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An iron-based chalcogenide compound, FeTe1−xSex (FTS), has recently attracted

attention as a potential candidate for a readily available platform for hosting the

exotic topological superconducting (TSC) phase on its surface. In its 3D sample

the co-existence of the strong topological insulating (TI) phase and cylindrical Fermi

sheets provide the two necessary ingredients for the TSC phase on its surface - i) the

topologically protected helical surface states and ii) the intrinsically induced s-wave

pairing from the bulk superconductivity.

The strong TI phase in the FTS alloy is crucially dependent on the relative

composition ratio between Te and Se atoms. The topological FTS sample, FeTe.55Se.45,

that is widely studied for having the highest critical temperature (Tc) in this class,

interestingly, lies close to the topological-trivial phase boundary (estimated to be close

to x = .5 as observed by a recent experiment [1]). Furthermore, due to its alloy nature

a typical sample of FTS suffers from spatial inhomogeneity in Te/Se composition at

multiple length scales ranging from few nm to 100 µm. Thus, in a topological FTS

sample there might be patches where the phase is driven out of its topological natures



due to the local deficit of Te composition induced by Te/Se fluctuations. Such trivial

domains would be scattered throughout the sample - hence, we call such a phase a

topological domain disordered phase. The trivial domains in such a disordered sample

would inflict inhomogeneity in the topological surface state (TSS) density distribution

which we study in Chapter 2 of this thesis. After carefully exploring the effects of

topological domain disordered phase in an effective model of FTS, we conclude that the

non-topological domains on the surface are characterized by suppressed local density of

states (LDOS) surrounded by ridges of enhanced LDOS throughout the energy range

of the Dirac dispersion of the TSS. Moreover, the appropriately scaled LDOS at various

energies within the Dirac window collapse on each other for a given disordered sample

which, as we show, is in stark contrast to the case of conventional chemical potential

disorder. Hence, these features are expected to appear in measurements of tunneling

conductance such as in scanning tunneling spectroscopy (STS) of the FTS surface when

the sample is not in the superconducting phase.

Another kind of exotic modes, namely the helical Majorana modes, appear in the

2D TSC phase at a linear defect when the TSC gap on either side differs by a phase

difference of π from the other side - thus, forming a π shifted Josephson junction (JJ)

on the TSC surface. Signatures of such helical Majorana modes have been observed

by a recent tunneling experiment on the surface of FTS. In FTS such signatures are

characterized by the non-zero flat density of states (DOS) in an STS measurement at a

crystalline domain wall (DW) which is associated with the in-plane half-unit-cell-shift

(HUCS) of the lattice. Such non-zero flat DOS within the SC gap which is consistent

with the existence of linearly dispersing 1D modes is absent in the non-topological



FeSe sample - hinting towards the topological origin of the same in FTS. Even though

the TSC phase on the surface is expected in FTS, the origin of a π shifted order

parameter that is crucial to accommodate the helical Majorana modes at the DW, is

yet to be fully understood. In chapter 3 of this thesis we propose a mechanism that

stabilizes a π-junction at the HUCS domain wall when the intrinsic superconducting

pairing is of s± character as is the case for bulk FTS superconductivity that consists of

hole-like pockets around Γ and electron-like pockets around M point of the Brillouin

zone (BZ). We argue that if the DW induces inter-pocket transmission between the

Γ and M pockets strongly enough, the coupling between the order parameters (OPs)

of the two pockets (Γ and M) is also enhanced. Since the s± nature of the pairing

implies an intrinsic π-phase difference between the OPs associated with the Γ and

M pockets, strong DW-induced coupling between them can stabilize a Josephson

junction with π-phase shift. We explore the possibility of such π-junction in FTS

by constructing an effective model of the Fermi surface of FTS and computing the

Bogoliubov-de-Gennes (BdG) spectrum with s± pairing at the HUCS DW. Varying

our model parameters within the regime of the observed FTS Fermi surface we find

that for a wide range of parameters the π-junction accommodates Andreev bound

states (ABSs) that have lower occupied energies than those for trivial 0-phase shifted

junction. Simultaneous numerical computation of the DW-induced scattering problem

reveals that the strong inter-pocket transmission strength is positively correlated with

the stability of the π-junction, supporting our proposed mechanism for the π-junction

stability as described earlier. Such π-Josephson junctions can in principle be detected

using superconducting quantum interference device (SQUID) using either a mesoscopic



device or corner junction.

