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The theory of averaging, originated by Laplace and Lagrange, has been

applied in its long history in many fields as, for example, celestial mechanics,

oscillation theory and radio physics, and for a long period it has been used

without a rigorous mathematical justification. A further development in the

theory of averaging, which is of great interest in applications, concerns the

case of random perturbations of dynamical systems.

This dissertation, discussing some applications of the averaging princi-

ple, includes two parts. In Chapter 1 and Chpater 2, we first study the

Smoluchowski-Kramers approximation of a system with a finite number of



degrees of freedom, in the presence of a varying magnetic field, where the

planar motion of a charged particle of small mass µ is governed by Newton’s

law. A small friction is added to the magnetic field to regularize the prob-

lem so that the small mass approximation can be studied. When µ → 0,

a noise-drift term arises in the limit process due to the dependence of the

strength of the magnetic field on the state of the particle and the system

can be viewed as a small random perturbation of a Hamiltonian system in

a large time scale and the Hamiltonian turns out to be the strength of the

magnetic field. Therefore, by generalzing the Freidlin-Wentzell theory of av-

eraging for Hamiltonian systems, we obtain a description of the slow motion

of the charged particle when the mass is small.

In the second part(Chapter 3), we study the validity of an averaging

principle for a class of slow-fast systems of stochastic partial differential

equations. These systems are characterized by having weak regularity as-

sumptions for the nonlinearity in the slow equation. Due to the weakness

of these conditions, we are only able to prove the existence of martingale

solutions and characterize the distributions of limiting points for the slow

motions as solutions of a suitable averaged equation. After the publication

of [33] and [31], there have been many papers in recent years that have stud-



ied the validity of averaging principles for various types of slow-fast systems

of SPDEs, but these previous papers have all assumed well-posedness in ap-

propriate functional spaces, whereas the systems considered in this paper are

so irregular that it is not possible to have the existence and uniqueness of

solutions, not even in the martingale sense, for either the slow-fast system or

the limiting averaged equation.

In Chapter 4, we proved the existence of martingale solution for the

stochastic PDE with rough nonlinear coefficients. We start from the con-

dition introduced in [28] and improve the previous results from the existence

of measure solution of the corresponding Fokker-Planck equation to the exis-

tence of martingale solution. This result can be applied to prove the existence

of martingale solution of the slow-fast system in Chapter 3.
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Chapter 1: An averaging approach to the Smoluchowski-Kramers

approximation in the presence of a varying mag-

netic field

1.1 Introduction

We are dealing with the planar motion of a charged particle of a small

mass µ in a force field that has a deterministic as well as a stochastic com-

ponent combined with a magnetic field


µ q̈µ(t) = b(qµ(t))− λ(qµ(t))Aq̇µ(t) + σ(qµ(t)) ẇt,

qµ(0) = q ∈ R2, q̇µ(0) = p ∈ R2,

(1.1)

Here b is a vector field in R2, σ is 2 × 2-matrix valued mapping defined

on R2 and w(t) is a standard two-dimensional Brownian motion. Moreover,
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λ : R2 → R is some mapping, such that λ(x) ≥ λ0 > 0, for every x ∈ R2,

and

A =

 0 1

−1 0

 .

We are here interested in understanding the limiting behavior of the solu-

tion qµ to equation (1.1), as the mass µ vanishes. This is the so called

Smoluchowski-Kramers approximation.

It is well known (see [9] for all details) that when the variable magnetic

field considered in the present paper is replaced by a constant friction (that

is λ is constant and the matrix A coincides with the identity matrix), then

qµ(t) can be approximated with the solution of the first order equation

dq(t) = b(q(t)) dt+ σ(q(t)) dw(t), q(0) = q. (1.2)

More precisely, for every fixed T > 0

lim
µ→0

E max
t∈ [0,T ]

|qµ(t)− q(t)|2 = 0. (1.3)

Notice that here the case of an arbitrary number of degrees of freedom can

be covered. The same result can be obtained also if λ is still constant, but A
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is a more general matrix, whose eigenvalues have strictly positive real part,

with the limiting equation (1.2) replaced by

dq(t) = A−1b(q(t)) dt+ A−1σ(q(t)) dw(t), q(0) = q. (1.4)

The case of non constant friction has been widely studied recently (see

[12] and [13] for example). They have considered the following system


µ q̈µ(t) = b(qµ(t))− γ(qµ(t))q̇µ(t) + σ(qµ(t)) ẇt,

qµ(0) = q ∈ R2, q̇µ(0) = p ∈ R2,

(1.5)

for some h-dimensional Brownian motion w(t). They have assumed that the

coefficients b : Rk → Rk, γ : Rk → Rk×k and σ : Rk → Rh×k are smooth

and uniformly bounded and the smallest eigenvalue λ1(q) of the symmetric

matrix γ(q) + γ⋆(q) is strictly positive, uniformly with respect to q ∈ Rk.

Namely

inf
q∈Rk

λ1(q) =: λ̄ > 0.

They have proved that limit (1.3) is still valid, but now q(t) is the solution
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of the modified equation

dq(t) =
[
γ−1(q(t))b(q(t)) + S(q(t))

]
dt+ γ−1(q(t))σ(q(t))dw(t), q(0) = q,

(1.6)

where S(q) is the noise-induced drift whose j-th component equals

Sj(q) =
k∑

i,l=1

∂

∂qi
(γ−1)jl(q)Jli(q),

where J is the matrix-valued function solving the Lyapunov equation

J(q)γ⋆(q) + γ(q)J(q) = σ(q)σ⋆(q), q ∈ Rk.

In [4], the case of a particle subject to a constant strength magnetic

field orthogonal to the plane where the particle moves has been considered.

The motion of the particle is governed by (1.1), with λ(q) ≡ λ̄, for every

q ∈ R2 (for semplicity of notation in what follows we shall take λ̄ = 1). In

particular, since the eigenvalues of A are purely imaginary, it was not clear

if the classical Smoluchowski-Kramer approximation was still valid. In fact,

one can prove that if the stochastic term in (1.1) is replaced by a continuous

function, then qµ converges uniformly in [0, T ] to the solution of (1.4). But
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if such continuous function is replaced by white noise, then there is no more

convergence of qµ to the solution of (1.4), as µ ↓ 0. This is a consequence of

the fact that while

lim
µ→0

� t

0

sin
s

µ
φ(s) ds = 0,

for every continuous function, when w(t) is a Brownian motion

lim
µ→0

� t

0

sin
s

µ
dw(s) ̸= 0

This is due to the fact that

Var

(� t

0

sin
s

µ
dw(s)

)
=

� t

0

sin2 s

µ
ds → t

2
, as µ ↓ 0.

Nevertheless, in [4] the problem has been regularized, so that a suitable

counterpart of the Smoluchowski-Kramers approximation was proved.

The first regularization consisted in introducing in equation (1.1) a small

friction proportional to the velocity. Namely, the following equation has been

5



considered


µ q̈µ,ϵ(t) = b(qµ,ϵ(t))− Aϵq̇µ,ϵ(t) + σ(qµ,ϵ(t))ẇ(t),

qµ,ϵ(0) = q ∈ R2, q̇µ,ϵ(0) = p ∈ R2,

where Aϵ = A + ϵ I and ϵ > 0 is a small parameter. It has been shown that

for any T > 0

lim
µ→0

E max
t∈ [0,T ]

|qµ,ϵ(t)− qϵ(t)|2 = 0 (1.7)

where qϵ(t) is the solution of the problem

dq(t) = A−1
ϵ b(q(t)) dt+ A−1

ϵ σ(q(t))dw(t), q(0) = q.

Next, the limit as ϵ goes to zero has been taken and it has been proven that

lim
ϵ→0

E max
t∈ [0,T ]

|qϵ(t)− q(t)|2 = 0,

where q(t) is the solution of the problem

dq(t) = −Ab(q(t)) dt− Aσ(q(t)) dw(t), q(0) = q. (1.8)

6



Another approach to regularization used the fact that the white noise

ẇ(t) can be considered as an idealization of an isotropic δ-correlated smooth

mean-zero Gaussian process ẇδ(t), with 0 < δ << 1, which converges to the

standard white noise w(t), as δ ↓ 0. In this case, it has been proven that if

qµ,δ(t) is the solution of equation (1.1), with ẇ(t) replaced by ẇδ(t), then

lim
µ→0

E max
t∈ [0,T ]

|qµ,δ(t)− qδ(t)| = 0,

where qδ(t) solves the equation

q̇(t) = −Ab(q(t))− Aσ(q(t)) ẇδ(t), q(0) = q.

Next, by taking the limit as δ ↓ 0, it has been proven that qδ(t) converges to

the solution q̂(t) of the problem

dq̂(t) = −Ab(q̂(t)) dt− Aσ(q̂(t)) ◦ dw(t), q̂(0) = q,

where the stochastic term has to be interpreted in Stratonovich sense.

7



1.2 The Smoluchowski-Kramers approximation for the regular-

ized problem

As we mentioned in the Introduction, we are dealing here with the fol-

lowing equation


µ q̈µ(t) = b(qµ(t))− λ(qµ(t))Aq̇µ(t) + σ(qµ(t)) ẇt,

qµ(0) = q ∈ R2, q̇µ(0) = p ∈ R2,

(1.9)

where µ is a small positive constant and w(t) is a standard Brownian motion

in R2. In what follows, we shall assume that the coefficients in the equation

above satisfy the following conditions.

Hypothesis 1. 1. The mappings b : R2 → R2 and σ : R2 → R2×2 are

Lipschitz-continuous.

2. The mapping λ : R2 → R is locally Lipschitz-continuous and there exist

γ ≥ 0 and c > 0 such that

|λ(q)| ≤ c (1 + |q|γ) . (1.10)

8



Moreover

inf
q∈R2

λ(q) =: λ0 > 0.

Next, for every ϵ ≥ 0 we introduce the approximating problem


µ q̈µ,ϵ(t) = b(qµ,ϵ(t))− Λϵ(qµ,ϵ(t))q̇µ,ϵ(t) + σ(qµ,ϵ(t)) ẇt,

qµ,ϵ(0) = q ∈ R2, q̇µ,ϵ(0) = p ∈ R2,

(1.11)

where

Λϵ(q) = λ(q)A+ ϵI =

 ϵ λ(q)

−λ(q) ϵ

 , q ∈ R2.

Notice that for every ϵ > 0 the matrix Λϵ(q) is uniformly non-degenerate, as

⟨Λϵ(q)p, p⟩ = ϵ |p|2. (1.12)

Moreover, when ϵ = 0, equation (1.11) coincides with equation (1.9).

Theorem 1.2.1. Under Hypothesis 1, for every µ > 0 and ϵ ≥ 0 and for

every T > 0 and k ≥ 1, equation (1.11) admits a unique solution qµ,ϵ ∈

Lk(Ω;C([0, T ];R2)).

9



Proof. For every q, p ∈ R2 and n ∈ N, we define

βn(p) =



p, if |p| ≤ n,

np/|p|, if |p| ≥ n,

and

λn(q) =



λ(q), if |q| ≤ n,

λ((n+ 1)q/|q|), if |q| ≥ n+ 1,

Λϵ,n(q) = λn(q)A+ ϵI.

Notice that λn : R2 → R is Lipschitz-continuous and

|λn(q)| ≤ c (1 + |q|γ) , |βn(p)| ≤ |p|, (1.13)

for some constant c independent of n. Moreover, since ⟨Aβn(p), p⟩ = 0, and

⟨βn(p), p⟩ ≤ |p|2, for every p ∈ R2 and n ∈ N, we have that

⟨Λϵ,n(q)βn(p), p⟩ = ϵ |p|2, (1.14)

10



for every p, q ∈ R2 and n ∈ N.

Next, we introduce the problem


µ q̈µ,ϵ(t) = b(qµ,ϵ(t))− Λϵ,n(qµ,ϵ(t))βn(q̇µ,ϵ(t)) + σ(qµ,ϵ(t)) ẇt,

qµ,ϵ(0) = q ∈ R2, q̇µ,ϵ(0) = p ∈ R2,

which can be rewritten as


dqnµ,ϵ(t) = pnµ,ϵ(t) dt

µdpnµ,ϵ(t) =
[
b(qnµ,ϵ(t))− Λϵ,n(q

n
µ,ϵ(t))βnp

n
µ,ϵ(t)

]
+ σ(qnµ,ϵ(t)) dw(t).

(1.15)

It is immediate to check that the mapping

(q, p) ∈ R2 × R2 7→ Λϵ,n(q)βn(p) ∈ R2,

is Lipschitz-continuous, so that for every fixed n ∈ N equation (1.15) admits

a unique solution (qnµ,ϵ, p
n
µ,ϵ) ∈ Lp(Ω;C1([0, T ];R2)× C([0, T ];R2)).

Now, if we apply Itô’s formula to the function Φ(q, p) = |q|2k + |p|2k, for

11



k ≥ 2, we obtain

|qnµ,ϵ(t)|2k + |pnµ,ϵ(t)|2k = |q|2k + |p|2k + k

� t

0

|qnµ,ϵ(s)|2k−2⟨qnµ,ϵ(s), pnµ,ϵ(s)⟩ ds

+
k

µ

� t

0

|pnµ,ϵ(s)|2k−2⟨pnµ,ϵ(s), b(qnµ,ϵ(s)− Λϵ,n(q
n
µ,ϵ(s))βn(p

n
µ,ϵ(s))⟩ ds

+
k

2µ2

� t

0

|pnµ,ϵ(s)|2k−2Tr
[
σσ⋆(qnµ,ϵ(s))

]
ds+

k(k − 1)

2µ2

� t

0

|pnµ,ϵ(s)|2k−4|σ(qnµ,ϵ(s))pnµ,ϵ(s)|2 ds

+
k

µ

� t

0

|pnµ,ϵ(s)|2k−2⟨pnµ,ϵ(s), σ(qnµ,ϵ(s)) dw(s)⟩.

Therefore, thanks to (1.14) and the Young inequality, we have

|qnµ,ϵ(t)|2k + |pnµ,ϵ(t)|2k ≤ |q|2k + |p|2k + ck,µ

� t

0

[
|qnµ,ϵ(s)|2k + |pnµ,ϵ(s)|2k

]
ds

+
k

µ

� t

0

|pnµ,ϵ(s)|2k−2⟨pnµ,ϵ(s), σ(qnµ,ϵ(s)) dw(s)⟩.

After we take expectation, due to the Gronwall lemma we obtain

E|qnµ,ϵ(t)|2k + E|pnµ,ϵ(t)|2k ≤ ck,µ(T )
(
1 + |q|2k + |p|2k

)
, t ∈ [0, T ]. (1.16)

12



Therefore, since

qnµ,ϵ(t) = q +

� t

0

pnµ,ϵ(s) ds,

and

pnµ,ϵ(t) = p+
1

µ

� t

0

[
b(qnµ,ϵ(s))− Λϵ,n(q

n
µ,ϵ(s))βn(p

n
µ,ϵ(s))

]
ds+

1

µ

� t

0

σ(qnµ,ϵ(s)) dw(s),

due to (1.13), from (1.16) we obtain

sup
n∈N

E sup
t∈ [0,T ]

(
|qnµ,ϵ(t)|2k + |pnµ,ϵ(t)|2k

)
≤ ck,µ(T, |q|, |p|). (1.17)

Now, for any n ∈ N we define

τn = inf
{
t ≥ 0 : |qnµ,ϵ(t)| ∨ |pnµ,ϵ(t)| ≥ n

}
,

with the usual convention that inf ∅ = +∞. Since the sequence {τn}n∈N is

non-decreasing, P-a.s. we can define

τ = lim
n→∞

τn.

13



Due to (1.17), for every fixed T > 0 we have

P

(
sup

t∈ [0,T ]

|qnµ,ϵ(t) ≤ n, sup
t∈ [0,T ]

|pnµ,ϵ(t) ≤ n

)

≥ 1− P

(
sup

t∈ [0,T ]

|qnµ,ϵ(t) > n

)
− P

(
sup

t∈ [0,T ]

|pnµ,ϵ(t) > n

)

≥ 1− 2c1,µ(T, |q|, |p|)
n

.

This implies that

lim
n→∞

P (τn > T ) = 1,

so that, due to the arbitrariness of T ,

P (τ = +∞) = 1.

Therefore, since for every n < m and t ≤ τn

(qnµ,ϵ(t), p
n
µ,ϵ(t)) = (qmµ,ϵ(t), p

m
µ,ϵ(t)),

14



if we set

(qµ,ϵ(t), pµ,ϵ(t)) = (qnµ,ϵ(t ∧ τn), p
n
µ,ϵ(t ∧ τn)), t ≤ τ,

we can conclude that there exists a unique solution (qµ,ϵ, pµ,ϵ) to problem

(1.11), belonging to Lk(Ω;C1([0, T ];R2)×C([0, T ];R2)), for every k ≥ 1 and

T > 0.

It is immediate to check that for every ϵ > 0 and q ∈ R2, the matrix

Λϵ(q) is invertible and

Λ−1
ϵ (q) =

1

λ2(q) + ϵ2

 ϵ −λ(q)

λ(q) ϵ

 . (1.18)

Now, we introduce the vector field Sϵ(q), whose j-th component is defined

by

Sϵ
j(q) =

2∑
i,l=1

∂i(Λ
−1
ϵ )jl(q)J

ϵ
li(q), j = 1, 2, (1.19)

where ∂i = ∂/∂qi and J ϵ is the matrix-valued function solving the Lyapunov

equation

J ϵ(q)Λ⋆
ϵ(q) + Λϵ(q)J

ϵ(q) = σ(q)σ⋆(q), q ∈ R2.

15



Thanks to (1.12), the equation above has a unique solution J ϵ and it can be

explicitly written as

J ϵ(q) =

� ∞

0

e−Λϵ(q)rσσ⋆(q)e−Λ⋆
ϵ (q)r dr

=

� ∞

0

e−λ(q)Arσσ⋆(q)eλ(q)Are−2ϵr dr, q ∈ R2.

It is immediate to check that

e−λ(q)Ar =


cos(λ(q)r) − sin(λ(q)r)

sin(λ(q)r) cos(λ(q)r)

 , r ≥ 0.

In what follows, for every q ∈ R2 we denote

σσ⋆(q) =


a1(q) a0(q)

a0(q) a2(q)

 ,

and

β0(q) =
a1(q) + a2(q)

4
, β1(q) =

a1(q)− a2(q)

4
β2(q) =

a0(q)

2
, (1.20)
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Lemma 1.2.2. Assume that λ : R2 → R is differentiable. Then, there exist

M : R2 → R2×2 and Rϵ : R2 → R2×2 such that for every ϵ > 0

Sϵ(q) =
1

ϵ

β0(q)

λ2(q)
∇⊥λ(q)−M(q)∇λ(q) +Rϵ(q)∇λ(q), q ∈ R2. (1.21)

Proof. We have

J ϵ
11(q) =

β0(q)

ϵ
+ β1(q)

� ∞

0

cos(λ(q)r)e−ϵr dr − β2(q)

� ∞

0

sin(λ(q)r)e−ϵr dr

J ϵ
22(q) =

β0(q)

ϵ
− β1(q)

� ∞

0

cos(λ(q)r)e−ϵr dr + β2(q)

� ∞

0

sin(λ(q)r)e−ϵr dr

J ϵ
12(q) = J ϵ

21(q) = β1(q)

� ∞

0

sin(λ(q)r)e−ϵr dr + β2(q)

� ∞

0

cos(λ(q)r)e−ϵr dr.

Integrating by parts, we have

� ∞

0

cos(λ(q)r)e−ϵr dr =
ϵ

λ2(q) + ϵ2
,

and � ∞

0

sin(λ(q)r)e−ϵr dr =
λ(q)

λ2(q) + ϵ2
.
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This allows to conclude that

J ϵ
11(q) =

β0(q)

ϵ
+ β1(q)

ϵ

λ2(q) + ϵ2
− β2(q)

λ(q)

λ2(q) + ϵ2

J ϵ
22(q) =

β0(q)

ϵ
− β1(q)

ϵ

λ2(q) + ϵ2
+ β2(q)

λ(q)

λ2(q) + ϵ2

J ϵ
12(q) = J ϵ

21(q) = β1(q)
λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2

(1.22)

Now, due to (1.18), for every ϵ > 0 and q ∈ R2 we have

∂i
(
Λ−1

ϵ

)
11
(q) = ∂i

(
Λ−1

ϵ

)
22
(q) = − 2ϵλ(q)

(λ2(q) + ϵ2)2
∂iλ(q), i = 1, 2,

∂i
(
Λ−1

ϵ

)
12
(q) = −∂i

(
Λ−1

ϵ

)
21
(q) =

λ2(q)− ϵ2

(λ2(q) + ϵ2)2
∂iλ(q), i = 1, 2.

(1.23)
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Therefore, if we replace (1.22) and (1.23) in (1.19), we obtain

Sϵ
1(q) = − 2ϵλ(q)

(λ2(q) + ϵ2)2

[(
β0(q)

ϵ
+ β1(q)

ϵ

λ2(q) + ϵ2
− β2(q)

λ(q)

λ2(q) + ϵ2

)
∂1λ(q)

+

(
β1(q)

λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2

)
∂2λ(q)

]

+
λ2(q)− ϵ2

(λ2(q) + ϵ2)2

[(
β1(q)

λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2

)
∂1λ(q)

+

(
β0(q)

ϵ
− β1(q)

ϵ

λ2(q) + ϵ2
+ β2(q)

λ(q)

λ2(q) + ϵ2

)
∂2λ(q)

]
,

and

Sϵ
2(q) = − λ2(q)− ϵ2

(λ2(q) + ϵ2)2

[(
β0(q)

ϵ
+ β1(q)

ϵ

λ2(q) + ϵ2
− β2(q)

λ(q)

λ2(q) + ϵ2

)
∂1λ(q)

+

(
β1(q)

λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2

)
∂2λ(q)

]

− 2ϵλ(q)

(λ2(q) + ϵ2)2

[(
β1(q)

λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2

)
∂1λ(q)

+

(
β0(q)

ϵ
− β1(q)

ϵ

λ2(q) + ϵ2
+ β2(q)

λ(q)

λ2(q) + ϵ2

)
∂2λ(q)

]
,
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Now we define

Γϵ
1(q) := β1(q)

λ(q)

λ2(q) + ϵ2
+ β2(q)

ϵ

λ2(q) + ϵ2
, Γ1(q) :=

β1(q)

λ(q)
,

and

Γϵ
2(q) := β1(q)

ϵ

λ2(q) + ϵ2
− β2(q)

λ(q)

λ2(q) + ϵ2
, Γ2(q) := −β2(q)

λ(q)
.

With these notations, we have

Sϵ
1(q) =

1

ϵ

β0(q)

λ2(q)
∂2λ(q) +

[
−2β0(q)

λ3(q)
+

Γ1(q)

λ2(q)

]
∂1λ(q)−

Γ2(q)

λ2(q)
∂2λ(q)

+Rϵ
11(q)∂1λ(q) +Rϵ

12(q)∂2λ(q),

where

Rϵ
11(q) := − 2ϵλ(q)

(λ2(q) + ϵ2)2
Γϵ
2(q) + ϵβ2(q)

λ2(q)− ϵ2

(λ2(q) + ϵ2)3

+2 β0(q)

[
1

λ3(q)
− λ(q)

(λ2(q) + ϵ2)2

]
− β1(q)

[
1

λ3(q)
− λ(q) (λ2(q)− ϵ2)

(λ2(q) + ϵ2)3

]
,

(1.24)
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and

Rϵ
12(q) := − 2λ(q)ϵ

(λ2(q) + ϵ2)2
Γϵ
1(q)− ϵβ2(q)

λ2(q)− ϵ2

(λ2(q) + ϵ2)3

−β0(q)

ϵ

[
1

λ2(q)
− λ2(q)− ϵ2

(λ2(q) + ϵ2)2

]
+ β1(q)

[
1

λ3(q)
− λ(q) (λ2(q)− ϵ2)

(λ2(q) + ϵ2)3

]
.

(1.25)

In a similar way, we have

Sϵ
2(q) = −1

ϵ

β0(q)

λ2(q)
∂1λ(q)−

Γ2(q)

λ2(q)
∂1λ(q)−

[
2β0(q)

λ3(q)
+

Γ1(q)

λ2(q)

]
∂2λ(q)

+Rϵ
21(q)∂1λ(q) +Rϵ

22(q)∂2λ(q),

where

Rϵ
21(q) := − 2λ(q)ϵ

(λ2(q) + ϵ2)2
Γϵ
1(q)− ϵβ1(q)

λ2(q)− ϵ2

(λ2(q) + ϵ2)3

+
β0(q)

ϵ

[
1

λ2(q)
− λ2(q)− ϵ2

(λ2(q) + ϵ2)2

]
− β2(q)

[
1

λ3(q)
− λ(q) (λ2(q)− ϵ2)

(λ2(q) + ϵ2)3

]
,

(1.26)
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and

Rϵ
22(q) :=

2ϵλ(q)

(λ2(q) + ϵ2)2
Γϵ
2 − ϵβ2(q)

λ2(q)− ϵ2

(λ2(q) + ϵ2)3

+2β0(q)

[
1

λ3(q)
− λ(q)

(λ2(q) + ϵ2)2

]
+ β1(q)

[
1

λ3(q)
− λ(q) (λ2(q)− ϵ2)

(λ2(q) + ϵ2)3

]
.

(1.27)

Therefore, recalling that Γ1(q) = β1(q)/λ(q) and Γ2(q) = −β2(q)/λ(q), if we

define

M(q) =
1

λ3(q)


2β0(q)− β1(q) −β2(q)

−β2(q) 2β0(q) + β1(q)

 , (1.28)

and we define Rϵ(q) = (Rϵ
ij(q))i,j=1,2, where Rϵ

ij(q) are defined in (1.24),

(1.25), (1.26) and (1.27), we obtain (1.21).

In what follows we shall assume that the following condition is satisfied.

Hypothesis 2. 1. The mapping λ : R2 → R is continuously differen-

tiable.

2. For every ϵ > 0, the mapping Sϵ : R2 → R2 introduced in (1.19) is

locally Lipschitz-continuous and has linear growth.

3. For every ϵ > 0 the mappings Λ−1
ϵ b : R2 → R2 and Λ−1

ϵ σ : R2 → R2×2
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are locally Lipschitz-continuous and have linear growth.

Remark 1.2.3. 1. According to the expression of M(q) given in (1.28)

and the expressions for the coefficients of Rϵ(q) given in (1.24), (1.25),

(1.26) and (1.27), thanks to what we have already assumed in Hypothe-

sis 1 we can check easily that Hypothesis 2 is satisfied if we assume σ to

be bounded and λ to be bounded and differentiable, with∇λ : R2 → R2

Lipschitz-continuous.

2. In the same way, if we assume that ∇λ : R2 → R2 is locally Lipschitz-

continuous and has linear growth and there exists c > 0 such that for

|q| large enough

|λ(q)| ≥ c |q|2,

then Hypothesis 2 is satisfied, without assuming σ to be bounded.

Theorem 1.2.4. For every µ, ϵ > 0, let qµ,ϵ be the solution of problem (1.15).

Then, under Hypotheses 1 and 2, for every ϵ > 0 we have

lim
µ→0

E sup
t∈ [0,T ]

|qµ,ϵ(t)− qϵ(t)| = 0, (1.29)
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where qϵ is the solution of the problem

dqϵ(t) =
[
Λ−1

ϵ b(qϵ(t)) + Sϵ(qϵ(t))
]
dt+ Λ−1

ϵ σ(qϵ(t)) dw(t), qϵ(0) = q.

(1.30)

Proof. According to Hypotheses 1 and 2, we have that for every ϵ > 0 and

for every k ≥ 1 and T > 0 problem (1.30) admits a unique solution qϵ ∈

Lk(Ω;C([0, T ];R2)). As ⟨Λϵ(q)p, p⟩ = ϵ |p|2, this allows to conclude thanks

to [12, Theorem 2.4].

