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The main results of this thesis are the introduction of a new and systematic
way to treat and resum logarithmic enhancements, to all orders in perturbation
theory and to any desired logarithmic accuracy. The method developed is applied
to the threshold logarithmic enhancements as well as to small transverse momen-
tum distributions. We utilize an effective field theoretic approach to perform the
resummation which turns out to be in complete agreement with the conventional
approaches, though it is a much simpler one. This approach will be applied to deep
inelastic scattering, Drell-Yan lepton pair production and the Standard Model Higgs
production.

We have derived the functions g;(a, In N) for i = 1,2, 3 that resums threshold
logarithms up to next-to-next-to leading logarithmic accuracy. Certain quantities
(the D® for the Higgs production and the Drell-yan process and the B® for deep
inelastic scattering) that contribute to the resummation at the NNNLL are also
derived. Moreover, our method opens a door towards understanding the origin of

the universality of the functions f that contribute to anomalous dimensions of the



quark and gluon form factors.

On the conceptual level, the effective approach to compute the perturbative
coefficient functions of the factorization theorem(s) highlights the way these the-
orems could be viewed in terms of a multiple steps of integrating out momentum
modes through a matching procedure. The remaining infrared divergences (at the
factorization scale) are exactly the parton distribution functions.

In this work we also study exclusive processes. We will be mainly concerned
with the nucleon to delta transition and how to utilize perturbative QCD to obtain
a leading order factorization formula for such a process, and for similar ones. Based
on this, we are able to make phenomenological predictions for certain transition

form factors which can be verified experimentally.
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1. PRELUDE

It is well known that there are four forces in nature: gravitational, electro-
magnetic, weak and strong forces (interactions). The gravitational force is well
described, at least when astronomical distances are concerned, by the “General
Theory of Relativity” put forward by Einstein in 1915. The other three interactions
are combined in the framework of the “Standard Model” (SM) which is a culminating
effort of many people [1, 2, 3, 4, 5, 6, 7, 8. The SM consists of two sectors, the
electroweek sector and the strong interaction one. It is formulated in terms of a
lagrangian density and quantized fields which represent both the elementary degrees
of freedom (electrons, neutrinos, quarks, etc.) and the carriers of the interactions
themselves (photons, gluons and Z and W bosons).

The electroweak sector unifies the electromagnetic and the weak interactions.
The first interaction is described by “Quantum Electrodynamics” (QED) which is
a quantized field theory that underlies classical electromagnetism (Maxwell equa-
tions and Lorentz force law). It was first proposed by Dirac in 1927 as an attempt
to quantize classical electromagnetic fields in a manner analogous to the quantiza-
tion of Newtonian mechanics. The latter, as we know, was demonstrated earlier by
Schrodinger and Heisenberg by proving the existence of discrete energy levels in the

Hydrogen atom. It took many years to establish QED as a legitimate quantum field



theory (QFT). The main obstacle was the many infinities encountered in (higher
order) calculations of physical quantities that are obviously finite (as they are ex-
perimentally measured). The effort put forth in trying to overcome this obstacle and
to understand the physical origin of these infinities has resulted in the well-known
“Renormalization Theory” [9]. Once proved renormalized, the founders of QED,
Feynman, Schwinger and Tomonaga, won the Nobel Prize in 1965.

As we know, the electromagnetic force is a long-range one, which is mediated
by a massless gauge boson, the photon. At the sub-atomic level, QED describes the
interaction between electromagnetic radiation and charged particles like electrons
and their anti-particles, the positrons. Within the framework of QED, precision
calculations of certain physical quantities have reached unprecedented accuracies.
The most famous is the anomalous magnetic moment of the electron which was cal-
culated to 11 decimal places [10]. This calculation was later verified experimentally
to 7 parts in a trillion [11]. This agreement between theory and experiment gives
QED a special status among physical theories and it is considered, by many people,
as the best physical theory ever formulated.

The weak interaction is mainly encountered in certain forms of radioactive de-
cays that take place in an atomic nucleus. Processes like beta decay (where a neutron
becomes a proton through the emission of an electron and anti-neutrino), electron
capture (where a proton captures an electron, becomes a neutron through emission
of neutrinos) or positron emission are all mediated by the weak force. Moreover,
through only the weak interaction, heavy quarks (like the charm or bottom quark)

can decay into lighter ones (the up or down quark) thus changing their flavor. The



same also applies for the decay of heavy leptons (like muons) into lighter ones (elec-
trons). The carriers of this interaction are the massive W* and Z gauge bosons,
with masses of, roughly, 90 GeV. These particles were first discovered at CERN
[12].

The unified theory of the electroweak interactions was developed in the sixties
through the works of Glashow [1], Salam [5] and Weinberg [2] for which they won
the Nobel Prize in 1979. The renormalizability of the electroweak theory (with
its spontaneous symmetry breaking mechanism) was later proved by ‘t Hooft and
Veltman in 1972 [13], a work for which they were also awarded the Nobel Prize in
1999.

The two guiding principles that led to the construction of the SM lagrangian
density are gauge symmetry and renormalizability of the interaction. The first
principle requires that the lagrangian density be invariant under a group of trans-
formations which by themselves depend on space-time coordinate x. This is what is
generically referred to as “local gauge invariance”. This requirement eventually led
to the correct inclusion of the fields that represent the carriers of the interactions
(the gauge bosons) into the lagrangian density. The second requirement ensures
that the lagrangian contains only a finite number of unknown parameters to be
determined experimentally and that one can make predictions from the theory.

The gauge group that governs the electroweak sector is the direct product:
SUL(2) x Uy (1) where SUL(2) is the left-handed weak isospin and Uy (1) stands for
hypercharge. This gauge symmetry must be broken in some way. The reason is the

following: for the gauge symmetry to hold, the gauge bosons have to be massless.



On the other hand, the weak force cannot be mediated by massless particles since
it is essentially a short range force (in contrast to the electromagnetic force). The
way out of this came with the idea of “spontaneous symmetry breaking” [14]. With
this symmetry breaking mechanism, the weak gauge bosons acquire a mass and the
gauge group SUL(2) x Uy (1) is broken down to the electromagnetic U,,, (1) with the
photon as the only massless force carrier. Another consequence of this symmetry
breaking is the introduction of a massive scalar into the lagrangian, known as the
“Higgs boson” which couples with the fermion fields through a Yukawa type of
interaction. This particle has not been discovered yet, and it is on the “top list” of
objectives for the “Large Hadron Collider” (LHC) at CERN, Geneva. We will say
more about this in Chapter 2.

In this work, we are mainly interested in the third sector of the SM: the
strong interaction sector described by a quantum field theory known as “Quantum
Chromodynamics” (QCD). This theory was introduced as SU¢x(3) gauge invariant
quantum field theory in 1973 [4]. The elementary degrees of freedom are the spin-
1/2 quarks that interact through an exchange of spin-1 gauge bosons, the gluons.
The strong interaction is responsible for binding quarks inside nucleons (protons and
neutrons), thereby overcoming their electromagnetic repulsion. It is also responsible
for forming the heavier nuclei, which are bound states of protons and neutrons that
form the “bulk” of ordinary matter.

The subscript C'in SU¢(3) stands for the “color” degree of freedom [15, 16] and
the number 3 designates the number of colors each quark can admit. To gain more
familiarity with QCD, let us address the following issues: why quarks? and why
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three colors? In an attempt to identify regularities underlying the many hadronic
states already observed, Gell-Mann and Ne’eman [17] proposed, in 1961, that the
observed hadronic states could be classified into (irreducible) representations of the
SU(3) group where 3 refers to the number of flavors (not colors). Each representa-
tion should be “filled” by hadronic states that share the same spin and are (almost)
degenerate in mass. It should be mentioned that all the observed hadrons fall into
two groups: mesons have an integer spin, equal to zero or 1, and baryons have half
integer spin equal to 1/2 or 3/2. This picture was very successful, however it lacked
any obvious justification. To account for this, Gell-Mann and Zweig [18], indepen-
dently, introduced the idea that hadrons are not elementary objects but are made
of more fundamental entities: the quarks. The proposition was that these objects
are spin-1/2 particles. Together with their anti-particles, which have opposite elec-
tric charge but the same spin, they occupy the only two (inequivalent) fundamental
representations of SU(3): the 3 and 3. Thus, there are three types, or flavors, of
quarks: up, down and strange.

From elementary Quantum Mechanics, we know that adding two spin-1/2
states, results in either spin-0 or spin-1. Adding an additional spin-1/2 results in
states with either spin-1/2 (two of them) or a spin-3/2. Thus it is tempting to
postulate that the integer spin states, the mesons, are made up of a quark and anti-
quark of different flavors, and the half-integer spin states, the baryons, are made up
of three quarks. Moreover, the number of hadrons in each representation of SU(3)
can be accounted for by noticing that higher dimensional irreducible representations

of the Lie group SU(3) can be obtained from the fundamental ones by direct product,



ie,3x3=1+8, and, 3 x3x3=1+8+ 8+ 10. The numbers, 1, 8 and 10
are exactly what is found for the spin-0 meson octet, spin-1 meson octet, spin-1/2
baryon octet and spin-3/2 baryon decouplet.

The notion of color [15, 16] was introduced in order to explain the peculiar
nature of the AT baryon. This state constitutes of three up quarks (uuu with
total charge of 2) and it has spin and isospin of 3/2. In its quantum mechanical
ground state, it is quite obvious that its spatial wavefunction is symmetric under
rotations, i.e., its total angular momentum is zero. Moreover, the only way to
get a spin-3/2 from three spin-1/2 quarks without any contribution from angular
momentum, is that all three quark spins are aligned in the same direction. The
result is that we have three quarks, which are fermions, in a completely symmetric
wave function. This result contradicts the Fermi-Dirac statistics, which requires a
total anti-symmetric state of identical fermions. However, by introducing an extra
quantum number, the color, and by assigning a different color to each one of the
three up quarks, we can easily then anti-symmetrize the total state by using the
totally anti-symmetric tensor, €*, where i, j, k are color indices.

The quark model was very successful in accounting for the static properties of
the hadronic spectra, like mass splittings in each multiplet and ratios of magnetic
moments. However, it says nothing about the dynamics that combine three quarks
in a baryon or quark and anti-quark in a meson. After all, how could one explain that
three positively charged up quarks combine to form a A" baryon state? Moreover,
the quarks have fractional charges with 2/3 for the up quark (in units of the proton’s

charge) and —1/3 for the down and strange quarks. However, experimentally no



Fig. 1.1: Deep inelastic scattering

one has ever detected such charges. In this sense, all observed hadronic states are
colorless.

Back in the sixties, and due to the above issues, the quark model was mainly
conceived as a mathematical set-up and, by no means, a physical theory of the
strong interactions. However, the notions introduced, like spin-1/2 quarks and the
color degree of freedom, will serve (a few years later) to finally formulate QCD as
the correct theory of the strong interactions. This makes the quark model as one of
the most important steps in the development of QCD.

The second major progress came from a different direction. In 1969, at “Stan-
ford Linear Accelerator” (SLAC), Bloom et al. performed the first experiment of
electron-proton scattering, with highly energetic electrons [19]. This reaction is
known as “deep inelastic scattering” (DIS) and it is shown in Fig. 1.1. The experi-
mental data showed that the proton, P, which is being probed by a highly virtual
photon, 7*(¢q), behaved as a point-like particle with no internal structure. To explain
such an unexpected behavior, Feynman proposed [20] that the proton is made up
of a point-like constituents (which were later on called by Bjorken as “partons”),

and that the photon, due to its high virtuality, is scattered off these constituents.



In this “parton model” picture, the photon only interacts with partons at distances
of order 1/Q where ¢> = —Q? and ¢ is the four-momentum of the photon', and the
detailed structure of the proton at distances larger than 1/Q is essentially irrele-
vant. Moreover, further experiments at SLAC have shown that these partons were
actually spin-1/2 particles. It seems that, after all, the notion of a proton made up
of quarks may come to be true, and the quarks may turn out to be real physical
objects.

Careful analysis of the DIS data had revealed another feature that will have
rather dramatic implications on the development of QCD. Certain quantities that
parameterize the DIS cross section turned out to be dependent on a single dimen-

4

sionless variable, later to be known as the “ x of Bjorken” (denoted by z ) instead
of being a function of two independent, dimensionful quantities: energy and mo-
mentum transfers. This phenomena became to be known as “Bjorken scaling”. The
fact that certain quantities scale was previously predicted by Callan and Gross [21]
and by Bjorken [22] based on current algebra and sum rules techniquies?®.

However, it was very difficult to understand scaling in the context of quantum
field theories. Indeed, it was shown by Gross and Callan that the scaling property of
Green’s functions implies that the underlying field theory has to be an “ultraviolet

stable” (later to be known as “asymptotic freedom”) in the sense that the coupling

constant(s), which determine the strength of the interaction, becomes vanishingly

I This is a simple result of the uncertainty principle.

2 These notions were very popular in the sixties as an alternative theoretical tools to quantum

field theories.



small at small distances or, equivalently, at high energies.

The natural question to be asked: is there any such quantum field theory?
Based on the paradigm of QED, which is not an asymptotically free field theory,
Gross tried to show that no such quantum field theory could possibly exist. This
means that the theory of strong interactions cannot be formulated as a quantum
field theory and other frameworks are to be looked for. As a first step, it was proved
by Gross and Coleman [23], that no renormalizable field theory with Yukawa, scalar
or abelian gauge interactions have the property of asymptotic freedom.

In order to complete this program it was necessary to investigate if the remain-
ing, well-known, Yang-Mills non-abelian gauge theories [24] are also not asymptot-
ically free. However, it turned out that such kind of field theories do have that
property. This was shown by Gross and Wilczek [7] and by Politzer [6]. For this
work, they shared the Nobel Prize in 2004.

More details about the discovery of asymptotic freedom could be found in a
paper by Gross himself [25]. To conclude this semi “historical” introduction, we
remark that the discovery of asymptotic freedom of non-abelian gauge field theories
and the ability to explain scaling within such theories, paved the way for formu-
lating QCD as the theory of the strong interactions, with quarks and gluons as its
elementary fields.

Asymptotic freedom is a fundamental feature of QCD which makes it a weakly
interacting quantum theory at short distances. Looking at this the opposite way,
QCD becomes strongly interacting one, as it must, at large distances. To specify

more accurately what is meant by “weak” and “strong” (or short and large), let



us consider the most well-known strongly interacting system: the proton. As we
know, the proton is a complicated system of quarks and gluons interacting via the
strong interaction. One might expect that by “bombarding” the proton with highly
energetic external probes, quarks may be liberated which would allow their detection
as free particles. Experimentally, though, this has never happened.

The phenomena that quarks are confined to a hadronic colorless state is known
as “confinement” (or “infrared slavery”) and it suggests that at energy scales of
order of a typical hadronic mass (~ 1 GeV), the strong coupling constant is strong
enough to bind quarks and gluons into hadrons. We might also conclude that,
at energy scales much larger than 1 GeV, asymptotic freedom makes the strong
coupling constant relatively small.

The fact that QCD is a confining theory at low energies and asymptotically
free at high energies has rather important consequences on how to deal, theoretically,
with such a theory. As is well known, quantum field theories in four-dimensional
space-time, can only be dealt with, analytically, by methods of perturbation theory.
In an interacting quantum field theory, the coupling constant serves as the expansion
parameter of the perturbative series. It is clear that for this expansion to make sense,
the coupling constant should be small enough (compared to 1). So in order to apply
perturbative methods to study QCD, we have to make sure that the strong coupling
constant a is rather small. The asymptotic freedom property of QCD thus allows us
to make use of perturbative techniques to study strong interaction processes as long
as the momenta and energies involved are much larger than 1 GeV. In this thesis

we will be mainly interested in such high-energy processes, also known as “hard”
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ones, and the main framework applied throughout is perturbative QCD (pQCD).

However, QCD cannot be studied or applied to the vast majority of high-
energy processes based only on a perturbative approach. The reason for that is the
phenomenon of confinement. To illustrate this point, let us consider the DIS process,
Fig. 1.1. Any cross section related to this process (whether differential or total) can
be written as a product of two contributions: a leptonic one, which involves the
electron-photon-electron vertex, and a hadronic one related to the proton-photon
and whatever the final hadronic state, X, is. The former contribution is calculated,
perturbatively, using QED Feynman rules®. However, the hadronic contribution
involves matrix elements of the electromagnetic current taken between the proton
and the X states. Unlike the QED case, these states (no matter what X is) are
not the ones by which QCD, as a quantum field theory, is formulated. Since pQCD
breaks down at energies of order of the proton mass, these matrix elements are non-
pertubative and, unfortunately, our ability to calculate them analytically is very
limited.

For inclusive cross sections, where we sum the contributions from all the pos-
sible final hadronic states, X, the hadronic contribution to the DIS cross section
can be expressed as a matrix element of a product of two electromagnetic currents*
taken between proton states (i.e., the X has been summed over). The crucial point

is that in certain kinematical limit®, and due to one of the most fundamental theo-

3 Recall that the electron and the photon are the elementary fields in the QED lagrangian.

4 Evaluated at two different space-time points.

5 For DIS it is the “Bjorken limit” where we keep zp5 = % fixed and let Q2 = —¢? goes to

infinity. P is the four-momentum of the proton.
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Fig. 1.2: Drell-Yan lepton pair production

rems of QCD, the factorization theorem, the nonperturbative input that is needed
to fully determine such matrix elements (up to corrections that vanish in this limit)
is related to the distribution of the partons-the quarks and gluons-inside the proton.
Such distributions, however, do not depend on the specifics of the process. They are
determined by the QCD dynamics which form the proton as a bound state of quarks
and gluons. As such, these distributions are universal®. Once these distributions
are extracted, say, from DIS data, they can be used to make predictions for other
inclusive processes that involve (obviously) the same type of hadrons. For example,
in the Drell-Yan (DY) lepton pair production process [26], depicted in Fig. 1.2, one
needs to know the parton distribution of a quark inside a proton and anti-quark
inside an anti-proton.

The process dependent contributions, known as the “coefficient functions” are
perturbatively calculable to any desired order in the strong coupling «;. For DIS
and DY processes, these quantities will be a major focus in this thesis.

One of the well-known facts about local quantum field theories is that pertur-
bative calculations of such elementary quantities as cross sections and decay widths

usually involve infinities (or divergences) which has to be dealt with consistently

6 More technical discussion of the factorization theorems and parton distribution will be given

in Chapter 2.
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to render the calculations finite. Generally speaking, there are two kinds of diver-
gences: ultraviolet (UV) and infrared (IR). The first type of divergences arises when
the momenta of particles-that exist in a virtual quantum states-are not restricted
by energy-momentum conservation relations. Quantum mechanics instructs us to
sum the contributions from all possible quantum configurations. Quantitatively, this
leads to integrals that diverge when contributions from infinitely large momenta are
taken into account. The renormalization program [27] is designed to deal with such
UV divergences, by showing, that to all orders in perturbation theory, one can ab-
sorb such infinities into a finite amount of quantities known as “counterterms”. Any
quantum field theory for which such a program can be carried out is called “renor-
malizable” field theory. All interactions of the standard model have been proved
renormalizable, including QCD.

The other kind of divergences, the IR ones, are not treated by the renormaliza-
tion program. We will encounter many examples of such divergences later on. The
important point is that both kinds of divergences leave their “fingerprints” on the
perturbartive series of the quantities being calculated. For the UV case, it will turn
out that some mass scale, known as “renormalization scale”, has to be introduced,
which our starting point, i.e, the original lagrangian, knows nothing about. Thus
the (bare) parameters that appear in the lagrangian will become dependent on this
new scale (upon renormalization). This is what is known as the “running” effect,
and this is exactly what makes the coupling constants, and in particular «,, scale
dependent.

The IR divergences arise due to the emission of low energy or “soft” gluons.

13



These divergences usually lead to the appearance of logarithms of ratios of mass
scales. These scales are characteristic to the process being considered. In certain
kinematical limits, these scales become widely separated, thus, making the loga-
rithms large. In perturbative calculations, these logarithms will be accompanied,
obviously, by the expansion parameter which is the coupling constant. Thus the
product of a small coupling constant with these large logarithms is not necessarily
small (compared to 1) and the justification for perturbative expansion is endan-
gered. These large logarithmic enhancements must be resummed to all orders in
perturbation theory in order to make the perturbative expansion reliable. We will
show explicitly that once resummed, the perturbative expansion restores the small-
ness of the expansion parameter. Since resummation is performed to all orders in
perturbation theory, then, obviously enough, any resummed result will have much
less theoretical uncertainty compared to any fixed order calculation. This would
have a rather important phenomenological impact, as we shall see later on.

Aside from the DIS and DY processes, we will also be considering the standard
model (SM) Higgs production. As we have mentioned, this massive and spin-0 par-
ticle, enters the electroweak lagrangian through the spontaneous symmetry breaking
mechanism. This mechanism is one of the cornerstones of the SM. However, and de-
spite many attempts, the Higgs particle has not been detected yet. The discovery of
this type of new matter is of highest priority for the high energy physics community
28, 29].

The CERN “Large Hadron Collider” (LHC), which is a proton-proton colliding
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Fig. 1.3: Gluon-gluon fusion production of the Higgs particle.

machine”, will be the main arena at which to look for the Higgs particle. For an
extensive discussion of the various production mechanisms of the Higgs particle at
the LHC, we refer the reader to the review [29] and references therein. However, we
will only consider the main production mechanism?®, the gluon-gluon fusion through
a top quark loop [30], as illustrated in Fig. 1.3. With such a production channel, it
is obvious that perturbative QCD corrections have to be taken into account in order
to make, as precise as possible, the theoretical predictions for the Higgs production
cross section. Again, it will turn out that large logarithmic enhancements tend to
spoil fixed order perturbative calculations and resummation of these logarithms is
necessary.

Our discussion for the resummation of logarithmic enhancements due to soft
gluon radiation for the inclusive DIS, DY and the Higgs production cross sections,
will be performed within the framework of effective field theory. The two central
notions in this approach are: matching and running [31]. As we have mentioned ear-
lier, hard inclusive processes and, in certain kinematical limits (to be discussed later
on), admit momentum scale separation. The large scale, i.e., the hard one, insures

that some sort of a factorization theorem applies to the cross section formula of the

" The LHC will start operating in 2007.

8 For Higgs mass in the range of 1 Tev, the gluon-gluon fusion process provides 50% of the total

production cross section.
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process considered. The lower scale arises from the kinematical limit being taken.
At each scale one performs matching of an underlying (in our discussion, these theo-
ries are known) theory onto an effective one. Through this matching, one “integrates
out” some degrees of freedom which are not relevant to the case at hand. The sepa-
rated scales are then, pictorially speaking, linked to each other through the process
of running. The running procedure accumulates all the contributions from the con-
tinuum of scales lying between the large and the lower scales. Quantitatively, this
procedure is performed by solving simple, first-order ordinary differential equations,
similar to the familiar “renormalization group equations” encountered in quantum
field theory textbooks [32, 33, 34].

All the processes we have already mentioned are inclusive ones. However,
there is another class of processes that have been studied extensively in the last
three decades. These are the exclusive ones. In such processes, where a specific
hadron in the final state is detected, one can study various properties of these
hadronic states. Most notably are the electromagnetic transition form factors of
hadrons which allow us to study charge and current distributions inside these states.
However, and as in the case of inclusive ones, the confining nature of QCD highly
complicates the analysis of such processes and one, usually, is enforced to work in
certain “simplifying” kinematical limits.

As in the case of the high energy inclusive processes, we will be interested in
the large momentum region (compared to 1 GeV), which allows perturbative treat-
ment of certain form factors. We, again, rely on a factorization theorem for an

exclusive process, which allows the factorization of long and short distance effects.
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For exclusive processes, the nonperturbative, low energy quantities are known as
“wave distribution amplitudes” and the short distance effects, which are perturba-
tively calculable, are encoded in scattering amplitudes. The above pQCD picture
will be applied to study some of the electromagnetic form factors of the nucleon to
the (singly-charged) delta resonance; a topic that has been studied and analyzed in
many frameworks for almost three decades.

This thesis is organized as follows. In Chapter 2, we give a brief introduction
to the basics of QCD, including factorization theorems for inclusive processes. The
effective theories which will serve us later, the “Soft Collinear Effective Theory”
(SCET) [35, 36, 37, 38] and the large top quark mass limit for the SM Higgs pro-
duction [39], will be introduced. In Chapter 3 we treat the DIS and DY processes
within the SCET to first order in perturbation theory.

In Chapter 4 we extend the results of Chapter 3. We show how to carry out the
resummation (in the case of “threshold” logarithms) to arbitrary accuracies. This
will be applied to all three processes: DIS, DY and the Higgs production. For the
latter, we show the phenomenological implications of the resummed cross section.
Remarks on some all-order (in «y) universality relations among DY and the Higgs
production will be given. In Chapter 5 we show how the resummation can be carried
out for small transverse momentum distributions. This will be applied for DY and
the Higgs cases.

In Chapters 6 and 7 we give our treatment for the exclusive nucleon to delta
transition. A phenomenological prediction for related quantities is then introduced

which can be tested at Jefferson Laboratory (JLab).
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This thesis is based on the original work of Idilbi, Ji, Ma and Yuan [40, 41,

42, 43, 44].
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2. INTRODUCTION

2.1 Basics of QCD

In this section we briefly review some aspects of QCD that are relevant to our
future discussions. Since QCD is a relativistic quantum field theory, any discussion
of it has to start from the QCD lagrangian Lqcp. We will present only the classical
version of it, i.e., the one before quantization and renormalization are carried out.
A more complete treatment can be found in, e.g., [33, 45]. The QCD lagrangian for

one kind of fermions is!

Lacn = B()(i P —myv(x) — G50, 2.)

The 1 stands for a quark field and it is a 3 x 1 matrix in color space. The covariant
derivative is given by: DV = O* — ig, A" where A* = AF*t®. AF® represents a gluon
field of color @ and the matrices t* are the generators of the Lie group SU¢x(3). The

non-abelian gluon field strength tensor G** is

Gt = QI AV — 97 AP g, o ARP AV, (2:2)

! Unless otherwise stated, repeated indices are implicitly summed over.



The o are the structure constants of the Lie group SU(3) and they are related to

the 32 — 1 = 8 generators t* through the commutation relations
[te, %] = i fbete, (2.3)

As we have mentioned, QCD admits the property of asymptotic freedom. This
property actually results from the three and four gluon vertices implied by the
G*G® term in the lagrangian. These kinds of vertices are absent from the QED
lagrangian and, thus, this theory is not asymptotically free. The QCD coupling

constant a; = g2 /4m depends on the renormalization scale p through:

dIn ag(p?)

dln M2 = _[ﬁoas + ﬁlag + ﬁQai + O(a;l)]a s = E 5 (24)
where
11 2
— O, -IN

60 3 A 3 F

34 10
ﬁl = 3021 — QCFNF — gCANF , (25)

2857 1415 205 79 11

The color factors Cr and Cy are the Casimirs of the fundamental and adjoint
representations of SU(3), respectively, and we have: Cp = 4/3 and Cy = 3. Np
designates the number of independent quark fields (Np = 6 in the standard model),
differentiated by their flavor. With these numbers and Eq. (2.4) it is easily verified
that a,(u?) is a decreasing function of p?. Keeping only the 3y term in Eq. (2.4),

we get

20\ O‘S(Ng)
) = T BT am) o (i) 2 3 (26)
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Defining A = Aqep = poe > /(Bocws(pd)) we have

oy 4m
@) = Bo ln(NQ/AQQCD).

(2.7)

The parameter Aqcp determines the scale at which the coupling constant becomes
large. In this region perturbation theory breaks down and nonperturbative effects
take over. Based on phenomenological observations, Agcp is of order of few hundreds
of MeV, which is, roughly speaking, of the same order as the masses of light hadrons.
The fact that the coupling constant becomes large (of order unity) at low energies
will lead, eventually, to the phenomenon of confinement already mentioned, which
means that quarks and gluons will be confined into a small volume of space-time
thus forming bound states of the observed hadrons.

Quarks or gluons cannot propagate over macroscopic distances and, thus, they
cannot be detected. So when trying to test and/or study the strong interactions
through the QCD lagrangian, we face a situation in which the elementary degrees
of freedom of the lagrangian Lqcp are quarks and gluons (and these are exactly the
quantum fields we use in perturbative calculation), however, due to confinement
every practical application will include only hadronic states (protons, neutrons,
pions, etc.) as a projectile beam or as a target. The QCD dynamics of these
states, as we have already mentioned, are not amenable to perturbative treatment.

In quantum electrodynamics (QED), for example, the situation is completely
different. The electron enters into Lqrp as an elementary fermionic field (and the
photon as the gauge boson), however, it is also an asymptotic state—an actual particle

that travels over macroscopic distances—and we can (and do) perform experiments
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with electrons and photons. Thus, the comparison between the underlying theory
(QED) and the experimental findings are, in some sense, straightforward.

