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ABSTRACT

Title of Dissertation: LEARNING INTERACTION BEHAVIOR
IN DISTRIBUTED INTELLIGENT SYSTEMS

Sara Honarvar
Doctor of Philosophy, 2025

Dissertation Directed by: Yancy Diaz-Mercado
Department of Mechanical Engineering

This dissertation develops a formal framework for learning robust, state-dependent interac-

tion behaviors in distributed intelligent systems. While learning-based approaches are increasingly

used in multi-agent systems applications such as robotics and crowd-aware navigation, they of-

ten lack theoretical guarantees of stability and robustness, particularly under state-dependent or

asymmetric interaction topologies. Inspired by the adaptability seen in human collaboration,

this work aims to bridge data-driven methods and control-theoretic foundations to address key

challenges in systematic modeling and learning effective interaction strategies. We begin by draw-

ing an analogy between human motor synergies and consensus algorithms, showing that human

collaboration in motor tasks can be modeled via decentralized control laws. Empirical valida-

tion using static finger force matching data demonstrates that consensus algorithms over fixed

undirected graphs capture key features of human coordination. Next, we introduce a geometric

Graph Neural Network (GNN) model for complex human interactions in crowds. By connecting

the structure of GNNs to weighted consensus dynamics and designing edge weights inspired by



psychological studies on pedestrian behavior, we show how human-inspired topological priors

improve predictive performance and interpretability. The simulation results show the sensitivity

of these models to the interaction topology, highlighting the need for principled edge weight

design in learned models. To generalize beyond static and handcrafted graph structures, we de-

velop a consensus framework over graphs that support directed, signed, and state-dependent edge

weights. Through Lyapunov-based edge agreement analysis, we derive sufficient conditions for

stability and robustness—even under nonlinear and antagonistic interactions. Building on these

results, we formulate an optimal control framework to learn optimal, state-dependent interaction

strategies from observations. We derive optimality conditions for recovering interaction weights,

investigate data richness requirements for successful learning, and validate the effectiveness of

the framework through numerical simulation. Overall, this work integrates theoretical insights

with data-driven solutions, aiming to provide useful perspectives toward safer, more intuitive, and

reliable cooperative distributed systems.
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Chapter 1: Introduction

1.1 Motivation

In recent years, multi-agent systems (MAS) have played a crucial role in shaping intelligent,

distributed decision-making systems in domains including robotics [1], autonomous driving [2],

human-robot (swarm) interaction [3], and crowd modeling [4]. These systems require agents to

collaborate and coordinate effectively, often with limited access to global information, making

coordination a nontrivial challenge. Consensus algorithms have emerged as a fundamental tool

for analyzing cooperative behaviors in MAS, offering mathematical frameworks for modeling

agent interactions [5]. However, achieving coordination using only local interactions presents

significant challenges, especially when accounting for uncertainties in the environment, nonlinear

agent dynamics, and evolving interaction patterns. [6].

A promising approach to addressing these challenges is to draw inspiration from nature.

Nature provides remarkable examples of coordination from flocks of birds effortlessly adapting

to environmental changes [7] to humans seamlessly navigating crowded environments [8] or

performing cooperative motor tasks [9]. Biological agents demonstrate the ability to coordinate

efficiently by continuously adapting their actions based on local perception and implicit commu-

nication. For instance, when two people carry a heavy object together, they instinctively balance

forces without explicit dialogue—revealing a form of implicit coordination known as motor syn-
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ergy [10]. Integrating such principles into MAS coordination design can substantially enhance

their adaptability, efficiency, and robustness in practical, real-world scenarios. To replicate such

capabilities in MAS, researchers have developed both rule-based and learning-based approaches

to model interactions [11]. Rule-based models, while intuitive and grounded in theory, often fail

to fully capture the complex aspects of behavior. In contrast, learning-based methods such as

inverse reinforcement learning (IRL), inverse optimal control (IOC), imitation learning (IL) [12],

and neural networks (GNN) [13] have proven effective at predicting cooperative behaviors, but

they often lack formal guarantees of stability, robustness, or generalizability.

These limitations are especially concerning in safety-critical applications such as au-

tonomous driving, assistive robots, and emergency response. In such settings, it is essential

to not only predict agent behaviors, but also ensure that learned interaction policies lead to safe,

stable, and interpretable system dynamics. Further, learning these behaviors opens new opportu-

nities for analyzing coordination strategies—whether to improve team performance in robotics,

design more efficient human-robot systems, or even analyze collaborative human activities such

as sports. For instance, learning the interactions among soccer players can provide deeper insights

into coaching strategies and impact team performance.

1.2 Research Questions and Objectives

This dissertation investigates the following central question: Under what conditions can

distributed agents learn and maintain robust interaction behaviors while ensuring convergence

to the desired cooperative dynamics? In answering this primary question, we also address several

specific sub-questions: (1) How effectively can consensus-based models represent human collab-
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orative behaviors? (2) How can we connect consensus models with learning-based methods such

as GNNs, and how does graph topology influence both model performance and interpretability?

(3) What explicit mathematical conditions ensure stability and robustness of consensus under

generalized interactions—including directed, state-dependent, and mixed cooperative-repulsive

interactions? (4) Given these conditions, how can we learn interaction behaviors from observa-

tions, and what are the data richness requirements to ensure identifiability?

To address these questions, this dissertation proposes a framework integrating theoretical in-

sights from control theory, graph theory, human motor control, and data-driven learning methods.

Specifically, we demonstrate that human interaction behaviors emerging in physical coordination

tasks can be robustly modeled and learned through nonlinear agreement dynamics. The goal is to

develop distributed systems that can extract interpretable interaction rules from spatio-temporal

observations while guaranteeing robust and reliable coordination—particularly in dynamic and

uncertain environments.

Dissertation Roadmap

This dissertation follows a structured approach to progressively build towards a comprehen-

sive framework for learning robust interaction behaviors in MAS. The chapters are organized as

follows: Chapter 2 reviews foundational theories and recent advances in MAS, consensus algo-

rithms, human-inspired collaboration, edge-weight design, and learning-based approaches. This

chapter identifies significant research gaps, particularly emphasizing the underexplored research

on dynamic, state-dependent, and signed weighted consensus and their implications for stability

and robustness. Chapter 3 demonstrates the application of consensus algorithms to model hu-
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man collaborative behaviors. Through theoretical analysis and empirical validation using a human

finger-force matching task, we validate that simple, fixed-topology consensus models (undirected,

unweighted graphs) capture essential features of human collaboration, providing evidence for the

broader application of consensus frameworks to human interaction modeling. Chapter 4 extends

these insights by introducing geometric GNNs, which incorporate weighted graphs to capture

more complex interactions in crowded environments. This chapter illustrates how the design of

interaction topologies and edge weights, informed by psychological studies, critically affects both

model performance and interpretability, emphasizing the sensitivity of these methods to the struc-

ture and weighting of interaction graphs. Chapter 5 generalizes our consensus model to capture

directed, state-dependent, and potentially signed (both cooperative and repulsive) interactions.

Using Lyapunov theory, it derives mathematical conditions that ensure stability and robustness in

the face of nonlinear and dynamic inter-agent interactions. Building on these, Chapter 6 develops

a spatio-temporal optimal control framework for learning interactions from observed data. We

present rigorous derivations of necessary and sufficient optimality conditions for learning robust,

state-dependent interaction weights from observations. Additionally, we propose an algorith-

mic solution for recovering interaction behavior from data. This chapter focuses on uncovering

interpretable interaction rules and analyzes the richness conditions required for robust model

identification. A numerical example is provided to evaluate the effectiveness of the proposed

method. Chapter 7 summarizes the key contributions of this dissertation, and outline potential

directions for future research. Chapter 8 provides supplementary material, including detailed

proofs of selected lemmas and theorems presented throughout the work.
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Chapter 2: Literature Review

This chapter reviews relevant literature on multi-agent systems (MAS), focusing specifically

on human-inspired interaction models, consensus algorithms, edge weight design, stability and

robustness analysis. The chapter identifies key challenges and research gaps that motivate the

contributions of this dissertation.

2.1 Human Coordination as Inspiration for Multi-Agent Systems

Human behaviors in collaborative and crowd scenarios serve as powerful inspiration for

designing decentralized coordination strategies in MAS. Human motor coordination, shaped by

motor synergies, offers rich examples of adaptability, error compensation, and distributed control.

The concept of motor synergy describes the structured co-variation among multiple degrees of

freedom to stabilize task performance [10,14]. Analysis tools such as the Uncontrolled Manifold

(UCM) method and Principal Component Analysis (PCA) have demonstrated the underlying

dimensionality reduction and compensation mechanisms in joint motor actions [9, 15].

Interestingly, these behavioral dynamics align conceptually with consensus (agreement)

algorithms [5] in MAS. In collaborative tasks, humans implicitly coordinate their effort to maintain

balance or complete a shared objective—similar to agents minimizing disagreement in consensus

frameworks [16]. Chapter 3 explores this connection by presenting a decentralized model that
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captures the essence of interpersonal motor synergy, validated against experimental data.

In more complex environments, such as crowded scenes, human interactions are dynamic,

context-dependent, and implicitly coordinated. Predicting such behavior is vital for autonomous

systems operating in human environments. While traditional approaches like the Social Force

Model [17] and velocity-based models [18] provide interpretable physical models, learning-

based approaches—especially using Graph Neural Networks (GNNs)—have emerged as effective

tools for modeling human trajectories in crowds [19,20]. A key limitation of many deep learning

methods is the lack of interpretability and sensitivity to interaction topology. Recent advances such

as Social-STGCNN [19] use kernel-based edge weighting to address these issues, but often rely on

handcrafted proximity functions. Chapter 4 builds on this line of work, incorporating geometric

kernel functions derived from psychological insights into pedestrian behavior [21], showing how

principled edge design can significantly improve prediction accuracy and interpretability.

Psychological studies have provided empirical support for consensus-based modeling of

crowds through an experiment-driven approach [21]. These studies demonstrate that collective

behavior in human crowds emerges from local interactions, with individuals linearly combining

the influence of multiple neighbors within their vicinity. Their model incorporates a weighted

agreement protocol, where the influence of neighbors decays with distance. This approach aligns

with the concept of weighted consensus in MAS, indicating that individual motion is influenced

by the aggregate behavior of neighbors, adjusted by the distance between them, which collectively

results in coherent motion patterns. They validated their model with experimental human crowd

data and emphasized the importance of understanding local interactions when modeling collective

crowd dynamics. However, the design of such interaction rules—particularly for moving crowds

in dynamic environments—remains an open challenge.
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2.2 Consensus Algorithms in Multi-Agent Systems

Consensus algorithms form the backbone of many distributed systems, enabling agents to

converge to a common state through local interactions [6]. In such systems, the communication

topology is typically modeled as a graph G = (V,E), where each node represents an agent and

each edge ( 𝑗 , 𝑖) ∈ E denotes that agent 𝑖 receives information from agent 𝑗 . An edge weight

𝑤𝑖 𝑗 quantifies the strength or influence of that interaction. The properties of the graph—such

as whether it is directed or undirected, weighted or unweighted, signed or unsigned—have a

significant impact on the convergence behavior of consensus algorithms. Classical consensus

theory often assumes that the graph is undirected (i.e., symmetric weights) and positively weighted,

which simplifies the analysis considerably. In an undirected graph with strictly positive weights,

the Laplacian matrix 𝐿 is positive semidefinite and has a single zero eigenvalue (corresponding

to the all-ones vector) if and only if the graph is connected. This spectral property ensures

convergence to a common value, as all nonzero Laplacian eigenvalues are positive, resulting in a

stable consensus manifold [5].

Directed graphs, however, introduce complexity due to asymmetric interactions. Conditions

such as strong connectivity, or the existence of a rooted out-branching (a directed spanning tree)

are essential to ensure consensus [22]. In general, ensuring consensus on directed graphs requires

careful graph conditions and weight design compared to the undirected case.

Consensus algorithms have evolved significantly, expanding from simple single-integrator

rendezvous algorithms to more complex higher-order integrator dynamics [23], dynamic commu-

nication topologies [24], robustness to measurement noise [25], and tolerance to communication

delays [26]. Variants such as flocking behavior [27], formation control [28], and leader-follower
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configurations [29] illustrate the adaptability of consensus methods to diverse real-world scenar-

ios. Real-world interactions often involve not only cooperative behaviors but also antagonistic or

competitive dynamics. Signed graphs extend consensus algorithms to networks with both posi-

tive (attractive or cooperative) and negative (repulsive or antagonistic) interactions by allowing

edge weights of either sign [30, 31]. This extension enables the modeling of phenomena such as

opinion dynamics with disagreement or teams with adversarial relationships. For more detailed

discussions of consensus variants, see [32].

In summary, classical consensus theory provides a foundational framework for decentralized

agreement under fixed, homogeneous interaction rules. It guarantees stability and convergence in

static, positively weighted graphs under mild connectivity conditions. However, the assumptions

of fixed topology and uniformly cooperative interactions often do not hold in complex environ-

ments—for example, when modeling pedestrian interactions in crowded settings. This motivates

a closer examination of how edge weights can be designed or adapted to improve performance

and robustness, as well as how to handle more general weight patterns, including asymmetry,

negativity, and state dependence. The remainder of this chapter reviews key developments in edge

weight design, stability and robustness analysis, and emerging approaches for learning interaction

weights from data, highlighting open challenges that set the stage for our contributions in Chapters

3–6.

2.3 Edge Weight Design in Weighted Consensus

Edge weights are critical parameters in multi-agent networks, as they encode how strongly

agents influence each other. The choice of weights impacts convergence speed, steady-state bias,
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and overall robustness of the group behavior. Traditional consensus models typically assume

nonnegative weights to enforce cooperation. However, many real-world systems—including

social and biological networks—exhibit both positive and negative interactions, which motivates

the use of signed graphs to represent attraction vs. repulsion [31].

Historically, the design or tuning of edge weights has often been treated as an optimization

problem, typically for undirected networks to improve network performance. Many approaches

formulate weight selection as a convex optimization problem incorporating constraints that reflect

the physical characteristics of the network or desired performance outcomes [33]. One common

objective is to shape the spectrum of the Laplacian matrix, due to its strong influence on conver-

gence and stability of consensus dynamics [5]. For example, in undirected graphs a typical goal

is to maximize the algebraic connectivity (the second-smallest Laplacian eigenvalue) to speed

up consensus, while keeping weights nonnegative and bounded. A larger algebraic connectivity

implies the network can reach agreement more rapidly and is more robust to perturbations. Other

spectral approaches include identifying node and edge weights by minimizing the gap between

the largest and smallest eigenvalues of the Laplacian to tighten the convergence bounds [34].

Note that the largest eigenvalue of the graph Laplacian is connected to the stability analysis of

discrete-time consensus and several continuous-time formation control. Beyond spectral metrics,

researchers have explored alternative design criteria. Effective resistance is a graph metric that

correlates with overall network performance (e.g. robustness to node or link failures). Efforts

such as [35] focus on selecting edge weights that minimize the total effective resistance of a graph,

thereby improving connectivity and fault tolerance. For example, Sun et al. [36], jointly optimize

the design of the network topology and edge weights under cardinality constraints on number of

edges. This is relevant in scenarios like ad-hoc wireless networks, where adding communication
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links incurs cost and one seeks an optimal sparse graph with weighted edges. More recent work

has extended these concepts to directed graphs [37]. In [37], the authors design edge weights so

that the Laplacian matrix exhibits a prescribed spectrum while also meeting secondary objectives,

like excluding certain undesirable edges and promoting sparsity in the network. Such approaches

acknowledge the added complexity of directed interactions, though they still typically assume

time-invariant weights determined a priori.

In parallel, some model-based control strategies implicitly define edge weights through

physical rules. Distance-based artificial potential functions (APFs) are commonly used in forma-

tion control and flocking: the edge weight between two agents may be derived from a potential

function of their relative distance [5]. The minimum of this potential corresponds to a desired

formation spacing, and the interaction force (gradient of the potential) acts like a state-dependent

edge weight that pushes agents into formation while repelling them if they get too close. Reynolds’

seminal flocking rules [7] applied such ideas to simulate swarms of birds, and later work in multi-

robot systems incorporated similar terms to maintain formations and avoid collisions [38]. In these

approaches, the edge weighting scheme is often handcrafted (e.g., a function of distance or relative

velocity) rather than optimized, yet they provide intuition for designing adaptive interactions.

Despite the variety of methods for edge weight design, most studies have imposed restrictive

assumptions. In particular, the majority of prior works consider undirected graphs with fixed,

nonnegative weights. Recent work has addressed potential-based control in directed networks by

employing the edge Laplacian—a matrix that encodes flows of information among agents and

elucidates how spanning trees and cycles influence convergence [39]. In [22, 40], the authors

extend potential-based methods to directed networks via a structural Lyapunov matrix, whose

positive semidefiniteness characterizes stable directed topologies. While the theory of signed
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graphs allows for both positive and negative weights, it generally deals with static signed networks

(fixed positive or negative ties) and rarely with weights that might change over time or depend on

the state of the agents [31]. Early consensus and formation control research also assumed static or

predetermined interaction topologies. Real-world MAS, by contrast, often exhibit time-varying

or state-dependent interactions – for example, communication links appearing or disappearing

or interaction strength changing with distance or other context. Recent advances such as self-

attention encoders [41], aim to recover edge weights from data, yet typically assume time-invariant

structures. While graph neural networks (GNNs) [19,20,42] offer increased flexibility in learning

interaction patterns, they can be difficult to interpret for performance analysis. There is a clear

research gap in developing systematic methods to design or learn edge weights for directed

networks that may include both cooperative and antagonistic interactions, without assuming the

weights remain constant or exclusively positive. This gap limits our ability to deploy consensus-

type algorithms in complex scenarios like competitive teams, social networks with trust or distrust

relations, or adaptive multi-robot teams.

Addressing this gap is a primary focus of our work. In Chapter 5, we will introduce a

generalized consensus model with state-dependent edge weights that can take on both positive

and negative values. We derive conditions to ensure such networks remain stable and convergent,

thus moving beyond the limitations of prior weight design methods. Furthermore, instead of

manually tuning these weights, in Chapter 6 we develop an approach to learn optimal interaction

weights from data, enabling directed MAS networks to automatically discover appropriate positive

and negative coupling strengths. By lifting the restrictive assumptions of static and sign-fixed

weights, we aim to significantly broaden the applicability of consensus strategies to dynamic,

complex interaction behaviors.
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2.4 Stability and Robustness Analysis of Weighted Consensus

Ensuring the stability and robustness of MAS is essential for any control or learning

application. Classical approaches to guarantee stable consensus (agreement) rely on Lyapunov

stability theory, wherein one constructs an energy-like Lyapunov function that decreases along

system trajectories, thereby ensuring convergence to the consensus state. For example, in a

consensus algorithm one can often use a quadratic Lyapunov function based on disagreement

among agents and show it decreases under the update rules, proving that the agents’ states

converge to an equilibrium. Lyapunov-based analyses using Lyapunov functions and invariance

principle [43] have been the cornerstone for stability proofs in countless MAS studies due to

their generality and the intuition they provide (i.e., defining a potential function that the system is

minimizing) [5]. An alternative and complementary perspective is offered by contraction theory,

which focuses on the convergence of trajectories with respect to each other. If a dynamical system

is contractive, any two trajectories (starting from different initial conditions) will exponentially

converge toward each other over time [44]. However, in these methods only convergence to

the consensus manifold can be established. In scenarios with non-linear interconnections when

analyzing the system dynamics from the nodes’ perspective through the graph Laplacian, common

tools fail at ensuring strong stability and robustness properties such as uniform asymptotic stability

or input-to-state stability, which often rely on the design of strict Lyapunov functions [43]. In

such a scenario, analysis through edge-based perspective introduced in [45] and further developed

in [22,46] provides an alternative advantageous solution, where the consensus problem is analyzed

using the relative state between neighboring agents, i.e., the edges of the graph as opposed to

analyzing the evolution of the nodes. This framework allows for more intuitive analysis of
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nonlinear interconnections (edge weights) and the consensus problem within this framework

would be recast as stability of the origin which allows for asymptotic stability of the consensus

manifold via strict Lyapunov functions [40]. Through partitioning of the graph into spanning and

co-spanning trees, the edge agreement would be reduced to analysis of spanning tree component.

In Chapter 5, we adopt similar framework to address the stability and robustness. Stability and

robustness for consensus [46, 47] collision avoidance [48] and connectivity maintenance [49]

have been explored using edge agreement in the sense of input-to-state stability but only for

directed cycles and directed spanning tree [48,49] using barrier functions with only positive edge

weights. In this work, we extend it to consider more general directed graphs. Our framework

allows for generalization to more complex desired configurations beyond collision avoidance and

connectivity maintenance and we relax the assumption that all edge weights must be positive.

2.5 Learning Interaction Rules from Observation

Inverse Optimal Control (IOC) and Inverse Reinforcement Learning (IRL) in the context

of learning from demonstration provides a framework for inferring the underlying objective or

cost that makes an observed behavior optimal. In essence, IOC and IRL ask why agents behave

as they do by recovering a cost function or parameters that could have led to the demonstrated

MAS trajectories- assuming that the expert (e.g., human) employed an optimal strategy. This

assumption aligns with motor control theory, which frames CNS as an adaptive optimizer [50].

Unlike behavioral cloning or imitation learning—which replicate behavior without un-

derstanding its underlying rationale—IOC infers the cost function that the expert is implicitly

minimizing. This typically involves parameterizing the cost as a weighted sum of features, with
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the goal of learning the weight vector that explains the demonstrated trajectories [51, 52].

While extensively explored in single-agent settings, IOC remains underdeveloped for MAS.

Most existing work focuses on centralized settings that require full access to system dynamics.

Recently, decentralized extensions have emerged. For example, [53] proposed a distributed

IOC framework in which agents learn their local objectives using only partial trajectory data.

Similarly, [54] framed multi-agent coordination as a differentiable game to enable joint policy

learning from demonstrations.

In this work, we formulate our problem as a spatio-temporal optimal control problem and

learn the interaction rules from observation by solving for the optimality conditions. In contrast

to the common IOC or IRL framework of learning a global policy or value function that assumes

the cost as weighted sum of features and learning those weights, our approach focuses on learning

the local interaction rules. This aligns well with decentralized control objectives and opens

the door to interpretable models of multi-agent coordination. In other words, we want to learn

what to communicate given observations of MAS executing a task. Chapter 6 formalizes this

framework, derives necessary and sufficient conditions for optimality, and demonstrates how to

recover interaction rules from trajectory data.

2.6 Summary

In summary, although substantial progress has been made in developing consensus algo-

rithms, edge weight design, and stability analysis for MAS, critical research gaps remain. Many

existing approaches rely on static, nonnegative, and symmetric interaction assumptions that fail to

capture the dynamic, state-dependent, and even antagonistic relationships observed in real-world
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scenarios. Moreover, while human-inspired models and IRL offer promising frameworks for

learning adaptive interaction rules, their integration with robust, decentralized stability guaran-

tees is still underexplored. Addressing these challenges is essential for advancing more versatile

and interpretable coordination strategies in complex, dynamic environments.
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Chapter 3: Modeling Human-Human Collaboration: A Connection Between

Inter-Personal Motor Synergy and Consensus Algorithms

This chapter is based on the paper published in the 2022 ACC [9].

