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 Metamaterials are artificial materials engineered to provide properties which may 

not be readily available in nature. The development of such class of materials constitutes 

a new area of research that has grown significantly over the past decade. Acoustic 

metamaterials, specifically, are even more novel than their electromagnetic counterparts 

arising only in the latter half of the decade.  Acoustic metamaterials provide a new tool in 

controlling the propagation of pressure waves.  However, physical design and frequency 

tuning, is still a large obstacle when creating a new acoustic metamaterial.  This 

dissertation describes active and programmable design for acoustic metamaterials which 

allows the same basic physical design principles to be used for a variety of application. 

 With cloaking technology being of a great interest to the US Navy, the proposed 

design approach would enable the development of a metamaterial with spatially changing 

effective parameters while retaining a uniform physical design features. The effective 

parameters would be controlled by tuning smart actuators embedded inside the 

metamaterial structure.  Since this design is based on dynamic effective parameters that 



can be electrically controlled, material property ranges of several orders of magnitude 

could potentially be achieved without changing any physical parameters.  With such 

unique capabilities, physically realizable acoustic cloaks can be achieved and objects 

treated with these active metamaterials can become acoustically invisible. 
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Chapter 1 : Introduction 
 

���������	
�����

 The purpose of this work is to create an acoustic medium that reacts not as the 

average of the sum of its parts, but beyond.  Metamaterials have been a popular topic for 

a while amongst the electromagnetic community, but has just recently started to gain 

grounds in the acoustic field.  However, to this point, realized acoustic metamaterials 

remain very limited and only exist in very specific forms and applications.  Recently, 

programmable acoustic metamaterial have been considered as a viable and practical 

alternative.  Such a metamaterial could be adjusted for a variety of applications simply 

with programming rather than a complete rebuild of the structure.   One important 

application for such a metamaterial is acoustic cloaking which can be used to treat critical 

objects in order to render them acoustically invisible.  

 The potential for cloaking technology has long been recognized in the modern 

era.  The term “cloaking” was first coined by D.C. Fontana and has been popularized in 

science fiction media, but the developments in such technology have been, to a large 

degree, unfruitful in reality.  References of cloaking technology are usually attributed to 

military purposes, as a way to conceal a person or object.  Here, the term cloaking 

technology is often lumped with “camouflage”, i.e. the avoidance of observation.  

However, cloaking takes this a bit further allowing a signal to bypass an obstruction and 

continue onward whether object is a naval vessel or large pillar in a concert hall.  A 

programmable metamaterial would be able to redirect a signal at will either continuing it 



 2 

on as in the case of a cloak, or redirecting it in a desired manner such as an acoustic lens 

to magnify and focus acoustic signals.    

  

�����
����
�������	����
 

This section has been broken into three subsections to detail the information 

leading to the theory necessary to create a programmable metamaterial which is essential 

for the realization of an acoustic cloak.  The first is a literature review of metamaterials 

including a brief history and evolution of metamaterials.  This includes the 

conceptualization of such materials before the term was coined or technology was 

available to produce a practical example to contemporary works and realizations, though 

technologies specific to cloaking will be left to the second subsection.  This second 

subsection includes the early evolution of electromagnetic (EM) cloaks which set up the 

foundation for acoustic cloaks.  The third subsection continues the timeline of cloak 

research but jumps into the acoustic realm.    

����������	
	����	
��
 

There has been a great deal of interest in the field of metamaterials in the past 

decade as a way of redirecting waves.  Their unnatural characteristic has made them a 

perfect tool in the search for a means to cloak an object from incident waves.  The term 

itself was only coined a little over decade ago by Rodger M. Walser1.  The prefix “meta” 

originates from the Greek word for “after” or “beyond” and it was then defined as a 

“macroscopic composites having a manmade, three-dimensional, periodic cellular 
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architecture designed to produce an optimized combination, not available in nature, of 

two or more responses to specific excitation.” 

In an introductory article in the first issue of the journal Metamaterials, 

Shamonina and Solymar2, in 2007, described interactions with metamaterials as 

"phenomena associated somehow with wave propagation on resonant elements and with 

negative refraction".  At the time of the conception of that journal, the subject of 

metamaterials had mostly remained within the domain of electromagnetic, but has since 

expanded into multiple regions. To paraphrase a speaker from a Metamaterials 

conference in May of 2011, it seems today that the number of definitions for 

metamaterials varies with the number of researcher of metamaterials.  Generally put, 

however, metamaterials are materials that gain their property not only from their 

composition, but also from their structure. This structural component is what 

distinguishes them from composite materials.  These structures are most often sub-

wavelength in size, but in certain cases, such as optical metamaterials dealing with 

phonic crystals, the structures are in the range of wavelength size.  Since the structures 

are intrinsically tied to the wavelength it is important to note the requisite scale of the 

metamaterials structure. The chart below reveals how small electromagnetic 

metamaterials structures would have to be in the optical range leading to questions of 

production challenges.   

Table 1.1: Common wave speeds and wavelengths 

Seismic Acoustic Acoustic Electromagnetic Electromagnetic 
(Optical) 

5km/s(In Granite) 343m/s(Air) 1,484m/s (Water) 3x108m/s 3x108m/s 
5,000m@1Hz 

(P-wave) 
0.343m@1kHz 1.5cm@100kHz 30� m@10THz 

(IR-C) 
500nm@600THz 

(Green light) 
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As suggested by the chart above, research on metamaterials spans several 

domains of wave propagation.  Initially, the focus of metamaterial was on the 

electromagnetic domain.  The most dominant of these are those with negative refractive 

index i.e. materials that possess both negative permittivity ( � ) and negative permeability 

(� ).  These materials are sometimes referred to as left-handed media alluding in contrast 

to the “right-hand” rule memorization technique.  Other names also include backward 

wave media, or double negative metamaterial.  Though there are certain specific cases 

where a material with a negative permittivity can be found and a few rare cases when 

negative permeability occurs, the combination of the two has yet to be discovered 

naturally3.  Victor Veselago was among the first to publish a detailed theoretical study of 

such a material in 1967 which was translated into English in 19684.  He suggested that 

the possibility of the existence of such a material with both negative �  and �  would fall 

into one of three categories.  First he suggested that since the product of the two would be 

again positive, there would not be anything special about these materials.  Secondly, it 

could be that such a material might violate some fundamental law of nature and therefore 

doesn’t exist.  Finally, the case that Veselago realizes in his paper is the scenario where 

the double negative material can exist, and possesses some quality that is different to that 

of a double positive material.  He extended the existing Snell law to reflect the 

“ rightness” of the material.  

11

22

1

2
2,1

11

22
2,1 sin

sin
              

sin
sin

me
me

y
j

me
me

y
j

p
p

nn ==�==  

He also discusses what values of �  and �  are possible in principle such as the possibility 

of anisotropic values and the limitation what scenarios double negative material can 

occur.  Veselago is often cited, in the last decade, as an early example of study into an 

(1.1) 
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electromagnetic metamaterial5,6,7,3.  However, Sergei Tretyakov noted in 2005, on his 

historical paper on negative refraction and backward wave media8, that such left handed 

materials were suggested, at least in a cursory manner, by many others including but not 

limited to Mandelshtam (1940), Malyuzhinets (1951) and Silin (1959). Veselago, 

himself, references Pafomove (1959) when considering the reverse Doppler and Vavilov-

Cerenkov effects for a “substance with negative group velocity.” 

In 1999 Pendry and others9 were the first to show that split ring microstructures, 

built from non-magnetic conductors, could create the effect of a material with a 

permeability that doesn’t exist in nature.  Additionally, this effective permeability could 

be tuned to a desired value.  This spurred a number of subsequent studies in negative 

index metamaterials.  Many of these electromagnetic metamaterials were reviewed by 

Liu and Zhang10, Shalaev7, and also Ung11 exploring chiral materials, single negative 

materials, photonic crystals as well as the aforementioned double negative materials. 

More recently, metamaterials research has begun evolving in acoustic research as 

well.  Sheng et al.12, for example, have analyzed how a material with a certain average 

static density can have a completely different effective density in the dynamic case.  

Others have demonstrated metamaterial with specific properties such as the work of Lee 

et al.13 in creating a material with an effective negative density.  Furthermore, acoustic 

metamaterial technology has been taken into the realm of application with metamaterials 

designed as acoustic lenses to focus sound waves14,15 or as in the case of this dissertation 

proposal, to redirect them around an object. 
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��������
�����
	��������
�	��
 
 In 2006, Pendry et al.5 showed how Maxwell’s equations basically held for a 

transformation of coordinates as displayed in Figure 1.1 such that a new coordinate 

system 1 2 3, ,q q q is a function of , ,x y z.  Thus: 

0

0
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mm

ee
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¶
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e e
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¶
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where ˆˆ,m e are general tensors and ˆ ˆ,E H are renormalized fields.  In addition, when the 

new coordinate system is orthogonal, the permittivity and permeability terms simplify 

considerably.  

 
Figure 1.1: Arbitrary change of coordinate system (Pendry et al.5). (a) A field line with the 

background of a Cartesian coordinate system. (b) A distorted field line with the background of a 
similarly distorted coordinate system; the field line may be an electric displacement, magnetic 

induction or Poynting vector. 
 

 

(1.2) 
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The article took the three dimensional example of an orthogonal coordinate transfer in the 

case of a sphere and gave the material properties for a transformation that corresponded 

to: 

  

( )2 1
1

2

r R R
r R

R

q q
f f

-
¢= +

¢=

¢=

 

 

This transformation removes a portion of space ( )1r R< from the coordinate system, 

effectively hiding it as shown in Figure 1.2.  

.         
 

 
Figure 1.2: Change of coordinate system to exclude a void. (a) Normal Polar coordinates (b) Polar 

Coordinate with the beginnings of a small void exclusion (c) Polar coordinate with a large void 
exclusion in which R1 is half of R2 

 

(1.3) 

R2 R2 

R1 

R2 

R1 

a) b) 

c) 
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Detailed derivations for the material properties were published a few months later16.  It 

included both the spherical coordinates printed in their June 2006 paper as well as a 

cylindrical coordinate transformation.   With the mapping mentioned above, the original 

domain 20 r R< < was compressed into region 1 2R r R< <  so that the origin was mapped 

to a fixed radius and the outer radius remained fixed such that it would blend with the 

material properties outside of 2R which remained untransformed.  They began the 

transformation by equating the unit vectors of the pre and post transformation space. 

'
'

i i
i
i

x x
r r

d=
¢

                           Û                             

x x
r r
y y
r r
z z
r r

¢
=

¢
¢
=

¢
¢
=

¢

 

 

This was combined with the transformation from above to produce the components of the 

position vector as a function of only the components from the original space. 

( )' ' '
i i

i i i
i i

r b ax x
x a

r b r
d d

-
= +             Û              

( )

( )

( )

b ax
x a x

r b
b ay

y a y
r b

b az
z a z

r b

-
¢= +

-
¢= +

-
¢= +

   

Here the transformation matrix as defined by 

' ' '

' ' '

' ' '

i

j

x x x
x y z

x y y y
x x y z

z z z
x y z

� �¶ ¶ ¶
� �¶ ¶ ¶� �

¢ � �¶ ¶ ¶ ¶
= = � �¶ ¶ ¶ ¶� �

� �¶ ¶ ¶
� �¶ ¶ ¶� �

T  

(1.4) 

(1.5) 
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could then be calculated using the position vectors resulting in the following. 

2

3 3 3

2

3 3 3

2

3 3 3

r ax axy axz
r r r r

ayx r ay ayz
r r r r
azx azy r az
r r r r

¢� �
- - -� �

� �
¢� �

= - - -� �
� �

¢� �- - -� �
� �

T  

Since the coordinate system is symmetric, the matrix can be rotated such that 

( , , ) ( ,0,0)x y z r=  to find the determinant of the transformation tensor. 

2

1det
r R r

r r

¢ ¢- � 	= 
 �
� 


T  

This transformation was then used to apply a tensor density transformation on the 

permittivity and permeability resulting in the following relations.  

2
' ' ' ' ' ' ' '2 1

4
2 1

2i j i j i j i jR R r a
x x

R R r
e m d

¢� 	-
= = -
 �¢- � 


 

Which, written out, comes to: 

2 1

2 1

2

2 1

2

2 1

( ' )
'r r

R r R
R R r

R
R R

R
R R

q q

f f

e m

e m

e m

¢ ¢

¢ ¢

¢ ¢

-
¢ ¢= = +

-

¢ ¢= =
-

¢ ¢= =
-

 

 

It is important to note that at the outer surface where 2r R=  the values become 

1

r
q fm m

m¢ ¢
¢

¢ ¢= =
¢

 and 
1

r
f qe e

e¢ ¢
¢

¢ ¢= =
¢

.  Also, since these transforms outside the outer radius 

are no longer applied, the values of the transforms become  1r q fe e e¢ ¢ ¢¢ ¢ ¢= = =  and 

(1.6) 

(1.8) 

(1.7) 

(1.9) 
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1r q fm m m¢ ¢ ¢¢ ¢ ¢= = =  revealing that the outer layer of the transformed coordinate sphere is 

perfectly matched.  Thus, the central region would exclude all outside fields and, 

conversely, no inner fields would escape. In addition, a ray exactly perpendicular to the 

tangent of the cloak would be a singularity where it “does not know whether to deviate up 

or down, left or right.”  Schurig et al.16 acknowledged also that there may be issues 

attaining very small and very large values of permittivity and permeability, and that 

unless the surrounding medium had a very high refractive index where dispersion may be 

avoided, the cloak could only operate fully at a single frequency. 

A few months after Pendry et al. published their paper, that Schurig and Smith 

from that group was joined by Cummer and Popa17 to publish a paper investigating the 

new electromagnetic cloak theory with simulations using a finite-element 

electromagnetic solver.  The bulk of the simulations were based in a 2D cylindrical 

problem with a shell thickness normalized to the radius of the inner radius.  Here they 

took four main scenarios.  The first was the ideal cloak taken straight from the recently 

realized theory and was used mostly as a baseline for the subsequent scenarios.  The 

second case introduced electric and magnetic losses which showed large amounts of 

forward scattering with a loss tangent of 0.1; however, backscattering actually reduced 

with the addition of the losses.  They attributed this to some of the back scattering being 

lost within the cloaking layer before exiting the cloak.  A smaller loss tangent of 0.01 was 

found to be almost imperceptible.  The third scenario broke the cloak into 8 discrete 

layers as shown in Figure 1.3.   
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Figure 1.3: Descritization of cloak layers (Cummer et al.17). 
 
 
The result of the eight layer approximation showed more scattering than the ideal cloak, 

but still showed strong signs of the incident wave being redirected around the inner 

circle.  The fourth case for the normalized cloaking thickness used a reduced 

approximation for the permittivity and permeability.  Here, the only inhomogeneous 

property was the rm while fm remained at unity and ze was real and greater than one.  This 

provided a more easily attainable example that could be achieved with an ordinary 

dielectric.  While the scattering of the fourth case was worse than the previous three, it 

still showed significant improvement over the lack of a cloak altogether.  Finally, there 

was a discussion of a cloak thickness that was only 25% of the inner radius.  Here, the 

phase front of the ray would have to bend more radically than in the cases of the thicker 

cloak.  Scattering in this case still remained fairly low, but the paper suggested that 

thinner cloaks would require more tightly controlled electromagnetic parameters.  
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Several of the members of the previous two groups were then joined by Mock, 

Justice, and Starr to bring the theory in to reality, as shown in Figure 1.4, using the 

aforementioned reduced approximation scenario18.   

 

 

 

Figure 1.4: Electromagnetic cloak experiment (Schurig et al.18) (a) Experimental setup for the 
electromagnetic cloak for the X-band of microwaves. (b) Actual picture of the split ring cloak used in 

the experiement. 
 
 

a) 

b) 
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The cloak was composed of ten layers of split ring resonators (SRR) and imbedded in a 

waveguide as shown above with a saw-tooth microwave absorbing boundary.   The setup 

was excited in the X-band of microwaves through the 8-12GHz range.  The experimental 

measurements showed reduced scattering and bending of the wave plane within the 

cloaking region which was consistent with numerical simulations.   Optimal cloaking was 

found at 8.5GHz in agreement with the design specifications of the cloak. 

 There are many more additional studies in electromagnetic cloaks but are not as 

pertinent to the evolution of the acoustic cloak. 

�

�����������������
�	�����������
����
 
 One of the first appearances of acoustic cloaking by way of coordinate 

transformation was a paper by Milton et al. in 20066. The often cited paper began with a 

history of invisibility laid out the general equation of motion for elastic media and 

showed that, in general, equations of motion were not invariant to coordinate 

transformations.   For most cases, when the elastodynamic wave equation is transformed, 

additional terms appear where the terms for stress and momentum become coupled with 

velocity and strain respectively.  The exception to this lack of invariance, aside from the 

introduction of a density matrix, was in cases of harmonic mappings.   Milton began with 

the elastodynamic wave equation 2w rÑ Ñ = -C u u and applied transformation which 

changed its form to 2w¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢Ñ Ñ ÑC Ñ u + S u = D u - � u  where ¢S and ¢D are third order 

tensors.  The exception in harmonic mappings as satisfied by 

2

0k
k

i i

x
x

x x

¢¶
¢D = =

¶ ¶
 for allk  (1.10) 
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which occurs for the acoustic wave equation with zero shear modulus and zero shear 

viscosity in the absence of body forces. 

