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     The goal in this dissertation is to develop new data-driven techniques for prediction, 

design, and control of the behavior of a variety of engineering systems. The data used 

can be obtained from a variety of sources, including from offline, high-fidelity system’s 

simulation, physical experiments, and online, sparse measurements from sensors.  

Three inter-related research directions are followed in this dissertation. Following the 

first direction, the author presents a multi-step-ahead prediction technique for 

evaluating a single-response (or single-output of the) system’s behavior through an 

integration of the data obtained offline from the system’s high-fidelity simulation, and 

online from single sensor measurements. With regard to the first research direction, the 

key contribution includes a reasonably fast and accurate prediction strategy that can be 

used, among others, for online, multi-step ahead forecasting of the system’s operational 

behavior. Building on the work from the first direction, the author follows a second 

research direction to present a multi-step ahead prediction technique, this time for a 



  

multi-response system’s behavior, that can be used for evaluating various system’s 

designs and corresponding operations. Data in this case is obtained from the offline, 

high-fidelity system’s simulations, and online sparse measurements from multiple 

sensors (or limited number of physical experiments). The main contribution for this 

second direction is in construction of a new data-driven, multi-response prediction 

framework that has a robust predictive capability. Along the third research direction, a 

data-driven technique is used for prediction and co-optimization of a system’s design 

and control. The data in this case is obtained from sensor measurements or a simulator. 

The main contribution achieved through the third direction is a new data-driven 

reinforcement learning-based prediction and co-optimization approach.  

 The methods from this dissertation have numerous applications, including those 

demonstrated here: (i) assessment of safe aircraft flight conditions (Chapters 2 and 3), 

(ii) evaluation of design and operation of a robotic appendage (Chapter 3), and (iii) 

design and control of a traffic system (Chapter 4).   
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Chapter 1: Introduction 

 This chapter begins with an introduction in Section 1.1. It is then followed in Section 

1.2 with a description of three research questions considered in this dissertation. 

Finally, in Section 1.3, the organization of the dissertation is provided. 

1.1 Introduction 

 Data-driven prediction techniques for dynamical systems can have many 

applications, including those for the design, operation, and control of such systems. For 

instance, being able to estimate an aircraft’s structural response for certain flight 

maneuvers can be extremely important for its safe, online operational decisions. So are 

just-in-time prediction of unsafe deformations along a railway track, or timely 

prediction of corrosion damage for water, oil, and gas pipelines, and subsequent 

corrective design, operation, and control decisions. 

 The author’s aim is to develop and provide statistical learning techniques for 

prediction, design, and control of the behavior of a variety of engineering systems by 

using and fusing various types of data. It is assumed that system’s behavior (hereafter 

also referred to as system’s response or system’s output) is dynamical (is a function of 

time) and can be partially observed by data collected from the following sources: (i) 

system’s simulations (which can be high-fidelity) and (ii) single sensor or sparse multi-

sensor measurements or available data from physical experiments data. 

 The proposed techniques in this dissertation can have many applications. Three such 

examples are used in this dissertation to demonstrate applicability of these techniques. 

For the first application, a model for a fixed wing aircraft example is considered which 
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has long, thin wings to extend the performance capabilities. This aircraft can be 

susceptible to aeroelastic flutter behavior, which can result in a premature failure. To 

avoid such a failure, a good prediction of the aircraft’s aeroelastic behavior is necessary 

for determining safe maneuvers during its operation. This example is further detailed 

in Chapters 2 and 3. 

 As a second example, the design and operation of a robotic appendage on a terrain 

with granular material are considered. For the motion of this robotic appendage on the 

terrain, a predictive model is constructed and used to evaluate its various designs and 

operational conditions. This example is further detailed in Chapter 3. 

 As a third example, the traffic behavior (or performance) for a road network is 

considered. The traffic performance in a road network can be predicted, among others, 

by computing a measure of the vehicular queue length and/or vehicular throughput at 

intersections. After predicting the traffic behavior, one can co-optimize the traffic 

performance by designing the vehicular flow directions and controlling traffic signals. 

This example is further discussed in Chapter 4.  

1.2 Research Questions and Directions 

     Three research questions are considered. These research questions and 

corresponding directions are reviewed in the following. 

Research Question 1 (RQ1) -This question reads as follows:  

Is there a way to predict a single output response (representing behavior) of a system, 
multiple time steps ahead, by fusing data obtained offline from the system’s high-
fidelity simulations, and data obtained online from single-sensor measurements? 
 
 The results from RQ1 can be used for online forecasting and evaluation behavior of 

a single-response system. As a result of the investigation of RQ1, a new RECursive 
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Multi-Input-Multi-Output (REC-MIMO) approach has been developed. This approach 

can be used to obtain real-time estimation for a system’s response by considering a 

combination of expensive simulation data, which are obtained during an offline phase, 

and sensor measurement data, which are obtained during an online phase. In the offline 

phase, a Multi-Input-Multi-Output (MIMO) strategy is employed for constructing a 

predictive model for the system’s dynamical responses from simulation data. The 

offline phase data is then prepared for use during the online phase through a 

combination of Proper Orthogonal Decomposition (POD) and Gaussian Process (GP).  

Then, by utilizing measurement data collected from sensor, a recursive strategy is used 

to iteratively construct and enhance multi-step-ahead predictions through a Particle 

Filter (PF) method during the online phase. An example involving aeroelastic responses 

for a joined-wing SensorCraft is used to demonstrate the effectiveness of the proposed 

framework. Through this example, it is shown that the system’s state predictions 

obtained through the REC-MIMO strategy have a comparable accuracy to those 

obtained the from high-fidelity, system’s simulations while significantly reducing 

computational expense. In Chapter 2, the author gives in detail the results of the 

investigation carried out in response to RQ1.  

     Research Question 2 (RQ2) – RQ2, which can be considered as an extension of 

RQ1, is as follows:  

How can we integrate data obtained offline from high-fidelity simulations with limited, 
online multi-sensor measurements (or physical experiments) to (i) predict multiple 
output responses (representing behavior) of a system, multiple time steps ahead, and 
(ii) use the prediction to evaluate various system designs and/or operations? 
 

The results from RQ2 can be used for online forecasting and evaluation of the 

behavior of a multi-response system. As a result of the investigation of RQ2, a new 
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approach has been developed based on an integration of dimension reduction, surrogate 

modeling, and data assimilation techniques. A step-by-step application of the proposed 

approach is demonstrated through a numerical example. The performance of the 

approach is also evaluated with two complex engineering examples. The first example 

involves predicting multi-responses aeroelastic behavior of a joined-wing aircraft in 

which sensors are sparsely placed on its wing. The second example is about estimating 

and evaluating robotic appendage motion for various designs and operational 

conditions, in which limited number of high-fidelity system’s simulations and physical 

experiments data obtained from the literature are used. Through two case studies, it is 

shown that the results obtained from the proposed prediction technique have 

comparable accuracy to those from the high-fidelity simulation, while at the same time 

significant reduction in computational effort is achieved. Chapter 3 contains details on 

the results of the investigation in response to RQ2. 

     Research Question 3 (RQ3): This question is posed as follows:  

How can the prediction of a system’s behavior, using data collected from simulations 
or sensors, be used for simultaneous optimization (or co-optimization) of a system’s 
design and control? 
 
 As a result of the investigation of RQ3, a new data-driven approach is used to predict 

system’s behavior, which is then used for co-optimization of the system’s design and 

control. This research question is investigated in the context of traffic system problems 

by considering design of vehicular flow directions and traffic signal control policy for 

road networks to reduce traffic congestion. For this problem, among others in the 

literature, Reinforcement Learning (RL) has been used for deciding on an “optimum" 

traffic signal control policy to alleviate congestion in a road network. However, the 
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traffic signal control policy can also be optimized in conjunction with the design of 

vehicular flow directions to further improve congestion using an extended RL-based 

technique. The proposed RL-based technique is evaluated by using two examples under 

rush hour and non-rush hour traffic conditions. It is found that, compared to a 

conventional RL-based approach in which only a traffic signal control policy is 

considered, the proposed extension of the RL-based approach can obtain a better traffic 

performance in terms of vehicular queue length and throughput. In Chapter 4, the 

author covers in detail the results of the investigation obtained in response to RQ3. 

1.3 Organization of the Dissertation 

 The organization of the rest of this dissertation is as follows. In Chapter 2, the author 

provides details of an approach for predicting behavior of a single-response system, 

multiple time steps ahead, by fusing data obtained from the system’s high-fidelity 

simulation and single-sensor measurements. Here, a dynamic data-driven prediction 

approach is developed, which consists of an integration of dimension reduction, 

surrogate modeling and data assimilation techniques. The applicability of the proposed 

prediction approach in this chapter is demonstrated by predicting and then evaluating 

the goodness of a single aeroelastic output obtained for a joined wing SensorCraft.  

 In Chapter 3, the prediction approach from Chapter 2 is extended. Specifically, the 

goal in Chapter 3 is to predict behavior of a multi-response (or multi-output) system, 

multiple time steps ahead, by fusing data collected from the system’s high-fidelity 

simulations, and data obtained from a limited number of multi-sensor measurements 

(or physical experiments). The applicability of the proposed multi-response prediction 

approach in this chapter is then demonstrated with two engineering examples. In the 
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first example, the goodness of the prediction is assessed by fusing data obtained from 

a high-fidelity multi-response aeroelastic model for the joined-wing SensorCraft, with 

the data obtained from a sparse multi-sensor measurement. In the second example, the 

goodness of the prediction is assessed using an integration of data obtained from a high-

fidelity multi-response simulation model for a robot appendage motion, with the data 

collected from the literature for a limited number of physical experiments. The 

goodness of the prediction approach is then assessed for evaluating system 

performance, in the first example by changing the locations of the sparse sensors, and 

in the second example by changing the design and operational conditions for the robotic 

appendage.  

 Next, in Chapter 4, the goal is to use a data-driven approach, which can be used with 

simulation or sensor data, to jointly optimize the design and control of a system. The 

approach in Chapter 4 is constructed in the context of a traffic system. Specifically, the 

prediction of the traffic behavior is used to co-optimize the design of vehicular flow 

directions and control of traffic signals at intersection for road networks.  

 Finally, in Chapter 5, a summary of the research results, highlights of the 

contributions and suggested future directions are provided. 

 The reading order of the dissertation is as follows. After reading Chapter 1, the 

reader may follow with Chapter 2 and then Chapter 3. Chapter 4 can be read after 

Chapter 1. Finally, Chapter 5 can be read for the dissertation’s conclusions.  

 In the next chapter, the results of the investigation associated with research question 

1 are presented. 
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Chapter 2: Data-Driven Multi-step-ahead Prediction: An 

Application to Aeroelastic Response for SensorCraft 

 

In this chapter, the outcome of the author’s research due to Research Question 1 is 

presented, i.e., is there a way to predict a single output response (representing 

behavior) of a system, multiple time steps ahead, by fusing data obtained offline from 

the system’s high-fidelity simulations, and data obtained online from single-sensor 

measurements? 

 This chapter is organized based on the author’s previous articles1,2. Accordingly, 

first, a nomenclature section is provided which is specifically tailored for the material 

presented in this chapter. After that the multi-step-ahead prediction problem 

formulation and assumptions are detailed in Section 2.1. Next, related literature is 

provided in Section 2.2. Then, a prediction strategy for evaluating system behavior (or 

response), called REC-MIMO, is presented in Section 2.3. REC-MIMO consists of 

three steps: principal component analysis, Gaussian process, and particle filter. In 

Section 2.4, a nonlinear aeroelastic case study is used to demonstrate the effectiveness 

of the proposed prediction approach. The results obtained from the approach is 

compared against those obtained from a high-fidelity simulation. Meanwhile, the 

 
1 Zhao, X., Kebbie-Anthony, A., Azarm, S. and Balachandran, B. (2019) “Dynamic Data-Driven 
Multi-Step-Ahead Prediction with Simulation Data and Sensor Measurements.” AIAA Journal, 57(6), 
pp. 2270-2279. 
2 Zhao, X., Kebbie-Anthony, A., Azarm, S. and Balachandran, B. (2018) “Dynamic Data-Driven 
Aeroelastic Response Prediction with Discrete Sensor Observations.” In 2018 AIAA Non-Deterministic 
Approaches Conference, p. 2173, Kissimmee, FL, January 8-12. 
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computational cost of the prediction procedure is studied. Finally, a summary of the 

chapter is given in Section 2.5.  
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Nomenclature for Chapter 2: 

𝑎𝑎 total number of multi-step-ahead time steps 

𝑑𝑑 index for POD basis 

𝐷𝐷 number of POD bases 

𝑓𝑓(∙) system dynamic function 

𝑔𝑔(∙) sensor measurement function 

𝑖𝑖 index for 𝑖𝑖𝑡𝑡ℎ training data 

𝐼𝐼 total number of training datasets 

𝑘𝑘 index for time step 

𝑘𝑘0 initial time step 

𝑚𝑚 dimension of system input 

𝑛𝑛 index for 𝑛𝑛𝑡𝑡ℎ particle 

𝑁𝑁 total number of particles 

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒 effective sample size 

𝑅𝑅𝑘𝑘 statistical properties of sensor noise at 𝑘𝑘𝑡𝑡ℎ time step 

𝑠𝑠𝑘𝑘 sensor measurement data at 𝑘𝑘𝑡𝑡ℎ time step 

𝑼𝑼,𝑽𝑽 orthogonal matrices 

𝑣𝑣𝑘𝑘 sensor measurement noise at 𝑘𝑘𝑡𝑡ℎ time step 

𝑉𝑉 airspeed 

𝑤𝑤 weight for particle 

𝒙𝒙 system input for operating conditions 

𝑦𝑦𝑘𝑘 system output at 𝑘𝑘𝑡𝑡ℎ time step 
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𝒀𝒀 available training data 

𝒛𝒛 random variables model for coefficients of POD bases 

𝛼𝛼𝑖𝑖𝑖𝑖 coefficient of 𝑖𝑖𝑡𝑡ℎ training data for 𝑑𝑑𝑡𝑡ℎ POD basis 

𝜌𝜌 air density 

𝚲𝚲 diagonal matrix 

𝜀𝜀 noise for perturbed parameter particles 

𝝓𝝓 subspace of 𝒀𝒀 

𝜑𝜑𝑑𝑑 𝑑𝑑𝑡𝑡ℎ POD basis 

𝛿𝛿(∙) Dirac delta function 

Acronyms  

AoA Angle of Attack 

DIRMO Direct Multi-Input-Multi-Output 

EKF Extended Kalman Filter 

EnKF Ensemble Kalman Filter 

FE Finite Element 

GP Gaussian Process 

MIMO Multi-Input-Multi-Output 

pdf probability density function   

PF Particle Filter 

POD Proper Orthogonal Decomposition 

PSO Particle Swarm Optimization 

REC-MIMO Recursive Multi-Input-Multi-Output 

UVLM Unsteady Vortex Lattice Method 
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2.1 Multi-step-ahead Prediction Problem Formulation and Assumptions 

 For this problem, the goal is to efficiently estimate the system’s multi-step-ahead 

dynamical behavior (𝑎𝑎 time steps ahead of the initial time step 𝑘𝑘1). In Figure 2.1, a 

block diagram of the multi-step-ahead forecasting problem for a system’s dynamical 

behavior is depicted. A system’s single-response dynamical behavior is represented by 

the scalar 𝑦𝑦𝑘𝑘, which is given by the function 𝑦𝑦𝑘𝑘 = 𝑓𝑓(𝒙𝒙,𝑘𝑘). Here, 𝒙𝒙 ∈ ℝ𝑚𝑚 indicates a 

vector of the system inputs, where m indicates the dimension of the inputs, and k is an 

index for time in the range 𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎], where  𝑘𝑘1 and  𝑎𝑎 indicate the initial time step 

and the total number of time steps of the prediction horizon, respectively.  The system’s 

dynamical behavior is assumed to be nonlinearly changing along the time scale as well 

as for different values of system inputs (for different operating conditions), 𝒙𝒙. Since 

the response 𝑦𝑦𝑘𝑘 can change with respect to time for a system input  𝒙𝒙 (which is multi-

input), hereafter such a system is called as a Multi-Input Multi-Output (MIMO) system.  

 In this problem, it is assumed that a set of data, {𝒙𝒙𝑖𝑖,𝒚𝒚𝑖𝑖}𝑖𝑖=1𝐼𝐼 , is available from the 

offline phase through a high-fidelity simulation model, where I is the total number of 

datasets, i is the index of each dataset, and 𝒚𝒚 is a vector of time series system responses 

for the prediction horizon 𝒚𝒚 = [𝑦𝑦1,𝑦𝑦2, … ,𝑦𝑦𝑎𝑎] ∈ ℝ𝑎𝑎. The dataset, {𝒙𝒙𝑖𝑖,𝒚𝒚𝑖𝑖}𝑖𝑖=1𝐼𝐼 , contains 

the system’s dynamical responses for different system inputs. On the other hand, during 

the online stage, it is assumed that there is a stream of data from a single-sensor 

measurement, 𝑠𝑠𝑘𝑘, of the system at each time step, k, which contains a certain amount 

of noise, 𝑣𝑣𝑘𝑘 . Here, the relationship between sensor measurements and the system 

behavior, 𝑦𝑦𝑘𝑘, is given by the function 𝑔𝑔(∙).  
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 As shown in the case study later in this chapter, by combining the available high-

fidelity simulation datasets (obtained offline) with noisy sensor measurements, the 

proposed strategy (detailed in Section 2.3) can obtain fast and reasonably accurate long-

term prediction for the system’s dynamical behavior.  

2.2 Related Literature Review 

 To ensure safe and reliable operation of complex systems in real-time, it is crucial 

to have a fast and accurate dynamical behavior prediction capability. However, 

efficient prediction of future behavior of a complex dynamical system remains a 

challenge. For instance, consider an unmanned aircraft system, such as the joined-wing 

SensorCraft [1, 2], which is designed with thin and highly flexible wings to enhance 

mission efficiency. For this aircraft, nonlinear fluid-structure interactions can result in 

undesired aeroelastic effects, such as flutter, which can result in structural failure. 

While a high-fidelity nonlinear aeroelastic simulation model can provide insights into 

structural responses (or behavior) of the aircraft, it is impractical to carry out such 

simulations online during aircraft operations due to the high computational expense. 

On the other hand, sensors placed on an aircraft can be used to collect structural 

response data at various locations of the aircraft during its operation. However, sensor 

 
Figure 2.1 Block diagram of the problem. 
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data alone are not sufficient for prediction of precursors for aeroelastic instabilities such 

as flutter. Thus, to obtain efficient predictions for a system’s online operation, methods 

for reduction in the computational cost of simulations, as well as preservation of an 

acceptable level of accuracy, need to be developed. This is the main motivation for 

Dynamic Data-Driven Application System (DDDAS), under which the current chapter 

falls. DDDAS has become an overarching framework, whereby application simulation 

data fused with sensor measurement data can help form a symbiotic feedback control 

system [3]. In this framework, one can dynamically incorporate measurement data into 

a running application (e.g., offline high fidelity aeroelastic simulator) for improved 

accuracy and reduced computational cost. The DDDAS concept has numerous 

applications in the areas of environmental analysis (e.g., weather forecasting [4], 

wildland fire detection [5, 6], airborne contaminants identification [7-9]); unmanned 

vehicle systems (e.g., unmanned aerial vehicle [10, 11], unmanned ground vehicle 

coordination [12]); and image processing (e.g., target tracking [13]). 

As mentioned before, the aim of this chapter is to predict a system’s behavior in 

real-time multiple steps ahead. Unlike one-step-ahead prediction, a multi-step-ahead 

prediction is much more challenging and can be used to predict the state of the system 

in two- or several time steps ahead based on past observations, while handling issues 

such as accumulation of errors and increased uncertainty for a long prediction horizon 

[14]. The existing modeling strategies in the literature for multi-step-ahead predictions 

include recursive, direct, Multi-Input-Multi-Output (MIMO), and hybrid techniques. 

With the recursive strategy [15-18], one constructs a one-step-ahead prediction model, 

and then utilizes each predicted system response as the input for estimating the response 
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for the next time step. Examples of the recursive approaches are recurrent neural 

network [19] and iterative local learning techniques [20]. As opposed to the recursive 

strategy, in which one uses a single model, with the direct strategy one estimates multi-

step-ahead values with multiple forecasting models, wherein from each model one 

obtains a predicted value for a single time step. Since an iterative model prediction 

scheme may cause an accumulation of error, it can be concluded from most studies that 

the direct strategy is better than the recursive approach in terms of prediction accuracy. 

However, with the direct strategy, one incurs a significantly large computational 

expense, especially, in the case of a long prediction horizon. The MIMO strategy [21-

23] has been proposed to obtain a vector of multiple dynamical responses in a single 

step. Compared with other strategies, with this MIMO strategy, one can preserve the 

stochastic dependency amongst the dynamic responses at different time steps. The 

MIMO strategy has been recognized to outperform other strategies in a comparative 

study [24].  

On the other hand, active research has been ongoing to develop new hybrid 

strategies based on the abovementioned modeling strategies. For example, the DirRec 

strategy [25] was introduced to integrate aspects from both the direct and recursive 

strategies.  This means that different models are used to directly estimate at each time 

step, as the predictions from previous time steps are iteratively fed into the models for 

later time steps as inputs. The Direct Multi-Input-Multi-Output (DIRMO) strategy [26-

29] has been presented to combine the most appealing aspects of the direct and MIMO 

strategies. In the DIRMO strategy, one trades off the model’s capability to characterize 

the stochastic dependency with the flexibility of the modeling procedure. In reference 
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[29], further study was performed to extend the DIRMO strategy into Particle Swarm 

Optimization (PSO). Here, PSO is used to self-adaptively determine the number of sub-

models with varying prediction horizons. With the combined DIRMO with PSO 

approach, there is improvement in model flexibility and accuracy but at the cost of 

higher computational expense.  

