








































































































































Thu s the S point shifts from one Kas ner-like mode l to another at each 

collis ion with a pote nti a l wa ll . For the Kasner solution with p
1 

= Pz = 0, 

p = 1, th e r e exi s t no horizons for causal propagation in the z-direction . 9 3 

Similarly, the r e is a b s ence of horizons in the other two directions for 

Kas ner me tri c s with p 1 = p
3 

= 0, Pz = 1 and p2 = p
3 

= 0, p
1 

= 1 

r e sp e ctive ly. This mo tiviates us to study the epochs of Bianchi type IX 

mode l which a pprox ima t e the s e Kasner- solutions for a long period of time. 

Th e s e epochs can b e s een to be the ones when the system point is moving 

p ar a llel to one of the axe s of the equipotential ,triangle and is either 

runn ing towards a corner or following an inclined wall. When the system 

point is runnin g tow a rd s a corner on the S+ -axis, the parameter "u" 

d esi gn a ting the direction of the velocity is asymptotically oo and S+ 

is v e ry l a rge ; IS_ I << 1 giving the universe a pancake shaped anisotropy 

corresponding to a relative compression of the 3-axis ( \/!-axis) with the 

other two axis approxima tely equal. While near the inclined walls, say 

for S + 00
, the anisotropy is cigar shaped with the stretching of the 1 

1 - axis relative to the others. So we expect the null geodesics in the 

~- d irection to go around the universe during the u = oo epochs. 

In the next section we will derive the equations for the propagation 

of h igh-freque ncy sound waves and in the following sections we will study 

their b e havior during the epochs when u is very large. It. will be seen 

that the re exist a set of initial conditions for which the special Kasner

like b ehavior persists long enough for these sound waves to go round the 

un.ive rse in the \/!-dire ction . This possibility of communication either by 

soun.d - wa ves or light rays a long a certain direction during the evolution of 

a un ive r se will b e called the removal of horizon in that direction for that 

un iv e r s e . 
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2. The Propagation of Hl gh-Freq uency Sound Waves 

Le t E , p and u be the e n ergy de ns ity, press ure and th e four ve locity 

of the fluid, and l et E
1

, p ' and~ • b e the small amp litude , high-fre quency 

perturb ations on the above solution. The propaga tion of the disturb ance is 

gov rned by the energy equa tion : 

and the Euler e quation : 

µ . \) 
( p + . E)u ; u 

\) 

(A2 .1) 

(A2.2) 

Sub stituting p = p + p', E = E + E
1 and u = u + u' in the equations (A2.l) 

and ( A2 . 2) and linearis ing we obtain 

0 (A2 . 3) 

and 

(A2 . 4) 

Di fferentia ting e quations (1<2. .4) with respec t toµ and substituting for 

, µ . from equation ( A,2.3) we ge t, u ' µ 

-µ-v 
E

1 u u = F 'µv (A2 . 5 ) 

wh e r F i s a scalar function which contain s the high-fre quency per turba

tions E
1

, p ' and~ • only up to the ir first derivatives . 

Writing p ' = Aei4>, where cp is a rapidly varyin g function and se tting 

the dominant terms in the equation (A2.5) e qua l to zero, we obtain 
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I 

( g )l\! + -)1-\) ) ,i, A 
u u 'I' ' ~) , 

)1 \) 
( A2 . 6) 

wh e r e vs = ✓(*) s is the s o und ve locity. The eq ua tion ( A2 . 6 ) is a 

Ha m~lton-Jacobi eq ua ti on c orres ponding to 

1 ( pv -µ-v ) 1 1 - µ-v 
H = 2 g + u u PµPv - v 2 2 u u PJJPV (A 2. 7) 

s 

as a p a rti c l e Ha miltoni an. To obtain the corres pondin g Lagr a ngian, we 

s o l v e f o r p fro m one se t of Ha mi l ton ' s equa tions : 
)1 

( g µv -µ - v ) 1 - µ- v + u u p\) - --2 u u p\) 
V . 

s 

(A 2. 8) 

wh e r e x 11 = ( t , e , cp ,~) . 

a 
No ting tha t ~ = at- _for comovin g coordina t e s , we can i nve r t c_A2 .8) to obtain 

(A 2. 9) 

Thu s , we ge t the Lag rangi an L as follows : 

L - H 

d x 11 d x v = ----
d A d >-

2 - - J 1 dx 11 dxv 2 
[gµ v + (1-v )u u - - - - [ g + (1-v )u u ] ( A2.10) 

s µ v 2 d >- dt- µv s µ v 

1 d x 11 d xv -----
2 d t- d t-

[ 2 - - J g + (1-v )u u 
)1\! s ].1 \) 

(A 2 .11) 

Th e propa go t i on of rays i s the n given by the Lagr an ge ' s e qua ti ons , 

Co n s i de r a pos sib l e s e t of soluti ons wi th 8 = cons t ant and cp 

Th e n the Lagr a n ge ' s eq ua tion s r e duce t o 

(A2 .12) 

con s t ant. 

