. In practice, we often hava n (i.e., mis signi cantly smaller tham). In
the linear assignment search step (ii.b), each vertéxaan only be assigned to one of the
vertices inB with the topm values in the gradient. Therefore, for the allowable matchings
for vertexi in A, we compute then largest entries of rowof Np f(P®:1 ). All other row
i entries can be discarded. After performing this partial sorting operation for each of the
m rows (each row costin@(n) time using thdntroselect algorithm [85]) the resulting
matrix of allowed assignments is at meat n? and the Hungarian algorithm [62] ap-
plied to the Linear Assignment Problem (LAP) on this rectangular matrix is of complexity
O(m?) [98]. Moreover, solving the LAP on this reduced matrix ensures the same result as
solving it on the fullp f(P®; 1 ). This approach effectively reduces the complexity of the
LAP solver subroutine fron®(n®) to O(mn+ nt*), and we observe substantial speedups

in practice. We note that this complexity reduction technique was also discussed in [20].
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The discussion above focuses only on the LAP subroutine dst&i&lgorithm since it is
often a computational bottleneck in the procedure.

Due to the intractability of computing the exact graph matching solution in all but small
cases, in a few of the experiments below we make use of seeded vertices in the graph
matching subroutine. Seeded vertices are those whose correct alignment is known a pri-
ori. In this case (assuming for the moment that the seeding maps vdrlic&s::;sg in
Atof1;2;::::s9 in B), the graph matching seeks to optimiz€P,| ) over P of the form
P=1s Q(or f(PI)in the naive padding case) using tB&Mlgorithm proposed in [44].

In practice, seeds are often expensive to compute—indeed in the real data experiment on
template detection in knowledge graphs below, we have no seeded vertices—though a few
seeds can often lead to dramatically increased performance. In the simulations below, the
seeded approach helps overcome the computational intractability of the matching subrou-

tine and are quite useful for demonstrating the utility of our solution diversi cation step.

3.3.1 Two overlapping templates

Our rst experiment veri es the proposed algorithm in our multiple correlatedo&rd
Réenyi model withN = 2. In our setup, we take (D = 0:859 50;L = 0:8500 500. TO
generate graphs with tractable edge correlations, we create as-Bedyi background
graph with edge probability. We then sample induced graphs from the background graph
by ipping the existence of each edge independently with probabilibAppendix 7.2 of
[70] provides a formula for the correlation value as a function of the edge existence prob-
ability of the background graphy, and the edge ipping probabilityy. Choosingv to
be Q0074 0:0168 0:0326 and @495 yields the correlation values used in our follow-up
experiments as approximately984; 0:897,0:803 and 0706, respectively (due to compu-

tational precision, these are estimates :8800:9;0:8;0:7 resp.). Now let
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Figure 3.1: We xk= 10 and use the seedé&MMElgorithm to matchA with B using 5 seeds
randomly selected from the overlapping node®dt andB(@ as described in Section 3.3.1. We

plot the recovering results over (heree is used to penalize the stronger of the two embedded
templates) ant , averaged by 20 Monte-Carlo simulations. In the gures, stronger colors represent
better recovery of the embedded templates, and t1 (blue) stands for template 1, t2 (red) stands
for template 2, with white squares corresponding to the case when none of the two templates was
recovered or equal amounts of each template were recovered among the 20 simulations.

m k Kk k m k
0 1 0 1
m k 1 R12 k 2 RlZ
L T T - S
k (R%Z)T R%Z m k (R%?‘)T R%Z

whereR}! andR1? are matrices with all entries set to 0.95%2 andR32 are matrices
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with all entries set to B03; andR2? is a matrix with all entries set to 0.897. Note the
overlap inR; andR; is there to make sure the induced subgrapts and B havek

overlapping nodes. For the similarity matfxwe set

m k k m k n 2m+k
m ke SI! g2 g3 Sl4
S= X
k 821 822 523 824

where all entries of are independent Beta random variables, such that the diagonal ele-
ments ofSt arei.i.d. Betém = 0:6); the diagonal elements 8f2are i.i.d. Betémp = 0:55);
the diagonal elements & are i.i.d. Betémy = 0:5); and all other entries are sampled
i.i.d. from Betdm, = 0:1). Note that for Beta distribution with parametersb, we have
m= 2. We randomly sampla  U(0;1) and use the speci ethto calculate the corre-
spondingb. Other combinations of parameters are also explored and plotted, see Section
3.6.1.

We x k= 10 (see Section 3.6.1 for the casekef 15;40), and use the seed&MMF
algorithm with 5 seeds randomly selected from the overlapping nod@<)aindB(?. In
Figure 3.1 we use the naive padding (left) and the centered padding (right) and plot results
over numerous choices ef(heree is used to penalize the stronger of the two embedded
templates) andl , averaged over 20 Monte-Carlo simulations. In the gures, stronger col-
ors represent better recovery of the embedded templates, and t1 (blue) stands for template
1, t2 (red) stands for template 2, with white squares corresponding to the case when none of
the two templates was recovered or equal amounts of each template were recovered among
the 20 simulations. From the gures, we see that whas small we recover the stronger

embedded templat@B;), and ase increases we move away from the stronger embedded

template, and—provided a suitable valu¢ efwe successfully recover the weaker embed-
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ded template as desired. From the plots, we can see the centered padding outperforms the
naive padding for recovering the second template in this multiple correlatexsH&hyi

model, which aligns with the results proven in [111]. The phenomenon is clearer for larger

k (see, for example, Figure 3.6.1 in Section 3.6.1), where the naive padding detects either

only template 1 or nothing (denoted by the white in the plot) for whatewee choose.

3.3.2 Three overlapping templates

To better illustrate the iterative feature of the proposed algorithm, we construct a multi-
ple correlated Erds-Renyi model withN = 3 and apply our algorithm to attempt to recover

all of the three embedded templates. In this experiment, welt&ke= 0:859 50;L (2 =

0:8500 500,
m Kk k k m k k m k
0 1 0 1 0 1
m k 1 R12 k 2 R12 k 2 R12
R TR RGBT Rigo kB REORIg
k (RPAT R m k (RI)T R m k (RB)T R22

whereR}! andR}2 are matrices with all entries set to 0.95%2 andR3? are matrices with

all entries set to B03; R}? andR? are matrices with all entries set to706; andR2? is a

matrix with all entries set to 0.897. Note again this structure ensures the induced subgraphs
B(D: B(@ andB® have exactlk pairwise overlapping nodes, and to make BY8 a better
probabilistic match (i.e., a stronger embedding) tB&R which is a better probabilistic

match tharB®.
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For the similarity matrixS, we setSto be

m k k m&k m k n 3m+ 2k
0 1

m k% Sll 812 813 814 815 E

k 821 822 823 824 825

Figure 3.2: We xk= 10;1 = 25 and use the seed&@MME&lgorithm with the centered padding

to matchA with B using 5 seeds randomly selected from the overlapping nodB&Y%B(2 and

B®, whereB®; B andB® are induced subgraph Bfsuch that grapha andB follows multiple
correlated ER model as described in Section 3.3.2. We plot the recovering resulés (wenalty
applied to the diagonal elements®$tY; S?2) ande, (penalty applied to the diagonal elements of
S19:922) averaged by 20 Monte-Carlo simulations. In the gure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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where all entries of are independent Beta random variables, such that the diagonal ele-
ments ofS' are i.i.d. Betém= 0:7), the diagonal elements 82 are i.i.d. Betém= 0:6),
the diagonal elements &3 are i.i.d. Betém= 0:55), and the diagonal elements$f* are
i.i.d. Betgd m= 0:5); and all other entries are sampled from Beta 0:1). Again for all the
Beta distributions, we randomly sam@e U(0;1) and use the speci ethto calculate
the corresponding.

In Figure 3.2, we xk= 10;1 = 25 (see Section 3.6.2 for other combination§kof )),
and use the seed€aMM&lgorithm with the centered padding (the naive padding behaved
sub-optimally for recovering template 3, see Section 3.6.2 for details) and 5 seeds randomly
selected from the overlapping nodesBdP; B andB(®). We plot the recovering results
overe; (penalty applied to the diagonal elementssbf, %) ande, (penalty applied to the
diagonal elements @3, $?), averaged by 20 Monte-Carlo simulations. In the gure, the
different patterns represent which template was recovered (in majority): t1 for template 1,
t2 for template 2, and t3 for template 3, with white squares corresponding to the case when
none of the three templates was recovered. Note that efh21f0; 0:3], we have not recov-
ered template 2, thus it would be impossible to have a second penalty term associated with
e, the corresponding parts are left white and should not be interpreted. As we can see,
when bothe;; e are small, we recover the strongest embedded templaggjraseases, we
move away from the strongest embedded template to the second strongest embedded tem-
plate; nally when bothey; e, get large enough, we recovered the third embedded template

as desired.

3.3.3 MRI Brain data

We now apply the proposed algorithm to a real data set of human connectomes from

[139], where we consider the BNU1 test-retest connectomes processed via the pipeline
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Figure 3.3: We run our proposed algorithm using the se@Mi¥& gorithm with 500 restarts and 5
seeds selected from the node péifs ;W,-)g?:1 as described in 3.3.3, taking the result with highest
objective function value (Eq. 3.2) as the output. For eaclie compute the GM objective function
value (left axis) of the resulting matrix with the template; we also computed the objective function
value with respect to the alignment given by the template to the same classi ed brain region in the
left hemisphere iB (Left—to—Left in the plot), as well as the objective function value given by the
template to the symmetric region from the right hemispher {heft—to—right in the plot). Also

for e > 0, we calculated the number of novel nodes recovered in each matching compared to the
subgraph detected witlh= 0 (right axis).

at [58] (seenttp://fcon_1000.projects.nitrc.org/indi/CoRR/html/bnu_1.html
andhttps://neurodata.io/mri/ for more detail). The dataset consist of test-retest DTI
data for each patient processed into connectome graphs. Moreover, the brain graphs here
are segmented into regions of interest and contajg;z2) DTI coordinates. We chose
patient “subjl” for our present experiment. In the rst connectome, which contains 1128
nodes, we select a region (region 30) with 46 nodes from the left hemisphere to act as our

template. We then extracted the subgraph induced by the selected region and considered
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it as our graplA. The entire graph of the other brain scan from the same patient, which
contains 1129 nodes, was designated as our gagiur goal is to recover both the same
region of interest in the left hemisphere (we consider this the “strong” embedded template)
and the corresponding region (region 65) in the right hemisphere (the “weak” embedded
template).