In this chapter, a new prediction strategy is proposed, called RECusive Multi-Input-

Multi-Output (REC-MIMO), in which the recursive strategy and MIMO strategy are 

integrated. The proposed approach is designed to provide efficient multi-step-ahead 

predictions of a single-response system’s behavior in real-time. Following the approach, 

first, the MIMO strategy is employed to build a compact model offline based on the 

data obtained from a high-fidelity (computationally expensive) dynamical simulation 

model. This is achieved through Proper Orthogonal Decomposition (POD) [30-32] and 

Gaussian Process (GP). Here, POD is used to extract the most dominant dynamical 

features from the available simulation data, and then, GP models are constructed to 

interpolate the system’s behavior. Next, a recursive strategy is used to iteratively 

improve model predictions with collected noisy sensor measurement data, wherein 

updating is achieved through a Particle Filter (PF) method [32]. In this way, one can 

propagate uncertainties through a nonlinear model (simulation) without any 

assumptions on the distributions of the state variables. However, to dynamically update 

the multi-step-ahead predictions, the PF might suffer from the “curse of 

dimensionality”, especially, when the prediction time horizon is long. Hence, an 

extension of PF has been proposed to make it more efficient.  These are further detailed 

in the following section. 
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2.3 Proposed Prediction Framework 

The framework for the proposed REC-MIMO strategy is composed of an offline 

phase and an online phase, a schematic of which is shown in Figure 2.2. During the 

offline phase, a MIMO model is employed to directly predict the system’s multi-step-

ahead response for varying system inputs. This is achieved through a combination of 

the POD (see Section 2.3.1) and GP (see Section 2.3.2) techniques. First, POD is 

exploited to extract the most significant features of the prediction horizon (POD bases 

𝝓𝝓), with each simulation response is approximated by low-dimensional coefficients 𝜶𝜶. 

Surrogate models are then constructed to interpolate the variation of the coefficients 

for different system configurations by using GP. Together, those features, and GP 

models are stored offline for use during the online phase. During the online stage, the 

GP models are used to make predictions of the coefficients for a given system input. 

Through the integration of the estimates of the coefficients with POD bases 𝝓𝝓, a priori 

multi-step-ahead prediction can be achieved. Then, with the collected sensor 

measurements, 𝑠𝑠𝑘𝑘, at each time step, the prior estimates will be recursively updated 

through the use of the PF (see Section 2.3.3).  

Further details on this framework (REC-MIMO strategy) are discussed in the 

following subsections. 

 

Figure 2.2 Framework for the proposed prediction strategy. 
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2.3.1 Proper Orthogonal Decomposition (POD) 

 In the context of dynamical systems [30, 31], POD is usually recognized as a method 

to construct simplified meta-models for high-dimensional problems to improve 

computational efficiency. Here, POD is used for extracting a set of significant features 

from offline simulated data. These responses are represented with a substantially lower 

dimensional set of parameters, while preserving dominant characteristics of the original 

simulation data.  

Suppose that the available simulation datasets are stored in the matrix 𝒀𝒀 = {𝒚𝒚𝒊𝒊}𝑖𝑖=1𝐼𝐼 ∈

ℝ𝐼𝐼×𝑎𝑎 . The matrix 𝒀𝒀  can be decomposed through singular value decomposition as 

shown in equation (2.1): 

𝒀𝒀 = 𝑼𝑼𝚲𝚲𝑽𝑽𝑇𝑇 , (2.1) 

In this equation, 𝑼𝑼 ∈ ℝ𝐽𝐽×𝑟𝑟  and 𝑽𝑽 ∈ ℝ𝑎𝑎×𝑟𝑟  are orthogonal matrices, 𝚲𝚲 ∈ ℝ𝑟𝑟×𝑟𝑟  is a 

diagonal matrix that is composed of 𝑟𝑟 = min (𝐼𝐼,𝑎𝑎) elements along its diagonal in 

decreasing order, and T is a transposition operator. Depending on the user defined 

accuracy for maintaining the percentage of information in matrix 𝒀𝒀, the first D singular 

values and their corresponding columns in  𝑼𝑼  and 𝑽𝑽  can be used to approximate 

𝒀𝒀 (𝐷𝐷 ≪ 𝑟𝑟). The POD bases 𝝓𝝓 are given by the first D columns of  𝑽𝑽, as shown in 

equation (2.2): 

 𝝓𝝓 ≔ [𝝋𝝋1,𝝋𝝋2, … ,𝝋𝝋𝑑𝑑, … ,𝝋𝝋𝐷𝐷 ] ∈ ℝ𝑎𝑎×𝐷𝐷. (2.2) 

 Each of the POD bases 𝝋𝝋𝑑𝑑 = [𝜑𝜑𝑑𝑑(𝑘𝑘1),𝜑𝜑𝑑𝑑(𝑘𝑘2), … ,𝜑𝜑𝑑𝑑(𝑘𝑘𝑎𝑎)]𝑇𝑇 represents a different 

dominant feature of 𝒀𝒀over the time interval 𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎]. Each offline simulated results 

contained in 𝒚𝒚𝑖𝑖 can be approximated by a linear combination of these POD bases as 

shown in equation (2.3): 
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 𝒚𝒚𝑖𝑖 ≈ ∑ 𝛼𝛼𝑖𝑖𝑖𝑖𝜑𝜑𝑑𝑑(𝑘𝑘),𝐷𝐷
𝑑𝑑=1       𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎], (2.3) 

Here, 𝛼𝛼𝑖𝑖𝑖𝑖 is the coefficient of the 𝑑𝑑𝑡𝑡ℎ POD basis for the 𝑖𝑖𝑡𝑡ℎ training data 𝒚𝒚𝑖𝑖. The value 

of 𝛼𝛼𝑖𝑖𝑖𝑖 can be obtained by projecting 𝒚𝒚𝑖𝑖 onto the POD bases 𝝋𝝋𝑑𝑑,  as shown in equation 

(2.4): 

𝛼𝛼𝑖𝑖𝑖𝑖 = 𝒚𝒚𝑖𝑖 ∙ 𝝋𝝋𝑑𝑑, (2.4) 

 Thus, each offline simulated response 𝒚𝒚𝑖𝑖  can be approximated with the obtained 

POD bases 𝝓𝝓 and their corresponding low-dimensional coefficient row vector 𝜶𝜶𝒊𝒊 =

[𝛼𝛼𝑖𝑖1,𝛼𝛼𝑖𝑖2, … ,𝛼𝛼𝑖𝑖𝑖𝑖 , … ,𝛼𝛼𝑖𝑖𝑖𝑖] ∈ ℝ𝐷𝐷. 

2.3.2 Gaussian Processes (GPs) 

 In order to characterize the variance of the dynamical responses over the different 

system inputs 𝒙𝒙 , a row vector of random variables, 𝒛𝒛(𝒙𝒙) =

[𝑧𝑧1(𝒙𝒙), 𝑧𝑧2(𝒙𝒙), … , 𝑧𝑧𝑑𝑑(𝒙𝒙), … , 𝑧𝑧𝐷𝐷(𝒙𝒙)] ∈ ℝ𝐷𝐷, is defined and used to statistically model the 

coefficients of the POD bases 𝝓𝝓. Thus, for any given system input, the system response 

(or output) 𝑦𝑦𝑘𝑘 = 𝑓𝑓(𝒙𝒙,𝑘𝑘) can be approximated though a linear combination of POD 

bases with stochastic coefficients 𝒛𝒛(𝒙𝒙) as shown in equation (2.5):  

𝑓𝑓(𝒙𝒙,𝑘𝑘) ≅ 𝑓𝑓(𝒙𝒙,𝑘𝑘) = ∑ 𝑧𝑧𝑑𝑑(𝒙𝒙)𝜑𝜑𝑑𝑑(𝑘𝑘),𝐷𝐷
𝑑𝑑=1     𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎]. (2.5) 

Here,  𝑓𝑓(𝒙𝒙,𝑘𝑘) is used for the estimated system response. The coefficients of each POD 

basis 𝑧𝑧𝑑𝑑(𝒙𝒙) are independently modeled through GPs, which are trained through the 

obtained coefficients’ datasets from the previous step {𝒙𝒙𝑖𝑖,𝜶𝜶𝑖𝑖}𝑖𝑖=1𝐼𝐼 . GPs [33-36] are a 

class of probabilistic models, which can be used to specify distributions over function 

spaces. It is assumed that the output responses over the whole design space follow a 

multivariate distribution such that the output response at a specific design configuration 
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follows a univariate Gaussian distribution. Here, each coefficient 𝑧𝑧𝑑𝑑(𝒙𝒙) of the 𝑑𝑑𝑡𝑡ℎ 

POD basis is assumed to be a multivariate Gaussian distribution over multiple input 

configurations, and 𝑧𝑧𝑑𝑑(𝒙𝒙) at a given input is a univariate Gaussian distribution. The 

selections of the mean and covariance functions are based on the training data. A 

maximum likelihood estimation of the GP model parameters is carried out. Thus, in 

total, D number of GP models are trained. These GP models along with the POD bases 

obtained in previous steps are stored offline and later used online. As will be shown, 

the GP models and the POD bases can be used to efficiently and directly predict the 

system's dynamical response from equation (2.5). These dynamical response 

predictions along with their uncertainties will be treated as prior distributions for online 

updating. 

2.3.3 Particle Filter (PF) 

 Sequential data assimilation can help improve model prediction quality by taking 

advantage of real-time observations, i.e., sensor measurements. For a linear stochastic-

dynamical system, it is possible to derive an exact analytical expression for recursive 

calculations of posterior distributions by using the Kalman filter [37]. This method has 

been extended to deal with nonlinear systems by linearizing the state-space model, as 

with the Extended Kalman Filter (EKF) [38,39]. However, EKF suffers from a high 

computational expense in propagating the covariance error for large-scale problems, 

and is susceptible to instability [38, 40]. Instead, the Ensemble Kalman Filter (EnKF) 

has been proposed to approximate state distributions through a Monte Carlo approach 

[41-43]. Unlike the Kalman filter, with the PF [32], one relaxes the assumption that the 



 20  

state variables are Gaussian distributed. Thus, one can handle the propagation of non-

Gaussian distributions through nonlinear models.  

 To dynamically update the multi-step-ahead predicted system states by PF, one 

requires estimation of the full posterior distribution of the state variables, given the 

sensor measurement,𝑝𝑝(𝑦𝑦𝑘𝑘1 ,𝑦𝑦𝑘𝑘2 , … ,𝑦𝑦𝑘𝑘𝑎𝑎|𝑠𝑠𝑘𝑘),  wherein 𝑝𝑝 is the probability operator. The 

computational expense increases exponentially as the dimension of the prediction 

horizon grows, and thus may be inefficient for real-time usage. Here, PF is proposed to 

integrate with POD to reduce the computational complexity. One avoids inferring the 

probability density function (pdf) of the system states 𝒚𝒚 ∈ ℝ𝑎𝑎, but recursively updates 

the pdf of low-dimensional coefficients 𝒚𝒚 ∈ ℝ𝑎𝑎 (𝐷𝐷 ≪ 𝑎𝑎)  given the sensor 

measurement 𝑠𝑠𝑘𝑘. A full explanation of the PF algorithm is as follows. 

 In PF, the estimated prior pdf of the coefficients is discretely represented by N 

number of particles, wherein the prior pdf is estimated through GP that is indicated as 

𝒛𝒛1𝑛𝑛  for 𝑛𝑛 = 1, … ,𝑁𝑁  and 𝒛𝒛1 ∈ ℝ𝐷𝐷 . Here, the subscript of 𝒛𝒛1 is used to obtain the 

estimated coefficients at time 𝑘𝑘 = 𝑘𝑘1. Meanwhile, these particles are equally weighted 

initially as 𝑤𝑤1𝑛𝑛 = 1/𝑁𝑁 and can be propagated into the state space via equation (2.6) as 

an a priori approximation of system dynamical response: 

𝑓𝑓(𝒙𝒙,𝑘𝑘) = �𝑧𝑧1,𝑑𝑑
𝑛𝑛 (𝒙𝒙)𝜑𝜑𝑑𝑑(𝑘𝑘),

𝐷𝐷

𝑑𝑑=1

    𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎]. (2.6) 

Then, during time step k when a sensor measurement 𝑠𝑠𝑘𝑘 (for 𝑘𝑘 > 𝑘𝑘1) is available, a 

filtering posterior pdf of the coefficients can be approximated by using equation (2.7), 

𝑝𝑝(𝒛𝒛𝑘𝑘|𝑠𝑠𝑘𝑘) ≈ ∑ 𝑤𝑤𝑘𝑘
𝑛𝑛𝛿𝛿(𝒛𝒛𝑘𝑘 − 𝒛𝒛𝑘𝑘−1𝑛𝑛 )𝑁𝑁

𝑛𝑛=1 , (2.7) 
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where 𝑤𝑤𝑘𝑘
𝑛𝑛 is the posterior weight for the 𝑛𝑛𝑡𝑡ℎ  particle at time step k, and  𝛿𝛿(∙) is the 

Dirac delta function. The first step in obtaining the posterior weights involves the 

calculation of the likelihood for each of the particles given the sensor measurement at 

time step k, as shown in equation (2.8) and equation (2.9): 

𝑠𝑠𝑘𝑘 = 𝑔𝑔(𝑦𝑦𝑘𝑘) + 𝑣𝑣𝑘𝑘, (2.8) 

𝑝𝑝(𝑠𝑠𝑘𝑘|𝒛𝒛𝑘𝑘−1𝑛𝑛 ) =
𝐿𝐿(𝑠𝑠𝑘𝑘|𝒛𝒛𝑘𝑘−1𝑛𝑛 )

∑ 𝐿𝐿(𝑠𝑠𝑘𝑘|𝒛𝒛𝑘𝑘−1𝑛𝑛 )𝑁𝑁
𝑛𝑛=1

= 𝑝𝑝(𝑠𝑠𝑘𝑘 − 𝑔𝑔(𝑦𝑦𝑘𝑘𝑛𝑛)|𝑅𝑅𝑘𝑘). (2.9) 

In equation (2.8), 𝑝𝑝 is the probability operator, 𝑠𝑠𝑘𝑘 is the measurement of the system 

response  𝑔𝑔(𝑦𝑦𝑘𝑘)  with the assumed error 𝑣𝑣𝑘𝑘  and the distribution of the sensor 

measurements is represented by 𝑅𝑅𝑘𝑘.  In equation (2.9), the statistical properties 𝑅𝑅𝑘𝑘 of 

the model prediction error 𝑠𝑠𝑘𝑘 − 𝑔𝑔(𝑦𝑦𝑘𝑘𝑛𝑛) are assumed to calculate the probability of a 

sensor measurement through the likelihood function  𝐿𝐿(𝑠𝑠𝑘𝑘|𝒛𝒛𝑘𝑘−1𝑛𝑛 ) . This likelihood 

function depends on the distribution of the assumed error 𝑣𝑣𝑘𝑘 . By utilizing the 

normalized likelihood for each particle, the posterior weights can be obtained by 

equation (2.10):  

𝑤𝑤𝑘𝑘
𝑛𝑛 =  

𝑤𝑤𝑘𝑘−1
𝑛𝑛 ∙𝑝𝑝�𝑠𝑠𝑘𝑘 − 𝑔𝑔(𝑦𝑦𝑘𝑘𝑛𝑛)�𝑅𝑅𝑘𝑘�

∑ 𝑤𝑤𝑘𝑘−1
𝑛𝑛 ∙𝑝𝑝�𝑠𝑠𝑘𝑘 − 𝑔𝑔(𝑦𝑦𝑘𝑘𝑛𝑛)�𝑅𝑅𝑘𝑘�𝑁𝑁

𝑛𝑛=1
  (2.10) 

In this equation,  𝑤𝑤𝑘𝑘−1
𝑛𝑛  is the prior weight from the previous time step. At this point, a 

new weighted sample of the parameters can be used to estimate a discrete weighted 

approximation to the filtering posterior parameters, as well as state variables through 

equation (2.6). 

 As the weights of the discrete samples are updated, it is necessary to check the 

effectiveness of the samples since weight degradation may occur if the uncertainty of 
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the system is too large and too few samples have meaningful weights. The occurrence 

of the weight degradation can be detected from equation (2.11) 

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒 =
1

∑ (𝑤𝑤𝑘𝑘𝑛𝑛)2𝑁𝑁
𝑛𝑛

, (2.11) 

where 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒 is a threshold of the minimum effective sample size that can be defined by 

a user to indicate the occurrence of degradation. 

 To address the degradation, a resampling procedure or systematic resampling [44] 

is selected to generate new samples 𝑧𝑧𝑘𝑘−1−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛  in the parameter space. Systematic 

resampling is the most widely used algorithm in the literature due to how easy it is to 

implement and how it outperforms other resampling schemes in most cases [45]. 

Although basic resampling of states appears to be sufficient due to dynamic properties, 

parameter particles must be perturbed within a small neighborhood to avoid sample 

impoverishment [46], 

𝒛𝒛𝑘𝑘𝑛𝑛 = 𝒛𝒛𝑘𝑘−1−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛 + 𝜺𝜺𝑘𝑘𝑛𝑛     𝜺𝜺𝑘𝑘𝑛𝑛~𝑁𝑁(0, 𝑏𝑏𝜎𝜎𝑘𝑘−1𝑧𝑧 ) (2.12) 

Here,  𝑁𝑁(0, 𝑏𝑏𝜎𝜎𝑘𝑘−1𝑧𝑧 ) is a random sample from the Gaussian distribution with zero mean 

and variance  𝑏𝑏𝜎𝜎𝑘𝑘−1𝑧𝑧 . The term  𝑏𝑏𝜎𝜎𝑘𝑘−1𝑧𝑧  is the product of the variance of the prior 

parameter from the last time step, 𝜎𝜎𝑘𝑘−1𝑧𝑧 ,  and a value, b, which is set in advance by a 

user. 

 Thus, the pdf of low dimensional parameters 𝒛𝒛𝑘𝑘 are iteratively improved. Through 

the integration of these updated low dimensional parameters with extracted offline 

features, the model predictions can be dynamically enhanced. Meanwhile, the PF can 

be used to assimilate sensor measurements in an efficient manner, since the 

computational complexity of calculating multi-step-ahead system responses 𝒚𝒚 ∈ ℝ𝑎𝑎 is 

reduced to a subset of low dimensional parameters 𝒛𝒛 ∈ ℝ𝐷𝐷(𝐷𝐷 ≪ 𝑎𝑎).  
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 In the next section, an illustrative example, demonstrating the effectiveness of the 

proposed REC-MIMO strategy, will be carried out by using aeroelastic simulations of 

a joined-wing SensorCraft. 

2.4 A Case Study: Predicting Nonlinear Aeroelastic Behavior of SensorCraft 

 A case study for predicting the nonlinear aeroelastic responses of a joined-wing 

SensorCraft [1, 2] is presented to demonstrate the proposed approach. Here, the detailed 

description of the case study is first presented in Section 2.4.1. This is followed by an 

application of the proposed framework step-by-step in Section 2.4.2. Finally, the results 

and discussions are provided in Section 2.4.3. 

2.4.1 Description of the Case Study 

 The joined-wing SensorCraft is an experimental aircraft designed with thin and 

highly flexible wings to enhance mission efficiency. However, such a flexible structure 

interacting with fluid flow is susceptible to aeroelastic instabilities, which if not 

carefully addressed can cause structural failure of the aircraft. To address such effects, 

one requires effective long-term (multi-step ahead) prediction of the aircraft behavior 

during its operation in real-time to avoid possible failures. Thus, to realize a safe flight 

envelope for the SensorCraft, the proposed framework is applied to provide efficient 

long-term predictions to determine the system’s aeroelastic stability for various flight 

conditions. More detailed descriptions of the joined-wing SensorCraft aeroelastic 

model can be found in the literature [47-49]. 
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 In this case study, the offline datasets for estimating nonlinear aeroelastic behavior 

are computed by a high-fidelity aeroelastic simulation model, which is executed 

through a co-simulation scheme [50].  In this scheme, a coupled system is partitioned 

into subsystems that are simulated separately and then numerically integrated. Here, 

the co-simulation strategy involves the use of the Unsteady Vortex Lattice Method 

(UVLM) and the Finite Element (FE) method for capturing the aerodynamics and 

structural dynamics, respectively. The UVLM based aerodynamic model is used to 

simulate the aerodynamic loads acting on the aircraft. Then with these computed 

aerodynamic loads, the FE structural model is used to simulate the motions resulting 

from the aerodynamic forces acting on the aircraft’s wings. In Figure 2.3(a), the 

aerodynamic mesh of the joined-wing aircraft is shown. In Figure 2.3(b), a beam model 

of one of the wings of the aircraft is shown. More details on the co-simulation strategy 

along with the UVLM can be found in references [49, 50]. 

The inputs to the aeroelastic simulator are representative of three different physical 

flight parameters. These parameters are the freestream velocity’s magnitude (airspeed), 

 
(a) 

 
(b) 

Figure 2.3 Aeroelastic simulation: (a) aerodynamic grid representation of the joined-

wing SensorCraft, and (b) beam representation of the wings of joined-wing 

SensorCraft. 
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𝑉𝑉, angle of attack, AoA, and atmospheric air density, ρ. The airspeed is affected both 

by the prescribed speed of the aircraft and also by head or tail winds. The angle of 

attack considered is the relative angle of the aircraft made with respect to the head wind 

direction. Variations in the altitude of operation can cause the air density to vary. The 

outputs of the simulator are the modal displacements (from which nodal displacements 

can be also obtained) corresponding to the first ten vibration modes and their associated 

derivatives with respect to time. For the case study, here, only the response 

(displacement) of the first mode has been chosen to demonstrate the implementation of 

the proposed approach. In order to study the aeroelastic stability, the simulation time 

was set sufficiently high (74,882 time steps for each scenario) for the initial transient 

behavior to die out.  

 The available datasets are composed of nine simulated results at different operating 

conditions within the post-flutter regime (after the onset of flutter) as shown in Table 

2.1. These nine cases have been intentionally set to have the same environmental 

conditions (e.g., the same air density). This is done so, as the goal of this case study is 

to interpolate the nonlinear aeroelastic response and possibly identify the flutter 

boundary (e.g., onset of flutter speed) for a given environment condition. However, the 

algorithm can be used to predict for any given air density. In Figure 2.4(a), the time 

dependent modal displacements for those nine conditions are depicted. The simulated 

responses have two stages. The initial stage is dominated by transient effects, which 

persist for approximately 10,000 time steps. The ensuing phase is in steady state 

oscillation. During this phase, the nature of the oscillation, in particular the amplitude, 

can be considered as a measure of the response stability. In this study, the author is 
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primarily concerned with predicting the presence of flutter instability. To this end, it is 

ensured that all transient effects have disappeared in the response studies; so, 

approximately, the final ten periods of oscillation are extracted, as illustrated in Figure 

2.4(b). Amongst these nine truncated simulation results, each one of them will be used 

for the online performance to be estimated, while the other eight sets of data are treated 

as available offline datasets. 