1.3 Some notations and further assumptions

We consider here the system

Ẋ(t) =
β0(X(t))

λ2(X(t))
∇⊥λ(X(t)). (1.31)
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Clearly, for every t ≥ 0, we have λ(X(t)) = λ(X(0)). Now, if we consider

the perturbed system

dXϵ(q) =
β0(Xϵ(t))

λ2(Xϵ(t))
∇⊥λ(Xϵ(t)) dt

+ϵ

[
1

λ(Xϵ(t))
Ab(Xϵ(t))−M(Xϵ(t))∇λ(Xϵ(t))

]
dt+

√
ϵ

λ(Xϵ(t))
Aσ(Xϵ(t)) dw(t)

+ϵ2
[
Hϵ(Xϵ(t))b(Xϵ(t)) + R̂ϵ(Xϵ(t))∇λ(Xϵ(t))

]
dt+ ϵHϵ(Xϵ(t))σ(Xϵ(t)) dw(t),

the quantity λ(Xϵ(t)) is not anymore conserved. However, for any fixed time

interval [0, T ] we have

lim
ϵ→0

E sup
t∈ [0,T ]

|Xϵ(t)−X(t)|k = 0,

and, in particular, the following trivial limit holds

lim
ϵ→0

E sup
t∈ [0,T ]

|λ(Xϵ(t))− λ(X(0))|k = 0.

Now, with the change of time t 7→ t/ϵ, we have

L(Xϵ(·/ϵ)) = L(qϵ(·)),
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where qϵ is the solution of equation (1.38). Our aim is to identify the non

trivial limit for the distribution of the process λ(qϵ(·)), as ϵ ↓ 0. To this

purpose, in addition to Hypotheses 1 and 2, we assume that λ satisfies the

following conditions.

Hypothesis 3. 1. If β0 is the function defined in (1.20), we have

inf
x∈R2

β0(x) > 0. (1.32)

2. The mapping λ : R2 → R is four times continuously differentiable, with

bounded second derivative.

3. It has only a finite number of critical points x1, . . . , xn. The matrix

of second derivatives D2λ(xi) is non degenerate, for every i = 1, . . . , n

and λ(xi) ̸= λ(xj), if i ̸= j.

4. One of the two following conditions is satisfied.

(a) There exist three positive constants a1, a2, a3 such that λ(x) ≥

a1 |x|2, |∇λ(x)| ≥ a2 |x| and ∆λ(x) ≥ a3, for all x ∈ R2, with |x|

large enough.
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(b) We have

∃ lim
|x|→∞

λ(x) =: λ̄ ∈ R,

and for every compact set K ⊂ R2

λ̄ > sup
x∈K

λ(x).

Remark 1.3.1. 1. Remember that the function β0 was defined as [(σσ⋆)211+

(σσ⋆)222]/4. Therefore, condition (1.32) is a non-degeneracy condition

on the noisy perturbation.

2. As explained in Remark 1.2.3, both condition (a) and condition (b) in

Hypothesis 3 are compatible with Hypotheses 1 and 2.

Next, for every z ≥ λ0, we denote by C(z) the z-level set

C(z) =
{
x ∈ R2 : λ(x) = z

}
.

The set C(z) may consist of several connected components

C(z) =

N(z)⋃
k=1

Ck(z),
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and for every x ∈ R2 we have

X(0) = x =⇒ X(t) ∈ Ck(x)(λ(x)), t ≥ 0,

where Ck(x)(x) is the connected component of the level set C(λ(x)), to which

the point x belongs. For every z ≥ 0 and k = 1, . . . , N(z), we shall denote

by Gk(z) the domain of R2 bounded by the level set component Ck(z).

If we identify all points in R2 belonging to the same connected component

of a given level set C(z) of the Hamiltonian λ, we obtain a graph Γ, given by

several intervals I1, . . . In and vertices O1, . . . , Om. The vertices will be of two

different types, external and internal vertices. External vertices correspond

to local extrema of λ, while internal vertices correspond to saddle points of

λ. Among external vertices, we will also include O∞, the endpoint of the

interval in the graph corresponding to the point at infinity.

In what follows, we shall denote by Π : R2 → Γ the identification map,

that associates to every point x ∈ R2 the corresponding point Π(x) on the

graph Γ. We have Π(x) = (λ(x), k(x)), where k(x) denotes the number of

the interval on the graph Γ, containing the point Π(x). If Oi is one of the

interior vertices, the second coordinate cannot be chosen in a unique way,

28



as there are three edges having Oi as their endpoint. Notice that both k(x)

and H(x) are first integrals (a discrete and a continuous one, respectively)

for system (1.31).

On the graph Γ, a distance can be introduced in the following way. If

y1 = (z1, k) and y2 = (z2, k) belong to the same edge Ik, then d(y1, y2) =

|z1 − z2|. In the case y1 and y2 belong to different edges, then

d(y1, y2) = min
{
d(y1, Oi1) + d(Oi1 , Oi2) + · · ·+ d(Oij , y2)

}
,

where the minimum is taken over all possible paths from y1 to y2, through

every possible sequence of vertices Oi1 , . . . , Oij , connecting y1 to y2.

If z is not a critical value, then each Ck(z) consists of one periodic tra-

jectory of the vector field ∇⊥λ(x). If z is a local extremum of λ(x), then,

among the components of C(z) there is a set consisting of one point, the rest

point of the flow. If λ(x) has a saddle point at some point x0 and λ(x0) = z,

then C(z) consists of three trajectories, the equilibrium point x0 and the two

trajectories that have x0 as their limiting point, as t → ±∞.
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Now, for every (z, k) ∈ Γ, we define

Tk(z) =

�
Ck(z)

λ2(x)

β0(x)|∇λ(x)|
dlz,k, (1.33)

where dlz,k is the length element on Ck(z). Notice that Tk(z) is the period

of the motion along the level set Ck(z).

As we have seen above, if X(0) = x ∈ Ck(z), then X(t) ∈ Ck(z), for

every t ≥ 0. As known, for every (z, k) ∈ Γ the probability measure

dµz,k :=
1

Tk(z)

λ2(x)

β0(x)|∇λ(x)|
dlz,k (1.34)

is invariant for system (1.31) on the level set Ck(z).

1.4 The averaging limit

For every ϵ > 0 we have

Λ−1
ϵ (q) =

1

λ(q)
A+ ϵHϵ(q), (1.35)

where

Hϵ(q) := − ϵ

λ(q) (λ2(q) + ϵ2)
A+

1

λ2(q) + ϵ2
I.
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Notice that

sup
ϵ>0

|Hϵ(q)| < ∞, q ∈ R2. (1.36)

Lemma 1.4.1. There exists R̂ϵ : R2 → R2×2 such that

Rϵ(q) = ϵR̂ϵ(q), sup
ϵ>0

|R̂ϵ(q)| < ∞, q ∈ R2. (1.37)

Proof. We have

1

λ3(q)
− λ(q)

(λ2(q) + ϵ2)2
= ϵ2

[
2λ2(q) + ϵ2

λ3(q)(λ2(q) + ϵ2)2

]
,

and

1

λ3(q)
− λ(q) (λ2(q)− ϵ2)

(λ2(q) + ϵ2)3
= ϵ2

[
4λ4(q) + 3ϵ2λ2(q) + ϵ4

λ3(q) (λ2(q) + ϵ2)3

]

and

1

λ2(q)
− λ2(q)− ϵ2

(λ2(q) + ϵ2)2
= ϵ2

[
3λ2(q) + ϵ2

λ2(q) (λ2(q) + ϵ2)2

]
.

Therefore, recalling how Rϵ(q) was defined in (1.24), (1.25), (1.26) and (1.27),

we can conclude.

Now, according to (1.21), (1.35), (1.36) and (1.37), equation (1.30) can
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be rewritten as

dqϵ(t) =
1

ϵ

β0(qϵ(t))

λ2(qϵ(t))
∇⊥λ(qϵ(t)) dt+B(qϵ(t)) dt+ Σ(qϵ(t)) dw(t),

+ϵ [Bϵ(qϵ(t)) dt+ Σϵ(qϵ(t)) dw(t)] , qϵ(0) = q

(1.38)

where

B(q) =
1

λ(q)
Ab(q)−M(q)∇λ(q), Σ(q) =

1

λ(q)
Aσ(q),

and

Bϵ(q) = Hϵ(q)b(q) + R̂ϵ(q)∇λ(q), Σϵ(q) = Hϵ(q)σ(q).

This means that, as ϵ ↓ 0, part of the coefficients are of order O(ϵ−1), part

of order O(1) and part of order O(ϵ).

With the notations introduced in the previous section, in what follows, we

want to investigate the limiting behavior of the Γ-valued process Π(qϵ(·)) =

(λ(qϵ(·)), k(qϵ(·))), as ϵ ↓ 0.

If we apply Itô’s formula to λ(qϵ(t)), we get

dλ(qϵ(t)) = Gλ(qϵ(t)) dt+Aλ(qϵ(t)) dw(t)+ϵGϵλ(qϵ(t)) dt+ϵAϵλ(qϵ(t)) dw(t),
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where for every f ∈ C2(R2) and q ∈ R2

Gf(q) = 1

2
Tr
[
ΣΣ⋆(q)D2f(q)

]
+ ⟨Df(q), B(q)⟩,

Af(q) = Σ(q)⋆Df(q),

Gϵf(q) =
1

2
Tr
[
(ϵΣϵΣ

⋆
ϵ(q) + ΣΣ⋆

ϵ(q) + ΣϵΣ
⋆(q))D2f(q)

]
+ ⟨Df(q), Bϵ(q)⟩,

and

Aϵf(q) = Σ⋆
ϵ(q)Df(q).

We recall that the graph Γ is made of n intervals I1, . . . , In and m verteces

O1, . . . , Om. For every j = 1, . . . , n and for every f that is twice differentiable

in the interior of the edge Ij, we denote

Ljf(z) =
1

2
αj(z)f

′′(x) + γj(z)f
′(z), (1.39)

where

αj(z) =

�
Cj(z)

|Aλ(x)|2 dµz,j(x) =

�
Cj(z)

|Σ⋆(x)∇λ(x)|2 dµz,j(x)
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and

γj(z) =

�
Cj(z)

Gλ(x) dµz,j(x).

Definition 1.4.2. For each interior vertex Ok and any segment Ij meeting

at Ok (notation Ij ∼ Ok), let ρkj be the positive constant defined by

ρkj =

�
Ckj

λ2(x)

β0(x)|∇λ(x)|
|Σ⋆(x)∇λ(x)|2 dl(x).

We denote by D(L) ⊂ C(Γ) the set consisting all continuous functions

f defined on the graph Γ such that Ljf is well defined in the interior of the

edge Ij and for every Ij ∼ Ok there exists finite

lim
x→Ok

Ljf(x)

and the limit is independent of the edge Ij. Moreover, for each interior vertex

Ok ∑
j : Ij∼Ok

±ρkjf
′
j(λ(Ok)) = 0,

where f ′
j denotes the derivative of f with respect to the local coordinate λ,

along the edge Ij and the sign ± are taken if λ > λ(Ok) or λ < λ(Ok).
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Next, for every f ∈ D(L), we define

Lf(x) =


Ljf(x), if x is an interior point of Ij,

limx→Ok
Ljf(x), if x is the vertex Ok and Ij ∼ Ok.

As proven in [11, Theorem 8.2.1], in case Σ(q) = I the operator L defined

on the domain D(L), as described in Definition 1.4.2, is the generator of a

strong Markov process Yt on Γ with continuous trajectories. here the same

result holds, because of the non-degeneracy condition (1.32) satisfied by the

diffusion coefficient Σ(q).

Theorem 1.4.3. Under Hypotheses 1, 2 and 3, for every fixed T > 0 the Γ-

valued process Π(qϵ(·)) converges weakly in C([0, T ]; Γ) to the Markov process

Y generated by the oiperator (L,D(L)), as described in Definition 1.4.2.

Proof. In case in equation (1.38) we have B(q) = Bϵ(q) = Σϵ(q) = 0, Σ(q) =

I and λ satisfies condition (b) in Hypothesis 3, the result above is what is

proven in [11, Theorem 8.2.2]. In the present situation we are dealing with

the more general situation in which we have a coefficient B(q) of order O(1)

and coefficients Bϵ(q) and Σϵ(q) of order O(ϵ). Moreover we allow a non-

constant diffusion coefficient Σ(q). Under this more general assumptions, an
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averaging principle of the same type of the one described in [11, Theorem

8.2.2] holds. This of course has required to introduce a suitable generalization

of the operator (L,D(L)). We will give a proof of this generalized result in

Chapter 2.
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Chapter 2: A generaliztion of the Freidlin-Wentcell theorem on

averaging of Hamiltonian systems

In order to prove Theorem 1.4.3, we generalize the classical Freidlin-

Wentzell’s theorem for random perturbations of Hamiltonian systems in this

Chapter. In stead of the two-dimensional standard Brownian motion, the

coefficient for the noise term is no longer the identity matrix but a state-

dependent matrix plus a state-dependent matrix that converges uniformly

to 0 on any compact sets as ϵ tends to 0. We also take the drift term

into consideration where the drfit term also contains two parts, the state-

dependent mapping and a state-dependent mapping that converges uniformly

to 0 on any compact sets as ϵ tends to 0. In the proof, we use the result of

generalized differential operator. We also adapt a new way to prove the weak

convergence inside the edge by constructing an auxiliary process and apply

Girsanov’s theorem in the proof of gluing condition.
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2.1 Introduction

To generalize the theorem to a large extent, we will not use the notation

in the previous chapter and consider the following system


dqϵt =

1
ϵ
g(qϵt)dt+ [b(qϵt) + bϵ(qϵt)]dt+ [σ(qϵt) + σϵ(qϵt)]dWt,

qϵ0 = q ∈ R2,

(2.1)

where ϵ is a small positive constant and Wt is a standard two-dimensional

Brownian motion defined on the stochastic basis (Ω,F , {Ft}t≥0,P). We as-

sume that b, bϵ : R2 → R2 and σ, σϵ : R2 → R2×2 are differentiable mappings

having bounded derivatives and the mappings bϵ and σϵ converge to zero, as

ϵ goes to zero, uniformly on any compact subset of R2.

In what follows, we shall assume that there exists a function H : R2 7→ R2

such that

g(x) · ∇H(x) = 0, x ∈ R2. (2.2)

This means in particular that if we denote by Xϵ
t the solution of the unper-

turbated system

dXϵ
t

dt
=

1

ϵ
g(Xϵ

t ),
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then H(Xϵ
t ) = H(Xϵ

0), for every t ≥ 0 and ϵ > 0. This means that Xϵ
t

remains on the same level set of H, for every t ≥ 0. Moreover, if we define

a(x) = |g(x)|/|∇H(x)|, (2.3)

then it can be easily proved that a−1(x) is the density of the invariant measure

for Xϵ
t .

Now, for every x ≥ infz∈R2 H(z), we denote by C(x) the x-level set of H,

that is

C(x) =
{
z ∈ R2 : H(z) = x

}
.

The set C(x) may consist of several connected components

C(x) =

N(x)⋃
k=1

Ck(x),

and for every z ∈ R2 we will denote by Ck(z)(H(z)) the connected component

of the level set C(H(z)), to which the point z belongs. If we identify all points

in R2 belonging to the same connected component of a given level set C(x) of

the Hamiltonian H, we obtain a graph Γ, given by several intervals I1, . . . In

and vertices O1, . . . , Om. In what follows, we shall denote by Π : R2 → Γ the
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identification map, that associates to every point z ∈ R2 the corresponding

point Π(z) on the graph Γ. We have Π(z) = (H(z), i(z)), where i(z) denotes

the number of the interval on the graph Γ, containing the point Π(z).

In the present paper we are interested in the asymptotic behavior of the

Γ-valued process Π(qϵ). Namely, we want to show that Π(qϵ) converges in

distribution in the space C([0, T ]; Γ), as ϵ → 0, to a Markov process in

Γ, whose generator is explicitly described in terms of suitable differential

operators in the interior of every edge and suitable gluing conditions at each

interior vertex.

If we define xϵ
t = H(qϵt), as an immediate consequence of the Itô’s formula

we have

dxϵ
t = L0H(qϵt)dt+R0H(qϵt)dWt + Lϵ

0H(qϵt)dt+Rϵ
0H(qϵt)dWt

where

L0f(x) = ∇f(x)t · b(x) + 1

2

∑
i,j

(σσ∗)i,j(x)
∂2f(x)

∂xi∂xj

,

R0f(x) = ∇f(x)tσ(x),

Lϵ
0f(x) = ∇f(x)t · bϵ(x) + 1

2

∑
i,j

[σ(σϵ)∗ + σϵσ∗ + σϵ(σϵ)∗]i,j(x)
∂2f(x)

∂xi∂xj

,
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and

Rϵ
0f(x) = ∇f(x)tσϵ(x).

Next, for every x ∈ Ii, we define

Ai(x) =
1

Ti(x)

�
Ci(x)

R0H(u)R0H(u)∗
dl

|g(u)|

and

Bi(x) =
1

Ti(x)

�
Ci(x)

L0H(u)
dl

|g(u)|
,

where

Ti(x) =

�
Ci(x)

dl

|g(u)|
.

Moreover, we define

Lif(x) = Bi(x)
d

dx
f +

1

2
Ai(x)

d2

dx2
f. (2.4)

With these notations, we can introduce the following operator acting on

functions defined on the graph Γ.
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Definition 2.1.1. For Ii ∼ Ok, let

pki =
βki∑

i:Ii∈Ok
βki

, (2.5)

where

βki =

�
Cki

|∇H(x)σσ∗(x)∇H(x)|
|g(x)|

dl.

We denote by D(L) ⊆ C(Γ;R) the set consisting all functions f defined on

the graph Γ such that Ljf is well defined in the interior of the edge Ij and

for every Ij ∼ Ok there exists finite

lim
x→Ok

Ljf(x)

and the limit is independent of the edge Ij. Moreover, for each interior vertex

Ok ∑
j : Ij∼Ok

±ρkjf
′
j(H(Ok)) = 0,

where f ′
j denotes the derivative of f with respect to the local coordinate λ,

along the edge Ij and the signs ± are taken if H > H(Ok) or H < H(Ok).
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Next, for every f ∈ D(L), we define

Lf(x) =


Ljf(x), if x is an interior point of Ij,

limx→Ok
Ljf(x), if x is the vertex Ok and Ij ∼ Ok.

The main result of this chapter is given by the following theorem.

Theorem 2.1.2. Suppose qϵt satisfies the following stochastic differential

equation

dqϵt =
1

ϵ
g(qϵt)dt+ b(qϵt)dt+ σ(qϵt)dWt + bϵ(qϵt)dt+ σϵ(qϵt)dWt

with initial condition qϵ0 = q. Assume the coefficients satisfy Hypothesis 8

and the Hamiltonian H : R2 → R introduced in (2.2) satisfies Hypothesis

9. Then the process Π(qϵt) = (xϵ
t, i(q

ϵ
t)) converges weakly in C([0, T ]; Γ) to

the Markov process Y generated by the operator (L,D(L)), as described in

Definition 2.1.1.

In the present paper, we generalize the well known result by Freidlin-

Wentcell on the validity of an averaging principle for Hamiltonian sustems

(see [11, Chapter 8] )to a more general case and introduce a new method

which simplifies some steps in the proof. Compared with the original Freidlin-
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Wentcell theorem, here we can cover the case of a state dependent diffusion

coefficient and we can also deal with a the drift term. Moreover, both the

diffusion coefficient and the drift term are given by the sum of a term of

order one and a term of order ϵ. For the terms of order ϵ, we assume that, as

ϵ goes to zero, they converge uniformly to zero over any compact sets in R2.

In the proof of the weak convergence in the interior of every edge and the

analysis of the behavior of the process near the exterior vertices, we introduce

a new proof, based on the construction of a suitable auxiliary process. What

is remarkable is that, unlike the original proof, this new method unifies the

two cases together. In the proof of the svalidity of the gluing conditions,

when dealing with the extra terms of order ϵ in the drift and in the diffusion

coefficient, we first introduce an auxiliary vector field in order to be able to

apply the classical results based on generalized differential operators. Then

we apply Girsanov’s theorem to get rid of the compensated drift term.
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2.2 Some Preliminaries

2.2.1 Hypotheses and notations

Concerning the coefficients in equation (2.1), we assume the following

conditions

Hypothesis 4. 1. The mappings g, b, bϵ : R2 → R2 and σ, σϵ : R2 →

R2×2 are all continuously differentiable with uniformly bounded deriva-

tives.

2. The functions bϵ and σϵ converge to zero as ϵ goes to zero, uniformly

on any compact set in R2.

The Hamiltonian H satisfies the following conditions.

Hypothesis 5. H belongs to C4(R2) and has bounded second derivatives.

Moreover

1. H has finite many critical points and for any two critical points x1 and

x2, H(x1) ̸= H(x2).

2. For any critical point of H, the matrix σ is invertible in some neighbor

of it.
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3. The matrix of second order derivative is non-degenerate at any critical

point of H.

4. There exists a constant C1 > 0 such that H(x) ≥ C1(|x|2+1), ∇H(x) ≥

C1|x|, and ∆H(x) ≥ C1, for all x ∈ R2 such that |x| large enough.

As we mentioned in the Introduction, if we identify all points in R2 be-

longing to the same connected component of a given level set C(x) of the

Hamiltonian H, we obtain a graph Γ, given by several intervals I1, . . . In and

vertices O1, . . . , Om. The vertices will be of two different types, external

and internal vertices. External vertices correspond to local extrema of H,

while internal vertices correspond to saddle points of H. Among external

vertices, we will also include O∞, the endpoint of the interval in the graph

corresponding to the point at infinity.

We have seen that the identification map associates to every point z ∈ R2

the corresponding point Π(z) on the graph Γ. Thus, if Π(z) = (H(z), i(z)),

then i(z) denotes the number of the edge on the graph Γ, containing the point

Π(z). If Oi is one of the interior vertices, the second coordinate cannot be

chosen in a unique way, as there are three edges having Oi as their endpoint.

On the graph Γ, a distance can be introduced in the following way. If

y1 = (x1, i) and y2 = (x2, i) belong to the same edge Ii, then d(y1, y2) =
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|x1 − x2|. In the case y1 and y2 belong to different edges, then

d(y1, y2) = min
{
d(y1, Oi1) + d(Oi1 , Oi2) + · · ·+ d(Oij , y2)

}
,

where the minimum is taken over all possible paths from y1 to y2, through

every possible sequence of vertices Oi1 , . . . , Oij , connecting y1 to y2.

If x is not a critical value of H, then each Ck(x) consists of one periodic

trajectory of the vector field g(z). If x is a local extremum of H(z), then,

among the components of C(x) there is a set consisting of one point, the rest

point of the flow. If H(x) has a saddle point at some point z0 and H(z0) = x,

then C(x) consists of three trajectories, the equilibrium point z0 and the two

trajectories that have z0 as their limiting point, as t → ±∞.

We introduce some other notations that will be used through out the

paper. Letter D is used to denote domain, while letter C is for the level

set of the Hamiltonian system. For any A ⊆ R, D(A) is the interior of

{z ∈ R2;H(z) ∈ A}

Di = {z ∈ R2; Π(z) = (·, i)}

Di(H1, H2) = Di ∩D((H1, H2))
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Dk(±δ) = D((H(Ok)− δ,H(Ok) + δ)),

and

C(x) = ∂D((−∞, x])

Ci(x) = D̄i ∩ C(x)

Ck = C(H(Ok))

Cki = C(H(Ok)) ∩ ∂Di

Cki(±δ) = ∂Dk(±δ) ∩ Ii.

Finally, we write Ii ∼ Ok if and only if one end of the edge Ii is Ok.

Throughout this paper, we shall denote

q̃ϵt = qϵϵt, X̃ϵ
t = Xϵ

ϵt.

2.2.2 Generalized Differential Operator

In the proof of Theorem 3.3.3, we will need to rewrite each operator Li

in the form of generalized differential operator. That is we want to find two
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measures ui and vi such that

Lif =
d

dvi
(
df

dui

).

Let u′
i and v′i be the Radon-Nikodym derivative of ui and vi with respect to

the Lebesgue measure respectively. For a reason which will be clear lator,

we want to choose

u′
i(x) = (

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl)−1

and

v′i(x) =

�
Ci(x)

dl

|g(u)|
.
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However, with this choice of ui and ui, d/duid/vi does not generally equal to

Li. In fact

d

dvi(x)
(

d

dui(x)
f(x))

=
d

dx
(f ′(x) ·

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl) · dx

dvi(x)

=f ′′(x)

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl · (

�
C(x)

dl

|g(u)|
)−1+

+ f ′(x)
d

dx

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl · (

�
C(x)

dl

|g(u)|
)−1

=Ai(x)f
′′(x) + f ′(x)

d

dx

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl · (

�
C(x)

dl

|g(u)|
)−1.

To calculate

d

dx

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl,

by equation (2.3),

d

dx

�
Ci(x)

[(∇H)tσσ∗∇H](u)

|g(u)|
dl =

d

dx

�
Ci(x)

σσ∗∇H

|g|
· ∇H

|∇H|
|∇H|dl

=
d

dx

�
Ci(x)

σσ∗∇H

a
· ν⃗dl
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where ν⃗ is the unit normal vector of ∂Di(x). Apply Divergence Theorem, we

have �
Ci(x)

σσ∗∇H

a
· ν⃗dl =

�
Di(x)

∇ · (σσ
∗∇H

a
)du.

To deal with

d

dx

�
Di(x)

∇ · (σσ
∗∇H

a
)du,

we have the following lemma

Lemma 2.2.1. If we assume that |∇H| ≥ c0 > 0, for any f ∈ C1(R2), we

have

d

dx

�
Di(x)

f(u)du =

�
Ci(x)

f(u)
dl

|∇H(u)|
. (2.6)

Proof. Let zt be the solution to the following ordinary differential equation


dzt =

∇H(zt)
|∇H(zt)|2dt

z0 = θ ∈ Ci(x).

Then

dH(zt) = ∇H(zt)dzt = ∇H(zt) ·
∇H(zt)

|∇H(zt)|2
dt = dt,
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which means H can be served as the time and

H(zt) = t = H,

d|zt| =
1

|∇H(zt)|
dt =

dH

|∇H(zt)|
.

Let dl denote the unit length on the level set Ci(x), and notice that zt is

orthogonal to the normal vector of the curve Ci(x), dl · d|zt| is the Lebesgue

measure on R2.

�
Di(x)

f(u)du =

�
Di(x)

f(u)dld|zt| =
�
Di(x)

f(u)
dl

|∇H(zt)|
dH.

The Lemma follows easily by

�
Di(x)

f(u)
dl

|∇H(zt)|
dH =

� x

0

�
Ci(H)

f(u)
dl

|∇H(u)|
dH.

Now we apply equation (2.6) and we get

d

dx

�
Di(x)

∇ · (σσ
∗∇H

a
)du =

�
Ci(x)

∇ · (σσ
∗∇H

a
)

dl

|∇H|
.
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Moreover,

∇ · (σσ
∗∇H

a
) =

∑
i

∂

∂xi

(σσ∗∇H)ia
−1 + (σσ∗∇H)i

∂

∂xi

a−1

=
∑
i

∂

∂xi

(
∑
k,j

σikσjk
∂H

∂xj

)a−1 + (σσ∗∇H)i
∂

∂xi

a−1

=(
∑
i

∑
k,j

σikσjk
∂2H

∂xi∂xj

+
∑
i

∑
j,k

∂

∂xi

(σikσjk)
∂H

∂xj

a−1 +
∑
i

(σσ∗∇H)i
∂

∂xi

a−1

=(
∑
i,j

∑
k

σikσjk
∂2H

∂xi∂xj

+ 2b · ∇H)a−1 +∇ · (σσ
∗

a
) · ∇H − 2b

a
· ∇H

=2L0Ha−1 + [∇ · (σσ
∗

a
)− 2b

a
] · ∇H.

Therefore

d

dx

�
Di(x)

∇ · (σσ
∗∇H

a
)du =2

�
Ci(x)

L0H
dl

a|∇H|
+

�
Ci(x)

[∇ · (σσ
∗

a
)− 2b

a
]∇H

dl

|∇H|

=2

�
Ci(x)

L0H
dl

|g(x)|
+

�
Ci(x)

[∇ · (σσ
∗

a
)− 2b

a
] · ν⃗dl.

If we apply the Divergence Theorem again, we get

�
Ci(x)

[∇· (σσ
∗

a
)− 2b

a
] · ν⃗dl =

�
Di(x)

∇· [∇· (σσ
∗

a
)− 2b

a
]du = 2

�
Di(x)

L∗
0a

−1du,
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where L∗
0 is the formal adjoint of the operator L0. Therefore

d

dx

�
Ci(x)

(∇H)tσσ∗∇H(u)

|g(u)|
dl = 2Bi(x)(

�
Ci(x)

dl

|g(u)|
) + 2

�
Di(x)

L∗
0a

−1du

(2.7)

and the following Theorem follows.