The following year after the paper by Milton et al., Schurig and Cummer19 

extended their coordinate transformation theory for an electromagnetic cloak to acoustic 

cloak in 2D using the coordinate transformation special case and designing the cloak 

around an anisotropic material with a second rank density tensor.  They showed the exact 

duality of the following variables from their respective equations. 

( ) ( )1, , , , , , , , , ,r r z r r zp v v E H Hf f f fr r l m m e- Û -  

 Cummer and Schurig realized a transformation from Cartesian coordinates to polar 

coordinates wherein permittivity in the electromagnetic case can be compared to density 

and bulk modulus in the acoustic case.  This required that the bulk modulus and density 

be a function of their radial location and, as mentioned before, required material to be 

anisotropic as shown in Figure 1.5.  

(1.11) 
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Figure 1.5: Acoustic cloak profile (Cummer and Schurig 19) 
 
 

The paper continued by demonstrating the transformation using a finite difference 

code in Cartesian coordinates with normalized Gaussian wave.  Three scenarios were 

shown to make visual comparisons between the cloaked scenario against an open field 

and a field with an uncloaked object.  Cummer and Schurig noted that even with rough 

meshes, cloaking performances remained high implying insensitivity to imperfections.  

They also hinted that shifting the anisotropy from the density to the bulk modulus could 

be easier to realize. 

An analysis of that paper by Cai and Sanchez-Dehesa20 computationally 

compared results and showed the effectiveness of that cloak for planar and line source 
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waves.  Comparisons were also made between a rigid core as in the original design, a 

cloaked void region and a cloaked region of water.  They used scattering techniques 

which involves Bessel functions as solutions to the wave equation with 15 to 25 layers on 

the cloak.  The analysis described that the effectiveness varied across the computed 

spatial frequency range, which was up to where the product of the wave number and 

outer radius of the cloaked shell equaled ten.  It also showed in general that the rigid 

center produced the best results while a water medium produced the worst as seen on 

their scattering form factors from their paper below which show ka=9.5 as displayed in 

Figure 1.6.   

 

(a) 
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Figure 1.6: Acoustic cloak scattering (Cai and Sanchez-Dehesa20) (a) Scatter form factor and (b) 
scattering cross section as a function of ka for the original Cummer-Schurig cloak with rigid core, a 

rigid core only, a cloaked void core and a cloaked water core  
 

Another finding was the total scattering cross section which is the total energy 

transmitted by a scattered wave.  Again, the Cummer and Schurig cloak is shown to have 

the best result by having the scatter energy over the entire computed frequency band 

lower than the scattering energy from the rigid core alone.  Cai and Sanchez-Dehesa 

noted that the cloaked water core shows resonant peaks.  They looked at the scattering for 

the first peak at ka = 1.5 shown in Figure 1.7, and saw that the outline resembled that of a 

monopole resonance.   

(b) 
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Figure 1.7: Scattering for ka=1.5 with resemblance of monopole resonance (Cai and Sanchez-Dehesa) 
 

This resonance was also found at ka=0 for the void region.  Though mathematically, this 

was found due to a peculiar property in the Bessel function, they reported that the physics 

behind the singularity was still unresolved. 

At about the same time, Chen and Chan21 extended the acoustic cloaking theory to 

a 3D sphere using the linear radial transformation similar to that used by Schurig et al.16 

for the electromagnetic case: 

( )r b a
r a

b

-
¢= + ,    q q¢= ,   andf f¢=  

The Jacobian transformation matrix is then applied to the wave equation. 

( )
( )

( )
( )

21
p x p x

x x
w

r k

� �
¢ ¢ ¢ ¢ ¢ ¢Ñ Ñ = -� �¢ ¢ ¢ ¢� �

 where 
( )

( )
1

1
det

T

x

x

r
r

� �
=� �¢ ¢� �

T T

T
 

and 
( ) ( )
1 1 1

detx xk k
=

¢ ¢ T
 

(1.12) 

(1.13) 
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which leads to the mass density and bulk modulus elements of 

( )

( )

2
2 1

2
0 2 1

2 1

0 0 2

3 2
2 1

2
0 2 1

r R R r
R r R

R R
R

R R r
R r R

fq

r
r

rr
r r

k
k

� 	-
= 
 �

-� 


� 	-
= = 
 �

� 


� 	-
= 
 �

-� 


. 

Cummer et al.22 did their own 3D derivation of a spherical shell, but began with 

the general second order wave equations, converted it to spherical coordinates, the used 

separation of variables to apply to apply the coordinate change to each variable via 

scattering techniques.   Though their approach was different, their end result was the 

same as Chen and Chan.  Cummer et al.19 also noted in their analysis that the parameters 

of a 3D acoustic cloak differentiates itself from its 3D electromagnetic counterpart in that 

it retains is singularity near the inner radius of the cloak. 

An arXiv article by Norris23 followed by its published version24 in April 2008 

analysis of the acoustic cloaks that had been derived even further by generalizing each of 

the material properties as a function of the special degree.  He also related the anisotropic 

speed of sound through the cloak as a function of the coordinate transformation function 

and readdressed the material properties as function of the speed of sound the spatial 

dimensionality of the problem.  Norris continues with demonstration that infinite mass is 

unavoidable in a perfect cloak by showing that the radial mass is described by 

2

1

2 2
2 2 1 12 2

2 1

2
ln ( ) ln ( ) 2  ln ( )

R

r
R

m R f R R f R dr r f r
R R

� �
= - -� �

- � �� �
� for 2D  

and 
2

1

4 4 3
1 2

3 3
2 1 1 2

3
4  

( )

R

r
R

R R r
m dr

R R R R f r

� �
= - +� �

- � �� �
� for 3D.  (1.16) 

(1.14) 

(1.15) 
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In his published paper, he continues by describing an alternate solution where the density 

is isotropic while the stiffness in the form of bulk modulus becomes anisotropic.  This is 

addresses the infinite mass problem by switching the singularity in the change of 

coordinates from the density as in all the previous inertial cloaks (IC) to the stiffness by 

way of pentamode (PM) material as initially described by Milton and Cherkaev25 in 1995 

and mentioned again by Milton in the context of cloaking in his paper in 20066.   Norris 

continued down the PM cloak path26 and inspired others like Scandrett et al.27 to join in 

his direction as well. 

Though the numerical simulations of 2D and 3D cloaks had become thoroughly 

analyzed, the reality of such an anisotropic material still needed to be addressed.  In the 

first half of 2008, Cheng et al.28 and independently Torrent and Sánchez-Dehesa29 

suggested a way to attain the anisotropic material through the use of alternating isotropic 

layers as demonstrated by Schoenberg and Sen30 (Figure 1.8).  
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Figure 1.8: Layered isotropic parameters (Cheng et al.28). (a) Idealized structure with layers for a 2D 
cloak. (b) Ideal and actual parameters necessary for the layers of a cloak for a 20 layer 

approximation 
 

Also, Farhat et al.31 demonstrated a surface wave cloak, later that year solving for the 

Hemholtz equation: 

2 2 0kÑ F + F =  

where F  is the potential, k is the spectral parameter satisfied by  

2 2 2(1 ) tanh( )cg d hw k k k= +  , 

in which g is gravity and cd is the capillarity length.  Though it wasn’t a pressure wave 

cloak, it was an interesting and successful demonstration on a non-EM wave. 

The same month the surface wave paper by Farhat et al. was published, Pendry 

and Jensen32 suggested a metamaterial with a structure permeated by a fluid to satisfy the 

anisotropic parameters as displayed in Figure (1.9). 

(1.18) 

(1.19) 

(b) (a) 
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Figure 1.9: Possible metamaterial design (Pendry and Jensen32) 

 

Plates in the structure would affect the pressure gradient in the direction normal to the 

surface of the plate giving the effect of an anisotropic density.  The bulk modulus of the 

metamaterial would be controlled with gas sacks upon the plate resulting in a weighted 

average bulk modulus of the fluid and the gas. 

 Many acoustic cloak researchers have turned to other aspects of the cloaks such as 

alternate methods of calculating material properties as in a generalized numerical method 

for designing cloaks of arbitrary shapes by Hu et al.33, a cloak designed by conformal 

transformation by Ren et al.34 or a cloak design based on optimization methods by 

Garcia-Chocano et al.35 But from here, there’s very little progress in producing a material 

with the parameters necessary to create a cloak which is the subject of this dissertation 

proposal. 
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Though the creation of a completely functional cylindrical cloak would be the 

ultimate accomplishment for a dissertation on an acoustic metamaterial, such an endeavor 

would prove infeasible.  This dissertation shall focus on the creation of a modeling tool 

for metamaterials, a derivation of parameters for the control of directivity and dispersion 

of acoustic waves, an in depth investigation of a current theoretical model for a one 

dimensional metamaterial, a physical realization of that metamaterial model showing 

independently controlled density and bulk modulus, and the addition of loss components 

to aforementioned theoretical model.  Subsequent investigation would be able to build on 

this dissertation as a result in the hopes that a fully realizable cloak may be built in the 

future. 

���������
���

This chapter has described the purpose of this proposal and the investigated 

various relevant literature.  Though an absolutely exhaustive research may be unending 

through the constant maturation of new ideas and new technologies, this provides a solid 

bases and platform of understanding to proceed.  As new literatures become available, 

pertinent one will always be analyzed carefully to add to this research. 
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Chapter 2 : Derivation for change of coordinate sys tem 
 

����������
���� � ���	
����������!
�"��������� ��
� ������������
��

���������� ����
 

The foundation for all the material parameters is the change of coordinate system 

that creates the virtual void in space and shifts the space around it.  Much of this follows 

the outline made by Ward and Pendry36 and Cummer et al.37  For this coordinate change 

we first declare the new coordinate system in terms of the old: 

1 2 3
1( , , )q x x x           1 2 3

2( , , )q x x x           1 2 3
3( , , )q x x x  

With unit vectors ̂ 1u , ˆ 2u and ˆ 3u pointing in the corresponding axes respectively. 

The length of a line segment in any orientation is described by 

2 i j
ij i jds dx dx Q dq dq= =  

where  

( ) ( ) ( )2 2 21 2 3

ij
i j i j i j

x x x
Q

q q q q q q

¶ ¶ ¶

¶ ¶ ¶ ¶ ¶ ¶
= + + . 

For a line lying along the direction of one of the new axes, the length can be given by 

ii ids Q dq=  

For simplicity let:  

2 2 21 2 3
2

i ii
i i i

x x x
Q Q

q q q
¶ ¶ ¶
¶ ¶ ¶

� 	 � 	 � 	
= + + =
 � 
 � 
 �

� 
 � 
 � 

 

 

 

(2.1) 

(2.2) 

(2.3) 

(2.4) 
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Let us now consider a parallelepiped described by the line segments of the new 

coordinate system as shown in Figure 2.1.   

 
Figure 2.1: Parallelepiped 

 

where 1 1ˆQ dq 1u , 2 2 2ˆQ dq u , and 3 3 3ˆQ dqu are all infinitesimal displacement vectors in 

direction of the unit vectors. 

Applying the divergence theorem to the velocity vector field of this volume can 

be written as 

( ) ( )����� ×=×Ñ dSdV
V

nvv  

where the dV can be found by applying the triple scalar product of the displacement 

vectors 

( )1 1 2 2 3 3 ˆ ˆ ˆdV Q dq Q dq Q dq= 1 2 3u × u ×u  

 

 

 

(2.5) 

(2.6) 
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Each surface and corresponding normal can be found with the following relations 

1 2 2 3 3

ˆ ˆ
ˆ ˆ ,               

ˆ ˆ
dS Q dq Q dq= 2 3

2 3 1
2 3

u ×u
u ×u n =

u ×u
 

2 1 1 3 3

ˆ ˆ
ˆ ˆ ,              

ˆ ˆ
dS Q dq Q dq= 3 1

3 1 2
3 1

u ×u
u ×u  n =

u ×u
 

3 1 1 2 2

ˆ ˆ
ˆ ˆ ,               

ˆ ˆ
dS Q dq Q dq= 1 2

1 2 3
1 2

u ×u
u ×u n =

u ×u
 

 

Substituting into the divergence theorem and dividing through by 1 2 3dq dq dqresults in 

( ) ( )

( )( ) ( )( ) ( )( )

1 2 3

2 3 1 3 1 2
1 2 3

ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ            

Q Q Q

Q Q Q Q Q Q
q q q

¶ ¶ ¶
¶ ¶ ¶

Ñ× =

× + × + ×

1 2 3

2 3 3 1 1 2

v u × u ×u

v u ×u v u ×u v u ×u
. 

Now let 

( )ˆ ˆ ˆfracV = 1 2 3u × u ×u . 

which is the fraction in which the unit volume is compressed for nonorthagonal 

coordinate transformations.  Note that  

( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ= =1 2 3 2 3 1 3 1 2u × u ×u u × u ×u u × u ×u  

and 

( ) ( )1ˆ ˆ ˆ ˆ ˆv× = ×2 3 1 2 3v u ×u u u ×u . 

Making the above substitutions from (2.10) and (2.11) into the (2.8), we get 

( )

( ) ( ) ( )
1 2 3

1 2 3
2 3 1 3 1 2

1 2 3

                       

frac

frac frac frac

Q Q Q V

Q Q V v Q Q V v Q Q V v
q q q

¶ ¶ ¶
¶ ¶ ¶

Ñ× =

+ +

v

. 

 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.12) 

(2.11) 
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Noting that the divergence of the velocity vector in the new coordinates is defined by 

( )
1 2 3

1 2 3
q

v v v
q q q

¶ ¶ ¶
¶ ¶ ¶

Ñ × = + +v  

we can write the rewrite (2.12) making the substitution to the right hand side  

( ) ( )1 2 3 frac q frac qQ Q Q V VÑ × = Ñ × = Ñ ×v Qv v�  

where 

22 33

11 33

11 22

0 0

0 0

0 0

Q Q

Q Q

Q Q

� �
� �= � �
� �� �

Q . 

By inspection it can be seen that  

( )ˆ fracV=v Qv . 

From here we can begin to make substitution to determine the necessary material 

parameters in the new coordinate system.  Let us begin with Euler’s mass conservation 

equation 

( )0

p
t

k
¶

= Ñ×
¶

v . 

First we multiply both sides by 1 2 3 fracQ Q Q V  resulting in 

( )1 2 3 0 1 2 3 0 ˆfrac frac q

p
Q Q Q V Q Q Q V

t
k k

¶
= Ñ× = Ñ ×

¶
v v . 

We can already see that the right side of the equation can be written in terms of 

previously defined in the new coordinate system 

1 2 3 0 ˆfrac q

p
Q Q Q V

t
k

¶
= Ñ ×

¶
v . 

 

 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 
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Finally setting 

ˆq q

p
t

k
¶

= Ñ ×
¶

v , 

we can define the new bulk modulus in terms of the old with 

( ) 1

1 2 3 0q fracQ Q Q Vk k
-

= . 

 

To get the density in the new coordinate system we start with Euler’s momentum 

conservation equation 

0p
t

r
¶

Ñ =
¶
v

. 

Let us recall the fundamental theorem of calculus 

1 p ds pÑ = D�  

where pD  is some change in p not the Laplace operator.  For our change of coordinates 

we can set 1 1 1 1ˆds Q dq u=  so that (2.23) can be written as  

1 1
1

ˆ p
p Q

q
¶

Ñ × =
¶

u . 

If we do the same for the other directions in the new coordinate system we can write the 

combination as 

( ) qp p× × Ñ = ÑM H  

where  

1

2

3

0 0

0 0

0 0

Q

Q

Q

� �
� �= � �
� �� �

M ,       and      

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ

� �
� �= � �
� �� �

1 1 1 2 1 3

2 1 2 2 2 3

3 1 3 2 3 3

u ×u u ×u u ×u

H u ×u u ×u u ×u

u ×u u ×u u ×u

. 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
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Now if we multiply the original equation (2.22) by ×M H and use (2.16) to substitute the 

velocity vector we would get 

1 1
0

ˆ
q fracp p V

t
r- - ¶

× ×Ñ = Ñ = × × ×
¶
v

M H M H Q  

It can be seen here that new density becomes: 

1 1
0q fracVr r- -= × ×M H Q  

At this point, a distinction needs to be made for the shape of the cloak and a 

simple metamaterial. 

 

(2.27) 

(2.28) 
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The coordinate change necessary for an acoustic cloak places a “hole” in the new 

coordinate space as shown in Figure 2.2.   

.         
 

 
 

Figure 2.2: Change of polar coordinates (a) Normal polar coordinates (b) Polar Coordinate with the 
beginnings of a small void exclusion (c) Polar coordinate with a large void exclusion in which R1 is 

half of R2 
 

This can be done in both cylindrical and spherical coordinates.  Polar coordinates can 

also be easily derived from cylindrical coordinates by ignoring the third dimension.  