In the next chapter 4 of the thesis we consider another setup of Josephson junction

(JJ) consisting of an interacting one-dimensional quantum wire sandwiched between

two semi-infinite SC leads of conventional s-wave pairing. The low energy Physics of

such interacting 1D system which is known as Luttinger liquid (LL) is controlled by

the two decoupled sets of eigen modes - namely, the charge and spin density waves.

The SC leads in such a JJ thus allow easy access to the charge degrees of freedom

in the LL - also known as plasmons which can also be probed optically using near

field optical microscopy [2, 3]. An interesting aspect of an S-LL-S setup is that the

NS interface blocks the flow of spin current due to the perfect Andreev reflection

at low energies. Hence, the spin modes of the LL would typically be obscure to a

transport measurement due to the aforementioned spin-charge decoupling. Hence, a

conductivity measurement would not be able to detect the spin degrees of freedom if

they are separated from the charge modes. However, we note that the impurity induced

back-scattering processes which involve low energy but large momentum transfer can

couple the spin and charge densities in the LL and we study the signatures of such spin-

charge coupling in the electromagnetic (EM) response measurements. In our numerical

evaluation which incorporates the impurity potential perturbatively and we calculate

the resultant EM absorption spectrum using linear response theory which is measurable

in a similar S-LL-S setup. We find that the signatures of back-scattering induced

spin-charge coupling appear in the absorption spectrum as excitation peaks at the

energies that are associated with the spin excitations of the LL. Tuning the total

density of the 1D system and hence the Fermi momentum we find a regime where the



spin peaks are roughly of equal amplitude as that of the charge peaks. Since in a 1D

wire the density can be tuned by means of gating [3], such regime is accessible to a

transport measurement. In that regime tuning the Coulomb interaction strength one

can distinguish the charge peaks as they shift on the energy axis whereas the spin

peaks are insensitive to such interaction strength variation. We conclude that such

impurity induced signatures of spin modes can thus be probed in an S-LL-S setup by

investigating the EM response of the sample in a conductivity measurement.

In the last chapter 5 of the thesis we go beyond the regime of linear response

formalism that is discussed in relation to the EM response of the S-LL-S setup in the

previous paragraph and consider the optical response up to second order in the applied

EM field. A fundamental feature of non-linear response is its non-equilibrium nature

which is absent in linear responses. Such non-equilibrium character is manifested as the

out-of-time-ordered correlators (OTOC) in response theory associated with the second

power of the applied EM field magnitude. Such correlators for a generic interacting

system cannot be described using the standard Feynman diagrams, rather one requires

its non-equilibrium extension which is known as the Keldysh formalism. We focus on

this non-equilibrium nature of the response by considering the bulk photovoltaic effect

(BPVE) in a non-centrosymmetric system where we include electron-phonon (e-ph)

coupling as the mode of relaxation. Considering the semi classical limit where the e-ph

scattering is stronger than the applied field strength we show how the contribution of

the OTOC appears in the BPVE induced DC current measurement when the system

is illuminated by an inhomogeneous profile of optical intensity similar to the case of

a irradiation on a finite portion of the sample. We also introduce the Floquet master



equation approach to treat the e-ph coupling quantum mechanically and demonstrate

a shift in the scaling of the DC response from quadratic to linear in the limit of the

e-ph coupling strength being much smaller than the applied EM field.



TUNNELING PROPERTIES AND ELECTROMAGNETIC RESPONSE
IN IRON BASED SUPERCONDUCTORS AND OTHER SYSTEMS

by

Tamoghna Barik

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2023

Advisory Committee:
Prof. Jay D Sau, Chair/Advisor
Prof. Sankar Das Sarma
Prof. Victor Yakovenko
Prof. Maissam Barkeshli
Prof. Ichiro Takeuchi, Dean’s representative



© Copyright by
Tamoghna Barik

2023



Acknowledgments

Throughout this journey to complete my PhD thesis there have been many people

around me both in my academic environment and in my personal life. I am grateful

for all the interactions that I have had with all of them as well as experiences I had

with them.

