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ABSTRACT

‘Workspace and singularity analysis of a novel three-imbed, six degreé—of—freedmn (DOF) minimanipulator
is presented. The minimanipulator limbs are inextensible and its actuators are base-mounted. The lower
ends of the limbs are connected to bidirectional linear stepper motors which are constrained to move on a
base plane. The minimanipulator is capable of providing high positional resolution and high stiffness. A
discretization algorithm is used to determine the minimanipulator workspace for a given platform orientation.
The algorithm uses the bisection method and the inverse kinematics of the minimanipulator to find the
cross-sectional boundaries of the workspace. Necessary and sufficient conditions for both inverse and direct
kinematics singularities are obtained. The latter which could occur within the minimanipulator workspace
is discussed in more detail. The Jacobian matrix is used to obtain some of the singularities. An alternative

approach is used to determine additional singular configurations.
INTRODUCTION

Recently, many researchers have studied parallel manipulators. Such mechanisms are most suitable for
applications in which the requirements for accuracy, rigidity, load-to-weight ratio, and load distribution are
more important than the need for a large workspace.

Considerable research has been performed in determining both reachable and dexterous workspaces of
serial manipulators (e.g., [12], [9], [25]). Most of the reported work on workspace of parallel manipulators deal

with two-DOF and three-DOF planar or spherical mechanisms. Bajpai and Roth {1} studied the workspace



of a two-DOF parallel manipulator based on a five-bar linkage. Gosselin and Angeles ([6], [7]) studied
the workspaces of planar and spherical three-DOF parallel manipulators. Few researchers have studied
the workspace of six-DOF parallel manipulators. In all cases, the workspace is determined for a given
orientation of the output link. Most of the reported work in this area involves developing algorithms based
on discretization for determining the workspaces of manipulators, which are based on the Stewart platform
[18] (e.g., [15], [26]). Gosselin [5] used geometric properties to introduce another algorithm for determining
the workspace of the Stewart platform. He showed that the workspace is the intersection of six annular
regions.

The authors have designed and analyzed a new six-DOF parallel minimanipulator, which has three inex-
tensible limbs ([20] - [22]). In this article, a discretization algorithm is used to determine the rainimanipulator
workspace for any given platform (output link) orientation. Note that to represent the six-dimensional mini-
manipulator workspace in three dimensions, three of the six variables should be fixed. Therefore, determining
the workspace using the platform orientation as the fixed parameter is justifiable.

In a serial manipulator, singularities occur when different branches of the inverse kinemgtics problem
converge. Singularities take place at the workspace boundary or an internal boundary which separates the
workspace into regions with different degrees of accessibility. At a singular point, the manipulator loses one
or more degrees of freedom and the output link can not be moved in one or more directions. From the statics
point of view, forces (or moments) applied at the output link in certain directions can be resisted without
exerting any forces (or torques) at the actuated joints. Most researchers have used Jacobian matrices to
study singularities of serial manipulators {(e.g., [23], [13]). Kohli and Spanos [11] have used discriminants of
inverse kinematics polynomials to determine singularities of serial manipulators.

In a parallel manipulator, in addition to the inverse kinematics singularities described above, another type
of singularity occurs when different branches of the direct kinematics problem converge. At such a singular
point, which lies within the workspace, the parallel manipulator gains one or more degrees of freedom. In
other words, with the actuators locked, the manipulator can move in one or more directions and one or more
applied forces (or moments) at the output link can not be resisted by the input forces (or torques).

For the first time, Hunt [10] discussed one of the direct kinematics singular configurations of the Stewart
platform. Fichter [4] discovered another such configuration. Merlet [16] used the Grassman geometry to
enumerate all of the direct kinematics singular configurations of a special kind of Stewart platform in which
pairs of spherical joints on the platform are concentric. Gosselin and Angeles [8] classified singularities
of parallel manipulators and discussed all singularities of some planar and spherical mechanisms. Ma and
Angeles [14] introduced architecture singularities of the Stewart platform. Direct kinematics singularities

of six-DOF parallel manipulators which are not based on the Stewart platform have also been-studied by
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researchers (e.g., (2], [17]).
In this article, both inverse kinematics and direct kinematics singularities of the minimanipulator are

discussed.