Theorem 2.2.2. Let H and f satisfy the condition in Lemma 2.2.1, then

d

dvi(x)
(

d

dui(x)
f(x)) = 2Lif(x) +

2

Ti(x)

�
Di(x)

L∗
0a

−1duf ′(x).

2.2.3 A-priori Estimates

Consider the stopping time

T ϵ
q (H0) := inf{t;H(qϵt) ≥ H0}. (2.8)

We have the following Lemma.

Lemma 2.2.3. Under Hypothesis 8 and 9, for any fixed T > 0, and arbitrary

η > 0, there exists a constant H0 such that

P[T ϵ
q (H0) < T ] < η.
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Proof. Recall that xϵ
t = H(qϵt) satisfies the following stochastic differential

equation

dxϵ
t = LϵH(qϵt)dt+RϵH(qϵt)dWt

where Lϵ = L0+Lϵ
0, Rϵ = R0+Rϵ

0. By our assumption that ∇H is of linear

growth, b, bϵ, σ, σϵ are all Lipschitz continuous. There exists a constant C,

such that

LϵH(x) ≤ C(1 + |x|2),

RϵH(x) ≤ C(1 + |x|2).

Therefore

E[xϵ
t] ≤ xϵ

0 + C

� t

0

1 + E[|qϵs|2]ds,

and since H(x) ≥ a|x|2 for x large enough, there exists a constant C such

that

E[xϵ
t] ≤ C(1 + T ) + C

� T

0

E[xϵ
s]ds, t ≤ T.

If we apply the Gronwall’s inequality, this implies

E[xϵ
t] ≤ C(1 + T )eCt, t ≤ T.
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Also,

sup
0≤t≤T

� t

0

LϵH(qϵs)ds ≤
� T

0

C(1 + |qϵs|2)ds.

So that,

P[ sup
0≤t≤T

� t

0

LϵH(qϵs)ds ≥ R] ≤ C

R
E[
� T

0

(1 + |qϵs|2)ds] ≤
C

R
E[
� T

0

(1 +
1

a
H(qϵs))ds]

≤ C

R

� T

0

C(1 +
1

a
C(1 + s)eCsds ≤ CT

R
.

(2.9)

Now pick R such that CT/R < η, and H0 > x0 +R

P[ sup
0≤t≤T

xϵ
t ≥ H0] = P[ sup

0≤t≤T

� t

0

LϵH(qϵs)ds+

� t

0

RϵH(qϵs)dWs ≥ H0 − x0]

≤ P[ sup
0≤t≤T

� t

0

LϵH(qϵs)ds+

� t

0

RϵH(qϵs)dWs ≥ H0 − x0; sup
0≤t≤T

� t

0

LϵH(qϵs)ds

≤ R] + P[ sup
0≤t≤T

� t

0

LϵH(qϵs)ds > R]

≤ P[ sup
0≤t≤T

� t

0

RϵH(qϵs)dWs ≥ H0 − x0 −R] + P[ sup
0≤t≤T

� t

0

LϵH(qϵs)ds > R].

Due to (2.9), the second term above is smaller than η/2 by our choice of R.
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For the first term, we have

P[ sup
0≤t≤T

� t

0

RϵH(qϵs)dWs ≥ H0 − x0 −R]

≤ 1

(H0 − x0 −R)2
E[
� T

0

|RϵH(qϵs)|2ds]

≤ C

(H0 − x0 −R)2
E[
� T

0

C(1 + |qϵt |4)dt]

≤ C

(H0 − x0 −R)2
E[
� T

0

(1 + |H(qϵt)|2)dt]

≤ CT

a2(H0 − x0 −R)2
+

C

(H0 − x0 −R)2

� T

0

E[|xϵ
t|2]dt.

(2.10)

Now,

E[|xϵ
t|2] ≤ 3x2

0 + 3E[(
� t

0

C(1 +H(qϵs))ds)
2] + 3E[

� t

0

C(1 + |xϵ
s|2)ds]

≤ 3x2
0 + 3E[

� t

0

C(1 + |xϵ
s|2)dsT ] + 3E[

� t

0

|xϵ
s|2ds] + 3CT

≤ C(x0, T ) + C(T )E[
� t

0

|xϵ
s|2ds],

so that

E[|xϵ
t|2] ≤ C(x0, T )e

C(T 2+T ) = C(T, x0). (2.11)

Therefore, we can pick H0 large enough in (2.10) so that

P[ sup
0≤t≤T

xϵ
t ≥ H0] < η.
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2.2.4 Lipschitz Continuity

Lemma 2.2.4. Under Hypothesis 8 and 9, for any continous function f , Ai,

Bi and L0f are Liptichitz continuous in D(H1, H2) ⊆ R2 where H1 and H2

are inside the interior of some edge Ii.

Proof. The tool we use here Lemma 1.1 in Chapter 8 of [11]. We first calcu-

late the derivative of Ti.

d

dx
Ti(x) =

d

dx

�
Ci(x)

dl

|g(u)|
=

d

dx

�
Ci(x)

|∇H(u)|
|g(u)||∇H(u)|

dl

=

�
Ci(x)

∇(
1

|g(u)||∇H(u)|
) · ∇H(u)

|∇H(u)|
+

1

|g(u)||∇H(u)|
· ∆H(u)

|∇H(u)|
dl.

Let

Āi(x) =

�
Ci(x)

R0[H](u)R0[H](u)∗
dl

|g(u)|
, B̄i(x) =

�
Ci(x)

L0[H](u)
dl

|g(u)|
.

By equation (2.7)

d

dx
Āi(x) = 2B̄i(x) + 2

�
Di(x)

L∗
0[a

−1]du. (2.12)
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Next, we apply Lemma 1.1 in Chapter 8 of [11] again to calculate B̄′
i(x)

d

dx
B̄i(x) =

�
Ci(x)

∇(
L0[H](u)

|g(u)||∇H(u)|
) · ∇H(u)

|∇H(u)|
+

L0[H](u)

|g(u)||∇H(u)|
· ∆H(u)

|∇H(u)|
dl.

Also we apply Lemma 2.2.1 to calculate the derivative of the residue in (2.12)

d

dx

�
Di(x)

L∗
0[a

−1]du =

�
Ci(x)

L∗
0[a

−1]
dl

|∇H(x)|
.

By our assumptions, it can be easily checked that T ′
i (x) is both bounded and

bounded below above 0, and both Ā′
i(x) and B̄′

i(x) are bounded. Therefore

A′
i(x) and B′

i(x) are bounded in Di, which implies their Lipschitz continuity.

The Lipschitz conitnuity for L0f is obvious.

2.3 Proof of Theorem 2.1.2

We first define the following sequence of stopping times. In the definition

below, δ and δ′ are to be determined later.

Definition 2.3.1. Let S be the set of integers k ≤ m, such that Ok is a

saddle point. For any ϵ > 0 and 0 < δ′ < δ, let 0 = τ ϵ0 ≤ σϵ
1 ≤ τ ϵ1 ≤ ... ≤
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σϵ
n ≤ τ ϵn ≤ ... be a sequence of stopping times with

σϵ
n = inf{t ≥ τ ϵn−1; q

ϵ
t /∈

⋃
i∈S

Di(±δ)} ∧ T ϵ
q (H0)

and

τ ϵn = inf{t ≥ σϵ
n; q

ϵ
t /∈

⋃
i∈S

Ci(±δ′)} ∧ T ϵ
q (H0).

Where T ϵ
q (H0) is the stopping time defined in (2.8). Moreover, we define

τ ϵk(±δ) := inf{t ≥ 0; qϵt /∈ Dk(±δ)}.

Recall that we denote by L the infinitesimal operator of the process (xt, it)

on Γ. If the Poisson problem (αI − L)f = u has a unique solution then this

solution has the representation

f(x, i) = E(x,i)

� +∞

0

e−αtu(xt, it)dt,

Replacing u by (αI − L)f , gives

f(x, i) = E(x,i)

� +∞

0

e−αt(αI − L)[f ](xt, it)dt.
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If we can prove that for all u ∈ D(L),

lim
ϵ→0

E(x,i)

� +∞

0

e−αt(αf − Lf)(xϵ
t, i

ϵ
t)dt = f(x, i),

then the tightness of the family {xϵ
t, i

ϵ
t}ϵ>0, Prokhorov theorem and its corol-

lary, and the fact that the range of the operator αI −L uniquely determines

a measure guarantee that {(xϵ
t, i

ϵ
t)}ϵ>0 converges weakly to (xt, it) as ϵ → 0

in C([0,+∞); Γ).

By Freidin and Wenztell’s procedure, the tightness of the measure on

C([0,+∞); Γ) follows easily from apriori estimate proved in Lemma 2.2.3.

Hence it is sufficient to prove that, for any η > 0 and H0 > 0, there exists ϵ0

such that for all 0 < ϵ < ϵ0

|E(x,i)

� T ϵ
q (H0)

0

e−αt(αI − L)f(xt, it)dt− f(x, i)| < η

which conatins two parts: the part where (xϵ
t, i

ϵ
t) remains in the same edge
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and the part where (xϵ
t, i

ϵ
t) approaches an inner vertex of the graph. We have

E(x,i)[

� T ϵ
q (H0)

0

e−αt(αf − Lf)(xϵ
t, i

ϵ
t)dt− f(x, i)]

=E(x,i)[
∞∑
n=0

e−ασϵ
n+1f(xϵ

σϵ
n+1

, iϵσϵ
n+1

)− e−ατnf(xϵ
τϵn
, iϵτϵn) +

� σϵ
n+1

τϵn

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]

+ E(x,i)[
∞∑
n=1

e−ατϵnf(xϵ
τϵn
, iϵτϵn)− e−ασϵ

nf(xϵ
σϵ
n
, iϵσϵ

n
) +

� τϵn

σϵ
n

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]

=E(x,i)[
∞∑
n=0

E(x,i)[e
−ασϵ

n+1f(xϵ
σϵ
n+1

, iϵσϵ
n+1

)− e−ατnf(xϵ
τϵn
, iϵτϵn) +

� σϵ
n+1

τϵn

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt|Fτϵn ]]

+ E(x,i)[
∞∑
n=1

E(x,i)[e
−ατϵnf(xϵ

τϵ0 ,i
ϵ
τϵ0

)− e−ασϵ
nf(xϵ

σϵ
n
, iϵσϵ

n
) +

� τϵn

σϵ
n

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt|Fσϵ

n
]]

=E(x,i)[
∞∑
n=0

e−ατϵnE(xϵ
τϵn

,iϵ
τϵn

)[e
−ασϵ

1f(xϵ
σϵ
1
, iϵσϵ

1
)− f(xϵ

0, i
ϵ
0) +

� σϵ
1

0

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]]

+ E(x,i)[
∞∑
n=1

e−ασϵ
nE(xϵ

σϵ
n
,iϵ
σϵ
n
)[e

−ατϵ1f(xϵ
τϵ1
, iϵτϵ1 )− f(xϵ

0, i
ϵ
0) +

� τϵ1

0

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]].

If we define

Φϵ
1(x, i) = Eϵ

(x,i)[e
−ασϵ

1f(xϵ
σϵ
1
, iϵσϵ

1
) +

� σϵ
1

0

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]− f(x, i),

and

Φϵ
2(x, i) = Eϵ

(x,i)[e
−ατϵ1f(xϵ

τϵ1
, iϵτϵ1 ) +

� τϵ1

0

e−αt(αI − L)f(xϵ
t, i

ϵ
t)dt]− f(x, i).
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We have

|E(x,i)[

� T ϵ
q (H0)

0

e−αt(αf − Lf)(xϵ
t, i

ϵ
t)dt− f(x, i)]|

≤E(x,i)

∞∑
n=0

e−ατϵn sup
(x,i)∈

⋃
i∈S Ci(±δ′)

|Φϵ
1(x, i)|+ E(x,i)

∞∑
n=1

e−ασϵ
n sup
(x,i)∈

⋃
i∈S Ci(±δ)

|Φϵ
2(x, i)|.

Follow the same procedure in [11] and get, for sufficiently small ϵ,

E(x,i)[
∞∑
n=1

e−ασϵ
n ] ≤ E(x,i)[

∞∑
n=0

e−ατϵn ] ≤ Cδ−1,

so that for sufficiently small ϵ,

|E(x,i)[

� T ϵ
q (H0)

0

e−αt(αf − Lf)(xϵ
t, i

ϵ
t)dt− f(x, i)]|

≤Cδ−1( sup
(x,i)∈

⋃
i∈S Ci(±δ′)

|Φϵ
1(x, i)|+ sup

(x,i)∈
⋃

i∈S Ci(±δ)

|Φϵ
2(x, i)|).

In order to study the term Φ2, we need the following result.

Lemma 2.3.2. Let βt be a one dimensional standard Brownian motion, and

let xt be the solution to the following equation

dxt = Bi(xt)dt+ A
1
2
i (xt)dβt,

Assume H1 < H2, and let τ ϵH1,H2
be the stopping time when qϵt leaves the
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region Di(H1, H2). If either one of these three cases holds,

1. Ii is an edge such that both of its vertex are interior vertex, and H1 <

H2 are any fixed values belonging to the interior of the interval.

2. Ii is an edge such that one of its vertex is an interior vertex while

the other vertex is an exterior vertex, where the Hamiltonian takes the

value H1, H2 belonging to the interior of the interval.

3. Ii is an edge that has only one vertex, and H1 < H2 are any fixed values

belonging to the interior of the interval.

Then under Hypothesis 8 and 9, for every function f on [H1, H2] that is three

times continuously differentiable and for every λ > 0,

lim
ϵ→0

Ex0 [e
−λτϵH1,H2f(xϵ

τϵH1,H2

)−
� τϵH1,H2

0

e−λs(−λI + Li)[f ](x
ϵ
s)ds] = f(x0)

uniformly with respect to x0 ∈ [H1, H2].

In order to study the term Φ1, we need the following result.

Lemma 2.3.3. Let Ok be an interior vertex, then for every positive α and
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κ, there exists δ0 > such that for all 0 < δ < δ0 and sufficiently small ϵ,

sup
z∈Dk(±δ)

Eϵ
z[

� τϵk(±δ)

0

e−αtdt] < κδ,

and there exists constant C such that

sup
q∈Dk(±δ)

Eϵ
z[τ

ϵ
k(±δ)] ≤ Cδ2 ln(δ).

(see remark on page 310 in [11])

We can use Lemma 3.5 in [11] and apply the change of random time to

prove this Lemma easily. Now if we take

κ =
η

α||f ||∞ + ||αf − Lf ||∞

in Lemma 2.3.3, we have

|Φϵ
1(x, i)| ≤|E(x,i)[f(x

ϵ
σϵ
1
, iϵσϵ

1
)− f(x, i)]|+ (α||f ||∞ + ||αf − Lf ||∞) · δ

α||f ||∞ + ||αf − Lf ||∞
η

≤
∑
Ij∼Ok

|Eq0 [fj(H(qϵσϵ
1
))− fi(H(q)); qϵσϵ

1
∈ Ij]|+ δη

=
∑
Ij∼Ok

|fj(H(Ok) + δ)− fi(x)| · Pq0 [q
ϵ
σϵ
1
∈ Ij] + δη.
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We will prove the following Lemma in Section 2.5 to handle the term

sup
q0∈

⋃
Ij∼Ok

Cj(±δ′)}
Pq0 [q

ϵ
σϵ
1
∈ Ij]

The following lemma will be proved in section 5.

Lemma 2.3.4. For every κ > 0 there exists a positve δ0 > 0 such that for

0 < δ < δ0 there exists δ′0 = δ′0(δ) such that for sufficiently small ϵ,

sup
x∈D̄k(±δ′0)

|Px[q̂
ϵ
τϵk(±δ) ∈ Cki(δ)]− pki| < κ,

where pki is the constant defined in (2.5).

If we take κ < η, then for sufficiently small ϵ,

Φϵ
1(x, i) ≤

∑
Ij∼Ok

|fj(H(Ok) + δ)− fi(x)| · Pq0 [q
ϵ
σϵ
1
∈ Ij] + δη

≤
∑
Ij∼Ok

||fj(H(Ok) + δ)− fi(x)| − δDjkf(x)| · |Pq0 [q
ϵ
σϵ
1
∈ Ij]− pkj|+

∑
Ij∼Ok

||fj(H(Ok) + δ)− fi(x)| − δDjkf(x)| · pkj

+
∑
Ij∼Ok

δ|Djkf(x)| · |Pq0 [q
ϵ
σϵ
1
∈ Ij]− pkj|

≤C(κδ2 + δ2 + δκ) ≤ Cδη.
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To this point, we first pick κ < η and then determine δ and δ′according

to Lemma 2.3.4. After that, we let ϵ sufficiently small so that Lemma 2.3.4

holds for κ < η and Lemma 2.3.2 holds for

sup
(x,i)∈

⋃
i∈S Ci(±δ)

|Φϵ
2(x, i)| ≤ δη,

Therefore

E(x,i)[

� T ϵ
q (H0)

0

e−αt(αf − Lf)(xϵ
t, it)dt− f(x, i)] ≤ η + Cη,

which proves the result.

2.4 Weak Convergence Inside the Edge

We first prove the weak convergence of xϵ
t inside an edge of finite length.

For H1 < H2 < ∞, recall that τ ϵH1,H2
is the stopping time when the process

qϵt leaves the region Di(H1, H2). Noticed that the coefficients are all bounded

in Di(H1, H2). Let T ϵ(z) be the period of Xϵ
t starting at z. Suppose Cϵ ≤

T ϵ(z) ≤ C̄ϵ for all z ∈ Di(H1, H2). Where we should remark that the

constant C and C̄ depends on the constant H1 and H2. In this section,
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we consider the process qϵt starting from q0 ∈ Di(H1, H2) and denote τ ϵT =

τ ϵH1,H2
∧ T . We will first prove a weaker version of Lemma 2.3.2.

Lemma 2.4.1. Let βt and xt be defined as in Lemma 2.3.2. Under the same

condition as in Lemma 2.3.2, for every function f on [H1, H2] that is three

times continuously differentiable and for every λ > 0,

lim
ϵ→0

Ex0 [e
−λτϵT f(xϵ

τϵT
)−

� τϵT

0

e−λs(−λf + Lif)(x
ϵ
s)ds] = f(x0)

uniformly with respect to x0 ∈ [H1, H2].

In what follows we shall define a sequence of stopping times T ϵ
k defined

by T ϵ
0 = T ϵ(q), T1 = T ϵ(qϵT ϵ

0
)+T ϵ

0 , ..., T
ϵ
k = T ϵ(qϵT ϵ

k−1
)+T ϵ

k−1,... We first define

an auxilliary process ξϵt trajectory by trajectory.

Definition 2.4.2. Let V ϵ
s = R0H/|R0H|(qϵs), and

βϵ
t =

� t

0

V ϵ
s dWs.

For every k ∈ N, we define ξϵTk
= xϵ

Tk
and for t ∈ [T ϵ

k ∧ τ ϵT , T
ϵ
k+1 ∧ τ ϵT ),

ξϵt = ξT ϵ
k
+Bi(x

ϵ
T ϵ
k
)(t− T ϵ

k) + A
1
2
i (x

ϵ
T ϵ
k
)(βϵ

t − βϵ
T ϵ
k
).
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Remark 2.4.3. We should notice that βϵ
t is a standard Brownian motion on

R.

We should also define the auxilliary process x̃ϵ
t which has the same dis-

tribution as the limiting process of the slow motion.

Definition 2.4.4. For t ∈ [0, τ ϵT ], x̃
ϵ
t is the solution of the problem

dx̃ϵ
t = Bi(x̃

ϵ
t)dt+ A

1
2
i (x̃

ϵ
t)dβ

ϵ
t ,

with the initial condition x0 = H(q) ∈ [H1, H2].

2.4.1 Closeness of the qϵt and X̄ϵ,k
s

Let X̄ϵ
t satisfies the equation dX̄ϵ

t = ϵ−1g(X̄ϵ
t )dt with the initial condition

X̄ϵ
0 = q0. It can be easily seen that

|qϵs − X̄ϵ
s| ≤

� s

0

L

ϵ
|qϵu − X̄ϵ

u|du+

� s

0

C(1 + L)|qϵu|du+ |
� s

0

(σ + σϵ)(qϵu)dWu|.
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Therefore, for t < T ,

E[ sup
0≤s≤t

|qϵs − X̄ϵ
s|4] ≤

cL4

ϵ4
E[(

� t

0

sup
0≤u≤s

|qϵu − X̄ϵ
u|ds)4] + ct3

� t

0

C2(1 + L)2E[|qϵu|4]du

+ cE[| sup
0≤s≤t

� s

0

(σ + σϵ)(qϵu)dWu|4]

≤cL4

ϵ4
E[
� t

0

sup
0≤u≤s

|qϵu − X̄ϵ
u|4ds · t3] + ct3

� t

0

C2(1 + L)2E[|xϵ
u|2]du

+ c(E[
� t

0

Tr[(σ + σϵ)∗(σ + σϵ)](qϵs)ds])
2

≤Ct3

ϵ4
E[
� t

0

sup
0≤u≤s

|qϵu − X̄ϵ
u|4ds] + C(1 + t+ t3)

� t

0

E[|xϵ
u|2]du.

Due to equation (2.11), E[|xϵ
u|2] ≤ C(T, x0), we have

E[ sup
0≤s≤t

|qϵs − X̄ϵ
s|4] ≤

Ct3

ϵ4
E[
� t

0

sup
0≤u≤s

|qϵu − X̄ϵ
u|4ds] + C(T, x0)(t+ t2 + t4).

Apply Gronwall’s inequality, we have

E[ sup
0≤s≤t

|qϵs − X̄ϵ
s|4] < C(T, x0)t(1 + t+ t3) exp(

Ct4

ϵ4
). (2.13)

70



2.4.2 ∆k
b (t) and ∆k

σ(t)

In this subsection, we will introduce two critical term in the estimation

of the closeness of the trajectories. For t ∈ [T ϵ
k−1 ∧ τ ϵT , T

ϵ
k ∧ τ ϵT ], let

∆k−1
b (t) = |

� t

T ϵ
k−1∧τ

ϵ
T

L0H(qϵs)ds− (t− T ϵ
k−1 ∧ τ ϵT )Bi(x

ϵ
T ϵ
k−1∧τ

ϵ
T
)|,

and

∆k−1
b (T ϵ

k ∧ τ ϵT ) = ∆k−1
b .

It is easy to see that ∆k−1
b (t) = 0, if τ ϵT < T ϵ

k−1. Otherwise,

|∆k−1
b (t)| = |

� t

T ϵ
k−1

L0H(qϵs)ds− (t− T ϵ
k−1 ∧ τ ϵT )Bi(x

ϵ
T ϵ
k−1

)|

= |
� t

T ϵ
k−1

L0H(qϵs)ds−
t− T ϵ

k−1

T ϵ(qϵT ϵ
k−1

)

�
Ci(xϵ

Tϵ
k−1

)

L0(u)
ϵdl

|g(u)|
|

= |
� t

T ϵ
k−1

L0[H](qϵs)ds−
t− T ϵ

k−1

T ϵ
k − T ϵ

k−1

� T ϵ
k

T ϵ
k−1

L0(X̄
ϵ,k
s )ds|

≤
� T ϵ

k∧τ

T ϵ
k−1

|L0H(qϵs)− L0H(X̄ϵ,k
s )|ds+

� T ϵ
k

t

|L0H(X̄ϵ,k
s )|ds

+
T ϵ
k − t

T ϵ
k − T ϵ

k−1

� T ϵ
k

T ϵ
k−1

|L0H(X̄ϵ,k
s )|ds.
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Where X̄ϵ,k
s satisfies the equation dX̄ϵ,k

t = 1
ϵ
g(X̄ϵ,k

t )dt, X̄ϵ,k
0 = qϵT ϵ

k−1
. Notice

that the last two terms in the summation appears only once in all {∆k
b (t)}k∈N.

For the first term, we have

� T ϵ
k∧τ

ϵ
T

T ϵ
k−1

|L0H(qϵs)− L0H(X̄ϵ
s)|ds ≤

� T ϵ
k∧τ

ϵ
T

T ϵ
k−1

|L0H|Lip|qϵs − X̄ϵ
s|ds

≤ C(L0, Ii)

� T ϵ
k∧τ

ϵ
T

T ϵ
k−1

|qϵs − X̄ϵ
s|ds.

Thus, if we set, for t ∈ [T ϵ
k−1 ∧ τ ϵT , T

ϵ
k ∧ τ ϵT ] and every k except one, we get

E[|∆k−1
b (t)|4|FT ϵ

k−1
] ≤ CE[(

� T ϵ
k∧τ

ϵ
T

T ϵ
k−1

|qϵs − X̄ϵ,k
s |ds)4|FT ϵ

k−1
]

≤ CEqϵ
Tϵ
k−1

[

� T ϵ
0

0

|qϵs − X̄ϵ,k
s |4ds(T ϵ

0 ∧ τ ϵT )
3]

≤ C(C̄ϵ)4Eqϵ
Tϵ
k−1

[ sup
0≤s≤C̄ϵ

|qϵs − X̄ϵ
s|4].

Similarlly, for t ∈ [T ϵ
k−1 ∧ τ ϵT , T

ϵ
k ∧ τ ϵT ], let

∆k−1
σ (t) =

� t

Tk−1∧τϵT
|A

1
2
i (x

ϵ
T ϵ
k−1∧τ

ϵ
T
)V ϵ

s −R0H(qϵs)|2ds

and

∆k−1
σ (T ϵ

k ∧ τ ϵT ) = ∆k−1
σ .
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Due to the inequality that (x − y)2 ≤ 2|x2 − y2|, for x, y ∈ R+, we have for

t ∈ [T ϵ
k−1 ∧ τ ϵT , T

ϵ
k ∧ τ ϵT ]

∆k−1
σ (t) ≤ 2

� Tk∧τϵT

Tk−1

|Ai(x
ϵ
Tk−1

)−R∗
0[H]R0[H](qϵs)|ds.

By perceeding as for ∆k−1
b (t), we have for t ∈ [T ϵ

k−1 ∧ τ ϵT , T
ϵ
k ∧ τ ϵT ] and every

k except one,

E[∆k
σ(t)|FT ϵ

k
] ≤ C1C̄ϵEqϵ

Tϵ
k

[ sup
0≤s≤C̄ϵ

|qϵs − X̄ϵ,k
s |].

2.4.3 Closeness of ξϵt and xϵt

Let

h(ϵ) = sup
x∈R2

max{|bϵ(x)|, |σϵ(x)|},
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then limϵ→0 h(ϵ) = 0 as we assumed in Hypothesis 8. For t ∈ [T ϵ
k ∧ τ ϵT , T

ϵ
k+1 ∧

τ ϵT ), we have

|ξϵt − xϵ
t|

≤|Bi(x
ϵ
T ϵ
k
)(t− T ϵ

k)−
� t

T ϵ
k

L0H(qϵs)ds|+ |A1/2
i (xϵ

T ϵ
k
)(βt − βT ϵ

k
)−

� t

T ϵ
k

R0H(qϵs)dWs|

+ |
� t

T ϵ
k

Lϵ
0H(qϵs)ds|+ |

� t

T ϵ
k

Rϵ
0H(qϵs)dWs|

≤|Bi(x
ϵ
T ϵ
k
)(t− T ϵ

k)−
� t

T ϵ
k

L0H(qϵs)ds|+ |A1/2
i (xϵ

T ϵ
k
)(βt − βT ϵ

k
)−

� T ϵ
k+1∧τ

T ϵ
k

R0H(qϵs)dWs|

+ C̄ϵh(ϵ) + |
� t

T ϵ
k

Rϵ
0H(qϵs)dWs|

.

If T ϵ
k > τ ϵT , then

sup
T ϵ
k∧τ

ϵ
T≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4 = 0.

So we consider the case when T ϵ
k > τ ϵT ,

sup
T ϵ
k∧τ

ϵ
T≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4 = sup

T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4,
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below.

sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4

≤C(∆k
b (T

ϵ
k+1 ∧ τ ϵT ))

4 + C sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|
� t

T ϵ
k

A
1/2
i (xϵ

T ϵ
k
∧ τ ϵT )V

ϵ
s −R0[H](qϵs)dWs|4

+ CC̄4ϵ4h4(ϵ) + C sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|
� t

T ϵ
k

Rϵ
0[H](qϵs)dWs|4

≤C(∆k
b )

4 + C sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|
� t

T ϵ
k

A
1/2
i (xϵ

T ϵ
k
)V ϵ

s −R0H(qϵs)dWs|4

+ CC̄4ϵ4h4(ϵ) + C sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|
� t

T ϵ
k

Rϵ
0H(qϵs)dWs|4.