For cylindrical coordinates we define the new coordinate system as: 

2 1
1

2

R R
r R r

R

� 	-
¢= + 
 �

� 

 ,        q q¢=  ,and      z z¢=  (2.29) 

R2 R2 

R1 

R2 

R1 

a) b) 

c) 
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where the length scaling factors are defined from equation (2.4) as 

2

2 1
r

R
Q

R R

� 	
= 
 �-� 


,      
( )1 2

2 1( )

r R R
Q

r R Rq

¢-� 	
= 
 �¢ -� 


,and       1Qf =  

Plugging into the previously defined matrices we get: 

( )

( )

1 2

2 1

2

2 1

12 2

2 1 2 1

0 0
( )

0 0

0 0
( )

r R R
r R R

R
R R

r RR R
R R r R R

� �¢-� 	
� �
 �¢ -� 
� �
� �� 	� �= 
 �� �-� 

� �

¢-� 	� 	� �

 �
 �� �¢- -� 
 � 
� �

Q  

( )

2

2 1

1 2

2 1

0 0

0 0
( )

0 0 1

R
R R

r R R
r R R

� �� 	
� �
 �-� 
� �
� �¢-� 	� �= 
 �¢� �-� 

� �
� �
� �
� �

M       

1 0 0

0 1 0

0 0 1

� �
� �= � �
� �� �

H          1fracV =  

where H  and fracV  are identity and unity respectively because of orthogonality. 

Using equations (2.31) with (2.21) and (2.28) we solve for the bulk modulus and density 

as follows 

2

2 1
0

2 1
q

R R r
R r R

k k
� 	 � 	¢-

= ×
 � 
 �¢-� 
 � 

 and 

( )
( )

( )

1

1

2

2 1

1 2

0 0

0 0

( )
0 0

q

r
r R

r R

r

R Rr
r R R

r

� �¢
� �¢-� �
� �¢-
� �=

¢� �
� �� 	¢ -� �
 �� �¢- � 
� �

. 

(2.30) 

(2.32) 

(2.31) 
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Spherical coordinates are solved similarly with the third dimension replace by 

f f¢=  

 resulting in a different length scaling factor 

( )1 2

2 1( )

r R R
Q

r R Rf

¢-� 	
= 
 �¢ -� 


. 

These result in the bulk modulus and density of  

3 2

2 1
0

2 1
q

R R r
R r R

k k
� 	 � 	¢-

= ×
 � 
 �¢-� 
 � 

 and 

( )

2

2 1

2 1

2 1
0

2

2 1

2

( )
0 0

0 0

0 0

q

R R r
R r R

R R
R

R R
R

r r

� �� 	� 	 ¢-� �
 �
 � 
 �¢-� �� 
 � 

� �

� 	-� �= 
 �� �
� 
� �

� �� 	-
� �
 �
� �� 
� �

 

(2.33) 

(2.34) 

(2.35) 
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 By coordinate change, as suggested in Figure 2.3, the material properties can also 

be produced to redirect and stretch a wave within the material domain.   

    
 
 

Figure 2.3: Change of Cartesian Coordinates (a) Normal Cartesian Coordinates (b) Cartesian 
Coordinates with change in directivity and dispersion 

 

For this let us define a new coordinate system that rotates about the y direction as the 

following: 

y y ax¢= +   x x¢= ,and   z z¢= . 

The corresponding length scaling factors are 

21xQ a= + ,              1yQ = ,and            1zQ = . 

The resulting Q  and M  matrices are 

2

2

1 0 0

0 1 0

0 0 1

a

a

� �
� �

= +� �
� �

+� �� �

Q    and 

21 0 0

0 1 0

0 0 1

a� �+
� �

= � �
� �
� �� �

M . 

Using sine and cosine identities we rotate the x̂  unit vector of this non-orthogonal 

coordinate system 

(2.36) 

(2.38) 

(2.37) 

(a) (b) 
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2 2 2 2 2

2 2 2 2 2

0
10 0 1

ˆ 0 1 0 0 0
10 0 1 0

00 0 1

x y b
x y x y ab

y x a

x y x y a

� � � �
� � � �+ + +� � � �� � � �� � � �- -� � � �¢= =� � � �� � � �+ + +� � � �� � � �� � � �� � � �
� � � �

� �� �� �

x  

Resulting in the following new unit vectors 

2 2
ˆ ˆ ˆ

1 1

b a

a a

-¢= +
+ +

x x y ,             ̂ ˆ¢=y y ,and      ̂ ˆ¢=z z . 

The resulting H and volume fraction are 

2 2

2 2

2

0
1 1

1 0
1

0 0 1

a b a
a a
a

a

� �+ -
� �+ +� �
� �-

= � �
+� �

� �
� �
� �

H     and    
21

frac

b
V

a
=

+ .
 

Plugging into (2.31) we get 

 

0

1
q b

k k=    and    

2 2

0

1
0

1
0 0

q

a b a
b b
a

b b

b

r

� �+ -
� �
� �

-� �= � �
� �
� �
� �� �

. 

However, practically, this matrix must be rotated to create a diagonal matrix to take 

advantage of diagonal anisotropic material design of Schoenberg and Sen30 mentioned in 

the literature review.  

 

(2.39) 

(2.40) 

(2.41) 

(2.42) 
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For this, we select q  such that 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

0 0

0 0

0 0

cos sin 0 0 cos sin 0

            sin cos 0 0 sin cos 0

0 0 1 0 0 0 0 1

xxn

yyn

zz

xxo xyo

yxo yyo

zz

r
r

r

q q r r q q
q q r r q q

r

� �
� �
� �
� �� �

-� � � �� �
� � � �� �= × × -� � � �� �
� � � �� �� �� � � �

 

And then set  

0xynr =  

This can be simplified and written as: 

( ) ( )( ) ( ) ( ) ( )2 2
cos sin sin cos 0xyo xxo yyor q q r r q q- + - =  

Using the double angle identity we get: 

( )
( )

( )cos 2 sin 2 0
2

xxo yyo

xyo

r r
r q q

-
+ = , 

finally resulting in: 

( ) ( )

( )2 2

2
tan 2

21 1 2
arctan arctan

2 2 1

xyo

xxo yyo

xyo

xxo yyo

a

a b

r
q

r r

r
q

r r

-
=

-

�

� 	� 	-

 �= =
 �
 � 
 �- + -� 
 � 


. 

This theta can then be used to find the desired properties of the new diagonal matrix. 

( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( )

cos cos sin

                                 sin cos sin

sin cos sin

                                  cos cos sin

xxn xxo xyo

xyo yyo

yyn xyo xxo

yyo xyo

r q r q r q

q r q r q

r q r q r q

q r q r q

= -

- -

= +

+ +

    

(2.44) 

(2.43) 

(2.45) 

(2.46) 

(2.47) 

(2.48) 
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This chapter has described the coordinate system transformation that assists with 

defining the material parameters for a given need.  This has been represented generally, 

as well as the two specific examples of a cylindrical cloak and a dispersion and 

directionality domain.  It can clear be seen that this same transformation can also be made 

for a number of other geometries at will as well.  It has also been shown that a filled 

density matrix can easily be turned into a diagonal matrix as well for practical 

production. 
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Chapter 3 : Computer Modeling 
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As shown in Chapter 2, the characteristics of the cloak are dependent in the radial 

direction; however, a Cartesian coordinate system is more easily programmable for a grid 

finite difference method and is more intuitive.  Therefore the following will show the 

Cartesian implementation of the wave equation with the parameters of the cloak 

transformed into the Cartesian system in order facilitate numerical modeling of the 

metamaterials. The anisotropic wave equation can be described with a density tensor and 

a scalar bulk modulus as demonstrated below.   

We can start with the transport equations for particle velocity vector kv  and 

particle pressure P as demonstrated by Torrent and Sanchez-Dehesa29 where k  is the 

indices for the x and y direction of the grid.  Indicial notation is used for ease of 

manipulation then written out for clarity. 

 

 

 

1 1
0                  yi x

i i

vv vP P
x t x y tk k

¶¶ ¶¶ ¶
+ = � + +

¶ ¶ ¶ ¶ ¶�  

From equations (3.1) we can multiply through by the inverse of the density tensor 

and make the following transformations.  Recall in this case the density of the cloak will 

be spatially dependent and thus the derivative must also be taken into consideration. 

0
0              

0

yx
xx xy

k
ik

yki x
yx yy

vvP
vP x t t

vx t vP
y t t

r r
r

r r

¶¶¶
+ + =

¶¶ ¶ ¶ ¶
+ = �

¶¶ ¶ ¶¶
+ + =

¶ ¶ ¶

� (3.1) 
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1

1 2
1

1 2 2
1

2

0         

      0       

 

      0

k
ki

k ik i

ki
ki k

k i k i kk i k i k

ki
ki

k i k ik i k i

vP
x x t

P P
v

x x x x t x

P P P
x x x x t

r

r
r

r
r

-

-
-

-
-

� �¶¶ ¶
+ =� �

¶ ¶ ¶� �

¶ ¶ ¶ ¶ ¶
� + + =

¶ ¶ ¶ ¶ ¶ ¶

¶ ¶ ¶ ¶
� + - =

¶ ¶ ¶ ¶ ¶

� �

� � � � �

� � � �

 

 

This can be written out as the following: 

2
1 1 1 1

2

1 1 112 2 2 2 2
1 1 1 1

2 2 2

2
1

2

1
  0

1
  

  2

xx xy yx yy

xy yx yyxx
xx xy yx yy

xx

P P P P P
x x y y x t

P P P P P P P P P
x x x x y x y y x y x y y y t

P
x

r r r r
q k

r r rr
r r r r

k

r

- - - -

- - --
- - - -

-

� �¶ ¶ ¶ ¶ ¶ ¶ ¶� �� + + + - =� � � �¶ ¶ ¶ ¶ ¶ ¶ ¶� �� �

¶ ¶ ¶¶¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶
� + + + + + + + =

¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶

¶
� +

¶

1 1 112 2
1 1

2 2

1yx xy yyxx
xy yy

P P P P P
x y y x y x x y y t

r r rr
r r

k

- - --
- -

� 	 � 	¶ ¶ ¶¶¶ ¶ ¶ ¶ ¶
+ + + + + =
 � 
 �
 � 
 �¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶� 
 � 


 

where 1
xxr - , 1

xyr - , 1
yxr - , and 1

yyr -  are elements of matrix 
1 1

1
1 1

xx xy
ki

yx yy

r r
r

r r

- -
-

- -

� �
= � �

� �� �
 

This leads to the necessary transformation of the characteristic properties from polar to 

Cartesian coordinates.    Auld38 shows that a simple rotation of the density tensor can be 

utilized to accomplish this as displayed in Figure 3.1.   

(3.3) 

(3.4) 
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Figure 3.1: Conceptualization for a rotation of the density matrix to give equivalent values of polar 
properties in Cartesian coordinates. 

 

For a counter clockwise rotation of the coordinate system (or clockwise rotation of the 

material), the transformation matrix in two dimensions can be described as: 

( ) ( )
( ) ( )

cos sin

sin cos

q q
q q

-� �
= � �

� �
R   

The polar density matrix: 
0

0
r

q

r
r

� �
= � �

� �
�   

and the rotated Cartesian density tensor: ' xx xy

yx yy

r r
r r

� �
= � �

� �
�  

Therefore the coordinate rotation ' T=� R� R  is described as:  

(3.4) 

(3.5) 

(3.6) 
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( ) ( )
( ) ( )

( ) ( )
( ) ( )

cos sin 0 cos sin

sin cos 0 sin cos
xx xy r

yx yy q

r r q q r q q
r r q q r q q

-� � � �� � � �
= × ×� � � �� � � � -� �� � � � � �

 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

2 2

2 2

cos sin sin cos

sin cos sin cos

r r

r r

q q

q q

r q r q r r q q

r r q q r q r q

� �+ -
� �=
� �- +� �

 

 

Substituting the definitions for rr and qr we get: 

( ) ( )

2 21
0 0

1

21
0 0

1

2 2
1

0 0 0
1

( , ) cos( ) sin( ))

( , ) sin( ) cos( )

( , ) sin cos

xx

yy

xy

r Rr
x y

r R r

r Rr
x y

r R r

r R r rr
x y

r R r

r r q r q

r r q r q

r r r q q r

-
= +

-

-
= +

-

� 	- -
= - =
 �-� 


( ) ( )
2

1 1
2

1

sin cos
rR R

r rR
q q

� 	- -

 �
 �-� 


 

Where the coordinate transformation definesr andq  as: 

2 2r x y= +             
arcsin if 0

arcsin if 0

y
x

r
y

x
r

q
p

� ³��
= �

� - + <
��

 

The inverse can then be taken as: 

1 1

1 1

det( ') det( ')

det( ') det( ')

yy xy

xx xy

yx yy yx xx

r r
r r
r r r r

- -

- -

-� �
� �� � � �=� � � �-� �� � � �
� �

� �

� �

 

 

 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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As a sanity check one can look at possibility of reflection from the cloak.  

Acoustic reflection is a result of a mismatch of acoustic impedance and the acoustic 

impedance of a medium is defined as the product of the density and the speed of sound 

through the medium.   

      where the speed of sound is:       Z c c
k

r
r

= =�  

Here we can define the density and bulk modulus of the medium as 0k  

and 0r respectively.  Since any waves entering the cloak will be introduced in the radial 

direction, the pertinent properties of the cloak are defined as the following as previously 

described. 

2

2 1
0 0

1 2 1

                         r

R Rr r
r R R r R

r r k k
� 	-

= = 
 �- -� 

 

 

The speed of sound for medium (m) and the outer boundary of the shell (obs) is 

calculated below 

2

2 1
0

2 10 02 1

0 2 0
0

1

,                 
detm obs

R R r
R r R R R

c c
r R

r R

q

k
k r k

k
r rr

� 	-

 � - -� 
= = = =

-
�

 

 

Therefore, the impedances of the medium and outer boundary of the shell are 

(3.11) 

(3.12) 

(3.13) 
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0
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02 2 1
0 0 0
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Z c

R R R
Z Z

R R R

k
r r r k

r

k
r r k
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= = =
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= = =

-
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which are equal, thus avoiding reflections for the continuous form of the wave equation.   
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 The Finite Difference Method (FDM) is a numerical method in which solutions to 

differential equations are approximated by discretizing a function space and using 

weighted sums of neighboring points to solve for the approximation.  The finite 

difference method can be found in both the time domain (FDTD) and the frequency 

domain (FDFD).   

One of the first papers to apply the finite difference method to the wave equation 

is Yee39 in 1966. His paper based on Maxwell’s equations spurred a number of others in 

the same field of electromagnetic (EM) waves.  Taflove and Brodwin40 in 1975 defined 

numerical stability for Yee’s algorithm.  Taflove first coined the term “Finite Difference 

Time Domain” in their paper in 198041. In 2000 Sullivan published a book on EM 

simulation using FDTD42.  

�

(3.13) 
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 Courant-Friedrichs-Lewy (CFL) condition is a popular stability condition used in 

finite difference implementation of partial differential equations.  Richard Courant, Kurt 

Friedrichs, and Hans Lewy first introduced this condition in their paper43 in 1928.  The 

condition presented is a necessary condition which basically point out that the 

information propagation in finite difference cannot be faster than the physical speed of 

the information in reality.   

The CFL condition is defined as 
c t

N
h
D

£  where c is the speed (of sound for the 

acoustic case), tD is the time step, h is spatial interval, andN is a number dependent on 

the dimensionality of the equation.  In this 2D wave equation where h x y= D = D , the 

CFL condition is  

1
max

3

c t
h
D� 	 £
 �

� 

since cvaries spatially. 

Von Neumann stability uses the Fourier transform of numerical error to determine 

if the error from each iteration will compound to cause the finite difference method to 

become unstable.  Like the CFL method, the stability analysis is necessary but it can 

additionally be a sufficient condition as well for certain circumstances.  The Von 

Neumann method is often used even when its application is not “fully justified”, in the 

words of Smith44, because it’s simplicity and useful results. 

The condition for Von Neumann stability requires that the absolute value of the 

growth factorG for the finite difference equation to be less than or equal to one( )1G £ . 

From the second order wave equation we get 
2 4

2
b b

G
± -

=     

(3.14) 

(3.14) 
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where  
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2 2
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4 24
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 �
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and where stability occurs if 0 2b£ £ .  See Appendix II for derivation and details. 
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Because computer memory and ability is finite, it is necessary to create a 

boundary condition on the finite discrete domain to emulate infinite medium.  This is 

often referred to as an absorbing boundary condition (ABC) as a reflection to it ability to 

absorb energy in boundary bound wave and prevent reflection back into the pertinent 

region of the medium.   The difficulty in this is that any change in medium properties 

causes reflection in itself.  Earliest attempts at ABCs required large regions for the ABC 

layers so that their absorbing properties could be ramped up slowly.  Engquist and 

Majda45 and Clayton and Engquist46,47 are noted papers of ABCs in acoustic and elastic 

waves using paraxial approximations to separate the outward moving wave field from the 

inward moving one and thus reduce reflections.  A paper by Mur48 described the first 

numerically stable absorbing boundary condition for finite difference simulation of EM 

waves as shown in Figure 3.2.   

