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Approximate nearest neighbor search (ANNS) on high-dimensional vectors is a fundamen-
tal primitive used widely for search over neural embeddings of unstructured data. Prior work on
ANNS has produced indices which provide fast and accurate search on datasets up to billions of
points, but are not well suited to queries restricted to some subset of the original dataset.

Filtered ANNS is a formulation of the problem which adds metadata to points in the dataset
which can be used to filter points at query time. This setting requires indexing a dataset in a
metadata-aware way to support filtered queries. Filtered ANNS is important for applications
such as product and image search, and necessary to give recently popular ‘vector databases’
functionality similar to more traditional tabular databases.

This work concerns two versions of the filtered ANNS problem. The most popular for-
mulation in prior work associates points with boolean metadata in the form of labels and filters
queries using a boolean predicate on these labels. In this setting, we present a novel index with
state-of-the-art performance for queries with filters requiring either one label or both of a pair

of labels which won a large benchmarking competition’s track focused on the problem. We also



introduce a novel formulation of filtered ANNS called ‘window filtered” ANNS, in which points
are associated with a continuous metadata value (in practical use, this corresponds to a timestamp,
measure of popularity, etc.), and queries are filtered to a range of metadata values. In addition to
describing the problem, we present a practical and theoretically motivated index which handily

outperforms baselines.
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Chapter 1: Introduction

In recent years, the development of powerful neural models for generating vector embed-
dings of unstructured data has sparked significant interest in the problem of search over high-
dimensional vectors. Armed with such embeddings, it’s possible to find items in a dataset which
are relevant to some query by identifying the nearest vectors to the embedding of that query.
These embeddings have sparked a renaissance in a broad range of applications, from image
search to recommendation. However, the datasets searched for these applications are so large,
the dimensionalities of the vectors so high, and the latency requirements so strict, that naive
methods for finding near neighbors of a vector exactly are entirely impractical.

This is the domain of approximate nearest neighbor search (ANNS). Instead of finding the
exact nearest neighbors of a query vector in a dataset, it is often sufficient to find vectors which
are almost as close as the true nearest neighbors without degrading user experience. This is due
in part to the fact that the problem of similarity search over unstructured data is already rather
fuzzily defined, such that any set of results acceptable to a user is not particularly sensitive to
small perturbations, and because it can generally be assumed that would-be neighbors which are
not in the top k desired are likely still close to the query, and therefore also meaningfully similar
to it.

The major advantage of approximate search is its speed. Empirically, it is possible to do



approximate search on an indexed dataset with beyond 99.99% accuracy in orders of magnitude
less time than it would take to search the same points exactly. [1] In practice, much lower ac-
curacies are generally needed, which can be achieved further orders of magnitude faster. This
advantage increases swiftly as the size of the dataset grows, an important property as vector
search is increasingly deployed over billions [2, 3] or even trillions [4] of vectors.

While traditional ANNS is comparatively well studied and can be served efficiently at scale,
the related problem of filtered ANNS, which constrains search to a subset of the data matching
some condition on metadata associated with the vectors, is a new and active area of research.
The core of what makes filtered ANNS difficult is the problem of building an index that is still
effective when large sections of the data set are not considered valid neighbors for a query. In
many vector database products (i.e. [5—7]), filters are considered a black box, arbitrarily including
or excluding points in a manner which is entirely unpredictable at build time when an index is
being constructed.

Such approaches leave valuable information on the table. Effectively leveraged, metadata
can be a powerful tool for improving performance of filtered ANNS, facilitating indices which
anticipate the needs of filtered queries and retain robust performance when answering them. How-
ever, in cases where the number of possible filters is polynomial or worse (such as searching for
points which have both of a pair of labels when the number of possible labels is large), it is im-
practical to index the points associated with every possible filter ahead of time. This leads us to

the question:

Can we build metadata-aware indices that effectively answer filtered queries when there are

many possible filters?



In this work, we endeavor to show that the answer is emphatically yes. Not only are such

indices feasible, they dominate alternatives with vastly improved throughput at the same recall.

1.1 Applications of ANNS

While ANNS can be applied broadly in any setting where it’s desirable to find vectors
similar to some query in a large dataset, in practice, essentially all applications use vectors which
are representations of unstructured data. What follows is a brief overview of common techniques
for generating such vectors and fundamental concepts convenient for understanding how ANNS

solves real-world similarity search problems.

Metric Learning Metric learning is the problem of constructing vector representations of data
so that distance comparisons between representations are a meaningful proxy for similarity be-
tween elements of the original dataset. This problem has been studied extensively since at least
the early 2000s [8], and work on neural embeddings stable under small changes goes back to
at least the early 1990s [9]. Learned embeddings facilitate representing all manner of similar-
ity search and information retrieval problems as vector search. Prominent applications include
embedding text [10], images [11], and graphs [12].

Contrastive learning [13, 14] serves as an illustrative example of a typical and popular
model for metric learning. Given a dataset of pairs labeled to be similar, the task is to build a
vector representation such that the elements of the pairs provided map to vectors which are closer
together than the vectors for a randomly sampled pair. A neural network which maps the data
referred to by the pairs onto the vector space is initialized, and then trained using the provided

pairs. At each training step, gradient descent is used to update the weights of the neural network



to maximize the difference between the distance between elements of a provided ‘positive’ pair,
and the distance between the elements of a randomly sampled ‘negative’ pair. This maximizes
similarity of the vector representations of the elements labeled to be similar, and minimizes the
similarity of elements which are not known to be similar.

Metric learning does not have to be restricted to pairs of items which can be embedded by
a single model. A joint embedding space is a a common vector space which multiple embedding
models output onto, such that the similarity of embeddings generated by different models can be
compared and is still a meaningful measure of the similarity of the objects being embedded across
domains. The most conspicuous example is OpenAl’s CLIP [15] model for embedding images
and captions in a joint embedding space as a primitive for text-conditioned image generation.
Because the caption and image embedding models are trained to make captions embed similarly
to the corresponding images while separating the embeddings of unrelated items, distance in the
joint embedding space is a useful proxy for semantic similarity between text and images. As
such, nearest neighbors of the embedding of a piece of text are likely similar pieces of text, or
images with content related to that of the text.

This underlies the concept of ‘two-towers’ architectures in recommendation systems, where
the user and item are embedded by separate models (the ‘towers’ in question) into a joint em-
bedding space and recommendation is treated as ANNS, where the items embedded closest to a

user’s embedding are served to that user as recommendations. [16]

RAG Recent excitement about vector search has come in part from interest in Retrieval Aug-
mented Generation (RAG), a method for augmenting large language model (LLM) based question

answering systems with an external knowledge base. When a RAG-equipped system receives a



question to be answered, it embeds it, and queries a knowledge base for text which has a similar
embedding to the question. The best matches are then added to the context window of the LLM,
allowing it to ground its answers. [17] This approach, introduced in [18], improves the accuracy
and interpretability of LLM-based agents, and is widely deployed in practice. The intermediate
step of identifying pieces of text relevant to a query is ANNS in the embedding space, and has in

part driven increased popularity of the ‘vector databases’ that provide ANNS indices as a service.

1.2 Outline

This work will provide background on the field of ANNS, and then present two projects in
filtered ANNS. The remainder of this chapter will present background on and popular approaches
to the vanilla ANNS problem, as relevant to the problem of filtered ANNS. Chapter 3 will present
the IVF? index, which was developed by the author and collaborators at UMD and Carnegie
Mellon for the NeurIPS’23 Practical Vector Search Challenge’s ‘Filter’ track [19]. Chapter 4 will
present work by the author and collaborators at UMD and MIT on the formulation of and a novel
index for window filtered ANNS. This work is described in a paper which is at the time of this

writing under submission at ICML, and should be cited thusly: [20].



Chapter 2: Background & Preliminaries

2.1 Preliminaries

2.1.1 ANNS Paradigms

The term ANNS is used broadly to describe approximate vector search, but encompasses
two distinct notions of ‘near neighbors’: k-nearest neighbors (k-NN) and e-nearest neighbors
(e-NN).

k-NN search refers to a query which returns the k& vectors in a dataset which are most
similar to the query vector for some small £ € N. This is the more popular version of the ANNS
problem, and all unqualified uses of the term ‘ANNS’ in this work can be assumed to refer to
approximate k-NN search.

e-NN (sometimes € ball-NN) search refers to a query which returns all vectors within a ball
of radius e centered on the query vector for some small distance €. The applications where e-NN
is used are relatively limited due to the limitations of using the absolute value of a similarity
measure provided by vector embeddings. While such embeddings provide that similarity in the
vector space corresponds to some notion of similarity in the original data, the actual distances
within the space are generally only meaningful in relative terms. However, e-NN search is still

useful in settings where the presence of points within an empirically determined ¢ is a valuable



signal. An example of this is duplicate detection, exemplified by Meta using it to identify posts
of images known to violate policies while being robust to superficial edits [21].

The distance measure used for ANNS can also vary, but Euclidean distance and (negative)
inner product are most common. When not specified, distances in this work are implied to be

Euclidean.

2.2 ANNS Background

ANNS is a reasonably mature area of research, and as approaches for filtered ANNS build
heavily on those for unfiltered vector search, it’s valuable to understand broadly the popular

approaches for ANNS from prior work.

2.2.1 Partitioning-based Approaches

Many popular approaches to ANNS indexing construct partitions of the vector space; the
intuition behind such approaches being that a point’s nearest neighbors are expected to fall in the

same partition.

2.2.1.1 Locality Sensitive Hashing

For many years, research in high-dimensional ANNS was dominated by locality sensitive
hashing (LSH) [22-28] and derived approaches. In the most basic formulation of LSH, B random
hyperplanes are chosen which divide the dataset in such a way that neighbors of a point are on
the same side of the hyperplane as that point with high probability. Sidedness queries on these

hyperplanes are then used to determine a 5-bit hash for any point, and points with the same hash



are stored together. At query time, the query vector is hashed using the same hyperplanes, and
compared with points in the corresponding bucket.

LSH was long favored for the theoretical and practical efficiency of hashing as a means
of localizing search to a bucket, and the theoretical guarantees it provides are stronger than any
competing paradigms. However, highly optimized LSH implementations are not competitive in

practice with newer heuristic approaches [3] to ANNS.