Therefore, by Kolmogorov’s inequality

E[ sup
T ϵ
k≤t≤T ϵ

k+1∧τ
|ξϵt − xϵ

t|4|FT ϵ
k
]

≤CE[(∆k
b )

4|FT ϵ
k
] + CEqϵ

Tϵ
k

[

� T ϵ
0∧τϵT

0

|Ai(x
ϵ
T ϵ
k
)−R∗

0HR0H(qϵs)|ds]2 + CC̄4ϵ4h4(ϵ) + 2C̄2ϵ2h(ϵ)2

≤CE[(∆k
b )

4|FT ϵ
k
] + CE[∆k

σ|FT ϵ
k
]2 + CC̄4ϵ4h4(ϵ) + CC̄2ϵ2h(ϵ)2

≤C2(C̄ϵ)4E[ sup
0≤s≤C̄ϵ

|qϵs − X̄ϵ
s|4] + CC̄2ϵ2E[ sup

0≤s≤C̄ϵ

|qϵs − X̄ϵ
s|]2 + 2C̄4ϵ4h4(ϵ) + 2C̄2ϵ2h(ϵ)2

≤C4(C̄ϵ)4E[ sup
0≤s≤C̄ϵ

|qϵs − X̄ϵ
s|4] + CC̄2ϵ2E[ sup

0≤s≤C̄ϵ

|qϵs − X̄ϵ
s|4]1/2 + 2C̄4ϵ4h4(ϵ) + 2C̄2ϵ2h(ϵ)2.
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Therefore, thanks to (2.13)

E[ sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt −xϵ
t|4|FT ϵ

k
] ≤ C((C̄ϵ)5+(C̄ϵ)2.5)+2C̄4ϵ4h4(ϵ)+2C̄2ϵ2h2(ϵ).

Finally, since there are at most N := [T/Cϵ] + 1 Tk’s before time time T , we

get

E[ sup
0≤t≤τϵT

|ξϵt − xϵ
t|4] ≤E[

∞∑
k=0

sup
T ϵ
k∧τ

ϵ
T≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4]

≤E[
N∑
k=0

sup
T ϵ
k≤t≤T ϵ

k+1∧τ
ϵ
T

|ξϵt − xϵ
t|4] + E[ sup

T ϵ
N∧τϵT≤t≤T ϵ

N+1∧τ
ϵ
T

|ξϵt − xϵ
t|4|FTN

]]

≤N(C((C̄ϵ)5 + (C̄ϵ)2.5) + 2C̄4ϵ4h4(ϵ) + 2C̄2ϵ2h2(ϵ))

≤C
T

ϵ
(C((C̄ϵ)5 + (C̄ϵ)2.5) + 2C̄4ϵ4h4(ϵ) + 2C̄2ϵ2h2(ϵ)),

So that

E[ sup
0≤t≤τϵT

|ξϵt − xϵ
t|4] ≤ CT (C̄5ϵ4 + C̄2.5ϵ1.5 + 2C̄4ϵ3h4(ϵ) + 2C̄2ϵh2(ϵ)).

Therefore, we have proved the following Lemma

Lemma 2.4.5. Under Hypothesis 8 and 9, for any intitial condition (x0, i)
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on edge Ii and H1 ≤ x0 ≤ H2 such that (H1, i), (H2, i) ∈ Ii, we have

sup
(x0,i)∈Ii

Ex0 [ sup
0≤s≤τϵH1,H2

∧T
|ξϵt−xϵ

t|4] ≤ CT (C̄5ϵ4+C̄2.5ϵ1.5+2C̄4ϵ3h4(ϵ)+2C̄2ϵh2(ϵ)).

(2.14)

2.4.4 Closeness of ξϵt and x̃ϵt

Let |ξϵT ϵ
k
− x̃ϵ

T ϵ
k
| = δk. For t ∈ [T ϵ

k−1, T
ϵ
k), we have

|ξϵt − x̃ϵ
t| ≤|ξϵT ϵ

k−1
− x̃ϵ

T ϵ
k−1

|+
� t

T ϵ
k−1

|Bi(x
ϵ
T ϵ
k−1

)−Bi(x̃
ϵ
s)|ds+ |

� t

T ϵ
k−1

(Ai(x
ϵ
T ϵ
k−1

)− Ai(x̃
ϵ
s))dβ

ϵ
s|

≤δk−1 + C

� t

T ϵ
k−1

|xϵ
T ϵ
k−1

− x̃ϵ
s|ds+ |

� t

T ϵ
k−1

(Ai(x
ϵ
T ϵ
k−1

)− Ai(x̃
ϵ
s))dβ

ϵ
s|

≤δk−1 + C

� t

T ϵ
k−1

|ξϵT ϵ
k−1

− ξϵs|ds+ C

� t

T ϵ
k−1

|ξϵs − x̃ϵ
s|ds+ |

� t

T ϵ
k−1

(Ai(ξ
ϵ
T ϵ
k−1

)− Ai(ξ
ϵ
s))dβ

ϵ
s|

+ |
� t

T ϵ
k−1

(Ai(ξ
ϵ
s)− Ai(x̃

ϵ
s))dβ

ϵ
s|.

Let βϵ,s
t = βϵ

t+s − βϵ
s. For s ∈ [T ϵ

k−1, T
ϵ
k),

|ξϵT ϵ
k−1

−ξϵs| ≤ |Bi(x
ϵ
T ϵ
k−1

)(s−T ϵ
k−1)|+|A

1
2
i (x

ϵ
T ϵ
k−1

)(βϵ
s−βϵ

T ϵ
k−1

)| ≤ C|s−T ϵ
k−1|+C|βϵ,T ϵ

k−1

s−T ϵ
k−1

|.

Since T ϵ
k − T ϵ

k−1 ≤ C̄ϵ, we define ξ̄ϵs to be the extension of ξϵs in the interval

[T ϵ
k−1, T

ϵ
k−1 + C̄ϵ] such that ξ̄ϵs = ξϵs, s ∈ [T ϵ

k−1, T
ϵ
k) and ξ̄ϵs = 0, T ϵ

k ≤ s ≤
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T ϵ
k−1+C̄ϵ. The process ¯̃xϵ

s is defined similarly. Then for T ϵ
k−1 < t0 < T ϵ

k−1+C̄ϵ,

sup
T ϵ
k−1≤s≤T ϵ

k∧t0
|ξϵs − x̃ϵ

s| = sup
T ϵ
k−1≤s≤t0

|ξ̄ϵs − ¯̃xϵ
s|,

and

sup
T ϵ
k−1≤s≤t0∧T ϵ

k

|ξϵs − x̃ϵ
s|

≤δk−1 + C

� T ϵ
k∧t0

T ϵ
k−1

(|s− T ϵ
k−1|+ |βϵ,T ϵ

k−1

s−T ϵ
k−1

|)ds+ C

� T ϵ
k∧t0

T ϵ
k−1

sup
0≤u≤s∧T ϵ

k

|ξϵu − x̃ϵ
u|ds

+ |
� T ϵ

k∧t0

T ϵ
k−1

(Ai(ξ
ϵ
T ϵ
k−1

)− Ai(ξ
ϵ
s))dβ

ϵ,T ϵ
k−1

s |+ |
� T ϵ

k∧t0

T ϵ
k−1

(Ai(ξ
ϵ
s)− Ai(x̃

ϵ
s))dβ

ϵ,T ϵ
k−1

s |.

So

E[ sup
T ϵ
k−1≤s≤t0∧T ϵ

k

|ξϵs − x̃ϵ
s|4|FT ϵ

k−1
]

≤cδ4k−1 + cEqϵ
Tϵ
k−1

[|
� T ϵ

0

0

sds|4] + cEqϵ
Tϵ
k−1

[|
� T ϵ

0

0

|βϵ,T ϵ
k−1

s |ds|4]

+ cEqϵ
Tϵ
k−1

[|
� T ϵ

0∧τ

0

sup
0≤u≤s∧T ϵ

0

|ξϵu − xu|ds|4] + cEqϵ
Tϵ
k−1

[|
� T ϵ

0∧t0

0

(Ai(ξ
ϵ
T ϵ
k−1

)− Ai(ξ
ϵ
s))dβ

ϵ
s|4]

+ cEqϵ
Tϵ
k−1

[|
� T ϵ

0∧t0

0

(Ai(ξ
ϵ
s)− Ai(x̃

ϵ
s))dβ

ϵ
s|4].
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Let r = t0 − T ϵ
k−1, then r ≤ C̄ϵ and

E[ sup
T ϵ
k−1≤s≤t0∧T ϵ

k

|ξϵs − x̃ϵ
s|4|FT ϵ

k−1
] = E[ sup

T ϵ
k−1≤s≤t0

|ξ̄ϵs − ¯̃xϵ
s|4|FT ϵ

k−1
]

≤δ4k−1 + (C̄ϵ)8 + C̄4ϵ6 + Eqϵ
Tϵ
k−1

[|
� r

0

sup
0≤u≤s

|ξ̄ϵu − ¯̃xϵ
u|ds|4]

+ cEqϵ
Tϵ
k−1

[|
� T ϵ

0∧r

0

(Ai(ξ̄
ϵ
T ϵ
k−1

)− Ai(ξ̄
ϵ
s))dβ

ϵ,T ϵ
k−1

s |4] + cEqϵ
Tϵ
k−1

[|
� T ϵ

0∧r

0

(Ai(ξ̄
ϵ
s)− Ai(¯̃x

ϵ
s))dβ

ϵ,T ϵ
k−1

s |4]

≤δ4k−1 + (C̄ϵ)8 + C̄4ϵ6 + Eqϵ
Tϵ
k−1

[|
� r

0

sup
0≤u≤s

|ξ̄ϵu − ¯̃xϵ
u|ds|4]

+ cEqϵ
Tϵ
k−1

[|
� r

0

(Ai(ξ̄
ϵ
T ϵ
k−1

)− Ai(ξ̄
ϵ
s))dβ

ϵ,T ϵ
k−1

s |4] + cEqϵ
Tϵ
k−1

[|
� r

0

(Ai(ξ̄
ϵ
s)− Ai(¯̃x

ϵ
s))dβ

ϵ,T ϵ
k−1

s |4].

Since

E[|
� r

0

(Ai(ξ̄
ϵ
T ϵ
k
)− Ai(ξ̄

ϵ
s))dβ

ϵ
s|4] ≤C̄ϵE[

� r

0

|Ai(ξ̄
ϵ
T ϵ
k
)− Ai(ξ̄

ϵ
s)|4ds]

≤L4C̄ϵE[
� r

0

|ξ̄ϵT ϵ
k
− ξ̄ϵs|4ds]

≤CC̄ϵ

� r

0

E[|ξ̄ϵT ϵ
k
− ξ̄ϵs|4]ds

≤CC̄ϵ

� r

0

E[s4 + |βϵ
s|4]ds

≤C(C̄ϵ)4,

we get

E[|
� r

0

(Ai(ξ̄
ϵ
s)−Ai(¯̃x

ϵ
s))dβ

ϵ
s|4] ≤ C̄ϵ

� r

0

E[|ξ̄ϵs−¯̃xϵ
s|4]ds ≤ C̄ϵ

� r

0

E[ sup
0≤u≤s

|ξ̄ϵu−¯̃xϵ
u|4]ds
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and

E[ sup
T ϵ
k−1≤s≤t0

|ξ̄ϵs − x̄s|4|FT ϵ
k−1

] = Eqϵ
Tϵ
k−1

[ sup
0≤s≤t

|ξ̄ϵs − x̄s|4]].

Therefore

Eqϵ
Tϵ
k−1

[ sup
0≤s≤r

|ξ̄ϵs − ¯̃xϵ
s|4]] ≤δ4k−1 + (C̄ϵ)8 + C̄4ϵ6 + (C̄ϵ)4 + ((C̄ϵ)4 + C̄ϵ)

� r

0

Eqϵ
Tϵ
k−1

[ sup
0≤u≤s

|ξ̄ϵu − ¯̃xϵ
u|4].

If we apply Gronwall’s inequality, we have

Eqϵ
Tϵ
k−1

[ sup
0≤s≤r

|ξ̄ϵs − ¯̃xϵ
s|4]] ≤ (δ4k−1 + (C̄ϵ)8 + C̄4ϵ6 + (C̄ϵ)4) exp(((C̄ϵ)4 + C̄ϵ)t0)

and thus

E[ sup
T ϵ
k−1≤s≤t0

|ξϵs−x̃ϵ
s|4|FT ϵ

k−1
]ds ≤ (δ4k−1+(C̄ϵ)8+C̄4ϵ6+(C̄ϵ)4) exp((C̄ϵ)5+(C̄ϵ)2)
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All this implies,

E[ sup
T ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T

|ξ̄ϵs − ¯̃xϵ
s|4] = E[E[ sup

T ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T

|ξ̄ϵs − ¯̃xϵ
s|4]|FT ϵ

k−1
]

≤E[(δ4k−1 + (C̄ϵ)8 + C̄4ϵ6 + (C̄ϵ)6 + (C̄ϵ)4) exp((C̄ϵ)4 + (C̄ϵ)2)]

≤E[ sup
T ϵ
k−2∧τ

ϵ
T≤s≤T ϵ

k−1∧τ
ϵ
T

|ξ̄ϵs − x̄s|4]] exp((C̄ϵ)4 + (C̄ϵ)2)

+ ((C̄ϵ)8 + C̄4ϵ6 + (C̄ϵ)6 + (C̄ϵ)4) exp((C̄ϵ)4 + (C̄ϵ)2)].

Now, let ak = E[supT ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T
|ξ̄ϵs− ¯̃xϵ

s|4]]. The calculation above implies

the following recursive ,

ak ≤ exp(C̄ϵ)(ak−1 + (C̄ϵ)4).

By induction, we can easily deduce that

an ≤ (C̄ϵ)4
n∑

k=1

exp(kC̄ϵ) = (C̄ϵ)4
1− exp((n+ 1)C̄ϵ)

1− exp(C̄ϵ)
≤ CC̄4ϵ3.
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Finally, let N = [t/Cϵ] + 1,

E[ sup
0≤s≤τϵT

|ξϵs − x̃ϵ
s|4] ≤E[sup

k
sup

T ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T

|ξ̄ϵs − ¯̃xϵ
s|4] ≤ E[

N∑
k=1

sup
T ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T

|ξ̄ϵs − ¯̃xϵ
s|4]

≤
N∑
k=1

E[ sup
T ϵ
k−1∧τ

ϵ
T≤s≤T ϵ

k∧τ
ϵ
T

|ξ̄ϵs − ¯̃xϵ
s|4] =

N∑
k=1

ak ≤ CTC̄4ϵ2.

Therefore, we have proved the following Lemma

Lemma 2.4.6. Under Hypothesis 8 and 9, for any intitial condition (x0, i)

on edge Ii and H1 ≤ x0 ≤ H2 such that (H1, i), (H2, i) ∈ Ii, we have

sup
(x0,i)∈Ii

Ex0 [ sup
0≤s≤τϵT

|ξϵs − x̃ϵ
s|4] ≤ CTC̄4ϵ2. (2.15)

2.4.5 Proof of Lemma 2.4.1

By Ito’s formula, for any ϵ > 0,

Ex0 [e
−λτϵT f(xτϵT

)−
� +∞

0

e−λs(−λI + Li)[f ](xs)XτϵT>sds] = f(x0).

Since x̃ϵ
t and xt have the same distribution,

Ex0 [e
−λτϵT f(x̃ϵ

τϵT
)−

� +∞

0

e−λs(−λI + Li)[f ](x̃
ϵ
s)XτϵT>sds] = f(x0).
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Moreover,

Ex0 [e
−λτϵT (f(xϵ

τϵT
)− f(x̃ϵ

τϵT
))]2

≤Ex0 [|f(xϵ
τϵT
)− f(x̃ϵ

τϵT
))|2] ≤ |f |2LipEx0 [|xϵ

τϵT
− x̃ϵ

τϵT
|2]

≤|f |2Lip(Ex0 [|ξτϵT − x̃ϵ
τϵT
|4]

1
2 + Ex0 [|xϵ

τϵT
− ξϵτϵT |

4]
1
2 )

≤|f |2Lip(Ex0 [ sup
0≤t≤τϵT

|ξt − x̃ϵ
t|4]

1
2 + Ex0 [ sup

0≤t≤τϵT

|xϵ
t − ξϵt |4]

1
2 ).

Apply Lemma 2.4.5 and 2.4.6, Ex0 [e
−λτϵT (f(xϵ

τϵT
) − f(x̃ϵ

τϵT
))] converges to 0

uniformly with respect to x0. And

Ex0 [|
� τϵT

0

e−λs((−λI + Li)[f ](x
ϵ
s)− (−λI + Li)[f ](x̃

ϵ
s))ds|]2

≤Ex0 [

� τϵT

0

e−λsCf |xϵ
s − x̃ϵ

s|ds]2 ≤ C2
fT

2Ex0 [ sup
0≤t≤τϵT

|xϵ
t − x̃ϵ

t|2])

≤C2
fT

2(Ex0 [ sup
0≤t≤τϵT

|ξt − x̃ϵ
t|4]

1
2 + Ex0 [ sup

0≤t≤τϵT

|xϵ
t − ξϵt |4]

1
2 ).

Similarly, Ex0 [|
� τϵT
0

e−λs((−λI+Li)[f ](x
ϵ
s)− (−λI+Li)[f ](x̃

ϵ
s))ds|] converges

to 0 uniformly with respect to x0. So

lim
ϵ→0

Ex0 [e
−λτϵT f(xτϵT

)−
� τϵT

0

e−λs(−λI + Li)[f ](xs)ds]

= lim
ϵ→0

Ex0 [e
−λτϵT f(x̃ϵ

τϵT
)−

� τϵT

0

e−λs(−λI + Li)[f ](x̃
ϵ
s)ds] = f(x0).
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2.4.6 Proof of Lemma 2.3.2

We start with the following Lemma

Lemma 2.4.7. Under Hypothesis 8 and 9, and let the stopping time τ ϵH1,H2

be defined as before, where H1, H2 are in the interior of H(Ii), then

sup
ϵ>0

sup
z∈Di([H1,H2])

Ez[τ
ϵ
H1,H2

] < ∞.

Proof. Let f satisfies Li[f ] = −1 and the boundary conditions f(H1) =

f(H2) = 0. Then apply Lemma 2.3.2 with f and have

E[τ ϵT ] = f(x0)− E[f(xϵ
τϵT
)]

Since the second order differential operator Li is uniformly elliptic on [H1, H2],

we can apply the maximum principle, and we get

|f |∞ ≤ C,

where C is a constant depending on the coefficients in Li and [H1, H2]. In
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particular, it is independent of T . Therefore, by Fatou’s Lemma

Ez[τ
ϵ
H1,H2

] = Ez[ lim
T→∞

τ ϵT ] ≤ lim inf
T→∞

E[τ ϵT ] ≤ 2C < ∞.

Since this inequality holds for all z ∈ Di([H1, H2]) and ϵ > 0.

Lemma 2.4.8. Under Hypothesis 8 and 9, for any intitial condition (x0, i)

on the edge Ii and H1 ≤ x0 ≤ H2 such that (H1, i), (H2, i) are inside the

interior of Ii, we have

lim
ϵ→0

sup
(x0,i)∈Ii

Ex0 [ sup
0≤s≤τϵH1,H2

|ξϵt − xϵ
t|2] = 0.

Proof. Unlike the its previous counterpart, the number of intervals here is

random. Let N be the largest k such that T ϵ
k ≤ τ ϵH1,H2

. For simplicity,

we write τ ϵH1,H2
as τ ϵT , eliminate the edge coordinate i and let T−1 = 0 in

this proof. Thanks to (2.14) and apply Fatou’s Lemma and strong Markov
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property,

Ex0 [ sup
0≤t≤τϵT

|ξϵt − xϵ
t|2] ≤Ex0 [

∞∑
k=−1

sup
Tk∧τϵT≤t≤Tk+1∧τϵT

|ξϵt − xϵ
t|2]

≤
∞∑

k=−1

Ex0 [ sup
Tk≤t≤Tk+1∧τϵT

|ξϵt − xϵ
t|2Xk≤N ]

≤
∞∑

k=−1

Ex0 [Ex0 [ sup
Tk≤t≤Tk+1∧τϵT

|ξϵt − xϵ
t|2XTk≤τϵT

|FTk
]]

=
∞∑

k=−1

Ex0 [Ex0 [ sup
Tk≤t≤Tk+1∧τϵT

|ξϵt − xϵ
t|2|FTk

]XTk≤τϵT
]

≤
∞∑

k=−1

Ex0 [EH(qϵTk
)[ sup
0≤t≤T0∧τϵT

|ξϵt − xϵ
t|2]XTk≤τϵT

]

≤
∞∑

k=−1

Ex0 [ sup
(x0,i)∈Ii

Ex0 [ sup
0≤t≤T0∧τϵT

|ξϵt − xϵ
t|2]XTk≤τϵT

]

=
∞∑

k=−1

sup
(x0,i)∈Ii

Ex0 [ sup
Tk≤t≤Tk+1∧τϵT

|ξϵt − xϵ
t|2]Ex0 [XTk≤τϵT

]

≤(C((C̄ϵ)5 + (C̄ϵ)2.5) + 2C̄4ϵ4h4(ϵ) + 2C̄2ϵ2h2(ϵ))
∞∑
k=0

E[Xk≤N ].

Moreover,
∞∑
k=0

E[Xk≤N ] ≤ 1 + E[N ] = 1 + E[
τ ϵH1,H2

Cϵ
] ≤ C

ϵ

and thus prove for all T > 0,

Ex0 [ sup
0≤t≤τϵT

|ξϵt − xϵ
t|2] ≤ C(C((C̄ϵ)4 + (C̄ϵ)3/2) + 2C̄4ϵ3h4(ϵ) + 2C̄2ϵh2(ϵ)).
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Finally, we take the sup over T and prove the result.

Lemma 2.4.9. Under Hypothesis 8 and 9, for any intitial condition (x0, i)

on edge Ii and H1 ≤ x0 ≤ H2 such that (H1, i), (H2, i) inside the interior of

Ii, we have

lim
ϵ→0

sup
(x0,i)∈Ii

Ex0 [ sup
0≤s≤τϵH1,H2

|ξϵs − x̃ϵ
s|2] = 0.

Proof. Similarly, we have

Ex0 [ sup
0≤s≤τϵT

|ξϵs − x̃ϵ
s|2] ≤Ex0 [sup

k
sup

Tk−1∧τϵT≤s≤Tk∧τϵT
|ξ̄ϵs − ¯̃xϵ

s|2]

≤Ex0 [
∞∑
k=0

sup
Tk−1∧τϵT≤s≤Tk∧τϵT

|ξ̄ϵs − ¯̃xϵ
s|2Xk≤N ]

≤
∞∑
k=0

Ex0 [ sup
Tk−1∧τϵT≤s≤Tk∧τϵT

|ξ̄ϵs − ¯̃xϵ
s|2Xk≤N ]

≤
∞∑
k=0

sup
(x0,i)∈Ii

Ex0 [ sup
Tk−1∧τϵT≤s≤Tk∧τϵT

|ξ̄ϵs − ¯̃xϵ
s|4]E[Xk≤N ].

Now by the estimation (2.15), and process as the previous Lemma, the result

is obvious.

Now if we apply exactly the same proof as in Lemma 2.4.1, Lemma 2.3.2

is proved.

87



2.5 Properties near the Saddle Point

Since the gluing condition is given by local property, we can assume with-

out loss of generality in this section that

Hypothesis 6. The coefficients g(x), b(x), bϵ(x), σ(x) and σϵ(x), x ∈ R2 in

equation (2.1) are uniformly bounded.

2.5.1 Averaging the Measure

We first remark that: the probability for qϵt , starting from an initial point

q ∈ Dk(±δ′) to reach the level set Cki(δ) is approximately the same. The

following Lemma is a consequence of Krylov and Safonov’s theory (see [16]).

Lemma 2.5.1. There exists a δ2.5.1 > 0 such that for every 0 < δ′ < δ < δ2.5.1

and and any κ > 0, the following estimate holds for sufficiently small ϵ,

sup
q1,q2∈D̄k(±δ′)

|Eq1 [f(q
ϵ
τϵk(±δ))]− Eq2 [f(q

ϵ
τϵk(±δ))]| < κ.

If the function f in the Lemma is XCkj(δ)(Ij ∼ Ok), we have Eqi [f(q
ϵ
τϵk(±δ))] =

Pqi [q
ϵ
τϵk(±δ) ∈ Ckj(δ)]. Now we can average the probability Pq[q

ϵ
σ1

∈ Ckj(δ)] by

a measure µ on the level set Ck(±δ′).
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Lemma 2.5.2. Let µ be a measure on the level set Ck(±δ′). For any κ > 0

and sufficiently small ϵ,

sup
x∈Ck(±δ′)

|Px[q
ϵ
τϵk(±δ)∈Cki(δ)

]−
�
Ck(±δ′)

µ(dx)Px[q
ϵ
τϵk(±δ) ∈ Cki(δ)]

µ(Ck(±δ′))
| < κ. (2.16)

The measure µ will be determined by the long term behavior of qϵt as to

be shown in the next subsection.

2.5.2 Representation of the Invariant Measure

Let

Cδ =
⋃
k∈S

⋃
Ii∼Ok

Cki(±δ) Cδ′ =
⋃
k∈S

⋃
Ii∼Ok

Cki(±δ′).

The sequence {qϵτϵk}
∞
k=0 is a Markov chain and for all k > 1, qϵτϵk ∈ Cδ′ . More-

over if qϵ0 ∈ Cδ, {qϵσϵ
k
}∞k=0 is a Markov chain on Cδ. Then every invariant

measure µϵ of the process (qϵt ,Pϵ
q) can be represented in the form

µϵ(A) =

�
Cδ

νϵ(dz)Eϵ
z[

� σϵ
1

0

1A(q
ϵ
t)dt] =

�
Cδ′

ν ′ϵ(dz)Eϵ
z[

� τϵ1

0

1A(q
ϵ
t)dt], (2.17)
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where νϵ and ν ′ϵ are measures on Cδ and Cδ′ such that

νϵ(B) =

�
Cδ′

ν ′ϵ(dz)Pϵ
z[q

ϵ
σϵ
0
∈ B], ν ′ϵ(C) =

�
Cδ

νϵ(dz)Pϵ
z[q

ϵ
τϵ1

∈ C]. (2.18)

See [14]. Notice that νϵ and ν ′ϵ are the invariant measures for the Markov

chains {qϵσϵ
k
}∞k=0 and {qϵτϵk}

∞
k=0 on Cδ and Cδ′ respectively. Now we pick the

measure µ in equation (2.16) to be ν ′ϵ and we get

�
Ck(±δ′)

µ(dz)Pz[q
ϵ
τϵk(±δ) ∈ Cki(δ)]

µ(Ck(±δ′))
=

νϵ(Cki(δ)

ν ′ϵ(Ck(±δ′))
.

Hence, we apply equation (2.18) with C = Ck(±δ′) and since Pϵ
z[q

ϵ
τ1
∈ C] = 1,

for all z ∈ Ck(±δ‘), we have ν ′ϵ(Ck(±δ′)) = νϵ(Ck(±δ′)). Therefore

|Pz[q
ϵ
τϵ(±δ)∈Cki(δ)

]− νϵ(Cki(δ)

νϵ(Ck(±δ))
| < κ.

Finally, apply equation (2.17) with a bounded measurable function G and

get �
R2

G(z)µϵ(dz) =

�
Cδ

νϵ(dz)Eϵ
z[

� σ1

0

G(qϵt)dt]. (2.19)
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2.5.3 Proof of Lemma 2.3.4: A Special Case

In this section we first assume that the following Hypothesis holds,

Hypothesis 7. Let function a(x) be the function defined by (2.3). We as-

sume that a satisfies the following relation for all ϵ > 0.

(L0)
∗[a−1](z) = 0, (Lϵ

0)
∗[a−1](z) = 0 ∀z ∈ R2.

