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Let S be a closed orientable surface with genus g > 1 equipped with a convex RP?
structure. A basic example of such a convex RP? structure on a surface S is the one as-
sociated to a hyperbolic structure on .S, and in this special case Wolpert proved formulas
for computing the Lie derivatives t,lg and t,t,lg, where ¢, is the Fenchel-Nielsen twist
vector field associated to the twist along a geodesic «, and I, is the hyperbolic geodesic
length function. In this dissertation, we extend Wolpert’s calculation of ¢,l3 and t,t,l3
in the hyperbolic setting to the case of convex real projective surfaces; in particular,
our t, is the twist-bulge vector field along geodesic a coming from the parametriza-
tion of the deformation space of convex RP? structures on a surface due to Goldman,
and our geodesic length function [, is in terms of a generalized cross-ratio in the sense
of Labourie. To this end, we use results due to Labourie and Fock-Goncharov on the
existence of an equivariant flag curve associated to Hitchin representations, of which
convex real projective surfaces are an example. This flag curve allows us to extend the
notions arising in the hyperbolic case to that of convex real projective structures and to

complete our generalization of Wolpert’s formulas.
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Chapter 1

Introduction

1.1 Context

By a convex RP?-manifold we mean a representation of a surface S as a quotient Q/T
with Q C RP? a convex domain and I' C PSL(3,R) is discrete and acts properly on Q.
Arising from this definition is the identification of homotopy marked projective equiva-
lence classes of convex RP? structures on such a surface S with a preferred open subspace
of Hom(71(S),PSL(3,R))/PSL(3,R), or conjugacy classes of representations of the fun-
damental group of S into PSL(3,R). We call this the deformation space of convexr RP?
structures on S and denote it by B(S).

A basic example of a convex RP? structure on a surface S is the one associated to
a hyperbolic structure on S. Given a hyperbolic structure on S, the convex RP? struc-
ture associated to it is the one obtained via the Klein projective model from hyperbolic
geometry. In this way we see that the Teichmiiller space T(S) of S embeds in B(S).
In fact, Goldman [2] provides an explicit parametrization of B(S) by generalizing the
classical Fenchel-Nielsen coordinates on Teichmiiller space. In particular, a component
of this parametrization is the twist-bulge deformations which are generalizations of the
Fenchel-Nielsen twists in the Teichmiiller case. These form a central object of investi-
gation for this paper.

In [I1], Wolpert proves formulas for calculating the Lie derivatives t,lg and t,t.lg,

where ¢, is the Fenchel-Nielsen twist vector field associated to the twist along a geodesic



a, and [, is the geodesic length function. These Lie derivative formulas are basic in-
gredients for the symplectic geometry of Teichmiller space. Since this geodesic length
function is given in terms of the classical cross-ratio of four points, a key part of Wolpert’s
calculation is a lemma that gives a formula for determining the twist derivative of the
cross-ratio. The main achievement of the current paper is to generalize these formulas
of Wolpert to the case of convex RP? structures. We carry out the analogous compu-
tation in this case, where our t, is now the twist-bulge vector field along geodesic «
coming from Goldman’s parametrization of B(S), and the geodesic length function L,
is in terms of a generalized cross-ratio in the sense of Labourie [0],[7]. Defining the
necessary quantities requires the use of a powerful property of more general Hitchin rep-
resentations p : m1(S) —PSL(n,R), of which the representation associated to a convex
RP? structure is a special case. In particular, due to independent work of Labourie 5]
and Fock-Goncharov [4] there exists an invariant flag curve that encodes a great deal
of geometric data for an individual representation, and it is precisely this data that is

necessary to define the relevant quantities.

1.2 Results

Let S be a convex real projective surface, and let «, 8 be simple closed geodesics on S,
let t, be the vector field associated to the twist-bulge deformation along «, and let I

be the geodesic length function.

Theorem 1. The twist-bulge derivative tolg is given by

talg = Y [55(rs,ap) — Igs(as,7B)]
Cced

where the sum is over representatives C in a particular double coset, ¢ics is the geodesic
associated to the representative C, and rg,ap are the repelling and attracting fized points

of matriz B associated to geodesic B, respectively.

The I#(+,-) terms arise from the calculation of the twist-bulge derivative of a

generalized cross-ratio of four points on the boundary 0€2. The aforementioned flag



curve associates to each of these boundary points a flag with various special properties,
and it is this data encoded by the flag curve that goes into all of our calculations.

For the second order twist-bulge derivative t,t,lg, we have

Theorem 2. Let A, B,C be matriz representatives associated to geodesics a, 3,7, re-
spectively. Then tytolg breaks up as sums over (A) and (B) orbits, where the total
contribution coming from a (B)-orbit is

AB 1 AB 1

: : : : ~HB my_ 1
(Clwu—BJng”) /\B+(C§7£+C$7)1_A7B+(C?WE+C§WY)1_H73

T B VB VB

where the C;"7 are constants and A\p, up,vp are the eigenvalues of B as in (2.5). The

contribution coming from the (A)-orbit is similar.

The paper proceeds as follows: We begin with a review of the relevant basic
properties of convex RP? structures on a surface S, culminating in a description of
Goldman’s parametrization of the deformation space of such structures. Of particular
importance are the twist-bulge deformations. We then review the basics of higher Te-
ichmiiller theory, and state results due to Labourie and Fock-Goncharov concerning the
aforementioned flag curves. This allows us to define the quantities necessary to carry
out our calculation of t,/g and t,t,lg in the convex RP? structures case. Our approach,
as in Wolpert’s original calculation, is to prove a preliminary lemma for computing the
twist-bulge derivative of a generalized cross-ratio of four points on 9 and use this to
show that the sum arising in the calculation of the first twist-bulge derivative telescopes,
yielding the result in Theorem 1. We then prove a second lemma which allows us to
find the twist-bulge derivative of the terms showing up in the sum in Theorem 1, and

use this to complete the second order calculation which culminates in Theorem 2.



Chapter 2

Background

2.1 Convex RP? structures on a surface

The starting point in our discussion is Goldman’s [2] Fenchel-Nielsen type parametriza-
tion of the deformation space of convex RP? structures on a surface. Of particular
interest is the component that generalizes the Fenchel-Nielsen twists, which we will refer

to as twist-bulges.

2.1.1 Parametrization of the deformation space B(S)

Definition 2.1. A convez RP?*-manifold is a quotient M = Q/T, where Q C RP? is
a convex domain, I' C PSL(3,R) is discrete and acts properly on Q. We can identify
Q with the universal covering of M and I" with the fundamental group 71 (M) of M.
Two homotopy marked convex RP2-manifolds M; = 0 /T'1, My = Qo /T’y are projectively
equivalent if there exists h €PSL(3,R) such that h); = Qs and hI'1A~! = Ty.

