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The theory of averaging, originated by Laplace and Lagrange, has been
applied in its long history in many fields as, for example, celestial mechanics,
oscillation theory and radio physics, and for a long period it has been used
without a rigorous mathematical justification. A further development in the
theory of averaging, which is of great interest in applications, concerns the
case of random perturbations of dynamical systems.

This dissertation, discussing some applications of the averaging princi-
ple, includes two parts. In Chapter 1 and Chpater 2, we first study the

Smoluchowski-Kramers approximation of a system with a finite number of



degrees of freedom, in the presence of a varying magnetic field, where the
planar motion of a charged particle of small mass i is governed by Newton'’s
law. A small friction is added to the magnetic field to regularize the prob-
lem so that the small mass approximation can be studied. When p — 0,
a noise-drift term arises in the limit process due to the dependence of the
strength of the magnetic field on the state of the particle and the system
can be viewed as a small random perturbation of a Hamiltonian system in
a large time scale and the Hamiltonian turns out to be the strength of the
magnetic field. Therefore, by generalzing the Freidlin-Wentzell theory of av-
eraging for Hamiltonian systems, we obtain a description of the slow motion
of the charged particle when the mass is small.

In the second part(Chapter 3), we study the validity of an averaging
principle for a class of slow-fast systems of stochastic partial differential
equations. These systems are characterized by having weak regularity as-
sumptions for the nonlinearity in the slow equation. Due to the weakness
of these conditions, we are only able to prove the existence of martingale
solutions and characterize the distributions of limiting points for the slow
motions as solutions of a suitable averaged equation. After the publication

of [33] and [31], there have been many papers in recent years that have stud-



ied the validity of averaging principles for various types of slow-fast systems
of SPDEs, but these previous papers have all assumed well-posedness in ap-
propriate functional spaces, whereas the systems considered in this paper are
so irregular that it is not possible to have the existence and uniqueness of
solutions, not even in the martingale sense, for either the slow-fast system or
the limiting averaged equation.

In Chapter 4, we proved the existence of martingale solution for the
stochastic PDE with rough nonlinear coefficients. We start from the con-
dition introduced in [28] and improve the previous results from the existence
of measure solution of the corresponding Fokker-Planck equation to the exis-
tence of martingale solution. This result can be applied to prove the existence

of martingale solution of the slow-fast system in Chapter 3.
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Chapter 1: An averaging approach to the Smoluchowski-Kramers
approximation in the presence of a varying mag-

netic field

1.1 Introduction

We are dealing with the planar motion of a charged particle of a small
mass p in a force field that has a deterministic as well as a stochastic com-

ponent combined with a magnetic field

1 G (t) = b(au(t)) — Aqu(t)) Agu(t) + o (qu(t)) v,
(1.1)

7.(0) =q € R?, q.(0) =pe€ R?,

\

Here b is a vector field in R?, ¢ is 2 x 2-matrix valued mapping defined

on R? and w(t) is a standard two-dimensional Brownian motion. Moreover,



A : R? — R is some mapping, such that A(z) > Xy > 0, for every z € R?,

and

We are here interested in understanding the limiting behavior of the solu-
tion ¢, to equation (1.1), as the mass p vanishes. This is the so called
Smoluchowski-Kramers approximation.

It is well known (see [9] for all details) that when the variable magnetic
field considered in the present paper is replaced by a constant friction (that
is A is constant and the matrix A coincides with the identity matrix), then

q,(t) can be approximated with the solution of the first order equation

dq(t) = b(q(t)) dt + a(q(t)) dw(t), q(0) = q. (1.2)

More precisely, for every fixed T' > 0

lim E max |q,(t) — ¢(t)|* = 0. (1.3)

u—0  te[0,T]

Notice that here the case of an arbitrary number of degrees of freedom can

be covered. The same result can be obtained also if A is still constant, but A



is a more general matrix, whose eigenvalues have strictly positive real part,

with the limiting equation (1.2) replaced by

dg(t) = A7'b(q(t)) dt + A7 o(q(t)) dw(t),  q(0) = q. (1.4)

The case of non constant friction has been widely studied recently (see

[12] and [13] for example). They have considered the following system

(

1 Gu(t) = b(@u(t)) = 7(u(1))du(t) + 0 (gu(t)) i,

q.(0) =¢q € R?, qu(0) =pe R2,

\

for some h-dimensional Brownian motion w(t). They have assumed that the
coefficients b : R¥ — R¥ ~ : RF — R¥* and o : R* — R"* are smooth
and uniformly bounded and the smallest eigenvalue A;(¢q) of the symmetric
matrix v(q) + 7*(q) is strictly positive, uniformly with respect to ¢ € RF.
Namely

inf A\j(q) =: A > 0.

geRE

They have proved that limit (1.3) is still valid, but now ¢(¢) is the solution



of the modified equation

dg(t) = [v " (q(t))b(q(t)) + S(q(t)] dt +~7 " (q(t))o(q(t))dw(t),  ¢(0) =g,
(1.6)

where S(q) is the noise-induced drift whose j-th component equals

k
5@ = Y 500 ) o).

il=1

where J is the matrix-valued function solving the Lyapunov equation

J(@v (@) +v(0)J(q) = o(q)o™(q), g€ R~

In [4], the case of a particle subject to a constant strength magnetic
field orthogonal to the plane where the particle moves has been considered.
The motion of the particle is governed by (1.1), with A(¢) = A, for every
q € R? (for semplicity of notation in what follows we shall take A = 1). In
particular, since the eigenvalues of A are purely imaginary, it was not clear
if the classical Smoluchowski-Kramer approximation was still valid. In fact,
one can prove that if the stochastic term in (1.1) is replaced by a continuous

function, then ¢, converges uniformly in [0,77] to the solution of (1.4). But



if such continuous function is replaced by white noise, then there is no more
convergence of ¢, to the solution of (1.4), as p | 0. This is a consequence of
the fact that while

t

S
lim [ sin—p(s)ds =0,
i ). 2#0)

for every continuous function, when w(t) is a Brownian motion

t

lim [ sin> dw(s) # 0

1=0 Jo iz

This is due to the fact that

’ s ! S t
Var (/ sin — dw(s)) = / sin? ~ds — =, aspulO0.
0 H 0 H 2

Nevertheless, in [4] the problem has been regularized, so that a suitable
counterpart of the Smoluchowski-Kramers approximation was proved.
The first regularization consisted in introducing in equation (1.1) a small

friction proportional to the velocity. Namely, the following equation has been



considered

N(.ju,f(t) = b(Qu,e(t)) - AeqM,E(t) + O‘(QME(t))w(t),

\ q,u,e(o) =qc R27 QM,e(O) =pc RQ,

where A, = A+ €l and € > 0 is a small parameter. It has been shown that
for any T' > 0

lim E max Qe (t) — q(H)]* =0 (1.7)

u—0  tel0,T

where ¢.(t) is the solution of the problem
dg(t) = AZ'b(q(t)) dt + AT o (q(t))dw(t), q(0) = q.
Next, the limit as € goes to zero has been taken and it has been proven that

lim E (1) —q(t)]? =
lim tgl[g>T<lq() q(t)]" =0,

where ¢(t) is the solution of the problem

dq(t) = —Ab(q(t)) dt — Ao(q(t)) dw(t),  q¢(0) =q. (1.8)



Another approach to regularization used the fact that the white noise
w(t) can be considered as an idealization of an isotropic d-correlated smooth
mean-zero Gaussian process 1°(t), with 0 < § << 1, which converges to the
standard white noise w(t), as § | 0. In this case, it has been proven that if
q,.5(t) is the solution of equation (1.1), with w(t) replaced by @°(t), then

lim E max |g,s(t) —¢s(t)] =0,

p—0  te[0,7]

where ¢5(t) solves the equation

q(t) = —Ab(q(t)) — Aa(q(t)) @’ (t), q(0) =q.

Next, by taking the limit as 0 | 0, it has been proven that gs(t) converges to

the solution ¢(t) of the problem

dq(t) = —Ab(q(t)) dt — Ao(4(t)) o dw(t), 4(0) =g,

where the stochastic term has to be interpreted in Stratonovich sense.



1.2 The Smoluchowski-Kramers approximation for the regular-

ized problem

As we mentioned in the Introduction, we are dealing here with the fol-

lowing equation

1Gu(t) = b(qu(t)) — M) Adu(t) + o (qu(t)) wr,

(1.9)

QM<O) = q € RQ, q,u(o) :p € R27

\

where p is a small positive constant and w(t) is a standard Brownian motion
in R?. In what follows, we shall assume that the coefficients in the equation

above satisfy the following conditions.

Hypothesis 1. 1. The mappings b : R? — R? and o : R? — R?*2 qre

Lipschitz-continuous.

2. The mapping X : R? — R is locally Lipschitz-continuous and there exist

v >0 and c > 0 such that

M) <c(X+q]). (1.10)



Moreover

inf A(g) =: Ao > 0.

qe R?
Next, for every € > 0 we introduce the approximating problem

1 () = 0(Gue(t)) = Ae(@pe(t))duc(t) + 0 (gpue(t)) 20,

(1.11)

where

Notice that for every € > 0 the matrix A.(¢q) is uniformly non-degenerate, as

(A(@)p,p) = €p|. (1.12)

Moreover, when € = 0, equation (1.11) coincides with equation (1.9).

Theorem 1.2.1. Under Hypothesis 1, for every > 0 and € > 0 and for

every T > 0 and k > 1, equation (1.11) admits a unique solution g, . €

L*; C([0, T]; R?)).



Proof. For every q,p € R? and n € N, we define

511(]9) =
\np/|p|, if |p| > n,
and
4
Aq), if |q| < n,
Anlq) = Acn(q) = M)A +el.

\A((n +1)q/lq|), if gl >n+1,

Notice that A, : R? — R is Lipschitz-continuous and

(@] <c(T+1q["), [Bulp)] < Ipl, (1.13)

for some constant ¢ independent of n. Moreover, since (A3, (p),p) = 0, and

(Ba(p),p) < |p|?, for every p € R? and n € N, we have that

(Aen(@)Bn(p), ) = €pl, (1.14)

10



for every p,q € R? and n € N.

Next, we introduce the problem

% éju,e(t) = b(‘]me(t)) - Ae,n(%,e (t>)ﬂn(QM75<t)) + U(QME(t)) Wy,

| 4nc(0)=q € R?  Gu.(0)=pe R?

which can be rewritten as

dgy; (1) = pp(t) di

(1.15)

| D (8) = [B(gc (1) = Aen(g (D) Bup ()] + 0 (g (1)) dw(t).

It is immediate to check that the mapping
(q,p) € RZ X R* = Acn(q)Bnlp) € R?,

is Lipschitz-continuous, so that for every fixed n € N equation (1.15) admits
a unique solution (¢ ., pjr ) € LP(Q; CH([0,T];R?) x C([0,T]; R?)).

Now, if we apply I[t6’s formula to the function ®(q,p) = |q|* + |p|**, for

11



k > 2, we obtain

t
i (OFF + [pj (O] = la* + |p** + k/O |4 ()72 (qp (5), pps (5)) ds
k ! n 2k—2/.n n n n
+; 0 |p,u,e(5)’ <pu,e(5)7 b(qu,e(s) - Aﬁ,n(qy,e(s))ﬁn(p,u,e(‘s))> ds
k ! n — *(.n k<k B ]') ‘ n - n n
oy [ oo 0] s+ S [ P ot i (s

EtnS%—QnSanst
U/O P2 Wic(5), 0((5)) duws)).

Therefore, thanks to (1.14) and the Young inequality, we have

t
|4 (OF* + [ (O < Jal™ + [pI* + iy / [lgg: () + Ipps (5)1*] ds
0

—i—% /Ot ]pz,e(s)|2k72 (P} (5), (g} () dw(s)).

After we take expectation, due to the Gronwall lemma we obtain

Elg (O)* + Elp (O < cru(T) (1+ [ + [pI*), ¢ e [0,7]. (1.16)

12



Therefore, since

t
i =a+ [ plods
0

and

p=prt | [0 ()) = (@ ()5 ()] s (g (5)) duls),

due to (1.13), from (1.16) we obtain

supE sup (lg; ()" + 1P (D7) < cx (T, lal, p])- (1.17)
neN  ¢€(0,T]

Now, for any n € N we define
T, = inf {t >0 : |qZﬂ€(t)| V |pz’e(t)| > n} ,

with the usual convention that inf () = +o00. Since the sequence {7, }nen is

non-decreasing, P-a.s. we can define

7= lim 7,.
n—o0

13



Due to (1.17), for every fixed T' > 0 we have

P ( sup |q, (t) <n, sup |p, (t) < n)
te [0,T] te [0,1)

>1-P ( sup ]qﬁe(t) > n) —P ( sup \pzﬁ(t) > n)

te [0,T] te [0,T]

o1 2T lal o)

n

This implies that

lim P(r, >7T) =1,

n—oo

so that, due to the arbitrariness of T,

P(r =400) =1

Therefore, since for every n < m and t < 7,

(), 0 (1) = (g, (1), P (1)),

14



if we set

(Gue(); ppe(t)) = (q EATL), D [(EATR)),  t<T,

we can conclude that there exists a unique solution (g, pu.) to problem
(1.11), belonging to L*(Q2; C1([0, T]; R?) x C([0, T]; R?)), for every k > 1 and

T > 0. O

It is immediate to check that for every ¢ > 0 and ¢ € R2, the matrix

A(q) is invertible and

A g) = : (1.18)

Now, we introduce the vector field S¢(¢q), whose j-th component is defined

by

2
Si(a) = YA (@) ile),  j=1.2 (1.19)

i=1
where 0; = 0/0q; and J¢ is the matrix-valued function solving the Lyapunov

equation

J(q)A (q) + Ac(q)J(q) = o(q)o™(q), g€ R

15



Thanks to (1.12), the equation above has a unique solution J¢ and it can be

explicitly written as

:/ e_’\(Q)Araa*(q)e’\(qmre_w dr, g € R%
0

It is immediate to check that

cos(A(q)r) —sin(A(q)r)

sin(A(q)r)  cos(A(q)r)

In what follows, for every ¢ € R? we denote

a1(q) ao(q)

ao(q) a2(q)

and

folg) = 2O gy a@ @l la) g

16



Lemma 1.2.2. Assume that X : R> — R is differentiable. Then, there exist

M :R? - R?*? gnd R : R? — R?**2 such that for every e > 0

_ 15(q)
e \*(q)

S(q) VAAg) — M(9)VA(g) + R(¢)VA(g), ge R% (1.21)

Proof. We have

Bo(q)

Ji(q) = + B1(q) /OOO cos(A(g)r)e” " dr — Ba(q) /000 sin(A(q)r)e” " dr

Bo(q)

€

Jy(q) = — pi(q) /0°° cos(A(q)r)e” " dr + B2(q) /000 sin(A(q)r)e " dr

Toa) = @) = o) [ sin@r)e  dr -t fala) [ cos(N e

Integrating by parts, we have

| eostramear = o,

and

17



This allows to conclude that

i) = 20 4 Bul0) s~ )y
) = 20 5y 0) o+ B (122)

Tia(a) = J5i(q) = ﬁl(q)% + f@?(q)m

Now, due to (1.18), for every € > 0 and ¢ € R? we have

0 (A7Y),, (@) =0 (A1), (0) = —% aiN(g), =12,

8 (A7Y) , (@) = =0, (ATY),, (¢) = % aNq), i=1,2.

18



Therefore, if we replace (1.22) and (1.23) in (1.19), we obtain

. 2e)(q) Bo(q) € AMg)
Sl(Q) - _(/\2<q) I 62)2 [( c + 61(Q)W /82<Q) )\2((]) + €2> al)\(Q)

L)EQ + 52(@)@) aﬁ\(Q)}

+

19



Now we define

H@= At V(qujr a2+ h) AQ(Q)GJF 2 D= il((;))’

and
“(q) == € AMa)  Belq)
I'5(q) = 51(Q)W — 52(Q)m, Ty (q) )

With these notations, we have

Si(q) = %fg—g; Da\(q) +

260(q) + I'(q)

-~ () Xg)

+R11(¢)01 A\ () + Ri5(q)02:A(q),

where

N(q) — ¢

2:00) 1 (q) +€52(Q)W

R{y(q) == (g + 2 5

L Mo (Vg —€)

(q) (A%(q) +€2)?
(1.24)

20



and

2XA(q)e

Riy(q) = —()\2@—+62)2F§(Q) — €f2(q)

N(q) — ¢
(X2(q) + €2)?

Bolg) [ 1 Mg —¢€ _
e 2@ <A2<q>+e2>21+51(q> {v(q) () + @)

In a similar way, we have

~15(q)
€ \(q)

I2(q)
A (q)

81>\(Q) i |:260(Q) + FI(Q):| 82)\((])

5a(0) = M(g)  A(g)

hA(q) —

+R5, ()21 Mg) + Rsy(0) DA (a),

where

21



and

N(q) — €

2eA(q) T — eﬁz(Q)W

R;Q(q) = <)\2<C]) —|—62)

1 Ag) Ag) (A*(q) — €)
#2400 55 ~ gy S| 0 [~ £ Lo

Therefore, recalling that T';1(q) = 51(q)/A(q) and T's(q) = —52(q) /A (q), if we

define
260(q) — Ai(q) —P2(q)

- ¥ , (1.28)
—Pa(q)  26o(q) + i(q)
and we define R(q) = (R;(q))ij=1,2, where Rj;(q) are defined in (1.24),

(1.25), (1.26) and (1.27), we obtain (1.21). O
In what follows we shall assume that the following condition is satisfied.

Hypothesis 2. 1. The mapping X : R? — R is continuously differen-

tiable.

2. For every € > 0, the mapping S, : R? — R? introduced in (1.19) is

locally Lipschitz-continuous and has linear growth.

3. For every € > 0 the mappings A7'b : R? — R? and A7 1o : R?* — R?*?

22



are locally Lipschitz-continuous and have linear growth.

Remark 1.2.3. 1. According to the expression of M(q) given in (1.28)
and the expressions for the coefficients of R.(q) given in (1.24), (1.25),
(1.26) and (1.27), thanks to what we have already assumed in Hypothe-
sis 1 we can check easily that Hypothesis 2 is satisfied if we assume o to
be bounded and X to be bounded and differentiable, with V. : R? — R?

Lipschitz-continuous.

2. In the same way, if we assume that V) : R? — R? is locally Lipschitz-
continuous and has linear growth and there exists ¢ > 0 such that for

lq| large enough

IMq)| > clql?,

then Hypothesis 2 is satisfied, without assuming o to be bounded.

Theorem 1.2.4. For every p1,e > 0, let g, . be the solution of problem (1.15).

Then, under Hypotheses 1 and 2, for every € > 0 we have

limE sup |g,.(t) —¢(t)| =0, (1.29)

=0 e [0,7]

23



where q. s the solution of the problem

dge(t) = [AZ'b(qe(t)) + Selae(t)] dt + A o (qe(t)) dw(t),  q(0) =q.

(1.30)

Proof. According to Hypotheses 1 and 2, we have that for every € > 0 and
for every k > 1 and T" > 0 problem (1.30) admits a unique solution ¢. €
LF(Q; C([0,T];R?)). As (A(q)p,p) = €]p|?, this allows to conclude thanks

to [12, Theorem 2.4]. O

1.3 Some notations and further assumptions

We consider here the system

X(t) = S VEN(X(1)). (1.31)

24



Clearly, for every t > 0, we have A\(X(t)) = A(X(0)). Now, if we consider

the perturbed system

dX.(q) = %vﬂ(&(m dt

1

_ _ Ve 4 w
+e[ Sz ) M(Xe(t))V)\(Xe(t))] dt + Ao (X.(t)) dw(t)

A(X(1))

+é [HE(XE(t))b(XE(t)) + }?E(Xe(t))V)\(Xe(t))] dt + eH (X ()0 (X.(t)) dw(t),

the quantity A(X.(¢)) is not anymore conserved. However, for any fixed time

interval [0, T we have

limE sup |X.(t) — X(t)[F =0,

=0 teo,1]

and, in particular, the following trivial limit holds

HmE sup |A(X(t) — AM(X(0)|" = 0.