Then a−1(z)dz is the invariant measure for the the system {qϵt} as ϵ ↓ 0

and Li is a generalized differential operator. Apply Lemma 2.2.1 again, the

left hand side of equation (2.19) becomes

�
R2

G(z)µϵ(dz) =

�
R2

G(z)
dz

a(z)
=

� �
C(H)

G(z)
dl

|∇H(z)|a(z)
dH,

Let the window function G(z) depend only on the Hamiltonian,

G(z) = f ◦H(z),

where f ∈ C∞(R) with support in (Hk1 + δ,Hk2 − δ) and Hki = H(Oki),
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i = 1, 2, Oki(i = 1, 2) are the two end points of an edge Ik. Then

�
R2

G(z)µϵ(dz) =

� H2−δ

H1+δ

f(H)v′k(H)dH. (2.20)

Finally, we apply Lemma 2.3.2 to the right hand side of equation (2.19),

lim
ϵ→0

Eϵ
z[

� σϵ
1

0

G(qϵt)dt] = lim
ϵ→0

Eϵ
x[

� σϵ
1

0

f(xϵ
t)dt] = lim

ϵ→0
Eϵ

x[

� τϵ1

0

f(xϵ
t)dt] = u(x),

where x = H(z) and u(x) is the solution to


Li[u] = f

u(H1 + δ′) = u(H2 − δ′) = 0.

It can be easily seen that u(x) can be solved by the following formula,

u(x) =
uk(Hk2 − δ′)− uk(x)

uk(Hk2 − δ′)− uk(Hk1 + δ′)

� x

Hk1+δ′
(uk(x)− uk(Hk1 + δ′))f(h)dvk(h)

+
uk(x)− uk(H1 + δ′)

uk(Hk2 − δ′)− uk(Hk1 + δ′)

� Hk2−δ′

x

(uk(Hk2 − δ′)− uk(x))f(h)dvk(h).

Notice that f has support in (Hk1 + δ,Hk2 − δ), so if x ∈ Ck1(δ), then

u(Hk1+δ) =
uk(H1 + δ)− uk(H1 + δ′)

uk(Hk2 − δ′)− uk(Hk1 + δ′)

� Hk2−δ′

Hk1+δ

(uk(Hk2−δ′)−uk(Hk1+δ))f(h)dvk(h),

92



and if x ∈ Ck2(−δ), then

u(Hk2−δ) =
uk(Hk2 − δ′)− uk(Hk2 − δ)

uk(Hk2 − δ′)− uk(Hk1 + δ′)

� Hk2−δ

Hk1+δ′
(uk(Hk2−δ)−uk(Hk1+δ′))f(h)dvk(h).

Now we combine equation (2.19) and equation (2.20),

� H2−δ

H1+δ

f(H)v′k(H)dH = lim
ϵ→0

νϵ(Ck1(δ))(u(Hk1+δ)+O(ϵ))+νϵ(Ck2(δ))(u(Hk2−δ)+O(ϵ)).

which is an equation holds for all f , therefore we have:

lim
ϵ→0

νϵ(Ck1(δ)) =
1

ui(H1 + δ)− ui(H2 + δ′)
,

lim
ϵ→0

νϵ(Ck2(δ)) =
1

ui(H2 − δ′)− ui(H2 − δ)
.

Finally, letting δ → δ′ and δ′ → 0 gives us Lemma 2.3.4 under Hypothesis

11.

2.5.4 Proof of Lemma 2.3.4: The General Case

Now we consider the case without Hypothesis 11. Instead of considering

the process qϵt whose invariant measure is unknown when ϵ ↓ 0, we consider
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the system by compensating a smooth vector filed b̂ and b̂ϵ satisfying

(L0 + b̂ · ∇)∗[a−1] = 0, (Lϵ
0 + b̂ϵ · ∇)∗[a−1] = 0 (2.21)

and L0 + b̂∇, (Lϵ
0 + b̂ϵ∇)∗ are the corresponding formal adjoint operator.

We first claim that both such b̂ and b̂ϵ exists under Hypothesis 8, 9, and 10.

Indeed

(L0 + b̂ · ∇)∗[a−1] = L0[a
−1]−

2∑
i=1

∂

∂xi

(b̂ia
−1).

Let b̂2 = 0 and b̂1 satisfy the first-order partial differential equation

∂

∂x1

(b̂1a
−1) = L0[a

−1](x).

Then

b̂1(x1, x2) = a(x1, x2)

� x1

0

L0[a
−1](u1, x2)du1. (2.22)

By Hypothesis 10, b̂ is well-defined, bounded and globaly Lipschitz contin-

uous. Similarly, such b̂ϵ also exists. Therefore the stochastic process q̂ϵt is
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well-defined for every fixed ϵ > 0:


dq̂ϵt =

1
ϵ
g(q̂ϵt)dt+ b(q̂ϵt)dt+ σ(q̂ϵt)dWt + bϵ(q̂ϵt)dt+ σϵ(q̂ϵt)dWt + b̂(q̂ϵt)dt+ b̂ϵ(q̂ϵt)dt

q̂ϵ0 = q,

and q̂ϵt satisfies Hypothesis 11. Therefore, the gluing condition holds for q̂ϵt .

For the process qϵt , the drift term b̂ and b̂ϵ need to be killed from q̂ϵt . I

apply Girsanov Theorem up to any fixed time T .

The measure Pϵ
q induced by the process qϵt on C([0, T ];R2) is absolutely

continuous to the measure P̂ϵ
q induced by q̂ϵt on C([0, T ];R2) with the density

dPϵ
q

dP̂ϵ
q

|Ft = exp{
� t

0

M ϵ(q̂ϵs)dWs −
1

2

� t

0

|M ϵ(q̂ϵs)|2ds}, 0 ≤ t ≤ T

where

M ϵ(x) = −(σ + σϵ)−1(x)(b̂+ b̂ϵ)(x).

Compare the two measures of a set A ∈ FT , where the expectation, without
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specification, is taken with respect to the measure P̂ϵ
q.

|Pϵ
q[A]− P̂ϵ

q[A]| =|
�
A

[exp{
� T

0

M ϵ(q̂ϵs)dWs −
1

2

� T

0

|M ϵ(q̂ϵs)|2ds} − 1]dP̂ϵ
q[ω]|

≤(P̂ϵ
q[A])

1/2Eϵ
q[[

� T

0

M ϵ(q̂ϵs)dWs −
1

2

� T

0

|M ϵ(q̂ϵs)|2ds− 1]2]1/2.

For simplicity, we denote

Zϵ
t =

� t

0

M ϵ(q̂ϵs)dWs −
1

2

� t

0

|M ϵ(q̂ϵs)|2ds.

Apply Ito’s formula to [exp(Zt)− 1]2:

E[exp(Zϵ
t )− 1]2

=E[0 +
� t

0

2[exp(Zϵ
s)− 1] exp(Zϵ

s)dZ
ϵ
s

+
1

2

� t

0

[2 exp(Zϵ
s)

2 + 2 exp(Zϵ
s)(exp(Z

ϵ
s)− 1)]d⟨Zϵ

s, Z
ϵ
s⟩]

=E[
� t

0

exp(2Zϵ
s)|M(q̂ϵs)|2ds].

By Hypothesis 10 and 11,

sup
ϵ>0,x∈R2

|M ϵ(x)|2 = M
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and

E[[exp(Zϵ
t )− 1]2] = E[

� t

0

exp(2Zϵ
s)|M ϵ(q̂ϵs)|2ds] ≤ ME[

� t

0

exp(2Zϵ
s)ds]

=ME[
� t

0

exp(2

� s

0

M ϵ(q̂ϵu)dWu −
� s

0

|M ϵ(q̂ϵu)|2du)]ds

=ME[
� t

0

exp(

� s

0

2M ϵ(q̂ϵu)dWu −
1

2

� s

0

|2M ϵ(q̂ϵu)|2du) exp(
� s

0

|M ϵ(q̂ϵu)|2du)ds].

Then apply Girsanov theorem again to the last equation

E[
� t

0

exp(

� s

0

2M ϵ(q̂ϵu)dWu −
1

2

� s

0

|2M ϵ(q̂ϵu)|2du) exp(
� s

0

|M ϵ(q̂ϵu)|2du)ds]

=

� t

0

Ẽ[exp
� s

0

|M ϵ(q̂ϵu)|2du]ds

≤C(eMT − 1).

This implies

Êϵ
q[[

� T

0

M ϵ(q̂ϵs)dWs −
1

2

� T

0

|M ϵ(q̂ϵs)|2ds− 1]2] ≤ M0T.
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Then let T = δ and for q ∈ D̄k(±δ′g) as in Lemma 2.3.4,

|Pϵ
q[q

ϵ
τϵk(±δ) ∈ Cki(δ)]− pki|

≤|Pϵ
q[q

ϵ
τϵk(±δ) ∈ Cki(δ)]− P̂ϵ

q[q
ϵ
τϵk(±δ) ∈ Cki(δ)]|+ |P̂ϵ

q[q
ϵ
τϵk(±δ) ∈ Cki(δ)]− pki|

≤|Pϵ
q[q

ϵ
τ̂ϵk(±δ) ∈ Cki(δ); τ̂

ϵ
k(±δ) < δ]− P̂ϵ

q[q̂
ϵ
τϵk(±δ) ∈ Cki(δ); τ̂

ϵ
k(±δ) < δ]

+ 2Pϵ
q[τ̂

ϵ
k(±δ) > δ] + κ

≤P̂ϵ
q[q̂

ϵ
τϵk(±δ) ∈ Cki(δ)]

1/2 ·Mδ1/2 + 2Pϵ
q[τ̂

ϵ
k(±δ) > δ] + κ,

and thanks to Lemma 2.3.3, we have

Eϵ
q[τ̂

ϵ
k(±δ)] ≤ Mδ2 ln(δ).

Therefore, for sufficiently small δ,

|Pϵ
q[q

ϵ
τϵ(±δ) ∈ Cki(δ)]− pki| ≤ Mδ1/2 +Mδ ln(δ) + κ < 3κ.

Therefore, we proved the general case.
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Chapter 3: Averaging principle for slow-fast systems of stochas-

tic PDEs with rough coefficients

3.1 Introduction

We consider the following system of stochastic PDEs on a separable

Hilbert spaceH, endowed with the scalar product ⟨·, ·⟩ and the corresponding

norm ∥ · ∥,


duϵ(t) = [A1uϵ(t)dt+ F1(t, uϵ(t), vϵ(t))] dt+Q1 dW

1
t , uϵ(0) = u0,

dvϵ(t) =
1

ϵ
[A2vϵ(t) + F2(uϵ(t), vϵ(t))] dt+

1√
ϵ
Q2 dW

2
t , vϵ(0) = v0.

(3.1)

The stochastic perturbations are given by two independent cylindrical Wiener

processes in H, which are white in time and colored in space, with covari-

ance operators Q2
1 and Q2

2, respectively. The operators A1 and A2 are the

generators of two analytic semigroups S1(t) and S2(t), respectively.
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The non-linearity F2 in the fast equation is Lipschitz continuous, but the

non-linearity F1 in the slow equation is not assumed to be continuous nor

bounded or linearly bounded. More precisely, we assume that F1 : [0, T ] ×

D(F1) ⊆ [0, T ] × H × H → H is measurable and there exists a family of

bounded and measurable mappings F θ
1 , depending on a parameter θ ∈ (0, 1)

and defined on [0, T ]×H ×H with values in H, such that

C1. for all t ∈ [0, T ] and h ∈ H the mapping

(x, y) ∈ H ×H 7→ ⟨F θ
1 (t, x, y), h⟩ ∈ R,

is continuous;

C2. there exists a convex and lower semicontinuous mapping V : H ×H →

[1,∞] such that

∥F θ
1 (t, x, y)∥2 ≤ ∥F1(t, x, y)∥2 ≤ V (x, y), (x, y) ∈ H ×H,

and

∥F1(t, x, y)− F θ
1 (t, x, y)∥ ≤ θ V (x, y), (x, y) ∈ D(F1)
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for all t ∈ [0, T ] and θ ∈ (0, 1).

We will show that these conditions are satisfied for example when H =

L2(O), for some bounded and smooth domain O ⊂ Rd, and

F1(t, x, y)(ξ) = b(t, ξ, x(ξ), y(ξ)), t ∈ [0, T ], ξ ∈ O,

for some function b : [0, T ]×O ×R2 → R which is just continuous and such

that b(t, ξ, ·) : R2 → R has polynomial growth and the following one-sided

growth condition holds

sup
t∈ [0,T ]

b(t, ξ, σ + ρ, λ)σ ≤ c
(
α(ξ) + |σ|2 + |λ|κ1 + |ρ|κ2

)
,

for all (t, ξ) ∈ [0, T ]×O and (λ, σ, ρ) ∈ R3 and for some positive constants

c, κ1, κ2 and some function α ∈ L1(O). In this regard, it is worth noting

that in [32], systems of reaction-diffusion equations with coefficients having

polynomial growth were considered. However, in that case, the coefficients

were assumed to be regular, stronger dissipativity conditions were imposed,

and the coefficient of the slow equation had polynomial growth only in the

slow variable, while the coefficient in the fast equation could have polynomial

growth only in the fast variable. In contrast, in the example we consider in
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this paper, the reaction term in the slow equation is only continuous and has

polynomial growth, both in the slow and in the fast variables.

Conditions C1. and C2. are not new in the current literature. They have

been introduced in several papers (see e.g. [27], [28] and [29]) in order to

study the existence of measure-valued solutions to the Fokker Planck equa-

tions associated with a wide class of stochastic differential equations both in

finite and in infinite dimensional spaces. Here, we are proving how the same

kind of assumptions imply the existence of C([0, T ];H)-valued martingale

solutions for the following class of stochastic evolution equations in arbitrary

separable Hilbert spaces

dX(t) = [AX(t) + F (t,X(t))] dt+QdWt, X(0) = x.

This result applies also to systems like (3.1), once we rewrite them as

dXϵ(t) = [AϵXϵ(t) + F ϵ(t,Xϵ(t))] dt+Qϵ dWt, Xϵ(0) = (u0, v0),

where

Aϵ := (A1, ϵ
−1A2), F ϵ := (F1, ϵ

−1F2), Qϵ := (Q1, ϵ
−1/2Q2),

102



and where Wt := (W 1
t ,W

2
t ). This means that for every (u0, v0) ∈ DV :=

{V < ∞} and ϵ ∈ (0, 1) there exists a martingale solution. That is there

exists a stochastic basis, (Ωϵ,F ϵ, {F ϵ
t }t≥0,Pϵ), an adapted cylindrical Wiener

process W ϵ
t = (W 1,ϵ

t ,W 2,ϵ
t ) in H×H, and an adapted process Xϵ = (uϵ, vϵ) ∈

L2(Ωϵ;C([0, T ];D(Fϵ)) such that

Xϵ(t) = Sϵ(t)(u0, v0)+

� t

0

Sϵ(t−s)F ϵ(s,Xϵ(s))ds+

� t

0

Sϵ(t−s)QϵdW ϵ
s , t ≥ 0,

where Sϵ(t) is the semigroup generated by Aϵ.

Next, we assume that there exists some constant c > 0 such that for every

initial condition (u0, v0) ∈ DV

sup
ϵ∈ (0,1)

� T

0

EϵV (Xϵ(t)) dt ≤ c V (u0, v0), (3.2)

and we prove that under this condition the family {L(uϵ)}ϵ∈ (0,1) is tight

in C([0, T ];H). Our purpose is showing that any weak limit point µslow of

{L(uϵ)}ϵ∈ (0,1) in C([0, T ];H) is a martingale solution of a suitable limiting

stochastic equation in H whose non-linearity is obtained by averaging F1

with respect to the invariant measure of the fast equation.

We would like to stress that the roughness of F1 makes the definition of
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the averaged coefficient F̄1 quite delicate and requires some approximation

procedures. Moreover, F̄1 inherits from F1 the same roughness and the proof

of the averaging limit requires several new ideas compared to what is available

in the existing literature on the averaging for slow-fast systems of SPDEs with

regular coefficients.

Before concluding this introduction, we would like to describe the plan of

the paper. After introducing in Section 2 all the notations and assumptions

that will used throughout the paper, in Section 3, we describe the ergodic

properties of the fast equation, define the average of the nonlinearity F1

in terms of the invariant measure of the fast equation, introduce the cor-

responding averaged limiting equation, and state the main theorem of the

paper. In Section 4, we prove several a-priori bounds for the solution of sys-

tem (3.1) and we give a proof of the tightness of the laws of the solutions

of the slow equation. In Section 5, we prove the validity of the averaging

limit, by using a localization- in-time argument. In Section 6, we provide

an example of a class of systems of stochastic reaction-diffusion equations in

bounded domains of Rd, where the slow equation has a reaction coefficient

that is only continuous and has polynomial growth, both in the slow and in

the fast variable. Finally, in Appendix A, we give a proof of the existence
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of a C([0, T ];H)-valued martingale solution for a general class of stochastic

evolution equations with rough coefficients, that cover also the system (3.1).

3.2 Notations and assumptions

Let H be a separable Hilbert space, endowed with the scalar product ⟨·, ·⟩

and the corresponding norm ∥ · ∥. We denote by Bb(H) the Banach space of

Borel bounded functions φ : H → R, endowed with the norm

∥φ∥0 := sup
x∈H

|φ(x)|.

We denote by Cb(H) the subspace of continuous functions. Moreover, we de-

note by Lipb(H) the subspace of all Lipschitz continuous functions. Lipb(H)

is a Banach space, endowed with the norm

∥φ∥Lip := ∥φ∥0 + [φ]Lip := ∥φ∥0 + sup
x,y∈H
x ̸=y

|φ(x)− φ(y)|
∥x− y∥

.

In the present paper, we are dealing with the following system of stochas-
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tic equations in the space H


duϵ(t) = [A1uϵ(t)dt+ F1(t, uϵ(t), vϵ(t))] dt+Q1 dW

1
t , uϵ(0) = u0,

dvϵ(t) =
1

ϵ
[A2vϵ(t) + F2(uϵ(t), vϵ(t))] dt+

1√
ϵ
Q2 dW

2
t , vϵ(0) = v0.

(3.3)

Throughout the present section, we will introduce the assumptions we make

on the coefficients and the noise and we will introduce some notations.

Hypothesis 8. 1. The operators (A1, D(A1)) and (A2, D(A2)) generate

the analytic semigroups S1(t) and S2(t) in H, respectively. Moreover,

there exist two complete orthonormal systems, {e1,k}k∈N and {e2,k}k∈N

in H, and two non-decreasing sequences of positive real numbers {α1,k}k∈N

and {α2,k}k∈N, such that

A1e1,k = −α1,ke1,k, A2e2,k = −α2,ke2,k, k ∈ N.

2. The bounded linear operators Q1 and Q2 share the same set of eigen-

vectors with the operators A1 and A2, respectively. Namely, there exist
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two sequences of real numbers {λ1,k}k∈N and {λ2,k}k∈N such that

Q1e1,k = λ1,ke1,k, Q2e2,k = λ2,ke2,k, k ∈ N.

3. There exist two strictly positive constants γ1 and γ2 such that

∑
k∈N

λ2
1,kα

2γ1−1
1,k < ∞,

∑
k∈N

λ2
2,kα

2γ2−1
2,k < ∞. (3.4)

Remark 3.2.1. 1. In view of Condition 1. in Hypothesis 8, we have

inf
k∈N

α1, k = α1,1 > 0, inf
k∈N

α2, k = α2,1 > 0. (3.5)

2. Thanks to (3.5), for every δ ≥ 0 we can define the norms

∥x∥D((−Ai)δ) := ∥(−Ai)
δx∥, i = 1, 2.

Notice that for every δ > 0 the space D((−Ai)
δ), endowed with the

norm above, is compactly embedded in H, for i = 1, 2.

In what follows, we will denote by H2 the product space H×H, endowed
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the inner product and the corresponding norm

⟨(x1, y1), (x2, y2)⟩H2 := ⟨x1, x2⟩+ ⟨y1, y2⟩, ∥(x, y)∥H2 :=
√

∥x∥2 + ∥y∥2.

Clearly, the family of vectors

Λ := {(e1,j, 0)}j∈N ∪ {(0, e2,j)}j∈N

is an orthonormal basis for the Hilbert space H2.

For every ϵ > 0, we define the operators Aϵ, Qϵ by setting

Aϵ(x, y) = (A1x, ϵ
−1A2y), (x, y) ∈ D(A1)×D(A2) ⊂ H2,

and

Qϵ(x, y) = (Q1x, ϵ
−1/2Q2y), (x, y) ∈ H2.

It is immediate to check that Λ is a set of eigenvectors which diagonalizes

the operators Aϵ and Qϵ simultaneously and {αi,k}i=1,2, k∈N are eignevalues
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of Aϵ, while {λi,k}i=1,2, k∈N are eigenvalues of Qϵ. Due to (3.4)

∑
k∈N

λ2
1,kα

2γ1−1
1,k + λ2

2,kα
2γ2−1
2,k < ∞.

Moreover, if Sϵ(t) is the analytic semigroup generated by Aϵ on the space

H2, we have

Sϵ(t)(x, y) = (S1(t)x, S2(t/ϵ) y), (x, y) ∈ H2.

Concerning the nonlinearity F1, we shall assume the following conditions.

Hypothesis 9. The mapping F1 : [0, T ] × D(F1) ⊆ [0, T ] × H2 → H is

measurable. Moreover, there exists a family of mappings {F θ
1 }θ∈(0,1), defined

on [0, T ]×H2 with values in H, such that the following conditions hold.

1. For every θ ∈ (0, 1), the mapping F θ
1 : [0, T ]×H2 → H is measurable

and bounded. Moreover, for all t ∈ [0, T ] and h ∈ H the mapping

(x, y) ∈ H2 7→ ⟨F θ
1 (t, x, y), h⟩ ∈ R,

is continuous.
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2. There exists a convex and lower semicontinuous mapping V : H2 →

[1,∞], with DV := {V < ∞} ⊆ D(F1), such that for all θ ∈ (0, 1) and

t ∈ [0, T ]

∥F θ
1 (t, x, y)∥2 ≤ ∥F1(t, x, y)∥2 ≤ V (x, y), (x, y) ∈ H2, (3.6)

and

∥F1(t, x, y)− F θ
1 (t, x, y)∥ ≤ θ V (x, y), (x, y) ∈ D(F1). (3.7)

Remark 3.2.2. 1. When (x, y) /∈ D(F1), we take ∥F1(t, x, y)∥ = +∞.

This allows to interpret (3.6), for every (x, y) ∈ H2.

2. In Hypothesis 8, we have assumed that α1,1 > 0. However, this is

not necessary. Actually if we define Â1 := A1 − δI, and F̂1(t, ·) =

F1(t, ·) + δI, for some δ > −α1,1, we have that

Â1x+F̂1(t, x, y) = A1x+F1(t, x, y), x ∈ D(A), (x, y) ∈ D(F1), t ∈ [0, T ],

(3.8)
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and Â1 is a negative operator. Now, for every θ ∈ (0, 1) we define

F̂ θ
1 (t, x, y) := F θ

1 (t, x, y) +
δ x

1 + θ ∥x∥
, (t, x, y) ∈ [0, T ]×H2,

we have that F̂ θ
1 is measurable and bounded and for every h ∈ H

and t ∈ [0, T ] the mapping (x, y) ∈ H2 7→ ⟨F θ
1 (t, x, y), h⟩ ∈ R is

continuous. Moreover,

∥F̂ θ
1 (t, x, y)∥2 ≤ 2 ∥F θ

1 (t, x, y)∥2 + δ2∥x∥2.

Therefore, if we define

V̂ (x, y) = c (V (x, y) + ∥(x, y)∥2H2
), (3.9)

due to (4.4) there exists some sufficiently large constant c > 0 such

that

∥F̂ θ
1 (t, x, y)∥2 ≤ V̂ (x, y), (t, x, y) ∈ [0, T ]×H2.
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Moreover,

∥F̂1(t, x, y)− F̂ θ
1 (t, x, y)∥ ≤ ∥F1(t, x, y)− F θ

1 (t, x, y)∥+ δ ∥x− x/(1 + θ∥x∥)∥

≤ θV (x, y) + θ
δ ∥x∥

1 + θ∥x∥
≤ θ (V (x, y) + δ∥x∥) ≤ θV̂ (x, y),

if c is sufficiently large. As for Hypothesis 15, thanks to estimate (3.46)

below and (4.10) we get

� T

0

EnV̂ (Xn(t)) dt ≤ c

� T

0

(
EnV (Xn(t)) + E∥Xn(t)∥2

)
dt ≤ c

(
V (x, y) + ∥(x, y)∥2H2

)
.

(3.10)

So we can recover (4.10) for V̂ , once we take c large enough.

For the nonlinear coefficient F2, we make the following assumptions.

Hypothesis 10. The mapping F2 : H2 → H is Lipschitz continuous. More-

over, if we define

L2 := sup
x∈H

y1, y2∈H

∥F2(x, y1)− F2(x, y2)∥
∥y1 − y2∥

,

we have

ω := α2,1 − L2 > 0. (3.11)
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Next, for every ϵ > 0, we define the nonlinear mapping F ϵ : [0, T ] ×

D(F ϵ) → H2, by setting

F ϵ(t, x, y) :=
(
F1(t, x, y), ϵ

−1F2(x, y)
)
, t ∈ [0, T ], (x, y) ∈ D(F ϵ),

with D(F ϵ) := D(F1) ⊆ H2. By using the notations we have introduced

above, we can rewrite system (3.3) as the following stochastic evolution equa-

tion on the Hilbert space H2

dX(t) = [AϵX(t) + F ϵ(t,X(t))] dt+QϵdWt, Xϵ(0) = (u0, v0), (3.12)

where Wt = (W 1
t ,W

2
t ) is a cylindrical Wiener process in H2.

In what follows, we shall make the following fundamental assumption.

Hypothesis 11. For every ϵ ∈ (0, 1) and every initial condition (u0, v0) ∈

DV , there exists a martingale solution for (3.12). This means that once fixed

(u0, v0) ∈ DV , for every ϵ ∈ (0, 1) there exist a stochastic base, (Ωϵ,F ϵ, {F ϵ
t }t≥0,Pϵ),

an adapted cylindrical Wiener process W ϵ
t = (W 1,ϵ

t ,W 2,ϵ
t ) in H2, and an
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adapted process Xϵ ∈ L2(Ωϵ;C([0, T ];D(F ϵ)) such that

Xϵ(t) = Sϵ(t)(u0, v0) +

� t

0

Sϵ(t− s)F ϵ(s,Xϵ(s))ds+W ϵ
Aϵ(t), t ∈ [0, T ],

where W ϵ
Aϵ(t) is the stochastic convolution

W ϵ
Aϵ(t) :=

� t

0

Sϵ(t− s)QϵdW ϵ
s , t ≥ 0.

Moreover, there exists a constant M > 0, independent of (u0, v0) ∈ DV , such

that

sup
ϵ∈ (0,1)

� T

0

EϵV (Xϵ(t)) dt ≤ M V (u0, v0). (3.13)

Remark 3.2.3. In fact, the existence of a martingale solution for the slow-

fast system (3.12), for every initial condition (u0, v0) ∈ DV and every pa-

rameter ϵ ∈ (0, 1) is a consequence of Theorem

In what follows, we shall denote

W ϵ
A1
(t) =

� t

0

S1(t− s)Q1dW
1,ϵ
s , W ϵ

A2
(t) =

1√
ϵ

� t

0

S2 ((t− s)/ϵ)Q2dW
2,ϵ
s .

With these notations, the slow and fast components of Xϵ(t) = (uϵ(t), vϵ(t)),
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solve the equations

uϵ(t) = S1(t)u0 +

� t

0

S1(t− s)F1(s,X
ϵ(s))ds+W ϵ

A1
(t), (3.14)

and

vϵ(t) = S2 (t/ϵ) v0 +
1

ϵ

� t

0

S2 ((t− s)/ϵ)F2(X
ϵ(s))ds+W ϵ

A2
(t). (3.15)

3.3 Preliminaries and statement of the main result

In this section, we will first review some properties of the asymptotic

behavior of the fast motion with frozen slow component. Then we will intro-

duce the coefficients of the candidate averaged equation and finally we will

state the main result of the present paper.

3.3.1 The fast motion equation with frozen slow variable

We recall here some known facts about the ergodic properties of the fast

motion equation with frozen slow variable. For all details we refer e.g. to

[33].
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For any fixed x, y ∈ H, we consider the following equation


dv(t) = [A2v(t) + F2(x, v(t))] dt+Q2dWt,

v(0) = y ∈ H,

(3.16)

whereWt is a cylindrical Wiener process on some stochastic basis (Ω,F , {Ft}t∈ [0,T ],P).

Under Hypotheses 8 and 10, equation (3.16) admits a unique mild solution

vx,y belonging to L2(Ω;C([0, T ];H)) such that for every p ≥ 1

E sup
t∈[0,T ]

∥vx,y(t)∥p < ∞.