2.2.1.2 IVF

The IVF index is a generalization of the concept of an inverted file index to vectors. A
classical inverted file index is a means for searching for documents which contain some word.
Instead of naively traversing each document for usages of the word in question at query time,
we precompute a list of documents containing each word that could be searched, and return said
list to answer the corresponding queries. In the setting of vector search, we cluster the dataset to
partition it, typically with k-means clustering, and store a representative point and list of assigned
points for each cluster. At query time, we compare the query vector to the representative of each
cluster, and then exhaustively search the points assigned to the nearest few clusters. The intuition
behind the IVF index is that the neighbors of a point are likely to be assigned to the same cluster
as that point, but as the dimensionality of the dataset increases, this assumption becomes increas-
ingly weak. IVF is commonly combined with quantization methods for compressing vectors (see

section 2.2.3). [29-33]



2.2.2 Graph-based Approaches

The current state of the art for billion-scale ANNS is dominated by graph-based approaches
[3], which build a graph over the points in the dataset which empirically converges to near neigh-
bors of a query point under beam search.

A beam search of size B is a generalization of a greedy search. Given a query x, we start
at a start node s and “explore” s by adding neighbors of s to a queue. This queue consists of only
the closest B points to = we have seen so far, explored or unexplored. We continually explore
the closest unexplored node from the queue to x until all nodes in the queue are explored. By
increasing B, the beam search explores more points and is more likely to find a better nearest

neighbor of z.

2.2.2.1 HNSW

Hierarchical Navigable Small Worlds (HNSW) is a graph-based index which attempts to
generalize the idea of a skip list [34] to vector search. The bottom level of the hierarchy contains
every point in the dataset, and at each level the surviving points each have a constant probability
of surviving into the next level. This process repeats until one point remains, which becomes the
starting point for search at query time. At each level, we build a Navigable Small World (NSW)
graph, which is defined as any graph in which a greedy traversal from one vertex to another is
expected to take a number of steps polylogarithmic in the size of the graph. At query time, greedy
search is performed to convergence at each level, and traversal of the next level down begins at

the nearest neighbor found in the previous level. [35]



2.2.2.2 HCNNG

HCNNG is an approach for building empirically performant search graphs built on hier-
archical clustering techniques. The hierarchical clustering used is generated by a procedure in
which we sample two random points, split the dataset on the hyperplane equidistant to these
points, and recurse on each side until a partition is smaller than some cutoff size. We then build
a degree limited minimum spanning tree (MST) on the points in each partition. This process is
repeated on the order of 30 times, and the graph ultimately used is the union of all the resulting
MSTs. Each MST is empirically a connected and reasonably navigable graph over the points in
the corresponding partition, and because the partitions generated by repeating the process will
tend to overlap between iterations, the graph formed by the union of the MSTs tends to be glob-

ally navigable. [36]

2.2.2.3 Vamana

The Vamana search graph construction algorithm incrementally builds a graph which ap-
proximates the sparse neighborhood graph (SNG) [37], which is itself an approximation of the
relative neighborhood graph (RNG) [38]. In the RNG, two points are connected by an edge if
and only if there does not exist a third point closer to either point than they are to each other. The
SNG is constructed by essentially running the Robust Prune procedure described in the following
paragraph on every point, with the remainder of the dataset as the candidate list and o = 1

The algorithm used to approximate the SNG neighborhood of a point in Vamana is called
Robust Prune, and proceeds by considering each potential neighbor p in order of increasing dis-

tance from the point in question z. Let o € R=! be a parameter controlling the sparsity of the

10



graph, with larger values of « corresponding to sparser graphs, and values closer to 1 more nearly
approximating the SNG. The nearest candidate is always added as a neighbor. Once a candidate
p is added as a neighbor of x, we remove all further candidates which are not at least o times
closer to z than they are to p. This procedure is repeated until the candidate list is exhausted. [2]

To construct the “slow-preproccessing” variant of Vamana, which is defined in [39] and
provides for some theoretical guarantees about its performance used in Section 4.4, we perform
a procedure which is equivalent to running Robust Prune on every point in the dataset with all

other points as candidate neighbors, being distinct from the SNG due to the inclusion of a.

2.2.3 Quantization-based Approaches

Mostly orthogonal to the problem of constructing an index over a set of vectors is the
problem of constructing compressed representations of the vectors which approximately preserve
distances while improving cache utilization, memory footprint, and comparison time. Typically,

quantization approaches are evaluated on their performance in an IVF index [29,40,41].

2.2.3.1 Product Quantization

Most popular approaches for quantization in ANNS are derived from Product Quantization
(PQ), which represents vectors by clustering subspaces independently. When learning the rep-
resentation, the vector’s elements are divided into subspaces of consecutive dimensions. Each

subspace is clustered with k-means, where k = 2b,

When encoding a vector, the dimensions
corresponding to a given subspace are replaced with a b bit integer representing the index of the

centroid in the clustering of the subspace nearest to that vector’s components in the subspace.

11



When decoding a vector, we simply replace each centroid index with the centroid it refers to,

constructing a vector of the same dimensionality as the original. [29]

2.3 Filtered ANNS

An important problem closely related to traditional ANNS is filtered ANNS, which asso-
ciates metadata with the points in the dataset, and provides predicates at query time which restrict
search to a subset of the data satisfying some condition on the metadata. The bulk of prior work
on filtered ANNS considers metadata in the form of binary labels which can be assigned to points,
and while we will introduce an alternative formulation of filtered ANNS restricting search to a
range in a continuous metadata value in Chapter 4, the remainder of this section will describe the
boolean label case discussed in prior work.

The two naive approaches to filtered ANNS are prefiltering, where the dataset is restricted
to elements matching the filter before a spatial search over the remaining elements, and postfil-
tering, where results from an unfiltered search are restricted to those matching the filter.

While filtered ANNS is a core component of commercial vector databases such as Pinecone [42],
Weaviate [43], QDrant [44], Milvus [45], and many more, there is relatively little existing aca-

demic work on filtered nearest neighbor search.

2.3.1 OR predicates

Two existing works provide algorithms tailored for the case of a single label or an OR of
two or more labels. NHQ [46] supports single filter queries by modifying the distance function

to treat points with shared labels as closer together, thus making them more likely to be returned

12



during a filtered search. FilteredDiskANN [47] modifies the Disk ANN [2] graph index by build-
ing a separate Vamana graph for each label and then merging them into one graph. They control
the degree of the final graph using a filter-aware pruning strategy that attempts to ensure that
the subgraph corresponding to each label remains connected. They also modify the graph search
routine to only visit vertices that satisfy one or more of the labels being searched for. They fur-
thermore provide a (less performant) dynamic version of the algorithm supporting insertions and

deletions that builds the final index using a filter-aware search and prune on each inserted point.

2.3.2 AND predicates

AnalyticDB-V [5] supports arbitrary predicates, including AND queries, by retrieving all
candidates that satisfy the predicate from a central database and then varying the search strategy
based on the cardinality of the resulting set. AIRSHIP [48] supports AND queries by modifying
the greedy search procedure of a graph index via careful selection of the starting point and a
”double queue* approach to the greedy search that maintains separate queues for points that do
and do not satisfy the filter predicate. CAPS [49] answers AND queries by building an IVF
index over the dataset and then building a Huffman tree over the filters in each bucket. They
search by first selecting buckets closer to the query point and then by using the Huffman trees
to quickly identify points that satisfy the filter predicate. As demonstrated in their baseline for
the NeurIPS23 Big ANN Benchmarks competition [19], the FAISS library [4,50] can be used to
support AND queries in an ad-hoc way, augmenting an IVF-based implementation with bitmaps

to identify elements satisfying the filter predicates in each bucket.

13



Chapter 3: The IVF? Index

In this chapter, we present and evaluate the IVF? index, a novel approach to indexing
vectors with boolean label metadata to serve filtered queries requiring one or two labels. Our

contributions include:
We characterize the typical distribution of real-world boolean labels
We describe the IVF? index and motivate its design

We ablate components of the index and discuss the impact of these ablations on its query perfor-

mance, build time, and memory consumption

We compare to a strong open-source baseline

3.1 Methods

3.1.1 Power-Law Distributed Labels

Labels which are ‘power-law distributed’ or more rigorously ‘Zipfian’, have frequencies
distributed in such a way that for any cutoff x, and multiple «, if there are y labels with at least
x occurrences, it’s expected that there are £ labels with at least ax occurrences. This pattern is

common in real world data, being observed most famously in English-language word frequencies
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[51], but also in the populations of cities [52], citation counts of scientific publications [53], and

nonzero entries of sparse vector representations of text [54].

Distributions of Label Sizes

—— YFCC-10M
wiki-paragraphs

100 4

10-14

10-2 4

1073 4

1074 4

10754

1076

1077 4

10° 10! 102 103 104 10°

Figure 3.1: The cumulative density functions (CDFs) for two of our datasets with naturally derived labels,
where a point (z, y) shows that a given dataset has x labels associated with at least y points.

Figure 3.1 shows that this pattern appears in both of our experimental datasets with natural
labels, as a perfectly Zipfian distribution would appear linear on log-log axes. This is unsur-
prising, as both include labels derived from English text corpora: captions on photographs for
YFCC-10M and the text of English language Wikipedia articles for wiki-paragraphs. YFCC-
10M also includes labels corresponding to administrative regions where a photograph was taken,
which also obey this pattern as a downstream effect of the distribution of city sizes.

This distribution of label frequencies motivated the design of the IVF? index. Because the
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vast majority of labels in a dataset can be expected to be small and therefore efficient to search

without indexing, we can reserve expensive indices for large labels.

Symbol  Description

n Size of the full dataset

d Dimensionality of the vectors in the dataset

fi A specific label in the dataset
| fil Number of points associated with label f;

C Cutoff size between ‘large’ and ‘small’ labels
k Number of clusters in IVF index

s Target size of clusters in per-label IVF indices

Chivector ~ Cutoff for constructing a bit vector for large labels
Niarget poinis ~ Target number of join candidates from a large label
Cliny Cutoff size for using bitvector join in AND queries

Table 3.1: Summary of notation for this chapter

3.1.2 Construction

We build an inverted file index over labels, where an index representing the points associ-
ated with label f; is accessible in constant time from a pointer at index ¢ in an array built for this
lookup. For each f;, the index built depends on the number of points | f;| associated with it. This
allows us to reserve the construction of memory and build-time intensive datastructures for the
largest labels.

This approach of independently indexing each label increases the minimal memory foot-
print by an amount proportional to the number of point-label connections present in the dataset,
as the vectors being indexed are stored only once. We define a hyperparameter C' representing
the cutoff in size between ‘large’ and ‘small’ labels. In a setting where the memory footprint of
the index is not a concern, C' would ideally be the point at which more sophisticated indexing no

longer offers a speedup over exhaustive search, but in practice C' is the lowest value allowing the
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resulting set of indices to fit in memory on the machine used for querying, which is significantly

smaller for typical machines.