A convex RP? structure on a surface S is a diffeomorphism f : S — M where M is
a convex RP%-manifold. Two such structures (f1, My), (f2, My) are considered equivalent

if there is a projective equivalence h : M7 — My such that h o f; is isotopic to fs.

Remark: Kuiper [10] classified convex RP%-manifolds S with x(S) > 0 in the

1950’s, and so hereafter we will assume that our surface S is a closed orientable surface
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of genus g > 1.

A basic example of a convex RP? structure on a surface S is the one inherited
from a hyperbolic structure on S. This structure is the one coming from the Klein
model. In fact, if 99 is a conic, a convex RP? structure on S reduces to a hyperbolic
structure. This is included in the list of the following fundamental facts about convex

RP? structures due to Kuiper [I0] and Benzécri [9]:

Theorem. (Kuiper, Benzécri) Let S = Q/T be a closed surface of genus g > 1 with a
convex RP? structure. Then we have the following facts:

i) Q C RP? is strictly convez.

ii) Either 0Q is a conic in RP? or is not C'¢ for some 0 < ¢ < 1.

ii)If v € T is nontrivial, then v has positive distinct real eigenvalues.

Furthermore, the set of projective equivalence classes of convex RP? structures on
a surface S can be identified with an open subspace of Hom(7;(S),PSL(3,R))/PSL(3,R)
of conjugacy classes of representations p : m1(S) —PSL(3,R), which we denote by ()
and call this space the deformation space of convex RP? structures on S. Goldman
provided an explicit parametrization of J(S) via an extension of the Fenchel-Nielsen
parametrization of Teichmiiller space 7(S). Our main results involve calculating the
effect of the vector field ¢, associated to Goldman’s generalized twist-bulge deformation
on the Hilbert length functional g for geodesics o and 3, and so this parametrization is

of key importance.

Theorem. (Goldman)[2] Let S be a closed oriented surface of genus g > 1. Then the
deformation space B(S) of convex RP? structures on S is diffeomorphic to an open cell

of dimension 16g — 16.

Essentially the parametrization proceeds in the following way: associated to a
pants decomposition of the surface S, the coordinates are of two types. The first com-
ponent of the coordinates are the twist-bulge parameters describing a deformation along
the geodesic boundary components of the pairs of pants. The complete parametriza-
tion is provided via these twist-bulge parameters together with ”internal parameters”
associated to each pair of pants. A dimension count then yields the result.

5



2.1.2 Twist-bulge deformations and the geometry of convex real pro-

jective structures

In order to eventually carry out the calculations necessary to prove our main results, we
now give a detailed description of the twist-bulge deformations. For the most part we
follow the exposition in Goldman [2] and Zocca [12]

Recall that the classical cross-ratio of four points z1, 22, 23, z4 on a projective line

is given by

(21 — 23)(22 — 24)
(21 — 2z4)(22 — 23)

(21, 22; 23, 24) = (2.1)

The cross-ratio is a well-known projective invariant for any four such distinct points.

Let Q C RP? be convex. The Hilbert distance on Q is defined to be

hq(a,b) := |log(a, b; x,y)| (2.2)

where a,b € Q, z,y are the points of intersection of the line (ab) and the boundary
09, and (a,b;z,y) is the classical cross-ratio of the quadruple (a,b,z,y). This defines
a metric on convex subsets Q@ C RP?. (See [2]). In the case that 9 is a conic, the
Hilbert metric is the hyperbolic metric, and as mentioned above the convex real projec-
tive structure in this case reduces to a hyperbolic structure. In fact, a choice of a conic
in RP? is the geometric equivalent of choosing an algebraic embedding of PSL(2,R) into

PGL(3,R). Furthermore, we can explicitly write the embedding of

Hom (1 (S), PSL(2,R)) € Hom(r (S), PGL(3, R)) (2.3)

by identifying PSL(2,R) with a connected component of SO(2,1) C GL(3,R).

Let 5 € m1(S) be nontrivial. Using the identification of 7;(S) with I' € PGL(3,R)
as before, together with the isomorphism PGL(3,R) = SL(3,R) and the theorem above,
then if B € SL(3,R) is the matrix associated to [, then in particular B is conjugate in

SL(3,R) to a diagonal matrix with positive eigenvalues:



A0 O

0 o O (2.4)
0 0 v
where
Apr =1, 0<A<pu<v (2.5)

Now, let p1 = [1,0,0], po = [0,1,0], p3 = [0,0,1] be the points corresponding
to the coordinate axes in R®. The three lines joining these points separate RP? into
four triangular regions. A projective transformation A € SL(3,R) that fixes the points
p1,D2,p3 is represented by a unique diagonal matrix in SL(3,R) and in fact A leaves
invariant each of the four triangular regions if and only if it is represented by a diagonal
matrix with positive eigenvalues as above in (2.4).

Let B € SL(3,R) be as above, represented by a diagonal matrix (2.4). Then the
set Fix(B) of fixed points consists of three noncollinear points, and we define Fix_(B)
to be the repelling fixed point associated to the smallest eigenvalue A, Fixy(B) to be
the attracting fixed point associated to the largest eigenvalue v, and Fix(B) to be the
saddle fixed point associated to the middle eigenvalue u. We define I(B) C RP? to
be the line joining the attracting and repelling fixed points of B, and we call this the
principal line for B. Note that by the remarks above, in the case that B is diagonal,
Fixy (B) = [1,0,0], Fixo(B) = [0, 1,0], and Fix_(B) = [0, 0, 1]. In fact, the basic picture
of the fundamental triangle (see Figure 1) described in this way is important in visualiz-
ing the effect of the twist-bulge deformations, and we will use the associated terminology
and notation throughout the rest of the paper.

We now consider the effect of the PGL(3,R) action via calculating its effect on the
displacement of points relative to the Hilbert metric. Let B € SL(3,R) be represented
by diagonal matrix (2.4) as above. We consider two cases: that of a point lying on the
principal line [(B) and that of a point not on the principal line. In the first case, if a
is on the principal line {(B), then a = [a1,0, as], whence B(a) = [Aa1,0,vas], and the

Hilbert distance hq(a, B(a)) is



ho(a, B(a)) = log(3) (26)

Thus the action of a matrix B € SL(3,R) on a point lying on the principal line
I(B) displaces the point by log(5) relative to the Hilbert metric. Note again that in the
PSL(2,R) case, i.e. 99 is a conic, then the Hilbert metric is the hyperbolic metric, and
this displacement is simply the hyperbolic distance between a and B(a).