 For the chosen case study, the sensor is assumed to measure the modal displacement 

of the first response mode. In practice, sensor point displacements can be associated 

with modal displacements making this a reasonable assumption. Here, sensor data are 

synthetically generated from a test data set by adding to simulated data a systematic 

Gaussian noise with zero mean and a standard deviation of 0.02 nondimensional 

displacement (6% of the average amplitude), but the prior knowledge of the sensor 

noise is not used in this case study. Instead, the author assumes a large level of sensor 

noise, which is two times the actual standard deviation (0.04 nondimensional 

displacement). Towards the end of the case study, the effects of sensor measurement 

bias and different levels of sensor noise on the prediction accuracy are investigated in 

Section 2.4.3. 
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Table 2.1 Nine operating conditions used in aeroelastic simulations. 
Simulation 
Data Set 

Airspeed 
V  (𝑚𝑚/𝑠𝑠) 

Angle of Attack 
 AoA (°) 

Air Density 
ρ (𝑘𝑘𝑘𝑘/𝑚𝑚3) 

1 160 5 0.1152 
2 161 5 0.1152 
3 162 5 0.1152 
4 163 5 0.1152 
5 164 5 0.1152 
6 165 5 0.1152 
7 170 10 0.1152 
8 175 10 0.1152 
9 180 5 0.1152 

 
 

  

2.4.2 Application of the Proposed Approach 

 In this section, the step-by-step prediction procedure for estimating the first modal 

response displacement is presented; the procedure is shown for one flight condition: 

𝑉𝑉 = 164𝑚𝑚/𝑠𝑠, 𝐴𝐴𝐴𝐴𝐴𝐴 = 5𝑜𝑜, and 𝜌𝜌 = 0.1152𝑘𝑘𝑘𝑘/𝑚𝑚3. The final prediction results for all 

the nine cases are presented in the following section. 

 The first step of the proposed approach is to apply POD to extract dominant features 

from the 8 sets of offline simulation results. As shown in Figure 2.5(a), in this graph, 

the number of POD bases versus the accumulated percentage of response from the 
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(a) (b) 

Figure 2.4 Modal displacements of the first mode responses obtained through 
simulations of 9 operating conditions: (a) over full simulation time and (b) after 
steady state is reached. All quantities are nondimensional. 
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original data is depicted. Here, the number of POD bases is chosen to be five, which is 

sufficient to accurately capture 93.2% of the system’s response. This is attained by 

calculating the sum squares of the first five singular values over all the singular value 

components. The corresponding five POD bases are depicted in Figure 2.5(b). Then, 

by using equation (2.4) to project the original simulation data onto the subspace 

composed of five POD bases, a set of coefficients  {𝒙𝒙𝑖𝑖,𝜶𝜶𝑖𝑖}𝑖𝑖=18  corresponding to 

different input flight conditions 𝒙𝒙 are obtained.  

 In the second step, the GPs are used to characterize the variance of the coefficients 

over varying flight conditions, which are trained by the obtained coefficients data sets  

{𝒙𝒙𝑖𝑖,𝜶𝜶𝑖𝑖}𝑖𝑖=18  from the previous step. Since each element of the coefficients row vector 

𝜶𝜶 = [𝛼𝛼1,𝛼𝛼2, … ,𝛼𝛼5]  is assumed to be independently modeled, 5 GP models are 

constructed. These GP models combined with the POD bases in the form of equation 

(2.8) are stored offline for online usage, which can effectively make long-term 

prediction as prior information for later data assimilation. 

 

 

 
(a) 

 
(b) 

Figure 2.5 (a) Number of eigenmodes versus the percentage of response captured, 
and (b) associated temporal behavior.   
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 During a real-time operation, with the collection of sensor measurements (green 

triangle in Figure 2.6), the prior prediction from the offline models can be improved by 

using the PF. An example of the assimilation process is shown in Figure 2.6, wherein 

the fit over time is shown by comparing the simulated response (red line in Figure 2.6) 

provided by the test dataset with the predicted response (blue line in Figure 2.6) 

obtained from the proposed approach. In Figure 2.6, it shows the state of the prediction 

at times 𝑘𝑘1 , 𝑘𝑘8 , 𝑘𝑘24 , and 𝑘𝑘100 . In Figure 2.6(a), it presents the initial long-term 

prediction from time 𝑘𝑘1  up to 𝑘𝑘1183 , where there is relatively large variance in 

prediction (grey area) and the prediction accuracy decays when approximating for more 

than 500 time steps. The estimate can be seen to continuously improve with the 

assimilation of more sensor measurement data. After the first 8 time steps, there is 

decrease in prediction uncertainty and increase in prediction accuracy up to around 

𝑘𝑘600. By the 24th time step, the variance has dropped substantially, and after the 100th 

step, the difference between the simulated response and model forecasting is not 

discernible. Hence, for around 100-time steps, the proposed approach is able to capture 

the aeroelastic behavior with comparable accuracy to the high-fidelity simulation 

model. 
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2.4.3 Results and Discussion 

 Following the cross-validation process, each of the nine cases will be used to imitate 

an online operation to be estimated. The final predictions obtained after data 

assimilation are shown in Figure 2.7, where the x-axis indicates the time steps of 

prediction horizon, and y-axis displays the first modal displacements. In these Figures, 

the estimated displacements (blue line in Figure 2.7) are compared against the 

simulated results (red line in Figure 2.7) to prediction accuracy. For the majority of the 

cases, the prediction matches discernibly well and it converges to a reasonable accuracy 

level with simulation at an early stage. However, in scenarios 1-3, one has less than 
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(c) 

 
(d) 

Time steps 
Figure 2.6 Online data assimilation process: model prediction versus simulation at 
different times (a) 𝑘𝑘1,  (b) 𝑘𝑘8,  (c) 𝑘𝑘24,  and (d) 𝑘𝑘100 . All quantities are 
nondimensional. 
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ideal fits. The major cause is assumed to be the exceptionally distinct modal 

displacement contained in these datasets, as they are closer to flutter boundary (onset 

of flutter speed 156𝑚𝑚/𝑠𝑠 ). Thus, the obtained POD basis may be insufficient in 

representing the dominant feature in these cases. However, with the information 

collected from sensor measurements, the predictions can be dynamically enhanced to 

capture these distinct modal displacements through the proposed framework. 

Additionally, the number of simulated datasets in this case study is limited. With more 

training sets, the chances of having scenarios with similar oscillations modes would 

increase, which would in turn help further enhancing the model predictive abilities.  

The root mean squared error (RMSE), calculated by using equation (2.13), for each 

of the nine scenarios is displayed in Table 2.2. 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �
∑ (𝑦𝑦�𝑘𝑘 − 𝑦𝑦𝑘𝑘)2𝑘𝑘𝑎𝑎
𝑘𝑘=𝑘𝑘1

𝑎𝑎
�
1/2

 (2.13) 

Here, 𝑦𝑦�𝑘𝑘 is the predicted modal displacement, 𝑦𝑦𝑘𝑘 is the simulated displacement at time 

step k, and a is the total number of time steps for each operating scenario.  

 

 

 

 

 

 

 

  



 32  

 
Table 2.2 RMSE for 9 operating scenarios. 

Inputs 1 2 3 4 5 6 7 8 9 Mean 
RMSE 0.020 0.017 0.022 0.016 0.016 0.011 0.026 0.019 0.022 0.019 

 

 To further study the robustness of the proposed framework, the effects of sensor 

measurement bias and the noise level on the model prediction performance are 

investigated. Here, in addition to the white Gaussian noise contained in a sensor 

measurement, 10% measurement bias (0.26 nondimensional displacement) has been 

added to assess the sensitivity of the proposed framework to the measurement error. 
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 Time steps 
Figure 2.7 Final model estimations versus simulations for different test scenarios: (a 
- i) Scenarios 1 – 9.  
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Following the application of the proposed framework, the final predictions for each of 

nine cases can be obtained. Two representative prediction results have been selected to 

illustrate the influence of measurement bias on the prediction performance, as shown 

in Figure 2.8. One representative result is from test scenario 8 as illustrated in Figure 

2.8(b). The predicted modal displacements still show noticeable agreement with 

simulation even in the presence of measurement error. However, in contrast to the 

results without measurement bias in Figure 2.7(h), the prediction uncertainties augment 

and persist for a longer time horizon. Another representative result is for the test 

scenario 3 as displayed in Figure 2.8(a). Comparing with estimates given in Figure 

2.7(c), the inclusion of measurement error induces more prediction spikes, as well as 

increases the prediction uncertainty. It is believed the major reason for this is the 

increase in the uncertainty in the assimilation process due to the measurement bias. As 

mentioned before, the offline expensive simulation might be inadequate in addressing 

the exclusive displacement pattern of case 3. It requires the integration of simulation 

with sensor measurements for capturing such dynamics. The measurement bias extends 

the number of assimilation cycles, and uncertainties in the resampling procedure. 

Additionally, different proportions of measurement bias (fixed noise), from 6% to 20% 

of the average amplitude, are used and the framework is tested for the prediction 

performance as shown in Figure 2.9(a). As shown in this figure, the RMSE rises with 

introduction of measurement bias. However, the prediction error is pretty robust with 

a certain range of measurement bias until it is over 20% of average amplitude. The 

predicted RMSE for different levels of sensor noise, with standard deviations from 2% 

to 30% of the average amplitude, are shown in Figure 2.9(b). A trend can be seen in 
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this figure, the increase of RMSE is much lower than the increase of sensor noise. Thus, 

it can be said that one can use the proposed approach to obtain relatively robust 

prediction comparable to the expensive simulation, even in the presence of sensor 

measurement bias and noise. 

In this case study, the computing platform that was used is a Dell computer with a 

Windows 10 operating system, Intel Xeon CPU E3-1245 v5 3.50GHz, and 16.0 GB 

RAM. During the offline stage, initial predictions from the stored offline models were 

made within 0.01 seconds. For the assimilation of the sensor measurement data, each 

iteration takes approximately 0.01 seconds. In this case study, it takes around 100 

assimilation iterations (one second in total) to attain a comparable accuracy to that of 

the high-fidelity aeroelastic simulator, as shown in Figure 2.6(d). This is a major 

reduction in computational expense compared to the simulation model, which takes 30 

hours to simulate the aeroelastic behavior for each operating condition. Additionally, 

it is envisioned that the proposed approach may also be used in conjunction with motion 

estimation schemes such as those presented for systems with flexible wings (e.g., [51]). 

 

 
   (a) 

 
(b) 

Figure 2.8 Representative model prediction with 10% sensor measurement error for 
test scenarios: (a) scenario 3, and (b) scenario 8. 
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Figure 2.9 Mean RMSE of model predictions at different level of (a) 

measurement bias, and (b) sensor noise. 
 

 

2.5 Summary 

 In this chapter, a new dynamical multi-step-ahead prediction strategy (REC-MIMO) 

has been developed and presented. This strategy is designed to predict single-response 

system’s behaviors in real-time through an efficient integration of simulation data 

(offline) and sensor measurement data (online). During the offline stage, a MIMO 

model is constructed to directly forecast the system’s dynamical response for varying 

system inputs and time steps, which is achieved through a combination of POD and 

GPs. Then, during the online phase, PF is utilized to recursively update the prior 

predictions with the collected sensor measurement data. With the results obtained from 

the aeroelastic simulations of the experimental joined-wing SensorCraft, the 

effectiveness of the proposed framework for prediction of aeroelastic responses has 

been demonstrated. These multi-step-ahead predictions can be used to identify the 

precursor of the aeroelastic instabilities with comparative accuracy to a high-fidelity 

simulation model, while significantly reducing the computational expense. In addition, 

the further investigation is conducted to study the effects of measurement bias and noise 

on the model performance. Based on the case study, it has been revealed that the 
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prediction accuracy is relatively robust even in the presence of measurement bias and 

noise.   

 In the next chapter, the second research question will be presented, which is an 

extension of the prediction system behavior strategy presented in this chapter with 

applications in evaluating various system’s designs and operations. 
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Chapter 3: Data-Driven Prediction for Design and Operation: 

Application to Aeroelastic Response and Robotic Appendage 

 In this chapter, the outcome of the investigation due to Research Question 2 is 

presented, i.e., how can we integrate data obtained offline from high-fidelity 

simulations with limited, online multi-sensor measurements (or physical experiments) 

to (i) predict multiple output responses (representing behavior) of a system, multiple 

time steps ahead, and (ii) use the prediction to evaluate various system designs and/or 

operations? 

 The material for this chapter is organized based on the author’s previous articles3,4. 

Accordingly, the description starts with a nomenclature section specifically tailored for 

this chapter. Next, the formulation of a prediction approach is presented. The prediction 

approach in this chapter is an extension of that presented in Chapter 2.  For example, 

while in Chapter 2 the prediction was constructed from the data obtained using a high-

fidelity, single-response simulation, in this chapter, the prediction is obtained from a 

high-fidelity multi-response simulation. Moreover, while the (synthetic) data in 

Chapter 2 was generated from a single sensor, in this chapter, the synthetic data is 

generated for a sparse number of sensors (or from a limited number of physical 

experiments).  

 
3 Zhao, X., Azarm, S. and Balachandran, B. (2021) “Online Data-Driven Prediction of Spatio-Temporal 
System Behavior Using High-Fidelity Simulations and Sparse Sensor Measurements.” Journal of 
Mechanical Design, 143(2): 021701. 
4 Zhao, X., Azarm, S. and Balachandran, B. (2018) “Dynamic Data-Driven Spatiotemporal System 
Behavior Prediction with Simulations and Sensor Measurement Data.” ASME 2018 International Design 
Engineering Technical Conferences and Design Automation Conference, vol(2B): V02BT03A060, 
Quebec City, Canada, August 26-29. 
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 In Section 3.1, a description of the problem statement together with corresponding 

assumptions are provided. Then, in Section 3.2, the background literature is reviewed 

and gaps are identified. Next, in Section 3.3, an extension to the dynamic data-driven 

prediction approach from Chapter 2 is presented. The approach is constructed by using 

and fusing data from different, including those obtained from the high-fidelity multi-

response system simulation, and from a sparse number of sensors (or spare number of 

physical experiments). Following this, the proposed prediction approach is used for 

evaluating a variety of system designs and/or operational conditions. Next, in Section 

3.4, the applicability of the proposed prediction approach is demonstrated step-by-step 

using a numerical example, and further evaluated by two engineering examples. In the 

first engineering example, an application of the approach using a multi-response 

aeroelastic prediction for a SenorCraft is presented, wherein by changing sensor 

locations, the predictive capability of the proposed approach is investigated. The 

second example is on using the prediction approach for evaluating a variety of designs 

and operational conditions for robotic appendage motions, based on a combination of 

data collected from high-fidelity simulations and limited physical experiments obtained 

from the literature. Finally, a summary for this chapter is provided in Section 3.5.  
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Nomenclature for Chapter 3: 

𝑎𝑎 total number of time steps 

𝑎𝑎𝑗𝑗,𝑘𝑘 a component of parameter matrix 𝑨𝑨 with respect to each index 

𝑨𝑨 random variables of parameter matrix  

𝒅𝒅𝒋𝒋 coordinates of the j-th spatial location 

𝒇𝒇(∙) system’s dynamic function 

𝑖𝑖 index for simulated dataset 

𝐼𝐼 total number of simulated datasets (or training data) 

𝑗𝑗 index for spatial location 

𝐽𝐽 dimension of multi-response system behavior 

𝑘𝑘 index for time step 

𝑙𝑙 dimension of measurement data (sensors or physical experiments) 

𝐿𝐿(∙) likelihood function 

𝑚𝑚 dimension of system inputs 

𝑴𝑴 sparse diagonal sensors measurement matrix 

𝑁𝑁𝑝𝑝 total number of particles 

𝑝𝑝 index for particle 

𝑃𝑃(∙) probability function 

𝑟𝑟1 rank for spatial dimension 
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𝑟𝑟2 rank for temporal dimension 

𝑅𝑅𝑗𝑗,𝑘𝑘 variance of sensor measurement at j-th location and time step k  

𝑅𝑅𝑘𝑘 variance vector of sensor measurements at time step k  

𝑠𝑠𝑗𝑗,𝑘𝑘 sensor measurement at j-th location and time step k 

𝒔𝒔𝑘𝑘 sensor measurements at time step k  

𝜈𝜈 airspeed 

𝑤𝑤 importance weight for a particle (or sample point) 

𝒖𝒖𝑖𝑖,𝒗𝒗𝑗𝑗 ,𝒘𝒘𝑘𝑘 i-th, j-th and k-th eigenvectors for eigen matrices 𝑼𝑼 , 𝑽𝑽  and 𝑾𝑾 

respectively 

𝑼𝑼,𝑽𝑽,𝑾𝑾 eigen matrices for tensor 𝜒𝜒 

𝑽𝑽�,  𝑾𝑾�  truncated eigen spatial and eigen temporal matrices 

𝒙𝒙 a vector of variables for system design 

𝑦𝑦𝑗𝑗,𝑘𝑘 system behavior at j-th location and time step k  

𝑦𝑦𝑗𝑗,𝑘𝑘
𝑝𝑝  p-th particle value for system behavior at j-th location and time step k  

𝒚𝒚𝑘𝑘 system behavior for all spatial locations at time step k  

𝒀𝒀 system behavior at all spatial locations and time steps 

𝒀𝒀𝑖𝑖 spatio-temporal system behavior for i-th system input xi 

𝑿𝑿 vector of system input 

𝒜𝒜 parameter tensor 



 41  

𝛿𝛿(∙) dirac delta function 

𝜉𝜉 decomposed core tensor 

𝜌𝜌 air density 

𝜔𝜔 stride frequency 

𝜒𝜒 offline simulated (or training) tensor data 

ACRONYMS 

AoA angle of attack 

DDDAS dynamic data-driven application systems 

EnKF ensemble Kalman filter 

GP Gaussian process 

HOSVD higher-order singular value decomposition 

NN neural network 

PCA principal component analysis 

pdf probability density function 

PF particle filter 

ROPF reduced-order particle filter 

SVD singular value decomposition 
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3.1 Prediction for System Design and Operation: Problem Formulation and 

Assumptions 

 The goal in this problem is to provide efficient predictions for multi-response system 

behavior under a variety of system designs and/or operational conditions. A block 

diagram of the prediction problem for this chapter is depicted in Figure 3.1. Here, multi-

response system behavior is represented by a vector 𝒚𝒚𝑘𝑘 ∈ ℝ𝐽𝐽 with the dimension of J, 

which is given by a vector of functions, 𝒚𝒚𝒌𝒌 = 𝒇𝒇(𝒙𝒙,𝒅𝒅𝑗𝑗 ,𝑘𝑘). Here, 𝒙𝒙 ∈ ℝ𝑚𝑚 is a vector of 

the system’s inputs, which can representing system’s design variables and/or system’s 

operational condition; 𝒅𝒅𝑗𝑗 , 𝑗𝑗 = 1, … , 𝐽𝐽, is a three-dimensional vector that consists of the 

coordinates of the system’s j-th location; and k is an index for the time steps in the 

range 𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘𝑎𝑎], where 𝑘𝑘1  and subscript a indicate the initial time step and the 

number of time steps of the prediction, respectively. The system’s behavior function 

𝒇𝒇(∙)  is assumed to vary nonlinearly with respect to the system’s input, space (or 

location) and time.  

 To estimate the multi-response system behavior, it is assumed that high-fidelity 

simulations can provide a set of simulated input-output data, {𝒙𝒙𝑖𝑖,𝒀𝒀𝑖𝑖}𝑖𝑖𝐼𝐼, during an offline 

stage. Here, I is the total number of offline datasets, i is the index of each dataset and 

𝒀𝒀 ∈ ℝ𝐽𝐽×𝑎𝑎 is a matrix of the system’s response for all system’s spatial locations and 

time steps. It is assumed that during the online stage, sensors can provide 

measurements, 𝒔𝒔𝑘𝑘 ∈ ℝ𝑙𝑙, of the system’s response for each time step, where l indicates 

the total number of sensors. The sensors are assumed to be sparsely located on the 

system and measure the system behavior 𝑦𝑦𝑘𝑘 for each time step k. The locations of the 

sensors are indicated by 𝑴𝑴 ∈ ℝ𝐽𝐽×𝐽𝐽, a sparse diagonal matrix with each of its diagonal  
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Figure 3.1 Block diagram of the problem. 

 

element’s binary values representing whether a sensor is located (with the value of one) 

at the system’s j-th location or not (with the value of zero).  For the sensors, the 

following assumptions are made: (i) there is no interference among the sensors, (ii) the 

number of sensors is assumed to be much smaller than the number of the system’s 

spatial locations of interest (𝑙𝑙 ≪ 𝐽𝐽), and (iii) all sensors are operational at all times, and 

are subjected to Gaussian or non-Gaussian white noises, where their noise variance 

vector (for all sensors) indicated as 𝑹𝑹𝑘𝑘 for each time step k.  

 The sensor data or physical experiment data and available offline simulation datasets 

are combined using the proposed approach, as detailed in the next section, to predict 

the behavior of the system for any configuration of the system’s design and operational 

conditions.  

3.2 Related Literature Review 

 Several challenges exist in the online prediction of multi-response system behavior 

with data-driven approaches, especially for the system involves spatio-temporal 

behavior and for a variety of system designs and/or operational conditions. One main 

challenge is the management of uncertainty associated with sparsely distributed sensor 

measurements as well as the uncertainty introduced through inference from sensor data 

[52-56]. A second challenge is the existence of a complex spatio-temporal correlation 
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among responses [52-55].  This includes the spatial information, as well as the complex 

dependencies among time-varying multiple responses of the system. An additional 

challenge is when there is a limit on the available computational resources available 

and a possible need for online decision making [56]. 

 Due to these challenges, traditional linear data-driven methods, for example, 

autoregressive moving average [57], often result in poor prediction of the system’s 

behavior. Recently, several nonlinear data-driven prediction methods have been 

proposed, especially, based on (i) Neural Network (NN) [58-61], (ii) Bayesian 

estimation methods [34, 41-42, 62, 64-67], and (iii) functional decomposition methods 

[30-31, 68-70]. However, these recent methods may not be readily applicable either, as 

discussed next. 