The above discussion illustrates (some of) the inherent complexities of QCD.
The conclusion would be that even when considering some high energy reaction,
characterized by a mass scale Q% > A?QCD which allows perturbative calculations
to be performed, it is always the case (almost!) that some nonperturbative input
will be needed to compare experimental results with QCD predictions. This input
is related to the internal structure of the hadrons that participate in the reaction.
As we shall argue, in the next section, this is certainly true when hadrons initiate a
high energy reaction as in the case of deep inelastic scattering (DIS) and Drell-Yan
(DY) processes. As we have mentioned, the way perturbative and nonperturba-
tive contributions are organized for such processes is described quantitatively by
the factorization theorems. Their content also illustrates the predictive power of
perturbative QCD (pQCD) through the universality of the nonperturbative contri-

bution.

2.1.1 Factorization Theorems

In the previous chapter we briefly discussed how the phenomenon of Bjorken
scaling of DIS-related quantities? was explained by Feynman, Bjorken and others
as a scattering of an electron off an “isolated” parton in the proton through the
exchange of a photon with a very short wavelength. Since the QCD lagrangian

was formulated, one should be able to justify the parton model picture based on

2 These are called “structure functions” and will be discussed shortly.
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quantum field theory arguments.

The parton model does not (and can not!) incorporate any quantum effects
in the description of the reaction of DIS. The factorization theorems of QCD for
inclusive processes are the field theoretic statements that, first, justify the parton
model description (as a “first approximation”) and then include all the quantum
correlations of a parton interacting with its surrounding (i.e., not completely iso-
lated).

To apply a factorization theorem, the external probe has to be energetic enough
so that the hadronic sub-structure is resolved. This means energies much larger than
1 GeV. Let us discuss more quantitatively the content of factorization theorems for
the DIS process. In DIS process, a current of leptons [, say electrons, is scattered
off a hadron h, say a proton, through an exchange of virtual gauge bosons, say a

photon, with four-momentum ¢ = k&’ — k,
I(k) +h(P) =1 (K)+ X, (2.8)

where —¢? = Q% > A(QQCD and X stands for all unobserved hadronic states. Any

(differential) cross section related to this process can be written as
do o< L, WH | (2.9)

where the leptonic tensor L, is a purely electromagnetic quantity calculated from
the QED lagrangian and is free from any strong interaction effects. These are
encoded in the hadron tensor W#” which is the quantity of interest.

Following Lorentz and parity invariance of Lqgcp and defining the Bjorken
variable zp = Q?/2P - ¢, where P is the momentum of the incoming hadron, one
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can parameterize W* in the following form:

v

H P- P-
we = — (g = L) Wi, Q1) + [ P = e ) (P = 500 Wales, @),
q q 4

(2.10)

In terms of W; we can define two dimensionless quantities, known as the “structure

functions”, in the following way:

Fl(J;B;Q2) = Wl(x7Q2)7

FZ(xBaQ2) = VW2($B7Q2)7 v

QQ
TR (2.11)

It is clear that the structure functions F; are nonperturbative quantities since they
are related to the matrix element of a product of two electromagnetic currents
between proton states and cannot be calculated within the framework of pQCD.
Working in the “Bjorken limit”, i.e., Q* — oo while keeping x5 fixed, the following

factorization theorem for the structure functions holds [46, 47, 48, 49],

2
Aan @) =3 [ E6u (2L 0i) funteatr + 0 (252 ez

The @Q*-dependent coefficient function (also known as “Wilson coefficient”),
(G, describes the interaction between the lepton and the constituents of the pro-
ton. The variable £ stands for the (longitudinal) momentum fraction of the proton
carried by the struck parton. Since this interaction takes place at very short dis-
tances (characterized by large momentum transfers) then this function is amenable
to perturbative calculations. It is expressed as an expansion in oy and it is clearly
a process-dependent quantity. The index a = ¢, g, g specifies the type of the struck
parton (g-quark , g-anti-quarks and g-gluons) and we sum over all possibilities.
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The @*independent function f,/,(&, #*) known as “parton distribution func-
tion” (PDF), stands for the distribution of a parton of type a with momentum
fraction £ inside the hadron h. It is a nonperturbative quantity and needs to be
extracted experimentally. The basic message of the factorization theorem is that, in
the Bjorken limit, there is an incoherence between short and long distance effects,
and the DIS scattering process can be viewed as a scattering of an electron off a
weakly interacting parton in the sense that quantum correlations of the parton with
its surrounding are suppressed and vanish as inverse powers of Q?. The proof of
the factorization theorem thus outlines how this statement holds to all orders in
perturbation theory. To do so one has to show that the coefficient function G is
finite in the massless limit (the so-called “infrared safety”) and an exact definition
of the PDF function has to be introduced.

The non-interference between short and long distance effects evidently implies
two things: first is that the parton distributions are insensitive to the details of the
short distance reaction and thus they are process-independent. This universality
has an extremely important consequence. Once f,/, is extracted from, e.g., a DIS
experiment, it then can be used in any other hard scattering process that involves
the same type of hadron, h. This is what renders pQCD predictive and useful. The
second is that the coefficient function is insensitive to the details of the long distance
properties of the hadron. All that matters is the kinematics of the reaction and the

the type of parton a. Thus, it can be calculated to any desired order in perturbation
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theory through the following “partonic” version of the factorization theorem:

Fule. @) = 5 [ 6 (5. Goai)) ety + 0 (P52) L ey

where x = % and p is the parton momentum.

The quantity f,/, is the distribution of parton a in parton b and it can be cal-
culated order by order in perturbation theory. The structure function Fj, stands for
the scattering of a lepton from a parton b and can also be calculated perturbatively.
Thus the coefficient function G;, can be extracted from the perturbative calculation
of the PDF f,/, and the structure functions.

It is clear that an exact definition of parton distributions is essential for any

meaningful calculation in pQCD. The first gauge-invariant definition of a quark

distribution in a proton was given in [50] and it reads:

funle) = 4 [ dv e <P ‘ Ty(0,y7,00)y P i dzA*”<0’Z’°L>t“wq<0>| P> ,

(2.14)
where for a generic four-vector [ we define [+ = \}—(ZO +13) and write [ = (I7,17,1,).
The v, stands for a quark field and |P) is a proton state. The symbol P stands
for path-ordering of gluons along the line from 0 to (0,y~,0,) and the path-ordered
exponential (“Wilson line”) insures gauge invariance of f,/, 3. By replacing the pro-
ton state | P) with a quark state |¢) one gets f,/, which is perturbatively calculable.
Definitions of anti-quark and gluon distributions in a proton or among themselves

follow straightforwardly.

3 Strictly speaking, the quantities appearing in the definition of fq/ns e, A¥ ap and g, should

be considered as bare field and the whole object requires renormalization.
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Although the PDFs, f,/,, are nonperturbative quantities, their dependence
on the renormalization scale p is perturbatively calculable. This follows from the
observation that the structure functions Fj(zp, Q%) are physical quantities and they
are independent of the scale p. The same also applies to the partonic quantities,
Fi(z,Q?). This leads to an integro-differential equation, known as Dokzshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) [51] which governs the evolution* of the

the PDF’s with the scale u (for more details see the discussion in [49)]).

fa/h T, ) Z/l dg Pose (& as(p 2))f6/h (?M) . (2.15)

The evolution kernel (also known as the “Altarelli-Parisi splitting kernel”) P, (z, a5 (?))
has an expansion in a, = §2: 3, a”“Pé/g( ), i.e., they start from O(a,) with the

well-known result for a = b = ¢,

P() = Cp ((1—41:)+ — 2 — 22 +30(1 — 3:))
SR (%tiﬁ +38(1 — x)) , (2.16)

where the “plus” distribution is defined in Appendix A.

The splitting functions P, , have been calculated to O(c) in [52] and to O(a?)
n [53, 54, 55]. A very recent calculation [56] has extended the results to O(a?).
These results will be used in Chapter 4. Knowing the PDF f, /(1) at some energy
scale, the DGLAP evolution equation allows us to determine the same function at a

different scale u' # u, which is by itself of great help phenomenologically. Moreover,

4 Here and throughout this thesis we are only concerned with non-singlet flavor combinations,

so flavor mixing is irrelevant.
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it will have a very important role when discussing the resummation of enhanced
logarithms.

Having discussed the definition of f,/,, and its partonic version for f,, let
us now further clarify the content of the factorization theorem, Eq. (2.13). As
already mentioned, perturbative calculation of the structure function Fj, are usually
ultraviolet (UV) and infrared (IR) divergent. Working in massless QCD (m; — 0
for light flavors and no fictitious gluon mass introduced) we regularize both kinds of
divergences using dimensional regularization in d = 4 — 2¢ and in the MS scheme.

The IR divergences are of two types: soft ones which arise from vanishing four-
momentum, and collinear ones that arise when fast-moving massless partons have
a vanishing relative transverse momentum (a “jet-like” configuration). This results
in vanishing denominators in the amplitude of the Feynman diagram when such
momentum configurations occur. Thus the integrals (either over loop momenta or
over the phase space for real particle(s) production) may diverge. These divergences

2n may appear from

show up as poles in . Working to O(a?), IR poles up to e~
individual diagrams which contribute to that order. The factorization theorem states
that for a sufficiently inclusive cross section, the combined IR divergences from the
relevant Feynman diagrams (which contribute to a given order in «y), will cancel
against the same IR divergence contained in the parton distribution, order by order
in oz and to all orders in perturbation theory. This cancellation allows us to extract
the coefficient function G.

The content of the factorization theorem may seem intuitively simple, how-

ever, establishing it field theoretically is a rather complicated task. First, one has
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to identify all possible momenta configurations that give rise to IR divergences for
a generic Feynman diagram. This is accomplished by applying a set of equations
known as “Landau equations”, supplemented by infrared power counting (which is
analogous to ultraviolet power counting implemented in proofs of renormalizability
of quantum field theories). Once these configurations are identified, a systematic
way of subtracting the divergences arising from them is then employed. This sub-
straction will eventually show that all soft divergences cancel and the remaining
ones originate from collinear configurations which are identified with the parton dis-
tribution function. This holds up to power corrections that vanish in the large Q2

limit.

2.1.2 Singular Contributions and the Soft Limit

Perturbative calculations of the coefficient functions G for processes like DIS
and DY often yield functions that are singular in a certain kinematical limit. These
are the “plus” distributions given in Appendix A, the Dirac delta function, and
terms of the form In(1 — z)/z in the case of DIS and In(1 — z)/z for DY, where
2z = Q%/2p; - p; and p; are the momenta of the incoming partons. The singularity
appears in the limit x — 1 for DIS and z — 1 for DY. Aside from the delta function,
the singular terms only appear in the amplitudes of Feynman diagrams when the
incoming or outgoing partons that initiate the hard interaction emit real gluons into
the final state. To illustrate how these singular terms arise, we perform in Appendix
B an explicit calculation for the real gluon contribution for DY process in full QCD

and to first order in .
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These singular contributions persist to any higher order contribution in a.
For example, in DIS and DY processes, the O(a¥) calculation of the coefficient
functions will involve the distributions D;(z) where ¢ < 2k. The “soft limit” is
defined as the one that retains, in the final result for the coefficient functions, only
the most singular contributions, i.e., the delta function and the “plus” distributions.
Terms of the form In(1 — z)/x although are not defined for z = 1, however their
limit, when  — 1, is finite, and thus are not kept in that limit.

For the partonic deep-inelastic process, ¢(p) +v*(¢) — X, the soft limit x — 1

is equivalent to vanishing invariant mass of the final hadronic state X since

== (2.17)

T

Thus the process becomes actually “elastic”. To leading order in «, and for x # 1
the final state constitutes of one quark and one gluon®. Simple kinematical consid-
erations show that in the soft limit, the emitted gluon can either be collinear to the
outgoing quark or a soft one, in the sense that all its four-momentum components
are much smaller then Q. If it is collinear to the incoming quark, then p3% ~ Q2.
These observations can be simply extended to diagrams with arbitrary number of
real gluons. The case x = 1 implies no real gluon radiation into the final states and
the perturbative corrections to the LO process, ¢(p) + v*(q¢) — q(p + ¢) are only
virtual ones. This is true to arbitrary orders in a,. For the DY process the LO
partonic channel is g(p1) + q(p2) — 7*(p1 + p2) and the limit z — 1 implies that

only low energy, soft gluons can be emitted into the final state.

5 Before hadronization takes place.
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The presence of singular terms of the type discussed above, known as threshold
singularities, may endanger the perturbative expansion. One can see this by per-
forming an integral transform® to the conjugate space. The combination o D;(z)
transforms to o In"t* N up to terms independent of N and for large values of N.
This means that the ratio, r, of two consecutive terms in the perturbative expan-
sion is not a small quantity (relative to 1) as must be the case for any meaningful
perturbative expansion. These large logarithms have to be resummed. Threshold
resummation is a way to reorganize the perturbative expansion in such a way that
the ratio r would actually be a,. Moreover, resummed coefficient functions reduce
the theoretical uncertainty from the yet uncalculated higher order terms in the trun-
cated perturbative expansion. This may be crucial in instances where the strong
interactions constitute the main production mechanism for heavy particles (like the
Higgs scalar) and/or for exploring physics beyond the standard model.

The conventional theoretical approaches [57, 58, 59] to perform threshold re-
summation rely mainly on establishing some sort of factorized cross section (at the
kinematical region of interest) into different quantities, defined at the operator level
where each one captures the physics at a relevant momentum scale. For example,
for deep-inelastic scattering there is the “hard” region, where all momentum com-
ponents are large and of the same order as the typical hard scale available, namely,
(). There is the “jet” scale which incorporates the effects of the outgoing collinear
partons with one large momentum component, and there is the soft scale where all

momentum components are small. Then by applying the well-known techniques of

6 Mellin convolution and its transform to the moment space N is introduced in Appendix A.
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renormalization group invariance with respect to some cleverly chosen kinematical
variable(s) one obtains an evolution equation. Mellin transform is then applied to
de-convolute the various contributions and to obtain a simple product of functions.
In the conjugate space, the evolution equation is then solved and one obtains a
resummed coefficient function where all the large logarithms of the form mentioned
above, appear in an exponentials.

To illustrate the point, we write down a schematic expression for a typical

result of a resummed coefficient function in moment space
GN(QQ) _ gO(QS(QZ))e[lnﬁg(l)()\)+g(2)(A)+as(Q2)g(3)(,\)+...] ’ (2.18)

where \ = %22) BoIn N and 3y was introduced in Eq. (2.5). The function gq has no
logarithms in it and it has expansion in a,(Q?). The functions ¢(?()\) resum all the
large logarithms. When expanded as powers of A, the first term in the exponent gives
a sum of the form, a(Q?)In"™' N; the second term gives a”(Q?) In™ N; and from the
third term we have a”*1(Q?)In™ N . The pattern is clear and it is followed by higher
terms in the exponent. These sums are commonly called leading logarithms (LL),
next-to-leading logarithms (NLL), and next-to-next-to leading logarithms (N2LL),
etc. Explicit expressions for the functions g and ¢ will be given in Chapter 4 for
the deep-inelastic scattering, Drell-Yan and the standard model Higgs production.
Although the factorization-based methods for threshold resummation are gen-
uinely sound and rigorous, they are nonetheless complicated—at least on the technical
side. A different approach which utilizes effective field theory techniques was put

forward and first applied to DIS process [60]. A threshold resummation to NLL
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accuracy was performed. The specific effective theory that was implemented is the
soft collinear effective theory (SCET) which will be discussed in the next section.
Generally speaking, the SCET captures the physics of the full theory, i.e., QCD,
when only the soft and collinear momentum modes are the essential ones. Due to
the nature and origin of threshold singularities already mentioned, it is no surprise
that the SCET turned out to be naturally suited to discuss the IR divergences and
the logarithmic enhancements they produce in the threshold region.

The basic idea behind the effective field theoretic approach for resumming large
logarithms is actually a simple one. As we mentioned briefly in Chapter 1, one must
first identify the momentum scales that are relevant for the process under study
and for the kinematical limit of interest. These momentum scales are in general
widely separated from each other. The general methodology of the effective theories
implies that at each momentum scale one needs to consider the contributions that
are relevant at that scale, and contributions from physics at the remote scales are
suppressed by powers of the ratios of these scales. These contributions form the
so-called “matching coefficients” since they are obtained by matching the physics
above and below that scale. Since, by construction, the effective theory below
the matching scale has the same infrared behavior as the theory above that scale,
then the infrared contributions cancel in the matching procedure and the matching
coefficients incorporate only the effects of the degrees of freedom that have been
integrated out, and no longer exist in the effective theory.

As for all perturbatively calculated quantities in quantum field theories, the

matching coefficient depends not only on the specific scale at which they were eval-
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uated, but also on the renormalization scale y. Moreover, the dependence on p is
only logarithmic. By setting p equal to the matching scale, all the logarithms in the
matching coefficients vanish. This should hold to all orders in perturbation theory.

In quantum field theories, the matching is performed order by order in the
coupling constant and at each relevant scale. Since higher order calculations in
perturbation theory will lead to the introduction of the renormalization scale p,
then by exploiting this dependence we perform running of the matching coefficients
between the matching scales. This running is governed by the anomalous dimensions
of the effective operators in the respective theories. By doing so, we resum all
the logarithmic contributions to the coefficient functions. This would be the case,
provided we identify the matching scales with the relevant scales of the process: the
generic hard scale Q2 and an intermediate scale” p? which in turn, is related to the
threshold region Q*(1 — ). The parameter n > 1 depends on the process being
considered. As we shall see, for DIS n = 1 and for DY and the Higgs production
n = 2 and z is replaced by z.

In principle, the effective field theoretic program for resummation is actu-
ally independent of the specifics of the effective theory itself, and one can perform
the resummation without referring to the SCET lagrangian (or any other effective
theory lagrangian). On the practical level, this is simply due to the fact that per-
turbative calculations using the full QCD lagrangian in the soft limit has already
been performed for the processes in which we are interested. Moreover, as we shall

demonstrate explicitly in the next chapter, the SCET calculations reproduce exactly

" It should be case that Q% > u? > AéCD for perturbation theory to apply.
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the same results as those of full QCD in the soft limit.

2.2 Soft Collinear Effective Theory

In this section we will consider some aspects of the soft collinear effective
theory (SCET) that will be relevant to our future discussions of hard scattering
inclusive processes. The original motivations for developing this effective theory
were actually related to the study of the inclusive B-meson decay channels. However,
as an effective theory describing interactions of fast-moving collinear particles with
soft and/or collinear ones, it can also be applied to inclusive processes mainly (but
not only) in the threshold regions. It is best formulated using the “light-cone”
coordinates, I = —5(1° £ %) introduced earlier, and I = (I*,17,1,).

Introducing the light-like four-vectors,

1 1
n* = —(1,0,0,—1), a*=-—(1,0,0,1), n*=n*=0, 2.19
ﬂ( ) ﬁ( ) (2.19)
we get
M=n-l,I"=n-1, ?=2T1"+12 =2n-ln-1+1%. (2.20)
and

W= (n-Ona*+ (n-Hn* +14. (2.21)

Let @) be again the large scale characterizing a hard process. A collinear parton
(either a quark or a gluon) with large momentum component in the +z direction,

is assigned momentum scaling,

p=@"p . p)~ QL NN, (2.22)
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and it will be called “n-collinear”. A is a small parameter that is usually determined
in relation with the available lower (intermediate) scale. For our interest in summing
threshold enhancements, A will be the measure of how far we are from the threshold
region and its exact value depends on the kinematics of the process. In the next
chapter we fix the values of A for the different processes we consider. For n-collinear
partons, we have p = Q(A\?, 1, \).

“Soft“ gluons® have momentum assignment,

p=Q(N N \). (2.23)

In certain applications one has also to introduce soft quarks however, these are
irrelevant to our discussion since we will be working in reference frames in which
the incoming partons are fast-moving in certain direction so they will described by
a collinear fields. With such momentum assignments it is clear that interactions
of collinear quarks with collinear gluons (of the same n or n type) or with soft
gluons does not change its momentum assignment. This actually sounds familiar
to another well-studied effective theory: the “heavy quark effective theory” where
the heavy quark is treated as a classical object moving along some trajectory with
constant velocity v, and the strong interactions cannot change its velocity due to its
large mass. Thus the velocity v becomes a “label” of the quark field and the large

momentum component is “rotated away”.

8 In some papers, the assignment Q(A% A2, )\2), is referred to as “ultra-soft” (u-soft) and
QA A A) refers to soft particles. In our applications we need to consider only one intermedi-
ate scale (besides Aqcp) so we do need two momentum assignments and Q(A%, A%, A\?) will be

referred to as soft.
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Analogously, in the SCET we decompose the momentum p of the n-collinear
quark

Pk (2.24)

where p* contains the two largest components
pr=ptat 4 ph (2.25)

and the k* contains the momentum component of O(A?) and is known as the “resid-
ual” momentum. With this, one extracts the large momentum fluctuations from the

full QCD quark field ¥(x) by defining a new field ¢;, ;(x)

PY(x) =Y e P Py 5(). (2.26)
P
The field v 5(x) can be decomposed as:

@) = T @) 4 PP () = )+ mpla) @.27)

and the quark lagrangian £, becomes,

Ly = Y€ (@) hin - Dény(a) + () Y+ in - DY p(a)

‘f‘gﬁ,p’ (z)(PoL +i DL)nﬁ,p(fL’) + ﬁﬁ,p’(l’)(?& +1 Di)fﬁ,p(l’)} . (2.28)

At this stage it is useful to invoke power counting arguments [37] which show
that the collinear field & scales as A that of 7 scales as A\2. Thus all terms in the
lagrangian scale as \* except the term #n - Dy = nd*n ~ np~n ~ A\°. Dropping this
term means the 7 field is no dynamical and can be eliminated using Dirac equation.

Then one gets

Mip (Pr+1i D1) #ép(@). (2.29)

" pttin-D
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With this we get for L,

Lo=> P78 y(x) |n-D+ (¥ +i P1)

D,p’

(ﬂJ_ +1 DJ_) Vigﬁ,p .

(2.30)

pt+in-D

We want to emphasize that the gluon fields appearing in the lagrangian (through
the covariant derivative, D¥* = 0" — ig;,A* are, by construction, either n-collinear
or soft. The effective theory collinear gluon field A; ,(x) can be defined in a similar

way to that of the quark field

AC=)"eTTAL (a) (2.31)

q

where A€ is the full QCD gluon field with momentum modes of the n-collinear region:
Q(1,)\%,)\). Tt can be shown that the power counting in terms of A for the gluon

fields (either soft or collinear) is identical to their momentum assignments,

A = (AT AT AS) ~ Q(1,ME)N)

A5 = (A A A ~ QOZ NN (2.32)

and A® stands for a soft gluon field. From this we see that in the first covariant
derivative in Eq. (2.32) contributions from both gluon fields (A°" and A°~) are of
the same order: A\2. However in the transverse covariant derivative the contribution
from A7 is suppressed relative to A so it can be dropped. With this observation

and Eq. (2.31), one gets

Lo= PP () |n-D+ (P +i DS)

D’

(%L +1 ;DCL) Vigﬁ,p )

(2.33)

pt+in-D

and D¢ contains only collinear gluon field.
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Fig. 2.1: Feynman rules for quark propagator, the vertex of collinear quark with soft gluon

and collinear quark with collinear gluon.

After a few more steps and definitions which we do not go through here, the

above £, can be brought into the following compact form:

n- pr(m)Z D] Héalz) (2.34)

where,
&n(x) = Z e P . (2.35)
P
The “Wilson line”, W;(z), has its origin in the nonlocal structure of the inverse of
n - D¢ in Eq. (2.33) which by itself is remnant of integrating out the 7 field, and it
is given by:

Wi (z) = Pexp {igs /_x dsn-A°(sn)| , (2.36)
where, as in the definition of the parton distribution function, P stands for path
ordering. It can also be shown that the appearance of Wilson lines in the lagrangian
is a requirement of collinear gauge invariance. The operator P is known as the

“label” operator since its action on a collinear field &5, yields its label momentum,

n- ,Pgﬁ,p = n- pgﬁ,p 5

,Pﬁgﬁ,p = Pfgﬁ,p- (237)



Some of the Feynman rules obtained from £, are given in Fig. 2.2. The complete
soft collinear effective lagrangian has to include the self coupling of the gauge bosons
as well as the gauge fixing terms and the ghost fields.

In the lagrangian £, the collinear quarks and gluons are of the same collinear-
ity type, i.e., either n or n-collinear so there is no vertex that couples the n-collinear
quark with n gluon or vice-versa. Of course this is so by construction so that we
avoid having propagators of large virtuality (of order Q?) as would be the case oth-
erwise. However, in certain applications one needs to consider the case when two
collinear quarks or gluons are moving in (almost) opposite directions.

In the effective theory these partons can interact amongst each other through
the exchange of soft partons only and the soft gluon “hidden” in the covariant deriva-
tive D supplies the required field. In this case one constructs effective operators built
from fields with different collinearity subject to gauge invariance requirements. This
has been done in a systematic way in [61]. One important object relevant to our

discussion of DIS and DY processes is the electromagnetic current,
Jery = E W/ Wi, (2.38)
Matching this effective operator onto the full QCD analogue
3" = Py, (2.39)

will be the first step towards establishing that the SCET reproduces the infrared
behavior of full QCD (as it must!). By doing so we obtain the first matching

coefficient needed for the resummation program. Moreover it will be shown, to first
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order in ay, that the SCET also reproduces the full QCD results with real gluon

emission when the full QCD results are taken to the threshold (or the soft) region.

2.3 Standard Model Higgs Production

in the Large Top Quark Mass Limit

The scalar Higgs particle is a fundamental constituent of the standard model
(SM) lagrangian which results from a very specific pattern of electroweak symmetry
breaking via the Higgs mechanism. This mechanism does not arise as a natural
consequence of some underlying physical principles and it is not a priori clear why
physics should be formulated in this way. It is really an unpleasant situation that the
Higgs particle is the only particle of the SM lagrangian that has not been discovered
yet. Its direct detection is a main goal of the current and future colliders®.

The dominant mechanism for the production of the SM Higgs particle at the
Large Hadron Collider (LHC) is through a gluon-gluon fusion process, g9 — H,
mediated, to leading order, through a triangle loop of heavy quarks as shown in
Fig. 2.2 (a). The reason for this is that the coupling of the Higgs particle to a quark
is proportional to the quark mass. So to a very good approximation, it would be
sufficient to only consider the running of the heaviest quark in the triangle loop,
namely the top quark with on-shell (pole mass) M; ~ 176 GeV . Since the gluon

fusion process is a strong interaction one, then the QCD radiative corrections have

9 The current lower bound on the Higgs mass is 114.1 GeV at 95% CL, which has been implied

by the direct search performed at LEP [62].
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Fig. 2.2: Leading order diagram for gg — H: (a) in full QCD and (b) in the effective

theory.

to be taken into account. Indeed, next-to-leading order QCD corrections were found
to be sizeable: 50% — 100% [39, 63].

The radiative corrections, whether real or virtual, can in principle be calculated
from the QCD lagrangian. However, it turns out that one can tremendously reduce
the complexity of the calculation by working within an effective theory in which
M,; — o0o. The resulting leading order Feynman diagram is shown in Fig. 2.2 (b).
The accuracy of this limit has been analyzed in [63, 64, 65, 66] and it turned out
to be less than 5% for My < 2M,. Calculations of the QCD radiative corrections
up to NNLO in the large top quark mass limit have been performed in [67, 68, 69].
In this limit, the reaction gg — H shares many features with the DY partonic one;
qq — v*. At leading order, we have in both cases two partons that produce a color
singlet particle. This means that one can simply write down a factorization theorem
for the Higgs production cross section by taking Q% = M% and, of course, the parton
distribution functions needed are those of a gluon inside a proton. The similarities
between the two processes will persist also when radiative corrections are taken into
account. This will be made more clear in Chapter 4.

The effective lagrangian for the Higgs production through gluon-gluon fusion
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Fig. 2.3: Vertices for the scalar particle coupling to the gluons.

in the large top quark mass limit can be written as
1 v
L= _ZC¢(MN ,u) ¢ G" Guu(:u) ) (240)

where ¢ is the scalar field, G*” is the gluon field strength, C is the effective coupling,
and p is a renormalization scale. The coefficient function Cy is determined by the
top quark triangle loop diagram, including all the QCD corrections taken in the limit
M; — oo. It can be expressed as a product, Cgw (M;)Cr(My, i1), where Cgw contains
only the electroweak contributions while C(M;, 1) has all the QCD corrections.
From the above effective Lagrangian, we can derive the vertex of the gluon
fields and the scalar particle. We show these vertices in Fig. 2.3. Up to a common

factor Cy we have for Fig. 2.3(a),
i0ab (K1 - k29w — k1oka,) - (2.41)
Then the coupling to three gluons in Fig. 2.3(b) reads
— s fave [(F1 — k2) o9 + (k2 — k3) uGp + (ks — k1)ugpp] - (2.42)
Finally, the coupling to four gluons shown in Fig. 2.3(c) is

_1952, { fzzbefcde (g,upgzry - g,m/gyp)
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+ facefbde (g,uugp'y - g,twng)

+ fadefbce (g,uzzgp'y - gupgw)} . (243)

As in the case of the DY process, higher order calculations for the gg — H inclusive
cross section are plagued with the singular distributions D;(z) and 6(1 — 2), where
z = @Q*/s = M%/s and s is the invariant mass squared of the colliding partons
which lead, in the limit z — 1 to large logarithmic enhancement (when Mellin
transformed). Resummation of these logarithms needs to be performed in order to
get a coefficient function—in the factorization theorem—as accurate as possible.