To construct the similarity matrix, we consider tpey;z) coordinates of each node

in the processed MRI scan from graphpsand B. Subsequently, we randomly selected

corresponding region in the other hemisphere relative in gBajNote, these are not seeded
vertices, but are simply used to construct the similarity merixnformally, we consider

each pair of(s;w;) as a “bridge” which has distance 0; allowing us to de ne a suitable
distance across hemispheres for any nad2#\ andv 2 B as follows. Setting the distance
between corresponding seeded nodes across hemispheres to be 0, we de ne the distance
via

d(u;v) = minfku skot kv  wikog
j2[12]

Here, k ko represents the standard Euclidean distance. We de ned our similarity matrix
such tha§; g d(ui;vj).

We executed our proposed algorithm using the se@dN#igorithm with 500 restarts,
with 5 seeds selected out of the node p&(rsj;wj)g?zl, so the seeds exist in the left-
hemisphere only; and we selected the result with the highest objective function value (in
Eq. 3.2 using naive padding with= 0:1 as the nal match; see Section 3.6.3 for the case
of | = 1). Naive padding worked well with the irregular structure of the brain networks

here, and we are actively researching whether centered or naive padding is more appropriate
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in non edge-independent models. For eacfplotted in Figure 3.3) we compute the GM
objective function value (right axis) of the resulting matrix with the template; we also
computed the objective function value with respect to the alignment given by the template
to the same classi ed brain region in the left hemispherB (heft—to—Left in the plot), as

well as the objective function value given by the template to the symmetric region from the
right hemisphere iB (Left—to—Right in the plot). Also foe > 0, we calculated the number

of novel nodes recovered in each matching compared to the subgraph detectedvith

(left axis, “Number of different nodes recovered” in the plot). As expected, the objective
function value obtained from the output of the see@dM&lgorithm is better than the
ground truth alignment. Furthermore, by increasrfgeyond 0.1, we observed a deviation
from the original recovered template, leading to the discovery of a new subgraph matching
the template close to optimally. We comment that the decrease in the objective function
value based on the alignment provided by the classi ed brain regions across the scans is a
result of the seeds in tHfeGMlIgorithm, where the similarity scores between these 5 seeds
pairs decrease a&sincreases.

We close this example mentioning that by judiciously encoding neuronal information
via the feature similarity matrix, the performance of the template recovery increases dra-
matically. The power of the similarity formalism is that it enables incorporation of any
feature information for which similarities can be computed. For example, in the knowl-
edge graph example of Section 3.3.4 the similarity encodes both numeric/quantitative and
semantic/qualitative (i.e., ontological) features together. We note however that an adversar-
ial S could potentially break our approach, as it could violate our working assumption of

positively correlated edge structures and node similarities.
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3.3.4 Template discovery in TKBs

For our second real data example, we consider the transactional knowledge base (TKB)
of [96]. The graph is constructed from a variety of information sources including news
articles, Reddit, Venmo, and bibliographic data. Moreover, nodes and edges are richly
attributed. Node attributes include a unique node ID, node type (according to a custom
ontology), free text value, entry ID (used to identify the node in the Wikidata Knowledge
Base), date and latitude/longitude. Edge attributes include a unique edge ID, edge type
(according to a custom ontology), and edge argument (providing additional edge informa-
tion). See [96] for more information on the construction of this network and details on the
custom ontological structure.

Along with the large background graph, [96] describes the creation of multiple signal
templates (with varying levels of noise) to search for in the background. In addition to
perfectly aligned templates (i.e., background subgraphs isomorphic to the template), tem-
plates are embedded with different and varying noise levels, necessitating noisy template
recovery.

The full graph has 14,220,800 nodes and 157,823,262 edges. For each template, we
do some simple preprocessing of the graphs that reduces their size (for instance, remov-
ing node types that do not appear in the template, removing dangling edges, etc). This
preprocessing yields the pruned graphs that are fed into our matching algorithm, which
have approximately 13 10° nodes and 32 10° edges. As in [92], we create a multiplex
network from this TKB by dividing edge types (from the different sources) and different
ontological edge types into multiple weighted graph layers (weighted based on a measure
of ontological similarity), and using node features to de ne a node—to—node similarity ma-
trix. Note that we use naive padding here, as the edge structure is naturally weighted and

optimal centering in the weighted case is nuanced and the subject of present study. The
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multiplex adaptation of th&MMprocedure can be found in [92], and amounts to adapting

the Frank-Wolfe approach to the objective functions

argmaxg tr hA(i) On mn mI PBUPT +1 tr SR,
P2Pn

whereA() (resp.,B(") represent the template (resp., background) structure in iafehe
multiplex graph and where nodes with a common label across layers are assumed aligned.

We show the effect of the solution diversi cation via the following experiment. To
measure the delity of recovered templates when no ground truth is present, we use the
graph edit distance (GED) metric outlined in [37]. We run 32 random restarts @NdF
algorithm for each template recovery (we plot results for template 1A, 1B, 1C, 1D here;
results for templates 2 and 3 can be found in Section 3.6.4), plotting the empirical CDF of
the GED of the recovered templates; results are plotted in Figure 3.4. Different penalization
values are represented with different colors in the plot. Note that in each template, version
A has an isomorphic copy in the background while this is not guaranteed for the other
templates (as they have noise introduced in the embeddings). From Figure 3.4, we see
that the solution diversi cation is successful at yielding recovered templates including our
optimal ts (the best recovered templates in the 0 case) and templates that are close
to optimal by GED. These templates further recover signi cant signal not recovered in the
e = 0 case; see Table 3.1. In the table, for each vertex in the template we show how many
vertices in the background have similarity greater than O (i.e., are potential matches)—
this is shown in the # 0 row. We see that the solution diversi cation is successful at
recovering additional possible matches in the suboptimal recovered templates. We also
see that too severe of a penalty (here ¢he 0.01 case) yields fewer uniqgue nodes and
worse GED ts. In summary, when there is no penalty, we consistently detect only a

limited number of certain templates. When a penalty term is applied, we successfully
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Figure 3.4: We run 32 random restarts of GIM&gorithm for each template recovery, plotting the
empirical CDF of the GED of the recovered templates. Different penalization values are represented
with different colors in the plot.

recover some new templates. However, as the penalty becomes too large after a certain
number of iterations, the noise in the non-signal nodes starts to dominate the signal in the
uncovered templates, resulting in some sub-optimal recoveries. While choosing an optimal
e is of paramount importance, we do not have a fully principled recommendation for a best
choice. We do recommend smaller penalty combined with more random restarts which
achieved our best results. We close this example by noting that, because very few nodes in
the background have a similarity greater than 0 to nodes in our templates, it is possible to
Iter the background by removing other nodes. However, the combinatorics after Itering
remain complex; see [82] for more detailed discussions. That said, this Itering could be
used to “soft seed” our graph matching (see [41]). We would prefer the soft seeding (where
seeds are used to initialize the matching but not xed throughout), as it is possible that for
some nodes in the background, the similarity is incorrectly calculated as 0 but the matching

should still be made, making a hard seed ltering step perhaps less desirable.
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3.4 Conclusion and discussion

In this chapter, we have introduced a work ow for iteratively identifying multiple in-
stances of noisy embedded templates within a large graph. Our approach extends the
matched- Iters-based method for noisy subgraph detection by considering both the edge-
wise structure and node feature similarities. By incorporating these factors, we have achieved
a more diversi ed and scalable approach to effectively uncover embeddings of noisy copies
of graph templates. The theoretical analysis of our algorithm demonstrates that, under the
assumption of a strong correlation between the edgewise structural similarities and node-
wise feature similarities, our approach can successfully identify multiple embedded tem-
plates within a large network. To validate the effectiveness of our proposed work ow, we
conducted experiments using simulations based on the Multiple Correlated Bedyi
models, as well as real-world data sets such as human brain connectomes and the TKB
dataset.

Furthermore, we present several intriguing questions that merit further exploration.
In particular, the manuscript assumes an agreement between edge-structural similarity

and node feature similarity. It would be valuable to investigate scenarios where such an

node

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
e=0 |1 8 1 3 20 1 1 1 3 1 14 2 1 1 5 1 1 1 1 2 3 1 3
e=001 |1 23 2 15 32 1 1 1 8 1 24 5 4 1 24 1 1 1 1 3 16 1 14
e=103[4 21 20 29 32 5 5 4 27 1 26 5 27 3 31 1 4 4 3 3 27 5 26
e=1010| 4 32 30 32 31 5 5 4 32 5 30 5 32 4 32 4 20 4 3 3 32 5 32
#0 [4 32 32 32 32 5 5 4 32 5 32 5 32 4 32 4 32 4 3 3 32 5 3
node [24 25 26 27 28 29 30 31 32 33 34 35 36 37
e=0 |19 1 1 1 3 4 1 3 4 1 2 4 1 1
e=001 (32 1 2 2 5 18 1 3 25 1 2 5 1 1
e=103[31 12 5 4 5 27 4 13 31 4 15 5 5 6
e=1010|32 29 5 4 5 32 4 28 32 4 31 5 5 21
#0 [32 32 5 4 5 32 4 32 32 4 32 5 5 32

Table 3.1: In Template 1A, we list for each node how many vertices in the background have simi-
larity greater than O (i.e., are potential matches)—this is shown inth@ roéw). We then show for

the different penalization levels, how many of these possible matches were recovered across the 32
random restarts.
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agreement is absent, speci cally identifying sharp parameter thresholds that lead to edge-
structure dominated recovery, node-feature dominated recovery, and mixed-effect recovery.
In all three cases, it is crucial to establish robust measures for evaluating the correctness
of edge-wise matching between the template and the recovered template. Additionally, we
highlight the issue of overlapping nodes between two embedded templates. The reliabil-
ity of our algorithm relies on the ratio of overlapping parts between the templates being
moderate. However, if the ratio is excessively high, penalizing already recovered templates
may lead to sub-optimal results. To address this concern, it would be bene cial to develop
methods that speci cally target penalization on the non-overlapping regions while preserv-

ing the signal of the overlapping region, thereby enhancing the algorithm’s performance.

