














































































































































































































































































































































































































































































































































































































---- __,__ ___ 
1 t d · L"O 1) by multipli­

orthononna.J sequence { En}n;s cannot be comp e e m L ' 

cation by an integrable function. 

PROOF: Without loss of generality, assume S = {nN}neZ for some NEZ+. 

Fix any m E L 1 (0, 1). If the measure of the zero set of mis positive then 

{m · Era}rafS is incomplete, so assume m :/: 0 a.e. Then there exiSts a set 

E1 C (O, 1/N) on which /m/ is hounded above and below, and then a set 

E2 C E1 + 1/N on which /m/ is bounded above and below, and so forth ' 

Define 

Then F+ 1/N = F (mod 1). Moreover, F C ENU• • -UEi, so /m/ is bounded 

above and below on F. Therefore, 

f(t) = { 1/m(t), t E F, 
o, t (/. F, 

IS an nonzero element of L 2[o, 1). Further,/. m = XF is 1/N-periodic, so 

(/, m · Era) = (/ • m, En) = 0 for all n (/. S by Lemma 7.6.4. Thus { m · Era}n;s 

is incomplete. I 

REMARK 7.6.6. Given a sequence {/n}neZ+ C L 2(X), where (X,µ.) is a finite 

separable measure space with µ.(X) = 1, Ta1a1yan proved that the following 

statements are equivalent, e.g., [Ta]. 

a. Given t > 0 there exists Ss C X such that µ(Ss) > 1-t and {/n ,Xs.} 

is complete in L 2(Ss)• 
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b. For every function f on X which is finite a.e. and every e > 0 there 

exists Se C X andg E span{fn} such that µ(Se)> 1-e and 1/-gj < e 

on Se, 

Price and Zink proved that a and b are also equivalent to the following, 

seemingly unrelated, Boas-Pollard property, e.g., [Pr; PZ]. 

c. There exists a bounded, nonnegative function m such that { m • /n} is 

complete in L2 (X). 

REMARK 7.6.7. In [Byl; By2; BN], Byrnes and Newman consider a prob­

lem similar to the one addressed by Boas and Pollard. Instead of deleting ele­

ments from a sequence and then multiplying the remaining elements by a func­

tion, they retain all elements of the sequence and multiply only a portion of the 

sequence by a function. In particular, they show in [BN] that if {/n}nEZ is an 

orthonormal basis for L 2 [0, 1) and SC Z, then {fn}nesU{m•fn}n~S is com­

plete in L 2 [O, 1) if and only if there exists an o E C such that Re( om) ~ O a.e. 

and either Im( om) > 0 a.e. or Im( om) < 0 a.e. on the zero set of Re( om). 
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