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Metamaterials are artificial materials engineeix@grovide properties which may
not be readily available in nature. The developnuérguch class of materials constitutes
a new area of research that has grown significaotigr the past decade. Acoustic
metamaterials, specifically, are even more novahttheir electromagnetic counterparts
arising only in the latter half of the decade. Astic metamaterials provide a new tool in
controlling the propagation of pressure waves. klav, physical design and frequency
tuning, is still a large obstacle when creating ewnacoustic metamaterial. This
dissertation describes active and programmabledder acoustic metamaterials which
allows the same basic physical design principldsetased for a variety of application.

With cloaking technology being of a great interesthe US Navy, the proposed
design approach would enable the development aftanmaterial with spatially changing
effective parameters while retaining a uniform pbgisdesign features. The effective
parameters would be controlled by tuning smart aors embedded inside the

metamaterial structure. Since this design is basedynamic effective parameters that



can be electrically controlled, material properanges of several orders of magnitude
could potentially be achieved without changing gmysical parameters. With such
unique capabilities, physically realizable acousticaks can be achieved and objects

treated with these active metamaterials can be@moastically invisible.
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Chapter 1 : Introduction

The purpose of this work is to create an acousgdium that reacts not as the
average of the sum of its parts, but beyond. Matanals have been a popular topic for
a while amongst the electromagnetic community, lag just recently started to gain
grounds in the acoustic field. However, to thisnporealized acoustic metamaterials
remain very limited and only exist in very specifarms and applications. Recently,
programmable acoustic metamaterial have been amesidas a viable and practical
alternative. Such a metamaterial could be adjulie@ variety of applications simply
with programming rather than a complete rebuildtieé structure.  One important
application for such a metamaterial is acoustiakilag which can be used to treat critical
objects in order to render them acoustically irblesi

The potential for cloaking technology has longrbeecognized in the modern
era. The termcloaking was first coined by D.C. Fontana and has beerujaoized in
science fiction media, but the developments in stecihnology have been, to a large
degree, unfruitful in reality. References of clmaktechnology are usually attributed to
military purposes, as a way to conceal a persoobpect. Here, the term cloaking
technology is often lumped withcamouflagg i.e. the avoidance of observation.
However, cloaking takes this a bit further allowiagignal to bypass an obstruction and
continue onward whether object is a naval vessdamge pillar in a concert hall. A

programmable metamaterial would be able to redmesignal at will either continuing it



on as in the case of a cloak, or redirecting & iesired manner such as an acoustic lens

to magnify and focus acoustic signals.

This section has been broken into three subsectiorgetail the information
leading to the theory necessary to create a pragedste metamaterial which is essential
for the realization of an acoustic cloak. Thetfissa literature review of metamaterials
including a brief history and evolution of metamaks. This includes the
conceptualization of such materials before the tevas coined or technology was
available to produce a practical example to contaary works and realizations, though
technologies specific to cloaking will be left thet second subsection. This second
subsection includes the early evolution of electagnetic (EM) cloaks which set up the
foundation for acoustic cloaks. The third subgectcontinues the timeline of cloak

research but jumps into the acoustic realm.

There has been a great deal of interest in thd bélmetamaterials in the past
decade as a way of redirecting waves. Their umaktinaracteristic has made them a
perfect tool in the search for a means to cloabklgect from incident waves. The term
itself was only coined a little over decade agdRwglger M. Walsér The prefix etd
originates from the Greek word for “after” or “bend@y and it was then defined as a

“macroscopic composites having a manmade, threendioeal, periodic cellular



architecture designed to produce an optimized caatimn, not available in nature, of
two or more responses to specific excitation

In an introductory article in the first issue ofethjournal Metamaterials
Shamonina and Solynfarin 2007, described interactions with metamateriabs
"phenomena associated somehow with wave propagatiarsonant elements and with
negative refractioh At the time of the conception of that journ#the subject of
metamaterials had mostly remained within the donedialectromagnetic, but has since
expanded into multiple regions. To paraphrase aalspe from a Metamaterials
conference in May of 2011, it seems today that thember of definitions for
metamaterials varies with the number of researcienetamaterials. Generally put,
however, metamaterials are materials that gainr tpepperty not only from their
composition, but also from their structure. Thigustural component is what
distinguishes them from composite materials. Thstsectures are most often sub-
wavelength in size, but in certain cases, such @gal metamaterials dealing with
phonic crystals, the structures are in the rangeafelength size. Since the structures
are intrinsically tied to the wavelength it is inmfant to note the requisite scale of the
metamaterials structure. The chart below revealsv hemall electromagnetic
metamaterials structures would have to be in thecaprange leading to questions of
production challenges.

Table 1.1: Common wave speeds and wavelengths

Seismic Acoustic Acoustic Electromagneti(I:EIeCtrorT]algnetlc
(Optical)
5km/s(In Granite) 343m/s(Air) | 1,484m/s (Watdr) 3x1C0m/s 3x18m/s
5,000m@1Hz | 0.343m@1kHz| 1.5cm@100kHz30 m@10THz | 500nm@600THz
(P-wave) (IR-C) (Green light)




As suggested by the chart above, research on maatea spans several
domains of wave propagation. |Initially, the foco$ metamaterial was on the
electromagnetic domain. The most dominant of tlasethose with negative refractive
index i.e. materials that possess both negativenigtesnty ( ) and negative permeability
( )- These materials are sometimes referred tofekdaded media alluding in contrast
to the “right-hand” rule memorization technique.th€ names also include backward
wave media, or double negative metamaterial. Thahgre are certain specific cases
where a material with a negative permittivity caas found and a few rare cases when
negative permeability occurs, the combination of two has yet to be discovered
naturally’. Victor Veselago was among the first to publistietailed theoretical study of
such a material in 1967 which was translated imgligh in 1968 He suggested that
the possibility of the existence of such a matesith both negative and would fall
into one of three categories. First he suggesiaidsince the product of the two would be
again positive, there would not be anything speaimut these materials. Secondly, it
could be that such a material might violate sonmelamental law of nature and therefore
doesn't exist. Finally, the case that Veselagdizes in his paper is the scenario where
the double negative material can exist, and possessme quality that is different to that
of a double positive material. He extended thestedg Snell law to reflect the

“rightness of the material.

siy _, _ |&m Siy _, _P. (&1 (1.1)
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He also discusses what values @nd are possible in principle such as the possibility

of anisotropic values and the limitation what sc@sadouble negative material can

occur. Veselago is often cited, in the last decadean early example of study into an



electromagnetic metamatefi&’®> However, Sergei Tretyakov noted in 2005, on his
historical paper on negative refraction and backweave medi§ that such left handed
materials were suggested, at least in a cursoryneraby many others including but not
limited to Mandelshtam (1940), Malyuzhinets (195dnd Silin (1959). Veselago,
himself, references Pafomove (1959) when considetlia reverse Doppler and Vavilov-
Cerenkov effects for astibstance with negative group velocity

In 1999 Pendry and othérerere the first to show that split ring microstures,
built from non-magnetic conductors, could create #ffect of a material with a
permeability that doesn’t exist in nature. Additdly, this effective permeability could
be tuned to a desired value. This spurred a numbsubsequent studies in negative
index metamaterials. Many of these electromagnmegtamaterials were reviewed by
Liu and zZhand’, Shalae¥, and also UnY exploring chiral materials, single negative
materials, photonic crystals as well as the aforgiaeed double negative materials.

More recently, metamaterials research has begulwiegan acoustic research as
well. Shenget al'?, for example, have analyzed how a material witedain average
static density can have a completely different ati¥e density in the dynamic case.
Others have demonstrated metamaterial with spgmifiperties such as the work of Lee
et al*® in creating a material with an effective negatilensity. Furthermore, acoustic
metamaterial technology has been taken into tHenredapplication with metamaterials
designed as acoustic lenses to focus sound WaVes as in the case of this dissertation

proposal, to redirect them around an object.



In 2006, Pendret al®> showed how Maxwell's equations basically held éor
transformation of coordinates as displayed in Feglrl such that a new coordinate

systemq,, 0,, ;is a function ofx, y, z. Thus:

N E= - mpt N E=-

1t It
) qE i & (1.2)
N H=+eg— N H=+ge&—

fit it

where /m e are general tensors arifl H are renormalized fields. In addition, when the

new coordinate system is orthogonal, the permiytiand permeability terms simplify

considerably.
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Figure 1.1: Arbitrary change of coordinate systemPendry et al®). (a) A field line with the
background of a Cartesian coordinate system. (b) Aistorted field line with the background of a

similarly distorted coordinate system; the field Ine may be an electric displacement, magnetic
induction or Poynting vector.




The article took the three dimensional examplenobdhogonal coordinate transfer in the

case of a sphere and gave the material propedies transformation that corresponded

to:
r(R,- R)
ré=R, +
R, (1.3)
qt=q
fe=f

This transformation removes a portion of spe(a:e< Rl)from the coordinate system,

effectively hiding it as shown in Figure 1.2.
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Figure 1.2: Change of coordinate systerln to excludaevolid. (a) Normal APoIar coordinates (b) Polar
Coordinate with the beginnings of a small void excision (c) Polar coordinate with a large void
exclusion in which R is half of R,




Detailed derivations for the material propertiesavpublished a few months latér It
included both the spherical coordinates printedhieir June 2006 paper as well as a

cylindrical coordinate transformation. With thepping mentioned above, the original
domain0<r <R,was compressed into regidf < r <R, so that the origin was mapped
to a fixed radius and the outer radius remaineddiguch that it would blend with the

material properties outside oR,which remained untransformed. They began the

transformation by equating the unit vectors ofihe and post transformation space.

x¢_ X

r¢ r

r¢ r r¢ r
2t z

re¢ r

This was combined with the transformation from abtiy produce the components of the

position vector as a function of only the composdriam the original space.

x¢=aX +—(b_ a) X
r b
X or(b-a) X ) y (b- a) (1.4)
—a—d — =g+ 7
X araf+ b rq’ . y ar+ b Y
z¢:aE+Mz
r b

Here the transformation matrix as defined by

x Ty 1z
T:M:M M ﬂ

(1.5)
1, x Ty 1z

Yz' 1z 1z

™x My 1z



could then be calculated using the position veatesslting in the following.

re ax? axy axz

oot g

T= _% L(]E a_y2 - ﬂz
P rd re (1.6)

_azx  azy ¢ az

r r’ o 3

Since the coordinate system is symmetric, the matan be rotated such that

(X, Y, 2=(r,0,0) to find the determinant of the transformation tens

TR 16’
r r

detT = (1.7)

This transformation was then used to apply a temsrsity transformation on the

permittivity and permeability resulting in the folling relations.

gr=i =R g 2RE Ly

1.8
R- R r¢‘ (1.8)
Which, written out, comes to:
_ oo R (r-R)
4= M
e% = ”ﬁ:% (1.9)
= :L
ek = R-R

It is important to note that at the outer surfachewe r =R, the values become
= /ng:”i& and e = gtg:eick. Also, since these transforms outside the ouwtdius
r

are no longer applied, the values of the transfobesome e§¢=¢¢= e &1 and



nfg= nf= pg=1 revealing that the outer layer of the transforncedrdinate sphere is

perfectly matched. Thus, the central region woeitlude all outside fields and,
conversely, no inner fields would escape. In additia ray exactly perpendicular to the
tangent of the cloak would be a singularity wheéraloes not know whether to deviate up
or down, left or right’ Schuriget al'® acknowledged also that there may be issues
attaining very small and very large values of péimiy and permeability, and that
unless the surrounding medium had a very high e¢gf@index where dispersion may be
avoided, the cloak could only operate fully atragte frequency.

A few months after Pendrgt al published their paper, that Schurig and Smith
from that group was joined by Cummer and Pdpa publish a paper investigating the
new electromagnetic cloak theory with simulationssing a finite-element
electromagnetic solver. The bulk of the simulasiomere based in a 2D cylindrical
problem with a shell thickness normalized to théius of the inner radius. Here they
took four main scenarios. The first was the idgabk taken straight from the recently
realized theory and was used mostly as a basebin¢hé subsequent scenarios. The
second case introduced electric and magnetic loatésh showed large amounts of
forward scattering with a loss tangent of 0.1; hesve backscattering actually reduced
with the addition of the losses. They attributeid to some of the back scattering being
lost within the cloaking layer before exiting tHeak. A smaller loss tangent of 0.01 was
found to be almost imperceptible. The third scenéroke the cloak into 8 discrete

layers as shown in Figure 1.3.
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Figure 1.3: Descritization of cloak layers (Cummeet al'").

The result of the eight layer approximation showsate scattering than the ideal cloak,
but still showed strong signs of the incident wdngng redirected around the inner
circle. The fourth case for the normalized clogkithickness used a reduced
approximation for the permittivity and permeabilityHere, the only inhomogeneous

property was themn while m remained at unity ane, was real and greater than one. This

provided a more easily attainable example that ccdé achieved with an ordinary
dielectric. While the scattering of the fourth €asas worse than the previous three, it
still showed significant improvement over the laifka cloak altogether. Finally, there
was a discussion of a cloak thickness that was 8&% of the inner radius. Here, the
phase front of the ray would have to bend morecedlyi than in the cases of the thicker
cloak. Scattering in this case still remainedIyalow, but the paper suggested that

thinner cloaks would require more tightly contrdlielectromagnetic parameters.

11



Several of the members of the previous two groupeevihen joined by Mock,
Justice, and Starr to bring the theory in to rgal#s shown in Figure 1.4, using the

aforementioned reduced approximation scerfrio

Figure 1.4: Electromagnetic cloak experiment (Schiig et al'®) (a) Experimental setup for the
electromagnetic cloak for the X-band of microwaves(b) Actual picture of the split ring cloak used in
the experiement.

12



The cloak was composed of ten layers of split nregpnators (SRR) and imbedded in a
waveguide as shown above with a saw-tooth microveds®rbing boundary. The setup
was excited in the X-band of microwaves through8HE2GHz range. The experimental
measurements showed reduced scattering and beodlitige wave plane within the
cloaking region which was consistent with numergiatulations. Optimal cloaking was
found at 8.5GHz in agreement with the design spatibns of the cloak.

There are many more additional studies in elecagmetic cloaks but are not as

pertinent to the evolution of the acoustic cloak.

One of the first appearances of acoustic cloakinyg way of coordinate
transformation was a paper by Miltebal in 2008. The often cited paper began with a
history of invisibility laid out the general equati of motion for elastic media and
showed that, in general, equations of motion werg¢ mvariant to coordinate
transformations. For most cases, when the elgstrdic wave equation is transformed,
additional terms appear where the terms for staessmomentum become coupled with
velocity and strain respectively. The exceptiorhis lack of invariance, aside from the

introduction of a density matrix, was in cases afnhonic mappings. Milton began with
the elastodynamic wave equatiddCNu =-w?ruand applied transformation which
changed its form tN©€C W wW+N S ¢ £DIN u ¢ud ¢ where Stand Ddare third order

tensors. The exception in harmonic mappings asfieat by

2
1 X&t =0 for allk (1_10)

¢ =
4 9ix 9%

13



which occurs for the acoustic wave equation wittozhear modulus and zero shear
viscosity in the absence of body forces.

The following year after the paper by Miltcet al, Schurig and Cummer
extended their coordinate transformation theoryaforelectromagnetic cloak to acoustic
cloak in 2D using the coordinate transformationcggdecase and designing the cloak
around an anisotropic material with a second rasmisdy tensor. They showed the exact

duality of the following variables from their resjiee equations.

(pvov.r, sl )0 F EH Hm, m,e,) (1.11)
Cummer and Schurig realized a transformation frGartesian coordinates to polar
coordinates wherein permittivity in the electrometjn case can be compared to density
and bulk modulus in the acoustic case. This reguihat the bulk modulus and density
be a function of their radial location and, as nwred before, required material to be

anisotropic as shown in Figure 1.5.
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Density and Bulk Modulus as a function of Radius
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Figure 1.5: Acoustic cloak profile (Cummer and Schrig*®)

The paper continued by demonstrating the transfoomaising a finite difference
code in Cartesian coordinates with normalized Ganswave. Three scenarios were
shown to make visual comparisons between the ctbakenario against an open field
and a field with an uncloaked object. Cummer andusig noted that even with rough
meshes, cloaking performances remained high imglyimsensitivity to imperfections.

They also hinted that shifting the anisotropy frime density to the bulk modulus could

be easier to realize.

An analysis of that paper by Cai and Sanchez-Déhesamputationally

compared results and showed the effectivenessabfclbak for planar and line source

15



waves. Comparisons were also made between acdgil as in the original design, a

cloaked void region and a cloaked region of watdhey used scattering techniques
which involves Bessel functions as solutions towla@e equation with 15 to 25 layers on
the cloak. The analysis described that the effengss varied across the computed
spatial frequency range, which was up to wherepiteagluct of the wave number and

outer radius of the cloaked shell equaled tenaldb showed in general that the rigid

center produced the best results while a water mnegroduced the worst as seen on
their scattering form factors from their paper belhich showka=9.5 as displayed in

Figure 1.6.