3.5 Proof of Theorems

3.5.1 Proof of Theorem 2:
We restate Theorem 3.2 here before providing a proof.

Theorem 2: Let A andB be two graphs constructed as above. If there is a conatént

[1=2;1) such that
i. m k= Q(m); mt 2= w(log*n)
i. | =nm?;
ii. (ri r3) m@ Lry>ry> rzare bounded away from 0 and 1;

iv. ;> (1 emand(l e)m > my; the differencesy (1 em, (1 €)np ny,

andny my are bounded away from O;

v. pis bounded away from 0 and 1;
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then if P is the set of permutations perfectly aligning the weakly embedded template, we
have that

P(argmay,p fea(P1) P) 1 e Wloom:

where we recallf.1(P,1 ) is the objective function de ned a&.1(P| ) = tr APBPT +

2.e)pT
| r & PY

Proof. The proof contains three steps. First, we calculate the expected contributions to the
differences of the objective functions between (any one of) the permutations that recover
the weakly embedded templafe, and another permutatid®, due to the edge structures

and the node features. See Propositions 3.1 and 3.2 below. Then, we use our assump-
tions to demonstrate that the actual difference must concentrate enough around its mean
and be bounded away from 0 through the McDiarmid's inequality. See Theorem 3.3 below.
Finally, by applying a union bound on all possible permutations, we establish that the prob-
ability of the difference being bounded away from 0 for all possible permutation matrices
isatleast1 e “ wherec, is proportional to the expected difference calculated in the rst
step. Combining this with the fact that the expected difference diverges to in nity as

increases, the result is established. See Theorem 3.4 below. ]

LetP be (any one of) the permutation that mafw the strongly embedded template
in B, P be (any one of) the permutation that majso the weakly embedded template in
B, andP be an arbitrary permutation A, that does not map to the weakly embedded
template inB. LetC, = p(1 p). Finally letT; be the set of nodes thRtcorrectly aligns
within the strongly embedded template, ahdhe set of nodes th& matches correctly to
the weakly embedded template.

We rst consider the contribution to the objective function of the edge disagreement

induced byP. De ne Dg(P) := tr APBRT  tr APBP' , which measures the objective
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function difference due to edge structures between the permutation that recovers the weakly

embedded templat®, and any other permutation matix

Proposition 3.1. Denote the counts of the correctly recovered template edges via P and

with the following table.

e Ty T T, T

1 2 2 1

p Recovers edges iny \ 2 | Recovers edgesing n 3
Recovers edges in} n 72 0 hy
Recovers edges in} \ 2 ji1 0
Recovers edges inZ n % 0 hy
Misaligned template edges j2 hs

Then j+ jo= k(k 1)=20 hy;h, MM D KD - (m Wk D anggd b=

(m K(m+k 1)
——">——=. Further,

E(De(P)) = 8Cf joro+ hy(rz  ri)+ harzg (3.3)

Proof. The equalities and inequalities involvirjg andh's are trivial by counting. Also,

we have
n o lap )
E tr BPBP" =E 3 & (2Aj 1)(2Bspgiysp(j) 1)
i=1j=1
L
=a a E AiBsuisey 285 Bspiyse * 1
|: ]:
Thus,
n 0 m o;
E tr RPBPT = 38 , &+44 4 rg;Cv+ n?
i=1j=1
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where, recall that we us§ to denote the collection of all 2-element subsets of th&set

gij =
3,

:
§

.O;

if fi;jg2
if fi;jg2
if fi;jg2
otherwise

> N5,
2 2
T T

> N5,

Note that the constant terms3 g‘ Cy andm? cancel when taking differences. Alsp,

andh; terms vanish since they correspond to cases whgrealues agree foP and P, so

we know

n
E(De(P))= E tr RPBR'

Now, we conside6 of the form

m k
kg St
s= " B
k S

(0]

tr APBP'

= 8Cyf jora+ hy(ra

ry)+ harag

k m k n2m+k1

812
822

813
323

Sl4
X

824

where all entries of are independent—bounded[) 1]—random variables, and where

the diagonal elements &* have meam

the diagonal elements &2 have meamy

the diagonal elements & have meamy
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and all other entries have mean.

If the strongly embedded template is penalized, tAexweighted via (where * is the

matrix Hadamard product)

0 m Kk k m k n 2m+Kk
11 12 13 14
qze - k%)(lm km k €lm k) S S S S ¢
k 1 (L el 2 &3 P4

We next consider the contribution to the objective function of the features/similarity
induced byP. Like before, we de neDg(P) := tr S29PT  tr S2€)PT  which mea-
sures the objective function difference due to node similarities between the permutation

that recovers the weakly embedded templBt&nd any other permutation matix

Proposition 3.2. Denote the counts of the recovered template nodes via FPanith the

following table

p P Recoversli\ T, | RecoverslonTy
RecoverslinT, 0 b1
Recoverslii\ T a1 0
RecoverslonTy 0 by

Misaligned template node a b3

Then0 a kai+a=k0 by;bp<m kanddd b=m k. Also,

a . a . b
S =i G tam=ixn L +tba=hy
bl b3
5 + bia; = hy; > + bibo + bibs+ bobs+ ax(m k) + bza; = hs:

where j's and h's are the counts from the table of Proposition 3.1 above. Moreover,
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E(DF(P)) = a[(1 e)nmp my]+ byfmy (1 e)m]+ bs[my my: (3.4)

Proof. The equalities and inequalities involviras and b's, as well as the relationship
betweera's b's and j's, h's are trivial by counting.

Now, we have

oo by o )

Etr S29PT =E (1 e)lferO=srog
i=1

(1 E)lfSP(i): Sp (i)gE(S'Sp(i))

‘Qog Il Qo

T
[EnY

(1 e)lfSP(i): Sp (i)gmNi

where

1, ifi2TinTy;

2; ifi2 T]_\ To;

=
I

3 ifi2TonTy;

SV AR C0

4; otherwise

a; andby terms vanish when taking differences since they correspond to cases where

1fsp(i) = sp (i)g andm, values agree foP andP, so we know

n 0
E(De(P))= E tr S29PpT ¢ S2epT

=a(1 em ml+byfmy (1 e)ym]+ bg[my my:
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Letg(P.P)= fea(P;l) fo1(Pl) sothat

Eg(P,P) = E(De(P)+ | De(P))

n ap bl
= 8Cy , taa ot 5 ¥ bia; (rz rq)
bs 0

+ 5 ¥ bibo + bibz+ bobs+ ax(m  K)+ bza; r3

+1 (a[(1 emp myl+byfmy (1 e)m]+ ba[my ny))

n o}
8Cy by + 22+ b +(by+ ax+ b3)(ba+a1) ri bzl +biag rg
| {z )
+ 1 (Fl2+ Pp b;;) [nin([(l e)ny m;];[rﬁ (1 eym];[my rrh]}
=ng =Ce
by
= 8Cy ngr3 > +bja; rp + 1 npce:

Considering the case whebe= m kanda; = k, we see that for the above expectation

to be diverging to in nity, it suf ces that

lce (r1 ra)(mtKkGCy; (3.5)

Equation 3.5 holds true under assumptions ii and iii of Theorem 3.2.
Next, we state the McDiarmid's inequality and use it to show for B/ P, g(P,P)

concentrates around its expectation.

there exists §;:::C, such that for every 2 [n] and every(xs;:::;Xp) 2 X1 i Xp, we
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have

sup F(Xg;iinX LXoXie1iiinXn)  Foxgonx XXX C

2
P(f(Xy;::5X0)  E[f(Xe i Xn)] t)  exp agantCz
i=1

From the forms oDg(P) andDg(P), we have thag(P,P) is a function of at most (as

P andP agree orb, + a; template vertices and disagree on the rest)

om_ 2ty 2a}1+ M oB2 A b, a) (bt an) (3.6)
from Dg (P) f {é = }
rom Dg

random variables, and changing any of the variables fiprtP) can change(P,P) by
at most 4 , and changing any of the variables fradg (P) can changg(P,P) by at most
a bounded constant (bounded above by 8 for example). Lastly, notenthdb a; =

b1+ b3+ ax= ng and

m b, a b1+ a+ Db
22 Los(m by a)(bp+a)= * 22 3 4 (by+ ap+ be)(bp+ a1) = ne:
So
1
Ne = Ng ki + b+ g

Assumption iv. of Theorem 3.2 gives thdt e)m > nyand(1 e)m < m, and that

the differences

(L emp my; nmy mandny (1 em
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are bounded away from 0. Further, Eqg. (3.5) implies that

I neCe  ne(ra rz)(m+ K)Cy

by

&
2

(r1 r3)Cy

b1

& Cy 5

+biag ry rang

andEg(P,P) = Wl ngCe).

Apply theorem 3.3 wittg(P, P) as a function ofhg + 2ng random variables from Eq.
3.6 andc; = 8 for random variables frog(P) andc; = 4l for random variables from
De(P), we see that fon—and hencen= my—suf ciently large, (wherex > 0 is a constant

that can change line—to-line)

P(g(RB) 0) P(g(RP) E[g(PP)] Elg(RP)])

8
> 2 b 2 | 20222
C{ ngrs 4 by r1 + 1 “ngcg=
2exp> X

Ne + | 2n|: >

pexp xO DB* Br(birbot ap)(bat &) 1o B ro) “+ P n2c2
mzanp

(3.7)

Next, we have the following lemma

Lemma 3.1. Let H( ) be the binary entropy function as de ned in [29]. Partitié, based
onPR3P Q2P,ifthe rst m rows of P and Q are exactly equal in to equivalence
classes. Then within each partition, our objective functfgm( ;1 ) takes the same value;

moreover, the order of each equivalence class is bounded above by
2|<H('5‘T1)+( m KH 21 +(m KH

by
m k m k na2+ b3

Proof. Fix an equivalence claga For anyP,Q 2 C, the contribution due to edge terms are
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equal since the bottom mrows of bothP andQ contribute O to the value of the objective
function due to padding. Also, the contribution due to feature terms is independent of the
bottomn mrows of the permutation matrix. Thu%;l(P,I )= f~e;1(Q;I ) which proves

the objective function takes the same valu€in

Now, by (7.14) from [29]

by

MoK MK g ()M M P OH B (3 gy

JCJ - a1 b1 b2

Finally, we apply the union bound on all permutation matrices and get

Theorem 3.4. With the assumptions of Theorem 3.2, by Lemma 3.1 and Equation 3.7, we
have

P(OP6 Bst. dPB) 0) 2e W(ogn (3.9)

Proof. Apply a union bound over alP with the same countsaé andb's), modulo the
equivalence between permutations with the samenrsbws; further apply a union bound
over all possible counts of thes andb's, we have (wherex > 0 is a constant that can

change line—to—line)

P(9P6 Ps.t.g(PP) 0)

2
K mpkmg b C7 b5+ ag+(bi+ b+ ap)(bp+ &) r3 bi(ry ra) “+mP?nic
a a a 2exp x Zan
a1:Ob1:0 b2:0 F

b b
+ kH a—kl Iog(2))+(m KH mlk log(2)+(m KH mzk log(2)

+(a+ bz)log(n) (3.10)

To tackle the above Eqg. (3.10), we consider several cases:
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o If b3 = W(m*2*2=2) or a2 = W(m3=2*2=2), then the exponential in Eq. (3.10) can be
bounded above by (where> 0 is a constant that can change line—to-line)

2exp XCﬂ_'_ mlogn ZeXpn XC&m( 2 log )0=2e w(logn)
P2 e ™2, logy

=Q(m? 2)

(3.11)

« We next consider the case where bbfr o(m*2*22) anda3 = o(m?=2*272), in

this case eithe; = Q(m), b, = Q(m), or both areQ(m).