First and foremost I’d like to mention the immense support I have received from

my advisor, Prof. Jay Deep Sau. Starting from my TA ship in my beginning year of

my graduate life, he has been advising to start and shape my research profile and at

the same time gain important skills of critical and objective thinking. Then on I have

been working with him for six years and he has always been available for academic and

career suggestions. He has always reached out to me at times to point out my mistakes

which gave me insight for later times.

Besides, prof. Sau, I have also had chance to work with two postdoctoral fellows

in our group, Dr. Yang-Zhi Chou and Dr. Junhyun Lee who were very supportive

besides being competent in their research capabilities. They have been quite friendly in

discussions with me regarding research, at the same time providing personal experiences

and thoughts/advice for my career path in general.

Needless to say, I owe my gratitude to other faculty members who I have interacted

with as well. Prof. Maissam Barkeshli, Prof. Sankar Das Sarma, Prof. Victor

Yakovenko, Prof. Ted Jacobson and Prof. Victor Galitski are to name only a few

who have enriched me a lot with their technical knowledge and insights.

I would also like to specially thank Prof. Ichiro Takeuchi for serving as the Dean’s

ii



representative on my dissertation committee.

My fellow graduate students at our group have also been a valuable and integral

part of my life throughout these years. I have shared lot of lively discussions with

Yahya Alavirad, Yi-Hua Lai, Ali Lavasani, Subhayan Sahu, Naren Manjunath, Gautam

Nambier, Jeet Shah who have provided me with wide perspectives regarding the

ongoing topics of research and the techniques they use to tackle problems in areas

outside my purview of particular interests.

I must thank the staff members who have been helpful with all administrative

activities. A special thanks to Janet Das Sarma who has been a call for support to all

the members at Condensed Matter theory center (CMTC) managing every needs of all

the individuals with great pleasure and smile. I am also thankful to our current CMTC

assistant, Erika Martin, for providing all necessary administrative services. Besides, I

have been greatly helped by Josiland Chambers, Donna Hammer and Jessica Crosby

at the Dept. of Physics. Also Danielle Watkins at the Physics payroll office has been

very helpful handling payroll related responsibilities.

Besides these people, several fellow graduate students at the University of Maryland

have been a close part of day to day life during this period.

iii



Table of Contents

Acknowledgements ii

Table of Contents iv

List of Figures vi

List of Abbreviations viii

1 Outline of the thesis 1

2 Signatures of non-topological patches on the surface of topological insulators 5
2.1 Introduction to strong topological insulating (TI) phase in FTS . . . . 5

2.1.1 Z2 invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2 Topological superconductivity on the surface of strong TI . . . 8
2.1.3 The strong TI phase in FTS . . . . . . . . . . . . . . . . . . . . 9
2.1.4 Band inversion in FTS . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.5 Topological domain disordered phase . . . . . . . . . . . . . . . 12

2.2 Construction of the effective model Hamiltonian . . . . . . . . . . . . . 13
2.3 The numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.1 Ideal surface spectra . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 The topological domain disorder . . . . . . . . . . . . . . . . . 20
2.3.3 Topological domain disorder vs chemical potential disorder . . . 26
2.3.4 Extending to 2D disorder potential . . . . . . . . . . . . . . . . 30

2.4 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Half unit cell shift defect induced sign-reversal of the induced superconductivity
in Fe-based chalcogenide superconductors 35
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Qualitative origin of π-junction . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Microscopic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4.1 Solving the scattering problem . . . . . . . . . . . . . . . . . . 52
3.4.2 Calculation of the BdG spectrum . . . . . . . . . . . . . . . . . 53
3.4.3 Analysis of the numerical results . . . . . . . . . . . . . . . . . 56