— (S cloaking
===~ Rigid core only
Cloaking a void core
Cloaking a water core
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Figure 1.6: Acoustic cloak scattering (Cai and Sadez-Dehes#) (a) Scatter form factor and (b)
scattering cross section as a function d&fa for the original Cummer-Schurig cloak with rigid core, a
rigid core only, a cloaked void core and a cloakediater core

Another finding was the total scattering cross isectwhich is the total energy
transmitted by a scattered wave. Again, the CumandrSchurig cloak is shown to have
the best result by having the scatter energy olerentire computed frequency band
lower than the scattering energy from the rigidecatone. Cai and Sanchez-Dehesa
noted that the cloaked water core shows resonahispelrhey looked at the scattering for
the first peak aka = 1.5 shown in Figure 1.7, and saw that the oatlesembled that of a

monopole resonance.
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Figure 1.7: Scattering forka=1.5 with resemblance of monopole resonance (Cai@d$sanchez-Dehesa)

This resonance was also foundkatO for the void region. Though mathematicallysthi
was found due to a peculiar property in the Befig@dtion, they reported that the physics
behind the singularity was still unresolved.

At about the same time, Chen and Cti@xtended the acoustic cloaking theory to
a 3D sphere using the linear radial transformasiomilar to that used by Schurég al'®

for the electromagnetic case:
r¢:a+r(b—k;a), qt=q, and¢=f (1.12)

The Jacobian transformation matrix is then appieethe wave equation.

w L T
mg(ﬂ) where rqxy " detT (13)

T

and 1 _ 1 1
kUx¥ k(x)detT
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which leads to the mass density and bulk moduleimehts of

r_R-R_F

ro R (r-R)

fo fr_ R-R

ro Iy R, (1.14)

&
k R (r-R)

Cummeret al??

did their own 3D derivation of a spherical shellit began with

the general second order wave equations, convértedspherical coordinates, the used
separation of variables to apply to apply the comt change to each variable via
scattering techniques. Though their approach diffisrent, their end result was the

same as Chen and Chan. Cumeteal'®

also noted in their analysis that the parameters
of a 3D acoustic cloak differentiates itself frot® 8D electromagnetic counterpart in that
it retains is singularity near the inner radiugha cloak.

An arXiv article by Norri§® followed by its published versiéhin April 2008
analysis of the acoustic cloaks that had been dérdwen further by generalizing each of
the material properties as a function of the spelggree. He also related the anisotropic
speed of sound through the cloak as a functiom@fcbordinate transformation function
and readdressed the material properties as functicthe speed of sound the spatial

dimensionality of the problem. Norris continueshwilemonstration that infinite mass is

unavoidable in a perfect cloak by showing thatrddial mass is described by

m :Rj-—zFf Rin f(R)- Rin { B- 2; drin {) for2D  (1.15)
4 R
and m = 3 i E+ 4 dr —r3 for 3D. (1.16)

R-R R R . 1)
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In his published paper, he continues by describim@lternate solution where the density
is isotropic while the stiffness in the form of kuhodulus becomes anisotropic. This is
addresses the infinite mass problem by switching s$imgularity in the change of
coordinates from the density as in all the previmestial cloaks (IC) to the stiffness by
way of pentamode (PM) material as initially desedtby Milton and Cherkaévin 1995
and mentioned again by Milton in the context ofadimg in his paper in 20066. Norris
continued down the PM cloak patrand inspired others like Scandrettal®’ to join in
his direction as well.

Though the numerical simulations of 2D and 3D ctakd become thoroughly
analyzed, the reality of such an anisotropic malestill needed to be addressed. In the
first half of 2008, Chenget al®® and independently Torrent and Sanchez-Déeflesa
suggested a way to attain the anisotropic matthtalgh the use of alternating isotropic

layers as demonstrated by Schoenberg antf Seigure 1.8).

r :—,‘A-I_hrA i:_l _1+i
" 1-h k, 1+h k, k, (1.17)
1 1 A d '
g —t— whereh = =2
1+h r, r, dg
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Figure 1.8: Layered isotropic parameters (Chengt al?®). (a) Idealized structure with layers for a 2D
cloak. (b) Ideal and actual parameters necessary ifohe layers of a cloak for a 20 layer
approximation
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Also, Farhatet al®" demonstrated a surface wave cloak, later that geling for the

Hembholtz equation:

N°F+4kF=0 (1.18)
whereF is the potentialk is the spectral parameter satisfied by
W’ = gk(L+k*d?)tanhgh), (1.19)

in which gis gravity andd_ is the capillarity length. Though it wasn’t a Base wave

cloak, it was an interesting and successful demati@h on a non-EM wave.
The same month the surface wave paper by Fathalt was published, Pendry
and Jenseh suggested a metamaterial with a structure permidata fluid to satisfy the

anisotropic parameters as displayed in Figure (1.9)
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Figure 1.9: Possible metamaterial design (Pendry a@nJenser?)

Plates in the structure would affect the pressuaglignt in the direction normal to the
surface of the plate giving the effect of an anigoic density. The bulk modulus of the
metamaterial would be controlled with gas sacksnuih@ plate resulting in a weighted
average bulk modulus of the fluid and the gas.

Many acoustic cloak researchers have turned ter @tbpects of the cloaks such as
alternate methods of calculating material propsréie in a generalized numerical method

|'33

for designing cloaks of arbitrary shapes by étual®®, a cloak designed by conformal

transformation by Reret al®>* or a cloak design based on optimization methods by

13 But from here, there’s very little progress in guoing a material

Garcia-Chocanet a
with the parameters necessary to create a cloakhwhkithe subject of this dissertation

proposal.
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Though the creation of a completely functional mgtical cloak would be the
ultimate accomplishment for a dissertation on asuatic metamaterial, such an endeavor
would prove infeasible. This dissertation shatiue on the creation of a modeling tool
for metamaterials, a derivation of parameters lfier ¢ontrol of directivity and dispersion
of acoustic waves, an in depth investigation ofuarent theoretical model for a one
dimensional metamaterial, a physical realizationthadt metamaterial model showing
independently controlled density and bulk modubug] the addition of loss components
to aforementioned theoretical model. Subsequemsiigation would be able to build on
this dissertation as a result in the hopes thatllg fealizable cloak may be built in the

future.

This chapter has described the purpose of thisgsalpand the investigated
various relevant literature. Though an absolutelilaustive research may be unending
through the constant maturation of new ideas andteehnologies, this provides a solid
bases and platform of understanding to proceed.ne\g literatures become available,

pertinent one will always be analyzed carefulhyati to this research.
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Chapter 2 : Derivation for change of coordinate sys  tem

The foundation for all the material parameterdhiess¢hange of coordinate system
that creates the virtual void in space and shilgsgpace around it. Much of this follows
the outline made by Ward and Perifignd Cummeet al*’ For this coordinate change

we first declare the new coordinate system in tesfithe old:
q (X, X, X) a, (X, X, X) a4 (X, X%, X)
With unit vectorsi, , (,and G,pointing in the corresponding axes respectively.
The length of a line segment in any orientatiodascribed by
ds’= dxdx = @ dgdc (2.1)

where

() () (%) (2.2)
" f9fq 7979 fTafq

For a line lying along the direction of one of the@w axes, the length can be given by
ds= Q dg (2.3)
For simplicity let:

2 - ’/Xl 2+ ’/Xz 2+’/'_X32:

(6 7q 7q

Q (2.4)
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Let us now consider a parallelepiped described hwy line segments of the new

coordinate system as shown in Figure 2.1.

O;dagsu,

O dgyu,
Figure 2.1: Parallelepiped

where Qdqu,, Q,dgu,, and Q,dgu,are all infinitesimal displacement vectors in

direction of the unit vectors.
Applying the divergence theorem to the velocityteedield of this volume can

be written as

=) (Rxv)dv = o(vxn)ds (2.5)

where thedV can be found by applying the triple scalar prodoicthe displacement

vectors

dV = QdqQ dg Q dgd, x (0, x0,)| (2.6)
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Each surface and corresponding normal can be faithcthe following relations

n A a,x0
d§=QdgqQ dquzxu3|’ n1:|02x03|
2 3

n A a,x0
3 1

. A U, x0
45= QaQuiga,xlyl,  ny=giT
1 2

Substituting into the divergence theorem and dngdhrough bylqg dg, dgresults in

(N XV)QleQs‘C'lX(Oszs) = (2.8)
e QQA8x0.) +T-Qa(v faxa) +5 Qv (#.xw)
Now let
Vfrac = l,:le("’:IZXGS) . (29)

which is the fraction in which the unit volume i®nepressed for nonorthagonal

coordinate transformations. Note that

A~

0, % (0, %0,)| =0, x(0,x0,)| =[0,x(0,xT) (2.10)
and
Vo0, x0,)| =0, (0,x0,). 2.11)
Making the above substitutions from (2.10) and 12ifto the (2.8), we get
(Nv) QQQV: = (2.12)

7 7 7 :
’/_ql(QZQSVfrac\})_i_ ”qz(QQ\{rac \%) +’/—q3( QQYac g
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Noting that the divergence of the velocity vectothe new coordinates is defined by

>
(qu\/) —’/'Vl +’/V J-’/VB (2.13)
T, 79, 7q

we can write the rewrite (2.12) making the substituto the right hand side

(N W)QlQZQ?:\/fraC = N} é(\/fracQV) = Ej % (214)
where
Qs O 0 (2.15)
Q= 0 QQ; O
0 0 QuQyp

By inspection it can be seen that
7= (VieQ). (2.16)

From here we can begin to make substitution toroete the necessary material

parameters in the new coordinate system. Let gs;heith Euler's mass conservation

equation
| -
ﬂ_lf: o(Nw). (2.17)
First we multiply both sides b@,Q,Q,V,,. resulting in
)l & oo
T RQQV =ho(R %) QAQVr H, ] & (2.18)

We can already see that the right side of the émuatan be written in terms of

previously defined in the new coordinate system

%QlQZQi\/frac = kONq AA/ h (219)
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Finally setting

1
it

A

=k N3, (2.20)
we can define the new bulk modulus in terms ofdldewith

kq :(QlQZQ?Vfrac)_lkO' (221)

To get the density in the new coordinate systemstet with Euler's momentum

conservation equation

Np = ro%. (2.22)

Let us recall the fundamental theorem of calculus
where Dp is some change i not the Laplace operator. For our change of coetds

we can setls = Qdq'y so that (2.23) can be written as

RipQ, :%_ (2.24)

If we do the same for the other directions in tle& rcoordinate system we can write the

combination as

MH (¢ N) =hp (2.25)
where
Q 0 O a,xa, 0,x0, U,xU0,
- — A xfi 0 xfi 0 oxD (2.26)
M=0 Q 0, and H= u,xu, U,XuU, U,XU,
0 0 Q Uy x0;  Ggxl, Ugxdy,
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Now if we multiply the original equation (2.22) by H and use (2.16) to substitute the

velocity vector we would get

M x§ =Np M Hx V¥Q " ro% (2.27)

It can be seen here that new density becomes:
re=MH ¥1Q 7, (2.28)
At this point, a distinction needs to be made toe shape of the cloak and a

simple metamaterial.
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The coordinate change necessary for an acoust& glaces a “hole” in the new

coordinate space as shown in Figure 2.2.
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Figure 2.2: Change of polar coordinates (a) Normabolar coordinates (b) Polar Coordinate with the
beginnings of a small void exclusion (c) Polar codmate with a large void exclusion in which Ris
half of R,

This can be done in both cylindrical and sphertm@brdinates. Polar coordinates can
also be easily derived from cylindrical coordinabgsgnoring the third dimension.

For cylindrical coordinates we define the new cameite system as:

r¢=R +r % ,  gl=qg.,and z¢=z (2.29)
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where the length scaling factors are defined fropmed¢ion (2.4) as

¢R) R

R _ |
° YT ®eoR)

and Q=1 (2.30)

Plugging into the previously defined matrices we ge

((¢R) R 0 0
r¢ (R,-R)
_ R,
= 0 0
0 R,- R
0 0 R (¢R) R
R- R t (R- R
(2.31)
ii 0 0
% R ¢ 1 00
M = (r ¢Ri) R H=010 V=1
¢ (R, R) 0 0 1
0 0 1

whereH andV, __ are identity and unity respectively because diagbnality.

frac

Using equations (2.31) with (2.21) and (2.28) wikredor the bulk modulus and density

as follows
k, = RZF-QZR rqu: k, and
re 0 . (2.32)
(reR)
r= o (®R) 0
d re
0 ¢ (R-R)
(r¢R) R
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Spherical coordinates are solved similarly with ttied dimension replace by

Fo=f (2.33)

resulting in a different length scaling factor

o= (CR) R (2.34)
’ r¢ (R,-R)

These result in the bulk modulus and density of

2

3
k, = R-R ,_r¢ k, and

R, ¢ R
2 (2.35)
(R.- R) ¢ 0 0
R (¢ R)
ro= 0 R-R 0 r,
R,
0 0 R-R
R,
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By coordinate change, as suggested in Figuretl2e3material properties can also

be produced to redirect and stretch a wave withénnhaterial domain.

A A
AR

(@) (b)

Figure 2.3: Change of Cartesian Coordinates (a) Nonal Cartesian Coordinates (b) Cartesian
Coordinates with change in directivity and dispersbn

For this let us define a new coordinate system tbttes about the y direction as the
following:

y¢=y+ ax x¢= x,and z0=z. (2.36)
The corresponding length scaling factors are

Q, =4/1+a?, Q, =1,and Q,=1. (2.37)

The resultingQ andM matrices are

(2.38)

Using sine and cosine identities we rotate thenit vector of this non-orthogonal

coordinate system

33



X Yy b

b 0O \/X2+y2 \/X2+y2 1 \/1+a2
- a

A “y X (2.39)
x¢=0 1 O — - 0 0= -
00 1 \/x +y \/x + Y 0 1+ a
0 0 1 0
Resulting in the following new unit vectors
KC= b g2 g, yt=y,and 2¢=7. (2.40)
Ji+a® 1+
The resultingH and volume fraction are
a’+b’ 2,
1+a®  J1+a?
-a b
H= 1 0O and V. _=
N+a2 fee ™ M+ a2 (2.41)
0 0 1
Plugging into (2.31) we get
2 2
a+b” -a 0
b b
k, :%ko and r,= % %) 0. (2.42)
0 0 1
b

However, practically, this matrix must be rotatedcreate a diagonal matrix to take
advantage of diagonal anisotropic material desfgBohoenberg and S&¥mentioned in

the literature review.
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For this, we selecyy such that

o O 0
2.43
0 r, O (2.43)
0 0 r

cos(q) -sig) O ry r O cof) sig) C
= Sir(q) coéq) O T 7 yyo 0 x - S@I) C@S)
0 0 1 0 o r 0 0 1
And then set
o (2.44)

This can be simplified and written as:

r xyo(COS(C/ )’ - sinlg )2)+ (f oo™ I yyo) sif ) caf F (2.45)

Using the double angle identity we get:

7 190 COS{ ?7)+(“L2r“°) si( @) = ¢ (2.46)
finally resulting in:
tan( 27) :i
(72077 o (2.47)
=1arctan _ 2rxy° :1' arctan—"m——
7 2 rxxo_ryyo 2 (az+b2)-1

This theta can then be used to find the desireggsties of the new diagonal matrix.

0 =0 ) (7 0 COF ) -1 Siff )
S(Q')(/’Xyo C@S)- T yyo @n))

(2.48)
ryyn:sin(q)(r o COH )+ o Sitf ))
+ Céﬂ)(ryyo c(q 7 o (7”))
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This chapter has described the coordinate syst@nsformation that assists with
defining the material parameters for a given ne&tis has been represented generally,
as well as the two specific examples of a cylimgricloak and a dispersion and
directionality domain. It can clear be seen that same transformation can also be made
for a number of other geometries at will as well.has also been shown that a filled
density matrix can easily be turned into a diagomsdtrix as well for practical

production.
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Chapter 3 : Computer Modeling

! &

As shown in Chapter 2, the characteristics of tbalkcare dependent in the radial
direction; however, a Cartesian coordinate systemare easily programmable for a grid
finite difference method and is more intuitive. eféfore the following will show the
Cartesian implementation of the wave equation wtk parameters of the cloak
transformed into the Cartesian system in orderlifatd numerical modeling of the
metamaterials. The anisotropic wave equation camieseribed with a density tensor and
a scalar bulk modulus as demonstrated below.

We can start with the transport equations for pkrtvelocity vectorv, and
particle pressureP as demonstrated by Torrent and Sanchez-Déhedwere k is the

indices for the x and y direction of the grid. ikidl notation is used for ease of

manipulation then written out for clarity.

