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Chapter 1

Introduction

The creation of mechanisms to achieve a given function, which is the concep-
tual design phase, is perhaps the most difficult phase of mechanical design. The
classification of mechanisms according to kinematic structure and function has
been a useful aid in the creation of mechanisms. During the mid nineteen-sixties,
it has been shown that kinematic structure can be represented by graphs and
graphs can be enumerated systematically using the theory of graphs and combi-
natorial analysis (Dobrjanskyj and Freudenstein, 1967). This is a powerful tool
for the creation of mechanisms in a relatively simple but systematic manner.
The basic idea underlying this method is the separation of structure from func-
tion (Freudenstein and Maki, 1979, 1983, 1984). This is shown schematically
in Table 1.1. The method uses the structural characteristics to first enumerate
all possible mechanisms within a set of search specifications. Later, the func-
tional requirements are used to screen out infeasible mechanisms. After this
initial screening, we end up with some potential mechanisms on which detailed

analysis can be done.



Table 1.1: Systematic design of mechanisms (Method 1)

Structure

Determine freedom, number of moving members, complexity (L;4) and
the nature of motion (plane, A = 3; spatial, A = 6).

Find structures of kinematic chains from atlas.

Label structures according to types of joints and choice of fixed link in
as many different ways as possible.

For each structure, sketch corresponding mechanism.

Function

Determine the functional requirements for the desired mechanism and
the relationship to kinematic structure.

Structure and Function

Use functional requirements to screen out unacceptable mechanisms.
Remaining mechanisms represent potential solutions and can then be

evaluated in greater detail.



1.1 Systematic Design of Mechanisms

Functional
Requirements
Structure
Specification
Generator Tester
(Graph Enumeration) (Graph Evaluation)
Potential
Mechanisms
Design Analysis
Design Optimization
Design Detailing

Figure 1.1: Systematic design methodology (Method 2)

Traditionally, the design of a mechanism was achieved by the designer’s intuition
and ingenuity. However, this approach has a problem. It does not guarantee
that all the potential mechanisms, which would have satisfied the functional re-

quirements, have been identified and the best candidate mechanism has been



selected. Later, in the early seventies, more efforts were undertaken to overcome
this drawback by developing systematic methodologies for the design of mecha-
nisms. Table 1.1 shows one such method that has been adopted \;Videly for the
systematic design of mechanisms.

In this study, a modified approach is used as shown in Figure 1.1 (Chatterjee
and Tsai, 1994a and 1994b). In this approach, the functional requirements of the
mechanism to be designed are initially laid out. These are very simple require-
ments’that a mechanism should satisfy in order to perform the necessary func-
tion. Then, some of the functional requirements of the mechanism are translated
into structural characteristics, and incorporated in a “Generator” for the enu-
meration of mechanism structures. The remaining functional requirements are
implemented in a “Tester” for the evaluation of the enumerated structures. The
mechanisms that pass this initial screening are called potential mechanisms. At
this stage, if a most promising mechanism can be identified, then that particular
mechanism is chosen for detailed analysis and design optimization. Otherwise,
all the potential mechanisms are analysed and the best mechanism is chosen for
the design.

This method has a few advantages over the method proposed by Freuden-
stein and Maki. Since some of the functional requirements are implemented as
structural characteristics in the generator, the search domain for candidate mech-
anisms is greatly reduced. This factor is especially useful in the development of

an automated computer synthesis program.



1.2 Literature Review

A lot of previous work has been done on constant-velocity (CV) shaft couplings
and differentials. Hunt (1973) gives a general theory for the construction of a CV
coupling. The journal literature on gearless differentials is sparse even though a
lot of work has been done on differential gears (Yan and Hsieh, 1994). Habil and
Altmann (1950) explains coupler transmissions for uniform transmission ratios
and especially concentrates on 1:-1 coupler transmissions.

In the aforementioned literature, there is no indication as to whether the
authors have conducted a systematic exploration of all possible 1:-1 CV couplings
and differentials. In this thesis, we develop a systematic search procedure to
identify all the gearless 1:-1 CV couplings within a list of search specifications.
These mechanisms are evaluated against a tester and potential mechanisms are
obtained. Then, a most promising candidate mechanism is chosen and converted
to a gearless differential mechanism and a detailed analysis is done on that

mechanism.

1.3 Scope of the Thesis

In a vehicle, power generated by an engine goes through different mechanisms
before it reaches the wheels. Typically, the power flows from the crank shaft
of an engine to a transmission unit, followed by a a final reduction unit, then a
gear differential, and then the wheels. The purpose of a differential is to transmit
power from the final reduction unit to the two wheels of a vehicle and, at the
same time, aids the vehicle in making a turn for which it is necessary that one

wheel rotates faster than the other.




Conventional differentials use gears for power transmission. In this study, we
point out the drawbacks with using gears and perform a feasibility study in the
design of a differential without gears, called gearless differentials.

In this study, the systematic design methodology shown in Figure 1.1 is
used to derive gearless differential mechanisms with a slight modification to the
enumeration process. Instead of enumerating gearless differentials, 1:-1 CV shaft
couplings are enumerated first. The reason for this choice is explained in the
next Chapter. These enumerated mechanisms are then evaluated and potential
1:-1 CV couplings are obtained. A most promising mechanism is chosen and
converted to a gearless differential mechanism. Then, detailed kinematic and

dynamic analyses are performed to demonstrate the feasibility of the mechanism.

1.4 Organization of the Thesis

Chapter 2 explains the principles of operation behind a 1:-1 CV shaft coupling
and a differential mechanism. It also illustrates the need for a gearless differential
and the way to convert a 1:-1 CV coupling to a differential mechanism. Chapter
3 explains the enumeration procedure adopted in detail. The “Generator” and
the “Tester” in Figure 1.1 are listed out for the enumeration of the 1:-1 CV
couplings and all the possible mechanisms within the scope of the “Generator”
are enumerated. Chapter 4 uses the “Tester” to evaluate all the enumerated
mechanisms which results in a set of potential mechanisms. Also, one of the
potential mechanism is chosen and converted to a differential mechanism.
Chapter 5 deals with detailed kinematic and dynamic analyses on both the

chosen 1:-1 CV coupling and the gearless differential. Kinematic analysis is done



both analytically and using the software package DADS (CADSI, 1993), while
the dynamic analysis is done entirely by the simulation model using DADS.
Chapter 6 uses the results obtained from the kinematic and dynamic analyses to
generate design guidelines for choosing appropriate link lengths. Finally, chapter
7 summarizes this work, briefly explains an alternate design, and suggests some
future extentions.

Appendix A explains the derivations for the velocities of the centers of the two
wheels when the vehicle is moving in a curved path and appendix B explains the
masses and moment-of-inertia properties of the various links used in the DADS

simulation model.



Chapter 2

Principles of Operation

2.1 Principle of 1:-1 Constant-Velocity Shaft Cou-
plings

The objective of a 1:-1 CV shaft coupling is to obtain a constant 1:-1 angular
velocity ratio between the input and the output shaft. An example mechanism is
shown in Figure 2.1 which is usually used as a bevel-gear differential mechanism.
For this mechanism to function as a 1:-1 CV shaft coupling, link 2 serves as the
input link, link 4 serves as the output link, and the cage or carrier (link 1) is
fixed to the ground. Since this is a one DOF(degree-of-freedom) mechanism,
one independent variable (here the position of the input link) will completely
determine the state of the system. The principle behind the mechanism in
Figure 2.1 to function as a 1:-1 CV coupling is explained below.

Let
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Figure 2.1: A 1:-1 CV shaft coupling

wo, w3, and wy  be the angular velocities of links 2, 3 and
4, respectively
Ny, N3, and Ny be the number of teeth on the gears

mounted on links 2, 3 and 4, respectively

Let link 2 be rotating about the positive X-axis with an angular velocity of
wy. This causes the gear mounted on link 3 to rotate with an angular velocity
of w3 about the positive Y-axis with the following relation between the two:

Wy _ N3

W2 _ 2.1
A (2.1)

The rotation of gear 3 causes the output link 4 to rotate at an angular velocity

of ws about the negative X-axis which satisfies the following equation:




w3 Ny

o N, (2.2)

The negative sign in Eq. (2.2) indicates that the output shaft rotates in the
negative X direction. At this stage, we introduce the constraint that the number

of teeth on gear 2 is equal to the number of teeth on gear 4. That is

Ny =N, (2.3)

Hence, from Egs. (2.1), (2.2) and (2.3), we get

Wy = —wy (2.4)

Eq. (2.4) proves that the angular velocities of the input shaft and the output
shaft are equal in magnitude but opposite in direction of rotation. This can
be clearly understood when we carefully examine the motion of the gears in
Figure 2.1. If the input link 2 rotates about the positive X-axis, then the gear
on link 3 will rotate about the positive Y-axis, while the output link 4 will rotate
about the negative X-axis according to the right-hand-rule. So a constant 1:-
1 angular velocity ratio between the input and ouput shafts is obtained thus
achieving a 1:-1 CV coupling.

One important application of a 1:-1 CV shaft coupling is that, with a little
modification, it can be transformed into a differential mechanism. This conver-

sion is explained in following sections.

10
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Figure 2.2: Corresponding differential mechanism

2.2 Principle of Differential Mechanisms

The basic principle of operation of a differential mechanism is the same as a
1:-1 CV shaft coupling but it serves a totally different purpose in automobiles.
Differential mechanisms are often used as a transmission device, which transmits
power from an engine to the wheels of an automobile. Figure 2.2 shows a typical
bevel-gear differential mechanism.