=0 telo0,1)

Now, with the change of time ¢ — t/e, we have



where ¢, is the solution of equation (1.38). Our aim is to identify the non
trivial limit for the distribution of the process A(g.(+)), as € L 0. To this
purpose, in addition to Hypotheses 1 and 2, we assume that \ satisfies the

following conditions.

Hypothesis 3. 1. If By is the function defined in (1.20), we have

inf By(z) > 0. (1.32)

ze R2

2. The mapping X\ : R? — R is four times continuously differentiable, with

bounded second derivative.

3. It has only a finite number of critical points x1,...,x,. The matrix

of second derivatives D*\(x;) is non degenerate, for everyi=1,....,n

and Nx;) # Nx;), if i # j.
4. One of the two following conditions is satisfied.

(a) There exist three positive constants ai,as,as such that \(x) >
ar |z)?, [VX(@)| > ag |z| and AX(x) > a3, for all x € R?, with |z|

large enough.
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(b) We have

3 lim A(z)=: A€ R,

|x|—o00

and for every compact set K C R?

A > sup A\(z).

ze K

Remark 1.3.1. 1. Remember that the function (3, was defined as [(c0*)?,+
(00*)3,]/4. Therefore, condition (1.32) is a non-degeneracy condition

on the noisy perturbation.

2. As explained in Remark 1.2.3, both condition (a) and condition (b) in

Hypothesis 3 are compatible with Hypotheses 1 and 2.

Next, for every z > \g, we denote by C(z) the z-level set
C(z)={z e R*: Az) = z}.
The set C'(z) may consist of several connected components

N(z)
Cl2) = Gil2),
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and for every z € R? we have

where Cy) () is the connected component of the level set C'(A(x)), to which
the point = belongs. For every z > 0 and k = 1,..., N(z), we shall denote

by Gi(z) the domain of R? bounded by the level set component Cj(z).

If we identify all points in R? belonging to the same connected component
of a given level set C'(z) of the Hamiltonian A, we obtain a graph I, given by
several intervals Iy, ... [,, and vertices Oq, ..., O,,. The vertices will be of two
different types, external and internal vertices. External vertices correspond
to local extrema of A\, while internal vertices correspond to saddle points of
A. Among external vertices, we will also include O, the endpoint of the
interval in the graph corresponding to the point at infinity.

In what follows, we shall denote by II : R? — I' the identification map,
that associates to every point z € R? the corresponding point II(z) on the
graph I'. We have II(x) = (A(x), k(z)), where k(z) denotes the number of
the interval on the graph I', containing the point II(z). If O; is one of the

interior vertices, the second coordinate cannot be chosen in a unique way,
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as there are three edges having O; as their endpoint. Notice that both k(x)
and H(x) are first integrals (a discrete and a continuous one, respectively)
for system (1.31).

On the graph I', a distance can be introduced in the following way. If
y1 = (z1,k) and yo = (29,k) belong to the same edge Iy, then d(y;,y2) =

|21 — 22]. In the case y; and y belong to different edges, then

d(ylny) = min {d(y17 021) + d(O’ila Olg) + d(O’LjayQ)} )

where the minimum is taken over all possible paths from y; to ys, through

every possible sequence of vertices Oj,, ..., O;,, connecting y; to ya.

If z is not a critical value, then each C(z) consists of one periodic tra-
jectory of the vector field VAA(z). If 2 is a local extremum of A(z), then,
among the components of C'(z) there is a set consisting of one point, the rest
point of the flow. If A\(x) has a saddle point at some point z¢ and A(zg) = z,
then C'(z) consists of three trajectories, the equilibrium point z and the two

trajectories that have xy as their limiting point, as t — Fo0.
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Now, for every (z,k) € I, we define

_ )
6= AR 1

where dl, j; is the length element on Cj(z). Notice that Tj(z) is the period
of the motion along the level set Ci(z2).

As we have seen above, if X(0) = z € Cy(z), then X(t) € Ci(z), for
every t > 0. As known, for every (z,k) € I" the probability measure

1 N (z)
Ti(2) Bo(x)[VA(z)|

d,uz,k = dlzyk (134)

is invariant for system (1.31) on the level set Cy(z).

1.4 The averaging limit

For every € > 0 we have
—1 1 H €

where




Notice that

sup |H(q)] < 00, q€ R (1.36)

>0

Lemma 1.4.1. There ezists R¢ : R2 — R2%2 such that

~

R(q) = eR(q), sup |f"f(q)| < 00, q € R% (1.37)

e>0

Proof. We have

1 Mg :62[ 20 (q) + € }
Ag)  (N(q) +€) A3 (q)(N2(q) +€2)2 ]’
and
L M) WXlg) =€) _ [4)\4(Q)+362)\2() 4]
X)) (W) +e)? X (g) (N\2(q) + €)°
and

1L Ng-¢ 262{ 3X%(q) + € }
N(q)  (W(q) +€2)? X2(q) (N(g) + )" ]

Therefore, recalling how R(q) was defined in (1.24), (1.25), (1.26) and (1.27),

we can conclude.

O

Now, according to (1.21), (1.35), (1.36) and (1.37), equation (1.30) can
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be rewritten as

_ 1 Bo(gc(®))

= )\2(q6(t))vl>‘(qﬁ(t)) dt + B(qe(t)) dt + S(qe(t)) dw(t),

dge(t)

(1.38)

+e [Be(ge(t)) dt + Xe(qe(t)) dw(t)],  ¢e(0) = ¢

where

B(q) = mAb(Q) — M(q)VAq), ¥(q)==Ao(q),

and

Be(q) = H(q)b(q) + R(q)VA(q), Ee(q) = H(q)o(q).

This means that, as € | 0, part of the coefficients are of order O(e™!), part
of order O(1) and part of order O(e).
With the notations introduced in the previous section, in what follows, we

want to investigate the limiting behavior of the I'-valued process I1(g.(-)) =

()‘<QE('))7 k(Qe()))’ as € ] 0.

If we apply It6’s formula to A(g.(t)), we get

dA(qe(t)) = GA(qe(t)) dt+AN(qe(t)) dw(t)+e GA(qe(t)) dt+e AN (qe(t)) dw(t),
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where for every f € C?*(R?) and ¢q € R?
Gf(q) = 3T [E2 () D*F ()] +(DF(0). B(@))

Af(q) =%(q9)*Df(q),
Geflq) = %Tr (X2 (q) + B85 (q) + 227(q)) D*£(q)] + (D f(q), Be(q)),

and

Acf(q) =XXq)Df(q).

We recall that the graph I' is made of n intervals Iy, . .., I, and m verteces
O1,...,0,,. Forevery j =1,...,n and for every f that is twice differentiable

in the interior of the edge I;, we denote

£,(2) = 505(2) 7" () + () (2), (1.39)

where

0;(z) = yﬁcj(z) AN@)|? dpy () = yﬁcj(z) IS4 (@) V@) ey (2)
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and

vi(z) = » )Q)\(:L') dp j(x).

Definition 1.4.2. For each interior vertex Oy and any segment I; meeting
at Oy (notation I; ~ Oy), let py; be the positive constant defined by

- —AQ(I) *(z z)|?dl(z
=P G VA )

We denote by D(L) C C(I') the set consisting all continuous functions
f defined on the graph I' such that L;f is well defined in the interior of the
edge I; and for every I; ~ Oy, there exists finite

lim £;f(x)

xﬁok

and the limit is independent of the edge I;. Moreover, for each interior vertex
Oy,

> £ fi(MOx) =0,

jZIjNOk
where f; denotes the derivative of f with respect to the local coordinate A,

along the edge I; and the sign £ are taken if A > X\(Oy) or A < A(Oy).
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Neat, for every f € D(L), we define

L;f(x), if © is an interior point of 1,

Lf(z) =
lim, o, £;f(x), if x is the vertex Oy and I; ~ Ok,

As proven in [11, Theorem 8.2.1], in case ¥(q) = I the operator L defined
on the domain D(L), as described in Definition 1.4.2, is the generator of a
strong Markov process Y; on I' with continuous trajectories. here the same
result holds, because of the non-degeneracy condition (1.32) satisfied by the

diffusion coefficient ¥ (q).

Theorem 1.4.3. Under Hypotheses 1, 2 and 3, for every fixred T' > 0 the I'-
valued process I1(q.(+)) converges weakly in C([0,T];T") to the Markov process

Y generated by the oiperator (L, D(L)), as described in Definition 1.4.2.

Proof. In case in equation (1.38) we have B(q) = B.(q) = X(¢q) =0, X(q) =
I and A satisfies condition (b) in Hypothesis 3, the result above is what is
proven in [11, Theorem 8.2.2]. In the present situation we are dealing with
the more general situation in which we have a coefficient B(q) of order O(1)
and coefficients B.(q) and ¥.(q) of order O(e). Moreover we allow a non-

constant diffusion coefficient ¥(¢). Under this more general assumptions, an
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averaging principle of the same type of the one described in [11, Theorem
8.2.2] holds. This of course has required to introduce a suitable generalization
of the operator (L, D(L)). We will give a proof of this generalized result in

Chapter 2.
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Chapter 2: A generaliztion of the Freidlin-Wentcell theorem on

averaging of Hamiltonian systems

In order to prove Theorem 1.4.3, we generalize the classical Freidlin-
Wentzell’s theorem for random perturbations of Hamiltonian systems in this
Chapter. In stead of the two-dimensional standard Brownian motion, the
coefficient for the noise term is no longer the identity matrix but a state-
dependent matrix plus a state-dependent matrix that converges uniformly
to 0 on any compact sets as € tends to 0. We also take the drift term
into consideration where the drfit term also contains two parts, the state-
dependent mapping and a state-dependent mapping that converges uniformly
to 0 on any compact sets as € tends to 0. In the proof, we use the result of
generalized differential operator. We also adapt a new way to prove the weak
convergence inside the edge by constructing an auxiliary process and apply

Girsanov’s theorem in the proof of gluing condition.
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2.1 Introduction

To generalize the theorem to a large extent, we will not use the notation

in the previous chapter and consider the following system

dg; = tg(gf)dt + [b(gf) + b (g5))dt + [o(gf) + o(¢)]dW, o)

g5 =q € R?,

where ¢ is a small positive constant and W; is a standard two-dimensional
Brownian motion defined on the stochastic basis (€2, F,{F:}i>0,P). We as-
sume that b, b¢ : R? — R? and o, 0¢ : R? — R?*? are differentiable mappings
having bounded derivatives and the mappings b and ¢¢ converge to zero, as
€ goes to zero, uniformly on any compact subset of R2.

In what follows, we shall assume that there exists a function H : R? — R?
such that

g(x)-VH(r) =0, 2z¢€R>% (2.2)

This means in particular that if we denote by X the solution of the unper-

turbated system

38



then H(Xf) = H(X), for every t > 0 and € > 0. This means that X7

remains on the same level set of H, for every ¢t > 0. Moreover, if we define

a(z) = [g(x)|/IVH(z)|, (2.3)

then it can be easily proved that a~!(z) is the density of the invariant measure
for X5 .

Now, for every x > inf,cg2 H(z), we denote by C'(x) the x-level set of H,
that is

Clz)={z€ R’ : H(z) =z}.

The set C'(x) may consist of several connected components

N(z)
@) = | Cule),

and for every z € R? we will denote by Cj.)(H(z)) the connected component
of the level set C'(H (z)), to which the point z belongs. If we identify all points
in R? belonging to the same connected component of a given level set C'(x) of
the Hamiltonian H, we obtain a graph I', given by several intervals Iy, ... I,

and vertices Oy, ..., O,,. In what follows, we shall denote by II : R? — T" the
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identification map, that associates to every point z € R? the corresponding
point I1(z) on the graph I'. We have I1(z) = (H(z),i(z)), where i(z) denotes
the number of the interval on the graph T, containing the point II(2).

In the present paper we are interested in the asymptotic behavior of the
[-valued process I1(¢°). Namely, we want to show that I1(¢°) converges in
distribution in the space C([0,T];T), as ¢ — 0, to a Markov process in
I', whose generator is explicitly described in terms of suitable differential
operators in the interior of every edge and suitable gluing conditions at each
interior vertex.

If we define x§ = H(¢{), as an immediate consequence of the Itd’s formula

we have

day = LoH (g;)dt + RoH (q;)dWy + LoH (g;)dt + R H (g;)dWy

where

1

Lof(z) = Vf(x) - b(z)+ 3 Z(UU*)i,j(x)

Rof(z) =V f(z)'o(),

0°f ()
8:67;8:@ ’

0*f(x)

8932-8%- ’

L3 () = V(@) - b() + 5 Slo(0) + 00" +0(0) i)

1]
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and

Rof (@) = Vf(z)'o"(x).

Next, for every x € [;, we define

1 dl
Ai(x) = RoH (u)RoH (u)*
0= 77 B, ReRel )
and
1 dl
B;(x) = LoH(u)——,
=75 B, SO
where
dl
0=
Moreover, we define
d 1 d?

With these notations, we can introduce the following operator acting on

functions defined on the graph I'.
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Definition 2.1.1. For I, ~ O, let

B

Phi= =75 (2.5)
Zi:]ieok /Bkl

where

o |\VH(z)oo*(z)VH(zx)|
T e

We denote by D(L) C C(T';R) the set consisting all functions f defined on
the graph I' such that L;f is well defined in the interior of the edge I; and
for every I; ~ Oy, there exists finite

lim £,;f(z)

z—O0p

and the limit is independent of the edge I;. Moreover, for each interior vertex

Oy,

> Eoufi(H(OW) =0,

j:1j~Oy
where [ denotes the derivative of f with respect to the local coordinate A,

along the edge I; and the signs £ are taken if H > H(Oy) or H < H(Oy).
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Neat, for every f € D(L), we define

L;f(x), if © is an interior point of 1,

Lf(z) =
lim, o, £;f(x), if x is the vertex Oy and I; ~ Ok,

The main result of this chapter is given by the following theorem.

Theorem 2.1.2. Suppose q; satisfies the following stochastic differential

equation
1
dg; = —g(q;)dt + b(q;)dt + o (q;)dW, + b(q)dt + o*(¢;)dW;

with initial condition qf = q. Assume the coefficients satisfy Hypothesis 8
and the Hamiltonian H : R* — R introduced in (2.2) satisfies Hypothesis
9. Then the process 1(qf) = (x5,i(qf)) converges weakly in C([0,T);T) to
the Markov process Y generated by the operator (L, D(L)), as described in

Definition 2.1.1.

In the present paper, we generalize the well known result by Freidlin-
Wentcell on the validity of an averaging principle for Hamiltonian sustems
(see [11, Chapter 8] )to a more general case and introduce a new method
which simplifies some steps in the proof. Compared with the original Freidlin-
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Wentcell theorem, here we can cover the case of a state dependent diffusion
coefficient and we can also deal with a the drift term. Moreover, both the
diffusion coefficient and the drift term are given by the sum of a term of
order one and a term of order €. For the terms of order ¢, we assume that, as
€ goes to zero, they converge uniformly to zero over any compact sets in R2.

In the proof of the weak convergence in the interior of every edge and the
analysis of the behavior of the process near the exterior vertices, we introduce
a new proof, based on the construction of a suitable auxiliary process. What
is remarkable is that, unlike the original proof, this new method unifies the
two cases together. In the proof of the svalidity of the gluing conditions,
when dealing with the extra terms of order € in the drift and in the diffusion
coefficient, we first introduce an auxiliary vector field in order to be able to
apply the classical results based on generalized differential operators. Then

we apply Girsanov’s theorem to get rid of the compensated drift term.
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2.2  Some Preliminaries

2.2.1 Hypotheses and notations

Concerning the coefficients in equation (2.1), we assume the following

conditions

Hypothesis 4. 1. The mappings g, b, b, : R? — R? and o, o, : R? —
R2*2 are all continuously differentiable with uniformly bounded deriva-

tives.

2. The functions b¢ and o converge to zero as € goes to zero, uniformly

on any compact set in R?.
The Hamiltonian H satisfies the following conditions.

Hypothesis 5. H belongs to C*(R?) and has bounded second derivatives.

Moreover

1. H has finite many critical points and for any two critical points x1 and

T, H(Il) 7é H(JZQ)

2. For any critical point of H, the matriz o is invertible in some neighbor

of it.
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3. The matriz of second order derivative is non-degenerate at any critical

point of H.

4. There exists a constant Cy > 0 such that H(z) > Cy(|z|*+1), VH(z) >

Cilz|, and AH(x) > Cy, for all x € R? such that |x| large enough.

As we mentioned in the Introduction, if we identify all points in R? be-
longing to the same connected component of a given level set C'(z) of the
Hamiltonian H, we obtain a graph I, given by several intervals Iy, ... [, and
vertices Oq,...,0,,. The vertices will be of two different types, external
and internal vertices. External vertices correspond to local extrema of H,
while internal vertices correspond to saddle points of H. Among external
vertices, we will also include O, the endpoint of the interval in the graph
corresponding to the point at infinity.

We have seen that the identification map associates to every point z € R?
the corresponding point II(2) on the graph I'. Thus, if I1(2) = (H(z),i(z)),
then i(z) denotes the number of the edge on the graph I, containing the point
II(z). If O; is one of the interior vertices, the second coordinate cannot be
chosen in a unique way, as there are three edges having O; as their endpoint.

On the graph I', a distance can be introduced in the following way. If
y1 = (z1,1) and yo = (29,7) belong to the same edge I;, then d(y;,y2) =
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x1 — xo|. In the case y; and yy belong to different edges, then

d(ylayQ) = min {d(yh 011) + d(0i17 OZQ) +eoe d(OZvaQ)} ;

where the minimum is taken over all possible paths from y; to ys, through
every possible sequence of vertices Oy, ..., O;,, connecting y; to ya.

If = is not a critical value of H, then each Ci(z) consists of one periodic
trajectory of the vector field g(z). If x is a local extremum of H(z), then,
among the components of C'(z) there is a set consisting of one point, the rest
point of the flow. If H(z) has a saddle point at some point zy and H(z) = x,
then C(z) consists of three trajectories, the equilibrium point zg and the two
trajectories that have zy as their limiting point, as t — Fo0.

We introduce some other notations that will be used through out the
paper. Letter D is used to denote domain, while letter C' is for the level
set of the Hamiltonian system. For any A C R, D(A) is the interior of

{z€eR% H(z) € A}

D; ={z e R*:1(2) = (-, i)}

D;(Hy,Hy) = D; " D((Hy, Hy))
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Dy(£6) = D((H(Ok) — 6, H(O) + 9)),

and

Cy = C<H(Ok)>
Cri = C(H(Ox)) N OD;
Cri(£6) = ODy(£6) N I;.

Finally, we write I; ~ O, if and only if one end of the edge I; is Oy.

Throughout this paper, we shall denote

G =4, Xi =X

2.2.2  Generalized Differential Operator

In the proof of Theorem 3.3.3, we will need to rewrite each operator L;

in the form of generalized differential operator. That is we want to find two
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measures u; and v; such that

d . df

).

Let w} and v} be the Radon-Nikodym derivative of u; and v; with respect to
the Lebesgue measure respectively. For a reason which will be clear lator,

we want to choose

() — (VH)'oo*VH(u) .,
() (9502.@) O

and
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However, with this choice of u; and u;, d/du;d/v; does not generally equal to

L;. In fact
o)
b, S
=/') ﬁéi(x) [(VH)E(U;)IVH](U) “ (yém |g?1lt)| S
" f/(x)% éu-(x) [(VH)tIZ(U;)IVH] . <§£C(x) Ig?iﬂ)_l
_A() (@) + f () % 550 N [(VH)EZ)THKU) i ( ygc ) % -
To calculate
% ygcxx) [(VH)IZETU)IVH] = &
by equation (2.3),
o e e 7y M T Tl
:i oco*VH dl

dﬂ? Ci(z) a
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where 7/ is the unit normal vector of 0D;(x). Apply Divergence Theorem, we

have

- pdl = V- (

co*VH co*VH
)du.
Ci(z) a D;(z) a

To deal with

a

d *“VH
_yg v. (00 Vv du,
dx D;(z)

we have the following lemma

Lemma 2.2.1. If we assume that [VH| > co > 0, for any f € C'(R?), we
have
d dl

dr D;(z) f(U)du B Ci(x) (u) IVH(UM (2.6>

Proof. Let z; be the solution to the following ordinary differential equation

_ _VH(a)
dZt = ‘VH(Z;)P dt

2 =0 € Ci(x).