P T g g 7O
P, M, L (3.1)
X« fit TP r v h -
ﬂy yX ﬂt yy t
™L1TP N M 19P
P I ATt x Ty A& 1t

From equations (3.1) we can multiply through by itheerse of the density tensor
and make the following transformations. Recalthis case the density of the cloak will

be spatially dependent and thus the derivative @gstbe taken into consideration.
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TP M

Tré TP, L TP LT T,

L R v
ko X ™« ™M Tt %

T TP, . PP TP
ko e X« : % % qt

This can be written out as the following:

1T 2P, P 1 P, . 1¢fP (3.4)

- _ . -__:0

x “Ix Y9 Ty "Ix Y k1t

'1E+ﬂr_>-<xl£+/'l ﬂ2P+ﬂf_;<;ﬂ3_'r_ 1ﬂ +?_-yiﬂ3ﬁ-' 1E+m-3’$ iP_1 TF F

T X X Yy Tx Ty T ivix Ty Ix Y 1% Ty Iy & fit

1

>_(Xlﬂ2|:’+2,_)_<1 ﬂzP +/'1E+ ﬂr_><><l+ﬂr_yi E+ M+M E:EE
x Xy YTy x fy Tx Ix Ty Ty £ T

r

-1 -1

wherery, ry,, I, andr.; are elements of matrix,;' = ¥, ¥
;

yx yy

This leads to the necessary transformation of Hagacteristic properties from polar to
Cartesian coordinates. Adfdshows that a simple rotation of the density tersor be

utilized to accomplish this as displayed in Fig8ré.
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Figure 3.1: Conceptualization for a rotation of thedensity matrix to give equivalent values of polar
properties in Cartesian coordinates.

For a counter clockwise rotation of the coordinggstem (or clockwise rotation of the

material), the transformation matrix in two dimes can be described as:

R = coslg) - sing) (3.4)
sin(g) coqq)
) _ r. 0O
The polar density matrix: = (3.5)
0 r,
. . rXX r X
and the rotated Cartesian density tensor P g (3.6)
yx yy

Therefore the coordinate rotation=R R' is described as:
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o Ty _ cos(q) - sing) 0 cofy) sifm)
roo r sin(g) co{g) 0 r, - sifg) coy)

yX yy
(3.7)

_recosg)4r,sig ) () s ) ca)
(r.-r,)sing )cogy ) r, sif )2+r . Co6 )2

Substituting the definitions for, andr we get:

r

cos( J+ o1 sig( )f

ro (X y)=r,
r-R r (3.8)
XY =1 o ——sing )4r " cog( §
r-R r
_ rr-R _ P~ T7-R- R
LX) = 1o R ro— sif )cog )= , Y sin(g) co{q)

Where the coordinate transformation definaadg as:

arcsinX ifx3 C

r=yx?+y? q r (3.9)
y

- arcsin—+ p ifx< O
r

The inverse can then be taken as:

Ty Iy
ra oy _ det( ) det( )
Flopl Ty (3.10)
yX yy yX rxx

det( ) det( )
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As a sanity check one can look at possibility oflection from the cloak.

Acoustic reflection is a result of a mismatch obastic impedance and the acoustic

impedance of a medium is defined as the produthefdensity and the speed of sound

through the medium.
: k
Z=r c where the speed of sound |s:c=\/; (3.11)

Here we can define the density and bulk modulus tlké medium as 4,
andr,respectively. Since any waves entering the clodkbe introduced in the radial

direction, the pertinent properties of the cloak& defined as the following as previously

described.

r k= R"R 1, (3.12)

The speed of sound for medium)(and the outer boundary of the shedbg is

calculated below

Rz'
Cm: ﬁ’ Cobs: rq = RZ
‘\/ Iy \/ det

RZ
r
R

r ko
"R _R- R\/g (3.13)
5 R 7o

Therefore, the impedances of the medium and ow@ndary of the shell are
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/k o
Zm:rOCm:rO /,_O: /60
0

-_R R-R |k _ -
ZObS_Rz- Rro % \/: ré’o Zm

(3.13)

which are equal, thus avoiding reflections for tleatinuous form of the wave equation.

' (

The Finite Difference Method (FDM) is a numerioathod in which solutions to
differential equations are approximated by disgmefj a function space and using
weighted sums of neighboring points to solve foe thpproximation. The finite
difference method can be found in both the time alom(FDTD) and the frequency
domain (FDFD).

One of the first papers to apply the finite difiece method to the wave equation
is Ye€”® in 1966. His paper based on Maxwell's equationsrenl a number of others in
the same field of electromagnetic (EM) waves. &adfland Brodwiff in 1975 defined
numerical stability for Yee’s algorithm. Taflovest coined the term “Finite Difference
Time Domain” in their paper in 1980 In 2000 Sullivan published a book on EM

simulation using FDTL.
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Courant-Friedrichs-Lewy (CFL) condition is a pogustability condition used in
finite difference implementation of partial differteal equations. Richard Courant, Kurt
Friedrichs, and Hans Lewy first introduced this dition in their papéf in 1928. The
condition presented is &ecessarycondition which basically point out that the
information propagation in finite difference canro® faster than the physical speed of

the information in reality.

The CFL condition is defined a%%E N wherecis the speed (of sound for the

acoustic case)Dtis the time stephis spatial interval, and is a number dependent on

the dimensionality of the equation. In this 2D wasquation wheréh = Dx = Dy, the
CFL condition is

max 2 £ L sincecvaries spatially. (3.14)

J3

Von Neumann stability uses the Fourier transformwherical error to determine
if the error from each iteration will compound tause the finite difference method to
become unstable. Like the CFL method, the stgbdialysis is necessary but it can
additionally be a sufficient condition as well faertain circumstances. The Von
Neumann method is often used even when its apjplicas not fully justified’, in the
words of SmitA?, because it's simplicity and useful results.

The condition for Von Neumann stability requiresttithe absolute value of the

growth factolG for the finite difference equation to be less tbarqual to on@G| £1).

+/b?% -
From the second order wave equation We(getb‘—SA' (3.14)
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where

1

-1 - -1
Lot sin? (kgx)+4ry2y si? (2 1+ 2 sinkDx ) sin(Dy )
b=-2+ DT y 2 by (3.15)
oW, 17, isinkDx) 1}";;+ i, isin(Dy)
x Ty Dx x Ty Dy

and where stability occurs G£|b| £ 2. See Appendix Il for derivation and details.

Because computer memory and ability is finite, 9t necessary to create a
boundary condition on the finite discrete domainetaulate infinite medium. This is
often referred to as an absorbing boundary comd{fBC) as a reflection to it ability to
absorb energy in boundary bound wave and prevdiaictien back into the pertinent
region of the medium. The difficulty in this isat any change in medium properties
causes reflection in itself. Earliest attempt&BCs required large regions for the ABC
layers so that their absorbing properties couldrdraped up slowly. Engquist and
Majda*™ and Clayton and Engquf&t’ are noted papers of ABCs in acoustic and elastic
waves using paraxial approximations to separatediward moving wave field from the
inward moving one and thus reduce reflections. afdgs by Muf® described the first
numerically stable absorbing boundary conditionffoite difference simulation of EM

waves as shown in Figure 3.2.

44



/N /
) ) )

(@) (b) (c)

Figure 3.2: Boundary Conditions for (a) Infinite Medium (b) Finite Medium with no defined
boundary conditions (c) Finite medium with absorbirg boundary conditions

The above methods all looked at conditions necgstarcreate a transparent
boundary, however, Jean-Pierre Berefitfertook a different approach to create a
perfectly matched layers (PML) for electromagnetaves which match impedance with
the medium to avoid reflectance, but dissipate ggnér the imaginary domain. Taking
that the solution to the wave equation can be &vrith the form of

p(x) = n)e'ikx_ (3.16)

Redefining solution to

- k X
p() = pe*er " (3.17)

would result in a decaying wave. This, in turm o& written as

p(x) = Q)e'iko&%)_ (3.18)

Comparing this to the original solution, Figure 8t®ws that implementing this into the
wave equations becomes simply a matter of a changeordinate systems where the

new
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X = x+@ or2(=1+_i 46(x) :1+s_( X). (3.19)
W dx iw dx 17%

Pressure

Wave propagation distance

(@)

Wave propagation distance

(b)

Figure 3.3: Effect of PML boundary condition on wae (a) propagation cross section through a
normal system (b) propagation cross section showirgpsorption through a perfectly matched layer

Other papers following Berenger's expanded the iegipdn of the PML to

acoustic and elastic waves Chew and®tLiand H#? Liu and Tad® Li ** Zheng and
Huang®, and Komatitsch, D. and Trorfpof which Chew and Liu and Hu are among the
earliest. Variations on PML were also developechsas the convolution PML (CPML)

Roden and Gedney and the nearly perfectly matched layer NPML CuntfhePapers
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by Berenget’, Hu and Cummé?, Chen and Bordirfd, and Chen, Zheng, and BordfAg
are a few examples that give comparisons betweendhations of the layers.

The approach taken here is based on a paper by Kifgwho treated the
derivation of the PML as a stretch of the coordenggstem. This was done by a change
of coordinates such thatk=x-ig andy=y- ig wheregmust be differentiable.

%
Definingg:1 s(s)dsthe change of coordinates becomes:
WO

HER

L <
X =x-— s(g)ds (3.20)

0

where x = x and y for two dimensions and is some weight profile for the damping

across the PML layer which gradually increase®tiuce numeric reflection.

After differentiating, the coordinate transformatican be written as:

1 _Ll Orl:il WhereXi =1+5.()§) (321)

™ iw+s(x) B % x 1% iw

The analytical coordinate transformation is madebwoth direction but the
application of the weight profile only occurs orethdges of the map as needed. In a
Cartesian coordinate system, the PML layer is édidthto eight regions of three distinct
types as displayed in Figure 3.4. The areas onlitthes in the x direction with no

overlap with they limits, which we’ll call region 1, only have thecoordinates
transformed. The opposite applied for the limitshe y direction, region 2. The corners

of the map, region 3, have both coordinates transfd. Areas where the coordinate
transformation is not applied have the respectveweight set to zero returning the

coordinate stretching in that dimension back tawair
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1 iw T
v iw+s(y) Ty

(©) (b)" ©
1_ w1
w iw+s(x) Ix
(a) (@)
(c) (b) (©)
T__w 1
w iw+s (x) Ix
and
1 iw 1

Wy iwes(y) Ty

Figure 3.4: PML boundary conditions on field wheredomains (a), (b), and (c) represent changes in
coordinate systems in the x direction, y directionand both the x and y directions respectively

For the coordinate transformation we’ll start witie wave equation with variable
density written in the frequency domain. Since BiML layer exists only in the scalar

fluid medium, off axis terms will be eliminated amg; = r;yl.
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P I P P |

X X YRy Yy Ty
+ —r 1/ ey T, 1P=(iW)2P
ix ix 1x & Y My k

Now we introduce the change of coordinates whishlts in the following:

P (3.22)

Wy 211 P (3.24)

(iw)® 4109 21T )
—P: __P __X_P
k TOERE T Pk X I Y x; Ty "X, ﬂy Ty

Now let P=R + P, + B + B, such that

a2

(”;(V) (F;_+P2+F:)3+ Fz)l) = (326)
SRR IPOUNE L " PP U UL
XX Xf ﬂxz XX X, % 9x Xfl yz X Ty Ty

From here on, the derivation will be done in ¥hdirection, but the same is done in the

direction as well. Le®, and P, correspond to the first to x terms so that:

- W _1 1 1P

_F;-zr

XX 2 2
“ 1+w e
174
(3.27)
ﬂpz 1 1 |W5G(X)'|E
P L+ (X) +S(X) X
w iw

This can be rewritten as:



2
1520 W 1P
iw k x
and (3.28)
s (x) 3(iW)3 e P
1+ iw k Pz_rxjs G(X)W

Taking the inverse Laplace transform results in:

ﬂ 2
ﬁ+s (x) R=kr

L P
XX 2
T (3.29)

T L P
ﬁ+s(x) P =-kr§ G(x)ﬂx

Since the second equation above will result iniedtbrder time term, we’ll make a

substitution of variableg, = %+s (x) B resulting in the following.

2

1 . P
ﬁ+S (X) z,=-kr § G(X)W (3.30)

Now let us define the dampening profile
2
X

k
s(x)=7log ;

po

where Ris the reflectance andis the thickness of the PML layer. The only renragn
step is to do the same for the variables in thérgcton and discretize the equation for

use with the FDTD method. The discretization cam found in Appendix |lIl.
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3.3: Numeric Results

The initial numerical model made was created udimg commercial finite
element package, COMSOL Multiphysics Finite Elem&nalysis Software as used by
Cummeret al’ in simulations exploring electromagnetic cloaRgis formed the initial
basis of comparison for results when creating tb& [ model from scratch. Using a
normalized density and bulk modulus and setting Rheand R, values to 1.5 and 3
respectively, values were taken alongthdirection aty=0 such that the properties in the
x andy direction are equal to those in the radial andyeatial respectively and off-

diagonal values are zero. The density valueshigrdross section are as shown in Figure

3.5.
Radial density as a function of radius Tangential density as a function of radius
200 : ‘ 0.5 ‘ ‘
1 1 1 1
) l l © 04f - P SEREE .
R R S . E | |
= | | c ! ‘
2 | | D 03F -~ DG IR 1
= 100f--------b--—-- b = ‘ !
° °
3 : | goz - S :
g | | 2 | |
(U e e (U | |
£ ; ! € o1p-/ - . . 4
o | | (=) | |
Z | | Z | |
: : 0 1 1
2 25 3 15 2 2.5 3
Radius

Figure 3.5: Density cross section

and the resulting bulk modulus profile is as shamRigure 3.6.
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Bulk Modulus as a function of radius

40

Normalized Magnitude

Radius
Figure 3.6: Bulk modulus cross section

This results in the anisotropic speeds of souneveha Figure 3.7.

Normalized Magnitude

With material properties of the custom made FDTDdel@greeing with the commercial
FEM model we continue to compare pressure outpdbwever, the asymptotically
increasing material values are chopped off in tHeTBP model to satisfy the

aforementioned stability requirements while stdtaining two orders of magnitude of

Radial velocity as a function of radius
15 \ \

Normalized Magnitude

I I
l l
I I
1--------- e I
I I
I I
l l
05 : :
I I
l l
Op-------- Femmmmm - P
I I
l l
I I
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Radius

Tangential velocity as a function of radius
80

Radius

Figure 3.7: Anisotropic speed of sound: radial (l¢j and tangential (right)

change.
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The first scenario is a repetition of the populéang wave source used in a
number of the previously cited papers. The amgdtwsed in the model is 1 and

frequency is 0.5Hz.

(b)

Figure 3.8: Line source from left on a cylinder wih Dirichelet boundary conditions for (a) COMSOL
FEM and (b) the Custom FDTD model
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Above lies one of the advantages of the FDTD methidie COMSOL results are
shown in Figure 3.8. On the left is shown what atriooks like a random scattering of
pressures throughout the field. Though the onily istage can be presented in this
paper, the FDTD image on the right is only the feste of the progression of the wave
through the field domain. This progression carviesved in it's entirety to study how
the wave moves through this field.

The next set of images however, shown in FigureeBfhasize the disadvantage
of FDTD. COMSOL uses variable meshes to calculaefield. This allows a very fine
mesh at the boundaries as well as allowing nodex¢ar on the boundary itself. The
FDTD used in the model, however, has a set gridhnlsughout the system. This
causes the material parameters exactly at the laoyrid be often skipped over. The
result is that the acoustic impedances near thexdaoy don’t exactly match, which
results in reflections. This can be diminishedwat finer mesh, but a finer meshed is

practically limited by memory and computation time.
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Surtace; Pressure[Pa) Max: 1013

(b)

Figure 3.9: Line source from left on above cylindewith addition of cloak layer for (a) COMSOL
FEM and (b) the Custom FDTD model

Aside from the slight reflection at the boundarytba cloak, one can still see the
benefit of the cloak on both the forward scattest back scatter as compared to the shell

without the cloak.
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The design of this cloak was based on a transfitomaf coordinates to omit part
of the original space from the new coordinate syst& his was verified in the numerical
simulation as well by bringing the source inside ¢lylinder in the form of a point source

as displayed in Figure 3.10.

Surface: Pressure [Pa] Mac: 100

(@)
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(b)

Figure 3.10: Internal point source for (a) COMSOL FEM and (b) the Custom FDTD model

Again, the two models show a good level of agregmdtis important to note
that since the sound within the cylinder has nowherescape, that energy will need to

be dissipated through some other method not coverits paper.