DESCRIPTION OF THE MINIMANIPULATOR

Let subscript i in this section and the rest of this work represent numbers 1, 2, and 3 in a cyclic manner.

The minimanipulator contains three inextensible limbs, P; R;, as shown in Figure 1.

P,

y 3 L
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Platform

Bidirectional Linear Stepper Motors

Figure 1: Representation of a minimanipulator.

The lower end of each limb is connected to a bidirectional linear stepper motor driver [27] and can be
moved freely on the base plate. Note that bidirectional linear stepper motors act as X-Y positioning tables,
but their stators are base-mounted. The desired minimanipulator moticn is obtained by moving the lower
ends of its three limbs on its base plate. Two-DOF universal joints connect the limbs to the moving platform.
The lower ends of the limbs are connected to the drivers through three more universal joints. Note that
one of the axes of the upper universal joint is collinear with the limb, while the other axis of the upper
universal joint as well as one of the axes of the lower universal joint are always perpendicular to the limb.
This arrangement is kinematically equivalent to a limb with a spherical joint at its lower end and a revolute
joint at its upper end.

Other two-DOF mechanisms, such as five-bar linkages and pantographs, can also be used as the drivers

for the minimanipulator ([20] - [22]). -



Inextensible limbs are used to improve positional resolution and stifiness of the minimanipulator. Since
the minimanipulator actuators are base-mounted; higher payload capacity, smaller actuator sizes, and lower
power dissipation can be obtained. In addition, to maintain symmetry, the limbs are made equal in length,
triangle P, P, Ps is made equilateral, and the axes of the topmost joint at point P; is made parallel to line

Piya Pig1.

WORKSPACE ANALYSIS

Let us define a fixed (base) reference frame, XY7Z, as shown in Figure 1. The origin, point O, is a fixed
point on the plane passing through R;, R, and R3. The X and Y axes lie on the same plane. The Z axis is
defined by the right-hand-rule.

Also, let us define a “central configuration” of the minimanipulator workspace as the configuration where
1. The platform is parallel to the base.

2. The centroid of the platform (point G in Figure 2) is directly on top of the origin of the base reference

frame.
3. The platform is positioned at a designated elevation, i.e., Zg = { (a design value).

It has been shown [21] that the stiffness matrix of the minimanipulator at the central configuration can
be diagonalized (decoupled), if the length of vector GP; is half of the length of vector OR; (p = v/2). We
use this condition in determining the minimanipulator dimensions for workspace analysis. Also, to normalize

the dimensions, we let p = 1. As a result, v becomes equal to 2 (see Figure 2).

PPl &

Figure 2: Parameters used in workspace analysis.



At the central configuration corresponding to p = v/2, let the angle between any one of the limbs and

the base plane be equal to w. Referring to Figure 2, we see that the limb length, r, can be found from
r=1/cosw (1)

In addition, as shown in Figure 3, when the minimanipulator is at the central configuration, corresponding
o p = 1/2, we define the position of the lower end of a limb as the central point, R; ., of its operating area.

Furthermore, we let the operating area of point K; to be constrained to within a circle of unit radius around

the central point R; .. Such a circular area can be generated by a two-DOF driver.

R1

‘\Rs,c
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Figure 3: Circular operating areas of points Ry, R, and Rg3.

Given a platform orientation, directions of the axes of topmost revolute joints at points P1, Ps, and P; are
known. These directions determine normals to the planes in which limbs P} R;, P, R;, and P3R3 can move.
Given these normals, and the operating areas of points R, Rz, and Rj3, operating volumes of points P;, Py,

and P; can be obtained. For a given platform orientation, vector P;G is also known. If operating volumes

of points Py, P», and Pj5 are translated by vectors PG, PG, and P3G, respectively; the intersection of such
translated volumes is the workspace. However, the above approach is not efficient, because the operating
volume of point P; is not a well-defined geometric object and changes with the platform orientation. Besides,
finding the intersection of three such volumes can not be easily accomplished analytically or numerically.