— b1 = Q(m) andb, = Q(m): Then theb; b, term in the exponent in Eq. (3.10)

yields the upper bound (whexe> 0 is a constant that can change line—to—line)

2exp X Sl + mlogn 2exprl xC2m(p® 2 _ log )o = 2 W(logn)
e e [Tz
::Q(nﬁ Za)

(3.12)

— by = o(m): In this caseb;(1+ o(1)) = m k. Note thatifx(1+ o(1)) = vy, then
x=y(1+ o(1))= 1. Ifx vy, thenl x=y= o(l). Aslimy ¢ zlog,z= 0, we

then have
2 3
yH(xw)=y§;—(, log, § + 1 3 log, 1 § z
I {z—1} | {z }
=0o(1) =0o(1)

1
o
—~
=

105



Similarly, if y= w(1) andx = o(y), then

#
YH(x=y) =y 3'092 § + 1 3 log, 1 3
| = {z—2} | {z }
=0(1) =0(1)
= o(y)

The n% m?2 term in the exponent in Eq. (3.10) yields the upper bound (where
x > 0 is a constant that can change line—to—line; note by assumgpiios

bounded away from 0)

n 2 a
n2 mac2 a by
2exp x—rnzanF + kH k log(2)+(m k)H) pe— log(2)
+(m KH bzk log(2) +( @ + bg) log(n)
)
n
2exp  xm+ o(m)+ o(m>* 2 |og(n)) = 2e WloIM  (3.13)

— b1 = o(m): In this caseby(1+ o(1)) =(m k). We make use here of the
alternate bound where ¥= w(1) andx = o(y), then (as lim ¢ log,(1

2)=z= 1=log(2))

X X X X
H(x=y) = —-lo - 1 - lo 1 -
YH(x=y) =y y 92 y y g2 y

= O(xlog,(y)) + O y§ 1 § = O(xlog(y):
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We also note that here

(m KH bzk
N
=(m KH 1 br; ll’(3
=(m k 1 b1+?<3 log, 1 b1+tl)<3 b;:’kl’j log, br1n+ tl)<3
=0 (m k)br;+ is 1 b;:’ ?f + O((by + bg)logy(m  K))

= O((by+ bs)log(m  k))

The né b% term in the exponent in Eq. (3.10) yields the upper bound (where

x > 0is a constant that can change line—-to—line, and WkHS% =kH 1 a—lf

as above)
n 2a a1 by
2exp  xnem? 22+ kH == log(2)+(m k)H log(2)
k )m Kk
F(m QH 2 log(2)+( 2+ by) log(r)
N )

2exp  Xngm? 22+ O((by+ bg+ ap)log(m)) + nelog(n) = 2e W(logn

(3.14)

Therefore, by Equations 3.11, 3.12, 3.13 and 3.14, we have that individual summands of
the right-hand-side of Eq. (3.10) is bound above by*#°9"  and thus

I
kom km (|§ by

P(OP6& Pstg(PR) 0 2eWlan 3 3 3 1
a1=0b1=0 b2:0

2e w(logn)+ Ink+2Inm _ 2¢ w(logn)
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Figure 3.5: We xk= 15 and use the seed&MMElgorithm to matchA with B using 5 seeds
randomly selected from the overlapping nodeB@f andB(@ as described in Section 3.3.1. We plot

the recovering results over(heree is used to penalize the stronger of the two embedded templates)
andl , averaged by 20 Monte-Carlo simulations, where blue means the recovered template is closer
to B® (the stronger embedded template), red means the recovered template is cBSe(tte

weaker embedded template), and white means there is a tie in the 20 simulations or the recovered
template is not close to eith&f? or B(.

as desired. O]

3.6 More Experiments

3.6.1 Additional two overlapping templates experiments

We plot the cases &= 15 andk = 40 using the seedgdMM&lgorithm with 5 seeds
randomly selected from the overlapping node8@t andB(?, for the same parameters as

described in 3.3.1.
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Figure 3.6: We xk= 40 and use the seed&MMElgorithm to matchA with B using 5 seeds
randomly selected from the overlapping nodeB@f andB(@ as described in Section 3.3.1. We plot

the recovering results over(heree is used to penalize the stronger of the two embedded templates)
andl , averaged by 20 Monte-Carlo simulations, where blue means the recovered template is closer
to B® (the stronger embedded template), red means the recovered template is cBSe(tte

weaker embedded template), and white means there is a tie in the 20 simulations or the recovered
template is not close to eith&? or B@. Note that the naive padding never recovered anything
closer toB(?.

3.6.2 Additional three overlapping templates experiments

We rst plot the simulated results where the parameters correspond to Figure 3.2 of
3.3.2 but with the naive padding.

Next, with the same correlation paramelferrpg‘j‘= 1 and feature mean parametérg g?: 1
we plot the simulated results fédr= 10;] = 10 andk = 40;1 = 25 using the centered

padding.
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Figure 3.7: We xk= 10;1 = 25 and use the seed&@MM&lgorithm with the naive padding to
matchA with B using 5 seeds randomly selected from the overlapping node<)oB(? andB(®),
whereBD:B@ andB® are induced subgraph & such that graph#& and B follows multiple
correlated ER model as described in Section 3.3.2. We plot the recovering resulés (penalty

applied to the diagonal elements®$tY: S?2) ande, (penalty applied to the diagonal elements of
S19:922) averaged by 20 Monte-Carlo simulations. In the gure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and we fail to
recover template 3, with white squares corresponding to the case when none of the three templates
was recovered.
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Figure 3.8: We xk= 10;1 = 10 and use the seed&@MME&lgorithm with the centered padding

to matchA with B using 5 seeds randomly selected from the overlapping nodB&%B(? and

B(®, whereB®; B andB® are induced subgraph Bfsuch that grapha andB follows multiple
correlated ER model as described in Section 3.3.2. We plot the recovering resulés wenalty
applied to the diagonal elements®$tY; S?2) ande, (penalty applied to the diagonal elements of
S19:922) averaged by 20 Monte-Carlo simulations. In the gure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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Figure 3.9: We xk= 40;1 = 25 and use the seed&@MME&lgorithm with the centered padding

to matchA with B using 5 seeds randomly selected from the overlapping nodB&%B(? and

B(®, whereB®; B andB® are induced subgraph Bfsuch that grapha andB follows multiple
correlated ER model as described in Section 3.3.2. We plot the recovering resulés wenalty
applied to the diagonal elements®$tY; S?2) ande, (penalty applied to the diagonal elements of
S19:922) averaged by 20 Monte-Carlo simulations. In the gure, the different patterns represent
which template was recovered (in majority): t1 for template 1, t2 for template 2, and t3 for template
3, with white squares corresponding to the case when none of the three templates was recovered.
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3.6.3 Additional Brain MRI plots

Figure 3.10: We run our proposed algorithm using the seé&ldi&lgorithm with 500 restarts

and 5 seeds selected from the node pi(ss, wj)g?=l as described in 3.3.3, taking the result with
highest objective function value (Eq. 312,= 1) as the output. For eaah we compute the GM
objective function value (left axis) of the resulting matrix with the template; we also computed the
objective function value with respect to the alignment given by the template to the same classi ed
brain region in the left hemisphere B(Left—to—Left in the plot), as well as the objective function
value given by the template to the symmetric region from the right hemisph& ¢Lieft—to-right

in the plot). Also fore > 0, we calculated the number of novel nodes recovered in each matching
compared to the subgraph detected veith O (right axis).
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3.6.4 Additional TKB templates

Figure 3.11: We run 32 random restarts of GEIM&lgorithm for each template recovery, plotting
the empirical CDF of the GED of the recovered templates. Different penalization values are repre-
sented with different colors in the plot.
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Figure 3.12: We run 32 random restarts of GEIM&lgorithm for each template recovery, plotting
the empirical CDF of the GED of the recovered templates. Different penalization values are repre-
sented with different colors in the plot.
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Chapter 4: Matching and mixing: Matchability of graphs under Marko-

vian error

4.1 Introduction

Recall that statistical network inference often begins with observed graphs that are as-
sumed to be noisy copies of some underlying background latent position graphs [6, 67, 95,
128]. From these observations, numerous tasks such as classi cation, hypothesis testing,
and more can also be pursued, see [24, 35, 49, 100, 114, 117, 124] and [32]. A crucial
assumption many of these methods rely on is the idea of vertices bgmnigri aligned
across networks before inference is pursued. In situations where this is not the case, in-
ference can degrade [104] when vertex labels are shuf ed or noisily observed. In these
cases, graph matching methods can then be applied to attempt to recover the true labeling
across graphs and enable the application of subsequent inference methods. Nearly all of
the aforementioned theoretical graph matching developments in previous chapters rely on
the assumption of independent noise on the edges. However, in real applications such as
protein-protein interaction networks [109], disease spreading networks [86], the propaga-
tion of computational errors in neural networks [68], or temporal networks [9], it is more
realistic to consider time- or node-dependent noise. To address this issue, our focus in
the subsequent sections will be to propose some preliminary results on the matchability of
noisy graphs with their original counterparts in the presence of spatially and temporally

dependent edge-noise processes. Before introducing our model with dependent noise on
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edges, we will review some relevant background and de nitions.

4.1.1 Lamplighter Walks

A random walk on a graph is de ned such that, at each step, one can traverse from
the current node to a neighboring node [72]; herein, we will assume our random walks are
Markov chains with appropriately de ned state space and transition matrix. A key property
of Markov chains is that ergodic (i.e., positive recurrent, aperiodic and irreducible) chains
converge in the limit to their stationary distribution. A branch of modern Markov chain
theory is devoted to analyzing how fast this convergence occurs, motivating the de nition

of mixing times of Markov chains [4, 66].