3.1.2.1 Small Labels

The power-law distribution of label frequencies entails that for reasonable values of C', the
vast majority of labels f; satisfy |f;| < C and are associated with relatively few points in the
dataset. The points associated with small labels are indexed with a sorted array, which allows
both minimal memory footprint and is convenient for the use of a linear time join between the

points of two labels.

3.1.2.2 Large Labels

For f; with | f;| > C, we construct an index over the points in the large label f; with three

parts:
An IVF index
A Vamana search graph

A dense vector of bits b; of length n where Vj € [n],b;[j] =1< j € f;

IVF Index We construct an IVF index over the points of f; with k-means clustering [55] ini-
tialized by a hierarchical clustering splitting recursively on random hyperplanes. We store an
array of associated indices and a centroid in R? for each partition. A hyperparameter s is used to
|.fil

determine k for a given f;, with k = |22 ].

%
S
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Search Graph In addition to the IVF index used for AND queries, we construct a Vamana
search graph [2] over the points in f;. We find that as | f;| increases, the max degree of a Vamana
graph over the points associated with f; should increase to preserve recall. To better fit graph
construction to the size of the label in question, we define weight classes: disjoint size regimes
above the cutoff with distinct build and search parameters optimized for datasets in that size

regime.

Bit Vector We construct a bit vector encoding the membership of points in a large f; for fast
constant-time membership lookup. The memory footprint of this bit vector is linear in the size of
the full dataset, and is the only component of the index which has superlinear memory footprint
as the size of the full dataset n increases. As a result, to be more adaptable to large n, we define

a separate cutoff Clpector, Delow which large labels do not construct a bit vector.

Materialized Join Often, two large labels will have an intersection with more than C' points.
In this case, we construct a search graph on the points in the intersection to accelerate queries

constrained to the intersection of those labels.

3.1.3 Querying

Query behavior of the index is determined by the form of the query (single label vs. AND)

and the size(s) of the labels referenced by the query.
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Figure 3.2: Flowchart illustrating the methods used to resolve queries.

3.1.3.1 Single-Label Filter

In the case where the filter on a query is only dependent on a single label, a query reduces

trivially to a £-NN query on the index for that label.

Small Labels For f; with | f;| < C, we only store a sorted array of the indices of points asso-

ciated with f;. A k-NN query on such an array is simply an exhaustive search over the points

referenced by this array of indices.

Large Labels For f; with | f;| > C, we have a Vamana search graph over the points associated

with f; built when constructing the index. When queried with beam search, this provides a SOTA

k-NN index [3] over the points associated with f;.
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3.1.3.2 AND Filter

The AND filter case describes queries which restrict search to points which are in the
intersection of f; and f; for some distinct 7, j. With the exception of a special case where the bit
vector of the larger filter is used to accelerate the computation of the intersection, candidates are

found independently for each filter, and we exhaustively search the intersection of these sets.

Small Label Join Candidates Because we only store the indices of the points associated with
small labels, the candidates returned for a small label in this case is the set of all points associated
with the label, as we have no datastructure for efficiently restricting the candidates by proximity
to the query, and want to restrict the candidates by performing the join before doing distance

comparisons.

Large Label Join Candidates To collect join candidates from large labels, we leverage the
assumption that the true nearest neighbors matching the predicate will be relatively close to the
query vector among the points associated with the larger label. To find candidate points close to
the query while minimizing distance comparisons, we compare the query vector to the centroids
of the IVF index constructed over the label’s points, and add indices of points in the nearest

clusters to a sorted array until we have at least Nyyrge( poinis Candidates, a query parameter.

Bitvector Join In the case where an AND query is between a large label and an especially small
label of size less than Cl;,,,,, a query parameter, the intersection is computed exactly by checking
the bitvector associated with the large label for each point associated with the small label. This

has the advantages of avoiding the overhead of comparing to the centroids of the large label’s
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IVF index and providing exact results for the query.

Sorted Queries Batched queries with filters have the convenient property that an ordering
which maximizes temporal locality can be computed far more easily than would be possible
with vector-only queries. In order to leverage this, we lexicographically sort queries by the la-
bel(s) they constrain search to before processing them. In the parallel setting where we perform
queries, this causes naive partitioning of queries into jobs in a work-stealing scheduler to group
together queries using the same label-specific index in jobs which will begin in the work queue of
the same core. In a serial setting or within a set of queries executed together on a given core, this
has the advantage of allowing frequently accessed indices associated with a large filter to remain

in L1 cache between queries.

3.2 Experimental Setup

We run construction and querying for experiments on a 2.10GHz 4 socket Intel Xeon ma-
chine with 96 cores and two way hyperthreading, 132 MiB L3 cache, and 1.47 TB of RAM.
Querying is done with 8 cores to simulate the smaller machines which would typically be used
to serve such an index, and construction with the full machine.

We performed hyperparameter tuning for our method with Optuna [56], using their Tree-
structured Parzen Estimator (TPESampler) [57] and median pruner (MedianPruner) with
default settings. Trials were run for recall cutoffs between 0.75 and 0.95 in steps of 0.05.
The FAISS baseline used the configuration provided by the FAISS authors for the big-ann-

benchmarks competition.
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3.2.1 Datasets
Dataset n d ny Max | f;] Mean |f;| | Total Associations | 80% Pareto ng nn
YFCC-10M 10M 192 200,386 3,386,745 540 108M 0.05 100,000 | 38,374
wiki-paragraphs 35M 768 4,000 32,583,414 285,687 1B 0.33 5,000 5,000
UuQ-v M 256 7 500,254 428,571 3M 0.71 10,000 10,000
Audio 53K 192 7 26,778 22,880 160K 0.71 200 200
Crawl 2M 300 7 995,481 852,855 6M 0.71 10,000 10,000
SIFTIM M 128 7 500,254 428,571 3M 0.71 10,000 10,000
GISTIM M 960 7 500,254 428,571 3M 0.71 1,000 1,000
MSong 992K 420 7 496,374 425,259 3M 0.71 200 200
Enron 95K 1369 7 47,702 40,709 285K 0.71 200 200

Table 3.2: Dataset statistics. Total associations is the number of point-label associations in the dataset.
80% Pareto is the portion of labels responsible for 80% of all point-label associations in the dataset. n, is
the number of queries, and nn is the number of AND queries with a filter conditioning on two labels.

3.2.1.1 YFCC-10M

The YFCC-10M dataset consists of CLIP [15] embeddings of a 10 million image subset
of the YFCC-100M dataset [58]. Labels are derived from metadata associated with the original
images, including the year and country in which an image was taken, and keywords associated
with the content of the image. Query vectors were generated by embedding held out elements of

the dataset, and filters are 1-2 labels which must be present in points returned by the search.

3.2.1.2 wiki-paragraphs

The wiki-paragraphs dataset was constructed by embedding 35M paragraphs from English
Wikipedia with the cohere.ai multilingual-22-12 embedding model [59]. Labels were
generated by taking the 4,000 most common words in the corpus and giving each element of the
dataset a given word’s label if the corresponding paragraph contains that word. Query vectors
were generated by embedding paragraphs from Simple English Wikipedia, with filters gener-
ated by sampling at random two words from the top 4,000 and restricting search to paragraphs

containing both of them.
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3.2.1.3 NHQ Datasets

We also evaluate on a suite of smaller datasets for filtered ANNS compiled in [46]. The
vectors for these datasets come from a variety of domains, and their labels are synthetic in a
tabular form, where each point is associated with 3 labels, one per column. We modify the
queries, which originally have filters conditioning on 3 labels, to use 2 of the 3 labels chosen at

random.

3.3 Experiments

3.3.1 Comparisons against other algorithms

We compare against a FAISS baseline [60] tuned for our setting by the organizers of the
big-ann-benchmarks competition [19]. We do not compare to NHQ [46], as the GitHub repo
containing their code is no longer public, and a request for code to compare against was not
answered.

Our performance relative to the FAISS baseline can be seen in Figure 3.3, which demon-

strates that our full index and ablations thereof greatly outperform it.

3.3.2 Ablations

We run ablation studies to validate the design of the IVF? index. Each ablation removes a

single component of the index and leaves the others intact.

no-material-join: We remove the materialized joins indexing large intersections between

labels. This is the form of the index which was used in the official submission to the big-ann-benchmarks
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competition.

no-sorted-queries: We do not sort the queries to improve locality between consecutive
queries. This is the best case in the setting where queries are streamed instead of being presented

in batches.

no-weight-classes: We do not use the weight classes optimization fitting graph construc-
tion parameters to finer-grained size regimes, building all graphs with the parameters correspond-

ing to the largest weight class.

no-bitvector We do not use bitvectors to accelerate AND queries between large and small

labels.

3.3.3 Query Performance

In the same manner as the big-ann-benchmarks competition, we evaluate QPS and recall in
terms of throughput for a batch of queries, and target optimal QPS at 90% recall.
Figure 3.3 provides a representative example comparison of QPS and recall for the abla-

tions on the YFCC-10M dataset.

no-weight-classes Relative to the full index, the ablation removing the lower weight
classes has higher recall, which comes at the expense of increased memory footprint and build
time. To show that the full index would be more competitive if using the same amount of memory,
we have high-mem, a complete IVF? index with parameters adjusted to make the index size
and build time comparable to (but, for the sake of strict correctness, slightly better than) the

no-weight-classes ablation with 2.1% faster build and 2.5% less memory consumption.
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Figure 3.3: Relative query performance of ablations on YFCC-10M dataset. Faiss baseline included for
comparison.

The uniformly slightly better performance of the high-mem configuration demonstrates that
the improved performance of the no-weight—-classes ablation over the baseline comes at a

disproportionate cost in terms of index size and build time.

no-sorted—-queries Not sorting the queries for improved locality uniformly lowers the
throughput of the index, and the significant improvement in QPS validates that the net impact of

the sort is positive.

no-material-join The removal of materialized joins from the index has an effect on QPS
around 85% recall. Note in Table 3.2 that a minority of queries for the YFCC-10M dataset are
AND queries, such that the effect of this ablation would be greater on another dataset with more

large AND queries that use the materialized join graphs.
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no-bitvector The removal of the bitvector has a significant impact on both QPS and re-
call in the high-recall regime, as the bitvector is both faster than the join it is used in place of,
and retrieves perfectly the points relevant to an AND query, boosting recall over the inaccuracy

introduced by the IVF index in AND queries between large and small labels.

3.3.4 Build Time

Reasonable build times are important for reducing the cost of constructing and updating

indices.

Build Time of Each Ablation by Dataset Build Time Relative to Full Index

aaaaaaa

(a) Plot of index construction times for different abla- (b) Plot of index construction times relative to the full
tions. index for different ablations.