 

(3.15) 
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Figure 3.2:  Boundary Conditions for (a) Infinite Medium (b) Finite Medium with no defined 
boundary conditions (c) Finite medium with absorbing boundary conditions 

 

The above methods all looked at conditions necessary to create a transparent 

boundary, however, Jean-Pierre Berenger49,50 took a different approach to create a 

perfectly matched layers (PML) for electromagnetic waves which match impedance with 

the medium to avoid reflectance, but dissipate energy in the imaginary domain.  Taking 

that the solution to the wave equation can be written in the form of  

0( ) ikxp x p e-= . 

Redefining solution to 

( )

0( )
k

xikxp x p e ew
- G-=  

would result in a decaying wave.  This, in turn, can be written as 

( )
( )

0( )
x

ik x
ip x p e w

G
- +

= . 

Comparing this to the original solution, Figure 3.3 shows  that implementing this into the 

wave equations becomes simply a matter of a change in coordinate systems where the 

new 

(a) 

(3.16) 

(3.17) 

(3.18) 

(b) (c) 
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( )x
x x

iw
G

= +�  or 
( ) ( )1

1 1
d x xdx

dx i dx i

s
w w

G
= + = +

�
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Figure 3.3: Effect of PML boundary condition on wave (a) propagation cross section through a 
normal system (b) propagation cross section showing absorption through a perfectly matched layer 

 
 

Other papers following Berenger’s expanded the application of the PML to 

acoustic and elastic waves Chew and Liu51 and Hu52, Liu and Tao53, Li 54, Zheng and 

Huang55, and Komatitsch, D. and Tromp56, of which Chew and Liu and Hu are among the 

earliest.  Variations on PML were also developed such as the convolution PML (CPML) 

Roden and Gedney 57 and the nearly perfectly matched layer NPML Cummer58.  Papers 

(3.19) 

(a) 

(b) 
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by Berenger59, Hu and Cummer60, Chen and Bording61, and Chen, Zheng, and Bording62 

are a few examples that give comparisons between the variations of the layers.  

The approach taken here is based on a paper by Xing Li54 who treated the 

derivation of the PML as a stretch of the coordinate system. This was done by a change 

of coordinates such that x x ig= -�  andy y ig= -�  whereg must be differentiable.  

Defining ( )
0

1 ix

s dsg s
w

= � the change of coordinates becomes: 

( )
0

ix

i i

i
x x s dss

w
= - ��   

where ix x=  and y for two dimensions and s is some weight profile for the damping 

across the PML layer which gradually increases to reduce numeric reflection.   

After differentiating, the coordinate transformation can be written as: 

( )i i i

i
x i x x

w
w s

¶ ¶
=

¶ + ¶�
 or 

1

i i ix xx
¶ ¶

=
¶ ¶�

 where 
( )

1 i
i

x

i

s
x

w
= +  

The analytical coordinate transformation is made in both direction but the 

application of the weight profile only occurs on the edges of the map as needed.  In a 

Cartesian coordinate system, the PML layer is divided into eight regions of three distinct 

types as displayed in Figure 3.4.  The areas on the limits in the x  direction with no 

overlap with the y  limits, which we’ll call region 1, only have the xcoordinates 

transformed.  The opposite applied for the limits of the y direction, region 2.  The corners 

of the map, region 3, have both coordinates transformed.  Areas where the coordinate 

transformation is not applied have the respective s  weight set to zero returning the 

coordinate stretching in that dimension back to normal. 

(3.20) 

(3.21) 
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Figure 3.4: PML boundary conditions on field where domains (a), (b), and (c) represent changes in 

coordinate systems in the x direction, y direction, and both the x and y directions respectively 
 

For the coordinate transformation we’ll start with the wave equation with variable 

density written in the frequency domain.  Since the PML layer exists only in the scalar 

fluid medium, off axis terms will be eliminated and 1
xxr - = 1

yyr - . 

(a) (a) 

(b) 

(b) (c) 

(c) (c) 
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Now we introduce the change of coordinates which results in the following: 
 

2
1 1( ) 1 1 1 1

xx yy
x x y y

i
P P P

x x y y
w

r r
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Using the product rule of differentiation, we get: 

112
1 1 1 1

2 2 2 2
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        yx
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x x y y

i
P P P P P
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Now let 1 2 3 4P P P P P= + + +  such that 
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1 2 3 4
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From here on, the derivation will be done in the x direction, but the same is done in the y 

direction as well.  Let 1P  and 2P  correspond to the first to x terms so that: 

( )
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1 2 2
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This can be rewritten as: 

(3.22) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 
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and 

( ) ( ) ( )
3 3

1
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x i P
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Taking the inverse Laplace transform results in: 

( )
2

1
1 2xx

P
x P

t x
s kr -¶ ¶� 	+ =
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( ) ( )
3

1
2 xx

P
x P x

t x
s kr s-

¶ ¶� 	 ¢+ = -
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Since the second equation above will result in a third order time term, we’ll make a 

substitution of variables ( )1 2x P
t

z s
¶� 	= +
 �¶� 


 resulting in the following. 

( ) ( )
2

1
2 xx

P
x x

t x
s z kr s-

¶ ¶� 	 ¢+ = -
 �¶ ¶� 

 

Now let us define the dampening profile  

( )
2

1
log

x
x

R
k

s
rt t

� 	 � 	= 
 � 
 �
� 
 � 


 

where R is the reflectance and t is the thickness of the PML layer.  The only remaining 

step is to do the same for the variables in the y direction and discretize the equation for 

use with the FDTD method.  The discretization can be found in Appendix III. 

(3.28) 

(3.29) 

(3.30) 
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3.3: Numeric Results 

 
 The initial numerical model made was created using the commercial finite 

element package, COMSOL Multiphysics Finite Element Analysis Software as used by 

Cummer et al.17 in simulations exploring electromagnetic cloaks.  This formed the initial 

basis of comparison for results when creating the FDTD model from scratch.  Using  a 

normalized density and bulk modulus and setting the R1 and R2 values to 1.5 and 3 

respectively, values were taken along the x direction at y=0 such that the properties in the 

x and y direction are equal to those in the radial and tangential respectively and off-

diagonal values are zero.  The density values for this cross section are as shown in Figure 

3.5. 
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Figure 3.5: Density cross section 

 

and the resulting bulk modulus profile is as shown in Figure 3.6. 
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Figure 3.6: Bulk modulus cross section 

. 

This results in the anisotropic speeds of sound shown in Figure 3.7. 
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Figure 3.7: Anisotropic speed of sound: radial (left) and tangential (right) 

 
With material properties of the custom made FDTD model agreeing with the commercial 

FEM model we continue to compare pressure output.  However, the asymptotically 

increasing material values are chopped off in the FDTD model to satisfy the 

aforementioned stability requirements while still retaining two orders of magnitude of 

change. 
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The first scenario is a repetition of the popular plane wave source used in a 

number of the previously cited papers.  The amplitude used in the model is 1 and 

frequency is 0.5Hz. 

 
 

 
 
 

Figure 3.8: Line source from left on a cylinder with Dirichelet boundary conditions for (a) COMSOL 
FEM and (b) the Custom FDTD model 

(a) 

(b) 
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Above lies one of the advantages of the FDTD method.  The COMSOL results are 

shown in Figure 3.8. On the left is shown what almost looks like a random scattering of 

pressures throughout the field.  Though the only still image can be presented in this 

paper, the FDTD image on the right is only the last frame of the progression of the wave 

through the field domain.  This progression can be viewed in it’s entirety to study how 

the wave moves through this field. 

The next set of images however, shown in Figure 3.9 emphasize the disadvantage 

of FDTD.  COMSOL uses variable meshes to calculate the field.  This allows a very fine 

mesh at the boundaries as well as allowing nodes to occur on the boundary itself.  The 

FDTD used in the model, however, has a set grid mesh throughout the system.  This 

causes the material parameters exactly at the boundary to be often skipped over.  The 

result is that the acoustic impedances near the boundary don’t exactly match, which 

results in reflections.  This can be diminished with a finer mesh, but a finer meshed is 

practically limited by memory and computation time. 
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Figure 3.9: Line source from left on above cylinder with addition of cloak layer for (a) COMSOL 
FEM and (b) the Custom FDTD model 

 
Aside from the slight reflection at the boundary on the cloak, one can still see the 

benefit of the cloak on both the forward scatter and back scatter as compared to the shell 

without the cloak.   

(a) 

(b) 
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 The design of this cloak was based on a transformation of coordinates to omit part 

of the original space from the new coordinate system.  This was verified in the numerical 

simulation as well by bringing the source inside the cylinder in the form of a point source 

as displayed in Figure 3.10.  

 

 
(a) 
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Figure 3.10: Internal point source for (a) COMSOL FEM and (b) the Custom FDTD model 

Again, the two models show a good level of agreement.  It’s important to note 

that since the sound within the cylinder has nowhere to escape, that energy will need to 

be dissipated through some other method not covered in this paper. 
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As mentioned in section (2.3), using a change of coordinate systems, a 

metamaterial can be designed for desired directivity and dispersion.  The following are a 

series of results for directivity and dispersion for a set of permutations of the 

aforementioned “a” and “b” coefficients.  The metamaterial domain is 0.7 x 1.4 with a 

0.2 length line source.  The input frequency of 6000Hz relative to a 343m/s speed of 

sound in the fluid domain for the COMSOL model which corresponds to 17.5Hz 

(b) 
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frequency the normalized speed of sound used in the used for the nominal fluid domain in 

the FDTD model. 

The first example shown in Figure 3.11 depicts the normal scattering through 

material properties that are equivalent to the surrounding media.  

 

  
 
 

Figure 3.11: a=0, b=1 for (a) COMSOL FEM and (b) the Custom FDTD model 

(a) 

(b) 
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 The two examples shown in Figures 3.12 and 3.13 illustrate the change in 

directivity by adjusting the first parameter from -0.5 to 0.5 and leaving the second 

parameter at 1. 

 

 
 
 

Figure 3.12: a=-0.5, b=1 for (a) COMSOL FEM and (b) the Custom FDTD model 

(a) 

(b) 
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Figure 3.13: a=0.5, b=1 for (a) COMSOL FEM and (b) the Custom FDTD model 

  

(a) 

(b) 
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Figures 3.14 and 3.15 demonstrate the ability to change the dispersion of the wave 

by changing the second parameter from 0.5 to 1.5 while holding the first parameter 

constant. 

 

 
 
 
  

Figure 3.14: a=0.5, b=1.5 for (a) COMSOL FEM and (b) the Custom FDTD model 
 

(a) 

(b) 
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Figure 3.15: a=0.5, b=0.5 for (a) COMSOL FEM and (b) the Custom FDTD model 
 

 Now that the FDTD model has been demonstrated to hold fairly well to a 

commercial finite difference model, well proceed in the future just using only the custom 

FDTD model. 

 

(a) 

(b) 
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Velocities in the material domain of the FDTD can also be adjusted in such a way 

as to focus a plane wave.  Below are several examples of plane waves being focused with 

a varying sound velocity field which could be realized with a metamaterial.  Faster sound 

velocities on the outside of the field turn the wave toward some point in the center of the 

field.  Some important parameters that effect focus of the wave include the rate of 

increase of the sound velocity, the length of the material, and the shape of the increase in 

velocity.  These will be changed in the following examples for comparison.  As with the 

first cloak examples, the source is a line source from the left.   

 The first two set of examples, shown in Figures 3.16 and 3.17, use a linear 

increase in sound speed, which creates basically a “V” shaped profile.  Each set of three 

correspond to a 1, 3, and 5 meter per second per meter increase in sound speed starting 

with ambient.  In other words, the vertical center has ambient sound speed in all cases 

and linearly increases such that the sound speed one meter away in either direction, above 

or below, will be 1, 3, or 5 meters per second faster than the ambient.  The first set has a 

wide material domain of 1.5x1.9. 
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a) 

b) 
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Figure 3.16: Linear increase in sound speed in a wide domain with (a), (b), and (c) corresponding to 
1, 3 and 5 meters per second increase per meter respectively. 

 

 

It can be seen that even in the first case, the focus point occurs well within the 

material domain.  It can also be observed that the wave leaving the material becomes 

more spread out the further in the domain the focus point occurs.  The next set shortens 

the domain to 1.0x1.9 but keeps the linear profile. 

 

c) 
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a) 

b) 
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Figure 3.17: Linear increase in sound speed in a short domain with (a), (b), and (c) corresponding to 
1, 3 and 5 meters per second increase per meter respectively. 

 

The first example in Figure 3.17 shows a focus point very near the edge of the 

material domain if not slightly past.  Once leaving the material domain the point only 

remains fairly focused for the first one as well. 

 The next two sets of examples, shown in Figures 3.18 and 3.19, use a quadratic 

increase in sound speed such that each set corresponds to 1, 9 and 25 meters per second 

increase at one meter from the center. 

 

c) 
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a) 

b) 
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Figure 3.18: Quadratic increase in sound speed in a wide domain with (a), (b), and (c) corresponding 
to 1, 9 and 25 meters per second increase at one meter from the center. 

 

The second example in Figure 3.18 clearly shows a higher pressure than its 

corresponding example in Figure 3.16.   

c) 
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a) 

b) 
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Figure 3.19: Quadratic increase in sound speed in a short domain with (a), (b), and (c) corresponding 
to 1, 9 and 25 meters per second increase at one meter from the center. 

 

Examples in Figure 3.19 also show higher pressures than the corresponding ones 

in Figure 3.17.  Looking at the entire domain, the wave appears to turn sooner such that 

there is less general dispersion before the focus occurs. 

Taking this concept to its next step would involve creating a metamaterial with 

substructures that would increase the effective sound speed.  A more useful material 

would allow sound speeds to be changed at will so to achieve an arbitrary focus. This 

again is the goal of this dissertation. 

 

c) 
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This chapter has described the steps for the creation of a Finite Difference Time 

Domain (FDTD) model which was created using MATLAB software.  Both stability and 

boundary conditions have been addressed in this chapter and detailed in the appendix.  

Models have been shown to have good agreement with the commercial finite element 

software COMSOL Multiphysics and has been used iteratively to study a focusing field. 

However, the square grid nature of the Finite Difference Method (FDM) does create a 

limitation for curved geometries where properties become very important such as that of 

matching impedances.  Here, finer grids are necessary to better approximate the values 

near the boundary.  Mesh refinement cannot continue ad infinitum, though, as memory 

and run time becomes large factors.   Additionally, solutions to the FDTD model can take 

anywhere from minutes to hours depending on the mesh size and time step.  This is in 

comparison with Finite Element Method (FEM) which can get a frequency domain result 

in less than a minute for a moderate mesh.  Because of this the FEM is utilized in future 

sections of this dissertation 

This program, however, can be easily manipulated to handle future models due to 

its very intuitive nature.  This is one strong point of FDMs.  Adjustments necessitate only 

a description of the model geometry with values for density and bulk modulus. 

It should be noted that mesh size is important for both the FDTD method as well 

as the FEM as structures within the metamaterial must be less than that of the 

wavelength.  This fact is vital to the design of the metamaterial and is emphasized 

throughout this dissertation. 
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Chapter 4 :  Active Acoustic Metamaterial (AAMM) wi th 
Tunable Effective Density 

�
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As detailed in the previous literature review section, there have been many 

approaches taken to address the issue of creating a metamaterial to control the 

propagation of acoustical wave energy.  However, these approaches have been passive in 

nature and rely material properties that are fixed.  The application of such passive 

metamaterial designs to designs such as the cloak has lead to problems of practically 

achieving such material properties, such as those problems of infinite mass described by 

Norris23,24.   

This chapter investigates, in detail, a one dimensional metamaterial presented by 

Baz63 with a tunable effective density which allows for easy adaptation of the material for 

different purposes.  The modeling method and investigation of the model design 

demonstrated in this chapter will be directly built upon in chapters 6 and 7 in the 

dissertation.  The fundamentals of the electric-acoustic analog are the basis of which tie 

the components of this metamaterial together.  Thus it is important to understand the 

basic methodology used to create the model to forward those same concepts into more 

complex cases such as those in chapters 6 and 7.   

The paper described in this chapter outlines model used to tune the effective 

density, specifically, a method that gives access to densities both above and below that of 

the surrounding medium and can be tuned independently across the volume of the 
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metamaterial.  This allows the material properties to vary spatially across the material 

lending to such designs as the acoustic cloak which would render an object acoustically 

invisible.  The model itself is based on a sub-wavelength acoustic cylindrical cavity 

ended by piezoelectric diaphragms which puts the entirety of model into acoustic, 

mechanical and electrical domains.  Control of the end mounted piezo diaphragm adjusts 

the overall stiffness of the cavity which determines the dynamic density of the overall 

cavity cell. The following sections follow the paper by Baz in the analysis of the 

theoretical model including the theoretical predictions.  The various control strategies 

offered by Baz are also described which is closely related to the extension of this model 

into the control of bulk modulus. 