It is worth mentioning that at the LHC, the invariant mass of the incoming
protons S = (P, + P)* = (14 TeV)?, which is much larger'” than Q* = M3.
Thus the ratio 7y = Q? /S is much smaller than 1. However the ratio 7y is not
correlated with z = %/s in the sense that one can safely take the limit 2 — 1
although 74 < 1. The main reason for this is that the parton distribution functions
fan(x) (for either a quark or a gluon) are strongly vanishing in the limit z — 1;

thus the partons that initiate the reaction (with momenta fractions x;) may well

have: z = & = -2 (929 = 7. Therefore the partonic threshold may well be

s 1225

achieved much faster than the hadronic one.

10 1t is widely accepted that the Higgs mass will lie well below the 1 TeV scale.
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3. DEEP INELASTIC SCATTERING AND DRELL-YAN

IN SOFT COLLINEAR EFFECTIVE THEORY

In the preceding chapter, theoretical constructs such as factorization theo-
rems, infrared (IR) divergences and large logarithmic enhancements where briefly
discussed. Through considering first the deep inelastic hard scattering cross section
(DIS) and then the Drell-Yan (DY) process in the threshold region (i.e., z — 1 for
DIS and z — 1 for DY), we illustrate these constructs by working perturbatively to
first order in the strong coupling constant a.

The relevance of the soft collinear effective theory (SCET) for inclusive pro-
cesses and in the soft limit will be illustrated. We will show that the SCET is a
“legitimate” effective theory of QCD in the sense that it captures the full IR behav-
ior of this theory. More importantly, we will illustrate how the QCD corrections—real
and virtual-to the leading order partonic channels for DIS and DY are related to
the matching coefficients at each one of the relevant matching scales.

In this chapter we only obtain the matching coefficient for DIS and DY to first
order in a;. However, the lessons learned will allow us (in the next chapter), and
without relying on SCET, to generalize the treatment to higher orders in «, and to

perform threshold resummation of the leading and subleading logarithms.



3.1 Deep Inelastic Scattering

Starting with the inclusive DIS process and concentrating on the strong inter-

action part, the reaction is,
P(P)+~%(q) = X, (3.1)

where an incoming proton P with momentum P* is struck by a highly virtual photon
v* with momentum ¢ where: —¢* = Q* > Acp. X stands for all the unobserved

final hadronic states. The leading order partonic channel,

q(p1) +7"(q) — q(p2) , (3.2)

is best visualized in the Breit frame where the incoming quark is moving along the

+2z direction with pf = %(po + p3) ~ Q. The incoming photon and the outgoing

quark are moving in the —z direction with p; = %(po —p%) = Q. As before, letting

r = Q*/2p; - q, the invariant mass of final hadronic states is

1—=x

(m+a)" =Q—, (3.3)

which vanishes in the limit z — 1.

The quantity of interest to us is the structure function Fy(z, Q?) which is the
partonic version of Fy(z g, Q%) given in Eq. 2.11 and can be calculated perturbatively
[70] with the expansion, Fy(x, Q%) = >, aiFéi), where, a, = §=. The calculation
of FQ(I) in perturbative QCD (pQCD) is straightforward and it proceeds by taking
the Fourier transform of a product of the matrix elements of two electromagnetic

currents between initial and final states
1 ) .
— > {alpo) |5 (@) X)(X 5% (0)|q(p)) (2m)* 6 (p1 + ¢ — px). (3.4)
8
X
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Then one projects out! F, by multiplying the last equation with the metric tensor

—¢uw- We follow the normalization of [70] where,
F9 =5§(1—2). (3.5)

As in every effective treatment one needs to identify the relevant scales. In the
case we are considering it is easily seen that there are two scales. The higher scale
Q? and the lower scale p% = QQLajx). Since we are interested in the limit z — 1,
these two scales are well separated and an effective theoretic treatment would make
sense. We now establish a relation between the intermediate scale and the expansion
parameter A\ in the SCET. We have already mentioned that in the region x — 1,

only partons which are either soft or collinear to the outgoing quark can be emitted

into the final state. Using the power counting of SCET we find
Pk =Q [N +0o0)] (3.6)

where the right hand side comes from either collinear gluon to the outgoing quark
with momentum Q(A?, 1, \) or from emission of soft gluon with momentum Q(A?, A2.\?).
Thus one has to identify \? ~ (1 — x).

At the scale %, the final hadronic states may be effectively treated as a
massless jet moving in the n = (1,0,0, —1) direction. Since the structure function
is essentially a product of two currents (in momentum space) then we start the

matching procedure by considering the quark form factor defined as the matrix

! In the limit  — 1 the structure function F; has no singularities and it is totally ignored in

our discussion.
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Fig. 3.2: Soft and collinear gluon contributions in SCET for electromagnetic current.

element of the full QCD current taken between quark states

(a(p2)15"|a(p1)) = ieq(@r"u) F(as, Q7).

This matrix element is matched onto the matrix element of the (gauge invariant)

effective current,

<Qn|]'u’%’1> = ODIS<Q2)<qn,;52’éthnﬁ)/MWfifﬁMﬁ,h)7

where p; are the label momenta for the incoming (i = 1) and outgoing (i = 2)
quarks which are represented in the effective theory by &5 and &, fields, respectively.
The matching coefficient C'(Q?) is calculated order by order in a,(Q?) and it has the

expansion, C(Q?) = ¥, aiC?(Q?) with the obvious leading order result: C® = 1.

The first nontrivial result for the matching coefficient is C"). The contribu-
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tions to the electromagnetic current in full QCD are given in Fig. 3.1 where we
have the vertex correction in (a) and the wave function diagram? in (b). Working
in Feynman gauge and in on-shell dimensional regularization (DR) in d = 4 — 2¢ to
regularize the UV as well as the IR divergences, the contribution from the vertex

diagram for massless quarks is standard and reads:

Voo Qe <Q2 ) F(1+e)2(1—-¢)[ 1 2 4 s| . 39)

Ar [2eE I(1 — 2) cuv € Em
where Cr = 4/3 and p is the renormalization scale. This result displays both
kinds of divergences. The labelling of ¢ specifies the kind of divergence. Using the

properties of the I' function given in Appendix A and the expansion

o gn
—( 3.10
=5 e 010
one gets
. 1 9 2In% —4 2 2
V = Oé—CF")/M ——T—FL 2Q +3IHQ——8+CQ (311)
4m EUV  EIR ETR p? e

where (5 = %2. The IR double pole arises when the virtual gluon propagates with a
soft momentum and in a direction collinear to the outgoing quark®. The appearance
of this double pole leads to the double logarithms in the last equation which are
known as “Sudakov double logarithms”.

In pure DR, calculation of the wave function diagram leads to an integral of

the form,

dk 1
:/(%)dﬁ, (3.12)

2 A diagram with gluon attached to the incoming quark leg also has to be considered.

3 This double pole cancels when the contribution from real gluon emission diagrams is taken

into account.
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where k is the loop momentum. For d = 4 — 2¢, the dimension of [ is —2¢ #
0, however, this integral is scaleless since it does not depend on any dimensional
quantity. So in DR we always set the value of such integrals to zero. Moreover, one

can show that their vanishing result is of the form,

11
Jox — — —. (3.13)

Euv  €IR
Let us illustrate this for the integral in Eq. (3.12). Writing

1 1 m?
— = — 3.14
kKt k2(k2—m?)  kA(k%2—m?)’ ( )

we get two integrals to calculate. The first is

where we used Feynman parametrization

1 1 1
=1 laz + (L= )b (3.16)

The last integral can be calculated easily using the standard formula

'k 1 (-1 D —d/2) 1\
/ (27)d [k2 — m2] - (47T>(d/2) T'(v) (W) ) (3.17)

[VljsH

which is a special case of a more general one,

A%k (k‘2)y 1y 7rd/2 m2 V—AH-% F(I/ —+ %)F(,u -V — g)
[ oy — s = 0 g ) @
Thus the integral in Eq. (3.15) becomes
B i 'Mra—e), o . [t .
= GO g ) /0 dz(1 — )
i o 1
= ) (e)(m?) - (3.19)



To get the result in the last line we used Eq. (A.14) and the properties of the T
function, Eq. (A.12) and Eq. (A.13) given in Appendix A. At this stage we introduce
the renormalization scale p2. The integration measure d%k has dimension d = 4 —2¢
so we multiply it by p2, where 119 has dimension of mass, to get the correct dimension.

Thus the result of the integral becomes

_ ' p (”3> L (3.20)

which gives

1 1 e
=—|—+h-—+1 3.21
472 lgUV tn m?2 + ] 7 ( )

where in MS scheme, p? = 4we ™ .

The second remaining integral is calculated using Eq. (3.18),

_mZ/(ko 1 11 <u0> ['(—e)I(1+¢)

2m)e (k2)2[k2 — m?] (2m)2 22 \m? [(2—¢)
1 1 e
= ——=In— —-1]. .22
(472) [ fIR no 1 (3.22)
Combining the last result with Eq. (3.21) we get
d'k 1 i 1 1
- B 3.23
/ (27T)d k4 (471')2 Euv €IR:| ( )

Going back to the wave function diagram, its contribution is

(3.24)

Taking one half* the contribution from the two wave function graphs and the vertex

4 This is a simple result of the LSZ reduction formula, where each external fermion leg is mul-

tiplied by Z3/>.
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correction, one gets

(a(p2)|3*la(p1)) = ~+*

s 2 2In % — 2 2
1+ 20 et W 43I 8+ G
T €ir €IR M M

(3.25)
As this result shows, all the remaining divergences in the current matrix ele-
ment are IR in origin and all the UV divergences cancel. The cancellation of the UV
divergences can be considered as a consequence of electromagnetic current conser-
vation (or the “Ward” identity) even when the strong interaction effects are taken
into account. That is, the electromagnetic coupling constant a.,, is renormalized
only by the vacuum polarization contribution of the photon propagator, and QCD
effects should not contribute. Thus all vertices, such as, vqq, vqq, Zqq, Wqq, etc.,
are free from strong interaction divergences. This statement holds to all orders in
perturbation theory.
The effective theory diagrams of the electromagnetic current are displayed in
Fig. 3.2 and they are calculated using the SCET Feynman rules given in Fig. 2.1.
However, one immediately sees that all these diagrams, including the vertex diagram,
lead to a scaleless integrals in pure DR and so they vanish. Their total contribution

can be inferred from the discussion in [60] and one has,

2 2
. 9 2In% -3 9 2In% —3
1+O‘—CF(2 - 1 (3.26)
47 EGV Euv €1R €IR

(nlj*|qn) = "

The fact that the IR poles in the last equation agree with those in the full QCD
result, Eq. (3.25), is a consistency requirement imposed on the SCET as it must

reproduce the IR behavior of the full theory. The UV poles in Eq. (3.26) are to be
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cancelled by a counterterm,

6o=2.—1, (3.27)

where the subscript ¢ refers to the effective current. Thus, to first order in o, we

have
- 2 2% -3
Zo=14+—Cp |— 5 T K , (328)
47T gUV gUV
and the renormalized effective current becomes
z w14 Lo 2 23 3.29
<Qn|] |Qﬁ>ren—/7 +E F _%“FT . ( . )
Comparing the last equation with Eq. (3.25) one gets
Chs = 1,
2 2 2
cll, (ff? Q2> — O l—mffz +3In 222 —8+ @] , (3.30)

which is the finite part of the full QCD result. At the scale u? = Q?, we simply get

CUx(Q?) = CH%s(1,Q%) = Cr[-8+ () (3.31)

and all the logarithms vanish. The p dependence of the matching coefficient is

governed by the anomalous dimension of the effective current defined as

dIn CDIS (u)

— i (1)
s nw) ,  mp) = ;aﬂl (1) (3.32)
giving
1) Q*
w () = Cg [4 lnﬁ — 6} : (3.33)

The solution of Eq. (3.32) can be written as

Cons (@24 cu(42)) = Cons(1, 0 (Q?)) x exp (— [ vd:> N

23



where p; is some intermediate scale below (). This anomalous dimension also con-
trols the p dependence of the counterterm d.. This follows by noticing that the
quark form factor (q(p2)|j7”|q(p1)) is a physical quantity that should not depend on
the renormalization scale p. This is so, since the original lagrangian, Lqcp, knows
nothing about this scale. This could also be argued from a different point of view.
Since the electromagnetic current is UV finite, then there is no need to dimension-
ally regularize the UV divergences and one could set eyy = 0. This means that the
calculation of the virtual diagrams could be performed in four dimensional space-
time (d = 4) and the scale p would not show up in the result of this calculation.

From this we can write

d{q(p2)]"q(p1)
dln p

= 0. (3.35)
This equation, Egs. (3.8) and (3.32), simply give us

dln Z,
dln

-, (3.36)

which is a familiar form.

At the intermediate scale, Q*(1 — ), the final state invariant mass p% must
be considered large compared to A(QQCD but far below the higher scale Q2. In order
to have x # 1 there must be a radiation of real gluons into the final state. The
complete set of diagrams in the effective theory can be found in [60] where only soft

or collinear real gluons contribute. The combined result is

= %CF {4@1(%) + <41n222 — 3) DO(QT) + (5(1 — l’) <2h12 652 _ 3In 332 L7 6<2>
—i (4D(z) + 36(1 x))}. (3.37)
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To obtain the last result, the counterterm . has been added to the contribution
of the real diagrams to cancel the UV divergences. However, not all the divergences
cancel as is seen from the remaining pole in . Since it is not cancelled by the
counterterm, this pole has to be IR in origin: € = e1g. At this stage we need to
recall our discussion of the QCD factorization theorem for the DIS process where
we argued that the (UV finite) cross section is factorized into a coefficient function
which is IR finite (i.e, it is finite when ;g — 0) convoluted with a parton distribution
function (PDF) f,/. In the case at hand the relevant PDF is f,/, (quark-in-quark).
Up to first order in «y, its renormalized expression calculated in full QCD (see, e.g.,

[48]) is

t@gmzéﬂ—x%—ﬁCpx%;(ﬂ+w%wa+2M1—@). (3.38)

The pole in the last expression is due only to collinear gluon emission from the
incoming quark and all soft divergences, which appear as a double pole in individual
diagrams, cancel in the sum of contributions from real and virtual diagrams.

In the limit  — 1, the expression for f,/,(z) reduces to that in Eq. (3.37).
Thus performing matching at the intermediate scale onto a quark distribution func-

tion cancels all the ¢ dependence and one gets a finite matching coefficient

M%@::@%mm+@m%_gm@

+6(1 —x) (2111262—2—31113—224—7—6@2)} : (3.39)

12
where M(z) = ¥,_al M9 (z) and M (z) = §(1 — ). Two remarks are in order.
First, we notice that the last result is exactly equal to the finite part of the full
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QCD calculation of the real diagrams in the soft limit [70], i.e., only when the plus
distributions and the delta function are taken into account. Moreover, the ability
to perform matching at the intermediate scale, i.e., to obtain a finite result when
subtracting the contributions from both “sides” of the matching scale, is equivalent
to the fact that the factorization theorem works, order by order in perturbation
theory.

To manifestly see the large threshold logarithms, we take the Mellin transform

of M](Dll)s(as) Using the formulae given in Appendix A, one gets for large N

Q? Q?
—=— —3In= 7T —4(C]| . 3.40
Nz Syt G2 (3.40)

M%?DIS = CF 21n2

As in the case at the higher scale, )2, the matching coefficients at the specific value
of the matching scale should be free of any large logarithms. For the matching at
the intermediate scale, the large logarithms cancel by choosing x? = Q%/N and one
gets

Ms\lf,)ms =Cp[7T—4¢]. (3.41)

The intermediate scale, > = Q?/N, has to be related to Q*(1 — x) = Q*)\? and one
can simply relate the (1 — x) with its conjugate variable 1/N in the sense that the
large N limit is associated® with  — 1. Thus in moment space, My can depend

Q2
Np2*

logarithmically only on the ratio This observation persists to higher orders in
perturbation theory, as we will show explicitly in the next chapter, and it should be

valid to all orders in perturbation theory. Consequently, by the choice u? = Q*/N,

5 This is a heuristic observation and it can be argued as some kind of “uncertainty” relation

between two conjugate variables: (1 —z)N ~ 1.
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the matching coefficient at this scale is free of large logarithms to all orders in .

Since the two matching coefficients depend on two different mass ratios then
any single choice of ;2 will certainly create large logarithms in the coefficient function
due to the wide separation of the matching scales. If u? is chosen close enough to
the higher scale (to eliminate the In*(Q?/4?)) then it will be far away from the
intermediate scale and the logarithms of Q%/Npu? will be large. Of course, the same
thing occurs if p? is close to the intermediate scale. This phenomenon is certainly not
exclusive to the context being discussed, and it appears in almost all perturbative
applications of effective field theories.

Having obtained the matching coefficients, we are now able to write down the
first order QCD corrections of the coefficient function of the structure function F,
denoted by G+ (). The (s+v) stands for the combination of contributions from
the virtual diagrams (which are proportional to (1 — z)) and of the contribution of

real diagrams taken in the soft limit. The result is the following:

Gpis(r) = ‘ 1+ a,C% <§—22 as(u2)> 2% (8(1 = 2) + a,MD () + O(a?). (3.42)

The square of C'is due to the fact that the structure function Fj is proportional
to a product of two currents, while C' is just the matching coefficient of only one
current. The essence of this equation is that a cross section, calculated in a certain
kinematical limit-in our case it is just the soft+virtual-can be viewed as a two
step matching process which results in multiplicative matching coefficients. Each
matching coefficient incorporates a certain contribution to the final result. As we

have seen, the matching coefficient at the higher scale collects the contributions
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from the virtual diagrams and the matching at the intermediate scale supplies the
remaining contributions from real gluon emission diagrams.

The results for leading order (LO) and next-to-leading order (NLO) are

GOM(@) = 61 —a), (3.43)

G(1)(s+v)< B Q_Q_ B Q_z_ B
bis () = Cg|4Dy(z) + (41n e 3] Do(z) +6(1 —x) (3In e 9—4¢G || ,

where, GEE(2) = S, al GG (2). Since no contributions from higher order
terms in perturbation theory were included yet the result of G, is a fized order
one as opposed to a resummed one. The resummed results will be presented in the
next chapter.

We now turn to discuss the DY process. Our aim is to obtain the matching
coefficients as in the DIS case. It will also be interesting to verify whether the SCET
calculation of DY cross section also reproduces that of QCD in the soft+virtual limit,

and if the factorization theorem for DY holds to first order in the strong coupling.

3.2 Drell-Yan Process

For the quark and anti-quark annihilation process into a gauge boson, say a

photon,
q(p1) + a(p2) = 7" (q) , (3.44)
the invariant mass of the final hadronic state is

A= @l - ) 2@ —m (- m) 2N, (349

X1 X2
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where

2 2 2
Zz = in €T, = Q ) T = Q
s 2p1 - q 2ps - q

. (3.46)

The threshold region z — 1 implies that 1 — z ~ A2, so we get p3% ~ Q*(1 — 2)%
The intermediate scale in this case is then: Q?(1 — z)%. As in the case of the DIS
cross section, we start the matching procedure at the higher scale 2, and match the
the full QCD annihilation current q¢ — v* onto the SCET current. This could be
accomplished by calculating the contribution from the virtual diagrams in full QCD
and match the result on that of the effective theory. However, this is unnecessary

due to the fact the quark form factor in the annihilation case, i.e.,

7" = (015"|q(p1)a(p2)) , (3.47)

can be obtained from that of the scattering (DIS) case by the following observation.
In the DIS case, the virtuality of the incoming photon ¢? is negative, i.e., the photon
is space-like, and it is customary to display the results for DIS related quantities in
terms of Q% = —¢® > 0. For the annihilation case, ¢ = Q2 > 0. This is the time-like
region. Viewed as an analytic function of ¢2, the space-like quark form factor can

be analytically continued to the time-like region through the replacement of

2 2
In 222 — In 652 —am (3.48)

in all the logarithms that appear in the DIS results. With this substitution we get

Qg 2 1 Q?
Hlp1py)y = A1+ — ———4+ —(2In= — 4
(015" |p1p2) Y { + 47TCF l E%R + fIR ( Il 112 3) (3.49)

2 2 2 2
—1n2222+31n222—8+7g+m (—21n32+3>1}.
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As in the case of DIS, the matching coefficient for the DY process at the scale

()? is the finite part of the last result,

2 2 QQ 77.‘.2 2

where the complete coefficient function® C, has the already familiar expansion:
Yiz0aiCS). The complex part of the matching condition will not play any role
for the discussion in this chapter. However, its role will become clear when we con-
sider contributions” of order 2. Since C{") and CY differ by a p-independent term,
then their p-dependence is governed by the same quantity®: ;.

At the intermediate scale, we consider the SCET Feynman diagrams with real
gluon emission. These are displayed in Fig. 3.3.

The details of the calculation can be found if [40]. The calculation was per-
formed using the SCET Feynman rules to calculate amplitude squared and then
integrating over the phase space for the production of a massive photon and mass-

less gluon®. The result reads,

Qg 4 4 2 8

6 Anticipating the comparison between the DY case and the Higgs production of the next chap-
ter, we refer to DY-related quantities with subscript q (quark) and for the Higgs case with g

(gluon). The DIS case will be referred to simply as DIS.

7 For the rest of the discussion in this chapter we refer to the real part of C'!) as the complete

cW.

8 Strictly speaking, the anomalous dimension for the DY case will have a complex part. This
can be simply seen from Eq. (3.33) and replacing the log term according to Eq. (3.48). However

this complex part will cancel in |Cy|? as could be easily seen from Eq. (3.34).
9 See Appendix B for details.
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Fig. 3.3: SCET Feynman diagrams for Drell-Yan process with real gluon emission. Graphs

(a)-(e) include only collinear gluons; (f)-(h) have only soft gluons.
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In(1 — 2 2

+8 <u> + 16D;(2) 4+ 81n Q—2D0(Z) + (1 —2) (ln2 Q—2 - 3@)] :
l—2z ), It Iz

As expected, the result is identical to the full QCD calculation of the real gluon

contributions to the DY differential cross section in the soft limit [70]. The e-terms

in Eq. (3.51) are a combination of UV and IR contributions. Let us express them

in the following form:

s 2 3 2 2 4 3
Z_ﬂ'CF [2 X <€—2 + - gln%> d(1—2)—2x (EDO(Z) + 2(5(1 —z))] :

These divergences will be cancelled by adding twice the counterterm, ., given in
Eq. (3.27) and by matching the DY cross section onto a product of two parton
distributions given in Eq. (3.38).

The fact that we need two PDFs is a requirement of the factorization theorem
for DY process-since there are two hadrons (partons) in the initial state. We also
notice that, aside from divergences that are cancelled by the counterterm of the
effective current, the only remaining divergences are absorbed into the PDFs. Thus
the matching coefficient obtained is

MP(z) = Cp [161)1(2) +81In fijo(z) +6(1 —2) <1n2 ffj — 3@)] ,(3.52)

with the complete M(z) having the the usual expansion in as = a,/4m. Taking the

Mellin moments we get

N2

Q2

My, = Cr [21112 + 2G| (3.53)

To minimize the large logarithms, we need to choose p = Q/N. This is different
from the DIS case where at the intermediate scale we set ;= Q/VN. Thus for DY
we identify 1 — z ~ 1/N.
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3.3 Summary

We have illustrated so far how to obtain the matching coefficients at the two
relevant scales for both DIS and DY processes to first order in a,. With these
matching coefficients we were able to express the coefficient functions that enter
into the factorization theorems as a result of a two-step matching procedure. In the
first step we match at the higher scale @2, the full QCD current onto an effective
current that “recognizes” only soft and collinear partons. By this procedure we
integrate out virtualities of order Q2, in the sense that in the effective theory, all
virtual particles have virtualities of order Q?)\? with A < 1. We have argued that
the soft and collinear modes give rise to the complete IR behavior of the quark
form factor manifested by the eig poles in the current matrix element (whether ¢?
is space-like or time-like). To NLO in «; this has been explicitly demonstrated in
[71]. This fact allows the matching procedure to be performed since these IR poles
cancel when we take the difference between the full and the effective results for the
current matrix elements and the UV poles cancel in the respective theories by the
renormalization procedure. Thus the matching coefficients are guaranteed to be
finite. They are also free of logarithms when p? is set equal to (.

At the intermediate scale, we demonstrated that the renormalized (i.e., after
the counterterm of the effective current has been taken into account) contribution
from the SCET diagrams with real gluon emission can be matched onto the relevant
parton distribution functions calculated in full QCD and taken to the threshold

region (r — 1 or z — 1). The remainder is finite and accounts for the soft+virtual
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limit of the full QCD calculation. This observation will be of much help. While in
the SCET there exists only next-to-leading calculations for the inclusive processes
we are interested in, in full QCD this limit has already been considered almost
twenty years ago since it highly simplifies the pQCD calculations. Results for DIS,
DY and gluon production in the soft+virtual limit exist to third order in a,. We will
make use of these results to extract the matching coefficients at the intermediate
scale to higher orders in as.

Up to now we have considered only the matching coefficients at the two relevant
scales. However we also need to consider the physics in between them. This is
established through the concept of running and evolution equations. These evolution
equations have boundary conditions which are exactly the matching coefficients
calculated at the relevant scales (which are free of logarithms). By solving these
equations, one usually gets exponentials that contain all the information that lies in
the “gap” between the widely separated scales. We will see that this simple program
gives us a resummed expressions for the relevant physical quantities and the harmful

large logarithms are brought under control.
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4. THRESHOLD RESUMMATION

4.1 Anomalous Dimensions of Effective Currents

In this chapter we carry out the resummation of threshold logarithms for the
three inclusive processes of interest: deep inelastic scattering (DIS), Drell-Yan (DY)
and the Higgs boson production in the large top quark mass limit. All three processes
will be considered in the limit of large Q?. The starting point is the factorization

theorem® for DY and Higgs which reads in moment space [72]:

on =00-Gn(Q)-q(Q,N)-q(Q,N) , (4.1)

where o is the Born level cross section which is not relevant to our discussion and
can be safely set to 1 for all processes we consider. Gy (Q) and ¢(Q, N) are the
Mellin transforms of the coefficient function G(z) and of the parton distribution
function (PDF) of partons in hadrons, respectively. For DIS we only have one PDF
in Eq. (4.1) since there is only one hadron in the initial state.

In the effective theory approach we start the matching procedure at the higher
scale. As we have discussed in the previous chapter, we match the matrix element

of the full QCD vector current: J* = 1y, taken between on-shell quark® states

1In Eq. (4.1) we set the factorization and renormalization scales equal to Q.

2 We remind the reader that we always work with massless quarks.



onto the corresponding effective theory matrix element

Jacp = C(Q* /1%, as(1®)) Jer (1) (4.2)

where C(Q?/u?, as(p?)) is the matching coefficient and g is the renormalization
scale of the effective current. The matrix element of the vector current gives us the
quark form factor for DIS and DY processes. For the Higgs production—in the large
top quark mass limit-it is the scalar current, J = G*”G,,,, where G*” is the gluon
field strength tensor introduced in Eq. (2.2).

The effective currents are p-dependent and this dependence is controlled by

the anomalous dimensions v, defined as

dln ODIS (LL)
/Li

i (2 A

7

The matrix elements of the full currents are physical quantities and therefore they
are pu-independent. This fact is related to the cancellation of the ultraviolet (UV)
divergences we noticed in the previous chapter in the sense that if there are no
UV divergences, one could actually perform the calculation without referring to any
UV regulator, like dimensional regularization (DR). Since in DR, the p dependence
enters when regulating the UV by going to d = 4 — 2¢, then no u dependence shows
up in d = 4. From this observation and the chain rule applied to Eq. (4.2) we simply

get

dIn Jeg

o (4.4)

() = —p

The anomalous dimension is a function of both Q*/u? and a,(u?). In fact, it

can be shown that it is a linear function of In Q?/u? to all orders in perturbation
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theory [73, 60] and can be expressed as
11 = Alag) In Q4 + By (o) (45)

where A and B; have the usual expansion in ay: A =3, aiA® and B, = ¥, a' B{"
where «y is the renormalized coupling constant.