Therefore, the following discretization algorithm is developed for finding the minimanipulator workspace.

Algorithm for Determination of Workspace ‘

For any given set of minimanipulator dimensions and platform orientation, the following steps are taken:
1. Find the minimal and maximal values for Z;. This is accomplished by making X = Y& = 0, and
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using the bisection (binary-search) method to find the Z; values at which transition between “no

solution” and “acceptable solution” occurs for the inverse kinematics problem.

2. Define the increment for Z¢ as the difference between maximal and minimal values of Z; divided by
a finite integer. To make the workspace plots (see step 4 below) appropriately dense, integer value of

25 was used.

3. Vary Z¢ incrementally from its minimum value to its maximum value. For each Z4, move out and
around and find points on the cross-sectional boundary of the workspace. Moving out in the radial
direction, the bisection method is used to find the workspace boundary point at which transition
between “acceptable solution” and “no solution” occurs for the inverse kinematics problem. Moving

around in the tangential direction, a resolution of b degrees is used.
4. Write out the points obtained in the previous step to a file and plot them using Mathematica [24].

The bisection method is used because of its speed of convergence. However, in a given direction (Z or
radial), this method works if there is only one transition between “acceptable solution” and “no solution” for
the inverse kinematics problem. This is true, if there are no voids (holes) within the workspace. Therefore,
another program was written to detect voids inside of the workspace. This program, which is much slower
than the main algorithm, works in the following manner. Similar to the main algorithm, Zg is varied
incrementally. But, for a given Zg, it marches out in the radial direction with very small steps and looks
for regions where transition between “acceptable solution” and “no solution” (and vice versa) occurs for the
inverse kinematics problem. It was found that, unless there are discontinuities within the operating area of
point R;, no voids exist inside of the minimanipulator workspace. Since no holes are allowed inside of the
circular operating areas, using the bisection method is acceptable.

Let 8,0y, and 0, represent rotations of the platform about the X,Y, and Z axes, respectively. These
rotations are called yaw, pitch, and roll, respectively. It has been shown [21] that @ value of 63.43 degrees
results in equal torsional stiffness values in the X, Y, and Z directions. In what follows, we demonstrate the
minimanipulator workspace algorithm by presenting two examples based on w value of 63.43 and different

platform orientations (f,,6y,6,). Equation (1) shows that r = /5, when w = 63.43.

Example 1
In this example

6.=0, 6,=0, 0,=0

Perspective and top views of the workspace are shown in Figures 4, and 5, respectively. -



Figure 5: Top view of workspace for w=63.43, 8,=0, 8,=0, and 6,=0.

When Zg = tan{63.43) = 2, the Z cross-section of the workspace is circular, and the area of the Z
cross-section is larger than that of any other Z cross-section, as shown in Figures 4 and 5. For a given
Zg > 2, if we keep X constant and move away from the corresponding central configuration in the positive
Y direction, points R, and Rj get closer to the boundaries of their circular operating areas. As a result the
width of the Z cross-section (in the X direction) becomes smaller. If Zg < 2, the same thing happens when

we move in the negative Y direction.

Example 2

In this example, let us consider 10 degrees of rotation about all three axes. Namely,
6, =10, 6, =10, 0, =10

Ten degrees is chosen for roll, pitch, and yaw values in the example, because a minimanipulator is expected to

handle such rotations in fine manipulation of its end-effector (platform). Perspective view of the workspace

is shown in Figure 6. =



Figure 6: Perspective view of workspace for w=63.43, 6.=10, 6,=10, and 6,=10.

Increasing the workspace size is not a design goal for the minimanipulator. However, let us discuss briefly
the relationships between the minimanipulator workspace size and its parameters. For a given displacement
of point R; on the R;R;R3 plane, the smaller the value of r, the larger the displacement of point P;.!
Similarly, for a given displacement of point P;, the smaller the value of p, the larger the displacement of
point G.2 Therefore, the smaller the values of r and/or p, the larger the size of the workspace. Also, it is

obvious that the larger the size of the operating area for point R;, the larger the size of the workspace.