(A 2 .13) 
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-=-~==============.'..=' - ~ , ,. -, ,.., ,., - , -=-===-=="""'-=============== 

d 
d >-

d 
d >-

ag,lnl, d1l1 
_..:t:.L ( ~ ) 2 
ao d>. 

0 

0 

( dl/1 ) 2 
d>. 

(A2 .14) 

(A2.15) 

~ 
ell/I 

(A2.16) 

Since gl/il/J is a function of t only, eqn. ( A2. 14) is identically satisfied , 

while ( A2 .15 ) and (A2,16) reduce to 

a nd 

d 
d >. 

d 
d>. 

[cas e 
-2$1 

e 

0 

0 (A2 .17) 

For 0 = cons tant ,( A2 .17) reduces to ( A2 18). So the Lagrange ' s eqns. now 

r e duce to eqn . (AZ.13) and eqn . ( A2 8) which can b e solved for ~~ and ~f 
Putting H = 0 in the equation (112.10) we obtain 

0 

or 

+ ( d t ) 2 ( 1-v 2 ) 
d>. s 0 (A2.19) 

for e = constant , <P = constant class of solut.ions. From eqn . (A219) we 

obtain 

~ = 
dt 

V 
s 

✓g33 -· 
V 

s 
(/12 . 20) 
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By p ut ting vs= 1, we ge t the l aw o f prop aga t i on for li ght going in th e 

~! - direc t ion . 

3 . The Re mov a l of Horizons 

Le t us n ow s tudy the b e h avior of the above high-fre que ncy sound waves 

durin g the u = 00 e poch s . Firs t cons ide r the a xial case whe n the system 

point i s v e r y c l ose to the /3 + -axis and is running towards the corner . This 

i s the c ase wh ich Bc lins kii 7 e tc c a ll the case of small oscilla t ions . The 

a p propri a t e s olution to Einstein ' s eq uations as derived i n t h e n ext section 

i s 

/3 ) [ see ( A4. 8) ] 

whe r e z i s a Besse l f unction of order ze ro. K is a constant and 13 is 
O 0 

d efin e d a s 

Th e v ariation of /3 is given b y 
0 

d /3 
0 

d Q 

K 
H 

[ see (A4.3)] 

= - 2( 13 + Q) in e quati on ( A2 . 20), we r eexpress the 
0 

e quation of the sound-wav e propaga tion in the ~-direction as 

d ~ 
dt 

= /6n V 
s 

3Q 
e 213 0 e 

Usin g equ a tion(Al . 3), t h e ch a n ge in ~ ca n b e given i n t ernIB of t h e 

v aria ble Q a s 

d ~ d t 
dt dQ 

= - V 
s 

2 
H 

(PJ . l ) 
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Hence , th e change in 1/J along the sound wave between the e pochs n
1 

and n
2 

is given by 
n2 n2 

I diµ I 2 e2Bo drl t, 1/J V 
H s 

n l Q2 nl 

vs I 2 2Bo dQ 
dB = e 

H dB 0 

nl 
0 

Sub s tituting e qua tion (A4.3 ) in equation (A32), we obtain 

n2 

2 

f 2Bo dB 61/J K 
V e s 0 (A3,3) 

nl 

1 
"2Bo 

V t, (-e-) 
2 s K (A3 .4) 

2B0 

Therefore , a change of Sn/vs in eK would give a change of 4n in iµ. 
So 

Since B Z (~ ) which for small K goes roughly as o K 

f ne~Bo 
Ze2Bo 

- n/4) cos ( K or 

✓ ~ Bo 

2 2Bo 
sin ( eK - n/4) 

ne 

13 would go through four cycles as its argument changes by 8n. Thus setting 

v = 1, we see tha t the light ray would circumnavigate the universe in the 
s 

~-direc tion (i. e . 1/J going from Oto 4n) during four cyc l es of S . This 

corres ponds to the DN result of N 
e 

1 
= ~4. m For radiation filled universes, 

the ve locity v of the sound-wave propagation will be 1/1:f; as a r es ult 
s 

these waves would go round the universe in the 1/J-direction durin g seven 

cycles of B Similarly, when the sys t ern point is running towards the othe r 
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two co r n e r s , the causal and the high - fre que ncy sound wave influence would 

circumnavi ga t e in the other two principal directions . 