 Firstly, deep learning based NN methods, e.g., Long Short-Term Memory [58] 

(LSTM), have been widely applied for time series predictions. The NN based methods 

are known to perform well in predicting complex dynamics for many applications, 

including road network traffic [58, 59], wind power [60], and so on. However, NNs 

usually require a large training set and have not been very reliable in handling the effect 

of data uncertainty [62, 63], e.g., due to sensor measurements. Moreover, NNs do not 

directly include spatio-temporal correlation for modeling the system behavior [62, 63]. 

 Secondly, methods such as recursive Bayesian estimation can be used to 

dynamically improve model prediction with the incorporation of online measurements. 

For instance, in contrast with the Ensemble Kalman Filter (EnKF) method [41], by 

using the Particle Filter (PF) [32, 64], one can propagate non-Gaussian distributions 

through nonlinear models, but at the cost of increasing the computational expense. To 



 45  

efficiently update a multi-step-ahead system prediction, an approach is proposed in the 

author’s previous work [71], which integrates a Particle Filter (PF) method with proper 

orthogonal decomposition to reduce the dimension and computationally complexity of 

the data assimilation procedure, and thus made it possible for real-time usage. In 

addition, Gaussian Processes (GPs) [34, 65-67] have also been widely studied as 

Bayesian nonparametric methods for predicting system’s dynamics under uncertainty. 

Although these Bayesian based methods are inherently able to handle measurement 

uncertainty, they suffer from exponential computational complexity as the dimension 

of the problem grows.  

 Thirdly, functional decomposition methods have received increased attention as they 

have been used to make complicated model prediction computationally tractable. 

Typically, methods in this category are hybrid, wherein an adaptive basis is formed 

from the data and then predictive methods are employed to forecast the evolution of 

individual components of the basis. For example, the data can be decomposed as 

sinusoidal wave bases by Fourier analysis [68], Haar wave bases through Wavelet 

transform [69], or eigenvectors in Principal Component Analysis (PCA) [30-31, 70]. 

Following that, a neural network can be employed to estimate the individual 

components. However, conventional linear decomposition methods, such as PCA, 

often become inadequate to address spatio-temporal data. In those methods, only one 

factor at a time is allowed to vary; for example, either time or space, and moreover the 

spatio-temporal correlation is ignored. On the other hand, the Higher-Order Singular 

Value Decomposition (HOSVD) method is considered as a generalization of the matrix 

singular value decomposition for multi-way arrays [72-74]. HOSVD has been 
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commonly applied to multi-model tensor data analysis, e.g., for face recognition [73], 

and real-time disease surveillance with complex spatio-temporal data streams [74].    

 In this chapter, the objective is to develop a fast, online, data-driven approach to 

predict spatio-temporal, multi-response system behavior for dynamical systems 

through the integration of high-fidelity simulation data (offline) and sensors 

measurement data (or physical experiment data). This chapter is an extension of the 

author’s earlier work [71], as presented in Chapter 2.  

 In this chapter, the author addresses two new challenges, namely: 1) sparse sensors 

measurement data (or physical experiments), which include sensor measurement 

uncertainty as well as the uncertainty due to the inference from sensor data, and 2) 

multi-response simulation and spatio-temporal correlation among responses.  

 Based on the gaps identified, several contributions are made in this chapter. Firstly, 

the proposed approach can be used to reduce the dimension of the simulation data while 

still retaining the dependencies among time-varying responses obtained from the 

system’s different locations. Secondly, in the proposed approach, the GP integrated 

with HOSVD is constructed as a surrogate model to estimate the nonlinear system’s 

behavior. The surrogate model is stored offline and used to make an efficient prior 

prediction for use during the online stage. Thirdly, a data assimilation method, the 

Reduced-Order Particle Filter (ROPF), is proposed to dynamically improve the 

surrogate model prediction with sparse, noisy sensors measurement data, or sparse data 

collected from physical experiments. This technique can be used to propagate the 

model predictions as well as their uncertainties for a nonlinear model. Meanwhile, 

ROPF significantly reduces the computational cost compared to the traditional PF.  
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3.3 Proposed Framework 

 As shown in Figure 3.2, the proposed approach is composed of three main steps, 

Step 1 to Step 3, and can be divided into an offline and an online phase. The offline 

phase is used to construct an efficient surrogate model using training data generated by 

the high-fidelity simulation. In Step 1 (see Figure 3.2), the HOSVD method is used to 

obtain eigen spatial and eigen temporal matrices from the simulation data, and to 

represent the simulation data by a set of low-dimensional projected parameters. In Step 

2, the GPs trained by the parameter dataset obtained from Step 1 are employed to model 

the variation of the projected parameters over different values of system inputs. These 

GP models along with the eigen spatial and eigen temporal matrices are stored offline 

for making prior spatio-temporal prediction during online operation. In Step 3, ROPF 

is utilized to assimilate sparse sensors measurement data to iteratively update the 

prediction of the projected parameters. By integrating the updated parameters with 

eigen spatial and eigen temporal matrices, an efficient update for spatio-temporal 

predictions can be obtained.  

 A detailed explanation for each step is presented in Sections 3.3.1-3.3.3. To clarify 

the notation, the symbols used for scalars, vectors, matrices, and tensors, as well as 

their products are defined in Table 3.1. 
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Figure 3.2 Framework for the proposed approach 
 

Table 3.1 Definition of symbols and products 
Symbol   Definition  

𝜒𝜒,𝑿𝑿, 𝒙𝒙, 𝑥𝑥 Tensor, matrix, vector, scalar 
𝜒𝜒 ×𝑖𝑖 𝑿𝑿 Multiplication of tensor and matrix, which forms the i-th 

index of 𝜒𝜒 with second index of 𝑿𝑿 
𝜒𝜒 = 𝒙𝒙𝑖𝑖 ⨂…𝒙𝒙𝑛𝑛 …⨂𝒙𝒙𝑛𝑛  Tensor or outer product of vectors 𝒙𝒙𝑛𝑛 ∈ ℝ𝐼𝐼𝑛𝑛(𝑛𝑛 = 1, … ,𝑁𝑁) 

yields a rank 1 tensor 𝜒𝜒 ∈ ℝ𝐼𝐼1×𝐼𝐼2×…×𝐼𝐼𝑁𝑁  

3.3.1 Higher-Order Singular Value Decomposition (HOSVD) 

 The approach presented in this section follows the ideas in a multilinear projection 

algorithm [72, 73], which is used in dimension reduction of images resulting from 

multiple factors. Here, HOSVD is used to reduce the dimension of the system output. 

HOSVD, which is a multilinear extension of the matrix SVD to higher-order tensors, 

is employed to analyze system behavior ensembles in which multiple variables, such 

as time, space, and system inputs, are allowed to vary. Let the tensor 𝜒𝜒 = {𝒀𝒀𝑖𝑖}𝑖𝑖𝐼𝐼 ∈
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ℝ𝐼𝐼×𝐽𝐽×𝑎𝑎 represent an ensemble of offline simulated system behaviors. Here, a three-

mode SVD is used to decompose the tensor 𝜒𝜒, as shown in equation (3.1): 

𝜒𝜒=𝜉𝜉 ×1 𝑼𝑼 ×2 𝑽𝑽 ×3 𝑾𝑾  (3.1) 

where ×1 𝑼𝑼, ×2 𝑽𝑽, and ×3 𝑾𝑾 denote multiplication of the core tensor 𝜉𝜉 ∈ ℝ𝐼𝐼×𝐽𝐽×𝑎𝑎 and 

the eigen matrices 𝑼𝑼 ∈ ℝ𝐼𝐼×𝐼𝐼 , 𝑽𝑽 ∈ ℝ𝐽𝐽×𝐽𝐽 , and 𝑾𝑾 ∈ ℝ𝑎𝑎×𝑎𝑎 , form the first, second and 

third indices of 𝜉𝜉 with the second indices of 𝑼𝑼, 𝑽𝑽 and 𝑾𝑾, respectively. Here, the core 

tensor 𝜉𝜉 governs the interaction between the features of system inputs, space, and time 

represented in the eigen matrices.  

 The multilinear HOSVD of equation (3.1) can also be reformulated as the outer 

product, denoted by ⨂, of the eigenvectors as shown in equation (3.2): 

𝜒𝜒 = ���𝜉𝜉𝑖𝑖,𝑗𝑗,𝑘𝑘𝒖𝒖𝑗𝑗 ⨂𝒗𝒗𝑗𝑗
𝑇𝑇⨂𝒘𝒘𝑘𝑘

𝑇𝑇

𝑘𝑘𝑎𝑎

𝑘𝑘=𝑘𝑘1

𝐽𝐽

𝑗𝑗=1

𝐼𝐼

𝑖𝑖=1

 

 

 
(3.2) 

Where 𝒖𝒖𝑖𝑖, 𝒗𝒗𝑗𝑗, and 𝒘𝒘𝑘𝑘, are the i-th, j-th, and k-th eigenvectors of the eigen matrices 𝑼𝑼, 

𝑽𝑽 and 𝑾𝑾, respectively. The superscript T is for transposition. Similarly to PCA, the 

tensor 𝜒𝜒 can be approximated by discarding the multi-linear eigenvectors and slices of 

the core tensors. The rank of the tensor can be determined by computing the multi-

linear singular values, chosen based on the percentage of information needed or desired 

to be kept. Here, the ranks for the multi-dimensional tensor data can be different along 

different dimension. Let 𝑟𝑟1 and 𝑟𝑟2 be the respective ranks of tensor 𝜒𝜒 selected for the 

spatial and temporal dimensions. Thus, the truncated eigen spatial matrices are 

 𝑽𝑽� ∈ ℝ𝐽𝐽×𝑟𝑟1 and eigen temporal matrices 𝑾𝑾� ∈ ℝ𝑎𝑎×𝑟𝑟2. By a multi-linear projection of the 

tensor data 𝜒𝜒 onto the truncated eigen matrices, a set of low-dimensional projected 

parameter tensor 𝒜𝒜 ∈ ℝ𝐼𝐼×𝑟𝑟1×𝑟𝑟2 can be obtained: 
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𝒜𝒜 = 𝜒𝜒 ×2  𝑽𝑽� ×2  𝑾𝑾�  (3.3) 
 Here, the parameter tensor is composed of I  number of parameter matrices. Each 

parameter matrix contains a set of coefficients for eigen spatial and eigen temporal 

matrices, which represents the interaction between spatial and temporal variability for 

the spatio-temporal system output corresponding to each system input. Note that, 

comparing against the conventional PCA, the multi-linear analysis has several 

advantages. First, it enables the representation of system behavior, regardless of 

different system inputs, by shared eigen spatial and eigen temporal matrices. Thus, 

HOSVD further reduces the dimension of the offline simulation data 𝜒𝜒 , while 

maintaining the spatio-temporal correlation. In this way, the simulated tensor data 𝜒𝜒 is 

approximated by a low dimensional parameter tensor 𝒜𝒜,  as in equation (3.4): 

𝜒𝜒 ≈  ��𝒜𝒜𝑖𝑖,𝑗𝑗,𝑘𝑘𝒗𝒗𝑗𝑗
𝑇𝑇⨂𝒘𝒘𝑘𝑘

𝑇𝑇, ∀𝑖𝑖

𝑟𝑟2

𝑘𝑘=𝑘𝑘1

𝑟𝑟1

𝑗𝑗=1

 
 
(3.4) 
 

 Here,  𝒜𝒜𝑖𝑖,𝑗𝑗,𝑘𝑘  is a component of parameter tensor 𝒜𝒜  with respect to each of its 

indices. 

3.3.2 Gaussian Processes (GPs) 

 To model the variability of the spatio-temporal responses with respect to the system 

inputs, a matrix of random variables, 𝑨𝑨(𝒙𝒙) ∈ ℝ𝑟𝑟1×𝑟𝑟2, is defined to statistically model 

the projected parameters. Through an integration of these random variables with eigen 

spatial and eigen temporal matrices, the system’s spatio-temporal output can be 

approximated, as in equation (3.5): 

𝒇𝒇�𝒙𝒙,𝒅𝒅𝑗𝑗 ,𝑘𝑘� ≈ 𝒇𝒇��𝒙𝒙,𝒅𝒅𝑗𝑗 ,𝑘𝑘� = ��𝑎𝑎𝑗𝑗,𝑘𝑘(𝒙𝒙)𝒗𝒗𝑗𝑗
𝑇𝑇⨂𝒘𝒘𝑘𝑘

𝑇𝑇

𝑟𝑟2

𝑘𝑘=𝑘𝑘1

𝑟𝑟1

𝑗𝑗=1

 
 

(3.5) 
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 Here, 𝑎𝑎𝑗𝑗,𝑘𝑘  is a component of the parameter matrix 𝑨𝑨 with respect to each of its 

indices. Each of these parameter components is independently modeled through the 

GPs, which are trained by the estimated parameter tensor �𝒙𝒙𝑖𝑖,𝒜𝒜𝑖𝑖,𝑗𝑗,𝑘𝑘�𝑖𝑖
𝐼𝐼
 obtained from 

Step 1.  

 For the training of the GPs, the main computational burden is associated with the 

calculation and inversion of the covariance matrix. However, here the computational 

effort for the training has been mainly assigned to the offline stage. The constructed 

GP models along with the eigen spatial and eigen temporal matrices obtained in Step 1 

are retained offline for online usage. Thus, the computational cost can be notably 

reduced for the online (real-time) phase. As a result, during the online stage, the spatio-

temporal predictions can be obtained for any given system inputs. These predictions 

are treated as prior estimations and updated with sensors measurement data collected 

in Step 3. 

3.3.3 Reduced-Order Particle Filter (ROPF) 

 This step consists of a data assimilation process, wherein the system’s behavior 

estimation is recursively updated each time an observation becomes available. For the 

conventional PF, in order to dynamically update the spatio-temporal system response 

estimate, the estimate of the full posterior distribution of the system response variables 

𝒀𝒀 ∈ ℝ𝐽𝐽×𝑎𝑎,  is necessitated as shown in equation (3.6): 

𝑃𝑃(𝒀𝒀|𝒔𝒔𝑘𝑘) =

⎝

⎛

𝑦𝑦1,𝑘𝑘1 𝑦𝑦1,𝑘𝑘2
… 𝑦𝑦1,𝑘𝑘𝑎𝑎

𝑦𝑦2,𝑘𝑘1 𝑦𝑦2,𝑘𝑘2
… 𝑦𝑦2,𝑘𝑘𝑎𝑎

⋮
𝑦𝑦𝐽𝐽,𝑘𝑘1

⋮
𝑦𝑦𝐽𝐽,𝑘𝑘2

⋱
…

⋮
𝑦𝑦𝐽𝐽,𝑘𝑘𝑎𝑎

��𝒔𝒔𝑘𝑘

⎠

⎞ 

 

(3.6) 
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 The computational expense for estimating the full posterior distribution can increase 

exponentially with an increase in both space and time dimensions. On the other hand, 

only a small number of sensor measurements 𝒔𝒔𝑘𝑘 ∈ ℝ𝑙𝑙(𝑙𝑙 ≪ 𝐽𝐽) is available, and the 

relationship between sensors measurement data 𝒔𝒔𝑘𝑘  and system’s full behavior 𝒀𝒀 is 

unknown. Thus, a direct implementation of the PF is also infeasible.  

 In this chapter, the ROPF method, proposed in the author’s previous work [71], is 

extended to update the system’s spatio-temporal estimates with a limited number of 

sensors measurement data. To do this, using ROPF, one takes advantage of the eigen 

spatial and eigen temporal matrices, as well as the model constructed in equation (3.5). 

Instead of inferring the distribution of the entire system behavior 𝒀𝒀 ∈ ℝ𝐽𝐽×𝑎𝑎, the author 

estimates the posterior distribution of the projected parameter elements 𝑃𝑃(𝑨𝑨|𝒔𝒔𝑘𝑘) , 

𝑨𝑨 ∈ ℝ𝑟𝑟1×𝑟𝑟2 given the sensors measurement data, and thus this can significantly reduce 

the dimension and computational cost of the assimilation process. 

 A set of particles (or samples) are used to represent the prior/posterior distribution 

of the projected parameters. Each particle has a likelihood (or importance) weight 

assigned to it that represents the probability of that particle being sampled from the 

probability density function (pdf). Here, the prior pdfs of the projected parameters are 

represented by 𝑁𝑁𝑝𝑝  number of particles 𝑨𝑨1
𝑝𝑝,𝑝𝑝 = 1, … ,𝑁𝑁𝑝𝑝 , wherein the prior pdfs are 

provided by the GPs in Step 2. Here, 𝑨𝑨1 is used to indicate the estimated parameters at 

time step 𝑘𝑘 = 𝑘𝑘1. Meanwhile, these particles are equally weighted as 𝑤𝑤1
𝑝𝑝 = 1/𝑁𝑁𝑝𝑝. The 

number of particles 𝑁𝑁𝑝𝑝 is to be prespecified by the user. This number can be determined 

based on a trade-off between the estimated accuracy desired versus available budget on 
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the computational cost, as the larger number of particles can produce better precision 

at the expense of increasing the computational cost.  

 With respect to the collection of sensors measurement data 𝒔𝒔𝑘𝑘 at each time step k, a 

filtering posterior pdf of these parameters 𝑃𝑃(𝑨𝑨|𝒔𝒔𝑘𝑘) can be approximated, as in equation 

(3.7): 

𝑃𝑃(𝑨𝑨|𝒔𝒔𝑘𝑘) ≈ �𝑤𝑤𝑘𝑘
𝑝𝑝𝛿𝛿(𝑨𝑨𝑘𝑘 − 𝑨𝑨𝑘𝑘−1

𝑝𝑝 )

𝑁𝑁𝑝𝑝

𝑝𝑝=1

 
 
(3.7) 
 

where 𝑤𝑤𝑘𝑘
𝑝𝑝 is the posterior weight for the p-th particle at time step k and 𝛿𝛿(∙) is the Dirac 

delta function. To obtain the posterior weights, first, the author calculates the likelihood 

for each of the particles given the sensors measurement data at time step k, as in 

equation (3.8): 

𝑃𝑃�𝒔𝒔𝑘𝑘�𝑨𝑨𝑘𝑘−1
𝑝𝑝 � =

𝐿𝐿�𝒔𝒔𝑘𝑘�𝑨𝑨𝑘𝑘−1
𝑝𝑝 �

∑ 𝐿𝐿�𝒔𝒔𝑘𝑘�𝑨𝑨𝑘𝑘−1
𝑝𝑝 �𝑁𝑁𝑝𝑝

𝑝𝑝=1

= �𝑃𝑃�𝑠𝑠𝑗𝑗,𝑘𝑘 − 𝑦𝑦𝑗𝑗,𝑘𝑘
𝑝𝑝 �𝑅𝑅𝑗𝑗,𝑘𝑘�

𝑙𝑙

𝑗𝑗=1

 

 

(3.8) 
 

In equation (3.9), 𝑠𝑠𝑗𝑗,𝑘𝑘 is the sensor measurement at j-th spatial location at time step k, 

and 𝑅𝑅𝑗𝑗,𝑘𝑘 is its corresponding measurement variance. 𝑦𝑦𝑗𝑗,𝑘𝑘
𝑝𝑝  is the p-th particle value as a 

prediction of system behavior at j-th location and time step k, which is calculated 

through 𝑨𝑨𝑘𝑘−1
𝒑𝒑  using equation (3.5). The statistical properties 𝑅𝑅𝑗𝑗,𝑘𝑘  of the model 

prediction error 𝑠𝑠𝑗𝑗,𝑘𝑘 − 𝑦𝑦𝑗𝑗,𝑘𝑘
𝑝𝑝  are assumed to obtain the probability of a sensor 

measurement through the likelihood function 𝑃𝑃(𝑠𝑠𝑗𝑗,𝑘𝑘|𝑨𝑨𝑘𝑘−1
𝒑𝒑 ) . Here, the sensor 

measurements are assumed to be independent. The likelihood function 𝑃𝑃(𝑠𝑠𝑗𝑗,𝑘𝑘|𝑨𝑨𝑘𝑘−1
𝒑𝒑 )  

can be calculated through multiplication of the probability given each of the sensor 

measurements. Then, the posterior weights can be obtained through the normalized 

likelihood for each particle, as in equation (3.9): 
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𝑤𝑤𝑘𝑘
𝑝𝑝 =

𝑤𝑤𝑘𝑘−1
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𝑝𝑝 �𝑅𝑅𝑗𝑗,𝑘𝑘�𝑙𝑙
𝑗𝑗=1

∑ 𝑤𝑤𝑘𝑘−1
𝑝𝑝 × ∏ 𝑃𝑃�𝑠𝑠𝑗𝑗,𝑘𝑘 − 𝑦𝑦𝑗𝑗,𝑘𝑘

𝑝𝑝 �𝑅𝑅𝑗𝑗,𝑘𝑘�𝑙𝑙
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(3.9) 

In equation (3.9), 𝑤𝑤𝑘𝑘−1
𝑝𝑝  is the prior weight from the previous time step. In this way, an 

updated weighted sample of the parameters can be used as a discrete approximation of 

the filtering posterior parameters.  

 One issue with the filtering process is that degradation in the estimate of weights 

may occur if the uncertainty among the particles is too large, and too few particles have 

meaningful weights. To address this issue, a systematic resampling process is used to 

avoid the sample degradation. The resampling algorithm is widely used in the literature 

due to easy implementation and outperforms other resampling schemes in most cases 

[44, 45].  Although the basic resampling of the system responses appears to be 

sufficient, the particles parameters are perturbed within a small neighborhood to avoid 

sample impoverishment [46]. 