3.1 Overview

In this chapter, we establish a theoretical connection between the uncontrolled manifold

(UCM) characterization of inter-personal motor synergy (IPMS) and consensus algorithms used in

decentralized control. We propose a control-theoretic model that captures the dynamics of human-

human collaboration, demonstrating how coordinated behavior can emerge from consensus-type

interactions. The model is validated using experimental data from a finger force matching task.

This work bridges insights from motor neuroscience and control theory, offering a principled

framework for modeling human coordination that can inform both human collaboration studies

and the design of local interaction rules for multi-agent systems.

3.2 Introduction

A common challenge in engineering, mathematics, and physical and biological sciences

is how to address indeterminacy or redundancy encountered in many systems [55], oftentimes
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observed in overactuated systems. Humans have a complex body structure typically with more

degrees-of-freedom (DOF) than those required for a particular motor task, and it is not clear how

these mechanically or mathematically independent DOFs are controlled by the central nervous

system (CNS) [56]. Even the seemingly simple task of grasping a glass of water requires the

CNS to determine and synergistically control the forces and torques applied to the object by the

thumb and fingers from infinite possibilities [57, 58]. In human motor control research, this type

of control is known as motor synergy, with two key features of error compensation and dimension

compression [14]. Motor synergies are defined as “neural organization of a multi-element system

that (1) organizes sharing of a task among a set of elemental variables; and (2) ensures task-specific

co-variation among elemental variables with the purpose to stabilize performance variables” [10].

Consequently, if one of the elements deviates from its share of task such that it adversely affects

the task goal, the other elements act in a manner to compensate for the introduced error in task

performance.

The UCM analysis [14] provides a way to quantify synergies. More specifically, UCM

analysis indicates which DOFs are potentially controlled by the CNS. Within this approach,

for a given performance variable (e.g., total force or moment required for grasping a glass

of water), the space of elemental variables (e.g., finger forces and moments produced in the

grasping task) is decomposed into two orthogonal subspaces: i) the UCM subspace, in which

variations of the elemental variables do not affect the performance variable; thus the CNS does

not explicitly control variations within this space, and ii) the orthogonal complement to the UCM

(ORT), where the CNS explicitly controls variations of elemental variables, as these variations

change the performance variable [14]. Motor synergy is typically quantified as the normalized

difference between variability along these two subspaces [10]. Similarly, if there is not a clear
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performance variable, principal component analysis (PCA) is used for examining the variability

in performance [59]. PCA finds relationships in high-dimensional datasets and maps them into a

space with principal components (PC) that reflect the dataset’s major dimensions of variation [60].

When a person works with others to lift furniture, for example, individual CNSs are required

to work together and agree on a share of force that is enough to lift the furniture; thus, the two

motor systems behaves cooperatively to achieve a common motor task. Previous studies showed

inter-personal motor synergy (IPMS), with key properties of error compensation and dimension

reduction, as the potential mechanism responsible for this cooperation among independent CNSs

in performing shared motor tasks [9, 15]. The UCM and PCA approaches have been used for

characterizing IPMS [15, 61].

The past decade has seen remarkable advances made in our understanding of motor synergies

within a person [58,62]. In contrast, our understanding of IPMS is extremely limited [15] though

many of our daily tasks involve multiple people working together, such as lifting and carrying

a piece of furniture together. Co-working is not just common among people but in many other

settings, such as a team of robots that coordinate to achieve a desired task [63]. In the field of

control theory and robotics, decentralized cooperation in multi-agent networked systems has been

studied through the framework of consensus algorithms [6]. Consensus algorithms allow a team

of agents to agree on a common objective in a decentralized fashion by only interacting with

neighboring agents. Here, we aim to establish a connection between consensus algorithms and

IPMS and use this relationship to model HHC. The result is an intuitive control-theoretic model

that captures how two or multiple people can achieve a common objective in a decentralized

fashion.

Control-theoretic neural mechanism models that can reproduce sensorimotor interactions
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and motor synergies in intra-personal tasks exist [62]. In contrast, mathematical models that

explain the neural control mechanisms underpinning IPMS are not yet available. Models of this

kind not only enhance understanding of human-human collaboration (HHC), but they can also

provide good foundations for MAS and facilitate intuitive human-robot collaboration. This paper

draws inspiration from prior behavioral performance observed in an HHC experiment [9]. To

elucidate the mechanisms responsible for IPMS, we provide a consensus based model that can

reproduce ensemble-level behaviors of multiple CNSs working together.

3.3 Preliminaries

3.3.1 Inter-personal Interaction Experiment

The model provided in this paper is inspired by a previously conducted human interaction

experiment [9]. In this experiment, 21 pairs of people (i.e., 42 participants) were asked to work

together and perform a finger force production task by pressing on force sensors placed at two

ends of a seesaw-like apparatus as shown in Figure 3.1. A monitor was placed in front of each

co-worker to provide visual feedback on the task. Participants were required to maintain a target

force for 23 seconds over 10 trials. They received visual feedback of the target force (i.e., 5𝑁)

and their averaged combined force. They were asked to remain quiet during the experiment and

not communicate verbally. The force profile of index and middle fingers of each participant were

recorded during the experiment. Full details of the experiment can be found in [9].

A second-order Butterworth low-pass filter with 15 Hz cut-off frequency was used to

eliminate the force sensor measurement noise [64]. From experiment, 210 combinations of data

for all subjects and all trials (i.e., 21 pairs by 10 trials of finger force trajectories) were recorded.
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Removing outliers (i.e., trials with finger forces less than 1𝑁 , or 20% of the average), provided us

with 182 trials of force data (Figure 3.2).

The experimental data indicated that most pairs could manage to produce the target force

and maintain this objective with little deviation. Without verbal communication and only relying

on visual feedback, co-workers formed IPMS; they minimized the error between the target force

and the combined output by compensating for each other’s error. In other words, they collaborated

synergistically at inter-personal level to satisfy the goal at the task-level [9].

3.3.2 Notation

Denote by 𝐼 the identity matrix, and by 1𝑁 the column vector with 𝑁 entries equal to 1 (i.e.,

1𝑁 = [1 . . .1]𝑇 ). Let □̂, □̄, ¤□, □𝑑 denote estimation, average, derivative, and desired value of □,

respectively. The operator 𝐸 [·] denote the expected value (mean) of its argument.

Figure 3.1: Human Interaction Experiment (taken from [9]).
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Figure 3.2: Demonstration of experimental co-working data. The left plot presents the average
force generated per trial (182) by the four individual fingers. The right plot shows the individual
finger data per trial. The orange corresponds to forces generated by index fingers, and the blue to
middle fingers.

3.3.3 Topology of Interaction

We use notations from algebraic graph theory [5] to represent the interaction between co-

working agents. A graph, G = (V,E), consists of a set of 𝑁 nodes V = {1, . . . , 𝑁}, and a set of

edges E ⊂ V ×V, representing the interaction between agents. The adjacency matrix is defined

such that its 𝑖 𝑗-th entry is given by [𝐴]𝑖 𝑗 = 𝑎𝑖 𝑗 , where 𝑎𝑖 𝑗 = 1 if (𝑖, 𝑗) ∈ E and 𝑎𝑖 𝑗 = 0 otherwise.

We interpret (𝑖, 𝑗) ∈ E to mean certain information about the 𝑖th agent is available to the 𝑗 th

agent. Let N𝑖 = { 𝑗 ∈ V|( 𝑗 , 𝑖) ∈ E} denote the set of neighbors for the 𝑖th agent. In this chapter,

we assume edges between agents to be bidirectional and focus our analysis on undirected and

unweighted graphs. An undirected graph is said to be connected if there is a path between any

two agents. The entries of the graph Laplacian are defined as [𝐿]𝑖 𝑗 = 𝑙𝑖 𝑗 , where

𝑙𝑖 𝑗 =


|N𝑖 |, 𝑗 = 𝑖

−𝑎𝑖 𝑗 , 𝑗 ≠ 𝑖

(3.1)
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and |N𝑖 | denotes cardinality of agent 𝑖’s neighbor set. The graph Laplacian has several useful

spectral properties [5]. For an undirected graph, 𝐿 is a symmetric positive semi-definite matrix

with at least one zero eigenvalue (𝜆1 = 0) with corresponding eigenvector 1𝑁 , satisfying 𝐿1𝑁 = 0.

Further, when G is connected, 𝐿 has exactly one zero eigenvalue (with eigenvector 1𝑁 ).

3.3.4 Level of Error Compensation

The level of error compensation between agents, one of the features of motor synergies,

can be captured by the sharing ratio, i.e., how the CNS shares the task among agents [62]. This

property explains that if one agent produces less force than its expected share, the other agents

would compensate for that so their average force matches the desired target force. To capture

the level of error compensation, we sampled the share of the forces generated by each of the

agents, 𝑠𝑖, for 𝑖 = 1, . . . ,4, from a normalized, truncated multivariate normal distribution with

mean of 1/𝑁 , and a 𝑁 ×𝑁 covariance, 𝐶𝑚, with 𝑁 = 4, such that 𝑠𝑖 ∈ [0,1] and
∑
𝑖 𝑠𝑖 = 1. To

estimate 𝐶𝑚, we calculated the covariance matrix, 𝐶 𝑗 , of steady-state (i.e., 16-23s) finger forces,

𝑌 = [𝑌1,𝑌2, . . . ,𝑌𝑁 ]𝑇 , for each trial 𝑗 = 1,2, . . . , 𝑛𝑇𝑟𝑖𝑎𝑙𝑠 and then get the average of covariance

across all trials (i.e., 𝑛𝑇𝑟𝑖𝑎𝑙𝑠 = 182), where

𝐶 𝑗 = 𝐸 [(𝑌 −𝐸 [𝑌 ]) (𝑌 −𝐸 [𝑌 ])𝑇 ],

𝐶𝑚 =
1

𝑛𝑇𝑟𝑖𝑎𝑙𝑠

𝑛𝑇𝑟𝑖𝑎𝑙𝑠∑︁
𝑗

𝐶 𝑗 .

(3.2)
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3.3.5 Agent Dynamics

We consider a network of double integrators to represent finger models contaminated with

sensory and motor noises [62] for a collection of 𝑁 agents. The dynamics of the 𝑖th agent in

normal form is as follows:

¤𝑧𝑖 = 𝐴𝑐𝑧𝑖 +𝐵𝑐𝑢𝑖 +𝑤𝑖

𝑦𝑖 = 𝐶𝑐𝑧𝑖 + 𝑣𝑖
(3.3)

where 𝑧𝑖 = [𝑦𝑖, ¤𝑦𝑖]𝑇 ∈ R2 is the agent 𝑖’s state (including the force, 𝑦𝑖, and rate of force, ¤𝑦𝑖), and

𝑢𝑖 ∈ R, is the control input of agent 𝑖, for 𝑖 = 1,2, . . . , 𝑁 . The process noise and measurement noise

are represented by Gaussian random vectors 𝑤𝑖 ∼ N(0,𝑄) and 𝑣𝑖 ∼ N(0, 𝑅) with zero mean and

covariances𝑄 and 𝑅, respectively. The noise vectors are all assumed to be mutually independent.

Finally, (𝐴𝑐, 𝐵𝑐,𝐶𝑐) represent a chain of integrators system, i.e.,

𝐴𝑐 =


0 1

0 0

 , 𝐵𝑐 =


0

1

 , 𝐶𝑐 =

[
1 0

]
.

Each agent is assumed to be aware of its states, but not necessarily others. Due to access

to their state, agents could estimate the average share of their neighbors’ contributions based on

the visual feedback they received. We can see this intuitively in the task of lifting a heavy object

together, as people tend to focus on their own state and on the object’s state (i.e., height) which

combines the states of all agents.
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3.3.6 State Estimation Using Kalman Filter

The standard continuous-time Kalman filter [65] is employed to reduce the uncertainty

in the state estimation of each agent, perturbed by sensory and motor noises [66]. Assuming

𝑃(0) = 𝑃0, 𝑧(0) = 𝑧0, the error covariance update is given by

¤𝑃 = 𝐴𝑐𝑃+𝑃𝐴𝑇𝑐 +𝑄−𝑃𝐶𝑇𝑐 𝑅−1𝐶𝑐𝑃. (3.4)

So, the state estimate update is given by

¤̂𝑧 = 𝐴𝑐𝑧+𝐵𝑐𝑢 +𝐾 (𝑦−𝐶𝑐𝑧). (3.5)

where 𝐾 = 𝑃𝐶𝑇𝑐 𝑅
−1 is the Kalman gain.

3.3.7 Desired Averaged Dynamics

In the HHC experiments, agents were tasked with performing collaborative output-tracking

of the target output 𝑦𝑡 . Agents were only provided with the averaged estimated output contributed

by the team, i.e.,

ˆ̄𝑦 =
𝑦̂𝑜

𝑁
=

1𝑇
𝑁

𝑁
𝑦̂, (3.6)

and (presumably) a notion of their individual output contributions, where 𝑦̂𝑜 =
∑𝑁
𝑖=1 𝑦̂𝑖 is the

overall estimated output contributed by the team and 𝑦̂ = [ 𝑦̂1, 𝑦̂2, ..., 𝑦̂𝑁 ]𝑇 is the individual agents’

24



estimated output. So, the 𝑘 th derivative of the average output is

ˆ̄𝑦 (𝑘) =
𝑦̂
(𝑘)
𝑜

𝑁
=

1𝑇
𝑁

𝑁
𝑦̂ (𝑘) . (3.7)

The dynamics of ˆ̄𝑦 can be represented as a chain of integrators with 𝑧 = [ ˆ̄𝑦, ¤̄̂𝑦]𝑇 via

¤̄𝑧 = 𝐴𝑐𝑧+𝐵𝑐 ¥̄̂𝑦. (3.8)

Typical performances of the overall output force contributions from the HHC experiment (Fig-

ure. 3.2) demonstrate a dominant second order behavior for the overall output. Thus, to model

the experimental data, we wish to obtain a desired output response ( ˆ̄𝑦𝑑) for the average output as

dictated by the second order desired system dynamics. The second order behavior of finger force

production task has also been confirmed in our previous study [62].

¤̄𝑧𝑑 = 𝐴𝑑𝑧𝑑 +𝐵𝑑𝑦𝑡

ˆ̄𝑦𝑑 = 𝐶𝑑𝑧𝑑 .
(3.9)

with state 𝑧𝑑 = [ ˆ̄𝑦𝑑 , ¤̄̂𝑦𝑑]𝑇 and the individual finger’s target force 𝑦𝑡 = 5𝑁 . Besides, the system

(𝐴𝑑 , 𝐵𝑑 ,𝐶𝑑) is assumed to be linear time-invariant and stable in accordance with experimental

observations in [62]. The desired system dynamics can also be written in normal form [43],

namely

¤̄𝑧𝑑 = 𝐴𝑐𝑧𝑑 +𝐵𝑐 ¥̄̂𝑦𝑑

where ¥̄̂𝑦𝑑 = 𝛼𝑑𝑧𝑑 +𝛾𝑑𝑦𝑡 , 𝛼𝑑 = 𝐶𝑑𝐴2
𝑑

and 𝛾𝑑 = 𝐶𝑑𝐴𝑑𝐵𝑑 .
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3.4 Problem Formulation

The objective of this chapter is to address the challenge of modeling human-human collab-

orative motor behavior. Specifically, we seek to understand how multiple individuals coordinate

their redundant DOFs in achieving a shared motor task without explicit verbal communication,

relying primarily on indirect feedback mechanisms. To accomplish this, we focus on the following

objectives: (1) Establishing a theoretical link between consensus algorithm and UCM theory. (2)

Designing a control-theoretic model that captures essential features of human neuromotor control,

including sensory and motor uncertainties. (3) Employing Lyapunov-based analysis methods to

examine the stability and convergence properties of the proposed model, ensuring both effective

task-level performance and robust inter-agent coordination.

3.5 Control Law

The objective for the HHC experiment was to collaboratively achieve and maintain a target

output. We propose that the following node-level control law which solely relies on the information

available to the agent, namely, the agent’s own states and the average output states, can achieve

the objective of HHC experiment.

𝑢𝑖 = ¥̄̂𝑦 + ( ˆ̄𝑦− 𝑦̂𝑖) +𝜂( ¤̄̂𝑦− ¤̂𝑦𝑖) − 𝑦𝑡 ( 1
𝑁
− 𝑠𝑖) (3.10)

where 𝜂 > 0 is a tuning parameter, and ¥̄̂𝑦 will be discussed shortly. We believe that the proposed

control law can explain how humans work together as described in the sequel.

Inspired by the UCM hypothesis [14], the system dynamics in equation (3.10) can be
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decomposed into two orthogonal components:

I) The span{1𝑁 } components, where changes lead to deviation from task goal. This

component is equivalent to ORT subspace in UCM approach.

II) The components orthogonal to span{1𝑁 }, where changes do not lead to deviations from

task goal and do not need to be explicitly controlled to achieve the task. This component is

equivalent to UCM subspace in UCM approach.

Accordingly, we consider two components for the proposed ensemble-level control law

𝑢 = [𝑢1, . . . , 𝑢𝑁 ]𝑇 = 𝑢∥ +𝑢⊥: (i) the task-level component 𝑢∥ that ensures asymptotic convergence

of the average output to the desired dynamics, and (ii) the inter-agent component 𝑢⊥ represented

by consensus algorithms to model collaboration between agents to agree on a common objective.

3.5.1 Ensemble-Level Dynamics

The control law provided in equation (3.10) can be manipulated to more clearly show how

an agent behavior is affected by their neighbors through the average output. In particular, note

that we may rewrite the equation as

𝑢𝑖 = ¥̄̂𝑦 + 1
𝑁

𝑁∑︁
𝑗=1

[
( 𝑦̂ 𝑗 − 𝑦̂𝑖) +𝜂( ¤̂𝑦 𝑗 − ¤̂𝑦𝑖) − 𝑦𝑡 (𝑠 𝑗 − 𝑠𝑖)

]
. (3.11)

Stacking these into a single vector, the ensemble-level control law can be expressed as

𝑢 = ¥̄̂𝑦1𝑁 + 1
𝑁

(
𝑦𝑡𝐿𝑠− 𝐿𝑦̂−𝜂𝐿 ¤̂𝑦

)
(3.12)
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where 𝑠 = [𝑠1, . . . , 𝑠𝑁 ]𝑇 , and 𝐿 is the graph Laplacian associated with the complete graph, i.e.,

where for every agent N𝑖 = { 𝑗 ∈ V | 𝑗 ≠ 𝑖}. From this, and due to the fact that for an undirected

graph 1𝑇
𝑁
𝐿 = 0, we get that

𝑢∥ = 1
𝑁

1𝑁1𝑇𝑁𝑢 = ¥̄̂𝑦1𝑁 ,

𝑢⊥ = (𝐼 − 1
𝑁

1𝑁1𝑇𝑁 )𝑢 = 1
𝑁

(
𝑦𝑡𝐿𝑠− 𝐿𝑦̂−𝜂𝐿 ¤̂𝑦

)
.

(3.13)

where we use the property that (𝐼 − 1
𝑁

1𝑁1𝑇
𝑁
)𝐿 = 𝐿 [5].

3.5.2 Task-Level Convergence Analysis

From equation (3.13) it follows that only the term ¥̄̂𝑦 affects the task-level component of the

agents dynamics. Thus, we will design this term so that the averaged trajectories converge to that

of the desired dynamics. This is captured by the following theorem.

Theorem 3.1. For the agents with dynamics given as equation (3.3), the averaged output of (3.6)

asymptotically approaches the output of equation (3.9) if ¥̄̂𝑦 = 𝛼𝑑𝑧 + 𝛾𝑑𝑦𝑡 − 1
2𝐵

𝑇
𝑐 𝑃𝑐 (𝑧− 𝑧𝑑) where

𝑃𝑐 is the solution to

𝑃𝑐 (𝐴𝑐 +𝐵𝑐𝛼𝑑) + (𝐴𝑐 +𝐵𝑐𝛼𝑑)𝑇𝑃𝑐 −𝑃𝑐𝐵𝑐𝐵𝑇𝑐 𝑃𝑐 +𝑄 = 0

for 𝑄 =𝑄𝑇 ≻ 0, with 𝐴𝑐 +𝐵𝑐𝛼𝑑 stable and (𝑄, 𝐴𝑐 +𝐵𝑐𝛼𝑑) observable.

Proof. Using the Lyapunov candidate

𝑉 = (𝑧− 𝑧𝑑)𝑇𝑃𝑐 (𝑧− 𝑧𝑑) (3.14)
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for some 𝑃𝑐 = 𝑃𝑇𝑐 ≻ 0, it can be shown that the trajectories of 𝑧 approach those of 𝑧𝑑 asymptotically

by the Lyapunov stability theorem [43]. □

As a result, 𝑢∥ ensures the convergence of the span{1N} components of the dynamics. Now

that we know the averaged dynamics converge, we show the behavior of the UCM dynamics at

inter-agent level.

3.5.3 UCM Convergence Analysis

In the previous section, we showed that the error between 𝑧 and 𝑧𝑑 vanishes after some

time. Now, we demonstrate that the consensus algorithm can achieve the desired level of error

compensation exhibited by the individuals in the HHC experiments as captured by the sharing

of the task among agents (𝑠𝑖). Let Ψ𝑇 = [Ψ𝑇1 ,Ψ
𝑇
2 ], where, Ψ1 = 1

𝑁
[𝑦1 − 𝑠1𝑦𝑡 , . . . , 𝑦𝑁 − 𝑠𝑁 𝑦𝑡]𝑇 ,

Ψ2 = ¤Ψ1 =
1
𝑁
[ ¤𝑦1, ..., ¤𝑦𝑁 ]𝑇 . Let 𝜉𝑇 = [𝜉𝑇1 , 𝜉

𝑇
2 ]. Denote by 𝜉 = ΠΨ = [𝜉1, 𝜉2]𝑇 the disagreement

vector, and note that 𝜉2 = ¤𝜉1, where Π = (𝐼 − (1/𝑁)1N1N
𝑇 ) is the projection matrix onto the

orthogonal complement to span{1N}. Using the facts that Π1N = 0𝑁 and Π𝐿 = 𝐿Π we thus have

¤𝜉 =


¤𝜉1

¤𝜉2

 =

0𝑁 𝐼𝑁

−𝐿 −𝜂𝐿



𝜉1

𝜉2

 . (3.15)

In other words, if consensus is achieved then 𝜉→ 0 as 𝑡→∞, which suggests that Ψ(𝑡) → 𝑇 as

𝑡→∞, where

𝑇 =

[
Ψ ∈ R2𝑁 |Ψ1 ∈ span{1N},Ψ2 ∈ span{1N}

]
.

The convergence analysis of equation (3.15) can be performed through Lyapunov analysis similar

to Theorem 1 of [67]. This is captured by the following Theorem.
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Theorem 3.2. For any 𝜂 > 0, the UCM component of the control law in equation (3.13), 𝑢⊥, will

lead to consensus on the deviation from the share of the average force, i.e., Ψ will asymptotically

converge to the set 𝑇 .

Proof. Proof follows from the choice of the positive definite Lyapunov function candidate:

𝑉 =
1
2
𝜉𝑇1 𝐿𝜉1 +

1
2
∥𝜉2∥2, (3.16)

with ¤𝑉 = −𝜂𝜉2
𝑇𝐿𝜉2. From LaSalle’s invariance principle [43], the dynamics will converge to the

largest invariant set where ¤𝑉 = 0, which occurs only when 𝜉2 = 0. If 𝜉2 = 0, it follows from (3.15)

that Ψ2 =∈ span{1N}. Furthermore, 𝜉2 = 0 is invariant if 𝜉1 = 0, or equivalently, Ψ1 ∈ span{1N}.