Ne x t cons ide r the off-axia l case with u very large and B > 1. The 

appr opri a t e s olut i on to Eins tein ' s equa tions as derived in the next 

section again gives 

dB 
0 

dD 
- K/H [See ( A4 . ll)] 

whil tot a l c h a n ge in B during one bounce with the inclined potential wall 
0 

for large u is give n by 

66 = 
0 

1 
2u. 

1 
[See (A4. l 7)] 

where u. is th e v a lue of u before the bounce . The change in ljJ along the 
1 

hi gh- fre qu ency sound wave ray going in the ljl-direction is again given by 

eq uation (A3. 3 

6\jJ = 
2v 

s 
K dS 

0 

S o during one collision with the wall, the change in ljJ would be 

V 
s 

K 

(A 3.5) 
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wh er the s ubscrip t i denotes the value s of the variables before the 

c oll' sion . The v alue of the constant K can b e obtained in t erms of u . and 
1. 

Hi from equ a t ion (Al. 6): 

2 
u +u- 1 / 2 

2 
u +u+l 

and th e equ ation (A4.ll) 

The n 61/J i s given in terms of 

2 
2 u . +u.+l 

V 1. 1. 61/J = 3 s 
Hi 

the initial values 

( e2Bo) . .!__ 
1. u. 

1. 

for l arge u. 
1. 

as 

(A3 . 6) 

As the s ystem point evolves , consider the epoch when the system point 

h a d its first collision with the in c lined wall for large u . So the system 

point h as jus t boun ced b ack off the vertical wall and is going towards 

the inclined wall a t say Q = Qb . The position of the pot ntial wall is 

th n given by 

- 4Qb 1 - 8 ( B+) ll e 3 e wa 

1 - 12Qb -8( (3 0 ) ll = 3 e e wa 

Su b s titutin g the expression for Hin the equation (A3.6 ) and droppin g 

t h s ubscripts, we get 
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(V l c2f3ou) /C-:·l_ e -6rlbe -4 13 0) 
s 3 If 

= l__ V e 6 CS+)wall 
[3 s (A3 . 7) 

The r ef ore , for all solutions for which at the b eginning of the series of 

collisions with the inclined wall, the value of u is such that 

u > 
13 

2V 
s 

then the high-frequency sound wave communication has an open channel in 

the 1/J-direction . Since CS+) wall is negative (it goes as: s+ ~ n --+ 
2 

const ant), we find that there exist small sectors around the lines pa rallel 

to the (3+ -axis such that when the system point is running along these 

sectors at~ ' a hor izon is removed in the ~-direction during the next bounce 

w · th the inclined potential wall. The angular extent of these sectors 

d epends upon n and it goes to zero as n goes to 00 • 

One concludes, therefore, that at each epoch ' there exist certain 

subs e t s of initial conditions [ i3 +' i3 ; u( n)], such that some rays of -
high-frequency sound waves and null-ge odesics will proceed to circum-

n a vigate the corresponding universe. It will b e shown in a future 

publ:Lcation that the universe point wanders about in a truly ergodic 

fashi on and that by finding a measure on initial conditions, one can com

pute the probability for a typica l solution to have no horizon along 

on e axis . 
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4. u = 00 SOLUTIONS OF EINSTEIN EQUATIONS 

In th i s s ecti on we will derive the rele vant infonna tion about u .. oo 

50 lutions whi ch we use d in th e las t secti on. Firs t conside r the axial case 

,11 • JL t h e "' y s t e:rn point i s ve ry c los e to one of th e corne r a xe s and is running ,;.. 

c owa rd s the corner . For the con1er on th e B+ -axis, the asymptotic form 

0
{ th e potcnti.11 i s 

V( B) ~ 16B 
2 

e
46+ + l; B+ ➔ 00 and Is l <<l. 