$ % $ &

As mentioned in section (2.3), using a change obrdinate systems, a
metamaterial can be designed for desired diregtawiid dispersion. The following are a
series of results for directivity and dispersionr fa set of permutations of the
aforementioned &’ and “b” coefficients. The metamaterial domain is 0.7.& With a
0.2 length line source. The input frequency of @90 relative to a 343m/s speed of

sound in the fluid domain for the COMSOL model whicorresponds to 17.5Hz
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frequency the normalized speed of sound used ingkd for the nominal fluid domain in
the FDTD model.
The first example shown in Figure 3.11 depicts mloemal scattering through

material properties that are equivalent to theaurding media.

w1
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(b)

Figure 3.11:a=0, b=1 for (a) COMSOL FEM and (b) the Custom FDTD model
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The two examples shown in Figures 3.12 and 3.l&trate the change in
directivity by adjusting the first parameter fro.5 to 0.5 and leaving the second

parameter at 1.

Figure 3.12:a=-0.5, b=1 for (a) COMSOL FEM and (b) the Custom FDTD model
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Figure 3.13:a=0.5,b=1 for (a) COMSOL FEM and (b) the Custom FDTD model
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Figures 3.14 and 3.15 demonstrate the ability tongk the dispersion of the wave
by changing the second parameter from 0.5 to 1.Bewiolding the first parameter

constant.

(b)

Figure 3.14:a=0.5,b=1.5 for (a) COMSOL FEM and (b) the Custom FDTD moe|
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Figure 3.15:a=0.5,b=0.5 for (a) COMSOL FEM and (b) the Custom FDTD moe|

Now that the FDTD model has been demonstratedoild Fairly well to a
commercial finite difference model, well proceedhe future just using only the custom

FDTD model.
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Velocities in the material domain of the FDTD cdspabe adjusted in such a way
as to focus a plane wave. Below are several exasgilplane waves being focused with
a varying sound velocity field which could be reell with a metamaterial. Faster sound
velocities on the outside of the field turn the waeward some point in the center of the
field. Some important parameters that effect foofighe wave include the rate of
increase of the sound velocity, the length of tretemal, and the shape of the increase in
velocity. These will be changed in the followingaenples for comparison. As with the
first cloak examples, the source is a line souramfthe left.

The first two set of examples, shown in Figure$63and 3.17, use a linear
increase in sound speed, which creates basicdW ahaped profile. Each set of three
correspond to a 1, 3, and 5 meter per second ptar imerease in sound speed starting
with ambient. In other words, the vertical certess ambient sound speed in all cases
and linearly increases such that the sound speedneter away in either direction, above
or below, will be 1, 3, or 5 meters per secondeiagian the ambient. The first set has a

wide material domain of 1.5x1.9.
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c)

Figure 3.16: Linear increase in sound speed in a d& domain with (a), (b), and (c) corresponding to
1, 3 and 5 meters per second increase per meter pestively.

It can be seen that even in the first case, thasf@oint occurs well within the
material domain. It can also be observed thatwhee leaving the material becomes
more spread out the further in the domain the fqmist occurs. The next set shortens

the domain to 1.0x1.9 but keeps the linear profile.
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c)

Figure 3.17: Linear increase in sound speed in a sht domain with (a), (b), and (c) corresponding to
1, 3 and 5 meters per second increase per meter pestively.

The first example in Figure 3.17 shows a focus fpuery near the edge of the
material domain if not slightly past. Once leavithg material domain the point only
remains fairly focused for the first one as well.

The next two sets of examples, shown in Figuré8 and 3.19, use a quadratic
increase in sound speed such that each set congspom 1, 9 and 25 meters per second

increase at one meter from the center.
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c)

Figure 3.18: Quadratic increase in sound speed in\aide domain with (a), (b), and (c) corresponding
to 1, 9 and 25 meters per second increase at oneterdfrom the center.

The second example in Figure 3.18 clearly showdgaen pressure than its

corresponding example in Figure 3.16.
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c)

Figure 3.19: Quadratic increase in sound speed inghort domain with (a), (b), and (c) corresponding
to 1, 9 and 25 meters per second increase at oneterdfrom the center.

Examples in Figure 3.19 also show higher pressiinas the corresponding ones
in Figure 3.17. Looking at the entire domain, tyeve appears to turn sooner such that
there is less general dispersion before the focaars.

Taking this concept to its next step would invobreating a metamaterial with
substructures that would increase the effectivendogpeed. A more useful material
would allow sound speeds to be changed at willosachieve an arbitrary focus. This

again is the goal of this dissertation.
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This chapter has described the steps for the oreafi a Finite Difference Time
Domain (FDTD) model which was created using MATLA8ftware. Both stability and
boundary conditions have been addressed in thistehand detailed in the appendix.
Models have been shown to have good agreementtigticommercial finite element
software COMSOL Multiphysics and has been useatitezly to study a focusing field.
However, the square grid nature of the Finite Ddfece Method (FDM) does create a
limitation for curved geometries where propertiesdime very important such as that of
matching impedances. Here, finer grids are necgdeabetter approximate the values
near the boundary. Mesh refinement cannot contatuenfinitum, though, as memory
and run time becomes large factors. Additionabtutions to the FDTD model can take
anywhere from minutes to hours depending on thehmse=e and time step. This is in
comparison with Finite Element Method (FEM) whidnaget a frequency domain result
in less than a minute for a moderate mesh. Beaaiudes the FEM is utilized in future
sections of this dissertation

This program, however, can be easily manipulateuatadle future models due to
its very intuitive nature. This is one strong ga@h FDMs. Adjustments necessitate only
a description of the model geometry with valuesdensity and bulk modulus.

It should be noted that mesh size is importanbfiih the FDTD method as well
as the FEM as structures within the metamateriaktmhe less than that of the
wavelength. This fact is vital to the design oé tmetamaterial and is emphasized

throughout this dissertation.
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Chapter 4 : Active Acoustic Metamaterial (AAMM) wi  th
Tunable Effective Density

As detailed in the previous literature review sattithere have been many
approaches taken to address the issue of creatimgetamaterial to control the
propagation of acoustical wave energy. Howevasehapproaches have been passive in
nature and rely material properties that are fixedhe application of such passive
metamaterial designs to designs such as the claakidad to problems of practically
achieving such material properties, such as thoselgms of infinite mass described by
Norris®24

This chapter investigates, in detail, a one dinmrai metamaterial presented by
BaZ* with a tunable effective density which allows &zrsy adaptation of the material for
different purposes. The modeling method and ingason of the model design
demonstrated in this chapter will be directly builbon in chapters 6 and 7 in the
dissertation. The fundamentals of the electricdgtio analog are the basis of which tie
the components of this metamaterial together. Tihus important to understand the
basic methodology used to create the model to fahtlaose same concepts into more
complex cases such as those in chapters 6 and 7.

The paper described in this chapter outlines madeld to tune the effective
density, specifically, a method that gives accessensities both above and below that of

the surrounding medium and can be tuned indepelydantoss the volume of the

73



metamaterial. This allows the material propertewary spatially across the material
lending to such designs as the acoustic cloak wivighld render an object acoustically
invisible. The model itself is based on a sub-Wevgth acoustic cylindrical cavity
ended by piezoelectric diaphragms which puts theredy of model into acoustic,
mechanical and electrical domains. Control ofedhd mounted piezo diaphragm adjusts
the overall stiffness of the cavity which deternsitbe dynamic density of the overall
cavity cell. The following sections follow the papby Baz in the analysis of the
theoretical model including the theoretical preidics. The various control strategies
offered by Baz are also described which is closelgted to the extension of this model
into the control of bulk modulus.

The review of Baz work indicates that the lumpedapzeter model used is non-
dissipative. Therefore, special effort will be exelrin this dissertation to investigate the
effect of adding realistic dissipation on the perfance of the metamaterial. This is

carried out in details in Chapter 7.

'$ $

Baz begins by addressing the driving motivationtfe metamaterial with tunable
density in the introduction. As described in theerature review section, many
achievements have been made in the area of metawmtan the last decade and
evidence of popularity of metamaterials can be tbumnoverviews of authors such as the
aforementioned Shamonina and Solyfres well as the synopses given by Lapinand
Gil et af>. The landmark paper of Cummer and ScHdrapmes as one of the most
important in the acoustic metamaterial field adafines the necessary density and bulk

modulus for the acoustic metamaterial cloak. 8gbent authors such as Popa and
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128, and Cheng and Lifurther defined the requirements for the 2

Cummef®, Chenget a
and 3 dimensional acoustic cloak based off theimalgapproach by Cummer and
Schurig. Others such as Chetral °® took a different approach to try to avoid theriité
mass problem described by Noffi§'® Additionally, papers by Pendry and*iiand
Norris®® theorize the use of composite layers to achieiso#opic properties. Many of
these works, however, have been fruitless whenidensg practical applications due to
problems of physical realization of the designimitations in achievable parameters.

113%and Yao

Works much closer in concept to that of Baz incltite of Leeet a
et al’* who have also taken the approach of cavities tetadl with membranes to
produce metamaterials with negative density. Thiege however, lack the range
necessary for the acoustic cloak. It is the adiibf the active component suggested by
Baz that drastically increases the range materadgaties achievable by the cloak while
at the same time allowing the static design ofrtfegamaterial structure to be physically
the same regardless of tuned effective densitytlamdbcation of the individual structure.

The subsequent sections follow the paper of Bah \ai additional section

expanding on history of the circuit analog prior ttee section which models the

metamaterial.
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Figure 4.1 shows the layout of the acoustic cloathe 2 dimensional configuration.

Cloak

Surrounding Fluid
(o o

Base Shell

Figure 4.1: Layout of the acoustic cloak (B&?)

The properties of the ideal cloak as described byn@er and Schurlg require an
anisotropic density matrix with, and corresponding with the densities in the radial

and tangential directions and bulk modulusas described by equation 4.1 respectively.

2
Fo_ T rq_r-2 and Ko b r-a (4.1)
rr-a’ r ro’ k b- a r

[o]

Since no homogeneous material exists that cancteafiese properties, Cheeg
al.?® and Torrent and Sanchez-DeHesaggested a manor to achieve such properties
using composite layers of materials to perform ftiiection of such an idea anisotropic
materis. Figure 4.2 depicts the layered cloak escribed with alternating layers of

materials which draw from the work of Schoenberd Ser’.
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T Section1-1 1

t
Material B A

Figure 4.2: Multi-layered acoustic cloak (Ba%)

In the case when the thickness of the differenédslys equal and outer radius is twice
that of the inner. The property values of the dgrad bulk modulus of can be found as
a function of materialé&. andB can be described equations in (4.2) as found ngét
al. %

o T andk —o Kk

- (ks +43)

where 7, and ; are normalized values to the surrounding medium.

(4.2)

~
I
N |-
~
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R
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p
~
I
N

The density values for/A and f'B, by solving for them from equation (4.2)

simultaneously to find the values that need to dleewed as described in equation (4.3)

as a function of the ideal values.

-1, and g :r;+«f -1 (4.3)

From Figure 4.3 it can be seen that the relatemsdy and bulk modulus for the

ra=r,-

ideal cloak vary several orders of magnitude. Ewether, the constituent materials for
the composite layers require even more extremeesatian that of the ideal case. Prior
to the study of metamaterials, acquisition of suwdterials that vary to such a degree

even in separate isotropic forms would be diffictitot impossible. And even with the
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advent of metamaterials, accomplishing such dramahianges is still a difficult

challenge. This is the prime reason for takirgahtive approach to this problem.
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Figure 4.3: Density (Ba2*) (a) and bulk modulus (b) distributions
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The array of cell cavities in Figure 4.4 displaysrass section of the layers of an
acoustic cloak divided by piezoelectric boundarigébis cross section can be considered
a “slice” denoted by “section 1-1" on Figure 4 &s previously mentioned, each of these
cells are mechanically identical to each other Whitcreases the ease of manufacture.
Each of the cells, however, will be controlled gapely to be tuned to the necessary
parameters outlined in the previous section witbréaasing and decreasing densities

depending on the layer.
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The author makes a note that this configuratioroigly for the control of the
effective density with future studies in plan foontrol of bulk modulus as well.
Furthermore the metamaterial is to be analyzedtsnpassive form to delineate the

limitations of a passive form and the need forrttetamaterial to active.

Material B A

Incident
Wave

Figure 4.4: Configuration of active acoustic metameerial (Baz®®)
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In some complex, multi domain systems, it is easie@onsolidate the domains of
the system into a single domain analog. The usmalogs has been noted by Bauer to
extend back to at least Volta and Ohm, around 8394, in equating the still infant
concepts of electricity to more familiar and deysld domains such as hydraulics,
mechanics and heat In 1933, Firestoriédrew in depth analogs between the behaviors
of electrical and mechanical systems.

Over the years Firestone and others found muléipkdogies between the
acoustic, mechanical and electrical domains. Bdtew from these and attempted to

consolidate the information. The chart belowrisadaptation from that paper.

Table 4.1: Analogs adapted from Baue?
Electrical Quantity

Acoustical Quantity

Mechanical Quantity

EFP Analogy IFP Analogy
Sound Pressure(p) Force(F) Voltage (E) Current (1)
N/m? N Volt Ampere
Volume Velocity (U) Velocity (V) Current (1) Voltage (E)
me/s m/s Ampere Volt
Volume Displacement (V) | Displacement (D) Charge (1) Impulse
m? m Coulomb Volt-s

Acoustic Resistance (R
N-s/n?

Mech. Resistance (R
N-s/m

Resistance (R)
Ohm

Conductance (G)
Ohm

Inertance (M)
kg/m’

Mass (M)
kg

Inductance (L)
Henry

Capacitance (C)
Farad

Acoustic Compliance (Q
m°/N

Mech Compliance (@)
m/N

Capacitance (C)
Farad

Inductance (L)
Henry

Acoustic Impedance (J
ZA :p/U

Mech. Impedance (g)
Z M :F/V

Impedance (2)
Z=El

Admittance (Y)
Y=I/E
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Using the circuit analogy from the previous seatti@ simple cavity can be

described by as a equivalent circuit as in Figube 4

Pressure Drop =p

Q

Volume =V, Area =A,
Density = ,

Length =l

(@) - schematic drawing

L.=rJ/A
—ot Y Y Y o

Q +——
C.=V/r,c ==

\ Y
’ 1
(b) — electrical analog

Figure 4.5: Plain acoustic cavity (Ba%) (a) schematic (b) electric analog

Using Kirchhoff's voltage law, the dynamics of thavity can by described by
solving for the difference in pressure across thatg to give:

rol dQ 1 g

—2-0 = - 4.4
A dt Y Qdt Dp ( )
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which can be rewritten in the Laplace domain as:

Q=-DP (4.5)

Equation (4.5) can be rewritten in the form of Elslequation

2

pP/l=-r, 1+ 1 gy (4.6)
1“s

whereu=Q/A is the fluidvelocity. Equation (4.6) can then be rewrittenra&insler et

al"as
2
rolr = 1+C—gi2 (4.7)
“s
For sinusoidal excitation, equation (4.7) candoeritten as:
¢ 1
reff /foz 1- l—ZW (48)

From equation (4.8) the author points out thatraguency increases from 0 to, the

effective normalized density,, /r ,can only vary from - to a maximum value of 1.

Therefore, effective densities which are greatemtthat of the surrounding medium

cannot be achieved in this form.
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Baz then takes the case of the acoustic cavity witflexible diaphragm as
depicted in Figure 4.6 which is similar to the expental set-up conceived by Let

al.®®

| Pressure Drop =p

Q

Volume =V, Area =A,

Diaphragm Density =

Length =l

(a) — schematic drawing
M, L.=rJ/A
G — CaVird== Y
[ _ o l

Flexible Diaphragm Cavity

Mechanical Domain) (Acoustic Domain)
(b) — electrical analog

Figure 4.6: Acoustic cavity with flexible diaphragmcavity (BaZ”) (a) schematic (b) electric
analog
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Again, Kirchhoff’'s law is applied and the equatifor the system is found as a

solution for the difference in density:

fdst 11 g=pp (4.9)
A C, s

Being a metamaterial it is assumed that the casgitynuch smaller than the
wavelength of the incoming wave bx</ .

Equation (4.9) can then be written as the Euleaggn form:

DP/I =-r, 1+ 1 (4.10)
lrCy s
Resulting in an effective density of:
Falro=1+—2 L o1y Ko (4.11)
lr.Cy s r,s

where | - _A = diaphragm stiffness.
Ic

D

Analyzing equation (4.11), it can be seen thafis a function of both the

diaphragm stiffnes&, as well as the frequeney. Therefore, the desired effective
density may be set by the stiffness of the diaphrégyy a single frequency, but with be
dramatically changed for other operating frequenEwrthermore, as with the previous

case, density values above that of the ambientunedannot be attained.
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| Pressure Drop =p
Q
Piezoelectric Volume =V, Area =A,
Diaphragm Density = 4
Length =
(!;) — schematic drawing
1.f G M, L.=rJ/A

A0S S ARAASES

GVIrg —=

Piezoelectric Diaphragm

(Electrical Domain) (Mechanical Domain)

(b)

(Acoustic Domain)

— electrical analog

Figure 4.7: Acoustic cavity with open-loop piezoetgric diaphragm cavity (Baz*®) (a) schematic
(b) electric analog
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The final configuration to be analyzed is the aticusavity with the piezoelectric
diaphragm as shown in Figure 4.7. Note the lumjmegedanceZ, which will be
described later.