The review of Baz work indicates that the lumped-parameter model used is non-

dissipative. Therefore, special effort will be exerted in this dissertation to investigate the 

effect of adding realistic dissipation on the performance of the metamaterial.  This is 

carried out in details in Chapter 7.  
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Baz begins by addressing the driving motivation for the metamaterial with tunable 

density in the introduction.  As described in the literature review section, many 

achievements have been made in the area of metamaterials in the last decade and 

evidence of popularity of metamaterials can be found in overviews of authors such as the 

aforementioned Shamonina and Solymar2 as well as the synopses given by Lapine64, and 

Gil et al65.   The landmark paper of Cummer and Schurig19 comes as one of the most 

important in the acoustic metamaterial field as it defines the necessary density and bulk 

modulus for the acoustic metamaterial cloak.   Subsequent authors such as Popa and 
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Cummer66, Cheng et al.28, and Cheng and Liu67 further defined the requirements for the 2 

and 3 dimensional acoustic cloak based off the original approach by Cummer and 

Schurig.  Others such as Chen et al.68 took a different approach to try to avoid the infinite 

mass problem described by Norris23,24.  Additionally, papers by Pendry and Li32 and 

Norris69 theorize the use of composite layers to achieve anisotropic properties.  Many of 

these works, however, have been fruitless when considering practical applications due to 

problems of physical realization of the design or limitations in achievable parameters.  

Works much closer in concept to that of Baz include that of Lee et al.13,70 and  Yao 

et al.71 who have also taken the approach of cavities terminated with membranes to 

produce metamaterials with negative density.  These too, however, lack the range 

necessary for the acoustic cloak.  It is the addition of the active component suggested by 

Baz that drastically increases the range material properties achievable by the cloak while 

at the same time allowing the static design of the metamaterial structure to be physically 

the same regardless of tuned effective density and the location of the individual structure. 

The subsequent sections follow the paper of Baz with an additional section 

expanding on history of the circuit analog prior to the section which models the 

metamaterial. 
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Figure 4.1 shows the layout of the acoustic cloak in the 2 dimensional configuration.  

 

Figure 4.1: Layout of the acoustic cloak  (Baz63) 
 

The properties of the ideal cloak as described by Cummer and Schurig19 require an 

anisotropic density matrix with � r and � �  corresponding with the densities in the radial 

and tangential directions and bulk modulus, � , as described by equation 4.1 respectively.  
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Since no homogeneous material exists that can reflect these properties, Cheng et 

al.28 and Torrent and Sanchez-Dehesa1 suggested a manor to achieve such properties 

using composite layers of materials to perform the function of such an idea anisotropic 

materis.  Figure 4.2 depicts the layered cloak as described with alternating layers of 

materials which draw from the work of Schoenberg and Sen30. 
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Figure 4.2: Multi-layered acoustic cloak  (Baz63) 
 

 
In the case when the thickness of the different layers is equal and outer radius is twice 

that of the inner.  The property values of the density and bulk modulus of can be found as 

a function of materials A and B can be described equations in (4.2) as found by Cheng et 

al.28:    
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where ' '
i i o i i or r r k k k and 

' '/ /i i o i i oandr r r k k k= = are normalized values to the surrounding medium. 

The density values for '
Ar  and 

'
Br , by solving for them from equation (4.2) 

simultaneously to find the values that need to be achieved as described in equation (4.3) 

as a function of the ideal values. 

   ' ' ' 2 1,A r rr r r= - -  and     ' ' ' 2 1.B r rr r r= + -   (4.3) 

 From Figure 4.3 it can be seen that the relative density and bulk modulus for the 

ideal cloak vary several orders of magnitude.  Even further, the constituent materials for 

the composite layers require even more extreme values than that of the ideal case.  Prior 

to the study of metamaterials, acquisition of such materials that vary to such a degree 

even in separate isotropic forms would be difficult if not impossible.   And even with the 
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advent of metamaterials, accomplishing such dramatic changes is still a difficult 

challenge.   This is the prime reason for taking the active approach to this problem. 
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Figure 4.3: Density (Baz63) (a) and bulk modulus (b) distributions 
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The array of cell cavities in Figure 4.4 displays a cross section of the layers of an 

acoustic cloak divided by piezoelectric boundaries.  This cross section can be considered 

a “slice” denoted by “section 1-1” on Figure 4.2.  As previously mentioned, each of these 

cells are mechanically identical to each other which increases the ease of manufacture.  

Each of the cells, however, will be controlled separately to be tuned to the necessary 

parameters outlined in the previous section with increasing and decreasing densities 

depending on the layer. 
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The author makes a note that this configuration is solely for the control of the 

effective density with future studies in plan for control of bulk modulus as well.   

Furthermore the metamaterial is to be analyzed in its passive form to delineate the 

limitations of a passive form and the need for the metamaterial to active. 

 

 

 

 

 

 

 

 

 

 

 
 
 

Figure 4.4: Configuration of active acoustic metamaterial (Baz63) 
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In some complex, multi domain systems, it is easier to consolidate the domains of 

the system into a single domain analog.  The use of analogs has been noted by Bauer to 

extend back to at least Volta and Ohm, around the 1800s, in equating the still infant 

concepts of electricity to more familiar and developed domains such as hydraulics, 

mechanics and heat72.  In 1933, Firestone73 drew in depth analogs between the behaviors 

of electrical and mechanical systems.   

Over the years Firestone and others found multiple analogies between the 

acoustic, mechanical and electrical domains.  Bauer drew from these and attempted to 

consolidate the information.   The chart below is an adaptation from that paper. 

 

Table 4.1: Analogs adapted from Bauer72 

Electrical Quantity 
Acoustical Quantity Mechanical Quantity 

EFP Analogy IFP Analogy 
Sound Pressure(p) 
N/m2 

Force(F) 
N 

Voltage (E) 
Volt 

Current (I) 
Ampere 

Volume Velocity (U) 
m3/s 

Velocity (V) 
m/s 

Current (I) 
Ampere 

Voltage (E) 
Volt 

Volume Displacement (V) 
m3 

Displacement (D) 
m 

Charge (I) 
Coulomb 

Impulse 
Volt-s 

Acoustic Resistance (RA) 
N-s/m5 

Mech. Resistance (R M) 
N-s/m 

Resistance (R) 
Ohm 

Conductance (G) 
Ohm 

Inertance (MA) 
kg/m4 

Mass (M) 
kg 

Inductance (L) 
Henry 

Capacitance (C) 
Farad 

Acoustic Compliance (CA) 
m5/N 

Mech Compliance (C M) 
m/N 

Capacitance (C) 
Farad 

Inductance (L) 
Henry 

Acoustic Impedance (ZA) 
ZA =p/U 

Mech. Impedance (Z M) 
Z M =F/v 

Impedance (Z) 
Z = E/I 

Admittance (Y) 
Y=I/E 
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 Using the circuit analogy from the previous section a simple cavity can be 

described by as a equivalent circuit as in Figure 4.5.  

 

 

(a) – schematic drawing 

 

 (b) – electrical analog 

Figure 4.5: Plain acoustic cavity (Baz63) (a) schematic (b) electric analog 
 
 

Using Kirchhoff’s voltage law, the dynamics of the cavity can by described by 

solving for the difference in pressure across the cavity to give: 

    
2

o o ol cdQ
Qdt p

A dt V
r r

+ = -D�      (4.4) 

/C oL l Ar=  

Q 

� p 
2/C o oC V cr=  

Q 

Length = l 

Volume = V, Area = A, 
Density = � o 

Pressure Drop = � p 
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which can be rewritten in the Laplace domain as: 
 

    
2 1o o ol c

s Q P
A V s

r r� 	
+ = -D
 �

� 

    (4.5) 

Equation (4.5) can be rewritten in the form of Euler’s equation. 

    
2

2 2

1
/ 1 o

o

c
P l su

l s
r

� 	
D = - +
 �

� 

     (4.6) 

where u=Q/A is the fluid velocity.  Equation (4.6) can then be rewritten as in Kinsler et 

al74 as: 

    
2

2 2

1
/ 1 o

eff o

c
l s

r r
� 	

= +
 �
� 


     (4.7) 

 For sinusoidal excitation, equation (4.7) can be rewritten as: 

                                                

2

2 2

1
/ 1 o

eff o

c
l

r r
w

� 	
= -
 �

� 

    (4.8) 

From equation (4.8) the author points out that as frequency increases from 0 to � , the 

effective normalized density 0effr r can only vary from -�  to a maximum value of 1.  

Therefore, effective densities which are greater than that of the surrounding medium 

cannot be achieved in this form. 
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Baz then takes the case of the acoustic cavity with a flexible diaphragm as 

depicted in Figure 4.6 which is similar to the experimental set-up conceived by Lee et 

al.13. 

 

(a) – schematic drawing 

 

(b) – electrical analog 

Figure 4.6: Acoustic cavity with flexible diaphragm cavity (Baz63) (a) schematic (b) electric 
analog 

 

 

 

2/C o oC V cr=  

/C oL l Ar=

Q 

� p 

DM

DC

              Flexible Diaphragm                                   Cavity 
 

              Mechanical Domain)                          (Acoustic Domain) 
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Q 

Length = l 

Volume = V, Area = A, 
Density = � o 

Pressure Drop = � p 
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Again, Kirchhoff’s law is applied and the equation for the system is found as a 

solution for the difference in density: 

   1 1o

D

l
s Q P

A C s
r� 	

+ = -D
 �
� 


       (4.9) 

Being a metamaterial it is assumed that the cavity is much smaller than the 

wavelength of the incoming wave or l l<< .    

Equation (4.9) can then be written as the Euler equation form: 

   
2

1
/ 1o

o D

A
P l su

l C s
r

r
� 	

D = - +
 �
� 
 .

   (4.10) 

Resulting in an effective density of: 

   
2 2

1
/ 1 1 D

eff o
o D o

A k
l C s s

r r
r r

= + = +    (4.11) 

where  
D

D

A
k

lC
= = diaphragm stiffness. 

Analyzing equation (4.11), it can be seen that effr is a function of both the 

diaphragm stiffness kD as well as the frequencyw .  Therefore, the desired effective 

density may be set by the stiffness of the diaphragm for a single frequency, but with be 

dramatically changed for other operating frequency.  Furthermore, as with the previous 

case, density values above that of the ambient medium cannot be attained.  
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(a) – schematic drawing 

 

 

 

 

 

 

 

 

(b) – electrical analog 

Figure 4.7: Acoustic cavity with open-loop piezoelectric diaphragm cavity (Baz63) (a) schematic 
 (b) electric analog 
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The final configuration to be analyzed is the acoustic cavity with the piezoelectric 

diaphragm as shown in Figure 4.7.  Note the lumped impedance Zp which will be 

described later. 

Baz first takes the basic constitutive equations as presented by (ANSI/IEEE STD 

176-1987)75: 

      
ES Ts d

D Ed e

� �� � � �
=� � � �� �

� � � �� �
    (4.12) 

where S  is the strain,  D is the electrical displacement, T is the stress, E is the electrical 

field, sE is the compliance, d is the piezoelectric strain coefficient, and �  is the 

permittivity and rewrites it in the form used by Prasad et al.76: 

 

   
1/

D A P

A P P

C d pVol

q d Z s V

DD � �� �� �
=� � � �� �

� � � �� �
   (4.13) 

 

Here � Vol is the change in diaphragm volume, q is the electrical charge, � pP is the 

pressure across piezoelectric diaphragm, VP is the voltage, CD is the diaphragm 

compliance, and ZP is the impedance of piezoelectric diaphragm with attached elements.  

This lumped impedance can be described by: 

 

  
2[( ) /{1 /( )}]P P P P s P sZ L s L C C s C C= + +    (4.14) 

 

where CP = capacitance of piezoelectric diaphragm, LP is a shunted inductance in-

parallel with the piezoelectric diaphragm, and Cs is a capacitance in-series with the 

piezoelectric diaphragm. 
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This piezo diaphragm can then be used as a self-sensing actuator.  In this case, the 

second row of equation 4.13 can give the charge as a function of the change in pressure 

across the piezo diaphragm: 

    A Pq d p= D .     (4.15) 

 The necessary voltage applied to the piezoelectric diaphragm can then be found as 

a function of the sensed charge and a feedback gain G. 

    P A PV G d p= - D      (4.16) 

With this we can rewrite the first row of equation (4.13) to yield: 

 

   ( )2
D A P DC PVol C d G p C pD = - D = D     (4.17) 

where CDC is the closed-loop compliance of piezoelectric diaphragm. 

With the closed-loop compliance the circuit diagram can be redrawn as in Figure 

4.8. 

 

 

Figure 4.8: Acoustic cavity with closed-loop piezoelectric diaphragm cavity (Baz63) 
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In a similar manner as the prior cases the effective density of the case of the 

acoustic cavity with the piezoelectric diaphragm end can be written as: 

 

          (4.18) 

 

where                                                                                                    (4.19) 

           

with           (4.20)  

  

'�,������	
�������������������%�� �������
 
Baz next considers several cases to analyze the possible performance 

metamaterial cell.  He first considers if the mass of the diaphragm is negligible: 

i. If MD �  0, In this case the equation (4.18) reduces to: 

 

          (4.21) 

 

From this point, two sub-cases can be identified: 

Subcase A:  CDC  �  0, In the first subcase, if the diaphragm is rigid, the equation 

becomes the same as equation 4.7: 

   
2

2 2 2

1
/ 1 1 o

eff o
C C

c
L C s l s

r r
� � � �

@ + = +� � � �
� �� �

   (4.22) 

                                      

2 '
D pT M s Z s= +

' 2
P PZ Z f=

( )0 2

1
1

[ 1]
DC

eff
C DC C DC

C T
L s C C C T

r r
� �+

= +� �+ +� �

'

2 '

1
/ 1

( 1)
DC P

eff o
C DC C DC P

C Z s

L s C C C Z s
r r

� �+
@ +� �

� �+ +� �� �� �
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Subcase B:  CC  �  0, In the second subcase, if the fluid within the cavity is 

incompressible, the equations becomes the same as equation (4.11) when there is no 

piezoelectric effect. 

    
2 2

1
/ 1 1 D

eff o
C D

k
L C s s

r r
r

� � � �
@ + = +� � � �

� �� �
   (4.23) 

 

And with piezoelectric effect, equation (4.18) yields: 

           

             (4.24) 

       

 Now if we set the effective density  /eff o dr r r to the desired density 'eff o dr r r=  then 

we can use equation (4.24) to solve for the feedback gain to result in: 

   
' 2 '

2 ' 2 '

( 1) 1

( 1)
d C D D P

A d C P

L C s C Z s
G

d L s Z s

r

r

- - -
=

� �- -� � .

   (4.25) 

ii.   If MD >> 0  In this second case where the mass of diaphragm is not 

negligible, the equation for the feedback gain can be similarly found as: 

  

' 2

2 ' 2

( 1) ( ) 1

( 1) (1 )
d C C D C D D

A d C C

L s C C C C T C T
G

d L s C T T

r

r

- + + - -
=

� �- + -� � .

     (4.26) 

The author notes here that the gain in equation (4.26) gives a fourth order 

characteristics equation; however, the gain reduces to a third order equation when MD �  0 

as given by equation (4.25).  The accuracy of the reduced-order feedback gain equation 

later described by the author in the subsequent section of his paper. 

'

2

1
/ 1 DC P

eff o
C DC

C Z s
L C s

r r
� �+

@ +� �
� �
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In the next section of the paper by Baz, he models the performance of the offered 

metamaterial cavity with the characteristics listed in Table 4.276. 

Table 4.2: Parameters of acoustic cavity and  
piezoelectric diaphragm system cavity (adapted from Baz63) 
PARAMETER VALUE 

l 0.01m 

or  1,000 kg/m3 

co 1,500 m/s 
f  138.3 Pa/V 
CD 1.5243× 10-13 m4s2/kg 
MD 13456 kg/m4 

dA -2.1080 × 10-11 m3/V 
CP 18.239 nF 
CC 1.8466 × 10-15 m4s2/kg 
LC  24069 kg/m4 

 

In Figure 4.9 the frequency response of the passive cavity is compared with that 

of the active with controlled density of.  The passive cavity begins with a negative 

density in the low frequency range and converges towards ' 1dr =  as w ® ¥  which agrees 

with the results by Lee et al13.   This reemphasizes the inability of the passive cavity to 

reach a desired density above that of the ambient fluid.  Alternatively, the active cavity 

does hold at ' 20dr = over the frequency spectrum.  The author notes that the control 

voltage required to hold the density at lower frequencies is very high, but decreases 

significantly for higher frequencies.  Additionally, the closed loop compliance CDC is held 

positive through a large frequency range only with the addition of the attached LP=50 H 

and CS =0.2pF.   
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  (a) – passive (G=0)                                 (b) – active with / 2 0e f f or r =  

Figure 4.9: Comparison between passive and active cavities cavity (Baz63) (a) passive (b) active 
 

Extending this to application purposes, eight of these metamaterial cells could be 

attached in an array as in Figure 4.4.  Four of these could have densities decreasing 

towards the inner radius such as those in Figure 4.10 and the other four could have 

densities increasing such as those in Figure 4.11.   These eight is just given as an example 

but a true scenario would require much higher numbers to accurately recreate the 

required material characteristics for the cloak.   
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Figure 4.10: Active acoustic metamaterial (A) with increasing density distribution cavity (Baz63) 
 (a) passive (b) active 
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Figure 4.11: Active acoustic metamaterial (B) with decreasing density distribution cavity (Baz63)  
(a) passive (b) active 
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Finally, the author makes comparisons between the full and reduced order 

feedback gain solutions shown below in Figure 4.12 for values of /eff or r of 30 and 

0.075.  The reduced order models fit fairly well with that of the exact models for this 

active acoustic cell and significantly reduces the complexity of the solution. 