In this mechanism, the cage or carrier (link 1) serves as the input link while
the two shafts (links 2 and 4) serve as the output links of the differential mecha-
nism. This mechanism is a two-DOF mechanism which implies that we need two
independent variables to determine the state of the system. One is the rotation
of the cage (which is the input to the mechanism) and the other is a constraint
imposed by the no-slip condition. This no-slip condition means that both the

wheels must not slip at their respective points of contact with the ground. This

11




yields a definite speed ratio between the two wheels as a function of the radius
of a turn. This fact is observed quite clearly when a car gets stuck in snow, one
wheel would be rotating freely while the other would be stationary thus stalling
the car. When there is no friction (or very little) between the freely rotating
wheel and the ground, the friction constraint is not properly imposed and the
differential mechanism is not able to perform its function.

The functioning of a differential mechanism can be assumed as a superpo-
sition of two different motions. One motion is that, with the cage locked, the
mechanism functions as a 1:-1 CV coupling. This motion attributes to the differ-
ential speed of the wheels, say wq;rs. That is, if one wheel rotates at a differential
speed of wgifs rad/s, then the other wheel will rotate at —wais; rad/s, thus func-
tioning as a 1:-1 CV coupling. The other motion is that the whole differential
mechanism rotates as a rigid body about the axis of the wheels. In this case, Both
output shafts would rotate along with the cage at the same speed. These two
motions, when superposed on one another results in the motion of a differential
mechanism. This is explained in greater detail in Chapter 5.

Differential mechanisms are used in automobiles to produce the differential
motion that is necessary for making a turn. When an automobile is making
a turn, one wheel will rotate faster than the other thus aiding the turn. This
difference in speed of the output shafts is attributed to the principle of differential

mechanisms.

12




2.3 Need for Gearless Differentials

Conventional differential mechanisms are made by using gears. One main disad-
vantage of using gears is that each gear-pair has a line contact, which results in
severe wear and tear of the gears. The useful life of such a mechanism is compro-
mised due to this fact. Another disadvantage is the higher cost of manufacturing
and potential noisiness associated with the gear-pairs.

On the other hand, let us consider a revolute joint connecting two links. The
nature of contact between the two links of a revolute joint is a surface contact.
The stress and wear to the links is reduced due to this fact. So links connected
together by joints with surface contact gain the advantage of longer life span.
Thus there is a need to replace the differential gears with differential linkages. In
the following chapters, gearless CV couplings and differentials are enumerated

and analyzed, to overcome the above mentioned problems.

2.4 A 1:-1 CV Coupling and Its Corresponding
Differential Mechanism

As mentioned earlier, the method adopted in this work is to initially enumerate
all the 1:-1 CV shaft couplings and to evaluate them. Then, a promising mech-
anism is chosen and converted to a gearless differential mechanism for further
analysis. The conversion is done as follows.

We note that an inversion and an addition of one coaxial link to the mecha-
nism shown in Figure 2.1 results in a two-DOF differential mechanism shown in

Figure 2.2. This is a straightforward conversion that is employed in this study.

13



The addition of a coaxial link converts a one-dof CV coupling to a two-dof differ-
ential mechanism. The inversion comes from the fact that in a 1:-1 CV coupling,
link 2 is the input shaft and the carrier is fixed to the ground, while in a differ-
ential mechanism, the carrier serves as the input link and the two coaxial shafts,

links 2 and 4, form the output links.

14




Chapter 3

Enumeration of 1:-1 CV Couplings

As mentioned previously, the first step is to systematically enumerate 1:-1 CV
shaft couplings. This chapter deals with the enumeration process in detail and
also explains some problems that can occur in the mechanisms especially the
situation for which singular conditions may occur. The method adopted for the
systematic enumeration is as shown in Figure 1.1. First, the functional require-
ments are identified. Then, some of the requirements are translated into the
structural characteristics of 1:-1 CV couplings. Finally, a class of 1:-1 CV cou-
plings are enumerated and evaluated according to the structural characteristics

and other functional requirements.

3.1 Functional Requirements

The most irhportant functional requirement of a CV shaft coupling is the ability
to provide a constant angular velocity ratio between the input and output shafts,
in this case the ratio being 1:-1. Another important functional requirement that
is of particular interest in this work is the ability to transform such a 1:-1 CV

coupling to a differential mechanism.

15




3.2 Structural Characteristics

One of the most important problems that arises in a 1:-1 CV shaft coupling is
the existence of singularity conditions. Habil and Altmann (1950) emphasized
mainly on the occurence of singular points and different ways of avoiding it. A
simple example explained below illustrates the occurence of singular points in
1:-1 CV shaft couplings.

A

Slider
Link

Figure 3.1: Existence of singularity conditions

For the planar six-link mechanism shown in Figure 3.1, links OA = OB and
AC = BC. When the input link OA rotates in one direction about pivot O, the
output link OB will rotate in the opposite direction with the same angular speed,
thus acting as a 1:-1 CV coupling. But at the instant of time when the slider
C is at one of its extreme positions, i.e. both OA and OB are aligned with the
axis a-a, link OB has the possibility of rotating in either directions, either along
with link OA thus becoming a 1:1 CV shaft coupling or in the opposite direction
of link OA thus remaining as a 1:-1 CV shaft coupling. This condition is called
the singular condition and the two extreme points are called the singular points.
Singularity free condition is a very important functional requirement as it may

eliminate a whole class of mechanisms which possess singular points. Habil and

16



Altmann (1950) came up with a few spatial mechanisms which overcome this
kind of singular conditions. Recently, Ricardo Consulting Engineers Ltd. (see
Moore and Greenwood, 1994) developed a spatial gearless differential mechanism
from one of them.

In this study, the search is restricted to one-dof spatial mechanisms since
planar mechanisms either result in having singular points or too many prismatic
pairs (see Habil and Altmann, 1950) both of which are undesirable. Also work
has been done previously on planar mechanisms (though not systematically) but
not in spatial 1:-1 CV shaft couplings.

The joints to be considered in this work are turning pairs (R), prismatic pairs
(P), cylindrical pairs (C), spherical pairs (S) and ball-in-cylinder (Bc) pairs. Only
lower pairs are considered due to the high load-carrying capability of these joints.
The Bc-pair is also included because of its ease of manufacture even though it is
not a lower pair. Also since its freedom is equal to four, it helps in reducing the
number of links and thus reducing the complexity and inertia of a mechanism.
The plane pair (E) is not considered even though it is a lower pair as it can slide
in two dimensions which may result in excessive friction.

Hunt (1973) describes the necessity of symmetry of a mechanism about the
plane bisecting the input and the output shaft axes for it to act as a CV shaft
coupling. This holds true for a single loop mechanism with a desired velocity
ratio of 1:1. It turns out that this same necessary condition also holds for 1:-1
CV couplings with two independent loops. It can be seen from Figure 2.1 that
the bevel-gear 1:-1 CV coupling is symmetric about the axis a-a and it has two
loops. A detailed explanation as to why this works is given below.

Mechanisms with two independent loops are considered as they replicate a

17



standard differential gear mechanism as shown in Figure 2.2, the only difference
being the gear pairs are replaced by the kinematic-pairs chosen above. The
main reason behind this decision is that these two-loop couplings can be easily
transformed to a differential mechanism which is the main aim of this work.
Figure 2.2 shows the presence of a middle-joint (an R-pair in this case) and a
middle ternary link which transmits motion to the two shafts when the cage is
given an input. Figure 2.2 also shows that the two output links of the differential
mechanism are coaxial and that they are both supported by the same carrier. All
these facts are incorporated into the structural characteristics of 1:-1 couplings.

A general mechanism schematic satisfying the condition of symmetry and the
condition of two coaxial output links with a joint in the middle and two coaxial
R-joints is shown in Figure 3.2. The “mechanisms” shown in the rectangular
boxes are to be synthesized. Because of the symmetry, the mechanism can be
split into two halfs as shown in Figure 3.3. We note that the two halves share two
ternary links and one common joint. One of the ternary links, link 1, serves as
the carrier while the other, link 4, serves as a lever to transmit motion from one
half of the mechanism to the other half. In addition, each half of the mechanism
is a one-dof kinematic chain.

Consider the left half of the mechanism as shown in Figure 3.3(a). As the
input link 2 rotates, the lever 4 will produce some motion. Now consider the
motion of the lever 4 as the input to the right half of the mechanism as shown
in Figure 3.3(b). Since the right half of the mechanism is a mirror image of the
left half about the plane of symmetry, the output link 6 of the right half will
rotate in the opposite direction at the same rate as the input link 2 of the left

half. Hence the entire mechanism works as a 1:-1 CV shaft coupling.

18
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Figure 3.2: A general 1:-1 CV coupling

Next, a decision on the type of middle joint is made. Both R-pair and P-pair
cannot be the middle joint since the resulting mechanisms will possess singular
conditions. The reason is that if an R-pair is used as the middle joint, each half
will function as a spatial crank-and-rocker mechanism which has two extreme
singular positions. Similar reason holds for a mechanism with a P-pair in the
middle. If the middle joint is an S-pair, then the middle link is capable of
rotating about any axis passing through the center of the S-pair. The symmetry
of such a mechanism will be lost when the middle link rotates about an axis that
is not parallel to the plane of symmetry. Losing the symmetry implies that the
mechanism will no longer function as a 1:-1 CV shaft coupling. So S-pair as the
middle joint is also rejected. Similar problem is faced with Be-pair as the middle
joint. With C-pair as the middle joint, the above problems are overcome since

the C-pair is able to slide and rotate at the same time. This makes it possible
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Left-half 4 [] [] 4 | Right-half
Mechanism Mechanism

1a a,

Figure 3.3: (a) The left half, (b) The right half

for the two ends of the lever to describe a full circle on a cylinder per rotation
of the input link. Since the lever can perform a continuous motion, there will
be no singular points. Hence the only feasible middle joint is a C-pair. All the
above characteristics are summarized below as search specifications (Generator)

and evaluation criteria (Tester).

3.2.1 Structure Specifications

e The search is limited to spatial mechanisms.

e The joints to be considered are turning pairs (R), prismatic pairs (P),

spherical pairs (S), cylindrical pairs (C), and ball-in-cylinder pairs (Bc).

e The search is restricted to only those mechanisms with two independent

loops.
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The cage (base-link) is a ternary link (i.e., it has three joints). This link
is actually the input link of a differential mechanism. The middle joint
connects the cage to the middle link which is the second ternary link. All

the other links are binary.