Then

dH(z) = VH(z)dzy = VH(z) - %dt = dt,
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which means H can be served as the time and

H(Zt) =1= H,
1 dH
d =  dt=——.
= RaE ™ T NEG)

Let dl denote the unit length on the level set Cj(x), and notice that z is
orthogonal to the normal vector of the curve C;(x), dl - d|z] is the Lebesgue

measure on R2.

dl
du = dld|z| = —  dH.
/D Hdu= [ i /D PR

The Lemma follows easily by

/ O = // D

Now we apply equation (2.6) and we get

d co*VH co*VH_ dl
Ydu = \Y
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Moreover,

(00*VH)a™ ' + (O'O'*VH)iaia_l
T

0 oH., J
— el T H).
Z axl(z Oik0jk axj)a + (00*V )Zaxia

v_(aa*VH):Z 0

a ox;

ZZ%%@ 83: ZZ@ Uzkajk 8H 71—1—2 00*VH);—

02 H ' 2
=3 Y outing o +2-VH)a + V- 2%y .vHE - = .vH
. L 7 J

a a
* 2b
—2L0Ha ' + [V - (Z2) - 2] . VH.
a a
Therefore
d co*VH dl oo* 2b dl
— V- du =2 LoH V- VH——
dz Jp,(z) ( a Jdu 5602.@ 0 a|VH|+§£ )[ ( a )~ ] |VH|

dl oo* 2b
:2515 LoH—— +§I§ V- (— vdl.
Ci(z ’ lg(z)] Ci(a:)[ ( a )~ a}

If we apply the Divergence Theorem again, we get

a

T, 20 20
R e I R A B e =
Ci(z) a a D;(z) a Di(z)
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where Lj is the formal adjoint of the operator £;. Therefore

H)Yoo*VH
_i% (V)UUV(Wﬂ:%%m¢ ﬂ)+2/ Cialdu
dzr Jeym) lg(u)] Ci(x) 19(u)] Di()

(2.7)

and the following Theorem follows.

Theorem 2.2.2. Let H and f satisfy the condition in Lemma 2.2.1, then

d d 2 x —1 /

2.2.3 A-priori Estimates

Consider the stopping time

Ty (Ho) = inf{t; H(q;) > Ho}. (2.8)

We have the following Lemma.

Lemma 2.2.3. Under Hypothesis 8 and 9, for any fized T' > 0, and arbitrary

n > 0, there exists a constant Hy such that

P[TS(H,) < T) < 1.
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Proof. Recall that xf = H(qs) satisfies the following stochastic differential
equation

das = LH (qf)dt + RH (qf)dW,

where L = Lo+ L§, R° = Ro+R§. By our assumption that VH is of linear
growth, b, ¢, o, 0¢ are all Lipschitz continuous. There exists a constant C,
such that

LH(x) < C(1L+ =),
RH(z) < C(1+ |z%).

Therefore

t
Efxf] < 5+ C / 1+ E[¢¢)ds,
0

and since H(z) > alxz|* for z large enough, there exists a constant C' such
that

T
Efe] < C(1+T) + c/ Eloflds, t<T.
0

If we apply the Gronwall’s inequality, this implies

E[zf] < C(1+T)e, t<T.
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Also,

t T
sup / LH(qS)ds < / C(1+|q5]*)ds
0<t<7Jo 0

So that,

Q

[ sup / CH(¢)ds > Rl < S| / <1+|q;r2>dst9E[/0 (14 - H(g))ds]

0<t<T R R
c [T 1 Cr
<= 1+ -C(1 Csds < —=
< R/o C( +aC( + s)e =

(2.9)
Now pick R such that Cr/R < n, and Hy > o+ R

t ¢
P[ sup zy > Ho| = P[ sup / LH (¢S)ds +/ RH(q)dWy > Hy — w0
0

0<t<T 0<t<T

t
< P[ sup / LH(q5) ds+/ RH(q;)dWs > Hy — x0; sup / LH (q;)ds
0 0

0<t<T 0<t<T

t
< R] + P[ sup / LH(¢5)ds > R]
0

0<t<T
t

< IP[ sup / RH(q5)dWs > Hy — xg — R] + P[ sup / LH(q5)ds > R].
0

0<t<T 0<t<T

Due to (2.9), the second term above is smaller than 7/2 by our choice of R.
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For the first term, we have

¢
P[ sup / RH(q,)dW, > Hy — x¢ — R]
0

0<t<T
1 4 >
< E ‘H(qs)|"d
¢ ' 4 (2.10)
< E C(1 7)dt .

<Pl 0+ P

< Cr + ¢ /TJEW 2] 4
_(I2(H0 — Xy — R>2 (HO — X9 — R)2 0 ¢ '

Now,

t t
Blloff?) < 303+ 38(( | C(1+ Hg))dsP)+ 38| €1+ oz

0 0

t t
<3224 3]E[/ C(1 + 2£[2)dsT] + 31@[/ 25[2ds] + 3CT

0 0
t
< Clan. 1) + C(DEL [ [s:ds],
0

so that

E[|z|?] < C(xo, T)eC T+ = C(T, z0). (2.11)

Therefore, we can pick Hy large enough in (2.10) so that

P[ sup xj > Ho] < 1.
0<t<T
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2.2.4  Lipschitz Continuity

Lemma 2.2.4. Under Hypothesis 8 and 9, for any continous function f, A;,
B; and Lof are Liptichitz continuous in D(H,, Hy) C R? where H, and H,

are inside the interior of some edge I;.

Proof. The tool we use here Lemma 1.1 in Chapter 8 of [11]. We first calcu-

late the derivative of T;.

d d §’§ d |VH )|
—T; = — —
dx (=) = dz i () |g dx w)||VH(u)|

B | (u) | AH(u)
‘éWQWMWMVH<M’|VH<M |<MVH<M|VH@ﬂﬂ

Let

sl I
:ﬁ@mmM%mwmva*)éw%m“mw'

By equation (2.7)

izzlz(sc) = 2B;(x) + 2/ Li[a™ ] du. (2.12)
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Next, we apply Lemma 1.1 in Chapter 8 of [11] again to calculate B}(x)

Hw) . VH@) | LlH(w)  AH()
75 v HVH( 0 Waw] ) [VE@)] V@]

Also we apply Lemma 2.2.1 to calculate the derivative of the residue in (2.12)

d dl
— Lila du = 55 Lila™————.
dz Jp, () ola” Ci() ola” VH(z)|

By our assumptions, it can be easily checked that T7(x) is both bounded and
bounded below above 0, and both A}(x) and Bi(z) are bounded. Therefore
Al(x) and B.(zx) are bounded in D;, which implies their Lipschitz continuity.

The Lipschitz conitnuity for Ly f is obvious. O]

2.3 Proof of Theorem 2.1.2

We first define the following sequence of stopping times. In the definition

below, d and &’ are to be determined later.

Definition 2.3.1. Let S be the set of integers k < m, such that Oy is a

saddle point. For any e >0 and 0 < 0’ < §, let 0 = 7§ < of < 77 < ..

IN
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os, <15 < ... be a sequence of stopping times with
o, = inf{t > 75 ;45 ¢ | Di(£6)} A T (Ho)
€S
and

76 = inf{t > o5 qf & | Ci(£8")} A Ty (Ho).

€S

Where Ty (Hy) is the stopping time defined in (2.8). Moreover, we define
Te(£0) == inf{t > 0;q; ¢ Dy(£9)}.

Recall that we denote by L the infinitesimal operator of the process (zy, i;)
on I'. If the Poisson problem (al — L) f = u has a unique solution then this

solution has the representation

+oo
f(@,i) = B / ey, i)dt,
0

Replacing u by (ol — L) f, gives

+o0
Flai) =B [ el = DIl it

60



If we can prove that for all uw € D(L),

+oo
1imE<x,i)/ e af — Lf)(zf,i)dt = f(x,1),
0

e—0

then the tightness of the family {zf, i¢}.~(, Prokhorov theorem and its corol-
lary, and the fact that the range of the operator ol — L uniquely determines
a measure guarantee that {(xf,i$)}.~o converges weakly to (z¢,i;) as € — 0
in C([0, +00);T).

By Freidin and Wenztell’s procedure, the tightness of the measure on
C([0, +00);T") follows easily from apriori estimate proved in Lemma 2.2.3.
Hence it is sufficient to prove that, for any n > 0 and Hy > 0, there exists ¢

such that for all 0 < € < ¢

Ty (Ho)
|]E(z7,~)/ e (ad — L) f(xy,,)dt — f(x,4)] <n
0

which conatins two parts: the part where (zf,i¢) remains in the same edge
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and the part where (%, if) approaches an inner vertex of the graph. We have

T (Ho)
Ews] / et (af — L), i€)dt — f(x,i)]

€
Tn41

—]E(mz Ze aon+1f 1’ n+1) - aTnf( 7-67 7-6) +/ eiat(&j - L)f(l'i,’l:)dt]

€
n

€
Tn

+E(zz) Ze 7-67 7-6) - aanf( a-€7 a-€> +/ eiat(aI - L)f<$§77':)dt]

€
n

€
0n+1

:]E‘(.z‘ﬂ) [Z E(xﬂ’) "l+1f( n+1) - _aT"f< 7'67 Te) / e_at(a] - L)f('T:’Z:)dﬂfTﬁ]]
n=0 7

€
n

€
Tn

+ E(a},z) [Z E(:c,z) [e_aT;f(x%,ij_oe) - Cwnf( 0'67 crﬁ) + / e_at(a] - L)f(l’;, Z;)dt|]:az]]
n=1

(S} ot
=Ei)[) e B, e [em " fabg, igg) — F(5,75) + / e~ (ol — L) f(xf, iy)dt]
n=0 0
- —aoy, —ar € € £ —at € €
B3 ¢ Bl e e kit — faiif) + [ e ol - Df(af.i)ae])
n=1 0
If we define

€

O (3,1) = By e~ £ (s 15) + / Lot al — D) f(af i5)dt) — f(z. i),

and

€

D (,3) = B e F(as,i5) + / Lol - L) f(al,i)dt] — f(z,i).
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We have

T (Ho)
Es| / (o f — Lf) (x5, i5)dt — f(z,1)]

mZ T sup |05+ By Y€ sup|@5(xi).

mz)EUZESC (£6") el (2,)€U;e 5 Ci(£0)

Follow the same procedure in [11] and get, for sufficiently small e,

E) Ze "] < B Ze ] <08,

so that for sufficiently small e,

T (Ho)
Ews| / e (af — Lf)(«5,iS)dt — f(z,1)]

<CoY( sup |95 ()| + sup D5 (x,4)]).
(20)€Use 5 Ci (£67) (20)€Use 5 Ci ()

In order to study the term ®5, we need the following result.

Lemma 2.3.2. Let 5; be a one dimensional standard Brownian motion, and

let x; be the solution to the following equation
dﬂ?t = Bz(l't)dt + AE (l't)d@t,

Assume Hy < Ha, and let T, 4, be the stopping time when gi leaves the
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region D;(Hy, Hy). If either one of these three cases holds,

1. I; is an edge such that both of its vertex are interior vertex, and Hy <

Hy are any fixed values belonging to the interior of the interval.

2. I; is an edge such that one of its vertex is an interior vertexr while
the other vertex is an exterior vertex, where the Hamiltonian takes the

value Hy, Hy belonging to the interior of the interval.

3. I; is an edge that has only one vertezx, and Hy < Hy are any fized values

belonging to the interior of the interval.

Then under Hypothesis 8 and 9, for every function f on [Hy, Hs| that is three

times continuously differentiable and for every A > 0,

iy o ety )= [N A L)1) = fa)
€ 1,422 0

uniformly with respect to xo € [Hy, Hs).
In order to study the term ®;, we need the following result.

Lemma 2.3.3. Let Oy be an interior vertex, then for every positive o and
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Kk, there exists 09 > such that for all 0 < § < ¢ and sufficiently small €,

TE(£95)
sup E;[/ e~ dt] < K6,
2€Dy(+5) 0

and there exists constant C such that

sup  ES[75(£6)] < C6*In(6).

g€ Dy (+6)

(see remark on page 310 in [11])

We can use Lemma 3.5 in [11] and apply the change of random time to

prove this Lemma easily. Now if we take

_ U
[ flloo + llef = Lflloo

K

in Lemma 2.3.3, we have

J

|®i('x7z)|S“E(:E,Z)[f(xfff’lfff)_f($?z)]|+(a||f||00+||af_Lf||OO)a”f” +Haf_LfH n

<Y [Eglfi(H(gs:)) — fi(H(q)): ¢ € L] + 6n
L;~Op

= 3" 1f(H(O) +8) — filw)] - Bylas; € L]+ 6n.

I]'Nok
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We will prove the following Lemma in Section 2.5 to handle the term

sup Py ld55 € 1]
0€Us, -0, Cs (0}

The following lemma will be proved in section 5.

Lemma 2.3.4. For every k > 0 there exists a positve g > 0 such that for

0 < 6 < dy there exists &, = §,(0) such that for sufficiently small e,

sup  |Pr[Gre(1s) € Cri(0)] — pril <,
€Dy (£4()

where py; is the constant defined in (2.5).

If we take k < n, then for sufficiently small ¢,

) Z!fj (Or) +0) = fi(x)] - Py q5: € I;] + 0
I;~Op,

< Z f5(H(Ok) +0) = fi(x)| = 0Djif (x)] - [Py, g5 € I;] — prsl+
I;~Op,

lefg (Or) +96) = fi(x)| = 0D f ()] - prs

I;~Op,

+ Z 0| Djif ()| - [Py ld5e € Ij] — pij
1;~Oy,

<CO(kd® + 6° + oK) < Con.
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To this point, we first pick x < n and then determine § and ¢’according
to Lemma 2.3.4. After that, we let € sufficiently small so that Lemma 2.3.4

holds for Kk < n and Lemma 2.3.2 holds for

sup |D5(x,4)| < dn,
(z,9)€U; s Ci(£9)

Therefore

T3 (Ho)
E.i) [/ e (af — Lf)(xj,i)dt — f(x,9)] <n+Cn,
0
which proves the result.

2.4  Weak Convergence Inside the Edge

We first prove the weak convergence of x{ inside an edge of finite length.
For H; < Hy < oo, recall that 7, 5, is the stopping time when the process
qf leaves the region D;(H;, Hy). Noticed that the coefficients are all bounded
in D;(Hy, Hs). Let T¢(z) be the period of X starting at z. Suppose Ce <
T<(z) < Ce for all z € D;(Hy, Hy). Where we should remark that the

constant C' and C' depends on the constant H; and H,. In this section,

67



we consider the process ¢f starting from g € D;(H;, Hs) and denote 7§ =

Tt m, N1 We will first prove a weaker version of Lemma 2.3.2.

Lemma 2.4.1. Let B; and x; be defined as in Lemma 2.3.2. Under the same
condition as in Lemma 2.3.2, for every function f on [Hy, Hy| that is three

times continuously differentiable and for every A > 0,

€

lim B, [ £ (a5, ) — / TN NS + Lof)(a)ds] = fo)
e—0 T 0

uniformly with respect to xog € [Hy, Hs).

In what follows we shall define a sequence of stopping times 7} defined
by Ts = T(q), Tt = T*(¢%c) + 15, ..., Tg = T°(q5_ )+ T y,... We first define

an auxilliary process & trajectory by trajectory.

Definition 2.4.2. Let V= RoH/|RoH|(q5), and
¢
B = / VW,
0
For every k € N, we define £, = x5, and for t € [T AN 75, Ti, ) A TF),

& = Cag + Bulwie ) (t — T9) + A7 (a5 (55 — Biy).
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Remark 2.4.3. We should notice that 3; is a standard Brownian motion on

R.

We should also define the auxilliary process z; which has the same dis-

tribution as the limiting process of the slow motion.

Definition 2.4.4. Fort € [0,75], & is the solution of the problem
~ ~ l ~
dy = Bi(T;)dt + A7 (77)df;,
with the initial condition xo = H(q) € [Hy, Ha).

2.4.1 Closeness of the ¢; and X?k

Let X¢ satisfies the equation dXf = e 1g(X{)dt with the initial condition

X§& = qo. It can be easily seen that

-~ SL B S S
- Xi1 < [ Zlai - Xildut [ €O+ Dlgildut| [ o+ 0 gl
0 0 0
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Therefore, for t < T,

B .L4 t _ t
Bl sup o — ) <l sup Jg; — Xilds)") +t* [ €21+ LEllg; '
0 0

0<s<t 0<u<s

+ cE[| sup /05(0 +0°) (q5) AW, ["]

0<s<t

L4 t _ t
§0—4E[/ sup |¢& — X¢[*ds - %] + ct3/ C*(1 + L)E[|5|*]du
€ 0 0<u<s 0

T o(E| / Te[(o + 0%) (o + o)) (g)ds])?

(jt3 ! € ve|4 3 ! €12
<—E[| sup |g, — X;["ds] + C(1+t+¢") [ E[z,["]du.
0 0

€ 0<u<s

Due to equation (2.11), E[|z¢|*] < C(T, zo), we have

_ o3 t _
Bl sup g~ ) < S0BI [ sup g - Xif'ds + O(T. )t + £+ 1),
0

0<s<t 0<u<s

Apply Gronwall’s inequality, we have

_ t4
E[sup |¢¢ — XY < O(T, 2o)t(1 +t +t°) exp(c;—4). (2.13)

0<s<t
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2.4.2  Al(t) and A%(¢)

In this subsection, we will introduce two critical term in the estimation

of the closeness of the trajectories. For ¢t € [T_; A 75, T A 75, let

t
Alg_1<t) =| LoH (q5)ds — (t = Ti_y A T§>Bi(x§r’,§71AT;)

€ €
TE_(ATE

)

and

AFHTEATS) = A7

It is easy to see that Ay~ '(t) = 0, if 75 < T¢_,. Otherwise,

)|

1

t
A0 =1 [ Lo(ai)ds = (¢ = Ty A ) Bi(oty
k—1

t t—T¢ edl
— [ LoH(q)ds — L k1 yﬁc G

e, Te(qz: ) Jo, e lg(u)|
t t — TE, Tlg B
= | Lo[H](q5)ds — # [vo(Xse’k)d5|
Te_q E— tk-1JTE_,
T}:/\T B Tls B
< [ ) — LB (XN ds 4 [ 1o (X s
1 t

Te—t  [T% .
+ / |LoH (X)|ds.
Ty =Ty, TS |
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Where X¢* satisfies the equation dX{* = %g()_(f’k)dt, X5h = qre_,- Notice
that the last two terms in the summation appears only once in all {A¥(#)}1en.

For the first term, we have

TENTT B TENTE B
| ottt — calr(€0lds < [ T 1o Hlule — Xilds
Tk -1 Tk -1
TENTE _
<C(eot) [ ot - Xefas.
Tia

Thus, if we set, for t € [T} | A 75, TE A 75 and every k except one, we get

TENTS, B
BlAY OV Fr )< ORI ot - Xe¥ds) 1)

Tk—l

T5 _
< CBy, ([ 1= XsHtas(rs nri))

< C(Ce)'Eye, [ sup g5 — Xg]"].