 

 

 

 

 

 

 

 

 

 

             (a) / 30eff or r =                       (b) / 0.075eff or r =   

Figure 4.12: Comparison between the predictions of the full (exact) and reduced (approximate) order 
feedback gain models (  �  exact ,  • approximate) cavity (Baz63) 
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This chapter has described a class of one-dimensional acoustic metamaterials as 

presented by Baz63.  The active component of this metamaterial allows for programmable 

densities which can be tuned to be both below and above that of the ambient medium.  

The metamaterial, which is made up of acoustic cavities separated by 

piezoelectric diaphragms has been analyzed using a lumped parameter approach.  Control 

strategies for the metamaterial have been presented and compared with the passive form 

of this same metamaterial.  The metamaterial has shown to be mechanically independent 

of its tunable effective density allowing for ease of production.   

The author notes that results from this study are for a single cell and the addition 

of multiple cells in an array would need to studied in a future for cross effects.   Also, the 

addition of bulk modulus control is the natural extension for this study. 

This model is extended into the experimental domain in the following chapter in a 

review of the work of Akl and Baz77.  Furthermore, it is important to note here that Baz 

work63 indicates that the lumped-parameter model used is non-dissipative. Therefore, 

special effort will be exerted in this dissertation to investigate the effect of adding 

realistic dissipation on the performance of the Metamaterial.  This is carried out in details 

in Chapter 7.  
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Chapter 5 : Experimental Demonstration of an Active  
Acoustic Metamaterial with Tunable Effective Densit y 

 

*����)	��	����

As the previous chapter pertained to the theoretical design of an active acoustic 

metamaterial (AAMM), this chapter will follow a paper by Akl and Baz77.  The 

experimental demonstration and characterization of the one dimensional active acoustic 

metamaterial model presented from the previous chapter will be detailed citing 

comparisons to finite element modeled prepared to the specifications of those of the 

physical cavity.  Again, it is important to thoroughly understand the methodology 

presented in the above cited paper to extend it to the works presented in chapters 6 and 7.  

The results of this paper demonstrate the reaction to excitation as a homogenous system 

which is a vital attribute for this metamaterial.  The setup described in this chapter is 

important for demonstrating such a attribute lending to the importance of this description 

of the paper. 

The design of this individual active metamaterial cell is based on the need for a 

large bandwidth which has been shown to be a lacking feature of passive counterparts.  

Additionally, the importance of the characterization of this single metamaterial cell 

extends into the need to use this cell as a building block for multi arrayed arrangements. 

The prototype described in the following sections is composed of a cylindrical cavity 

terminated by piezo bimorphs on either end.  Characterization of the cell includes 

acoustic impedance and transmission loss measurements.  Characterizations are then 

compared with predictions made by the finite element model which will be shown to be 
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of good agreement.  Additionally, the transfer function between a reference microphone 

in the impedance tube and the end mounted piezoelectric element will show the coupled 

nature of the metamaterial cell reflecting the model’s performance as an equivalent single 

degree for freedom system. 

 This prototype may be useful for future demonstrations of metamaterials such as 

the ones with programmable dispersion and directivity characteristics such as that of Akl, 

Smoker and Baz78. 

 

*����'���� �������
 

The introduction section of the paper presented by Akl and Baz delineates the 

interest in acoustic metamaterials and various associated uses.  One of which is the 

control of wave propagation through directivity and dispersion control of the 

metamaterial78.  Approaches to metamaterials have taken the form of anisotropic property 

values for the material density r  and bulk modulus �  as in Cummer et al19,37 as well as 

scalar properties with negative values79,80,81,82,83 such as investigations in simultaneously 

negative bulk modulus and density and negative modulus for sound attenuation.  With the 

control of the acoustic waves residing the fluid domain, practically any propagation 

pattern is achievable through the control of these two parameters.  Attaining these values 

are based on the sub-wavelength structure of the metamaterials, orientation, and the 

periodicity of the material layout.  These collectively are the basis of phononic crystals as 

studied by numerous authors84,85,86,87,88,89.  Numerous modeling techniques have been 

utilized with a variety of approaches to attempt to predict effective material 

properties84,87,90,91,92,93,94.  In several cases, approaches were taken into the physical realm 
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in experimental setups for the acoustic metamaterials.  Such demonstrations show off 

effective material densities r  and the bulk moduli �  that are not solely a product of the 

material properties within the metamaterial88,89,95,96,97,98.   Furthermore, the approach of 

influencing the frequency response with addition of a mass or Helmholtz resonator has 

been utilized in for narrow bands79,99,100,101,102,103,104.  Characterization of acoustic 

metamaterials have also been carried out for several membrane based 

metamaterials105,106.   Similar characterizations will be utilized for the analysis of this 

prototype. 

The prototype presented here by Akl and Baz is composed of a 1 dimensional 

cylindrical acrylic cavity with an encapsulated a water medium.  The cylinder ends are 

enclosed with a PZT4 (Lead Zirconate Titanate) piezoelectric diaphragm bimorph with a 

brass constraining layer.  The bimorph nature piezoelectric diaphragm allows the 

simplicity having one sensor and a separate actuator for this prototype.    

Characterization of the cell is measure via impedance and transmission loss 

measurements using a standard impedance tube and based on the ISO 10534-2 and 

ASTM E1050 standards107,108.   A variety of feedback gains are applied to compare and 

characterize changes of the homogenized system.  These in turn are compared against a 

finite element model of the physical setup.  

The presented work of Akl and Baz78 will be extended in Chapter 6 to the 

independent control of both the density and bulk modulus of an active acoustic 

Metamaterial cell. 
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The electro acoustic model on which the performance of the active acoustic 

metamaterial cell is based has been used in a number of previous studies such as Ding et 

al.81 and Blauert and Xiang109.   

The paper makes note that due to the dimensions of this prototype the primary 

movement for the piezoelectric diaphragm that will be considered for this model is 

bending as the compression mode will add little in comparison due to its small movement 

and high stiffness relative to that of the bending mode. 

 The authors begin by describing the model similar to that found in Figure 4.7 of 

the last chapter with its electro-acoustic equivalent circuit as shown in Figure 5.1. 
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Figure 5.1: (a) Schematic of the metamaterial cell with property values.  
(b) electro-acoustic analogy circuit of the metamaterial cell (Akl and Baz77) 

 
 
The fluid components of density � f and bulk modulus � f of those in Figure 5.1 are that of 

water,  while � p and Eeq represent the density and equivalent elasticity modulus of the 

piezoelectic domain.  The piezoelectric electro-acoustic conversion factor f  is 

represented by the transformer in the schematic.   

 To determine the relation for the  change in volume  to that of the transverse 

pressure  placed on the diaphragm,  the authors begin with the linear plate bending theory 

with fixed edges following the method in the handbook by DiGiovanni110: 
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Equation (5.1) give the deflection of the plate y as a function of the radius r and the 

applied pressure � p for a diaphragm with the components of radius, thickness, elastic 

modulus, and Poisson’s ratio as a, lp, Eeq, and u respectively.  
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Integration of all the points of deflection on the bending plate gives the displaced 

volume of the diaphragm given by Eq. (5.1): 
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Using the adjusted constitutive equation (4.16) from the previous chapter, the acoustic 

impedance of the piezoelectric diaphragm can be described as: 
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The authors use the electrical circuit reduction technique to get the overall acoustic 

impedance of the composite cell as shown in (5.4): 
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The transfer function of the composite cell can then be given by: 
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The Euler form can then be converted into effective density as: 
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(5.6) 

It can be seen that controlling the compliance of the piezo diaphragm CP 

controlled the overall homogenized density of the composite cell.  
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The commercially manufactured impedance tube used includes two microphones 

spaced by 50.8 mm with the microphone at the end at a distance of 29.2 mm from the end 

of the impedance tube surface.  The acoustic cell is mounted onto the end of the 

microphone as depicted in Figure 5.2.  Measurements are made in compliance with 

ASTM E1050 and Iso 10534-2 standards 

 

 

 

 

 
 
 
Figure 5.2: (a) Drawing of the impedance tube with metamaterial cell mounted (b) Actual mount of 

the metamaterial cell with holder (Akl and Baz77) 
  

To ensure proper measurement, the setup is calibrated for phase mismatch of the 

two microphones by placing each microphones in of the two slots and obtaining a transfer 

function between the two microphones then interchanging the microphone s and 

repeating the process107.  The microphones are then returned to their original location for 

measurements.  Using the resulting transfer functions, a calibration transfer function 

( )cj
cc eHH f=  is created and applied to subsequent measurements: 
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where ( )fjeHH =  denotes the transfer function of the subsequent measurements. 
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The coefficient R for the complex reflections can then be calculated with the corrected 

transfer function with equation (5.8): 
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The normal specific impedance can then be calculated as a function of the reflectance as 

follows: 
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The construction of the metamaterial cell begins with the sizing of the cylinder 

pipe and the addition of a 3mm hole at the middle of the cylinder.  The hole is then 

refilled with silicon sealant to create a temporary self-sealing barrier for the introduction 

of water into the cavity with a syringe once the cavity is sealed.   This is followed by the 

attachment leads of the PZT4 bimorph.  Before the bimorph is mounted, a thin layer of 

non-conductive coating is applied to the bimorph.  This prohibits interaction between the 

layers of the bimorph with the water in the cavity.  The bimorph itself is 0.5mm thick 

with 0.135mm of that thickness coming from the brass constraining layer.  The bimorph 

diameter is 0.045m, however, the inner radius of the cylindrical pipe is 0.035m.  leaving 

the outer 0.005m of the bimorph available for mounting.  Once the cavity is filled with 

the water and it must be inspected to ensure that no air bubbles are present.  The cell can 
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then be permanently sealed with the addition of more sealant. The end result of the 

construction of the metamaterial cell can be seen in Figure 5.3a.  The material properties 

of the piezoelectric bimorph components are listed in Table 5.1. 

 

 

 

 

 

 

 
 
 
 
 

Figure 5.3: (a)End construction of metamaterial cell (b) Dimensional layout of the PZT4 bimorph 
(Akl and Baz77) 

 
 
 

Table 5.1: PZT4 material properties (adapted from Akl and Baz77) 
 

 

 

 

 

Figure 5.4 below depicts the basic interface of the metamaterial cell for control.  

The first piezoelectric diaphragm acts as a sensor which measures the acoustic pressure 

passing through the cell and feeds that signal through a power amplifier which energizes 

the actuator bimorph.  This adjusts the stiffness of the second bimorph.  Since the fluid is 

incompressible, the link to the second bimorph directly couples the system into a 

Material property Value 
Frequency 1.3 kHz 

Capacitance @ frequency 150,000 pF @ 

Voltage Input (Maximum) 30V p-p 

Impedance 200 Ohm 

41mm 

0.135mm 

0.183mm 

(a) (b) 
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homogeneous domain with a single degree for freedom.  Therefore, the change of the 

stiffness of the piezo in turn changes the stiffness of the system as a whole and adjusts the 

dynamic density of the system.  The authors reiterate, however, that it is vital that the 

system structure remain much shorter than the wavelength of excitation or the system 

will lose its homogeneity.  This experiment conforms to the work with passive structures 

in fluid domains of Lee et al.13 where the effective dynamic density is a function of the 

frequency of excitation. 

 

Figure 5.4: Schematic of the operation mechanism of the proposed cell (Akl and Baz77) 
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In order to fully characterize the acoustic metamaterial cell, two sets of 

experiments where carried out by the authors.  The first set focused on attaining the 

acoustic impedance of the metamaterial prototype.  The impedance tube was set up and 

calibrated to ASTM and ISO specifications and modifications were added to hold the 

metamaterial sample as shown in Figure 5.2b.  After the prototype was put in place, the 

Controller Amplifier 

Actuating bimorph 
Sensing bimorph 

Fluid domain (water) 

Incident acoustic 
pressure  
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piezoelectric bimorph closest to the excitation speaker was fed to a proportional 

controller, through an amplifier, and back to the second actuator piezo.   In the actual 

measurements of the metamaterial impedance, three cases were considered.  The first of 

these was for the uncontrolled metamaterial.  No feedback was sent to the second piezo 

rendering the cell passive.  In the second and third cases, a negative and positive 

feedback was applied to the second piezoelectric diaphragm.  These feedbacks increased 

and decreased the stiffness of the metamaterial cell as a while respectively.  For these 

measurements, the transfer function was run through a range frequencies from 200 Hz to 

1 kHz. 

The second set of experiments focused on the measurement of transmission loss 

through the prototype.  For this setup the addition of the transmission loss attachment was 

added to allow for the placement of a secondary set of microphones on the far side of the 

prototype to measure the transmitted wave as shown in Figure 5.5.  

 

 

 

 

 

 

 

 
 
 
 
 

Figure 5.5: Schematic drawing and picture of the impedance tube with attached prototype and 
transmission loss attachment (Akl and Baz77) 
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In the finite element section of the paper, the authors begin by describing the 

utilization of the ANSYS® 12.1 software package.  The authors used axisymmetric 

elements of the type FLUID29 for the modeling of the air in the impedance tube as well 

as the water in the metamaterial cell.  Furthermore PLANE223 and PLANE183 elements 

were used for the piezoelectric component and brass constraining layers respectively.  An 

infinite boundary condition was then applied to eliminate boundary reflections. 

The finite element model is then used to predict the pressure values at the 

locations of the microphones to calculate the acoustic impedance and transmission loss 

for the model.   Figure 5.6 shows the mesh of the finite element cell alone while Figure 

5.7 and Figure 5.8 depict the mesh for the entire setup used to attain the pressue values 

for the acoustic impedance modeling and the transmission loss modeling 

 

 

 

 

 

 

 

 

Figure 5.6: Finite element mesh of the engineered metamaterial cell (Akl and Baz77) 
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Figure 5.7: Finite element mesh of the engineered metamaterial cell coupled to the impedance tube 
and the finite element model of the impedance tube with microphone locations (Akl and Baz77) 

 

 

 

     

             

 

 

 

 
Figure 5.8: Finite element mesh of the engineered metamaterial cell coupled to the impedance tube 

with transmission loss attachment and the finite element model of the whole transmission loss 
measuring apparatus with microphone locations (Akl and Baz77) 
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    The following figures depict the results of the modeling and experimental 

results for real and imaginary components of the acoustic impedance measurements and 

the transmission loss for the three cases of uncontrolled (Figure 5.9), positive feedback 

(Figure 5.10), and negative feedback (Figure 5.11) respectively. 

Impedance tube 
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Measurement 
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Figure 5.9: Real and imaginary components of the acoustic impedance in the uncontrolled case and 
comparison with the results obtained from the finite element model (Akl and Baz77) 

 
 
 
 

 

 
 
 
 
 
 
 

Figure 5.10: Real and imaginary components of the acoustic impedance in the positive feedback 
control case and comparison with the results obtained from the finite element model (Akl and Baz77) 
 
 
 
 
 
 
 
 
 
 
 

�
 

Figure 5.11: Real and imaginary components of the acoustic impedance in the negative feedback 
control case and comparison with the results obtained from the finite element model (Akl and Baz77) 
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The authors note that there exists an additional node near 800Hz in the actual 

experiments which they attribute to a possible air bubble that may have leaked into the 

cavity cell.  With the exception of the 800 Hz node, the experimental results match fairly 

close with those in the finite element model.  The authors also note that this is 

particularly true when finding the locations of the shifting resonance peak.  These peaks 

were shown to be moved from its uncontrolled 600Hz location to 450Hz and 900Hz for 

the positive and negative feedback gains respectively which corresponds to decreasing 

and increasing the overall stiffness of the cell as mention before. 

The results of the authors’ transmission loss measurements and calculations for 

the uncontrolled case, positive feedback case, and negative feedback case can be found in 

Figure 5.12, Figure 5.13, and Figure 5.14 respectively. 
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Figure 5.12: Transmission loss measurement of the developed cell and comparison with the results 
obtained from the finite element model for the uncontrolled case (Akl and Baz77) 
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Figure 5.13: Transmission loss measurement of the developed cell and comparison with the results 
obtained from the finite element model for the positive feedback case (Akl and Baz77) 
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Figure 5.14: Transmission loss measurement of the developed cell and comparison with the results 
obtained from the finite element model for the negative feedback case (Akl and Baz77) 
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Figures 5.12 through 5.14 illustrates the transmission loss results for the 

uncontrolled, positive feedback and negative feedback cases respectively.  The authors 

note that a good agreement is found between the experimental results and the calculated 

values for the transmission loss near the peak values, but admits that larger deviations can 

be found outside this region.  The author attributes these to the complex nature of the 

damping characteristics and losses in the prototype cell as compared to the simplified 

viscous damping in the finite element model. 

The authors’ final two graphs in Figure 5.15 depict the transfer function between 

the reference microphone and the first and second piezoelectric diaphragms respectively 

for the uncontrolled and positively controlled cases.   