3.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Probing spin modes in a Luttinger liquid with superconducting leads 60
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2 The low-energy Andreev bound states and bosonization . . . . . . . . . 65

4.2.1 The non-interacting fermionic spectrum . . . . . . . . . . . . . 66
4.2.2 Particle-hole connection and the chiral fields . . . . . . . . . . . 70
4.2.3 Bosonization and the interacting Hamiltonian . . . . . . . . . . 74

4.3 Impurity induced absorption spectrum . . . . . . . . . . . . . . . . . . 80

iv



4.3.1 The impurity potential induced spin-charge coupling . . . . . . 80
4.3.2 Dissipative conductivity spectrum . . . . . . . . . . . . . . . . . 82
4.3.3 Calculation of the matrix elements . . . . . . . . . . . . . . . . 84

4.4 Numerical results and discussion . . . . . . . . . . . . . . . . . . . . . 86
4.4.1 Tuning the Fermi momentum . . . . . . . . . . . . . . . . . . . 89
4.4.2 Tuning the Coulomb interaction strength . . . . . . . . . . . . . 90

4.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 91

5 Non-equilibrium nature of non-linear optical response: Application to the bulk
photo voltaic effect 93
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.1.1 Brief discussion of non-linear optical phenomena . . . . . . . . . 95
5.1.2 The bulk photo-voltaic effect (BPVE) . . . . . . . . . . . . . . 95
5.1.3 Brief outline of the chapter . . . . . . . . . . . . . . . . . . . . 97

5.2 Second order optical response . . . . . . . . . . . . . . . . . . . . . . . 99
5.3 Semi classical description . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.3.1 Shift current in homogeneous excitation . . . . . . . . . . . . . 102
5.3.2 Diffusion current response for inhomogeneous excitations . . . . 106
5.3.3 Finite voltage and size effect on BPVE . . . . . . . . . . . . . . 110

5.4 Quantum approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.4.1 Equation for equilibrium distribution . . . . . . . . . . . . . . . 114
5.4.2 Expression for the current response . . . . . . . . . . . . . . . . 117

5.5 Numerical evaluation of the weak damping limit . . . . . . . . . . . . . 119
5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A Appendix to Chapter 4 124
A.1 Comparing the bosonization schemes for the chiral and the physical

fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
A.2 Diagonalization of the interacting Hamiltonian . . . . . . . . . . . . . . 126
A.3 The linear response function perturbative in impurity potential . . . . 127
A.4 Normal ordering of the exponential operators . . . . . . . . . . . . . . 129

B Appendix to Chapter 5 132
B.1 Derivation of second order response . . . . . . . . . . . . . . . . . . . . 132
B.2 Derivation of the shift vector . . . . . . . . . . . . . . . . . . . . . . . 134
B.3 Floquet Theory for two band system . . . . . . . . . . . . . . . . . . . 136
B.4 Derivation of equation of motion for Πab

k . . . . . . . . . . . . . . . . . 138
B.5 Linearization of master equation . . . . . . . . . . . . . . . . . . . . . . 142
B.6 Steady state solutions and Current matrix elements . . . . . . . . . . . 143

Bibliography 145

v



List of Figures

2.1 ΓZ band dispersion from our model Ĥ , for the parameter values described
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Chapter 1

Outline of the thesis

In this introductory chapter we briefly outline the contents that are covered in

the subsequent chapters of the thesis.

The potential of the topological qubits in performing fault-tolerant quantum

computation has enhanced efforts for searching new materials with novel topological

character as well as understanding the exotic signatures that are associated with them.

To realize the fault-tolerant quantum computation a new platform has emerged in the

past decade or so in the form of the three-dimensional strong topological insulator

(TI) phase which is characterized by a Z2 invariant. The 2D surface of such a TI hosts

topologically protected helical surface states which upon induction of s-wave pairing

provides a platform for realizing topological qubits at the magnetic vortex cores. In that

regard an iron-based chalcogenide compound, FeTe1−xSex (FTS), has attracted great

attention due to the existence of the strong TI phase [4, 5, 6] as well as the intrinsically

induced s-wave pairing on its surface from the bulk superconductivity [7, 8, 6, 9].