Baz first takes the basic constitutive equationprasented by (ANSI/IEEE STD

176-19875>
= (4.12)

whereS is the strain,D is the electrical displacemerit,is the stress; is the electrical
field, sE is the complianced is the piezoelectric strain coefficient, andis the

permittivity and rewrites it in the form used byaBadet al”®

D
DVol _ G d, Ps (4.13)
q d, 1/Z.s \

Here Vol is the change in diaphragm volun,is the electrical charge,p, is the
pressure across piezoelectric diaphragdp, is the voltage,Cp is the diaphragm

compliance, andp is the impedance of piezoelectric diaphragm withched elements.

This lumped impedance can be described by:

Zp =[(Lp9 L + LpCpCs$/( Go+ QY (4.14)

whereCp = capacitance of piezoelectric diaphragmis a shunted inductanae
parallel with the piezoelectric diaphragm, a@} is a capacitancén-series with the

piezoelectric diaphragm.
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This piezo diaphragm can then be used as a sdfrgeactuator. In this case, the
second row of equation 4.13 can give the charge fasction of the change in pressure
across the piezo diaphragm:

q=d.Dps (4.15)

The necessary voltage applied to the piezoelediaighragm can then be found as
a function of the sensed charge and a feedback@ain
V,=-Gdpp (4.16)

With this we can rewrite the first row of equati@nl13) to yield:

DVol =(C, - :G)Dp. = G.DR (4.17)
whereCp is the closed-loop compliance of piezoelectriptragm.

With the closed-loop compliance the circuit diagream be redrawn as in Figure

4.8.

G My Le

f YO

2/ ¢ ‘ p
1

Figure 4.8: Acoustic cavity with closed-loop piezdectric diaphragm cavity (BaZ*)
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In a similar manner as the prior cases the effectiensity of the case of the

acoustic cavity with the piezoelectric diaphragmd ean be written as:

I pa—— (4.18)

LS’ (Coc + GL G T+1)
where T= |\/|DS2 + Zp < (4.19)
with Z'P = pr2 (4.20)

1 ’ %
Baz next considers several cases to analyze tlegbpmperformance

metamaterial cell. He first considers if the mathe diaphragm is negligible:

I. If Mp 0, In this case the equation (4.18) reduces to:

CpcZpst1
Fer o O G G+ (G o) (4.21)

From this point, two sub-cases can be identified:
Subcase A:Cpc 0, In the first subcase, if the diaphragm is rigite equation

becomes the same as equation 4.7:

1 c?
rolr 1+— =1+ 4.22
eff o] @ LCCCSZ |2 ( )



Subcase B:Cc 0, In the second subcase, if the fluid within ¢haeity is
incompressible, the equations becomes the sanmuastian (4.11) when there is no

piezoelectric effect.

1 K
rolr 1 +——— =1+ 4.23
!0 @ L.Cp& re (4.23)
And with piezoelectric effect, equation (4.18) il
CpoZost1
DC =P
Fanll @1 27 6 2 (4.24)

Now if we set the effective density, /7 , to the desired density, then

we can use equation (4.24) to solve for the feedigam to result in:

G:(r;,- )LcCps- CpZps 1

di (rq- DLes? Zps (4.25)

il If Mp >> 0 In this second case where the mass of diaphragnot

negligible, the equation for the feedback gain lsarsimilarly found as:

G:(r;I - 1)Les?(Ce+ Cp+ CeCpT- G T 1
di (rg-1Les?(+ CcT)y T

(4.26)

The author notes here that the gain in equatioB6j4gives a fourth order

characteristics equation; however, the gain redteasthird order equation whéf, 0

as given by equation (4.25). The accuracy of dtkiced-order feedback gain equation

later described by the author in the subsequetibseaf his paper.
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In the next section of the paper by Baz, he motielperformance of the offered

metamaterial cavity with the characteristics listedable 4.2°.

Table 4.2: Parameters of acoustic cavity and

piezoelectric diaphragm system cavity (adapted fronBaz*)
PARAMETER VALUE

I 0.0Im

r 1,000kg/n?

Co 1,500m/s

f 138.3Pa/V

Co 1.5243x 10° m's’/kg
Mp 13456kg/nt

da -2.1080 x 10" m*/V
Cp 18.239nF

Cc 1.8466 x 10° m's7kg
Lc 24069g/nt

In Figure 4.9 the frequency response of the passavéy is compared with that

of the active with controlled density of. The pesscavity begins with a negative
density in the low frequency range and convergesitds 7, =1 as w®¥ which agrees

with the results by Leet al**. This reemphasizes the inability of the passiaeity to
reach a desired density above that of the ambileidt f Alternatively, the active cavity
does hold atr, = 20over the frequency spectrum. The author notes ttigtcontrol
voltage required to hold the density at lower frengies is very high, but decreases
significantly for higher frequencies. Additionaliyre closed loop complian€& is held

positive through a large frequency range only Witk addition of the attachdg=50 H

andCs =0.2pF.
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Figure 4.9: Comparison between passive and activexities cavity (BaZ") (a) passive (b) active

Extending this to application purposes, eight @sthmetamaterial cells could be
attached in an array as in Figure 4.4. Four osdéheould have densities decreasing
towards the inner radius such as those in Figut® 4nd the other four could have
densities increasing such as those in Figure 4THese eight is just given as an example
but a true scenario would require much higher numlde accurately recreate the

required material characteristics for the cloak.
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Figure 4.10: Active acoustic metamaterial (A) withincreasing density distribution cavity (BaZ?)
(a) passive (b) active
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Figure 4.11: Active acoustic metamaterial (B) wittdecreasing density distribution cavity (Ba2®)

(a) passive (b) active
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Finally, the author makes comparisons between thke and reduced order

feedback gain solutions shown below in Figure 4idvalues of r_, /r jof 30 and

0.075. The reduced order models fit fairly welttwthat of the exact models for this

active acoustic cell and significantly reducesdbmplexity of the solution.
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Figure 4.12: Comparison between the predictions dhe full (exact) and reduced (approximate) order
feedback gain models ( exact, *approximate) cavity (Ba%)
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This chapter has described a class of one-dimealsamoustic metamaterials as
presented by B&2 The active component of this metamaterial alléovprogrammable
densities which can be tuned to be both below &ogeathat of the ambient medium.

The metamaterial, which is made up of acoustic temsvi separated by
piezoelectric diaphragms has been analyzed uslmgped parameter approach. Control
strategies for the metamaterial have been presemeédompared with the passive form
of this same metamaterial. The metamaterial has/ishio be mechanically independent
of its tunable effective density allowing for eadeoroduction.

The author notes that results from this study areafsingle cell and the addition
of multiple cells in an array would need to studied future for cross effects. Also, the
addition of bulk modulus control is the naturalengion for this study.

This model is extended into the experimental donraihe following chapter in a
review of the work of Akl and B4Z Furthermore, it is important to note here thaz B
work® indicates that the lumped-parameter model usedbisdissipative. Therefore,
special effort will be exerted in this dissertatitm investigate the effect of adding
realistic dissipation on the performance of the &isdterial. This is carried out in details

in Chapter 7.
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Chapter 5 : Experimental Demonstration of an Active
Acoustic Metamaterial with Tunable Effective Densit vy

As the previous chapter pertained to the theoietieaign of an active acoustic
metamaterial (AAMM), this chapter will follow a pep by Akl and BaZ. The
experimental demonstration and characterizatiothefone dimensional active acoustic
metamaterial model presented from the previous tehawill be detailed citing
comparisons to finite element modeled preparedhéo dpecifications of those of the
physical cavity. Again, it is important to thordug understand the methodology
presented in the above cited paper to extendtitdavorks presented in chapters 6 and 7.
The results of this paper demonstrate the reattiaxcitation as a homogenous system
which is a vital attribute for this metamaterialhe setup described in this chapter is
important for demonstrating such a attribute legdimthe importance of this description
of the paper.

The design of this individual active metamateriall ¢s based on the need for a
large bandwidth which has been shown to be a lgcteature of passive counterparts.
Additionally, the importance of the characterizatiof this single metamaterial cell
extends into the need to use this cell as a bglbdlaock for multi arrayed arrangements.
The prototype described in the following sectioascomposed of a cylindrical cavity
terminated by piezo bimorphs on either end. Charaation of the cell includes
acoustic impedance and transmission loss measutemeDharacterizations are then

compared with predictions made by the finite elermeadel which will be shown to be

97



of good agreement. Additionally, the transfer fiime between a reference microphone
in the impedance tube and the end mounted piezdeletement will show the coupled
nature of the metamaterial cell reflecting the nisdgerformance as an equivalent single
degree for freedom system.

This prototype may be useful for future demongiret of metamaterials such as
the ones with programmable dispersion and dirdgtcharacteristics such as that of Ak,

Smoker and Bd%.

The introduction section of the paper presentedAklyand Baz delineates the
interest in acoustic metamaterials and various céssal uses. One of which is the
control of wave propagation through directivity ardispersion control of the
metamateridf. Approaches to metamaterials have taken the édramisotropic property

values for the material density and bulk modulus as in Cummer et &°" as well as

scalar properties with negative val(ie€®8285ych as investigations in simultaneously
negative bulk modulus and density and negative nusdor sound attenuation. With the
control of the acoustic waves residing the fluidn@in, practically any propagation
pattern is achievable through the control of theseparameters. Attaining these values
are based on the sub-wavelength structure of th@magerials, orientation, and the
periodicity of the material layout. These collgety are the basis of phononic crystals as
studied by numerous auth®H§>%¢8788% Nuymerous modeling techniques have been
utilized with a variety of approaches to attempt poedict effective material

propertie&*8790.91.92.9394 |, several cases, approaches were taken intohysical realm
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in experimental setups for the acoustic metamaseri&uch demonstrations show off
effective material densities and the bulk moduli that are not solely a product of the

material properties within the metamatefigp2>¢:9798

Furthermore, the approach of
influencing the frequency response with additioraaihass or Helmholtz resonator has
been utilized in for narrow bands®100:101.102.103.104 " characterization of acoustic
metamaterials have also been carried out for skeverembrane based
metamateriaf®>'°®  Similar characterizations will be utilized fdre analysis of this
prototype.

The prototype presented here by Akl and Baz is am®p of a 1 dimensional
cylindrical acrylic cavity with an encapsulated ater medium. The cylinder ends are
enclosed with a PZT4 (Lead Zirconate Titanate) gadzctric diaphragm bimorph with a
brass constraining layer. The bimorph nature mksiric diaphragm allows the
simplicity having one sensor and a separate aatf@tthis prototype.

Characterization of the cell is measure via impedaand transmission loss
measurements using a standard impedance tube aed loa the 1SO 10534-2 and
ASTM E1050 standard¥ % A variety of feedback gains are applied to carepand
characterize changes of the homogenized systeneseTim turn are compared against a
finite element model of the physical setup.

The presented work of Akl and B&zwill be extended in Chapter 6 to the

independent control of both the density and bulkdules of an active acoustic

Metamaterial cell.
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The electro acoustic model on which the performaotdhe active acoustic
metamaterial cell is based has been used in a nuohipeevious studies such as Diag
al.®! and Blauert and Xiar'.

The paper makes note that due to the dimensiornBioiprototype the primary
movement for the piezoelectric diaphragm that Wil considered for this model is
bending as the compression mode will add litleamparison due to its small movement
and high stiffness relative to that of the bendimagle.

The authors begin by describing the model sintdathat found in Figure 4.7 of

the last chapter with its electro-acoustic equivatgrcuit as shown in Figure 5.1.
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Figure 5.1: (a) Schematic of the metamaterial celith property values.
(b) electro-acoustic analogy circuit of the metamatial cell (Akl and Baz'")

The fluid components of density and bulk modulus; of those in Figure 5.1 are that of
water, while , and E¢qrepresent the density and equivalent elasticity uhed of the
piezoelectic domain. The piezoelectric electroumtic conversion factorf is

represented by the transformer in the schematic.
To determine the relation for the change in vautm that of the transverse
pressure placed on the diaphragm, the authois betl the linear plate bending theory

with fixed edges following the method in the hanolbdy DiGiovannt®

_ 3(1- uz)(a2 - r2)2
y= 16E, 7 Dp (5.1)

Equation (5.1) give the deflection of the plateaas a function of the radiusand the
applied pressure p for a diaphragm with the components of radiusgkihéss, elastic

modulus, and Poisson’s ratio@dp, Ecq, andu respectively.
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Integration of all the points of deflection on thending plate gives the displaced

volume of the diaphragm given by Eq. (5.1):

Vv :(1- uz) 3l (5.2)

48E, >
Using the adjusted constitutive equation (4.16)nfrithe previous chapter, the acoustic

impedance of the piezoelectric diaphragm can berites! as:

48E, |3
= 1 = 68’ €q p2\ (53)
Cps 3pa (1- u )s

Zcp

The authors use the electrical circuit reductiochteque to get the overall acoustic

impedance of the composite cell as shown in (5.4):

Zf%+ 1 +LpS !
Ceps Ces
z 2+ 14 Lps+—1
Cps Ces

+Lgs (5.4)

The transfer function of the composite cell camthe given by:

5 A pr2+C1 +LpS Cl
s

»p__A 1PS 1F +Lgs su (5.5)
R N T
Cps Ces

The Euler form can then be converted into effectigasity as:

pr2+Cl+ Lps Cl

I eff ¥ 1PS 1FS+LFS (5.6)
IS 7 24 = 4 lpse
P Cps Ces

It can be seen that controlling the compliance lué piezo diaphragnCe

controlled the overall homogenized density of tamposite cell.
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The commercially manufactured impedance tube uselddes two microphones
spaced by 50.8 mm with the microphone at the erdditance of 29.2 mm from the end
of the impedance tube surface. The acoustic selnounted onto the end of the
microphone as depicted in Figure 5.2. Measuremargsmade in compliance with

ASTM E1050 and Iso 10534-2 standards

_____________________________ foicomomomoad B 5o oo B

Microphones ~  ~==---o-- X

1.375" (ID) -
Metamaterial cell

35.5"

Speakel

(a) (b)

Figure 5.2: (a) Drawing of the impedance tube wittmetamaterial cell mounted (b) Actual mount of
the metamaterial cell with holder (Akl and BaZ")

To ensure proper measurement, the setup is caibfat phase mismatch of the
two microphones by placing each microphones iheftivo slots and obtaining a transfer
function between the two microphones then intergivan the microphone s and
repeating the proce€4 The microphones are then returned to their oaigiocation for

measurements. Using the resulting transfer funsti@a calibration transfer function

(ﬁc :‘ﬁc‘em) is created and applied to subsequent measurements:
H=H/H =[Hle" =H, + jH, (5.7)

where (F = ||7|ej'?) denotes the transfer function of the subsequeasorements.

103



The coefficientR for the complex reflections can then be calculatéth the corrected

transfer function with equation (5.8):

lolaifr — - _H-ele 2k (I +s)
R—|F2|e R—F%."‘JFQI _elks—_He (58)

The normal specific impedance can then be calaliliasea function of the reflectance as

follows:

(5.9)

**$ # #

The construction of the metamaterial cell beginthwie sizing of the cylinder
pipe and the addition of a 3mm hole at the middiehe cylinder. The hole is then
refilled with silicon sealant to create a temporsejf-sealing barrier for the introduction
of water into the cavity with a syringe once theitais sealed. This is followed by the
attachment leads of the PZT4 bimorph. Before ih&lph is mounted, a thin layer of
non-conductive coating is applied to the bimorfthis prohibits interaction between the
layers of the bimorph with the water in the cavityhe bimorph itself is 0.5mm thick
with 0.135mm of that thickness coming from the brasnstraining layer. The bimorph
diameter is 0.045m, however, the inner radius efdylindrical pipe is 0.035m. leaving
the outer 0.005m of the bimorph available for mowunt Once the cavity is filled with

the water and it must be inspected to ensure thaimbubbles are present. The cell can
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then be permanently sealed with the addition ofems@alant. The end result of the
construction of the metamaterial cell can be sedrfigure 5.3a. The material properties

of the piezoelectric bimorph components are ligtetable 5.1.