3.4 Examples 

 In this section, the proposed approach is demonstrated by three examples. These 

include a numerical example and two engineering examples. Using the numerical 

example, in subsection 3.4.1, a step-by-step application of the proposed approach is 

demonstrated. Next, in subsection 3.4.2, the engineering example for prediction of a 

multi-response aeroelastic behavior for the joined wing aircraft is presented. Then, in 

subsection 3.4.3, an engineering example for prediction and evaluation of robotic 

appendage interaction with a terrain with granular material under different design and 

operational conditions is investigated. 
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3.4.1 Numerical Case Study 

     In this example, a system is defined by a simple function as its simulation model: 

𝑓𝑓(𝑥𝑥,𝑑𝑑,𝑘𝑘) = 𝑥𝑥𝑑𝑑2 + 𝑥𝑥2(𝑑𝑑 + 1)𝑘𝑘. For this example, a prediction is to be made at two 

discrete values of: 𝑑𝑑1 = 0,𝑑𝑑2 = 1,  and for two-time steps 𝑘𝑘1 = 1,𝑘𝑘2 = 2 . For the 

offline stage, two system inputs 𝑥𝑥1 = 1 , and 𝑥𝑥2 = 2  are arbitrarily chosen. 

Accordingly, the offline simulation data set {𝒀𝒀𝑖𝑖}𝑖𝑖𝐼𝐼  can be easily obtained as: 𝒀𝒀1 =

 �1 2
3 5�, 𝒀𝒀2 =  � 4 8

10 18�. Suppose there is a sensor at location 𝑑𝑑1 = 0. The objective 

is to make a system response prediction for a new input: 𝑥𝑥 = 1.5, for which, as a 

comparison, the true system response (using the given function) is: 𝒀𝒀 =  �2.25 4.5
6 10.5�. 

3.4.1.1 Application of the Proposed Approach 

 Step 1: The HOSVD method is applied to decompose the offline simulation data 

𝜒𝜒 = {𝒀𝒀𝑖𝑖}𝑖𝑖2 ∈ ℝ2×2×2 into eigen spatial and eigen temporal matrices following equation 

(3.1). To do this, first, the tensor data χ  is flattened with respect to the dimension of 

system input, space and time as: 𝜒𝜒(1) = �1 2
3 5   4 8

10 18� , 𝜒𝜒(2) = �1 4
2 8   3 10

5 18� , 

𝜒𝜒(3) = �1 3
4 10   2 5

8 18�. Next, the eigen matrices 𝑼𝑼, 𝑽𝑽 and 𝑾𝑾 are computed from the 

SVD [75] of the flattened tensor data 𝜒𝜒(1), 𝜒𝜒(2)and 𝜒𝜒(3) respectively. For example, the 

SVD of  𝜒𝜒(1) can be computed, as given in equation (3.10): 
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Meanwhile, based on the singular values, it is noted that the percentage of the 

information retained by the first eigenvector [75] is, as calculated by equation (3.11): 
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23.30 0.47

r

i
i

I

i
i

σ
α

σ





  





 

 
(3.11) 

 

as shown in equation (3.11), 𝜎𝜎𝑖𝑖  is the singular value corresponding to the i-th 

eigenvector of the eigen matrix 𝑼𝑼. Here, the rank is determined to be 1 for the first 

dimension which can maintain 99.95% of information. Thus, the eigen matrix can be 

truncated as 𝑼𝑼� = �−0.40
−0.92�. 

 Similarly, the truncated eigen spatial and eigen temporal matrices can be calculated 

for 𝜒𝜒(2) and 𝜒𝜒(3) as 𝑽𝑽� = �−0.48
−0.88� and 𝑾𝑾� = �−0.27

−0.96�, respectively. Next, by projecting 

the tensor data χ  onto the truncated eigen spatial and eigen temporal matrices, the 

projected parameter 𝒜𝒜 (from equation (3.3)) can be obtained as 𝒜𝒜 = 𝜒𝜒 ×2  𝑽𝑽� ×2  𝑾𝑾� =

� 9.21
21.40�. 

 Step 2: The GP model is constructed based on the training data 

{(1, 9.21), (2, 21.40)} obtained from step 1. The estimation of the model parameters is 

conducted through the maximum likelihood. The trained GP model is used to estimate 

the variations of parameter matrix 𝑨𝑨 over different input x. Here, the GP model is used 

to predict the parameter matrix 𝑨𝑨 for the new system input x=1.5. As a result, the 

parameter matrix 𝑨𝑨 is estimated using a Gaussian distribution with the mean value of 

15.30 and standard deviation of 0.25.  
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 The predicted projected parameter is integrated with the eigen spatial and eigen 

temporal matrices (from equation (3.5)) for spatio-temporal prediction, as in equation 

(3.12):  

 
0

0.
4

27 1.97 3.59ˆ 15.30 0. 0.
96 7.10 12.92

8 88
0.k kY 

   
           




. 

 
(3.12) 

 Thus, an initial prediction of the spatio-temporal response is obtained. 

 Step 3: The initial prediction of parameter, as well as the system response is treated 

as prior pdf, which is to be updated in this step. The prior pdf of parameter 𝑨𝑨 is 

discretely represented by weighted particles. Here, for simplicity, only 5 particles are 

used. In reality, the number of particles is much more. Initially, the particles (or 

samples) are randomly generated from the estimated Gaussian distribution 

𝑁𝑁(15.30, 0.252) as {16.74, 15.63, 14.55, 16.67, 13.59}, which are generated using the 

Matlab’s ‘randn’ function. These particles are assigned with equal weights as 0.2 

initially. 

 Then, with the collection of the sensor measurement data at location 𝑑𝑑1, the weight 

of each of the particle is updated. Assume the sensor measurement at time step 𝑘𝑘1 = 1 

is 2.2 with a white noise standard deviation of 0.1. To update the weight of the first 

particle {16.74}, the likelihood of the first particle given the sensor measurement is 

calculated (from equation (3.8)) as: 

 
0

1 27 2.16 3.93ˆ 16.74 0.
0.

48 88
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0.
96 7.77 14.. 14k kY 
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Similarly, the likelihood of the other four particles can be computed as {0.72, 0.02, 

3.50, 0.00}. Then the weight of the first particle can be updated (from equation (3.9)) 

as: 

( )
( )

1 1
0 1 01

1 5

0 1 0
1

3.65 0.46
3.65 0.72 0.02 3.50 0.00p p
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w P s
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(3.14) 

Following the same procedure, the weight for each particle can be updated. The 

estimated mean of the parameter at time step 𝑘𝑘1 = 1 can be obtained as: 

1
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(3.15) 

as well as the spatio-temporal prediction can be updated as: 
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(3.16) 

 To evaluate the prediction performance, the absolute error is calculated as the 

absolute difference between the predicted spatio-temporal response and true response. 

Comparing with the true response values mentioned at the beginning, the prediction at 

location 𝑑𝑑1 = 0 for two time steps has dropped from 0.28 and 0.91 to 0.1 and 0.58 

respectively. Note that the proposed approach assumes the system responses at 

different locations are correlated, since only parital sensor measurements are used to 

update the system reponse at all locations. If the system responses are not correlated, 

for the location without sensor measurements, e.g., the location 𝑑𝑑1 in this case study, 

the prediction error might not be greatly reduced during the data assimilation process. 

Additionaly, this numerical example is mainly used to demonstrate the application of 

the proposed approach. For better accuracy, the number of particle should be much 

more than 5 in order to obtain a response prediction with comparable acccuracy to that 

obtained from the simulation model. 
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3.4.2 Aeroelastic Response Prediction  

 This engineering example was considered in a previous work [71] and Chapter 2. 

The goal for the example is to estimate the nonlinear aeroelastic responses, including 

flutter behavior, of a joined-wing aircraft called SensorCraft [1], for varying flight 

conditions. In this case study, the simulation model for estimating the nonlinear 

aeroelastic behavior during the offline stage is executed through a co-simulation 

strategy [47, 50, 76]. The aerodynamic mesh of the joined-wing aircraft is provided 

elsewhere [76]. The beam model of the left-wing structure of the aircraft is given in 

Figure 3.3.  

 The system inputs 𝒙𝒙 for the aeroelastic simulator are: airspeed, angle of attack, and 

atmospheric air density. The variations in inputs are assumed to be representative of 

different flight conditions during the online operation. The outputs of the simulator are 

the time-varying nodal displacements at 19 discrete locations on the left wing of the 

aircraft, where the locations are indicated as 19
1{ }j jd   in Figure 3. In this example, only 

the displacements along the vertical direction are considered for demonstrating the 

proposed approach.  

 To study the aeroelastic stability, the simulation time was set for a sufficiently high 

number of time steps (74,882 time steps for each flight condition) so that the initial 

transient behavior dies out. The initial transient effects persist for approximately 10,000 

time steps, then the ensuing phase is a steady-state oscillation. The proposed approach 

has been implemented to estimate both the transient and steady-state behaviors. Since 

the author mainly concentrates on determining the presence of flutter instability, the 



 60  

time interval of 1,000 time steps (approximately 10 periods of oscillation) within the 

steady state response history is selected for demonstration.  

 In this example, three sensors are used, and the spatial locations of each sensor are 

arbitrarily selected from the 19 simulated locations.  As indicated by the green circles 

in Figure 3.3, the first sensor is chosen to be located on the left inward forward wing, 

the second sensor is placed at the left rear wing, and the third sensor is situated at the 

left outward forward wing. Here, the sensor data are synthetic, generated from the 

simulated model results by adding Gaussian noise with zero mean and standard 

deviation of 0.04 for a nondimensional displacement (6% of the average amplitude). 

However, no prior knowledge of the sensor noise is used in the application of the 

proposed approach.  

 In this engineering example, the aircraft’s aeroelastic behavior at nine different flight 

conditions within the post-flutter regime (after the onset of flutter) is evaluated by using 

the aeroelastic simulator. The combinations of nine different flight conditions are 

shown in Table 3.2. For these nine cases, they are set to have the same air density. This 

is done because the objective in this example is to interpolate the nonlinear aeroelastic 

response and possibly identify the flutter boundary (e.g., onset of the flutter speed) for 

a fixed air density. However, the approach can also be used for prediction using any 

other air density value. Here, a nine-fold cross-validation is used to assess the predictive 

ability of the proposed approach. That is, each of these nine flight conditions is used to 

simulate the proposed online prediction approach during the aircraft operation.  
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Figure 3.3 Beam representation of left-wing structure of the joined-wing SensorCraft 

 
Table 3.2 Nine flight conditions used in aeroelastic simulations 

Flight operational conditions 
𝒙𝒙 

Airspeed 
( / )v m s   

Angle of Attack 
( )AoA    

Air Density 
3( / )kg mρ  

1 160 5 0.1152 
2 161 5 0.1152 
3 162 5 0.1152 
4 163 5 0.1152 
5 164 5 0.1152 
6 165 5 0.1152 
7 170 10 0.1152 
8 175 10 0.1152 
9 180 5 0.1152 

 

3.4.2.1 Application of the Proposed Approach 

 For this example, the prediction procedure is only detailed, step-by-step, for one of 

the flight conditions:𝑣𝑣 = 165𝑚𝑚/𝑠𝑠, 𝐴𝐴𝐴𝐴𝐴𝐴 = 5°, and 𝜌𝜌 = 0.1152𝑘𝑘𝑘𝑘/𝑚𝑚3. The prediction 

results for all of the remaining cases are summarized in the next section. 

In the first step of the proposed approach, HOSVD is used to obtain the eigen spatial 

and eigen temporal matrices from the offline simulation data. Then, these matrices are 

truncated based on the accumulative percentage of eigenvalue in order to preserve over 

98% of spatio-temporal information. Accordingly, the number of eigenvectors in the 

spatial and temporal dimensions is chosen as 2 and 6, respectively. Subsequently, a 

low-dimensional projected parameter tensor 𝒜𝒜 ∈ ℝ8×6×2  can be obtained by using 
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equation (3.3). The projected parameter tensor governs the interaction between eigen 

spatial and eigen temporal matrices to help with the prediction of the aircraft’s spatio-

temporal behavior.  

 The second step is to construct the GP models to characterize nodal displacements 

through modeling of the low-dimensional projected parameters, which are trained by 

the projected parameter tensor 𝒜𝒜  obtained in the first step. Here, each slice of the 

projected parameter tensor 𝑨𝑨 ∈ ℝ6×2, composed of 12 elements of parameters, is a 

representation of the aircraft’s spatio-temporal behavior corresponding to each flight 

condition.  These parameter elements are independently modeled and thus 12 GP 

models are constructed. The 12 GP models, together with the eigen spatial and eigen 

temporal matrices obtained in the first step, are obtained offline for subsequent online 

usage. They can be used as an initial estimate (prior) of the system behavior during 

online operation, as indicated in equation (3.5). 

 The preliminary prediction of the time-varying nodal displacement, namely at 

1k k , is depicted in Figure 3.4.  In Figure 3.4(a), the contour plot of the simulated 

nodal displacements at 19 locations for 1,000 time steps by the prescribed aeroelastic 

simulator is shown. The prior predictions computed from the offline models are 

illustrated in Figure 3.4(b). Meanwhile, the absolute prediction errors between the 

aeroelastic simulator and the initial estimate are demonstrated in Figure 3.4(c). It can 

be seen that the initial predictions provide reasonably accurate estimates of nodal 

displacements for majority of the spatial locations, including at locations 𝒅𝒅1 to 𝒅𝒅13. 

Only small magnitude and phase differences of the nodal displacements are notable at 

these locations. However, the estimates from locations 𝒅𝒅14 to 𝒅𝒅19 at the aircraft’s left 
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rear wing, have noticeable prediction errors mainly due to the magnitude and phase 

differences. 

 The third step is to recursively update the model estimates with the collection of 

sparse sensor measurements. This is achieved via the extended ROPF, and the three 

representative results obtained are shown in Figure 3.5. In this figure, the author shows 

the contour plot of the absolute prediction errors at the 5th, 100th, and 200th assimilation 

cycles separately. After five assimilation iterations, as displayed in Figure 3.5(a), for 

the first 200 time steps the prediction error has largely reduced amongst all the spatial 

locations, in contrast to the prior prediction error in Figure 3.4(c). These predictions 

still decay as they extend further into the future time steps. For instance, as the 

assimilation process arrives at the 100th time step, an additional reduction of prediction 

errors for the first 400 time steps can be obtained, as shown in Figure 3.5(b). However, 

there still exist discernible errors at locations 𝒅𝒅14 and 𝒅𝒅19  Eventually, the results for 

reaching the 200th assimilation iterations are shown in Figure 3.5(c). The prediction 

errors for all the spatial locations as well as the subsequent 800-time steps have 

decreased significantly.  
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(a) 

 
(a) 

 
(b) 

 
(b) 

 
(c) 

 
(c) 

Figure 3.4 Initial prediction at 𝑘𝑘 = 𝑘𝑘1 , 
(a) simulated system behavior, (b) offline 
model prediction, and (c) predicted 
absolute error 

Figure 3.5 Online data assimilation 
process: the predicted absolute errors at 
(a) 𝑘𝑘 = 𝑘𝑘5  (b)  𝑘𝑘 = 𝑘𝑘100 , and (c) 𝑘𝑘 =
𝑘𝑘200 

 

3.4.2.2 Results and Discussions 

 The final prediction results for each of the nine flight conditions are provided in 

Table 3.3. These results illustrate the average absolute prediction errors, as well as the 
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relative errors with respect to the nonlinear aeroelastic simulator during the online 

prediction. The average absolute error is calculated as the average absolute difference 

between the high-fidelity simulation data and predicted results. The relative error is 

obtained by dividing the average absolute error by the average absolute of simulated 

responses. Through the proposed approach, the author has demonstrated the predictive 

capability comparable to the high-fidelity simulation, where all the relative errors are 

within 5%.  For the predictions in cases 6-9, the preliminary estimates provided from 

the offline models can attain equitable precision, and assimilation procedure converges 

to the simulation level accuracy rather quickly. However, in flight conditions 1-5, these 

five cases have a less ideal fit initially and necessitate longer assimilation cycles for 

convergence. These cases are near the flutter boundary (onset flutter speed of 156𝑚𝑚/𝑠𝑠), 

and the exceptionally distinct displacement modes are involved in these datasets. The 

obtained eigen spatial and eigen temporal matrices can be deficient in characterizing 

the inherent features in these cases. Meanwhile, similar to the state estimate illustrated 

in Figure 3.4(c), the preliminary prediction errors mostly exist in the left rear wing 

(locations between 𝒅𝒅14 and 𝒅𝒅19) due to the phase and magnitude differences. However, 

with the sparse sensor measurements gathered from the aircraft’s different regions, the 

proposed approach can gradually capture these distinct displacement modes, and 

reduce the prediction errors in the rear wing through utilization of the spatio-temporal 

dependencies. Additionally, the number of simulated datasets in this case study is 

limited. With an increased number of training datasets, there is a higher chance to have 

scenarios with similar oscillation modes. This would further enhance the model’s 

predictive ability.  
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 To further study the proposed approach, the effect of sensor placement on the 

prediction performance has been investigated. The three sensor locations, 𝒅𝒅5, 𝒅𝒅10, and 

𝒅𝒅15, are initially arbitrarily selected out of the 19 positions illustrated in Figure 3.3. 

Next, 100 design scenarios for sensor locations are randomly generated to assess the 

sensitivity of the prediction with respect to the placement of sensors. Following the 

application of the proposed approach, the average absolute error of the prediction for 

each of the sensor location configurations is obtained. The representative results are 

shown in Table 3.4 and Table 3.5. In Table 3.4, the first 10 configurations of sensor 

locations with the lowest absolute error are displayed. It is interesting to note that these 

sensor placements scenarios share a similar pattern. They are evenly distributed at three 

regions, as indicated by different colors in Figure 3.3, where green stands for the left 

inward forward wing, yellow for the left rear wing, and grey for the left outward 

forward wing. On the other hand, the 10 configurations for the sensor locations 

producing the highest prediction errors are presented in Table 3.5. In these cases, they 

have not covered each of the marked region. The author believes the reason for the 

phenomenon is that these three regions contain dynamical behaviors distinct from one 

another. In the cases that the sensors are evenly distributed amongst each of the three 

regions, the proposed approach has shown good performance for different sensor 

location combinations as shown in Table 3.4. While for the cases that the sensors are 

closely located in the same region, as illustrated in Table 3.5, a relatively larger 

prediction error is obtained. One explanation can be that the model prediction tends to 

be overfitted to the system behavior of one region, where sensors are closely located, 

during the data assimilation process. However, in reality, the sensors are less likely to 
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be placed closely in one region, especially when only a limited number of sensors is 

used. Therefore, the proposed prediction appears to be robust to sensors’ spatial 

locations for this example. 

Table 3.3 Average absolute and relative prediction errors for 9 flight conditions 
Conditions 1 2 3 4 5 
Abs. error 0.059 0.056 0.064 0.058 0.059 
Rel. error 4.37% 4.12% 4.64% 4.13% 4.14% 

Conditions 6 7 8 9 Mean 
Abs. error 0.051 0.049 0.052 0.054 0.056 
Rel. error 3.53% 2.11% 2.15% 3.21% 3.60% 

 
Table 3.4 Ten sensor placement configurations with the lowest absolute errors 

Location 1 Location 2 Location 3 Mean abs. error 
𝐝𝐝8 𝐝𝐝12 𝐝𝐝15 0.053 
𝐝𝐝6 𝐝𝐝12 𝐝𝐝19 0.054 
𝐝𝐝9 𝐝𝐝11 𝐝𝐝15 0.058 
𝐝𝐝5 𝐝𝐝11 𝐝𝐝15 0.058 
𝐝𝐝8 𝐝𝐝11 𝐝𝐝17 0.058 
𝐝𝐝6 𝐝𝐝10 𝐝𝐝17 0.059 
𝐝𝐝7 𝐝𝐝10 𝐝𝐝17 0.059 
𝐝𝐝9 𝐝𝐝12 𝐝𝐝18 0.062 
𝐝𝐝5 𝐝𝐝10 𝐝𝐝14 0.065 
𝐝𝐝4 𝐝𝐝10 𝐝𝐝14 0.067 

 
Table 3.5 Ten sensor placement configurations with the highest absolute errors 

Location 1 Location 2 Location 3 Mean abs. error 
𝐝𝐝5 𝐝𝐝17 𝐝𝐝19 0.430 
𝐝𝐝1 𝐝𝐝7 𝐝𝐝12 0.445 
𝐝𝐝10 𝐝𝐝13 𝐝𝐝16 0.453 
𝐝𝐝7 𝐝𝐝18 𝐝𝐝19 0.461 
𝐝𝐝3 𝐝𝐝13 𝐝𝐝18 0.516 
𝐝𝐝8 𝐝𝐝15 𝐝𝐝16 0.520 
𝐝𝐝2 𝐝𝐝5 𝐝𝐝12 0.557 
𝐝𝐝1 𝐝𝐝2 𝐝𝐝18 0.610 
𝐝𝐝15 𝐝𝐝16 𝐝𝐝18 0.620 
𝐝𝐝13 𝐝𝐝16 𝐝𝐝18 0.666 
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 In terms of wall-clock time, the offline model data of this case study can be used to 

make an initial prediction of the spatio-temporal system behavior within 0.01 seconds. 

Then, for the proposed data assimilation processes, each iteration takes about 0.05 

seconds. In total, to assimilate sensor measurements for 1,000-time steps, the proposed 

approach takes approximately 50 seconds to complete the entire prediction process. 

However, as shown in the example, the predictions converge sooner, in around 200 

assimilation iterations (i.e., about 10 seconds of clock time). The computing platform 

used for this case study was a Dell computer running Windows 10, with Intel Xeon 

CPU E3-1245 v5 3.50GHz and 16.0 GB RAM. 