Figure 3.4: Build times of ablations on different datasets.

no-weight-classes The larger graphs constructed when removing the smaller weight
classes are naturally slower to build, as they’re higher quality than the sparser graphs which

would otherwise be constructed over the smaller labels.

no-material-join Removing the materialized joins naturally improves build times as it

avoids the construction of those additional graphs over the points in the materialized intersections.
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no-bitvector The removal of the bitvector saves some construction time because this com-
ponent of the index requires initializing a large chunk of memory for each label it applies to and
setting a bit for each point associated with the label. Skipping this construction step therefore

saves time.

3.3.5 Memory Footprint

Memory-resident vector indices such as IVF? are constrained in size by the memory of the
machine they’re served on. As a result, in real-world applications, efficient use of memory is

important to enable serving indices on economical hardware.

Absolute Memory Consumption of Each Ablation by Dataset Memory Consumption Relative to Full Index

yicc-10M o cawl gt msong v yee-10M
Dataset

(a) Plot of index memory footprints for different abla- (b) Index memory consumption of ablations relative to
tions. full index

Figure 3.5: Memory footprints of ablations on different datsets.

no-weight-classes Notehow no-weight-classes hasaproportionally higher mem-
ory footprint than the native index, caused by the additional size of graphs which would have been

constructed with lower degree bounds corresponding to lower weight classes.

no-material-join Not materializing large intersections has a significant effect on the
footprint of the index, as there are many such intersections and graphs are comparatively ex-
pensive to store. For this reason, it’s advisable to disable this feature when queries are expected
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to contain few ANDs on large labels or memory is highly constrained, but section 3.3.3 details

the improved query performance it provides.

no-bitvector The removal of bitvectors for representing membership causes a marginal
decrease in memory footprint, as we no longer store said bitvectors. The change in index size is

small because the bitvectors are dwarfed in size by the graphs.
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Figure 3.6: QPS vs. Recall of ablations on various datasets
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Chapter 4: Window Filtered ANNS

In this chapter, we are primarily interested in a difficult generalization of the ANNS prob-
lem that we term Window Search (see Definition 4.2.3). Window search is similar to traditional
ANNS, except queries are accompanied by a “window filter”, and the goal is to find the nearest
neighbor to the query that has a label value within the window represented by the filter. This
problem has a large number of immediate applications. For instance, in document and image
search, each item may be accompanied by a timestamp, and the user may wish to filter to an
arbitrary time range (e.g. they may wish to search for hiking pictures, but only from last summer,
or forum posts about a bug, but only in the days after a new version was released). Another
application is product catalogs, where a user may wish to filter search results by cost. Finally, as
mentioned in Section 1.1, we note that a large class of emerging applications is large language
model retrieval augmented generation, where by storing and retrieving information LLMs can
reduce hallucinations and improve their reasoning [17]; window search may be critical when the
LLM needs to recall something stored on a certain date or range of dates.

Although this problem has many motivating examples, there is a dearth of papers examining
it in the literature. Some vector databases analyze window search-like problem instances as an
additional feature of their system, but this analysis is typically secondary to their main approach

and too slow for large-scale real-world systems; as far as we are aware, we are the first to propose,
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analyze, and experiment with a non-trivial solution to the window search problem.
Our contributions include the following:

1. We formalize the c-approximate window search problem and propose and test the first non-
trivial solution that uses the unique nature of numeric label based filters.

2. We design multiple new algorithms for window search, including a modular tree-based frame-
work and a label-space partitioning approach.

3. We prove our tree-based framework solves window search and give runtime bounds for the
general case and for a specific instantiation with Disk ANN [2]. We also analyze optimal parti-
tioning strategies for the label-space partitioning approach.

4. We benchmark our methods against strong baselines and vector databases, achieving up to a

75x speedup on real world embeddings and adversarially constructed data.

4.1 Related Work

Segment Trees. Segment trees (and the closely related Fenwick tree [61]) are tree data structures
built over an array that recursively sub-divide the array to obtain a balanced binary tree [62]. By
storing appropriate augmented values at the internal nodes of this tree, these data structures can
be used to support a variety of queries over arbitrary intervals in the array, e.g., computing the
maximum value in any given query interval [/, 7]. Segment and Fenwick trees can be generalized
to higher fanout trees, i.e., B-ary segment or Fenwick trees that have a fanout of B and a height of
[log n| [63]. Our work adapts these tree structures to the window search problem by designing
a similar data structure that stores ANNS indices at internal tree nodes. [64] used the Fenwick

tree for filtered search within a clustering context, but their work only considers a prefix interval
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Definition

blowup(R)
cost(R)

Vectors to index

| D|, the cardinality of D

Metric space D is in, e.g., R"

Query vector g € V

Window filter; see Definition 4.2.2
Approximation factor for window search
Distance function between points in D
Running time to evaluate disty

Arbitrary c-ANN algorithm, e.g., Disk ANN
Query time of A

Split factor for a 3-WST; see Algorithm 1
Pruning parameter for Disk ANN

Doubling dimension

Set of closed integer ranges in [1, ..., N]
Max ratio of superset € R over range length
Sum of lengths of ranges in R

4.2 Definitions

Table 4.1: Notation used in this chapter.

([0, 7]), and they used kd-trees, which are designed for low-dimensional data.

This section lays out definitions for the main problem that we study: window search. No-

tation for the next three sections can be found in Table 4.1.

Definition 4.2.1. [Labeled Dataset] Consider a metric space V' with distance function disty .

Given a label function ¢ : V' — R and a set D C V, we define a labeled dataset to be the pair

Definition 4.2.2. [Window Filtered Dataset] Consider a labeled dataset (D, (). We define a win-
dow filter to be an open interval (a,b) with a,b € R, and we define a window filtered dataset to

be D(a,b) = {ZL’ eD | f(x) c (a,b)}

Definition 4.2.3. [Window Search] Given a labeled dataset (D, ¢), we define a query to be a

vector ¢ € V' and a window filter (a, b), and we define the window filtered nearest neighbor to
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be ¢* = argmin,p disty(z,q).

Definition 4.2.4. [Approximate Window Search] Finally, given a labeled dataset (D, ¢), we de-
fine c-approximate window search to be the task of constructing a data structure that takes in a
query ¢ € V with window filter (a, b) and returns a point y € D44 such that disty(q,y) <

c-disty(q,q*),or 0if Dy = 0.

4.3 Window Search Algorithms

In this section, we describe algorithms to solve the window search problem. In Sec-
tion 4.3.1, we examine two naive baselines for solving window search; in Section 4.3.2, we
introduce a new data structure, the S-WST, and design an algorithm to query it; and in Sec-
tion 4.3.3, we examine additional algorithms for solving window search.

We note that with a fixed window filter (a,b), a reasonable approach to solving window
search is simply to index D, ) using an off-the-shelf ANNS algorithm and then query it with
each ¢. Thus, we are interested in the more challenging problem where we receive queries with

arbitrary window filters.

4.3.1 Naive Baselines

Prefiltering is a naive baseline that works by sorting all of the points by label ahead of time.
Given a query = with window filter (a,b), we do binary search on the sorted labels to find the
start and end of the range that meet the filter constraints, and then find the distance between x
and every point in the range and return the closest point.

Postfiltering [65, 66] is a second baseline that works by first building an index on all of
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Figure 4.1: Top left is a 2-WST. Each index contains a recursive partition of the entire dataset D, indexed
into a graph for fast ANN (see Algorithm 1). Top right shows the structure of an example label space parti-
tioning method that ensures no optimized postfiltering query will have a large blowup (see Theorem 4.4.6).
Bottom shows different query methods; from left to right: a tree-based query as in Algorithm 2, an opti-
mized postfiltering query with a small blowup (see Definition 4.4.4), and an optimized postfiltering query
with a large blowup (see Definition 4.4.4).

D using an ANN algorithm A. To do a window search, we query A for k£ = 1 point, and then
continually double £ until at least one point is returned that has a label within (a, b), and then we
return the closest of these points. We additionally define a hyperparameter called final_multiply;
if this is greater than 1, then we perform a final additional search with a final_multiply times larger

value of k.

4.3.2 [3-Window Search Tree

We now propose a data structure that we call a 5-Window Search Tree, or S-WST. This
data structure with 5 = 2 is illustrated in the top left of Figure 4.1 and the accompanying query

method is illustrated in the bottom left. The overall idea to construct a 5-WST is to split D into
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Algorithm 1 BuildTree(A, 3, (D, ())

Input: Dataset D with points 1, . .., z|p| sorted by £, branching factor 3, ANNS algorithm A.
Output: 5-Window Search Tree of D
if |[D| < 8 then
return (NULL, NULL, D)
index < A(D)
sizesll,...,f—1] < [|D|/f]
sizes[f] « D] - (8—1)-[|D|/8]
children[l,..., ] < NULL
for i «+ 1 to 3 do in parallel
start « (i —1)-[|D|/B] + 1
end < start + sizes]i
childrenli] - BuildTree(4, B, (D(s..... zera1)> L))
13: return (index, (children, sizes), D)

A A o ey

—_—
N =2

B subsets, one corresponding to each child node, construct an instance of A at each node, and
recurse on each child. We continue this process until the subset size is less than [, in which case
we just store the points directly.

More formally, let z1, . . ., z)y be the points of D sorted by ¢, such that /(x1) < l(x3) ... <
¢(x,,). With a slight abuse of notation, we define the arg min of an empty set to be the empty set.
A [-WST works as follows:

Index Construction. A 3-WST T can be constructed as shown in Algorithm 1. In the
base case, if the dataset D is small, we do not construct any tree node (Lines 3—4). Otherwise,
we construct an ANN index of D (Line 5). On lines 6-7 we define the sizes for splitting D into
[ partitions, all of which are equally sized except the last, which may be smaller. On line 8 we
initialize the children nodes. We then loop through every partition in parallel (Lines 9—-12) and
recursively call BuildTree on the set of points (sorted by label) corresponding to the start and
end of the partition. Finally, on line 13 we return the constructed tree, which is a tuple consisting
of an ANN index built on D, the result of BuildTree called on each child with the size of each
child, and the point set D.

Querying the Index. We query a 5-WST using Algorithm 2. The input is a 3-WST T as
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built by Algorithm 1, a query point ¢ , and a window filter (a, b). At a high level, Algorithm 2 re-
curses through the tree constructed by Algorithm 1 and queries instances of A that union together
to equal the entire filtered dataset. If the dataset is small and the index is a leaf node NULL, we
do a brute force search over D (Lines 3—4). If the window filter (a, b) covers all points, we query
the ANN index and return the result (Lines 5-6). Otherwise, D has some points that do not
have a label in (a, b), so we loop over each child (Line 8) and recurse into it if some of the points
in the child meet the query’s window filter constraint. Finally, for each one of these children that
we recurse into we add the returned points to a candidate list L,,4, and return the closest point

from L 4nq on line 13.