Thus, 𝑇 becomes the largest invariant set, Ψ→ 𝑞 for some 𝑞 ∈ 𝑇 . □

Due to the convergence of the average dynamics under Theorem 1, for static reference 𝑦𝑡 ,

¤̂𝑦𝑖 will in fact tend to 0. Using Theorem 3.1 and 3.2, we showed that Π𝑦→ Π𝑦𝑡𝑠 and ˆ̄𝑦→ ˆ̄𝑦𝑑

under the choice of 𝑢𝑖 in (3.13), as desired.

3.6 Simulation Results

3.6.1 Choice of Parameters

The desired averaged dynamics were designed as a second-order system in standard form

(Figure. 3.2). To define the desired behavior, we estimated the desired damping ratio, 𝜁 , and

natural frequency, 𝜔𝑛, empirically for each 182 trials (e.g., 𝜁 = 0.72±0.1, and 𝜔𝑛 = 9.32±2.01).

We used the mean values 𝜁 = 0.72 and 𝜔𝑛 = 9.32 as nominal values for simulation, which resulted
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Figure 3.3: Comparison between simulation (dashed line) and experiment for a representative
trial.

in

𝐴𝑑 =


0 1

−82 −13.04

 , 𝐵𝑑 =


0

82.004

 , 𝐶𝑑 =

[
1 0

]
.

The 𝜂 = 1/𝜏 is a positive gain for consensus on the rate of force production, where 𝜏 is

the reaction time. This rate has been shown to be the determining response parameter of the

reaction time in humans when they receive visual feedback for performing finger force production

tasks [68]. The reaction time between the presentation of visual information and the initiation of

a movement correction for finger force production has been reported between 100-180 ms, with

the average value of 135 ms [69]. For this reason, we used the nominal value of 𝜂 = 7.41 for our

simulation results.

The sharing ratios were sampled from a normalized, truncated multivariate normal distri-
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bution as 𝑠𝑖 ∼ N(1/4,𝐶𝑚), for 𝑖 = 1, . . .4, and the covariance,

𝐶𝑚 =



0.0242 0.0038 −0.0069 −0.0106

0.0038 0.0217 −0.0072 −0.0087

−0.0069 −0.0072 0.0270 −0.0015

−0.0106 −0.0087 −0.0015 0.0335


.

The measurement noise variance, 𝑅 = 2.24, was estimated from the average across 182 trials of

the experimental force variance in the transient section (i.e., 2-16s). The process noise covariance

𝑄 = 9.5×10−2 𝐼2𝑥2 was taken from [70].

3.6.2 Model Validation

We examined the validity of the model from different aspects: First, we show that simulation

results accomplished the task goal of attaining and sustaining the target force similar to the HHC

experiment. For that, we examined the root mean square error (RMSE) between the overall output

and the target force for all trials in both simulation and experiment in the steady-state. We found

that the mean RMSE ± standard error across trials for simulation (0.217±0.088) closely matched

that of the experiment (0.246±0.094). Furthermore, the proposed model is capable of replicating

individual trials as well as the force variability across trials.

3.6.2.1 Replicating a Trial

With the right choice of parameters for the desired behavior and the sharing ratio, the model

can replicate individual trials. As an example, Figure. 3.3 shows that the simulation results for
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a particular trial closely match the combined and individual agent’s outputs of the experiment.

The parameters for this sample trial were: 𝜁 = 0.80, 𝜔𝑛 = 7.86, 𝜂 = 6, and the sharing ratio

𝑠𝑇 =

[
0.2562, 0.2458, 0.2118, 0.2861

]
, all the other parameters including the measurement and

process noises remained intact. Given the randomness caused by the measurement and process

noise, we ran the simulation with these particular choice of parameters for 5 times and got the

average of the 5 simulations. Table 3.1 summarizes RMSE (e.g., mean ± standard error) between

the sample experiment and the averaged simulation results.

3.6.2.2 Examining Force Variability Using PCA and UCM

We calculated PCA for individual agents’ output in steady-state. Table 3.2 indicates that

for both experiment and simulation, about 90% of variance is along the UCM, defined by 𝑃𝐶1−4

(see explained variance in Table 3.2). These PC’s are nearly orthogonal to span{1N} (ORT),

as shown in Table 3.2 by evaluating their angles with span{1N}. This finding suggests that the

task-level component of the control law ensures the convergence of span{1N} components of the

dynamics and is an indication of dimension compression of motor synergies which is replicated

by our model.

To further validate the results of our simulation, we compared experiment and simulation

in terms of inter-agent synergy using UCM [10]. For the steady-state data, we computed the

UCM and ORT bases and projected the data onto those bases. Finally, we computed variance

along UCM (𝑉𝑈𝐶𝑀) and ORT (𝑉𝑂𝑅𝑇 ) as well as synergy index (i.e., Δ𝑉) for both experiment

and simulation (Table 3.3). Synergy index [10] was defined as Δ𝑉 =
𝑉𝑈𝐶𝑀/3−𝑉𝑂𝑅𝑇

𝑉𝑇𝑂𝑇/4 . As shown in

Table 3.3, the proposed control law can reproduce the synergistic interaction between agents.
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Table 3.1: The Level of RMSE (Mean ± Standard Error) Between Simulation and Experimental
Forces For a Representative Trial.

Force RMSE (N)
𝑒𝑦𝑜 0.43 ± 0.02
𝑒𝑦1 0.22 ± 0.01
𝑒𝑦2 0.22 ± 0.04
𝑒𝑦3 0.32 ± 0.01
𝑒𝑦4 0.33 ± 0.03

Table 3.2: Summary of PCA results. The explained variance (i.e., percentage of the total variance
explained by each PC), and the angle of each PC with span{1N} are reported.

Variable PC

𝑃𝐶1 𝑃𝐶2 𝑃𝐶3 𝑃𝐶4

Explained Experiment 49.40% 45.09 % 4.69 % 0.81%
variance Simulation 40.17% 33.23 % 26.51 % 0.09%

Angle with Experiment 87.68◦ 90.1◦ 87.4◦ 3.48◦
span{1N} Simulation 90.74◦ 87.91◦ 91.19◦ 2.52◦

Table 3.3: Summary of UCM results

𝑉𝑈𝐶𝑀 𝑉𝑂𝑅𝑇 Δ𝑉

Experiment 2.2075 0.0020 1.3285
Simulation 2.6945 0.0026 1.3282
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3.7 Summary

In this chapter, we developed a control-theoretic framework to understand neuromotor co-

ordination in cooperative tasks, inspired by our previous HHC experiment [9]. We simulated two

people performing a collaborative finger force matching task. This fine motor task resembles the

task of lifting a heavy object by a group of people, providing a baseline for studying collaborative

behavior. By controlling for factors like strength and weight of individuals, we could isolate

the underlying coordination mechanism. Using Lyapunov analysis and the consensus protocol,

we provided a control strategy for collaborative output-tracking, which was related to the UCM

analysis and proved to achieve the desired transient and steady-state behavior at both the task

and individual levels. The simulated results closely matched the experiment, suggesting con-

sensus dynamics can model IPMS. We showed that consensus dynamics do not affect task-level

performance, analogous to how CNS handles redundant degrees of freedom (UCM). This intu-

itive control law, grounded in motor control research, lays an effective foundation for developing

coordination mechanisms in multi-agent systems.

However, as the nature of the given human experiment dictated, the proposed model assumed

a fixed complete unweighted graph topology, as the share of contribution for completing the task

was explicitly provided. However, many real-world collaborative tasks involve more complex,

implicit, dynamic interactions. There is a need to learn these evolving interaction behaviors

by inferring edge weights. In the next Chapter, we utilize the GNN based approach to capture

the spatial and temporal evolution of trajectories in complex network interactions such as crowd

navigation. We examine how the topology of interaction, as well as enforcing the degree to which

neighbors affect one another, would impact the performance of modeling human interactions.
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Chapter 4: Complex Network Interactions: Geometric Graph Neural Network

Modeling of Human Interactions in Crowded Environments

This chapter is based on the paper published in IFAC-PapersOnLine 2024 [4].

4.1 Overview

In Chapter 3, we introduced a consensus-based framework to model human motor coordi-

nation strategies during collaborative tasks. This provided valuable insights into how consensus

algorithm can recover human behavior in handling redundant degrees of freedom to achieve co-

ordination. However, the model relied on a fixed, unweighted interaction graph, as dictated by

the structure of our human experiment. Real-world settings—such as pedestrian navigation in

crowded environments—feature dynamic and complex interaction patterns driven by social and

psychological factors. This chapter focuses on learning human interaction patterns in crowds,

where motion is governed by social dynamics and psychological factors. Drawing upon con-

nections between GNN and weighted consensus protocol, we extend the Social Spatio-Temporal

GNN (STGCNN) framework [19] by integrating geometric kernel functions and refined interaction

neighborhoods inspired by empirical studies of crowd navigation from psychological literature.

This knowledge-based graph topology improves the interpretability of the weighted adjacency

matrices and enhances pedestrian trajectory prediction.
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4.2 Introduction

Over the last decade, predicting how humans move and interact has become an active field of

research, driven by applications in autonomous driving, surveillance, and the creation of socially

aware robots (see [71,72] and references therein). The challenge lies in anticipating human motion

due to its inherently complex and stochastic nature, influenced by internal and external stimuli,

social dynamics, and psychological decision-making factors as described in [73]. This challenge

is magnified in crowded spaces, where the interplay of these factors becomes even more intricate

(see [11] for a review).

Despite this complexity, humans demonstrate an impressive ability to navigate crowds.

As we move, we instinctively stay close to our group while maintaining a social distance from

others. Our behavior adapts based on the type of interaction at play. Understanding these

implicit interactions is crucial for autonomous systems, enabling them to predict and adapt to the

unpredictable behaviors of pedestrians in the absence of explicit communication.

Various modeling-based and learning-based algorithms have been proposed to understand

human interactions when navigating through crowds, as reviewed in [11]. Model-based ap-

proaches, such as the social force model by [17] and velocity-based methods like the reciprocal

n-body collision avoidance technique introduced by [18], aim to develop intuitive strategies for

explaining human interactions based on first principles and social factors. In contrast, learning-

based methods leverage deep learning algorithms, including long short-term memory (LSTM) net-

works [74], convolutional neural networks (CNNs), generative adversarial networks (GANs) [75],

and graph neural networks (GNNs) [19], to predict human motions directly from data.

Both model-based and learning-based approaches have their advantages and disadvantages.
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Model-based algorithms typically have fewer parameters, making them computationally efficient

and enabling careful reasoning about human intentions. However, they may overlook complex

aspects of human behavior. Our proposed model takes the form of a geometric graph neural

network, a structure inspired by the Social Spatio-Temporal Graph Neural Network (STGCNN)

architecture proposed by [19]. However, we go beyond conventional GNN formulations by inte-

grating geometric kernel functions and a refined neighborhood of interaction definition, drawing

insights from psychological studies on human crowd behaviors ( [21, 73]).

Psychological studies have empirically shown that humans base their navigation decisions

on local interactions, particularly with neighbors within a limited field of view and proximity. [21].

They demonstrate that collective behavior in human crowds emerges from local interactions, with

individuals linearly combining the influence of multiple neighbors within their vicinity. Their

model incorporates a weighted agreement protocol, where the influence of neighbors decays with

distance. At its core, both the GNN framework and state-dependent weighted consensus rely on

the principle of local information aggregation to drive the evolution of each agent or node’s state.

This connection motivates our design of interpretable, state-dependent adjacency matrices.

Our hybrid approach integrates this domain knowledge into the GNN structure, resulting in

a more interpretable, context-aware weighted adjacency matrix. The outcome is a framework that

better captures the complexity of human interactions in crowds and offers improved predictive

performance for pedestrian trajectory forecasting.
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4.3 Preliminaries

4.3.1 Notation

The hat notation (□̂) refers to the estimated values. The Euclidean distance (ℓ2 norm)

between two vectors 𝑎 and 𝑏 is ∥𝑎− 𝑏∥.

4.3.2 Agent Dynamics:

Following the work in [19], we assume pedestrian trajectories follow a bi-variate Gaus-

sian distribution. The parameters (𝜇𝑖𝑡 ,𝜎𝑖𝑡 , 𝜌𝑖𝑡) represent the mean, standard deviation, and

correlation coefficient of the Gaussian distribution, respectively, where we parameterize mean

𝜇𝑖𝑡 = (𝜇𝑝𝑥 , 𝜇𝑝𝑦 )𝑖𝑡 , standard deviation 𝜎𝑖𝑡 = (𝜎𝑝𝑥 ,𝜎𝑝𝑦 )𝑖𝑡 , and correlation coefficient 𝜌𝑖𝑡 = (𝜌𝑝𝑥 , 𝜌𝑝𝑦 )𝑖𝑡 ,

for 𝑖 = 1, . . . , 𝑁 . The pedestrian trajectories are given by 𝑥𝑛𝑡 = (𝑝𝑖𝑥𝑡 , 𝑝
𝑖
𝑦𝑡
) ∼ N (𝜇𝑖𝑡 ,𝜎𝑖𝑡 , 𝜌𝑖𝑡), where

(𝑝𝑖𝑥𝑡 , 𝑝
𝑖
𝑦𝑡
) are random variables capturing the probability distribution of pedestrian 𝑖’s position

at time 𝑡 in the 2D space. The model is trained by minimizing the negative log-likelihood loss

function:

𝐽𝑖 (𝑊) = −
𝑇pred∑︁

𝑡=1+𝑇obs

log(P(𝑥𝑛𝑡 | 𝜇̂𝑖𝑡 , 𝜎̂𝑖𝑡 , 𝜌̂𝑖𝑡)), (4.1)

Here, 𝜇̂𝑖𝑡 , 𝜎̂𝑖𝑡 , 𝜌̂𝑖𝑡 are the estimated parameters of the predicted trajectory distribution, 𝑥𝑖𝑡 .

4.3.3 Graph Representation of Crowd Interaction:

We employ a graph representation rooted in algebraic graph theory to model pedestrian

interactions within crowd [5]. Consider 𝐺 𝑡 = (V𝑡 ,E𝑡) as a spatial graph at time 𝑡, comprising

𝑁 nodes representing the relative positions of pedestrians in the scene at time 𝑡. The node
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Figure 4.1: A visual representation of the neighborhood of interaction for a pedestrian (shown in
black), incorporating a 180-degree field of view and a 5-meter distance threshold, selected based
on empirical observations from psychological studies as described in [21]. Pedestrians within the
shaded region, which extends up to 90 degrees on either side of the walking direction, are consid-
ered part of the neighborhood. The thickness of the connecting lines decreases with increasing
distance, indicating that closer neighbors have a stronger influence on the pedestrian’s motion
(corresponding to Graph 2 neighborhood definition with distance-based weighting according to
our kernel definitions)

set is V𝑡 = {𝜈1
𝑡 , . . . , 𝜈

𝑁
𝑡 }, and edge set 𝐸 = {E𝑖 𝑗𝑡 = (𝜈𝑖𝑡 , 𝜈

𝑗
𝑡 )} ⊆ V𝑡 ×V𝑡 captures the interactions

among agents. The adjacency matrix is defined as 𝐴𝑡 = [𝑎𝑖 𝑗𝑡 ], determining the neighborhood of

interaction, where 𝑎𝑖 𝑗𝑡 = 𝑤
𝑖 𝑗
𝑡 if 𝜈𝑖𝑡 and 𝜈 𝑗𝑡 are connected (agent 𝑖 can receive information from agent

𝑗); otherwise, 𝑎𝑖 𝑗 = 0. The interaction neighborhood will be defined in more details later. The

weights 𝑤𝑖 𝑗𝑡 quantify how strongly agents influence each other’s movements and are determined

through geometric kernel functions inspired by psychological studies on human crowd behaviors.

The graph Laplacian is defined as 𝐿𝑡 = Δ𝑡 − 𝐴𝑡 , where Δ𝑡 denotes the diagonal matrices of node

degrees, taken as the sum of the weights for each neighbor: Δ𝑡 =
∑𝑁
𝑗=1 𝑎

𝑖 𝑗
𝑡 .

4.3.4 From State-Dependent Weighted Consensus To GNN Structure

In classical consensus algorithms, each agent updates its state as a weighted combination

of the differences between its own state and those of its neighbors. For example, the discrete-time
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consensus update rule is given by [5]

𝑥(𝑘 +1) =𝑊𝑥(𝑘), (4.2)

where 𝑥(𝑘) stacks the states of all agents at time step 𝑘 , and𝑊 is a matrix that encodes the (possibly

weighted) connections among agents—often subject to stochastic or row-stochastic constraints

to ensure convergence. In weighted consensus settings, these weights can depend on the agents’

current states; for example, the weight might decay with distance between the agents or be set to

zero if they are outside the range. To link this to graph structures, we can see that the matrix 𝑊

in (4.2) can be derived from the graph Laplacian 𝐿, specifically, suppose that 𝑥𝑖 (𝑘) denotes the

state of agent 𝑖. A single-agent update in discrete time can be written as

𝑥𝑖 (𝑘 +1) = 𝑥𝑖 (𝑘) +
∑︁
(𝑖, 𝑗)∈E

𝑎𝑖 𝑗 (𝑘)
(
𝑥 𝑗 (𝑘) − 𝑥𝑖 (𝑘)

)
, (4.3)

Collecting these into a vector form, one obtains

𝑥(𝑘 +1) = (𝐼 − 𝐿 (𝑘))𝑥(𝑘). (4.4)

where 𝐿 (𝑘) is the (possibly time-varying or state-dependent) graph Laplacian constructed from

the edge weights 𝑎𝑖 𝑗 (𝑘). If we define𝑊 = 𝐼 − 𝐿 (𝑘), we get (4.2).

A GNN also aggregates information locally from neighbors. A generic (single-layer) GNN

update can be written as

𝑓 (𝑉 (𝑙) , 𝐴) = 𝜎
(
L𝑉 (𝑙)𝑊 (𝑙)

)
, (4.5)
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where𝑉 (𝑙) is the stack of all node features at layer 𝑙, and𝑊 (𝑙) is the matrix of trainable parameters

at layer 𝑙. L is the normalized graph Laplacian matrix built from the adjacency matrix, as

explained in [76], and 𝜎 is the activation function. Under a linear activation and a single-

layer setup, (4.5) reduces to a discrete-time consensus-like operation in a multi-agent system.

Mapping the graph convolutions to consensus update provides an intuitive connection between

modern graph-based learning approaches and classical distributed control algorithms for multi-

agent coordination. The Laplacian matrix as mentioned in Chapter 3, provides information on

topology of interaction. However, without careful designing of this Laplacian matrix, specifically

the topology of interaction and quality of interaction, we may not be able to capture the complex

interactions among pedestrians in real-world cases. Using geometric kernels, we can specify

these state-dependent interactions as will be explained later.

4.4 Problem Formulation

The main objective in this chapter is to predict the future trajectory positions of𝑁 pedestrians

over a time horizon of 𝑇pred, given their observed trajectories from 𝑡 = 1 to 𝑡 = 𝑇obs. This task

is particularly challenging in crowded environments, where pedestrian motion is governed by

complex interactions and social dynamics.

4.4.1 Topology of Interaction

Diverging from the approach of social-STGCNN [19], which assumes a complete graph

to establish the neighborhood set for each agent and weighs the importance of neighboring

agents based solely on their distance, this work takes a more nuanced perspective. Our goal is
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to experiment with different neighborhood sets inspired by psychological literature on human

interactions in crowds, as described in [21], aiming to enhance model performance in predicting

future pedestrian motion. This exploration seeks to identify the crucial factors in accurately

modeling human interactions across various datasets.

Neighborhood of Interaction:

According to [77], people have a 180◦ horizontal field of view and face toward their walking

direction (Δ𝑥𝑖𝑡 = 𝑥𝑖𝑡+1 − 𝑥
𝑖
𝑡). Therefore, interactions are expected to be influenced by neighbors

within their field of view (±90◦) who are approaching them. Empirical experiments on human

crowds by [21] reveal that the impact of neighbors diminishes exponentially to zero at a distance

of 4–5m. The following sections explain how we incorporate these key points in constructing our

weighted adjacency matrix.

1. Graph 1 (View):

To account for the 180◦ field of view, we introduce the following kernel-based weight. It

stipulates that if the angle between walking direction of pedestrian 𝑖 and 𝑗 is smaller than

90◦, they mutually influence each other; otherwise, the weight is set to zero.

𝑤
𝑖 𝑗

𝑣𝑖𝑒𝑤,𝑡
=


𝐾𝑖 𝑗 Δ𝑥𝑖𝑡 ·Δ𝑥

𝑗
𝑡 > 0

0 o.w.

. (4.6)

𝐾𝑖 𝑗 will be defined shortly.

2. Graph 2 (View, Thresh):

In a different scenario, we incorporate a threshold of 𝜖 = 5𝑚 distance, selected based on
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empirical observations from psychological studies according to [21] to ensure that only

nearby pedestrians within the field of view influence each other (Fig. 4.1):

𝑤
𝑖 𝑗

𝑣𝑖𝑒𝑤,𝑡ℎ𝑟𝑒𝑠ℎ,𝑡
=


𝐾𝑖 𝑗 Δ𝑥𝑖𝑡 ·Δ𝑥

𝑗
𝑡 > 0, 𝛼

𝑖 𝑗
𝑡 < 𝜖

0 o.w.

(4.7)

where 𝛼𝑖 𝑗𝑡 = ∥𝑥𝑖𝑡 − 𝑥
𝑗
𝑡 ∥ is the distance between agent 𝑖 and 𝑗 .

3. Graph 3 (Approach):

In this scenario, when the distance between agents decreases, signifying that they are

approaching each other and likely to influence each other, we define the kernel-based

weight as:

𝑤
𝑖 𝑗
𝑎𝑝𝑝𝑟,𝑡 =


𝐾𝑖 𝑗 𝛼

𝑖 𝑗

𝑡+1 > 𝛼
𝑖 𝑗
𝑡

0 o.w.

(4.8)

4. Graph 4 (View, Approach): We also consider a case that encompasses both of the above

scenarios:

𝑤
𝑖 𝑗

𝑣𝑖𝑒𝑤,𝑎𝑝𝑝𝑟,𝑡
=


𝐾𝑖 𝑗 Δ𝑥𝑖𝑡 ·Δ𝑥

𝑗
𝑡 > 0, 𝛼

𝑖 𝑗

𝑡+1 > 𝛼
𝑖 𝑗
𝑡

0 o.w.

(4.9)

It is worth noting that [78] also considers the field of view and direction of movement. However,

they consider each of the factors in separate graphs, and then use a multi-layer perceptron (MLP)

to combine them into a single graph. In this work, we choose to combine the two conditions into

a single graph to follow psychological studies and better explain the adjacancy matrix.
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Kernel Functions for Assigning Neighbors Importance Through Edge Weights: We

employ kernel functions to capture the strength of interaction between pedestrians. We examine

the impact of two distinct kernel functions on the model’s accuracy in predicting pedestrian

trajectories.