De nition 4.1. Let(X,) de ne a discrete time ergodic Marckov chain on state space S with
one-step transition matrix P and stationary distributipn We de ne the total variation

mixing time of the chain via

AP

— ; . try-
tm=min t O.rpz%xP(x,) Py <

Intuitively, the mixing time measures the number of steps required for the distribution of
states of the Markov chain to become close to its stationary distribution (hdredn

be replaced with any appropriately small constant4 s the convention). This concept

is important in various applications, including statistical physics, randomized algorithms,
and probabilistic combinatorics [66]. Due to its signi cance, several methods have been
employed to analyze mixing times, such as spectral gap analysis and coupling methods
[4]. Explicit calculations of mixing times for particular Markov chains have become an
active research area. Historically, explicit mixing times have been studied extensively in
contexts such as card shufing processes [15, 83, 129] and interacting particle systems

[11, 65]. Moreover, with recent advancements in graph theory, understanding mixing times
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on networks has become an essential task; for example, [108] establishes mixing times
for time-homogeneous Markov chains on &sgdRenyi graphs, whereas [55] analyzes how
speci ¢ graph structures can be leveraged to achieve faster mixing.

The lamplighter walk introduces additional information by placing so-called lamps on
the edges of the graph, where the lighter turns the light on or off each time it traverses an
edge with a certain probability [66]. By considering the position of the lighter after each
step, we obtain a Markov Chain on the spa¢6) f +1; 1g5(®: i.e., on the collection
of nodes giving the current position, ahd 1; 1g5(®) giving whether the lamp at each
edgeison+t 1) oroff ( 1). Assuming the lighter walks on a complete graph, the stationary
distribution for the chain would be the uniform distribution o%G) f +1; 1g8(©
[4]. In [66], there is a detailed discussion of such lamplighter walks; we will only point
out here that the mixing time required for the lamplighter on the complete graph=is
W(r? polylog(n)), wheren is the number of nodes in the graph.

Our goal is to de ne a lamplighter-walk-like process on our graph and to match the
resulting graph after each step with the initial graph until the match corrupts, meaning the
edge structure signals have been erased by the noise. Notably, the worst-case matching
corruption time would be the mixing time, as after the mixing time we have lost all edge
signals and are left with only a at graph. In the sections below, we explore models and
conditions under whicl®(n?polylog(n)) steps are necessary and suf cient for matching

corruption, as well as scenarios where matching signal can be corrupted before mixing.

4.2 Main Theory

We aim to explore the relationship between the mixing time of Markov chain producing
edge noise in the graph and the graph signal anonymization time after Ad(the initial

graph) andA; (the noise contaminated graph at tiln2 N) are no longer matchable (see
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De nition 4.3 for a formal de nition of anonymization and matchability). To incorporate
Markovian noise into the edge structure of the network, we consider a lamplighter walk on

the edges of the random graph.

De nition 4.2. (Arti cial Lamplighter Walks on Edges) Let & (V;E) be a graph, as-
sumed to be connected, and consider the functgn Pé 7'f 1,19, where ks(f u;vg) =

1ff u;vg 2 Eg  1ff u;vg 2 Eg. We will use the nomenclature that edgef & with
hg(e)= 1are “on”and e?2 \é nE are “off”. We de ne two types of lamplighter models.
Note that by switching the lamps on or off, the lamplighter changes E, and thus the graph

G. We use @to denote the initial graph andGo denote the graph after time t.

1. (Standard Lamplighter Walk on Edges) Lat<X V;E;) be the state of the graph
at time t with @ = G=(V;Eg = E). The lamplighter here can be modeled via a
time homogeneous Markov chain onfv  1; 1g(\5). If the lamplighter is at vertex
u at time t, then the lamplighter selects a vertex infwig uniformly at random and
moves to that vertex. If the lamplighter moves to vertéxwat time t+ 1, then we
consider two cases. Ifd)(fu;vg) = 1, then the graph evolves viaG = (V; Et+1)

where

8
2 he,(€) ife6 fu;vg;
he,.,(€) = (4.1)
G+ 1 3
© Xhg(e)+(1 X)hg(e) ife=fuvg

where X Bern(qp) is independent of the lamplighter walk and @s)s ¢. |If
he, (fu;vg) = 0O, then the graph evolves viaG = (V; Et+ 1) where

8
3 hg,(€) ife6 fu;vg;
hg,,,(€) = (4.2)
Yihe, (€)+(1 Y)hg(e) ife=fu;vg
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where Y Bern(qp) is independent of the lamplighter walk and(&s)s . Stated
simply, if the lamplighter traverses an “on” edge (resp., an “off” edge), then inde-
pendently with probability g(resp., @) the lamplighter switches the edge from on to
off (resp., from off to on), and with probabiliy q; (resp.,1 @) leaves the edge

on (resp., off).

2. (Count-Preserving Lamplighter Walk on Edges) Here the lamplighter can be modeled
via a time homogeneous Markov chain onfv 1;1g". If the lamplighter is at
vertex u at time t, then the lamplighter selects a pair of vertices uniformly at random
from V”;‘Jg . If the selected pair i$v;wg, then we consider the following cases: if
he, (f u;vg) = he,(f u;wg), the lamplighter moves to v or w uniformly at random and
Gi+1= Gt =(V;E); if hg,(fu;vg) & he (fu;wg), the lamplighter moves to v or w
uniformly at random, we independently sample X8ern(q), and the evolved graph

is de ned via G+ 1 = (V; Et+ 1) where

8
3 hg,(€) ife6 fu;wg;fu;vg;
hg,,,(€) = (4.3)
G+ 1 3
= Xhg(e)+(1 X)hg(e) ife= fu,wgorfu;vg;

Stated simply, at time t if the lamplighter is at vertex u, then it picks two vertices v
and w uniformly at random from ¥ fug, and moves to one of v or w at random. If
there is an edge between u and v and not u and w (or vice-versa), then the lamp-
lighter switches both edges with probability q or leaves everything unchanged with
probabilityl g. If there is/is not an edge between u and v and the same holds for u
and w, then the lamplighter leaves everything unchanged. In this model, the number

of lamps that are on or off will never change, hence the name count-preserving.

Remark 4.1. The standard lamplighter de ned above is equivalent to a classical lamp-
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lighter (in the language of [66]) on the line graphky§, the complete graph ov (i.e.,

a lamplighter on a graph with; nodes, as each element (¥f is a node). Moreover,

for this model ifL; is the location of the lamplighter at timtethen the (unordered) pairs

(f Loj; Loj+ 1g)i¥:1 are independent and uniformly distributed ovér. By combining this

with classical results from the coupon collector problem [39], we can easily apply standard

results on matchability under i.i.d. noise on edges, as discussed in [132], to this model.

We are interested in our ability to recover the vertex labels of a shueda matching
it to Gg. To achieve this, we seek conditionstosuch that we can still correctly mat€h
with G;. Often a perfect matching recovering the true correspondence will be too stringent,

and we here de ne a looser notion of matchability

De nition 4.3. (Ratio Preserved Matchings) Let;G (V1;E1) and G = (\V»; Ep) be two
vertex-alignedyraphs with n nodes, and denote their adjacency matrices by A and B. By
vertex-aligned, we mean that the true (but potentially unknown) correspondence between
the nodes of A and B is the identity map. heb > 0 be constant, and de n  to be

the set of permutations that shuf e exactly k vertex label®fork n. We then de ne

1. a-matchability. We say that @and & are a-matchable if the following holds
!
P 9P2 [ Pk S.t. Tr(APBP') = Tr(AB) o(1):
k nd
In other words, we say graphsi@nd & area-matchable if the probability of nding
a permutation shuf ing at leasthnodes and that provides a better matching than

the true identity mapping in terms of the GMP objective function is asymptotically

vanishingly small.
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2. b-anonymization.We say that @and & are b-anonymized if the following holds
0 1

b

P @argmaxTr(APBFP") [ Pu®  o(1):
P2P, k=0
In other words, we say graphs;@nd G are b-anonymized if the probability of the
optimal matching (in terms of the GMP objective function) between them is provided
by a permutation that shuf es at most nodes is is asymptotically vanishingly small.
In other words, with high probability the optimal matching will shuf e more th&n n

nodes.

De ne the sefT = t: 1,2 argmimpzp kGg PGP"kr ais: , and note that by taking
S= \é as our state space and lettingrepresent the vertex traversed by the lamplighter at
timet, the sequencie(Ly; Lat+ 1) gt¥: o forms a Markov Chain oB. Lettco, be the cover time
of that Markov Chain, it is clear thatZz T for all t > tco\, as by this time, all lamps have
been randomized, effectively wiping out the vertex-label signal. From [4] and Remark
4.1, we know thateo, = Q(n?logn) for the Standard lamplighter walk on edges. Also,
following Chapters 11 and 19 of [66], I} denote the mixing time of the Markov Chain
(Lat; Lat+ 1). We have that for the standard lamplighter wadk, tcov. log(n)tm, meaning
that the mixing time and the covering time for this particular Markov Chain differ only by
logarithmic factors.

Our focus now shifts to exploring models where signal recovery is possible tgg, to
and identifying cases where signal recovery fails befgxe We begin by considerinG as

an Erads—Renyi random graph.
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4.2.1 Standard Lamplighter Walk on Exs-Renyi Graphs

We rst consider the Standard lamplighter walk on an@&s€Renyi graphGo = (V; E)
ER(n; p). Below, we will assume that the initial starting vertex for the lamplighter is uni-
formly distributed oveW. Letting G; be evolved graph aftersteps of the lamplighter walk,
we consider here two edge-cases for the parameiecs.

In the rst case,q1, g2 are chosen so thgi(1 aq1)+(1 p)g = p (for example,
we could setgp = p%, g1 = p(1 p)). In this case, if an edge is present with proba-
bility p before a visit from the lamplighter, then the edge will be present with probabil-
ity p after the lamplighter traverses the edge as well. In this case, it is immediate that
Gt =(V;Er) ERMN;p) as well. Moreover, the edgewise correlation betw&er(with
adjacency matrix®;) and Gg (with adjacency matrixAg) can be computed via (where

pri:j = P(edgefi; jgis not traversed by the lamplighter by tirtjg

E(Aoi:jAqi) P2
cor(Ao;i:j; Ai:j) = ST
o Aci) Pl p)
_ PPt PP(L pui) PP o
- - N
p(l p) J
In Appendix 4.5.1, we show that
n t O
Pii;j=exp  Q 7z (4.4)

q_
Therefore, as the matchability phase transition here occurs at correlation of o!%@r,

see [73, 76, 132], we see that w(n?logn) is suf cient for the graphs to be effectively
anonymized and that if= o(n?logn) matchability is preserved.
With the matchings de ned in De nition 4.3, we consider the case of the max entropy

lamplighter, i.e., whem; = gz = 1=2. In this case, the limitin@; is ERY{; 1=2) which is
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the maximum entropy graph distribution ow). At each step, we again mat€h with

Go, and we have the following theorem (proven in Appendix 4.5.2).