The input and output links must be coaxial and they must both be sup-

ported by the cage.

The joints connecting the input and output links with the cage are R-
pairs. This means that the cage has two inline R-pairs (the third joint is

the middle joint).

The middle joint is a C-pair with its joint axis perpendicular to the joint

axis of the input and output links.

The maximum number of joints in a mechanism is limited to seven. This
controls the size of a mechanism from becoming too big thus making the

mechanism more portable.

To achieve a 1:-1 ratio from the input to the output link, the symmetry of
a mechanism about the plane bisecting the shaft axes must be maintained.
This plane of symmetry splits the mechanism into two sub-mechanisms,
each of them has one degree-of-freedom (satisfying the general degree-of-

freedom equation).

There is one common joint (the middle joint) and two common links (the

middle link and the cage) between these two sub-mechanisms.

21



3.2.2 Evaluation Criteria

e The maximum number of prismatic and cylindrical pairs cannot exceed
three. (This limits the amount of sliding in a mechanism, thus reducing

frictional energy loss, wear and tear).

e No link can have more than one sliding pair. (This again limits the amount

of sliding in a mechanism).

3.3 Enumeration of 1:-1 CV Shaft Couplings

Based on the structural characteristics listed above, two partially labelled graphs
representing all possible 1:-1 CV shaft couplings with upto six links are shown
in Figures 3.4 and 3.5, where X and Y denote the unknown joints that are to
be enumerated. The correspondence between the graphs and their structural
diagrams is that the links are represented by vertices, joints by edges, and the
joint connection of links correspond to the edges connection of vertices. The
edges are labelled according to the joint type and the fixed link is identified with
a circle around the vertex.

Each graph contains two loops and each loop represent a one-dof mechanism
which satisfies the general degree-of-freedom equation:

J

F=XMl-j-1D)+Y fi (3.1)

=1

where
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F : degrees of freedom of a mechanism, F =1

A mobility number, A = 6 for spatial mechanisms
[ : number of links
j ¢ number of joints

fi : degrees of freedom permitted by the i** joint

For each loop,

J=1 (3.2)

Substituting Eq. (3.2), F =1, and A = 6 into Eq. (3.1) yields

ZJ:fi =7 (3.3)

i=1

That is the sum of degress of freedom associated with all the joints in each loop

must be equal to seven.

® 6
(Output)

X

2@ 4
(Input) X (Lever)

Figure 3.4: Four-link mechanism

Applying Eq. (3.3) to one of the loops of the mechanism shown in Figure 3.4,
we obtain f; + 1+ 2 = 7, where f, denotes the degrees of freedom permitted
by the X joint. Hence f, = 4 and X can only be a Bc pair. Only one joint

combination is possible and it is RBcCBcR.
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(Lever)

Figure 3.5: Six-link mechanism

For the mechanism shown in Figure 3.5, we have f; + f, +1+2 =7, where
fz and f, denotes the degrees of freedom permitted by the X and Y joints
respectively. Hence, f, = f, =2, 0r f; =3and fy =1, 0r f; =1 and f, = 3.
With these values of f; and fy, five joint combinations are possible. They are
RCCCCCR, RRSCSRR, RSRCRSR, RPSCSPR and RSPCPSR.

These are the only possible mechanisms that can be obtained using the search
specifications. All the different joint combinations obtained are summarized
in Table 3.1. The graphs and their corresponding couplings are sketched in

Figure 3.6. The following notation applies for all diagrams:

1 : fixed link (cage or carrier)
2 . input link

3and 5 : coupler links

4 : lever (middle link)

6 : output link
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Table 3.1: Table of enumerations

Different

Joint Combinations

1. RBcCBcR
2. RCCCCCR
RRSCSRR
RSRCRSR
RPSCSPR

S o W

RSPCPSR

Each of the structures is a one degree-of-freedom mechanism consisting of
two loops connected together by the middle C-pair and the symmetry about the
plane bisecting the shaft axis is responsible for the 1:-1 velocity ratio between

the input and output shafts.
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Figure 3.6: Enumerated graphs and corresponding mechanisms
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Chapter 4

Structural Evaluation

Applying the systematic design of methodology depicted in Figure 1.1 resulted
in six 1:-1 CV shaft couplings as shown in Figure 3.6. That was the “genera-
tor” stage where all possible mechanisms are enumerated based on some of the
structure specifications. In this chapter, the mechanisms are filtered through a
“tester” to obtain a set of potential mechanisms. The criteria for the tester have
already been summarized as the evaluation criteria in the previous chapter. The

evaluation process is explained below.

4.1 Potential Mechanisms

Each of the mechanisms in Figure 3.6 is evaluated against the tester and the
results are summarized in Table 4.1. Any mechanism that passes the test is
termed as a potential mechanism. The application of the evaluation guidelines
resulted in four potential mechanisms.

An interesting feature is noted about the mechanisms enumerated. The
degrees of freedom for the whole mechanism, calculated by using the general

degree-of-freedom equation, Eq. (3.1), is zero as shown below.
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Table 4.1: Evaluation of Mechanisms

Mechanism | Evaluation

RBcCBcR | Acceptable as a potential mechanism. Even though
this mechanism has two Bc pairs (which are not lower
pairs), the small number of links in the mechanism is an
advantage.

RCCCCCR | Reject : The presence of too many cylindrical pairs in
the mechanism can cause excessive sliding friction.

RRSCSRR | Acceptable as a potential mechanism.

RSRCRSR | Acceptable as a potential mechanism.

RPSCSPR. | Acceptable as a potential mechanism.

RSPCPSR | Reject : The lever has three sliders which can cause ex-

cessive sliding on the lever link.
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For mechanism number 1, we have A =6,l =4, j=5,and > fi=1+4+
24+ 4+ 1 =12. Hence, we have

F=6(4-5-1)+12=0 (4.1)

Similarly, for the other mechanisms, we have A = 6,1 =6, =7, and )} f; = 12.
Again, we have

F=66-7—-1)+12=0 (4.2)

Even though these mechanisms are one degree-of-freedom mechanisms, they do
not obey the general degree-of-freedom equation. Those mechanisms which do
not satisfy the general degree-of-freedom equation are called overconstrained
mechanisms (see Mavroidis and Roth, 1995a and 1995b). Thus all the mecha-
nisms enumerated are overconstrained mechanisms.

Next, we choose a most promising coupling from among the four potential
mechanisms. An examination of the potential mechanisms shows that the RBc-
CBcR mechanism is the mechanism suggested by Habil and Altmann (1950) as
a 1:-1 CV coupling and developed by the Ricardo Consulting Engineers Ltd as a
differential mechanism. Even though this mechanism has fewer number of links
than the others, it is not judged as the most promising mechanism. This is
because the mechanism has two Bc pairs, which may result in high stress due to
the point contact in the joints.

The RPSCSPR mechanism contains three sliders while the RRSCSRR mech-
anism and the RSRCRSR mechanism have only one slider each. Since more num-
ber of sliders implies more friction, we eliminate the RPSCSPR mechanism as
the most promising mechanism. The number of sliders is an important criterion

especially when the mechanism is used as a high-speed 1:-1 CV coupling.
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Hence, we are left with two mechanisms: RRSCSRR and RSRCRSR. mech-
anisms. Both these mechanisms are quite similar, the only difference being the

relative arrangement of the R-pair and S-pair.

4.2 The Most Promising 1:-1 CV Coupling

Since there is not much difference between the RRSCSRR and RSRCRSR mech-
anisms, either one of them could serve as the most promising mechanism. In
what follows, we choose the RRSCSRR mechanism as the most promising mech-
anism and perform detailed kinematic and dynamic analysis on this mechanism.
A schematic diagram of the coupling is shown in Figure 4.1.

The mechanism consists of six links and seven joints and all the joints are
lower pairs. The lever and the cage are ternary links while all the other links are
binary links. The input link 2 is connected to a coupler link 3 by an R-pair, which
in turn is connected to the lever 4 by an S-pair. The C-pair in the middle connects
the lever with the cage and the symmetry of the mechanism is maintained about
the axis of this C-pair. As explained before, this symmetry in the mechanism
is responsible for the mechanism to function as a 1:-1 constant-velocity shaft
coupling. The lever transfers motion from one half of the mechanism to the other
half by oscillating as well as sliding along its cylindrical axis simultaneously.
We can visualize the two ends of the lever (where the S-pairs are located) as
performing a motion along a circular path on a cylinder whose axis coincide with
the axis of the C-pair. The singular condition is avoided due to this continuous

motion of the lever.

30




Cage(Carrier)

Output Link

Figure 4.1: The most promising 1:-1 CV coupling

4.3 Conversion to a Gearless Differential Mech-

anism

The 1:-1 CV shaft coupling obtained above is now transformed into a differential
mechanism. As explained before, an inversion and an addition of one more link
to the coupling results in a differential mechanism. A sketch of the gearless
differential is shown in Figure 4.2.

The inversion comes from the fact that the cage in the coupling becomes the

input link in the differential, while the newly added link becomes the fixed link
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Cage (Carrier)

Output

Link 2 m
Ground R 2 R Z
Link O

Input Link 1

Figure 4.2: The most promising gearless differential

for the differential. As this mechanism is a two degree-of-freedom mechanism, it
has the two coaxial links as the output links whereas in the coupling, one of the

coaxial link serves as the input link and the other as the output link.
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Chapter 5

Kinematic and Dynamic Analyses

In the previous chapter, a promising mechanism has been chosen. In this chapter,
a detailed kinematic and dynamic analysis will be performed to ensure that the
mechanism does have the potential for use as a gearless differential. Kinematic
analysis is performed both by an analytical method as well as using the software
package DADS, while the dynamic analysis is done fully on a simulated model

by using DADS. The subsequent sections explains the analysis in detail.