This allows us to introduce the transition semigroup P x
t associated with

equation (3.16), which is defined by

P x
t φ(y) := Eφ(vx,y(t)), t ≥ 0, y ∈ H,

for any φ ∈ Bb(H).

It is possible to show that for every 0 < γ < γ⋆
2

sup
t≥0

E ∥vx,0(t)∥D((−A2)γ)
≤ c (1 + ∥x∥), (3.17)
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(see also the proof of Lemma 3.4.4). Hence, thanks to the Krylov-Bogoliubov

theorem, for every x ∈ H the semigroup P x
t admits an invariant measure µx.

Moreover, by using again arguments analogous to those we will use in the

proof of Lemma 3.4.4, we can show that for every p ≥ 1,

E ∥vx,y(t)∥p ≤ cp
(
1 + ∥x∥p + e−ωpt∥y∥p

)
, t ≥ 0. (3.18)

In particular, this implies that for every p ≥ 1

�
H

∥y∥pµx(dy) ≤ cp (1 + ∥x∥p). (3.19)

Now, we fix x1, x2, y ∈ H and we define Γi(t) := vxi,y(t) − WA2(t), for

i = 1, 2, where

WA2(t) :=

� t

0

S2(t− s)Q2dWs.

We have Γ(t) := vx1,y(t)−vx2,y(t) = Γ1(t)−Γ2(t), and Γ satisfies the following

equation

dΓ(t)

dt
= A2Γ(t) + F2(x1, v

x1,y(t))− F2(x2, v
x2,y(t)), Γ(0) = 0.
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Thanks to Hypothesis 10, we have

1

2

d

dt
∥Γ(t)∥2 ≤ −α2,0∥Γ(t)∥2 + ([F2]Lip∥x1 − x2∥+ L2 ∥Γ(t)∥) ∥Γ(t)∥,

so that

d

dt
∥Γ(t)∥2 ≤ −ω∥Γ(t)∥2 + c ∥x1 − x2∥2.

By comparison, this gives

∥Γ(t)∥2 ≤ c

� t

0

e−ω(t−s)∥x1 − x2∥2ds ≤ c ∥x1 − x2∥2,

which implies

E sup
t>0

∥vx1,y(t)− vx2,y(t)∥2 ≤ c ∥x1 − x2∥2. (3.20)

In a similar way, it is possible to prove that for every x, y1, y2 ∈ H

sup
x∈H

E∥vx,y1(t)− vx,y2(t)∥2 ≤ c e−ωt∥y1 − y2∥2, t ≥ 0,

for some constant c independent of t and y1, y2 ∈ H, so that for every
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φ ∈ Lipb(H) we have

|P x
t φ(y1)− P x

t φ(y2)| ≤ c [φ]Lipe
−ω

2
t∥y1 − y2∥, t ≥ 0. (3.21)

This implies that µx is the unique invariant measure for P x
t and for every

x, y ∈ H and φ ∈ Lipb(H)

∣∣∣∣P x
t φ(y)−

�
H

φ(z)µx(dz)

∣∣∣∣ = ∣∣∣∣�
H

(P x
t φ(y)− P x

t φ(z)) µ
x(dz)

∣∣∣∣
≤ c [φ]Lipe

−ω
2
t

�
H

∥y − z∥µx(dz) ≤ c [φ]Lipe
−ω

2
t

(
∥y∥+

�
H

∥z∥µx(dz)

)
.

Therefore, thanks to (3.19), we obtain

∣∣∣∣P x
t φ(y)−

�
H

φ(z)µx(dz)

∣∣∣∣ ≤ c [φ]Lipe
−ω

2
t (∥y∥+ ∥x∥+ 1) . (3.22)

3.3.2 The averaged nonlinear coefficient and its approximation

In what follows, in addition to Hypotheses 8 to 11, we shall assume the

following condition.

Hypothesis 12. If µx(dy) is the invariant measure of the fast motion with
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frozen slow component x introduced in Section 3.3.1, then

V̄ (x) :=

�
H

V (x, y)µx(dy) < ∞, x ∈ Π1DV , (3.23)

where

Π1DV := {x ∈ H : (x, y) ∈ DV , for some y ∈ H } .

In particular, Hypothesis 12 implies that for every x ∈ Π1DV the support

of the invariant measure µx is contained in

Π2DV (x) := { y ∈ H : (x, y) ∈ DV } .

Now, we define the averaged coefficient F̄1 as

F̄1(t, x) :=

�
H

F1(t, x, y)µ
x(dy), (t, x) ∈ [0, T ]× Π1D(F1),

where

Π1D(F1) := {x ∈ H : (x, y) ∈ D(F1) for some y ∈ H } .

Moreover, for any θ ∈ (0, 1), we define the approximating averaged coefficient
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F̄ θ
1 as

F̄ θ
1 (t, x) :=

�
H

F θ
1 (t, x, y)µ

x(dy), (t, x) ∈ [0, T ]×H.

Next, for every n ∈ N and (t, x, y) ∈ [0, T ]×H2 we define

F θ
1,n(t, x, y) :=

�
Rn

ρn(ξ − Πn(x, y))F
θ
1 (t, Rn ξ) dξ,

where {ρn}n∈Rn is a sequence of non-negative smooth functions such that

supp ρn ⊂ { ξ ∈ Rx : |ξ| ≤ 1/n } ,
�
Rn

ρn(ξ) dξ = 1,

and the mappings Πn : H2 → Rn and Rn : Rn → H2 are defined by

Πn(x, y) = (⟨(x, y), f1⟩H2 , · · · , ⟨(x, y), fn⟩H2) , Rnξ =
n∑

i=1

ξifi,

for some orthonormal basis {fi}i∈N ⊂ H2. Clearly, F θ
1,n : [0, T ] × H2 → H

is measurable and bounded, and F θ
1,n(t, ·) ∈ C∞

b (H2;H), for every fixed

t ∈ [0, T ], with

sup
t∈ [0,T ]

∥Dj
xF

θ
1,n(t, ·)∥0 =: cj,n,θ < ∞, (3.24)
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for every j ∈ N ∪ {0}, n ∈ N and θ ∈ (0, 1). Moreover, for every h ∈ H

lim
n→∞

⟨F θ
1,n(t, x, y), h⟩ = ⟨F θ

1 (t, x, y), h⟩, (t, x, y) ∈ [0, T ]×H2, (3.25)

and

sup
t∈ [0,T ]

∥F θ
1,n∥0 ≤ sup

t∈ [0,T ]

∥F θ
1 ∥0, n ∈ N. (3.26)

In what follows, we shall denote

F̄ θ
1,n(t, x) :=

�
H

F θ
1,n(t, x, y)µ

x(dy), (t, x) ∈ [0, T ]×H. (3.27)

Lemma 3.3.1. Under Hypotheses 8, 9 and 10, the mapping F̄ θ
1,n : [0, T ] ×

H → H is measurable, for every θ ∈ (0, 1) and n ∈ N. Moreover, F̄ θ
1,n(t, ·) :

H → H is Lipschitz-continuous, uniformly with respect to t ∈ [0, T ], and

sup
n∈N

sup
t∈ [0,T ]

∥F̄ θ
1,n(t, ·)∥0 < ∞. (3.28)

Proof. According to (3.24), the function F θ
1,n(t, ·) : H2 → H is Lipschitz-

continuous, uniformly with respect to t ∈ [0, T ]. In particular, for every
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h ∈ H the mapping

(x, y) ∈ H2 7→ ⟨F θ
1,n(t, x, y), h⟩ ∈ R,

is Lipschitz continuous, uniformly with respect to t ∈ [0, T ]. Hence, since

⟨F̄ θ
1,n(t, x), h⟩ =

�
H

⟨F θ
1,n(t, x, y), h⟩µx(dy),

according to (3.22), we have

⟨F̄ θ
1,n(t, x1)− F̄ θ

1,n(t, x2), h⟩

= lim
T→∞

(
E ⟨F θ

1,n(t, x1, v
x1,0(T )), h⟩ − E ⟨F θ

1,n(t, x2, v
x2,0(T )), h⟩

)
.

Now, in view of (3.20) we have

∣∣E ⟨F θ
1,n(t, x1, v

x1,0(T )), h⟩ − E ⟨F θ
1,n(t, x2, v

x2,0(T )), h⟩
∣∣

≤ [F θ
1,n(t, ·)]Lip

(
∥x1 − x2∥+ E ∥vx1,0(T )− vx2,0(T )∥

)
∥h∥

≤ c [F θ
1,n(t, ·)]Lip∥x1 − x2∥ ∥h∥,
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and, due to the arbitrariness of h ∈ H, this implies

∥F̄ θ
1,n(t, x1)− F̄ θ

1,n(t, x2)∥ ≤ c [F θ
1,n(t, ·)]Lip ∥x1 − x2∥. (3.29)

This means that the mapping x ∈ H 7→ F̄ θ
1,n(t, x) ∈ H is Lipschitz-

continuous, uniformly with respect to t ∈ [0, T ].

Lemma 3.3.2. Under Hypotheses 8, 9, 10 and 12, for every θ ∈ (0, 1) the

mapping F̄ θ
1 : [0, T ] × H → H is measurable and bounded, and for every

h ∈ H and t ∈ [0, T ] the mapping

x ∈ H2 7→ ⟨F̄ θ
1 (t, x), h⟩ ∈ R, (3.30)

is continuous. Moreover,

∥F̄1(t, x)− F̄ θ
1 (t, x)∥2 ≤ θ V̄ (x), t ∈ [0, T ], x ∈ Π1D(F1). (3.31)

In particular, the mapping F̄1 : [0, T ]× Π1D(F1) → H is measurable.

Proof. In view of (3.25) and (3.26), from the dominated convergence theo-
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rem, for every h ∈ H we have

lim
n→∞

|⟨F̄ θ
1,n(t, x), h⟩ − ⟨F̄ θ

1 (t, x), h⟩| = 0, (t, x) ∈ [0, T ]×H.

Thanks to Lemma 3.3.1, all F̄ θ
1,n are measurable, and since H is separable due

to Petti’s theorem the limit above implies that the mapping F̄ θ
1 : [0, T ]×H →

H is measurable, for every θ ∈ (0, 1).

Now, thanks to condition 1. in Hypothesis 9, for every h ∈ H and

t ∈ [0, T ] the mapping

(x, y) ∈ H2 7→ ⟨F θ
1 (t, x, y), h⟩ ∈ R,

is continuous and bounded. Then, as proved in [40], there is a sequence

{Φθ
h,n(t, ·)}n∈N in Lipb(H2) such that

lim
n→∞

sup
(x,y)∈H2

|⟨F θ
1 (t, x, y), h⟩ − Φθ

h,n(t, x, y)| = 0, t ∈ [0, T ].

As shown in the proof of Lemma 3.3.1, the function

x ∈ H 7→ Φ̄θ
h,n(t, x) :=

�
H

Φθ
h,n(t, x, y)µ

x(dy) ∈ R,
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is Lipschitz continuous. Therefore, since

lim
n→∞

sup
x∈H

∣∣∣∣�
H

(
⟨F θ

1 (t, x, y), h⟩ − Φθ
h,n(t, x, y)

)
µx(dy)

∣∣∣∣ = 0,

we can conclude that function (3.30) is continuous.

Finally, due to (3.7) we have

∥F̄1(t, x)− F̄ θ
1 (t, x)∥2 ≤

�
H

∥F1(t, x, y)− F θ
1 (t, x, y)∥2 µx(dy)

≤ θ

�
H

V (x, y)µx(dy) = θ V̄ (x), t ∈ [0, T ], x ∈ Π1D(F1),

and (3.31) follows.

3.3.3 The main theorem

Now, we can state the main result of this paper.

Theorem 3.3.3. Under Hypotheses 8 to 11, for every initial condition (u0, v0) ∈

H2, with u0 ∈ D((−A1)
β), for some β > 0, the family {L(uϵ)}ϵ∈ (0,1) is tight

in C([0, T ];H).

Moreover, if Hypothesis 12 holds and

sup
ϵ∈(0,1)

� T

0

Eϵ V̄ (uϵ(t)) dt < ∞, (3.32)
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any weak limit µslow of {L(uϵ)}ϵ∈ (0,1) in C([0, T ];H) solves the martingale

problem with data A1, F̄1, Q1, and u0, in the Hilbert space H. Namely there

exists a stochastic basis (Ω̄, F̄ , {F̄t}t≥0, P̄), a cylindrical Wiener process W̄t

and an adapted process ū ∈ L2(Ω;C([0, T ];D(F̄1))) such that L(ū) = µslow

and

ū(t) = S1(t)u0 +

� t

0

S1(t− s)F̄1(s, ū(s))ds+

� t

0

S1(t− s)Q1dW̄s. (3.33)

In the next two sections we will give a proof of Theorem 3.3.3: in Section

3.4 we will prove tightness and in Section 3.5 we will prove the validity of

the averaging principle.

3.4 Tightness

We start with some a-priori bounds for the martingale solutions of equa-

tion (3.12).

3.4.1 Estimates for the stochastic convolution

As a consequence of (3.4), it is possible to prove that under Hypothesis

8 for all p ≥ 1 and 0 ≤ γ < γ1
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sup
ϵ∈(0,1)

Eϵ sup
t∈[0,T ]

∥W ϵ
A1
(t)∥pD((−A1)γ)

< ∞. (3.34)

(for a proof see e.g. [36, Section 5.4]). Moreover, we have the following

uniform bound.

Lemma 3.4.1. Under Hypothesis 8, for every p ≥ 1 we have

sup
ϵ∈(0,1)

sup
t≥0

Eϵ ∥W ϵ
A2
(t)∥p < ∞. (3.35)

Proof. Let {β2,ϵ
k }k∈N be a sequence of independent Brownian motions such

that

W 2,ϵ
t =

∞∑
k=1

e2,kβ
2,ϵ
k (t), t ≥ 0.

Thanks to the Burkholder-Davis-Gundy inequality, we have

Eϵ ∥W ϵ
A2
(t)∥p =ϵ−p/2 Eϵ

∥∥∥∥∥
� t

0

S2((t− s)/ϵ)
∞∑
k=1

λ2,k e2,k dβ
2,ϵ
k (s)

∥∥∥∥∥
p

≤ cp ϵ
−p/2

(
∞∑
k=1

� t

0

e−2α2,k( t−s
ϵ )λ2

2,kds

)p/2

≤ cp

(
∞∑
k=1

α−1
2,kλ

2
2,k

)p/2

.

128



Now, thanks to (3.5), we have

∞∑
k=1

α−1
2,k λ

2
2,k < α−2γ2

2,1

∞∑
k=1

α2γ2−1
2,k λ2

2,k < +∞,

and (3.35) follows.

Notice that we also have tha for every p ≥ 1

sup
ϵ∈ (0,1)

Eϵ sup
t∈ [0,T ]

∥W ϵ
A2
∥p < ∞. (3.36)

Next, we want to investigate the time-continuity of the stochastic convo-

lution. Thanks to Hypothesis 8, for every p ≥ 1 and 0 ≤ γ < γ⋆
1 := γ1 ∧ 1/2

we have

sup
ϵ∈ (0,1)

Eϵ ∥W ϵ
A1
(t+ h)−W ϵ

A1
(t)∥pD((−A1)γ)

≤ c h(γ⋆
1−γ) p, t ≥ 0, h ∈ (0, 1).

(3.37)

The Garcia-Rademich-Rumsey theorem, together with (3.37), imply that

there exists β > 0 such that

sup
ϵ∈ (0,1)

Eϵ sup
t,s,∈[0,T ]

∥W ϵ
A1
(t)−W ϵ

A1
(s)∥2D((−A1)γ)

|t− s|−β < ∞. (3.38)
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Lemma 3.4.2. Assume Hypothesis 8 hold and fix 0 ≤ γ < γ⋆
2 := γ2 ∧ 1/2.

Then, we have

sup
ϵ∈ (0,1)

ϵ(γ
⋆
2−γ)2 Eϵ ∥W ϵ

A2
(t+h)−W ϵ

A2
(t)∥2D((−A2)γ)

≤ c h(γ⋆
2−γ)2, t ≥ 0, h ∈ (0, 1).

(3.39)

Proof. We recall that

W ϵ
A2
(t) =

1√
ϵ

� t

0

S2 ((t− s)/ϵ)Q2 dW
2,ϵ
s .

Therefore, since

L
(

1√
ϵ
W 2,ϵ

A2
(·)
)

= L
(
W 2,ϵ

A2
(·/ϵ)

)
,

we have

L
(
W ϵ

A2
(·)
)
= L

(� ·/ϵ

0

S2 (·/ϵ− s)Q2 dW
2,ϵ
s

)
.

In particular, since A2 satisfies the same assumptions as A1, we can apply

(3.37), and we get (3.39).
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3.4.2 Estimates for the slow motion uϵ(t)

For every ϵ ∈ (0, 1), we define

Ψϵ(t) :=

� t

0

S1(t− s)F1(s,X
ϵ(s))ds, t ∈ [0, T ].

By using the same arguments used in the proof of Lemma 4.1.1 and Lemma

4.1.2, it is possible to prove that under Hypotheses 8, 9 and 11, for every

γ ∈ [0, 1/2)

sup
ϵ∈(0,1)

Eϵ sup
t∈[0,T ]

∥Ψϵ(t)∥2D((−A1)γ)
≤ cT,γV (u0, v0), t ∈ [0, T ]. (3.40)

Moreover, there exists some β > 0 such that

sup
ϵ∈(0,1)

Eϵ sup
t,s∈[0,T ]

∥Ψϵ(t)−Ψϵ(s)∥2D((−A1)γ)
|t− s|−β ≤ cT V (u0, v0). (3.41)

Therefore, it is possible to prove the following result.

Lemma 3.4.3. Assume that Hypotheses 8, 9 and 11 hold. Then for any

131



initial condition (u0, v0) ∈ DV and 0 ≤ γ < γ⋆
1 , we have

sup
ϵ∈(0,1)

Eϵ∥uϵ(t)∥2D((−A1)γ)
≤ c

(
t−2γ + 1

) (
1 + ∥u0∥2 + V (u0, v0)

)
, t ∈ [0, T ].

(3.42)

Moreover,

sup
ϵ∈(0,1)

Eϵ ∥uϵ(t)− uϵ(s)∥2D((−A1)γ)
≤ c ργ(s, t)

(
1 + ∥u0∥2 + V (u0, v0)

)
, 0 ≤ s ≤ t ≤ T,

(3.43)

where

ργ(s, t) :=

(� t

s

r−(γ+1)dr

)2

+ (t− s)β + (t− s)2(γ
⋆
1−γ), s ≤ t, (3.44)

and β is the constant introduced in (3.41). Finally, if u0 ∈ D((−A1)
δ), for

some δ > γ, then there exists η = η(γ, δ) > 0 such that

sup
ϵ∈(0,1)

Eϵ ∥uϵ(t)−uϵ(s)∥2D((−A1)γ)
≤ c (t−s)η

(
1 + ∥u0∥2D((−A1)δ)

+ V (u0, v0)
)
, 0 ≤ s ≤ t ≤ T.

(3.45)

Proof. Since

∥S1(t)u0∥D((−A1)γ ≤ c t−γ∥u0∥,
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(3.42) follows from (3.34) and (3.40). Moreover, for every δ ∈ [0, γ + 1], we

have

∥S1(t)u0 − S1(s)u0∥D((−A1)γ) ≤
� t

s

∥∥(−A1)
γ+1−δS1(r)(−A1)

δu0

∥∥ dr

≤
� t

s

rδ−(γ+1)dr ∥u0∥D((−A1)δ).

Therefore, thanks to (3.37), and (3.41), if we take δ = 0 we get (3.43).

Now, since

aλ − bλ ≤ (a− b)λ, λ ∈ (0, 1), 0 ≤ b ≤ a,

if we take δ ∈ (γ, γ + 1] we have

� t

s

rδ−(γ+1) dr =
1

δ − γ

(
tδ−γ − sδ−γ

)
≤ (t− s)δ−γ, t > s.

Therefore, (3.45) holds for any γ < γ⋆
1 and δ > γ.

Notice that from (3.34) and (3.40) we have also

sup
ϵ∈ (0,1)

Eϵ sup
t∈ [0,T ]

∥uϵ(t)∥ ≤ cT
(
1 + ∥u0∥2 + V (u0, v0)

)
. (3.46)
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3.4.3 Estimates for the fast motion vϵ(t)

Lemma 3.4.4. Under Hypotheses 8 to 11 we have

sup
ϵ∈(0,1)

Eϵ sup
t∈ [0,T ]

∥vϵ(t)∥2 < ∞. (3.47)

Proof. If we define Γϵ(t) := vϵ(t)−W ϵ
A2
(t), we have

dΓϵ(t)

dt
=
1

ϵ
A2Γ

ϵ(t) +
1

ϵ
(F2(u

ϵ(t),Γϵ(t) +W ϵ
A2
(t))− F2(u

ϵ(t),W ϵ
A2
(t)))

+
1

ϵ
F2(u

ϵ(t),W ϵ
A2
(t)).

Thanks to Hypothesis 10, we have

1

2

d

dt
∥Γϵ(t)∥2 ≤ −ω

ϵ
∥Γϵ(t)∥2 + 1

ϵ
∥F2(u

ϵ(t),W ϵ
A2
(t))∥∥Γϵ(t)∥,

and the Young’s inequality gives

d

dt
∥Γϵ(t)∥2 ≤ − ω

2ϵ
∥Γϵ(t)∥2 + c

ϵ
(1 + ∥uϵ(t)∥2 + ∥W ϵ

A2
(t)∥2).
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By comparison, this implies

∥vϵ(t)∥2 ≤ 2 ∥Γϵ(t)∥2 + 2 ∥W ϵ
A2
(t)∥2

≤ 2 e−
tω
ϵ ∥v0∥2 +

c

ϵ

� t

0

e−
(t−s)ω

2ϵ (1 + ∥uϵ(s)∥2 + ∥W ϵ
A2
(s)∥2)ds+ c ∥W ϵ

A2
(t)∥2.

Therefore, in view of (3.36) and (3.46), this gives

Eϵ sup
t∈ [0,T ]

∥vϵ(t)∥2 ≤ c
(
1 + ∥(u0, v0)∥2H2

+ V (u0, v0)
)
,

where c is a constant independent of ϵ ∈ (0, 1).

3.4.4 Proof of the tightness

If we define yϵ(t) := uϵ(t)− S1(t)u0, thanks to (3.34) and (3.40), we have

that for γ < γ⋆
1

sup
ϵ∈(0,1)

Eϵ sup
t∈[0,T ]

∥yϵ(t)∥2D((−A1)γ)
< ∞. (3.48)

Moreover, thanks to (3.38) and (3.41), there exists some β > 0 sufficiently

small, we have

sup
ϵ∈(0,1)

Eϵ sup
t,s∈[0,T ]

∥yϵ(t)− yϵ(s)∥2ds |t− s|−β < ∞. (3.49)
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Lemma 3.4.5. Under Hypotheses 8 to 11, the family of measures {L(uϵ)}ϵ∈(0,1)

is tight in C([0, T ];H).

Proof. Let γ and β be the same constants as in (3.48) and (3.49). If we fix

an arbitrary R > 0 and introduce the compact set of C([0, T ];H)

KR :=

{
u ∈ C([0, T ];H) : ∥u∥Cγ([0,T ];H) + sup

t,s∈[0,T ]

∥u(t)− u(s)∥2

|t− s|β
≤ R

}
,

thanks to (3.48) and (3.49) we have

sup
ϵ∈(0,1)

Pϵ (yϵ ∈ Kc
R) ≤

cT
R
.

Therefore, for every η > 0 we can fix Rη > 0 such

sup
ϵ∈(0,1)

Pϵ
(
uϵ ∈ S1(·)u0 +Kc

Rη

)
= sup

ϵ∈(0,1)
Pϵ
(
yϵ ∈ Kc

Rη

)
≤ η.

Since KRη + S1(·)u0 is also compact in C([0, T ];H), due to the arbitrariness

of η > 0 we conclude that the family of measures {L(uϵ)}ϵ∈(0,1) is tight on

C([0, T ];H).
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3.5 The averaging limit

In this section we conclude the proof of Theorem 3.3.3 by proving that

any weak limit of L(uϵ) is a martingale solution of problem (3.33).

3.5.1 A time-discretization of the fast motion

For every δ > 0 and k = 1, 2, ..., [T/δ], we have that vϵ satisfies the

following equation

vϵ(t) = S2 ((t− kδ)/ϵ) vϵ(kδ) +
1

ϵ

� t

kδ

S2 ((t− s)/ϵ)F2(u
ϵ(s), vϵ(s))ds

+
1√
ϵ

� t

kδ

S2 ((t− s)/ϵ)Q2dW
2,ϵ
s , t ∈ [kδ, (k + 1)δ).

Now, we denote by vϵ,δ the solution to the following equation

vϵ,δ(t) =S2 ((t− kδ)/ϵ) vϵ(kδ) +
1

ϵ

� t

kδ

S2 ((t− s)/ϵ)F2(u
ϵ(kδ), vϵ,δ(s))ds

+
1√
ϵ

� t

kδ

S2 ((t− s)/ϵ)Q2dW
2,ϵ
s , t ∈ [kδ, (k + 1)δ).

(3.50)
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Moreover, we denote by uϵ,δ the process defined by

uϵ,δ(t) =

[T/δ]∑
k=0

uϵ(kδ)1{kδ≤t<(k+1)δ}, t ∈ [0, T ]. (3.51)

Lemma 3.5.1. Assume Hypotheses 8 to 11 and fix (u0, v0) ∈ DV . Then, if

ρ0 is the function defined in (3.44) (when γ = 0), for any k ≤ [T/δ] and

t ∈ [kδ, (k + 1)δ) we have

sup
ϵ∈(0,1)

Eϵ ∥uϵ(t)− uϵ,δ(t)∥2 ≤ c ρ0(t, kδ)
(
1 + ∥u0∥2 + V (u0, v0)

)
, (3.52)

and

Eϵ ∥vϵ,δ(t)− vϵ(t)∥2 ≤ c

ϵ

(
1 + ∥u0∥2 + V (u0, v0)

)
exp

(
c δ

ϵ

)� t

kδ

ρ0(s, kδ)ds, ϵ ∈ (0, 1).

(3.53)

Proof. In order to prove (3.52), we notice that as a consequence of Lemma

3.4.3

Eϵ ∥uϵ(t)− uϵ,δ(t)∥2 = Eϵ ∥uϵ(t)− uϵ(kδ)∥2 ≤ cρ0(t, kδ)
(
1 + ∥u0∥2 + V (u0, v0)

)
.

(3.54)
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In order to prove (3.53), we notice that for t ∈ [kδ, (k + 1)δ) we have

Eϵ ∥vϵ,δ(t)− vϵ(t)∥2

≤ 1

ϵ2
Eϵ

(� t

kδ

∥∥S2 ((t− s)/ϵ)
(
F2(u

ϵ(kδ), vϵ,δ(s))− F2(u
ϵ(s), vϵ(s))

)∥∥ ds)2

≤ c

ϵ2

� t

kδ

e−
2α2,0

ϵ
(t−s)ds

(� t

kδ

Eϵ ∥uϵ(s)− uϵ(kδ)∥2ds+
� t

kδ

Eϵ ∥vϵ,δ(s)− vϵ(s)∥2ds
)
.

(3.55)

Hence, thanks to (3.54), we get

Eϵ ∥vϵ,δ(t)− vϵ(t)∥2 ≤ c

ϵ

� t

kδ

ρ0(s, kδ)ds+
c

ϵ

� t

kδ

Eϵ ∥vϵ,δ(s)− vϵ(s)∥2ds,

(3.56)

and by Gronwall’s inequality, this implies

Eϵ ∥vϵ,δ(t)− vϵ(t)∥2 ≤ c

ϵ

(
1 + ∥u0∥2 + V (u0, v0)

)
exp

(
c δ

ϵ

) � t

kδ

ρ0(s, kδ)ds.

(3.57)
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3.5.2 Some preliminary results

For any ξ ∈ C([0, T ];H), we define

Gξ(t, x, y) := ⟨F1(t, x, y), ξ(t)⟩, t ∈ [0, T ], (x, y) ∈ D(F1),

and for every θ ∈ (0, 1) we define

Gθ
ξ(t, x, y) := ⟨F θ

1 (t, x, y), ξ(t)⟩ t ∈ [0, T ], (x, y) ∈ H2.