Theorem 4.1. Letf Gigion be as described above where= g, = 1=2. Leta;c> 0 be
xed constants such that > 5c. Ift  crélogn, then G and G are a-matchable and the

a-matchability is preserved almost surely. More explicitly, we have

P 9P2[ Pk SLTr(APAPT)  Tr(AcA) 2exp W

k nd

n2a 5c

logn

For an anonymization bound, we consider the tigggsuch that the lamplighter has visited

every edge in\é . At this time, G, is effectively ER(V,1/2) independent &y and any

permutation is equally likely to be optimal. As noted in Remark 4.1, the (unordered) pairs
(f Loi; Loj+ 1g)i¥:1 are independent and uniformly distributed ovér. Let fov be the num-
bert such that(f La; L2+ 19)\- ; contains every edge in\é . Therefore, standard coupon

collector asymptotics yield that
P(teov 4n?log(n)) P(fov 4nflog(n)) n?e #1°9n=np 2

We then have the following (proven in Appendix 4.5.3)

Theorem 4.2. Letf Gigion be as described above whereg 9o = 1=2. Ift  4n?logn,
then for anyb 2 (0;1), Go and G have beerb-anonymized and the anonymization is
achieved almost surely. More explicitly, we have

8 9

< b =

P argmaxep, Tr(AQAQ") ' Pow, N 2+(2n0) m@"+D)
' k=0
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4.2.2 (Partial) Anonymization Before Mixing for Structured Graphs

We have observed that for simple Bsd-Renyi graphs, there is an agreement between
the mixing time of the noise and the anonymization time up to a polylogarithmic factor.
Now, we seek to identify models where the matching fails before the noise mixes (at least
partially) the network. To explore this, we consider a more structured graph model: the

Stochastic Block Model (SBM). The speci ¢ model we will examine is
SBM KniLn=[Lijnlitn=(ny;nz; k) Gy

Within this SBM model, we de ne the lamplighter walk as follows
De nition (1 (continued)). (Arti cial Lamplighter Walks on Edges)

3. (SBM Lamplighter Walk on Edges) Let€ V; E;) be the state of the graph at time t
with Gy sampled from the SBM model speci ed above. The lamplighter here is again
modeled by a time homogeneous Markov chailConV f 1, 1g(\5), whereC is
the collection of all communities from the graph. If the lighter is at community i
(denoted @ and vertex (2 C;, then for the next step, the lamplighter stays or leaves

community €with equal probability (i.e., equal to 1/2).

i. If the lamplighter selects to stay in community @en the lighter selects a
vertex V2 C; nfug and moves to the vertex. If the lamplighter moves to vertex
v 6 u at time t+ 1, then we consider two cases. I§[fu;vg) = 1, then the

graph evolves via G1 = (V; Ei+ 1) where

8
2 he,(€) ife6 fu;vg;
th+1(e) = (45)
Xithg (8 +(1 X)hg(e) ife=fu;vg
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where X Bern(qi:1) is independent the lamplighter walk and (@s)s . If

he, (f u;vg) = 0O, then the graph evolves viaG = (V; Et+ 1) where

8
2 hg,(€) ife6 fu;vg;
hg,.,(€) = (4.6)
Yihg (€)+(1 Y)hg(e) ife=fuvg

whereY Bern(qi:2) is independent the lamplighter walk and(@s)s .

ii. If the lamplighter selects to leavg Ghen the lighter rst choose a new com-
munity G 6 C; uniformly at random from all K 1 non-G communities. The
lamplighter then pick a node & C; and move to w at time+ 1, and then
consider two cases. Iid)(f u;wg) = 1, then the lighter pick at randomQ& Ci
such that l, (fu;wd) = 0 and set kg, ,(fu;wg) = 0, hg,,,(fuwl) = 1. If
he, (f u;wg) = 0, then the lighter pick at randomi& C; such that i, (f u; w) =
1and seth, ,(fu;wg) = 1, hg,, ,(fu;wdy) = 0.

With the SBM Lamplighter Walk on Edges de ned, we have the following result. Note

that the proof of Theorem 4.3 can be found in Appendix 4.5.4

Theorem 4.3. Assume there exist constantsty;bs > 0 and0< a; < ap < az such that

(assuming without loss of generality that:1 minn;)

Ny = bin®; n = maxn = bon®;
|

2ao
L1:j:n b3Knnjn1 forall j 6 1;
[ e
Liin=W ogn foralli;jwithi6 |
2k nin;

Consider the SBM lamplighter de ned above wheye g g;.2 = 1=2 for all i. De ne the

126



event

Ep = fb-anonymization of community 1 after n stgps

and N= n%®*22|og®?(n). We then have for suitable constantsC, > 0, and n suf ciently

large
1=2
P(Enp) 1 Cp K2n 3+n 24 e Colog™ny knd &

Note that if K,n® % = o(1) (which holds for example i, < 1=2, ag = 34, K, =
Q(n*™)), then the above theorem says that afést 21log®>2?(n) steps, community 1 has
been effectively anonymized with high probability. Note that the mixing time of the lamp-
lighter on the full graph is bounded below by the cover time (up to a log factor) of the edges
within the largest community, and this cover time is of the order (again, up to a log factor)
n%2|og32(n). Hence, aften®*2|og®2(n) steps, with probability near 1 the lamplighter
has not mixed globally.

Theorem 4.3 shows that, under the SBM Lamplighter Walk on Edges, the matching
corrupts locally before the Markovian noise globally mixes. We note that Theorem 4.1
does not apply here because the community structure introduces different probabilities for
walking within or between communities. We conclude this section by noting that, although
for the SBM model, matching locally corrupts earlier than the mixing time of the noise,
Theorem 4.3 only provides a condition for the inability to achieve exact matching as de-
ned in [132]. According to Theorem 4.3, aft&p(n* 2 polylog(n)) steps, we are only
guaranteed anonymization of a constant number of communities, not the entire network.
We hypothesize that ensuring even partial global recovery still requita$polylog(n))

time, and further analysis of such bounds is a topic of future work.
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4.3 Experiments

We now present both simulated and real data experiments to investigate the relationship
between anonymization time and the mixing time. For the simulated data, we also provide
regression results that highlight the leading order of the anonymization time. As discussed
in Section 4.2, in the standard lamplighter walk, the mixing timend the cover time
tc differ only by a logarithmic factor (with the cover time providing a lower bound in the
less standard settings). Since computing the mixing time directly can be challenging in
experiments, we use the cover rate as a surrogate to provide a good approximation of the
mixing time.

To address the computational intractability of solving the exact graph matching prob-
lem, we use the Seeded Graph Matching algorithm introduced by [76] To expedite the
experiments for the SBM walk and real data, we initialize the matching algorithm at the
graph ground truth—the identity matrix. Note that when local anonymization occurs, the
algorithm's optimizer should move away from the ground truth, but not by much. There-
fore, this initialization effectively saves computational resources. Our seeds are randomly
selected from the set of nodes, and the algorithm ensures that the matching results map
these seeded nodes to themselves. Unless stated otherwise, we uniformly select 5% of the

nodes as seeds.

4.3.1 Simulated lamplighter walks on ER and SBM graphs

We begin by examining the global lamplighter walk model ondsreRenyi graphs. We
sample Erds—Renyi initial graphs withp= 0:5 and node counts= 49;100 144, 225,324, 729.
For each graph, we perform a global lamplighter walk. For smaller graygh€9; 100, 144),
we check matching correctness after each move. To save computational resources for larger

graphs (= 225,324, 729), we check matching after a xed number of steps, speci cally
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Figure 4.1: We plot matching correctness vs. number of steps$0800 (left),n= 225 (middle)
andn = 729 (right), the results for other chosevalues can be found in Appendix 4.5.5. For all
these plots, we further impose the cover rate of the edges vs number of steps.

Sh = 3;30;300 forn= 225 324 729 respectively.

In Figure 4.1, we provide gures showing matching correctness versus the number of
steps forn = 100,225 andn = 729. Results for the other values of node counts can be
found in Appendix 4.5.5. Additionally, we plot the cover rate of the edges against the
number of steps for these experiments. We then present, in Figure 4.2, a log-log plot of the
number of steps needed until &&anonymization happens, along with a tted regression
line. The slope of the tted line is slightly over 2, which aligns with our theoretical result
thatQ(n?polylog(n)) steps are required to destroy matchability.

Next, we consider the more structured Stochastic Block Model (SBM) to illustrate a
scenario where anonymization occurs before mixing.

As discussed in Section 4.2.2, we sample graphs from the following SBM model:

% !
n_n= = = Iog(n)J+ diag(1=2);t = ty;a=(n*nZ3 1} ;¥

SBM K= = L 32

wheret () = éE=1I lnisthem 1 all 1 vector and is the indicator function.

fi al,ng
It is easy to verify these chosen parameters satis ed the conditions in Theorem 4.3. For
the experiments, we select node counts 81; 256,625 and perform the SBM lamplighter

walk on these sampled networks. Matching is conducted after every stap-f8i, after
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Figure 4.2: We plot the log-log result for steps needed untif7aahonymization happens (recall
that a 07-anonymization happens when the matching correctness w.r.t. the ground truth is less than
b = 0:7) vs number of nodes, and impose the tted regression line on these points.
90 steps fom = 256, and after 2100 steps far= 625. Additionally, we initialize the
matching algorithm at the identity matrix.

In Figure 4.3, we present selected plots for the gase256: the top-left panel shows
the matching correctness versus the number of steps for the entire network; the top-right
panel shows matching correctness versus the number of steps for community 1 (the smallest
community); the bottom-left panel shows matching correctness versus the number of steps
for community 2 (a randomly chosen community with size®); and the bottom-right
panel shows matching correctness versus the number of steps for comK(thieylargest
community). In all these plots, we also include the edge cover rate against the number of
steps. Plots for other communities in the 256 case, as well as additional plots for the
n= 81 andn = 625 cases, can be found in Appendix 4.5.5.