3.4.3 Robotic Appendage Forces Prediction  

 In this subsection, the effectiveness of the data-driven approach proposed from this 

chapter is demonstrated by predicting the behavior of a rigid robotic appendage as it 

interacts during its motion on a terrain with granular material [77]. The motion of this 

rigid body is prescribed to be consistent with the limited physical experimental data 

reported in the literature for a prototype of the robot [78]. The goal here is to predict 

the drag and lift forces for the robotic appendage as a function of a time varying 

quantity during the motion. Here, the time varying quantity is the angle between the 

appendage and vertical direction, as the appendage moves along a clockwise direction 

through the granular material. For this example, the robotic appendage design and 

operation can be specified by its length, width, depth, curvature, and a clockwise 

angular motion stride frequency, respectively. As shown in Figure 3.6(a)-(e) [77], a 

robotic appendage design can be a reversed C-leg, reversed L-leg, flat leg, L-leg, and 

C-leg, with their corresponding real-life examples of different leg morphologies.  
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 In this case study, two sources of data are available: one is from a multi-response 

physics-based simulation model representing the interacting forcing behavior (drag and 

lift forces) of the appendage, and the other is from a limited number of data obtained 

by physical experiments. A high-fidelity physics-based simulation [77] is used to 

collect a set of data for different robotic leg designs and operational conditions, the x 

values. Next, seven cases of leg designs and operations are studied, as illustrated in 

Table 1, where the physical parameters for each leg are obtained from the literature 

[77]. These robotic legs interact with the terrain during the walking motion. The terrain 

with the granular media is closely packed with 3 mm (diameter) glass spheres having 

a particle material density of 2.6 𝑔𝑔/𝑐𝑐𝑚𝑚3 and a repose angle of 23o. During the robotic 

leg’s motion on the terrain, it is assumed that the leg is first paused for 2 seconds, and 

then rotates clockwise at a hip height of 2 cm within the leg angle range of: -3π/4 ≤  θ 

≤ 3π/4. For a combination of robot leg designs and operations, high-fidelity 

simulations are conducted to collect data for the leg’s drag and lift forces [77]. On the 

other hand, the data from physical experiments [78] are only available for three subsets 

of the leg designs and operations, which are the flat leg, C-leg, and reverse C-leg with 

a stride frequency of 0.2 rad/s. 

 For this example, first, the proposed prediction approach is used to predict the 

behavior for the flat robot leg design using several operational conditions, as provided 

in subsection 3.4.3.1. Then, the results for all robot leg designs and discussions will be 

presented in subsection 3.4.3.2. 
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Figure 3.6 The figures in the top row are sketches of real-life examples of different leg 
morphologies. The figures in the bottom row are for corresponding leg appendages 
considered: (a) crab, reversed C-leg, (b) freestyle, reversed L-leg, (c) human walking, 
flat leg, (d) backstroke, L-leg, and (e) C-leg robot, C-leg. Courtesy of [77] 
 

Table 3.6 Mixture of robotic leg design and operational scenarios for simulation data 
Robotic appendage design  Operation condition 
Flat leg: fixed leg length Varying stride frequency 
C-leg: fixed leg radius Varying stride frequency 
Reversed C-leg: fixed leg radius Varying stride frequency 
L-leg: fixed leg length Varying stride frequency 
Reversed L-leg: fixed leg length Varying stride frequency 
L-leg: varying foot length Fixed stride frequency  
Reversed L-leg: varying foot length Fixed stride frequency 

 

3.4.3.1 Application of Prediction Approach to Flat Robot Leg Design 

 The flat robotic leg design and its real-life leg morphology can be visualized in 

Figure 3.6(c), where the operating profiles for the leg at different representative times 

can be also gleaned in Figure 3.10(a). As shown in the first row of Table 3.6, the 

simulation is conducted to generate data for the flat leg design with fixed leg length but 

with varying operating conditions (by changing the stride frequency), where 10 

nondimensionalized stride frequencies ranging from 1 to 10 are considered.  

 For testing the proposed data-driven prediction framework, a ten-fold cross-

validation algorithm is used. That is, each of the ten operating conditions is used as a 

testing data, while the other nine conditions are used as training data sets. The 
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prediction approach is then used to predict the lift and drag forces for each of the ten 

operational conditions (stride frequencies). In this subsection, an application of the 

proposed approach is only detailed for one of the stride frequencies, i.e., 0.6 rad/s (or 

nondimensionalized stride frequency of 3). In the next subsection, the prediction results 

for all the remaining cases are summarized.   

 In terms of the detailed description for that one stride frequency, first, HOSVD is 

used to decompose the training data sets into eigen operation and temporal-like 

matrices (see eigen spatial and temporal matrices discussed earlier), respectively. Then, 

these matrices are truncated based on the accumulative percentage of eigenvalue to 

preserve over 95% of the operational and temporal-like information. Accordingly, the 

number of eigenvectors in the operational and temporal-like dimensions is chosen as 4 

and 7, respectively. Subsequently, a low-dimensional projected parameter can be 

obtained by using equation (3.3), wherein the value of the project parameters 

corresponding to each operational condition (or nondimensionalized stride frequency) 

are plotted, as shown with a green plus symbol in Figure 3.7. Second, GP models are 

constructed to model the variation of low-dimensional parameters along operational 

conditions, as shown in Figure 3.7. The GP model predictions and its 95% prediction 

confidence intervals are, respectively, visualized as blue lines and in-between shaded 

grey areas in Figure 3.7. Then, the GP models are used to predict the parameters for 

the tested operational condition, the nondimensionalized stride frequency of 3. The 

predicted values are indicated by the red triangles in Figure 3.7. With the integration of 

the predicted parameters and eigen operation and temporal-like matrices, the prediction  



 72  

 

of the drag and lift forces can be obtained, as shown in Figure 3.8, which has a very 

comparable accuracy to the results obtained from the high-fidelity simulation. 

 
Figure 3.7 Gaussian process models prediction for four low dimensional parameters 
at the test operational condition, stride frequency 0.6 rad/s (nondimensionalized 3) 
 

 
Figure 3.8 Comparison of drag and lift forces between simulation and prediction 
approach (noted as Data-Driven PRED) 
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 A similar application of the prediction approach is applied to predict the drag and 

lift forces for each of the 10 operational conditions. In Figure 3.9, a few snapshots of 

the robotic leg during its interaction with the terrain is shown in Figure 3.9 (a1). The 

predicted drag and lift forces with nondimensionalized stride frequencies ranging from 

1 to 10 are illustrated in Figure 3.9 (a2) and (a3), respectively. Similarly, the blue solid 

lines are for simulated results, and the red dashed lines are for the predicted results. The 

results show that the data-driven prediction approach can generate predictions that have 

comparable accuracy as simulations across different stride frequencies, while also 

significantly reduce the computational effort. 

     On the other hand, sparse physical experimental data [78] is available for the tested 

operational condition, with the stride frequency of 0.2 rad/s (nondimensionalized as 1). 

So, the ROPF approach has been used to further update the prediction by using 

assimilation with the sparse physical experiment data. Comparison of the drag and lift 

forces have been provided in Figure 3.9(a4), which includes the physical experimental 

data, simulation data, and the proposed prediction with and without the ROPF 

approach. As can be gleaned in Figure 3.9(a4), the prediction matches well with both 

simulation and experimental results, and outperforms the simulation by being closer to 

the physical experiments. Additionally, the average absolute errors between the 

simulation and prediction for all 10 nondimensional stride frequencies (1 to 10) are 

calculated as shown in Figure 3.9(a6).  
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Figure 3.9 Comparison of data driven prediction and physics-based simulation for flat 
leg, (a1) Real life leg morphology and profiles at different representative time, (a2) Net 
lift Fz, (a3) Net thrust Fx, (a4) Comparison of net forces from experiments, simulations, 
data-driven prediction with particle filters, data-driven prediction without particle 
filters, (a5) Net forces for nondimensionalized frequency of 𝝎𝝎 =1 and 𝝎𝝎  =10  
, (a6) Relative absolute error for net forces prediction, (a7) Sensitivity dependence of 
normalized net forces on 𝝎𝝎.   
 
3.4.3.2 Results and Discussions 

 Following the same application, the proposed data-driven approach has been 

evaluated on a combination of robotic appendage designs and operational conditions 

from Table 3.6. That is, with the fixed leg radius of C-leg design (as shown in Figure 

3.6(e)), the prediction approach is followed to predict the lift and drag forces for 

varying stride frequencies (nondimensionalized 1 to 10) when the robotic appendage 

moves through the granular material. The predicted results comparing with high-

fidelity simulation are shown in Figure 3.10(a1)-(a7). Similarly, the predicted results 

with the fixed leg radius of reverse C-leg design (as shown in Figure 3.6(e)) and with 

varying stride frequencies are visualized in Figure 3.10(b1)-(b7). The comparison study 

between data-driven approach and simulation is performed for a fixed leg length of L-

leg design and varying stride frequencies are illustrated in Figure 3.11(a1)-(a6); and for 
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the fixed leg length of reverse L-leg design and varying stride frequencies are plotted 

in Figure 3.11(b1)-(b6). 

 Additionally, the comparison of data-driven predictions and simulation results is 

extended to two other cases. One case is for the fixed operational condition (stride 

frequency), the leg length of L-leg design is varying from 0.1 to 1 meter, where the 

predicted interaction forces for different leg length are shown in Figure 3.12(a1)-(a5). 

Another case is for the fixed operational condition (stride frequency), the leg length of 

reverse L-leg design is varying from 0.1 to 1 meter, as plotted in Figure 3.12(b1)-(b5). 

 From these results, it is shown that data-driven prediction technique presented in this 

chapter can generate predictions that have comparable accuracy as the simulations. It 

can capture robotic appendage interaction forces for both varying operational 

conditions and leg length designs. With both simulation data and sparse experimental 

measurement as input, the data-driven approach embedded ROPF techniques could 

have the potential to outperforming simulations in the long-term predictions.  
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Figure 3.10 Comparison of data driven prediction and physics-based simulation for C-
leg and Reversed C-leg across different rotation speeds. a) C-leg: (a1) Real life leg 
morphology and profiles at different representative time, (a2) Net lift Fz, (a3) Net thrust 
Fx, (a4) Comparison of net forces from experiments, simulations, data-driven 
prediction with particle filters, data-driven prediction without particle filters, (a5) Net 
forces for 𝝎𝝎 =1, and 𝝎𝝎 =10, (a6) Relative absolute error for net forces prediction, (a7) 
Sensitive dependence of normalized net forces on 𝝎𝝎. b) Reversed C- leg: (b1) Real life 
leg morphology and profiles at different representative time, (b2) Net lift Fz, (b3) Net 
thrust Fx, (b4) Comparison of net forces from experiments, simulations, data-driven 
prediction with particle filters, data-driven prediction without particle filters, (b5) Net 
forces for 𝝎𝝎 =1, and 𝝎𝝎 =10, (b6) Relative absolute error for net forces prediction, (b7) 
Sensitive dependence of normalized net forces on 𝝎𝝎.   
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Figure 3.11 Comparison of data driven prediction and physics-based simulation for L-
leg and Reversed L-leg across different rotation speeds. a) L-leg, fl=1/3: (a1) Profiles 
at different representative time, (a2) Net forces for 𝝎𝝎 =1, and 𝝎𝝎 =10, (a3) Sensitive 
dependence of normalized net forces on 𝝎𝝎 (a4) Relative absolute error for net forces 
prediction, (a5) Net lift Fz, (a6) Net thrust Fx. b) Reversed L-leg, fl=1/3: (b1) Profiles 
at different representative time, (b2) Net forces for 𝝎𝝎 =1, and 𝝎𝝎 =10, (b3) Sensitive 
dependence of normalized net forces on 𝝎𝝎 (b4) Relative absolute error for net forces 
prediction, (b5) Net lift Fz, (b6) Net thrust Fx.  
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Figure 3.12 Comparison of data driven prediction and physics-based simulation for L-
leg and Reversed L-leg across different foot lengths. a) L-leg: (a1) Net lift Fz, (a2) Net 
thrust Fx, (a3) Net forces for fl=1/12, fl=1/2 and fl=1, (a4) Sensitive dependence of 
normalized net forces on fl (a5) Relative absolute error for net forces prediction. b) 
Reversed L-leg: (b1) Net lift Fz, (b2) Net thrust Fx, (b3) Net forces for fl=1/12, fl=1/2 
and fl=1, (b4) Sensitive dependence of normalized net forces on fl (b5) Relative 
absolute error for net forces prediction.   
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3.5 Summary 

 In this chapter, a new data-driven approach for prediction of multi-response system 

behavior is presented. This is done through an integration of the simulation data 

(offline) and sparse sensors measurement data or sparse physical experiment data. This 

approach is designed to address three major challenges: 1) predictive modeling of 

complicated multi-response spatio-temporal dependencies; 2) dealing with sparse, 

noisy sensors/experiments measurement data; and 3) reducing the computational 

expense. In this approach, HOSVD is used to reduce the dimension of the simulated 

data while retaining the spatio-temporal correlations. Next, the GPs integrated with 

HOSVD are used to capture the system’s nonlinear dynamic behavior. Finally, ROPF 

is extended to assimilate sensor measurements to effectively enhance model 

predictions, thus capable of dealing with sparse and noisy measurements. The proposed 

approach is demonstrated through a simple numerical example and two complicated 

engineering examples. One of these examples is on predicting multi-response 

aeroelastic behavior for a joined wing aircraft, and the other example on predicting 

robotic appendage motion. In the first example, with the results obtained for the joined-

wing aircraft case study, it is shown that the proposed approach can predict the 

aeroelastic responses with comparable accuracy to that from the high-fidelity 

simulations, while significantly reducing the computational cost. Moreover, it is shown 

the predictions are relatively robust to sensor placement based on the results obtained.  

In the second example, the robotic appendage example, it is shown that the proposed 

approach not only has comparable accuracy to high-fidelity simulation but can 

outperform the simulation after fusing the data from the simulation with those obtained 
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from the sparse physical experiment data. Moreover, the goodness of the data-driven 

approach is shown for changing the design and operational conditions in predicting the 

robot appendage motion. 

 There might be several advantages in using the proposed approach, when compared 

with state-of-the-art algorithms in the literature, e.g., Long Short-Term Memory 

(LSTM) [58]. LSTM has been reported to be not very reliable in handling the effect of 

data uncertainty [62, 63], but for the proposed approach, the reduced order particle filter 

shows the capability of dealing with noisy data distribution which can take any form 

(Gaussian or non-Gaussian).  Moreover, LSTM usually requires a large training data 

to reach a good prediction performance [63]. However, as shown in the case study 

(Section 3.4.2), both the offline simulation data and online sensor (or experimental) 

measurements can be limited. For instance, simulating aeroelastic behaviour for each 

of the flight condition, as shown in Table 3.2, takes more than 10 hours of 

computational time to obtain. On the other hand, online measurements are obtained by 

sensors which are sparsely located. Practically speaking, sensor measurements during 

flutter provide very limited information, because conducting experiments within post-

flutter regime is dangerous, and can lead to the premature failure of the aircraft. Finally, 

LSTM does not directly include the spatial information for modelling the system’s 

behaviour [62]. The proposed approach obtains the spatio-temporal dependencies using 

HOSVD for modelling the system behaviour. However, one limitation of the proposed 

approach is that it may not scale up well for high-dimensional and very nonlinear 

systems, especially those which require a large number of datasets (e.g., I >10,000).  
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 In the next chapter, the co-optimization problem for design and control of system 

behavior will be provided. 
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Chapter 4: Data-Driven Prediction for Co-optimization:  

Applications to Design and Control of Traffic Road Networks 

In this chapter, the outcome of the author’s investigation due to Research Question 

3 is presented, i.e., how can the prediction of a system’s behavior, using data collected 

from simulations or sensors, be used for co-optimization of a system’s design and 

control? 

This chapter is organized based on the author’s recent article5.  Accordingly, the 

author begins with a nomenclature section specifically tailored for the material 

presented in this chapter. Then, in Section 4.1, a general statement of design and control 

co-optimization problem is presented, with a specific formulation of the traffic system 

problem. Next, the related literature review is presented in Section 4.2. An RL-based 

co-optimization approach is then proposed in Section 4.3. To demonstrate the proposed 

approach, in Section 4.4, the proposed co-optimization framework is applied to two 

road network examples, one for a three-legged intersection and another for four four-

legged intersections. The results in both case studies are compared with traditional RL-

based control only approach. Finally, a summary of the chapter is given in Section 4.5. 

  

 
5 Zhao, X., Azarm, S. and Balachandran, B. (2021) “Reinforcement Learning for Co-optimization of 
Vehicular Flow Direction Design and Signal Control Policy for a Road Network.” IEEE Transaction 
on Intelligent Transportation Systems. [Under review]. 
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Nomenclature for Chapter 4: 

𝑎𝑎𝑡𝑡 Vector of traffic signal control actions of size m, integer, at time t  

𝑎𝑎′ Vector of successor actions of size m, integer, yielding highest Q-value 

A Action space 

D Stored data set 

𝑒𝑒𝑖𝑖𝑖𝑖′ Edge indicates a vehicular flow direction from road 𝑣𝑣𝑖𝑖 to road 𝑣𝑣𝑖𝑖′ 

𝐸𝐸 Edge in directed graph 

𝐸𝐸(∙) Expected value function 

𝐺𝐺(∙) Directed graph representation 

i Index for intersection 

I Index for integer variables 

𝑘𝑘𝑖𝑖 Number of vehicular flow directions for the ith intersection 

K Total number of vehicular flow directions for a given road network 

𝐿𝐿(∙) Loss function for Q-value update 

m Number of intersections in a road network  

𝑛𝑛𝑖𝑖 Number of roads for the ith intersection 

N Total number of roads for a given road network 

𝑝𝑝(∙) Probability density function 
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𝑄𝑄(∙) Q-value function 

𝑄𝑄𝜋𝜋 Q-value function for control policy 𝜋𝜋 

𝑄𝑄∗ Optimal Q-value function 

𝑟𝑟(∙) Reward function 

𝑟𝑟𝑡𝑡 Reward at time t 

𝑅𝑅 Expected future reward  

𝑠𝑠𝑡𝑡 Vector of traffic states of size N, mixed continuous-integer, at time t  

𝑠𝑠′ Vector 𝑜𝑜f successor state of size N, mixed continuous-integer 

S State space 

t Index for time step 

𝑇𝑇 Terminal time step 

𝑈𝑈(∙) Uniformly drawn sample 

𝑣𝑣𝑖𝑖  ith vertex of graph representing ith road 

𝑉𝑉 Set of vertices in directed graph 

x Vector (ℝ𝐼𝐼
𝑁𝑁+𝐾𝐾)  of integer design variables for vehicular flow directions 

X Vehicular flow direction design space 

𝛼𝛼 Learning rate 

𝛾𝛾 Discount factor for learning:  𝛾𝛾 ∈ [0,1) 
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𝜃𝜃 Vector of parameters for neural network 

𝜃𝜃− Vector of parameters for neural network at previous training iteration 

𝜋𝜋 Traffic signal control policy function 

𝜋𝜋∗ Optimal traffic signal control policy function 

ACRONYMS  

DQN Deep Q-learning network 

MDP Markov decision process 

RL Reinforcement learning 

 

4.1 Design and Control Problem Statement and Assumptions 

     In this section, a general problem formulation for prediction and co-optimization of 

system design and control is provided in Section 4.1.1. Then, an application to traffic 

road network co-optimization formulation is presented in Section 4.1.2. Meanwhile, 

associated assumptions for this problem are detailed. 

4.1.1 Design and Control Co-optimization Problem via an Extension to Markov 

Decision Process  

     The aim of the problem is to predict and then maximize a measure of system 

performance, or reward, through co-optimization of the design and control of the 

system. This problem can be formulated using an extension of a Markov Decision 

Process (MDP) [104], as depicted in Figure 4.1. This MDP problem is defined by the 

tuple: {𝑋𝑋, 𝑆𝑆,𝐴𝐴,𝑝𝑝, 𝑟𝑟, 𝛾𝛾}, wherein the system observes the state of the environment 𝑠𝑠𝑡𝑡 ∈
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𝑆𝑆 at time t and takes an action 𝑎𝑎𝑡𝑡 ∈ 𝐴𝐴 according to a control policy 𝜋𝜋(𝑎𝑎𝑡𝑡|𝑠𝑠𝑡𝑡, 𝑥𝑥). Here, 

the control policy 𝜋𝜋 is a computable function that takes the state 𝑠𝑠𝑡𝑡 ∈ 𝑆𝑆 and system 

design 𝑥𝑥 ∈ 𝑋𝑋 as inputs and return the probability of taking an action 𝑎𝑎𝑡𝑡 , where the 

action is chosen to be with maximum predicted of system performance (or reward). 

The design of a system governs the system controller’s interaction with the 

environment through a transition probability function 𝑝𝑝(𝑠𝑠𝑡𝑡+1|𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑥𝑥) . Then, the 

system performance (or immediate reward) is dependent on the design as well: 𝑟𝑟𝑡𝑡 =

𝑟𝑟(𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑠𝑠𝑡𝑡+1, 𝑥𝑥).  

     The objective is to maximize the expected future reward (system performance) R by 

co-optimizing the design x and control policy 𝜋𝜋 as: 

𝑅𝑅∗ = 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥,𝜋𝜋

𝑅𝑅 (𝑥𝑥,𝜋𝜋), (4.1) 

where the expectation of future reward is given by: 

𝑅𝑅(𝑥𝑥,𝜋𝜋 ) = 𝐸𝐸𝜋𝜋[∑ 𝛾𝛾𝑡𝑡𝑇𝑇
𝑡𝑡=0 𝑟𝑟(𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑠𝑠𝑡𝑡+1, 𝑥𝑥)|𝑠𝑠0 = 𝑠𝑠,𝑎𝑎𝑡𝑡 = 𝜋𝜋(𝑠𝑠𝑡𝑡,𝑥𝑥), 𝑥𝑥], (4.2) 

with an initial state 𝑠𝑠0. The expected future reward is to be maximized with a prediction 

and learning-based approach.  

 

 
Figure 4.1 Co-optimization for design and control of a system: an extension of 

MDP. 
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4.1.2 An Application to Co-optimization of Traffic Road Network Problem  

     The aim in this application is to co-optimize the design of the vehicular flow 

directions along the roads and control the (red or green) traffic signals at one or multiple 

intersections while an overall traffic performance for a road network is predicted and 

maximized.  

     In the following, the definitions for traffic performance, vehicular flow direction 

design and traffic signal control, with corresponding assumptions, are provided: 

     Traffic performance/reward (𝑟𝑟 ∈ 𝑅𝑅). The traffic performance is predicted by the 

weighted sum of two normalized criteria, wherein the weights are assumed to be 

predetermined (between 0 and 1) and set by a traffic authority (decision maker) 

according to his/her experience. The first criterion is a cumulative vehicle throughput 

for all intersections in a road network. The cumulative vehicle throughput is defined as 

the number of vehicles passing through all intersections per unit of time. The second 

criterion is vehicles’ cumulative queue length per unit time for all intersections. The 

queue length is defined as the number of vehicles waiting per unit of time to be served 

by a traffic signal. The cumulative queue length is calculated as the sum of the worst 

(longest) queue length at each intersection, and summed up over all intersections at 

each time step.  