Next, we choose a point a not lying on the principal line [(B). We will see that in
this case, there are two components to the action, which we refer to as the horizontal and
vertical components. Indeed, the action of PSL(2,R) moves points lying off the principal
line I[(B) from the repelling fixed point to the attracting fixed point "horizontally”: If
B € PSL(2,R), then a point a = [a1, az, ag] maps to B(a) = [Aa1, a2, yas).

To see the vertical component of the action, note that the Lie algebra of the group

of diagonal matrices of PSL(2,R) in SL(3,R) is given by

-t 0 0 —-t—s 0 0
0 00 € 0 2s 0
0 0 ¢t 0 0 t—s

Furthermore, corresponding to the Lie algebra generated by

is the group H defined by

1
7E 0 O
H = 0

[l

1

Vi
and H is orthogonal to PSL(2,R) in SL(3,R): in particular, if a = [a1,a2,a3] is a

0
0

point not lying on the principal line as above, then H moves the point a along the line

through a connecting the saddle fixed point Fixg(B) = [0, 1,0] with the principal line



[(B). To see this, note that the image of a point a = [a1, az,as] under H is given by

H(a) = [#al,,uag, #ag] and the Hilbert distance is

1 1 a a
ho(a, H(a)) = log |([a1, az, ag], [—=a1, pag, —ag]; [0, 1, 0], [—— ?

707
VI Vi l—ay "1—a
- IOg |([Q1,a2,a3]7 [a17 V M3a27 G’S]; [07 17 0]7 [a17 07 a3])’

= 1o (v/1%) = Slog(y)

DI

This represents the ”vertical” displacement by H.

In summary, if the vertical line passing through point a = [a1, a2, a3 is given as
[a1,tag, ag](i-e. it is the pencil based at [0,1,0]) and the line representing the horizontal
direction is given by [t%al, as, %ag] (i.e. it is the tangent line at a = [a1, ag, as] of the
orbit [ay,tas, t2as] through the point), then B € SL(3,R) as above moves the point a hor-
izontally by log(%) and vertically by %log(u). These are Goldman’s (I, m) parameters,
respectively, where [ = log(¥) represents the translation by the PSL(2,R) component of
SL(3,R), and m = 2log(u) represents its orthogonal translation (see Figure 1).

Finally, we are ready to define the twist-bulge deformation in the form of an R?
action on PB(S). Let (u,v) € R? and let a point = € PB(S) be represented by a convex
real projective manifold M. From this we wish to construct a new convex real projective
manifold W, . (M) € P(S). Let p : M — M be the universal covering of M and let
(dev,h) be a developing pair. Let 7 be a simple closed geodesic on M and suppose we
have chosen a representative element v € 7. Then by the above theorem, this can be
done so that h(y) can be represented by matrix (2.4). Now the centralizer of h(y) in
SL(3,R) is the full group of diagonal matrices in SL(3,R). This has identity component

that is the direct product of the following two one-parameter groups

e 0 0 e 0 0
T =10 1 0], U'=|0 e 0
0 0 e 0 0 eV

where (u,v) € R? as above.
Now, define M|y to be the split real projective manifold formed by cutting along
the geodesic 7, and let ¢1,ca C 9(M]y) be the two boundary components correspond-

ing to 7. For any (u,v) € R?, there are principal collar neighborhoods of ¢; which we

9



denote by N(¢;) C M|y for ¢ = 1,2. Furthermore, there is a projective isomorphism
f i N(c1) = N(c2) such that f is related via the developing map dev to the projective

transformation gy, where

e v 0 0
9(uw) = T'U" = 0 e?v 0
0 0 e“7

We call g(, . the twist-bulge deformation along the geodesic v (Compare this with our
previous discussion of the SL(3,R) action on a point lying in the interior of a fundamen-
tal triangle region).

To finish the construction of the new convex real projective manifold, we iden-
tify W(,,)(M) with the real projective manifold (Mly)/f, i.e. the manifold obtained
from (M]|y) by identifying the principal collar neighborhoods N(¢;) of the boundary
components ¢; by the projective isomorphism f : N(¢;) — N(c2). This constructon of
(M|v)/f is independent of the choices of collar neighborhoods, and so given (u,v) € R?
and a convex real projective manifold M, we have constructed a new convex real pro-
jective manifold W, ,y(M) € B(S) by way of the twist-bulge deformations g, . defined
above. The flows ¥, ) and ¥,y are examples of generalized twist flows showing up
in Goldman [2], and the potential functions of these twist flows are exactly the (I,m)

coordinates associated to vy described previously.

2.2 Hitchin representations and equivariant flag curves

We now state results for representations into PSL(n,R), applying them later in the case

where n = 3. Our exposition closely follows the treatment of Bonahon-Dreyer [IJ.

Let S be a closed oriented surface of genus g > 1 as above, and let p : 71(S) —PSL(n,R)
be a representation of its fundamental group into PSL(n,R).

Let

Rpsiinz) (S) = Hom(mi(S), PSL(n,R))//PSL(n, R) (2.7)

10



where the action of PSL(n,R) is by conjugation. In the case when n = 2, Rpgr,or)(S)
has 4g — 3 components [Go2], two of which correspond to all injective homomorphisms
p : m(S) — PSL(2,R) having discrete image in PSL(2,R). The orientation of S picks
out one of these components: the one where the map S — H?/p(m1(9)) has degree +1.
This is the Teichmiiller component T(S) of Rpgr2,r)(S)-

Now, the homomorphism PSL(2,R)— PSL(n,R) induces a map Rpgr(2,r)(S) —
Rpsrinr)(S), and under this map the Hitchin component Hit,(S) is the component of
Rpsrm,r)(S) containing the image of the Teichmiiller component of Rpgror)(S). A
Hitchin representation p : m1(S) — PSL(n,R) is an element of the Hitchin component
Hit, (5).

Hitchin [§] used the theory of Higgs bundles to prove the following:

Theorem 2.2.1. (Hitchin [§]): When n > 3, the character variety Rpgrn,r)(S) has
8 or 6 components according to whether n is odd or even, and the Hitchin component

Hit,(S) is diffeomorphic to R—X(S)(n*=1)

Our interest lies mainly in the n = 3 case, where Choi and Goldman [3] show:

Theorem 2.2.1. (Choi-Goldman [3]): For n = 3, the Hitchin component Hit,(S)

consists of holonomies of convex real projective structures on S.

Notice in particular that when n = 3, by the above theorems B(S) =Hits(S) is dif-
feomorphic to R~8X(5) | providing a different proof of the dimension count of PB(S) =Hits(.5).