We have already demonstrated in the previous chapter that the quark form
factor is free of UV divergences to first order in a; and argued that this holds to all

orders in perturbation theory. Thus it can be expressed as
~ ’ 2 ’ 2
(%ot s (Goavre) (4.6)

where F'is defined in Eq. (3.7) and the € dependence is due only to the IR poles in
on-shell DR: ¢ = gig. The quantity S contains all the IR poles and the coefficient

function C is finite in the limit ¢ — 0. The function S has no finite terms
lim S(1/e) =0. (4.7)

Both functions C' and S have the usual expansion in a, and Eq. (4.6) holds
to all orders in «ay by construction. The function S could actually be considered as
the renormalized form factor in the effective theory. Its ¢ dependence is consistent
with the fact that virtual diagrams in the effective theory vanish in pure DR due to
scaleless integrals and all the UV poles are removed by adding the relevant coun-
terterms, therefore what is left is just IR poles. All these poles come with a minus

sign relative to the corresponding UV ones, thus, we simply have

dln S
du

N(p) = —p
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Since C' does not contain any pole part, we can also write

() = —p diinF : (4.9)

H pole part

From this point of view, the function C is just the matching coefficient of the
full QCD current onto the effective current given in Eq. (4.2). It can be extracted
to any given order in «; from Eq. (4.6) once the perturbative full QCD calculation
of F'is known up to the same order. The same is true for the anomalous dimension
~1. In this sense one really does not have to rely on any effective calculation of the
sort done in the previous chapter.

The quark form factor is one of the best studied quantities in pQCD [74, 75, 76]

and it can be expressed as

1 [@*/w d Ld\
e =5 [*E (K60 + G0 + [ e a)
(4.10)
where A is the anomalous dimension of the K and G functions known as the “cusp

anomalous dimension”;

_ 246 adK
—'ud;ﬂ 'udMQ'

A (4.11)

The functions K and G are perturbatively calculable and have the familiar expansion

in a,. By construction, the function K contains only IR poles

K = i "g(fs) . Ko(ay) = i am k™ (4.12)
and it is has no explicit dependence on the renormalization scale p. This fact and
Eq. (4.11) allows the reconstruction of the entire function by knowing the pertur-
bative expansion of the anomalous dimension: A = 3, a’ A®.
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The function G contains the finite “hard” part of the form factor. It is finite
in the limit £ — 0 and expanded as: G(1,a,,¢€) = 3;a:GW(e). Thus G® and A®
completely determine In /. Moreover, the anomalous dimension A is exactly the
same one as in Eq. (4.5).

The anomalous dimensions A, for the DY and DIS and A, for the Higgs

production have been calculated up to O(a?) [56]:

Ay = 4Cag)

Agz?g) = 8CrCgg) K% - <2) Ca— gNF ;

Ay = 16C4y) |C3 (2245 - 69762 + 16163 + 151C§> + CpNp ( 2“25 i 2@)
+C4Np ( ?82 + 190(2 - ;g,) 4 N2 <—217)] , (4.13)

where C(y 4 = Cp for the quark form factor and C4 for the gluon form factor. In

this sense, A is universal. The coefficients G have been also calculated in [78] up

to1=3:
= (1)
(1) (1) 2
Glog = 2Bsyg — 00) + flgp + Clogy + Gy
G = 2<B(2) —26,01) + [0 + +BoGl ) + eGP (4.14)
(2,9) 2,(a.9) gl 0 4.9 :
¥ = 2AB® . —35 © Gl GO ByGrr
@g) = 2 o) + Fag) T 101G (gg) + B0 |Gigg) — PG|
and ¢, is zero for quark and 1 for gluon. The ‘tilde’ is defined as
S|
F=-[F—-F(=0)]. (4.15)
3

The B’s are the coeflicient in front of the delta function §(z — 1) in Altarelli-
Parisi splitting function and they have also been calculated up to O(a?) [56]:
BY) = 3Cr,
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BY = 4CpC, (;Z + e 343) — 4CpNy ( 112 + 42) +ac2 (g _ 36+ 6C3> ,
BE) = 16CACeNp (3 = 216+ 5@+ 126)
+16C4Ch. <151 + GGz — %Cz gfz EC?) 5C >
16030k (g — et 56+ 56 56)
—16CFN (11474 Gt g3>
—16CENFp (ig - —C2 C2 + %7(3>
+16C% (g—g — 20y + §g2 + gggg + 117@, - 15@;) , (4.16)

for quarks and

11 2
B = —c,-:N
2’9 3 A 3 F
@ 2 5 (8 1
241 29 233 1 1 5
BY = 1 N( )1 : 16CN( —2—)
2.9 6CACENF | ~555 ) T16Cans 355 ANF {55 T2t g% T30
79 1 11 67
+16C75 <3—2 — GG+ 6(2 + ﬂ<§ + FCB - 5C5)
+16C nz L + 16C%N. 1 (4.17)
PP a4 T '
for gluons. The quantities f*) are universal and are given by
n - _
Jag = 0
@ 808 22 112 8
f(q,g) = ClggCa o7 ?Q —28Gs| + g Nr o7 + gCZ ’
@ , [136781 12650 1361 352 , 176
fag = CluoCa 799 &1 27 T3 G+ ?Cz + —C2C3 +192¢5
11842 2828 728 1771
+C(Q7Q)CANF |:_ 729 81 7(3 <2:| + ng CFNF |: 27
304 2080 40 112
i Nq_ |
et gt CQ} T CaaNe [y ~ g% T 5r G (4.18)
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Writing, in the usual, v; = iai’yf), we then have

(@) _ 4@ (i) .
Ta.9) = A(q,g) In QQ/MQ + Bl,(q,g) + 200y 01 (4.19)

Comparing with Eq. (4.5) we see that: B® = B +2i§,8, ;. The By (4 are related

to By (g, through the relation:

) _opl) (i)
Bllag) = ~2Bs 49 — flgg) (4.20)

Below, we show how to get the last relation up to ¢ = 3; however, we remark
that it should work to all orders in perturbation theory®. Considering the quark
form factor (although the treatment applies as well to the gluon case), the starting
point is the expansion of the form factor in terms of the strong coupling constant.

Dropping for simplicity the subscript ¢, we have
F' =14 (@)X FD + (a2)’A"2F® 4 (a®)BE3N 2 F® L 0(a?) | (4.21)

where \ = %22, and a® is the bare coupling constant which is related to the renor-

malized one, a,, through the relation:

ab = a [1 - @as + (ﬁ—g — @> a?] + O(ad). (4.22)

€ g2 2
Taking the logarithm of F* we get

In Fb _ (ag)A_aF(l) + (ag)2)\—2a (F(Z) . (F(l))2>

1
+(ab)3a3e (F(3) —FOpE@ 3(F(1))3) _ (4.23)

3 Since we interested to obtain the anomalous dimension v, we did not supply explicit expres-

sions for G and the tilde functions in Eq. (4.15) since they do not contribute to ;.
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Substituting Eq. (4.22) in Eq. (4.23) we get

mF = a < FY + l Poy—ep) 4 x> (F@)—E(F(U)?)l
2
vat | (Fo _ By pay _ 2P0y ( Fo_ L F(1>)2>
Gl e 5 2
1
A3 (F<3> — FOF® 4 —(FW 3)} : 4.24
+ + 5 () (4.24)

The expansion coefficients F; can be expressed in terms of the A® of Eq. (4.13)

and the G of Eq. (4.15) in the following form [77]:

11
) 2 amtE
2¢? 25G
11 11 11 11
2 — (A2 L =~ A9 (G2 A2 Iy - Z22q®
FO = 2 (A0P S ADEGD — ) + 5 (GO) - A —25,G1) - 1-G
11 11
e — L oqmp LAy _77A<1> DY2 _ 94® _ 973 (D)
11
+86§)—mg(3(G(1))3—9A(2)G —18AWGE® 445, AN — 185,(GW)?

11
+1630A® + 24326 + = (9GVG® — 443 — 65,GY — 245,G?)
0 722

11
_Z2G®
6¢

We now substitute these terms in Eq. (4.24). Displaying only the simple poles? in

£, we get after many cancellations,

1 11 1
A0 — g 21l @ - @ 4 g Lo
a526[A In\A—G ]+(a3)4€[A A~ G® 4 fy-G ]

;11

+(as) 6¢e

1 1 1
[A In\—G® +gﬁ0G<2>+gmG<l>—?ﬁgc‘(”]. (4.26)

The terms in the square brackets are exactly the expansion coefficients 75") of

~1. This can be seen as follows. Taking (minus) the derivative of In F' with respect

4 The terms in the square brackets are finite for e = 0.
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to In o and using,

dag

_ 2
Jnp 2eas + O(cf) , (4.27)

in d = 4 — 2¢, then the finite result is just the anomalous dimension. Comparing
the non-logarithmic parts of ’yY) with Eq. (4.15), we immediately get up to i = 3,
the desired relation given in Eq. (4.20).

We remark here that the anomalous dimension ~; could have been calculated

from the matching coefficient itself by taking the logarithm of Eq. (4.6)

2 2
InF=InC (?,Oés> +1InS <ﬁ76> s (428)

where we used the fact that C' = C. Subtracting away all the ¢ terms from this

relation, one then gets

7= m {111 F|ﬁnite part} ) (429)

to any desired order in «g. This method is straightforward but rather tedious,
however, it completely agrees with the previous one.

Using Eq. (4.6) and the known expressions for the (renormalized) quark form
factor [79] and for the Higgs production [80, 81] to second order in a; we can write
down the matching coefficient C' up to the same order. As we have already discussed
in the previous chapter, the time-like form factor for DY (and also for the Higgs
production), contains a complex part, which means that C' and S will also have
complex parts. To the accuracy we are interested in, we need to keep the complex
part only of C™ as in Eq. (3.50). Let us illustrate the derivation of C’éz). Similar

analysis applies for Cf) and C](DQI)S. To second order in ay the gluon form factor is
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given by:

B@) = 1407w (L) |- Sea - (-5 )

A7 2\ % 2 11
+e? (— 6+ o g?(z))] + (—1)*a? (%) [03, {54 ~ s

67 1 68 25 1
(G +C@) 5 (-3 -5 @+ 2)
o+ g+ g -5 o)l
NeCa{ gt o - G+ @) 1= - 3 - G

+NFCF{— = %7 L 16¢(3 )H

—(~1)a, (i) (igj>— 5,Cs l - 522 +¢(2)—e(2- 1344(3))] .(4.30)

It should be noted that the terms proportional to ¢ and &? in F{") are important in

the derivation below. Expanding Eq. (4.6) up to O(a?) we get
Fy(@Q%) = 1+ a,[CV + S] + a2[CP + CV S + 5] (4.31)

Working order by order in ag we have
2 2
C’él)(QQ/,tf) = Ca [— In (g ) + 7y + 2im* In (g )1 ,

Re[C§2)(Q2/M2)] = C% [; In* (f}i) 51 3 (32> (697 — 17C2> In? <i2 )

80 88 2\ 5105 335, 143 125
+<27_BC 2g3)1n<i2>+162+642_943+10<22]
Q* 2 Q@ 16 Q*
+OANF l—gln <u2> 31 <u2> + <27+3c ) In (u2>
916
- - 26 -5
2
+CpNp l2 In (%) - ()g + 8@,] : (4.32)

Including the already known result from Chapter 3 for CI()II)S, Eq.(3.30) one
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finds

2 2
C](DIIS<Q27Q) - CF{ <3>+31 <ff_>_8+(2‘| ’

(o () o () +5-)

+(‘;’—12<2+24g3 1n< >—1+29<2—30§3 44g]

Cos(Q? /i) = C%

5
2 L (2\ 19 ,/[Q? 200 4 02
e[ ()« o () G+ 56 ()
4085 23 2
324+9C2+<3]

2 2
+OFCA[ In? (g) (2@—%) In2 (%)

2545 Q2 51157 337 313
2979 L4k 9 ] _orb 99l hdnid
+( 54 Cz 6C3> n(p ) 648 C2 C3

For the DY case we use the replacement of In (%22) with In (%22) — 4.
The solution of the evolution equation for the matching coefficient C', Eq. (4.3),

and as a generalization of Eq (3.34), is written as:

CQ1 (i) = C(1, (@) x exp (— [ ﬁf) (.34

Hr

where C'(1, as(Q?%)) = C(as(Q?)) is just the non-logarithmic part of C' ( 5 ,as(u2)>.
It should be noted that when performing the integration over p in the last equation,
the dependence of the running coupling constant ag on p has to be taken into
account. As we have argued in the previous chapter, the scale p is to be identified
with the scale Q(1—x) ~ Q/VN for DIS and with Q(1 —z) ~ Q/N for the DY and
Higgs cases. The exponential in Eq. (4.34) will be supplemented by another two

more exponentials which together will completely resum all the threshold logarithms.

5

(4.33)
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4.2 The Soft Contribution

In Chapter 3 we have shown that the matching coefficient at the intermediate
scale equals the finite part of the full QCD computation of the relevant partonic cross
section with real gluon emission in the soft limit, in which one keeps only the plus
distributions and the Dirac delta function. Based on this observation, we can write
down the matching coefficients for DIS, DY and the Higgs production to the same
order in a, up to which the calculation in full QCD have already been performed.
It should be noted that higher order calculations of partonic cross sections for the
above-mentioned processes, have been calculated in full QCD while keeping the full
dependence on the kinematical variables z and z. However, since we are primarily
interested in the threshold region, we consider only the soft limit.

In the literature, though, it is common practice to combine the contributions
from the virtual diagrams® and those with real gluon emission, which comprises
to the soft+virtual contribution. For DIS one consults Refs. [82, 83] and for the
DY process, they can be found in Ref. [79]. For the Higgs production we refer to
Refs. [80, 81]. For simplicity of reference we have gathered in Appendix C the results
for the coefficient function G for the three processes in the soft+virtual limit up to
second order in a; together with their Mellin transform G for large values of V.

To obtain the matching coefficient My =3, aé./\/l%) to any desired order, we

5 Based on four-momentum conservation, the contribution of virtual diagrams to a cross section

is always proportional to a delta function.
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start from the following relation for DIS and DY:

Gy (Cf,ﬁ, asm) e (j,asuﬂ)) 2 My (Qf,ﬁ, asoﬁ)) @)

1 1 1

which is a generalization of Eq. (3.42) to arbitrary higher orders in a,. For the
Higgs case, the above relation has to be modified and the right hand side has to be
multiplied by Cq% which comes from the effective lagrangian of the large top quark
mass limit which also has an expansion in as. Aside from this extra factor, the
treatment below is identical for all three processes®.

As we discussed earlier, this relation is just the result of a two-step matching
at the two relevant scales—a procedure that results in multiplicative matching coef-
ficients. It should be noted that writing a cross section in this form is not a new
one; see, e.g., Eq. (2.25) in Ref. [84]. Expanding the above formula to third” order

in a; we get

GYT = 2Re[CW] + MY
G | oW2 4 9Re[C)] 4+ 2Re[COIMY + MDD
G = 2Re[CNC®*) + 2Re[CP) + [CDPMY + 2Re[CPI M)

+2Re[CPTMY + M. (4.36)

These results are consistent with those of Ref. [85]. In the notation of that
paper, the §; stands for pure real emission of n gluons into the final state. By “pure”
we mean Feynman diagrams without any virtual vertex corrections. F; stands for

the form factor type of diagrams, i.e., with virtual vertex corrections. These are

6 This will be the case until we discuss the anomalous dimension 7.

" The third order result will not be used in our work. We include it here for completeness.
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Fig. 4.1: Some of the Feynman diagrams that contribute to the Drell-Yan process to

O(a?).

S

exactly our M® and O, respectively. The various terms on the right-hand side of
Eq. (4.36) have a simple interpretation in terms of Feynman diagrams contributing
in the soft+vitual limit.

Let us consider some of the Feynman diagrams that contribute to GE@)’SH
given in Fig. (4.1) in the case of the DY process. Graph (a) and its hermitian
conjugate-which is not displayed—are purely virtual and contribute to the 2Re[C (2)]
term. Graph (b) contributes to the |[C'M|? term and graph (d) contributes to the
Mﬁ) term. The term 2Re[C (1)]/\/15\1,) gets contributions only from diagram (e) while

the contribution from diagram (c) vanishes in the soft+virtual limit. The reason

for this is that loop momentum which enters into the quark line between the two
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Fig. 4.2: Feynman diagram that contributes to the Drell-Yan process to O(a?). Graph

(b) does not contribute in the soft limit.

quark-gluon-quark vertices “protects” the contribution of this diagram from being IR
divergent even if the real gluon emitted is soft. This is not the case for diagram (e),
where the momentum of the virtual gluon does not enter into the quark propagator
and the contribution from such a diagram factorizes into the product CM MM
This observation persists to higher orders as can be easily seen from the con-

tributions to G

For example, in the DY case, only graph (a) in Fig. 4.2
contributes, and for the Higgs production it is only graph (a) in Fig. 4.3. Each one
of them contributes to the relevant Re[CP]M) term in G

Since the matching coefficients C' has been written down for DIS, DY and
Higgs up to second order, we can extract the M up to the same order by using

Eq. (4.36) and the expressions for G\t given in Appendix C. The calculation is

straightforward and the results are

Mg = Cp[2L2 +3L+7—4¢)]
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Fig. 4.3: Feynman diagram that contributes to the Higgs production to O(a?). Graph (b)

does not contribute in soft limit.

2
MEV,)DIS = C%

4
ﬂﬁ+mﬁ+(%1—&gL?+C§—2M¢+mg>q

2 367 3155
+CrCa [9L3 + (18 - 4@) 124+ (— 42 Cz + 40@,) }

54

4 29 247
el B (- )

9 9

206 97 93129 155 37 4

|3 ‘242‘6<3+5¢2] orCs [Tz~ 5 ¢~ 5

4057 13
H%M:—§Z+§@}, (4.37)

where L = ln . For DY we get

/\/lg\l,)q = Cf [294—252} ;

MQ, = @<)pv+xﬂ+oﬁgf2-+CM—qgﬁ (W@J%Q]

9 27
4., 20-, 112
—COpNp | =12+ =12 ———L}

PP g T g T gy

2428 67
G §C3 - 1243}

328 10 4
—g——@ 543},

+CrCy

+CpNp

(4.38)
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where L = In &

Q2 , and for the Higgs case

MY, = Cal2L2+26)]
1\ (- 22., (134 ., /808
My = 4 (5) B2 +26F +CuCa [T+ (57 —46) I+ (7 — 256 ) 1
Aoy 20-, 112-
—CyNp [§L3 + Mg + —L]

9 27
2428 67 22
+C4Cy = + 542 3 —(3— 12(2}
328 4
Np|—— — 4,
+CyNp { 31 C2 9C] (4.39)

For all three processes we also have® GES) = 1. The results for ME\IT?DIS and for Mﬁéfq
are of course the same as those in Chapter 3.

The matching coefficients should be free from large logarithms when p is set
equal to the matching scale. This is certainly true for C® for all of the three
processes. The results obtained for ME\Q,) also have this feature. For DIS we choose
the intermediate scale u = pu; = Q/\/ﬁ, and for DY and Higgs it is = u; = q¢/N.
With these choices, all the logarithms vanish in M%). These observations are valid

to all orders in perturbation theory [60], so we can write

M Q—Qﬁa(z) =M an—2 s (p?) (4.40)
N /ub2’ y Qs b - N Np/,b2 y Qs b ) .
and for p? = p? = %—2 we have
Q° ) _ 2
My (10 (<L) au02)) = Ma(on42) (1.41)
N

where p = 1 for DIS and 2 for DY and Higgs.

Another important feature arises when comparing between the DR and Higgs

8 Since GO (z) = §(1 — z) and the Mellin transform of a delta function is just 1.
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processes. The color structure of /\/153)( 0:9) has an ‘abelian’ part® and ‘non-abelian’
one. The abelian parts are proportional to 0(2% 9) (where C(44 = Cp for the DY
case and Cy for the Higgs case). The non-abelian part includes all the remaining
terms. The basic observation is that one could get the My, from that of My, (or
viceversa) by replacing C% with C% for the abelian part, and by replacing an overall
factor of C'r with C'4 to the non-abelian part. This is also true for the first order
terms, M%)( 0.9) where the contribution is only abelian.!® The reason for this can be
explained by considering the various Feynman diagrams that contribute in the soft
limit for the real gluon emission in both processes. It would be interesting to prove
to all orders in perturbation theory that in the soft limit, both quantities, My,
and My, are related by color factor replacements of the kind discussed above. We
believe it should be the case. Moreover, this would also give a proof of why the
quantities f((;?g) of Eq. (4.18) are universal. This will be discussed below.

We need now to consider the p dependence of the PDFs, f,/, for DY and
DIS and f,/, for the Higgs production. As we have discussed in Chapter 2, this is
governed by the DGLAP evolution equation. In moment space the relevant quantity

is the anomalous dimension 74" defined as

u%fa/a(as(MQ),N))Z—VéYafa/a(Oés(uz),N)), a=qg,  (442)

9 By ‘abelian’ we mean a contribution from a Feynman diagram which also exists in the U(1)
gauge invariant QED. The difference between the contributions of these diagrams in QED and

QCD is just a color factor C'f, n being the order of as.

10 Although in QED there is, of course, no three-photon vertex, we still call the contribution for

the Higgs case as abelian.
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where f,/q(as(p?), N)) is the PDF of parton a in parton a in moment space. It
should be noted that these functions have no explicit p-dependence and so the
anomalous dimension is only a function of a,(u?) (and, of course, N). Moreover, it
can be shown to all orders in perturbation theory [60] that the anomalous dimension

A& is a linear function of In N:

N _ NG N _ i (0N
Vorigg) = Aag MN" = 2B2q9), Vo) = Z%’Yg,(q,g) ; (4.43)

i=1
where A(gq) and By g, are given in Eq. (4.13) and (4.16). The fact that the loga-

rithmic parts of v; and 72 have the same coefficient, A, will be discussed below.

Letting
Q@ du
L=2] =" (4.44)
wr M
we get from Eq. (4.34) and (4.42):
2
G20 (Q) = [Clag (s (@) ™) x My g5y (s (7)) (4.45)
where
Qd
L=-2[ %5 (4.46)
pro M
and
’5/1 =7 — 22'59@_1. (447)

The last relation is a result of the p dependence of Cj in the Higgs case. This
pu~-dependence is governed by anomalous dimension which we denote by v following
the notation of [43]. There it was shown that!!

Vr = as[—200] + a3[—451] , (4.48)

11 See also the discussion in Chapter 5.

83



so the conclusion is that the only effect of this anomalous dimension, when combined
with anomalous dimension of the matching coefficient at the scale Q2 is to cancel
the (; terms in ~; for the Higgs case. For DIS we need to consider the running of
only one PDF; thus, the last exponential, /2 becomes e'/?'2. In Eq. (4.45) we have
set up = Q). We should also remember that the p; for DIS is different than that of
the DY and Higgs cases.

We notice that in Eq. (4.45) the two matching coefficients are calculated at
the respective scales, Q% and 2, as it should be in order to cancel the logarithms
appearing in them. However, this makes the coupling constant dependent on two
different scales. This can be remedied by exploiting the renormalization equation

for ay, and we can write,

M (as(p7)) = My (as(Q%)) e (4.49)

where

o [P ey My
I*JL,MW%W”mmmwy—u& AB, (4.50)

and the QCD fS-function is B(as) = —dIna,/dInp? = Bya, + Bra? + .., with Gy =
110,4/3 — 2Np/3 and ﬁl = %Cﬁ — QCFNF — %?CANF.
Therefore we write

Grn(Q) = F(ay(Q))e! o=@ (4.51)

where

F = |C(as(@)) Mn(s(@Y) . T=L+ DL+ (4.52)
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F depends only on a4(Q?). Tt is understood that in the Higgs case, the term
C3(as(Q?)) multiplies the right hand side of the last equation.

In the next section we will show explicitly that the exponent [ is a function
of A = ByIn Na,(Q?) and a4(Q?). Equation (4.51) shows that all the harmful
large N logarithms are totally contained in the exponential. Comparing Eq. (4.51)
with Eq. (4.35), we can easily see that F(ay) is just the non-logarithmic part of
Gy (as(Q)) and of G,

Since the cross section oy in Eq. (4.1) is independent of the intermediate scale
i, then from Eq. (4.45) and the definitions of v; and 7, we get the following relation
for DY and Higgs:

dIn My, (q,q) (s (1), I:)

dlnﬂ“ = [272 — 25/1]([1&) = 2[AL + f](q,g) , (45?))
from which we get
dIn My (q g)(as(MQ), ﬂ) ) 0
d =2 s ) ) 4.54
dln p ‘NZM fia (as(p7)) M1 ¥ (4.54)

where A, ) are given in Eq. (4.13) and f(, 4 are given in Eq. (4.18). Here we
see the intimate relation between the universality of fy, ) and the color structure
relation between DY and Higgs already mentioned. The last equation also shows
the consistency between the requirement of vanishing logarithms at p; in My, and

the fact that the same A, 4 appears in 7 (44) and 7y, (). For DIS we get

dln MDls(Oés<,U,2), L)

from which we obtain
dlnMN,DIS(O-/s<:u)uL)‘ = 2f, (a (M2>> [y = i (4 56)
dlnp p=pr A YN '

85



4.3 Comparison with Conventional Resummation

In this section we want to illustrate the equivalence of the effective field the-
oretic approach and the existing ones. We will start by showing this for DY and
Higgs, then we will turn to the DIS case.

One of the well-known forms to express the coefficient function for DY and

Higgs in moment space is the following [87],

GN(Q) = go(as(Q%))e'> A C(as(Q%) (4.57)

where we have normalized the Born term to 1. The gy has the expansion form:
go = ;a'go;. The term AC has the only role of cancelling the non-logarithmic
contributions appearing in the exponent. These contributions arise from the various
(-terms in the Mellin transform of the plus distributions and we will consider them
in the next section. Equation (4.45) shows, again, an expression for the coefficient
function in which all the logarithms appear in an exponent which is multiplied by
a non-logarithmic function.

The exponential term /o (commonly referred to as Sudakov exponential) is

given by:

o= [la: i [2 L Aty + Dlad - 27| L (459

where, as already mentioned, we set u% = Q*. The quantities, g,, A and D have
the usual expansion in a, and they are already known up to O(a?) [88]. The A is
identical to the logarithmic coefficient in 7; and 5. It is our aim to relate these
quantities with those that appear in G. For this we follow the procedure outlined
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in Appendices A, B and C of [72].
The integral in I can be rewritten in terms of the already defined Iy, I, and

IgZ

I=L+L+I;=1I0+InAC(s(Q%) (4.59)

where the coefficient function AC does not depend on p; ~ Q/N. To work out the

above relation, we first use the following relation:

~ 0 1 _
N-l_1=_T[1- — (1— —_> 1/N 4.
z < 8111]\[)9 z 0 + O(1/N) , (4.60)
where
. 0 0 o\’
F (1 B 8111]\7) == (8111N> (8111N> ' (4.61)
with
1 11 9
Ta(e) = 6—2[1 —e ET(1—¢)] = —5(2 — ggge - ECSEQ + o(€®). (4.62)

In Eq. (4.60) we used (9/0In N)f(InN) = (0/0In N) f(In N) for arbitrary function

f.

After some algebra, I can be expressed as

I, = _f <1 o) ){/Cf d_lf[A(as(u’z))lng—jJr%D(u?)]

~ 9InN Q2/N* 2
Q2N 2 —
+ [ ~ Al () N (4.63)

The double derivative acting on the curly bracket gives

Ca (5o ) | iy D@/ - 1@/ ) (1.61)
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To compare with the exponent I = I} + I, + I3 we express it in the form

L+T+1 — G N L 4 (B4 AB 4 2B
bl = = T Al I (Bt AB+2B,)

QN )2 .
+ Cij‘?A(%(M?))lnNQ}, (4.65)

Comparing the last equation with I, we get

Q? d/ﬂ
B 8B 2B o)
. 0 0 2 A2\ 2 72
=1 (i) | D@/ - (e @)
e ey
2. JQ /N P

(s (1)) + In AC (a5 (Q?)). (4.66)

At this stage it proves useful to follow [72] and replace the derivative 9/01n N

with 0,, where

__dos(p?) 0 _ )
aas = -2 dlnlu2 8043 - _Qﬁ(as)asaias- (467)
This is so since
0 5 o2y R
(m) F(as(@/N7) = Oa f(as(@*/N7)) (4.68)

where f is an arbitrary function. The equality given in Eq. (4.66) holds to all values

of N, thus for N = 1 we get

In AC(04(Q%)) = —T2(0a,) [0, D(:(Q*/N7)) — 4A(0(Q*/N7))] (4.69)

N=1

Applying one more 3/0In N = d,, on both sides of Eq. (4.66) we obtain
2(B1 + AB +2Bs)(as(4?)) = D(as(p?)) + 0a,I2(0a,) [4A = 0a, D] (es(1%)). (4.70)

The last equation enables us to calculate the D®. To do so, and to see more
clearly the content of the last result, let us expand both sides up to O(al). First
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we work out the expansion of the AB term. From Eq. (4.50) we get

AB((f?,)g) - AB((;,)g) =0,

AB((;)g) = —bo 1(\71)(qg '

AB((j,)g) = —fo :2M1(V2,)(q,g) - (Mg\lﬂ)(q,g)) } 51M Ny(g,9) > (4.71)
AB((;l,)g) — :BME\?;?(‘M) o 3M§\1r,)(q,g)M§\%zq,g) + (Mg\lﬂ)(q,g))sil

DYV )2 (1)
-0 _QMN,(q,g) - (MN,(qy)) ] - ﬁzMM((M). (4_72)

Noticing that Byg o0 T 23;2 0g) = f((;?g) and using the expansion of I'y, we get

D((t(z),)g) - DE;?Q):O’

Digyy = —2f(y T 20B(y +4BoG2Al),

DY = 20+ 2ABY + 4GAAL + 8GAAL, + cgﬁéAE?g),

Digyy = —2Uiqn) +20Biy + 126040, +8GAAG, + 3265 AL,
+2—0§35051A§;?g +@<253A ) —126,8D2) . (4.73)

From the last two equations we see that in order to get D®)  the only same
order information needed is f*). All the quantities needed to calculate D® and

D®) are known and we get

101 11, 7 14 2
@ _
Dy = Can{Cr(-r +36+56) + N (F-50)f . 6m
and
® ,[ 594058 98224 40144 2992 , 352
Diggy = ClaaCa|=—g T —5p @+ 57 0~ 15 &~ 5 &6~ 36
125252 29392 2480 736
N _ _ i
+C((Iag)CA F|: 729 81 CQ 9 C CQ
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3422 608

64
+ClqoCrNr |5 =326 — 256 - gg]

27

3712 640 320
"’C(q,g)Ng ] )

~ 799 —Cz —CS (4.75)

where C(,4) = Cp for the DY case and C4 for the Higgs case. The above results
agree with the recent calculation in [85, 89, 90].