INVERSE KINEMATICS SINGULARITIES

In the inverse kinematics problem, the position and orientation of the platform are known. Coordinates of
points Ry, Ry, and Rs in the base reference frame are to be found. It has been shown [22] that the problem
can be reduced to solving a quadratic equation in the unknown Y ;.

Let T; be a unit vector which is collinear with the axis of the topmost revolute joint at point P; and points
in the direction of vector Py, P;y1 (see Figure 7). Let II; be the plane passing through P; and perpendicular
to vector T;. Also, let A; be the intersection of the base plane with plane II;. It can be shown [22] that the
two solutions for point R; represent intersections of a circle with line A;. The circle is centered at F;, has
radius of r, and lies in the plane II;. The two intersections represent two branches of the inverse kinematics
problem and when they converge, the minimanipulator is in a singular configuration. At such a singularity,

limb P; R; is perpendicular to A;. Let us define vector Ji; by

H; = Fi x P R; (2)

1As r — oo, displacement of point P, approaches zero.

2As p — oo, displacement of point (7 approaches zero.



When P It; L Ay, 7i; is parallel to the base plane and y; ; (the Z component of vector 7z;) becomes equal to

ZEro,

Figure 7: Depiction of I'; and 7;.

Note that in the above discussion ¢ can be equal to 1 and/or 2 and/or 3. If the singularity condition is
satisfied only for one of the limbs, the number of inverse kinematics solutions reduces from 8 to 4. Similarly, if
the singularity condition is satisfied for two of the limbs, the number of inverse kinematics solutions reduces
to 2. Finally, if the singularity condition is satisfied for all three limbs, the number of solutions for the
inverse kinematics problem reduces to 1. For a given platform orientation, when the singularity condition is
satisfied, the platform is at its highest possible Z value and point G (centroid of the platform) is at the top
boundary of its workspace.

Let us define the generalized velocity vector of the platform, T, as

= _ [BypG By6 By;G p_p B_P B-P
T=| V., V,, V., o Wy, W,
B—G B—G B—G . . . _
where V., V,, V. are the components of the velocity of point (7 in the base reference frame and BGP,

BU;) , PGP are the components of the angular velocity of the platform with respect to the base reference

frame. Also, let
{B—m B—R, BwsR; ByR, B3R, E-——-Ra]T

2 7S 7 1)

B R, . . .
where Vf’ and BVf are the X and Y components of the velocity of point R; in the base reference frame,

and superscript T denotes transpose. We can define the Jacobian matrix, J, by
=17 (3)

Note that due to dualities of parallel and serial manipulators, we have defined the Jacobian matrix as the
transformation which maps the generalized velocity of the platform to the input rates. This is a common

practice among most researchers who have studied parallel manipulators.
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At this point, let us relate the inverse kinematics singularities to the minimanipulator Jacobian matrix.

Solving equation (3) for T, we get

“‘ﬁ(f ) (4)

'j'— = J'lz‘]’ =
where adj(J) and [J| denote adjoint and determinant of J, respectively. At an inverse kinematics singularity,

regardless of the value of g, one or more elements of T are equal to zero, i.e.
M| — oo (5)

Let us verify the geometric interpretation of the inverse kinermatics singularities (P;R; L A; and p;, = 0)

by examining |J|. It has been shown [21] that the Jacobian matrix is given by

(10 <l s (Yea=Ye) ~Zo—ubx (Xe —Xn1) Yo Yas |
0 1 -piy Ze-—piy (Yra—Ya) —p1y (X — Xr,) Xra - Xg
gl ~p2x  =Hax (YR2=Ya) ~Zc~u3x (Xa —Xr2) Yo~ VYre (©)
0 1 —pp, Zs—py (Yo —Ya) —~pg,y (Xe — Xr,2) Xr2 - Xa
1 0 —p3, —usx (YrRa—Ya) —Zc—psx X6 —Xr3) Yo —Yrs3
| 01 -3, Zo—psy (Yrs—Ya) “psy (Xo — Xr,3) Xrs— X6 |