We observe that the smallest community exhibits noticeably faster anonymization, which
aligns closely with our proposed theoretical framework. Additionally, the largest commu-

nity demonstrates a slower anonymization rate compared to the other communities. It is
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Figure 4.3: We present selected plots for the gase256: the top-left panel shows the matching
correctness versus the number of steps for the entire network; the top-right panel shows matching
correctness versus the number of steps for community 1 (the smallest community); the bottom-
left panel shows matching correctness versus the number of steps for community 2 (a randomly
chosen community with size?2); and the bottom-right panel shows matching correctness versus
the number of steps for communiky (the largest community). In all these plots, we also include
the edge cover rate against the number of steps. Plots for other communities in 286 case, as
well as additional plots for the= 81 andn= 625 cases, can be found in Appendix 4.5.5.
also important to note that, when comparing this SBM lamplighter setting to the standard
lamplighter setting on ER graphs, the transition away from matchability appears to be less
sharp.

We also plot a log-log graph of the number of steps required u@fré™)-anonymization
is achieved (here the constant is chosen ta bel5) versus the number of nodes, with a

tted regression line superimposed on these points. As observed, the slope of the regression
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Figure 4.4: We plot the log-log graph of the number of steps required uQ{ih&™*)-anonymization

is achieved (here the constant is chosen ta bel5) versus the number of nodes, with a tted
regression line superimposed on these points.

line is less than 2, and is about 0.5 less than the slope obtained for the standard lamplighter

walk on ER networks. This value aligns with the suggested by our theoretical framework

in Section 4.2.2.

4.3.2 Real data experiments

To validate the proposed theoretical results on a real-world network, we apply the count-
preserving lamplighter model to a friendship network from [79]. We use the entire net-
work from https://snap.stanford.edu/data/ego-Facebook.html , and extract the
induced subgraph containing nodes #1921 to #2640. The corresponding adjacency matrix
is shown in the left panel of Fig. 4.5. From the adjacency matrix, we observe no clear
pattern or structure, so it is reasonable to assume that within this network, individuals are
likely to form friendships with one another with equal probability (noting that of course
this is not the case). Additionally, the adjacency plot indicates that the graph is relatively

dense.

132



Figure 4.5: Left: The adjacency matrix of the induced subgraph that we perform our lamplighter
walk on. Right: We plot the matching correctness vs. iterations for the count-preserving lamplighter
walk on the Facebook Network (blue). We further impose the cover-rate vs. iteration curve (red).

On the selected network, we run the standard lamplighter walk for 900,000 steps, per-
forming matching to the original network every 150 iterations. The lamplighter walk intro-
duces noise that can be interpreted as individuals forming new friendships or losing contact
with those they have not interacted with recently. We also track the covering rate after each
step, de ned as:

# distinct edges traversed# distinct edges selected

720
2

In the right panel of Fig. 4.5, we plot the matching correctness versus iteration curve,
alongside the covering rate versus iteration curve. The results clearly show a similar pattern
to what we observed for the standard lamplighter walk oroEr@#enyi graphs, as seen in
Fig. 4.1.

To further validate the proposed results on a more structured real-world network, we
implement the SBM lamplighter walk on an email communication network generated from
a large European research institution. In this network, nodes represent individuals, and

edges indicate email exchanges between them. The department to which each individual
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Figure 4.6: Left: The adjacency matrix of the undirected EU Email communication network. Right:
We plot the matching correctness vs. iterations for the community structure and count-preserving
lamplighter walk on the EU Email Communication Network. We further impose the cover-rate vs.
iteration curve.

belongs is provided as a node attribute, allowing us to treat each department as a distinct
community. For more detailed information about this network and its applications, refer to
the original source [64].

We obtained the network frofittps://snap.stanford.edu/data/email-Eu-core.
html. For simplicity and better alignment with our theoretical framework, we made the net-
work undirected. The corresponding adjacency matrix after making the graph undirected is
shown in the left panel of Fig. 4.6. As in the Stochastic Block Model (SBM) experiments
discussed earlier, we apply the community structure and count-preserving lamplighter walk
to this network. To save computational resources, matching with the original network is
performed every 220 steps. In the right panel of Fig. 4.6, we plot the matching correctness
versus iteration curve, along with the edge cover rate versus iteration curve. The plot shows
a similar pattern to what we observed for the community structure and count-preserving
lamplighter walk on the simulated SBM graph in Fig. 4.3.

To gain a better understanding of anonymization within communities, Fig. 4.7 shows

the matching correctness versus iteration plot and the cover rate versus iteration curve for
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the subgraph induced by nodes from community (department) #1 (left panel, 49 members)
and by nodes from community (department) #8 (right panel, 49 members). From the plots,
we observe that anonymization occurs much earlier in some communities. This observa-
tion supports our hypothesis that faster anonymization in structured networks is due to the
anonymization of certain communities, while globally corrupting the entire matching still

requires time on the same order as the time needed for the noise to globally mix.

Figure 4.7: We plot the matching correctness vs iteration plot and the cover rate vs iteration curve
for only the subgraph induced by nodes from community (department) #15 (left panel) and by nodes
from community (department) #1 (right panel)

4.4 Conclusion and Discussion

In this chapter, we explored the relationship between the anonymization time of graph
signals and the mixing time of Markovian noise on the graph, across various graph mod-
els under different lamplighter-like walk schemes. By examining both theoretical bounds
and simulation results, we established that the time required to disrupt the matchability
between an original graph and its noisy counterpart aligns closely with the mixing time
of the noise, especially in the context of Be-Renyi random graphs. Speci cally, our

results demonstrate that for the standard lamplighter walks on these graphs, the matching
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between the original and noisy graphs deteriorates §f{efpolylog(n)) steps, consis-

tent with the expected mixing time. However, in some structured graph models, particu-
larly the Stochastic Block Model (SBM), which features inherent community structures,
anonymization occurs before the noise has fully mixed. This highlights distinct dynamics
in such models. Our ndings suggest that in SBM networks witiodes and communities

with suf ciently different sizes, the time required to break matchability locally is approx-
imately Q(n? polylog(n)) for somea < 2, signi cantly earlier than th&(n?polylog(n))

time required for the noise to mix. Note that the mixing time depends on the number of
edges. Thus, for sparser graphs (with fewer ti¥n?) edges), the mixing time of the
noise could be smaller tha@(n?logn). Our goal here is to provide a simple example
where anonymization occurs faster than mixing; therefore, we do not explore such sparser
graphs in this context. This indicates that the presence of community structures can ac-
celerate the anonymization process, reducing the number of steps needed to obscure the
original graph's structure.

To validate our theoretical predictions, we performed a series of simulations on both
synthetic and real-world networks. The simulations supported our theoretical claims, with
regression analysis showing that the slopes of the tted lines aligned well with the pre-
dicted leading order of the anonymization time. Speci cally, for &€rRenyi graphs, the
observed slopes were slightly above 2, consistent with the theor&{cglpolylog(n))
steps. In contrast, for SBM graphs with communities of different sizes, the slope was
remarkably smaller compared to the slopes for theoE+&€nyi graphs, con rming our
theoretical predictions.

We further extended our analysis to real-world networks, including a Facebook friend-
ship network and an email communication network from a European research institution.
These experiments provided practical insights into how the proposed models perform on

real data, demonstrating the applicability of our theoretical results beyond synthetic set-
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tings. In particular, the count-preserving lamplighter walk on the Facebook network and
the SBM lamplighter walk on the email network both showed that anonymization occurred
in line with the expected theoretical bounds, underscoring the soundness of our theories.
The ndings of this study open new avenues for future research. First, while our results
demonstrate that community structures can accelerate anonymization, our current results
are built only based on the edge structure information and it worth exploring the effect
of node similarities in this context. Additionally, extending our models to other types of
structured graphs, such as hierarchical stochastic block models [27, 69, 77, 90, 93], block
models with overlapping communities [3], or graphs with more complex structures [7, 51],
could provide deeper insights into the relationship between graph structure and anonymiza-
tion time. Moreover, if we consider collections of temporal networks, dependencies may
emerge in the propagation of signals from one graph to the next, extending beyond the
scope of Markovian noise. Further analysis of matchability and other statistical inferences
on these functional dependencies could provide invaluable insights for more realistic real-
data modeling via networks. Finally, while the Seeded Graph Matching (SGM) algorithm
provided a practical solution for matching noisy graphs to their originals, it would be valu-
able to explore more advanced uses of seed information—beyond simply constraining the
solver to a particular subspace of the function space—to improve the ef ciency and accu-
racy of the matching process; see [84] for steps in this direction. In particular, cases where
SGM results differ signi cantly from the ground truth suggest the need for more sophisti-

cated ways to utilize seed information, potentially through statistical learning processes.
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45 Proof of Theorems

4.5.1 Derivation of Eq. 4.4

We seek to show the given bound ar.j. We rst de ne the Global Lamplighter Walk
analogously to the standard lamplighter, except that the position of the lamplighter does
not matter. At th€t + 1)st step, the lamplighter randomly chooses agy \é , and de nes

hc,.,(e) asin Egs. 4.1 and 4.2. Consider the three events,

Eit = fthe lamplighter in the standard walk does not travérsgy by tg

t 1
Ext = the lamplighter in the standard walk does not travérsgg in f (Loi; Lo+ 1)gib270C
Est = fthe lamplighter in the global walk does not travefsgg by tg

We then have

! It
t b*5=c

= P(Ezt) P(Eyr) P(Exy)= 1

H

1

oo

n
2

Using the fact that fon > 3,

1 A 1 .
1 — e®, 1 & e0®1
2 2
we have that
) )
Pei;j  €Xp ﬁ v Prisjp exp o1
2 2

as desired.
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45.2 Proof of Theorem 4.1

Here, we will follow standard concentration inequality theory to establish the match-

ability result. LetB = A;, and consider for a xed permutation mat with associated

permutatiors p, the following

Swp:= Tr(APBP') Tr(AB)= Tr A[PBP' B]
=2 a Aij Bsp(iysp(j)  Biij -
fi;jg2(%) st
fi:jg8tsp(i)isp(i)g

Straightforward computations then yield

a E Bspiyse(j) Bij JA;j=1 P(A;j=1)
fi;jg2(%) st
fi,jg8fsp(i);sp(j)g

I
N

E(Syp)

2p @ E Bseyse(p | Asj =1 E BijjA;=1
fi;jg2(%) st.
fi;jg8fsp(i);se(i)g

Noting thatpy;;.j is independent af, j, we drop these indices and wrigemoving forward.
We now consider computing each conditional expectation via considering cases for index

andj aftert steps.