5.1 Kinematic Analysis

5.1.1 Analytical Method

When the mechanism functions as a 1:-1 CV shaft coupling, the velocity ratio
between the input and output shafts is 1:-1. That is, the output shaft rotates
at the same speed as the input shaft but in the opposite direction. But when
the same mechanism functions as a differential, the cage serves as the input and
the two coaxial shafts function as the two output links to drive the wheels of

a vehicle. In what follows, we derive an expression for the velocities of these
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output shafts for a given input angular velocity of the cage.

Let
Weage - angular velocity of the cage with respect to the chassis of the vehicle

wo,ws : angular velocities of the two output shafts (wheels) with respect to the

chassis of the vehicle

wgirs - differential speed

z : distance between the two wheels of a vehicle
Reyrve : radius of curvature of the path

r : radius of the wheels of a vehicle

We note that there are two different angular rotations involved in the motion
of the vehicle which the reader must be aware of. One is the rotation of the
whole vehicle about the center of curvature with respect to the ground since the
vehicle is moving in a curve. The other is the rotation of the two wheels as well
as the cage of the differential which is with respect to the chassis of the vehicle.
These two rotations must be distinguished clearly.

The differential speed refers to the angular velocity of one of the wheels when
the cage is locked. However, when the cage is locked, the mechanism functions
as a 1:-1 CV shaft coupling. Thus the other wheel will rotate at the same speed
but in the opposite direction. Hence, if one wheel rotates at a differential speed
of wgifs rad/s, then the other wheel will rotate at —wgiss rad/s.

Another case to be considered is when the whole differential mechanism func-
tions as one rigid body. Thus, both the output shafts would rotate along with
the cage at a speed of weage rad/s. In this case there is no differential at all.

Now, by applying the principle of superposition to the above two cases, we

can obtain the angular velocities of the two shafts as
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curve

X

Figure 5.1: A vehicle moving in a curve

Wy = Weage + Wdif f (51)

and

We = Weage — Wdiff (52)

Consider the situation when the vehicle is making a turn which has a radius
of curvature Reyrve as shown in Figure 5.1. Let the linear velocity at the center
of the vehicle be V; and the linear velocities of the center of the two wheels be V;
and Vg respectively, assuming V5 > V4. Referring to Appendix A, we obtain the
following equations of constraint relating these velocities, the radius of curvature

and the distance between the two wheels,
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Wheel

(No Slip)

Ground

Figure 5.2: The rotation of a wheel

RC’U’I"UG 2
Vy = v fleurve + 2/2) (5.3)
RC’UT’UC
and
curve — 2
Vo = v Lewrve = 2/2) (5.4)

RC’MT’UG

Now, consider the rotation of a wheel as in Figure 5.2. Here, we assume that
wheel does not slip (or skid) which implies that the velocity of the point of
contact on the wheel with the ground is zero. This assumption gives us the

velocity of the center of the wheel as

Vo = war (5.5)

Similarly for the other wheel, we obtain,

Ve = wer (5.6)
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Therefore, from Egs. (5.5) and (5.6), we get

wa/we = Vo / Vg (5.7)

Dividing Eq. (5.1) by Eq. (5.2), we obtain

Weage + Waiff

Wo/wg = 5.8
2/ 6 Weage — Wdiff ( )
Dividing Eq. (5.3) by Eq. (5.4), we obtain
(Rcurve + 23/2)
Vo/Ve = .
2/ 6 (Rcurve - .’L'/2) (5 9)
Hence, substituting Egs. (5.8) and (5.9) into Eq. (5.7), we get
Weage + Wdif f — (Rcurve + CI:/Z) (510)
Weage — Wdif f (Rcurve - x/2)
By applying the rule of componendo and dividendo to Eq. (5.10), we get
Wenge/waifs = T2 QR g (5.11)
cage/ Wdiff — 27/2 - curve .
or
z
Waiff = 2R Weage (512)

curve

Substituting wg;fs into Egs. (5.1) and (5.2), we obtain the angular velocities of

the two wheels as

T
2Rcurve

Wo = Weage(l + ) (5.13)

and
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X

2RC’U.1"U€ ) (5 . 14)

Wwe = wcage(]- -

Thus, we have obtained expressions for the velocities of the two wheels as
functions of the input cage velocity and the radius of the turn. In what follows,
we evaluate the above equations for an interesting case. When the vehicle moves
in a straight line, which implies that R.,... tends to infinity, then from equation
(5.12), we obtain a zero differential speed. We also have wy = wg = Weqge. This
implies that there is no internal motion within the differential and that the whole
mechanism rotates as one rigid body. Hence, as long as the vehicle moves in a
straight line, the differential acts as a rigid body to transmit motion from the
carrier to the wheels.

From the above discussion, it is quite clear that the differential mechanism
works as a superposition of a 1:-1 CV shaft coupling and a rigid body rotation.
When the whole mechanism functions as one rigid body, there is no relative
motion between the links. First, the kinematics of the CV coupling is performed.
Then it is superimposed on the motion of the cage to obtain the kinematics of
the overall differential mechanism. The analysis is done as follows.

Perhaps, the most critical link is the lever which transfers the motion from
one half of the mechanism to the other. Its motion determines the functioning of
the whole mechanism. As explained earlier, the lever can simultaneously oscillate
about as well as slide along its axis. Its position along the axis and its orientation
about the axis determines the status of the link. The aim of this analysis is to
determine the position and orientation of the lever for a given input angle of link
2. It is also clear that once we obtain the coordinates of the lever, the position

of the coupler links 3 and 5 and the output link 6 can be found.
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Coordinate
System (fixed)

Figure 5.3: Kinematic Analysis

Consider just the left half of the mechanism as shown in Figure 5.3. For
the purpose of analysis, an X-Y-Z coordinate system is defined with its origin
located at the point of of intersection where the first and the second revolute
joint axes intersect, its X-axis pointed along the axis of rotation of the input
shaft and the Y-axis parallel to the cylindrical axis. The input shaft is given an

input angle o with the cage fixed. As shown in Figure 5.3, let
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a be the orientation angle of the input shaft measured from the global
Y-axis,

B be the angle between the line OA and the projection of OA on to the
global YZ plane,

@ Dbe the orientation angle of the lever about the cylindrical axis. Specifi-
cally it is the angle between the line AB and a line parallel to the global
X axis,

S be the displacement of the lever along the cylindrical axis (the distance
between points B and C),

a be the length of the coupler link, a = |OA],

b Dbe the half length of the lever, b = |AB].

The initial conditions are as follows:

Qinit = 0,
IBinit =0,
eim't = 0, and
Sinit = @

The coordinates of point B with respect to the global coordinate system is
(b, S, 0). To find the coordinates of point A, we project line AB along the X and
Z axes and combine it with the coordinates of B. The projections of AB along
the X and Z axes are bcos# and bsin 0, respectively. Hence, the coordinates of

point A are
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Xa=b—bcosd = b(1 — cosb) (5.15)

Ya=S8 (5.16)

Zs =bsind (5.17)

Now we obtain the coordinates of point A in terms of the vector OA. The
coordinates of point O is (0, 0, 0). Since the motion of the coupler is a com-
plicated three dimensional motion, obtaining the coordinates of point A is not
trivial. The motion of the coupler can be assumed to be a superposition of two
different rotations: a rotation about the first revolute joint axis, connecting the
input link to the ground, by an angle « followed by another rotation about the
displaced second revolute joint axis, connecting the input link to the coupler, by
an angle 8 as shown in Figure 5.4. [t can also be considered as a rotation about
the second revolute joint axis by an angle § followed by another rotation about
the first revolute joint axis by an angle a. The resulting coordinates of point A

are:

X4 =asinf (5.18)
Y4 = acosacosf (5.19)
Z4 = asinacos 3 (5.20)
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Z

(a) Phase I (b) Phase II

Point A moves from A’’ to A’ Point A moves from A’ to A
Figure 5.4: Two successive rotations of the coupler

Next, we can equate the coordinates of point A obtained in Egs. (5.15), (5.16)
and (5.17) with those Eqgs. (5.18), (5.19) and (5.20). This results in the following

three equations:

asin § = b(1 — cos ) (5.21)
acosacosf =S (5.22)
asinocos f = bsind (5.23)
Eq. (5.23) can be written as
in 0
acosff = bs,ln (5.24)
sin o

Squaring and adding Eqgs. (5.21) and (5.24) (to eliminate the terms containing

B) results in
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.2
a2 = B[(1 — cos )2 + 6

2

sin® a] (5.25)
Eq. (5.25) can now be solved for 6 in terms of the input angle o and the link
lengths a and b. Dividing both sides of Eq. (5.25) by b and replacing sin?§ by

(1 — cos?6), we get

a?/b® =1 —2cosf + cos? @ + (1 — cos? §)/ sin’ o (5.26)
Eq. (5.26) can be written as a quadratic equation in cos# as

2

cos® f(cos® ) + cos A(2sin® &) + (2—2 sinfa —sina—1) =0 (5.27)

Solving Eq. (5.27) for cos @ we obtain

—sinZa:I:\/l—‘;—:cos2asin2a _
cosf = 5 , if cosa #0 (5.28)
cos? o

When cos @ = 0, we have sina = +1 and Eq. (5.27) reduces to

a?

cosf = (1- ﬁ)

(5.29)

As a matter of fact, if we apply the limit when cosa tends to zero to the
Eq. (5.28), we get same result as in Eq. (5.29). So, finally we have the solu-

tion for 0 as

. 2 .
—sina + \/1 — ‘;—20082as1n2a

0 =cos™!| >
cos? o

], if cosa # 0 (5.30)

and
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(a) Minimum @ position (b) Maximum @ position

Figure 5.5: Two extreme positions of the lever

2

6 =cos™!(1— T

), if cosa=0 (5.31)

Eq. (5.30) implies that there are four different solutions of 6 for each given
«. However, we can prove that only two are feasible. To prove this, we first try
to obtain the maximum and minimum values of 8 as shown in Figure 5.5. Both
the minimum and maximum values occur when the center of the lever reaches

point C, where o = £90. For a = £90, Eq. (5.29) yields

CL2

08 Omag/min = (1 — ﬁ) (5.32)

For 0p,45/min to be real, the following condition must be met:

a
1>1—:‘2—b—2>_1 (5.33)
which yields
a2
0< 5 < 4 (5.34)
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Substituting Eq. (5.34) into Eq. (5.28) for the minus case of the equation yields

22 a? s 2 . .
—sin a—\/l—b—zcos2as1n @ _ ~sina — V1 — 4cos? asin’

0=
cos cos? o cos?