0.183mm—

41mMmm — — — — -

0.135mm

(a) (b)

Figure 5.3: (a)End construction of metamaterial cél(b) Dimensional layout of the PZT4 bimorph
(Akl and Baz"

Table 5.1: PZT4 material properties (adapted from Al and Baz’’

Material property Value
Frequency 1.3 kHz
Capacitance @ frequency 150,000 pF | @
Voltage Input (Maximum) 30V p-p
Impedance 200 Ohm

Figure 5.4 below depicts the basic interface oftretamaterial cell for control.
The first piezoelectric diaphragm acts as a sem¢ich measures the acoustic pressure
passing through the cell and feeds that signalutiita power amplifier which energizes
the actuator bimorph. This adjusts the stiffndsth® second bimorph. Since the fluid is

incompressible, the link to the second bimorph dliye couples the system into a
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homogeneous domain with a single degree for freeddinerefore, the change of the
stiffness of the piezo in turn changes the stiffnafsthe system as a whole and adjusts the
dynamic density of the system. The authors rdgetaowever, that it is vital that the
system structure remain much shorter than the wagéh of excitation or the system
will lose its homogeneity. This experiment confsrto the work with passive structures
in fluid domains of Leeet al’*where the effective dynamic density is a functidrihe

frequency of excitation.

Fluid domain (water)

Actuating bimorph Sensing bimorph

e
B — Incident acoustic
pressure

Controller

Amplifier T \

Figure 5.4: Schematic of the operation mechanism dlfie proposed cell (Akl and BaZ)

* 4_

In order to fully characterize the acoustic metamal cell, two sets of
experiments where carried out by the authors. fiiisé set focused on attaining the
acoustic impedance of the metamaterial prototyplee impedance tube was set up and
calibrated to ASTM and ISO specifications and micdifons were added to hold the

metamaterial sample as shown in Figure 5.2b. ARerprototype was put in place, the
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piezoelectric bimorph closest to the excitation akge was fed to a proportional
controller, through an amplifier, and back to tleemnd actuator piezo. In the actual
measurements of the metamaterial impedance, tlasesavere considered. The first of
these was for the uncontrolled metamaterial. MNallf@ck was sent to the second piezo
rendering the cell passive. In the second andl tbases, a negative and positive
feedback was applied to the second piezoelectaphdlagm. These feedbacks increased
and decreased the stiffness of the metamateriblaseh while respectively. For these
measurements, the transfer function was run thrauginge frequencies from 200 Hz to
1 kHz.

The second set of experiments focused on the nerasut of transmission loss
through the prototype. For this setup the additibthe transmission loss attachment was
added to allow for the placement of a secondarypfeticrophones on the far side of the

prototype to measure the transmitted wave as showigure 5.5.

t ~
1.375" (ID) Reflection el __—'Fr_ansmission
Microphones Microphones

35.5" 3 16.5" ‘

Speaker )

Figure 5.5: Schematic drawing and picture of the imedance tube with attached prototype and
transmission loss attachment (Akl and Ba%)
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In the finite element section of the paper, theharg begin by describing the
utilization of the ANSY$ 12.1 software package. The authors used axisyriumet
elements of the type FLUID29 for the modeling of tr in the impedance tube as well
as the water in the metamaterial cell. FurthernfRitANE223 and PLANE183 elements
were used for the piezoelectric component and loasstraining layers respectively. An
infinite boundary condition was then applied torehate boundary reflections.

The finite element model is then used to predi& fhressure values at the
locations of the microphones to calculate the amouspedance and transmission loss
for the model. Figure 5.6 shows the mesh of ihigefelement cell alone while Figure
5.7 and Figure 5.8 depict the mesh for the engtapsused to attain the pressue values

for the acoustic impedance modeling and the trassion loss modeling

PZT4 layers

Brass layer

Fluid domain (water)

Figure 5.6: Finite element mesh of the engineeredetamaterial cell (Akl and BaZ")
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Figure 5.7: Finite element mesh of the engineeredaetamaterial cell coupled to the impedance tube
and the finite element model of the impedance tubsith microphone locations (Akl and BaZ")

| )
| )

PR

Figure 5.8: Finite element mesh of the engineeredaetamaterial cell coupled to the impedance tube
with transmission loss attachment and the finite @ment model of the whole transmission loss
measuring apparatus with microphone locations (Akand BaZ")

*0
The following figures depict the results of theodeling and experimental
results for real and imaginary components of theuatic impedance measurements and

the transmission loss for the three cases of unalted (Figure 5.9), positive feedback

(Figure 5.10), and negative feedback (Figure S:édpectively.

109



20

[y
o

| | |
| — |
| |
= —~ 5 777777 | e B
S5l ANV N TN g
éfv, 15 £
% 8 of-- YN
B 10— 3
g g
£ e Sr-—----t---- -t -
o ©
L ,—,—,—— B
3 1 Exoermental 320 -y N
< ! xperimenta < —— Experimental :
o ! F|n|t(? Element 15 — Finite Element !
200 400 600 800 1000 200 400 600 800 1000
Frequency - Hz Frequency - Hz

Figure 5.9: Real and imaginary components of the austic impedance in the uncontrolled case and
comparison with the results obtained from the finie element model (Akl and BaZ)
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Figure 5.10: Real and imaginary components of thecaustic impedance in the positive feedback
control case and comparison with the results obtaid from the finite element model (Akl and BaZ)
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Figure 5.11: Real and imaginary components of thecaustic impedance in the negative feedback
control case and comparison with the results obtaid from the finite element model (Akl and BaZ)
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The authors note that there exists an additiondenwear 800Hz in the actual
experiments which they attribute to a possiblebaioble that may have leaked into the
cavity cell. With the exception of the 800 Hz nptlee experimental results match fairly
close with those in the finite element model. Téathors also note that this is
particularly true when finding the locations of thigifting resonance peak. These peaks
were shown to be moved from its uncontrolled 600btation to 450Hz and 900Hz for
the positive and negative feedback gains respdgtivhich corresponds to decreasing
and increasing the overall stiffness of the celinention before.

The results of the authors’ transmission loss nreasents and calculations for
the uncontrolled case, positive feedback casenagdtive feedback case can be found in

Figure 5.12, Figure 5.13, and Figure 5.14 respelstiv

[
Experimental

Finite Element

Transmission Loss (dB)

800 1000 1200
Frequency (Hz)

Figure 5.12: Transmission loss measurement of theedeloped cell and comparison with the results
obtained from the finite element model for the uncotrolled case (Akl and BaZ’)
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Figure 5.13: Transmission loss measurement of theedeloped cell and comparison with the results
obtained from the finite element model for the posive feedback case (Akl and Ba?)
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Figure 5.14: Transmission loss measurement of theedeloped cell and comparison with the results
obtained from the finite element model for the neggive feedback case (Akl and Ba?%)
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Figures 5.12 through 5.14 illustrates the transimisdoss results for the
uncontrolled, positive feedback and negative feekilmses respectively. The authors
note that a good agreement is found between theriexpntal results and the calculated
values for the transmission loss near the peakegalhut admits that larger deviations can
be found outside this region. The author attrisuteese to the complex nature of the
damping characteristics and losses in the prototgleas compared to the simplified
viscous damping in the finite element model.

The authors’ final two graphs in Figure 5.15 depi transfer function between
the reference microphone and the first and secaembelectric diaphragms respectively

for the uncontrolled and positively controlled case

20
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Figure 5.15: (a) Transfer function between the refeence microphone and the adjacent piezoelectric
diaphragm, (b) Transfer function between the refeence microphone and the farther piezoelectric
diaphragm (Akl and Baz'")

The authors make the case that the only visibuiacy shifts in both graphs occur over
the targeted frequency range. In the positive baekl case the second piezo shows a
reduction of magnitude over the entire spectrunt, the only shift occurs under the

single peak in the target range lending to thelsidggree of freedom nature of the cell.
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In summary, the authors have shown a charactayizatfi a 1 dimensional
metamaterial prototype with active control. Theuretterization was performed over a
frequency range of 200 Hz to 1 kHz with measuresidéot acoustic impedance and
transmission loss. Each of these measurementdakas for the uncontrolled case as
well as the positive and negative feedback casewyube ASTM 1050-08 and ISO
10534-2 standards and were compared to valueslagduwsing pressures found with
and ANSYS model.

The prototype cell was one based on the paper qushi published by B&2
which is made up of cavity with piezo electric ciaggms for sensing and actuation. The
active component of the metamaterial cell allows pinototype to increase as well as
decrease stiffness as shown by the variation ikgigathe measurements of the acoustic
impedance and transmission loss. The authorsthsechlculations from a finite element
model to validate the experiments that were madereover the transfer functions from
the reference microphone the piezo diaphragms dhdive one degree for freedom
nature of the metamaterial cell for up to 4 kHz ebhiwas made apparent by the
movement of a single peak with applied control.e Buthor also notes that the strong
coupling between the fluid and solid domains is em@nt for the homogeny of the

system.
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The authors finish with future work suggestion whimvolves the array of
multiple cells. The author notes that such anngeaent can be though of as a fluid
domain equivalent to an array of spring-mass-damsgstem with controllable dynamic
properties. Control of such dynamic propertieshwitite active piezoelectric element
would allow for controllable wave propagation projes.

The following chapter takes the fundamental aspettthe model design in
chapter 4 and the experimental investigation diesdrin this chapter to and extends it
into the simultaneous control effective density dndk modulus in a one dimensional

metamaterial model.
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Chapter 6 : Dually Tunable Effective Density and Bu 1k
Modulus

Chapter 6 is drawn from an anticipated paper chaet by Baz and Akl in
conjunction with the author of this dissertatiofhe chapter draws from the designs both
theoretical and physical to create a design thatdmaultaneous control of both density

and bulk modulus.

Over a decade now, many acoustics researchers dieaaed their attention
towards the field of acoustic metamaterials, wipame objective is to engineer material
structures in such a fashion to affect wave propaggattern that cannot be realized
using regular isotropic materials. This is expedead has been already implemented in
various wave and noise control applications by Ror@arciaet al®® and Sanchez-

Dehesaet all!

, Where in both cases, the authors have managaedte an acoustic stop
band using periodic arrangements of cylinders filtdred out a noise bandwidth
preventing it from propagating to the other sidetloé metamaterials domain. The
concept behind acoustic metamaterials lies in désigthe periodic structure to achieve
certain values of the bulk modul&sand/or density in the periodic cell (micro) scale to
realize bulk modulus and/or density distributiomshe structure (macro) scale that would
yield pre-determined acoustic wave propagatiorepasgt

So far various attempts have been dedicated ingohgrthe periodic cell bulk

modulus OR the density separately. For the bulkuheg two different approaches have

been reported; the first approach focuses on cambinvo different isotropic materials
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in a composite form to yield anisotroppcoperties that can influence the spatial wave
propagation patteri%®*!? |n the second approach, acoustic impedance mifiiat
introduced along the path of wave propagation hggrating flexible sections into the
rigid-walled ducts in order to vary the speed airsb and effective bulk modulus at these
sectiond®'% Manipulation of the material density on the otfrand has also been
reported using two approaches; the first was bylsomg two different materials with
different densities in a specific spatial arrangettbat would yield homogenized value
of the density all over the domafm*'***°using phononic devices. In the second
approach, the concept of dynamic density, whicheddp on the neighboring material
stiffness, was implemented. This approach was rest&fl in the attempts of synthesizing
prescribed dynamic acoustic densities in fluid dowdy introducing lattice systems of
mass-in-mass units'*®**? These attempts were merely focused on introducegative
effective density motivated by the mathematical l@ga between acoustic and
electromagnetic waves, where theoretical posgibilithaving negative electromagnetic
permittivity and permeability was introduced by Bigii*®

In all the aforementioned attempts the focus wasctkd on either the bulk
modulus or the dynamic density separately and passetamaterials with fixed material
properties were considered. The operating bandwidtitation and the cross-influence
of the density variation on the bulk modulus andewersa have seriously limited the
applicability of the proposed techniques. Initiatteenpts of introducing active
piezoelectric elements in the periodic structuraragement has been reported in the last
few yearS®®*1? where the authors have introduced an electrosiicoanalogy model

for periodic cell structure composed of fluid domaionfined from both sides with
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piezoelectric diaphragms to control the bulk modwuor the density . Doing so, the
authors have managed to realize arbitrary effedtiulk modulus OR density values
above or below the nominal values of the fluid domtoey are embedded in. The
research has extended to physically realize thégroation for controlling the dynamic
density. Controlling both the density and bulk miodusimultaneously has however not
yet been introduced.

In the current paper, a cell forming the base peraodic metamaterial structure
has been developed using two piezoelectric diaphsatp control both the density and
the bulk modulus simultaneously. In the proposedrarement, the first piezoelectric
diaphragm represents the flexible end of a Helmzho#sonator coupled to the fluid
domain, while the second diaphragm is confiningflliel domain in the cell as presented
in Figure 6.1. Controlling the first and secondptieagms separately affects the effective
bulk modulus and density respectively. Electro-atisumodel as well as experimental

verifications of the concept is introduced in tbdwing sections.

Pressure drop () Pressure drop ()

— Flow rate Q) — Flow rate Q)

Length (2%;), Area @), i
Density (1), Bulk modulus B) Length () Length (;)
Area () : Area @A)
Neck areaa, i
> :
Helmholtz I
Volume f* Resonator % End.
bt mounted
Resonator M Panel
Panel Ayxlp) (Axly)

Figure 6.1: Schematic of the developed cell for dsity and bulk modulus control
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A one dimensional acoustic cavity with uniform @@®ctional areA and length
2xl;, subject to acoustic pressure drop resulting in volumetric flow rateQ, is
considered. The fluid inside the cavity is charazésl with static fluid densitys and
bulk modulusB;. The value ofQ depends on three major forces; inertia forcestdube
mass of the fluid inside the cavity, elastic forckes to the “stiffness” of the entrapped
fluid volume and finally friction and damping fosewhich are ignored in the current

analysis.

# )
Newton’s second law necessitates that the net ftweeto the pressure difference
p equals the rate of change of fluid momentum asrghy Eq. (1)
ADp:rfIfA% (6.1)

wherev is the particle velocity.

For a uniform velocity along the cavity Iengtg\d(,t2 = A% . Rewriting (1) yields:

ADP(s) = r1;sQs) (6.2)
wheres s the Laplace operator. Hence,

DP(S) _7ilr | s=7, (9 6.3)

Qe A

Z r(s) denotes the inertial impedance of the cavity snequal to the amount of

pressure difference needed in order to drive awghitme flow rate of the fluid inside the
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cavity, which is proportional to the density of th&d and the length of the cavity, while

inversely proportional to its cross sectional area.

)

The second type of forces is due to the “stiffnesfsthe fluid inside. A pressure
drop of p across the cavity will cause the fluid to be &sted” due to a change in its

volumeVol by an amount of &{ol).

__d(Vol)
~ Vol (6-4)

and since the bulk modulig; is defined as the difference in pressure whickdgia unit

volume strain, p is defined as:

_ . dwol)
=By (65

The change in volume ¥Y0l) along a period of time tdis defined as:

d(Vol) =- Qdt. Hence applying Laplace transformation to Eq.)6eSults in:

B
DP(s) = %ﬁ 6.6)
f

Consequently, the elastic impedaeg(s) equals:

DP(s) _ 1 _1B;

Zee(9) = = 6.7
cr (9) Q(s) Cgs sAl (6.7)
The total impedance of the straight cavity is tfenegiven as:
riis By
Z,(S) = Ze(8) + Zce(9) = A +Tfs (6.8)
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Utilizing the electro-acoustic analogy, the Helnthotesonator is introduced
adding to the total impedance of the proposed metiamal cell. The mechanical stiffness
and mass of the flexible panel coupled to the atmeavity are modeled using an ideal
transformer, which in this case, couples the mecharand the acoustical domains,
where the transformation ratio is the surface arfethe flexible panel. This is valid for
the flexible panel mounted at the end of the flogdl as well as that at the end of the
Helmholtz resonator. The components in the mechhrsme of the transformer are
transferred to the acoustical side taking the fransation ratio into consideration. In the
mechanical side the current would represent thehargcal velocityx , the voltage drop
would represent the mechanical forEeand the system spring and mass would be
represented by a capacit®r=1/ Kp and inductorLp = Mp in the electrical circuit

respectively. From equation (6.8), the acoustissrand stiffness in each cavity section

rl Al
is represented by the inductds = ;f and capacitorC. :B—frespectively. The

f

Helmholtz resonator is also represented as fludldtancelLy, fluid capacitanceCy
coupled with inductancks and capacitanc€g of the Helmholtz resonator flexible panel.
Putting all of the inductances and capacitancemmelectrical circuit introduces

the electrical analogous circuit shown in Figurg, Gvhere Helmholtz resonator mass
My =r; 1" a, stiffnes, =B;a?/(A, " 1y), ais the Helmholtz resonator’s neck cross

sectional ared, is its neck lengthi\y andly are the resonator cavity’s cross sectional area

and length respectively.
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. Facemountec
panel

Helmholtz Resonat
Figure 6.2: Electrical circuit analogous to the caiy with Helmholtz Resonator

From the circuit presented in Figure 6.2, the ¢ifecdensity and bulk modulus
for the cavity can be calculated by consideringuuattric rate of change of the acoustic

cavity given as:

_.g Q-
p - Be 2A|f (69)
E:_ /‘eg (610)
2, A

whereB,, 7. is the effective bulk modulus and density respetyi
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Equations (6.9) and (6.10) are two coupled equatitnom which the effective
bulk modulusB, and densityr. can be calculated. However in the current scen#n®
values ofBe andr. are prescribed according to the wave propagataitem dictated by
the application of the metamaterial. Hence, theesagquations can be used to calculate
the stiffness of the two flexible diaphragnit§, (and Ky) that would yield the targeted
values ofB, andr.. Using electrical circuit reduction techniques tverall impedance;
can be calculated, which is a function of bEthandKy. Now let the junction of the two
halves of the resonator and the cavity be nodad\in Figure 6.2. Using simple circuit

analysis, one can find that the pressureatdh be calculated as:

Z
=p1-ZE (6.11)
& Z

Recall that for the over all system
Q=p/Z. (6.12)

In turn, the volume flow rate into the Helmholtzoaator is described by:

Q, :Zﬂ or Q=— = (6.13)

Equations (6.11) and (6.12) can then be used Wi®) to calculate the effective

bulk modulusBe :

2Al s
= f—ZBZ (6.14)
ZI - ZB' ZLF
And the density. is calculated as be as:
re= AL (6.15)

2,
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whereZg is the impedance of the Helmholtz resonator (gaaitd piezoelectric panel)
and Z ¢ is the impedance of the fluid cavity of lendthSolving equations (6.14) and
(6.15) simultaneously for any givd® andr., results in the stiffness valuds,(andKy)
to achieve these effective cell properties.