1. We rst considerE Bgiy.sp(j) ] Ai;j= 1 . If fsp(i);sp(j)g was traversed by the
lamplighter by timet, then the edge has probability2 regardless of the state of

At sp(i):sp(j)g @NdA;;j. This conditional expectation is then equal to
. 1
E Bsygiysp(jy JA;j=1 = 5(1 P+ PR
2. We next consideE B;j;jjA;;j= 1 . If fi;jg was traversed by the lamplighter by
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timet, then the edge has probabilitgAregardless of the state Af;; elseB;:; = A;;j.

This conditional expectation is then equal to
: 1
E BijjAj=1 =50 p+p
Putting the above together, we get that

E(Swe)= 21i1jg2  stfiijgs fse()ise(i)g pp(p 1
| z )

=hp

If P shuf esk vertices, thernp 2 [(n  2)k=2; nk] and this expectation can be bound via

(n 2kpep(p 1) E(Swp)  2nkpep(p 1)

Moreover,S,p can be realized as a function of the following random variables:

I. The at most BkedgesA;;j, involved in the summation. Changing any of these could

change the summatidiy.p by at most 4.

ii. Theatmost 2t+ 1) random variables dictating the moves and ips of the lamplighter
walk. Changing a single move of the lamplighter would change at most 2 & jfse
and hence could change the summand by at most 8. Changing a ip of the lamplighter

could change at most ofg.; and hence would change the summand by at most 2.

McDiamid's inequality then gives us that farsuf ciently large (recalling that we assume
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there exists a constaot> 0 such that  crélogn)

P(Sxp 0) P(Swp E(Swp)i ] ESypi)
8 : 4t 09
, < (n 2%p(p D%exp gz -
exp. 8(nk+ t+ 1) :

(n 2)2k2p2(p 1)2n 5c
8(nk+ crélogn+ 1)

2exp

Let P,k be the set of permutations shuf ing exackyertex labels, and de ne the event

A union over the at mosi permutation matrices iRk yields

(n 2)2k2p2(p 1)2n 5c

P(bie)  2exp 8(nk+ crélogn+ 1)

+ klogn

Note next that (recalling there exists a const@ant 5¢c such thak n?)

(n 2)2k2p2(p 1)2n 5¢c
8(nk+crélogn+ 1)  _ pZ(p 1)2na > _
=W = w(1)
klogn log®n

Therefore, taking a union over suklyields

I
[ ' r]2a 5c r]2a 5c

P Dyt 2exp W + logn 2exp W
K logn

logn

as desired.
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45.3 Proof of Theorem 4.2

Abusing notation slightly, we will usB , to denote the set of permutationfdf,2; ;ng
(denoted by lower case Greek letters) and the set oh permutation matrices (denoted
by capital Roman letters). We say that permutatisnandt in P, disagree at location
i2f1;2; ;ngif s(i) 6 t(i). Considem, = bn=(2n° + 1)c disjoint sets irf 1;2; :ng,

bn=(2n°+ 1)c . (i) . coe
denote these sets i&g_; For each, lets " be permutation of1;2; ;ng that
xes all elements of] j;Sj and is a (in cycle decomposition) cyclic derangement (i.e., a
cycle of length 2° + 1) of S. Note that if(s ())k denotes the permutation

(k=30 _(, 5§

k compositions

then forallk;; ko 2 1;2;  ;2nPgwith ky 6 ky, we have thats (V) and(s (V)% disagree

in exactly 2i° + 1 locations. Consider all permutations of the form
s = (sl (s@)k (s (nb))k“b (4.7)

kn
for (kikz; k)2 23f1;2;  ;2nPg. Each pair of suck 's with distinct(ky; ko; — ;kn, )
sequences (i.e., there is at least greach thatk; differ) disagree in at leastr® + 1 lo-
cations. The set of such permutations (of form in Eq. 4.7 with dis@Rgtky;  ;Kn,)

sequences) will be denot®&P. Note that the size d®” is
pb - ( an)nb (an)n:(an+ 1)

Next note that after timgoy, A ER(n; 1=2) independent of\y and hence (AoPAPT)

is equal in distribution to {ApA;) for any permutatior® 2 P,. For a set of permutations
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Q 2 Pp, de ne the action of a permutatidd Q to be the set

P Q=fQ2P,s.tP '1Q2Qqu:

Hence, if we de ne

8 0 19
< b =

r
Epp= . argmagsp, T(AQAQ) P @ PyA.

k=0 ’

ThenP(E,.pjt > teo) is the same for alP 2 P,. Moreover, the se'f[sEb;ngzpb[f g are
disjoint, as the set8 SﬂioPn;k are disjoint forP 2 PP [f 1,g; if for P;;P 2 PP [f Ing,
there isaQ 2 P, SﬂioPn;k \ P SﬂioPn;k , then there exist®q;Q, 2 SL‘ZOPn;k
such thatP, = Q, 1Q,P, and henceP; and P> could disagree in at most?2 locations
yielding the contradiction. TherefoR(Ep, jt> tee) (2n°) ™2"*1_ The Theorem

is then proven by considering

P(Eb;ln) P(tcov t)+ P(Eb;lnj t> tCOV)

and applying the above bounds.

4.5.4 Proof of Theorem 4.3

For each 2 [Ky], letn; denote the size of thethe community. We will make use of the
following Chernoff bound (here adapted from Theorem 3.2 of [25]): Xiet Bern(p;) be
independent random variables withe & X, andE(X) = §; p;, then for anyt > 0,

t2
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We apply this tomjj Bin(ninj;Li:;) de ned to be the number of edges between com-
munity i and communityj (with m;  Bin( g ;Lii) de ned analogously) to get that with

probability at least &2n 3 (asnin;L;.; = w(logn))

p
mij  ninjLi; 14ninjL;:jlogn; (4.8)
S
N; N;
M 2| Li; 14 2| Li:ilogn: (4.9)

For the remainder of the proof, we will condition on the events in Eq. 4.8-4.9 (call this

eventAy), so that between community 1 and communijfythere aremy:j 2 ninjL 1

P 14n1njL 1.jlogn edges. Recall that: b3|<:f]—afr1j so that there exists a suitable constant
bY> O withm = max;my;; bgr}i—a:.

Consider the lamplighter walk on this graph. If in community 1, with probabili#g 1
the lamplighter will move to a uniformly random community other than community 1 in

one step. Let us denote the number of steps before leaving communitylil Wate that
P(Ti> Kom)=(1 p)™ exd m);

and hencdy is with very high probability of lower order than our mixing tinnede ned
below. As suchT; has little impact on the overall mixing time, and we can assume without
loss of generality that the lamplighter starts outside of community 1.

Once the lamplighter rst leaves community 1 (consider this time O if the lamplighter
starts outside community 1), we de ne a renewal process as follows: We say that a renewal
occurs if the lamplighter enters community 1, moves inside community 1 for at least one

step and then exits community 1. The interarrival time has distribution equal to

N

dist. 5"

Xn = Vi+ D+ 2

™

i=1
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where

I. fVigarei.i.d. Geoz(Tll) random variables; heig represents the amount of time

spent outside community 1 between thelst andth visits to community 1;

. Zy Ged1=2), independent ofV;g, represents the number of visits to community

1 where no moves inside community 1 are taken;

iii. Z Ged1=2), independent ofV;g andZ;, represents the number of moves inside

community 1 the lamplighter takes in nal visit to community 1 before renewal;
HereE(xn) = 4Ky 1)+ 2+ 2= 4K,. Now thef(n)-th renewal time (assumign) 2 Z >
0), St(n), satiseskE S,y = f(n)4K,. Let
N = n®*2|og>?(n)
and
f(n) = n**log*(n);
then Markov's inequality tells us (whef(t) is the number of renewals by tintg

_ 4Knn?21log>2(n) _ o e _
P(RIN) < f(n))= P Sf(n) > N na3+a2|093=2(n) = 4Kpn® ¥ = 0o(1):

This implies that, with probability converging to 1, we have at Idgs) renewals afteN
steps.

Between renewals the lamplighter must enter community 1 at least once. This entry is
from a uniformly random community, with an edge between that community and commu-
nity 1 being randomized. L€k, denote the number of renewals needed to randomize all

edges into community 1. The distribution &f is that of a non-uniform coupon-collector
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(as themy;j's are potentially different), which can be quite complex (see [45] for exam-
ple); to circumvent, we will stochastically bourd * T3 whereTs is the uniform coupon
collector distribution withKym (wherem = maxjmy.j) coupons to collect; the upper
bound follows asl3; has more coupons to collect th@s each with collection probability

no greater than those ifp. Well known coupon collector asymptotics then provide that

(whereC is a suitable constant that can change line-to-line)

P(T2> f(n) P(Tz> f(n))

f(n)
=P T=> Knm ) log(Knm
3 (Knm)log(Knml)( nm ) log(Knm )
n2log®2n
eXp nZ22logn

exp Clog¥™n

This implies that afterf (n) renewals, we have with high probability randomized out all
signals between community one and other communities.

Moreover, with each renewal, the lamplighter randomizes at least one edge (chosen
uniformly among the ”21 possible edges in community 1). By Theorem 4.2, aften)
renewals within community 1, the lamplighter has performdalanonymization within
community 1 for all constants 2 (0;1). Collecting all results, once the edges connect-
ing community 1 have been randomized, and the edges within community 1 have been

randomized, community 1 has been effectively anonymized in the graph. Hence, letting

E.p = fb-anonymization of community 1 after n stgps
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we have for suitable constar@®s; C, > 0, andn suf ciently large

P(ENp)  P(ENIR(N)  f(n);An)+ P(R(N) < f(n)jAn)+ P(Ay)

1=2
Cl n 2a1+ e C2|Og n+ Knnag 8.3+ Kr%n 3

After N = n®*22|og>?(n) = o(n®®logn) steps, we havela-anonymization of® nodes in

the graphG with probability converging to 1. Note that the largest community is of order
n%, and that with high probability, at leag(n?®logn) steps are needed to randomize
the edges within the large community; hence, aNesteps, the lamplighter, with high

probability, has not mixed.

4.5.5 Additional Experiments and Plots

Additional Standard Lamplighter on ER model plots

Figure 4.8: We plot matching correctness vs. number of steps$od9 (left), n= 144 (middle)
andn = 324 (right), where the setup of the model and the parameters chosen are the same as in
Section 4.3.1. For these plots, we further impose the cover rate of the edges vs number of steps.
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Additional SBM Lamplighter on SBM model plots

Figure 4.9: SBM Lamplighter Walk plot with = 81, see Section 4.3.1 for the description of the
experiment setup. Number of communitre$
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