_ S
k=1 0<s<Ce

Similarlly, for t € [Tf_, A 75, T A 75, let

t 1
O = [ ARGty Ve~ R () s

Th_1 /\T,IE«

and

AN TEANTE) = AL

g
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Due to the inequality that (x — y)? < 2|z — 2|, for z,y € R, we have for

te[Ti_ N5, TE N T

Mt <2 [ 1A, ) - REHIRoHI G lds

Tp_1
By perceeding as for Ay~ (¢), we have for ¢t € [Tf_, A 75, TS A 75] and every

k except one,

k 0<s<Ce

2.4.3 Closeness of & and zy
Let

h(€) = sup max{[b*(z)], |o“(x)[},

z€R?
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then lim,_,o h(€) = 0 as we assumed in Hypothesis 8. For ¢ € [T A 75, T 4 A

75), we have

& — a]
t
<IBi(age) (¢~ T0) - |
T

t t
+1 | LoH(gds| +| | RoH(gg)dWs|
Ty T

t

t

LoH (qf)ds| + | A7 () (B — Bre) — | RoH(g)dW s|
TE

k

7§+1AT

<IBi(ag) (e~ T0) — [ LoH(ads| + AV (a5y) (00— ) — [ 7 RoH(GR)aw's

Ty
t
+ Ceh(e) +| | RGH(q5)dW s

Ty

If T > 7y, then

s |g — | = 0.

TEATE<t<Tg, A5

So we consider the case when T} > 77,

€ e€l4
sup & — xf|* = sup
€ € € € € € €
TEATS<t<TE, | ATS: TE<t<TE, | ATh
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below.

sup |5 — ag!
TE<t<T{ AT
t
SCANTEL AT +C sup || AV (g AT5)VE = Ro[H](¢5)dW, |
Tp<t<Tg ATp JTE
t
+ CC**h*(e) +C  sup | [ R§[H](¢5)dW s|*

TE<t<Tg, A5 JTE

t
<O +C s || APV = RoH (g)dW|*
TE<t<Tg, Av5 J T b
t
+ CC**h*(e) +C  sup | [ RGH(q5)dWs|*.

Te<t<T{  A1p JTY

Therefore, by Kolmogorov’s inequality

E[ sup |& — afl"|Fr]

TE<t<Tf AT

TENATS _ B
<CE[(A§)*|Fre] + CEqe [ / | Ai(2%) = RGHRoH (¢5)|ds]* + CCeth* () + 2% h(e)?
k- Jo
<CE[(A})!|Fre] + CE[AL| Fre]® + CC**h* (€) + CC*eh(e)?

<C*(Ce)*'E[ sup |¢5 — X"+ CC*EE[ sup |q¢5 — X¢|)* + 2C*€*'h*(€) + 2C?€*h(e)’

0<s<Ce 0<s<Ce

<CHCe)*E[ sup |¢¢ — X |+ CC?*E[ sup |q¢ — X[*V2 4 2C**hi(€) + 2C%*h(e)%.

0<s<Ce 0<s<Ce

75



Therefore, thanks to (2.13)

E[  sup |§t€—x§|4|]-"T§] < C((Ce)’ 4+ (Ce)*P) +2C**h* () +2C%2h? (e).

TE<ISTE,  Ars

Finally, since there are at most N := [T'/Ce| + 1 T}’s before time time T, we

get
E[ sup [¢f —a{|'] <E[}, ~ sup & — il
0<t<t% =0 T,g/\-r;gth,gH/\‘r;
N
<EY  swp g —af') +E[ sup €5 — 25l Fry]]
o TE<t<Tg A5 TG AT5.<t<T  ATS:
<N(C((Ce)® + (Ce)*P) +20*e* h* (e) + 2C*e*h*(e))
T _ _ _ _
§C’?(C’((C’e)5 + (Ce)*®) + 2C**h* (e) + 2C%*h3(e)),
So that

E[ sup |& — 26! < CT(C%€* + C*5e' 4- 204 h* (€) + 20%eh?(e)).

0<t<7s,

Therefore, we have proved the following Lemma

Lemma 2.4.5. Under Hypothesis 8 and 9, for any intitial condition (xg,1)
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on edge I; and Hy < xq < Hy such that (Hy,i),(Hs,1) € I;, we have

sup E,,[ sup |&e—2E]Y] < CT(CPe*4+-C*P 51204 h (€) +2C%eh? (¢)).

(mo,i)efi OSSST;[17H2 AT

(2.14)
2.4.4 Closeness of & and zy
Let |6 — 7| = Oy For t € [Ti_y, Tx), we have
t t
6= il <léry, — 5|+ [ IBlan )= B+ [ (At ) A
k—1 k—1
t t
<G+ C [ oty — s+ | [ (s, ) - Aa)ag|
T, T,
t t t
<o+ C [l —glisve [ gl [ (e ) - A
Tiy T Ti 4

t
T / (Au(€9) — A(E9))dB.
Tg 4
Let 8° = 6., — ft. For s € [TE_,, T¢),

€
&T5_1

|§%§_1—§§| < |Bi(x§“}:_1)(‘9—Tls—1)|+|Ai§(x§“,§_l)(6§_6§“,§_l)| < C|3_T1§—1|+C|557—T§_1 :

Since T — T, < Ce, we define £ to be the extension of £ in the interval

[Tf_ |, Tf | + Ce] such that &&= &, s € [Tf_,,Tf) and £ = 0, Tf < s <

S
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T¢_,+Ce. The process 7€ is defined similarly. Then for T¢ | < to < Tf_,+Ce,

sup €5 — @5 = sup [&5 — T,
Te_ | <s<TEAto T, <s<to
and
sup €5 — T
T <s<toAT

T¢Nto T Ty Nto
§5k_1+0/ (|s—T,§_1|—|—|BS’_§E_11|)ds+C/ sup |& — T |ds

Te TE 0<u<sAT}

k—1
TENto eTE TENto B eTE
+ | . (Ai(§7e ) — Ai(§5))dps | + | . (Ai(€5) — Ai(5))dps .
k—1 k—1

So

E[ sup |65 — &[]

Te_ <s<toATf
4 75 4 i 6T 4
<cbby+ By || / sds|'] + cEye | / 18T sl
k—1 0 k—1 0
TS/\T Tg/\to
bl ([ swp e mldsl )+ By (][ (Aery ) - A€)aBY
- 0 - 0

0<u<sATy

TE Ato
+By [ () - A)as
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Let r = to — T¢_,, then r < Ce and

E[  sup |&— " Fre ] =E[ sup [& —Z¢|! | Fre ]
Tg_ | <s<toAT§ T <s<to
<O 1+ (Ce* +C' +Eye, [| [ sup | — T lds|"]

k-1 0 0<u<s

T5Ar B B T Te/\r
By 1 [ <Ai<f;,;_1>—Az~<5;>>d6;“ B 1At -

ééé_1+<@e>8+é4eﬁ+18qe A s &5 — @5 |ds|]

- 0 0<u<s

vy ([ (A6 ) - AN+ g (1 [ (A€ -

Since
Bl [ (@) - A€z <Ockl [ |A4i65,) - AdEI'as
SRR
<cCe [ Elé; - &as
SCCE/TE[S4+ |B¢|*)ds
0
<C(Ce)?,
we get

0 0<u<s
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and

E[ sup [& — 3" Fr ] =Eg, [sup € —7["]].

TE 1 <s<to k-1 0<s<t

Therefore

Ey. [sup [E — 5 <61, + (Cof + O + (Ce)' + ((Ce) + Ce) / E,.
0

k-1 0<s<r

If we apply Gronwall’s inequality, we have

Ege, [sup |65 — Z5|"]] < (651 + (Ce)® + O’ + (Ce)") exp(((Ce)* + Ce)ty)

k=1 0<s<r

and thus

E[ sup |&—T5|"Fre Jds < (0,1 +(Ce)’+C*e+(Ce)?) exp((Ce)°+(Ce)?)

Ty <s<to
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All this implies,

E[ ~ sup |6 — #|'] =E[E[ _ sup € — 2| P
Tg | AT <s<TEATS Te AT <s<TEATS

<E[(0p_; + (Ce)® + C*® + (Ce) + (Ce)") exp((Ce)* + (Ce)?)]

<E[ sup € — Tl [l exp((Ce)* + (Ce)?)

T AE<s<TE_ ATE

+ ((Ce)® + C*® 4 (Ce)® + (Ce)*) exp((Ce)* + (Ce)?)).

£—1<4]. The calculation above implies

NOW, let ap = E[SupT;:,l/\T%SSSTE/\T%

the following recursive ,

ar < exp(Ce) (a1 + (Ce)t).

By induction, we can easily deduce that

n

an < (CO'S exp(kCe) = (é€)41 —exp((n + 1)Ce)

. < OCté.
1 — exp(Ce) - ‘
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Finally, let N = [t/Ce] + 1,

E[ sup [& — &¢|") SE[SI;p sup & — ] <

0<s<7f TE

A NTp<s<TEATE

N

EY .~ swp &~

TE

1 A NTp<s<TEATH

N N
< ZE[ sup &8 — 7¢|Y) = Zak < OTCHé.
k=1

Tf_ ATG<s<TEATS

Therefore, we have proved the following Lemma

k=1

Lemma 2.4.6. Under Hypothesis 8 and 9, for any intitial condition (xg,1)

on edge I; and Hy < xg < Hy such that (Hy,1), (Hs,1) € I;, we have

sup E, [ sup |&—3¢|Y < OTC. (2.15)

(zo,0)€I; 0<s<7f

2.4.5 Proof of Lemma 2.4.1

By Ito’s formula, for any € > 0,

Euyle™7 f(2r) —/O OO?AS(—” + L) [f1(ws) Xrg s ads] = f (o).

Since z; and x; have the same distribution,

—ATE ~€ o oo —As( ) 5.€ _
B[ £(3,) / € (AL 4 L) [[(E) Xrgoadds] = f(z0).
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Moreover,
Eqo[e™ (f(a5,) — f(5,)))°

S]Emo[’f(xi;) - f(ii;))ﬂ < |f|%szr0[|xj'% - ji; ’]

< [Lip B [l€rs, — 35 [']2 + Eag [l — €5 1°]2)

<|f[7p(E xo[osup 6 — &) +Eao| sup_ |25 — &11)2).

0<t<7f,

Apply Lemma 2.4.5 and 2.4.6, E, [e 7 (f(2<.) — f(75))] converges to 0

€
T T

uniformly with respect to xy. And

Eaoll OTT e ((=AL + L) [f(w9) — (= + Li)[f](&7))ds]]?

<E.| / N Clat — Bl < OBy | sup |a5 — &)%)
0

0<t<ry

<CIT*(Byy[ sup | — F[']7 + Eao[ sup |25 — &']2).

0<t<tf 0<t<tf,

Similarly, E,,[| fOT% e (=N + L)[f](xS) — (=N + L) [ f](7<))ds|] converges

to 0 uniformly with respect to xy. So

B e ) = [+ L)1) ]

iy e 1 (055) — [ AL+ LA = Flao)
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2.4.6 Proof of Lemma 2.3.2

We start with the following Lemma

Lemma 2.4.7. Under Hypothesis 8 and 9, and let the stopping time Ty, y,

be defined as before, where Hy, Hy are in the interior of H(I;), then

sup sup  E.[rp, ] < o0
e>0 zeD,;([H1,H>2])

Proof. Let f satisfies £;[f] = —1 and the boundary conditions f(H;) =

f(Hy) = 0. Then apply Lemma 2.3.2 with f and have

Elrr] = f(zo) — E[f (%, )]

T

Since the second order differential operator £; is uniformly elliptic on [H, Hs),

we can apply the maximum principle, and we get

where C' is a constant depending on the coefficients in £; and [H;, Hy|. In
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particular, it is independent of T'. Therefore, by Fatou’s Lemma

E.[7i, 1) = Ez[TlgroloTﬂ < liTHLg.}fE[T}] <20 < 0.

Since this inequality holds for all z € D;([Hy, Hs]) and € > 0. O

Lemma 2.4.8. Under Hypothesis 8 and 9, for any intitial condition (z,1)
on the edge I; and Hy < xo < Hy such that (Hy,i),(Ha,1) are inside the

intertor of I;, we have

lim sup B[ sup [& —aff*] = 0.

e—0 (wo,i)€l; 0§3§T217H2

Proof. Unlike the its previous counterpart, the number of intervals here is
random. Let N be the largest k such that T < 7 . For simplicity,
we write Tj, y, as 7p, eliminate the edge coordinate ¢ and let 7°; = 0 in

this proof. Thanks to (2.14) and apply Fatou’s Lemma and strong Markov
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property,

o
ool sup [¢ — ]?] <Egol Y sup & — 5]
0<t<rs, he— 1 TeAT5 <t<Tpy1ATH
o0
<D By sup[€ — 2P Xen]

h——1 T <t<Tgi1ATp

< Z Ewo [Exo[ Sup |€t6 - m16€|2XTkST%

Pt Ty <t<Th 41 ATS:

= Z ]E’l‘o[El‘o[ sup |€t6 - w§|2|‘FTk]XTkST§~]

Pt Ty, <t<Th 41 AT

I

<D Eo[Bage )l sup 1€ — 25" Xp<re]

— 0<t<ToATS,

<2Em sup B[ sup |€ — 2’| X <r]

b1 (zo,)€l; 0<t<ToATy

:Z sup By sup [ — 2B [Xr<rg]

ke—1 (xo,i)€L; T <t<Tki1NAT}

<(C((Ce)® + (Ce)™®) +2C b (€) + 2C%h*(€)) Y E[Xien]-
k=0

Moreover,

>0 C
E[X, <1+E[N]=1 EH1H2<—
;[KN]_ + E[N] +[Q€]_€

and thus prove for all T' > 0,

Eoo[ sup |& — 252 < C(C((Ce)* + (Ce)*?) + 204> h (e) + 2C%eh?(e)).

0<t<ty
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Finally, we take the sup over 7" and prove the result. O

Lemma 2.4.9. Under Hypothesis 8 and 9, for any intitial condition (zo,1)
on edge I; and Hy < xq < Hy such that (Hy,1),(Hs, 1) inside the interior of
I;, we have

lim sup E,[ sup [&— 7€)% =0.

s
e—0 (zo,0)€I; OSSSTIE{LHQ

Proof. Similarly, we have

El‘o[ sup ’S; - j2|2] SI[‘-?‘ﬂﬁo [Sup sup |§§ - 3:32’2]
0<s<7f k Tp AN <s<TpATH
)
<E,[) sup €5 — T4 [* K]
0 Ty A ATHSs<TRATE
o0
<) B[ sw €5 — 25" K]
=0 Ty 1 AT <s<TgxATp
[%S)
< sup By, sup €5 — TS JE[Xean].
k=0 (zo,i)€l; Th A ATE<s<TpNTS,

Now by the estimation (2.15), and process as the previous Lemma, the result

is obvious. O

Now if we apply exactly the same proof as in Lemma 2.4.1, Lemma 2.3.2

is proved.
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2.5 Properties near the Saddle Point

Since the gluing condition is given by local property, we can assume with-

out loss of generality in this section that

Hypothesis 6. The coefficients g(x), b(z), b(x), o(z) and o¢(z), x € R? in

equation (2.1) are uniformly bounded.

2.5.1 Averaging the Measure

We first remark that: the probability for ¢f, starting from an initial point
q € Di(£d) to reach the level set Cy;(d) is approximately the same. The

following Lemma is a consequence of Krylov and Safonov’s theory (see [16]).

Lemma 2.5.1. There exists a 6>5' > 0 such that for every0 < §' < § < §251

and and any k > 0, the following estimate holds for sufficiently small e,

sSup Eqg, [f(Q%g(ia))] —E, [f(Q%g(ia))” < K.
q1,q2€ Dy (£6")

If the function f in the Lemmais X¢, (s)(I; ~ Oy), we have E,, [f(qu(ﬂ))] =
P, [q;i( +5) € Ckj(0)]. Now we can average the probability Pylq5, € Cijes)] by

a measure p on the level set Cy(£0).
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Lemma 2.5.2. Let 1 be a measure on the level set Cy(%6"). For any k >0

and sufficiently small €,

b N W), iy 1) € Cial0)
sup |G 5] —
2€C)(£6") H(E)ECH0) Ch(£8") p(Cr(£0))

| <k (2.16)

The measure ;1 will be determined by the long term behavior of ¢; as to

be shown in the next subsection.

2.5.2 Representation of the Invariant Measure

Let

CGi= U Cuxs)  Co=]J | Crl(xs).

keS I;~Oy, keS I;~Oy,
The sequence {g7}32, is a Markov chain and for all k > 1, . € Cy. More-
over if q§ € Cs, {5 1320 is a Markov chain on Cs. Then every invariant

measure ¢ of the process (gf,P) can be represented in the form

€ €

wi = [ (B / (] = / ] / g, (217)
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where ¢ and /¢ are measures on Cs and Cy such that

V(B) = /C V(d2)PElgs, € B), V() = /C V(d)PEgs € € (2.18)

See [14]. Notice that v and v/ are the invariant measures for the Markov
chains {g5 }72, and {¢5};2y on Cs and Cy respectively. Now we pick the

measure £ in equation (2.16) to be /¢ and we get

/ 2P (¢ i) € Ci(O)] 1(Chi(9)

Ch(£5) p(Cr(£6)) Ve (Ci(£07))

Hence, we apply equation (2.18) with C' = Cj(£0") and since P§[¢s, € C] = 1,
for all z € Ci(£9d°), we have v'*(Cy(£0")) = v(Cr(£d")). Therefore

v (Ci(0)

]PZ EE . e (5)) '
‘ [qT (ié)eckz(é)] V€<Ck(:t5))‘ =

Finally, apply equation (2.17) with a bounded measurable function G and

get

/R2 G(z)p(dz) = /06 ye(dz)Ej[/oal G(q9)dt]. (2.19)
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2.5.3 Proof of Lemma 2.3.4: A Special Case

In this section we first assume that the following Hypothesis holds,

Hypothesis 7. Let function a(x) be the function defined by (2.3). We as-

sume that a satisfies the following relation for all € > 0.
(Lo)la'](2) =0, (£5)la']() =0 VzeR

Then a~!(z)dz is the invariant measure for the the system {¢{} as e | 0
and L; is a generalized differential operator. Apply Lemma 2.2.1 again, the

left hand side of equation (2.19) becomes

oo dz di
[ atwa) = [ ool - / /C o COHE

Let the window function G(z) depend only on the Hamiltonian,
G(z) = fo H(2),

where f € C*(R) with support in (Hy + 0, Hyy — 0) and Hy; = H(Og;),
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i =1,2, Oi(i = 1,2) are the two end points of an edge I;,. Then

/R2 G(2)p(dz) = / f(H)v,(H)dH. (2.20)

Finally, we apply Lemma 2.3.2 to the right hand side of equation (2.19),

e—0

i B[ [ Gl =i sl [ £ = g [ fGai)a] = ule),
0 e— 0 e 0
where © = H(z) and u(x) is the solution to

Liu] = f

w(H, +8) = u(Hy — §') = 0.

It can be easily seen that u(x) can be solved by the following formula,

() = ug(Hya — 0") — ug(x) /m (u() — up(Hya + 8)) f(h)dox(h)

_Uk(HkQ — 5/) — uk(Hkl + 5/)

up(x) —up(Hy 4+ §)

Hyo—6'
e Hio — ) — wn(Hr ) / (ur(Hyz — &) = up,(2)) f (h)dvi (h).

Hyq,+96'

Notice that f has support in (Hgi + d, Hga — ), so if x € Cyy(d), then

ur(Hy 4 0) —up(Hy + ') /H’CZ_(S/

H pr—
u( k1+(5) uk(Hk2 . 5,) o uk(Hkl i 5/)

o (up(Hya—0")—up(Hg1+40)) f(h)dvg(h),
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and if © € Cya(—0), then

U(sz—é) =

") — ugp(Hgo — Hhao
ug(Hyg — ') — ug(Hyo — 0) / (s (Hia—08) —up(Hir+8")) £ (R)dvy ().

up(Hyg — 0') — up(Hir +6') S, 1o

Now we combine equation (2.19) and equation (2.20),

Hy—6
/H+5 f(H)v,;(H)dH:lig%V5(0k1(5))(u(Hk1+5)+(’)(e))+ue(Ck2(6))(u(Hk2—5)+(’)(e)).

which is an equation holds for all f, therefore we have:

1
1- € =
lim v (Cr1(9)) wi(Hy 4 0) — ui(Hy + 8’
lim v(Cy2(8)) = :
lim %(C2(9)) = w;i(Hy — 0') — u;(Hy — 0)°

Finally, letting 6 — ¢’ and ¢’ — 0 gives us Lemma 2.3.4 under Hypothesis

11.