However, the strong TI phase in this material is controlled by the relative Te/Se

composition percentage [5]. For example, FeTe1−xSex with x = 0 (i.e., FeSe) is

topologically trivial whereas the widely studied sample with x = .45, i.e., FeTe.55Se.45

hosts the strong TI phase. The alloy nature of this material gives rise to inhomogeneity

in the Te/Se composition throughout the sample. Along with that the sensitivity of

1



the topological phase to the Te/Se composition gives rise to a possible scenario where a

topological FTS sample bears regions of trivial domains. The implication of such trivial

domains in an overall topological sample near the surface can be quite interesting. The

effects of such topological domain disordered phase is studied in Chapter 2 which is

based on [10].

The topological superconducting (TSC) phase that exists on the surface of FTS

when the sample is in the strong TI phase provides the possibility of another exotic

phase boundary at linear defects when the TSC gaps on both sides of the defect differ

by a phse of π. Such π-shifted Josephson junction (JJ) on the TSC phase captures

helical Majorana modes that linearly disperse along the junction boundary. In a recent

experiment [11] using scanning tunneling spectroscopy (STS) on the surface of FTS

signatures of such helical Majorana modes have been found at a crystalline domain

wall (DW) associated with half-unit-cell-shift (HUCS) of the lattice across the DW.

The flat non-vanishing density of states (DOS) within the SC gap as observed at the

DW - is consistent with the existence of the 1D dispersing helical Majorana modes.

In addition, absence of such features when the sample is not in the topological phase,

e.g., in FeSe, hints at the topological nature of the signature. However, given the TSC

phase on the surface, the appearance of helical Majorana modes along a linear defect

requires the TSC gap to flip sign across the defect [12]. In other words, the HUCS DW

must accommodate a π-junction which naturally gives rise to the question regarding

its origin. In Chapter 3 we provide a mechanism favoring such a π-junction along

with its numerical justification in an effective model of FTS layer which is based on a

manuscript [13].
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�`�2�T�`�2�b�2�M�i�2�/ �#�vC4 = ei�j z =2 = ei�� z =4�X

�q�2 �7�Q�+�m�b �Q�M �i�?�2 �b�K���H�H �B�M�@�T�H���M�2 �K�Q�K�2�M�i�� �Ukx ; ky � 0�V �b�B�M�+�2 �i�?�2 �#���M�/ �B�M�p�2�`�b�B�Q�M

�?���T�T�2�M�b ���ikx ; ky = 0; 0�X �q�2 �B�M�i�`�Q�/�m�+�2 �M�2���`�2�b�i �M�2�B�;�?�#�Q�` �?�Q�T�B�M�; ���H�Q�M�; �x�@�/�B�`�2�+�i�B�Q�M

�#�2�i�r�2�2�M ���/�D���+�2�M�i �H���v�2�`�b�X �A�M �i�?���i �H�B�K�B�i �i�?�2 �>���K�B�H�i�Q�M�B���M �i���F�2�b �i�?�2 �7�Q�`�K

Ĥ �A(kk � 0; kz) =
�
� k + � z coskz �

A
2

�
k2

x + k2
y

�
�

� 0 � z + t0 sinkz � z � x : �U�k�X�e�V

�r�?�2�`�2� z = � 1 �+�Q�`�`�2�b�T�Q�M�/ �i�Q �2�p�2�M ���M�/ �Q�/�/ �T���`�B�i�v �b�2�+�i�Q�`�b ���M�/� z = � 1 �+�Q�`�`�2�b�T�Q�M�/

�R�8



�i�Q �i�?�2 �i�r�Q ���M�;�m�H���` �K�Q�K�2�M�i�m�K �b�2�+�i�Q�`�b �Q�7j z = � 1=2 ���b �/�2�b�+�`�B�#�2�/ ���#�Q�p�2�X �>�2�`�2 �i�?�2