These facts allow us to use an important property of Hitchin representations in
general in our calculations for the n = 3 case of convex real projective structures,
namely, the existence of an equivariant flag curve associated to a Hitchin representation
that contains a great deal of geometric information on individual Hitchin representa-
tions, in stark contrast to Hitchin’s original proof via techniques of Higgs bundles since
although Hitchin’s proof also provided an explicit parametrization of the Hitchin com-
ponent Hit,(5), the construction provides very little geometric information about the

underlying representation.
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2.2.1 Flag curves

Labourie [5] and Fock-Goncharov [4] independently established the existence of an equiv-
ariant flag curve associated to a Hitchin representation satisfying certain positivity condi-
tions, among other properties. This flag curve is central to our calculations in Chapter
3, where it is used to define a generalized cross-ratio in the sense of Labourie [6],[7].
This flag curve has also been used by Bonahon and Dreyer [I] to provide an explicit
parametrization of Hit,,(.S) that is essentially a generalization of Goldman’s parametriza-
tion of P(S) =Hit3(,S). In their construction, the triangle invariants of Fock-Goncharov

play the role of Goldman’s internal parameters.

We begin by stating the following fact which will allow us to define the quanti-
ties necessary to state the important results of Labourie and Fock-Goncharov on the

existence of the flag curve for a Hitchin representation and its various properties.

Theorem 2.2.1. (Labourie): Let p : m(S) — PSL(n,R) be a Hitchin representa-
tion. Then for every nontrivial v € 71(S), the element p(y) € PSL(n,R) admits a lift

p(7) €SL(n,R) whose eigenvalues are distinct and all positive.

Let p: m1(S) — PSL(n,R) be a Hitchin representation, with v € 71(.S) nontrivial
and p(v)" €SL(n,R) the lift of p(y) €PSL(n,R) as above. Define

A () > A5(7) > .. > A0 (y) > 0 (2.8)

to be the eigenvalues of the lift p()’. Since in particular these eigenvalues are distinct,
p(v) is diagonalizable, and we define L; to be the 1-dimensional eigenspace associated

to the eigenvalue A7 (7).

This allows us to define two flags E, F' €Flag(R"™) associated to p(7y) in the follow-

ing way:

EO =L, (2.9)

12



and

FO= @ L (2.10)

j=n—i+1
We call E €Flag(R"™) the stable flag associated to p(y) €PSL(n,R) and F is its unstable
flag.

Let S = Q/T be a convex real projective surface. Then we identify Q with its
universal cover, and let €2 be its boundary at infinity. Every nontrivial v € 71 (.5) fixes
two points of 0€), where one of them is the attracting fixed point and the other is the

repelling fixed point. We are now prepared to state the fundamental result.

13



Theorem. (Labourie, Fock-Goncharov): Let p : m1(S) — PSL(n,R) be a Hitchin repre-
sentation. Then there exists a unique continuous map F, : 02 —Flag(R™) such that:

(1) if a, € O is the attracting fixed point of v € m1(S), then F,(a,) €Flag(R™)
is the stable flag of p(v) €PSL(n,R). The similar statement is true with attracting fized
point replaced by repelling and the stable flag replaced by the unstable.

(1t) F, is equivariant with respect to p : m(S) = PSL(n,R), i.e. F,(yx) = p(7)(z)
for every v € m1(S) and every x € 0.

(iit) for any two distinct points x1,x2 € 0N, the flag pair (Fy(x1), Fp(x2)) is
generic.

(w)for any three distinct points x1, 2, x3 € 09, the flag triple (F,(x1), Fp(x2), Fp(3))
18 positive.

(v)for any four distinct point x1,x9, x3, x4 € O occurring in this order around the

boundary at infinity 02, the flag quadruple (F,(x1), Fp(x2), Fp(xs), Fp(xa)) is positive.

We call F, : 02 —Flag(R") the equivariant flag curve associated to the Hitchin
representation p : m1(S) — PSL(n,R). Bonahon-Dreyer use the flag curve to define
their parametrization of Hit,,(S), with the latter positivity conditions implying the non-
degeneracy of certain quantities involved, namely the so-called triangle invariants asso-
ciated to a triangulization of the surface S.

In the next section we use this flag curve to define a generalized cross-ratio of four
points x1, x2, x3, x4 € OS2 which allows us to define the geodesic length function I, and
begin our calculation of ¢,l3. As for Bonahon-Dreyer, the positivity conditions of the

flag curve imply the non-degeneracy of our generalized cross-ratio.
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Chapter 3

Main Results

3.1 Setup and a preliminary lemma

Let S be a closed oriented surface of genus g > 1 with a convex real projective structure,
so that S = Q/T" as above. Let p : m1(S) — PSL(3,R) be the associated Hitchin represen-
tation. Thus by the theorem of Labourie-Fock-Goncharov, there exists the equivariant
flag curve F, : 90 —Flag(R3) satisfying the aforementioned properties. We define a
generalized cross-ratio of four distinct boundary points x1, 29, x3, x4 € 02 in the sense

of Labourie in the following way:

Definition 1. Let x1, 22, x3, 24 € 02 be four distinct points on the boundary at infinity.
Associated to each z; is the flag F,(x;) €Flag(R3), which we write as a covector-vector
pair F,(x;) = (¢i,v;). The generalized cross-ratio of the quadruple (1,2, x3,74) is

defined to be

¢1(v3)P2(v4)

61(00)%2(03) (3.1)

b(x1, 2,23, 24) =

where the pairing ¢;(v;) is the inner product. The period of an element B € m(S5)

associated to the cross-ratio b is

I,(B) == log |b(Bt,t,r5, ap)| (3.2)
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where ap,rp are the attracting and repelling fixed points associated to the element
B € 71(S) and t is any other element of the boundary 02. The period is independent
of the choice of ¢t by invariance under the action of B and properties of generalized

cross-ratios (see Labourie [7]).

Remark. For the n = 2 case, notice that the analogously-defined cross-ratio reduces

exactly to the classical cross-ratio.

We wish to compute the twist-bulge derivative t,lg, where o and 8 are simple
closed geodesics on S, t, is the twist-bulge vector field associated to the twist-bulge
deformation along geodesic o, and g is the period defined above.