 

 
 
 
 
 
 
 
 

 
 
 
 
 
Figure 5.15: (a) Transfer function between the reference microphone and the adjacent piezoelectric 
diaphragm, (b)  Transfer function between the reference microphone and the farther piezoelectric 

diaphragm (Akl and Baz77) 
 

The authors make the case that the only visible frequency shifts in both graphs occur over 

the targeted frequency range.  In the positive feedback case the second piezo shows a 

reduction of magnitude over the entire spectrum, but the only shift occurs under the 

single peak in the target range lending to the single degree of freedom nature of the cell. 

(a) (b) 

1000 2000 3000 4000
0

1

2

3

4

5

6

Freq (Hz)

T
ra

n
sf

er
 F

un
ct

io
n 

(V
ol

t/V
ol

t)

 

 

Uncontrolled
Positive Feedback

1000 2000 3000 4000
0

5

10

15

20

Freq (Hz)

T
ra

ns
fe

r F
un

ct
io

n 
(V

o
lt/

V
ol

t)

 

 

Uncontrolled
Positive Feedback



 114 

*�2������
���
 

In summary, the authors have shown a characterization of a 1 dimensional 

metamaterial prototype with active control.  The characterization was performed over a 

frequency range of 200 Hz to 1 kHz with measurements for acoustic impedance and 

transmission loss.  Each of these measurements was taken for the uncontrolled case as 

well as the positive and negative feedback cases using the ASTM 1050-08 and ISO 

10534-2 standards and were compared to values calculated using pressures found with 

and ANSYS® model. 

The prototype cell was one based on the paper previously published by Baz63 

which is made up of cavity with piezo electric diaphragms for sensing and actuation. The 

active component of the metamaterial cell allows the prototype to increase as well as 

decrease stiffness as shown by the variation in peaks in the measurements of the acoustic 

impedance and transmission loss.  The authors used the calculations from a finite element 

model to validate the experiments that were made.  Moreover the transfer functions from 

the reference microphone the piezo diaphragms showed the one degree for freedom 

nature of the metamaterial cell for up to 4 kHz which was made apparent by the 

movement of a single peak with applied control.  The author also notes that the strong 

coupling between the fluid and solid domains is important for the homogeny of the 

system.     
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The authors finish with future work suggestion which involves the array of 

multiple cells.  The author notes that such an arrangement can be though of as a fluid 

domain equivalent to an array of spring-mass-damper system with controllable dynamic 

properties.  Control of such dynamic properties with the active piezoelectric element 

would allow for controllable wave propagation properties. 

The following chapter takes the fundamental aspects of the model design in 

chapter 4 and the experimental investigation described in this chapter to and extends it 

into the simultaneous control effective density and bulk modulus in a one dimensional 

metamaterial model. 
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Chapter 6 : Dually Tunable Effective Density and Bu lk 
Modulus 

 

Chapter 6 is drawn from an anticipated paper co-authored by Baz and Akl in 

conjunction with the author of this dissertation.  The chapter draws from the designs both 

theoretical and physical to create a design that has simultaneous control of both density 

and bulk modulus. 

,����'���� ��������
 

Over a decade now, many acoustics researchers have directed their attention 

towards the field of acoustic metamaterials, which prime objective is to engineer material 

structures in such a fashion to affect wave propagation pattern that cannot be realized 

using regular isotropic materials. This is expected and has been already implemented in 

various wave and noise control applications by Romero-García et al.89 and Sánchez-

Dehesa et al.111, where in both cases, the authors have managed to create an acoustic stop 

band using periodic arrangements of cylinders that filtered out a noise bandwidth 

preventing it from propagating to the other side of the metamaterials domain. The 

concept behind acoustic metamaterials lies in designing the periodic structure to achieve 

certain values of the bulk modulus B and/or density �  in the periodic cell (micro) scale to 

realize bulk modulus and/or density distributions in the structure (macro) scale that would 

yield pre-determined acoustic wave propagation patterns.  

So far various attempts have been dedicated in changing the periodic cell bulk 

modulus OR the density separately. For the bulk modulus, two different approaches have 

been reported; the first approach focuses on combining two different isotropic materials 
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in a composite form to yield anisotropic properties that can influence the spatial wave 

propagation patterns80,83,112. In the second approach, acoustic impedance mismatch is 

introduced along the path of wave propagation by integrating flexible sections into the 

rigid-walled ducts in order to vary the speed of sound and effective bulk modulus at these 

sections101,103. Manipulation of the material density on the other hand has also been 

reported using two approaches; the first was by combining two different materials with 

different densities in a specific spatial arrangement that would yield homogenized value 

of the density all over the domain113,114,115 using phononic devices. In the second 

approach, the concept of dynamic density, which depends on the neighboring material 

stiffness, was implemented. This approach was manifested in the attempts of synthesizing 

prescribed dynamic acoustic densities in fluid domains by introducing lattice systems of 

mass-in-mass units71,116,117. These attempts were merely focused on introducing negative 

effective density motivated by the mathematical analogy between acoustic and 

electromagnetic waves, where theoretical possibility of having negative electromagnetic 

permittivity and permeability was introduced by Pendry118. 

In all the aforementioned attempts the focus was directed on either the bulk 

modulus or the dynamic density separately and passive metamaterials with fixed material 

properties were considered. The operating bandwidth limitation and the cross-influence 

of the density variation on the bulk modulus and vice versa have seriously limited the 

applicability of the proposed techniques. Initial attempts of introducing active 

piezoelectric elements in the periodic structure arrangement has been reported in the last 

few years92,93,119, where the authors have introduced an electro-acoustic analogy model 

for periodic cell structure composed of fluid domain confined from both sides with 
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piezoelectric diaphragms to control the bulk modulus B or the density � . Doing so, the 

authors have managed to realize arbitrary effective bulk modulus OR density values 

above or below the nominal values of the fluid domain they are embedded in. The 

research has extended to physically realize the configuration for controlling the dynamic 

density. Controlling both the density and bulk modulus simultaneously has however not 

yet been introduced.  

In the current paper, a cell forming the base of a periodic metamaterial structure 

has been developed using two piezoelectric diaphragms to control both the density and 

the bulk modulus simultaneously. In the proposed arrangement, the first piezoelectric 

diaphragm represents the flexible end of a Helmholtz resonator coupled to the fluid 

domain, while the second diaphragm is confining the fluid domain in the cell as presented 

in Figure 6.1. Controlling the first and second diaphragms separately affects the effective 

bulk modulus and density respectively. Electro-acoustic model as well as experimental 

verifications of the concept is introduced in the following sections. 

 

 

 

 

 

 

 

 

 
 

Figure 6.1: Schematic of the developed cell for density and bulk modulus control 
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A one dimensional acoustic cavity with uniform cross-sectional area A and length 

2×l f, subject to acoustic pressure drop � p resulting in volumetric flow rate Q, is 

considered. The fluid inside the cavity is characterized with static fluid density � f and 

bulk modulus Bf. The value of Q depends on three major forces; inertia forces due to the 

mass of the fluid inside the cavity, elastic forces due to the “stiffness” of the entrapped 

fluid volume and finally friction and damping forces, which are ignored in the current 

analysis. 

.������#�����	
�)������
 

Newton’s second law necessitates that the net force due to the pressure difference 

� p equals the rate of change of fluid momentum as given by Eq. (1) 
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where v is the particle velocity.  

For a uniform velocity along the cavity length, 
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ZLF(s) denotes the inertial impedance of the cavity and is equal to the amount of 

pressure difference needed in order to drive a unit volume flow rate of the fluid inside the 
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cavity, which is proportional to the density of the fluid and the length of the cavity, while 

inversely proportional to its cross sectional area. 
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The second type of forces is due to the “stiffness” of the fluid inside. A pressure 

drop of � p across the cavity will cause the fluid to be “strained” due to a change in its 

volume Vol by an amount of d(Vol). 
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V

)(d
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and since the bulk modulus Bf is defined as the difference in pressure which yields a unit 

volume strain, � p is defined as: 

 
Vol
Vol

Bp f

)(d
-=D  (6.5) 

The change in volume d(Vol) along a period of time dt is defined as: 

�-= tQVol d)(d . Hence applying Laplace transformation to Eq. (6.5) results in: 
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Consequently, the elastic impedance ZCF(s) equals: 
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The total impedance of the straight cavity is therefore given as: 
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Utilizing the electro-acoustic analogy, the Helmholtz resonator is introduced 

adding to the total impedance of the proposed metamaterial cell. The mechanical stiffness 

and mass of the flexible panel coupled to the acoustic cavity are modeled using an ideal 

transformer, which in this case, couples the mechanical and the acoustical domains, 

where the transformation ratio is the surface area of the flexible panel. This is valid for 

the flexible panel mounted at the end of the fluid cell as well as that at the end of the 

Helmholtz resonator. The components in the mechanical side of the transformer are 

transferred to the acoustical side taking the transformation ratio into consideration. In the 

mechanical side the current would represent the mechanical velocity x� , the voltage drop 

would represent the mechanical force F and the system spring and mass would be 

represented by a capacitor CD=1/ KD and inductor LD = MD in the electrical circuit 

respectively.  From equation (6.8), the acoustic mass and stiffness in each cavity section 

is represented by the inductor 
A

l
L ff

F

r
=  and capacitor 

f

f
F B

Al
C = respectively. The 

Helmholtz resonator is also represented as fluid inductance LH, fluid capacitance CH 

coupled with inductance LB and capacitance CB of the Helmholtz resonator flexible panel. 

Putting all of the inductances and capacitances in one electrical circuit introduces 

the electrical analogous circuit shown in Figure 6.2, where Helmholtz resonator mass 

alM fH ´´= r , stiffness ( )HHfH lAaBK ´= 2 , a is the Helmholtz resonator’s neck cross 

sectional area, l is its neck length, AH and lH are the resonator cavity’s cross sectional area 

and length respectively.   
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Figure 6.2: Electrical circuit analogous to the cavity with Helmholtz Resonator 
 

From the circuit presented in Figure 6.2, the effective density and bulk modulus 

for the cavity can be calculated by considering volumetric rate of change of the acoustic 

cavity given as: 
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where Be, r e is the effective bulk modulus and density respectively.  
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Equations (6.9) and (6.10) are two coupled equations, from which the effective 

bulk modulus Be and density r e can be calculated. However in the current scenario, the 

values of Be and r e are prescribed according to the wave propagation pattern dictated by 

the application of the metamaterial. Hence, the same equations can be used to calculate 

the stiffness of the two flexible diaphragms (Kb and Kd) that would yield the targeted 

values of Be and r e. Using electrical circuit reduction techniques the overall impedance Zt 

can be calculated, which is a function of both Kb and Kd.   Now let the junction of the two 

halves of the resonator and the cavity be node N1 as in Figure 6.2.  Using simple circuit 

analysis, one can find that the pressure at N1 can be calculated as: 
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(6.11) 

Recall that for the over all system 

 

/ tQ p Z= .   (6.12) 

In turn, the volume flow rate into the Helmholtz resonator is described by: 
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Equations (6.11) and (6.12) can then be used with (6.9) to calculate the effective 

bulk modulus Be : 
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And the density r e is calculated as be as: 
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where ZB is the impedance of the Helmholtz resonator (cavity and piezoelectric panel) 

and ZLF is the impedance of the fluid cavity of length l f. Solving equations (6.14) and 

(6.15) simultaneously for any given Be and r e, results in the stiffness values (Kb and Kd) 

to achieve these effective cell properties. 

For a cavity of 5cm length and 25×10-4 m2 cross sectional area, filled with water, 

the effective bulk modulus and effective density as a function of frequency are as shown 

in Figure 6.3. In Figure 6.3a, the bulk modulus starts with the static value of water 

(2.25×109 Pa) and drops as the excitation frequency increases. In Figure 6.3b, the linear 

and log scale frequency dependent dynamic density is presented, where it starts at high 

negative value at very low frequency and approaches the nominal value for water (1000 

kg/m3) as the excitation frequency increases. The shown peak occurs at the cavity 

resonance. Hence it is evident from these two plots that both the bulk modulus and the 

density are frequency dependent and vary dramatically with the excitation frequency. 

Hence in order to maintain a required wave propagation pattern over a wide frequency 

range within a domain, the density and bulk modulus of that domain have to maintain 

specific values over that frequency spectrum. This is why actively controlling the 

stiffness of both the face- and side-mounted panels is crucial in that sense. 
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Figure 6.3: Uncontrolled homogenized bulk modulus and density for a cavity with Helmholtz 
resonator 

 

Replacing the flexible panels with active piezoelectric elements upgrades the 

developed coupled acoustic cavity from passive to active nature, where the stiffness of 

both panels can be controlled using the piezoelectric electro-mechanical coupling factor.  

The basic constitutive equation for a piezoelectric material is given by: 
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S E

e
  (6.16) 

where S = strain,  D = electrical displacement, T = stress, E = electrical field, 

sE=compliance, d= piezoelectric strain coefficient, and �  = permittivity.  Equation (6.16) 

can be rewritten for active Helmholtz resonator and face-mounted piezoelectric panel as: 
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where qd,b , � Vold,b = electrical charge and change in face- and Helmholtz resonator 

mounted panels volume respectively. � pd,b and Vd,b = pressure and voltage applied to both 

panels. CD,B = BDK ,1  is panels compliance and ZPd, ZPb are the electrical impedances for 

the face and Helmholtz resonator panels respectively. Using the piezo-diaphragm as a 

self-sensing actuator, then the second row of equation (6.17) gives, for a short-circuit 

piezo-sensor, the following expressions: 

                                                 bbAb pdq
H

D=
 
, dAdd pdq D=  (6.18) 

Then, the voltage Vd,b applied to both face- and side mounted panels can be 

generated by a direct feedback of the charge qd,b such that: 

                                            dAddd pdGV D-= , bbAbb pdGV
H

D-=  (6.19) 

Then, the first row of equation (39) yields: 

 ( ) dDCddAdDd pCpGdCVol D=D-=D 2 , ( ) bBCbbbABb pCpGdCVol
H

D=D-=D 2

 
(6.20) 

where CDC and CBC = Closed-Loop Compliance of piezoelectric face-mounted and 

Helmholtz panels respectively. The equivalent electric circuit for the composite cavity 

with active Helmholtz resonator and face-mounted panel is shown in Figure 6.4.  
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Figure 6.4: Electrical circuit analogous to the cavity with active Helmholtz resonator 
 

A feedback control system has been applied to a cavity with the same parameters 

whose acoustic properties are plotted in Figure 6.3. The objective of the feedback 

algorithm was to control the stiffness of both the face-mounted and Helmholtz resonator 

piezoelectric panels to realize a composite cell filled with water that has an overall 

homogenized bulk modulus and density which are both 20 times that of water in one case 

(as shown in Figure 6.5) and 0.05 times in another case (as shown in Figure 6.6). 
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Figure 6.5: (a,c) Stiffness and control voltage for Helmholtz resontator (b,d) Stiffness and control 
voltage for end-mounted panels. (e,f) resultant homogenized bulk modulus and density  

(for 20 times that of water) 
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Figure 6.6: (a,c) Stiffness and control voltage for Helmholtz resontator (b,d) Stiffness and control 
voltage for end-mounted panels. (e,f) resultant homogenized bulk modulus and density  

(for 0.05 times that of water) 
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The proposed active acoustic metamaterial cell investigated in this work is 

composed of three different materials as shown in Figure 6.7. Water, in a cylindrical pipe, 

is confined from both ends with two PZT4 piezoelectric bimorphs. In the middle of the 

acoustic cavity a Helmholtz resonator cavity has been attached, in which the rigid cap is 

replaced with the same PZT4 bimorph as in the main cavity. The bimorph itself is 

composed of intermediate Brass disk with PZT4 layers deposited on both surfaces. The 

internal cell diameter is 0.035m, its overall length is 0.045m and the overall diaphragm 

thickness is 0.5mm of which 0.135mm Brass intermediate disk thickness. The material 

properties of the piezoelectric bimorph components are listed in Table 6.1.  

 

 

 

 

 

 

 

Figure 6.7: Construction and dimensions of the proposed active acoustic metamaterial cell 
 

Table 6.1: Material Properties 
 

 

 

 

MATERIAL PROPERTY VALUE 
Frequency 1.3 kHz 

Capacitance @ frequency 150,000 pF @ 1kHz 

Voltage Input (Maximum) 30V p-p 

Impedance 200 Ohm 

41
mm 

0.135mm 

0.183mm 
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The cell is built by cutting the confinement Acrylic cylinder to the required length 

(for both the main fluid cavity and the Helmholtz resonator) and drilling a 3mm hole in 

the middle of its surface. The piezoelectric bimorph diaphragms are wired, then coated 

with electrical insulating coating and then glued to the annular faces of the cylinder 

confining a fixed volume. Water is then injected through the 3mm circumferential hole 

until it fills the entire cylindrical volume leaving no air bubbles inside the cell. The hole 

is then sealed, leaving a composite water-PZT metamaterial cell for testing and 

evaluation. The main cavity length (2×l f) = 44.5mm, diameter = 32.6mm, Helmholtz 

resonator cavity length (lH)=22.25mm, diameter = 32.6mm, Helmholtz resonator neck 

length (l) = 3mm and diameter = 3mm. 