The non-logarithmic contribution
Flua Q) = X d'Fgy = 1C(Q) M (@) . (4.76)

can be calculated from the already known results for C’((;? »(Q%) and ME@)( 0 (@s(@%)),
or we can simply read them from the well-known results for G**™(Q?) through

Eq. (4.35) and Eq. (4.36)

FO = 16Cp(G—1),

511 552
FP = C} — — 198G — 605 + @]
1535 376 604 92
HCrCp [T+ 26+ G — ] (4.77)
127
O [ = 26+ 06
For the Higgs case we have
FN = 16(:Ca
1072 308
FO = 4l G - 5o+ 9263
1535 376 604 92 ,
+CaCF ETE 7C2 C - 5(2]
80 160 67
+CANF {—3 - ?C g:)l + CFNF {—3 + 16C3} (478)

The above results agree with the go; and gy in [85].
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The g terms in the results of [85] are due to the use of N instead of N as in
our case. It is very simple to also reproduce these vp-terms. We also notice that
their results for the go; do not include the contribution from the non-logarithmic
terms in Ia.

For the DIS case there are essentially two major differences. The first is that
the D term in A is zero to all orders in ay [91, 92]. This can be understood
intuitively, as the D term essentially arises from the interaction of the two incoming
hadrons in the DY and Higgs production. The second one comes from the “jet
function” (the B-term in the equation below) which encodes the effects of collinear
gluon emission from the outgoing parton. This term does not contribute to the DY
or Higgs production since, in those processes, there is no collinear jet of hadrons in
the final state.

So for DIS we start from the following expression for the exponent in the

coefficient function C(Q?):

o= [ ast | [T B ) + B - 90| L

where again we set % = Q2. We now follow the same procedure as for the DY case

and we get

I o= T (1—81§N) { I C“‘[Ams(u?»lnfﬁf?q(u?)]

QN p?

+ / Cj " C%A(as(m)lnﬁ}. (4.80)

Our result for DIS reads

Q? duz ) 2
LtL+l = — / T A(ag(1) I + (Bi + AB + By)
QN W I
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Q*/N dy? _
+/ ”A(as(p?))lnN}. (4.81)
Noticing that

9 g 1 ) —
(amN>f@4@/N»=5me4@/N», (4.82)

we finally get for the DIS case

(B + BB+ Bo)(0,(12)) = Byfanli)) + 5001 (500, ) [4 - 3008 (0s0))

2 2
(4.83)

Expanding the above we obtain

B = o0,

BY = -BY).

BY - —Béiﬁ 1P+ ABY + LGRAY

B® = —Byy— [P+ ABY + 5 AP + ﬁlcz )+ ﬁocg ), (4.84)

from which we get the B . Up to third order we have

BV = —3Cr
3 3155 44
BY = Ch|=5 412G - 2G| + CrCa | =20 + 56+ 106
247
+CpNE | o — CQ} ,
29 288
BY = ¢ [—2 ~ 186G, — 638G — 3 + 32aGs + 240@,}
712 272
LCLC { 16+ 287G — =Gy — G — 16 — 120@}
500375 32126 21032, 652, 176
+O3Cp |- T+ S+ TG - T - G — 232G,
5501 32 8714 232
+C}27NF {5—4 - 50C2 + Egg] + CFN% _@ —CQ - _CS]
160906 9920 776 208
+CACrpNp 799 81 G2 — ?C CQ] (4.85)

92



These results agree with those in Ref. [88]. Similar to the cases of DY and

Higgs, we get after simple calculation the Fpg which reads as

FSk = 16Cp(—9 — 20,)

331 111 4
7:1(321)s = C} [8 + 7@ — 66¢3 + 5@22]

0465 1139 464 ol ,
+OrCa |-y = g Gt g G+ 5 6]
457 85 4
+CpNp [% + 5(2 + §C3} - (4.86)

Again these results agree with g and gDr°.

4.3.1 Resummed Logarithms

For a better understanding of the content of Eq. (4.51), the integrations must
be performed using the already known results in the a, expansion of v; and v,. This

equation can be brought in the following form,

W’N*

Q@ dy?
[1+[2+13:/ Ll A(q,g)(QSWQ))ln Q?

Q2/N° u? (AB(q,g)_f(qvg)) , (4.87)

where we have used the expressions for 7; and 2 given in Eq. (4.3) and Eq. (4.43)
respectively. To perform the integrations, the y dependence of the running coupling
constant has to be taken into account. We recall from Chapter 2 that the running
of the coupling constant is determined perturbatively in a; (see Eq. (2.4)). Up to

O(a?) the solution of that equation is given by

o (p?) O‘S(ZQQ) {1 — O‘S(?Q)Z—ilnl + (O‘S<ZQ2)> l%(ln% —Inl+1-1)
—Z—z(lnl - 1)] + O(as(QQ))} : (4.88)
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where | = 1 + by, (Q?) In 12 /Q? and b; = 7 1 3. Explicit expressions for 3; up to
i = 2 are given in Eq. (2.5).
Let us start the computation by considering the contribution of the AE;? o) term.

Changing the integration variable from p? to [, one simply gets

AL dl b Inl 2\ 2 b2
- (m/ Pl (&) 2l —Ini+1—1
4mtby J1—2x 1 :(Q )bo l + ( l b2 [n ni A }

—Z—z (Inl — 1)” (2 In N + %%(cly)) : (4.89)

where A = by (Q*) In N.

The last equation includes a pattern that repeats itself when other contribu-
tions are included. Accepting as a working rule that In N ~ (1/a,(Q?)) then the last
two terms give rise to comparable contributions, however, inside the curly brackets,
we have an expansion in a,(Q?). Thus the hierarchy is manifest. Carrying out the

integrals in Eq. (4.89) is a simple matter and we obtain

o A(l) . . A(l) b
= InN { (4.9) [ZA + (1 2>\) hl(l 2/\)] } + o) 1 lQ)\ -+ ln(l — 2)\) (4.90)

47h A 47h3
1 b 1 1
~1In*(1 — 2 S(Q*)—22 [w 2AIn(1 — 2A) + = In*(1 — 2 :
g - 20)] + (@) R 2224 oA - 2) 4 (1 - 28] g
Expanding the A-terms in the last equation by using the relation,
n(l—z)=>" (= (4.91)
n=0

one easily gets a sum of the form a”(Q?) In"*! N arising from the first term, a”(Q?) In" N
from the second term, and a”™ In™ N from the last term. These are commonly called
leading logarithms (LL), next-to-leading logarithms (NLL) and next-to-next-to lead-

ing logarithms (NNLL). Higher logarithmic accuracies follow easily.
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Consider now the contribution from Ag?g). Similar to the AY we get,

AP by Inl 1=
_ (9,9) @b 1t -
(47r>2b0/1 n 120‘8(622)[ 205(@;, +O(O‘§(Q2>>] <2lnN+bOOés(Q2)> ’

(4.92)

so we see that Ag)g) does not contribute to the LL but starts from NLL . This

contribution is

A(Q)
-4 ()%2 22X +In(1 — 2] — a,(Q?)—

IJ>

qg)b1 2
o 204207 +In(1—2))].  (4.93)

From AS,)Q) we get

AB) Ll 11
(2.9) 2()2
(dr)b /172”—3%(@ ) [14 0(as(@%)] <2 N + boas(Q2)> , (4.94)

which is a NNLL contribution:

(3)
0 (1) a2
@R 1— 2\

(4.95)

The contribution from the term AB® — f® term start at NNLL accuracy

since this term vanishes for ¢ = 0,1. From Eq. (4.73) we have: AB (e g) f((;)g) =

(1/2)(D® — 4ﬁ0§2 ) The contribution of this term gives

1 1

B _<4W2)boas(Q)[AB(qg) fg)w}/l 2 p (@) (4.96)

which is a NNLL contribution:

1 A

— AN (1) o (2)
Writing the sum of all contributions already obtained in the form,
~ (1 3
In Ng,)) + 9oy + as(Q)g(oy) (4.98)
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we then have the following expressions:

(1)
) 0 = Ao le +(1—=2\)In(1 — 2A)]

Yag) by A
2) AP ) AEI) )b 1
A) = ——29 19N 4+ In(1 — 2\ YLl {m In(1 —2\) + = In(1 — 2\

4 A(l) D(Q) A A(l) b2
©Aag _ Dag 4 lo9) 1 [2)\+2)\1n(1 —2))

Am (47)%bg | 1—2X  47b]

A
+; In*(1 — QA)} + lao) 2 [% +1In(1 —2)) +

W] 240) g N

A} 1—2) (47)302 1 — 2\
AP
(g,9) "1 2
_ (4;;/%? [2X+2)% + In(1 — 2))] YN (4.99)

The above functions sum the large logarithms to LL, NLL and N2LL, respec-
tively. It is straightforward to get also the a?g™® which resumms the N°LL. It will
contain contributions from AEZ g up toi =4 and from Dé?g) and Dg’?g). The yet
un-calculated quantity Ag;l? 9) is the only missing piece to complete the resummation
up to N3LL accuracy. The above results for gt agree with the ones in [72, 86]. We
remind the reader that we have set the factorization scale and the renormalization
scale equal to Q% and the g dependence is hidden in N throughout. The analysis
for the DIS case can be performed similarly and one also gets agreement with the
known results.

It is illustrative to compare the above derivation of ¢ with those of Refs. [72,

86]. Let us consider the following integral which contributes to NLL:

_92AM /1 ZZN 1 . [1 b (QQ)IH [1+ boas(Q?) In(1 — 2)?]
0

i 4.100
47hy 1—2z bo 1+ boas(Q?) In(1 — 2)? ( )

One way to perform this integral in the large N limit is to make the replacement,

N —1——-0(1—-2—-1/N). (4.101)
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With this, the integral becomes

2AWb 0, (Q?) /11/N dz In[l + 2byas(Q?) In(1 — 2)] (4.102)
4rh} 0 1—2z 14 2byas(Q?)In(l — z) '
Define ¢ = 1 + 2bgas(Q?) In(1 — 2) and perform the integral. The result is
AWp 1
—In®*(1—2)). 4.1
T X =2y (4.103)
A different way to perform the integral is to use
b =1+ xInb+ O(2?) , (4.104)

where b is a real number (which is not 0 or 1). With this we have

oo -]

(4.105)

where a = 2byas(Q?). Let 1) = Pa,(Q?); then we obtain

In|1-— nln[l +?TS — z)]l = ln{l — g [14+aln(l—2)] "+ g[l +aln(l — z)]l},

(4.106)
where we have thrown away terms that vanish in the limit € — 0. Expanding in n

as a small parameter, the logarithm becomes

- _2[1 +aln(l — 2)] 7 4 2[1 +aln(l—2)]7", (4.107)

so there are two integrals to calculate.
The first one is
2A<1>( n)/ld N1 1
— —— z
47thy e/ Jo l—z [1+aln(l—z))t—
241

4mby (n) (i%“ xS11,...,1(V) (4.108)

€/ Yico

41
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where Sy, m,

N 1 2 Ji 1
S11,. AN => = > — - (4.109)
T j1=1 J1 jo=1 J2 Jir1=1 jz+1
The second integral
2A0>(+n>/dd N1 1
47thy e) o 12 1+ aln(l— 2)]
240 © T(1+1i)
- (ﬂ>( : +Z)CLZXSM 1 (V). (4.110)
47Tb0 € i—0 F(l) g Lyt
i+1
Combine both results and use
1 o o
S1,1,...,1(N) Z;;jijﬂ9¢+L1hf+1fV]+—CJGn? 'N), (4.111)
— :
i+1

where 0, ; = 1 for ¢ > j and zero otherwise. We finally get

i(llgl i (k— 1)+ 0k kik(k — 1) (k=) (k—i— 2)1 V™
™0 k=1

1=0

The last result is exactly the expansion of

A(l)bl {

47h}

;m%l—Qm}

(4.113)
in powers of X\. The last result is part of the contribution of A% to the function g
as can be seen from Eq. (4.99).

In the above derivation we have neglected contributions of the form O(In*~' N).

When these terms are included, they give rise to non-logarithmic terms in /5. This

comes from the following:

1 A nNT 1 .. i— -
Sl,l,...,l(N> = (i+1)![9'+1,1111+1N+59@-“,21(2—1-1)(211& 'In N]
i+1
+O(In"* N).

(4.114)
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For i = 1 we have
]_ 2 x7
Si,(N) = é[ln N+ G|, (4.115)

which is the Mellin transform of D™ (z) in the large N limit. These (-terms are
cancelled by the AC(a,(Q?)) which is given in Eq. (4.69).

To illustrate this point, let us consider the following contribution to gtV

9,9
A(l) 9 1 ZN 1
AN B
( 4w ) < 0>/0 dz 1—2 Infl +aln(l —z)] (4.116)
ADN 2N [ <[220+ (1 —2)Im(1-20)] a. a?
_(Zes) (£ a . a ,
B <47T> <b0> {lan 2\ +2C2+ 3<3+O(O‘s)} )

which is calculated along the same lines as the previous ones. Expanding AC(a,(Q?))

to O(a?) we get,

ACO = 0,
ACH = —2GAN
2 8
ACP = —26aAf) ~ 26 (A7) - S A, (a117)

The terms proportional to Af]}; exactly cancel those in Eq. (4.116).

4.4 Phenomenology

In this section we discuss some of the phenomenological impacts of resummed
results on the production cross section for the Higgs scalar at the TEVATRON and
the LHC and in the large top quark mass limit. Extensive discussion can be found in
[72, 80, 81]. The inclusion of the D§3) and its phenomenological effect was discussed
in [85]. Quoting Ref. [85], the total cross section for Higgs production as function of
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Fig. 4.4: Higgs Boson cross section at the TEVTRON and the LHC.

the Higgs mass is plotted in Fig. 4.4 . The PDF used are the MRST2002 [94] and
the strong coupling constant is oy = as(Myz) = 0.114. The above plots, obtained
by setting the renormalization and factorization scales to be: p, = py = My = Q,

show that when the Dé?’) term is taken into account, their is an increase of the cross

section by about 10% at the TEVATRON and 5% at the LHC.

4.5 Summary

Threshold resummation of logarithmic enhancements due to soft gluon ra-

diation has been performed using the methodology of effective field theory. This
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Moreover, by varying the renormalization scale ., with p1f fixed, one can assess
the uncertainty from the yet uncalculated higher order contributions. It turns out
that by inclusion of (the known) higher order, fixed and resummed [72, 80, 81]
contributions, the scale dependence decreases as expected. Again quoting [85], we

show this in Fig. 4.5 where p¢ is taken as M.
80 T T T T T 17T | T T T T T T 17T | T

o(pp — H+X) [pb]
PR M,, = 120 GeV

o(pp — H+X) [pb]
M, =240 GeV

0k

Fig. 4.5: Renormalization scale dependence of fixed order calculations for the Higgs pro-

duction at the LHS.
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method works to any desired sub-leading logarithmic accuracy and it is completely
equivalent to the more conventional, factorization-based, techniques. This has been
illustrated to all three inclusive processes we considered: DIS, DY and the SM Higgs
production.

Conceptually and technically, however, this approach is much less complicated
and it is physically more coherent than other ones. Working perturbatively in mo-
ment space (and for large values of N) we saw that one does not need to introduce
any additional nonperturbative quantities (other than the conventional PDFs) as it
is usually the case in the traditional approaches. All the quantities needed to get
the resummed coefficient functions are straightforwardly obtained from fixed order
calculations of the form factors (which supply the C'” and the ’yy)), the Altarelli-
Parisi splitting kernels (which supply the véi)) and the cross section for real gluon
emission in the soft limit (form which we get the M ).

On the conceptual level we emphasize the fact that the mere ability to perform
matching (i.e., to obtain finite matching coefficients and without IR poles) of full
QCD onto the relevant effective theory at the higher scale and onto (a product of)
PDF at the intermediate scale, is equivalent to the statement of the factorization
theorem, order by order in as. This could be considered as an “effective” realization
to the content of the factorization theorem. And as we have seen, the running
between the matching scales allows the resummation of the large logarithms.

The effective approach can be easily extended to other cases that admit scale
separation and some form of factorized cross section. This will be explicitly shown

in the next chapter for the case of small transverse momentum distributions.
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5. SMALL TRANSVERSE MOMENTUM RESUMMATION

5.1 Introduction

In the previous two chapters we have discussed the application of the effective
field theoretic approach to resum the large logarithmic enhancements of soft gluons
(in Mellin space) in the threshold region. It is our aim to apply the same approach
to deal with yet another kind of large logarithms that may also endanger the per-
turbative expansion of certain physical quantities. We will consider processes, like
Drell-Yan and the standard model Higgs production, where the transverse momen-
tum of the final states is measured and we will concentrate on the region of low
transverse momentum [95, 96]. For the transverse momentum distribution, the rig-
orous theoretical study in QCD started with the classical work on semi-inclusive
processes in ete” annihilation by Collins and Soper in [97], where a factorization
was proved based on the transverse momentum dependent (TMD) parton distribu-
tions and fragmentation functions [98]. The resummation of TMD large logarithms
was performed by solving the relevant energy evolution equation. This approach
was later applied to the DY process in [99], where a general and systematic analysis
of the factorization and resummation were performed. This latter procedure be-

came to be known as “Collins-Soper-Sterman” (CSS) resummation formalism. The



resummed formulas are used for many processes with the relevant coefficients ex-
tracted by comparing between the expansion of the resummed expressions and the
fixed-order calculations [100].

In general the resummation formula for these processes can be written in the

following form, taking the DY process as an example [99],

do b 5 ;
PG~ [/ W@ £V (Qr @) | G

where oy = 4n%a?_ /(95Q?) represents the Born-level cross section for DY pro-
duction. The variables used here are standard: Q2 is the invariant mass of the
DY pair; Qr is the observed transverse momentum relative to the beam axis;
y=(1/2)In[(Q° + Q*)/(Q° — Q)] is the rapidity; S = (P + P»)? is the center-of-
mass energy squared with P; the momentum of the incoming hadrons. The variable
r1 and x5 are the equivalent parton fractions, 1 = \/QT/S e¥ and x9 = \/QT/S e Y.
The W term contains the most singular contributions at small ()7, resummed to
all orders in perturbation theory. The second term Y (Qr, Q*) represents the regu-
lar part of a fixed-order calculation for the cross section, which becomes important
when the transverse momentum Qr is on the order of /Q?2.

The resummation of logarithms in the W term is performed in the conjugate
space of the impact parameter b. This is analogous to the resummation in threshold
limit which is performed in the Mellin space. The study of the resummed W term
for DY and Higgs production using an effective field theory approach was performed

in Refs. [101, 43]. The main result for DY process can be expressed in the following
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form

W(b7 QanlaxZ) = ZCQ(QQ’QS(QQ))ef‘S(QQ: N%)
qq’

X (Cq ® fq/tI> (xla b,Q, :u%) X (CCI' ® fQ'/!I'> (352, b, @, “%65‘2)

where f,/, and fy/y are the parton distributions and/or fragmentation functions
related to the processes studied, and the notation ® stands, as usual, for convolu-
tion. Two matching coefficients appear in the above formula: one is C(Q?, as(Q?))
connecting between the matrix element of full QCD current and the effective theory
analogue at the scale Q?; the other is the coefficient function C, obtained by calcu-
lating the processes in SCET at an intermediate scale u? ~ Q%. The exponential

suppression form factor arises from the anomalous dimension of the effective current

in SCET

SQi) = | ¢ fj‘zw%as(u?)) (5.3)

I

We have already mentioned that the anomalous dimension is identical for DIS and
DY processes, and depends only on the effective theory operators. Moreover, the
same 7, controls the threshold and the low transverse momentum resummations.
The matching coefficient C(Q?, a5(Q?)), on the other hand, is process dependent
(but independent of threshold or transverse-momentum resummation). All the large

double logarithms are included in the Sudakov form factor S.

5.2 Drell-Yan Production at Low QQp

As we have done for the threshold resummation in the effective approach, we
consider DY production of lepton pair with finite transverse momentum )7 in two
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steps, assuming ) > Qr > Aqcp. In the first step, one integrates out all loops
with virtuality of order @) to get an effective theory in which there are only collinear
and soft modes. The collinear modes have virtuality of order Q). In the second
step, one integrates out the collinear modes with virtuality Q7. In this case, the
theory is matched onto the ordinary QCD without external hard scales. The soft
physics is now included in the parton distribution functions (PDF).

Let us consider the first step: integrating out modes of virtuality of order Q.
At low @7, the most singular contribution in DY comes from the form-factor type
of diagrams, in which the quark and antiquark first radiate soft gluons, followed by
an annihilation vertex decorated with loop corrections. If the gluon radiations are
attached to the loops, the soft gluon limit does not give rise to any infrared sin-
gularity, and hence diagrams yield higher-order contributions in Q7/Q. Therefore,
one needs to consider only the form-factor type of diagrams in studying the virtual
corrections. This is exactly identical to the case z = 1. Thus to integrate out the
hard modes (where all gluon momenta are of order @)) from the theory, we follow
the same steps as in the threshold limit case and match the full QCD current onto
the (gauge invariant) SCET current, obtaining the matching coefficient that encodes
the hard contributions. Therefore, the the matching coefficients at the higher scale
Q? and the anomalous dimension v; are the same as in the threshold resummation

case. Recalling the result from Chapter 3, Eq. (3.50), we have for DY process

In? Q—Q i

CO(p?, ay(p?)) = - 7~ 3mg 8 -TG) (54)
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from which we get,

s (Q%) 1 _ s (Q%)
4 P =1~ 4

C(Q% a,(QY)) =1+ Cr(8=16). (5.5)

And for the anomalous dimension of the quark form factor we recall

0 _ o lam @
Mo =ULF HF_G ) (56)

where all perturbative quantities have the usual expansion in a, = 2.

In the second step, we calculate the SCET cross section. One needs to compute
only the real contributions since the virtual diagrams are scaleless in the effective
theory and vanish in on-shell dimensional regularization (DR). At this stage the
TMD cross section thus obtained, is the same as the one in full QCD taken to
the relevant kinematical limit. This will be shown explicitly to first order in «.
Again we note that this is identical to our previous observations related to the Qr
integrated cross section %.

As before, resumming the large logarithmic ratios is performed by considering
the scale dependence of the matching coefficient, which is controlled by the anoma-
lous dimension of the effective current. By running down the scale from p% ~ Q?

to the intermediate scale p?, all the large logarithms exponentiate and give rise to

the Sudakov form factor.

5.3 Matching at the Intermediate Scale iy

To perform matching at the lower scale ;% In? (%2) Q? we calculate the cross

section in SCET and match it to a product of quark distributions. From the result
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Fig. 5.1: Non-vanishing Feynman diagrams contributing to Drell-Yan production in the
soft-collinear-effective theory: (a) for the soft gluon radiation; (b)-(e) for n =
%(1, 0,0,—1) and n = %(1, 0,0,1) collinear gluon radiations. The mirror dia-

grams of (a-c) are not shown here but are included in the results.

we can extract the coefficient functions. Below the scale @2, the hard modes have
been integrated out, and have been taken into account by the matching condition at
Q?. Therefore, the calculation of the cross section at 7 is performed with the SCET
diagrams, including both virtual and real contributions. As mentioned earlier the
virtual diagrams in SCET are scaleless and vanish in pure DR. As such one can ignore
them, but the counterterm for the effective current must be taken into account. This
is equivalent to taking the UV-subtracted contribution from the virtual diagrams.

The counterterm has been written down in Eq. (3.27),

a, 2 3 2.
t. = —Cr|l—=——-4+-In= 5.7
¢ Aar T e e + e |’ (57)

where p? will be taken as u?. The real contribution contains collinear and soft
gluon radiation diagrams. Some of these diagrams are identically zero because of
n? = 0 or n?2 = 0, or because of the equation of motion for the external collinear
quark or anti-quark. The non-vanishing diagrams are shown in Fig. (4.1), including
soft-gluon interference contribution, n and n collinear gluon radiations and their

interferences. The contribution from diagram (a) is, including that from the mirror
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diagram

d30‘(1) 0o OZSCF 1 5<l'2 - 1) 5(1‘1 — 1) Q2

A _ _ — §(x1 — 1)8(zy — 1)In 5| .
dQ*dPQrdy|,, 7™ 7 Qp | (I-m)r (1—-x2)s (o= 0 = 1) Q7
(5.8)

Diagram (b) represents the interference between the n-collinear gluon radiation with

collinear expansion of the current operator, and its contribution is

d30'(1) (o)) OéSCF 1 |fl'1(5(£l§'2 — 1) 5(1’1 — 1) QQ]
| = — — +0(xy —1)o(xg — 1) In =1 ,
WQPEQrdy|y 7 @ | (-a0y (-, T T Uingy
(5.9)
while diagram(c) for the n-collinear gluon radiation yields
Ba) | B @aSC’Fi [.fgé(l’l —1)  d(za—1) +8(2y — 1)3(2s — 1) In QQ]
dQ*dPQrdy|, 7 7 QF [ (1—wz2)s  (I—-z1)s ' ’ Q7
(5.10)

Diagrams (d) and (e) stand for the n and 7 collinear gluon radiations, respectively,

and their sum is

RTASY oo a,Cr 1
_— = — — (1 — 1— —1 1— —1)].
dQQdQQTdy e T 9on2 Q% ( 6) [( x1)5(x2 ) + ( x2>5(5€1 )]

(5.11)

The sum of the above contributions, as expected, reproduces the result of the full
QCD calculation in the limit of low transverse momentum (see, e.g., [102]).

From the above, the real contribution contains soft divergences (i.e, when

Q* — 0), which will be cancelled by the virtual contribution. To see this cancellation

explicitly, we Fourier-transform the cross section from the transverse momentum

space into the impact parameter b-space. For this we need to calculate the Fourier

transform of the functions 1/Q% and In(Q%/Q%). This calculation is carried out in
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the last section of this chapter. The result is W (b, Q% %) in SCET, including real

and virtual contributions (the counterterm, Eq. (5.7)),

W(ba Q27 ,u%n Iy, 'TQ)

aCr 1

=0(z1 —1)d(z2 — 1) + Pujg(@1)8(wa = 1) + (21 < 22)| x

1 4 asOF
<—6 —7e+n 47TM%52> + = (1 —21)0(z2 — 1) 4+ (1 — z2)d(xq — 1)]

a,C 252 2 22 9 2
OO sy — D)~ 1) [m? (“Z ) Lom ff% In (MZ ) ST
(5.
where P/, is the one-loop quark splitting function
1+ 22 1+ 22 3
= = —0(1 —x). 5.13
P = (T55) = gy + 590 (5.13

The soft divergences in W (b, Q% %) have been cancelled. There is, however, the
collinear divergence left which can be absorbed into the quark distribution at one-
loop order. The cross section depends on the ultraviolet scale p%. It is somewhat
surprising that the above result also depends on In 2, but this is expected from the
kinematical constraints of the process.

In order to eliminate the large logarithms in the coefficient function, the best
choice for the scale uy is p3 = C?/b? with C} = 2¢772. In addition, W (b, Q?, u%) no
longer depends on Q? at this order. In principle, this observation has to be true at
higher orders and one should be able to eliminate all the In Q% by making a single
choice of 2. This, however, needs to be verified explicitly. Considering the quark

distribution at one-loop order, we can cast Eq. (5.12) into the form

W(b7 M? = Cl2/b27x17 x2) = Oq<b7$17/“ﬁ) ® Q(xvﬂi)cqa)? x?u“%) & (j(]f,,u%) ) (514—>
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where C reads

O C’F

Cylb,z,pp) = (1 —2)+

s (Z)] e

27

and Cy = C,;. Note that we have set the quark charge ¢, to 1.