4.3.3 Additional Query Methods

In addition to Algorithm 2 above, we examine a number of additional query methods for
window search that come with various trade offs.

» OptimizedPostfiltering uses the index built by Algorithm 1 but uses a novel query algorithm.
Given a query = with window filter (a, b), OptimizedPostfiltering finds the smallest subset S of
D corresponding to an index we built I = A(S) where D(,;) C S, and then queries that index
using the same procedure as described in Postfiltering. A “small blowup” query is one in which
the smallest subset S is not that much larger than D, ;), whereas a “large blowup” query is one
where S is much larger than D, ;). These small and large blowup queries are shown on the
bottom right of Figure 4.1. Blowup factor is defined formally in Definition 4.4.4.

* ThreeSplit also uses the index built by Algorithm 1 and a novel querying algorithm. Similar

to Algorithm 2, a query initially finds the highest level where any partition at all is entirely
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Algorithm 2 Query(7, q, (a, b))

1: Input: 8-WST T' = (index, (children, sizes), D), with points 1, ...,z p| € D sorted by ¢,
query ¢, window filter (a, b).

2: Output: Approximate window-filtered nearest neighbor g, or ) if no points in D meet window filter
constraint.

3: if index = NULL then

4:  returnargmin,cp disty(q,y)

5. if (£(21),£(z|p|)) C (a,b) then

6:  return index(q)

7: start < 1, Legng < 0

8: fori«+ 1to (5 do

9:  end< start + sizes]i

10:  ifl(zstart), {(Tena—1) N (a,b) # () then

11: Lecand < Leand U Query(childreni], g, (a,b))
12: start < end
13: return argmin, . disty(q,y)

contained in the window filter, and then does a query on every one of these partitions. Instead
of recursing further down the tree, however, ThreeSplit then does an OptimizedPostfiltering call
on each of the remaining label subranges on each side of the middle “covered” label portion.
Because we fill in the middle first, we are guaranteed that there can be no “’large blowup” case
like in OptimizedPostfiltering.

* SuperPostfiltering is the same as OptimizedPostfiltering except that it operates on an arbitrary
set of indexed subsets of D and not necessarily the ones constructed by Algorithm 1. One
example of such a data structure is analyzed in Theorem 4.4.6 and visualized in the top right of

Figure 4.1.

4.4 Theoretical Analysis

4.4.1 Analysis of Querying a 3-WST (Algorithm 2)

In our analysis in this section, we assume without loss of generality that N is a power of /3.

Removing this assumption would lead to more floor and ceiling operators in Theorem 4.4.1 and
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leave our other results unchanged. In the interest of space, we defer proofs to the Appendix.

Theorem 4.4.1. If A can build an index that answers c-ANN queries on an arbitrary size m
subset of D with query time O(A,(D,m)), and a distance computation in'V takes d work, then

Algorithm 2 solves the c-approximate window search problem with running time

logg N

O | Blogs(N)d+ 8 Y Ay(D,N-p7)
j=0

Proof. There are two components to proving Theorem 4.4.1. First, we must show that Algo-
rithm 2 solves the c-approximate window search problem, and then we must show that it solves

it in the given running time.

Algorithm 2 solves the c-approximate window search problem

First, we establish correctness and completeness of the evaluated points, i.e., that every
point returned has a valid label, and that all points that meet the valid label are “evaluated” on
either Line 4 or Line 6.

For correctness, note that if a point is returned on Line 4, by Definition 4.2.2 it has a label
value in (a, b). Similarly, since a point returned on Line 6 is in D and by the if statement we know
that all points in D have a label in (a,b), a point returned on Line 6 has a label value in (a,b).
Any point returned by Line 13 is an arg min over points returned in one of these two cases, so
we are guaranteed that the overall point y returned has ¢(y) € (a,b).

For completeness, first consider some call to Algorithm 2 with T = (index, (children, sizes), S).
By assumption, NV is a power of 3, so we will proceed inductively over |S| equal to powers of 5.
Let us first consider any S such that |[S| = 1. If z € S(, ), then it will be evaluated on Line 4.
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Now we assume that for | S| = ", if x € S, then a call to Query with the tree corresponding to
S will evaluate x. For all sets S of size 5" that contain some z, if Line 4 or Line 6 is executed,
then we evaluate x. Otherwise, by construction (Line 12 in Algorithm 1) the children subsets 5;
completely partition S, so x is in some S; with |S;| = ", and so by our inductive hypothesis z
will be evaluated when we call query on children]i].

We now show that a c-approximate window-filtered nearest neighbor is returned for some
(possible recursive) call to Query. Because of our correctness guarantee, at some point ¢* will
be evaluated on Line 4 or Line 6. If ¢* is evaluated on Line 4, then because ¢* is the closest
point to ¢ in all of D), it will also be the closest point to g in S5 C D4 p), so it will get
returned by the arg min (and ¢* is trivially a c-approximate window filtered nearest neighbor).
If ¢* is evaluated on Line 6, then by the guarantee of the c-ANN algorithm A, some point y
will be returned that is a c-ANN to g on S(, ). Because ¢” is also in S(4y), this implies that
disty(q,y) < c-disty(q,q"),soy is also a c-approximate window filtered nearest neighbor.

Finally, we show that if any instance of a call to Query finds a c-approximate window
filtered nearest neighbor, then the overall algorithm will return a c-approximate window filtered
nearest neighbor. Consider the case that a valid c-approximate window filtered nearest neighbor
y is returned by Line 4 or Line 6. If this is not a top-level call to Query, then Query was called
on Line 11, so the point 3’ that gets returned will also be evaluated in the arg min on Line 13,
and a point 3’ will be returned from Line 13 that is in D(, ) (by our correctness result) and has
d(q,y') < d(q,y) < c¢-d(q,q*). Thus by transitivity, ¢’ is also a c-approximate window filtered
nearest neighbor for ¢, and inductively the point " that gets returned by the original top-level

Query call will be a c-approximate window filtered nearest neighbor.
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Algorithm 2 running time

We will examine each level of the tree built by Algorithm 1 as Algorithm 2 traverses it, i.e.,
the nodes with |S| = N, |S| = N/B, |S| = N/B2,...,|S| = 3,|S| = 1 (the nodes with | S| = 1
are just the index = NU LL case).

At a high level, this analysis is similar to B-ary segment or Fenwick trees [63], which
have O(flogz N) query time and query at most O(/3) indices per level. The overall idea for our
analysis is to show that Algorithm 2 will run an ANN search on at most 23 — 2 indices per level.

First, we note that our algorithm has a “one time evaluation guarantee”: if we execute an
ANN search (Line 6) or an exact search (Line 4) on some subset .S, then we did not execute
an ANN search or exact search on any parent of S (since then we never would have reached it
recursively), so every point in S' (and therefore every point in D, ) is evaluated just once.

Now consider the largest j such that there exists some set S in the tree of size 3’ such that
S C D(q,). In other words, S is the largest set that we built an index for and that entirely consists
of points within the filtered dataset corresponding to the query. There may be multiple sets of
size 37 within D, p).

Let all sets of size 37 be ordered such that each set’s labels are strictly less than the next
set, and let these sets be indexed by {.S;}. Let Sy, be the first set in this ordering that is a subset
of D4y and Sjas be the last set in this ordering that is a subset of D, ).

By completeness, every point in S s, . . . , Siast 1S €valuated at some level, so the recursive
traversal must go through Spiys, . . ., Siast» and since each of these sets is a subset of D(, ), we
will run the ANN search on Line 6 on each of S¢;rst, . . ., Sigst-

By construction, every [ sets in {S;} are partitions of a set from level j + 1 (e.g., sets
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{S1,..., S8}, {Sp+41,...,528},...). Thus, any subsequence of {5;} that is of length > 25 — 1
must have at least one complete partition of a set from level j + 1. Since all of Syirst, - . ., Siast
are subsets of D, ), by the one time evaluation guarantee, we know that their parents cannot be
subsets of D(, 3 (since then in the recursive traversal, we would have run an ANN search on their
parent). Thus, S¢;rst, - . . , Siest cannot contain a complete partition of a set from level j +1, so the
list Sfirst, - - -, Siast contains fewer than 23 — 1 sets, or equivalently last — first +1 < 28 — 2.

We also know that at level j, there are at most two more sets, S;rst—1 and Si,e+1, that have
a non-empty intersection with D, ;) (these are the sets that potentially contain points with labels
just larger and just smaller than a and just larger and just smaller than b).

This leads to our inductive hypothesis, which has three claims:

1. For all levels with j* < j (i.e., with |S| = (7"), there can be at most two sets that have a

non-empty intersection with D(, 5 that are not fully evaluated (i.e., that we recurse into).
2. No set that we recurse into or evaluate on level j' < j is a superset of D).

3. We will run the ANN search on Line 6 at most 23 — 2 times on each level.

We have just shown the base case for ;' = j. Now consider some 0 < j' < j. By part 1
of the inductive hypothesis, we recurse into 2 or fewer sets on level j° + 1 that have a nonempty
intersection with D, ;). For each of these sets, at most 5 — 1 of its children will be a subset
of D, (f all B of its children were a subset of D, ), then the set itself would have been a
subset of D, ) and would have been fully evaluated), and thus at most 2(3 — 1) = 28 — 2 ANN
searches are run on level j'. This proves part 3 of our inductive claim. Furthermore, since each
of the at most two sets that we are recursing into are not a superset of D, ) by inductive claim 2,
there can only be at most one side of each of their label ranges that expand beyond (a, b). Thus,
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when we partition each of these sets, only one child of each of the sets can have a label range
that overlaps (a, b); the rest will either have labels entirely in (a, b) or entirely outside of (a, b).
Thus there will be at most two sets that have a nonempty intersection with D, that are not fully
evaluated, proving inductive claim 1. Finally, because each set that we recurse into on level j’ is
not a superset of D, ), all of the children we recurse into that are subsets of these sets are also
not supersets of D, ), proving inductive claim 2.