1. Kernel 1 (Inverse of Norm): Similar to [19], we use the inverse of the 𝐿2 norm (𝛼𝑖 𝑗𝑡 =

∥𝑥𝑖𝑡 − 𝑥
𝑗
𝑡 ∥) as a similarity measure, considering that further away neighbors exert less

influence:

𝐾𝑖 𝑗 =


1
𝛼
𝑖 𝑗
𝑡

𝛼
𝑖 𝑗
𝑡 ≠ 0

0 o.w.

2. Alternatively, in this case, we use the exponential decay as the kernel function:

𝐾𝑖 𝑗 =


exp(−𝛼𝑖 𝑗𝑡 ) 𝛼

𝑖 𝑗
𝑡 ≠ 0

0 o.w.

to reflect that the weights decay as agents move away from each other, according to [21].

4.4.2 Model Architecture:

Our model leverages the same network architecture as introduced in [19], consisting of

spatial and temporal components. The key difference from previous work is in the graph repre-

sentation, which incorporates geometric kernels and neighborhood definitions inspired by psy-

chological studies on crowd dynamics, as explained earlier. Fig. 4.2 provides a visual overview

of the network architecture adopted in this paper.
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Figure 4.2: Illustration of our geometric GNN model. From observed pedestrian trajectories
over 𝑇 frames, we construct a kernel-based spatio-temporal graph by defining neighborhood
relationships and weighting edges using kernel functions. This graph is processed by a spatio-
temporal graph CNN, similar to the architecture proposed by [19], to generate a spatio-temporal
embedding. A temporal CNN then predicts the distribution of future trajectories. 𝑉 represents the
set of nodes, 𝑃 = 2 is the dimension of pedestrian positions, and 𝑃̂ denotes the dimensions of the
embedding from the predicted Gaussian distribution. Our approach integrates domain knowledge
from psychological studies, resulting in a more context-aware and interpretable adjacency matrix.

1. Kernel-Based Spatio-Temporal Graph Representation: The first step in our network is

to construct the graph representation of pedestrian interactions. We utilize the proposed

neighborhood of interactions and kernel functions one by one and report the modeling

accuracy for each of them.

2. Spatio-Temporal Graph CNN:

In the second step, to extract meaningful features from the graph representation, we employ

spatio-temporal graph convolutions, as described by [79]. This approach is particularly

suitable for our problem as it effectively captures both spatial and temporal dependencies in

pedestrian trajectories. The colvolution operation compute node embeddings by aggregating

information from neighboring nodes in a recursive fashion using (4.5).

3. Time-Extrapolator CNN:
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Taking the features from the previous step as input, this network applies temporal convolu-

tions to predict probability distributions of future trajectories for all pedestrians within the

time interval from 𝑡 = 𝑇obs+1 to 𝑡 = 𝑇pred.

4.4.3 Datasets and Evaluation Metrics

To train and assess the performance of our model, we utilize two well-established pedestrian

datasets, in line with established methodologies in prior research. These datasets include: (1)

ETH Dataset, collected by [80], with two scenes: ETH and Hotel, and (2) UCY Dataset, given

by [81]: with 3 scenarios: ZARA-01, ZARA-02, and UNIV. In total, our model is evaluated across

five distinct datasets, encompassing diverse nonlinear trajectories from 1536 pedestrians within

real-world crowded environments. To ensure consistency in data representation across various

datasets, we adopt the preprocessing approach outlined in Social-GAN by [75]. To facilitate fair

comparisons, we employ a leave-one-out training methodology, as suggested [74]. This involves

training and validating on four datasets and subsequently testing on the fifth. This procedure is

consistently applied across the four interaction neighborhood scenarios and the two proposed

kernel functions as well as other baseline methods for best evaluation. For the quantitative

assessment of our approach, we employ two widely recognized metrics [74]:

Average Displacement Error (ADE) computes the average L2 distance between the ground

truth and our model’s predictions over all predicted time steps. It serves as a measure of trajectory

accuracy along the path.

Final Displacement Error (FDE) quantifies the distance between the predicted final position

and the ground truth final position at the end of the prediction period 𝑇pred.
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Given our assumption of Gaussian distribution for pedestrian trajectories, the estimated

trajectory is a distribution. For fair comparison with previous work, we follow [19]’s evaluation

approach. We generate 20 samples from the predicted trajectory distribution and compare the

best-performing sample (closest to the ground truth) against the ground truth to calculate ADE

and FDE. This evaluation approach has been widely adopted by previous studies, including those

by [20, 75].

4.4.4 Training Setup:

Our training setup closely aligns with the architecture and parameters outlined in [19],

ensuring a consistent baseline for evaluation. We employ the Parametric Rectified Linear Unit

(PReLU) as our activation function, denoted by 𝜎. The training batch size is set to 128 and the

model is trained for a total of 250 epochs for each dataset. The learning rate is initialized at

0.01 and adjusted to 0.002 after 150 epochs to enhance the model’s adaptability over the training

duration. Stochastic Gradient Descent (SGD) is employed for optimization, in line with the

methodology proposed by [19]. Consistent with the referenced work, our model comprises 1

layer of Spatio-Temporal Graph CNN and 5 layers of Temporal-Extrapolator CNN. This allows

evaluating the impact of kernel functions and interaction topologies.

4.5 Results

The results presented in Table 4.1 show that our proposed methods, incorporating different

neighborhood definitions and kernel functions, achieve competitive performance compared to

previous approaches across various pedestrian datasets. Our model has 7,563 parameters, with

48



Ta
bl

e
4.

1:
A

D
E/

FD
E

Re
su

lts
fo

rV
ar

io
us

M
et

ho
ds

ac
ro

ss
5

Pe
de

str
ia

n
D

at
as

et
s

M
et

ho
d

ET
H

H
O

TE
L

U
N

IV
ZA

R
A

01
ZA

R
A

02
Av

er
ag

e

so
ci

al
-L

ST
M

([
74

])
1.

09
/2

.3
5

0.
79

/1
.7

6
0.

67
/1

.4
0

0.
47

/1
.0

0
0.

56
/1

.1
7

0.
72

/1
.5

4
so

ci
al

-G
A

N
([

75
])

0.
81

/1
.5

2
0.

72
/1

.6
1

0.
60

/1
.2

6
0.

34
/0

.6
9

0.
42

/0
.8

4
0.

58
/1

.1
8

So
ci

al
-B

iG
A

T
([

82
])

0.
69

/1
.2

9
0.

49
/1

.0
1

0.
55

/1
.3

2
0.

30
/0

.6
2

0.
36

/0
.7

5
0.

48
/1

.0
0

so
ci

al
-S

TG
C

N
N

([
19

])
0.

64
/1

.1
1

0.
49

/0
.8

5
0.

44
/0

.7
9

0.
34

/0
.5

3
0.

30
/0

.4
8

0.
44

/0
.7

5

O
ur

s(
Ke

rn
el

1:
In

ve
rs

e
of

No
rm

)
-V

ie
w

(G
ra

ph
1-

K
er

ne
l1

)
0.

64
/1

.0
9

0.
41

/0
.6

3
0.

45
/0

.8
5

0.
35

/0
.5

9
0.

30
/0

.5
0.

43
/0

.7
3

-V
ie

w,
th

re
sh

(G
ra

ph
2-

K
er

ne
l1

)
0.

76
/1

.4
8

0.
40

/0
.6

9
0.

45
/0

.8
5

0.
33

/0
.5

2
0.

29
/0

.4
7

0.
44

/0
.8

0
-A

pp
ro

ac
h

(G
ra

ph
3-

K
er

ne
l1

)
0.

82
/1

.2
9

0.
39

/0
.5

8
0.

46
/0

.8
68

0.
34

/0
.5

3
0.

30
/0

.5
0

0.
46

/0
.7

5
-V

ie
w,

ap
pr

oa
ch

(G
ra

ph
4-

K
er

ne
l1

)
0.

75
/1

.3
7

0.
38

/0
.5

7
0.

47
/0

.8
8

0.
34

/0
.5

7
0.

30
/0

.5
0

0.
44

/0
.7

7

O
ur

s(
Ke

rn
el

2:
Ex

po
ne

nt
ia

lD
ec

ay
)

-V
ie

w
(G

ra
ph

1-
K

er
ne

l2
)

0.
80

/1
.5

4
0.

47
/0

.7
7

0.
46

/0
.8

4
0.

37
/0

.5
8

0.
43

/0
.6

7
0.

51
/0

.8
8

-V
ie

w,
th

re
sh

(G
ra

ph
2-

K
er

ne
l2

)
0.

80
/1

.4
0

0.
47

/0
.7

7
0.

45
/0

.8
2

0.
32

/0
.5

3
0.

27
/0

.4
5

0.
47

/0
.8

0
-A

pp
ro

ac
h

(G
ra

ph
3-

K
er

ne
l2

)
0.

86
/1

.3
7

0.
34

/0
.4

7
0.

47
/0

.8
6

0.
36

/0
.5

6
0.

28
/0

.4
6

0.
47

/0
.7

4
-V

ie
w,

ap
pr

oa
ch

(G
ra

ph
4-

K
er

ne
l2

)
0.

76
/1

.3
6

0.
47

/0
.8

3
0.

48
/0

.8
8

0.
33

/0
.5

2
0.

30
/0

.4
8

0.
47

/0
.8

1

49



Figure 4.3: Visualizing the predicted distribution of pedestrian trajectories for a representative
scene (UNIV). Sampled trajectories from the predicted Gaussian distribution are depicted as dot
points in the scatter plot, while observed and true trajectories are shown as dashed and dotted
lines respectively.

an average inference time of 0.002 seconds, based on multiple single inference steps.

On the ETH dataset, our method with Graph 1 (using pedestrian’s field of view in neigh-

borhood definition) and Kernel 1 (inverse of the norm) achieves the best performance, following

the Social-STGCNN ADE of 0.64 and improving the FDE to 1.09. For the HOTEL dataset, our

method with Graph 3 (using approach dynamics in neighborhood definition) and Kernel 2 (ex-

ponential decay) significantly outperforms all existing methods, achieving the best ADE of 0.34

and FDE of 0.47. On the UNIV dataset, the previous Social-STGCNN method by [19] maintains

the best performance with an ADE of 0.44 and FDE of 0.79. However, our method with Graph 2

(using field of view and 5𝑚 distance threshold for neighborhood definition) and Kernel 2 closely

follows the best performance with an ADE of 0.45 and FDE of 0.82. Other graph variations

and kernel functions also show very close performance on this dataset, further highlighting the
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importance of using geometric definitions. For the ZARA01 dataset, the Social-BiGAT method

by [82] achieves the best ADE of 0.30, while our method with Graph 2 and Kernel 1 achieves the

best FDE of 0.52. On the ZARA02 dataset, our method with Graph 2 and Kernel 2 outperforms

all existing methods, achieving the best ADE of 0.27 and FDE of 0.45.

Overall, our method with Graph 1 and Kernel 1 achieves the best average ADE of 0.43 and

FDE of 0.73 across all datasets, surpassing previous methods. Our results suggest that methods

incorporating attention mechanisms, whether through softmax (e.g., social-BiGAT by [82]) or

geometric kernel functions, consistently enhance accuracy, underscoring the importance of kernel

functions for graph representations in GNN methods. Furthermore, our results highlight the

effectiveness of integrating domain knowledge, such as pedestrian’s field of view, 5𝑚 distance

threshold, and approach dynamics, into neighborhood definitions for modeling human interactions

in crowded environments. While [19] found no improvement with the exponential decay kernel,

our results suggest that performance outcomes can vary and improve depending on the interaction

neighborhood definition.

While no single method consistently outperforms others across all datasets, our proposed

methods exhibit competitive performance. Performance discrepancies may arise from unac-

counted factors like landmarks or scene information, highlighting the potential impact of external

factors. Notably, [83] demonstrated significant accuracy improvements by integrating scene in-

formation into their graph attention network. However, our primary objective was to demonstrate

how incorporating domain knowledge can enhance data-driven trajectory prediction, rather than

finding the best-performing model. Thus, we maintained the same parameters as the referenced

work.
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4.6 Summary

In summary, this case study introduces a geometric GNN architecture featuring various

kernel functions and interaction topologies inspired by psychological studies. This framework

lays a foundation for better understanding and modeling of human interactions. Integrating a 180◦

field of view in the interaction neighborhood and employing the inverse of norm kernel function to

weigh neighboring agents’ importance contribute to overall accuracy improvements, reflected in

enhanced ADE and FDE metrics across all datasets. Our results suggest that different topologies

of interaction and kernel functions may perform better under different scenarios. However,

determining the robust optimal interaction topologies that best explain complex interactions

across domains remains an open challenge. To address the challenge of identifying optimal graph

topology and interaction encodings, we propose an inverse optimal control (IOC) approach to

uncover interaction strategies in dynamic graphs from behavioral observations. As the kernels

simply parameterize the edge weights in the graph topology of multi-agent systems, we seek to

investigate if they can be learned from data in a more rigorous fashion. In Chapter 5 and 6, we

lay the foundations to achieve this objective.
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Chapter 5: Stability and Robustness Conditions for Nonlinear Interaction Rules

5.1 Overview

This chapter develops directed potential-based interaction rules for complex networks.

We provide a comprehensive framework for analyzing the stability and robustness of MAS

whose interactions are governed by state-dependent edge weights that may be both positive

(cooperative) and negative (antagonistic). By leveraging a Lyapunov-based analysis and an

edge-based representation, we derive explicit algebraic and spectral conditions under which the

weighted consensus dynamics converge—even in the presence of nonlinear, directed, and signed

interactions. These results not only guarantee convergence to desired configurations but also

provide robustness against disturbances. The stability guarantees established here serve as the

theoretical foundation for the next chapter on learning interaction rules from data.

5.2 Introduction

Potential-based control methods using artificial potential energies or edge tension ener-

gies have been widely used for multi-agent coordination (e.g., [38]). Traditional analyses as-

sume undirected graphs with positive edge weights, simplifying the analysis since the graph

Laplacian remains positive semidefinite. However, many real-world systems exhibit directed
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interactions—often due to limited sensing—and can include repulsive interactions represented

by negative weights, complicating analysis since the Laplacian may no longer remain positive

semidefinite.

Recent work has addressed potential-based control in directed networks by employing the

edge Laplacian—a matrix that encodes flows of information among agents and elucidates how

spanning trees and cycles influence convergence [39]. In [22, 40], the authors extend potential-

based methods to directed networks via a structural Lyapunov matrix, whose positive semidefi-

niteness characterizes stable directed topologies. We follow a similar philosophy, employing an

energy-based Lyapunov analysis in edge space, and provide the following specific contributions:

(1) Introduction of an edge-based potential energy framework that explicitly accommodates posi-

tive and negative edge weights for digraphs. (2) Derivation of algebraic and spectral conditions on

network topology and edge weights ensuring convergence to general desired configurations. (3) A

rigorous Lyapunov-based analysis that explicitly addresses directed, nonlinear, signed interactions

via the edge Laplacian. These results highlight how designing interaction weights appropriately

ensures stability, and how the edge Laplacian helps unify and extend classical potential-based

methods to general directed, signed networks.

5.3 Preliminaries

This section establishes the notation, presents the graph representations, and describes the

multi-agent dynamics that form the basis for our analysis for the next two chapters.
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5.3.1 Notation

We use R to denote the set of real numbers, R𝑑 to denote the set of real vectors with 𝑑

elements, and R𝑛×𝑚 to represent the set of real 𝑛×𝑚 matrices. The vector of all ones in R𝑑 is

denoted by 1𝑑 . Let 𝐼𝑑 ∈ R𝑑×𝑑 denote the 𝑑 × 𝑑 identity matrix, and let 1𝑆 (𝑥(𝑡)) be the indicator

function that returns 1 if 𝑥 ∈ 𝑆 and 0 otherwise. When the input to the indicator function is

vector-valued, we assume that it is applied element-wise. For a given set 𝑆, |𝑆 | refers to its

cardinality. The square diagonal matrix formed from the elements in a vector 𝑎 is written as

diag(𝑎). For any vector 𝑎, [𝑎]𝑘 represents its 𝑘-th element, and 𝑎𝑇 denotes its transpose. For a

matrix 𝐴, [𝐴]𝑖𝑘 is the entry in the 𝑖-th row and 𝑘-th column. The Euclidean distance (ℓ2 norm)

between two vectors 𝑎 and 𝑏 is ∥𝑎 − 𝑏∥. The Kronecker product is represented by ⊗, and the

Hadamard (element-wise) product by ⊙. We denote by 𝜎(𝐴) the set of singular values of a matrix

𝐴 ∈ R𝑁×𝑚. The set of continuously differentiable functions is C1, and L1( [𝛿,Δ]) denotes the set

of Lebesgue-integrable functions over [𝛿,Δ]. The symbols N(·) and R(·) denote the null space

and range space of the matrix, respectively.

5.3.2 Graph Theory

A weighted directed graph 𝐺 = (V,E,𝑤) is a tuple consisting of a set of nodes V, an

ordered edge set E, and a weight function 𝑤. The node set is given by V = {1, . . . , 𝑁}, where

each node represents an agent in the system. The edge set E ⊂ V×V defines the communication

topology (connectivity among agents), where an edge 𝑒 = (𝑖, 𝑗) denotes a directed connection

from node 𝑗 (the tail) to node 𝑖 (the head). The set of in-neighbors of node 𝑖, i.e., the nodes that

have directed edges pointing to 𝑖 is denoted byN in
𝑖
= { 𝑗 | ( 𝑗 , 𝑖) ∈ E}. A directed path is a sequence
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of consecutive edges that follow the direction of connectivity. A directed tree is a subgraph where

every node, except a designated root, has exactly one incoming edge, ensuring that the root has

no parent but maintains a path to all other nodes. A spanning tree is a tree subgraph that connects

all nodes inV.

The real-valued weight function 𝑤 : V ×V → R assigns a scalar (positive or negative)

value to each edge, representing how strongly agents influence their neighbors. The weights

of all edges are often collected in a diagonal matrix W ∈ R|E |×|E|, such that for an edge 𝑒𝑘 =

( 𝑗 , 𝑖) ∈ E the corresponding diagonal entry is [W]𝑘𝑘 = 𝑤𝑘 = 𝑤𝑖 𝑗 . The in-degree and out-degree

of each node are captured in the diagonal matrices 𝚫in,𝚫out ∈ R|V|×|V|, defined as (𝚫in)𝑖𝑖 =∑
{ 𝑗 :( 𝑗 ,𝑖)∈E}𝑤𝑖 𝑗 and (𝚫out)𝑖𝑖 =

∑
{ 𝑗 :(𝑖, 𝑗)∈E}𝑤𝑖 𝑗 . The Laplacian matrix in this work is defined in

terms of the in-degree matrix 𝐿 = 𝚫in − 𝐴, where the weighted adjacency matrix 𝐴 is given by

𝐴𝑖 𝑗 = 𝑤𝑖 𝑗 , if ( 𝑗 , 𝑖) ∈ E, and 0 otherwise. Alternatively, using incidence matrices, the in-degree

graph Laplacian is expressed as 𝐿 = 𝐷in𝑊 𝐷𝑇 ,where the incidence matrices 𝐷in and 𝐷out identify

directed edges entering and leaving nodes, respectively. They are defined as

[𝐷in]𝑖𝑘 =


1, if 𝑒𝑘 = ( 𝑗 , 𝑖) ∈ E,

0, otherwise,

[𝐷out]𝑖𝑘 =


1, if 𝑒𝑘 = (𝑖, 𝑗) ∈ E,

0, otherwise.

The full incidence matrix is then given by 𝐷 = 𝐷in−𝐷out.

The weighted edge-Laplacian of a digraph is given by 𝐿𝑒𝑤 = 𝐷𝑇𝐷inW [47]. The spectral

properties of edge Laplacian for a non-singular positive edge weights have discussed extensively

in [22]. In particular, for a weighted digraph with positive edge weights, 𝐿𝑒𝑤 shares the same

non-zero eigenvalues as 𝐿. Moreover, in a weighted digraph with a rooted out-branching and
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positive edge weights, the algebraic and geometric multiplicity of the zero eigenvalue of 𝐿𝑒𝑤 are

both equal to 𝑚−𝑁 +1, i.e., 𝑑𝑖𝑚 [N (𝐿𝑒𝑤 )] = 𝑚−𝑁 +1 [22]. For a directed acyclic graph and a

weighted digraph with a single globally reachable node, N(𝐿𝑒𝑤 ) =N(𝐷𝑖𝑛W). If there are 𝑟 < 𝑁

nodes in the digraph, each with an in-degree of at least one, then the dimension of null space

of 𝐿𝑒𝑤 is 𝑑𝑖𝑚 [N (𝐿𝑒)] = 𝑚 − 𝑟. Additionally, if a digraph contains multiple globally reachable

nodes, they must form directed cycles and 1𝑁 ∈ R(𝐷𝑖𝑛). For a quasi-strongly connected digraph

(with positive edge weights), 𝐿𝑒𝑤 has exactly 𝑁−1 non-zero eigenvalues, all in the open right-half

plane, with 𝑟𝑎𝑛𝑘 (𝐿𝑒𝑤 ) = 𝑟𝑎𝑛𝑘 (𝐿) = 𝑁 −1 as shown in [46].

For directed graphs with strictly positive edge weights, 𝑤𝑘 > 0, it has been established that

the graph Laplacian matrix 𝐿 has a single zero eigenvalue, with all the other non-zero eigenvalues

in the open right-half complex plane if and only if the digraph has a rooted out-branching) [5]). A

node 𝑖 ∈ V that can reach every other node through a directed path is termed a globally reachable

node. A digraph 𝐺 is classified as a rooted-out-branching if it contains at least one globally

reachable node and has no directed cycles. If a graph with cycles contains a globally reachable

node, a spanning tree 𝐺𝜏 ⊆ 𝐺 exists, where the root (globally reachable node) has in-degree of

zero, and all other nodes have in-degree of one. The remaining edges form a disjoint subgraph

𝐺𝑐, ensuring𝐺 =𝐺𝜏∪𝐺𝑐. By appropriate permutation of edge indices (we follow the convention

in [22]), the incidence matrix can be written as

𝐷 = [𝐷𝜏 𝐷𝑐],

where 𝐷𝜏 ∈ R𝑁 (𝑁−1) corresponds to the incidence matrix of a given spanning tree, 𝐺𝜏 and

𝐷𝑐 ∈ R𝑁 (𝑚−𝑁+1) corresponds to the co-spanning tree from the remaining edges (i.e., cycle edges).
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Since 𝐷𝜏 is full column-rank, its pseudo-inverse exists, and the co-spanning tree edges can be

reconstructed from spanning tree edges via a linear transformation

𝐷𝜏𝑇 = 𝐷𝑐, where 𝑇 := (𝐷𝑇𝜏 𝐷𝜏)−1 𝐷𝑇𝜏 𝐷𝑐 . (5.1)

So, the incidence matrix of digraph can alternatively be written as

𝐷 = 𝐷𝜏 𝑅 where 𝑅 = [𝐼𝑁−1 𝑇] (5.2)

Given this partitioning, the following lemma follows for the unweighted edge Laplacian of a graph

with rooted out-branching:

Lemma 5.1 ([22]). For a directed graph that contains a rooted out-branching (i.e., a directed

spanning tree), the unweighted edge Laplacian can be expressed in block form as

𝐿𝑒 ∼


𝐷𝑇𝜏𝐷

in𝑅𝑇 𝐷𝑇𝜏𝐷
in𝑁𝜏

0(𝑚−𝑁+1)×(𝑁−1) 0(𝑚−𝑁+1)×(𝑚−𝑁+1)


. (5.3)

Here, the columns of 𝑁𝜏 form the orthonormal basis for the nullspace of the matrix 𝑅,N(𝑅), i.e.,

𝑅 𝑁𝜏 = 0 and 𝑁𝑇𝜏 𝑁𝜏 = 𝐼𝑚−𝑁+1.