The mapping Gξ : [0, T ]×H2 → H is measurable, and, due to Condition 1.

in Hypothesis 9, it is easy to check that the mapping Gθ
ξ : [0, T ] ×H2 → H

is continuous and bounded. Moreover, as a consequence of (3.7), we have

|Gξ(t, x, y)−Gθ
ξ(t, x, y)| ≤ θ sup

t∈ [0.T ]

∥ξ(t)∥V (x, y), t ∈ [0, T ], (x, y) ∈ D(F1).

(3.58)

Next we define Ḡξ and Ḡθ
ξ by setting

Ḡξ(t, x) := ⟨F̄1(t, x), ξ(t)⟩, (t, x) ∈ [0, T ]× Π1D(F1),
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and

Ḡθ
ξ(t, x) := ⟨F̄ θ

1 (t, x), ξ(t)⟩, (t, x) ∈ [0, T ]×H.

Thanks to (3.31), we have

|Ḡξ(t, x)− Ḡθ
ξ(t, x)|2 ≤ θ sup

t∈ [0,T ]

∥ξ(t)∥2 V̄ (x), (t, x) ∈ [0, T ]× Π1D(F1).

(3.59)

According to Lemma 3.3.2, we have that the mapping Ḡξ : [0, T ] ×D → R

is measurable and for every θ ∈ (0, 1) the mapping Ḡθ
ξ : [0, T ] × H → R is

continuous.

As we already mentioned above, in [40] it is shown that the space Lipb([0, T ]×

H) is dense in Cb([0, T ] × H). Then, we can fix a sequence {Gθ
ξ,n}n∈N ⊂

Lipb([0, T ]×H) such that

lim
n→∞

sup
(t,x,y)∈ [0,T ]×H2

|Gθ
ξ,n(t, x, y)−Gθ

ξ(t, x, y)| = 0. (3.60)

Furthermore, if we define

Ḡθ
ξ,n(t, x) :=

�
H

Gθ
ξ,n(t, x, y)µ

x(dy), t ∈ [0, T ], x ∈ H,
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by using arguments analogous to those used in Lemma 3.3.1 for F̄ θ
n , we can

show that each mapping Ḡθ
ξ,n : [0, T ] × H → R is Lipschitz-continuous.

Moreover,

lim
n→∞

sup
(t,x)∈ [0,T ]×H

|Ḡθ
ξ,n(t, x)− Ḡθ

ξ(t, x)| = 0. (3.61)

Lemma 3.5.2. Under Hypotheses 8 to 12, we have

lim
ϵ→0

Eϵ sup
t∈[0,T ]

∣∣∣∣� t

0

⟨F 1(s, uϵ(s), vϵ(s)), ξ(s)⟩ds−
� t

0

⟨F̄ 1(s, uϵ(s)), ξ(s)⟩ds
∣∣∣∣ = 0.

(3.62)

Proof. By using the notations we have just introduced, (3.62) can be rewrit-

ten as

lim
m→∞

Eϵ sup
t∈[0,T ]

∣∣∣∣� t

0

[
Gξ(s, u

ϵ(s), vϵ(s))− Ḡξ(s, u
ϵ(s))

]
ds

∣∣∣∣ = 0. (3.63)
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For every θ ∈ (0, 1) and n ∈ N, we have

Eϵ sup
t∈[0,T ]

∣∣∣∣� t

0

[
Gξ(s, u

ϵ(s), vϵ(s))− Ḡξ(s, u
ϵ(s))

]
ds

∣∣∣∣
≤ Eϵ sup

t∈[0,T ]

∣∣∣∣� t

0

[
Gξ(s, u

ϵ(s), vϵ(s))−Gθ
ξ,n(s, u

ϵ(s), vϵ(s))
]
ds

∣∣∣∣
+ Eϵ sup

t∈[0,T ]

∣∣∣∣� t

0

[
Gθ

ξ,n(s, u
ϵ(s), vϵ(s))− Ḡθ

ξ,n(s, u
ϵ(s))

]
ds

∣∣∣∣
+ Eϵ sup

t∈[0,T ]

∣∣∣∣� t

0

[
Ḡθ

ξ,n(s, u
ϵ(s))− Ḡξ(s, u

ϵ(s))
]
ds

∣∣∣∣ =:
3∑

k=1

Iϵ,k(θ, n).

(3.64)

For the term Iϵ,1(θ, n), due to (3.58), we have

Iϵ,1(θ, n) ≤
� T

0

Eϵ
∣∣Gξ(s, u

ϵ(s), vϵ(s))−Gθ
ξ(s, u

ϵ(s), vϵ(s))
∣∣ ds

+

� T

0

Eϵ
∣∣Gθ

ξ(s, u
ϵ(s), vϵ(s))−Gθ

ξ,n(s, u
ϵ(s), vϵ(s))

∣∣ ds
≤ θ

� T

0

Eϵ V (uϵ(s), vϵ(s)) ds+

� T

0

Eϵ
∣∣Gθ

ξ(s, u
ϵ(s), vϵ(s))−Gθ

ξ,n(s, u
ϵ(s), vϵ(s))

∣∣ ds.
(3.65)

In view of Hypothesis 11, this gives

Iϵ,1(θ, n) ≤ cT (u0, v0) θ + cT sup
(t,x,y)∈ [0,T ]×H2

|Gθ
ξ(t, x, y)−Gθ

ξ,n(t, x, y)|.

(3.66)
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For the term Iϵ,3(θ, n), according to (3.59) we have

Iϵ,3(θ, n) ≤
� T

0

Eϵ
∣∣Ḡξ(s, u

ϵ(s))− Ḡθ
ξ(s, u

ϵ(s))
∣∣ ds+ � T

0

Eϵ
∣∣Ḡθ

ξ(s, u
ϵ(s))− Ḡθ

ξ,n(s, u
ϵ(s))

∣∣ ds
≤ θ

� T

0

Eϵ V̄ (uϵ(s)) ds+

� T

0

Eϵ
∣∣Ḡθ

ξ(s, u
ϵ(s))− Ḡθ

ξ,n(s, u
ϵ(s))

∣∣ ds.
Thanks to Hypothesis 12 and (3.32), this implies

Iϵ,3(θ, n) ≤ c θ + T sup
(t,x)∈ [0,T ]×H

|Ḡθ
ξ(t, x)− Ḡθ

ξ,n(t, x)|.

Due to (3.60) and (3.61), the inequality above, together with (3.66), implies

that for every η > 0 there exist θη ∈ (0, 1) and nη ∈ N such that

sup
ϵ∈ (0,1)

(Iϵ,1(θη, nη) + Iϵ,3(θη, nη)) < η. (3.67)

Finally, concerning Iϵ,2(θη, nη), if u
ϵ,δ and vϵ,δ are the auxiliary process
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introduced in Section 3.5.1, we have

Iϵ,2(θη, nη) ≤
� T

0

Eϵ
∣∣∣Gθη

ξ,nη
(s, uϵ(s), vϵ(s))−G

θη
ξ,nη

(s, uϵ,δ(t), vϵ,δ(t))
∣∣∣ ds

+

� T

0

Eϵ
∣∣∣Ḡθη

ξ,nη
(s, uϵ(s))− Ḡ

θη
ξ,nη

(t, uϵ,δ(s))
∣∣∣ ds

+

� T

0

Eϵ
∣∣∣Gθη

ξ,nη
(s, uϵ,δ(s), vϵ,δ(s))− Ḡ

θη
ξ,nη

(s, uϵ,δ(s))
∣∣∣ ds =:

3∑
k=1

Jϵ,η,k.

(3.68)

Since both G
θη
ξ,nη

and Ḡ
θη
ξ,nη

are Lipschitz continuous, by Lemma 3.5.1, we

have

Jϵ,η,1 + Jϵ,η,2

≤
(
[G

θη
ξ,nη

]Lip + [Ḡ
θη
ξ,nη

]Lip

) [T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
(
∥uϵ(s)− uϵ,δ(s)∥+ ∥vϵ(s)− vϵ,δ(s)∥

)
ds

≤ cu,η(u0, v0)

[T/δ]+1∑
k=0

� (k+1)δ

kδ

(
ρ0(s, kδ)

1/2 +

(
1

ϵ
exp

(
c δ

ϵ

) � s

kδ

ρ0(ζ, kδ)dζ

)1/2
)
ds.

(3.69)
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Moreover, we have

Jϵ,η,3 =

[T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
∣∣∣Gθη

ξ,nη
(s, uϵ(kδ), vϵ,δ(s))− Ḡ

θη
ξ,nη

(s, uϵ(kδ))
∣∣∣ ds

≤
[T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
∣∣∣Gθη

ξ,nη
(s, uϵ(kδ), vϵ,δ(s))−G

θη
ξ,nη

(kδ, uϵ(kδ), vϵ,δ(s))
∣∣∣ ds

+

[T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
∣∣∣Gθη

ξ,nη
(kδ, uϵ(kδ), vϵ,δ(s))− Ḡ

θη
ξ,nη

(kδ, uϵ(kδ))
∣∣∣ ds

+

[T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
∣∣∣Ḡθη

u,nη
(kδ, uϵ(kδ))− Ḡθη

u,nη
(s, uϵ(kδ))

∣∣∣ ds =:
3∑

k=1

Kϵ,η,k.

(3.70)

Thanks again to the Lipschitz continuity of Ḡ
θη
ξ,nη

and G
θη
ξ,nη

, there exists some

constant cη > 0 such that

Kϵ,η,1 +Kϵ,η,3 ≤ cu,η

[T/δ]+1∑
k=0

� (k+1)δ

kδ

(s− kδ) ds ≤ cη Tδ. (3.71)

Finally, by proceeding as in [31, Lemma 2.3] and [33, Theorem 3.5], as a

consequence of (3.22) we have

Kϵ,η,2 =

[T/δ]+1∑
k=0

� (k+1)δ

kδ

Eϵ
∣∣∣Gθη

ξ,nη
(kδ, uϵ(kδ), vϵ,δ(s))− Ḡ

θη
ξ,nη

(kδ, uϵ(kδ))
∣∣∣ ds ≤ cη

√
ϵ

δ
.

(3.72)

Therefore, in view of (3.64), from (3.67), (3.69), (3.71) and (3.72), we
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obtain

Eϵ sup
t∈[0,T ]

∣∣∣∣� T

0

⟨F 1(s, uϵ(s), vϵ(s)), ξ(s)⟩ds−
� t

0

⟨F̄ 1(s, uϵ(s)), ξ(s)⟩ds
∣∣∣∣

≤ cη(x0)

[T/δ]+1∑
k=0

� (k+1)δ

kδ

(
ρ0(t, kδ)

1/2 +

(
1

ϵ
exp

(
c δ

ϵ

) � t

kδ

ρ0(t, kδ)ds

)1/2
)
dt

+Iϵ,3(θη, nη) + cη Tδ + cη

√
ϵ

δ
+ η.

(3.73)

Under the assumption that u0 ∈ D((−A1)
β), for some β > 0, according to

(3.45), there exists some λ > 0 such that

ρu(t, s) ≤ c(x0)(t− s)λ,

so that

[T/δ]+1∑
k=0

� (k+1)δ

kδ

(
ρ0(t, kδ)

1/2 +

(
1

ϵ
exp

(
c δ

ϵ

) � s

kδ

ρu(ζ, kδ)dζ

)1/2
)
ds

≤ c

[T/δ]+1∑
k=0

� (k+1)δ

kδ

(
δλ/2 +

(
1

ϵ
exp

(
c δ

ϵ

)
δ1+λ

)1/2
)
ds

≤ c t

(
δλ/2 +

1

ϵ1/2
exp

(
c δ

2 ϵ

)
δ(1+λ)/2

)
.
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Therefore, we have

Eϵ sup
t∈[0,T ]

∣∣∣∣� t

0

⟨F 1(s, uϵ(s), vϵ(s)), ξ(s)⟩ds−
� t

0

⟨F̄ 1(s, uϵ(s)), ξ(s)⟩ds
∣∣∣∣

≤ c T

(
δλ/2 +

1

ϵ1/2
exp

(
c δ

2 ϵ

)
δ(1+λ)/2

)
+ Iϵ,3(θη, nη) + cη Tδ + cη

√
ϵ

δ
+ η.

(3.74)

Now if we take

δϵ :=
2

c
ϵ| ln ϵ|λ/2,

we have

lim
ϵ→0

δϵ = 0, lim
ϵ→0

ϵ

δϵ
=

c

2
lim
ϵ→0

| ln ϵ|−λ/2 = 0. (3.75)

Moreover, we have

1

ϵ1/2
exp

(
c δϵ
2 ϵ

)
δ(1+λ)/2
ϵ = ϵη| ln ϵ|−η(1+η)/2

(
1

ϵ

)η/2

= ϵη/2| ln ϵ|−η(1+η)/2,

so that

lim
ϵ→0

1

ϵ1/2
exp

(
c δϵ
2 ϵ

)
δ(1+λ)/2
ϵ = 0. (3.76)

Hence, due to (3.75) and (3.76), from (3.74) we get

lim sup
ϵ→0

Eϵ sup
t∈[0,T ]

∣∣∣∣� t

0

⟨F 1(s, uϵ(s), vϵ(s)), ξ(s)⟩ds−
� t

0

⟨F̄ 1(s, uϵ(s)), ξ(s)⟩ds
∣∣∣∣ ≤ η,
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and the arbitrariness of η > 0 allows to obtain (3.62).

3.5.3 Conclusion

Let {ϵm}m∈N a sequence in (0, 1) converging to 0 such that

lim
m→∞

L(uϵm) = µslow, weakly in C([0, T ];H). (3.77)

In particular the sequence {(uϵm ,W ϵm)}m∈N ⊂ C([0, T ];H) × C([0, T ];D′)

is tight. Therefore there exists a subsequence of {ϵm}m∈N that we will still

denote {ϵm}m∈N and ν ∈ P(C([0, T ];H)× C([0, T ];D′)) such that

lim
m→∞

L(uϵm ,W ϵm) = ν, weakly in C([0, T ];H)× C([0, T ];D′).

Now, as a consequence of the Skorokhod theorem, we can fix a probability

space (Ω̄, F̄ , P̄), a sequence {(um,Wm)}m∈N ⊂ C([0, T ];H)×C([0, T ];D′) and

(ū, W̄ ) ∈ C([0, T ];H)× C([0, T ];D′) such that

L(um,Wm) = L(uϵm ,W ϵm), L(ū, W̄ ) = ν, (3.78)
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and

lim
m→∞

(um,Wm) = (ū, W̄ ), P̄− a.s. in C([0, T ];H)×C([0, T ];D′). (3.79)

Notice that, due to (3.77), we have Π1ν = µslow. Moreover, since all W ϵ are

space-time white noises in H, we have that Π2ν is a space-time white noise.

All this implies that L(ū) = µslow and W̄ is a space-time white noise.

Next, for every ϵ ∈ (0, 1) and ξ ∈ C1([0, T ];D(A⋆
1)), we define

Rϵ
ξ(t) := ⟨uϵ(t), ξ(t)⟩−⟨u0, ξ(0)⟩−

� t

0

⟨F̄1(s, u
ϵ(s)), ξ(s)⟩ ds−

� t

0

⟨Q1dW
ϵ(s), ξ(s)⟩.

According to Lemma 3.5.2, we have that

lim
ϵ→0

Eϵ sup
t∈ [0,T ]

|Rϵ
ξ(t)| = 0. (3.80)

Therefore, if we define

Rm
ξ (t) := ⟨um(t), ξ(t)⟩−⟨u0, ξ(0)⟩−

� t

0

⟨F̄1(s, u
m(s)), ξ(s)⟩ ds−

� t

0

⟨Q1dW
m(s), ξ(s)⟩,

(3.81)
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due to (3.78) we have

lim
m→∞

Ē sup
t∈ [0,T ]

|Rm
ξ (t)| = 0.

This, together with (3.79), implies that if we take the limit as m → ∞ in

both sides of (3.81), and if we show that

lim
m→∞

Ē sup
t∈ [0,T ]

∣∣∣∣� t

0

⟨F̄1(s, u
m(s)), ξ(s)⟩ ds−

� t

0

⟨F̄1(s, ū(s)), ξ(s)⟩ ds
∣∣∣∣ = 0,

(3.82)

we obtain that ū satisfies the equation

⟨ū(t), ξ(t)⟩ = ⟨u0, ξ(0)⟩+
� t

0

⟨F̄1(s, ū(s)), ξ(s)⟩ ds−
� t

0

⟨Q1dW̄ (s), ξ(s)⟩.

By using the notations introduced in Subsection 3.5.2, we can rewrite

(3.82) as

lim
m→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

[
Ḡξ(s, u

m(s))− Ḡξ(s, ū(s))
]
ds

∣∣∣∣ = 0. (3.83)

151



We have

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

[
Ḡξ(s, u

m(s))− Ḡξ(s, ū(s))
]
ds

∣∣∣∣ ≤ � T

0

Ē
∣∣Ḡξ(s, u

m(s))− Ḡθ
ξ(s, u

m(s))
∣∣ ds

+

� T

0

Ē
∣∣Ḡθ

ξ(s, u
m(s))− Ḡθ

ξ(s, ū(s))
∣∣ ds+ � T

0

Ē
∣∣Ḡθ

ξ(s, ū(s))− Ḡξ(s, ū(s))
∣∣ ds =:

3∑
k=1

Iθm,k.

According to (3.59), we have

Iθm,1 + Iθm,3 ≤ cT θ

� T

0

[
ĒV̄ (um(t)) + ĒV̄ (ū(t))

]
dt.

As a consequence of (3.78) and (3.32), we have

sup
m∈N

� T

0

Ē V̄ (um(t)) dt = sup
m∈N

� T

0

EϵmV̄ (uϵm(t)) dt < ∞.

Moreover, Fatou’s lemma implies

� T

0

Ē V̄ (ū(t)) dt ≤ lim inf
R→∞

� T

0

Ē
(
V̄ (ū(t)) ∧R

)
dt

= lim inf
R→∞

lim
m→∞

� T

0

Ē
(
V̄ (ū(t)) ∧R

)
dt ≤ sup

m∈N

� T

0

Ē V̄ (um(t)) dt < ∞.
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Therefore, for every η > 0, we can find θη > 0 such that

sup
m∈N

(
I
θη
m,1 + I

θη
m,3

)
< η.

In particular, due to the arbitrariness of η > 0, (3.83) follows once we show

that

lim
m→∞

� T

0

Ē
∣∣∣Ḡθη

ξ (s, um(s))− Ḡ
θη
ξ (s, ū(s))

∣∣∣ ds = 0.

But this is clearly a consequence of (3.79), as Ḡ
θη
ξ is bounded and continuous.

3.6 An example

In this section, we are going to discuss some examples of slow-fast systems

of SPDEs which satisfy the conditions we have assumed in the previous

sections and hence can be treated with our theory.

Let O ⊂ Rd be a bounded open set, with a smooth boundary and let

H be the Hilbert space L2(O), endowed with the norm ∥ · ∥ and the scalar

product ⟨·, ·⟩. As in Section 3.2, we denote by H2 the product sopace H×H.
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3.6.1 About Hypothesis 8

We assume that for every p ∈ (1,∞) the operators (A1,p, D(A1,p)) and

(A2,p, D(A2,p)) are the realizations in Lp(O) of second order uniformly ellip-

tic operators Ai, i = 1, 2, satisfying Hypothesis 8. All these operators are

consistent, in the sense that for every p, r ∈ (0,∞)

Ai,px = Ai,rx, x ∈ D(Ai,p) ∩D(Ai,r), i = 1, 2,

and for this reason, whenever there is no room for confusion, for the sake

of simplicity we shall denote all of them as (A1, D(A1)) and (A2, D(A2)).

In what follows, we will use the fact that for every p ∈ (1,∞) there exists

λp > 0 such that

⟨Aix, x|x|p−2⟩ ≤ −λp ∥(−Ai)
1/2(x|x|

p−2
2 )∥2, x ∈ D(Ai,p), i = 1, 2.

In particular, this implies that

⟨Aix, x|x|p−2⟩ ≤ −α1,i λp ∥x∥pLp , x ∈ D(Ai,p), i = 1, 2, (3.84)
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(for all details, we refer e.g. to [42]).

As far as the Gaussian perturbations in the slow and in the fast equations

are concerned, we assume that the operators Q1 and Q2 satisfy Hypothesis 8.

Moreover, we assume that one of the following two conditions are satisfied:

C1. both Q1 and Q2 are invertible, with Q−1
1 , Q−1

2 ∈ L(H),

C2. both Q1 and Q2 are Hilbert-Schmidt operators.

Under reasonable conditions of the coefficients of the differential operators

Ai and the domain O, we have that

αi,k ∼ k
d
2 , k ∈ N.

Hence, Condition C1. is satisfied only if d = 1. In particular, if we want to

treat the case of SPDEs of reaction-diffusion type in space dimension d > 1,

we can only consider Gaussian noise with trace-class covariance.

As we did in Section 3.2, for every ϵ ∈ (0, 1) we define

Aϵ(x1, x2) = (A1x1, ϵ
−1A2x2), (x1, x2) ∈ D(Aϵ) := D(A1)×D(A2) ⊂ H2,

(3.85)
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and

Qϵ(x1, x2) = (Q1x1, ϵ
−1/2Q2x2), (x1, x2) ∈ H2. (3.86)

Notice that if Condition C1. holds, then Qϵ is invertible with (Qϵ)−1 ∈

L(H2), for each ϵ ∈ (0, 1). In the same way, if Condition C2. holds, then

Tr [(Qϵ)2] < ∞, for each ϵ ∈ (0, 1).

3.6.2 About Hypothesis 9

We assume that b : [0, T ]×O×R2 → R is a continuous function satisfying

the following conditions.

1. There exist c1 > 0 and m1,m2 ≥ 1 and a function a1 ∈ L4(O) such

that

sup
t∈ [0,T ]

|b(t, ξ, σ, λ)| ≤ c1 (a1(ξ) + |σ|m1 + |λ|m2) , (3.87)

for all ξ ∈ O and σ, λ ∈ R.

2. There exist c2 > 0, κ1 ≤ 2m2 and κ2 ≥ 0 and a function a2 ∈ L1(O)
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such that

sup
t∈ [0,T ]

b(t, ξ, σ + ρ, λ)σ ≤ c2
(
a2(ξ) + |σ|2 + |λ|κ1 + |ρ|κ2

)
, (3.88)

for all ξ ∈ O and σ, ρ, λ ∈ R.

Now, given any two functions x, y : O → R, we define

F1(t, x, y)(ξ) = b(t, ξ, x(ξ), y(ξ)), t ∈ [0, T ], ξ ∈ O. (3.89)

According to (3.87), if we define

D(F1) := L2m1(O)× L2m2(O),

we have that F1 : [0, T ]×D(F1) → H and

∥F1(t, x, y)∥ ≤ c
(
1 + ∥x∥m1

L2m1
+ ∥y∥m2

L2m2

)
, (x, y) ∈ D(F1).

Moreover, since we are assuming κ1 ≤ 2m2, according to (3.88), we have that

⟨F1(t, x+ z, y), x⟩ ≤ c
(
1 + ∥x∥2 + ∥y∥κ1

Lκ1 + ∥z∥κ2
Lκ2

)
, (3.90)

157



for every (x, y) ∈ D(F1) and z ∈ Lκ2(O).

Next, for every θ ∈ (0, 1), we define

bθ(t, ξ, σ, λ) :=
b(t, ξ, σ, λ)

1 + θ |b(t, ξ, σ, λ)|
, t ∈ [0, T ], ξ ∈ O, (σ, ρ) ∈ R2.

The function bθ : [0, T ]×O×R2 → R is continuous and bounded. Therefore,

if for every x, y ∈ H we define

F θ
1 (t, x, y)(ξ) := bθ(t, ξ, x(ξ), y(ξ)), t ∈ [0, T ], ξ ∈ O,

we have that F θ
1 : [0, T ]×H2 → H is continuous and bounded. Since

|bθ(t, ξ, σ, λ)| ≤ |b(t, ξ, σ, λ)|,

according to (3.87) we have

∥F θ
1 (t, x, y)∥2 ≤ ∥F1(t, x, y)∥2 ≤ c

�
O

(
|a2(ξ)|2 + |x(ξ)|2m1 + |y(ξ)|2m2

)
dξ

≤ c
(
1 + ∥x∥2m1

L2m1
+ ∥y∥2m2

L2m2

)
.

(3.91)
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Moreover, since

|bθ(t, ξ, σ, λ)− b(t, ξ, σ, λ)| = θ |b(t, ξ, σ, λ)|2,

thanks again to (3.87) we have

∥F θ
1 (t, x, y)− F1(t, x, y)∥2 ≤ θ2

�
O
|b(t, ξ, x(ξ), y(ξ))|4 dξ

≤ c θ2
�
O

(
|a2(ξ)|4 + |x(ξ)|4m1 + |y(ξ)|4m2

)
dξ ≤ c θ2

(
1 + ∥x∥2m1

L4m1
+ ∥y∥2m2

L4m2

)2
.

(3.92)

This implies that if we define

V (x, y) := cV
(
1 + ∥x∥2m1

L4m1
+ ∥y∥2m2

L4m2
+ ∥y∥κ1m1

L2κ1m1

)
, (3.93)

for some cV > 0 sufficiently large, as a consequence of (3.91) and (3.92) we

obtain

∥F θ
1 (t, x, y)∥2 ≤ ∥F1(t, x, y)∥2 ≤ V (x, y), (3.94)

and

∥F θ
1 (t, x, y)− F1(t, x, y)∥ ≤ θ V (x, y). (3.95)
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The function V : H2 → [0,+∞] is convex and lower semi-continuous and

DV := {V < ∞} ⊂ D ×H.

Remark 3.6.1. In (3.95) and (3.94) we only need

V (x, y) := cV
(
1 + ∥x∥2m1

L4m1
+ ∥y∥2m2

L4m2

)
.

The reason why we define V as in (3.93) is because we will need it when we

will prove that condition (3.13) holds.

3.6.3 About Hypothesis 10

We introduce a function g : [0, T ] × O × R2 → R continuous, such that

g(t, ξ, ·) : R2 → R is Lipschitz continuous, uniformly with respect to (t, ξ) ∈

[0, T ]×O. We assume that there exists L2 < α2,1 that

sup
(t,ξ)∈ [0,T ]×O

ρ∈R

|g(t, ξ, ρ, σ1)− g(t, ξ, ρ, σ2)| ≤ L2 |σ1 − σ2|. (3.96)
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Thus, if we define

F2(t, x)(ξ) := g(t, ξ, x(ξ)), ξ ∈ O,

for every x ∈ H2, we have that F2 satisfies Hypothesis 10.

3.6.4 About Hypothesis 11

As we did in Section 3.2, for every ϵ ∈ (0, 1) we define D(F ϵ) := D(F1) ⊆

H2 and

F ϵ(t, x) :=
(
F1(t, x), ϵ

−1F2(x)
)
, t ∈ [0, T ], x ∈ D(F ϵ).

Moreover, for every θ ∈ (0, 1) we define

F ϵ,θ(t, x) :=
(
F θ
1 (t, x), ϵ

−1F2(x)
)
, t ∈ [0, T ], x ∈ H2.

Since F θ
1 and F2 are both continuous, the mapping F ϵ,θ(t, ·) : H2 → H2 is

continuous. Moreover, due to the linear growth of F2(t, ·), which is uniform

161



with respect to t ∈ [0, T ], according to (3.95) we have

∥F ϵ,θ(t, x)∥2H2
= ∥F θ

1 (t, x)∥2 + ϵ−2 ∥F2(t, x)∥2 ≤ ∥F1(t, x)∥2 + ϵ−2 ∥F2(t, x)∥2

≤ V (x) +
c

ϵ2
(
1 + ∥x∥2H2

)
=: Vϵ(x),

and the function Vϵ : H2 → [0,+∞] is convex and lower semi-continuous.

Finally,

∥F ϵ,θ(t, x)− F ϵ(t, x)∥H2 = ∥F θ
1 (t, x)− F1(t, x)∥ ≤ θ V (x) ≤ θ Vϵ(x).

The operators (Aϵ, D(Aϵ)) and Qϵ and the functions F ϵ, F ϵ,θ and Vϵ that

we have just constructed satisfy the all the conditions assumed Chapter 4,

for each ϵ ∈ (0, 1). Therefore, once we have fixed (u0, v0) ∈ DV for every

ϵ ∈ (0, 1) there exists a martingale solution

(Ωϵ,F ϵ, {F ϵ
t }t∈ [0,T ],Pϵ, {W ϵ

t }t∈ [0,T ], {Xϵ(t)}t∈ [0,T ]),

for system (3.3). Now, we check that condition (3.13) holds.