For a cavity of 5cm length and 25%X4? cross sectional area, filled with water,
the effective bulk modulus and effective densityadsinction of frequency are as shown
in Figure 6.3. In Figure 6.3a, the bulk modulusrtstavith the static value of water
(2.25x10 Pa) and drops as the excitation frequency inceedreFigure 6.3b, the linear
and log scale frequency dependent dynamic dersipydasented, where it starts at high
negative value at very low frequency and approathesiominal value for water (1000
kg/m®) as the excitation frequency increases. The shpeak occurs at the cavity
resonance. Hence it is evident from these two pluas both the bulk modulus and the
density are frequency dependent and vary drambtiedath the excitation frequency.
Hence in order to maintain a required wave propaggtattern over a wide frequency
range within a domain, the density and bulk modufishat domain have to maintain
specific values over that frequency spectrum. Tikiswhy actively controlling the

stiffness of both the face- and side-mounted pasedsucial in that sense.
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Figure 6.3: Uncontrolled homogenized bulk modulusad density for a cavity with Helmholtz

resonator

Replacing the flexible panels with active piezotiecelements upgrades the
developed coupled acoustic cavity from passivective nature, where the stiffness of
both panels can be controlled using the piezoéteekectro-mechanical coupling factor.

The basic constitutive equation for a piezoelectraterial is given by:

S _sfF d T
D~d e E (6.16)

where S = strain, D = electrical displacement] = stress,E = electrical field,

ss=complianced= piezoelectric strain coefficient, and= permittivity. Equation (6.16)

can be rewritten for active Helmholtz resonator tao@-mounted piezoelectric panel as:
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pvo, _ Ce Yan Dvoly _ Co 9a  Dp, (6.17)
o da,b }/Zpbs Vo of dag }/Zpds Vy '

whereqqp , Volyp = electrical charge and change in face- and Helinhesonator

mounted panels volume respectivelpy , andVy p= pressure and voltage applied to both
panelsCpp =1 /K, is panels compliance ad@q, Zpy, are the electrical impedances for
the face and Helmholtz resonator panels respegtilésing the piezo-diaphragm as a

self-sensing actuator, then the second row of emud6.17) gives, for a short-circuit

piezo-sensor, the following expressions:
Op = da, 0Py » Gy = dagDPy (6.18)
Then, the voltage/y, applied to both face- and side mounted panels bean
generated by a direct feedback of the chaggesuch that:
Vi = - GydadBpy» Vi, = - Gyda, 5Dpy (6.19)
Then, the first row of equation (39) yields:
Dvol, = (CD - d24Gq )Dpd = CpcDpy, DVol, = (CB - d/iHbi)pr = CgcDpy, (6.20)
where Cpc and Cgc = Closed-Loop Compliance of piezoelectric face-mted and

Helmholtz panels respectively. The equivalent eileatircuit for the composite cavity

with active Helmholtz resonator and face-mounteaepa shown in Figure 6.4.
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st :
1° Half of the Cavity Z'n I

Active Helmholtz resonator

Figure 6.4: Electrical circuit analogous to the caity with active Helmholtz resonator

A feedback control system has been applied to d@ycesth the same parameters
whose acoustic properties are plotted in Figure &3 objective of the feedback
algorithm was to control the stiffness of both thee-mounted and Helmholtz resonator
piezoelectric panels to realize a composite cdigdiwith water that has an overall
homogenized bulk modulus and density which are BOtlimes that of water in one case

(as shown in Figure 6.5) and 0.05 times in anathse (as shown in Figure 6.6).
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voltage for end-mounted panels. (e,f) resultant hoagenized bulk modulus and density
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The proposed active acoustic metamaterial cell stigated in this work is
composed of three different materials as showrignré 6.7. Water, in a cylindrical pipe,
is confined from both ends with two PZT4 piezodiecbimorphs. In the middle of the
acoustic cavity a Helmholtz resonator cavity hasnbattached, in which the rigid cap is
replaced with the same PZT4 bimorph as in the ntawvity. The bimorph itself is
composed of intermediate Brass disk with PZT4 Isaydegposited on both surfaces. The
internal cell diameter is 0.035m, its overall léngt 0.045m and the overall diaphragm
thickness is 0.5mm of which 0.135mm Brass intermeddisk thickness. The material

properties of the piezoelectric bimorph componanéslisted in Table 6.1.

0.183mm—

0.135mm

Figure 6.7: Construction and dimensions of the propsed active acoustic metamaterial cell

Table 6.1: Material Properties
MATERIAL PROPERTY |VALUE
Frequency 1.3 kHz
Capacitance @ frequency| 150,000 pF @ 1kHiz
Voltage Input (Maximum) | 30V p-p
Impedance 200 Ohm
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The cell is built by cutting the confinement Acrytylinder to the required length
(for both the main fluid cavity and the Helmholesonator) and drilling a 3mm hole in
the middle of its surface. The piezoelectric binfoghaphragms are wired, then coated
with electrical insulating coating and then gluedthe annular faces of the cylinder
confining a fixed volume. Water is then injectedotigh the 3mm circumferential hole
until it fills the entire cylindrical volume leavinno air bubbles inside the cell. The hole
is then sealed, leaving a composite water-PZT matamal cell for testing and
evaluation. The main cavity length (%= 44.5mm, diameter = 32.6mm, Helmholtz
resonator cavity lengthi{)=22.25mm, diameter = 32.6mm, Helmholtz resonatrkn
length () = 3mm and diameter = 3mm.

The basic concept of the AAMM lies (as illustratedFigure 6.8) in that the
(sensing bimorph) measures the acoustic pressgstgahroughout the cell and submits
the measured signal to a feedback control circugeanerate a consequent control signal
to the actuating bimorphs via a power amplifiercttange their stiffness. Due to the
incompressible nature of the confined fluid, direatipling to the actuating bimorphs is
established forming a homogeneous fluid-solid dontaat acts as a single degree of
freedom (DOF) system, provided the excitation wangth is much larger than the
dimension of the entire composite cell. Hence, givam the stiffness of one of the
actuating piezoelectric bimorphs affects direchilg stiffness of the second one, resulting
in a controllable dynamic density (resulting frone teffect of the face-mounted bimorph)
and the bulk modulus (resulting from the effecttted Helmholtz mounted bimorph) of
the entire single DOF fluid domain as demonstratedhe electrical-acoustic circuit

presented in Figure 6.4.

131



Actuating bimorph  Fluid domain (water)
for density control

Sensing bimorph

Incident acoustic
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Helmholtz
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bulk modulus control
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Controller ‘

Figure 6.8: Schematic of the operation mechanism dlfie proposed cell

, 4- 6

The verification process is carried out on two step the first step, the face-
mounted piezoelectric diaphragm (responsible foisdg control) is controlled, while the
Helmholtz resonator mounted piezoelectric diaphragesponsible for bulk modulus

control) is maintained uncontrolled. In the secetep, the opposite is carried out.

S8 /) &0
Figure 6.9 illustrates the frequency response effdte-mounted diaphragm in
the uncontrolled, positive and negative feedbaaktrob gains. Figure 6.10 on the other

hand is the frequency response of the Helmholton@&®r mounted piezoelectric
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diaphragm as a result of the control of the facemed one. In order to verify the change
of dynamic density in the cell cavity, the pressgradient inside the cavity is measured
using the face-mounted piezoelectric diaphragm aikird diaphragm mounted on the
opposite end of the fluid cavity. The response atheof these sensors represents the
pressure inside the cavity measured at the canitig.e~igure 6.11 illustrates the relative

pressure gradient change as a result of both pesitid negative feedback gains.

0.8

= | Jncontrolled
= Positive Feedback

= Negative Feedback

T T
| |
07 I S A
| |
| |
| |

Piezo-Diaphragm Response - Volt

| |
| |
|
o 1 1
0 200 400 600 800 1000 1200

Figure 6.9: Frequency response of face-mounted pieelectric diaphragm
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Figure 6.10: Frequency response of Helmholtz resot@ mounted piezoelectric diaphragm
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Figure 6.11: Frequency response of the pressure giint in the uncontrolled and controlled cases
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. / &0
Figure 6.12-14 illustrate the same spectra fordage of uncontrolled, positive

and negative feedback control gains applied to lemholtz resonator mounted

piezoelectric diaphragm.

1.4 ‘ \ \
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Figure 6.12: Frequency response of face-mounted gieelectric diaphragm
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Based on the results obtained from the experimen&surements, it is evident
that the composite acoustic metamaterial cell tthgas a single DOF system, whose
natural frequency for the uncontrolled cases is &) The Helmholtz resonator
resonance frequency was measured to be 105 HzyiAgpbositive/negative feedback
control on the face mounted piezoelectric diaphrags affected the main cavity natural
frequency without significant effect on the Helmtaotesonator cavity as illustrated in
Figure 6.10. Since the pressure gradient is a tdirexasure of the density in acoustic
cavities, the gradient was measured using the twleneounted piezoelectric diaphragms,
which (as illustrated in Figure 6.11) reveals digant increase/decrease in the density of
the fluid cavity, which eliminates the possibilithat the resonance change in the
uncontrolled, positive and negative feedback caséght be due to bulk modulus
changes. Applying the same feedback control actiotise Helmholtz resonator mounted
piezoelectric diaphragm didn’t affect the resonafnequency of the main cavity, nor did
it affect the pressure gradient as compared tdistecase. However, significant effect on
the Helmholtz resonator resonance frequency wasuned. The Helmholtz resonance
has ranged from 81 to 168Hz due to the negative positive feedback control
respectively. Projection of the Helmholtz resonafiect on the main cavity frequency
response without significant change of the presguadient in that frequency band is an
evident of the change of the main acoustic cavibyilk modulus.

Hence an active acoustic metamaterial with prograbien density and bulk
modulus has been developed. Analytical analysisgusiectro-acoustic analogy has been

developed. An active composite cell coupled withivec Helmholtz Resonator was
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manufactured and control actions were applied tb beezoelectric elements in the main
cavity and in the Helmholtz resonator to changediiesity and the bulk modulus of the
main cavity. The frequency band in which the dgnkads been significantly controlled
was 600-900Hz, while that in which the bulk moduhss been significantly controlled
was 81-168Hz. Cross-effect of the two active elemes negligible, emphasizing the
capability of the developed active acoustic metanatcell in simultaneous independent

control of both the density and bulk modulus of tied.
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Chapter 7 : Loss Analysis

Thus far, the model of the system found throughdfeetric analog method has
been restricted to lossless components. Thisesetdbks at the effects of adding those
losses back into the system. Use of resistive ehtsnin a lumped element models has
been used in many papers such asdtial'?°'*, Prasadet al’?4 and Galla¥® when

assessing lumped models of resonators and cawitieiezoelectric diaphragms.

I $

For this model, these losses primarily will be assd to come in two forms, the
first of which is viscous losses in the differemicBons of the cavities. This can be
described in its simplified fort>

8
pr

where m is the viscosity of fluid] is the length of the cavity, and is the radius of the

cavity. The second form is the mechanical losthanbending diaphragms. Using the

method applied by Liet af**, the resistance can be described by:
R, =2z | — (7.2)

where M is the equivalent kinetic mass of the diaphra@ms the short circuit acoustic

compliance relating the acoustic pressure to digphent of the diaphragm, anda

damping coefficient that can be found experimewntallThese resistance values can be
inserted into the circuit portrayed in Figure @4résult in Figure 7.1: Electric analog of

the dually tunable system with added loss comp@&mbwn below.
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Figure 7.1: Electric analog of the dually tunable gstem with added loss components

As before, the total impedaneg of the above circuit can be broken down izg , Z,,
,Z,» and Z.. for the resistance and inductance of the first bfthe cavity, the entire

second half of the cavity, the Helmholtz resonatmtion, and the compliance of the first

half of the cavity. These individually can be wait as:
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rLs
Z,=R +Ls=R+ (7.3)
1 1
= Z f?s+ L ,§+ R s+———
rls g v SRS
ZZH = + R: + 1 (74)
A Zf?st,S+ R st
CDCs CF S
L Z,f?st ;S + R sri
_ Mys Cys Gac
Zn= " +R, + 1 1 (7.5)
Z,f?s+ ;S + R st
CBcs CH S
1 B;
/. _=—= 7.6
“ C.s ALs (7.6)
And the total impedancg, is described as:
— ZCFZHH ZzH
Z,=Z,+
ZogZiw * Zog Lin b * Ly Sy (7.7)

which can be simplified a bit for the purpose ofvswy for the gain using Matlab by

eliminating internal fractions:

CF HH nZH

der dyy Gy
Ner Muw + Ny My + M My
der Ay Gy Gy dyy Dy

(7.8)

Nee Mun Moy
Qo Mor Ny + Ay R B+ Qe My By

:ZJ.H +

The equations for the density and bulk modulustlzee solved as with equations

(6.9)-(6.15).
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Modeling was done for an effective relative dgnsit 1 and bulk modulus of 20
times that of the ambient medium which in this cases water. Parameters used in the
model can be found in Table 7.1 below.

Table 7.1: Parameters of the model with resistance

PARAMETER VALUE
A 25x10* m*
a 7.06x10° m*
‘ 1000 kg n?
; 2.25x10Pa
| .0225 m
Iy .003 m
8.94x1(" Pa s
r 0.0163 m
Iy 0.0015m
138.3 PaV
da -2.108x10" m’v?
Lp 50 H
Cs 0.2x10°F
Cp 18.239x10 F
0.028

Five cases were modeled separating the variouce®wf resistance. The first
results for the control voltage and closed loop plimce below serves are the baseline
where all resistances are set to zero. The follgwiwo separately include the viscous
effects in the cavity and in the neck of the Heltithoesonator. The forth case applies
only the acoustic resistance of the diaphragm. Tihal case combined all the

resistances.
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Figure 7.2: Resistances set to zero
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Figure 7.3: Only viscous resistance in cavities
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Figure 7.7 subtracts the baseline case from thgesuent cases to solely look at

the change in the control voltage caused by thé@iadf the resistances.
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/ #

Figures 7.2 through 7.7 show that the additionistaus resistance elements and
elements for acoustic resistance of the diaphragwe lery little effect. The maximum
effect from these resistances occur at low freqsnigut even at those low frequencies,
the values for the control voltage are around fivéers of magnitude greater than the

differences caused by the resistances.

146



Chapter 8 : Conclusion

This dissertation presents the theory, modelingaufecturing and experimental
results of an Active Acoustic Metamaterial (AAMMA thorough investigation of past
developments has been made in both general metaafmtas well as metamaterial
design based on coordinate changes such as thosssaey to attain the parameters for
an acoustic cloak. Furthermore, a generalized dioate change formula has been
presented for determining material parameters fesirdd directivity and dispersion
control.

Custom Finite Difference Time Domain (FDTD) modekve also been created
though MATLAB scripts that match previous work ardve shown agreement
commercial software for both the material paransetdrthe cloak coordinate change as
well as the directivity and dispersion coordinatearmge. The intuitive nature of the
FDTD over the FEM allows for quick adaptation faher metamaterial projects. Only
the knowledge of the material’'s geometry and prigpealues of bulk modulus and
density are necessary to input into the model. lirhigation however, is that the FDTD
model resides over a set grid domain and can notehdily refined for important
locations in the metamaterials geometry. This rfead to some problems such as
mismatched impedances at boundaries. For fine @seshe FDTD can also be memory
and time expensive.