Proof. Define the transformation matrix T = [𝑅𝑇 𝑁𝜏] which is square and invertible since 𝑅𝑇

is full column rank and its left inverse exist as (𝑅 𝑅𝑇 )−1𝑅. Plus, 𝑁𝜏 completes it to form a basis of

R𝑚. Then, the inverse can be written as T −1 =
[ (
(𝑅 𝑅𝑇 )−1𝑅

)𝑇
𝑁𝜏

]𝑇
. Performing a similarity

58



transformation using T , we have

T −1𝐿𝑒T =


𝐷𝑇𝜏𝐷

in𝑅𝑇 𝐷𝑇𝜏𝐷
in𝑁𝜏

0(𝑚−𝑁+1)×(𝑁−1) 0(𝑚−𝑁+1)×(𝑚−𝑁+1)


. (5.4)

□

This block-diagonalization in lemma 5.1 separates the dynamics associated with the span-

ning tree (upper left block) from the cycle dynamics (lower right block, which is zero). This

reduced-order representation is especially useful for stability and convergence analysis, as it

shows that the essential dynamics are captured by the matrix 𝐷𝑇𝜏𝐷in𝑅𝑇 . For more details on the

partitioning, refer to [22].

Assumption 5.1. In this work, we assume digraphs with at least a single globally reachable nodes

(i.e., a spanning tree exist), since consensus is achievable only in such digraphs [84].

5.3.3 Multi-Agent Dynamics and Interaction Representation

Consider a system of 𝑁 agents, each with state vector 𝑥𝑖 (𝑡) ∈ R𝑑 at time 𝑡. The ensemble

state of the system is

𝑥(𝑡) = [𝑥𝑇1 (𝑡), . . . , 𝑥
𝑇
𝑁 (𝑡)]𝑇 ∈ R𝑑𝑁 .

The interactions among agents are captured by a signed weighted digraph 𝐺 = (V,E,𝑤), with

edge weights 𝑤𝑘 that depends on the state (e.g., relative distance) and control policy 𝑢(𝑠), that

will be described in the next section. The number of nodes and edges are given by 𝑁 = |V|,

and 𝑚 = |E |, respectively. The dynamics are modeled using weighted consensus dynamics (i.e.,
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“agreement control”). At the node level, for each 𝑖 ∈ V, the dynamics are given by:

¤𝑥𝑖 (𝑡) =
∑︁

𝑘=( 𝑗 ,𝑖)∈E
𝑤𝑘

(
𝛼𝑘

(
𝑥(𝑡)

)
, 𝑢𝑘 (𝑠)

) (
𝑥 𝑗 (𝑡) − 𝑥𝑖 (𝑡)

)
, 𝛼𝑘 = ∥𝑥𝑖 (𝑡) − 𝑥 𝑗 (𝑡)∥. (5.5)

This equation describes how agent 𝑖 updates its state based on the weighted differences with its

neighbors. In compact form, the ensemble dynamics are

¤𝑥(𝑡) = −
[
𝐿in

(
𝑤

(
𝛼
(
𝑥(𝑡)

)
, 𝑢(𝑠)

) )
⊗ 𝐼𝑑

]
𝑥(𝑡). (5.6)

Given the state-dependency of graph Laplacian 𝐿in
(
𝑤

(
𝛼
(
𝑥(𝑡)

)
, 𝑢(𝑠)

) )
, the usual eigen-value

analysis of the graph Laplacian is insufficient for the stability analysis. In this case, an edge-

based representation may be more appropriate as it can decouple the communication topology

from the state-dependent edge weights. This representation, detailed in the following sections, is

particularly advantageous for systems with heterogeneous communication structures.

5.3.3.1 Edge Dynamics

Following [5], we define the coordinate transformation from node states to edge states as:

𝑧(𝑡) = [𝐷𝑇 ⊗ 𝐼𝑑]𝑥(𝑡), 𝑧(𝑡) = [𝑧𝑇1 (𝑡), . . . , 𝑧
𝑇
𝑚 (𝑡)]𝑇 ∈ R𝑑𝑚 (5.7)

where 𝑧𝑘 = 𝑥𝑖−𝑥 𝑗 represents the difference in state between agents connected via an edge 𝑒𝑘 = ( 𝑗 , 𝑖).

This representation transforms the consensus dynamics into the edge space, yielding:

¤𝑧(𝑡) = −[𝐷𝑇 𝐷𝑖𝑛 W⊗ 𝐼𝑑] 𝑧 = −[𝐿𝑒𝑤 ⊗ 𝐼𝑑] 𝑧. (5.8)
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Using tree-cycle partitioning as in (5.3.2) for a graph containing a spanning tree, we can partition

the edge state as

𝑧 = [𝑧𝑇𝜏 𝑧𝑇𝑐 ]𝑇 , 𝑧𝜏 ∈ R𝑑 (𝑁−1) , 𝑧𝑐 ∈ R𝑑 (𝑚−𝑁+1) ,

where 𝑧𝜏 and 𝑧𝑐 correspond to the edge states of the spanning and co-spanning tree, 𝐺𝜏 and 𝐺𝑐.

Let Din = 𝐷in ⊗ 𝐼𝑑 , D = 𝐷 ⊗ 𝐼𝑑 , R = 𝑅 ⊗ 𝐼𝑑 , 𝑇 = T⊗ 𝐼𝑑 , and W =W⊗ 𝐼𝑑 , T = T ⊗ 𝐼𝑑 , using (5.1)

and (5.2), the following are true:

𝑧𝜏 = D𝑇
𝜏 𝑥, 𝑧𝑐 = T𝑇 𝑧𝜏, 𝑧 = R𝑇 𝑧𝜏, (5.9)

Let 𝑞 = T
−1𝑧, and N𝜏 = 𝑁𝜏 ⊗ 𝐼𝑑 where T is introduced in (5.4), we can see that

𝑞 =

[(
(R R𝑇 )−1R

)𝑇
N𝜏

]𝑇
R𝑇 D𝑇

𝜏 𝑥 = [𝑥𝑇D𝜏 0𝑇𝑚−𝑛+1]
𝑇 , (5.10)

which implies that the first 𝑛−1 components of 𝑞 represent the rooted-out-branching, so, the edge

agreement in (5.8) can be captured by the following reduced order system

¤𝑧𝜏 = −D𝑇
𝜏 D𝑖𝑛 W R𝑇 𝑧𝜏, (5.11)

which will be convenient for analyzing the full system behavior. The consensus problem with

positive edge weights and in particular W = 𝐼𝑚 has been well studied in the literature. It is

established that consensus under directed network is reached if and only if 𝑧𝑡 → 0 as 𝑡→∞ as

discussed in [5, 22, 47]. However, when dealing with nonlinear edge weights, the convergence

properties become more complex [49]. To the best of our knowledge, no prior study has explored
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multi-agent consensus in the edge-space framework for formation-like control under nonlinear,

signed edge weights.

5.3.3.2 Interaction Weight Design

For each edge 𝑒𝑘 = ( 𝑗 , 𝑖) ∈ E, the interaction weights capture the dependence on both a

state-dependent term (e.g., distance between agents 𝑖 and 𝑗) and a control variable. We define the

interaction weights as follows:

[𝑤(𝛼(𝑥(𝑡)), 𝑢(𝑠))]𝑘 =
∫ 𝛼𝑘 (𝑥(𝑡))

𝛿

𝑢𝑘 (𝑠) 𝑑𝑠 =
∫ Δ

𝛿

𝑢𝑘 (𝑠)1{𝑠<𝛼𝑘 (𝑥(𝑡))} 𝑑𝑠, (5.12)

where 1{𝑠<𝛼𝑘 (𝑥(𝑡))} is the indicator function. Defining the weights in this fashion guarantees that

they are continuous and differentiable. The diagonal weight matrix is given by W (𝛼(𝑥), 𝑢(𝑠)) =

diag (𝑤 (𝛼(𝑥), 𝑢(𝑠))) ∈ R𝑚×𝑚. The control variable (policy), 𝑢𝑘 (𝑠) is a non-parametric, scalar-

valued function for any 0 ≤ 𝛿 ≤ 𝑠 ≤ Δ <∞. We assume that 𝑢𝑘 (𝑠) ∈ L1( [𝛿,Δ]) and [𝛼(𝑥(𝑡))]𝑘 =

𝛼𝑘 (𝑥(𝑡)) = ∥𝑥𝑖 (𝑡) − 𝑥 𝑗 (𝑡)∥ represents the Euclidean distance between agents (nodes) 𝑖 and 𝑗 at

edge 𝑘 = ( 𝑗 , 𝑖) ∈ E.

Let 𝜙𝑘 (𝑠) := 𝑢𝑘 (𝑠)1{𝑠<𝛼𝑘 (𝑥(𝑡))}, 𝜙 = {𝜙1, . . . , 𝜙𝑚} and using the definition provided for inter-

action weight, the dynamics can be written as:

¤𝑥𝑖 (𝑡) = −
∫ Δ

𝛿

∑︁
{𝑘∈E | 𝑘=( 𝑗 ,𝑖)}

𝜙𝑘 (𝑠)
(
𝑥𝑖 (𝑡) − 𝑥 𝑗 (𝑡)

)
𝑑𝑠. (5.13)
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We can similarly rewrite the dynamics at the ensemble-level:

¤𝑥(𝑡) = 𝑓 (𝑥(𝑡), 𝑢(𝑠)) =
∫ Δ

𝛿

[
Din

(
diag

(
𝜙(𝑠)

)
⊗ 𝐼𝑑

)
D𝑇𝑥(𝑡)

]
𝑑𝑠, (5.14)

Allowing the edge weights, defined in (5.12), to take both positive and negative values

enables the modeling of attractive as well as repulsive interactions that may arise among MAS

interaction. Such dual behavior is common in MAS and can be imposed through distance-based

artificial potential functions P(𝑥(𝑡)) ∈ R≥0 (also referred to as edge tension energy [5]), whose

critical points correspond to desired configurations. In this framework, the control law is designed

as a gradient descent controller on P(𝑥(𝑡)). Although this approach is relatively straightforward

for undirected networks, its extension to directed networks requires additional considerations

regarding the topology and edge weight properties.

To connect the interaction weights with the potential energy, we define the edge-based

potential energy on edge 𝑘 = ( 𝑗 , 𝑖), with relative state 𝑧𝑘 = 𝑥𝑖 − 𝑥 𝑗 , by

P𝑘 (𝛼𝑘 ) = P𝑖 𝑗 (𝛼𝑘 ) =
∫ 𝛼𝑘

𝛿

𝑠𝑤𝑘 (𝑠) 𝑑𝑠, with 𝛼𝑘 = ∥𝑧𝑘 ∥. (5.15)

Since 𝑤𝑘 is continuous, this function is continuously differentiable. The global potential energy

is then given by

P(𝑧) =
∑︁

𝑘=( 𝑗 ,𝑖)∈E
P𝑘 (∥𝑧𝑘 ∥).

Using the chain rule, the gradient of the potential with respect to the edge state is

𝜕P𝑖 𝑗
𝜕𝑧𝑖

=
𝜕P𝑖 𝑗 (∥𝑧𝑘 ∥)
𝜕∥𝑧𝑘 ∥

𝑧𝑇
𝑘

∥𝑧𝑘 ∥
= 𝑤𝑘 (∥𝑧𝑘 ∥)𝑧𝑇𝑘 ,
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so, the edge weight function may also be expressed as

𝑤𝑘 (∥𝑧𝑘 ∥) =
𝑑P𝑘 (∥𝑧𝑘 ∥)/𝑑∥𝑧𝑘 ∥

∥𝑧𝑘 ∥
. (5.16)

Recall

𝑢𝑘 (𝑠) =
𝑑

𝑑𝑠
𝑤𝑘 (𝑠) =⇒ 𝑤𝑘 (𝑠) = 𝑤𝑘 (𝑠′) +

∫ 𝑠

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠, (5.17)

and that

𝑑P𝑘 (𝑠)
𝑑𝑠

= 𝑠𝑤𝑘 (𝑠). (5.18)

Substituting the integrated form of 𝑤(𝑠) from (5.17) we obtain:

𝑑P𝑘 (𝑠)
𝑑𝑠

= 𝑠

[
𝑤𝑘 (𝑠′) +

∫ 𝑠

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠

]
. (5.19)

Integrating with respect to 𝑠 (with a variable of integration 𝑡), we find:

P𝑘 (𝑠) = P𝑘 (𝑠′) +
∫ 𝑠

𝑠′
𝑡

[
𝑤(𝑠′) +

∫ 𝑡

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠

]
𝑑𝑡, (5.20)

which becomes

P𝑘 (𝑠) = P𝑘 (𝑠′) +
𝑤𝑘 (𝑠′)

2

(
𝑠2− 𝑠′2

)
+
∫ 𝑠

𝑠′
𝑡

(∫ 𝑡

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠

)
𝑑𝑡, (5.21)

which suggest a quadratic component in the potential energy with the double-integral term

capturing the cumulative adjustments arising from the nonlinear state-dependent variation of the

weight.
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Assumption 5.2. For every edge, 𝑘 , with relative state 𝑧𝑘 = 𝑥𝑖−𝑥 𝑗 and 𝛼𝑘 = ∥𝑧𝑘 ∥,we assume there

exists a continuously differentiable function 𝛽𝑘 (·) : [𝛿,Δ] → R such that the per-edge potential

energy in (5.15) satisfies

P𝑘 (𝛼𝑘 ) ≥ 𝛽𝑘 (𝛼𝑘 ) ∀ 𝛼𝑘 ∈ [𝛿,Δ] . (5.22)

Such a function exists since P𝑖 𝑗 is continuously differentiable over a bounded domain. We further

assume that there exist a 𝑧∗ at which the edge potential achieves its minimum, so 𝛽𝑘 (∥𝑧∗𝑘 ∥) is a

lower bound for P𝑖 𝑗 , and also 𝑤𝑘 (𝑧∗𝑘 ) = 0, so 𝑧∗ is a critical point.

Assuming that 𝑠∗ = argmin𝑠P𝑘 (𝑠), it follows that

𝑤𝑘 (𝑠∗) =
1
𝑠∗
𝑑P𝑘 (𝑠∗)
𝑑𝑠

= 0, (5.23)

and from (5.17) (with 𝑠 = 𝑠∗):

0 = 𝑤𝑘 (𝑠∗) = 𝑤𝑘 (𝑠′) +
∫ 𝑠∗

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠 =⇒ 𝑤(𝑠′) = −

∫ 𝑠∗

𝑠′
𝑢𝑘 (𝑠) 𝑑𝑠. (5.24)

Assumption 5.2 ensures that even if the edge weights 𝑤𝑘 (𝑠) might be negative for certain

values of 𝑠, the cumulative potential energy is bounded below. In other words, the cumulative

effect of the interaction along each edge is prevented from decreasing without bound. This is

crucial for ensuring local exponential stability and for robust convergence of the system. Given

equations (5.15) and (5.16), function 𝛽𝑘 provides a lower bound on the allowable values of 𝑤𝑘 :

𝑤𝑘 (𝜌) ≥
1
𝜌

𝜕𝛽𝑘 (𝜌)
𝜕𝜌

. (5.25)
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5.4 Problem Formulation

The primary goal of this chapter is to establish rigorous conditions on the interaction weights

and the network topology that guarantee the convergence and robustness of the interaction control.

Specifically, we ask:

Problem 5.4.1. (Stability of Weighted Consensus with Signed Edge Weights) Consider the

multi-agent dynamics defined in (5.14), where the weight associated with each directed edge ( 𝑗 , 𝑖)

is given by (5.12) and it may take both positive and negative values. The problem is to determine

under what conditions on graph topology and interaction weights we can ensure that the system is

stable and robust. Specifically, we seek to establish:(1) Stability conditions ensuring convergence

to desired behavior (e.g., desired configuration, 𝑧∗). (2) Robustness guarantees in the presence

of bounded disturbances.

5.5 Stability and Robustness Analysis

In this section, we establish general Lyapunov-based conditions under which the MAS (5.14)

remains stable and converges to the largest invariant set, even when some interaction weights may

be negative. We first treat the general digraph case and discuss how cycles affect convergence by

enlarging the space of possible limit points. We then present the simplified directed tree case,

where there are no cycles and the corresponding invariant set reduces substantially, guaranteeing

stronger convergence statements. We conclude with a local exponential stability theorem that

leverages the local convexity of the potential function near its minima, and we provide robustness

guarantees to bounded disturbances.
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5.5.1 Lyapunov Analysis via Edge-Based Potential Energy

Let the Lyapunov function, 𝑉 (𝑧) = P(𝑧) − 𝛽, where 𝛽 = min𝑧P(𝑧) = P(𝑧∗), where 𝑧∗ is the

desired configuration. The derivative of the Lyapunov function is ¤𝑉 (𝑧) = 𝜕𝑉 (𝑧)
𝜕𝑧
¤𝑧 can be derived

in compact form as

¤𝑉 (𝑧) = −𝑧𝑇 W D𝑇 Din W 𝑧, (5.26)

Let 𝑦 = W 𝑧, then the above equation becomes

¤𝑉 (𝑥) = −𝑦𝑇 [D𝑇 Din ] 𝑦, (5.27)

where 𝐿𝑒 = D𝑇 Din is the edge Laplacian for an unweighted digraph. We can see that (5.27) is in

quadratic form and its characteristics depend on the symmetric part of the edge Laplacian, given

the asymmetry of 𝐿𝑒:

¤𝑉 (𝑥) = −1
2
𝑦𝑇 [D𝑇 Din +Din𝑇 D] 𝑦, (5.28)

The negative semi-definiteness of ¤𝑉 (𝑥) suggests that the system is stable in the sense of

Lyapunov in that if the energy is finite at time 𝑡 = 𝑡0, it remains finite for all 𝑡 > 𝑡0. By LaSalle’s

Invariance Principle, the system converges to the largest invariant set where ¤𝑉 (𝑥) = 0. Given

assumption 5.1, and the similarity transformation in (5.4), 𝐿𝑒 is a positive semi-definite matrix

whose zero eigenvalues is associated with the cycles in the graph, dim(N (𝐿𝑒)) =𝑚−𝑁 +1 and it

has 𝑁 −1 non-zero eigenvalues corresponding to the tree structure as shown in [47]. The largest

invariant set where ¤𝑉 = 0 corresponds to the N(𝐿𝑒), i.e., Γ = {𝑦 | 𝑦 ∈ N (𝐿𝑒)}.

It is worth noting that under special choice of graph topology the Lyapunov function
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becomes strict. A particularly important special graph topology occurs when the digraph is a

directed tree, meaning that there is exactly one globally reachable node (the root) and no directed

cycles. This topology has applications in leader-follower scenarios [47]. In that scenario, we

have:

dim(N (𝐿𝑒)) = 𝑚− (𝑁 −1) = 0,

and, 𝐺 = 𝐺𝜏, and our Lyapunov function becomes strict and we can focus on the spanning tree

component of the graph as shown previously in the literature [22, 49]. In fact, in this case

𝑅 = 𝐼𝑁−1, 𝑧 = 𝑧𝜏, and D = D𝜏. Let 𝑦𝜏 = W 𝑧𝜏. Using the same similarity transformation as in (5.4),

equation (5.26) can be written as

¤𝑉 = −𝑧𝑇𝜏 R W D𝑇
𝜏 Din R𝑇 W𝑅𝑇 𝑧𝜏 = −𝑦𝑇𝜏 𝐿𝑒𝜏 𝑦𝜏, (5.29)

where 𝐿𝑒𝜏 is the top-left (or spanning tree) block of the transformed edge Laplacian in (5.3).

As discussed in section 5.3.2 and proved in [22], the eigenvalues of 𝐿𝑒𝜏 are in the open right

half-plane, so ¤𝑉 is negative semi-definite, even if some of the edge weights may have negative

values. So, we have

¤𝑉 ≤ −∥𝑦𝜏∥2𝜆min(𝐿𝑒𝜏 ),

Hence, the system will converge to the largest invariant set, 𝑀 = {𝑧 ∈ 𝐺 | ¤𝑉 = 0 and ¤𝑧 = 0}

by LaSalle’s invariance principle [43]. Additionally, ¤𝑉 = 0, when 𝑦𝜏 = 0 which implies that

W(𝑧𝜏) 𝑧𝜏 = 0. So, the largest invariant set will become Ω = {𝑧𝜏 ∈ R𝑑𝑚 | W 𝑧𝜏 = 0}. Note that

when 𝑧 = 0, we will achieve consensus, and 𝑧𝜏 = 𝑧∗𝜏 corresponds to the critical points of P(𝑧𝜏).

This result is valid for any potential energy function. In the next section, we provide sufficient
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conditions for converging to the desired configuration, 𝑧∗𝜏, under directed tree topology.

5.5.2 Local Exponential Convergence to Desired Behavior

While the above Lyapunov arguments show global convergence to the largest invariant set,

we next establish local exponential convergence to the desired behavior. Although we have a weak

Lyapunov function, we get to choose the edge weights. So, next we establish the conditions on

edge weights under which the system is converging to the desired configurations. Suppose there

exists a configuration 𝑧∗ for which W(𝑧∗) 𝑧∗ = 0. This 𝑧∗ could represent connectivity maintenance

or collision avoidance [48] in multi-robot systems.

Lemma 5.2. The Jacobian of the dynamics in equation (5.14) takes the form of a weighted

Laplacian. In particular, the Jacobian can be expressed as

𝜕 𝑓 (𝑥)
𝜕𝑥

= −DinW(𝑧)D𝑇 , (5.30)

similarly, the Jacobian of dynamics in edge space (5.8) is given by

𝜕 𝑓 (𝑧)
𝜕𝑧

= −D𝑇DinW(𝑧), (5.31)

where Din is the incidence matrix (appropriately extended for high-dimensional systems) for a

weighted digraph, andW is a block-diagonal matrix given as

W(𝑧) = blkdiag

(
𝑤1(∥𝑧1∥)𝐼𝑑 +

𝑑𝑤1(∥𝑧1∥)
𝑑𝑠

𝑧1𝑧
𝑇
1

∥𝑧1∥
, . . . ,𝑤𝑚 (∥𝑧𝑚 ∥)𝐼𝑑 +

𝑑𝑤𝑚 (∥𝑧𝑚 ∥)
𝑑𝑠

𝑧𝑚𝑧
𝑇
𝑚

∥𝑧𝑚 ∥

)
, (5.32)
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this structure directly links the network’s topology with its stability properties.