We do work in Algorithm 2 on Line 6, the loop on Line 8, and Line 13 (we do not do work
on Line 4 because the arg min is just over one point; the arg min is necessary for the more general
case where NV is a not a power of j and the leaf nodes may have more than one point). As a direct
result from the first part of our inductive claim, we have that we will only make it to the loop on
Line 8 and the arg min on Line 13 twice for each of the log (V) levels. The time complexity for
the loop is O(3), and the time complexity for Line 13 is O(/d) because the maximum size for the
candidate list is /3, and for each candidate in the list we spend O(d) doing a distance computation.
Also, from the third part of our inductive claim, we have that we call ANN search on an index of
size m = 37 at most 23 — 2 times for all j € 1,. .. ,logg(IV). Finally, again from the third part
our inductive claim, we evaluate at most 23 — 2 sets of size 1, so we evaluate Line 4 a maximum

of 2 — 2 times. This gives the following total runtime for Algorithm 2:

logg(N)
O [logs(N) * (B+Bd) + (28 —2)x Y A(D,Nx57)| =
j=0
logﬁ(N)
O | Blogg(N)d+ B+ > Ay(D,N 7
j=0
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Many theoretical ANN results in the literature have a runtime of O(N*) for constant p, e.g.,
LSH [67] and k-nearest neighbor graphs [68]. Other results have a runtime that is paramterized
only with constants describing the data distribution, and have no reliance on N. By applying

Theorem 4.4.1, we have the following results for these common function classes:

Lemma 4.4.2. If A is a c-ANN algorithm with A,(D,m) = O(Cdm?) for p € (0,1) for some

constant C' depending on D, the running time of Algorithm 2 is

CBAN?
“ (1 - 5-p) |

If Ais a c-ANN algorithm with O(A,(D,m)) = O(A4(D)), then the running time of Algorithm 2
is

O (Blogs(N)[d + A,(D))]).

Proof. For the first result, we have via substitution into Theorem 4.4.1:

logg N
O [ Blogs(N)d+8 > Ay(D,N-B7)
j=0
logg N
=0 [ Blogg(N)d+ 8 Y CdN*- B
=0

logg N

=0 (ﬂlogﬁ )d 4+ CBAN? Z BI°)

1
—57)

@)

Blogg(N)d + CHIN?

(
(i=57)

)
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and for the second result, we have via substitution into Theorem 4.4.1:

logg N
O | Blogs(N)d+ 5 > AfD,N-57)
j=0
logg N
=0 | flogg(N)d+f Z Ay(D)
j=0
= O (Blogs(N)d + Blogs(N)Ay(D))

= O (Blogs(N)(d + Ay(D)))

]

Finally, we can apply Lemma 4.4.2 to a recent c-ANN result for DiskANN graph-based
search [39]. This is particularly relevant because we use DiskANN graphs for our experiments.
Letting A be the aspect ratio of D, i.e., the ratio between the maximum and minimum distances

between any two pairs of points, we have the following result:

Lemma 4.4.3. Algorithm 2 instantiated with a “slow preprocessed” a-DiskANN graph solves the
c-approximate window search problem in any metric space on a dataset with doubling dimension

0 and aspect ratio A in running time

0 (/3 log(IV) [d+1oga (Mﬁ) (40)’ log AD.

Proof. [39] considers greedy search on an a-DiskANN graph built on a dataset D with ”slow

preprocessing.” They show that the search procedure is guaranteed to return a (3—ﬂ + ¢)-ANN in

O(loga(ﬁ)) steps, each of which take O((4a)° log A). See Section 2.2.2.3 for an explanation

of o and a complete overview of DiskANN.
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We can multiply together these two bounds on the running times to get an upper bound on

the running time of the entire procedure:

0] (loga (ﬁ) (40)° log A) =0 (loga ( . 1)(AC — Z—ﬂ)) (40)° log A)

Note the equality is due to the fact that ¢ = g—f} + €.

Now consider some S C D. We claim that the doubling dimension ¢ and the aspect ratio
A for S are no greater than for D. [39] describe doubling dimension as the the minimum value
§ such that for any ball of radius 7 centered at some point x in D, 2° balls of radius r/2 can be
arranged to cover all points in D N B(z,r) (many previous works use the same or an extremely
similar definition of doubling dimension (see, e.g., [69, 70]). Because S is a subset of D, any
covering of D N B(x,r) is also a covering of S N B(z,r) for all z in D (and also trivially
therefore all x in S C D), so we know that the doubling dimension of S'is at most the doubling

dimension of D. Similarly, [39] use the aspect ratio of D, which is

MaXy, g Doy £z, A1ty (21, T2)
Mgy z0€D 21 #22 diStV(Ila 932)

For any subset S of D, let the two points corresponding to the smallest distance be g,
and Ysnqu and the two points corresponding to the largest distance be x;q,4e and yjgrge. Since
S C D, Tsnaui,Ysmau are also in D, so the smallest distance in D is less than or equal to
disty(Tsmail, Ysmau), and similarly z,,ge, Yiarge are also in D, so the largest distance in D is
greater than or equal to disty (Ziarge, Yiarge). Thus compared to A, the numerator of Ag is no

larger and the denominator is no smaller, and so Ag < A. In other words, the aspect ratio of any
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subset S is less than the aspect ratio A of D.

Because our running time result above is monotonic in A and 9, and the other parameters
« and c¢ are constant, we have that c-ANN search on any subset S C D is upper bounded by the
running time on the entire dataset D. Thus, since O(A,(D,m) = A,(D)), we can now plug in

to Lemma 4.4.2, giving us our final result. 0

4.4.2 Analysis of Super Postfiltering

SuperPostfiltering operates on an arbitrary collection of window filtered subsets D q, 5,). A
natural question is how to quantify the quality of a particular choice of subsets to index, which

motivates the following definition:

Definition 4.4.4. [Blowup Factor, Cost] Given a set of ranges R, with R; = [a;, b;] for a;,b; €
{1,..., N} and a; < b;, we can define the blowup factor of a new query range [a, b] with a,b €

{1,... N} as follows:

[as,bi]€R; b—a

bi —a;
blowup(R, [a,b]) = min ¢ ) :
[ai,b;]Dla,b]

Intuitively, the blowup for [a, b] is the ratio between the size of |a, b] and the smallest range in R
that contains it. Note that if no range [a;, b;| contains [a, b], we say that the blowup is equal to co.
We can further define the worst case blowup for a set of ranges (like R) by taking the maximum

blowup over all possible query ranges [a, b]:
blowup(R) = max _blowup(R, [a,b]).

We additionally define the cost of a set of ranges R as cost(R) = > _.(b; — a;).
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Intuitively, if we build an ANN index for the points corresponding to each range, then the
worst-case blowup limits how expensive a query can be, while the cost approximates the memory
required (since most practical ANN indices, e.g., LSH [67] and DiskANN [2], have memory that
is approximately linear in the number of points they index). Note that here, a range of, e.g.,
[17,35] corresponds to an ANN index built on the 17’th point through the 35°th point in D,
assuming the points are sorted by label value.

As a quick warmup, we can achieve a worst-case blowup of N and cost of N by choosing
R = {[1, N]}, and we can get a worst-case blowup of 1 and cost of O(N?) by choosing R =
{lt,7] | 4,5 € {1,...,N},i < j}. We are interested in choices for R that lead to better tradeoffs.

We can construct an R consisting of the ranges corresponding to each subset indexed in a

B-WST, so we can analyze it using Definition 4.4.4.

Lemma 4.4.5. The ranges corresponding to a 3-WST have worst case blowup factor B = N/2 =

O(N) and cost < N[logg(N)] = O(N logz(N)).

Proof. To see that the worst case blowup factor is O(N), consider the first split of D into children
S; fori = 1,... 3. These S; correspond to label ranges {[a;, b;]}, where ag = 0, bjus = N, and
each a; = b;_; + 1. Consider the range (by, az). This range is not a subset of any S;. Furthermore,
because all smaller ranges further down the tree are strict subsets of some S;, this range is also
not a subset of any smaller range. Thus the smallest range that .S; is a subset of is the top level
range, so a -WST has a worst case blowup of & = O(N).

For the cost, we note that the label ranges of each level of the tree (except possibly the last,
since it might be only partially full) are a partition of {1,..., N}, so the sum of b; — a; is equal

to IV for all levels but the last. There are |logs (V)] levels, and one possibly non-full level at the
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|Si| = ~7*°
| = 4712
|Si| = 7j+1
1Si| =+
= Range R;

E] = Possible Query Ranges

= Smallest Range Containing Query

Figure 4.2: Illustration of structure of ranges for Theorem 4.4.6.

bottom of the tree which is smaller than or equal to a full partition of {1,..., N} and so has a

cost less than or equal to N. Thus the total cost is bounded by [logs(N)] - N. O
Finally, we prove that we can do better than a 5-WST.

Theorem 4.4.6. For any N and for any v > 1, there exists an R with worst case blowup factor

27 that has cost at most N (2log. (N) + 1).

Proof. At ahigh level, our approach is to devise a strategy that can ensure all sets of size m have
a blowup factor of 2. We will then repeat this strategy for m = 47 for all possible powers of 7,
which will ensure that all possible ranges have a small worst case blowup factor. For a diagram

of this structure see Figure 4.2.
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First, consider the problem of choosing ranges R; such that every range of size m is a

subset of some R; with blowup factor equal to 2. One approach is to choose ranges of

cover(m) ={[jm+1,(j+2)m| | j € Z>o,(j +2)m < N} U[N —2m + 1, N]

The ends of the ranges start at 2m and go until /N by multiples of m, for a total of L%j —1
ranges. These, plus the additional range [N — 2m + 1, N|, lead to a total of | £ | ranges created

using this strategy. Each range has width 2m, so the arrangement has cost

We now show that these ranges R; do indeed cover all ranges of size m with blowup factor
equal to 2. Consider some range of length m starting at a. If a is within the first m + 1 integers in
a range, then it is entirely within the range. Therefore, we are interested in the union of the first

m + 1 integers in all of the ranges, or

U {im+1LG+Dm+1}U[N-2m+1,N—m+1]
(G+2)m<N
D[,N—-2m|U[N —2m+1,N —m+ 1]

=[1,N—m+1]

This is all possible starting points for a range of length m, so R; does indeed cover all ranges of
size m. Furthermore, each range is of size 2m, so the blowup factor for these ranges of size m is

2.
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Table 4.2: Summary of datasets used in our experiments.

Dataset Description Labels Num. dimensions | Dataset size | Num. queries
SIFT Image feature vectors Uniform random 128 1M 10K
GloVe Word embeddings Uniform random 100 1.18M 10K
Deep GoogLeNet embeddings | Uniform random 96 9.9M 10K
Redcaps | CLIP image embeddings Timestamps 512 11.6M 800
Adverse Mixture of Gaussians Noisy cluster ID 100 1M 99K

Now consider R = {cover(y?) | j € Zsp,7’ < N} U (0, N). We have that

cost = [log, (N)] - 2N + N
<2Nlog,(N)+ N

= N (2log,(N) +1)

Furthermore, we now show that R has worst case blowup factor 2. Consider some range
r, of size m. Consider the minimum j such that 47 is greater than m. Let us first consider
the case when 47 is less than N. Consider some range r of size 7’ that contains r,. By the
definition of cover(7), there is some range of size 27 that contains r and that therefore contains
r,. Furthermore, since this j is the minimum j such that v/ > m, we have that m > 77~!. Thus
the maximum blowup factor for r, is less than 297 /471 = 2. In the case where v/ > N, the
smallest containing range is (0, N). We have that m > /=1 > N/, so N/m < ~ and thus the

blowup factor for r, is less than -y (and also less than 2-).