Lemma 3.6.2. Assume that the function a2 introduced in (3.88) belongs to
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L2m1(O) and there exists cT > 0 such that

sup
t∈ [0,T ]

Eϵ ∥WA1(t)∥
p̄
Lp̄ + sup

t∈ [0,T ]

Eϵ ∥WA2(t)∥
q̄
Lq̄ ≤ cT , ϵ ∈ (0, 1), (3.97)

where p̄ := 2κ2m1 and q̄ := 2κ1m1 ∨ 4m2 and where κ2, κ1, m1 and m2 are

the constants introduced in (3.87) and (3.88). Moreover, assume that

sup
(t,ξ)∈ [0,T ]×O

|g(t, ξ, σ, ρ)| ≤ c
(
1 + |σ|

2
κ1

∧m1
m2

∧1
+ |ρ|

)
, (σ, ρ) ∈ R2, (3.98)

and

L2 < α2,1λq̄, (3.99)

where L2 is the constant introduced in (3.96). Then condition (3.13) is sat-

isfied.

Proof. If we define Γϵ
1(t) := uϵ(t)−W ϵ

A1
(t), due to (3.84), we have

1

4m1

d

dt
∥Γϵ

1(t)∥
4m1

L4m1
= ⟨A1Γ

ϵ
1(t) + F1(t,Γ

ϵ
1(t) +W ϵ

A1
(t), vϵ(t)),Γϵ

1(t) |Γϵ
1(t)|4m1−2⟩

≤ −α1,1λ4m1 ∥Γϵ
1(t)∥

4m1

L4m1
+ ⟨F1(t,Γ

ϵ
1(t) +W ϵ

A1
(t), vϵ(t)),Γϵ

1(t) |Γϵ
1(t)|4m1−2⟩.
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Thanks to (3.88), we have

⟨F1(t,Γ
ϵ
1(t) +W ϵ

A1
(t), vϵ(t)),Γϵ

1(t)Γ
ϵ
1(t) |Γϵ

1(t)|4m1−2⟩

≤
�
O

(
a2(ξ) + |Γϵ

1(t, ξ)|2 + |vϵ(t, ξ)|κ1 + |W ϵ
A1
(t, ξ)|κ2

)
|Γϵ

1(t, ξ)|4m1−2 dξ

≤
�
O

(
|a2(ξ)|2m1 + |Γϵ

1(t, ξ)|4m1 + |vϵ(t, ξ)|q̄ + |W ϵ
A1
(t, ξ)|p̄

)
dξ,

so that

d

dt
∥Γϵ

1(t)∥
4m1

L4m1
≤ c ∥Γϵ

1(t)∥
4m1

L4m1
+ c
(
1 + ∥W ϵ

A1
(t)∥p̄Lp̄ + ∥vϵ(t)∥q̄Lq̄

)
.

By comparison, we obtain

Eϵ ∥Γϵ
1(t)∥

4m1

L4m1
≤ cT

(
1 + ∥u0∥4m1

L4m1
+ sup

t∈ [0,T ]

Eϵ ∥W ϵ
A1
(t)∥p̄Lp̄ +

� T

0

Eϵ∥vϵ(t)∥q̄Lq̄ dt

)
,

and, in view of (3.97), this yields

Eϵ ∥uϵ(t)∥4m1

L4m1
≤ cT

(
1 + ∥u0∥4m1

L4m1

)
+ cT

� t

0

Eϵ ∥vϵ(s)∥q̄Lq̄ ds, t ∈ [0, T ].

(3.100)

As we have done above for uϵ, we denote Γϵ
2(t) := vϵ(t)−W ϵ

A2
(t). Due to
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(3.84), we have

1

q̄

d

dt
∥Γϵ

2(t)∥
q̄
Lq̄ =

1

ϵ
⟨A2Γ

ϵ
2(t) + F2(t, u

ϵ(t),Γϵ
2(t) +W ϵ

A2
(t)),Γϵ

2(t) |Γϵ
2(t)|q̄−2⟩

≤ −α2,1λq̄

ϵ
∥Γϵ

2(t)∥
q̄
Lq̄ +

1

ϵ
⟨F2(t, u

ϵ(t),Γϵ
2(t) +W ϵ

A2
(t)),Γϵ

2(t) |Γϵ
2(t)|q̄−2⟩.

(3.101)

Since

q̄

(
2

κ1

∧ m1

m2

∧ 1

)
= (2κ1m1 ∨ 4m2)

(
2

κ1

∧ m1

m2

∧ 1

)
≤ 4m1,

in view of (3.96) and (3.98), for every δ > 0 we have

|⟨F2(t, u
ϵ(t),Γϵ

2(t) +W ϵ
A2
(t)),Γϵ

2(t) |Γϵ
2(t)|q̄−2⟩|

≤ L2

�
O
|Γϵ

2(t, ξ)|q̄ dξ + c

�
O
|Γϵ

2(t, ξ)|q̄−1
(
1 + |uϵ(t, ξ)|

2
κ1

∧m1
m2

∧1
+ |W ϵ

A2
(t, ξ)|

)
dξ

≤ (L2 + δ) ∥Γϵ
2(t)∥

q̄
Lq̄ + cδ

(
1 + ∥uϵ(t)∥4m1

L4m1
+ ∥W ϵ

A2
(t)∥q̄Lq̄

)
.

(3.102)

Hence, if we put together (3.101) and (3.102), we get

d

dt
∥Γϵ

2(t)∥
q̄
Lq̄ ≤ −1

ϵ
(α2,1λq̄ − (L2 + δ)) q̄ ∥Γϵ

2(t)∥
q̄
Lq̄+

cδ q̄

ϵ

(
1 + ∥uϵ(t)∥4m1

L4m1
+ ∥W ϵ

A2
(t)∥q̄Lq̄

)
.
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Now, thanks to (3.99) we can fix δ̄ > 0 such that

ϑ :=
(
α2,1λq̄ − (L2 + δ̄)

)
q̄ > 0,

and by comparison, we have

Eϵ∥Γϵ
2(t)∥

q̄
Lq̄ ≤ e−

ϑ
ϵ
t∥v0∥q̄Lq̄+

c

ϵ

� t

0

e−
ϑ
ϵ
(t−s)

(
1 + Eϵ∥uϵ(s)∥4m1

L4m1
+ Eϵ∥W ϵ

A2
(s)∥q̄Lq̄

)
ds.

As ϑ > 0, thanks to (3.97) we get

Eϵ ∥vϵ2(t)∥
q̄
Lq̄ ≤ e−

ϑ
ϵ
t∥v0∥q̄Lq̄ + Eϵ ∥W ϵ

A2
(t)∥q̄Lq̄

+c

(
1 + sup

s∈ [0,t]

Eϵ ∥uϵ(s)∥4m1

L4m1
+ sup

s∈ [0,t]

Eϵ ∥W ϵ
A2
(s)∥q̄Lq̄

)

≤ e−
ϑ
ϵ
t∥v0∥q̄Lq̄ + c

(
1 + sup

s∈ [0,t]

Eϵ ∥uϵ(s)∥4m1

L4m1

)
+ cT .

(3.103)

Thus, if we plug (3.103) into (3.100), we obtain

sup
s∈ [0,t]

Eϵ ∥uϵ(s)∥4m1

L4m1
≤ cT

(
1 + ∥u0∥4m1

L4m1
+ ∥v0∥q̄Lq̄

)
+cT

� t

0

sup
r∈ [0,s]

Eϵ ∥uϵ(r)∥4m1

L4m1
ds,

166



and Gronwall’s lemma implies

sup
s∈ [0,t]

Eϵ ∥uϵ(s)∥4m1

L4m1
≤ cT

(
1 + ∥u0∥4m1

L4m1
+ ∥v0∥q̄Lq̄

)
. (3.104)

Thanks to (3.103), this gives

sup
s∈ [0,t]

Eϵ ∥vϵ(s)∥q̄Lq̄ ≤ cT
(
1 + ∥u0∥4m1

L4m1
+ ∥v0∥q̄Lq̄

)
. (3.105)

Therefore, recalling how V was defined in (3.93), from (3.104) and (3.105)

we obtain (3.13).

Remark 3.6.3. When κ1 ≤ 2 and m1 ≥ m2, condition (3.98) is always

satisfied, as we are assuming that g(t, ξ, ·) has linear growth, uniformly with

respect to (t, ξ) ∈ [0, T ]×O.

3.6.5 About Hypothesis 12

We need to show that if µx(dy) is the invariant measure of the fast motion

with frozen slow component x introduced in Section 3.3.1, then condition

(3.23) is satisfied. Namely we need to show that

V̄ (x) :=

�
H

V (x, y)µx(dy) < ∞, x ∈ Π1DV .
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Recalling how V was defined in (3.93), for every x ∈ L4m1(O), we have

V̄ (x) ≤ cV

�
H

(
1 + ∥x∥2m1

L4m1
+ ∥y∥q̄/2Lq̄

)
µx(dy) ≤ cV

(
1 + ∥x∥2m1

L4m1

)
+cV

�
H

∥y∥q̄/2Lq̄ µx(dy),

(3.106)

where q̄ = 2κ1m1 ∨ 4m2. This means that (3.23) follows once we show that

�
H

∥y∥q̄/2Lq̄ µx(dy) < ∞, x ∈ L4m1(O).

Lemma 3.6.4. Under the same assumptions of Lemma 3.6.2 we have

�
H

∥y∥q̄Lq̄ µ
x(dy) < ∞, x ∈ L4m1(O). (3.107)

Proof. Due to the invariance of µx, for every t ≥ 0, we have

�
H

∥y∥q̄Lq̄ µ
x(dy) ≤ lim inf

R→∞

�
H

(
∥y∥q̄Lq̄ ∧R

)
µx(dy)

= lim inf
R→∞

�
H

P x
t

(
∥ · ∥q̄Lq̄ ∧R

)
(y)µx(dy) ≤

�
H

P x
t (∥ · ∥q̄Lq̄)(y)µ

x(dy),

where P x
t is the semigroup associated with equation (3.16).
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By proceeding as in the proof of Lemma 3.6.2, we have

P x
t (∥·∥q̄Lq̄)(y) = E ∥vx,y(t)∥q̄Lq̄ ≤ e−ϑt∥y∥q̄Lq̄+c

(
1 + ∥x∥4m1

L4m1

)
+ sup

s∈ [0,t]

E∥WA2(s)∥
q̄
Lq̄ ,

and this implies

�
H

∥y∥q̄Lq̄ µ
x(dy) ≤ e−ϑt

�
H

∥y∥q̄Lq̄ µ
x(dy) + ct

(
1 + ∥x∥4m1

L4m1

)
.

Thus, if we pick t̄ > 0 such that e−ϑt̄ ≤ 1/2, we conclude that

�
H

∥y∥q̄Lq̄ µ
x(dy) ≤ 2ct̄

(
1 + ∥x∥4m1

L4m1

)
,

and (3.107) follows.

3.6.6 About Condition (3.32)

According to (3.106) and (3.107), we have that

V̄ (x) ≤ c
(
1 + ∥x∥4m1

L4m1

)
, x ∈ L4m1(O).
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Then, condition (3.32) holds if

sup
ϵ∈(0,1)

� T

0

Eϵ∥uϵ(s)∥4m1

L4m1
dt < ∞,

and this is true because of (3.104).
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Chapter 4: Existence of martingale solution of stochastic PDEs

with rough nonlinear coefficient

In what follows, H is a separable Hilbert space, endowed with the scalar

product ⟨·, ·⟩ and the corresponding norm ∥ · ∥. We are considering the

following equation in the Hilbert space H

dX(t) = [AX(t) + F (t,X(t))] dt+QdWt, X(0) = x, (4.1)

where W (t), t ≥ 0, is a space-time white noise. In what follows, we shall

assume that the linear operators A and Q and the non-linearity F satisfy the

following assumptions.

Hypothesis 13. 1. The self-adjoint operator A generates an analytic semi-

group S(t).

2. There exists a complete orthonormal basis {ek}k∈N and two sequences
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of positive real numbers {αk}k∈N and {λk}k∈N such that

Aek = −αkek, Qek = λkek, k ≥ 1. (4.2)

Moreover infk∈N αk > 0.

3. There exists some γ0 > 0 such that

∑
k∈N

λ2
kα

2γ0−1
k < ∞. (4.3)

For any γ > 0, the operator (−A)−γ is compact and thus the embedding

D((−A)γ) ↪→ H is compact. Moreover, by the closed graph theorem, the set

{x ∈ H : ∥(−A)γx∥ ≤ R} is not only precompact but also compact for any

γ > 0 and R > 0. We denote the graph norm of the operator (−A)γ by ∥ ·∥γ.

Hypothesis 14. There exists a family of measurable and bounded mappings

{F θ}θ∈(0,1) defined on [0, T ] × H with values in H, such that the following

conditions hold.

1. For every θ ∈ (0, 1) and h ∈ H and for every t ∈ [0, T ], the mapping

x ∈ H 7→ ⟨F θ(t, x), h⟩ ∈ R
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is continuous.

2. There exists a convex and lower semi-continuous mapping V : H →

[1 +∞] such that for all θ ∈ (0, 1)

∥F θ(t, x)∥2H ≤ V (x), x ∈ H, (4.4)

and

∥F (t, x)− F θ(t, x)∥ ≤ θV (x), x ∈ D(F ). (4.5)

Here and in what follows, we shall define ∥F (t, x)∥ = +∞, whenever

x /∈ D(F ). In particular DV := {x ∈ H : V (x) < ∞} ⊆ D(F ).

In what follows, we shall prove the following result.

Theorem 4.0.1. Under Hypotheses 13 and 14, and Hypothesis 15 below,

for every initial condition x ∈ DV there exists a martingale solution in

C([0, T ];H) for problem (4.1). That is, there exist some filtered probability

space (Ω̄, F̄ , {F̄t}t∈ [0,T ], P̄), a space-time white noise W̄t, t ∈ [0, T ], adapted

to the filtration {F̄t}t∈ [0,T ], and a C([0, T ];H)-valued process X̄ such that

X̄(t) = S(t)x+

� t

0

S(t− s)F (s, X̄(s, x))ds+

� t

0

S(t− s)QdW̄s.
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4.1 The approximating problem

Let {θn}n∈N ⊂ (0, 1) be a sequence which converges to 0. We denote F θn

by Fn for simplicity and consider the following approximating problem

dXn(t) = [AXn(t)dt+ Fn(t,Xn(t))] dt+QdWt, Xn(0) = x ∈ D(F ). (4.6)

As a consequence of Hypotheses 13 and 14, equation (4.6) admits a mar-

tingale solution in C([0, T ];H) (see [39] and [36] for a proof). That is, there

exist some probability space (Ωn,Fn, {Fn
t }t∈ [0,T ],Pn), a space-time white

noise W n
t , t ∈ [0, T ], adapted to the filtration {Fn

t }t∈ [0,T ] and a C([0, T ];H)-

valued process Xn such that

Xn(t) = S(t)x+

� t

0

S(t− s)Fn(s,Xn(s, x))ds+W n
A(t), (4.7)

where W n
A(t) is the stochastic convolution

W n
A(t) :=

� t

0

S(t− s)QdW n
s . (4.8)

174



Equivalently, Xn satisfies the following equation

⟨Xn(t), ξ(t)⟩ =⟨x, ξ(0)⟩+
� t

0

⟨Xn(s), ξ
′(s) + A∗ξ(s)⟩ ds

+

� t

0

⟨Fn(s,Xn(s)), ξ(s)⟩ ds+
� t

0

⟨QdW n
s , ξ(s)⟩,

(4.9)

for any ξ ∈ C1([0, T ];D(A∗)).

Hypothesis 15. For every x ∈ D(F ), we have

sup
n∈N

� T

0

EnV (Xn(t)) dt ≤ c V (x) (4.10)

Notice that, as a consequence of Hypothesis 15, we have that Pn(Xn(t) ∈

D(F ), t ∈ [0, T ]) = 1, for all n ∈ N. Moreover, as a consequence of Hypoth-

esis 13, it is possible to show that for every p ≥ 1 and γ ∈ [0, γ0)

sup
n∈N

En sup
t∈[0,T ]

∥W n
A(t)∥pγ < ∞. (4.11)

Moreover,

sup
n∈N

En∥W n
A(t+ h)−W n

A(t)∥pγ ≤ c hpγ⋆ , (4.12)

where γ⋆ := (γ0−γ)∧1/2. In particular, from the Garsia-Rademich-Rumsey
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Theorem we obtain that for every γ ∈ [0, γ0) there exists some β > 0 such

that

sup
n∈N

En∥W n
A∥2Cβ([0,T ];D((−A)γ)) < ∞. (4.13)

For all details see e.g. [36, Section 5.4].

Now, we define

Ψn(t) :=

� t

0

S(t− s)Fn(s,Xn(s))ds.

Lemma 4.1.1. Let Hypotheses 13, 14 and 15 hold and assume that γ ∈

[0, 1/2). Then

sup
n∈N

En sup
t∈[0,T ]

∥Ψn(t)∥2γ ≤ cTV (x), x ∈ DV . (4.14)

Proof. We have

En sup
t∈[0,T ]

∥Ψn(t)∥2γ ≤ c sup
t∈[0,T ]

(� t

0

(t− s)−2γ ds

)
En sup

t∈[0,T ]

� t

0

∥Fn(s,Xn(s))∥2ds

≤ cT En

� T

0

∥Fn(s,Xn(s))∥2ds.

Then (4.14) follows from (4.4) and (4.10).
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As for the time continuity for Ψn, we have the following result.

Lemma 4.1.2. Let Hypotheses 13, 14 and 15 hold and fix γ ∈ [0, 1/2). Then

there exists β > 0 such that

sup
n∈N

En

[
sup

δ∈(0,1)
sup

t,s∈[0,T ], |t−s|≤δ

(
∥(Ψn(t)−Ψn(s))∥γ

|t− s|β

)2
]
≤ c V (x), x ∈ DV .

Proof. For every γ ∈ (0, 1/2), h ∈ (0, δ) and t ∈ [0, T − δ], we have

∥Ψn(t+ h)−Ψn(t)∥γ ≤ c

� t+h

t

∥S(t+ h− s)Fn(s,Xn(s))∥γ ds

+c

� t

0

∥(S(t+ h− s)− S(t− s))Fn(s,Xn(s))∥γ ds,

so that

∥(Ψn(t+ h)−Ψn(t))∥2γ ≤ c

� t+h

t

(t+ h− s)−2γ ds

� t+h

t

∥Fn(s,Xn(s))∥2ds

+c

(� t

0

� t+h−s

t−s

∥AS(u)du Fn(s,Xn(s))∥γ ds
)2

≤ c

� t+h

t

(t+ h− s)−2γds

� T

0

∥Fn(s,Xn(s))∥2ds

+c

� t

0

(� t+h−s

t−s

∥(−A)γ+1S(r)∥L(H) dr

)2

ds

� T

0

∥Fn(s,Xn(s))∥2 ds.
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Therefore, in view of Hypothesis 15, we have

En

(
sup

δ∈(0,1)
sup

t∈[0,T−δ]

sup
h∈(0,δ)

∥(Ψn(t+ h)−Ψn(t))∥2γh−2β

)

≤ cT sup
δ∈(0,1)

sup
t∈[0,T−δ]

sup
h∈(0,δ)

h−2β

� t+h

t

(t+ h− s)−2γ ds V (x)

+cT sup
h0∈(0,1)

sup
t∈[0,T−h0]

sup
h∈(0,h0)

h−2β

� t

0

(� t+h−s

t−s

r−(γ+1) dr

)2

ds V (x).

Since

(
(t− s)−γ − (t+ h− s)−γ)2 ≤ (t− s)−2γ − (t+ h− s)−2γ,

we have

En

(
sup

δ∈(0,1)
sup

t∈[0,T−δ]

sup
h∈(0,δ)

∥(Ψn(t+ h)−Ψn(t))∥2γ h−2η

)

≤ cT V (x) sup
h∈(0,1)

(
h−2βh−2γ+1 + h−2β

� t

0

(
(t+ h− s)−2γ − (t− s)−2γ

)
ds

)
.

Moreover, since 1− 2γ < 1, we have

(t+ h)−2γ+1 − t−2γ+1 ≤ h−2γ+1.
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Therefore, if we take β < 1/2− γ, we obtain

En

(
sup

h0∈(0,1)
sup

t∈[0,T−h0]

sup
h∈(0,h0)

∥(Ψn(t+ h)−Ψn(t))∥2γ h−2β

)

≤ cT V (x) sup
h∈(0,1)

h1−2γ−2β ≤ cT V (x).

Notice that when γ = 0, the result holds for all β ∈ (0, 1/2).

For every n ∈ N, we define

yn(t) := Ψn(t) +W n
A(t), t ∈ [0, T ].

As a consequence of (4.13) and Lemmas 4.1.1 and 4.1.2, there exist γ, η > 0

such that

sup
n∈N

En sup
t∈[0,T ]

∥yn(t)∥2γ < ∞, (4.15)

and

sup
n∈N

En sup
t,s,∈[0,T ]

(
∥yn(t)− yn(s)∥

|t− s|β

)2

< ∞. (4.16)

This implies the following tightness result.

Lemma 4.1.3. Under Hypotheses 13, 14 and 15, for every x ∈ DV the

family of measures {L(Xn)}n∈N is tight in C([0, T ];H)).
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Proof. Let γ and η be the same as the ones in (4.15) and (4.16). For every

R > 0, we introduce the set

KR := {u ∈ C([0, T ];H) : ∥u∥C([0,T ];D((−A)γ)) + sup
t,s∈[0,T ]

∥u(t)− u(s)∥
|t− s|β

≤ R}.

By Ascoli-Arzela theorem, KR is compact in C([0, T ];H). Moreover, accord-

ing to (4.15) and (4.16), we have

sup
n∈N

Pn (yn ∈ Kc
R) ≤ cTR

−1.

Then, for every η > 0 we can find Rη > 0 such that

sup
n∈N

Pn
(
yn ∈ Kc

Rη

)
≤ η.

Since Xn = yn + S(·)x, we have

Pn (Xn ∈ Kc
M + S(·)x) = Pn (yn ∈ Kc

M) ≤ η.

Therefore, since KRη + S(·)x is a compact set in C([0, T ];H), due to the

arbitrariness of η we conclude that the family of measures {L(Xn)}n∈N is
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tight in C([0, T ];H).

4.2 Construction of a martingale solution

In view of Lemma 4.1.3, the sequence {(Xn,Wn)}n∈N ⊂ C([0, T ];H) ×

C([0, T ];D′) is tight. Due to the Prokhorov theorem, there exists a subse-

quence, still denoted by {(Xn,Wn)}n∈N, that converges weakly to some mea-

sure µ on C([0, T ];H)× C([0, T ];D′). By Skorohod’s theorem we can find a

probability space (Ω̄, F̄ , P̄) and a sequence of random variables {(X̄n, W̄
n)}n∈N,

and (X̄, W̄ ) with values in C([0, T ];H)× C([0, T ];D′), such that

L(X̄n, W̄
n) = L(Xn,W

n), L(X̄, W̄ ) = µ, (4.17)

and

lim
n→∞

(X̄n, W̄
n) = (X̄, W̄ ), P̄− a.s. in C([0, T ];H)× C([0, T ];D′). (4.18)

Notice that since L(W̄ n) = L(W n) and W n is a space-time white noise, for

every n ∈ N, then W̄ is a space-time white noise.
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For any ξ ∈ C1([0, T ];D(A∗)) and t ∈ [0, T ], we define

W̄ n
ξ (t) := ⟨X̄n(t),ξ(t)⟩ − ⟨x, ξ(0)⟩ −

� t

0

⟨X̄n(s), ξ
′(s) + A∗ξ(s)⟩ds

−
� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds.
(4.19)

Recalling that Xn satisfies equation (4.9), thanks to (4.17), we have

W̄ n
ξ (t) =

� t

0

⟨QdW̄ n
s , ξ(s)⟩, t ∈ [0, T ].

Hence, thanks to (4.18), we have

lim
n→∞

W̄ n
ξ =

� t

0

⟨QdW̄s, ξ(s)⟩, in C([0, T ]), P̄− a.s. (4.20)

Therefore, if we define F̄t := σ(W̄s, s ≤ t), for t ∈ [0, T ], we conclude

that

(Ω̄, F̄ , {F̄t}t∈ [0,T ], P̄, W̄ , X̄)

is a martingale solution for equation (4.1), once we prove the following result.

Lemma 4.2.1. There exists a subsequence of {W̄ n
ξ }n∈N, still indexed by n,
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such that

lim
n→∞

W̄ n
ξ = ⟨X̄,ξ⟩ − ⟨x, ξ(0)⟩

−
� ·

0

⟨X̄(t), ξ′(s) + A∗ξ(s)⟩ds−
� ·

0

⟨F (s, X̄(s)), ξ(s)⟩ds,

(4.21)

in C([0, T ];H), P̄-almost surely.

Proof. Due to (4.18), we only need to prove the convergence of the fourth

term on the right hand side of equation (4.19). We have

lim inf
n→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ ds
∣∣∣∣

≤ lim inf
n→∞

Ē
� T

0

|⟨Fn(s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩| ds.

Due to (4.5), for every n ∈ N and s ∈ [0, T ], we have

|⟨Fn(s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩|

≤ |⟨Fn(s, X̄n(s))− F (s, X̄n(s)), ξ(s)⟩|+ |⟨F (s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩|

≤ cξ θn V (X̄n(s)) + |⟨F (s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩|.
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Therefore, thanks to (4.10) and (4.17),

lim inf
n→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ds
∣∣∣∣

≤ cξ θn V (x) + lim inf
n→∞

Ē
� T

0

∣∣⟨F (s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩
∣∣ ds.

(4.22)

Now, for every n,m ∈ N and s ∈ [0, T ], we have

⟨F (s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩ = ⟨F (s, X̄n(s))− Fm(s, X̄n(s)), ξ(s)⟩

+⟨Fm(s, X̄n(s))− Fm(s, X̄(s)), ξ(s)⟩+ ⟨Fm(s, X̄(s))− F (s, X̄(s)), ξ(s)⟩,

so that, thanks to (4.5)

� T

0

∣∣⟨F (s, X̄n(s))− F (s, X̄(s)), ξ(s)⟩
∣∣ ds ≤ cξ θm

(� T

0

V (X̄n(s)) ds+

� T

0

V (X̄(s)) ds

)

+

� T

0

∣∣⟨Fm(s, X̄n(s))− Fm(s, X̄(s)), ξ(s)⟩
∣∣ ds.

(4.23)

In view of Hypothesis 15, for every t ∈ [0, T ] and x ∈ DV , we have

� T

0

ĒV (X̄(t)) dt ≤ c V (x). (4.24)
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Actually, since V is lower semicontinuous, for every t ∈ [0, T ] we have

V (X̄(t)) = V (lim inf
n→∞

X̄n(t)) ≤ lim inf
n→∞

V (X̄n(t)).

Therefore,

� T

0

ĒV (X̄(t)) dt ≤ lim inf
n→∞

� T

0

ĒV (X̄n(t)) dt = lim inf
n→∞

� T

0

En V (Xn(t)) dt,

and thanks to Hypothesis 15, this implies (4.24).

Now, (4.24), together with (4.23) and (4.22), imply

lim inf
n→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ds
∣∣∣∣

≤ cξ (θn + θm)V (x) + lim inf
n→∞

Ē
� T

0

∣∣⟨Fm(s, X̄n(s))− Fm(s, X̄(s)), ξ(s)⟩
∣∣ ds.

If we fix an arbitrary η > 0, we can find mη ∈ N such that cξθmηV (x) < η,

so that

lim inf
n→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ds
∣∣∣∣

≤ η + cξ θn V (x) + lim inf
n→∞

Ē
� T

0

∣∣⟨Fmη(s, X̄n(s))− Fmη(s, X̄(s)), ξ(s)⟩
∣∣ ds.

185



Since Fmη(t, ·) : H → H is strong-weak continuous and bounded and (4.18)

holds, we can take the limit above, as n → ∞, and, due to the arbitrariness

of η we conclude

lim inf
n→∞

Ē sup
t∈[0,T ]

∣∣∣∣� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ds
∣∣∣∣ = 0.

Finally, by extracting possibly another subsequence again, we have

lim
n→∞

sup
t∈[0,T ]

|
� t

0

⟨Fn(s, X̄n(s)), ξ(s)⟩ds−
� t

0

⟨F(s, X̄(s)), ξ(s)⟩ds| = 0, (4.25)

P̄−almost surely, and our lemma follows.
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