(5.35)

But the right-hand-side of Eq. (5.35) can be simplified as follows:

—sinfa— V1 —4cos?asin’a —sina — V1 —sin? 2a
_ . . =—1  (5.36)
cos? o cos? o
Hence, Eq. (5.35) reduces to

cosf < —1 (5.37)

Eq. (5.35) implies that, for any value of 0 < ‘;—: < 4, the value of cos # would
be less than —1. Hence, the minus sign in Eq. (5.28) is infeasible and the solution

for 6 reduces to

. 2 .
—sin®a + \/1 — % cos?asin’ a
cosf = 3 (5.38)
cos? o

Eq. (5.38) yields two solutions of 6 for a given value of o. That is if § = 6,
is a solution, then # = —6, is also a solution. Further, if 8 = 6, yields a positive
value of S, then § = —6, yields a negative value of S.

Once an expression for 4 is obtained, we can get an expression for the position
of the lever along its axis, S. Substituting acos( from equation (5.24) into

(5.22), we get

S =bsinfcot o (5.39)
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Hence, there are two branches of solutions. For the mechanism to switch
from one branch to another, the mechanism must be disassembled and then

re-assembled.

5.1.2 Kinematic Analysis Using DADS

In this section, the kinematic analysis is performed in a more detailed manner
using the software package DADS. Both the 1:-1 CV coupling (as in Figure 4.1)
and the gearless differential mechanism (as in Figure 4.2) are simulated and the

results are explained below.

(a) Kinematic Analysis of the Coupling

The mechanism is modelled as a real world system resembling (in its size) an
existing differential gear box. The link lengths are chosen as a = 3 cm and
b = 6 cm. For simplicity, all the links are assumed to be cylinders, their axes
with respect to the global XYZ coordinate system at the instant shown in the
Figure 5.6 is explained below. The local Y-axis of the input and output links are
along the negative of the global X-axis, the local Y-axis of the couplers are along
the global Y-axis and the local X-axis of the lever is along the global Y-axis.
The term “world” in the Figure 5.6 represents the global coordinate system.
The mechanism was driven at a constant angular velocity of 209.4 rad/s (2000
rpm), which was given as an input to the input link 2. The kinematic analysis
resulted in the output link 6 rotating at the same speed but in the opposite
direction of the input link 2, thus behaving as a 1:-1 CV shaft coupling.

As explained in the previous sections, one very important factor that affect

the kinematics of the mechanism is the motion of the lever (middle link). The
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Figure 5.6: The model of a 1:-1 CV coupling

lever has motion only about the global Y-axis (both translation and rotation).
For one rotation of the input shaft, the angular and linear displacements as well
as velocities of the lever about the global Y-axis are plotted in Figs. 5.7 and 5.8.
The displacements indicate that the lever oscillates +0.5 rad and slides +3 cm.
The maximum angular velocity of the lever occurs at the top and bottom dead-
center positions while the maximum linear velocity occurs at the mid-position
of the lever, where the angular velocity is zero.

If we substitute the values of a and b into the Eq. (5.32), we get the same
maximum and minimum values for the angular displacement of the lever as £0.5

rad.
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Figure 5.7: Angular and linear displacement of the lever

(b) Kinematic Analysis of the Gearless Differential

.Now, the mechanism is simulated as a differential mechanism. The simulation
model along with the global and local coordinate systems of the links are shown
in Figure 5.9. The vehicle is assumed to move in a curve as shown in Figure 5.1
and the motion of the two output links (links 2 and 6) are analyzed when the
cage (carrier) of the differential is driven at a constant angular velocity. The

following values are inputted into the model:
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During the simulation, it is observed that, for every ten revolutions of the
input cage, the links inside the differential make one full cycle. This fact is clear

when we notice that, for the above assumed values of R, and z, the differential
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Figure 5.9: The model of a gearless differential mechanism

speed is one-tenth of the speed of the input cage which can be obtained from
Eq. (5.12) (as /2Rcyrpe = 0.1).

The values of the angular velocities of the two wheels (links 2 and 6) along
with the angular velocity of the cage are plotted in Figure 5.10. It is clear from
Figure 5.10 that one of the wheels rotates faster than the other thus functioning
as a differential mechanism in aiding the turn. It also confirms to Egs. (5.13)
and (5.14) in that, if we substitute the above values of Reyrye,  and wegge, we

get angular velocities of the wheels as 96.8 rad/s and 79.2 rad/s respectively.
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5.2 Dynamic Analysis

In the previous sections, kinematic analysis was performed on the coupling and
the gearless differential mechanism both analytically and using the software pack-
age DADS. In this section, a detailed dynamic analysis is performed on both the
coupling and the gearless differential mechanisms and the results of the analysis
are used to come up with some design guidelines for the design of a differential
in the next chapter.

For the coupling, the input link 2 was given a constant angular velocity. For
the differential, since it is a two degree-of-freedom mechanism, two inputs were

given to the mechanism. One is for the cage of the differential and the other is
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one of the output links 2. These inputs were calculated such that the vehicle
will make a turn with a turning radius Ry, = 700 cm, wheel base z = 140 ¢m,
and cage velocity weqge = 88 rad/s as described in the previous section.

The gravitational effects are neglected as they are small and do not play
an important role in a differential mechanism. The dynamic analysis of the
differential is split into two sections. The first one considers the inertial effects
with no external torques which is used to observe the shaking forces and moments
on the ground link, while in the second section, external torques are applied to
observe the forces and moments at the various joints.

The link lengths are chosen as the same values as that in kinematic analysis,
i.e. @ =3 cm and b = 6 cm. The mass moment-of-inertias of all the links are
calculated with respect to their local coordinate systems. Since all the links are
assumed to be cylinders, the centers of mass of all the links are located at the
centers of the cylinders which make the product of inertia, I,, I, and I, equal
to zero for all the links. The mass and principal moment-of-inertia properties
of the links are shown in Table 5.1. The details of these values are explained in
Appendix A.

We note that the principal moments of inertia about all the three directions
are left blank for the two output links. This is because, these values will never
affect the dynamics of the mechanism. Since both the output links rotate about
their fixed local Y-axes, the moments of inertia about the other two axes is not
necessary for the model. Also, even the moments of inertia of the output links
about their axis of rotation do not affect our model, since we are simulating only
for the case of constant angular speeds of the wheels. So, even this component

of moment-of-inertia is ignored. As a matter of fact, while performing the sim-
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Table 5.1: Masses and moments of inertia

Link Mass I I, I,
(9) | (gem?) | (g.em?) | (g.cm?)
Cage (Input) | 4400 | 24200 | 93866.76 | 93866.67

Outputl 20000 - - -
Couplerl 230 690 180 690

Lever 600 11250 | 468.75 11250
Coupler2 230 690 180 690
Output2 20000 - - -

ulation, this fact was verified by varying the values for the moment-of-inertia of
the wheels and, as expected, it did not affect the dynamic results.

We also note that, when the mechanism is simulated as a coupling, the cage
becomes the fixed link and so its mass and moment-of-inertia will have no con-
sequence on the results of the simulation. But the above mentioned values for
the cage in Table 5.1 does come into picture when the mechanism is simulated

as a differential.

5.2.1 Dynamic Analysis of the Coupling

The mass properties given in Table 5.1 with the exception of the mass and
moment-of-inertias of the cage are inputted into the model and dynamic analysis
is performed. A constant angular velocity of 209.4 rad/s (2000 rpm) was given to
the input link 2. The analysis gives us the forces and torques that are required

to generate the prescribed motion and also the reaction forces and moments
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Figure 5.11: Shaking force about the global Y-axis (for the Coupling)

generated at the various joints and links. Also, no external torques are applied
which implies that the main effects on the dynamics of the coupling will be the
inertia effects.

An important factor to be considered in the dynamics of the coupling is the
reaction forces and moments acting on the ground. These are better termed as
the shaking forces and shaking moments due to the motion of the mechanism.
The presence of symmetry in the mechanism yields no shaking forces and mo-
ments along the X and Z-axes. The shaking forces and moments acting on the
carrier in the global Y-axis are shown in Figures 5.11 and 5.12 respectively.

We note that, when the mechanism is used as a differential, the differential
speed would be quite small (in our simulation of the differential, wg;r = 8.8

rad/s) when compared to the speed at which the coupling is driven here (which
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Figure 5.12: Shaking moment about the global Y-axis (for the Coupling)

is 209.4 rad/s). So, the shaking forces and moments should be much smaller
for a differential than the values obtained in Figures 5.11 and 5.12 which will
become clear from the simulation performed in the next section.

Another important factor to be considered in the dynamics of the coupling is
the forces exerted on the lever at the C-pair. Since the lever can slide along and
rotate about the axis of rotation of the C-pair (the global Y-axis) freely, there
are no forces or moments exerted at the C-pair of the lever about this global
Y-axis. The forces in the other two directions are plotted in Figures 5.13 and
9.14, respectively.

It is noted that the forces exerted on the lever at the C-pair is quite small.
However, this will not be the case when external torques exist at the output

shafts. The above plots, Figures 5.13 and 5.14, are shown just to prove the fact
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Figure 5.13: Force exerted on the lever at the C-pair along the global X-axis

that the effects of inertia forces at the joints are negligible when compared to the
effects due to external torques. In the next section, when the dynamic analysis

is performed on the differential, this fact will be proved.