4.4.3 Memory and Construction Time Analysis

Consider some function parameterized by the dataset and subset size O(A¢(D,m)). For

example, f may be a construction time function or a memory function. This function evaluated
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on all nodes of Algorithm 1 takes

logg N

O Y pADN-B7)

Jj=0

If A; is of the form Cm” for p > 1 and for some constant C' depending on D, then this is

equivalent to:

logg N

=0 | CN” E /3j—jp
J=0
10g[‘3N

=0 |CNP Y (Bry

J=0

O(CN”logs N) ifp=1

0 (CNPl‘NH) = O((1=45)CN?) ifp> 1

1-B8L=r

The slow preprocessing version of DiskANN takes O(N?) for construction time and takes up
O(N(4a)’ log A) space, so plugging into these results we have that a 3-WST tree with a slow
preprocessing Disk ANN implementation takes O(#N 3) = O(N?) time to build and has

memory size O((4) log(A)N logs N).

4.5 Experiments

Experiment Setup. We run all query methods on all datasets and filter widths on a 2.20GHz
Intel Xeon machine with 40 cores and two-way hyper-threading, 100 MiB L3 cache, and 504 GB
of RAM. We run index building using all 80 hyper-threads and restrict queries to 16 threads, and

parallelize across (and not within) queries. We run index construction experiments with varying
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[ on a separate 2.10GHz 4 socket Intel Xeon machine with 96 cores and two way hyperthread-
ing, 132 MiB L3 cache, and 1.47 TB of RAM. We use all threads on the machine for these
experiments.

We use a DiskANN [2] index with o = 1, degree = 64, and the construction beam search
width set to 500 for all ANN indices, except for the Milvus and VBASE baselines. Disk ANN
allows searching for £ > 1 nearest neighbors; for simplicity of presentation, we assume that the
query beam search width is always set to k. We defer a description of Disk ANN and its associated
hyperparameters to Section 2.2.2.3.

We note that our theory focuses on the c-ANN problem, which only concerns whether
a single c-approximate nearest neighbor is returned. However, as is standard in much of the
ANN literature, in our experiments we report recall of the top 10 filtered neighbors to the query.
While our runtime proofs in Theorem 4.4.1, Lemma 4.4.2, and Lemma 4.4.3 assume that the
underlying ANNS algorithm returns a single ANN, in practice, we find that Disk ANN has high
recall for both single ANN and top-10 ANN. Therefore, we believe that our theoretical analyses
still provide insights into our empirical results for top-10 ANN.

Finally, we ensure that our smallest filter fractions are still wide enough such that there are

at least 10 points that meet the filter constraint, i.e., we ensure |D(a7b)] > 10.

Implementation Details. We provide a performant, open source C++ library with Python bind-

ings. !

Our code is built on the Parlay library [71] for parallel programming and the recent
Parlay ANN suite of parallel ANN algorithms [3]. We implement a number of memory and per-

formance optimizations, including using a larger base case of 1000 in Algorithm 1 and storing

the entire dataset just once across all sub-indices.

Thttps://github.com/JoshEngels/RangeFiltered ANN
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Filter Fraction. Answering a window filter query that matches almost the entire dataset
is a substantially different problem than one that matches almost none of it. Thus, we define the
filter fraction as a way of quantifying where in this filter regime we are: let a query with filter
fraction 2° for i < 0 be a query whose window filter matches a 2° fraction of the points in D. For
example, a query with filter fraction 272 has a window filter (a, b) that matches % of the dataset, or
in other words | D(q4)| = 5|D|. Queries with a small filter fraction (e.g., 27'°) restrict to a small
portion of the dataset, queries with a large filter fraction (e.g., 272) restrict to a large portion of
the dataset, and queries with a medium filter fraction (e.g., 27°) restrict somewhere in between.

A query with a random filter of fraction 2 is a query where we randomly select the filter (a, b) so

that all possibilities for the 2° * | D| filtered points are equally likely.

Datasets. The datasets we use are listed in Table 4.2 and further explained below. All datasets are
available in the same repository as the code and have free for research licenses; more licensing
information is included in Appendix B.2.

* SIFT, GloVe, and Deep are ANN datasets from the widely used and standardized ANN
benchmarks repository [72]. To adapt them to window search, we uniformly at random generate
a label for each point between 0 and 1. We create 16 different query sets ()1, . . ., 14, €ach one
using the same 10000 query vectors from ANN benchmarks with random filters of fraction 27°.

* Redcaps is a dataset we created that builds on the RedCaps [73] image and caption dataset,
which consists of 11.6)/ Reddit, Imgur, and Flickr images and associated captions. To adapt
RedCaps to window search, we use CLIP [15] to generate an embedding for each image and
use the timestamp of the image as its label. We create a set of 800 query vectors by asking

ChatGPT-4 [74] to come up with queries for an image search system, which we then embed
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Figure 4.3: Comparison of Pareto frontiers of all methods on window search with different filter fractions
on deep using 16 threads. Up and to the right is better. On medium filter fraction settings, our methods
achieve orders of magnitude more queries per second than the baselines at the same recall levels. Points
along the Pareto frontier are denoted by circles for baseline methods and X’s for our methods.

using CLIP. See Appendix B.1 for full prompt details. We again create 16 different query sets
Q1,...,Q16 using the same 800 query vectors with random filters of fraction 277,

* Adverse is a synthetic dataset tailored to disadvantage methods that rely on the label and
point distributions being independent. The overall idea is to craft a dataset and queries where
the points that meet the filter constraint are much farther away from the query than the rest of
the dataset. To do this, we let D be a mixture of 100 Gaussians and draw 10000 points from
each Gaussian, where the means y; are drawn from N (0, ) and each Gaussian is distributed
as N(p;,0.01 - I) (I is the 100 dimensional identity matrix). A point generated from the i’th
Gaussian has a label equal to ¢ + Uniform(—0.5,0.5), and we generate a query for every pair
i,7 € {1,...,100} with i # j that consists of a random point drawn from Gaussian i with

window filter (7 — 0.5, 7+ 0.5). In other words, each query filters to only points from a different
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cluster than it itself is drawn from.

Query Methods and Hyperparameters. We run all of the query methods described in Sec-
tion 4.3.1, Section 4.3.2, and Section 4.3.3. For all methods that use an arbitrary index A, we
use a DiskANN index as described earlier. We run Algorithm 2 with 5 = 2 unless specified oth-
erwise; we call this method DiskANNWST in our experiments. We use Prefiltering unmodified
as described in Section 4.3.1. We expect Prefiltering to always achieve near 100% recall; it may
not be 100% exactly due to numerical precision issues. For Postfiltering, OptimizedPostfiltering,
ThreeSplit, and SuperPostfiltering we search over initial & in [10, 20, 40, 80, 160, 320, 640, 1280]
and final_multiply in [1,2,3,4,8,16,32]. We use the setting v = 2 from Theorem 4.4.6 for
SuperPostfiltering, which guarantees a worst case blowup factor of 4 using in practice about 1.5
times as much memory as Disk ANNWST.

We also compare against Milvus [75] and VBASE [76], two existing systems that support
window search.

Milvus treats window search as an instantiation of categorial filter search. Before querying
the underlying ANN index, Milvus creates a bitset that marks all of the points that meet the
window filter. Then, while traversing the underlying ANN index, Milvus ignores points that are
not set in the bitset. We try all supported underlying Milvus indices: HNSW, IVF_PQ, IVF_SQ8,
SCANN, and IVF_FLAT. We search over the same beam sizes as for Postfiltering. Milvus does
not natively support a batch query with different filters for each point in the batch, so we wrote a
Python multiprocessing program that spins up many processes that query the constructed index
in parallel.

In addition to the tricks described in Section 4.1, VBASE uses a query planning step to
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Figure 4.4: Comparison of window search methods on Adverse. Up and to the right is better.
DiskANNWST and ThreeSplit achieve a good recall vs. latency tradeoff, but besides the Prefiltering
baseline all of the other methods are unable to achieve a reasonable recall. All methods are run with
16 threads.

Table 4.3: Speedup of our best method over the best baseline, restricted to hyperparameter settings that
yield at least 0.95 recall. All methods are run with 16 threads. We show a speedup across all filter fractions
smaller than 2! on all datasets. We show up to a 75x speedup on medium filter fractions.

Dataset 2-11 2-10 279 278 27 2-6 275 274 273 272 927! 20
Deep 1049 1846 35.65 61.21 77.55 2428 935 267 146 139 075 0.77
SIFT 1.35 1.88 3.05 487 868 1651 11.26 446 226 128 090 0.92
GloVe 190 227 270 377 502 619 9.60 7.62 234 152 092 092
Redcaps 2.31 333 547 778 1007 1722 394 364 175 1.73 090 0.90

attempt to predict how many initial results to retrieve, then filters these retrieved results, before
finally applying a final top-k ranking to the retrieved results that meet the filter constraint. We
were not able to get multiple queries to run in parallel with VBASE (and in the original paper

they also only operate in the regime of a single query at a time).

Tradeoff of Queries per Second vs. Recall. We plot the Pareto frontier of recall vs. queries

per second of all methods on a selection of filter fractions on deep in Figure 4.3. We include
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plots of other datasets in B.3.1; the main observations are substantially the same across datasets.
Overall, our methods achieve multiple orders of magnitude query speedup at fixed recall levels.
SuperPostfiltering does particularly well at lower recall levels of around 0.9 to 0.99, while at high
recall levels DiskANNWST and ThreeSplit are the best methods, attaining about the same per-
formance. Additionally, for small filter fractions the Prefiltering baseline is competitive with our
methods, whereas for large filter fractions the Postfiltering baseline is competitive. Our methods
achieve the largest speedups over baselines in the medium filter fractions. We note that among
our methods, OptimizedPostfiltering performs the worst, which we explain with the high worst
case blowup of a 2-WST (see Lemma 4.4.5). Finally, we note that the two vector databases that
we test against, VBASE and Milvus, are completely dominated by our naive baselines Prefiltering
and Postfiltering.