To this end, as in the calculation in Wolpert [11], we wish to first compute the

twist-bulge derivative of a generalized cross-ratio as defined previously:

Lemma 1. Let S be a closed oriented surface of genus g > 1 with a convex real projective
structure (so identify S with quotient Q/T with Q C RP? conver and T' C SL(3,R) in the
usual way). Let x1,x9,x3, 14 be distinct points on the boundary OS2, and let 5153 be an
oriented geodesic with s1, so € 0X) its endpoints. Then the twist-bulge derivative of the
generalized cross-ratio of the boundary points x1, T, x3, x4 with respect to the twist-bulge

deformation along geodesic 5152 is given by:

2 T T
?; L Voi) @ LssVr(i)
tes,0(21, 2, 3, 4) = b(x1, 2, 23, 4 XL (T3 —
o )= b >[z : >( ey o
ix (1) <¢Z(i)LS1/8\2vi ¢$(¢)Lsfs\2”z‘>]
_ (2 _
= Datiy " Vi iy Vi

where xr, s the characteristic function on the left half of Q (see Figure 2) as de-
fined by s152, (¢;,v;) is the covector-vector pair associated to x; by the flag curve
F, : 02 —Flag(R3), o = (13)(24) and 7 = (14)(23) are permutations coming from the
labeling of our generalized cross-ratio, and Lgs, € sl(3,R) is the infinitesmal generator

associated to the twist-bulge deformation along geodesic 5155.
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Remark. The formula for ¢ 5,b(x1, x2, 23, 74) holds if we replace xr by —xr, where xr
is the characteristic function on the right half of €. Without loss of generality we can

orient our picture so that the twist-bulge deformation along 5155 is bulging to the left.

Proof. Let S be as above, and let x1, xs, z3, x4 be distinct points on the boundary 0f2.
The equivariant flag curve F, : 9Q —Flag(R3) associates to each of these points z; a flag
F,(z;) € Flag(R?), so in particular it associates to each z; a pair (L;, P;), where L; is a
line and P; is a plane containing it. Equivalently, we can write this as a covector-vector

pair F,(x;) = (¢4, v;), with ¢;(v;) := ¢ - v; = 0, and we write

where all of the entries are some real numbers, with a;a; + b;b; 4+ ¢;¢; = 0. Under
this formulation, recall from Definition 1 that that generalized cross-ratio of the points

T1,%2,x3,Tq 18

$1(v3)p2(va)
$1(va)P2(v3)

b(l’l, x2,T3, x4) ==
Now, let 5152 be an oriented geodesic with endpoints sq, so on the boundary. Re-

call from chapter 2 that the twist-bulge deformation g, ) along 5152 is given by

We consider the effect of the twist-bulge deformation g, . along 5152 on the gen-
eralized cross-ratio b(z1, 2,23, 24). As mentioned earlier, without loss of generality we
orient our picture so that the twist-bulging is occuring on the left half of the domain
as defined by s1s2 (see Figure 2). For a point z; lying on the affected (left) half of the

domain, the action of g(, ) is given by
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9(u,v) (:L"L) = 9(uw) - (@i,’Ui) = (¢igz(u7v)ag(u,v)vi) = (¢ig(—u,—v)ag(u,v)vi)

where gE“u ») is the adjoint.
Define by ) (1,2, 23,24) to be the deformed generalized cross-ratio under this

action. In order to compute

tssb(x1, T2, 23, T4)

we differentiate b, ) (21,2, x3,24) With respect to the twist-bulge parameters (u,v),
and in order to do so we must consider separately cases depending on the the relative
positions of the points =1, xs, 3, x4 on the boundary.

Firstly, note that if z1, 9, x3, x4 all lie in a common half of 92, then

b(u;u) (xla x2,xs3, J)4) = b(l’l, Z2,x3, 334),

and so the derivative is zero.
Let us first consider the case where a single point z; lies on the left, i.e. on the
side where the twist-bulge is occurring. In this case, we have

(9197,
b (1, 22,23, 20) = ¢ (

We now compute the derivative 6% of this quantity (the calculation for 8% is sim-
ilar): Let
Cluw) = €“Talaz + e 72bbs + e "¢ cs

and

/ — / — /
B = e“TUalay + e b by + e TV ey

Then in this case

C(u,v) P2 (U4)

b(u,v) (xlﬂ $2, ‘TS’ $4) = E( )¢2(U3)
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and so

0 ( 0 C(u,v)> ¢2(U4)

%b(u,’u) (w1, 72,73, 74) = %%

[(aic(u,v)) E(u) = Cuw) (aauE(u,v))] 2 (va)

B (QW) $2(v3)
_ (e"tPalaz — e "tV e3) By = Cluw (e"Talas — e "V cs) | do(vg)
E(QW) P2 (v3)

and thus upon noting that

Co,0) = #1(v3), E,0) = ¢1(v4)

we have

0
%b(u,v) (z1, 72,73, 74)

_ |:(a/1a3 — ches) $1(va) — ¢ (vs) (ayas — 0'104)} $2(v4)
(¢1(va))? $2(vs)

alay — cjeq

(u,v)=(0,0)

_ ajag —ccz do(ve) b1, 22, 73, 74)
- 9 9 9

P1(va) - Pa(va) ¢1(va)
ajaz — ches  ajag — iy
— b T1,T2,T ,ﬂf 1 1 . 1 1
(2 0) [ ¢1(v3) $1(v4)
= b(ml To, T3 1-4) |:¢{L81/5\22}3 . QS{LS’{\SZULL]
’ ’ b (ZS,{ . U3 QZ)I{ . 1)4

where Lg, € sl(3,R) is the Lie algebra element that is the infinitesimal generator as-

sociated to the twist-bulge deformation along geodesic §1s2.

Similarly, in the case when we have two points x1, xo in the left half, then

b (1, 29, 7 :C):<¢192L,v>>(m)(@y@,v))(m)
(U,U) 1,42,43,44 ((blgz(u’v))(U4)(¢Qg>(ku’v))(v3)

and so the derivative is given by
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0 ajag —cics  ajaq —cicy | ahaq —chey  ahaz — cycy
“p — b(a1, w2, T3, 74) [ 1 13 @ 1 2 2C4 Gy 2
ou (u,v) w0 (0.0) ) ) ) ¢1 (U3) ¢1 (’U4) ¢2(U4) ¢2(U3)

T T T T
= b(x1, 72,73, 74) P1lamvs  $1lanvs  2lamvs 93 Lssvs
= 1,42, 43,44 T T T T

¢1 - v3 ¢1 -4 T - vy oL w3

In the final case where we have three points x1, 9, z3 on the left, a similar calcu-

lation shows that

ﬂb( ) = b($1 T, T3 x4) [qﬁ{L@Ug _ (b{L@UAL ¢3L@v4 B ¢2TL5’H?2U3
Ou " (u,v)=(0,0) 925{ U3 (f>{ - Vg (z)g N d)%“ -3
_ ¢"1FL51/5\2U3 Cf)cgrL@vg
¢,{ © U3 ng - U3
so that
o 'L~ Tr
Hu ) = b(x1, 2, 23, T4) [— o1 T8182U4 & T81S2U4]
! (u,v)=(0,0) ¢1 -4 Gy V4

Note that in this last case, we see that the formula holds if we replace xr with—xg
in fact we could have seen this directly from b, ,\(z1,z2,x3,x4) in this case), and so
(u,v)

the proof of the lemma is complete. O

For distinct points x;, z; on the boundary 0f2, the flag curve F, : 02 —Flag(R?)
associates covector-vector pairs F,(z;) = (¢, v;) and F,(xj) = (¢5,v;), and let s1, s2 be

endpoints of a geodesic 5153. For such points we define

O Lrs;0;
I, (24, 5) = 12— (3.3)
S$182\71y 7] ¢ZT “v;

Then the formula in lemma 3.1 becomes
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2

tos; 0(w1, 22, 23, 24) = b(T1, T2, 23, 24) ZXL(%) (I (i, 20(3) — Ly (i, T(2)))
i1
4

- Z XL(@i) (Isrss (o), 1) — Lstss (7(3), 24))
i=3

This will simplify the notation in the upcoming calculations.