5.4 Resummation and Comparison with Conventional Approach

Having obtained the matching coefficient at the intermediate scale p;, we
can now write down the final result for W (b, Q%) following our discussion in the

introduction

W (b, Q% 21, 22) 202 2,0,(Q%)e 5@ D (Cy @ forq) (1,6, Q% p17)

(Cq ® fQ/Q> ({L‘27 ba Q27 N%) ) (516)

where the exponential suppression factor can be calculated from the anomalous
dimension of the quark form factor v,

2

_ (¢ _ [T @
S—/MMQ% " _/M . lAln +B] (5.17)

Here A and B are the single logarithmic and constant terms in the anomalous
dimension 7y, respectively. The separation of the anomalous dimension into a sum
of these two terms holds to any order in perturbation theory. The Sudakov form
factor comes from the running of the matching coefficient C(Q?, ?) from p? = Q*
down to the scale of u7 which can be taken as C?/b%.

The above is the final resummation result in the effective theory. To compare

with the CSS approach we follow the procedure outlined in [103] by absorbing the
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factor C'(Q?, as(Q?)) into B and C' functions, for example, up to order a,

2

Cllbss@) = @) 401 - 2) (CQ% @)’
B = B+ 5 (CQ% (@) (5.18)

At two-loop level and beyond, one has to shuffle the In Q?-dependent part of C, into

Bcss as well. In this way, we get the CSS resummation formula as

W(Q% %) = e S (Cq/CSS ® Q) (21,b, 117) (Cq/css ® 67) (z2,b,147) (5.19)
with
2 12 2
Ssud = /2 LQ lAcss In % + Bcssl : (5.20)
133 H %

Acss will be the same as our A functions, as does BM. For Cy/css (with its usual

expansion in ag = «,/47), we have

(e

Clbss(b, . 3) = 2 [(1 —z) =6z —1) (4 - 2)] . (5.21)

Comparing with the results in [99], we find that we can reproduce the Ag%s, Ag%s,

Bgs)sw ngs, which are all the coefficients and functions needed for resummation at
NLL order. B(CQS)S will be needed to resum NNLL. However, to fully achieve NNLL
resummation we need to calculate the matching coefficient at the lower scale up to
order o2 [104].

Following the above, the resummation for Semi-Inclusive DIS (where a hadron
in the final state is observed) can be performed similarly. As we stated earlier, the
anomalous dimension will be the same. The only difference is the process-dependent

matching coefficients at @Q? and p? in the resummation formula. For DIS, one has
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the one-loop result,
Chis(@*, au(@%) = —[8 = ¢ . (5:22)

which leads to the result for the Cé%ss in DIS,
1
Cyess = [2(1—) =86z —1)]. (5.23)

These results agree with those from the conventional resummation approach [105].

5.5 Higgs Production

Transverse-momentum dependence of the Standard Model Higgs production
can also be studied through resummation of large double logarithms. Higgs pro-
duction, and as we have already discussed in Chapter 2, for a large range of Higgs
mass, can be described by an effective action with a pointlike coupling between the
Higgs particle and gluon fields. The effective coupling is of course scale dependent,
balancing the renormalization dependence of the composite operator. Let us write

the effective lagrangian as
1
£¢gg = _ZCQS gb GHVGW/ = CEW(Mt)CT<Mt7/~L) ¢ G‘ul/ij s (524)

where, as before, ¢ is the scalar Higgs field and F};, is the gluon field strength tensor.
Crw represents the electroweak coupling coefficient from the heavy-top-quark loop
calculation, while C'r comes from the strong interaction radiative corrections. The
coefficient C'r will depend, in general, on the top quark mass and the renormalization

scale . To our interest, we quote at two-loop [106, 107],

Co(My ) = a (1) {1+ as ()

47 47 (5C4 = 3C)
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+ (i(r)g ll 5 (7C% = 11C4Cr + 8N TpCrr) + - H (5.25)

Here we have omitted the constant terms of order a2 because they do not contribute
to the renormalization group running at two-loop order.
In SCET, the Higgs production cross section can be calculated from its cou-

pling with the collinear gluon fields,

Ly scer = C(Mg, ) ¢ Gy, G, (5.26)

where G¢

nau Tepresent the n and n collinear gluon field strength tensors in SCET

135, 36, 38]. C(Mpy,p) is the matching coefficient which contains the coupling of

Higgs boson to gluons in full QCD,
C(Mpy, i) = Cew (My)Cr(My, 1) Ca(Mp, 1) - (5.27)

The last factor comes from matching between the operator ¢ G}, G** in full QCD
and ¢ ggwgaw in SCET. Because Cgy, has no QCD effects, we will not discuss
it further. C'r and Cg contain the QCD evolution effects, and thus the anomalous

dimension of the SCET operator ¢ G¢ G** is the sum of the two' :

nuy

Nn=r+m, (5.28)
where v7 and v, are defined as

dIn Cr(p)

Tr = )
dln p

dInCq(p)

—_— . 2
glel dTn (5.29)

1 %1, v1 and vz are the same as ones introduced in Chapter 4 for the Higgs case.
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From Eq. (5.25), it is easy to show that

a?

o= —Qﬁoj—; + (47:>2 (=261 — 260(5Ca — 3CF)

+2 (7C% — 11CACF + 8N;TrCr) | = a[~280) + a2[~48)],  (5.30)

up to two-loop order, and v, for the Higgs case was already given in Chapter 4 in
Eq. (4.19).
Including the matching at the intermediate scale p;, the result for Higgs pro-

duction W (b, M%,x1,x5) at low transverse momentum can be written as
W(Mj;,b) = CH(Mp, as(MF))e™ (Cy @ g) (21,b, 17) (Cy @ g) (22,0, p17) , (5.31)

where Cgy, and the leading factor in Cp have been absorbed in the Born cross

section, and the remainder Cy is

O‘S(M%ﬁ
47

Cr(M%, ay(M2)) =1+ [5C4 —3Cr + Ca (¢(2) +7)] (5.32)

up to one-loop order. The Sudakov supression form factor is the same as the one al-
ready nitroduced in Chapter 4, i.e., Eq. (4.46). With these results we can reproduce
the conventional resummation for Higgs-boson production at NLL order [104].

The coefficient C, to one-loop order is calculated from the matching at the

scale of py, with real and virtual contributions. It is needed for resummation at

NLL. The result is

2

Cylb,z,p2) = 6(1—z)+ O‘;if‘a(x —1) (-71;) , (5.33)

where we have chosen puyp = C1/b with C; = 2e77E to eliminate the large logarithms.

The corresponding coefficient for CSS resummation is

asOA

Cyjoss(b,x, 12) = 6(1 — z) + 3(1 — ) [(5+7%)Ca — 3Cr] (5.34)

™
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which is consistent with [104].

5.6 Summary

In this Chapter, we have demonstrated how to perform resummation of large
double logarithms in hard processes involving low transverse momentum in the
framework of effective field theory. The analysis has been performed up to NLL
logarithmic accuracy and along the same lines that were outlined in the previous
chapter. The effective field method could also be extended to higher logarithmic ac-
curacies as well, for the case of small transverse momentum distributions, however,
it is technically more involved than the case of threshold logarithms.

As a study case, we considered the Drell-Yan resummation in detail, and
outlined how to extend the procedure to other processes as well, and reproduced
the conventional resummation results to NLL accuracy. We have shown that the
SCET calculation for DY cross section reproduces the full QCD results for small
transverse momentum distributions. This observation could be very helpful when
trying to extend the analysis to higher logarithmic accuracies as we have done in

the previous chapter for threshold resummation.

5.7 d-Dimensional Fourier Transform

The first relation we show is the following

A5, et 1 I¢- 1
11:/ pL ¢ (G=m) , (5.35)

@m)d ([FL)m — 22mps T(m) |pld-2m
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where the integration is performed in Euclidian d dimensional space. The calculation

goes as follows. The d dimensional integration measure is given by
Ay = [P |4 || dQa. (5.36)

We also need the expansion of a plane wave in terms of Bessel functions J and

Gegenbauer polynomials C' [108],

GLE _ () (ﬁg 5) i(u+k) BT B) O (cosh) | (5.37)

where v is arbitrary and the polynomials C' satisfy the orthogonality relation:

21729 (n + 2a) - 1
nn/ ) «a 5
nl(n+ a)(I'(a))? 2

1
/ dz (1 — 22)* Y2 0@ ()0 (1) = § (5.38)
-1

with the normalization, C(()a) = 1. Since the solid angle df); is proportional to

sin?=2 @ we have the following integral

™ 1 .
/0 df sin® 20 C (cosf) = / dv(1-2%)7 C(x)

1 -3
:/ dr (1 — xz)dT @y, (5.39)

-1

which is 0 unless k = 0 and % = v — 1/2. Thus the integral I; becomes

d

— 1__
oo d|p, | (|p]L)* ' (d pL-b) 7 (d LR
L = / | 4
' 0 (2m) 2 2 3 1) TPl

/ 0. (5.40)

Using
27.‘_d/2
dQ 41
/ 4T T(d)2) (5.41)
and defining, y = |17L||l;|, we get,
|b|2m ¢ —2m
[yt () (5.42)

(27
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where we used the identity 2I'(z) = I'(z + 1). Using the formula [109],

d_om d_9om
[y ) = 287 7(13%) ) (5.43)
we get
d
I - 1dr(2—m)#1 . (5.44)
22m 5 F(m) |b|d72m

We also need to calculate the following integral

ddﬁl i “lll(l_l|2
I2 = / esz-b TS o - (545)
(2m) ()™
Following similar steps as before, this integral can be brought into the form
1 - oo d =
L= me—d/ dyy? =2 [Iny? — I [b]?] J . 5.46
= g (O [yt g = ) S 0 (5.46)

The integral proportional to In |l;\2 is calculated using Eq. (5.43). For the other one

we need the following relation

00 1 2#_%F ptv 4 3
/ dr "tz Inz J,(z) = ng - 4) X
° I 2 +Z)
o+ v 3) (V—M 1) ]
- = In 4 A4
() ru () ] Leam)
where
_ dr(z)
U(z) = T’ (5.48)
with the expansion
1 2
YE)=—Z =+ e+ OE), (5.49)

and ¢ (1) = —yg. With this, the integral I becomes

b= 92mzs  T(m)  [pd—2m Y (2 - m) +(m) —In =1 (5.50)

In should be remembered that in the above expressions for I; and I, we have d =

2 — 2¢ and each integral has to be multiplied by the renormalization scale uZ.
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6. WAVE DISTRIBUTION AMPLITUDES FOR THE A

RESONANCE

6.1 Introduction

In the previous chapters we have been mainly concerned with inclusive pro-
cesses where hadrons in the final state are “summed over” and are not observed
experimentally. However, exclusive processes like the elastic electron-proton scat-

tering

e+P—e+ P, (6.1)

or

e+P—e+R, (6.2)

where R is one of the proton’s resonances, are no less important for studying
hadronic structure within the framework of quantum chromodynamics (QCD).
The first reaction, for example, allowed Hofstadter and collaborators [110] half
a century ago to demonstrate that nucleons have finite size of order one fermi. Since
then, the various nucleon’s form factors were analyzed and studied extensively both
theoretically and experimentally for large as well as small values of Q?, where ? is

the virtuality of the exchanged photon (between the electron and the proton). The



second reaction serves to study the proton and its resonances. Among the most
important excited states of the proton is the spin-isospin 3/2 A(1232) which is the
lowest mass member of the baryon flavor decuplet. The N — A transition will be
discussed, within perturbative QCD (pQCD), in the next chapter.

For large values of () exclusive processes are generically referred to as “hard”
ones and they admit a pQCD treatment. The theoretical foundation for analyzing
such processes was laid down more than twenty years ago [111, 112]. The funda-
mental point in that approach is that one can treat any amplitude related to a
hard exclusive process through the concept of scale separation. This principle is in
turn manifested through a factorization formula which incorporates the two (low
and high) energy scales through fundamental quantities: a non-perturbative light-
cone wave distribution amplitude and a hard scattering amplitude computed within
perturbative quantum chromodynamics (pQCD). In order to construct such a fac-
torization formula for an exclusive process with high momentum transfer —q? = 2,
one needs to write down light-cone wave functions for the hadrons involved in the
process. The notion of a wave distribution amplitude is essential for introducing
light-cone wave functions.

Until a few years ago, hard scattering amplitudes were mainly computed with
quark transverse momenta k;; being neglected. As such, the only relevant dis-
tribution amplitudes are “leading twist” ones, in the sense that effects which are
suppressed by inverse powers of Q? are totally neglected. The leading twist distri-
bution amplitudes describing three-quark Fock state of the proton has been studied

extensively in the literature [113, 114, 115, 116, 117]. However, it is becoming more
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and more evident, at least in cases where the initial and final baryon helicities are
different, that instead of neglecting the quark transverse degrees of freedom, if one
treats them pertubatively, a better phenomenological results may be obtained.

One such case is a pQCD analysis of the proton’s Pauli form factor [118].
In that work it was shown that if the hard scattering amplitude is computed as
a power expansion in the ratio |k;i|/Q, one then gets a better agreement with
experimental data. To perform such an analysis one needs to write down light-cone
wave functions of baryons with explicit k; | -dependence or ,equivalently, with a non-
zero orbital angular momentum carried by the constituent quarks of the baryons.
Such wave functions were systematically considered in Refs. [119, 120]. It is quite
obvious, at least from dimensional analysis arguments, that such light-cone wave
functions will depend on higher twist wave distribution amplitudes. Thus one gets
to the conclusion that higher twist wave amplitudes are indispensable in order to
carry out phenomenological analysis for exclusive processes when quark transverse
momenta are taken into account.

Here we will discuss the asymptotic form of the higher twist wave amplitudes
of the singly-charged A" and will extract the number of independent amplitudes for
each twist. The results we obtain will be used in the next chapter.

In order to extract the wave distribution amplitudes of a baryon with uud

quark structure one needs to consider the baryon-to-vacuum matrix element of trilo-
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cal quark fields which live on the light cone

/

(0] €% !’ (ayn) [ayn, agn)y ; ué (agn) [agn, ayn]; d,ﬁl(agn) [asn, agnli k| B(P)) ,
(6.3)
where u, d are quark-field operators, and the Greek letters «, 3, stand for the
spinor indices. The Latin letters 4, j, k are color indices. n* is a light-like vector and
the a; are real numbers. The |B(P)) is the baryon Fock state with momentum P.

The gauge link [z, y| is defined through path ordering P and it is given by:

[z,y] = P exp [ig /01 dt (z —y) At (te + (1 = t)y)| (6.4)

where A* = A#t* and t* are the generators of SUqx(3). With the gauge link [z, y]
the matrix element becomes gauge invariant.

Full knowledge of the hadronic wave distribution amplitudes from first prin-
ciples is beyond the reach of current research due to its nonperturbative nature.
Nevertheless one can extract the asymptotic form (u? ~ Q? — oo where y is some
renormalization scale) by making use of conformal symmetry arguments [121] (see
also Appendix D). Other pieces of information can also be obtained from QCD sum
rules [122, 123, 124, 125]. For the proton, the first systematic higher twist analysis
was performed in [126]. That analysis was carried on in the infinite momentum
frame and the twist contribution of the various amplitudes, which appear once the
matrix element has been covariantly decomposed, was determined according to their
asymptotic momentum scaling: the lower the momentum powers, the higher their
twist contribution. For example the leading twist-3 amplitudes scale like p*3/2, the

M2

twist-4 scale like p*/2, and so on. p* is defined as: p* = PH* — o —nt. P and n*
DN
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have only “plus” and “minus” light-cone components, respectively. p* = —=(p"+p?),
p? =n? =0, and M is the nucleon’s mass.

Another approach that could be pursued for analyzing the matrix element
given in Eq. (6.3) is to decompose it while the quark fields have definite “good” or

“bad” components, where for any spinor y, these are defined respectively through

the action of the projection operators: AL = yFy*/2,

X+ =AM, x-=Ax (6.5)

We will pursue this approach below. For the A particle only the leading twist-3

distribution amplitudes were considered in the literature [127, 128].

6.2 Covariant Decomposition

As a matter of notation, A will denote the singly-charged delta particle, A*
are the “plus” and “minus” light-cone coordinates of the four vector A* and Ay
will denote the “good” and “bad” components of the spinor A,. The analysis will
be carried out in a frame where the momentum of A, P*, and the light-like vector
n* have the following light-cone coordinates:

MK

P* = (Pt
(P ope

0.) . n* = (0,1,0,). (6.6)

Thus in the limit Pt — oo we can ignore Ma. As it is well known the A is a
spin-isospin 3/2 particle described by Rarita-Schwinger equations [129, 130):
(v-P—MA)A*(P) = 0, Y A*(P) =0,

P.AMP) = 0. (6.7)



In the matrix element given in Eq. (6.3) and following a common practice [126] we
will not show explicitly the gauge factors but assume that they are there. With this,

one needs to decompose the matrix element,
(Oleuyut (arn)y(azn)dt (agn)| A(P)) | (6.8)

into the relevant Lorentz structures taking into account the spin and parity of the
A.

In principle this decomposition is similar to the one given for the proton [126].
Technically, however, it is more complicated due to the vector index u carried by

the spinor A,. The decomposition reads

4(0[esjnug, (a1n)f(azn)d) (agn)| A(P))

= Cap[ysn - A8y +7 - 151 - ASy + €pviopy” P70 A'Ss + €400p0" 1o PP AFS,]
+(15C)ap [0 - APy 4+ v - nn - AP + €007 PPy A Py + zfu,,(,pa”o‘naP"?”L"'yg)A“774]W
+(7uC)apl(V5V1 + 7 - nys Vo) AP + PH(ysn - AVs + 7y - nysn - AV + €auopy” PInP A5
+€auap0”ﬁngP”npAaV6) + nf(ysn - AVr + v - nysn - AVs + aopy” PO AV,
—i—eaw,pa”ﬂnﬂpgnpAaVlg) + YHysn - AV + 10t (nyysn - AV + ayagpPanﬁAleg)
+et 7P, Ponpn - A)Vig + €7 Pon,oyon®n - AVys + 7P Pon,A Vg

+e7P Ponpn - yA Vi 4 7Py, AonyVig + €M7y, Po A Vig + €7 0,an" Ay P, Vag
+e"700,an Aoy Vorly + (1u75C)apVi — Ai, A" — 5 AF],

(0 C)ap [ PHys ATy + Py - nys AVTy + s A Ts + by - ns AVT + APy AV T
+5“’6“"75P0npA”76 + E“O‘UPJagnﬁPanpA”’Z} + 0" nays AV Tg + PHn” (ysn - ATy

+v - nysn - ATy + 8a60pfnggnpAa’Tu + 5a60p057n7PgnpAaTlg) + o ysn - AT
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+PM o’ nyysn - ATy + nto"Pnyysn - ATis + PRy ysn - ATg + 'ty ysn - ATy
—i—P“(g”aﬁpfyannpn - ATis + e”awaapnppgnm - AT + €”aﬁpPan5ApTQo
+e"* Pyngy - nA, Ty + €Vaﬁp’7anﬁAp722 + €Vaﬁppa7ﬂApTz3
+5”a560apnpn5A57§4 + 5”O‘ﬁ‘saapinﬁA5’T25) + n“(g”o‘ﬁp'yannpn - ATy
+5”O"650apinﬁn5n - ATy + 5”O‘BpPanﬁApT28 + 5”‘“5"Pan57 -nA, Ty
—i—é”o‘ﬁp%nﬁAﬂéo + 6”aBpPa75Ap731 + a”aﬂpamnVngAp%2
—l—&fmﬁpaapingAp’]ég) + 7“8"“6pPan5Ap7§4 + a”pnpé”aﬁpPQnBAp’]g5
+et 7P (Ponyn - ATz + Ponyy - nn - ATz + yonon - ATzg 4+ 0,n"n,n - ATsg
+P,v,n - ATy + Propan™n - ATy + Po A Tag + Poy - nA iz + 1A Tay

+n07 : nAp,]ZlB + ’YJA,DIZZG + O-UanaAp,]ZW) - (ﬂ' — V)]'y-
In the above decomposition we used the 16 Dirac matrices,
{FO} = {C7 7507 7“07 ’7“7507 O-MVC} ) (610)

as a basis for the «a, 8 spinor structure. C' is the charge conjugation matrix which
in Dirac representation reads as C' = iy?7°, and " = %[7“,7”]. We have also
suppressed the mass Ma for convenience. The calligraphic functions depend on
the scalar product P - n. Using the fact that {y*C,o*”C} are symmetric and
{C,v5C, y"~5C'} are anti-symmetric matrices then the identity of the two up quarks

delivers the following;:

Si(1,2,3) = 8(2,1,3), Pi(1,2,3) = —Pi(2,1,3), Vi(1,2,3) = Vi(2,1,3),

A;(1,2,3) = —Ai(2,1,3), Ti(1,2,3) = T:(2,1,3) , (6.11)
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where the arguments i = 1,2, 3 refer to the three quarks appearing in Eq. (6.3) who
are differentiated by their light-cone positions.

Since the A is isospin-3/2, the matrix element is restricted by the requirement:

3/3 o
(72=5 (5 +1)) O, D dE@)IA) =0, (6.12)
where
1
T? = 5(T+T_ +T T, + Ty, (6.13)

and T4 are the usual SU(2) raising and lowering operators. From the isospin con-

straint, Eq. (6.12), one gets the following relation,

2(0[esjnug (1)ufy(2)ds (3)|A) = (Olewndy, (1)uh(2)ul (3)|A) = (Oleipu, (1) (2)ub (3)|A) = 0.
(6.14)

Or, equivalently, one can write

2(0leijntte (1w (2)d5(3)| A)—(Olesjuug (1) (3)d5(2)| A) —(Olesjuul, (3)d(2) da (1)|A) = 0.

(6.15)

6.3 Twist-3

As mentioned earlier, the twist classification of the invariant amplitudes ap-
pearing in Eq. (6.9) will be performed according to their contribution to the matrix
element while the quark fields have definite “good” or “bad” components. For the
leading twist we consider the matrix element with all quark fields having “good”
components:

(Olet, (am) (azn)d (asn)| A(P)). (6.16)
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In order to determine what are the Dirac matrices, in the {I'C'} basis that contribute
in this case, one imposes the following conditions (which are not all independent)

on the «a, 3 indices,
A_FCA+ - 0, A+FCA_ - 0, A_FCA_ - O, A+FCA+ 7é 0 (617)

From this, it can be easily shown that the Dirac matrices satisfying the above
relations are
{Ty={v" 17,07}, (6.18)
which means that only amplitudes from the vector, axial-vector and tensor parts will
contribute to twist-3 case. Once the Lorentz indices on the Dirac matrices are fixed,
one can go further and determine the relevant indices of the terms associated with
A*. To do that one has to recall that P* and n* have only plus and minus light-cone
coordinates (in the limit P — oo ), respectively, and the fact that the vector-spinor
Al satisfies Rarita-Schwinger relations, Eq. (6.7). After all the Lorentz indices have
been fixed we then impose the condition (A_I"A*), = 0, where I", like I', could be
any one of the Dirac matrices.
One then finds that for twist-3 only AX contributes. In the last step we made

use of the following useful identities:

T = —iys(—AL F AL, = (AL AL, =y (AL AL,
(6.19)
Thus the covariant decomposition, Eq. (6.9), gives the following relation of the

twist-3 matrix element

4{0eizn (1l )a (1) (w})5(2) () (3)| A(P))
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= VD (v~ C)ap(1sAT )y + Vi D (v~ Cap (157 A si)y + A (77 75C)as(AT),
FAS D () (V A )y + TE D (1077 C) s (150 14),

T3 (10" Cag (119501 )y + T4 (07 C)apeis (L), (6.20)

where the superscript (uud) designates the quarks with “good” components. We
will use this notation also for the higher-twist cases.

The symmetry of the the two up quarks gives

vied2.3) = v 9@2,1,3),  AMD(1,2,3) = —A"D2,1,3) fori = 1,2,

T(1,2,3) = T™(2,1,3), for i =1,2,3. (6.21)

uud) : ‘/2(uud) ’ Aguud)

The four functions Vl( and Aéuw) can be combined into two func-

tions:

pi9(1,2,3) = V9(1,2,3) — A9 (1,2,3) for i = 1,2. (6.22)

To implement the isospin constraint, Eq. (6.12), we make use of Fierz transforma-
tions, discussed in Section 6.6, to shuffle the spinor indices of the different Dirac

structures. This gives the following

T{™9(1,2,3) = 0,
09(1,2,3) = »¥(3,2,1),
T"0(1,2,3) = —oi7(1,3,2) + SuiP(2,3,1) = —5ui”(1,3,2)

TQ(UUd)(l, 9, 3) _ _2w§3)<1’ 3, 2) + wé3)(2’ 3, 1) — _wgg)(L 3, 2) (623)

Thus at twist-3 there are only two independent amplitudes, 1/12-(3)(17 2,3), i =

1,2. This is consistent with earlier results given in [127]. To gain more physical
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insight of the meaning of ¢;, let us define them in terms of left and right chiral

fields. From Eq. (6.20) we have

Olegru] VOV L), (3)1A) = — (WAt + 1" Dsr'Ai)
(Olesjrut] (VO s (2)d5,(3)1A) = — (A OAL + A" AL) . (6.24)

where T" stands for the transpose of a matrix. Introduce now the chiral fields x 1 r =
Pp rx where P r = 1(1 F 75) are the chiral projection operators. Combining the
two equations in Eq. (6.24) and applying Pr on the spinors with the 7-index, one
obtains

_— . 1 iAd
(el (O o (2)d (B)A) = =3[0 (1,2,3) PRAT + 4457 (1,2,3) Pay AL

(6.25)
From the last equation it is clear that the two up quarks are combined to give
a helicity zero. This could be considered as the definition of 1/)2-(3),2' = 1,2. Denote

the Fourier transform to the momentum space of wi(g) (a;n) by 1%3) (21, T2, x3) where

wgg)(am, asn,asn) = /01 dridredrsd(1 — a1 — 29 — xg)e’iPJr”_(Z “ixi)zﬁf’) (21, 22, 3) ,

(6.26)
for i« = 1,2 where z; are the momenta fractions. Based on conformal symmetry
arguments [131, 132] (see also the discussion in Appendix D and Eq. (D.27)) the

asymptotic form of ¢;(x1, 2o, x3) reads
P (a1, Tg, T3) ~ T1T2T3. (6.27)
where we have used

Y uy = suy = +(1/2)us , (6.28)
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and s stands for the projection of the particle’s spin along the light-cone. Since the
canonical dimension of a quark field is 3/2 then the conformal spin j = (1/2)(l + s)

for uy and d_ is 1 and 1/2, respectively.

6.4 'Twist-4

At twist-4 level there are three different matrix elements each with two quarks
having “good” components and one quark with a “bad” component. However, due
to the symmetry of the up quarks, we need to consider only two of them: wu u,d_
and uyu_dy. For the first case, the decomposition of Eq. (6.9) will deliver a relation

similar to the twist-3 case but the A will have a “bad” component. Thus we write

4(0leazn (1’ )a(1) () 5(2)(d5 ) (3)| A(P))

= V" (77 C)ap(A7), + V3" (77 C)ap(r5mAL ), + AL (77750 as(AT),
+AS (75 C)as (AL )y + T (107 C)ag(150 1)+

T3 (10"~ Cag (31507 )y + T3 (07 Capeif (AY),. (6.29)

We also have

vi(1,2,3) = v"(2,1,3), A"(1,2,3)=-A"(2,1,3) for i=1,2

)

T (1,2,3) = T"(2,1,3) for i=1,2,3. (6.:30)

For the second matrix element we impose the following conditions on the «, 3

structure:

A_FOA_ - 0, A+FCA+ - 07 A_FOA+ - 0, A+FOA_ ?A O (631)
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From this one finds that only

{T} = {1,%,7",7"75, 07} (6.32)
contributes where ¢ = 1,2. We now again fix all the Lorentz indices on the right-
hand side of Eq. (6.9) and impose the condition (A I'C), = 0 where I", like T,
could any one of the 16 Dirac matrices. We then find that the A will have a “bad”

component and get the following decomposition:

4{0legn(uy )a(1)(ul)5(2)(dh), (3)|A)
= 51"V Cas (v 1Ay + 85 Cap (v 1380 )y + PI" (15C)as (77 AT),
plud) C i A V(ud) i N V(ud) i e AT
+ 2 (75 )aﬁ(fy Vi —)’Y+ 1 (’7 )aﬁ(’y V5 —z)’y+ 2 (’7 )aﬁ(’y Yi7Vs —)7
+iVi Ve (YC)ap(v™ AL), + AT (7950 ap(77 ALi)y + AL (Y950 ap(7™ %A ),
+iAS D e (V15 C)as (11500 )y + (07 C)as (T3 (1578 —5) — (/2T e (v AT),)
(i = ). (6.33)
The isospin constraint given in Eq. (6.12) and (6.34) can also be written in

the form:

(Olzign (e (1))a(u (3))1(a(2))51A) = (Olzijn(uf(1)a(ul (2))5(d4(3)),14).  (6.34)
This form allows us to relate the two matrix elements with v, u,d_ and uyu_d;
by performing, again, a Fierz transformation on the u,u,d_ matrix element from
(af,7) to (ay,) and switching the 2 and 3 arguments. From this we get the
uyu_dy matrix element. Thus we find that all the functions appearing in Eq. (6.33)

can be expressed by those of Eq. (6.29):

$(1,2,3) = 7 (-V"(1,3,2) + A(1,3,2) — 27{"(1,3,2))

=] =
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S5(1,2,3) = - (V(1,3,2) — A8 (1,8,2) — T{"(1,3,2) + T4"(1,3,2))
PY(1,2,3) = < (="(1,3,2) + A"(1,3,2) + 213"(1,3,2))

PY(1,2,3) = < (=v"(1,3,2) + A§(1,3,2) - T{"(1,3,2) + T;""(1,3,2))
vi9(1,2,3) = < (=%"(1,3,2) - A5(1,3,2) + T{"(1,3,2) + T4"(1,3,2))

Vi (1,3,2) + A (1,3,2)) .
—v(1,3,2) — AV(1,3,2) — T (1, 3,2) — T (1, 3,2)) ,
VM (13,2) + AS™(1,3,2) + T (1,3,2) + T3"(1,3,2))

APD(1,2,3) = - (V"™(1,3,2) + A" (1,3,2)) . (6.35)

e N e e e T N Y N N

e I e S B e e B . N B e e B e e B e e

AP(1,2,3) = 5 (1B(1L3,2) + A8 (1,3,2) - T (1,3,2) - T4 (1,3,2).