Proof. Refer to appendix. □

Theorem 5.1. Consider the multi-agent dynamics

¤𝑥 = −
[
𝐿in(𝑤(𝛼(𝑥), 𝑢(𝑠))) ⊗ 𝐼𝑑

]
𝑥,

with the edge state defined by 𝑧 = D𝑇𝑥, and the nonlinear weight functions are collected in the

block-diagonal matrix W = [W(𝑧) ⊗ 𝐼𝑑] . Suppose there exists a desired configuration 𝑧∗ such that

W(𝑧∗) 𝑧∗ = 0. Assume the directed graph𝐺 = (V,E,𝑤) follows assumption 5.1. Further, suppose

that for each edge 𝑘 the weights satisfy 𝑑𝑤𝑘 (∥𝑧𝑘 ∥)
𝑑∥𝑧𝑘 ∥ > 0 for all 𝑧𝑘 in a neighborhood of 𝑧∗

𝑘
, then the

system is locally exponentially stable in the subspace orthogonal to the invariances. Equivalently,

small deviations 𝑧𝑘 − 𝑧∗𝑘 in directions orthogonal to 𝑧∗
𝑘

experience a positive incremental pull,

driving the network state back toward 𝑧∗.

Proof. Note that the transformed dynamics is given by

¤𝑧 = 𝑓 (𝑧) = −𝐿𝑒W(𝑧) 𝑧 (5.33)

Define the error variable 𝜉 = 𝑧 − 𝑧∗. We would like 𝜉 → 0. Using equation (5.33), the error
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dynamics become

¤𝜉 = ¤𝑧− ¤𝑧∗ = −𝐿𝑒 W(𝑧) 𝑧 + 𝐿𝑒

By design = 0︷    ︸︸    ︷
W(𝑧∗)𝑧∗

= −𝐿𝑒W(𝑧) (𝑧− 𝑧∗) = −𝐿𝑒W(𝑧)𝜉 = 𝐹 (𝜉)

= −𝐿𝑒W(𝜉 + 𝑧∗)𝜉 = 𝑓 (𝑧) = 𝑓 (𝑧∗ + 𝜉)

(5.34)

Linearizing around 𝜉 = 0 (which corresponds to 𝑧 = 𝑧∗ and 𝑓 (𝑧∗) = 0), the linearized error

dynamics:

¤𝜉 = 𝜕 𝑓 (𝑧)
𝜕𝑧

����
𝑧=𝑧∗

𝜉 + 𝜖 (𝜉)︸︷︷︸
Higher Order Terms

,

with 𝑓 (𝑧) = D𝑇 𝑓 (𝑥) = D𝑇 Din W 𝑧 = −𝐿𝑒 W(𝑧) 𝑧 as shown in equation (5.33), we have

𝜕 𝑓 (𝑧)
𝜕𝑧

����
𝑧=𝑧∗

= D𝑇 𝜕 𝑓 (𝑥)
𝜕𝑧

����
𝑧=𝑧∗

= −𝐿𝑒 blkdiag
(
𝑤𝑘 (𝑧∗) 𝐼𝑑 +

𝑑𝑤𝑘 (𝑧∗)
𝑑𝑠

𝑧∗
𝑘
𝑧∗
𝑘
𝑇

∥𝑧∗
𝑘
∥

)
= −𝐿𝑒W(𝑧∗).

For 𝜉 ∈ 𝐵𝛿 (𝑧∗), the higher order terms vanish as ∥𝜉∥ → 0, so, for ¤𝜉 = 0, we need

𝜕 𝑓 (𝑧)
𝜕𝑧

���
𝑧=𝑧∗

𝜉 = 0. Two cases arise:



𝜕 𝑓 (𝑧)
𝜕𝑧

���
𝑧=𝑧∗

= 0⇒ 𝐿𝑒W(𝑧∗) = 0⇒


𝑤𝑘 (𝑧∗) = 0 (which is true) and 𝑑 𝑤𝑘 (𝑧∗)

𝑑𝑠
=> 0

𝑊 (𝑧∗)𝑧∗ ∈ N (𝐿𝑒) (local minima)

𝑧∗
𝑘
𝑧∗
𝑘
𝑇

∥𝑧∗
𝑘
∥ (𝑧𝑘 − 𝑧

∗
𝑘
) = 0 ⇒ (𝑧𝑘 − 𝑧∗𝑘 ) ⊥ 𝑧

∗
𝑘

(5.35)

One way to achieve local exponential stability is for each edge weight 𝑤𝑘 (𝑧) to be monotically

increasing in a neighborhood of ∥𝑧∗∥, implying 𝑑 𝑤𝑘 (∥𝑧∗∥)
𝑑𝑠

> 0 (i.e., the potential is locally convex),
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small deviations 𝑧𝑘 −𝑧∗𝑘 in directions orthogonal to 𝑧∗
𝑘

have a positive incremental effect. In fact, for

a neighborhood Ω𝛿 = {𝑧 : ∥𝑧− 𝑧∗∥ ≤ 𝛿},with a sufficiently small 𝛿 > 0, 𝑧∗ is locally asymptotically

stable given that P(𝑧) achieves its minimum at 𝑧∗, local convexity near 𝑧∗ ensures that trajectories

which start in Ω𝛿 cannot exit it since𝑉 (𝑧) is non-increasing and no other equilibrium exists inside,

so they converge to 𝑧∗. In other words, within this neighborhood 𝐴 =
𝜕 𝑓 (𝑧)
𝜕𝑧

is Hurwitz on the

subspace orthogonal to the trivial invariance directions. Hence 𝜁 (𝑡) converges to 0.

Note that again for the case of directed tree, using the transformation in (5.4),

𝜕 𝑓 (𝑧)
𝜕𝑧

����
𝑧=𝑧∗

= −D𝑇
𝜏 Din R𝑇 W(𝑧∗) = −𝐿𝑒𝜏 W(𝑧∗).

Let 𝐴𝜏 = 𝜕 𝑓 (𝑧)
𝜕𝑧

��
𝑧=𝑧∗ = −𝐿𝑒𝜏W(𝑧

∗). The local convexity condition suggests that 𝐴𝜏 is Hurwitz.

Formally, this sufficient condition can be shown using the following quadratic Lyapunov function

using the disagreement vector. In fact, since 𝐴𝜏 is Hurwitz, there exists a positive symmetric

matrix 𝑀 [43] such that 𝐴𝑇𝜏 𝑀 +𝑀 𝐴𝜏 = −𝑄 for some choice of 𝑄 = 𝑄𝑇 > 0. Let the Lyapunov

function

𝑉 = 𝜉𝑇 𝑀 𝜉, (5.36)

such that 𝜆min(𝑀)∥𝜉∥2 ≤ 𝑉 ≤ 𝜆max(𝑀)∥𝜉∥2. The derivative along 𝜉 becomes

¤𝑉 (𝜉) = ¤𝜉𝑇 𝑀𝜉 + 𝜉𝑇 𝑀 ¤𝜉 (5.37)
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By picking a sufficiently small ball 𝐵𝛿 (𝑧∗), the derivative along 𝜉 becomes

¤𝑉 (𝜉) = 𝑓 (𝑧∗ + 𝜉)𝑇 𝑀 𝜉 + 𝜉𝑇 𝑀 𝑓 (𝑧∗ + 𝜉)

= 𝜉𝑇 (𝐴𝑇𝜏 𝑀 +𝑀 𝐴𝜏) 𝜉 + 𝜖 (𝜉)𝑇 𝑀 𝜉 + 𝜉𝑇 𝑀 𝜖 (𝜉)︸                        ︷︷                        ︸
small if ∥𝜉∥ is small

≤ −𝜉𝑇 𝑄 𝜉,

(5.38)

Which is negative definite when 𝜉 ≠ 0. So, the origin 𝜉 = 0 (or 𝑧 = 𝑧∗) is a locally asymptotically

stable equilibrium under the chosen Lyapunov candidate and the trajectories converge to the

desired behavior if they start sufficiently close. In fact, letting 𝛾 = 𝜆min(𝑄)
𝜆max (𝑀) > 0, then

¤𝑉 (𝜉) ≤ −𝛾∥𝜉∥2 ≤ −𝛾𝑉.

□

A particular example of potential functions that ensures this local convexity condition is

the class of Morse functions, whose structure guarantees that each equilibrium is an isolated

minimum with a non-singular Hessian, leading to local exponential convergence as described in

Theorem 1.

5.5.3 Robustness to Bounded Disturbances

Real-world systems often experience external perturbations or unmodeled dynamics. Let

𝜂(𝑧, 𝑡) be an additive, bounded disturbance such that ∥𝜂(𝑧, 𝑡)∥ ≤ 𝜂 for some finite 𝜂 > 0. The edge

dynamics become

¤𝑧 = −𝐿𝑒 W(𝑧) 𝑧 + 𝜂(𝑧, 𝑡).
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Repeating the Lyapunov analysis with 𝑉 (𝑧) = P(𝑧) − 𝛽,

¤𝑉 (𝑧) = −𝑦𝑇 𝐿𝑒 𝑦 + 𝑦𝑇 𝜂

In the general case of assumption 5.1, we only have a weak Lyapunov function. Again, by

restricting attention to the same local neighborhood Ω𝛿 around 𝑧∗ (where the potential is strictly

convex), and choosing 𝛿 such that ∥𝑧 − 𝑧∗∥ ≤ 𝛿, we define 𝑉 (𝜉) = 𝜉𝑇𝑀𝜉, with 𝑀 ≻ 0, we can

linearize the dynamics around 𝑧∗ to obtain ¤𝜉 = 𝐴𝜉 + 𝑑 (𝜉, 𝑡), where 𝐴 is Hurwitz in Ω𝛿 and 𝑑 (𝜉, 𝑡)

accounts for higher-order terms and the bounded disturbance 𝜂(𝑧, 𝑡) (with ∥𝜂(𝑧, 𝑡)∥ ≤ 𝜂). Then,

the derivative of 𝑉 along trajectories satisfies

¤𝑉 (𝜉) ≤ −𝛼(∥𝜉∥) +𝛾(∥𝜂∥),

for some class-K functions 𝛼 and 𝛾. This local input-to-state stability (LISS) result shows that,

within a neighborhood of 𝑧∗, the error 𝜉 converges exponentially to a neighborhood whose size

depends on 𝜂.

For directed tree case, we obtain:

¤𝑉 ≤ −𝑦𝑇𝜏 𝐿𝑒𝜏 𝑦𝜏 + 𝑦𝑇𝜏𝜂.

Applying Young’s inequality we have

𝑦𝑇𝜏 𝜂 ≤ 𝜖
2
∥𝑦𝜏∥2 +

1
2𝜖
∥𝜂∥2 ∀𝜖 > 0,

74



So,

¤𝑉 ≤ −𝑦𝑇𝜏 𝐿𝑒𝜏 𝑦𝜏 +
𝜖

2
∥𝑦𝜏∥2 +

1
2𝜖
∥𝜂∥2,

let 𝑐1 = 𝜆min(𝐿𝑒𝜏 ), and choose 0 < 𝜖 < 2 𝑐1 then

−𝑦𝑇𝜏 𝐿𝑒𝜏 𝑦𝜏 +
𝜖

2
∥𝑦𝜏∥2 = −

(
𝑐1−

𝜖

2

)
∥𝑦𝜏∥2 = −𝑐2∥𝑦𝜏∥2,

where 𝑐2 := 𝑐1− 𝜖
2 > 0. So, we obtain the bound on ¤𝑉 :

¤𝑉 ≤ −𝑐2∥𝑦𝜏∥2 +
1

2 𝜖
∥𝜂∥2 ≤ −𝑐2∥𝑦𝜏∥2 +

𝜂2

2 𝜖

Thus, the system is input-to-state stable (ISS) [85] with respect to bounded perturbations. Refer

to 8.1, and 8.3 in supplementary material for definitions of ISS.

Under the local convexity condition above, there exists a constant 𝛿 > 0 such that ∥𝑧−𝑧∗∥ ≤ 𝛿,

with ∥𝜂∥ < 𝜖. So, we can show that the system is robust to such perturbations as

¤𝑉 (𝑧) ≤ −𝛾 𝑉 (𝑧) +X(∥𝜂∥)

holds for some 𝛾 > 0 and class-K function X, with 𝑉 = 𝜉𝑇 𝑀 𝜉. This inequality implies that if

the disturbances are sufficiently small, the state remains ultimately bounded in a neighborhood of

the desired configuration.
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5.6 Summary

In this chapter, we presented a framework for analyzing the stability and robustness of MAS

governed by nonlinear, state-dependent and potentially signed edge weights. Using energy-based

Lyapunov analysis in the edge space, we showed how to ensure convergence in directed networks

with mixed positive-negative interactions. Specifically, we showed under the assumptions that

the digraph is a directed tree, the network achieves local exponential convergence to the desired

configurations if the edge potential is locally convex around its critical points. We illustrated

how defining energy functions on each edge (e.g., Morse functions) yields weight functions

that can be both attractive and repulsive, which can inform design of interaction rules in MAS.

Additionally, we established that if bounded disturbances are present, the system remains ISS,

ensuring that the trajectories remain within a neighborhood of 𝑧∗. These theoretical insights

provide a rigorous foundation for the development of data-driven methods to learn interaction

rules from observations, which will be explored in the next chapter.
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Chapter 6: Optimality Conditions for the Interaction Weights

6.1 Overview

In the previous chapter, we established a Lyapunov-based stability and robustness framework

for MAS whose interactions depend on state-dependent and potentially signed interaction weights.

Although theseese results ensure convergence and robustness, it remains challenging to design or

choose energy functions or edge weights that ensure optimality with respect to desired performance

criterias. In this chapter, we address this challenge by adopting an optimal control (OC) viewpoint

to learn these interaction weights from observations. In particular, we formulate an OC problem

in which we recover the state-dependent edge weights, characterized by the function 𝑢𝑘 (𝑠) (as

defined in (5.12)), that best explain the observed MAS behavior, assuming that the graph topology

satisfies Assumption 5.1.

6.2 Introduction

In MAS, modeling how agents interact is crucial for tasks such as distributed control,

formation coordination, and cooperative learning. Often, these interactions are captured by

weights on a graph—where each edge weight reflects how strongly an agent influences or is

influenced by its neighbors. Classical consensus and formation control methods typically assume
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fixed or symmetrically positive interaction weights often optimized via convex formulations

to maximize spectral metrics like algebraic connectivity [33, 36]—to ensure convergence and

robustness. However, as discussed in Chapter 2, such approaches are limited when facing real-

world complexities. In practice, MAS encounter dynamic, state-dependent, and even antagonistic

interactions that static, nonnegative weights cannot capture.

Alternative strategies, such as potential-based methods inspired by physical forces or bio-

logically plausible heuristics [5], provide a more intuitive design of state-dependent interactions.

Yet, these are often handcrafted and lack the flexibility required for complex environments. Recent

learning-based approaches—including self-attention encoders [41] and Graph Neural Network

(GNN) models [19, 20, 42]—offer promising routes to recover interaction weights from data.

However, these methods generally assume time-invariant or exclusively positive weights and offer

limited stability guarantees.

Building on the stability guarantees established through Lyapunov analysis (Chapter 5),

this chapter develops an OC framework for learning optimal, state-dependent interaction weights

from observations. In our formulation, the unknown interaction weights are modeled on a fixed

graph with a predetermined number of edges, and we present rigorous derivations of necessary

and sufficient optimality conditions for learning robust, state-dependent interaction weights from

observations. Additionally, we propose an algorithmic solution for recovering interaction behavior

from data. We also discuss the role of data richness in ensuring the unique identification of these

interaction rules. In summary, this chapter integrates the robust theoretical model from Chapter 5

with a spatio-temporal OC methodology to yield interpretable and stable interaction weight

functions directly from observed data.
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6.3 Notation

We use the same convention as previous chapter. The hat notation (□̂) refers to the observed

values, and an 𝑜 subscript (□𝑜) denotes nominal or reference values. An asterisk superscript (□∗)

indicates optimal or true values. The inequality 𝐴 ≥ 𝐵 denote that (𝐴−𝐵) is positive semi-definite.

6.4 Problem Formulation: Spatio-Temporal Optimal Control Problem

In this chapter, we consider the following class of Bolza OC problems [86]:

min
𝑢(𝑠)

𝐽 (𝑥,𝑢) = min
𝑢(𝑠)

∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

𝑄 (𝑥(𝜏), 𝑥(𝜏))︸           ︷︷           ︸
Temporal term

+𝐺 (𝑢(𝑠))︸    ︷︷    ︸
Spatial term

𝑑𝑠𝑑𝜏

+𝜓
(
𝑥(𝑡 𝑓 ), 𝑥(𝑡 𝑓 )

)
s.t. ¤𝑥 = 𝑓 (𝑥(𝑡), 𝑢(𝑠)),

Given 𝑥(𝑡0) = 𝑥(𝑡0)

(6.1)

where 𝑥(𝑡) = [𝑥𝑇1 (𝑡), . . . , 𝑥
𝑇
𝑁
(𝑡)]𝑇 ∈ R𝑑𝑁 denote the true state of 𝑁 agents. The (unknown) control

variable (edge policy), 𝑢(𝑠) = [𝑢1(𝑠), . . . , 𝑢𝑚 (𝑠)] is a function of inter-agent interaction, where

𝑢𝑘 is the edge policy associated with edge 𝑘 and is a non-parametric, scalar-valued function for

any 0 ≤ 𝛿 ≤ 𝑠 ≤ Δ < ∞. We assume that 𝑢𝑘 (𝑠) ∈ L1( [𝛿,Δ]). The integrand 𝑄 (𝑥(𝜏), 𝑥(𝜏)) is

a temporal cost penalizing the deviations between the estimated (𝑥(𝑡)) and true trajectories over

time, and 𝐺 (𝑢(𝑠)) is a spatial regularization term on the (unknown) control policy. Through

this regularization, we can bias the learned policy to follow the stability analysis we established

in Chapter 5, so the resulting learned potential inherits Morse-like properties, namely having
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well-defined minima and the possibility of modeling both attraction and repulsion. The terminal

cost, 𝜓(𝑥(𝑡 𝑓 ), 𝑥(𝑡 𝑓 )), penalizes for deviations between the estimated and true trajectories at the

final time, 𝑡 𝑓 . The dynamics of the system are given as the same weighted consensus as defined

in chapter 5:

𝑓 (𝑥,𝑢(𝑠)) = −
(
𝐿in (𝑤 (𝛼(𝑥), 𝑢(𝑠))) ⊗ 𝐼𝑑

)
𝑥, (6.2)

with

[𝑤(𝛼(𝑥(𝑡)), 𝑢(𝑠))]𝑘 =
∫ 𝛼𝑘 (𝑥(𝑡))

𝛿

𝑢𝑘 (𝑠) 𝑑𝑠 =
∫ Δ

𝛿

𝑢𝑘 (𝑠)1{𝑠<𝛼𝑘 (𝑥(𝑡))} 𝑑𝑠, (6.3)

for each edge 𝑘 and [𝛼(𝑥(𝑡))]𝑘 = 𝛼𝑘 (𝑥(𝑡)) = ∥𝑥𝑖 (𝑡) − 𝑥 𝑗 (𝑡)∥ represents the Euclidean distance

between agents (nodes) 𝑖 and 𝑗 at edge 𝑘 = ( 𝑗 , 𝑖) ∈ E. The diagonal weight matrix is given by

W (𝛼(𝑥), 𝑢(𝑠)) = diag (𝑤 (𝛼(𝑥), 𝑢(𝑠))) ∈ R𝑚×𝑚.

The problem of OC is to solve for the optimal policy 𝑢∗(𝑠) = [𝑢∗1(𝑠), . . . , 𝑢
∗
𝑚 (𝑠)] that mini-

mizes the cost 𝐽 (𝑥,𝑢(𝑠)) and recovers the optimal interaction weights,

𝑤∗(𝛼(𝑥∗), 𝑢∗(𝑠)) = [𝑤∗1(𝛼1(𝑥∗), 𝑢∗1(𝑠)), . . . ,𝑤
∗
𝑚 (𝛼𝑚 (𝑥∗), 𝑢∗𝑚 (𝑠))],

given observed trajectories 𝑇𝑜𝑏𝑠 = {(𝑥∗(𝑡)}. In practice, this problem is solved through forward-

backward sweeping [87]. The OC problem defined in (6.1) differs from the classical Bolza OC

in that it introduces an additional integral over spatial interaction distances and we call this a

spatio-temporal OC problem. As a result, we rederive the optimality conditions using tools from

calculus of variation.
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6.5 Optimality Condition

To solve for the optimal interaction weights, we will construct the necessary conditions

for optimality using the Pontryagin’s Minimum Principle [86]. Assuming that the observed

trajectories, 𝑇𝑜𝑏𝑠 are optimal (i.e., solving the optimal control problem in (6.1), those conditions

must be satisfied.

Theorem 6.1. Given a directed network of MAS with dynamics defined in (6.2), and

I (𝑥(𝜏), 𝑢(𝑠)) =𝑄(𝑥(𝜏), 𝑥(𝜏)) +𝐺 (𝑢(𝑠)), (6.4)

with the temporal and regularization costs given as:

𝑄(𝑥(𝜏), 𝑥(𝜏)) = 1
2
∥𝑥(𝜏) − 𝑥(𝜏)∥2

Δ− 𝛿 , 𝐺 (𝑢(𝑠)) = 1
2
∥𝑢(𝑠) −𝑢𝑜 (𝑠)∥2

𝑡 𝑓 − 𝑡0
, (6.5)

for nominal policy 𝑢𝑜 (𝑠) = [𝑢𝑜1 , . . . , 𝑢𝑜𝑚], with 𝑢𝑜𝑘 ∈ L1( [𝛿,Δ]) for each edge, the optimal control,

𝑢∗(𝑠) solving problem defined in (6.1) satisfies the following optimality condition:

𝑢∗(𝑠) = 𝑢𝑜 (𝑠) −
1

𝑡 𝑓 − 𝑡0

∫ 𝑡 𝑓

𝑡0

𝑁∑︁
𝑖=1

∑︁
( 𝑗 ,𝑖)∈E

𝜆∗
𝑇

𝑖 (𝑥∗𝑖 (𝜏) − 𝑥∗𝑗 (𝜏))1𝑠<∥𝑥∗𝑖−𝑥∗𝑗 ∥ 𝑑𝜏, (6.6)

which depends on the graph topology, as dictated by the set of in-neighbors, the co-state, the

edge state, 𝑧, and its norm. The learned control 𝑢∗(𝑠) minimizes the cost, resulting in the optimal
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interaction weights using (5.12):

𝑤∗(∥𝑥∗𝑖 − 𝑥∗𝑗 ∥, 𝑢∗) =
∫ ∥𝑥∗

𝑖
−𝑥∗

𝑗
∥

𝛿

𝑢∗(𝑠) 𝑑𝑠, ∀( 𝑗 , 𝑖) ∈ N in
𝑖 . (6.7)

Proof. Follows from calculus of variation, refer to appendix for more details. The Hamiltonian

is given by

𝐻 =

∫ Δ

𝛿

I(𝑥,𝑢(𝑠)) +𝜆𝑇 𝑓 (𝑥,𝑢(𝑠)) 𝑑𝑠,

where 𝑓 (𝑥,𝑢(𝑠)) is given from (8.5), and the co-state trajectory 𝜆 ∈ R𝑁𝑑 satisfies:

¤𝜆𝑇 = (𝑥− 𝑥)𝑇 +𝜆𝑇DinWD𝑇 , (6.8)

where

W(𝑧) = blkdiag

(
𝑤1(∥𝑧1∥)𝐼𝑑 +

𝑑𝑤1(∥𝑧1∥)
𝑑𝑠

𝑧1𝑧
𝑇
1

∥𝑧1∥
, . . . ,𝑤𝑚 (∥𝑧𝑚 ∥)𝐼𝑑 +

𝑑𝑤𝑚 (∥𝑧𝑚 ∥)
𝑑𝑠

𝑧𝑚𝑧
𝑇
𝑚

∥𝑧𝑚 ∥

)
,

and the boundary condition is given by:

𝜆(𝑡 𝑓 ) = −
(𝜕𝜓
𝜕𝑥

)𝑇 ����
𝑥=𝑥(𝑡 𝑓 )

.