The basic concept of the AAMM lies (as illustrated in Figure 6.8) in that the 

(sensing bimorph) measures the acoustic pressure passing throughout the cell and submits 

the measured signal to a feedback control circuit to generate a consequent control signal 

to the actuating bimorphs via a power amplifier to change their stiffness. Due to the 

incompressible nature of the confined fluid, direct coupling to the actuating bimorphs is 

established forming a homogeneous fluid-solid domain that acts as a single degree of 

freedom (DOF) system, provided the excitation wavelength is much larger than the 

dimension of the entire composite cell. Hence, changing the stiffness of one of the 

actuating piezoelectric bimorphs affects directly the stiffness of the second one, resulting 

in a controllable dynamic density (resulting from the effect of the face-mounted bimorph) 

and the bulk modulus (resulting from the effect of the Helmholtz mounted bimorph) of 

the entire single DOF fluid domain as demonstrated in the electrical-acoustic circuit 

presented in Figure 6.4.  
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Figure 6.8: Schematic of the operation mechanism of the proposed cell 
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The verification process is carried out on two steps. In the first step, the face-

mounted piezoelectric diaphragm (responsible for density control) is controlled, while the 

Helmholtz resonator mounted piezoelectric diaphragm (responsible for bulk modulus 

control) is maintained uncontrolled. In the second step, the opposite is carried out.  

�
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Figure 6.9 illustrates the frequency response of the face-mounted diaphragm in 

the uncontrolled, positive and negative feedback control gains. Figure 6.10 on the other 

hand is the frequency response of the Helmholtz resonator mounted piezoelectric 

Actuating bimorph 
for density control Sensing bimorph 

Fluid domain (water) 

Incident acoustic 
pressure  

Helmholtz 
Resonator 

Actuating bimorph for 
bulk modulus control 

Amplifier 

Controller 
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diaphragm as a result of the control of the face mounted one. In order to verify the change 

of dynamic density in the cell cavity, the pressure gradient inside the cavity is measured 

using the face-mounted piezoelectric diaphragm and a third diaphragm mounted on the 

opposite end of the fluid cavity. The response of each of these sensors represents the 

pressure inside the cavity measured at the cavity ends. Figure 6.11 illustrates the relative 

pressure gradient change as a result of both positive and negative feedback gains. 
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Figure 6.9: Frequency response of face-mounted piezoelectric diaphragm 
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Figure 6.10: Frequency response of Helmholtz resonator mounted piezoelectric diaphragm 
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Figure 6.11: Frequency response of the pressure gradient in the uncontrolled and controlled cases 
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Figure 6.12-14 illustrate the same spectra for the case of uncontrolled, positive 

and negative feedback control gains applied to the Helmholtz resonator mounted 

piezoelectric diaphragm.  
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Figure 6.12: Frequency response of face-mounted piezoelectric diaphragm 
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Figure 6.13: Frequency response of Helmholtz resonator mounted piezoelectric diaphragm 
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Figure 6.14: Frequency response of the pressure gradient in the uncontrolled and controlled cases 
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Based on the results obtained from the experimental measurements, it is evident 

that the composite acoustic metamaterial cell is acting as a single DOF system, whose 

natural frequency for the uncontrolled cases is 800 Hz. The Helmholtz resonator 

resonance frequency was measured to be 105 Hz. Applying positive/negative feedback 

control on the face mounted piezoelectric diaphragm has affected the main cavity natural 

frequency without significant effect on the Helmholtz resonator cavity as illustrated in 

Figure 6.10. Since the pressure gradient is a direct measure of the density in acoustic 

cavities, the gradient was measured using the two end-mounted piezoelectric diaphragms, 

which (as illustrated in Figure 6.11) reveals significant increase/decrease in the density of 

the fluid cavity, which eliminates the possibility that the resonance change in the 

uncontrolled, positive and negative feedback cases might be due to bulk modulus 

changes. Applying the same feedback control actions to the Helmholtz resonator mounted 

piezoelectric diaphragm didn’t affect the resonance frequency of the main cavity, nor did 

it affect the pressure gradient as compared to the first case. However, significant effect on 

the Helmholtz resonator resonance frequency was measured. The Helmholtz resonance 

has ranged from 81 to 168Hz due to the negative and positive feedback control 

respectively. Projection of the Helmholtz resonator effect on the main cavity frequency 

response without significant change of the pressure gradient in that frequency band is an 

evident of the change of the main acoustic cavity’s bulk modulus. 

Hence an active acoustic metamaterial with programmable density and bulk 

modulus has been developed. Analytical analysis using electro-acoustic analogy has been 

developed. An active composite cell coupled with active Helmholtz Resonator was 
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manufactured and control actions were applied to both piezoelectric elements in the main 

cavity and in the Helmholtz resonator to change the density and the bulk modulus of the 

main cavity. The frequency band in which the density has been significantly controlled 

was 600-900Hz, while that in which the bulk modulus has been significantly controlled 

was 81-168Hz. Cross-effect of the two active elements is negligible, emphasizing the 

capability of the developed active acoustic metamaterial cell in simultaneous independent 

control of both the density and bulk modulus of the cell. 
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Chapter 7 : Loss Analysis 

Thus far, the model of the system found through the electric analog method has 

been restricted to lossless components.  This section looks at the effects of adding those 

losses back into the system.  Use of resistive elements in a lumped element models has 

been used in many papers such as Liu et al.120,121, Prasad et al.122, and Gallas123 when 

assessing lumped models of resonators and cavities with piezoelectric diaphragms.  
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For this model, these losses primarily will be assumed to come in two forms, the 

first of which is viscous losses in the different sections of the cavities.  This can be 

described in its simplified form123:  

 4

8
v

L
R

r
m

p
=   (7.1) 

where m is the viscosity of fluid, l  is the length of the cavity, and r  is the radius of the 

cavity.  The second form is the mechanical loss in the bending diaphragms.  Using the 

method applied by Liu et al121, the resistance can be described by: 

 2 d
d

d

M
R

C
z=  (7.2) 

where dM is the equivalent kinetic mass of the diaphragm,dC is the short circuit acoustic 

compliance relating the acoustic pressure to displacement of the diaphragm, and z a 

damping coefficient that can be found experimentally.  These resistance values can be 

inserted into the circuit portrayed in Figure 6.4 to result in Figure 7.1: Electric analog of 

the dually tunable system with added loss components shown below.  
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Figure 7.1: Electric analog of the dually tunable system with added loss components 
 
 
As before, the total impedance tZ  of the above circuit can be broken down into 1HZ , 2HZ  

, HRZ  and CFZ  for the resistance and inductance of the first half of the cavity, the entire 

second half of the cavity, the Helmholtz resonator section, and the compliance of the first 

half of the cavity.  These individually can be written as:  
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And the total impedance tZ  is described as: 
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which can be simplified a bit for the purpose of solving for the gain using Matlab by 

eliminating internal fractions:  
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The equations for the density and bulk modulus are then solved as with equations 

(6.9)-(6.15). 
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 Modeling was done for an effective relative density of 1 and bulk modulus of 20 

times that of the ambient medium which in this case was water.  Parameters used in the 

model can be found in Table 7.1 below.   

Table 7.1: Parameters of the model with resistance 
 

 

 

 

 

 

 

 

 

 

Five cases were modeled separating the various sources of resistance.  The first 

results for the control voltage and closed loop compliance below serves are the baseline 

where all resistances are set to zero.  The following two separately include the viscous 

effects in the cavity and in the neck of the Helmholtz resonator.  The forth case applies 

only the acoustic resistance of the diaphragm.  The final case combined all the 

resistances.  

 

PARAMETER VALUE 
A 25x10�4 m2 

a 7.06x10�6 m2 

� f  1000 kg m-3 

�  f  2.25x109 Pa 

l .0225 m 

lH .003 m 

�  8.94×10�4 Pa s 

r 0.0163 m 

rH 0.0015 m 

�  138.3 PaV-1 

dA -2.108x10-11 m3V-1 

LP 50 H 

CS 0.2x10-12 F 

CP 18.239x10-9 F 

�  0.028 
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Figure 7.2: Resistances set to zero 
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Figure 7.3: Only viscous resistance in cavities 
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Figure 7.4: Only viscous resistance in Helmholtz neck 
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Figure 7.5: Only acoustic resistance from diaphragms 
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Figure 7.6: All inclusive resistances 
 
 
 

Figure 7.7 subtracts the baseline case from the subsequent cases to solely look at 

the change in the control voltage caused by the addition of the resistances. 
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Figure 7.7: Subtracted from baseline 
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Figures 7.2 through 7.7 show that the addition of viscous resistance elements and 

elements for acoustic resistance of the diaphragm have very little effect.   The maximum 

effect from these resistances occur at low frequencies but even at those low frequencies, 

the values for the control voltage are around five orders of magnitude greater than the 

differences caused by the resistances.   
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Chapter 8 : Conclusion 

0��������
���
 

This dissertation presents the theory, modeling, manufacturing and experimental 

results of an Active Acoustic Metamaterial (AAMM).  A thorough investigation of past 

developments has been made in both general metamaterials as well as metamaterial 

design based on coordinate changes such as those necessary to attain the parameters for 

an acoustic cloak.  Furthermore, a generalized coordinate change formula has been 

presented for determining material parameters for desired directivity and dispersion 

control.   

Custom Finite Difference Time Domain (FDTD) models have also been created 

though MATLAB scripts that match previous work and have shown agreement 

commercial software for both the material parameters of the cloak coordinate change as 

well as the directivity and dispersion coordinate change.  The intuitive nature of the 

FDTD over the FEM allows for quick adaptation for other metamaterial projects.  Only 

the knowledge of the material’s geometry and property values of bulk modulus and 

density are necessary to input into the model.  The limitation however, is that the FDTD 

model resides over a set grid domain and can not be readily refined for important 

locations in the metamaterials geometry.  This may lead to some problems such as 

mismatched impedances at boundaries.  For fine meshes, the FDTD can also be memory 

and time expensive.   

With the necessary material parameters having been found, an approach was 

presented to achieve such material parameters in such a way that avoids the infinite mass 
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problem described by Norris24.  In addition, the approach allows for the metamaterial to 

be physically identical passive “off” form, but can be tuned to desired properties when 

becoming active.  The first model for this approach was a single cavity with a self 

sensing piezoelectric diaphragm back as presented by Baz63.  This model allowed for 

tuning of the effective density of the metamaterial and was presented as a lumped 

element model taking advantage of the long wavelength assumption i.e. that the cavity 

itself would be smaller than the wavelength of the incoming wave.  Parametric analysis 

of the design showed the flexibility of the design as well as tradeoffs between parameters 

such as bandwidth and control voltage. Single cavity metamaterial cells were then 

fabricated to test the theory of the density control model.  The metamaterial cell was 

characterized by Baz and Akl77 by measuring the acoustic impedance and transmission 

loss in the 200Hz to 1kHz range and the results were compared to a finite element model 

created to match the physical dimension of the acoustic cavity cell and were found to be a 

close agreement.   Additionally, dynamic properties of the cell showed homogeneity up 

to 4kHz.  This demonstration however, is only limited to the control of the effective 

density and lacks an investigation into viscous losses in the cavity and losses in the 

diaphragm.   

The single cavity model was then taking a step further with the addition of an 

active Helmholtz resonator.  This model allowed the simultaneous yet independent 

control of both the effective bulk modulus and the effective density of the metamaterial.  

This model was physically manufactured as well and was shown to behave as a single 

degree of freedom system.  The effective density for the system was significantly 

controlled in the 600-900Hz range, while that in which the bulk modulus has been 
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significantly controlled was 81-168Hz.  Additionally, it was shown that the cross-effect 

of the two active piezoelectric diaphragms was negligible demonstrating the effective 

independent control of the density and bulk modulus.  

Finally the model with the Helmholtz resonator was re-evaluated using resistance 

elements to determine the impact of such element on the control voltage.  Viscous 

damping elements from the fluid as well as elements of acoustic resistance from the 

diaphragm were added to the circuit analogy and the gain for the control voltage was 

reevaluated.  The results of the resistive elements on the control voltage gain were found 

to have negligible effects, especially at higher frequencies. 

0�����)��"��
��#�����.�������

�
Research into the field of acoustic metamaterials is still in its infancy and still has 

a lot to offer in terms of research paths and approaches.   This author has created a finite 

difference time domain package for use with metamaterials which allows for matrix form 

densities.  This package has been compared with a commercial finite element package to 

reproduce results from past research as well as having been used for new research as well 

such as the presented contribution of a directivity and dispersion control.   This control is 

based on the solution to a density matrix and bulk modulus scalar based on desired 

material property values.  Such programmability can have numerous applications such as 

wave redirection and metamaterial lenses. 

Also, the work of Baz and Akl has been extended to include both density and bulk 

modulus control which can be done independently of each other.  This was also shown to 

have a single degree of freedom characteristic and the cross-effect was shown to be 
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negligible.  All of the pre-described electro-acoustic circuit analogy models, however, 

lacked dissipative components.    Chapter 7 contributes both viscous and mechanical 

losses to the model and finds for current models, these resistive elements change the 

control voltage and stiffness an insignificant amounts.   

�

0����(������7��%  

 
 Possible extensions come in several different forms.  Fabrication of multi-cell 

arrays in a cascading arrangement could be carried out to demonstrate a controllable 

wave propagation pattern in a fluid domain.   

 

Figure 8.1: Schematic for cascading cells (Akl and Baz92) 
 
 

 

Figure 8.2: Electric Analog for cascading cells (Akl and Baz92) 
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Furthermore, the model and array could be expanded into second and third 

dimensions to satisfy cloaking shells for cylindrical or spherical coordinate systems.   

Simplification or approximations of the electro-mechanical analog may be necessary as 

the solution for the control gain for the current model is very complex as is.    

 

 

 

 

 

 

 

Figure 8.3: Extension of metamaterial for cylindrical coordinates (a) Honeycomb layout for 
metamaterial A and B layers (b) Turning of the layers on side (c) Representation of layers for curved 

surface 

a) 

b) 

c) 
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Additionally, an investigation can be made on the effect of the thickness of the layers of 

materials A and B as compared to the thickness of the metamaterial structures as 

demonstrated in Figure 8.4. 

 

Figure 8.4: Different configureations of Aand B metamaterial layers relative to the thickness of the 
structure. 

 

Miniaturization is another path that may be taken for this metamaterial.  In 

addition to the overt advantage of the reduction in bulk size, miniaturization would 

increase the bandwidth for which the necessary condition for the long wavelength 

assumption to hold.  This could possibly be extended to micro-electromechanical systems 

(MEMS) level structures, though a more thorough investigation into viscous and damping 

effects would be necessary such miniaturizations. 

Furthermore, a study of effect of S-Waves through the metamaterial cell could be 

performed for this structure.  Though some theoretical research on the subject has been 

made such as Tang et al.124 and Smith and Verrier125, a practical experiment for acoustic 

cloaks or even any acoustic metamaterial has not yet been made.  Resulting acoustic 

noise may become an issue or may be negligible compared to the pressure component. 
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Appendix I: Descritization into Finite Difference 

 

Second order derivative conversions of pressure in time and space are:  
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Using these conversions, we substitute back into the wave equation: 
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to result in the following: 
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 Isolating the pressure for the future step we get:  
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Appendix II: Stability Analysis 
 

Von Neumann: 

Begin with the finite difference wave equation for time dependent variables 
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The difference between the numerical solution and the true solution for the wave 

equation will be some round off error.   Let round off error be defined as ( )
,
n at i kx ly
i j e ee +=  

and let the finite difference derivatives in time and space be as follows. 
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With each iteration, the round off error may compound, so let us define some 

amplification factor as a fraction of the future time error over the current time 
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error
1
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n
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n
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+

=  which will acknowledge any growth in the error in each time period.  For 

the finite difference equation to stay stable over time, the absolute value of the 

amplification factor must remain below one.  

 

1G £  

 

To begin the analysis of the equation, the Fourier transform of the second order 

wave equation using the aforementioned round off error and its derivatives in time and 

space.  Note that the terms for the spatial derivative in density are untouched since they 

time invariant and will only act as coefficients for the growth factor. 
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Using the half-angle formula and simplifying, we get:  
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Recalling the definition of the amplification factor we can simplify it to:  
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Rewriting the above wave equation with the amplification factor substitution: 
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At this point, one can clearly see that solving for the amplification factor is just a 

matter of solving the quadratic equation.   

Bringing the right side of the equation to the left we get. 
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Since only the minimum and maximum are important here, the frequencies 

determined by l  and k not important.  Looking only at the ranges we get:  
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The knowing that the coefficients are all positive, the maximum possible is: 
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and minimum is 
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which is dependent on the values of the coefficients and must abide by 0 2b£ £  for the 

absolute value of 
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=  to be less than 1. 
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Appendix III: Discretization of the Perfectly Match ed 
Layer equations 

 
 

The three equations needed for the x direction are: 
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Multiplying out the left side of the first two equations, we get: 
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Using the same descritization transformations as in Appendix I on the 1P  equation we 

get: 
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This can then be simplified to: 
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The same can be done to the similar1z equation to result in the following. 
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Finally, for the x direction, the intermediate variable can be rearranged and 

discretized to result in the following. 
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The same can be done in the y direction to result in the following three equations. 
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