     Vehicular flow direction design (x, vector of size 𝑁𝑁 + 𝐾𝐾). For a road, the vehicular 

flow direction can be designed to have a one-way or two-way direction. For a multi-

legged intersection, a vehicular flow direction can be designed to determine a right of 

way (or restricted) direction of a vehicle from one road to another road. Examples of 

vehicular flow directions for a road are shown in Figure 4.2. Figure 4.2(a) shows a one-
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way vehicular flow direction for the roads at a T-junction. Figure 4.2(b) shows two-

way (opposite) vehicular flow directions for the roads at a four-legged intersection, and 

Figure 4.2(c) shows a mixture of one- and two-way vehicular flow directions for the 

roads at a five-legged intersection.   

     For a four-legged intersection (see Figure 4.2(b)), as an example, Figure 4.3 contains 

possible vehicular flow directions across the intersection.  As shown in Figure 4.3(a) – 

4.3(d), a vehicle at each of the four roads can have at most three right of way (or 

restricted) flow directions. For a right of way direction (sold black line), a vehicle has 

the option to make a left-turn, right-turn or go straight, or might have restriction (shown 

with dashed black line).  

     Consider the design of vehicular flow directions for the roads in a road network with 

m multi-legged intersections, wherein each intersection i has 𝑛𝑛𝑖𝑖 roads with 𝑘𝑘𝑖𝑖 vehicular 

flow directions across the intersection. Since there are a total of 𝑁𝑁 = ∑ 𝑛𝑛𝑖𝑖𝑚𝑚
𝑖𝑖=1  roads in 

the network, and each road has three design options: two one-way (with opposite) 

vehicular flow directions and one two-way flow direction, then considering the roads  

 
 

 
 
 

(a) 
 

(b) 
 

(c) 

Figure 4.2 Examples of intersection types: (a) T-junction with three one-way roads, 
(b) Four-legged intersection with four two-way roads, an (c) Five-legged intersection 
with mixed one-way and two-way roads. 
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the number of design options for vehicular flow directions is 3𝑁𝑁. For the design of 

vehicular flow direction across m intersections, there are a total of 𝐾𝐾 = ∑ 𝑘𝑘𝑖𝑖𝑚𝑚
𝑖𝑖=1  

vehicular flow directions, wherein each direction has two design options: a permitted 

direction or a restricted direction. Thus, for the design of vehicular flow directions 

across intersections, the number of design options is 2𝐾𝐾 .  Therefore, the maximum 

number of design options for the vehicular flow directions in a road network is 

3𝑁𝑁 × 2𝐾𝐾. 

     Traffic signal control (𝑎𝑎𝑡𝑡,  vector of size 𝑚𝑚). Given the vehicular flow direction 

design for a road network, a centralized traffic control policy 𝜋𝜋 is assumed to control 

the traffic signal for all intersections. Each signalized intersection is pre-assigned with 

a set of phases. A phase can be defined as the right of way directions (green light) 

assigned to a combination of non-conflicting vehicular flow directions at an 

intersection. For example, in the four-legged intersection shown in Figure 4.2(b), there 

can be four signal phases as shown in Figure 4.3. In general, an 𝑛𝑛𝑖𝑖-legged intersection 

can be assigned with 𝑛𝑛𝑖𝑖 number of signal phases. The goal of the traffic controller is to 

choose one signal phase at each time step. For a road network with m number of multi-

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4.3 Example of four traffic signal for the four-legged intersection (Figure 
1(b)) composed of vehicular flows from (a) South, (b) West, (c) North, and (d) East 
roads. (A dashed arrow is used for a restricted (prohibited) direction, while a solid 
black arrow is for a non-restricted direction.) 
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legged intersections, the traffic signal controller is used to decide on a combination of 

signal phases 𝑎𝑎𝑡𝑡 = (𝑎𝑎𝑡𝑡1,𝑎𝑎𝑡𝑡2, … ,𝑎𝑎𝑡𝑡𝑚𝑚) for each intersection. Thus, at each time t, the total 

number of signal phase combinations is 𝑛𝑛1 × 𝑛𝑛2 × … × 𝑛𝑛𝑚𝑚. 

     The following assumptions are made: i) A subset of the roads in a road network is 

assumed to be “injection” roads. The injection roads are used by a simulator to inject 

vehicles into the roads as they approach an intersection. The injection rate for injection 

roads can be changed to simulate rush hour or non-rush hour scenarios. ii) A vehicular 

flow direction design is feasible if a vehicle that enters from any of the injection roads 

into the road network can exit from any of the roads. iii) If a road is one-way, it is 

assumed to have a single lane. If a road is bi-directional (two opposite ways), then each 

way has a single lane.  iv) A centralized controller is used to determine a combination 

of traffic signal phases for all intersections as a function of time. It is assumed that a 

traffic signal phase duration (e.g., time for green light) is predetermined. vi) Simulation 

or sensors (e.g., inductive-loop traffic detectors located at intersection) are assumed to 

be able to collect the following traffic data, such as the number of vehicles passing 

through the intersection, distance of the lead vehicle from the intersection, and drivers’ 

intentions (making a turn or going straight at an intersection) before arriving at the 

intersection. These data will be used to construct model for traffic performance 

prediction. 

4.2 Related Literature Review 

     The ever-increasing growth in population and number of vehicles in major urban 

areas have resulted in significant traffic congestion and other related challenges for 

transportation authorities. Traffic congestion can increase vehicular queueing, travel 
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delays, fuel consumption, economic loss, and pollution [79]. Two key factors that 

contribute to traffic congestion in a road network are: (i) design of vehicular flow 

directions [80-82], and (ii) control policy used for traffic signals.  

     Decisions made for both the vehicular flow directions and traffic signal control 

policy can have significant effects on the traffic performance, and their effects are 

inherently coupled. Different vehicular flow directions can result in different traffic 

signal control policies and vice versa. One way to optimize the traffic performance for 

a road network, as presented in this chapter, is to consider simultaneously the design 

of vehicular flow directions and control policy for traffic signals.  

     In the literature, there are reports on two classes of techniques for handling this 

problem, namely, model-based optimization and model-free RL techniques. In 

reference [83], four model-based optimization approaches are proposed and studied to 

jointly find optimal road network topology and traffic signal controller. However, 

model-based techniques can rely on some strong assumptions and a specific traffic 

control model, and thus can be hard to generalize. On the other hand, model-free RL 

techniques [84-103] have two key benefits. The first benefit is that they do not have 

strong assumptions and a control policy is learned based on available data; for example, 

from GPS-equipped vehicles and loop detector sensors. For RL-based techniques, an 

optimal performance can be achieved through a prediction and interaction with the 

environment through a trial-and-error search scheme. The second benefit is that in high-

dimensional state-action spaces, function approximation techniques in RL can be used 

to achieve computational efficiency [95].  
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     In the literature, RL-based techniques have been reported to obtain some impressive 

results, but only for solving traffic signal control problems [84-103]. Indeed, the 

existing works on RL-based traffic signal control can be categorized according to 

different characterizations of state space, action space, reward function, RL algorithms, 

and corresponding applications. Traditionally, the state space has been defined in terms 

of real-time traffic information such as vehicular flow rate [84, 85], queue length [86, 

87], and average delay time [88, 89]. There have been recent efforts to include image-

like features [89-91] in the state to provide a more comprehensive description of the 

traffic conditions, with positions of vehicles along the lanes indicated by a binary 

matrix. In terms of action space, the action of the traffic controller is defined by 

determining the best traffic phase. Each phase refers to the right of way (green light) 

time duration assigned to a combination of vehicular flow directions. Generally 

speaking, the action space is of two types: i) step-based action [85, 92], in which the 

traffic controller, as an agent, is used to decide when to switch or stay in a traffic phase 

for a pre-determined time duration; and ii) phase-based action [84, 93-94], in which the 

agent is used to decide the time duration for each traffic phase. As to the reward 

function or traffic performance, it is typically defined as a weighted sum of several 

metrics, such as travel time [85, 90] and queue length [87, 88]. Meanwhile, different 

RL algorithms have been investigated for controlling the traffic signal, including Deep 

Q-learning Network (DQN) [88, 95-96], policy gradient method [97], and actor-critic 

method [98]. Performance of these algorithms has been evaluated based on various 

network scenarios, such as single intersection control [88], multi-intersection control 

[99-102], and even massive-scale control - the road network of Manhattan with 3,971 
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traffic signals [103]. Even though significant progress has been made with the use of 

model-free RL techniques for traffic signal control, all those techniques only focus on 

the optimization of the traffic signal controller assuming a pre-determined or fixed 

design of vehicular flow directions.  

 In this chapter, it will be demonstrated that the design of the vehicular flow 

directions and traffic signal control policies are strongly coupled and should be 

predicted and optimized together. For solving this combined problem, the traditional 

RL-based approaches, formulated as a standard Markov Decision Process (MDP) 

[104], do not allow for a way to find the “best” vehicle flow direction design during 

the learning procedure for the traffic signal controller. One way to resolve this problem 

is by decoupling the design and control problems and solving them by using a bi-level 

technique. In this way, first, a set of candidate vehicular flow directions can be 

generated for the road network. Then, the traffic signal controller is optimized for each 

design and in this way the best solution for the design and control is found. 

Unfortunately, such a technique requires a learning procedure for all candidate designs, 

which can become computationally intractable. It is the aim of this chapter to address 

this limitation and present a new RL-based approach to predict traffic performance and 

co-optimize the design of the vehicular traffic direction and control of traffic signal 

policy for a road network.  

4.3 Proposed Reinforcement Learning Technique 

     In this section, first, a directed graph approach is presented which can be used to 

determine feasible vehicular flow directions in Subsection 4.3.1. Then, a co-

optimization strategy in an RL setting is presented in Subsection 4.3.2. 
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4.3.1 Graph for Vehicular Flow Direction Design 

     The design of the vehicular flow directions for a road network can be represented 

by a directed graph 𝐺𝐺(𝑉𝑉,𝐸𝐸), where 𝑉𝑉 represents a set of vertices in which each vertex 

represents a road, and 𝐸𝐸  represents a set of edges in which each edge 𝑒𝑒𝑖𝑖𝑖𝑖′ ∈ 𝐸𝐸 

represents  a vehicular flow direction from road 𝑣𝑣𝑖𝑖 to road 𝑣𝑣𝑖𝑖′ . In this way, a vehicular 

flow direction design for a given road network can be visualized as a directed graph 

with a set of vertices (roads) and edges (vehicular flow directions). For example, as 

plotted in Figure 4.4(a), a graph representation of a T-junction with three one-way roads 

(Figure 4.2(a)) is presented. In this graph, three vertices (solid black bullets) are for the 

three roads in the T-junction. The vehicular flow direction for these roads, as one-way 

roads, is represented by the edges. The dashed arrows (or edges) show restrictions for 

vehicular flow directions, while solid arrow edges show no restriction for vehicular 

flow directions. For example, Figure 4.4(a) is a graph representation of the T-junction 

(recall Figure 4.2(a)) in which there is no restriction on the vehicular flow direction 

from North-to-West or East-to-West. On the other hand, Figure 4.4(b), is a graph 

representation for a four-legged intersection with bi-directional roads (recall Figure 

4.2(b)) with turn restrictions as shown in Figure 4.3.  
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(a)  
(b)  

Figure 4.4 Graph representation of vehicular flow directions for (a) T-junction with 
three one-way road (Figure 1(a)), (b) Four-legged intersection with bi-directional 
roads (Figure 1(b)) and turn restriction (Figure 5.2). (A dashed arrow is used for a 
restricted (prohibited) direction, while a solid arrow is for a non-restricted direction.) 

 

     With the graph representation of vehicular flow directions, the feasibility of a design 

can be verified through the theory of the directed graphs [113], wherein the injection 

roads (vertices) are required to be “strongly connected” [109]. This is achieved by using 

the Kosaraju's algorithm [109] to ensure strong connectivity among the injection roads. 

In this way, a feasible set of vehicular flow directions can be determined. 

 4.3.2 Co-optimization of Vehicular Flow Direction Design and Traffic Signal 

Control 

     The DQN approach is extended to account for the design variables (vehicular flow 

directions) as additional inputs (in addition to the traffic signal controller inputs, or 

signal phases) in order to predict the Q-value function: 𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃) ≈ 𝑄𝑄∗(𝑠𝑠,𝑎𝑎, 𝑥𝑥), 

wherein 𝜃𝜃  is for parameters of the neural network. As such, the objective function is 

formulated as: 

max
𝑥𝑥,𝜃𝜃

𝐸𝐸𝜋𝜋[𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃)|𝑎𝑎 = 𝜋𝜋(𝑠𝑠, 𝑥𝑥)] (4.3) 

https://en.wikipedia.org/wiki/Kosaraju%27s_algorithm
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 Following this formulation, the problem for the vehicular flow direction design and 

the problem for traffic signal control are coupled. The two-way coupling in this 

formation is due to the following reason. The Q-value function can be used to predict 

the traffic control performance for different designs, and a prediction of the Q-value 

function can be used to eventually obtain an optimal vehicular flow direction design. 

Meanwhile, once a vehicular flow direction design is fixed, an optimal value of the Q-

value function: 𝑄𝑄∗ = max
𝜋𝜋

𝑄𝑄𝜋𝜋, can yield an optimal control policy 𝜋𝜋∗(𝑎𝑎𝑡𝑡|𝑠𝑠𝑡𝑡, 𝑥𝑥), where 

the combination of signal phases for multiple intersections 𝑎𝑎𝑡𝑡 is decided by obtaining 

the maximum predicted Q-value as 𝑎𝑎𝑡𝑡 ∈ arg max
𝑎𝑎𝑡𝑡

𝑄𝑄∗(𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑥𝑥) .  

 The co-optimization is done by using a co-learning approach, which trains the Q-

value function in order to simultaneously optimize the vehicular flow direction design 

and traffic signal controller. Then, an iterative optimization process is followed to 

update the Q-value function. The iterative process is demonstrated in the flowchart of 

Figure 4.5, with a corresponding pseudo-code in Table 4.1, and described in the 

remainder of this subsection. 
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     In the approach, initially, the data set D is set to be empty. The Q-value function is 

set to be approximated by using a neural network as 𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃 ), wherein the 

parameters of the neural network 𝜃𝜃  are randomly initialized. After the start of co-

learning procedure, first, the vehicular flow direction designs are randomly sampled 

(Step 1 of Figure 4.5 and Table 4.1). This is done by a discrete representation of the 

 

Figure 4.5 RL-based flowchart for co-optimization of vehicular flow direction design 
and traffic signal control. 

 
Table 4.1 Pseudo-code for co-optimization of vehicular flow direction design and 

traffic signal control 
Initialize data set: D 
Initialize 𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃) 
While not converge do 
     1. Initialize first random vehicular flow design samples 𝑥𝑥 
     2. Represent design sample in directed graph 
     3. Obtain feasible designs 
     for 𝑖𝑖 ∈ (1,  2,  … ) do 

4. Collect traffic data { 𝑠𝑠0,𝑎𝑎0, 𝑟𝑟1, 𝑠𝑠1 … , 𝑟𝑟𝑇𝑇 , 𝑠𝑠𝑇𝑇 , 𝑥𝑥} for a vehicular flow direction 
design 𝑥𝑥 with policy 𝜋𝜋 
5. Add traffic data to date set D 
6. Update Q-value function with minibatches drawn from D  

     end for 
     7. Eliminate designs with poor traffic performance from Q-value estimation  
     8. Check whether converge to one design option 
End while 



 98  

design variable (flow direction designs). For example, vehicular flow direction design 

for a road is indicated by 0 (clockwise one-way), 1 (two-way), and 2 (anticlockwise 

one-way). Similarly, vehicular direction design across intersections is indicated by 

either 0 (prohibition of the move), and 1 (allowance of the move). Random integer 

generator is used to produce random design alternatives. Next, those design samples 

are represented by a directed graph (Step 2), as detailed in Section 4.3.1. With the 

search algorithm mentioned in Section 4.3.1, a set of feasible design alternatives are 

obtained (Step 3).  

     Next, a history of the traffic data will be collected for the feasible vehicular flow 

directions through the interaction with the road network environment (e.g., using 

sensors) (Step 4). The data collection process is as follows: for a training iteration, the 

data is collected for one vehicular flow direction design from an initial time step of 0 

to a terminal time step T. At each time step t, a vector of traffic states 𝑠𝑠𝑡𝑡 is collected, 

including the number of vehicles on each road, distance of the lead vehicle from the 

intersection, and driver’s intention from each road. Then, a centralized traffic signal 

controller is used to decide on a combination of signal phases 𝑎𝑎𝑡𝑡 for all intersections 

according to the current control policy 𝜋𝜋(𝑎𝑎𝑡𝑡|𝑠𝑠𝑡𝑡,𝑥𝑥) such that 𝑎𝑎𝑡𝑡 ∈ arg max
𝑎𝑎𝑡𝑡

𝑄𝑄(𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑥𝑥) . 

In the meantime, an immediate traffic performance or reward 𝑟𝑟𝑡𝑡, and the traffic state 

for the next time 𝑠𝑠𝑡𝑡+1  are observed. In this way, a data point composed of 

(𝑠𝑠𝑡𝑡,𝑎𝑎𝑡𝑡, 𝑟𝑟𝑡𝑡 , 𝑠𝑠𝑡𝑡+1), is obtained at each time step. After completing one training iteration, 

a set of traffic data for a vehicular flow direction design is collected as 

{ 𝑠𝑠0,𝑎𝑎0, 𝑟𝑟1, 𝑠𝑠1 … 𝑠𝑠𝑇𝑇−1,𝑎𝑎𝑇𝑇−1, 𝑟𝑟𝑇𝑇 , 𝑠𝑠𝑇𝑇 , 𝑥𝑥} (Step 5). In this way, multiple sets of traffic data 
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are obtained after multiple training iterations. This set of data is stored in a data set 𝐷𝐷 

(Step 6). 

     In the next step, the Q-value function is updated with the collected traffic data 

through the experience replay technique [110] (Step 6).  A minibatch of the traffic data 

is uniformly drawn at random from the stored traffic data 𝐷𝐷 . Then, the stochastic 

gradient-decent method [110] is used to update the Q-value function parameters 𝜃𝜃 by 

minimizing the following loss function: 

𝐿𝐿(𝜃𝜃) = 𝐸𝐸�𝑠𝑠,𝑎𝑎,𝑟𝑟,𝑠𝑠′�~𝑈𝑈(𝐷𝐷) ��𝑟𝑟 + 𝛾𝛾max
𝑎𝑎′

𝑄𝑄(𝑠𝑠′,𝑎𝑎′, 𝑥𝑥:𝜃𝜃−) − 𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃)�
2

� 
 

(4.4) 

Here,  𝜃𝜃− are the parameters of the neural network from the previous training iteration. 

During the procedure, the Q-value function is updated based on data from a diversified 

set of vehicular flow direction designs and corresponding traffic signal control. 

     Next, in Step 7 the updated Q-value function is used to approximate the traffic 

performance on a sample of feasible designs obtained from Step 3. The estimation of 

traffic performance for a single design x is calculated by the summation of the Q-values 

for a set of traffic states given the current control policy, as shown in equation (4.5): 

� 𝑄𝑄(𝑠𝑠,𝑎𝑎, 𝑥𝑥:𝜃𝜃|𝑎𝑎 = 𝜋𝜋(𝑠𝑠, 𝑥𝑥))
𝑠𝑠

  
(4.5) 

     In the above equation, s is a set of traffic states which is randomly generated. After 

obtaining an estimation of the traffic performance for a sample of vehicular flow 

direction designs, a portion (or percentage) of the design alternatives with the lowest 

estimated traffic performance is removed from further consideration for the following 

training steps. The choice of the eliminated portion (e.g., 50%) is predetermined by a 

user to balance the speed of the convergence and quality of the solution obtained. For 
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example, a large percentage can lead to convergence to a design with fewer training 

iterations while at the same but compromise the quality of the design solution obtained. 

     The final step is to check whether there is only a single vehicular flow direction 

design remaining (Step 8). If not, the approach is used to explore the remaining design 

candidates, and then sample another round of design alternatives through a random 

search strategy. This process is repeated (back to Step 1) until after several iterations, 

only a single vehicular flow direction design is obtained. Once there is only a single 

design left, the traffic signal controller is trained (Step 4 to 6) using that remaining 

design until there no change in the traffic performance is observed. 

4.4 Examples 

     The performance of the proposed approach is evaluated by using a traffic simulation 

tool OpenTrafficLab [115], which is built in MATLAB𝑅𝑅  [116] using the Automated 

Driving ToolboxTM[117]. Two examples with different types of road networks are 

considered. In Example 1, a three-legged intersection (T-junction) is used to 

demonstrate how the proposed approach works step-by-step.  In Example 2, a road 

network composed of four, four-legged intersections is considered. Example 2 is used 

to demonstrate an application of the proposed approach with one- and two-way (bi-

directional) vehicular flow directions and traffic signal controller for multiple 

intersections.  By using these two examples, the traffic performance of the proposed 

co-optimization approach is compared with that obtained for the RL-based traffic signal 

controller without the consideration of the vehicular flow direction design. In these 

examples, the traffic performance is formulated as the weighted sum of the vehicular 

queue length and throughput, where in the weights are arbitrary chosen as 0.1 and 0.9, 
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respectively. The weights are selected to equalize the effects since quantitatively the 

vehicle queue length can be significantly higher than the throughput. 

4.4.1 Three-legged Intersection 

     The geometry for a three-legged intersection is illustrated in Figure 4.6, in which 

the three roads are connected through an intersection. For this example, the simulated 

vehicles are injected from the open end of each road (shown with arrows in Figure 4.6 

from West, East, and South sides, as injection roads), with a Poisson distribution which 

is used to specify the number of vehicle arrivals at each road in a certain time period. 

A vehicle flow rate of 600 or 200, respectively for rush hour or non-rush hour, is chosen 

to simulate the expected number of vehicles per 3,600 time steps coming from the 

injection roads. The drivers’ intentions are randomly sampled, with equal probabilities 

for non-restricted vehicular flow directions across the intersection, e.g., going straight, 

turning left, or turning right. 

     In this example, as shown in Figure 4.6, each road has a two-way vehicular flow 

direction, which is fixed (not considered as a design variable). The design variables for 

this example are defined as the six vehicular flow directions through the intersection, 

as shown in Figure 4.7, which are composed of two vehicular flow directions from each 

of the West, South, and East sides. Each design variable has two integer values (0 or 

1), with 1 being used for permitting (right of way of) a vehicular flow direction through 

the intersection (from one road to the other), and 0 for prohibiting it. Thus, the 

maximum number of vehicular flow direction design alternatives is: 26 = 64. 
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Figure 4.6 Geometry of three-legged intersection.  