With the necessary material parameters having Whieend, an approach was

presented to achieve such material parameterscim @wvay that avoids the infinite mass
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problem described by Norfis In addition, the approach allows for the metariat to

be physically identical passive “off” form, but cée tuned to desired properties when
becoming active. The first model for this approachs a single cavity with a self
sensing piezoelectric diaphragm back as presenteBat’®. This model allowed for
tuning of the effective density of the metamatedald was presented as a lumped
element model taking advantage of the long waveteagsumption i.e. that the cavity
itself would be smaller than the wavelength of itheoming wave. Parametric analysis
of the design showed the flexibility of the desagwell as tradeoffs between parameters
such as bandwidth and control voltage. Single gawietamaterial cells were then
fabricated to test the theory of the density cdntnedel. The metamaterial cell was
characterized by Baz and Aklby measuring the acoustic impedance and transmissi
loss in the 200Hz to 1kHz range and the result®wempared to a finite element model
created to match the physical dimension of the sttoaavity cell and were found to be a
close agreement. Additionally, dynamic propertéshe cell showed homogeneity up
to 4kHz. This demonstration however, is only lmitto the control of the effective
density and lacks an investigation into viscoussdéssin the cavity and losses in the
diaphragm.

The single cavity model was then taking a stephtrmrtwith the addition of an
active Helmholtz resonator. This model allowed #imultaneous yet independent
control of both the effective bulk modulus and #ifective density of the metamaterial.
This model was physically manufactured as well a@$ shown to behave as a single
degree of freedom system. The effective densitythe system was significantly

controlled in the 600-900Hz range, while that inieththe bulk modulus has been
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significantly controlled was 81-168Hz. Additiongliit was shown that the cross-effect
of the two active piezoelectric diaphragms was igége demonstrating the effective
independent control of the density and bulk modulus

Finally the model with the Helmholtz resonator wasevaluated using resistance
elements to determine the impact of such elementhencontrol voltage. Viscous
damping elements from the fluid as well as elemaftsicoustic resistance from the
diaphragm were added to the circuit analogy andgtia for the control voltage was
reevaluated. The results of the resistive elementthe control voltage gain were found

to have negligible effects, especially at highegtrencies.

o )" #

Research into the field of acoustic metamatergiill in its infancy and still has
a lot to offer in terms of research paths and apgtes. This author has created a finite
difference time domain package for use with metanns which allows for matrix form
densities. This package has been compared witmanercial finite element package to
reproduce results from past research as well as¢péeen used for new research as well
such as the presented contribution of a directiaitg dispersion control. This control is
based on the solution to a density matrix and butkdulus scalar based on desired
material property values. Such programmability bame numerous applications such as
wave redirection and metamaterial lenses.

Also, the work of Baz and Akl has been extendeh¢tude both density and bulk
modulus control which can be done independentlgaah other. This was also shown to

have a single degree of freedom characteristic tardcross-effect was shown to be
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negligible. All of the pre-described electro-adbu<ircuit analogy models, however,
lacked dissipative components. Chapter 7 cameib both viscous and mechanical
losses to the model and finds for current modéiese resistive elements change the

control voltage and stiffness an insignificant amisu

0 ( 7%

Possible extensions come in several different $ornfrabrication of multi-cell
arrays in a cascading arrangement could be camigdo demonstrate a controllable

wave propagation pattern in a fluid domain.

Figure 8.1: Schematic for cascading cell#kl and Baz?)

Figure 8.2: Electric Analog for cascading cellsAkl and BaZ?)
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Furthermore, the model and array could be expanded second and third
dimensions to satisfy cloaking shells for cylindticor spherical coordinate systems.
Simplification or approximations of the electro-rhaaical analog may be necessary as

the solution for the control gain for the curreradsl is very complex as is.

b)

c)

Figure 8.3: Extension of metamaterial for cylindrial coordinates (a) Honeycomb layout for
metamaterial A and B layers (b) Turning of the layes on side (c) Representation of layers for curved
surface
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Additionally, an investigation can be made on tffea of the thickness of the layers of
materials A and B as compared to the thickness of the metamatetiattares as

demonstrated in Figure 8.4.

Figure 8.4: Different configureations ofAand B metamaterial layers relative to the thickness oftte
structure.

Miniaturization is another path that may be taken this metamaterial. In
addition to the overt advantage of the reductiorbulk size, miniaturization would
increase the bandwidth for which the necessary itondfor the long wavelength
assumption to hold. This could possibly be extdnidemicro-electromechanical systems
(MEMS) level structures, though a more thorougtestigation into viscous and damping
effects would be necessary such miniaturizations.

Furthermore, a study of effect of S-Waves throdghrmetamaterial cell could be
performed for this structure. Though some theoattiesearch on the subject has been
made such as Targ al'?* and Smith and Verrié®, a practical experiment for acoustic
cloaks or even any acoustic metamaterial has nobgen made. Resulting acoustic

noise may become an issue or may be negligible aoedpto the pressure component.
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Appendix |: Descritization into Finite Difference

1°P

Second order derivative conversions of pressutena and space are:

L POy t+D)- 2P(x y g A(x Y4 1)

qt?

1°P

[12

JP(x+1,y,0- 2P(x yi i Ax 1, y 9

x°
1°P

DXZ
P(x+1, y+1,t)- P(x 1L,y 1,8 Px 1Lty 1#) P(x Ly 11

»

xfy 4DxDy
P Pxy+19-2P(x v Axy 19

fy?

Dy?

First order derivative conversions of pressurend space are:

P P(x+Ly - P(x 1 y9

x 2Dx
P _oPxy+L9)- A(xy 19
ly 2Dy
First order time invariant derivative conversioffiglensity in space are:
ﬂrx; »f _xi(x +1a y) -/ _xi(x_ 11 y)
x 2Dx
T (X Y+ (% y 1)
»
Ty 2Dy
T[,.xyl r -x;(x +1, y) - -x;(x' 1, y)
»
X 2Dx
1r, T WG YD) -r (% y 1)
Ty 2Dy
Using these conversions, we substitute back irdovive equation:
2 2 2 1 -1 -1 -1
= ;xlﬂlj+2'xylﬂPV'y§ﬂP+WXX+WVX P,y 1, 1P
Tt T wy Y% x fy x Ix fy Ty

153



to result in the following:

/,-1 P(X+1v y’t)' ZP(X; Y, t)"' P(X l’ yyt)

XX DXZ
+2r;yl P(x+1, y+1t)- P(x 1,y 11,13([;(% Ly Lit) P(x Ly 1,t)
P(x,(y, t+1)) ard P(x y+1,1)- 2Pé>;2y, t P(xy L9
-2P(x, y,t
POV LY e Ly, M yHLD-r 0y 1)
Dt? 2Dx 2Dy
. P(x+1,y,t)- P(x 1, vt
2Dx
.\ ry(X+Ly,t)-r 0 (% 1,y,t)+r'y$(x,y LYr (XY 1t)
2Dx 2Dy
. P(x, y+1t)- P(x y 1,1
2Dy

Isolating the pressure for the future step we get:

r'lP(X+l’ y,1)- 2P(x, y,tF P(x 1,y 1

XX DXZ
oy 1 POGLY+LD- POS Ly 18 Pex Tty 1) P(x Ly 1)
N 4DxDy
w1 POOY+LY- 2P(x Y P(X y 19
yy 2
Dy
-1 _ -1 . r_l ’ +1 _ /"1 y- 1
P(x y, t+1)=kDE + LoXFLY) (¢ L) WX y+D)- ri(xy-1)
2Dx 2Dy
. P(x+1,y,t)- P(x 1Y)
2Dx
L Lo OHLY) g 0e LY) ri (% LY, (%Y D)
2Dx 2Dy
. P(x, y+1)- P(x ¥ 1)
2Dy

+ Pxyt)yPkyt 1
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Appendix Il: Stability Analysis

Von Neumann:

Begin with the finite difference wave equation fone dependent variables

;1 POEL Y, - 2P(x yi O P(x 1,y 9

XX DXZ

2 P(x+1Ly+1,t)- PO Ly 1L PEx Lty 1#) P{(x Ly 11
X 4DxDy

AP y+10)- 2P(x v, P(xy 1,1

yy Dyz

It I P(x+1y,t)- P(x Ly)

+ XX+
ix Ty 2Dx

LTIy Ty POy+D- Px y 1)
x Ty 2Dy

+ R2x(y,t-)P x(y, ¢, 1)

+2r

P(x vy, t+1)=kDt +r

The difference between the numerical solution dedttue solution for the wave

equation will be some round off error.  Let rowftlerror be defined ag;, = e* &

and let the finite difference derivatives in tintedaspace be as follows.

n+l _ . a(t+Dt) 4 (kx+ly) n — At J(Kk(x+Dx) +ly) n — Aat J(kx+I( y+Dy))
ei,j =€ e ei+l,j =e"e ei,j+l_e e

6{1?1 - ea(tD t)é(k)& ly) 6:“1 = eaté'(k( x-D X+ ly) 6{]]'.1 - eaté'(k><+|( y-Dy))

] Y

With each iteration, the round off error may compauso let us define some

amplification factor as a fraction of the futuremé error over the current time
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n+1
errorG =+ which will acknowledge any growth in the erroréach time period. For
€.
the finite difference equation to stay stable oviene, the absolute value of the

amplification factor must remain below one.
IG|£1

To begin the analysis of the equation, the Fouremsform of the second order

wave equation using the aforementioned round ofireaind its derivatives in time and

space. Note that the terms for the spatial devieah density are untouched since they

time invariant and will only act as coefficients the growth factor.

N eaté'(k(x+Dx)+Iy) _ 2 eat ékx+ly)+ ét ék( xDy+ 1y

r

XX DX2
(100 glic) op-t Al dkOFDY+(y+DY) | it K x+D) #(y-DY)_ @t K xD)+0 WY G(K(x-DX*I(y-Dy)
_ 2eaté(kx+ly) Xy 4wa
+ea(t-Dt) é(kX+ ly) ks B eaté(k><+|(y+Dy)) ) eat ékx+ly)+ ét ékx+( y-DYy)
DtZ - ryy Dy2
N -1 i (K( %
N ﬂrxxl N ﬂf ~ eaté(k(><+0.5D><)+Iy) _ eat é(k(x 0.D x)+ ly)
ix Ty Dx
. ﬂf;(yl T -y; eaté(kx+|(y+0.5Dy)) _ e‘iei(kx+l(y-0.EDy))
x Ty Dy

a(t-Dt) (ke ly)

Divide through byT and reorganize the exponents on the second line
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(é(ka+IEy)_ é(kD(-IQ/)_ e—i(ka-Dy)+ éi(loxmy))

into (e - &> el @ By E> @)

then factor into(€ ™ - "®)(d™- ¢'™)

and finally factor oute™

L P24 g™ @ 2 Y
+r

r
XX DXZ yy WZ
) (eika _ e—ikDX)( éDy_ eiIDy)
+2ry,
4DxDy

e -2+ 1= Dt

-1 -1 _jkDx - iDx
N ﬂrxx+ﬂfyx g - g

ix Ty 2Dx
e Fy e¥-e”

x Ty 2Dy

+

eia+ sia

Now recall that =cos@) and
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,2coskDx)- 2 ., 2codDy ) 2
rxx DXZ tr yy WZ
.1 2isinkDx)4 sin(Dy )
Y 4DxDy

2aDt Dt —
- 26M = DE gt g1yl 2isingDy)

+2r

aDt

+ —X+
x Ty 2Dx
.\ ﬂr;y1+'|?'yj 2i sin{Dy)
x Ty 2Dy

Using the half-angle formula and simplifying, we:ge

-1

-1 4r
] ar, Sir? (ka} W i (Iliz)y)

DX Y
2%y inD x)sinDy)
DXDy y )

e . 2%+ 1= /D E . 1
L T Try isinkDx)
x I\ Dx
ﬂr;;j;; isin(Dy)
x Ty Dy

+

Recalling the definition of the amplification factwe can simplify it to:

+1 Dt) (kx+l
G 67[,1]- B ea(t+ )é( X +y) B eaDt
- e - eaté(kx+ly) -

1]

Rewriting the above wave equation with the amifion factor substitution:
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. -1
CAry sin? /ka} ar,
2 \ 2

Dx 27 Dy

sir? ()
2

2ry, _
- Dx—wsm(kD x)sin(Dy)
G?- 2G+ 1= T
+

ﬂr;xl+ﬂf;xl i sin(kDx)
X Ty Dx
Ty oI isingoy)
< Ty Dy

+

At this point, one can clearly see that solvingtfoe amplification factor is just a
matter of solving the quadratic equation.

Bringing the right side of the equation to the lgé get.

CArg 2,ka} ar.,
27 of

-1
- —2sin(KD x) sin(Dy)
2 2 DXQ/
G™+ -2+ /Dt o L G+1=0
17 +‘|TfyX i sinkDx)

sir? IH[;/)

+
Ty Dx
oIy Y isintDy)
x Ty Dy

b+vb?- 4ac

So the solution becomds =— 5 for aG?>+bG+ ¢c=0
a

wherea=c=1 and

-1 4 -1 2,—1
Y i KXy Mo i 4Dy, T ey sintoy )
b=-2+ ADF ¢ by 2 by
T, Try isinkdx) Ty, T, isin(hy)
ix Ty Dx x Ty Dy

Since only the minimum and maximum are importantehehe frequencies

determined byt and k not important. Looking only at the ranges we get:
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1

-1 4 - 2,—1
Polo® i —2(® ¥ —2fa @1 }
b=-2¢ OE > .
-1 -1 -1 -1
W, W (1 1) Ty Ny (@ 1)
X Ty X Ty

The knowing that the coefficients are all positithee maximum possible is:

XX

-1 -1 -1
4r 4/’yy+2Xy

Dx? G B %
b=-2+ Ot _1W . a B o
+ 1T/’xx +ﬂry>< i+ ?xy _,_ﬂ yy I
X Ty x Ty
and minimum is
-1 - -1 -1 -1
b=-2r ot - 2o Wy o Wy Ay
DxDy x Ty x Ty

which is dependent on the values of the coeffisiemtd must abide b§)£|b| £ 2 for the

\' 2 -
absolute value o6 :%aélac

to be less than 1.
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Appendix Ill: Discretization of the Perfectly Match  ed
Layer equations

The three equations needed for xtairection are:

ﬂ 2
ﬁ+s (x) RB=kr

N
XX ﬂXz

T o P
ﬁ+s(x) z,=-kr 5 4x) o

and the intermediate variat#e= %+s(x) P,

Multiplying out the left side of the first two eqtians, we get:

%Pﬁ%s(x) R+s (X° R=kr

1 P
xx?
%Zﬁ%s (X)z,+s (X)z,=-kr $ G(x)%

Using the same descritization transformations aspipendix | on theR, equation we

get:
R(x y t+1)- 2R(x y O P(X ¥t 1)+5(X) POxytd Pxytl
Dt? 2Dt
4 P(x+1,y,1)- 2P(x vy, tfF P(x 1,y 9

+5(X)* B (x,y,t)=Ar

XX DXZ
Then isolating theB (X, y, t+1) terms results in

R Y1) L (%) Fl’(x,zétﬂ): 2P(x y,t}DzP(x ¥ D5 (x) 1F’(2x[;ft 1

P(x+1y,1)- 2P(x y,t P(x 1, vy
X DXZ

-5 (x)2 P X,y ,tY Ar |
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This can then be simplified to:

2R(x, y,0)- R(x y t 1) R(x yt 1)
DtZ Dt2 +25(X) Zu
i kr ;xl P(x+1,y,t)- 2P(x,2y, t P(x 1, vy1
Dx

P(X, y,t+1)=m

-5 (x)*R(x v,

The same can be done to the singl@quation to result in the following.

2, ¥:0)- Z,(0 0.t D, og () Za iyt )

zl(x, y,'|:+:|_):L2 th 2k
1+Dts () s (P26 b krd 4 P(x+1, y,t;&)XP(x 1,1

Finally, for thex direction, the intermediate variable can be rewayea and

discretized to result in the following.
P(x Y t+1)=2Dt(z, -5 (X B(x yit)+ B(x yt 1
The same can be done in the y direction to resuhe following three equations.

2500y Byt D, gy BOXYL D
Dt? Dt? 20

P(X Y, t+1):—1+ o () S () Ry Ok P(x y+1,1)- 2P|()>y<,2y, t P(xy 190
ZZZ(X!y’t)' Zz(X! y’t' 1)+22 (Xv yft 1)
2y t+ )= o 20
1+ US(y) _s(y)Zzz(X’ v, t)' kr X)é qy) P(X, y+1,t;'DyP(X, Y 1, t)

P Y t+)= 2Dz, -5 () R(X %)+ R(X ¥t 1
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