Tl1 c n th e 1-l anu.ltoni a n of the sys t ern is 

To get a time -inde p c ncl ent lfamiltoni an, substitute 

B+ ~ s0 +Qin the action integrand 

-HdQ to give 

s O t h e new JI a mi l tonian is 

And t l e c orre sponding Har.1ilton I s equations give 

.d (3 clK p 

= -

H 

K 
H 

(A4.1) 

(M.2) 

. CA4. 3) 
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dp+ 32(L 2 eliBo - aK 
== -- -

d S1 as0 H (A4, 5) 

dp 
-1.!L = - 168 e 48o 

= 
d lt as H (N;.6 ) 

a nd 
d K 3K = -- = 0 
d St alt 

Equ a ti o n ( A4. 7) tells us tha t K is a constant while Eqns .( A 4 . 3) , (A4 .4) and 

(A4.6) can be ma nipulate d to give 

dB p 
= 

d (3 0 K 

dp dp d f3 . 166 e 4Bo 
0 - - = /-= 

d /30 d S1 dlt K 

Hence 

- 1 dp_ -1613 e 4130 
---= 
K d (3

0 
1<2--

or 
d2f3 16 e4Bo 

( ~ + (~-- ) 8 = 0 
K'. 

0 
which has 

th e so l ution 

2 e 2So . 
f3 = z ( - -- ) 

0 K (A4. 8) 

wh e re z0 i s a Be sse l function of orde r zero . Note fi·om Eqns. (A4, 1) and (M2) 

th a t K a nd H are s trictly positive . The n from Eqn . (A4.3) s
0 

is always de

cre a s in g , s o Eqn. (A4.8 ) is valid s tartin g from some initial value of s
0 

until 

e0 dee r a scs t o the point where the argument of the Bes s e l function gets 

sma ll and S gets l arge contradicting th e ls_l <<l ass umption. 
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Nexl con s ide r th e off--axia l case ((3 > 1). Wh e n the sys t em point is 

almost p a rallel to the B+ -axis (large u ) and is following one of the in

clin e d pote ntial walls , the a s ymptotic form of the pote~tial is 

V ( (3 ) I\, l_ e 4 ( B+ + /JS_) 
3 

Th en th e Hami lt oni an of th e system is 

Sub s t ituting S+ = f 0 + a in the action, we get the time-independent 

Hami l t onia n 

The I-L1 mi lton ' s equations give 

d S
0 oK P+ 

1 
K ~= --= 

K++P+ -
= 

dQ. 3p+ H 

d /3 oK p 
-- = --= 
d 0. ap H -

d p+ aK 2 e 4( Bo + h sJ 
d7i" - - -- :-: -as0 3 H 

dp - 31( -2 e4( So + /Js_) 
--= --= 71 d Q 08 H 

and 

Fr om Eq~s . ( AL.13 ) and (A414) we ge t 

dp 

dQ = 0 

(A4.10) 

(A 4.11) 

(A4.12) 

(A4.1 3) 

(A'.4 .14) 

( A.4.15) 
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or 

p = cons tant = a, say. (A4.16) 

5._ib s titutine for P+ nnd p i .n Eq. (f.4.16) from Eqs(A 4.11) and(AL1 .12) we 

obtai n 

1'.lso fr o1:i Eq . (A4. 15) K = 11 - P+ = H(l ) i s a constan t. These two 

cons urn t s of mot ion enable us to find B ~ , 13 1 after the bounce in ter ms of 

th e ir v a lues be.fore . Le t ui and uf b e the values,of the p a rameter u, 

ch a r acterising th e v e lociti es of the sys t em point well b e fore and we ll after 

the b ounce . The n the constancy of K = H(l - 8~) and /3 P+ - p = H(/3 B~ - /3~) 

gives r espectively. 

and 

H. ( 
]_ 

He nc e. , 

H. 
1. 

u~ 
]_ 

u ~ 
1 

2 1 
u. + u. - -2 

l l 

- 1 
) 

-+ u. + 1 
]_ 

u 2 + u + 1 
i i 

= 

) = H (1 -
f 

, . 
u2 -

f 

U 2 + u 
f f 

1 
) Hf( 

u2 + uf + 1 
f 

1 
2 

) 

and uf = - ui ; where n1 a nd Hf are the values of H before and afte r the 

b ounc e , r espec t ive l y . 