�T���`���K�2�i�2�`�b� k;z �/�2�i�2�`�K�B�M�2 �i�?�2 �2�M�2�`�;�v �/�B�z�2�`�2�M�+�2�b �#�2�i�r�2�2�M �i�?�2 �T�@�i�v�T�2 ���M�/ �/�@�i�v�T�2 �#���M�/

�b�i���i�2�b ���i �i�?�2� ���M�/Z �T�Q�B�M�i�X �h�?�2 �;���T �#�2�i�r�2�2�M �i�?�2 �/�@�i�v�T�2 ���M�/ �T�@�i�v�T�2 �#���M�/ �b�i���i�2�b ���i

�i�?�2� �T�Q�B�M�i �B�b �;�B�p�2�M �#�v� k + � z �r�?�2�`�2���b �i�?�2 �b���K�2 �;���T ���i �i�?�2Z �T�Q�B�M�i �B�b� k � � z�X �h�?�m�b�-

�B�7j� zj > j� kj�- �i�?�2 �;���T �+�?���M�;�2�b �b�B�;�M ���b �B�i �;�Q�2�b �7�`�Q�K� �i�QZ �X �h�?�B�b �b�B�;�M �~�B�T �`�2�b�m�H�i�b �B�M �i�?�2

�p���H�2�M�+�2 �#���M�/ �b�i���i�2 �b�?�B�7�i�B�M�; �7�`�Q�K� z = +1 �b�2�+�i�Q�` �i�Q� z = � 1 �b�2�+�i�Q�` ���iZ �X �h�?�m�b�- �i�?�2

�#���M�/ �B�M�p�2�`�b�B�Q�M �+�`�B�i�2�`�B�� �7�Q�` �Q�m�` �K�Q�/�2�H �B�bj� zj > j� kj �r�?�B�+�? �7���+�B�H�B�i���i�2�b �i�?�2 �i�r�Q �#���M�/�b �i�Q

�+�`�Q�b�b �b�Q�K�2�r�?�2�`�2 ���H�Q�M�; �i�?�2� Z �H�B�M�2 ���b �b�?�Q�r�M �B�M �6�B�;�X�k�X�R�X �h�?�2 �b�2�+�Q�M�/ �i�2�`�K �B�MĤ �A �B�b

���M �a�P�* �i�2�`�K �i�?���i �?�v�#�`�B�/�B�x�2�b �i�?�2 �/�@�i�v�T�2 ���M�/ �T�@�i�v�T�2 �#���M�/�b �p�B�� �?�Q�T�B�M�; ���+�`�Q�b�b ���/�D���+�2�M�i

�H���v�2�`�b �Q�7 �6�h�a ���M�/ �Q�T�2�M�b �m�T �� �;���T ���H�Q�M�;� Z �(�6�B�;�X�k�X�R�)�X �h�?�2 �#���M�/ �b�i�`�m�+�i�m�`�2 �T�H�Q�i�i�2�/ �B�M

�i�?�2 �6�B�;�X�k�X�R�B�b �7�Q�`� z = � 9:3�K�2�o; � k = � 3�K�2�o ���M�/t0 = 7:5�K�2�o�X �h�?�2 �T���`���K�2�i�2�`A

�B�M �i�?�2 �}�`�b�i �i�2�`�K �Q�7Ĥ �A(kk � 0; kz) �/�2�i�2�`�K�B�M�2�b �i�?�2 �+�m�`�p���i�m�`�2 �Q�7 �i�?�2 �T���`���#�Q�H�B�+ �/�B�b�T�2�`�b�B�Q�M

�7�Q�` �b�K���H�H �B�M�@�T�H���M�2 �K�Q�K�2�M�i�� �Ukk � 0�V ���`�Q�m�M�/ �i�?�2� �T�Q�B�M�i�X

�q�2 �M�Q�i�2 �i�?���i �b�B�M�+�2 �6�h�a �B�b �� �b�m�T�2�`�+�Q�M�/�m�+�i�B�M�; �K���i�2�`�B���H �B�i �?���b �#���M�/�b �+�`�Q�b�b�B�M�; �i�?�2