5.2.2 Dynamic Analysis of the Gearless Differential

The dynamic analysis of the differential is split into two different parts. First,
the inertia effects due to the motion of the links alone are considered, then the
effects due to external torques at the wheels are considered. It will be shown
that the effects due to inertia is much less when compared to the effects due to

external torques.
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Inertia Effects

In this section, dynamic analysis is performed on the gearless differential us-
ing the mass and moment-of-inertias properties given in Table 5.1. A constant
angular velocity of 88 rad/s was given to the cage (carrier), and the vehicle is
assumed to be travelling in a curve whose radius of curvature, track width of
the vehicle, and the link lengths are the same as that used for the kinematic
analysis of the differential. The analysis gives us the forces and torques that
are required to generate the prescribed motion and also the reaction forces and
moments generated at the various joints.

Just as was the case with the coupling, an important factor to be considered
in the dynamics of the differential is the shaking forces and moments acting on
the ground. These play an important role especially for a differential since the

differential will be mounted on a vehicle and too much shaking is undesirable.

o7




150 T T T T T
] I 1 I 1 [ 1
| | 1 | ) | |
1 i 1 1 ) 1 i
1 1 1 | 1 ) i
| i i | | i :
100F~H-——t——=—==r=——=oH—— =t b e ———— t-———f—————
i b | 1 1 | 1
i I | ' 1 ) 1
| i | 1 1 |
1 1 1 i 1
1 1R
SOF1-t——pt-—--~-rpn-———r1--14-1- ---p-———-——f -~ 1r---—-1
| T T r
| i |
- | S
Z /\ 1 i I 1 | i
g o \ AIRR SRR RN \ R
hd \1 t t |\/ i
I i 1 |
[ | I 1 |
1 1 1 I ) |
B A S L e e I
1 1 I 1 !
1 1 i t
1 1 i 1 i
1 I { I [
} | 1 { I I
—100ff - == y~{--=--~ b At - |
{ | 1 1 1
{ 1 1 | 1 1
1 1 i | 1 1
1 | 1 i 1 |
1 1 | I 1 1 1
~150 1 i i L I 1 1
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Time (s)

Figure 5.15: Shaking force along the global Y-axis

The analysis produces shaking forces and moments about the global Y and Z-
axes as shown in Figures 5.15, 5.16, 5.17, and 5.18. The presence of symmetry in
the mechanism about the global YZ plane yields no shaking forces and moments
about the global X-axis.

There are a few important observations made from the plots obtained of the
shaking forces for the differential. The first observation is that the shaking forces
are not as high as that obtained for the 1:-1 CV coupling. This can be attributed
to the fact that the differential speed of the mechanism is much slower than the
speed of the coupling.

Another thing to be noted is the high number of peaks and valleys appearing
in the curves obtained for the shaking forces and moments. This is attributed to
the fact that the whole mechanism along with the cage is rotating about the axis
of the wheels. As mentioned in the kinematic simulation of the differential, the

cage makes ten revolutions for every cycle of differential motion. Since the whole
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Figure 5.16: Shaking force along the global Z-axis

cage is rotating, the lever now not only slides and oscillates about its cylindrical
axis but also rotates along with the cage about the global X-axis which generates
centrifugal forces in the Y and Z-directions. This way, the inertia effect due to
the rotation of the mechanism as a rigid body is modulated by that of the
differential motion. The high frequency variation is due to the rotation of the
cage and the low frequency variation is due to the differential motion.

Another interesting feature is noted when a comparison is made between the
shaking forces generated in the differential and those generated in the coupling.
The coupling exhibits no shaking forces and moments about the global X and
Z-axes while the differential exhibits no shaking forces and moments about the
global X-direction only. The presence of the forces in Z-direction of the dif-
ferential can be attributed to the same fact that, the lever not only slides and
oscillates about its axis but also rotates along with the cage about the global

X-axis. All these factors illustrates the difference between the differential and
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Figure 5.17: Shaking moment about the global Y-axis

the 1:-1 CV coupling.

Figure 5.19 shows the shaking force in the Y-axis versus the shaking force in
the Z-axis. We can infer from Figure 5.19 as a rotating shaking force. At some
instant in time, the shaking force points in the positive YZ quadrant, while at
other instances, the shaking force points in the other three quadrants. For one
full differential motion of the mechanism, the shaking force rotates, about the

global X-axis, ten times with varying magnitude.

Effects Due to External Loads

In the previous section, we performed the dynamic analysis by applying a con-
stant angular velocity to the cage and one of the output link 2, simulating the

condition of a vehicle moving along a curve without any external loads. Hence,
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Figure 5.18: Shaking moment about the global Z-axis

the analysis gave us an idea about the nature of the inertia effects due to the
moving links. However, in reality, this is not the case. For example, when a
vehicle is cruising on a highway, there will be some input power supplied by the
engine to the differential to overcome the external loads due to wind drag, fric-
tion between the tires and the ground, etc. These external loads act as external
torques on the wheels and they must be accounted for the design of a differential.

To obtain expressions for these torques, a static analysis on the differential
is performed. This analysis is very close to reality since the effects due to the

external loads are quite high when compared to the inertial effects. Let
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Teage  De the input torque on the cage

Ty, T¢ be the external torques on the wheels

For the static analysis, we have

Tcage — T2 — Te = 0 (540)

If there is no loss of power inside the differential, then the input power must

equate to the output power. That is

TeageWeage = ToWa + TeWs (541)
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Egs. (5.40) and (5.41) can be used to solve for the torques on the wheels. From
Eq. (5.40), we have

Te = Tcage — T2 (542)

From the section on kinematics (from Egs. (5.1) and (5.2)), we have

W = 2wcage — W2 (543)

Substituting Egs. (5.42) and (5.43) into Eq. (5.41), we get

Ty = 7-ca,ge/z (544)

Hence, from Eqgs. (5.42) and (5.44), we obtain an expression for 7, and 7¢ as

Ty =T = T‘;ge (5.45)

From Eq. (5.45), we see that the external torques at the wheels are indepen-
dent of the speed of rotation of the wheels and that they are always equal to one
another (that is, 7o = 7¢) and equal to one half of the input torque. So, if one
wheel rotates faster than the other (while taking a turn), more power is drawn
by the faster rotating wheel in aiding the turn.

The above results are used to perform the dynamic analysis of the mechanism
using DADS. The input power is approximately assumed to be 18 kW which is
typical of a cruising speed. At this cruising condition, the cage of the differential
is assumed to be rotating at a constant speed of 88 rad/s. So, we have

1
Toage = % ~ 200 N.m (5.46)

63




Hence, Eq. (5.45) yields

T = 76 = 100 N.m (5.47)

The vehicle is assumed to be making a turn with the same values of Ry, ye
and z as those used for the kinematic analysis of the differential. To simulate the
real world situation, the following approach is adopted. The input cage is driven
at a constant angular velocity of 88 rad/s and link 2 is driven at a constant
angular velocity as given by Eq. (5.13) of 96.8 rad/s. Also, an external torque
76 = 100 N.m as given by Eq. (5.47) is applied to the other wheel (link 6). To
prove that this does simulate the real world situation, we examine the driving
torques that is necessary to kinematically drive the two inputs. The analysis was
performed and we did notice that the two driving torques were 7,44, = 200 N.m
and 7, = 100 N.m which correspond to Egs. (5.46) and (5.47), respectively. It
was also noted that the fluctuations in these driving torques (generated due to
the inertial effects) were extremely small, thus proving our fact that the inertial
effects are negligible when compared to the effects due to external torques.

The simulation was performed and a very important fact was noted from
the results. The shaking forces and moments have the same values as those
obtained in the previous section, where we considered only the inertial effects.
This implies that the external torques exerted on the wheels, however large
they are, do not have any effect on the shaking forces and moments. So, link
inertias of the differential are responsible for producing those shaking forces and
moments. But this is not the case for the forces exerted at the joints. The
external torques has the largest effect on these forces while the inertia forces

does not contribute much to the joint forces. This is discussed in more detail in
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Figure 5.20: Forces acting on the lever at both the S-pairs along the local Z axis

of the lever

the following paragraphs.

A few important force quantities are the forces exerted by the couplers on
the lever about the local X and Z-axes of the lever. These forces are critical since
they act at the spherical joints and the design of these joints are dependent on
these forces. Also, since these are S-pairs, there will not be any moments at the
joints. These forces exerted on the lever along the local Z-axis and the local
X-axis of the lever are plotted in Figures 5.20 and 5.21, respectively.

Another important factor to be considered in the dynamics of the differential
is the force and moment exerted on the lever by the cage at the C-pair. These

are important since the size of the cylindrical joint depends on these forces and
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Figure 5.21: Forces acting on the lever at the S-pairs along the local X-axis of

the lever

moments. Since the lever can slide along and rotate about the axis of rotation of
the C-pair (the local X-axis of the lever) freely, there are no forces or moments
exerted on the lever about its local X-axis. The force and the moment exerted
on the lever at the C-pair about the local Z-axis of the lever are the important
quantities to be considered. This becomes clear if we look at the free-body-
diagram of the lever at any instant in time as shown in Figure 5.22.

The force along the local Z-axis of the lever, F,;2, and the moment about the
local Z-axis of the lever, M,,;, are plotted in Figures 5.23 and 5.24 respectively.

Considering the free-body-diagram of the lever as shown in Figure 5.22 and

writing the force equilibirium equation and the moment equilibirium equation
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Figure 5.22: Free-body-diagram of the lever

along the local Z-axis of the lever, we have

lel + leS - le2 (548)

and

M, = 2b(Fon + Fap) (5.49)

Egs. (5.48) and (5.49) are verified against the simulation data obtained, and
they do agree with the data.