Du r in g the col l ision with the wa ll, 

1-l.2 2. + p~ + -4 rn 4CS+ + i/JB ) 
= P+ e - e 

3 

cJB + dB - -411 1 L/.' + 13 B ) 
= ti2 ( cl,1- ) 2 + Ji 2 ( dll . ) 2 + e 

3 
C ~'+ 
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dll 
S o th e c.q u.J Li 11 d rl 

dH 
H d S1 

cl H an gives 

df\ 
Usin g thi s resul t ;m<l solvin~ for dQ ' dn in t erms o f 11 , K and o: , 

on e obL a ins 

or 

b e n c 

dB 
0 

d lL 

dB 
_ o_ 
dS? 

dl-l 
I d Q 

K / dH 
H d l2 

o: ] 2- _l H dH 
H 2 dQ 

A loHe r l imit en the ch ange i n 13 during th e c ollis i on can b e compute d as . . 0 

Th e mi nimum val ue of 

Th e r e f o r e , 

Bu t 

( H . -
] _ 

ll ·nee , 

Ii ( !3 ) 
0 

ti ( 13 ) 
0 

Hf ) = I K 
3 

4 
= -K 

3 

1 
2 u . 

l. 

dS 
0 

dH 
d2 13 

i s at tha t value of H, whe r e dH 'Jo_ 

2 K 

[(u~ + u. + 1) - (u 2 + uf + 1) J l. l. f 

u. ; s ince uf = -'u . 
]._ l. 

va nis hes ; 

( A4 . 17) 
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The 

The 

and 

1. The Geo desic Equ a ti on s 

As covar i ant · b c1"is vec t o r r; , we t ak e the orthonormal· tc trad: 

0 w c dt 

1 1 -n 81 w = - e e a1 
t'61r 

2 1 -n e 82 
{iH. l) 

s e t 

+ 
e 

0 

o f 

= 

= 

::: 

w = - -e a2 
v'61r 

3 1 -n e83 w = - - e a3 
Y'6TT 

b as i s vec tors du a l to the wµ is 

at 

e -Bl[sin''' ~ - C~ S ~! a + ,,, a J 
~ ae. sine ~ cos'/' cote ~ 

~ n -s2[ a sini/J 
\ rr c e cos~ae + - . - e 

. sin 

r;:- n e-S3 
Y-61r e 

a 
sinlji cote ~ J 

conn e ction for ms wµ as determined uniquely by 0 = dg = 
\) µv 

de}' = ul \) - A w are 
\) 

0 1 . f 1 
w ::: w 0 = ( -n + 131

)w 
1 

0 2 (-0. + 62 ) (l) 
2 

w 2 ::: w 0 ·-

w + µv 

'(Bl.3 ) 

0 ·3 . . 3 
w 3 = w 0 = ( -n + (3 3) w 

w 
vµ 



and 

is a 

or 

I :i 1. u ::i n n ::i , , , --. ~ • • - • 

]_ 2 /6; 1\ 28 1 + .e2B2 28 3) 3 
w 

2 == - w 1 = - e w - 2
- C C 

2 3 & eS\e 28 2 283 281) 1 (BJ,. 4) 
w 

3 == - w 2 = + e - e w 
2 

3 1 f6; n( 2 13 3 2 !3 l 28 2) 2 
w = - w 3 = + - e w 

l 2 C e e 

+ + d 

· d eno t es th e d i f f eren t i ation. wi t h r espect · to t. If v = vµcµ = J5: 

t a n gen t vec t or t o a geodes ic p a r ame tri ze d by A, then 

-+ 

D+ v = 0 
V 

(Bl.5) 

\.Jhere rl.1 are th e components of the conne ction forms , i.e. 
\) p 

.,·· 

Computing the va l ues of rµ ·. :_ .·· fro m (Bl. .3) 
VP . 

. . · dvµ o dvµ 

and (Bl. 4) and writing -d~ = v dt 

= o• µ 
v v , th e geodes ic e qu a tions (Bl. 5) reduce to 

O·O 1 2 • 2 2 • • 3 2 • • 

V V + (V ) (-Wf\) + (v ) (-11-1-(3
2

) + (V ) ( -n+8
3

) = Q 

0 · 1 ..,_ 0 1 ( . • ) 2 3 r,---6 -0( 282 
v v -, v v - n-1-6 1 + v v YbTI e e 

. (Bl. 6)" 

0·2 0 2 · • 3 1 /6; -0 28 3 e281) 
V V + V V (-S°l+{) ) + V V 6 e (e - = 0 

2 

an<l 0 ·3 0 3 · ' 1 2 ~ -s'c 281 28 2) 
V V + V V ( - S°l+/3

3
) + V V e e -e = 0 
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