By using the identities in Eq. (6.19) one finds

Tl(ud) _ % Pi(Ud) 7 T2(ud) _ ; pz(udX (6.36)

Hence there are five independent amplitudes at twist-4 which we denote by

v for i =1,2,...5. Fori=1,2
$M(1,2,3) = v(1,2,3) — A" (1,2,3) , (6.37)

Fori=1,2,3,

(1,2,3) = T"(1,2,3). (6.38)

These five functions are symmetric under the interchange 1 = 2. Similar to the case
of twist-3 we can write

1 o
Olesjeulp()OY w1 (2)d p(3)|A) = =5 [617(1,2,3) PrAT + 957(1,2,3) Pry' AL

(6.39)
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The Fourier transform of L/Ji(4) for: = 1,...5 is defined analogously to the twist-3

case. Again from conformal symmetry arguments the asymptotic form reads

O (@1, 29, 23) ~ 212, (6.40)

6.5 Twist-5 and 6

At twist-5 we need to consider the two matrix elements with u_u_d; and
u_u,d_. The decomposition can be read off directly from that of the twist-4 case

with suitable modifications:

0] (ul)a (1) (! )5(2) (%), (3)|A(P))
= V(7" C)ap(1587)y + VAV (77 O)ap (15 ), + AP (7150 as(AT),
FAS (7 50)ap (AL + T (107 Cap (158 11), + Ta? (10" C)ap(1i15A7),

d 3 j
+T5 (0" Capeis(AL),. (6.41)
The symmetry of the two up quarks again delivers

Vi 91,2,3) = vi92,1,3), AP(1,2,3)=-AP" fori=1,2

7\91,2,3) = T9(2,1,3) fori =1,2,3. (6.42)
The second matrix element decomposes into

40k (ul)a (1) () 5(2)(d5)(3)|A)

= 51" Cap(77587), + 55" Cap(Y 99585y + P (150)ap (v AT),

+ P (15C)as (Y %A ) + VI (Vs (795840 + Vo (1 C)ap(7H97587)5
+iVaVei; (7 Cas(7 AL ), + AP (795C)as (7T A )y + AS (5C)as (VAT

133



+HiAS €1 (Y 95C)ap (Y9580 )y + (07 C)ap (T3 (Y H 47 15 — 50 ey (77 A5),)

—(i < j)]. (6.43)
The isospin constraint of Eq. (6.34) takes the form
(Olesjn(ul(1))a(ul(3))(d4(2))5|1A) = (Oleir(ul(1))a (1} (2))5(dE(3)),]A). (6.44)

Thus we see that all functions of Eq. (6.43) can be expressed with those of
Eq. (6.41). This gives five independent amplitudes for the twist-5 case which we

denote by ¥\”) for i =1,2,...5. Fori=1,2,
$(1,2,3) = v“9(1,2,3) — 49(1,2,3). (6.45)
And the other three (i = 1,2,3) are given by
Yith(1,2,3) = T/(1,2,3). (6.46)
In terms of the chiral fields we get

. o 1 - ini
OlegruTr()CY ul L (2)dE pB)A) = 2 [U17(1,2,3)PrAT + 07 (1,2,3) Pry' AL .

(6.47)
The Fourier transform of 7,01(5) for© = 1,...5 is defined in the usual manner.

Again from conformal symmetry arguments the asymptotic form reads
OO (21, 9, 23) ~ a3 for i=1...5. (6.48)

For twist-6 we need to consider one matrix element with w_u_d_ structure. The

decomposition of this matrix element can be read off from that of the twist-3 given
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by Eq. (6.20) with obvious modifications:

40z (ul)a (1) (! )5(2)(d2), (3)| A(P))
= Vi7" C)ap(1A7); + Va1 Cap(157 Ai)y + A1 (7 5C)ap(A),
+ A2 (7 5C)as (Y AZi)y + Ti(i0" C)ap(158-i)y + Ta(io™ C)ap(1i715A2),
+T3(0T ) apeij (A1), (6.49)
The symmetry between the up quarks gives
Vi(1,2,3) = Vi(2,1,3), A;(1,2,3)=—-A;(2,1,3) fori=1,2,

Ty(1,2,3) = Ti(2,1,3) fori = 1,2, 3. (6.50)
The four functions Vi, V5, A; and A, can be combined into two functions;
09(1,2,3) = Vi(1,2,3) — 4;(1,2,3) for i = 1,2, (6.51)

The isospin constraint, Eq. (6.12), gives relations among the five functions similar

to those given in Eq. (6.23) with the replacement

vih(1,2,3) — Vi(1,2,3), AMY = A41,2,3), T > T(1,2,3), fori=1.2,

7

T Ty(1,2,3). (6.52)

Thus at twist-6 there are only two independent wave amplitudes. We denote them

by wi(ﬁ). In terms of chiral fields we get

. . 1 .
OlegruTp (1O u! 1 (2)d* 5(3)|A) = —5 (417 (1,2,3) PRA” + 44" (1,2,3) Pry' A
(6.53)

and the asymptotic form is,

%(6)(371,352,903) ~1, fori=1,2. (6.54)
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6.6 Fierz Transformations

In this section we show how to carry out the Fierz transformations. Specifi-
cally it is applied to twist-4 Lorentz structures. The general formula to be used is

Eq. (A.2) in Ref. [126] with the following modifications:

ﬂ_>7_7 77“/_>’Y+7 pz:1> (655)
we then get

(LC)as(I'A),

1 / ’ _ / 7
= Z[Cw(FF Ao+ (15C) (T A)g + (77 C)yp(TY T A)y + (77C) 15Ty T A)g

(V' C)ya(T3l Ao = (77 75C) 1507 95T A)a — (77750)s(Ty 75T A
| , ) , 1. ,
~(1750)55(T791 Ao+ (077 C)yp(Loy I A)a + 5 (07 C) (Lo " Al

+(i0""C) g (T T A) g + (107 C) 5Ty T A) ] (6.56)

The above formula can be used for any p-index carried by the A. Moreover
the A will carry either a “good” or “bad” component according to the specific twist
considered. In any case, Eq. (6.56) is applicable in both cases. We will apply it now
to the twist-4 matrix elements.

Let us consider the first one with u ud_ which has decomposition as given
in Eq. (6.29). The second matrix element given in Eq. (6.33) can be found from
the first one by making a Fierz transformation (af,v) — (av,[), on the first
matrix element. As it is clear from Eq. (6.29), there are seven different Lorentz
structures that contribute to the first matrix element. We will carry out the Fierz
transformation for each one of them using Eq. (6.56) above.
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We notice that since the A has a “bad” component for twist-4 then many
terms will vanish. Moreover, we notice that there are two distinct “y” structures

(where by 7 we mean the spinor index) that do not mix when performing the Fierz

transformation. For convenience we introduce the following notation:

@)% = (v Oas(1AT),, (0200 = (77 C)as(1smAL),
(@)l = (T BC0)as(AY)y,  (a2)5) = (7 5C)as(nAl),

()% = (107 Cag(1Ai)y . (82)152 = (10" C)ap(virsAt),

(ta)is) = (0" Chageif(AL),, (6.57)
and
(31)%2, = Cus(Y A7), (82)%{)7 = Cog(v 4% )4,
(ud)  _ C “At (ud) _ C —~v Al
(Papy = (1C)apr(V"AT),, (P2)apy = (15C)ap(v " %AL)y,
(ud)  _ zC e A (ud) _ ZC e AT
(agy = (V'Clag(Y 1580y,  (12)ags = (V' Cap(y 17547)5,
(ud) ZC fA]'
(U3>a577 = (7 )aﬁzgm ('7 7>'y )
(ud)  _ i C “A (ud) _ (i C — AT
(@)agy = (Y5C)as(V Asi)ys  (a2)apy = (V' 1C)ap(V %AD),
(as)%f)y = (Y950 agies (v 15A7),
D) = (GO e (AT t2)) = (07 C)ap(v 1A _)5- (6.58
(1>a,8,"/ = (o )afﬂgzy( —)7: (Q)Q,B,'y = (0YC)ap(Y 7175 —j)~-(6.58)

Let us apply now Eq. (6.56) for the Lorentz structures of the first matrix

elements. We start with v{"") and we get the following:

(0 = 5[(52) + (o) + (02) — (@) (6.59)
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which gives

(005 = 5[(52) + () + (02) — (a2)]5)

()05 = 7l(50) + (91) + (00) = (@)

()2 = () = T (s2) = () + () + ()] (6.60)

where we used the fact that C and 75C and v'y5C are anti-symmetric and +*C' is

symmetric. Similarly we get

()35 = 3l0) + () = (02) + (@)%

()2 = §[650) + () + (02) + (@)

i 1 ud
(t2)as), = 5l(s1) = (0)]55 -

_ (ud)
ay,B T

[=(s1) + (P1)]as - (6.61)

DO | —

From Egs. (6.60) and (6.61) we get the following:

. 1 u 1
Q@-—ZP%+&—ZMWN ﬂwzzPh+Aﬁﬁﬂww7w@>
\/2( 4 _ Z[Ll + Al]( ), Ag 9 = Z[Vl + Al]( ). (6.63)

Similarly we can obtain all of the relations given in Eq. (6.35).

6.7 Summary

The motivation behind this work was the need to obtain in a systematic man-
ner the higher light-cone distribution amplitudes of the singly-charged A™ particle
thereby extending an already existing similar work for the nucleon. In this work we
considered only the asymptotic form of these amplitudes using well-known conformal
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symmetry results. Such higher-twist amplitudes (at least their asymptotic form) of
the AT are to be utilized whenever the A* is observed as a resonance in exclusive
process with high momentum transfer; for example, in the case of nucleon to AT
transition when the baryon helicities in the initial and final states are different.
We analyzed the matrix element of delta-to-vacuum trilocal quark field opera-
tors and decomposed it in a covariant manner, taking into account the spin, isospin
and parity of the A*. We have ignored contributions coming from Fock components
with a number of partons other than three. The twist classification was performed
according to the number of the “good” components that the quark fields have. The
higher this number the lower the twist. The isospin constraint limits the number
of the independent amplitudes. For twist-3 and 6 we found two independent ampli-
tudes for each twist and for twist-4 and 5 there were five of them in each case. It is
easy to see that for the negatively-charged A~ one will also get the same results by
simply interchanging one of two up quarks with a down quark and repeating iden-
tical analysis as the one already performed. For the A™* and A~~ similar analysis

is also straightforward.
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7. NUCLEON TO DELTA TRANSITION

7.1 Introduction

The nucleon transition to one of its resonances, mainly the A(1232), has been
studied for decades within many of the theoretical frameworks of QCD. Phenomeno-
logically, this transition is important one since the A, among all the nucleon res-
onances, admits the highest production cross section. Moreover, the A resonance
has the same quark structure like the proton, hence one may expect that they have
some common features. Theoretically, it turns out, that “naive” treatments of this
transition, yield predictions that are inconsistent with experimental data. Thus, this
transition, and its electromagnetic form factors, has attracted much theoretical at-
tention in recent years and studies ranging from perturbative QCD (pQCD), lattice
calculations, large N,, chiral perturbation theory and model dependent calculations
where performed in order to gain a better understanding of this process®.

Some of the earlier interests was due to the work of Becchi and Morpurgo [135].
In that work they showed that in the context of the symmetric, non-relativistic, spin-
flavor SU(6) quark model, the transition N — A is a pure magnetic dipole M1 and

the contribution from the electric quadrupole E2 is zero. We first note, that based

! for very recent treatments see Refs. [133, 134, 125].



on parity invariance and angular momentum conservation, only the above mentioned
electromagnetic multipoles can contribute. One crucial assumption in the derivation
of this ‘selection rule’ is that the quarks in both the nucleon and the delta are in
the zero orbital angular momentum states.

These predictions were made prior to QCD and they where considered to be
as a check to the validity of the quark model, which was still questionable in those
days. Later experimental measurements [136] showed that, indeed, the bulk of the
contribution to the N — A transition is due to the magnetic dipole M1, while the
contribution from E2 is small, however, non-vanishing.

The non-vanishing value of E2, and also the Coulomb quadrupole C'2 in the
case of a virtual photon, has generated much theoretical interest. One way to
account for £2 # 0 is through the D-wave mixtures in the N and A wave functions
[137]. Another way is through the two-body electromagnetic currents from one-gluon
and/or one-pion exchange between constituent quarks [138]. In the latter case,
it is argued that E2 transition is, mainly, due to a two-quark spin-flip operator.
On the other hand, in the large N, limit of QCD it has been shown [139] that
Rpy = E2/M1 is of order 1/N2. To derive this result, no assumption about orbital
angular momentum of the quarks was necessary. More work in this direction can be
found in Refs. [140, 141, 142, 143].

Another major issue related to the N — A transition, and in general to any
hadronic exclusive process, is the applicability of pQCD at the range of values of
momentum transfer Q% accessible in the current generation of experiments. In terms
of the ratios Rgy and Rgy = C2/M 1, pQCD power counting predicts that in the
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limit Q?> — oo, Rgy — 1 and Rgy; — const., up to logarithmic corrections to
be discussed below [144]. The former prediction has not yet been observed exper-
imentally. In fact, up to Q? = 4 GeV?, Rgy stays negative and very close to zero
(145, 146, 147, 148, 149]. The comparison between data and pQCD prediction for
Rgpy is the main topic of this chapter.

To make the pQCD predictions more relevant at finite Q? where data have
been and will be taken, one has to go beyond the asymptotic power counting, make
detailed pQCD calculations of hard scattering amplitudes and derive the factor-
ization formula for the experimental observable. In the present case, the relevant

quantities are the three independent helicity matrix elements [144]:

1
Gr = g (A Aale(3) - 1P AR = 1/2) (71)

where My is the mass of the nucleon, A = 0,41, and A + 1/2 = A. A pQCD
factorization formula of the helicity-conserving matrix element GG has been known
for many years [112, 113, 144]. However, a pQCD calculation of the helicity non-
conserving amplitudes has not been explored in the literature until recently, because
it mecessarily involves the orbital motion of the quarks [118, 150].

Below, we derive a pQCD facrorization formula for the helicity-flip matrix
element GGy. The technical details are basically similar to those in the calculation of
the Pauli form factor F»(Q?) of the proton performed in [118]. In this calculation, the
quarks in the nucleon and the A have one unit of relative orbital angular momentum
along the direction of motion (taken as the z axis) i.e., |Al,| = 1. With this we

calculate the “hard amplitudes” which, in turn, are to be convoluted with the soft
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light-cone distribution amplitudes. The light-cone wave functions of the nucleon and
delta have been classified according to their orbital angular momentum dependence
in [119, 120]. Note that we have to add the gluon contribution to maintain color
gauge invariance. We neglect the dynamical gluon effects proportional to the gluon
field strength F*% which seems numerically suppressed in general [151, 152].

We remark that a detailed calculation of the hard amplitudes for G_ will
involve two units of quark relative orbital angular momentum. Due to computational
complexity it will not be pursued here. Nevertheless, it can be easily shown that
G_ is suppressed, in the high Q? limit by O(1/Q) relative to Gy [120, 144].

Assuming our calculation for G| is relevant at ) that is currently explored
at Jefferson Lab, our result and a recent experimentally measured values of Rgys
enable us to make a phenomenological prediction of this ratio for higher values of
@Q?%. We mention in this regard that the double logarithmic term, log?(Q?/A?), will
play an important role in our analysis. The importance of log®(Q?/A?) has also
been demonstrated recently in the Jefferson Lab data on the nucleon elastic form

factor Q*Fy/Fy [118].

7.2 Kinematics and Notation

Although in experiments the delta appears only as a resonance (in certain
scattering cross sections) which decays back, mainly, to nucleon and a pion, however,
at the resonance peak, where the contribution from the background vanishes by

definition, we treat the the bare delta as if it were a bound state of QCD. Thus,
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our analysis is relevant only at the resonance peak. Moreover, we will not consider
the so-called the dressing of the resonance due to the pion cloud which might be
important at small Q? [148, 149].

The production of the delta proceeds through the following scattering:
P(Py) +7"(q) = A(Pa). (7.2)

which appears as a sub-process of the electro-production of pions. The quantity of
interest is the GGy matrix element, in which case the virtual photon is longitudinally-
polarized and with a large virtuality Q? = —¢?. Our analysis will be carried out in
a frame in which the virtual photon ~*, the incoming proton and the outgoing A
are collinear. The three momenta of the proton and the A are in opposite directions
and the v* is moving in the —z direction. The photon polarization vector is given
by

(¢%,0,0,¢") , (7.3)

with ¢* = (¢°,0,0,¢%).
We will also need the light-cone wave functions of the proton and the At (with

the same charge as the proton). These wave functions are given by [119, 120]

IPA=1/2) = 12/d Je* {wp (1,2, 3)uf; (1)
x [u;l<2>d,y<3> i (2)u;(3)] 10)
(ku 2(1,2,3) + kf vy (1,2 3))

x [ul (Dl (2)d},(3) = diy (Dl (2)ul, (3)] [0)} + .., (7:4)

|A+’)\: _1/2 — /d 'ij {w(U(l/ 2/ 3)
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x [ L(l’) (2 )dkT(SI) + UL(l )dji@ )“m(Bl)
+df (1)ul (2)ul, (3)] 10) + k5 w®) (1,2,3)
x [ufy (1)l (2)d], (3) + ) (1)dl (2)uly (3')

+dly (1)ul (2)ul, (3)] [0)} + .., (7.5)

where sz = k, £ ik,, the ellipses denote other components of the wave functions
which do not enter the following calculation, and T (|) on the quark creation opera-
tors denotes the positive (negative) helicity of the quarks. The amplitudes wg)A
(¢§:)A7 zpﬁf)) have zero (one) unit of the orbital angular momentum projection.
»V(1,2,3) is symmetric in 1 and 2.

The integration measure is given by

d$1d$2dl’3 d2k1Ld2]€2Ld2k3l
A/ L1X2T3 (271')9
><27T(5(1 — 1 — X2 — $3)(27T)25(2)(ku_ =+ kzj_ + k3J_) y (76)

d[1]d[2]d[3]

and the x; are the fractions of the proton linear momentum Py carried by the quarks,
and k;, are the corresponding transverse momenta. For the A we use y; instead of
x; and k., instead of k;, . It should be noted that since the A moves in —z direction
then the orbital angular wave function must be ky; as shown in Eq. (7.5). The
matrix element Gg has two contributions: one in which the proton has [, = 0 and
the A carries [, = —1 and in the second one the proton has [, = 1 and the A carries
[, = 0. For the first case, we introduce the hard amplitudes T;(1,2,3,1’,2',3’), which
represent three quark scattering off the external photon with two-gluon exchange.

The index ¢« = 1,2, 3 indicates that the photon is attached to i-th quark. They are
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given by

Ty(1,2,3,1',2,3") = 9" (e (3)bjr) (2)ainy (1) |ae, - valai (1)b;y(2)ck (3)),
T5(1,2,3,1,2',3') = eI (e (3)byr  (2)airy (1) [ber, - vblasy (1)bs(2)exs (3)),

Tg(]_, 27 3, 1,, 2,, 3,) = Sijkf‘:i,j/k/ <Ck’T(3/)bj’l<2,)ai’T(1/>|E€L : ’}/C|GZT(1)b] (Q)CkT (3)>,(77)

where a, b, ¢ are labels of the different quarks and e, = (A = 0) is the polarization
vector of a longitudinal photon. For the second case we label the hard amplitude as
T!(1,2,3,1’,2",3"), in which all quark helicities are reversed. We will explain how to

compute these hard amplitudes in the next section.

7.3 Leading-Order pQQCD Factorization Formula for G

In this section, we derive a leading-order pQCD factorization formula for the
helicity-flip Nv* — A matrix element Gy. As shown in Eq. (7.1), this is generated
by a virtual photon with longitudinal polarization, corresponding to the Coulomb
quadrupole amplitude.

The first step in calculating G is to obtain the hard scattering amplitudes of
partons. For this we follow the guidelines of Ref. [118]. In principle, one has to
consider both three-quark scattering with one unit of orbital angular momentum or
three-quark-one-gluon scattering without orbital motion. Here we consider explicitly
only the former and take into account the latter through the requirement of color
gauge invariance, leaving out the contribution with the gluon field strength tensor.
This practice of leaving out dynamical gluon contribution corresponds to the so-
called Wendzura-Wilczek approximation in the literature [152]. A key point in
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Fig. 7.1: The leading pQCD diagrams contributing to the nucleon to A transition ampli-

tudes. The mirror diagrams should be added.

the calculation is that since the quark masses are negligible, the quark helicity
is conserved. This is due to the vectorial nature of the electromagnetic coupling
between the struck quark and the virtual photon and of QCD quark-gluon coupling
[113]. When a Fock component of the light-cone wave function of the proton contains
two quarks of the same flavor and helicity then, clearly, it contributes only when
there are two quarks of the same flavor and helicity in the A wave function. The
exchange contribution that results due to the presence of the same two quarks has
to be taken into account properly through the second quantized calculation.

Using the light-cone wave functions of the proton and the A in Egs. (7.4)

and (7.5) and keeping terms that are linear in the quark transverse momenta, one
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obtains

_ / 1— 13k o1 11 an, (1)

GO - 24 2MN /d ][3]{klj_’¢A (27173)¢P (1a273)
X [T2(1,2,3, 1, 2',3') + T2(1,2,3,3', 2 1') —T5(1,2,3, 1’,2’,3’)
—-T5(1,2,3,3,2',1)] ‘HM "(1,3,2") (k3 1(3) +ku P )(2=1,3)
x [15(1,2,3,1,2",3') + T5(3,2,1,1,2',3") — T3(1,2,3,1',2", 3)

~T3(3,2,1,1,2,3)] ,} (7.8)

where T; and 77 are the three-quark scattering amplitudes introduced in the previous
section. The color wave function of the three quarks is normalized to unity.

The perturbative Feynman diagrams for 7; are given in Fig. 7.1. There are
fourteen such diagrams, taking into account the relative position of the photon
vertex and the gluon interactions. In each diagram we have three collinear incoming
and outgoing quarks exchanging two gluons. The photon could interact with any
one of the quarks. With the spin-isospin structure of the proton and the A state
functions, we assume that the first and third quarks have positive helicities while
the second quark has negative one.

To find the amplitudes T;, we let the outgoing quarks carry orbital angular
momenta k;, and the incoming quarks have zero orbital angular momenta, i.e.,
k;1 = 0. From each one of the Feynman diagrams we write the amplitude following
the usual QED and QCD Feynman rules. Since the calculation is performed in the
collinear frame in which the particles are highly relativistic, we can set the masses
of the proton and the A to zero. We expand the quark spinors in the final state and
the quark propagators to first order in the transverse momenta. Then we collect
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all such contributions from the given diagram and sum up the results of all the
Feynman diagrams. This yields T;(k. |, z;, yi, @%). To find T (k; L, z;, yi, Q%) we set
7, =0 and k;; # 0 and follow similar steps.

The results for T1(1,2,3,1’,2',3') at order of O(k,) are as follows:

8C?
T1<1a 2a 37 1/7 2/7 3/> - _g;LQif [kji—iwl(l‘lax%x?n y17y27y3) + k{;—iw2(xhx27 €3, Y1, Y2, 3/3)} 3
(7.9)
where C'g = 2/3 and the functions w; and ws are
1 1 1 1
wy(T1, T2, T3, Y1, Y2, Y3) = = 5 1T 55 - +t ==
T1YiT3yYs  T1Y1X3Y3s  Y1T3T2Y2X3Y3s  YiT1T2Y2
1
T3Y1YoysLotd
( ) 1 n 1 1
Wa\T1,T2,T3,Y1,Y2, V. = — = o _ - —
2T T TS I 5 98 x1y1x§y§ I%ylx?)y% $3y21’2$3y§
1
(7.10)

—9- - 2. 92"
TIYNYsTaYo2  T3T2Y2Z3Y3

Similarly for T, we have

8C?
T2<]-7 27 3) 1/7 2/7 3/> - _gﬁQ—f [ki—iwo(ylv Y2,Y3, L1, T2, 1'3) + ké—iw()(y& Y2,Y1,T3, T2, I1>:| 3
(7.11)
the function wq is given by
1 1 1
wo(T1, T2, T3,Y1,Y2,Y3) = ——— 2 2,2 — 2
T2Y2Z1T3Y3 T1Y1T3Ys  T1X1Y173Y3
1 1
+ (7.12)

Tolxiyt  T1J3123T3Y3
To obtain T3(1,2,3,,1’,2',3') we interchange z1,y:, k| and x3,y3, k5, and to
obtain T7(1,2,3,1',2',3') we replace k] with k| and interchange x; and y;. The

above results are consistent with those derived in Ref. [118].

149



To further simplify the above expressions, let us define k -integrated wave

functions:

D@y, 20,23) = 2/[d2kﬂ W (1, ko, ks)

2

g)($1,$2,$3) = [dzkﬂku : (kzﬁbg) + ku@/)gl))(k?m ki, ks) |
3
2

g)(%,xz,l‘:s) = — [d2k¢]k1¢ : (kzﬂﬁg) + kulpg))(/ﬁm k1, k3) )

x1
<Z5(A3)<1171,$2,133) = 2/[6121&] g)(k1,k27k3),
2

o8 (w1, aaws) = - [[Pkulkas - kas o (ko ks ka) |
3
2

W@y, 20,23) = - [Pk ko - Y 0% (ko K Ks) (7.13)
1

where the integration measure is defined as

d*ky ) dPkyy dPks)

k] = o

5 (kis +kai +ks1).

In terms of these wave functions and by using the obtained expressions for the

hard amplitudes we get the following expression for G:

{?J3¢*A(4) (Y1, yz,y:s)ﬁbg)(%, T, T3) [wo(yl,ymy?ﬂ T1, T2, T3) + Wo(Y1, Y2, Y3, T3, T2, T1)
—wi (23, Ta, T1, Y1, Y2, Y3) — w2($3,$2,$1,y373/2,y1)}
+y1¢2(4) (Y1, Y2, y3)¢§§')(:c1, Ty, T3) [wo(y:s, Y2, Y1, T3, Ta, T1) + Wo(Y3, Yo, Y1, T1, Ta, T3)
—wy (T3, T2, T1, Y3, Y2, Y1) — w2(373,$2,3?17y1,?/2,y3)}
+x3¢§§“(x1,xz,a:3)¢2(3)(y1, Y3, Y2) {wo(ffs,xz,fl, Y3, Y2, Y1) + wolxs, T, T1, Y1, Yo, Y3)

—w1(y3,y2;y1,$3,x2,$1) - w2(y37y2»yl7$1,$2,$3)}

+$11/)1(:>1)(I1, $2,$3)¢*A(3) (yhys, yz) [U)O(xla T2,T3, Y1, y27y3) + w0<x17x27 r3,Ys3, Y2, yl)
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—w1(y37y2>y1,x17$27$3) - wz(fl/:z;yz?yl,l’:s,xz,%l)”’

where [dz] = dx1dredrsd(1 — 21 — 29 — 23) and o, = g2 /47. We see from Eq. (7.14)
that Gy scales like 1/Q* in the high Q? limit, consistent with the general power
counting. To find the normalization of Gy we need to know the light-cone distribu-
tion amplitudes defined in Eq. (7.13). For the proton, a set of such functions have
been given in Ref. [126] based on conformal expansion, QCD sum rules and Lorentz
symmetry. For the A no such work has been done explicitly.

However, as we have shown in the previous chapter, if the A is treated as a
three-quark state, at the asymptotically large Q?, the light-cone distribution am-
plitudes of the A have a y;-dependence which is identical to the x;-dependence of
the light-cone distribution amplitudes of the proton. For the proton we have, for
example, the asymptotic form of 925}(03) is 1293 and gzﬁgl) is xyxo [112]. If we perform
the z; and y; integration in Eq. (7.14) with such functions we get, due to end-point
singularities, a double logarithmic divergence results. This divergence indicates that
quarks with small Feynman z contribute significantly to the hard scattering. How-
ever, for very small x for which the parton longitudinal momentum is on the order
of Aqep, the hard scattering picture breaks down, and the above calculation is in-
valid. Then one has to add the so-called Feynman contribution which is relatively
unimportant in the limit of large (2.