The third, fourth, and fifth columns of J involve the terms y; , and g, which are defined by

ﬂ:‘,a: = /‘i,-’t‘//‘i,z ) ﬂ:’,y = iui.!//l‘i,z (7)

where y; ; and p; , are the X and Y components of vector fi;, respectively. Since y; , is equal to zero (for =1
and/or 2 and/or 3) at an inverse kinematics singularity, p} , — oo and u!, — oo (for i=1 and/or 2 and/or

3) and indeed |J| — oco. This verifies the geometric interpretation of the inverse kinematics singularities.

DIRECT KINEMATICS SINGULARITIES

Referring to equation (4), we see that if
=0 (8)
direct kinematics singularity occurs and even if all the elements of 7 are equal to zero, one or more elements
of ¥ can have non-zero values. As shown in equation (6), the expression for J is rather complicated. To
simplify the task of obtaining |J|, let us perform some elementary column operations and obtain another
matrix, J*, such that
MES ! (9)
The goal is to make J* independent of X¢, Y, and Zg. Let Ji,J2, ..., Js be the column vectors of J. Also,

let J;,J3,...,J¢ be the column vectors of J*. The first three columns of J are independent of Xg,Ys, and
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Zg, therefore we let

J;:']l| —-;::’2’ 'j§:j3
To obtain Jy, J5, and Jg, the following combination of column operations are performed.

j:; = j4 -+ Y(;jg - Zsz

s — XaJa+ Zag

2yl

J_g = j6+XGj2 “YGJ—I
The end result is
10 "'/*‘Il,a: _”Il,xYR.l /lll,xXRyl -YRJ
0 1 —py —#yYr1 H1yXR1  Xra

10 —ph, —ihy,Yro phyXro =Y
J* uz,x /“2,x ,2 /-‘2,x .2 R,2 (10)

0 1 —pyy —payYr2 #yyXr2 ZXgrge
1 0 —p3, —H3xYR3 H3xXR3 —YR3
[ 0 1 —'l‘lg,y —ﬂg,y YR,3 ug’ynXR,:i XR,3 §

Using equations (9) and (10), we find out that

]J! = [(ﬂll,x ”Iz,y - ﬂll,y /“’2,x) l‘g,y YR,3 + (/"l,y iug,x - /Jll,x ”g,y) /“{z,y YRJ +
(Hox W3y = Moy H3x) 1y YR1 + (B« Moy — #1,y Hax) Hax XR,3 +
(”ll,y iugi,x - ﬂll,x p’3,y) u,2,x XR,2 + (/“12,1( /lé,y - ﬂ;,y /“g,x) /“ll,x XRJ] X

[(Xr2—Xr1)Yrs+ (Xr1 — Xr3) Yr2 + (Xr3 — XRr,2) YR 1] (11)

At a singular configuration, if all of the joints are locked and the minimanipulator is translated and rotated
as a rigid body until point R is coincident with point O (origin of the base reference frame) and point R,
lies on the positive Y axis, the singularity condition is preserved. Therefore, without loss of generality, we

can set

Xr1=Yp1=Xpa=0

in equation (11). Then, we get

Bl = [ amhy = #y 1),y YR+ (Mg Mo — Pk ) oy YRz +

(/lll,x /‘IZ,y - /‘Il,y //2,)() /"-!3,)( XR.3] XR3 YR,Z (12)

Equation {12) is the necessary and sufficient condition for the existence of singularities. In what follows, we

discuss several special singularity conditions under which Equation {12) is satisfied.
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Condition A1: X3 =0
Under this condition, since

AXp1=Xp2=Xp3=0,

points R, s, and 3 are collinear. This means that the minimanipulator can rotate freely about the line
which passes through points R, Rj, and Rj even if these points are not being moved by the actuators. In
other words, the minimanipulator has gained one degree of freedom.