3.2 Main results

We are now ready to state and prove the formulas for ¢,l5 and t,tgl,.

Theorem 1. Let S be as in Lemma 1, and let o, B be simple closed geodesics on S. Let
ta be the vector field associated to the twist-bulge deformation along o, and let lg be the

geodesic length function defined in Definition 1. Then

talg =Y Uaw(rs,a8) — Igs(as,rs)]
cer

where the sum is over representatives C in a particular double coset, cics is the geodesic
associated to the representative C, and rp, ap are the repelling and attracting fixed points

of matriz B associated to geodesic [, respectively.

Proof. Choose t on the boundary such that ¢ is not fixed by an element of I', and let
B €SL(3,R) be the matrix associated to the geodesic 3, with rg and ap its repelling

and attracting fixed points, respectively. By Definition 1 (3.2), the quantity

lg =log b(Bt,t,rp,ap)

is independent of the choice of t. Let A be a matrix associated to the geodesic «, and let
aias be the axis of A. Assume that ajas separates rg and ap, with rp to its left. Cosets
(A)\TI are identified with distinct translates of ajay in the following way: C~!(ajas) is

identified with (A)Ce (A)\I'. Define J to be the subset of elements C' € I' such that
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C~Y(aiaz) separates rp and ap. In particular, (B) acts on J on the right by multipli-
cation: For an element C' € J, CB™ € J for n € Z. Now, the double cosets (A)\J/(B)
are identified with the intersection locus for the geodesics a and (.

We now compute the contribution to the derivative t,l3 coming from the axes of
(A)\J, and we will consider every (B)-orbit separately (In fact, it is sufficient to consider

the (B)-orbit of A). The contribution of the (B)-orbit of A to t,lg is

Z tB—n(d1az)108 b(Bt,t,rp,ap) (3.4)

n=—oo

We divide this sum into three parts: n < —1, n = 0, and n > 1. In each case
we consider the location of the four points {Bt,t,rp,ap} relative to B~"(ajaz). By
replacing A with B~* AB* if necessary, we can assume that ¢ lies in the strip bounded
by ajaz and B~"(ajaz). As in the proof of Lemma 1, without loss of generality we can
arrange the picture so that the twist-bulge deformation is bulging to the left.

For n > 1, the only point of {Bt,t,7p,ap} to the left of B~"(a1az) is rp. Thus,

applying Lemma 1 we have that

00
Z tB_”(a/lEQ)log b(Bta ta B, CLB)

n=1

1

[e.e]
= —mb Bt t ,B,AapB ; IB n(a1a2 Bt TB) IB_”(a/la\g)(thB))

== Z (IB*n(aTa\Q)(Btu TB) - IB*"(aﬁg)(t TB))

n=1

== Z (Ia/IEQ (BnJrlt? TB) - IaTEQ (Bnt7 T'B))

by the invariance of the cross-ratio b(Bt,t,rp,ap) with respect to the action of B. Note

that the last sum telescopes, and we have
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e
ZtB a1a2)10g b(Bt,t,TB,CLB Z a1a2 Bn—Ht T’B) IaTEQ(Bnt,TB))

n=1 n=1

= — (I(@(ngm B" Y rp) — I, (Bt, TB))

“+o00

= I;5,(Bt,rB) — Iia,(aB, B)

For the n = 0 case, both ¢ and rp lie to the left of B®(a1az) = atas, and so again

by Lemma 1 the contribution to t,lg is single term in the sum given by

taraylog b(Bt,t,rp,aB) = I, (t,aB) — Lima, (t,78) — (Lira, (Bt 7B) — Lita, (t,7B))

= Ialag(t aB) Ia1a2(Bt TB)

Lastly, in the n < 1 case, ap is the only point of {Bt,t,rg,ap} to the right of

B~ "(ajas), and so again by Lemma 1 we have:

-1
Z thn(a/l_E2)log b(Bta t? B, GB)
n=—oo
1 -1

= mb(f}t,t#&afz) Z (Ip-n(a7as) (t: aB) — Ip=—n(am) (Bt,ap))

-1
- Z (IB*"(aTEQ)(LaB)_IB*"(aﬁ2)<BtaaB))

n=—00
-1

— Z (Ia/lag (B”t,aB) [a/IEQ(BnJrlt, aB))

n=—oo

n=—oo
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As before, this last sum telescopes and we have

—1 —1
> tp-nam)log b(Btt,rp,ap) = > (Igm (B, ap) — Lim (B™'t,ap))

n=—oo n=—oo

— Ia/lag (ngr?oo Bnt, CLB> — [a/la2(t, CLB>

= Il;,(rB,ap) — L, (t, aB)

Thus the total contribution of all three parts is given by

S i arm o HBE s, 0)

n=—oo

= lira, (Bt,7B) — Iira, (aB, mB) + Lia, (t, aB) — Lo, (Bt,rB) + la, (1B, aB) — L, (L, aB)

= Il;a,(rB,aB) — Iig, (aB, B)

and each (B)-orbit in (A)\J contributes such a term, and thus we have

Z te-1(atan)log b(Bt,t,rp,ap) = [Ie5(rB,aB) — I (aB, rB)]
Ce(ANT Ce(ANI/(B)

where ¢ ¢; is the axis of C"1AC and has rg to its left.

Finally, if we show that

> te-am)log (Bt trp,ap)
Ce(AN\T—J

vanishes, then the proof of Theorem 1 is complete. We again wish to consider the relative
positions of the points { Bt, t,rp,ap}. Note that, as discussed in the proof of Lemma 1, if
these points all lie in a common half-plane of C~!(ayaz), then the terms in the twist-bulge

derivative formula all vanish. Thus we now consider the cosets (A)C € (A)\I" such that
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C~!(araz) separates either Bt or t from rgap. Note in particular that (CB)~!(ajas)
separates t from rgap exactly when C~!(ajaz) separates Bt from rgap. The idea is to
group the remaining terms of the sum in ordered pairs ((A)C, (4)C B), where C~!(ajaz)
separates t from 7pap, and in the case when C~!(ajaz) separates both ¢ and Bt from
rgap, the coset (A)C will occur twice in two distinct pairs.