□

Corollary 6.1. The OC problem defined in (6.1) satisfies the second-order sufficient condition for
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optimality [88]. In particular, the Hamiltonian

𝐻 (𝑥,𝑢,𝜆) =
∫ Δ

𝛿

[
I(𝑥,𝑢(𝑠)) +𝜆𝑇 𝑓 (𝑥,𝑢(𝑠))

]
𝑑𝑠

is convex in the control variable 𝑢(𝑠) in a neighborhood of the optimal solution (𝑥∗, 𝑢∗(𝑠),𝜆∗).

Consequently, the Hessian of 𝐻 with respect to 𝑢(𝑠) is strictly positive definite, ensuring that

𝑢∗(𝑠) is a strict local minimizer of the cost functional.

Proof. We can see that the Hessian of the Hamiltonian at the optimum is:

𝜕2𝐻

𝜕𝑢2 (𝑥
∗, 𝑢∗,𝜆∗) =

∫ Δ

𝛿

𝜕2𝐼 (𝑥∗, 𝑢∗)
𝜕𝑢2 +𝜆𝑇 𝜕

2 𝑓 (𝑥∗, 𝑢∗)
𝜕𝑢2 𝑑𝑠.

Since I(𝑥,𝑢(𝑠)) is quadratic in 𝑢(𝑠) (due to the regularization term𝐺 (𝑢(𝑠)) = 1
2 ∥𝑢(𝑠) −𝑢𝑜 (𝑠)∥

2),

the second derivative 𝜕2I(𝑥,𝑢(𝑠))
𝜕𝑢(𝑠)2 is positive definite. This ensures that the contribution from

I(𝑥,𝑢(𝑠)) to the Hessian is strictly positive.

For the dynamics 𝑓 (𝑥,𝑢(𝑠)), the term 𝜕2 𝑓 (𝑥,𝑢(𝑠))
𝜕𝑢(𝑠)2 is zero because 𝑓 (𝑥,𝑢(𝑠)) is linear in 𝑢(𝑠).

Therefore, the Hessian simplifies to:

𝜕2𝐻

𝜕𝑢2 (𝑥
∗, 𝑢∗(𝑠),𝜆∗) =

∫ Δ

𝛿

𝜕2𝐼 (𝑥∗, 𝑢∗(𝑠))
𝜕𝑢2(𝑠)

𝑑𝑠.

Since 𝜕2𝐼 (𝑥∗,𝑢∗ (𝑠))
𝜕𝑢2 (𝑠) > 0 for all 𝑠 ∈ [𝛿,Δ], the Hessian is strictly positive definite. Therefore, the

second-order sufficient condition for optimality is satisfied, ensuring that the solution 𝑢∗(𝑠)

corresponds to a strict minimum of the cost functional. Thus, the control problem defined

by (8.23) satisfies the second-order sufficient condition for optimality. □
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Remark 6.1. No assumptions are made on the nominal policy, 𝑢𝑜 (𝑠), in our approach.

6.5.1 Learning Interaction Weight Algorithm

Based on Theorem 6.1 and the stability analysis in Chapter 5, we learn the optimal interaction

weights by iteratively updating the control policy 𝑢(𝑠) using forward-backward sweeping [87]

to satisfy both the first-order (necessary) and second-order (sufficient) optimality conditions.

Algorithm 1 outlines our iterative procedure using gradient descent with an Armijo line search. In

each iteration, the algorithm performs a discrete-time forward simulation, a backward integration

of the co-state, and then computes the gradient of the cost with respect to 𝑢(𝑠). The algorithm

terminates when the norm of the gradient is below a specified tolerance 𝜖 .

Note that in practice, as seen in algorithm 1, we make the assumption that observations

may arise from a system which is only approximately optimal. So, the terminating conditions are

based on how closely (as denoted by the, 𝜖 , threshold) the optimal control policy, 𝑢(𝑠) satisfies

the necessary condition for optimality [90]. Since the algorithm need to solve for the forward

optimal control problem repeatedly in an inner loop that may lead to a computational bottleneck.

6.6 Richness of data

So far, we leveraged PMP to derive optimality conditions for the unknown policy 𝑢(𝑠),

which maps inter-agent distances to interaction strengths with an assumption that we have access

to rich enough data to recover interaction behavior. However, a critical aspect of any learning

or system identification procedure is the quality of training data. In other words, the observed

data must be sufficiently rich, or what is known in adaptive control as persistently exciting (as
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Algorithm 1 Interaction Weights Learning
1: Input: Initial state 𝑥0, initial control policy 𝑢(𝑠) = 𝑢0, time discretization: 𝑘 = 0,1, . . . , 𝐾 with

time step Δ𝑡, spatial discretization: 𝑠 ∈ {𝛿 = 𝑠0 < 𝑠1 < · · · < 𝑠𝑚 = Δ} with step Δ𝑠, observed
trajectories 𝑥, network topology E, maximum iterations 𝑁max, and tolerance 𝜖 .

2: Output: Optimal interaction weights 𝑤∗(𝛼(𝑥∗), 𝑢∗(𝑠)), optimal control policy 𝑢∗(𝑠), and
reconstructed state trajectories {𝑥 [𝑘]}𝐾

𝑘=0.
3: Set the iteration counter: iter← 0
4: while iter < 𝑁max do
5: Forward Pass:
6: for 𝑘 = 0 to 𝐾 −1 do
7: Compute the current edge weights via discrete integration:

𝑤 [𝑘] =
Δ∑︁
𝑠=𝛿

𝑢(𝑠)1{𝑠<∥𝑥𝑖 [𝑘]−𝑥 𝑗 [𝑘] ∥}Δ𝑠.

8: Update the state: 𝑥 [𝑘 +1] = 𝑥 [𝑘] +Δ𝑡
(
−DinW[𝑘]D𝑇 𝑥 [𝑘]

)
.

9: end for
10: Backward Pass:
11: Set terminal co-state:

𝜆[𝐾] = −
(
𝜕𝜓

𝜕𝑥

)𝑇 ���
𝑥=𝑥 [𝐾]

.

12: for 𝑘 = 𝐾 −1 downto 0 do
13: Update co-state using backward Euler:

𝜆[𝑘] = 𝜆[𝑘 +1] +Δ𝑡
(
𝜕I(𝑥 [𝑘], 𝑢(𝑠))

𝜕𝑥
−𝜆[𝑘 +1]𝑇 𝜕 𝑓 (𝑥 [𝑘], 𝑢(𝑠))

𝜕𝑥

)𝑇
.

14: end for
15: Compute the gradient of the cost with respect to 𝑢(𝑠)

𝐽𝑢 (𝑠) = 𝑢(𝑠) −𝑢𝑜 (𝑠) +
1
𝐾

𝐾−1∑︁
𝑘=0

𝑁∑︁
𝑖=1

∑︁
( 𝑗 ,𝑖)∈N in

𝑖

𝜆𝑖 [𝑘]𝑇
(
𝑥𝑖 [𝑘] − 𝑥 𝑗 [𝑘]

)
1{𝑠<∥𝑥𝑖 [𝑘]−𝑥 𝑗 [𝑘] ∥} .

16: if


𝐽𝑢 (𝑠)

 < 𝜖 then

17: Terminate the algorithm.
18: else
19: Use the Armijo Line Search [89] to determine
20: step size, ℓ
21: Update control policy, 𝑢. using gradient descent:
22: 𝑢(𝑠) = 𝑢(𝑠) − ℓ𝐽𝑢
23: end if
24: Increment the iteration counter: iter← iter+1 and repeat from step 5.
25: end while
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defined in 6.1. In our context, “data richness” refers to conditions under which the demonstration

trajectories contain enough variation to uniquely identify the underlying policy, 𝑢(𝑠). In other

words, the demonstration trajectories of the MAS must adequately excite all relevant distance

regimes 𝛼 ∈ [𝛿,Δ] so that no two distinct policies 𝑢(·) can produce the same observed behavior.

Definition 6.1. [91] A signal 𝜙(𝑡) ∈R𝑛 is said to be persistently exciting over an interval [𝑡0, 𝑡0+𝑇]

if there exist constants 𝛼0 > 0 and 𝑇0 > 0 such that

∫ 𝑡0+𝑇0

𝑡0

𝜙(𝑡) 𝜙(𝑡)𝑇 𝑑𝑡 ≥ 𝛼0 𝐼𝑛.

Assume that we have collected state measurements at 𝑇 different time instances, 𝑡1, . . . , 𝑡𝑇 .

As the stability and robustness analysis in Chapter 5 was based on the edge variable 𝑧𝑘 = 𝑥𝑖 − 𝑥 𝑗 ,

the data need to capture a variety of 𝑧𝑘 values to find the control policy that leads to desired

configuration.

For each time 𝑡𝑖, we can construct the edge state vectors for each time using 𝑧(𝑡𝑖) = D𝑇𝑥(𝑡𝑖).

To analyze the information content over the range of inter-agent distances, we construct the data

matrix, Φ ∈ R𝑇×𝑚 whose rows correspond to time snapshots and whose columns corresponds to

the edges. Define the feature

𝜙𝑖,𝑘 = ∥𝑧𝑘 (𝑡𝑖)∥ for 1 ≤ 𝑖 ≤ 𝑇,1 ≤ 𝑘 ≤ 𝑚.

If the data comes from 𝑞 independent trials, let Φ(𝑙) ∈ R𝑇×𝑛𝑠 denote the feature matrix
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constructed from the 𝑙th trial. We then form the overall feature matrix as:

Φtotal =


Φ(1)

Φ(2)

...
Φ(𝑀 )

 ∈ R
(𝑞𝑇)×𝑚 .

The data is said to be sufficiently rich if Φtotal has full column rank (i.e., its columns are linearly

independent, indicating diverse distance measurements). To quantify this, we perform a singular

value decomposition (SVD): Φtotal =𝑈Σ𝑉
⊤,where Σ = diag(𝜎1,𝜎2, . . . ,𝜎min(𝑚, 𝑞𝑇)) with singular

values ordered as 𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎min(𝑚, 𝑞𝑇) , then the data is persistently exciting if 𝜎min =

min1≤ 𝑗≤min(𝑚, 𝑞𝑇)𝜎𝑗 > 𝜖, for some small threshold 𝜖 > 0. Moreover, a moderate condition number

𝜅(Φtotal) =
𝜎1
𝜎min

indicates that the mapping from 𝑢(𝑠) to the observed data is well-conditioned. This ensures that

the inverse problem of recovering 𝑢(𝑠) from the demonstration trajectories is well-posed.

Remark 6.2. If the PE condition is not satisfied in the range of [𝛿,Δ], then the corresponding

components of 𝑢∗(𝑠) are not observable from the data. In such cases, the regularization term

𝐺 (𝑢(𝑠)) in the cost function forces the learned policy to converge to the nominal policy 𝑢𝑜 (𝑠)

outside the subspace spanned by the excited data.

6.7 Simulation Example

In this section, we present a simulation example to examine the effectiveness of our IOC

algorithm. We first generate a sufficiently rich dataset of trajectories that will serve as input

(observation) for the algorithm.
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1

2

3

4

Figure 6.1: Directed graph with 4 agents. The arrows indicate the direction of interaction.

Table 6.1: Edge parameters for the simulation.

Edge Parameters

Edge 1 (1→2) 𝑘1 = 0.5, 𝛼∗1 = 2
Edge 2 (2→3) 𝑘2 = 1, 𝛼∗2 = 0.8
Edge 3 (3→4) 𝑘3 = 1.2, 𝛼∗3 = 1
Edge 4 (4→1) 𝑘4 = 1.8, 𝛼∗4 = 0.5

6.7.1 Simulation Setup

For the observation, we consider a MAS defined on a digraph with four nodes and four

directed edges (Figure 6.1). For each edge, the true potential function is defined as a function of

inter-agent distances, 𝑠:

𝑃𝑘 (𝑠) =
1
2
𝑘𝑘 (𝑠−𝛼∗𝑘 )

2 (6.9)

where 𝑘𝑘 is the stiffness parameter for edge 𝑘 , 𝑧∗
𝑘

is the desired distance for edge agents 𝑘 , and 𝑧

is the current inter-agent distance. So, the corresponding edge weight, 𝑤𝑘 , and control policy, 𝑢𝑘

are given by

𝑤𝑘 (𝑠) =
𝑘𝑘 (𝑠−𝛼∗𝑘 )
𝑠+ 𝜀 , 𝑢𝑘 (𝑠) =

𝑘𝑘 𝛼
∗
𝑘

𝑠2 + 𝜖
,

with 𝜖 = 1𝑒−6. The parameters for each edge is summarize in Table 6.1.

The simulation uses a forward Euler with a time step 𝑑𝑡 = 0.01 over a total simulation time

of 𝑇 𝑓 = 20 seconds. To generate demonstrations: the simulation runs 20 trials. In each trial, the
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(a) Cumulative condition number. (b) Singular values of Φtotal.

Figure 6.2: Evaluation of richness of data. (a) Cumulative condition number of the aggregated
feature matrix as a function of the number of trials. (b) Bar plot of singular values of the aggregated
feature matrix, Φtotal.

agents are initialized with random positions drawn from different (e.g., small, medium, large)

domains to ensure a wide range of inter-agent distances. A trial is accepted only if the final inter-

agent distances for all edges are within a tolerance of 0.01 of their respective desired distances,

i.e., ∥𝛼𝑘 (𝑇 𝑓 ) −𝛼∗𝑘 ∥ < 0.01, ∀𝑘. After collecting the trajectories from all trials, a feature matrix

Φtotal is constructed from inter-agent distances across time and trials. Figure 6.2a shows how the

condition number decreases with additional trials with more data diversity. A bar plot of singular

values of the aggregated feature matrix, Φtotal is shown in (Figure 6.2b). Note that the largest and

smallest singular values differ by about an order of magnitude, indicating an acceptable condition

number. This suggests that the collected data is sufficiently rich to enable reliable recovery of the

interaction weights.

Once the demonstrations are generated, we follow algorithm (1) to recover the edge policy,

𝑢𝑘 from the observation. Motivated by the local convexity conditions on potential energy from

Chapter 5, we use 𝑢𝑜 = 1
𝑠2+𝜖 , as our nominal policy.
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6.7.2 Simulation Results

The simulation results confirm the effectiveness of our spatio-temporal OC framework

across multiple performance metrics. As shown in Figure 6.3 the overal cost converges after within

approximately 25 iterations. Figures 6.4 compares the recovered (learned) edge policies with the

true ones, revealing that edges 2 and 3 have slightly higher root mean square error (RMSE) values,

primarily due to the larger peaks in their policies when distance between agents are very small.

We also computed the potential function from edge policy using equation (5.15) and compared it

with true potential policy given in (6.9). As shown in Figure 6.5, the learned potential follows the

true potential function Morse-like property. To illustrate the impact of varying initial conditions,

Figure 6.6 presents the evolution of edge weights and corresponding agent trajectories for three

representative test trials side by side. Specifically, the first trial (Figures 6.6a and 6.6b) exhibits

mixed positive and negative edge weights, the second trial (Figures 6.6c and 6.6d) features all

positive edge weights, and the third trial (Figures 6.6e and 6.6f) shows all negative edge weights.

In each case, the learned edge weights closely track the true weights (with RMSE ≤ 0.06) and the

agent trajectories align well with the observation (RMSE ≤ 0.12). Overall, these results confirm

that our OC framework reliably recovers the desired interaction rules and maintains consistent

performance despite variations in initial conditions.

6.8 Summary

In this chapter, we developed a novel spatio-temporal OC framework for recovering optimal,

state-dependent interaction weights in MAS, grounded in the stability guarantees established in

Chapter 5. By formulating a Bolza OC problem and deriving necessary optimality conditions via
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Figure 6.3: Cost evolution during the OC learning process.

Figure 6.4: Comparison of learned (red markers) and true (blue dashed) edge policies 𝑢(𝑠) for
each edge.

Figure 6.5: Comparison of learned (red markers) and true (blue dashed) potential policies 𝑃(𝑠)
for each edge.
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(a) Edge weights (b) Agent Trajectories

(c) Edge weights (d) Agent Trajectories

(e) Edge weights (f) Agent Trajectories

Figure 6.6: Representative trials: evolution of edge weights and corresponding agent trajectories.
Top row (a,b): Mixed positive and negative edge weights; Middle row (c, d): All positive edge
weights; Bottom row (e, f): All negative edge weights.
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PMP, we established that, given persistently exciting data, the inverse problem of recovering the

edge policy 𝑢(𝑠) is well-posed. The numerical experiments demonstrate how the learned policy

remains near the chosen nominal Morse-like function yet still accurately reconstructs observation.

This integration of theoretical stability guarantees with data-driven methods offers a reliable and

interpretable path toward designing interaction rules for MAS.
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Chapter 7: Conclusion

This dissertation presented a framework for modeling and learning interaction behaviors in

distributed intelligent systems. Motivated by the adaptability and robustness observed in human

coordination, the proposed approach integrates data-driven modeling with control-theoretic guar-

antees to learn interaction structures that are stable, robust, and interpretable. A key contribution

was the integration of consensus theory with the principles of human motor synergy. By link-

ing the consensus theory with the UCM hypothesis from human motor control, we showed that

consensus-based models can capture the implicit coordination mechanisms observed in human

tasks, providing a biologically inspired foundation for robust multi-agent interactions.

Furthermore, we extended the edge-based analysis to more general multi-agent interaction

models by generalizing the concept of directed potential energy. While the edge-based framework

was originally developed in prior work [40, 49, 92], we built upon it to define edge tension

energies that accommodate directed graphs with both positive and negative edge weights, capturing

complex interactions commonly observed in human coordination. This formulation, grounded

in inter-agent distances, is particularly suited for systems with range-based sensors that provide

only relative position or velocity measurements. By shifting from a node-based to an edge-

based perspective, we relaxed the assumption of homogeneous agent dynamics and captured

pairwise interactions under nonlinear interconnections and signed or directed edge weights. Using
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Lyapunov methods, we derived sufficient conditions for local stability and robustness under these

generalized settings. We also proposed a spatio-temporal OC formulation to recover interaction

weights directly from observations and derived necessary and sufficient conditions for optimality.

Overall, we showed that human interaction behaviors that emerge in physical coordination tasks

can be robustly modeled and learned via nonlinear agreement dynamics.

Despite these contributions, several opportunities for future research remain. Although the

optimality condition offers a compelling geometric edge-based interpretation, solving OC problem

in practice is challenging. In this work, we employed gradient-based optimization methods for

demonstration purposes. However, such methods are prone to local minima and may not scale well

to more complex systems. Future efforts could explore more scalable and efficient solvers—such

as collocation or test shooting methods, as discussed in [93]—to improve convergence properties,

especially in large-scale systems. Additionally, our formulation assumes fully persistently exciting

data across the edge state space; However, as the numerical example suggests, perfect condition

number may not be required to recover potential function. Future work could explore relaxed

richness conditions that still guarantee reliable learning without requiring exhaustive trajectory

data.

Finally, although our model has been validated through simulations, real-world testings,

such as on crowd navigation datasets, remains to be explored. In those complex scenarios,

while true interaction policies are not directly observable, predictive performance can still be

evaluated using metrics like average and final displacement errors, as demonstrated in Chapter 4.

Overall, this work contributes to a deeper understanding of interaction learning in MAS and

lays a principled foundation for developing distributed intelligent systems that are more robust,

human-like, and capable of handling complex, nonlinear, and heterogeneous interactions.
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Chapter 8: Supplementary Material

In this section, we provide some useful lemmas and also detailed proofs of some of the

theorems in Chapter 5 and 6.

APPENDIX A

Lemma 8.1. [94] The Hadamard product (i.e., element-wise multiplication) of two compatible

vectors 𝑎 ∈ R𝑑 and 𝑏 ∈ R𝑑 can be expressed as the matrix multiplication of the corresponding

diagonal matrix of one vector by the other vector:

𝑎 ⊙ 𝑏 = diag(𝑎)𝑏 = diag(𝑏)𝑎, (8.1)

diag(𝑎)diag(𝑏) = diag(𝑎 ⊙ 𝑏), (8.2)

Lemma 8.2. The diagonal term in (5.14) can be interchanged as:

Din
(
diag

(
𝜙(𝑠)

)
⊗ 𝐼𝑑

)
D𝑇𝑥(𝑡) = Din diag

(
D𝑇𝑥(𝑡)

) (
𝜙(𝑠) ⊗ 1𝑑

)
(8.3)
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Proof. Follows from the Hadamard properties in Lemma 8.1. It can be easily seen that

diag
(
𝜙(𝑠)

)
⊗ 𝐼𝑑 = diag

(
𝜙(𝑠) ⊗ 1𝑑

)
.

So, the integrand can be rearranged, which is useful for the subsequent Jacobian derivation.

Din
(
diag

(
𝜙(𝑠)

)
⊗ 𝐼𝑑

)
D𝑇𝑥(𝑡) = Din diag

(
𝜙(𝑠) ⊗ 1𝑑

)
D𝑇𝑥(𝑡)

= Din diag(D𝑇𝑥(𝑡))
(
𝜙(𝑠) ⊗ 1𝑑

)
.

(8.4)

□

Corollary 8.1. For the special case of 𝑑 = 1, the interaction dynamics simplify to:

Din diag
(
𝜙(𝑠)

)
D𝑇𝑥(𝑡) = Din diag

(
D𝑇𝑥(𝑡)

)
𝜙(𝑠)

According to Lemma 8.2, the integrand in (5.14) becomes:

𝑓 (𝑥(𝑡), 𝑢(𝑠)) = −Dindiag(D𝑇𝑥(𝑡))
(
𝜙(𝑠) ⊗ 1𝑑

)
(8.5)

Proof of lemma 5.2

Proof. Let the integrand in equation (5.14) be:

𝑓 (𝑥(𝑡), 𝑢(𝑠)) = Din
(
diag

(
𝜙(𝑠)

)
⊗ 𝐼𝑑

)
D𝑇𝑥(𝑡).
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As before, define the function 𝜙(𝑥, 𝑠) component-wise as

𝜙𝑘 (𝑥, 𝑠) = 𝑢𝑘 (𝑠) 1{𝑠<𝛼𝑘 (𝑥)},

where its derivative with respect to 𝑥 𝑗 is given by

𝜕

𝜕𝑥 𝑗

(
𝜙𝑘 (𝑥)

)
=

𝜕

𝜕𝑥 𝑗

(
𝑢𝑘 (𝑠) 1{𝑠<𝛼𝑘 (𝑥)}

)
= 𝑢𝑘 (𝑠) 𝛿

(
𝛼𝑘 (𝑥) − 𝑠

) 𝜕𝛼𝑘 (𝑥)
𝜕𝑥 𝑗

.