At the C-pair, there are equal and opposite forces and moments exerted on
the cage. Since the lever slides freely along the local Y-axis of the cage, there
are no forces and moments along the local Y-axis of the cage. But, forces and
moments exist along the local X and Z-axes of the cage. At any instant in time,
these forces and moments are drawn on the free-body-diagram of the cage as
shown in Figure 5.25.

The force exerted on the cage at the C-pair along the local Z-axis and the
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Figure 5.23: Force acting on the lever by the cage along the local Z-axis of the

lever

moment exerted on the cage at the C-pair along the local X-axis are plotted in
Figures 5.26 and 5.27, respectively.

Considering the free-body-diagram of the cage as shown in Figure 5.25 and
writing the moment equilibirium equation about the local X-axis of the cage, we

have

Mgy + FuS = Tegge = 200 Nom (5.50)

Eq. (5.50) is verified against the simulation data obtained, and it does agree
with the data.

Figure 5.28 shows a plot of F, versus F, for the forces acting on the cage
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Figure 5.24: Moment acting on the lever by the cage about the local Z-axis of

the lever

at the C-pair with respect to the local coordinate system of the cage. It shows
that the direction of the force acting on the cage at the C-pair is continuously
changing in magnitude and direction. This is good for the cylindrical joint as a
rotating force permits better lubrication of the joint.

It was noted that the magnitude of the forces and moments at the joints due
to the inertial effects were extremely small as compared to the effects due to the
external torques. At the same time, it was also noted that the shaking forces and
moments on the ground are due to the inertial effects only and that the external
torques do not contribute in any way to the shaking forces and moments. In the

next chapter, these results are used to come up with some design guidelines that
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can be used for the design of a gearless differential.
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Figure 5.26: Force acting on the cage at the C-pair along the local Z-axis of the

cage
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Chapter 6

Design Guidelines

Based on the results from the previous chapter, we try to come up with some
design rules that can be used to choose the link lengths for a differential. So,
the aim of this chapter is to present some guidelines that can be adopted in
choosing the link lengths, especially the values of a and b, of the mechanism. It
is clear that, once the values of a and b are determined, it is just a matter of
choosing the shapes of the links (for example, the diameter of a link) which will
not affect the kinematics of the mechanism and is out of the scope of this work.

The subsequent sections lay down these above mentioned design rules.

6.1 The Effect of a/b Ratio

From the kinematic analysis in the previous chapter, it is quite clear that the
a/b ratio plays a very important role. This ratio appears on the equation that
determines the orientation of the lever # at any instant in time. The extreme
values of 6 is given by the Eq. (5.32):

a2

gmam/min = cos™! (1 - '2"1)3 (61)
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Eq. (6.1) gives us a constraint on the a/b ratio (from Eq. (5.34)) as

0<%<2 (6.2)

Let us look at how the a/b ratio affect the kinematics and dynamics of the
mechanism. It is clear from Figure 6.1 that the oscillation angle of the lever
increases with increasing a/b ratio. It is surely not advisable for the oscillation
angles of the lever to go beyond +90 degrees as it would cause the two ends
of the lever to cross the central YZ plane that splits the mechanism into two
symmetric halves. As a matter of fact, larger the angle of oscillations of the
lever, larger would be the angular velocities and accelerations of the lever. This

implies the inertia effects will increase with the oscillation angle which in turn
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will increase shaking forces and moments on the ground.
Hence, we can state that, for a better design, we prefer smaller values of the

a/b ratio.

6.2 The effect of coupler link length (a)

Another factor to be considered is the amount of sliding of the lever along its
cylindrical axis. The maximum value of this sliding, Sy, as given by Eq. (6.3),
is equal to a (and Sy, is, of course, —a). This value, as we can see, is independent

of b.

Smaz = @ (6.3)

It is clear from Eq. (6.3) that the sliding of the lever along its cylindrical
axis will increase with increasing a. This implies that the linear velocity and
acceleration of the lever along its cylindrical axis will increase with increasing
value of a. So, the inertia and thus the shaking forces and moments on the
ground will increase due to an increase in a.

Hence, we prefer the value of a to be small as this would decrease the sliding

of the lever along its axis resulting in decreasing the inertia effects.

6.3 Suggested Values for the Link Lengths

In the previous sections, we have shown that the analysis favoured small a/b ratio
as well as small value of a. First, a decision should be made as to how small

the a/b ratio can we have. In our opinion, an angle of about 30 - 40 degrees of
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oscillation of the lever about its cylindrical axis is a good choice. This is a design
choice that a designer should make before sizing the actual link lengths. Next,
the question arises as to why can’t we further reduce the angle of oscillation?
The reason is that, in reality, there will be torques acting on the two wheels,
which will exert forces at the spherical joints connecting the couplers and the
lever. If the value of a is very low, then the forces at the spherical joints would
be very high due to the torques at the wheels. It will be inpossible to design
spherical joints to withstand such high forces. This factor is considered in a later
section and is explained in further detail there.

A value of 8,,,, = 30 degrees was assumed and the link lengths are obtained.

By substituting 6,,,. = 30 degrees into Eq. (6.1), we obtain the a/b ratio as

% = 0.5176 (6.4)

Once we have fixed a value for the a/b ratio, choosing the link lengths is just
a matter of scaling the size of the mechanism. That is, if we increase the value
of a, then correspondingly the value of b will increase to maintain the same a/b
ratio thus making the mechanism size bigger. Next, a decision is made on the
upper bound for the value of a. We see in the previous section that the lower
the value of a is, the better it would be since the shaking forces and moments
would decrease with a. In our opinion, a maximum value of the sliding of the

lever (and thus on a) can be fixed at 3 cm. Based on this assumption, we have

Omaz = 3 CT (6.5)

In all the constraints that have been laid out till now, we have considered only

the effects due to the motion of the links which we know better as the inertial
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effects. In the previous chapter on dynamics, we saw that the inertia effects
affect mainly the shaking forces and moments on the ground but, in real world
situation, there exists external torques on the wheels which is the major factor
in generating various forces and moments at the various joints. The design of
these joints depend on these forces and moments that they must withstand, and
so, the effects due to the external torques on the wheels should be considered in
laying out design guidelines for the differential mechanism. In the next section,
we perform a parametric study by varying the values of @ and b and keeping
the a/b ratio constant as given by Eq. (6.4) and do the analysis with external
torques as done in the second part of the dynamic analysis of the differential in

the previous chapter.

6.4 Effect due to External Loads

The analysis, as done in the second part of the dynamic analysis of the dif-
ferential, with the same input values for the external torques, is performed for
different values of a and b while maintaining the a/b ratio constant given in
Eq. (6.4). As mentioned in the previous chapter, the reaction force at the spher-
ical joint is an important criterion in design since this force decides the size of
the spherical joint. It is clear that the spherical joint must withstand this force
and so a smaller force is preferred. The maximum resultant force at the spherical
joint during one full differential motion is plotted as a function of a as shown in
Figure 6.2.

Figure 6.2 was plotted as follows. First, the magnitude of the force exerted at

the spherical joint is plotted as a function of time for one full differential motion

78




11000

T T T T T [}
i I ) i I
| | | ] |
i | | | i
I | 1 | |
[+ o]
||||| | B e e s
| | 1 | ) o
) I i | |
i I ] | |
| I 1 | I
||||| L d 1 Loy ___]@
] | | | o
I I | I
i | | I
] I | I
| I I -
STTTTTT l T~ T17~ oi
I i I | I
I i | i I
| [} | 1 I
I | | I i o~
T 7 H H o
| | | 1 [}
| i i I
I ] [ | i
||||| [F A QU S g Y1
! I 1 | I
i I 1 I I
| I 1 I |
| | I | I
||||| oA o1 _]®
] | | ] | -
[} | | | t
| | | | i
I I | | i
____] I | | ] ©
B STTTTTITTTTA T-="TT7 "7 -
] I I | 1
I ) I I [
1 } i | 1
I I | | I |
||||| e e B e e ik sl bty Dbty M
I | i | | |
| 1 ) [} | |
| | | | |
I I I 1 I I
||||| Y SPGQUY U S  S AP O G
I 1 ] I ] | -
i | | | | | |
| | | | i I |
| | | [} 1 [}
1 1 i i 1 1 1 -~
=) [=) o o =) =) =) [=)
S S S S =} =} S S
S =} o S S S =} S
=) & © ~ @ s} F @
=
(N) so104

a (cms)

Figure 6.2: Maximum force at the spherical joint Versus the value of a
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Figure 6.3: Maximum force at the cylindrical joint Versus the value of a

(which is equivalent to ten revolutions of the cage as shown in the previous
chapter) and for a given value of a. Then, the maximum force is identified for
that particular plot. The process is repeated for different values of o and the
result is plotted in Figure 6.2.

It is clear from Figure 6.2 that, as a increases, the force exerted at the
spherical joint will decrease. Since we prefer this force be as small as possible,
we need to go for higher values of a. But the maximum value on a is limited by

the Eq. (6.5). So, we can choose our value of a as

a=3cm (6.6)

Next, the maximum resultant force at the cylindrical joint is for one full
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differential motion is plotted as a function of @ as shown in Figure 6.3. Figure 6.3
was plotted in the same manner as Figure 6.2. Again from Figure 6.3, we note
that, for the force at the cylindrical joint to be small, we need to go for higher
values of a. So, from the point of view of the cylindrical joint too, we can choose
the value of a to be 3 ¢m as given by Eq. (6.6).