2.5.4 Proof of Lemma 2.3.4: The General Case

Now we consider the case without Hypothesis 11. Instead of considering

the process g; whose invariant measure is unknown when € | 0, we consider
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the system by compensating a smooth vector filed b and b¢ satisfying

(Lo4+b-V)[a']=0, (L5+b-V)[a']=0 (2.21)

and Ly + bV, (L5 + bV)* are the corresponding formal adjoint operator.
We first claim that both such b and b exists under Hypothesis 8, 9, and 10.

Indeed

Let by = 0 and by satisfy the first-order partial differential equation

9 .+ _ -1
8_x1(b1a ) = Lo[a™"](x).

Then

~

bl(l‘l, 1'2) = G(Il, 172) /Oxl Eo[a_l](ul, ZL‘Q)d’LLl. (222)

By Hypothesis 10, b is well-defined, bounded and globaly Lipschitz contin-

uous. Similarly, such b¢ also exists. Therefore the stochastic process ¢; is
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well-defined for every fixed ¢ > 0:

dd; = +g(q5)dt + b(g5)dt + o(5)dW, + b°(G5)dt + o (d5)dW, + b(d5)dt + b (g5)dt

46 = 4,

and ¢; satisfies Hypothesis 11. Therefore, the gluing condition holds for ¢;.
For the process ¢;, the drift term b and b¢ need to be killed from q;- 1
apply Girsanov Theorem up to any fixed time 7.
The measure P{ induced by the process ¢f on C([0,77; R?) is absolutely

continuous to the measure ]fbfl induced by ¢ on C([0,T]; R?) with the density

dIP’; X
];t—exp{/ M<(q dI/V——/]]\/[E §@)|Pds}, 0<t<T

where

A~ ~

M¢(z) = —(o 4+ o) (z)(b+ b) ().

Compare the two measures of a set A € Fr, where the expectation, without
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specification, is taken with respect to the measure ]f”;

Pl =250l = [ o | M@ — 5 [ I Pas) — 1)

<5l Bl Meaaw— 5 [ eaPds - 1

For simplicity, we denote
t 1 t
zi = [ araaw.— 5 [ aras
0 2 Jo
Apply Tto’s formula to [exp(Z;) — 1]*

Elexp(Z;) — 1]

=E[0 + /Ot 2[exp(Z5) — 1] exp(Z5)dZ

+ %/0 [2exp(Z5)* + 2exp(Z5) (exp(Z5) — 1)]|d(Z¢, Z5)]

| / exp(229)| M (§5)|ds].

By Hypothesis 10 and 11,

sup | M“(2) = M

e>0,zcR2
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and

t

Bllexp(Z;) ~ 1] = B[ exp(220)|M"(d)ds) < ME] / exp(27:)ds]

0
t s
:MIE[/ exp(2/ Me<(g;)dw,, — /|]\46 )|*du)]d
0 0

—ara{ [ exol [ 2ar @, — 5 [ 120 ol [ 1000 Pais)

Then apply Girsanov theorem again to the last equation

IE[/teXp(/S 2M<(q)dW,, — —/ |20 (G5)|* du) exp( / |M€(q)|*du)ds]

/ exp/ | M(q,) [*du]ds

<C(eM - 1).

This implies

1 T
E€/M6 i) W—E/ |ME(G)|2ds — 1]%) < M,T.
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Then let T' = 6 and for ¢ € Dy(£0)) as in Lemma 2.3.4,

|PZ[Q§;(i5) € Cyi(9)] — puil
<IPlass (1) € Cril0)] = Peldse(as) € Cril®]] + P[5 ko) € Cri(8)] = pail
<IPylg5 1oy € Cril0); 7 (6) < 6] — Pildtyas) € Chil6); F(£0) < ]

+ 2P [75(£6) > 6] + &

<P [ ) € Cra(6)]V/2 - MEY2 4 2P [ (£6) > 8] + &,

and thanks to Lemma 2.3.3, we have
E¢[76(£6)] < M6*In(d).
Therefore, for sufficiently small ¢,
P[5 i) € Cril0)] — prsl < MSY? + MIn(8) + K < 3.

Therefore, we proved the general case.
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Chapter 3: Averaging principle for slow-fast systems of stochas-

tic PDEs with rough coefficients

3.1 Introduction

We consider the following system of stochastic PDEs on a separable
Hilbert space H, endowed with the scalar product (-, -) and the corresponding

norm || - |

;

duc(t) = [Ayuc(t)dt + Fi(t, uc(t),ve(t))] dt + QrdW},  u(0) = uy,

due(t) =~ [Asuelt) + Falouet), o) it + % QudW?,  0.(0) = vo.
(3.1)

The stochastic perturbations are given by two independent cylindrical Wiener
processes in H, which are white in time and colored in space, with covari-
ance operators Q% and @2, respectively. The operators A; and A, are the

generators of two analytic semigroups S1(t) and Ss(t), respectively.
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The non-linearity F5 in the fast equation is Lipschitz continuous, but the
non-linearity Fj in the slow equation is not assumed to be continuous nor
bounded or linearly bounded. More precisely, we assume that F; : [0, 7] x
D(Fy) C [0,T] x H x H — H is measurable and there exists a family of
bounded and measurable mappings F’, depending on a parameter 6 € (0, 1)

and defined on [0,T] x H x H with values in H, such that

Cl. for all t € [0,7] and h € H the mapping

(z,y) € Hx Hw (F(t,2,9),h) € R,

is continuous;

C2. there exists a convex and lower semicontinuous mapping V : H x H —

[1, 00] such that

1EY (t 2, y)|* < |Fu(ta,y)|* < Vizy),  (vy) € Hx H,

and

1Fy(t, 2, y) = FY (L)l <OV(2,y),  (2,y) € D(F)
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for all t € [0,7] and 6 € (0,1).

We will show that these conditions are satisfied for example when H =

L*(0), for some bounded and smooth domain @ C R¢, and

Fy(t,z,y)(€) = b(t, &, x(€),y(§),  te[0,T], &€ O,

for some function b : [0, 7] x O x R? — R which is just continuous and such
that b(t,¢,+) : R — R has polynomial growth and the following one-sided

growth condition holds

sup b(t, &0+ p,N)o < c(a(f) + o> + A" + [p]™),
t€ [0,T)

for all (¢,€) € [0,T] x O and (), 0, p) € R? and for some positive constants
¢, k1, ke and some function o € L'(O). In this regard, it is worth noting
that in [32], systems of reaction-diffusion equations with coefficients having
polynomial growth were considered. However, in that case, the coefficients
were assumed to be regular, stronger dissipativity conditions were imposed,
and the coefficient of the slow equation had polynomial growth only in the
slow variable, while the coefficient in the fast equation could have polynomial
growth only in the fast variable. In contrast, in the example we consider in

101



this paper, the reaction term in the slow equation is only continuous and has
polynomial growth, both in the slow and in the fast variables.

Conditions C1. and C2. are not new in the current literature. They have
been introduced in several papers (see e.g. [27], [28] and [29]) in order to
study the existence of measure-valued solutions to the Fokker Planck equa-
tions associated with a wide class of stochastic differential equations both in
finite and in infinite dimensional spaces. Here, we are proving how the same
kind of assumptions imply the existence of C([0,T]; H)-valued martingale
solutions for the following class of stochastic evolution equations in arbitrary

separable Hilbert spaces

AX (1) = [AX() + F(t, X())] dt + QdW,,  X(0) = x.

This result applies also to systems like (3.1), once we rewrite them as

AX(t) = [AX(8) + F(t, X()] dt + Q°dW,,  X(0) = (ug, vo),

where

Ae = (A17€71A2)7 F = (Fla 671F2)7 Qe = (Q17671/2Q2)7
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and where W, := (W}, W?). This means that for every (ug,vy) € Dy :=
{V < 00} and € € (0,1) there exists a martingale solution. That is there
exists a stochastic basis, (¢, F¢, {F; }+>0, P¢), an adapted cylindrical Wiener
process W¢ = (W, W) in H x H, and an adapted process X¢ = (u,,v.) €

L*(Q5 C([0,T]; D(F.)) such that
X(t) = Se(t)(uo,vo)—l—/t Se(t—s)Fe(s,Xe(s))ds—i-/t S (t—s)QAWs, t >0,

where S€(t) is the semigroup generated by A°.
Next, we assume that there exists some constant ¢ > 0 such that for every

initial condition (ug,vy) € Dy

sup /T EV(X(t))dt < cV(ug,vy), (3.2)
) /0

€€ (0,1

and we prove that under this condition the family {L(uc)}ec(o,1) is tight
in C([0,T]; H). Our purpose is showing that any weak limit point fig,,, of
{L(ue)}ec 0,1y in C([0,T]; H) is a martingale solution of a suitable limiting
stochastic equation in H whose non-linearity is obtained by averaging Fj
with respect to the invariant measure of the fast equation.

We would like to stress that the roughness of F} makes the definition of
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the averaged coefficient Fy quite delicate and requires some approximation
procedures. Moreover, F inherits from F} the same roughness and the proof
of the averaging limit requires several new ideas compared to what is available
in the existing literature on the averaging for slow-fast systems of SPDEs with

regular coefficients.

Before concluding this introduction, we would like to describe the plan of
the paper. After introducing in Section 2 all the notations and assumptions
that will used throughout the paper, in Section 3, we describe the ergodic
properties of the fast equation, define the average of the nonlinearity F}
in terms of the invariant measure of the fast equation, introduce the cor-
responding averaged limiting equation, and state the main theorem of the
paper. In Section 4, we prove several a-priori bounds for the solution of sys-
tem (3.1) and we give a proof of the tightness of the laws of the solutions
of the slow equation. In Section 5, we prove the validity of the averaging
limit, by using a localization- in-time argument. In Section 6, we provide
an example of a class of systems of stochastic reaction-diffusion equations in
bounded domains of R?, where the slow equation has a reaction coefficient
that is only continuous and has polynomial growth, both in the slow and in

the fast variable. Finally, in Appendix A, we give a proof of the existence
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of a C([0,T]; H)-valued martingale solution for a general class of stochastic

evolution equations with rough coefficients, that cover also the system (3.1).

3.2 Notations and assumptions

Let H be a separable Hilbert space, endowed with the scalar product (-, -)
and the corresponding norm || - ||. We denote by By(H) the Banach space of

Borel bounded functions ¢ : H — R, endowed with the norm

[llo == sup [p(z)].
ze H

We denote by Cy(H) the subspace of continuous functions. Moreover, we de-
note by Lip,(H) the subspace of all Lipschitz continuous functions. Lip,(H)

is a Banach space, endowed with the norm

‘r J—
Lip = HQDHO + [@]Lip = HSOHO + sup M
wye H lz =y
7Y

1%

In the present paper, we are dealing with the following system of stochas-
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tic equations in the space H

¢

duc(t) = [Ayuc(t)dt + Fi(t, uc(t), ve(t))] dt + Q1 dW}, ue(0) = uo,

due(t) = - [Apuelt) + Faluue), ve ()] di + % QudW?,  u.(0) = v,
(3.3)

Throughout the present section, we will introduce the assumptions we make

on the coeflicients and the noise and we will introduce some notations.

Hypothesis 8. 1. The operators (A, D(Ay)) and (As, D(As)) generate
the analytic semigroups S1(t) and Sa(t) in H, respectively. Moreover,
there exist two complete orthonormal systems, {e1;}ken and {eay}ren

in H, and two non-decreasing sequences of positive real numbers {a j } ken

and {aa tren, such that

Aver = —aq e g, Ases = —a oy, ke N.

2. The bounded linear operators Q)1 and Q2 share the same set of eigen-

vectors with the operators Ay and As, respectively. Namely, there exist
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two sequences of real numbers {1 }ren and {Agtren such that

Qiery = Mgk,  Q2e2k = Aopear, keEN

3. There exist two strictly positive constants 1 and o such that

Z)‘m ?“21 ' < oo, Z)‘2k ;713 ' < oo (3.4)

keN keN

Remark 3.2.1. 1. In view of Condition 1. in Hypothesis 8, we have

inf ay p, = a1 >0, inf ag ), = gy > 0. (3.5)
keN keN

2. Thanks to (3.5), for every § > 0 we can define the norms

2]l p(—ansy = (=4, i=1,2.

Notice that for every § > 0 the space D((—A;)?), endowed with the

norm above, is compactly embedded in H, for i =1, 2.

In what follows, we will denote by Hs, the product space H x H, endowed
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the inner product and the corresponding norm

(T, 91), (@2, 920, = (21, 22) + (i, 92), (@)l = Vil + (lyll

Clearly, the family of vectors

A= {(e1;,0)}jen U{(0,e2;)}jen

is an orthonormal basis for the Hilbert space Ho.

For every € > 0, we define the operators A¢, Q¢ by setting

AG(‘T?y) = (A1x7€71A2y), (;U,’y) € D(Al) X D(AZ) - H27

and

Qe(x7y) - (Q1m7 6_1/2Q2y)7 (.ZU, y) € HQ-

It is immediate to check that A is a set of eigenvectors which diagonalizes

the operators A° and Q¢ simultaneously and {a; x}i—12 ren are eignevalues
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of A, while {\;x}iz12 ken are eigenvalues of Q°. Due to (3.4)

2 2v1—1 2 2v2—1
E >‘1,kO‘1,k +)\2’ka27k < 00.
keN

Moreover, if S¢(t) is the analytic semigroup generated by A® on the space

Ho, we have

Sz, y) = (Si(t) x, Sa(t/e)y),  (2,y) € Ha.

Concerning the nonlinearity F}, we shall assume the following conditions.

Hypothesis 9. The mapping Fy : [0,T] x D(Fy) C [0,T] x Hy — H s
measurable. Moreover, there exists a family of mappings {F19}96(071), defined

on [0, T] x Hy with values in H, such that the following conditions hold.

1. For every 6 € (0,1), the mapping F? : [0,T] x Hy — H 1is measurable

and bounded. Moreover, for allt € [0,T] and h € H the mapping

(w,y) € Ha > (FY(t,2,y).h) € R,

15 continuous.
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2. There exists a conver and lower semicontinuous mapping V : Hy —
[1,00], with Dy :={V < oo} C D(F}), such that for all 6 € (0,1) and

te [0,7T]

IFY (2, ) * < |t p)l? < Vieyy),  (z,y) € Hay  (3.6)

and

||F1(t,:L‘,y)—F10(t,[E,y)” SQV([L’,y), (ZL‘,y) S D(Fl) (37>

Remark 3.2.2. 1. When (z,y) ¢ D(F)), we take ||Fi(t,z,y)| = +oc.

This allows to interpret (3.6), for every (z,y) € Ha.

2. In Hypothesis 8, we have assumed that o;; > 0. However, this is
not necessary. Actually if we define A = A — oI, and Fl(t, )=

Fi(t,-) + 01, for some 0 > —ay 1, we have that

Aja+Fy(t, x,y) = Aje+Fi(t,x,y), «€ D(A), (x,y) e D(F), te [0,T],

(3.8)
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and A; is a negative operator. Now, for every 0 € (0,1) we define

ox

F(t,2,y) == F{(t,z,y) + WM’

(t,l’,y) € [OvT] X H2a

we have that Ff is measurable and bounded and for every h € H
and t € [0,7] the mapping (z,y) € Ho — (F{(t,z,y),h) € R is

continuous. Moreover,

IE ()P < 20| FY (¢, 2, ) 1° + 6%l .

Therefore, if we define

Vie,y) = c(V(,y) + [|(,9)15,): (3.9)

due to (4.4) there exists some sufficiently large constant ¢ > 0 such
that

IEY(t 2 )|® < Vieyy),  (ta,y) € [0,T] x Ha,
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Moreover,

1Ex (82, y) = Y (G, y)ll < Bt a,y) = FL (o)) +6 |z —2/(1+ 6]

N2 g (2, ) + alall) < 07 (2, ),

<OV(x,y)+0 <
= VIO g

if ¢ is sufficiently large. As for Hypothesis 15, thanks to estimate (3.46)

below and (4.10) we get

/o E"V (X, (1)) dt <o / (E"V(X0 (1) + EIXu(OIF) dt < e (V) + 1@, 9)l13,) -
(3.10)

So we can recover (4.10) for V, once we take ¢ large enough.
For the nonlinear coefficient F5, we make the following assumptions.

Hypothesis 10. The mapping Fs : Ho — H is Lipschitz continuous. More-

over, if we define

| Fo(z,y1) — Fax, 40) ||

Ly := sup )
ze H ||?J1 - yz”
y1,y2€ H
we have
W= Qg1 — Ly > 0. (311)
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Next, for every ¢ > 0, we define the nonlinear mapping F° : [0,7] x

D(F€) — Hs, by setting

F(t,2,y) == (Fi(t,z,y),e ' Fa(z,y), te[0,T], (z,y) € D(F),

with D(F€) := D(F;) C H,. By using the notations we have introduced
above, we can rewrite system (3.3) as the following stochastic evolution equa-

tion on the Hilbert space H,

AX (1) = [AX () + F(t, X ()] dt + QdW,,  X.(0) = (u,v), (3.12)

where W, = (W}, W?) is a cylindrical Wiener process in Has.

In what follows, we shall make the following fundamental assumption.

Hypothesis 11. For every e € (0,1) and every initial condition (ug,vy) €
Dy, there exists a martingale solution for (3.12). This means that once fixed
(up,vo) € Dy, foreverye € (0,1) there exist a stochastic base, (2, F, {Ff }1>0, P°),

an adapted cylindrical Wiener process Wf = (th’E,Wf’e) n Hs, and an
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adapted process X € L*(Q% C([0,T]; D(F*)) such that
t
X(t) = S(t)(ug, vo) +/ St — s)F(s, X (s))ds + Wi (t), te [0,T],
0
where W.(t) is the stochastic convolution
t
Wie(t) := / St —s)QdWs, t>0.
0

Moreover, there exists a constant M > 0, independent of (ug,vg) € Dy, such
that

sup /OT EV(X(t))dt < MV (ug,vp). (3.13)

e€ (0,1)
Remark 3.2.3. In fact, the existence of a martingale solution for the slow-
fast system (3.12), for every initial condition (ug,v9) € Dy and every pa-

rameter € € (0,1) is a consequence of Theorem

In what follows, we shall denote

t 1 t

Wi, = [ Sit- 9@l Wi 0 = [ Sa((t - s)/0) Quiw
0 Ve Jo

With these notations, the slow and fast components of X¢(t) = (u(t), v(t)),
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solve the equations
t
u(t) = Si(t)ug + / Si(t —s)F (s, X (s))ds + Wy (1), (3.14)
0
and

ve(t) = Sy (t/€) vy + % /0 So ((t —s)/€) Fo(X(s))ds + W3, (t).  (3.15)

3.3 Preliminaries and statement of the main result

In this section, we will first review some properties of the asymptotic
behavior of the fast motion with frozen slow component. Then we will intro-
duce the coefficients of the candidate averaged equation and finally we will

state the main result of the present paper.

3.3.1 The fast motion equation with frozen slow variable

We recall here some known facts about the ergodic properties of the fast
motion equation with frozen slow variable. For all details we refer e.g. to

[33].
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For any fixed z,y € H, we consider the following equation

dv(t) = [Azv(t) + Fa(w, v(t))] dt + Q2dW,
(3.16)

v(0) =y € H,

\

where W, is a cylindrical Wiener process on some stochastic basis (€2, F, { F; }ic 0,77, P).
Under Hypotheses 8 and 10, equation (3.16) admits a unique mild solution

v®¥ belonging to L*(Q; C([0,T]; H)) such that for every p > 1

E sup [[v™Y(t)|]P < 0.
te[0,7)

This allows us to introduce the transition semigroup P/ associated with

equation (3.16), which is defined by
Pre(y) == Ep™(t), t>0, yeH,

for any ¢ € By(H).