Grouping the terms for the pair ((A)C, (A)CB),

(tcfl(a/f@) + t(CB)q(aTEZ))Iog b(Bt,t,rp,ap)

and applying Lemma 1 tells us that the C~!(a1az) term is

IC—l(a/lag) (’I“B, Bt) — IC’—l(aTEQ) (CLB, Bt)

and the (CB)~!(ajaz) term is

I(CB)fl(aﬁQ)(aB,t) — I(CB)*l(aTEQ)(Tth) = 1071(,1/132)(@3, Bt) - Icfl(a@)(T'B, Bt)

These sum to zero, whence grouping the remaining terms of the sum

Z tc—l(aﬁz)log b(Bt,t,rg,ap)
Ce(A\I'-J

implies that it vanishes. This completes the proof. O

We now wish to compute ¢,t,l3. As before, a preliminary lemma is needed. By
Theorem 1 and linearity, we see that the second order computation relies on finding the
twist-bulge derivative ts 5 154, (1, x2) for the relevant geodesics. The following lemma

is concerned with precisely this matter:

Lemma 2. Let x1,29 be distinct points on the boundary 092, and let 51s3 and ajay be

simple closed non-intersecting geodesics with the indicated endpoints on 0S) (see Figure

3). Then
¢¥1(L81/8\2Lafa\2)02
terss laran (21, 22) = Laa, (71, 72) T — L5, (71, 72)
¢1 Laza 1
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and
93 (Lagay Lstss )1

t
T
&3 Lita,v1

stz Latan (02, 01) = —Lag, (22, 21) — I s, (2, 1)

Proof. We use the same notation as in the proof of Lemma 1. Let 5155 and ajas be as
in Figure 3. Recall definition 3.3:

¢TLa/E %
Lagay (@i, ) 1= = =
.
b; -

where Lg, is the infinitesimal generator for the twist-bulge along ajap arising in the

calculation of a%b(u,v) from Lemma 1. Define

Iaft?z (xh Ly ) (u,v)

to be the deformation of I3, (z;,7;) by the action of the twist-bulge deformation g,
along 5157 as in Lemma 1. As before, we wish to calculate the derivative of this deformed

I term with respect to the twist-bulge along s1s3. Finding

0

%Iaﬁz (.%‘1, m2)(u,v)

is sufficient since the calculation for the other derivative is similar.
As before, we arrange the picture so that the twist-bulge along 5153 is happening

on the left. Note that if both points z1, 22 lie on one side of 5153, then

Titas (71, 22) (uw) = Laas (71, 2)

and so the derivative in this case is zero. Thus we suppose x lies to the left of 57s5. In
this case,

(gzku7v)¢{) : (L(Z/IEQUZ)

(gfuﬂ))ﬁb{) U2

Lita, (21, 72) (uw) =
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and so if we let

ag
v2=1by |, ¢1=<a/1 b} C/1)7
2
a b
Lalag_ d ¢ f/
g/ h/ /L/

as well as

Au,v) = e"Ta) (d ag+b'by+ ca) +e 72, (d ag +e'ba+ f'ea) +e74T0¢] (¢ ag + Wby 41 cy)

and

B(u,v) = " alaz + e Vb + e T\ s

then we have

(gzku’v)(b{) ’ (LaTEQU?) A(u, U)

Ia/a\ x17$2 u,vV - * —_—
1 2( )( s ) (g(u,v)(ﬁ{) - V9 B(u,v)

whence

9 (2 A(u,v)) B(u,v) — Au,v) (2 B(u,v))

%I“/@(ﬁ’m)(w) = B(u,v)?

— (%A(u’ U))B(u7 /U) - (eu+va/1a2 - €_u+UC,162)A(u’ ’U)
B(u,v)?

where

0
%A(u, v) = e"ta)(d'ag + b'bg + c'ca) — eV (g ag + h'bs + i ca).
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Noticing that

A(O, 0) = a/l (a’a2 + b’bg + C,CQ) + bll (d/ag + 6’52 + f/CQ) + Cll (g’ag + h/bz + i/CQ),
B(0,0) = djas + bibs + cjca

and thus

A(0,0)
B(0,0) ~ w1 2)
we have that
0
%I(ﬁ.@ (xlva)(u,v)
(u,v)=(0,0)
aj(d'ag + b'bg + ca) — (g ag + h'ba + i) B ahay — cdjea A(0,0)
N B(0,0) B(0,0) B(0,0)
[a)(a’ag + V'ba + o) — ¢ (g ag + h'ba + i'c2) alag — ey
= Ia/la\z(xbx?) 7 / -7 7 /
i ajaz — cjco ajaz + biba + cjca
[a(d'ag + V'bg + o) — | (g'az + W'ba + i’ c2)
I 1 1 T
alag(xbe) I ¢¥1Lafa\27}2 3152(x17x2)
[ o1 (Lt Lagay )v2
= I, (21, 20 122 2220 S s (21, 22
ala2( ) I ¢{Lm2v2 8182( )
The other calculation is similar, and the lemma follows. O

The previous lemma allows us to immediately compute ¢ t,/g:

Theorem 2. Let A, B,C be the matrixz representatives associated to geodesics ., 3,7,
respectively. Then tytolg breaks up as sums over (A) and (B) orbits, where the total
contribution coming from a (B)-orbit is
A 1 A 1
(CP7 08 + O3 ) 5y + (O824 O 5, + (G372 + C))
Ap 128 Vg

_ UB
KB 1-— s VB V5 1 VB

where the C;"7 are constants and \p, g, vp are the eigenvalues of B as in (2.5). The

contribution coming from the (A)-orbit is similar.
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Proof. We use the notation as in the proof of Theorem 1: Let ajas, 7gap, ¢ics be the
axes associated to A, B, and C, matrix representatives of «,3, and -y, respectively. By the
comments preceding Lemma 2, it suffices to consider the twist-bulge derivative of a sin-
gle term of the sum in Theorem 1; in particular, we consider ¢ (I(rg,ar) — I«(aB,rRB)).
Lemma 2 allows us to compute this, and so in order to calculate t,t,lg we must keep
track of the positions of rp,ap, a1, as relative to the axes over which we are summing.
As in Lemma 1 and Theorem 1, note that the twist-bulge derivative of a generalized
cross-ratio of four points lying in a common half of the domain is zero, and so in this
situation there is nothing to compute. Otherwise, let ® denote the set of axes in the
orbit of ¢ics that separate rg,ap,a; and as. Note that D is partitioned into three com-

ponents Dp, D 4, and D 4p in the following way:

Dp = {8/1\82 € D | 5153 intersects 7gap and for all n € Z, B~"(5153) does not separate (11,(12}
Dy = {3/1\32 € D | 5152 intersects ajay and for all n € Z, A~"(5152) does not separate 7, aB}

Dap = {3/1\32 €D | there exists D € (A) U (B) with D™'(5153) intersecting ayas and @}

As before in the proof of Theorem 1, we sum over the (A) and (B) orbits in order to
compute the total contribution to the twist-bulge derivative. We begin the calculation
by considering 5155 € ® . As always, we can orient the picture so that rg is to the left
of 5153, and we can suppose that 51s is in the strip bounded by ajaz and B~1(5153)
by replacing s1s2 with B~"(s1s3) if necessary. Now, the contribution to the derivative

coming from the (B)-orbit of s1s3 is

o0
> tp-niss) Uam (1B aB) — Iz, (ap,m8))

n=—oo

Again, as in the case of Theorem 1, we split the sum into two parts: n > 0 and
n < -—1.