Condition A2: Yp o, =0

In this case, since

Xr1=Yp1=Xp2=Yr2=0,

points R; and R, are coincident. Again, the minimanipulator can rotate freely about the line which passes
through points R; (or R;) and Rj3 even if these points are not being moved by the actuators. One additional
degree of freedom is gained by the minimanipulator. Note that if both Yr 2 = 0 and Xp 3 = 0, we still have
the same kind of singularity. In general singulafity occurs, if two of the three points R;, Ro, and R3 coincide.
Condition A3: Ypo = Xp3=Yps=10

Under this condition, since
Xp1=Yr1=Xp2=Yro=Xp3=Yr3=0,

points R;, Ry, and Rj3 are coincident. Two rotational degrees of freedom are gained by the minimanipulator.
These degrees of freedom consist of rotations about two perpendicular lines in the Ry RoR3 plane which pass
through points Ri, R, and Hs.

Condition A4:

(ﬂll,x ug,y - ﬂll,y “IQ,X) /‘g,y YR,3 + (/‘;,y /'I'g,x - l‘ll,x ﬂé,y) Hl2,y YR,Q +
(H1x Moy = By Mo x) 35 KR =0 (13)
Let us find some mathematical conditions under which equation (13) is satisfied and discuss their physical

meaning.

Condition A4.1:
By o/l y = Moo/ Bs y = B3 o/ May

If the above equalities are satisfied, the quantities inside parentheses on the left hand side of equation (13)

vanish. Referring to equation (7), we see that this condition is the same as
Bir/iiy = pae/iay = H3c/13y B (14)
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The condition expressed in equation (14) can be satisfied only if the projections of vectors Ty Jis, and jig
onto the base plane are parallel to each other. This is possible only if the three limbs lie on the base plane.?
As a result, the platform and base are coincident and the platform can perform infinitesimal motion with
respect to the base.

Condition A4.2:

Biy=pi, =0 for i=1 and/or 2 and/or 3

Again, referring to equations (7), we see that this condition is the same as
Wiz =piy =0 for i=1 and/or 2 and/or 3 (15)

'This condition can be satisfied only if limb P;R; and vector T; (see Figure 7) lie on the base plane. Since
vector T; is parallel to vector m, points Piy; and Pjy o have the same Z coordinates. Again, The
platform instantaneously gains a degree of freedom.

Condition A4.3: p , = p5, =0

Once again, referring to equation (7), we see that this condition is the same as ,
Hiy = H2y =0 (16)

This conditions can be satisfied only if the three limbs lie on the base plane. An instantaneous degree of
freedom is gained by the platform.a

Each row of matrix J* is the Pliicker coordinates of a line [3]. The first, second, and third pairs of rows
specify three pairs of lines which pass through points R;, R2, and R, respectively.* Hence, to determine
the singularities, one can determine the conditions under which these lines become dependent. However, as
shown in equation (10), the Plicker coordinates are related to components of vectors i, i,, and H3, which
do not physically exist. Therefore, geometric interpretation of the dependencies of the six lines becomes very
difficult. This is precisely why we can not physically interpret equation (12), as a whole. In what follows,

we present another approach for determining additional direct kinematics singularity conditions.

An Alternative Approach

As shown in Figure 7, let 5; be the angle from vector GP; to vector P;R; measured about the vector T.
When points Ry, Ry, and Rj fall on a line or meet at a point, the minimanipulator can rotate about the

line or the point, even if angles 71,92, and 73 do not change. To explore other singularity conditions under

3Under this condition, projections of vectors H1, Hg, and @3 onto the base plane are equal to zero.
*The first three elements of each row represent coordinates of a vector passing through point R,. The last three elements of

each row represent cross-product of vector OR; with the vector which is defined by the first three elements of the row.
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which points Ry, s, and 23 do not move but one or more of angles 71, 12, and 73 change, let us express the
singularity condition in terms of these angles and the dimensions, r and p, of the minimanipulator. Note
that when the minimanipulator performs a pure translation in the X or Y direction and when it undergoes a
pure rotation about the Z axis, angles 71,12, and 73 do not change. Only three of the six degrees of freedom
(translation in the Z direction and rotations about the X and Y axes) require changes in angles 71, 2, and 7s.
Therefore, it is expected that the desired singularity condition can be obtained by setting the determinant
of a 3x 3 matrix equal to zero.