 

 
(a)  

(b) 
 

(c) 
Figure 4.7 Three traffic signal phases for the three-legged intersection, composed of 
vehicular flow directions from (a) West (phase a), (b) South (phase b), and (c) East 
(phase c). 
 

 On the other hand, the control variable is defined as the decision on the traffic signal 

phase for the intersection. Three traffic signal phases are defined, as in Figure 4.7(a)-

(c), which correspond to the green light assigned to vehicular flow directions from the 

West, South, and East end of the roads, respectively. The time duration for each signal 

phase is predetermined to be 40-time steps. The objective of the traffic signal controller 

is to choose one of the three traffic signal phases every 40-time steps from an initial 

time step of 0 to a terminal time step of 2000. Thus, the total number of control options 

in this example is equal to: 350. 

 Following the application of the proposed technique, initially, there were 64 design 

options for the vehicular flow directions (Step 1). Then, the directed graph approach 

(recall subsection 4.3.1) was used to represent these design alternatives and verify their 

feasibilities (Step 2). By using the graph algorithm, it was determined that 19 of the 
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alternatives had feasible directions. Next, 500 design samples were randomly generated 

out of the 18 feasible design options (Step 3). Each vehicular flow direction design was 

used to collect a set of traffic data. For every training iteration, the traffic signal 

controller’s interactions with the three-legged intersection environment (using the 

simulator) were used to collect a history of the traffic data for each of the vehicular 

flow direction design alternatives under consideration (Step 4). These traffic data were 

then stored (Step 5). At the end of each training iteration, the parameters of the Q-value 

function were updated with the collected traffic data by using equation 4.10 (Step 6). 

After repeating the procedure (Step 4 to Step 6) for 500 training iterations, traffic signal 

control policy associated with the Q-value function was improved accordingly. The 

traffic performance for the training procedure is visualized in Figure 8(a). The updated 

Q-value function was used to estimate the traffic performance for the 19 feasible 

designs, from which 9 designs with the lowest traffic performance were eliminated in 

the following training iterations (Step 7). The training procedure was then continued 

(Step 8, and back to Step 1) to explore the 10 remaining design options and the 

iterations continued until only one design is left. The final design for the vehicular flow 

direction is shown in Figure 4.10 as “design 1”. The process during downsizing to a 

single design (design 1) is shown in Figure 4.8(a) for the first 3,000 iterations, wherein 

there are significant fluctuations in the traffic performance (or reward) values. These 

fluctuations occur because of the exploration of different vehicular flow direction 

designs and learning process needed to find a traffic signal controller that could 

accommodate those designs.  
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     Starting after the 3,000 iterations, only one design for the vehicular flow direction 

remained, and the traffic signal controller was optimized for that design. This is the 

reason why a smoother increase of the reward over the last 4,000 iterations is observed 

in Figure 4.8(a). Finally, the procedure converged to a solution, which resulted in a flat 

curve in the reward for the last few hundreds of training iterations. An example of the 

optimized traffic signal control solution is shown in Figure 4.9. A sequence of traffic 

signal phases (or actions) is determined for an instance of the traffic state and vehicular 

flow direction design 1 (shown in Figure 4.10). For example, in the first 40-time steps, 

phase (a) (shown in Figure 4.7(a)) is chosen when the West road expects a high traffic 

volume, while other roads have a low traffic volume. Here, the phase (a) is indicated 

by green band (for green light) for the West road, and red band (for red light) for the 

South and East roads, as shown in Figure 4.9.  

     Finally, the solution from the co-optimization procedure is compared against the 

RL-based traffic signal control-only approach. Three feasible vehicular flow directions 

are randomly chosen for this comparison, for which their configurations are plotted in 

Figure 4.10 as design alternatives 2 to 4. The optimization of the traffic signal control-

only performance for each vehicular flow direction design alternative is illustrated in 

Figure 4.8(b), Each curve in Figure 4.8(b) corresponds to a case when a design is fixed, 

and traffic signal controller is optimized only for that design. As shown in Figure 

4.8(b), the optimization of traffic signal control performance for different designs 

shares a similar trend; however, design 1 is found to have a better traffic performance 

than the other three designs. 
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(a) 

 
(b) 

Figure 4.8 The offline training performance for Example 1 for (a) co-optimization 
(b) control only optimization under different vehicular flow direction designs. 
 
 
 

 
Figure 4.9 A sequence of traffic signal phases (or actions) for Design 1 (shown in 
Figure 4.10), and an instance of traffic state. For example, phase (a) is chosen for 
the first 40-time steps when the injection road from the West road expects to have 
a high traffic volume, while other roads have a low traffic volume. Green band is 
for the green light and corresponds to right of way for one road, while the red band 
is for red light and corresponds for stopping phase for other roads. 
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Figure 4.10 Vehicular flow directions through the intersection from West (left, 
phase a), South (middle, phase b)), and East (right, phase c) road for different 
design options. (A dashed arrow is used for a restricted (prohibited) direction, 
while a solid arrow is for a non-restricted or right of way direction.) 
 

 

4.4.2 Four four-legged intersections  

     In this example, a road network is considered which comprise of four connected 

four-legged intersections consisting of twelve roads, as shown in Figure 4.11. Amongst 

these twelve roads, eight are injection roads, which are marked by arrows and 

numbered 1 to 8. Each injection road is bi-directional: has one incoming lane and one 

outgoing lane. Like in Example 1, two vehicle flow rates of 600 (rush hour) and 200 

(for non-rush hour) are used for the expected number of vehicles per 3,600 time steps. 

In this example, each of the four intersections in the road network has 12 vehicular flow 

directions through the intersection, which are illustrated in Figure 4.12(a) – (d). These 

vehicular flow directions are assumed to be fixed (not considered as a design variable). 

Instead, the design variables are for deciding whether to have one, or two-way vehicular 

flow directions for the four connecting roads, indicated by East, South, West, and North 

roads in Figure 4.11. For each of the four roads, the vehicular traffic flow direction is 

selected to be 0 for clockwise one-way direction, 1 for two-way directions, and 2 for 

counterclockwise one-way direction. Thus, considering the vehicular flow direction 
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design for the four roads, the maximum number of design alternatives is 34 = 81 for 

this example. 

     For this example, the control variables are decisions on a combination of traffic 

signal phases for the four intersections. For each intersection, four traffic signal phases 

are defined, as plotted in Figure 4.12. Each traffic signal phase corresponds to a set of 

non-conflicting vehicular flow directions that are assigned with green light. Similarly, 

as in Example 1, the time duration for each signal phase is predetermined for 40-time 

steps. In other words, the traffic signal controller is to choose a combination of traffic 

signal phases for four intersections (one phase for each intersection) for every 40-time 

steps, from an initial time step 0 to a terminal time step 2000. Thus, at every 40-time 

steps, the total number of control options (combinations of signal phases) for all four 

intersections is 44 =256. Therefore, for a sequence of signal phase combinations 

(every 40-time steps from time step 0 to time step 2000, which is 50 instances of 40-

time steps), the total number of control options is 25650. 

 
Figure 4.11 The geometry of four connected four-legged intersections. 
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     Two scenarios are considered for this example: in the first scenario, injection roads 

1 and 2 (Figure 4.11) is set to have a high-volume (rush hour) traffic, while the 

remaining injection roads have a low-volume (non-rush hour) traffic. In the second 

scenario, all eight injection roads are chosen to have a high-volume traffic. The goal in 

this example is to demonstrate how the vehicle flow direction design and traffic signal 

control adapt to different traffic volumes and how the traffic performance compares 

with that of the traffic signal control only. 

     Following the proposed approach, the training procedure for the first scenario is 

demonstrated in Figure 4.13(a). Initially, there are 81 available design options. After 

verifying the feasibility through the directed graph approach (recall subsection 4.3.1), 

31 design alternatives are determined to be feasible. For the first 12,000 training 

iterations, random design samples are generated out of 31 feasible design options, and 

traffic signal controller tries to learn to improve for a diversified set of designs, which 

is the main reason for the reward fluctuations shown in Figure 4.13(a). Starting from 

the 12,000 training iterations, the vehicular flow direction design is fixed (design 

1configuration shown in Figure 4.14), and traffic signal control is optimized for that 

design. The improvement of traffic performance (reward) for the traffic signal 

controller is demonstrated for the last 6,000 iterations in Figure 4.13(a). Finally, the 

convergence is observed for a stable traffic signal control solution. An example of the 

optimized traffic signal control solution is visualized in Figure 4.15, wherein a 

sequence of signal phase combinations is decided based on an instance of traffic state. 

For example, in the first 40-time steps, a combination of phases, a, b, d, and c (as in 
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Figure 4.12) is decided for the four intersections from upper left, upper right, lower 

left, and lower right intersections of Figure 4.11, respectively.  

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4.12 Four traffic signal phases for each of the four-legged intersection: (a) 
straight and right turn from North and South (phase a), (b) straight and right turn 
from West and East (phase b), (c) left turn from North and South, and right turn from 
West and East (phase c), (d) left turn from West and East, and right turn from North 
and South (phase d) 
 

 
(a) 

 
(b) 

Figure 4.13 The offline training performance for Example 2 for (a) co-optimization. 
(b) control only optimization under different vehicular flow direction designs. 
 

 



 110  

                                              
Figure 4.14 The vehicular flow direction design configurations for the roads for 
designs 1 to 4. 
 

 
Figure 4.15 An example of a traffic signal control solution in the road network with 
four intersections, where a sequence of signal phase combinations is determined 
based on an instance of traffic state. Here, a signal phase combination is composed 
of four signal phases corresponding to intersections from upper left (1), upper right 
(2), lower left (3), and lower right (4) as shown in Figure 4.11. Each signal phase 
refers to right of way phase (green band) assigned to a mixture of roads (as shown in 
Figure 4.12.) 

 

     In Figure 4.13(b), the optimization of the traffic signal control performances for 

different vehicular flow direction designs are plotted, wherein the design is 

predetermined for each curve. In Figure 4.13(b), design 1 is obtained by the co-
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optimization procedure, Figure 4.13(a), while designs 2 to 4 are random samples and 

their configurations are shown in Figure 4.14. The traffic signal control performance 

for different designs shares a similar trend, but design 1 shows a better reward or traffic 

performance than the other design alternatives. 

     For Example 2, online traffic experiments are simulated to evaluate the traffic 

performance for the four designs and their associated traffic signal controller. The 

traffic performance is evaluated for two objective functions: (i) sum of the vehicle 

throughput for all intersection (i.e., the total number of vehicles passing through all 

intersections), and a cumulative queue length which is calculated as the longest queue 

length at each intersection, and then summed up over all intersections at each time step. 

As plotted in Figure 4.16, cumulated vehicle queue length (Figure 4.16(a)) and 

throughput (Figure 4.16(b)) for each design is plotted for 2,000-time steps. The 

vehicular flow direction design 1 (obtained from co-optimization) is found to have the 

best performance, which yields the minimum queue length and maximum throughput 

after 2,000 time steps. The reason that design 1 is a better option in the first traffic 

scenario is as follows: when a high traffic volume is injected into road 1 and road 2 (for 

road numbers, see Figure 4.11), West road is designed as one-way from north to south 

in order to reduce the traffic flow to the intersection at the North-West intersection. 

Meanwhile, if the North road is designed as a one-way road from west to east to further 

reduce the traffic flow to the North-West intersection, that would result in an infeasible 

design option, as vehicles cannot exit from arrowed roads of 1 and 2 of Figure 4.11. 

     For Example 2, the second traffic scenario is the road network that is experiencing 

high traffic volumes coming from all injection roads. The co-optimization training 
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procedure for the second scenario is shown in Figure 4.17(a).  For this example, the 

first 13,000 training iterations is the stage for exploring different design options and 

getting rid of designs with poor traffic performance behaviors. The last 8,000 training 

iterations are for the stage in which only one vehicular flow direction design remains, 

with its configuration plotted in Figure 4.17 as design 1 (different from design 1 of 

scenario 1, see Figure 4.18). For design 1, the four connecting roads are all having 

clockwise one-way direction. Additionally, the traffic signal control performance is 

compared among the vehicular flow direction design 1 and the three other randomly 

selected design alternatives as plotted in Figure 4.17(b). The three vehicular flow 

direction design configurations are illustrated in Figure 4.18 as design 2 to 4.  

 

  
Figure 4.16 Online (after training) (a) cumulative vehicle queue length, and (b) 
throughput for different vehicular flow designs in first scenarios. 
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(a) 

 
(b) 

Figure 4.17 The offline training performance for (a) co-optimization process; (b) 
control only optimization process under different vehicular flow designs. 

 

                                         
Figure 4.18 The vehicular flow configurations for different design options. 

 

  
Figure 4.19 Online (after training) (a) cumulative vehicle queue length, and (b) 
throughput for different vehicular flow designs in second scenarios. 
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     A video demonstration of the offline and online procedure for scenario 2 of Example 

2 can be found in the following YouTube Link:  

 https://www.youtube.com/watch?v=hLjlqII-_E0. 

4.5 Summary 

     The overall aim of this chapter has been to predict and improve the traffic 

performance for a road network, through co-optimization of the design of vehicular 

flow directions and control of traffic signal. To that end, the main contribution is the 

construction of an original RL-based approach, in which, the design of the vehicular 

flow direction problem is integrated into the RL-based traffic signal control problem.  

Through this approach, first, a directed graph is used to model the traffic direction 

design alternatives and check the design feasibility. Then, the DQN is extended to 

explore different design options with a random search algorithm. Simultaneously, the 

approach allows one to optimize traffic signal control and eliminate design options that 

have underperformed with respect to the traffic performance.  Eventually, through 

learning, the approach is found to converge to a best combination of vehicular flow 

direction design and traffic signal control policy. The proposed approach is 

demonstrated through two examples: i) in Example 1, a step-by-step application of the 

proposed co-optimization procedure is demonstrated and used for the vehicular flow 

direction design and signal control for a three-legged intersection, and ii) in Example 

2, the focus is on the design of the vehicular flow directions along multiple roads and 

traffic signal control of four, four-legged intersections. With the obtained results, the 

algorithm is demonstrated to have the ability to improve traffic performance with 

respect to throughput and queue length. Furthermore, it is shown that the proposed 

https://www.youtube.com/watch?v=hLjlqII-_E0
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approach outperforms the traditional RL-based traffic signal control-only approach. 

There are several advantages in using the proposed approach. This is purely a data-

driven approach. Comparing against model-based approaches, the proposed approach 

has relaxed the assumption about underlying vehicle routing model or traffic dynamic 

model. This makes it easier for generalization. However, one limitation of the proposed 

approach is that a centralized agent is used which may not scale up well with a very 

large road network. That is because the number of design alternatives and control 

options can exponentially grow with number of roads and intersections in the given 

road network.  

 In the next chapter, the conclusion chapter, a summary of the thesis highlights, 

contributions, and possible future directions are presented.  
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Chapter 5: Conclusion 

    In this chapter, the author presents remarks to close the dissertation. In Section 5.1, 

a summary of the models and methods developed in this dissertation is provided, and 

some key results are highlighted. In Section 5.2, the main contributions of this 

dissertation are provided. Finally, some limitations of the current work and suggestions 

for extending the dissertation research are presented in Section 5.3. 

5.1 Summary 

     The summary and highlights of the results for each research question are presented 

in this section. 

     First, a multi-step-ahead prediction problem is defined and formulated. For this 

problem, it is assumed the prediction is based on data collected from a single-response, 

high fidelity system simulation which is then fused with data collected from single-

sensor measurements. Following the formulation of the problem, a dynamical data-

driven prediction approach is proposed to estimate the system’s behavior multiple time 

steps ahead. This new approach is called RECursive Multi-Input-Multi-Output (REC-

MIMO), which can attain real-time estimation through a combination of expensive 

simulation data (offline) and sensor measurements (online). In the offline phase, a 

MIMO strategy is employed for constructing a predictive model for the system’s 

dynamical responses from the simulation data. The offline phase is accomplished 

through a combination of proper orthogonal decomposition and Gaussian process.  By 

utilizing the measurement data collected from single-sensor measurements, a recursive 

strategy is then used to iteratively enhance multi-step-ahead predictions by using a 
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particle filter method during the online phase. An illustrative example involving 

aeroelastic responses of a joined-wing SensorCraft is used to demonstrate the 

effectiveness of the proposed framework. It has been shown that the system’s state 

predictions obtained through the REC-MIMO strategy have comparable accuracy to 

those obtained from high-fidelity simulations with significant reduction in the 

computational effort.  

     Second, the problem for prediction of multi-response system behavior with 

simulation data and sparse, noisy multi-sensor measurements (or physical experiments) 

is presented. The prediction in this case can be used for evaluating different system 

designs and operations. The prediction approach is constructed using a combined 

offline-online methodology, and is based on an integration of dimension reduction, 

surrogate modeling, and data assimilation techniques. A step-by-step application of the 

proposed approach is demonstrated through a numerical example. The performance of 

the approach is also evaluated by using two engineering examples. One of these 

examples involves the prediction of aeroelastic responses from a joined-wing aircraft 

in which sensors are sparsely placed on the aircraft’s wing. The other engineering 

example involves predicting robotic appendage interaction with granular material and 

evaluating different appendage designs and operations. Through these two engineering 

examples, it is shown that the results obtained from the proposed prediction technique 

have comparable accuracy to those obtained from high-fidelity simulations, while at 

the same time significant reduction in computational cost is achieved. It is also shown 

that, for the case studies, the proposed approach has a prediction accuracy that is 

relatively robust to the limited sensor (experiment) data.  
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     Third and finally, the problem of prediction and co-optimization in the design and 

control of the system’s behavior is formulated and presented, along with the 

corresponding solution approach. The approach in this case is demonstrated with an 

application in predicting and optimizing traffic performance for road networks. To do 

that, a new RL-based technique is presented for co-optimization of the design of 

vehicular flow directions and control policy for traffic signals. This technique consists 

of a two-step iterative process. In the first step, a set of vehicular flow directions for a 

road network is generated. In the second step, an RL-based technique is used to train 

the traffic signal control policy over the given set of vehicular flow directions and 

predict traffic performance for each of the design options. Following the proposed 

technique, the vehicular flow directions with inferior predicted traffic performance are 

iteratively eliminated, while new vehicular flow directions are generated to achieve 

better traffic performance and realize convergence to a maximum possible expected 

traffic performance. The performance of the proposed RL-based technique is evaluated 

by using two examples under traffic conditions of rush hour and non-rush hour. It is 

shown that with the proposed RL-based prediction and co-optimization approach, a 

better traffic performance can be obtained, in terms of vehicular queue length and 

throughput compared with a conventional control-only approach. 

5.2 Contributions 

As a result of the research conducted for this dissertation, the author has made 

multiple contributions, including those presented in the following: 

• The first main contribution made is the following: For the first time in the 

literature, a novel prediction approach is presented for forecasting a system’s 
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dynamical behavior multiple timesteps into the future through an integration of 

data obtained from a high-fidelity system simulation and noisy sensor 

measurements. The proposed approach has the following key characteristics: i) 

one can achieve computational efficiency, close to real time, while achieving a 

comparable accuracy to that of an associated high-fidelity simulation; and ii) the 

prediction quality can be quite robust to different sensor noise levels. 

• The second main contribution is on predicting multi-response system behavior 

with limited, and noisy multi-sensor measurements (or physical experiments). 

The key element for this contribution is the construction of a novel data-driven 

framework, which addresses three major challenges: i) predictive modeling of 

complicated spatio-temporal dependencies; ii) accounting for sparse, noisy 

sensors and experimental measurement data; and iii) significantly reduction of 

the computational expense. One can use the proposed prediction approach to 

evaluate multi-response system behavior and achieve an accuracy that is 

comparable to a high-fidelity simulation, and as shown in the case of an example, 

outperform the simulation and obtain results that are closer to the physical 

experimental data reported in the literature. It is envisioned that the proposed 

prediction approach can be used to effectively support offline system design and 

online operation even in the presence of a limited number of sensors or 

experiments data. 

• The third main contribution is in the construction of a new problem and solution 

technique for prediction and co-optimization of the system design and control in 

the context of traffic systems. The main novelty here is that, for the first time in 



 120  

the literature, a new reinforcement learning-based approach is constructed, with 

co-optimization of the design of vehicular flow directions and control of traffic 

signals. The results from this research are impactful because of the following: i) 

the proposed (model-free) approach is much easier to generalize, when compared 

to conventional model-based techniques. The proposed model-free approach 

does not require any strong assumption commonly considered in the model-based 

techniques (e.g., vehicle dynamics); ii) the proposed approach can be used to 

further improve traffic performance compared to the existing reinforcement 

learning-based approaches. This is achieved, for the first time in the literature, by 

simultaneously accounting for the effects of vehicular flow direction design and 

traffic signal control in the context of reinforcement learning setting. 

5.3 Limitations and Future Directions 

     In this dissertation, the approaches presented in Chapters 2 and 3 can be applied to 

predict nonlinear systems’ behavior while handling very limited sensor/experimental 

data with uncertainty. However, one limitation of the proposed approach is that it may 

not scale up well for very high-dimensional and nonlinear systems, which will require 

many datasets and highly expensive computational effort. On the other hand, senor or 

experimental data can be discrete and noisy. To address this shortcoming, a future study 

can be considered along this direction to develop an active learning approach for 

collecting simulation data, and then fused with sensor/experimental data, where a 

learning algorithm can interactively query the high-fidelity simulator for data in 

specific design and operation scenarios. In this way, it might be possible to reduce the 
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amount of data needed, while at the same time improve predictive capability of the 

approach. 

     Also, the proposed reinforcement learning-based approach, which was used for the 

traffic system problem can be generalized and applied for offline design and online 

control of a system. However, an important limitation of the proposed approach is that 

a centralized scheme was used for the proposed approach, which is difficult to scale 

up. For example, as shown in the traffic problem, the number of design alternatives and 

control options can exponentially grow up with the number of roads and intersections 

for a given road network. One possible future direction is to implement the proposed 

co-optimization approach in a quantum computing setting to extend its scalability.  
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