Therefore, these divergent integrals are regulated physically by a cut-off from
below of order A?/Q? where A is some parameter that represents the soft energy

scale (order of few hundreds of MeV). With this cut-off, the result of the momentum
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fraction integration will be a @Q?-dependent term of the form, log® (Q?/A?). Thus

we can write
Gy = ¢ log? (Q*/A?) Q) (7.15)

where ¢’ is a numerical factor that depends on the explicit expressions of the light-
cone distribution amplitudes. With this form of G, and with the fact that G_ is
of order 1/Q? relative to G, we will give in the next section a phenomenological

prediction of the ratio Rgys in the high Q? limit.

7.4 Phenomenology

In the electro-production of the A resonance, the multipoles M1, E2 and C2 of
the exchanged virtual photon are the only ones that contribute [153, 154, 155, 156].
One of the experimentally extracted quantities related to this process is the ratio
Rsyy = —C2/M1. In order to express this ratio in terms of the helicity matrix
elements G we introduce the resonance “helicity amplitudes” A; /s, As/p and S/
[157]. These amplitudes are computed in the rest frame of the A and the sub-indices
refer to the helicity of the A. The scalar amplitude S}/, is relevant only for virtual
photons. These amplitudes are related to the helicity matrix elements through the

relations [158]:

A1/2 =nG,, A3/2 =nG_, 51/2 = Ug]Go ) (7.16)

where 7 is some kinematical factor and |¢] is the photon three-momentum in the rest

2 2 2 2
frame of the A given by : |¢] = \/(W) — M%. The multipole C2 equals
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Fig. 7.2: A phenomenological prediction for the ratio Rgyy.

%51/2 and we also have [159]

1 V3
M]_ - —§A1/2 - 7/13/2 ; (717)

From the results of the previous section we see that Aj/, is of order 1/Q? relative
to Aj/o in the high @? limit and thus it will be neglected. With this approximation

the ratio Rg); becomes

Rsn = 141 Go (7.18)

QG

Substituting in the last equation the expression for |g] and using Eq. (7.15) we get,

2.4+ Q?\° log? (Q*/ A
R = ¢ J (2.464) —0.88 Og(QQ/) , (7.19)

where the pre-factor ¢ is determined by light-cone wave functions.
Now we assume that the above expression works in the region probed by

153



current experiments. There are many theoretical arguments against this practice.
For example, the virtuality of the quarks and gluons in the hard part might not be
large enough for pQCD to be justified [160], the Feynman contribution may not be
small, hadron mass effects could also be large, etc. Moreover, the G, form factor
calculated using the asymptotic wave function falls far below the experimental data
in the region of interest. However here we are considering the ratio of form factors.
So it might be possible that for not-yet-understood reason, the asymptotic prediction
for the ratio might work in the region where it has no right to. This phenomenon of
precocious scaling has been observed in various hadronic observables. Thus we use
the above asymptotic result to make a phenomenological analysis.

We determine the the pre-factor ¢ by taking A = 0.25 GeV and fitting with

the results of Rgps [147]:

Rgy = —.112+.013 at Q* = 2.8 GeV? |

Rgy = —.148 4 .013 at Q* = 4.0 GeV~.

The result is

013 \/—.88+ (2.4 2)2 1og? (16Q)2
Ry = 0131/ 88+ ( Q+2Q) og” (160°) 720,

Rgyy is displayed in Fig. 7.2. We have added also a more measurements of
Ry with Q2 below 2 GeV? [161]. From that figure it is clear that Rgy; has a slow
variation at the presently-accessible momentum transfer Q2 at JLab which is about
6 ~ 7 GeVZ2 The pQCD predictions for Rgy; have been found recently to be in
good qualitative agreement with the results of Ref. [133]. We remark here that for
the E2-to-M1 ratio Ry, two units of orbital angular momentum are need to induce
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the transition, and higher powers of the logarithmic correction may arise when one

tries to calculate the matrix element G_.

7.5 Summary

A leading-order perturbative QCD factorization for the helicity flip matrix
element of the electromagnetic N — A transition has been given. We showed that
the transverse momenta of the quarks in the proton and A are essential to obtain
a finite result. An explicit calculation of the hard amplitude T;(x;, y;, k!, , Q?) and
T! (s, ys, ki1, Q*) has been given and the techniques of the calculation were outlined
in some detail. The essential steps of the calculation are to draw the relevant
perturbative Feynman diagrams and then to compute the contribution from each
such diagram by expanding the quark spinors and propagators to first power of the
transverse momenta. The hard amplitudes are then to be convoluted with light-cone
amplitudes. Our pQCD results for the scaling behavior of G, Gy and G_ confirm an
earlier scaling prediction [144]. In addition we outlined how one obtains the double
logarithmic correction. Based on our result for G, we gave a phenomenological
prediction for the ratio Rgy;. Roughly speaking, |Rgys| will be of order of 20% at

Q? of order 10 GeV2.
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A. APPENDIX A

A.1 Mellin Moments

The convolution of functions f;(x), 1 =1,2...,n denoted by the symbol ® is

defined as

f@)=(AQf® @ fu)lx) = /Oldxl/oldxg.../oldxné<x—ﬁxi>
X Ji(@) fa(2) - ful@n). (A1)

It is easy to see that f(z) can also be expressed as

D= [ [ e s () (42

The Mellin transform of a function f(z) to a conjugate variable N is defined

as
1

fx= [ dva () (A3)
0

where fy is the “moment” or order N of f(x). Under the action of the Mellin

transform, the convolution defined in Eq. (A.1) becomes a simple product
1 1 1 1

In = /dxl/ d$2"'/ dl‘n/ dza™'§ < H$>f1 1) f2(22) - ful@n)
0 0 o 0

_ /Oldxl /Old:vg---/oldxn/ol (H)N 1f1(w1)fz<wz)---fn(fﬂn) ,

= ﬁ/ol da;w) " fi(ri) = fin X fan - X fan. (A4)



Thus the integro-differential equations, like the evolution equations of parton
distribution functions encountered in Chapter 1, are easier to solve in moment space
due to Eq. (A.4).

The variable N is the “conjugate” one of x. The constant yg = 0.5772.. .,
known as Euler-Mascheroni constant, and may be defined through the following

algebraic representation

Ve = lim (Z ]1 —1In n) . (A.5)

k=1

By defining: N = Ne7#, it turns out that many expressions get simplified. This can

be seen more clearly from the discussion of Chapter 4.

A.2 The Plus Distributions

Let us assume that a given function g(z) approaches infinity at x — 17, then
we define its “plus” distribution, denoted by (g(z)); such that its integral against

any smooth function f(x) which is sufficiently vanishing as x — 1~ is convergent:

/01 dx f(x)g(x)y = /01 dx % (A.6)

The “plus” distributions encountered in perturbative calculations of Feynman dia-

grams with real gluon emission are of the type

Dy(x) = lln(l(l_i_x;”)] o (A7)

The Mellin moments of these distributions are given by

D; (N) = /0 g2V [111(1(1_;;5)] R (A.8)
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are

_ _ In N
Dy(N) = —lnN+(’)<r;V>,

7 1. ,— 1 In N
Dl(N) = §ln2N+§C2+O<nT> R

_ 1, o— 2 In N
DQ(N) = —§1H3N—<21HN—§<3++O <r}\]> s

— 1. 4= 3 — — 27 In N
D3(N) = ZIH4N+ 5(’2 In* N 4+ 2¢3In N + ?0452 +0 (%) . (A)9)

The Riemann ((s)-function,

G20 =Y 1 (A.10)

has the values ((2) = 72/6, ((3) = 1.202057 and ((4) = ©*/90.

A.3 Gamma Function

The Euler I'-function is defined through the integral representation
['(z) = / dtt*"'e”", where Re(z) > 0. (A.11)
0

Integration by parts gives

T(z+1) = 2T(2). (A.12)

For z = 1 it is easy to get from the definition that: I'(1) = 1 which implies that for

integer values of z one gets, I'(z) = (z — 1)!. It also has the expansion

2

1
F(14+¢e)=1—pe+ <71r2 + 27%) 2+ 0, (A.13)

which shows that I'(¢) diverges as ¢ — 0. It is from the last equation (and similar
ones) where the g appears in loop integrals. The following relation is a very useful
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one when carrying out phase space integrals for Feynman diagrams with real gluon

emission.

14+ m)I'(1+n)
24+m+n

/01 dr 2™ (1 —x)" = , Re{m,n} > —1. (A.14)
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B. FULL QCD CALCULATION FOR DRELL-YAN PROCESS

In this appendix we show in some detail, some technical calculations related
to Drell-Yan (DY) process up to first order in «sz. The aim is to show explicitly how
the “plus” distributions appear in perturbative calculations of Feynman diagrams
with real gluon emission. Then we consider the “soft limit” in which we keep only
the most singular terms in the final result, which are the “plus” distributions and
the Dirac delta function.

The starting point is the phase space for production of a massive particle (the
photon) with mass squared Q? and another massless gluon, k> = 0. In d = 4 — 2¢,

we have

d®s = / (2i)3_1 (2i)§-1 2m) 6D 1+ po — g = KJ5*(¢* = Q16T (K?) . (B.1)

where p; are the momenta of the incoming partons. Performing the ¢ integral one
simply gets

d

R (4 pr — k) — Q)5 (). (B.2)

- / )

In the center of mass frame of the incoming partons we let

E* = (|k],0,...,|k|cos®). (B.3)



By simple kinematics we also have

(7 —|‘1?2—/f)2=3_2‘k|\/g , 5= (m +p2)2~ (B.4)

We now perform all the angular integrations in d — 2 (Eucledian) space and

use the relation

Qyo = (B.5)

where € is the solid angle. Thus we are left with

o, — A1) 1 5 [ el sin ) 26(s — @7~ 2K|V5)ST (). (B6)

2r (1 —

Using: 6% (k*) = 7=0(k| - k), we get

d@gz4;r€f?l)Adeﬂkﬁqe/id@ws@ﬂfﬂwﬁﬁrf&s—Qz—ﬂMV@)(B7)

Defining y = 1(1 4 cos) and performing the |k| integral using the delta function

we get

o, — L (4_7T> ﬁzm _ oy /01 dyly(1 — )]~ | (B.8)

2
where z = %

In full QCD, the amplitude squared for the process qq — v*g is given by:

t 20%s
MP? = 40, Cr(p2) |(1 - (3 —) —2 B.9
MP = o Crld) | (1-2) (4 2) + 227 2] (B9)
where the Mandelstam variables, s, u and t are given in the c.o.m frame by:
, 2
s = (p1+Dp2) =
2
L= k=L -2)0-y),

QQ

u = (pr—k)?= —7(1 — 2)y. (B.10)



Substituting the above relations in Eq. (B.9) and performing the phase space integral

using Eqgs. (A.12) and (A.14) we get

do(z, Q%) p2e®\° (1 —¢)
dQ* e CF( Q° ) F(1—22)
2 {—i (1= 2)' %2 4 221751 — z)—l—ﬂ} . (B.11)

where we defined, in MS renormalization scheme, y? = 4rpu2e 2. We first notice

the appearance of the pole 1/¢. This arises from the y integration due to integrals

of the form
/o1 dyy " T(1—y)t™" = /01 dyy' (1 —y) 77 = F(;(Z)F—(QQ&_) 4 _?1
+ finite , (B.12)
and
/01 Qg1 — )1 = 152(—_23 _ _52 + finite. (B.13)

Thus we see that the divergence at y = 0 or y = 1 is regularized by €. Moreover
we see that this divergence emerges from collinear emission of gluons since y = 0
(y = 1) corresponds to § = m (6 = 0). We also notice that this holds, to all values
of zfor 0 < z < 1.

Equation (B.11) has another pole that is “hidden” in the term (1 — z)~!'7%.
It is clear that power of —2¢ will somehow regularize any possible divergence in the
region z — 1. To see how this works, we need to consider the term (1 —2)"1"%* as a

distribution function to be integrated against some other smooth function f(z). To

isolate the divergence as z — 1, we write

/ dz f(zz)lJrQE - /01 de(Z)(_ f(zl)1+2€ / dz 1+25>
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—2i€f(1) + finite (B.14)

where to get the last equality we used

1 _r(=2¢) 1 .
/dz(l —E T T2 o + finite. (B.15)

—1—2¢

Since the term (1 — z) is multiplied by the collinear pole 1/¢ in Eq. (B.11), we

need to expand it up to O(g) to get all the finite contributions. Thus we have,

[1—2cIn(1 — 2) + O(e?)] (B.16)

Substituting in Eq. (B.14), we get,

! f(2) Lo LI - Q)
/0 dz(l—z)H?E = —2—8/0 dzf(z)é(l—z)—i—/o dz 1=2)
In(1 — 2)

1-2)

The last two terms are exactly the convolution of f(z) with Dy(z) and D;(z) intro-

~2¢ [dz[f(z) = J(1) (B.17)

duced in Appendix A. Thus in distribution sense we have,

1

T = gt - D4 D) 2D £ O, (BS)

The last result is a special case of following one

fre(z) =e[(1—2)717F] = —]15(1 —z)+ ; (_Sg)sti(z). (B.19)

Concentrating on the z dependent term in Eq. (B.11);

2
- (1= 2)' %27 4 221751 — 2) 717 (B.20)

and using Eq. (B.18), we obtain
2 1
= S0(l—2) - [2(1 = 2) + 42Dy (2)]
+82D;(2) —4zIn2Dy(2) +4(1 —2)In(1 —2) = 2(1 — z)Inz. (B.21)
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The double pole in € has now a clear meaning: it results from a single collinear
pole and a pole from the z — 1 region, i.e., the soft region, and it gets cancelled from
a similar term, when the contribution from virtual diagrams to the cross section, is
taken into account.

To simplify the algebra in the last expression, we note, that in distributional

sense
! fZ)A—-2)" 22f(2) —2f(1)
[(1 = 2) + 22Dy ( / /
/Odzf(z 2) + 2Dy dz (1_2 M 1_Z>
[ a0 ) —ar)
(1—2)
— /0 dz(1+ 22) f(2)Do(2). (B.22)
Similarly we can show that the term
22In2Dy(2) + (1 —2)Inz , (B.23)
is equivalent to
1+ 22
In z. B.24
1—2 ( )
And
82D (z) +4(1 — 2)In(1 — 2) , (B.25)
gives
4(1 4 2*)Dy (2). (B.26)
Putting all of this together we get
2 2 1+ 22
= 50— 2) = Z(1+ 2)Do(2) + 41+ 2Dy (2) - 2 1*_2 Inz (B.27)
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The last result is an exact one and holds to all values of z. Going back to Eq. (B.11),

throwing away the regular contribution z°(1 — z)'~%

, we get

= 5225(1 —2)— z‘Do(z) + 8D (z) (B.28)

which only contains singular contributions in the limit z — 1. The last result is also

the one obtained using the SCET Feynman rules.
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C. SECOND ORDER RESULTS IN THE SOFT LIMIT

Here we collect the coefficient functions for deep-inelastic scattering, drell-Yan
and the Higgs production (within the large top quark mass limit effective theory)

to next-to-next-to-leading order in «, and in the soft+virtual limit. For DIS

2),s+v
Gt ()

:c};{

+(24Ds(x) — 12Dy (x) — (45 + 32G2) Do ()

+8(1 — a) <—521 126 + 4043” In <g§>

18Dy () — 18Dy(x) — (27 + 32C)Di () + 2 x 48 x (——) Do ()

16Dy (x) + 12Dy (z) + 6(1 — ) (g - 8C2>] In? (g)

+ <% + 36(2 + 64C3> Do(z) +6(1 — z) (% +69G; — 78 + 6C2>}
w (8)- -
—6(1—x) (139 - g‘z)] (32> + 3D2( T) — %Dl(azwr (% - —Cz) o(x)

+6(1 — ) (% + ?CQ + §C3)}

%Do(x) +6(1— 1)

+CpNp {

22 11 2
+CACF{ —;DQ( ) - ?(5(1 - .T) ln2 (%)
44 367 215 88 2
+ [—EDl(x) 4 (—9 - 8C2) Dy(z) + (—6 + - 12@,) 51— )| n (%)
22
2 Dy(a) + (%o 8G) Di(e) +366D0(a) + (=25 + S+ 4Gy ) Dofa)

5465 251

v -o) (-2 - 26+ 6+ @) ) ()



For Drell-Yan we have

G(2),s+v(z)

=C% {[642)1(2) +48Dy(2) + 5(1 — 2)(18 — 32(y)] In? (S—j)
+[192Dy(2) + 96D () — (128 + 64¢,)Dy(2)
+6(1 — 2)(—93 + 24¢, + 176¢3)] In <i222>

+128D5(2) — (256 + 128(2) D1 (2) + 2563 Dy ()

+5(1 = 2) (‘T —70C, — 605 + ig;)}

+CpNp { [iDo(z) +26(1 - Z)} n* (Qz~2>

1

32 80 34 2
+ {391(2) — 5D0(z) — 231 - z)} In (%)
2, - )+ (B - 26 poe) o1 -2 (2 - 26 186,))
+CaCp { (—%Do(z) —116(1 — z)) In (3—5)

176 536 193 0?

—13&1)2@) + (109£ _ 32@) Di(2) + (—% v 13E<2 + 56@,) Dy(2)
+0(1 — 2) (—% + 52—2(2 + 28¢5 — %@2)} : (C.2)

For the Higgs production

Gé?),s-f—v(z)
_c? { 64Dy (2) — %Do(z’) —3266(1 — z)] In? (%)
+ [1927)2(2) - 1776,1)1(2) + <? - 80<2) D()(Z)

88 Q’
128Dy (2) — 1;61)2(,2) 4 (1%72 - 160@) Di(2)
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27
51— 2) (334 506 - 20<——<§)}

+CuNg { @Do(z)) In? (%2)

[3321)1( ) — %Do( )+ 6(1—2) (8 + E@ﬂ In (Q—22>

+ (—@ + @CQ + 312C3> Do(2)

1
HED) D)+ (5 - T 6) Dal)
w12 (-5 - Ta-36)) (C3)

The Mellin transform of the above functions with respect to their arguments in the

large N limit are,

(2)7S+V
GN,DIS

:(j};{

_ _ — 51 2
+ [—81113 N —6In*N + (45+8(;) In N — 5 —18G+ 24@,} In (ff?)

2
8In* N —12In N + }1 <Q2>
2 1%

_ _ 2 —
2N+ 6N — (77 +442) m? N

ol 331 111
+ (—— — 18<2 + 24C3) 1HN+ — + —CQ - 66<3 + Cg}

2 8
_ 2 1 2
4N —%lnNJrl}an @ ( 12N+§1nN——9—4g2)1n @
3 2 3 9 3 w2
4 . 20 . 7 247 4
—91n3N—2ln2N+( o7 + C2>1HN
457 85 4 _ 02
. “InN- ==
PG <3}+OACF{[3 n 2] n <u2>
22 215 2
+(—1 2 — (367—8<2>1nN++22<2—12<3) Qo
3 9 6 22
367 3155 22 -
20 307 2N 4 (2222 _ 22 406 ) In N
91 N+(18 4@)1 N+ <54 32 OQ”)H
5465 1130 140 51,
_ 5465 1139, 140, 51,1 4
- TR 3C3+5€2} (C.4)
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2),s+v
Gy

2
- C%{[?)an?N 48In'N + 18 In’ (Q )
_— — — Q?
+ [—64 In® N +481n? N + (128 — 128(;) In N — 93 4 72¢; + 48@,} In (/ﬂ)

- 511 552
+32In* N — (128 — 128(,) In® N + - — 198 — 60¢; + @2}

+CFNF{|:_§1HN+2] In? <Q2> [3 In 2N+%IDN— 34+ C2} In (iy)

2 3 2
32 80 224 127 192
— I’ N—- "I N-""In N+ — "+~ }
9 9 o7 6 9T C3
2
+CFCA{ %IHN—ll] In? (Q—>
3 2
1 2
[—§12N (@—16C2>lnN+E——C2—24§3}ln @
3 9 3 2
176 536 1616
— N (——16 )121\7 (——56 )1 N
+9 + 9 G2 + 57 ¢3)In
1535 1128 504 92
17 —i—ig C2+9C3—C2}- (C.5)
Gg\%),s—l-v
g
2
—cﬁ{ 321n2N+%1nN] In? (Q )
3 G
2
+ {—641113]\/ 261 2N — (53—6+112<2) InN — 24 — —c2+24g3} In (Q )
112
432t N + 1;61 PN + (%%Jrnz@) m2 N
1616 1072 308
(27 - 56<3> I 403+ —5 =G — "G + 17263
2 2
+C Ny {—SmN]m @ [ LENCY RO P @}m ¢
3 2 3 9 w
32 80 224 80
sy ey 2y 80 160, 88 }
9 9 27 3 9C2 953
2\ 67
+CprNp {4ln <Z) ) —§+16<3} (06)

170



D. CONFORMAL GROUP

We all recall that Lorentz group SO(3, 1) is the group of all space-time trans-
formations that leave invariant the inner product (z,y) = g,,2*y”. Equivalently,
under Lorentz transformation the metric tensor g,, = diag(1,—1,—1,—1) is invari-
ant. Accordingly, all Lorentz transformations are linear in space-time coordinates.
The Lorentz group has six generators which are usually denoted by M, with prop-
erty M,, = —M,,. Combined with four generators of space-time translations, P,
one obtains the well-known Poincaré group with its ten generators.

The Lorentz group can be extended in the following manner. Let us perform
infinitesimal coordinate transformations x# — z* and allow for the metric tensor

to become space-time dependent g, (x). The infinitesimal distance ds* becomes

ox'® Ox'P
2 (e 8 _
ds”* = g/aﬁ(x/)dx’ dz'P = g/aﬁ(x/) B D

dx”dz*. (D.1)
If we restrict ourselves to those transformations such that
oz'™ 0z'°
() ———— = w(2)gu (), D.2
gaﬁ( )ax‘u oV ( )gu ( ) ( )
then these transformations constitute the conformal group, and one gets

ds”? = w(z) g (v)drtdr” = w(r)ds®. (D.3)

The essence of this equation is that up to a space-time dependent scale factor, ds?



is invariant. Clearly, for those transformations such that w(z) = 1 we restore the

original Poincaré tranformations. Thus the Poincaré group is a sub-group of the con-

0 ,.1 d—l)

formal group. In d-dimensional space-time z* = (2%, z',... x it is isomorphic

to the orthogonal group of (d 4 2) x (d + 2) matrices and is denoted by SO(2,d).
It is straightforward to show that under conformal transformations the follow-
ing relation holds
dx - dy dz' - dy

_ , D.4
dalldy] ~ Jde|dy (D-4)

which means that the angles between dx and dy are preserved. This is the origin of
the word “conformal”.
The generators of the conformal group can be found in the following way. Let

x* — " + . The infinitesimal distance ds? becomes

ds® = ds* + (9,6, + Oy¢,)datdx”

= (g + 0u€, + Ope,)datda”. (D.5)
Comparing with Eq.(D.3) and writing w(z) = 1 + h(z), we find
Ouen + 0vey = h(T) G- (D.6)

Multiplying both sides of last Equation with g,, and using d,,g"" = d, we get

w(z) =1+ a(@ “€), (D.7)
thus
2
Ouey + Ove, = E(a <€) G- (D.8)
From this we obtain
(d—2)0,0,(0 - €) = —d0,0,0%,,. (D.9)
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For u # v we have d,¢, + 0,¢, = 0, from which we see that the right hand side
of the last equation is antisymmetric under the exchange of ;1 and v while, clearly,
the left hand side is symmetric. Thus both sides have to vanish for p # v. Since
this is true to arbitrary e(x) then the quantity dd,0,0%, has to be proportional
t0 §,1,0,0%(0 - €). By taking the trace we get the proportionality constant to be 1.
Thus we have

(90 0a0% + (d —2)0,0,]0 - € =0, (D.10)
from which we see that €(x) could be at most quadratic in z*. The last equation is

satisfied for the following four-vectors

e(r) = a",

e(r) = wha”,

e(r) = M,

e(r) = b'z® —2a'b,a". (D.11)

The Poincaré group corresponds to the first two transformations where the
first one contains the four translational parameters. In the second line we have
the six parameters of the six lorentz generators M,,. The third gives the scale
transformation with generator (D) and the last four stand for the “special conformal
transformations” with generators K. Thus in d-dimensional space-time the number
in generators is: d—l—@—l—l%—d = 1[d+1][d+2], and for d = 4 we have 15 generators.

The commutation relations of the generators of the conformal group are the

following

i[PwPI/] = 0, i[MOtﬁ?PAL] - gaupﬁ _gﬂﬂpa )
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i[Maﬁa Mw/] = gauMﬂV - gﬁuMaV - gaVMﬁu + gﬁl/Mau )

i[D7PM] = P/ta i[D7KM]:_KM>
i[Mag, Ku] = gaﬁKﬂ - gﬁuKa ) i[Pua Kl/] = _QQ/U/D + 2M/w )
iD.M,) = i[K, K,]=0. (D.12)

Acting on a generic field ®(x), the infinitesimal transformations yield the following

@ (r) = i[P" ®(x)] = 0"®(x) ,
Mi®(x) = iM", ®(z)] = (a0 — 2¥0" — ") D(x)
op®(z) = i[D,®(x)] = (z-0+1)P(x)

Shd®(r) = i[K" ®(z)] = (22w - 0 — 2°0" + 2la" — 22, 5")®(x) , (D.13)

where X, is the generator for spin rotations. For scalar, Dirac and vector fields we

have
So(x) =0, XHY(x) = %a““¢(x) , XMAY = grr At — gAY, (D.14)

respectively. The quantity [ is the scaling dimension of the field ®. At the classical
level (i.e., before renormalization effects are taken into account) we have | = [*"
where [®" is the canonical dimension of the operator ® (for example, | = 3/2 for a
spin 1/2 particle and 1 for a spin 1). Taking into account quantum effects, [ becomes
v = [—[°*" where 7 is the anomalous dimension of the quantum field ® that controls
the dependence of ® on the renormalization scale p. The relations in Eq. (D.13) are
proved in Ref. [162].

As the discussion of chapter 4 shows, we are mainly interested in particles

(quarks) that move along the light-cone in a specific direction. Let the four-
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momentum p* have only a plus component p*. The conjugate coordinate is x* =
ant where « is real parameter and n* has only a minus component n~ and ®(z) =
®(an). In this case we can confine ourselves to a sub-group of the conformal group,
known as the “collinear group” which maps a light-ray (say in the minus direction)

into itself. The generators of this sub-group are P,, M_,, D and K_. Defining:

L. = Ly+ily=—iP, L,:Ll—z‘LQZ%K,,

i i
Ly = §(D+ +M_y), E= §(D— -M_4), (D.15)
we can easily see that these operators close the algebra of the collinear group
[Ls,Ly] =FLs, [L_,Li]=—-2L3, [E,L;]=0. (D.16)

Assuming that ® is an eigenstate of the light-cone spin projection ¥, _: ¥, & = s,

one can show that

[Ly, @()] = —0.P(a) = LiP(a) ,

L ®(a))] = (0?0, +2ja)8(a) = L_0(a)

(L3, ®(a)] = (aba +j)P(a) = L3®(a) ,

B, 8(0)] = (- )2(0) (D.17)

where | — s is known as the “geometric twist”. The Casimir operator given by:
=L+ +13=13—Ls—L_L,, (D.18)

satisfies

(L2, Li] =0, (D.19)



and one can show that

> [Li[Li, ()] = j(5 — D)®(a) = L*®(a) (D.20)

i=0,1,2
where j = (I + s)/2 known as the “conformal spin”.

Let us define ®(y) as the Fourier transform
Dy) = /da ¢ B(ay). (D.21)

where y is the fraction of longitudinal momentum of the hadron carried by one of

its quark constituents. The states given by:

1 .
i) = i) Utn—1)
ny=——(i : D.22
5:m) = i @) (D.22)
form a basis for the irreducible representations of the collinear group

and the operators L. are just a ladder operators for the third component n of the
conformal spin j. The lowest state is the one with —n = —j which is annihilated
by L_. This is completely analogous to the SU(2) group. Thus the action of the

collinear group generators on a state of k quarks

O =d(ar) - Dlay) | (D.24)

corresponds to addition of k conformal spins and the Clebsch-Gordan coefficients of
the conformal group are needed to perform this addition. The task gets simplified by
the important observation that the collinear group is isomorphic to Lorentz group
in 24 1 dimensional space-time. Owing to the fact that —j5 > j one then can think
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of the conformal spin j as the mass of a particle and n stands for its energy. The
lowest possible value of the energy of k particles equals the sum of their masses and
the lowest energy eigenstate is the product of states with each one of them being at

rest, i.e., —n = —j,
|7 = Jwins ) ~ 31, 50) -+ s Je) (D.25)
and we have
Jmin = J1 7+ Jk- (D.26)
From Eq. (D.22) we can write
= a2 ~ Gy (D.27)

The state with lowest value of the total conformal spin is, by definition, the asymp-

totic wave function.
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