Let l;o be the length of vector R;R;y1. The same kinematic inversion scheme, which has been applied

to obtain closed-form direct kinematics solution for the minimanipulator[20], can be used to show that
12, = —2r%s;sip1 + rciciq1 + 3pre; 4 3preigy + 3p® + 2r? (17)

where s; = sinn; and ¢; = cosn;. Taking the time derivative of both sides of equation (17) and simplifying,
we get

1?+2 = (-2r2c,-s,-+1 - r20;+15,~ — 3prs)ni + (—2rzc,-+1s,- - r2c;s,-+1 — 3prsit1)Nis1 (18)

where if+2 and 7j; denote the time-derivatives of Iz?+2 and 7;, respectively. Let

E=[2, 3, BT (19)
and

ﬁ: [7;11 7i27 77.3]’1‘ (20)
Writing equation (18) for i=1,2,3; we obtain

2 = —rQ7 (21)
where
0 2rcgss + regss + 3psy  2regsg + repsz + 3pss
Q= | 2r¢;s3+ressy + 3ps; 0 2rc3sy + re1ss + 3pss (22)
2rcy1 89 + reasy + 3psy 2regsy + reyse + 3psa 0
Solving equation (21) for 7, we get
N 1adj($2)=
= —— {2 23
==L (23)
If points R;, R,, and R3 are not moving, then
2=10, 0, 0]T (24)
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Direct kinematics singularities occur when equation (24) is satisfied but 7 has a non-7ero value. Equation (23)

shows that since r # 0, such a singularity occurs if |2} = 0 or

(2regss + regsy + 3pse)(2reasy + reysz + 3pss)(2rersy + regsy + 3psi) +

(2rcasg + regss + 3ps3)(2rerss + reasy + 3psy){2reesy + reysy + 3pse) =0 (25)

Equation (25) provides the singularity condition in terms of the physical parameters of the minimanipulator.
In what follows, several special conditions, for which equation (25) is satisfied, will be discussed.

The left hand side of equation (25) consists of the sum of two terms. Each term is the product of
three expressions. If one expression in the first term and one expression in the second term vanish, then
equation (25) is satisfied. Theoretically, there are nine possibilities for such a thing to occur, which result in
nine pairs of equations. However, only three of the pairs of equations are useful. The other six pairs can be
obtained by permuting the indices in the first three pairs of equations. Let us discuss singularity conditions
which are related to such possibilities in more detail.

Condition B1:

i1
o

2rcyse + repsy + 3ps; (26)

i
=]

2rcesy + reysa + 3pss 27

It can be shown that if equations (26) and (27) are satisfied, then 1, = 9, [19]. Therefore, we can divide
the singularity condition Bl into two subcases {conditions B1.1 and B1.2), as discussed below.
Condition B1.1: If

N2 =1 (28)

then equations (26) and (27) both reduce to
si{rei+p) =0 (29)

Equations (28) and (29) imply that singularity occurs if

M =m0 = (30)

or
12 = 1y = cos™ ! (~p/r) (31)

We shall refer to equations (30) and (31) as singularity Conditions B1.1.1 and B1.1.2, respectively.
[t can be shown that if equation (31) is satisfied, then points R, and R, are coincident [19]. Therefore,
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singularity condition B1.1.2 is the same as singularity condition A2.
Condition B1.2: If

Nz = —1 (32)

then equations (26) and (27) both reduce to
si{re; —3p) =0 (33)

Equations (32) and (33) imply that singularity occurs if

0
m=-n= (34)
T
or
m = —ng =cos™ ! (3p/r) (35)

'We shall refer to equations (34) and (35) as singularity Conditions B1.2.1 and B1.2.2, respectively.