It is possible to show that for every 0 < v < 3

igg’E 10" ()| peagyy < € (1+ [z, (3.17)
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(see also the proof of Lemma 3.4.4). Hence, thanks to the Krylov-Bogoliubov
theorem, for every x € H the semigroup P admits an invariant measure u”.
Moreover, by using again arguments analogous to those we will use in the

proof of Lemma 3.4.4, we can show that for every p > 1,
E o™ @I < ¢ (L4 [|2llP +e " [lyl"),  t=>0. (3.18)
In particular, this implies that for every p > 1

mewuwé%u+mm. (3.19)

Now, we fix z1,z9,y € H and we define I';(t) := v™¥(t) — Wa,(t), for
1= 1,2, where

WA2(t) Z:/O Sg(t — S)QQdWS.

We have I'(t) := v™¥(t)—v™¥(t) = 'y (t) —'y(t), and I" satisfies the following

equation

T — 4aP0) + Ba(ea, v 9(0) — Falan,v"9(1), T(0) =01
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Thanks to Hypothesis 10, we have

1d

Q%HF(OHQ < —ao|IT(E))1* + ([Falus

v = x| + Lo [T [T @,

so that

d
ZIPOIF < =wlITO1 + ¢ lley — o,
By comparison, this gives
t
IT@®)* < C/ eI oy — wa|Pds < cflar — @,
0
which implies
E sup [[v™Y(t) — v™2Y(1)||* < ¢ ||z — o] (3.20)
>0

In a similar way, it is possible to prove that for every z,y,,y2 € H
sup E[[v™ (t) — o™ (t)|]* < ce™ |y — 2%, t>0,

zeH

for some constant ¢ independent of ¢ and y;,y2 € H, so that for every
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¢ € Lip,(H) we have

1Pro(y) — Pro(y)| < elplupe 2y — 3o, t>0. (3.21)

This implies that ©* is the unique invariant measure for P’ and for every

x,y € H and ¢ € Lip,(H)

Proly) - /H o(2) 4 (d2)

/H (Proly) — Prolz)) u(d2)

< cleluwe ¥ [ Iy all ) < elidue® (Il + [ Ialliv(a)).

Therefore, thanks to (3.19), we obtain

Proly) - /H o(2) i (d2)| <

clelwe™ 2 (lyll + llll +1). (3.22)

3.3.2 The averaged nonlinear coefficient and its approximation

In what follows, in addition to Hypotheses 8 to 11, we shall assume the

following condition.

Hypothesis 12. If u*(dy) is the invariant measure of the fast motion with
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frozen slow component x introduced in Section 3.3.1, then

V(z):= /HV(x,y) p*(dy) < oo, x € 111 Dy, (3.23)

where

ILDy :={xe€ H : (z,y) € Dy, forsomey € H}.

In particular, Hypothesis 12 implies that for every x € II; Dy the support

of the invariant measure p* is contained in
ILDy(z) ={ye H : (z,y) € Dy }.

Now, we define the averaged coefficient F as

Rt.a)= [ By, (ta) e 0.T)x D)
where
ILD(F):={x€ H : (z,y) € D(F}) forsomey € H}.

Moreover, for any 6 € (0, 1), we define the approximating averaged coefficient
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F? as

FO(t,2) = /H FOt 2, )i (dy),  (ha) € [0,T] x H.

Next, for every n € N and (¢, z,y) € [0,T] x Ha we define

F (tay) = / pul€ — L, (2, ) F2(t, Ry €) dE,

n

where {p, }nern is a sequence of non-negative smooth functions such that

suppp, C {€ € B : €] < 1/n}, /npn@)ds:l,

and the mappings II,, : Ho — R” and R,, : R® — H, are defined by

Hn(l’,y) = (<(CL’,y), f1>'H,2a T <(I7y)7 fn>'H2)’ Rné - Z&fw

for some orthonormal basis {f;}ien C Ho. Clearly, FY, : [0,T] x Hy — H
is measurable and bounded, and FY, (t,-) € Cp°(Ha; H), for every fixed
t € [0, 7], with

sup ||D1Fﬁn(t, Mo = ¢jno < 00, (3.24)
te (0,7
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for every j € NU{0}, n € N and 6 € (0,1). Moreover, for every h € H
lim (F7,,(t,2,y), h) = (F{(t,2,9),h),  (tz,y) € [0,T] x Ha,  (3.25)

and

sup [|[FY, llo < sup [[F{[lo, ne€ N. (3.26)
te 0,7 te [0,T

In what follows, we shall denote

FY(tz) = /I{Fﬁn(t,x,y) pe(dy),  (t,z) € [0,T] x H. (3.27)

Lemma 3.3.1. Under Hypotheses 8, 9 and 10, the mapping Fﬁn [0, 7] x
H — H is measurable, for every 0 € (0,1) and n € N. Moreover, Fﬁn(t, )

H — H is Lipschitz-continuous, uniformly with respect to t € [0,T], and

sup sup ||FY,(t,-)|lo < oo. (3.28)
neN¢e 0,7

Proof. According to (3.24), the function F{ (t,-) : Hy — H is Lipschitz-

continuous, uniformly with respect to ¢ € [0,7]. In particular, for every
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h € H the mapping
(l‘,y) € H? = <F19,n(t7x7y)vh> S R)
is Lipschitz continuous, uniformly with respect to ¢t € [0,7]. Hence, since

(B (t,2).h) = / (FO (1,2, ), b 1 (dy),

H
according to (3.22), we have

<Fﬁn<t7 .’171) - Fﬁn(tv x2)7 h>

= lim (E(F},(t,z1,v"°(T)), h) — E(F} (¢, 22,v"°(T)), h)) .

T—o00

Now, in view of (3.20) we have

|E(FY,(t,21,0"°(T)), h) — E(F},,(t,22,v™°(T)), h)|

< [Fn(t ) (or = @l + E o™ (T) = o™ (T)]]) ||

Lip |$1 - x2” HhH>

< c[F,(t, )]
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and, due to the arbitrariness of h € H, this implies

1FY (1) = FY (8 22l < e [F7(t )lusp [l — 2] (3.29)

This means that the mapping + € H +— Fﬁn(t,x) € H is Lipschitz-
continuous, uniformly with respect to ¢t € [0, 7.

]

Lemma 3.3.2. Under Hypotheses 8, 9, 10 and 12, for every 6 € (0,1) the
mapping FY : [0,T) x H — H is measurable and bounded, and for every

h € H andt € [0,T] the mapping
x € Hy— (FV(t,2),h) € R, (3.30)
18 continuous. Moreover,

|Ey(t, ) — Fi(t,x)|> < 0V(z), te[0,T], x<c I,D(F). (3.31)

In particular, the mapping Fy : [0, T] x Iy D(F}) — H is measurable.

Proof. In view of (3.25) and (3.26), from the dominated convergence theo-
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rem, for every h € H we have

lim [(F{,(t, ), h) — (F{(t,z),h)| =0, (t,z) € [0,T] x H.

n—o0

Thanks to Lemma 3.3.1, all £ ﬁ ,, are measurable, and since H is separable due
to Petti’s theorem the limit above implies that the mapping FY : [0, T] x H —
H is measurable, for every 6 € (0,1).

Now, thanks to condition 1. in Hypothesis 9, for every h € H and

t € [0,T] the mapping
(z,y) € Ho s (FY(t,2,9),h) € R,

is continuous and bounded. Then, as proved in [40], there is a sequence

{fbi,n(t, ) }nen in Lipy(Hs2) such that

lim sup [(FY(t,2,y),h) — (L, 2,9)| =0, te [0,T).

N0 (z,y)E Ho

As shown in the proof of Lemma 3.3.1, the function

re Hm @zm(t,x) ::/ CD‘,’;,n(t,x,y) p(dy) € R,
H
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is Lipschitz continuous. Therefore, since

lim sup
n—oo e H

/H ((Ff(t,x,y),h) - ®z,n(t7x>y)) p“x(dy) =0,

we can conclude that function (3.30) is continuous.

Finally, due to (3.7) we have

IF1(t,2) = FY(t,2)]|* < /||F1(t,$,y)—Ff(t7$7y)ll2ﬂx(dy)
H

< G/HV(x,y) p(dy) =0V(x), te[0,T], z€ ILD(F),

and (3.31) follows. O

3.3.3 The main theorem

Now, we can state the main result of this paper.

Theorem 3.3.3. Under Hypotheses 8 to 11, for every initial condition (ug, vo) €
Ho, with ug € D((—A1)?), for some 3> 0, the family {L(u)}ee (0,1 s tight
in C([0,T]; H).

Moreover, if Hypothesis 12 holds and

sup /OT EV (uf(t)) dt < oo, (3.32)

e€(0,1)
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any weak limit fiy,, of {L(u)}ec ) n C([0,T]; H) solves the martingale
problem with data Ay, Fi, Q1, and ug, in the Hilbert space H. Namely there
exists a stochastic basis (Q, F,{F;}i>0,P), a cylindrical Wiener process W;
and an adapted process u € L*(Q;C([0,T); D(FY))) such that L(T) = jiy,

and

ﬂ(t) = Sl(t)UO + /Ot Sl(t - S)Fl(s, ﬂ(S))dS —+ /; Sl<t — S)QldWs. (333)

In the next two sections we will give a proof of Theorem 3.3.3: in Section
3.4 we will prove tightness and in Section 3.5 we will prove the validity of

the averaging principle.

3.4 Tightness
We start with some a-priori bounds for the martingale solutions of equa-

tion (3.12).

3.4.1 Estimates for the stochastic convolution

As a consequence of (3.4), it is possible to prove that under Hypothesis

forallp>land 0 <~y <™y
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sup B sup [|[W, ()] _a,ym < 0©. (3.34)
e€(0,1) t€[0,T]

(for a proof see e.g. [36, Section 5.4]). Moreover, we have the following

uniform bound.

Lemma 3.4.1. Under Hypothesis 8, for every p > 1 we have

sup sup E[|[W3,(1)||? < oc. (3.35)
c(0,1) =0
Proof. Let {ﬁi’s}keN be a sequence of independent Brownian motions such

that

oo
WE =" eanBi(t), t>0.
k=1

Thanks to the Burkholder-Davis-Gundy inequality, we have

E° [|W5, (6)][" =e */2E*

/o So((t — s)/e) Z Ao ok dBre(s)

0ot p/2 00 p/2
t—s
< cp G—P/Q <Z / 62a2’k(6)>‘§,kd8> < Cp Z 0‘2_119/\§,k> .
k=10 k=1
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Now, thanks to (3.5), we have
o o0
—11\2 —272 2v2—142
Z o A < Qi) Z%,k Mg < +00,
k=1 k=1

and (3.35) follows. O

Notice that we also have tha for every p > 1

sup E° sup |[W4,|[P < occ. (3.36)
e€ (0,1) te (0,7

Next, we want to investigate the time-continuity of the stochastic convo-
lution. Thanks to Hypothesis 8, for every p > 1 and 0 <y <~} :=7, A 1/2

we have
sup E[[W, (t +h) — W, (Dl _apyry < chTT77P £>0, he (0,1).
e€ (0,1)
(3.37)
The Garcia-Rademich-Rumsey theorem, together with (3.37), imply that
there exists 8 > 0 such that

sup B sup [|[W4,(t) — W4, ()| B_anm It — 5|77 < 0. (3.38)
e€ (0,1) t,s,€[0,T
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Lemma 3.4.2. Assume Hypothesis 8 hold and fir 0 < v < 45 :== v A 1/2.

Then, we have

sup 8RB W, (E+h) Wi, (Ol sy < b2 420, he 0.1,
ec (0,

(3.39)

Proof. We recall that

Wit) =z [ it =)/ Qi

Therefore, since
1 € €
L (% Wi (')) =L (Wi (-/e)

we have
~/€

L(Ws,() =L ( So(-/e— ) Qa dwfv€> .

0

In particular, since A, satisfies the same assumptions as A;, we can apply

(3.37), and we get (3.39). O
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3.4.2 Estimates for the slow motion u()

For every € € (0,1), we define
t
T (t) = / Si(t— $)Fi(s, X(s))ds,  t€ [0,T].
0

By using the same arguments used in the proof of Lemma 4.1.1 and Lemma

4.1.2, it is possible to prove that under Hypotheses 8, 9 and 11, for every

v €[0,1/2)

sup E° sup H\I/g(t)H%((_Al)w) <ecr,V(ug,v9), te [0,7T]. (3.40)
ec(0,1)  t€[0,T]

Moreover, there exists some § > 0 such that

sup E¢ sup ||Ue(t) — \Ife(s)|]%((_Al)7)\t — 8| < epV(ug,vo).  (3.41)
€€(0,1) t,s€[0,7T

Therefore, it is possible to prove the following result.

Lemma 3.4.3. Assume that Hypotheses 8, 9 and 11 hold. Then for any
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initial condition (ug,vo) € Dy and 0 < v < 75, we have

S}tpl)IE€||u€(t)||%((_Al)7) <c(t™+1) (L4 luol® + V(ug,v0)), te€ [0,T).
ec(0,

(3.42)
Moreover,
EE&%)EE 1 (t) = u () D aryny < epy(s:t) (1 + [luoll* + V(uo, v0)) , 0<s<t<T,
(3.43)
where
p(s,t) = </St r('yﬂ)dr)Q +(t =)+ (t — )20, s<t, (3.44)

and B is the constant introduced in (3.41). Finally, if ug € D((—=A;)%), for

some 0 > vy, then there exists n = n(~y,d) > 0 such that

S}tpl)Eg U () =u(5) | ayyy < € (E—5)" (1 t luo B,y + V(uo,v0)> . 0<s<t<T
ec(0,

(3.45)

Proof. Since

151 (B)uoll pi—anyr < et ull,
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(3.42) follows from (3.34) and (3.40). Moreover, for every § € [0, + 1], we

have
t
151 () uo — S1(s)uollp(-a1)7) < / [(=A) 081 () (= An) o || dr

t
S/ rO O dr | - ay9)-

Therefore, thanks to (3.37), and (3.41), if we take 0 = 0 we get (3.43).

Now, since
a =< (a—0b)? A€ (0,1), 0<b<a,
if we take 0 € (v,7v + 1] we have
t
/ o=+ gy — pp— 1 (t‘s”7 - 5‘5*7) <(t—s5)0°77,  t>s.
s -7
Therefore, (3.45) holds for any v <~} and § > 7. O

Notice that from (3.34) and (3.40) we have also

sup E¢ sup [Ju(t)]] < er (14 |luoll® + V (uo, v0)) - (3.46)
€ (0,1)  te[0,1]
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3.4.3 Estimates for the fast motion v*(¢)

Lemma 3.4.4. Under Hypotheses 8 to 11 we have

sup E° sup |[v°(t)]]* < oc. (3.47)
€€(0,1) te [0,T

Proof. If we define I'“(t) := v°(t) — W, (t), we have

dT* (t)

D AT () 4 (B (0), T + Wy () — Ba(u(0), W, ()

2 R (0), W3, (1),

Thanks to Hypothesis 10, we have

LI < 2@ + L), Wi, I @],

and the Young’s inequality gives

d 2 W 2, € 2 2
_ € <__ € _ Et € t .
ST < eI + 01+ R O + W5, (0)1P)
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By comparison, this implies

e @I* < 2(T@)]* +2[IW4, (1))

w

§26_tT

C ! _=s)w € € €
Uo||2+g/0 e 2 (14 [Ju(s)]]” + Wi, (s)[I*)ds + ¢ [W5, ()]

Therefore, in view of (3.36) and (3.46), this gives

B sup O < e (14 )l + Vo, )
te[0,T

where ¢ is a constant independent of € € (0, 1). O

3.4.4 Proof of the tightness

If we define y*(t) := u(t) — S1(t)uo, thanks to (3.34) and (3.40), we have
that for v < 75

sup E° sup Hye(t)H2D((_Al)7) < 00. (3.48)
cc(0,1)  te[0,T]

Moreover, thanks to (3.38) and (3.41), there exists some § > 0 sufficiently

small, we have

sup E° sup |ly°(t) — y°(s)|*ds |t — 5|7 < 0. (3.49)
e€(0,1) t,s€[0,7)
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Lemma 3.4.5. Under Hypotheses 8 to 11, the family of measures {L£(u°) }ec(0,1

is tight in C([0,T]; H).

Proof. Let v and 8 be the same constants as in (3.48) and (3.49). If we fix

an arbitrary R > 0 and introduce the compact set of C'([0,7]; H)

w(t) — u(s)||?
Kni=ueC(0,T:H) : Jullewomm + sup 10 (B)” <R},
t,5€[0,T] |t - 3|

thanks to (3.48) and (3.49) we have

c
sup P<(y € K§) < —
e€(0,1) R

Therefore, for every n > 0 we can fix R, > 0 such

sup P° (uE € S1()ug + K5, ) = sup P* (yE € Ky, > <.
€(0,1) ! €(0,1) K

Since K, + S1(-)uo is also compact in C([0,T]; H), due to the arbitrariness
of n > 0 we conclude that the family of measures {L£(u¢)}ec(,1) is tight on

C([0,T]; H). O
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3.5 The averaging limit
In this section we conclude the proof of Theorem 3.3.3 by proving that

any weak limit of £(u¢) is a martingale solution of problem (3.33).

3.5.1 A time-discretization of the fast motion

For every § > 0 and k = 1,2,...,[T/d], we have that v satisfies the

following equation

ve(t) = Sy ((t — kd)/€e) v (kd) + %/M Sy ((t —s)/€) Fy(u(s),v(s))ds
+i/t5 ((t—8)/€) QudW?2<, t € [KS, (k+1)0)
N e ’ '

Now, we denote by v° the solution to the following equation

v (t) =S5 ((t — ko) /e) v(kd) + % /ké Sy ((t — 5)/€) Fy(u(kd),v°(s))ds

t

4 \% Sy (£ — 5) /) Qud W2, t € k6, (k +1)6).
. (3.50)
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Moreover, we denote by u® the process defined by

(T/4]
ue’é(t) = Z u5<k‘5)ﬂ{k(§§t<(k+1)5}, te [O,T]. (3.51)

k=0

Lemma 3.5.1. Assume Hypotheses 8 to 11 and fix (ug,vo) € Dy. Then, if
po is the function defined in (3.44) (when v = 0), for any k < [T/d] and

t € [ko, (k+ 1)0) we have

sup E°[[u(t) — u’(t)||* < cpo(t, k6) (1 + [Juol|* + V (uo,v9)),  (3.52)

e€(0,1)

and

t
| sy,
kS

(3.53)

c co
B 074 (0) = (O < (14 ol + V (un, o)) exp ()

Proof. In order to prove (3.52), we notice that as a consequence of Lemma

3.4.3

ee (0,1).

E fluc(t) — u()|* = E° Ju(t) — u(k8)||* < cpo(t, k) (1 + [[uol* + V (ug, v0)) -

(3.54)
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In order to prove (3.53), we notice that for t € [kd, (k + 1)0) we have
E [0 (t) — v (1)]”

16 t —s)/e u° v0(s)) — uc(s), v(s 32
< 5E (/MHSQ(@ )/€) (Fa(u(kd), v (s)) — Fa(u(s), ()))Hd)

t 23,0 t !
< & T gy E€ |lu(s) — u(kd)||?ds + [ E[v™°(s) — v°(s)||*ds | .
2
€ Jks ks ko (3.55)

Hence, thanks to (3.54), we get

t t
B oe(6) = o P <5 [ po(sikads + € [ B o) - oi(s) s,
€ Jks € Jks
(3.56)

and by Gronwall’s inequality, this implies

co !
B [[v0 () — v (t)||* < g (1 + [Juol* + V (uo, v0)) exp <?) / po(s, kd)ds.
ko
(3.57)

]
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3.5.2  Some preliminary results

For any £ € C([0,7T); H), we define

G§(t7$7y) = <F1(t>$7y)7€(t)>’ le [OvT]a ($,y) € D(Fl)a

and for every 6 € (0, 1) we define

Ge(t,o,y) = (F(t,2,9),£(1) te [0,T], (2,y) € Ho.