Substituting Eq. (6.6) into Eq. (6.4), we have the value of b as

b=58cm (6.7)

From the discussion so far, we can come to the following conclusions. Smaller
values of a and b are preferred as they reduce the inertia effects and thus the
shaking forces and the moments on the ground. But, at the same time, due to the
external torques acting on the wheels, we prefer larger value of a as this reduces
the forces acting at the spherical and the cylindrical joints which is an important
criterion in the design of these joints. Hence, both facts must be considered for
obtaining optimal link lengths. In the above discussion, we did consider both
these facts for designing the link lengths and the values we obtained are given

by Egs. (6.6) and (6.7).
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Chapter 7

Conclusion and Future Study

7.1 Conclusion

We have adopted an improved methodology for the enumeration of all possi-
ble gearless differential mechanisms which satisfy a set of search specifications.
The method adopted here was to first enumerate 1:-1 constant-velocity shaft cou-
plings which are later transformed into gearless differentials. First, the functional
requirements of a 1:-1 CV shaft coupling which is suitable for application as a
gearless differential are defined. Then, most of these functional requirements are
translated into structural characteristics and incorporated in a generator for the
enumeration of mechanism structures. The remaining functional requirements
are implemented in a tester for the evaluation of mechanism structures. As a
result, we obtain four potential 1:-1 CV shaft couplings and thus four potential
gearless differentials..

To perform a feasibility study, a promising candidate mechanism is chosen
for the kinematic and dynamic analysis. The analysis is performed on both the

1:-1 CV shaft coupling and the differential. The analysis reveals that the 1:-1
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CV coupling can provide a 1:-1 velocity ratio between the input and the output
shafts. Also, the differential mechanism does have the capability in providing the
differential motion that is necessary for a vehicle to make a turn. The mechanism
was simulated by using the DADS software package and the differential motion
was observed on the simulated results.

The lever link in the differential possesses a continuous sinusoidal motion.
Due to this continuous motion, the singularity condition is avoided. The rotation
of the lever is out of phase with respect to its translation by 90 degrees and the
shaking force and moment acting on the ground are negligibly small. The joint
reaction forces and moments are sinusoidal and reasonably small for a common
bearing size. We can conclude that the mechanism does have the potential for
application as a gearless differential as well as a 1:-1 CV coupling. Finally, design
guidelines which can be used to obtain optimal values for the link lengths were

established.

7.2 Future Study

The dynamic analysis was performed only for the case of a vehicle at a cruising
speed. Another important case that must be studied is the case when the vehicle
is accelerating. When the vehicle is accelerating, the ground reaction torques at
the wheels will increase significantly. This is important since the joint reaction
forces and moments depend primarily on the external loads.

Also, one can try to derive the dynamic equations that govern the motion
of the differential. Once these equations are obtained, one can solve the prob-

lem of design as a multi-objective optimization problem, with the objectives of
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minimizing the shaking forces and moments on the ground and minimizing the
forces and moments at the joints.

As a further part of future study, a prototype mechanism can be developed
using the optimal link lengths to establish a proof of the concept. Also, we
can perform a detailed finite element stress analysis on the links by using one
of the many available FEM packages. This will give a further insight on the
performance on the differential.

The following section presents an alternate approach for the design of the

differential mechanism.

7.3 An alternate design

In this section, a different approach for the design of the differential mechanism
is presented. This involves the positioning of the couplers in a slightly different
way. In the previous design, (from Figure 5.3) we have chosen § = 0 when oo = 0
such that the couplers are perpendicular to the axis of the output shafts. This
way, (3 goes from 0 to [, as the lever oscillates.

In this section, we modify the approach slightly such that 8 ~ — (4, /2 when
o =0 and 180 deg and B ~ Bqee/2 when o = 90 and 270 deg.

This is clearly shown in Figure 7.1. A comparison of the values of 3 of the
new approach with the previous design is sketched in Table 7.1.

We can see from this comparison that the coupler oscillates between § =~
~Brmaz/2 and B = +Pmaz/2 for the new design, while for the previous design,
it oscillates between 8 = 0 and 8 = Bpna- This design has an advantage with

respect to the force exerted at the spherical joints.
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Wheel

(a) Previous design (b) Alternate design
Figure 7.1: Oscillations of the coupler

If we assume an external torque 7 is acting on link 2, then the force, Fj,

exerted at the sperical joint due to this torque is given as

T2

F =
" acosf

(7.1)

It is clear from Eq. (7.1) that F; is maximum when § attains its maximum
value. In the new design, the maximum value of § would be approximately equal
to one-half of the previous design. Hence, the maximum force at the spherical

joints due to the external torques is reduced. This is a nice improvement and is

recommended for future study.
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Table 7.1: Comparison of approximate values of §

a B p
Previous design | New design
0 0 ~Brmaz/2
90 Brmas Bimaz /2
180 0 ~Brmaa/2
270 Brmaz Brmaz /2
360 0 ~Brmaz/2
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Appendix A

Velocities of the center of the two
wheels for a vehicle moving in a curved

path

In this section, the velocities of the centers of the two wheels at any instant are
derived when the vehicle is assumed to be moving in a curved path as shown
in Figure A.l. These velocities are obtained as a function of the velocity of
the center of the cage, the instantaneous radius of curvature and the distance
between the two wheels of the vehicle. The velocities obtained here are used in
Egs. (5.3) and (5.4) for the kinematic analysis.

In Figure A.1, let
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Vo . velocity of the center of the cage with respect to the ground

V2, Vs 1 velocities of the centers of the two wheels with respect to the ground
z : distance between the two wheels of the vehicle

Reure : instantaneous radius of curvature of the curved path

%,j’,fc : orthogonal unit vectors fixed to the ground

n1,M2 : orthogonal unit vectors fixed on the chassis of the vehicle

The unit vector % is perpendicular to the ground and the unit vectors 7 and
7 are in the plane of the ground. While the unit vectors ¢, 7 and k are fixed on
the ground, the unit vectors 73; and 71, are fixed on the chassis of the vehicle. So,
these two vectors move along with the vehicle and keep changing directions as
the vehicle moves in a curved path. At the instant of time shown in Figure A.1,
O is the instantaneous center of rotation about which the whole vehicle can be
assumed to be rotating.

At the instant shown in Figure A.1, the velocity of the center of the cage, Vp

is given by

Vi) = 9;7 X Rcurveﬁl (A].)

dé

2> represents the rate of change of rotation of the vehicle about the

where § =

instantaneous center of rotation with respect to the ground.

This gives

‘7;) = éRcurveﬁZ (A2)

Similarly, we obtain the velocities of the centers of the two wheels as

88




curve

Figure A.1: Vehicle moving in a curved path
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Vo = 0k X (Reure + £/2)15; (A.3)

which gives

— .

Vy = 0(Reurve + /2)15 (A.4)
and
Ve = 0k x (Rourve — /2)13; (A.5)
which gives
Vo = 0(Reurve — /2)113 (A.6)

Just considering the magnitude of the velocities in Egs. (A.2), (A.4) and (A.6)

and eliminating 0, we obtain

Rcurue + IL‘/2)

RCUT"UC

V2=Vb(

and

Rcurve - x/z)

RCU‘I"’UG

Ve = Tk (A8)

Eqs. (A.7) and (A.8) are used in Egs. (5.3) and (5.4) and the kinematic

analysis is performed.
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Appendix B

Moments-Of-Inertia of Various Links

In this section, we explain as to how we obtained the values of the moments
of inertia for the various links in the mechanism. As mentioned in the dy-
namic analysis, all the links were assumed to be cylinders which resulted in zero
product-of-inertia for all the links. Also, in the section of dynamic analysis, rea-
sons were given for neglecting the moments of inertia of the wheels. Now, we
consider all the other links, one by one, and evaluate their masses and principal
moment-of-inertia properties.

To obtain the mass of the links, we assume all the links are made out of
steel whose density equals 7.9 g/cm3. We calculate the volumes of each link and
multiply it by the density of steel to obtain the mass. To obtain the principal
moments of inertia, we assume all the links except the cage as solid cylinders
and the cage to be a hollow cylinder.

For any solid cylinder as shown in Figure B.1 along with a center-of-mass

coordinate system, we have

Iy = 22 (B.1)
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Figure B.1: Moment-of-inertia of a cylinder

mL?
Iyy = 19

mL?
I, =
z 12

and for a hollow cylinder, we have

Izz =
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where 7, and r; are the outer and inner radius of the hollow cylinder respectively,
m is the mass of the cylinder and L is the length of the cylinder.

In our model, we needed to supply to moments-of-inertia of a body with
respect to its center-of-mass coordinate system. In the coming sections, we
evaluate the moments-of-inertia of the various links with respect to their center-

of-mass coordinate systems.

B.1 Couplers

Figure B.2 shows the coupler along with its center-of-mass coordinate system and
the length and diameter of the body. Points A and B in the Figure B.2 show
the places where the R and the S-pairs are located, and the distance between A

and B equals 3 cm.

6 cm

Figure B.2: Coupler

The length and radius of the coupler along with the density of steel gives us
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the mass of the coupler as approximately 230 g. Since the local Y-axis of the
coupler is along the axis of the cylinder, we obtain I, = ’"T’"z ~ 180 g.cm? and

Ip = I, = 2L ~ 690 g.cm?.

B.2 Lever

Figure B.3 shows the lever along with its center-of-mass coordinate system and
the length and diameter of the body. Points A, B and C in the Figure B.2 show
the places where the left S, C and the right S pairs are located, and the distance

between A and B equals 6 cm.

2.5¢cm
<=

@ >

<
N\I

w

0~

Figure B.3: Lever

The length and radius of the lever along with the density of steel gives us
the mass of the lever as approximately 600 g. Since the local Y-axis of the
lever is along the axis of the cylinder, we obtain I, = ’"TT2 ~ 468.75 g.cm? and

Ly = I, = 2L ~ 11250 g.cm?.
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B.3 Cage

The cage is assumed to be a hollow cylinder as shown in Figure B.4 along with

its center-of-mass coordinate system.

12cm
10 cm

Figure B.4: Cage

The length and the inner and outer radii of the cage along with the density of

steel gives us the mass of the cage as approximately 4400 g. Since the local X-axis
= i)~ 924200

of the cage is along the axis of the cylinder, we obtain I,

gcem?and I, = I, = ”;’52 ~ 93866.67 g.cm?.
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