Condition B2:

Il
o

2rey sy + regsy + 3psy (36)

1l
o

(37)

2reys3 + ressy + 3psy

Equations (36) and (37) represent two linear and homogeneous equations in ¢; and s;. The trivial solution
for this system of equations (¢; = s; = 0) is impossible. Non-trivial solutions exist when the eliminant of
equations (36) and (37) vanishes, i.e.
2rsy reg+3p —0 (38)
2rsz rcs+ 3p
Simplifying equation (38), we get

€189 — E9Cy = &3 (39)

where €1 = rez + 3p, €2 = rsg3, and €3 = 3psz. Variables €1, €2, and €3 are functions of 3. For every value
of 713, equation (39) yields two values for 73, One of these two values has to be equal to the given 53 value,
because 772 = 713 satisfy equation (38).

It can be shown that if equation (36) is satisfied, then Zp1 =0, Zpy = Zp3, and pi1 - = p1,y = 0 [19].
‘Therefore, singularity condition B2 is the same as singularity condition A4.2.

Condition B3:

i
o

2rcyso + reasy + 3ps; (40)

2res sy + reass - 3psa 0 ST (41)
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Equations (40) and (41) represent two linear equations in c¢» and sz. Solving for these two variables, we

obtaln

sa = 0 (42)

—3p/r (43)

C2

Since r > 0 and p > 0, equations (42) and (43) can be satisfied simultaneously only if
=7 (44)

and

r=23p (45)

It follows that this singularity condition can be satisfied if and only if equations (44) and (45) are both
satisfied. m
Note that all of the direct kinematic singularity conditions can be avoided by limiting the operating area

of point R; and choosing proper dimensions, r and p, for the minimanipulator [19].

SUMMARY

In this article, workspace and singularity analysis of a new three-limbed six-DOF parallel minimanipulator
is presented.

The minimanipulator workspace is six-dimensional. To represent the workspace in three dimensions, the
platform orientation is treated as a constant parameter. A discretization algorithm is used to determine
the minimanipulator workspace for a given platform orientation. The algorithm uses the bisection (binary-
search) method and the inverse kinematics of the minimanipulator to find the cross-sectional boundaries of
the workspace. A similar but slower algorithm is used to determine the discontinuities within the minima-
nipulator workspace. Such discontinuities can be avoided if the operating area of each limb’s lower end is
confined to move on a singly connected region on the base plane.

The Jacobian of the minimanipulator is defined as the transformation which maps the cartesian velocities
of the platform to the input velocities of the bidirectional stepper motors. Using the Jacobian matrix
and geometric reasoning, the inverse kinematic singularities of the minimanipulator are determined. It is
shown that such singularities occur at the workspace boundary of the minimanipulator. It is also shown
that, at an inverse kinematic singularity, the determinant of the Jacobian matrix tends to infinity and the

minimanipulator loses one or more degrees of freedom.
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On the other hand, the direct kinematic singularities of the minimanipulator occur within its workspace.
At such a singularity, the determinant of the Jacobian matrix vanishes and the minimanipulator gains one or
more degrees of freedom. The Jacobian matrix is used to determine the direct kinematic singularities which
are related to the positions of the bidirectional stepper motors. Due to the complexity of the determinant
of the Jacobian matrix, an alternative approach is developed to identify those direct kinematic singularities
which are not related to the positions of the bidirectional motors. The alternative approach relates the
time-derivatives of the angles between the limbs and the platform to the time-derivatives of the distances
between the lower ends of the limbs. It is found that a minimanipulator is in a direct kinematics singular

configuration if

* Lower ends of the three limbs fall on a straight line. This includes the conditions under which two or

all three of the limbs’ lower ends coincide.

o One of the limbs lie on the base plane and the top ends of the other two limbs are at the same distance

from the base plane.
o The angles between two of the limbs and the platform are equal to zero or 180 degrees.

The angle between one of the limbs and the platform is equal to 180 degrees and the ratio of limb

length to platform circumradius is equal to 3, i.e., r/p = 3.

o The angles between two of the limbs and the platform are equal in magnitude and opposite in sign,

and the magnitude is equal to arc-cosine of 3p/r.
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