The mapping Ge¢ : [0, 7] x Hy — H is measurable, and, due to Condition 1.
in Hypothesis 9, it is easy to check that the mapping Gg [0, T) x Hy — H

is continuous and bounded. Moreover, as a consequence of (3.7), we have

|Ge(t,x,y)=G{(t, v, y)| < 0 Sl[épT]Hﬁ(t)HV(w,y), te 0,T], (z,y) € D).
te |0.

(3.58)

Next we define G¢ and C_}g by setting

Gf(tv‘r) = <F1(t,$),§(t)>, (t,l‘) € [O’T] X HID(F1>a
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and

Go(t,x) == (F(t, ), (1)), (t,x) € [0,T] x H.

Thanks to (3.31), we have

|Ge(t.x) — Ge(t,2)* < 0 Sup lEOI* V), (t,2) € [0,T] x ILD(F).
(3.59)
According to Lemma 3.3.2, we have that the mapping @g 210, T] x D —- R
is measurable and for every 6 € (0,1) the mapping Gg 210, T) x H— Ris
continuous.
As we already mentioned above, in [40] it is shown that the space Lip, ([0, 7] x

H) is dense in Cy([0,T] x H). Then, we can fix a sequence {Gf,}nen C

Lip, ([0, 7] x H) such that
lim sup \Gam(t, z,y) — Gg(t, z,y)| = 0. (3.60)

N0 (ta,y)€ [0,7]xHa

Furthermore, if we define

G () ::/I{Ge,n(t,x,y)uw(dy), te [0.T), ze H,
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by using arguments analogous to those used in Lemma 3.3.1 for F, we can
show that each mapping G’gm : [0,7] x H — R is Lipschitz-continuous.
Moreover,

lim sup |C_¥07n(t, x) — C_T'g(t, x)| = 0. (3.61)

N0 (¢ a)e [0,T]x H
Lemma 3.5.2. Under Hypotheses 8 to 12, we have

lim E° sup
=0 tefo,1)

/0 (FL (5,0 (5),0°(5)), €(5)) s — / (FY (s, u(s)), £(s))ds| = 0.

(3.62)

Proof. By using the notations we have just introduced, (3.62) can be rewrit-

ten as

/0 [Ge(s,u(s),v°(s)) — Ge(s,u(s))] ds| = 0. (3.63)

lim E° sup
Mm=00  ¢c[0,1]
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For every 6 € (0,1) and n € N, we have

Etz(l)% / [Ge(s,u(s),v(s)) — Ge(s,u(s))] ds
€ t € € 0 < UE . Ue ) )
=E o / [Gels,u(s), v°(5) = G (s, u(5).v°(5))] d

+ E° sup /0 [ng(s, u(s),v(s)) — GZ,,(s,u(s))] ds

t€[0,T

+ E° sup /0 [G’gn(s, u(s)) — Ge(s,u(s))] ds

=: Zfe,k(e,n).

t€[0,T] k=1
(3.64)
For the term I 1(0,n), due to (3.58), we have
T
I.1(0,n) < / E°|Ge(s, u(s), v(s)) — Gg(s,ue(s),ve(sm ds
0
T
—I—/ E* Gg(s,ue(s),vﬁ( ) — ng(s u(s),v(s))| ds
0
T T
< 9/ EgV(ue(s),UG(s))ds%—/ E€|Gg(s,ue(s),v( ) — ng(s u(s),v(s))| ds.
0
’ (3.65)

In view of Hypothesis 11, this gives

I.1(6,n) < cr(ug,v0) 8+ cr sup G2t 2, y) — G, (t,2,y)|
(t,2,9)€ [0,T]x Ha

(3.66)
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For the term I, 3(0,n), according to (3.59) we have
T B B T B B
Lal.m) < [ B [Gelsvu(s) = Glls,u(s))] ds + [ BF|Gls.ut(s)) = G (svut(o)) | s
0 0

< 0/0 E€V(u6(s))ds+/ E* |C_¥Z(3,ue(s)) - Gevn(s,zf(s))‘ ds.

0

Thanks to Hypothesis 12 and (3.32), this implies

Is(0,n) <c0+T  sup  |Gi(t,x) — G, (t,x)|.
(t,@)€ [0,T)|xH ’

Due to (3.60) and (3.61), the inequality above, together with (3.66), implies

that for every n > 0 there exist 6, € (0,1) and n, € N such that
sup (Ie1(6y,ny) + L 3(0,, 1)) <. (3.67)

e€ (0,1)

Finally, concerning I, (6,,n,), if u*® and v*° are the auxiliary process
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introduced in Section 3.5.1, we have

T
I 5(0y, ny) < / k€ Gg?nn(s,ue(s),ve(s)) — Gg,"nn(s,ue"s(t),ve"s(t))‘ ds
0

3
G, (5.0 (), 09(s)) = GE (5,000 (5)) | ds = D T

k=1

(3.68)

Since both Gg”nn and Gg”nn are Lipschitz continuous, by Lemma 3.5.1, we

have

Je,n,l + Je,n,2

[T/61+1 (k+1)3

< (168 un + (G ) 3 [ E () =l ) = o @)l ds

[T/8]+1

(k+1)6 s 1/2
< cunlinin) Y [ (PO(S k3)2 4 (éexp (%2) [ mic.opac) )ds.

- (3.69)
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Moreover, we have

(T/8+1 (k+1)s

e

[T/6]+1

(k+1)§
<> [ E
> |

k=0

G, (30 (8),0°9(s)) = GE, (5, (k)| ds

G, (5,0 k), 07 (5)) = Gl (k6w (k0), v (5)) | ds

[T/8)+1

(k+1)6
T / E
> |

k=0

G, (k0,1 (k9), 075 (5)) = G, (ko u (k)| ds

[T/8]+1

(k+1)5
T / E
> |

k=0

3
G, (K, (k6)) — G, (s, (ko)) ds = D" Ko

k=1

(3.70)
Thanks again to the Lipschitz continuity of @z”nn and Gz”nn, there exists some

constant ¢, > 0 such that

[T/81+1 (kg1)s
Kepi+ Keys < cuy Z / (s — kd)ds < ¢, Té. (3.71)

Finally, by proceeding as in [31, Lemma 2.3] and [33, Theorem 3.5], as a

consequence of (3.22) we have

[T/8]+1 k+1)6

T

G, (kS u (kS), v (s)) — G2, (ko uf(ka))] ds < ¢, §

(3.72)

Therefore, in view of (3.64), from (3.67), (3.69), (3.71) and (3.72), we
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obtain

B s / (Y (5, (5), 7). E())els / (P (5,0 (s)), €()) s
< ¢, (o) [Tgl /k:kﬂ)é (po(t, ko) /% 4 (%exp (%) /k: po(t, ké)ds) 1/2> dt

+1e3(0,,n) + ¢, T0 + ¢ \/g + .
(3.73)

Under the assumption that ug € D((—A;)?), for some B > 0, according to

(3.45), there exists some A > 0 such that

pult,s) < clzo)(t — ),

so that

[T/58]+1

(k+1)6 S s 1/2
3 /M (Po(takfs)l/?‘i‘(%exp(%) /Mpu@,ké)dc) )ds

k=0

[T/8]+1 (k+1)6 1 s 1/2
<ec Z / M2 4 (— exp (—) 51“> ds
P kS € €

0

1 co
22 (1+X)/2
§ct(6 +51/26Xp(26>5 )
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Therefore, we have

t t
E* sup / (F (s, u(s), v (5)), £(5))ds — / (F (5, u(s)), £(s))ds
tel0,7] |J/0 0
<er (624 CON sa+2/2) 41 (g TS €
<c —|—mexp 5% + I 3(0y,ny) + ¢, T6 + ¢, 5—1—77.
(3.74)

Now if we take

2
bc = — €| Ine]?,
c

we have

limd, =0, lim— = lim|lne| ™2 = 0. (3.75)
2 e—0

e—0 e—0 56

Moreover, we have

1 COe\ s14X)/2 _ —n(14m/2 (1 " n/2 —n(1+n)/2
a7z P 5. ) = €| In¢| - =€e"*|In¢€| :

so that

1 O
lim — exp (C—) SUHN/Z — 0, (3.76)

e—0 €1/2 2¢ ) ¢

Hence, due to (3.75) and (3.76), from (3.74) we get

lim sup E¢ sup
e—0 t€[0,T

/0 (FY (5,0 (5), (), €(5))ds — / (F (s, u (), £(s))ds| <,
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and the arbitrariness of n > 0 allows to obtain (3.62). O

3.5.3 Conclusion

Let {€m}men a sequence in (0, 1) converging to 0 such that

lim L£(u") = faow,  weakly in C([0,T]; H). (3.77)

m—00

In particular the sequence {(u",We)} _ C C([0,T]; H) x C([0,T];D')
is tight. Therefore there exists a subsequence of {€,, }men that we will still

denote {€,,}men and v € P(C([0,T]; H) x C([0,T]; D')) such that

lim L(u W) =v,  weakly in C([0,T]; H) x C([0,T]; D).

m—0o0

Now, as a consequence of the Skorokhod theorem, we can fix a probability
space (Q, F,P), asequence {(u™, W™)},.en C C([0,T]; H)xC([0,T]; D') and
C

(u, W) € C([0,T]; H) x C([0, T]; D) such that

L™ W™) = L{u W), L(a, W) = v, (3.78)
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and

lim (v, W™) = (a,W), P—as. in C([0,T]; H) x C([0,T]; D). (3.79)

Notice that, due to (3.77), we have II;v = pu,,,. Moreover, since all W€ are
space-time white noises in H, we have that II,v is a space-time white noise.
All this implies that £(#) = ji,,, and W is a space-time white noise.

Next, for every € € (0,1) and £ € C*([0,T]; D(A})), we define

t t

Re(t) := <u€(t),§(t)>—<uO,§(0)>—/ <F1(87u6(8))7§(8)>d8—/0 (Q1dW*(s),&(s))-

0

According to Lemma 3.5.2, we have that

lim E° sup |Rg(t)| = 0. (3.80)

0 1e0,7]

Therefore, if we define

t

Rg'(t) = <um(t)a€(t)>—<uO,€(0)>—/ (Fl(sjum(S)),ﬁ(S)MS—/ (QrdW™(s),£(s)),

(3.81)
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due to (3.78) we have

lim E sup |RZ(t)| = 0.

m=00 ¢ [0,1]

This, together with (3.79), implies that if we take the limit as m — oo in

both sides of (3.81), and if we show that

lim E sup

m=0 ¢ (0,T]

/0 (B (s)), €(5)) ds — / (Fy (s, a(s)), £(s)) ds

we obtain that u satisfies the equation

(alt), £(t)) = {uo, £(0)) + / (Fy(s,a(s)), £(s)) ds — / (QudV (), £(5)).

By using the notations introduced in Subsection 3.5.2, we can rewrite

(3.82) as

/0 [Ge(s,u™(s)) — Ge(s,u(s))] ds| = 0. (3.83)

lim E sup g
m=00  c[0,T]
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We have

E sup
te[0,T

[ 1@t o) - et o] | <

T T
+/ E|G2(s, u™(s)) — G2(s,a(s)) d5+/ E|GY(s, a(s)) — Ge(s,a(s))] ds = Z
0 0
According to (3.59), we have
T [ —
I+ 105 <crd / [EV (u™(t)) + EV (u(t))] dt.
0

As a consequence of (3.78) and (3.32), we have

sup /T]EV(um(t)) dt = sup/ EV (u(t)) dt < oo.

meN.Jo meN .Jo

Moreover, Fatou’s lemma implies

/TIE V(u(t))dt < hminf/T]E (V(a()) AR) dt

R—o00
T o T o
~liminf lm [ E(V(a(t) AR) dt < sup / BV (um (1)) dt < oo.
R—o0 m—oo 0 meNJo
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Therefore, for every n > 0, we can find 6, > 0 such that

sup (I,f;(l + ],3;7’3> <.
meN

In particular, due to the arbitrariness of n > 0, (3.83) follows once we show
that

lim E ‘GZ"(S, u™(s)) — Gz”(s, u(s))| ds = 0.

m—r0o0 0

But this is clearly a consequence of (3.79), as C_T’Z” is bounded and continuous.

3.6 An example

In this section, we are going to discuss some examples of slow-fast systems
of SPDEs which satisfy the conditions we have assumed in the previous
sections and hence can be treated with our theory.

Let O C R? be a bounded open set, with a smooth boundary and let
H be the Hilbert space L*(O), endowed with the norm || - || and the scalar

product (-,-). Asin Section 3.2, we denote by Hy the product sopace H x H.
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3.6.1 About Hypothesis 8

We assume that for every p € (1,00) the operators (A4;,, D(A4;,)) and
(Asp, D(As,)) are the realizations in LP(QO) of second order uniformly ellip-
tic operators A;, i = 1,2, satisfying Hypothesis 8. All these operators are

consistent, in the sense that for every p,r € (0, 00)

ALPQI = Ai,rﬂf, x € D(Az’p> N D(Aiﬂn), 1= 1, 2,

and for this reason, whenever there is no room for confusion, for the sake
of simplicity we shall denote all of them as (A;, D(A;)) and (As, D(Ag)).
In what follows, we will use the fact that for every p € (1,00) there exists

Ap > 0 such that

(A, ala?) < =X [|(=4) (2|2 =)?, 2 € D(4,), i=12

In particular, this implies that

(A, 2lal?) < —ag, A ll2llh,  w€ D(A,), i=12,  (384)
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(for all details, we refer e.g. to [42]).
As far as the Gaussian perturbations in the slow and in the fast equations
are concerned, we assume that the operators )1 and @), satisfy Hypothesis 8.

Moreover, we assume that one of the following two conditions are satisfied:
C1. both @, and @, are invertible, with Q;', Q5" € L(H),
C2. both (); and Q)5 are Hilbert-Schmidt operators.

Under reasonable conditions of the coefficients of the differential operators

A; and the domain O, we have that

d
CKL]{NkE, ke N.

Hence, Condition C1. is satisfied only if d = 1. In particular, if we want to
treat the case of SPDEs of reaction-diffusion type in space dimension d > 1,
we can only consider Gaussian noise with trace-class covariance.

As we did in Section 3.2, for every € € (0,1) we define

AE(.Tl,l'Q) = <A1$1,€71A2$2), <$1,$2> € D(Ae) = D(Al) X D(AQ) C HQ,

(3.85)
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and

Q (w1, 22) = (Q1$1,€71/2Q2$2>7 (z1,72) € Ha. (3.86)

Notice that if Condition C1. holds, then Q¢ is invertible with (Q¢)~! €
L(H3), for each € € (0,1). In the same way, if Condition C2. holds, then

Tr [(Q°)?] < oo, for each € € (0,1).

3.6.2 About Hypothesis 9

We assume that b : [0, 7] x O x R? — R is a continuous function satisfying

the following conditions.

1. There exist ¢; > 0 and my,my > 1 and a function a; € L*O) such

that

sup [b(t,€, 0, A)[ < 1 (a1(8) +[o]™ +|A™), (3.87)

te (0,7

forall ¢ € O and 0, A € R.

2. There exist ¢y > 0, k1 < 2my and Ky > 0 and a function ay € L'(O)
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such that
sup b(t>€ag +p, )\)0' < ¢ (QQ(S) + |0-|2 + |)\|I‘{1 + |p|52) ) (388)

te (0,7

for all £ € O and o,p, A € R.

Now, given any two functions z,y : O — R, we define

Fi(t,z,y)(€) = b(t, & 2(€),y(¢), te[0,T], (€ O. (3.89)

According to (3.87), if we define

D(F)) := L*™(0) x L*™2(0),

we have that Fy : [0, 7] x D(F;) — H and

1t 2, )| < e U+ 2l i, + I9ll75..) . (zy) € D(F).

Moreover, since we are assuming k; < 2ms, according to (3.88), we have that

(Filt,z +zy),2) < c(T+ [l2]® + llyllEh + [12l15) (3.90)
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for every (z,y) € D(Fy) and z € L"*(O).

Next, for every 6 € (0,1), we define

O b(tE 0N
W(t:6,00) = T pre oy 1€ 0T €€ 0, (0,p) € R2.

The function by : [0, T] x O x R? — R is continuous and bounded. Therefore,

if for every x,y € H we define
FY(t,,y)(€) = bo(t, &, 2(€),5(€)), t€ [0,T], £€ O,
we have that FY : [0,T] x Hy — H is continuous and bounded. Since
[bo(t, &, 0, M) < [b(t, €, 0, M),

according to (3.87) we have

IRt )l < IR <e | (@@ + ROF™ + ) de

<c L+ lllzm, + i) -
(3.91)

158



Moreover, since
|b9(t7 57 g, >‘) - b(t> ga g, >‘)| =0 |b(t7 57 g, )‘)|2’

thanks again to (3.87) we have

IFY(t, 2, y) = Fa(t, @, y)l* < 92/0 [b(t, €, 2(8), y(€)[* d¢

< cf? /O (la2(©)* + =)™ + [y(&)[™) de < c0? (1+ ||zl7m, + lyl7m,)”
(3.92)

This implies that if we define
V(w,y) = cv (14 el + lyl7em, + vl Ee.,) (3.93)

for some ¢y > 0 sufficiently large, as a consequence of (3.91) and (3.92) we
obtain

IFY (t 2, y)|* < 1F3(t 2, )P < Vi(a,y), (3.94)

and

|FY(t, 2, y) — Fi(t, 2z, )| <0V (z,y). (3.95)
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The function V' : Hy — [0, +00] is convex and lower semi-continuous and

Dy :={V <} CDxH.

Remark 3.6.1. In (3.95) and (3.94) we only need

V(z,y) = cv (L+ 2|7, + lyll7a,) -

The reason why we define V' as in (3.93) is because we will need it when we

will prove that condition (3.13) holds.

3.6.3 About Hypothesis 10

We introduce a function ¢ : [0,7] x O x R? — R continuous, such that
g(t,&,+) : R? — R is Lipschitz continuous, uniformly with respect to (¢,€) €

[0, 7] x O. We assume that there exists Ly < ay; that

sup |g(t7£apa 01) _g(ta§7p7 02)| < L2|01 — 02| (396>
(t,8)€[0,T]xO
peER
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Thus, if we define

F2(tax)<€) = g(t7£7x(€))’ 5 € O,

for every x € H,, we have that F, satisfies Hypothesis 10.

3.6.4 About Hypothesis 11

As we did in Section 3.2, for every € € (0, 1) we define D(F*) := D(F}) C

Ho and

Fe(t,z) = (Fi(t,z), e 'Fa(z)), te[0,T], =€ D(F").

Moreover, for every 6 € (0,1) we define

Fta) = (F{(t,z),e 'Fy(z)), te€[0,T], € Ha.

Since Y and F, are both continuous, the mapping F<¥(t,-) : Hy — Hy is

continuous. Moreover, due to the linear growth of Fy(t,-), which is uniform
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with respect to ¢ € [0,7T], according to (3.95) we have

1Pt o), = IVt )l + e | Fa(t, 2)|* < [1Fa(t, )| + €72 || Fa(t, )|
C
< V(@) + 5 (L4 flell,) = Vi),

and the function V. : Hy — [0, +00] is convex and lower semi-continuous.

Finally,

|FO(t,2) — F(t,2)||2, = ||FV(t,z) — Fi(t,z)]| <OV (x) <OVi(z).

The operators (A€, D(A€)) and Q¢ and the functions F¢, F¢Y and V, that
we have just constructed satisfy the all the conditions assumed Chapter 4,
for each € € (0,1). Therefore, once we have fixed (ug,vy) € Dy for every

e € (0,1) there exists a martingale solution

(QF, FAF heo POAWS bee o, {X(E) beeo,m1)

for system (3.3). Now, we check that condition (3.13) holds.