Here, the derivative of the indicator function is interpreted in the distributional sense, yielding the

Dirac delta function 𝛿(𝛼𝑘 (𝑥) − 𝑠) (with the usual properties
∫ ∞
−∞ 𝛿(𝑆) 𝑑𝑠 = 1 and

∫ ∞
−∞ 𝑔(𝑆)𝛿(𝑆) 𝑑𝑠 =

𝑔(0)). In matrix form, this yields

𝜕𝜙(𝑥, 𝑠)
𝜕𝑥

= Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)
𝜕𝑥

,

with

Λ(𝑥, 𝑠) := diag
(
𝑢(𝑠) ⊙ 𝛿

(
𝛼(𝑥) − 𝑠

) )
,

with the 𝑘th diagonal entry given by [Λ(𝑥, 𝑠)]𝑘𝑘 = 𝑢𝑘 (𝑠) 𝛿
(
𝛼𝑘 (𝑥) − 𝑠

)
.

We now characterize the Jacobian of 𝑓 (𝑥, 𝑠), as defined in (8.5). Using Lemma 8.2, and

chain rule we have

𝜕 𝑓

𝜕𝑥
= −Din

(
diag

(
𝜙(𝑥, 𝑠)

)
⊗ 𝐼𝑑

)
D𝑇 −Din diag

(
D𝑇𝑥

) [(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑥

)
⊗ 1𝑑

]
. (8.6)
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Let 𝑧 = D𝑇𝑥, which maps the node space to the edge space. Then, by the chain rule,

[𝜕𝛼
𝜕𝑥
] = [𝜕𝛼

𝜕𝑧
] [ 𝜕𝑧
𝜕𝑥
] .

It can be shown that [
𝜕𝛼𝑖

𝜕𝑧 𝑗

]
𝑖,𝑑 𝑗−(𝑑−1):𝑑 𝑗

=


𝑧𝑇
𝑖

∥𝑧𝑖 ∥ , if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 ,

(8.7)

so that in compact form,

[
𝜕𝛼

𝜕𝑧

]
=



𝑧𝑇1
∥𝑧1∥ 0𝑇 . . . 0𝑇

0𝑇 𝑧𝑇2
∥𝑧2∥ . . . 0𝑇

...
...

. . .
...

0𝑇 0𝑇 . . .
𝑧𝑇𝑚
∥𝑧𝑚∥

𝑚×𝑚𝑑
. (8.8)

This shows that 𝜕𝛼
𝜕𝑧

is block diagonal, with each block given by a row vector of size 𝑑.

Since, [ 𝜕𝑧
𝜕𝑥
] = D𝑇 . So, we can write [ 𝜕𝛼

𝜕𝑥
]𝑇 = D[ 𝜕𝛼

𝜕𝑧
]𝑇 , which ties the operation to the graph’s

topology as follows

[𝜕𝛼
𝜕𝑥
]𝑘 𝑗 =

𝜕𝛼𝑘

𝜕𝑥 𝑗
=



(𝑥𝑖−𝑥 𝑗 )𝑇
∥𝑥𝑖−𝑥 𝑗 ∥ if ∃𝑘 ∈ ( 𝑗 , 𝑖)

− (𝑥𝑖−𝑥 𝑗 )
𝑇

∥𝑥𝑖−𝑥 𝑗 ∥ if ∃𝑘 ∈ (𝑖, 𝑗)

0𝑇 o.w

. (8.9)

So, equation (8.6) can be rewritten as:

𝜕 𝑓

𝜕𝑥
= −Din

(
diag

(
𝜙(𝑥, 𝑠)

)
⊗ 𝐼𝑑

)
D𝑇 − Din diag

(
D𝑇𝑥

) [(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑧
D𝑇

)
⊗ 1𝑑

]
99



Which is equivalent to

𝜕 𝑓

𝜕𝑥
= −Din

[ (
diag

(
𝜙(𝑥, 𝑠)

)
⊗ 𝐼𝑑

))
︸                     ︷︷                     ︸

𝑊̃1

+diag
(
D𝑇𝑥

) [(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑧

)
⊗ 1𝑑

]
︸                                       ︷︷                                       ︸

𝑊̃2︸                                                                         ︷︷                                                                         ︸
𝑊̃

]
D𝑇 , (8.10)

The equivalence follows from the block diagonal form of 𝜕𝛼(𝑥)
𝜕𝑧

as given in (8.8), we have:

[(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑧
D𝑇

)
⊗ 1𝑑

]
=

[(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑧

)
⊗ 1𝑑

]
D𝑇 .

Here, the first term inside the bracket, 𝑊̃1, is a diagonal matrix, and the second term, 𝑊̃2, is a

block-diagonal matrix.

Given the definition of

𝑧 = D𝑇𝑥 =



𝑧1

𝑧2

...

𝑧𝑚


, with 𝑧𝑘 =

[
𝑧𝑘1, 𝑧𝑘2, . . . , 𝑧𝑘𝑑

]𝑇
∈ R𝑑 ,

the matrix diag(D𝑇𝑥) is given by

diag(D𝑇𝑥) = diag(𝑧) =



diag(𝑧1) 0 . . . 0

0 diag(𝑧2) . . . 0

...
...

. . .
...

0 0 . . . diag(𝑧𝑚)

𝑚𝑑×𝑚𝑑
. (8.11)
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Moreover, consider the term

(
Λ(𝑥, 𝑠) 𝜕𝛼(𝑥)

𝜕𝑧

)
⊗ 1𝑑 =

𝛿(𝛼1(𝑥) − 𝑠) 𝑢1(𝑠) 1𝑑
𝑧𝑇1
∥𝑧1∥ 0𝑇 . . . 0𝑇

0𝑇 𝛿(𝛼2(𝑥) − 𝑠) 𝑢2(𝑠) 1𝑑
𝑧𝑇2
∥𝑧2∥ . . . 0𝑇

...
...

. . .
...

0𝑇 0𝑇 . . . 𝛿(𝛼𝑚 (𝑥) − 𝑠) 𝑢𝑚 (𝑠) 1𝑑 𝑧𝑇𝑚
∥𝑧𝑚∥


.

(8.12)

Also, note that

diag(𝑧𝑘 ) 1𝑑 = 𝑧𝑘 , for each 𝑘. (8.13)

Thus, we can define the diagonal entries of 𝑊̃1 and 𝑊̃2 as

[𝑊̃1]𝑖𝑖 = 𝑢𝑖 (𝑠) 1{𝑠<𝛼𝑖} 𝐼𝑑 = 𝜙𝑖 (𝑥, 𝑠) 𝐼𝑑 , (8.14)

and

[𝑊̃2]𝑖𝑖 = 𝑢𝑖 (𝑠) 𝛿(𝛼𝑖 − 𝑠)
𝑧𝑖𝑧

𝑇
𝑖

∥𝑧𝑖∥
, (8.15)

so that

[𝑊̃]𝑖𝑖 = 𝜙𝑖 (𝑥, 𝑠) 𝐼𝑑 +𝑢𝑖 (𝑠) 𝛿(𝛼𝑖 − 𝑠)
𝑧𝑖𝑧

𝑇
𝑖

∥𝑧𝑖∥
. (8.16)

Finally, combining equations (5.14) and (8.10), the Jacobian is given by

𝜕 𝑓

𝜕𝑥
= −

∫ Δ

𝛿

𝜕 𝑓

𝜕𝑥
𝑑𝑠 = −

∫ Δ

𝛿

Din 𝑊̃D𝑇 𝑑𝑠, (8.17)
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Since we assumed a fixed topology, and using equations (5.12), and (8.16), we have a

simplified form as

∫ Δ

𝛿

[𝑊̃]𝑖𝑖 𝑑𝑠 =
∫ Δ

𝛿

[
𝜙𝑖 (𝑥, 𝑠) 𝐼𝑑 +𝑢𝑖 (𝑠)𝛿(𝛼𝑖 − 𝑠)

𝑧𝑖𝑧
𝑇
𝑖

∥𝑧𝑖∥

]
𝑑𝑠 = 𝑤𝑖 (𝛼𝑖)𝐼𝑑 +𝑢𝑖 (𝛼𝑖)

𝑧𝑖𝑧
𝑇
𝑖

∥𝑧𝑖∥
(8.18)

Using the definition of 𝛼𝑖, and the fact that, 𝑢𝑖 (𝛼𝑖) = 𝜕𝑤𝑖 (∥𝑧𝑖 ∥
𝜕𝑠
), the above equation can be rewritten

∫ Δ

𝛿

[𝑊̃]𝑖𝑖 𝑑𝑠 = 𝑤𝑖 (∥𝑧𝑖∥)𝐼𝑑 +
𝑑𝑤𝑖 (∥𝑧𝑖∥)

𝑑𝑠

𝑧𝑖𝑧
𝑇
𝑖

∥𝑧𝑖∥
. (8.19)

With this formulation, the Jacobian interestingly recovers the graph edge weights plus some

additional terms emphasizing the directional influence of the interaction, with 𝑧𝑖𝑧
𝑇
𝑖

∥𝑧𝑖 ∥ acting as a

projection. Furthermore, given the 𝑧𝑖𝑧𝑇𝑖 structure in each block, we have a rank-1 block diagonal

matrix in the second term. Let

W(𝑧) = blkdiag

(
𝑤1(∥𝑧1∥)𝐼𝑑 +

𝑑𝑤1(∥𝑧1∥)
𝑑𝑠

𝑧1𝑧
𝑇
1

∥𝑧1∥
, . . . ,𝑤𝑚 (∥𝑧𝑚 ∥)𝐼𝑑 +

𝑑𝑤𝑚 (∥𝑧𝑚 ∥)
𝑑𝑠

𝑧𝑚𝑧
𝑇
𝑚

∥𝑧𝑚 ∥

)
, (8.20)

So, the Jacobian becomes:

𝜕 𝑓

𝜕𝑥
= −DinW(𝑧)D𝑇 = −L (8.21)

Let W(𝑧) = diag(𝑤1(∥𝑧1∥), . . . ,𝑤𝑚 (∥𝑧𝑚 ∥) and W′(𝑧) = diag
(
𝑑𝑤1 (∥𝑧1∥)

𝑑𝑠
, . . . ,

𝑑𝑤𝑚 (∥𝑧𝑚∥)
𝑑𝑠

)
and the
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normalized edge direction matrix:

𝑍 =



𝑧1√
∥𝑧1∥

0 . . . 0

0 𝑧2√
∥𝑧2∥

. . . 0

...
. . .

0 . . .
𝑧𝑚√
∥𝑧𝑚∥


Then:

W =W(𝑧) ⊗ 𝐼𝑑 +W′(𝑧)𝑍𝑍𝑇

.

For the Jacobian in edge space, using the transformation 𝑧 =D𝑇𝑥, we have ¤𝑧 =D𝑇 𝑓 (𝑥) = 𝑓 (𝑧),

so using similar expansion as above we get

𝜕 𝑓

𝜕𝑧
= −D𝑇DinW(𝑧) (8.22)

□

Consider the general nonlinear dynamical system of

¤𝑥 = 𝑓 (𝑥,𝑢)

with 𝑓 : RN×R⋗→ RN continuously differentiable and 𝑓 (0,0) = 0.

Definition 8.1. [[85]] A smooth function 𝑉 : R𝑁 → R≥0 is called an ISS-Lyapunov function for
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the system (8) if there exists class K∞ functions 𝛼1, 𝛼2, and K−functions 𝛼3 and X, such that

𝛼1( | |𝑥 | |) ≤ 𝑉 ( | |𝑥 | |) ≤ 𝛼2( | |𝑥 | |) for any 𝑥 ∈ R𝑁 , and

(
𝜕𝑉 (𝑥)
𝜕𝑥

)𝑇
𝑓 (𝑥,𝑢) ≤ −𝛼3(∥𝑥∥)

for any 𝑥 ∈ RN and any 𝑢 ∈ R⋗ so that ∥𝑥∥ ≤ X(∥𝑢∥).

Lemma 8.3 ([85]). Consider the nonlinear dynamical system (8), the system is ISS if it admits an

ISS-Lyapunov function.

APPENDIX B

Proof of Theorem 6.1

To derive the optimality conditions, we first construct the augmented cost as

𝐽 (𝑥, ¤𝑥,𝑢(𝑠)) = 𝜓
(
𝑥(𝑡 𝑓 )

)
+
∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

[
I (𝑥(𝜏), 𝑢(𝑠)) +𝜆𝑇 ( ¤𝑥

Δ− 𝛿 − 𝑓 (𝑥,𝑢(𝑠)))
]
𝑑𝑠𝑑𝜏 (8.23)

where 𝜆 ∈ 𝑅𝑑×𝑁 is the co-state vector enforcing the dynamic constraints.

Let 𝑢(𝑠)↣ 𝑢(𝑠) + 𝜖 𝜇(𝑠) and consequently, due to Lipschitz dynamics, 𝑥(𝑡)↣ 𝑥(𝑡) + 𝜖𝜂(𝑡),

and ¤𝑥(𝑡)↣ ¤𝑥(𝑡) + 𝜖 ¤𝜂(𝑡). Using the calculus of variation, we need to set 𝛿𝐽 !
= 0 to find the optimal

policy and first-order necessary conditions for optimality, where 𝛿𝐽 is given by the Gateaux
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derivative [86] as:

𝛿𝐽 = lim
𝜖→0

1
𝜖

[
𝐽 (𝑥 + 𝜖𝜂, ¤𝑥 + 𝜖 ¤𝜂,𝑢 + 𝜖 𝜇(𝑠)) − 𝐽 (𝑥, ¤𝑥,𝑢(𝑠))

]
= lim
𝜖→0

1
𝜖

[
𝜓

(
𝑥(𝑡 𝑓 ) + 𝜖𝜂(𝑡 𝑓 )

)
−𝜓

(
𝑥(𝑡 𝑓 )

)
+
∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

𝐼 (𝑥(𝜏) + 𝜖𝜂(𝜏), 𝑢(𝑠) + 𝜖 𝜇(𝑠)) −I (𝑥(𝜏), 𝑢(𝑠))

+𝜆𝑇
( 1
Δ− 𝛿 ( ¤𝑥(𝜏) + 𝜖 ¤𝜂(𝜏) − ¤𝑥(𝜏)) − 𝑓 (𝑥(𝜏) + 𝜖𝜂(𝜏), 𝑢(𝑠) + 𝜖 𝜇(𝑠)) + 𝑓 (𝑥(𝑠), 𝑢(𝑠))

)
𝑑𝑠𝑑𝜏

]
(8.24)

From now on, we drop the dependence on 𝑠 and 𝑡 when appropriate for ease of reading. The

Taylor expansion of 𝐼 (𝑥 + 𝜖𝜂,𝑢 + 𝜖 𝜇) around (𝑥,𝑢) is given by

I(𝑥 + 𝜖𝜂,𝑢 + 𝜖 𝜇) = I(𝑥,𝑢) + 𝜖 𝜕I
𝜕𝑥
𝜂+ 𝜖 𝜕I

𝜕𝑢
𝜇,

Similarly, the Taylor expansion of 𝑓 (𝑥 + 𝜖𝜂,𝑢 + 𝜖 𝜇) around (𝑥,𝑢) is given by

𝑓 (𝑥 + 𝜖𝜂,𝑢 + 𝜖 𝜇) = 𝑓 (𝑥,𝑢) + 𝜖 𝜕 𝑓
𝜕𝑥
𝜂+ 𝜖 𝜕 𝑓

𝜕𝑢
𝜇,

where 𝑓 (𝑥,𝑢) is defined in (8.5) and using lemma 8.2 and 8.1

𝜕 𝑓

𝜕𝑢
= −Dindiag

(
D𝑇𝑥

) (
diag(1𝑠<𝛼(𝑥) ⊗ 1𝑑)

)
= −Dindiag

(
D𝑇𝑥 ⊙ (1𝑠<𝛼(𝑥) ⊗ 1𝑑)

)
.

The Jacobian 𝜕 𝑓

𝜕𝑥
is given in (8.10).
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So, equation (8.24) can be simplified to

𝛿𝐽 =
𝜕𝜓

𝜕𝑥

����
𝑥=𝑥(𝑡 𝑓 )

𝜂(𝑡 𝑓 )+∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

𝜕I
𝜕𝑥
𝜂(𝜏) + 𝜕I

𝜕𝑢(𝑠) 𝜇(𝑠) +𝜆
𝑇
( 1
Δ− 𝛿 ¤𝜂(𝜏) −

𝜕 𝑓

𝜕𝑥
𝜂(𝜏) − 𝜕 𝑓

𝜕𝑢(𝑠) 𝜇(𝑠)
)
𝑑𝑠𝑑𝜏 (8.25)

Using integration by parts and assuming 𝜂(𝑡0) = 0 we can remove the dependency of ¤𝜂(𝜏) as:

∫ 𝑡 𝑓

𝑡0

𝜆𝑇 ¤𝜂(𝜏)𝑑𝜏 = 𝜆𝑇 (𝑡 𝑓 )𝜂(𝑡 𝑓 ) −
∫ 𝑡 𝑓

𝑡0

¤𝜆𝑇𝜂(𝜏)𝑑𝜏. (8.26)

So, equation (8.25) become:

𝛿𝐽 =
𝜕𝜓

𝜕𝑥

����
𝑥=𝑥(𝑡 𝑓 )

𝜂(𝑡 𝑓 ) +𝜆𝑇 (𝑡 𝑓 )𝜂(𝑡 𝑓 ) +
∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

𝜕I
𝜕𝑥
𝜂(𝜏) + 𝜕I

𝜕𝑢(𝑠) 𝜇(𝑠)

− 1
Δ− 𝛿

¤𝜆𝑇𝜂(𝜏) −𝜆𝑇
(𝜕 𝑓
𝜕𝑥
𝜂(𝜏) + 𝜕 𝑓

𝜕𝑢(𝑠) 𝜇(𝑠)
)
𝑑𝑠𝑑𝜏 (8.27)

Factoring similar terms, we can further simplify the expression for 𝛿𝐽

𝛿𝐽 =
𝜕𝜓

𝜕𝑥

����
𝑥=𝑥(𝑡 𝑓 )

𝜂(𝑡 𝑓 ) +𝜆𝑇 (𝑡 𝑓 )𝜂(𝑡 𝑓 )

+
∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

(𝜕I
𝜕𝑥
− 1
Δ− 𝛿

¤𝜆𝑇 −𝜆𝑇 𝜕 𝑓
𝜕𝑥

)
𝜂(𝜏) +

( 𝜕I
𝜕𝑢(𝑠) −𝜆

𝑇 𝜕 𝑓

𝜕𝑢(𝑠)

)
𝜇(𝑠) 𝑑𝑠𝑑𝜏, (8.28)
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which can be written as

𝛿𝐽 =
𝜕𝜓

𝜕𝑥

����
𝑥=𝑥(𝑡 𝑓 )

𝜂(𝑡 𝑓 ) +𝜆𝑇 (𝑡 𝑓 )𝜂(𝑡 𝑓 )

+
∫ 𝑡 𝑓

𝑡0

[
− ¤𝜆𝑇 +

∫ Δ

𝛿

(𝜕I
𝜕𝑥
−𝜆𝑇 𝜕 𝑓

𝜕𝑥

)
𝑑𝑠

]
𝜂(𝜏) 𝑑𝜏 +

∫ 𝑡 𝑓

𝑡0

∫ Δ

𝛿

( 𝜕I
𝜕𝑢(𝑠) −𝜆

𝑇 𝜕 𝑓

𝜕𝑢(𝑠)

)
𝜇(𝑠) 𝑑𝑠𝑑𝜏, (8.29)

Finally, we need to set 𝛿𝐽 = 0 to formulate the necessary conditions for optimality:

The boundary condition is given by:

𝜆(𝑡 𝑓 ) = −
(𝜕𝜓
𝜕𝑥

)𝑇 ����
𝑥=𝑥(𝑡 𝑓 )

, (8.30)

with 𝜓(𝑥(𝑡 𝑓 )) = ∥𝑥(𝑡 𝑓 ) − 𝑥(𝑡 𝑓 )∥2, we have 𝜆(𝑡 𝑓 ) = 𝑥(𝑡 𝑓 ) − 𝑥(𝑡 𝑓 ).

So, the co-state equation becomes:

¤𝜆𝑇 =
∫ Δ

𝛿

(𝜕I
𝜕𝑥
−𝜆𝑇 𝜕 𝑓

𝜕𝑥

)
𝑑𝑠 = (𝑥− 𝑥)𝑇 −𝜆𝑇

∫ Δ

𝛿

𝜕 𝑓

𝜕𝑥
𝑑𝑠 (8.31)

Given (8.17), the co-state equation become simplified as

¤𝜆𝑇 = (𝑥− 𝑥)𝑇 +𝜆𝑇DinWD𝑇 , (8.32)

withW given in (5.32) as

W(𝑧) = blkdiag

(
𝑤1(∥𝑧1∥)𝐼𝑑 +

𝑑𝑤1(∥𝑧1∥)
𝑑𝑠

𝑧1𝑧
𝑇
1

∥𝑧1∥
, . . . ,𝑤𝑚 (∥𝑧𝑚 ∥)𝐼𝑑 +

𝑑𝑤𝑚 (∥𝑧𝑚 ∥)
𝑑𝑠

𝑧𝑚𝑧
𝑇
𝑚

∥𝑧𝑚 ∥

)
,
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We have an additional integral constraint, giving us the optimal policy

𝐽𝑢 :=
∫ 𝑡 𝑓

𝑡0

𝜕I
𝜕𝑢
−𝜆𝑇 𝜕 𝑓

𝜕𝑢(𝑠) 𝑑𝜏
!
= 0, (8.33)

Expanding, we get

𝐽𝑢 = 𝑢−𝑢𝑜 + 1
𝑡 𝑓−𝑡0

∫ 𝑡 𝑓

𝑡0

𝜆𝑇Dindiag
(
D𝑇𝑥 ⊙ (1𝑠<𝛼(𝑥) ⊗ 1𝑑)

)
= 𝑢−𝑢𝑜 + 1

𝑡 𝑓−𝑡0

∫ 𝑡 𝑓

𝑡0

𝑁∑︁
𝑖=1

∑︁
𝑗∈N 𝑖𝑛

𝑖

𝜆𝑇𝑖 (𝑥𝑖 − 𝑥 𝑗 )1𝑠<∥𝑥𝑖−𝑥 𝑗 ∥ 𝑑𝜏 (8.34)

By setting (8.34) to zero, we can obtain the optimal policy, 𝑢∗(𝑠), and consequently the optimal

interaction weights as follows:

𝑢∗(𝑠) = 𝑢𝑜 (𝑠)

− 1
𝑡 𝑓 − 𝑡0

∫ 𝑡 𝑓

𝑡0

𝑁∑︁
𝑖=1

∑︁
( 𝑗 ,𝑖)∈N in

𝑖

𝜆∗
𝑇

𝑖 (𝑥∗𝑖 (𝜏) − 𝑥∗𝑗 (𝜏))1𝑠<∥𝑥∗𝑖−𝑥∗𝑗 ∥ 𝑑𝜏,
(8.35)

which depends on the graph topology, as dictated by the set of in-neighbors, the co-state, the

edge state, 𝑧, and its norm. The learned control 𝑢∗(𝑠) minimizes the cost, resulting in the optimal

interaction weights using (5.12):

𝑤∗(∥𝑥∗𝑖 − 𝑥∗𝑗 ∥, 𝑢∗) =
∫ ∥𝑥∗

𝑖
−𝑥∗

𝑗
∥

𝛿

𝑢∗(𝑠) 𝑑𝑠, ∀( 𝑗 , 𝑖) ∈ N in
𝑖 . (8.36)
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