For n > 0, rp is the only element of rp, a1, as,ap to the left of B~"(5152). Hence

by Lemma 2, we have that
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[o¢]
> tp-n(sts) Lam (8 aB) — Liga (aB, )

n=0
- oF (Lara Lp—n(s75))Va
_ Z [Iaﬁz(TBaaB) ( B 1a2 B~ (s5182))Yap _IBfn(@)(TB,aB)
n=0

(;S;-FBLCLTCTQ/UG/B
¢T (L-—n(s75)Lara, )V
+Ia/1a\2(aBa7’B) ( ap - 29152) aiaz)Urp IB*"(sl"s\Q)<aB77aB)
¢a3 GTEQUTB
e r (L/\LBfn 51355 )U
= Iafa\z(TB>aB)Z [ B ;17(“12[//\ (5152)/YaB _IB,,L(@)(TB,GB)
n=0 TB alaQUaB

o8] T
L (L (srsa) Larm ) vr
IRACRIAD DR o (LA)UB = = Ip-n(s) (a5, 7B)
n=0 ap~a1az

By invariance we may specialize to the case for the fundamental triangle as dis-
cussed in Chapter 2, where ap=[1,0,0] and rp=[0,0,1]. Recall that in this case B is a

diagonal matrix given by (2.4) with eigenvalues Ap, up, vp given as in (2.5), i.e.

where

Apupvp =1, 0<Ap<pup<vp

Furthermore, let
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and

a b
La1 as — d/ e/ f/
g/ [N

be the usual infinitesimal generators associated to the twist-bulge deformation along the

indicated geodesics. Also, note that since ap=[1,0,0] and r5=]0,0,1], we have

UaB:<1 0 0>a QbaB:

= o O

and

o =

:<001>, brp =

)

We now use this specialization to explicitly evaluate the terms in the above sum:

I (b a1 a2 ap /

aﬁg(rBaaB) ﬁ =a
TB ap
L Ly
IaTEQ(GB,TB) — %(;)23 — 7,/
ap TB
OF Lp-n(s5)V ¢TB"L B
Ty — (T‘ a ): rg/B—"(5182)Vap 515 ap .
B—n(s152)\"' B, 4B ¢T . ¢ :
7"
I - ( )_ qb,(l;BLB*"(sl/s\Q)UTB B B nLS/l-\SQBnUT’B .
B—"(51s2) ap,Tp) = T . = A =
ap U""B ap /UTB
A
ZB(L(H(ZQLB (5/1\32))UaB B aa+bd,( B) +C.g( )n
¢7“B arazVap a
¢ey(Lp- n(@)Laq@)vrB B cg' (SE)" + fH/ (BB 4 i
¢ a1a2 B Z,

Returning to the above sum, we have
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ZtB "(5152 alag (er aB) IaT(TQ (CLB>TB))

o0 T
g vp (Latas L (s755) ) Vas s
= Iz (re.ap) Y ¢ T — Ip-n(s732)(rB, aB)
n—O B (ll(lgvaB
o0
n(@)Laﬁz)% s
+ I, (aB,TB) — Ip-n(ss3)(aB,7B)
n—0 (b alag TB

00 aa—i—bd’)‘ n+cg n o) cg”\—B”—th'“—B”—!—i’i
s <> Gy ) s [ OR et
n=0 n=0

[ (Ge) e () T+ o () e (22)

So that for n > 0 the sum is

oo 0 )\B n )\B n LB n
> tp-nss) Uam (B a8) — Ias(as,mB) = Y [bdl <> + 2¢q’ ( ) + f1 () ]
n=0 =0 KB vB VB

AB AB IB
Notice that the eigenvalue ratios —, —, — are exactly those ratios guaranteed

MB v vp
to be < 1, and so this sum is geometric and thus

1 1 1
ZtB—n(S/l\Sﬂ (Iafa\z(TBvaB) - Ia/laz(aBaTB)) = bdll Y + 269/1 ~ + fhll BB
n=0 UB vB VB

For n < —1, ap is the only element of g, a;, as,ap to the right of B~"(57152). As

in the n > 0 case, a similar calculation via specializing gives us the contribution as

-1

Z tpn(sss) Uara (7B, 0B) — lama, (0B, 7B)) = Z [b,d </\B> +20’g<>\ ) A </~U3> ]

n=-—0o n=-—00 B
AB AB UB
Y VB ’ vB
_bdil_ —i-QCgl >\B+fh71_/‘75
KB VB VB
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Thus the total contribution of the (B)-orbit of s7s3 is

A
(b/dﬂ—B +bd)
B

KB 1
—5 + (f/hg + )

KB vp VB

AB 1
2 /D /
F2Alg L o)y

For the other components 5153 € D 4 and 5152 € D zp, the calculation reduces to

the first case.

3.3 Closing Remarks

The techniques used in the calculation of the twist-bulge derivatives in Theorems 1 and
2 readily applies to quantities formally similar to the generalized cross-ratio. Indeed,
Lemma 2 is an example of this since it is simply a calculation of the twist-bulge deriva-
tives of the quotients involving the flag terms as they arise in Lemma 1 and Theorem
1. For this reason we are optimistic about the potential for further calculations involv-
ing quantities arising from considerations of the equivariant flag curve associated to a
Hitchin representation. Furthermore, the work of Bonahon-Dreyer [I] concerns defor-
mations of Hitchin representations of higher dimension which can be thought of as a
generalization of Goldman’s twist-bulges. An obvious avenue of further investigation is
to attempt to replicate the calculations in Theorems 1 and 2 in the more general setting

of Hitchin representations into PSL(n,R).
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Appendix A

Figures

Fixo(B) = [0,1,0]

Fix,(B) =[1,0,0] Fix_(B) =10,0,1]
Figure 1
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Figure 2
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Figure 3
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