Lemma 3.6.2. Assume that the function ag introduced in (3.88) belongs to
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L*™1(O) and there exists cp > 0 such that

sup B [[Wa,(0)[175 + sup E[Wa, (0|7 <cr, €€ (0,1), (397
te [0,T] te (0,7

where p := 2k9my and q := 2k1mq V 4dmsy and where ke, K1, M1 and My are
) )

the constants introduced in (3.87) and (3.88). Moreover, assume that

2 A1
swp g€ 0p)| S e (L4 lo " ol ), (0.p) € BE(398)
(t,£)€[0,T]xO

and

Ly < 0[2,1)\6, (399)

where Lo is the constant introduced in (3.96). Then condition (3.13) is sat-

isfied.
Proof. If we define I'{(t) := u(t) — W§,(t), due to (3.84), we have

1 d mi € € € € € € mi—
yreerrd IR0 pimy = (AT3(8) + Py (8, T() + W, (8), 0°(8)), T5(8) [T ()™ 7)

< =g A DTN + (Lt T + WA, (1), 0°(2)), L) [T ()™ 72).
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Thanks to (3.88), we have
(Fu(t, D) + W4, (1), v (1)), TT(OTI(1) [T ()™ %)
< [ (@a(©) + T OF + (.1 + W3, (1) T O™ g
< [ (a©F™ +IT5(e. 1™ + o)1 + W3, (1LOF) de
so that
d € 4my € 4my € P € q
TS @I < elTI@7E + e (1+ 1WA, @17 + v (Ol7) -
By comparison, we obtain
— T —
E i), < er (1 +[Juol[ i, + sup E€ W4, (1)|75 +/ E v (@) 1|7q dt) :
te [0,7] 0
and, in view of (3.97), this yields

t
Ee [lus(@®)l|im, < er (14 [luoll75n,) +CT/ E lv"(s)||7ads, te [0,T].
0
(3.100)

As we have done above for u¢, we denote I'(t) := v(t) — W, (t). Due to
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(3.84), we have

SISO, = (AT + Pt w0, T5(0) + W3, (). T5(0) 1507 )
< = 2230 50, + £ (Falt,u(0) T5(0) + WS, (), T5(0) [T5 (0172
(3.101)
Since

2 2
q(—/\ﬂ/\1> = (2K1my V 4ms) (—/\m/\1> <4my,
K1 Mg K1 Mg

in view of (3.96) and (3.98), for every d > 0 we have

[(Fa(t,u(8), T5(8) + W, (8)), T () [T5 (0] 72|
< L, /O [T5(,€)[7dg + /O D58, €)17 (1 + (e, 7" + (W, (1, €)1 ) de

< (Ly+0) IT5(0)1170 + s (1 + [l (@)l on, + 1WA, (B)117:) -
(3.102)
Hence, if we put together (3.101) and (3.102), we get

1 _ € q Céq € m1 € q
== (a2aAg = (Lo +0) GIITE@IT+ == (1 + u @) 150 + 1WA, (ON15)

d . .
STl <
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Now, thanks to (3.99) we can fix § > 0 such that
Y= (OégJ)\q — (LQ + 5)) q > 0,
and by comparison, we have

t
q -9 q c —9(t—s €ll,,€ m € € q
ET5(t)[ 7 < e < Uo||qu+;/ e U (14 B Jus(s) [ s, + EIWS, (5)]170) ds.
0

As 9 > 0, thanks to (3.97) we get

€ € q _2
E[Joy(t)]|7s <e <

voll7s + BV, ()12

+c (1 + sup B [lu(s)| 3, + sup Ef IIW22<S)||%q)

s€[0,] s€[0,t]

9
<e e

vol|%s + ¢ (1 + SI[lg)t]Ee IIUG(S)HiTril) + or.
se |0,

(3.103)

Thus, if we plug (3.103) into (3.100), we obtain

t
sup Eﬁ HUG(S)HiTWIH S Ccr (1 + HUOHiTwlzl —+ ”UO||%q)+CT/ sup ]Ee Hue(r)”iznnll
s€[0,t] 0 relos]
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and Gronwall’s lemma implies

s Ee [|u(s) || 7am, < er (14 JluollZam, + llvolla) - (3.104)
se |0,

Thanks to (3.103), this gives

sup E[[v*(s)|Fs < er (1+ lluollZam, + llwollTa) - (3.105)
se |0,

Therefore, recalling how V' was defined in (3.93), from (3.104) and (3.105)

we obtain (3.13). O

Remark 3.6.3. When k; < 2 and m; > ma, condition (3.98) is always
satisfied, as we are assuming that g(t, ¢, ) has linear growth, uniformly with

respect to (¢,€) € [0,T] x O.

3.6.5 About Hypothesis 12

We need to show that if ©”(dy) is the invariant measure of the fast motion
with frozen slow component z introduced in Section 3.3.1, then condition

(3.23) is satisfied. Namely we need to show that

V(x) = /HV(x,y) p(dy) < oo,  x € IiDy.
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Recalling how V' was defined in (3.93), for every z € L*™(Q), we have

Vi) < ev [ (1 Il + IIEE) ) < o (1 o) vov [ 1l e
H
(3.106)

where § = 2k1my V 4my. This means that (3.23) follows once we show that

[ 19Z i) <o, v L™ (O)

Lemma 3.6.4. Under the same assumptions of Lemma 3.6.2 we have

/ lyllfs " (dy) < 00,  x € L"™(0). (3.107)
Proof. Due to the invariance of u”, for every ¢ > 0, we have

[ ol tan) < i [ (ol A R) )
— lim nf /H Pz ()1 % A R) () n7(dy) < /H P (|- 12) () 4 (dy),

R—o0

where P7 is the semigroup associated with equation (3.16).
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By proceeding as in the proof of Lemma 3.6.2, we have

P (170 () = E o™ ()17, < eyl fate (1+ |zl )+ sup EWa, (s)]7,

s€[0,¢]

and this implies

J ol tan) < [ e + e (14 al2,)-
H
Thus, if we pick ¢ > 0 such that e <1 /2, we conclude that

[ ol ) < 20 (14 el 2,).

and (3.107) follows.

3.6.6  About Condition (3.32)

According to (3.106) and (3.107), we have that

Viz) <c(1+z)7m,), r € L™ (0).

[4Amy
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Then, condition (3.32) holds if
T

sup)/ E€||u€(s)||4LT,}let < 0,
0

ec(0,1

and this is true because of (3.104).
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Chapter 4: Existence of martingale solution of stochastic PDEs

with rough nonlinear coefficient

In what follows, H is a separable Hilbert space, endowed with the scalar
product (-,-) and the corresponding norm || - ||. We are considering the

following equation in the Hilbert space H

dX (1) = [AX(t) + F(t, X(£))] dt + QdW,,  X(0) ==z,  (4.1)

where W (t), t > 0, is a space-time white noise. In what follows, we shall
assume that the linear operators A and ) and the non-linearity F' satisfy the

following assumptions.

Hypothesis 13. 1. The self-adjoint operator A generates an analytic semi-

group S(t).

2. There exists a complete orthonormal basis {ey}ren and two sequences
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of positive real numbers {ay tren and {\g}ren such that

Aey = —ayey, Qer = Ay, k>1.

Moreover infey oy > 0.

3. There exists some vy > 0 such that

299—1
E N7 < oo

keN

(4.2)

(4.3)

For any v > 0, the operator (—A)~" is compact and thus the embedding

D((—A)") — H is compact. Moreover, by the closed graph theorem, the set

{re H : ||(-A)"z|| < R} is not only precompact but also compact for any

v > 0and R > 0. We denote the graph norm of the operator (—A)” by || - |-

Hypothesis 14. There exists a family of measurable and bounded mappings

{F}ye0,1) defined on [0,T] x H with values in H, such that the following

conditions hold.

1. For every 6 € (0,1) and h € H and for every t € [0,T], the mapping

v € Hw (F(t,x),h) € R
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18 continuous.

2. There exists a conver and lower semi-continuous mapping V : H —

[1+ oo] such that for all 8 € (0,1)

1t )% < V(w), =€ H, (4.4)

and
|E(t,x) — FO(t,2)|| < 0V (x), x¢€ D(F). (4.5)
Here and in what follows, we shall define ||F(¢,z)|| = +o00, whenever

x ¢ D(F). In particular Dy :={z € H : V(z) < oo} C D(F).

In what follows, we shall prove the following result.

Theorem 4.0.1. Under Hypotheses 13 and 14, and Hypothesis 15 below,
for every initial condition x € D, there exists a martingale solution in
C([0,T); H) for problem (4.1). That is, there exist some filtered probability
space (Q, F,{Fi}iep.1), P), a space-time white noise Wy, t € [0,T), adapted

to the filtration {F;}ie o), and a C([0,T); H)-valued process X such that

X(t)=S{t)z+ /tS(t —5)F(s,X(s,7))ds + /tS(t — 5)Q dW,.
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4.1 The approximating problem

Let {0, }nen C (0,1) be a sequence which converges to 0. We denote F-

by F, for simplicity and consider the following approximating problem
dX,(t) = [AX,(t)dt + F,(t, X,,(t))] dt+QdW;, X, (0) =z € D(F). (4.6)

As a consequence of Hypotheses 13 and 14, equation (4.6) admits a mar-
tingale solution in C'([0,T]; H) (see [39] and [36] for a proof). That is, there
exist some probability space (2", F", {F/ }ieo,r,P"), a space-time white
noise W', t € [0,7T], adapted to the filtration {F}"}sc 7 and a C([0,T]; H)-

valued process X,, such that

Xo(t) = S(t)x + / t S(t— $)Fy(s, Xp(s, x))ds + W2(t), (4.7)

where W(t) is the stochastic convolution

W (t) = /0 St — )Qdw (4.8)
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Equivalently, X, satisfies the following equation

(Xn(t),£(1)) =(,£(0)) +/0 (Xn(s),8'(s) + A%¢(s)) ds

(4.9)
n(s, Xn(s)), d awy, ,
[ B GX @) as+ [ Qawr )
for any & € C*([0,T); D(A*)).
Hypothesis 15. For every © € D(F'), we have
T
sup/ E"V(X,(t))dt < cV(x) (4.10)
neN J o

Notice that, as a consequence of Hypothesis 15, we have that P"(X,,(t) €
D(F), t € [0,T]) =1, for all n € N. Moreover, as a consequence of Hypoth-
esis 13, it is possible to show that for every p > 1 and v € [0, 7o)

sup E" sup [[W3(1)[? < oc. (4.11)
neN t€[0,T]

Moreover,

sup E"|WA(t + h) — WR(O|L < b, (4.12)

neN

where 7, := (70 —7) A1/2. In particular, from the Garsia-Rademich-Rumsey
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Theorem we obtain that for every v € [0,7y) there exists some § > 0 such
that

Slelg]EnHWX||%6([0,T];D((—A)'Y)) < 00. (4.13)

For all details see e.g. [36, Section 5.4].

Now, we define

U, (t) = /O S(t — $)Fy (s, X, (s))ds.

Lemma 4.1.1. Let Hypotheses 13, 14 and 15 hold and assume that v €

[0,1/2). Then

supE" sup || U, (¢)]2 < erV(2), x € Dy. (4.14)
neN te[0,7)

Proof. We have

t t
E" sup ||\Ifn(L‘)H,2Y < c sup (/ (t — 5)*27 d5> E™ sup]/ HFn(S;Xn(S))HQdS
0 0

t€(0,T) t€[0,T) tel0, T

T
gcT]E”/ |5, Xo(5))||2ds.
0

Then (4.14) follows from (4.4) and (4.10). O
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As for the time continuity for W,,, we have the following result.

Lemma 4.1.2. Let Hypotheses 13, 14 and 15 hold and fix v € [0,1/2). Then

there exists B > 0 such that

sup E"
neN

sup sup
6€(0,1) ¢,s€[0,17, |t—s|<8

< cV(x), x € Dy.

(H(‘I’n(t) - ‘Ifn(S))IH)2

|t — sl

Proof. For every v € (0,1/2), h € (0,6) and t € [0,T — §], we have

(e +1) = a0l < e [ IS+ = (s X, ds
ro [0S+ h=s) = Sl = )Pyl X))l ds.

so that

1t + B) — T ()2 < e / (t+h—s) > ds / | Fu(s, X0 (s)) | 2ds

e ( /0 t /t t:h_s 1AS (u)du Fn(s,Xn(s))||7ds)
<o Cwrn-gas [ xR

e[ (] A S0 e dr)2ds [ 1 X s

—S

2
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Therefore, in view of Hypothesis 15, we have

E" ( sup  sup sup [[(V,(t+h)— \I/n(t))||,2yh_25>
0€(0,1) t€[0,7—9] he(0,0)

t+h
< ¢p sup sup sup h_w/ (t+h—s5)2dsV(x)
6€(0,1) t€[0,T—38] he(0,6) t

t t+h—s 2
+cp sup  sup  sup hw/ (/ r O+ dr) ds V(z).
o \Jt

ho€(0,1) t€[0,T—ho] he(0,ho) —s

Since
(t=s)T"=(t+h=s)7")P<(t=5) = (t+h—s)7",

we have

E" ( sup  sup  sup [[(Un(t+h) — U, (1)) h2”>
§€(0,1) t€[0,7—4] he(0,0)

t
<ecpV(z) sup (hwhh+1 + hm/ (t+h—s) = (t—15)%) ds) :
he(0,1) 0

Moreover, since 1 — 2y < 1, we have

(t+ h)—2w+1 — 2 < L
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Therefore, if we take 8 < 1/2 — v, we obtain

E" ( sup  sup  sup [[(Wn(t+h) — U, ()| h2ﬁ>
ho€(0,1) te[0,T—ho] he(0,ho)

<cpV(x) sup A7 < ep V().
he(0,1)

Notice that when v = 0, the result holds for all 5 € (0,1/2). O

For every n € N, we define
yn(t) == W, (t) + Wi(t), te]|0,T].

As a consequence of (4.13) and Lemmas 4.1.1 and 4.1.2, there exist v,n > 0

such that
sup E" sup ||y (1) < oo, (4.15)
neN te€[0,T)
and
2
n t) — n
sup E" sup (Hy ®) yﬁ(S)H) < 0. (4.16)
neN t,s,€[0,T7] ’t - $|

This implies the following tightness result.

Lemma 4.1.3. Under Hypotheses 13, 14 and 15, for every x € Dy the

family of measures {L(X,,)}nen is tight in C([0,T); H)).
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Proof. Let v and 1 be the same as the ones in (4.15) and (4.16). For every

R > 0, we introduce the set

w(t) —u(s
Kui={u € COTHH) : lulloqomonary + sup PO=UI < gy,
t,5€[0,T] |t - 3‘

By Ascoli-Arzela theorem, Kg is compact in C([0,T]; H). Moreover, accord-

ing to (4.15) and (4.16), we have

sup P" (y, € K§) < cp R
neN

Then, for every n > 0 we can find R, > 0 such that

sup P" (yn € Kfzn> <.
neN
Since X,, =y, + S(-)z, we have

P" (X, € K5+ S()x) =P (y, € Kj;) <.

Therefore, since Kg, + S(-)z is a compact set in C([0,77]; H), due to the

arbitrariness of 7 we conclude that the family of measures {£(X,,)}nen is
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tight in C([0,T7; H). O

4.2 Construction of a martingale solution

In view of Lemma 4.1.3, the sequence {(X,, W,)} nen C C([0,T]; H) X
C([0,T]; D) is tight. Due to the Prokhorov theorem, there exists a subse-
quence, still denoted by {(X,, W,,) }»en, that converges weakly to some mea-
sure p on C([0,T]; H) x C([0,T]; D). By Skorohod’s theorem we can find a
probability space (€2, F,P) and a sequence of random variables {(X,,, W")},en,

and (X, W) with values in C([0,7]; H) x C([0,T); D'), such that

L(Xn, W) = L(X,,, W), L(X, W) =p, (4.17)

and

lim (X, W") = (X, W), P—as. in C([0,T];H) x C([0,T]; D). (4.18)

n—o0

Notice that since L(W™) = L(W") and W™ is a space-time white noise, for

every n € N, then W is a space-time white noise.
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For any £ € CY([0,T]; D(A*)) and t € [0,T], we define

We(t) = (Xa(t).£(t)) — (x,£(0)) — /;(Xn(S),ﬁ’(S) + A%(s))ds

t (4.19)
- [ B o)) s
0
Recalling that X, satisfies equation (4.9), thanks to (4.17), we have
— t —
e = [(QaTes).  te bl
0
Hence, thanks to (4.18), we have
— t — —
Tim 17 = /0 QAW £(s),  in C(0,T]), P—as. (4.20)

Therefore, if we define F; := o(W,, s < t), for t € [0,7T], we conclude

that

( 7F7 {}_—t}te [O,T]y]pa W7X)
is a martingale solution for equation (4.1), once we prove the following result.

Lemma 4.2.1. There exists a subsequence of {Wg}neN, still indexed by n,
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such that

lim W = (X.£) — (z,£(0))

- / (X(8),€(s) + A"€(s))ds — / (F(s, X(5)), £())ds,

in C([0,T); H), P-almost surely.

Proof. Due to (4.18), we only need to prove the convergence of the fourth

term on the right hand side of equation (4.19). We have

/O (Fo(s, X)), €(5))ds — / (F(s, X(s)).£(s)) ds

liminf E sup

n—o0

< liminf ]E/O (F (5, X, (8)) — F(s,X(5)),&(s))] ds.

Due to (4.5), for every n € N and s € [0,T], we have

183



Therefore, thanks to (4.10) and (4.17),

t

[ tEts Xt eloas - / (P(s, X(5). ()

0

liminf E sup
n=o0 ¢e(0,T)

(4.22)
<ce,V(z +hm1anE/ [(F F(s, X(s)),&(s))] ds.

n—oo

Now, for every n,m € N and s € [0,7], we have

so that, thanks to (4.5)

/ (F (s, X(5)),&(5))| ds < ce O, (/o V(X,(s))ds +/0 V(X (s)) ds)
+/ ’(Fm(s,)?n(s)) — Fm(s,)?(s)),f(s))‘ ds.
’ (4.23)
In view of Hypothesis 15, for every t € [0,7] and x € Dy, we have
/TIEV(X(t)) dt < cV(x). (4.24)
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Actually, since V' is lower semicontinuous, for every t € [0,7] we have

V(X (t)) = V(liminf X,,(¢)) < liminf V(X,,(?)).

n—oo n—o0

Therefore,

n—oo n—oo

/T EV(X(t))dt < liminf /T EV(X,(t))dt = liminf /T E"V(X,(t))dt,

and thanks to Hypothesis 15, this implies (4.24).
Now, (4.24), together with (4.23) and (4.22), imply

liminf E sup
n—00 t€[0,T

/0 (Fu(s, X)), €(5))ds — / (F(s, X(s)), €(s))ds

< ¢e (B + 0) V(2) + lim ianE/O (Fon(5, X)) — Fon(s, X(3)), £(5))] ds.

n—oo
If we fix an arbitrary n > 0, we can find m, € N such that ccf,, V(z) <n,
so that

liminf E sup
n—00 t€[0,T

/0 (Fo(s, X)), €(5))ds — / (F(s, X(5)), €(s))ds

<+ e, V() + lim me/O (B (5, X (5)) — Fi (5, X(5)), £(5))| ds.

n—oo
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Since Fy,, (t,-) : H — H is strong-weak continuous and bounded and (4.18)
holds, we can take the limit above, as n — oo, and, due to the arbitrariness
of n we conclude

liminfE sup
n—00 t€[0,T]

/O (Fo(s, X)), €(5))ds — / (F(s, X(5)), £(s))ds| = 0.

Finally, by extracting possibly another subsequence again, we have

t

lim sup | (Fn(s,Xn(s)),§(s)>ds—/0 (F(s, X(s)),&(s))ds| =0, (4.25)

=0 ¢e(0,T] Jo

P—almost surely, and our lemma follows. O]
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