We also plot results on Adverse in Figure 4.4. Prefiltering does well, as expected. Fur-
thermore, Disk ANNWST offers a good tradeoff between recall and query latency, which makes
sense because the query time guarantee from Lemma 4.4.3 (assuming DiskANN also does well
for top-10 ANN) holds for any query distribution, even an adversarial one. However, all of the
methods that rely solely on postfiltering, as well as the other baselines, fail to achieve meaningful
recall. For the postfiltering methods, this result is unsurprising: the index that gets selected for
postfiltering has some points that do not meet the query’s filter constraints, and by construction
these points are frequently closer to the query than the entire target cluster. Surprisingly, al-
though ThreeSplit does use postfiltering as a subroutine, it is able to achieve similar performance
to DiskANNWST; this may be because after querying for the indices that make up the center of
the label range (which is not postfiltering), the label ranges that are left on each side are typically

much smaller.
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Dataset DiskANN | 2-WST | Super
SIFT 1m 75m | 13.5m
GloVe 25m | 16.5m 28 m
Deep 16.5m 2h 4h
Redcaps 1.5h 7h | 185h
Adverse 2.5m 23 m 41 m

Table 4.4: Build times for different indexing methods across all datasets, rounded to the nearest half unit.
Index construction was done using 80 threads.

Dataset Raw | DiskANN | 2-WST Super
SIFT 0.5GB 1.0GB | 47GB | 7.6GB
GloVe 0.5 GB 1.1IGB | 56GB | 9.5GB
Deep 3.6 GB 6.8GB | 53.2GB | 94.6 GB
Redcaps | 23GB 27.1GB | 792GB | 127GB
Adverse | 0.8 GB 0.9 GB 4.6 GB 7.4 GB

Table 4.5: Index sizes for different indexing methods on all datasets, rounded to the nearest 10th of a GB.
Note that prefiltering takes just the memory of the original dataset. The “Raw” column is the size of just
the dataset.

We also include speedups of our best method (the best of Disk ANNWST, OptimizedPostfiltering,
SuperPostfiltering, and ThreeSplit) over the best baseline method on filter fractionsi = 2°, ..., 271!
on all datasets in Table 4.3 at a recall level of 0.95, and we include the same table at additional
recalls in the appendix. These reinforce our findings in Figure 4.3 across other datasets; at a 0.95
recall level, we achieve up to a 75X speedup on Deep, up to a 16X speedup on SIFT, up to a 9X

speedup on G1loVe, and up to a 17X speedup on Redcaps.

Index Memory and Construction Time. Table 4.4 and Table 4.5 show the construction time
and memory sizes for a single DiskANN index (for Postfiltering), a 2-WST with DiskANN in-
dices at each node (for Disk ANNWST, OptimizedPostfiltering, and ThreeSplit), and the index for
SuperPostfiltering. We also show the memory for just the dataset, which is exactly how much
memory Prefiltering needs (the build for Prefiltering is just a sort and takes less than a few sec-
onds across all datasets). We see that the 2-WST takes about 3-8 times as much memory as a
single DiskANN index, depending on the dataset, whereas the index for SuperPostfiltering takes
about 5—14 times as much memory as a single DiskANN index. The construction times show a

similar increase across methods, with a 5—10X increase in build time from DiskANN to 2-WST
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Figure 4.5: Pareto curves of recall vs. throughput on the SIFT dataset for a filter fraction of 2! and varied
branching factors. Up and to the right is better. All trials are run with 16 threads.

and a 10-20X increase from DiskANN to SuperPostfiltering. Finally, we note that while the
larger datasets do take signficantly longer to build, we are using a large beam search construction
buffer of 500 in order to vary as few hyperparameters as possible, and a smaller buffer size may

give faster build times with minimal loss in recall.

Varying 5. A larger branching factor 3 decreases the build time and memory footprint of a
DiskANNWST index by reducing the number of levels in the tree and thus reducing the number
of graphs that are built (see Figure 4.6 in the appendix for a plot showing the exact reduction in
memory and build time as we scale ). However, as shown in Figure 4.5, this comes at the cost
of a reduction in recall and latency. These results are substantially the same across different filter

fractions; see Figure 4.7 for experiments with more filter fractions.
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Figure 4.6: Plots of index size and build time for varying branching factors on SIFT. The indices were

built using 96 threads. Smaller values are better.
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The experiment was run using 16 threads. Up and to the right is better.
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4.6 Conclusion

We identify window search as an important and overlooked search problem. The meth-
ods we present for solving window search give a significant speedup over the state of the art,
have strong theoretical guarantees, and are an important step towards ensuring vector databases

efficiently support a full range of necessary embedding search operations.
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Chapter 5: Future Work

There is much work left to be done making ANNS and filtered ANNS versatile, reliable,

and more efficient.

5.1 A Holistic Filtered ANNS

Existing discussion of the filtered ANNS problem either applies no restrictions to the form
of predicates, treating them as black box discriminators, or focuses on a constrained type of filter
only relevant to a small subset of filtered search cases. Constructing metadata-aware indices
which are able to support a broad range of realistic filter scenarios is highly desirable as a step

forward in the practicality of filtered ANNS.

5.1.1 Predicates in CNF

Existing work on AND and OR filters suggest the next step to be more general notions of
boolean predicates which would bring vector databases closer to supporting arbitrary WHERE
clauses in a performant and principled way. To this end, future work should attempt to support
arbitrary boolean predicates in conjunctive normal form(CNF). Arbitrarily long OR clauses are
already effectively served by existing methods such as FilteredDisk ANN [47], and the basic

approach used by IVF? for AND queries could in principle be extended to arbitrarily many labels.
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Combining these methods to serve arbitrary predicates in CNF would improve the practicality of

vector databases and is a promising direction for future research.

5.1.2 Combining Boolean and Window Filters

In a typical product search UlI, all filters provided for a user to restrict searches by can be
represented as boolean ANDs boolean ORs or window filters. As a result, an index effectively
serving all three would be sufficient for this real-world application and is therefore highly desir-
able. As described in this work, both the IVF? index and -WST use Vamana search graphs as
components. Either could be composed with the other by replacing these Vamana search graphs
and addition of relatively straightforward query processing logic to build an index capable in prin-
ciple of serving queries dependent on both labels and windows. The feasibility and performance
of such an index is not known, and investigations of this and similar ideas for this combined filter

case have the potential to be meaningfully impactful.
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Appendix B:  Window ANN Appendix

B.1 ChatGPT Queries for RedCaps Query Generation

Queries were generated in two sessions with ChatGPT-4. The first consisted of the first
query and the second query repeated 4 times. The second consisted of 100 examples copied from

the first session and the third and four query. The first query:

I wish to run an experiment where I generate many possible text queries for my image search
system. Can you help me generate queries? I want you to make the queries casual, and
be as varied and creative as possible. To the best of your ability, don’t repeat yourself!
Here are a few example queries: "Funny cat memes” ”C++ coding joke” ”’Vegan recipe with

blueberries”.

Repeated second query:

Can you generate 100 more? And still make sure to be as creative and casual as possible,
and don’t repeat things you’ve already said! Additionally, try to use unique semantic and

syntactic structure where possible.

Third and fourth queries:

Try not to generate queries with locations in them, because I already have lots of those.

Thank you!
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and

Great, now I just need 100 more, again as little repeats as possible, be creative! These can be

more “internet” language, so things like, e.g., ”funny cat memes.”

B.2 Dataset License Information

SIFT, G1loVE, and DEEP are released under an MIT license by the ANN benchmarks
repository [72]. The original RedCaps license has a restriction to non-commercial use, so our
modified Redcaps dataset is released under the same restriction. Since we generated the Adverse

dataset ourselves, we release it under an MIT license.

B.3 Experiments

B.3.1 Pareto Frontiers

See Figure B.1, Figure B.2, and Figure B.3 for full Pareto frontier plots for a representative

sample of filter widths on all datasets not included in the main text.
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Figure B.1: Comparison of Pareto frontiers of all methods on window search with different filter fractions
on GloVe. Up and to the right is better. On the medium filter fraction settings, our methods achieve
multiple orders of magnitude more queries per second than the baselines at the same recall levels. All
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Figure B.2: Comparison of Pareto frontiers of all methods on window search with different filter fractions
on SIFT. Up and to the right is better. On the medium filter fraction settings, our methods achieve multiple
orders of magnitude more queries per second than the baselines at the same recall levels. All methods are
run with 16 threads.
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Figure B.3: Comparison of Pareto frontiers of all methods on window search with different filter fractions
on Redcaps. Up and to the right is better. On the medium filter fraction settings, our methods achieve
multiple orders of magnitude more queries per second than the baselines at the same recall levels. All
methods are run with 16 threads.

Dataset 2-11 9-10 279 278 27 26 275 274 973 272 92—l 20
Deep (0.8) 1049 1846 35.65 6540 84.88 2623 1023 459 237 133 0.78 0.79
SIFT (0.8) 1.35 1.88 3.05 487 868 1651 11.26 492 247 139 091 0.94
Glove (0.8) 190 256 329 490 882 1637 1057 477 149 090 090 092
Redcaps (0.8) 510 795 11.86 2994 3646 2069 589 259 327 1.14 0.88 0.88
Deep (0.9) 1049 1846 35.65 6540 84.88 2623 1023 426 218 123 0.75 0.76
SIFT (0.9) 1.35 1.88 3.05 487 868 1651 11.26 492 247 139 091 0.94
Glove (0.9) 190 256 329 446 538 997 696 4.04 187 157 090 090
Redcaps (0.9) 318 538 892 1855 1994 1046 433 187 1770 155 0.89 0.89
Deep (0.99) 6.80 11.77 22.05 40.06 50.55 986 433 370 158 147 075 0.75
SIFT (0.99) 1.35 1.79 288 453 804 10.10 6.73 288 1.61 1.01 0.88 091
GloVe (0.99) 190 199 213 196 3.03 4.02 600 571 4.66 267 095 0.92
Redcaps (0.99) 1.30  1.08 .50 132 136 1.87 3.11 086 182 375 N/A N/A
Deep (0.995) 6.80 11.77 22.05 26.07 3298 11.31 991 241 198 149 0.75 0.78
SIFT (0.995) 1.35 .79 288 320 551 10.10 6.73 216 198 096 0.89 0.88
Glove (0.995) 1.90 199 1.63 196 256 328 393 464 458 297 094 093
Redcaps (0.995) | NJA 030 NA NA NA NA NA NA NA NA NA NA

Table B.1: Speedup of our best method over the best baseline, restricted to hyperparameter settings that
yield the recall in parenthesis in the dataset column. N/A means that none of our methods achieved that
recall (on Redcaps this is due to poor DiskANN graph quality).
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