�6�2�`�K�B �H�2�p�2�H�X �A�M �7���+�i �i�?�2�`�2 ���`�2 �i�r�Q �?�Q�H�2�@�H�B�F�2 �6�2�`�K�B �T�Q�+�F�2�i�b ���`�Q�m�M�/� ���M�/ �i�r�Q �2�H�2�+�i�`�Q�M�@�H�B�F�2

�T�Q�+�F�2�i�b ���`�Q�m�M�/M �T�Q�B�M�i�X �h�?�m�b�- �6�h�a �B�b �� �K�2�i���H�X �>�Q�r�2�p�2�`�- �i�?�2 �6�2�`�K�B �b�?�2�2�i�b �7�Q�` �i�?�2 �j�.

�b�v�b�i�2�K �B�b ���T�T�`�Q�t�B�K���i�2�H�v �+�v�H�B�M�/�`�B�+���H �Q�r�B�M�; �i�Q �i�?�2 �H���v�2�`�2�/ �M���i�m�`�2 �Q�7 �i�?�2 �6�h�a �r�B�i�? �H�B�i�i�H�2

�/�B�b�T�2�`�b�B�Q�M ���H�Q�M�; �i�?�2 �x�@�/�B�`�2�+�i�B�Q�M ���M�/ �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �b�m�`�7���+�2 �b�i���i�2�b �`�2�b�B�/�2 �B�M �� �`�2�;�B�Q�M

�Q�7 �K�Q�K�2�M�i�m�K �b�T���+�2 �i�?���i �/�Q �M�Q�i �Q�p�2�`�H���T �r�B�i�? �i�?�2 �6�2�`�K�B �T�Q�+�F�2�i�b�X �h�?�m�b�- �i�?�2�`�2 �2�t�B�b�i�b

�� �+�H�2���` �r�B�M�/�Q�r �B�M �2�M�2�`�;�v ���M�/ �K�Q�K�2�M�i�m�K �b�T���+�2 �r�?�2�`�2 �i�?�2 �h�a�a ���`�2 �/�2�+�Q�m�T�H�2�/ �7�`�Q�K

�i�?�2 �#�m�H�F �K�2�i���H�H�B�+ �b�i���i�2�b �r�?�B�+�? �T�`�2�b�2�`�p�2�b �i�?�2�K ���M�/ �i�?�2 �.�B�`���+ �+�Q�M�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2

�>�2�H�B�+���H �h�a�a �+���M �#�2 �Q�#�b�2�`�p�2�/ �B�M ���_�S�1�a �K�2���b�m�`�2�K�2�M�i�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �b�T�B�M �i�2�t�i�m�`�2

�Q�7 �i�?�2 �/�B�b�T�2�`�b�B�Q�M �?���b ���H�b�Q �#�2�2�M �b�2�2�M �B�M �b�T�B�M �@ �b�2�H�2�+�i�B�p�2 ���_�S�1�a �2�t�T�2�`�B�K�2�M�i�b �(�k�9�-�e�)�X �h�?�2

�R�e



�#�Q�i�i�Q�K �H�B�M�2 �B�b �i�?���i �i�?�2 �b�i�`�Q�M�; �h�A �T�?���b�2 ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �h�a�a �`�2�K���B�M �B�M�i���+�i �B�M

�i�?�2 �b�v�b�i�2�K �2�p�2�M �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �K�2�i���H�H�B�+ �6�2�`�K�B �b�?�2�2�i�b�X

�A�M �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �`�2�;�B�K�2 �Q�7 �i�?�2 �>���K�B�H�i�Q�M�B���M �/�2�b�+�`�B�#�2�/ �#�v �1�[�X�k�X�e�U�B�X�2�X�-j� zj=j� kj >

1�V �i�?�2(001) �b�m�`�7���+�2 �?�Q�b�i�b �;���T�H�2�b�b �?�2�H�B�+���H �K�Q�/�2�b �r�B�i�? �B�M�@�T�H���M�2 �.�B�`���+ �/�B�b�T�2�`�b�B�Q�M�X �h�?�2

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �p�2�H�Q�+�B�i�v �7�Q�` �i�?�2 �.�B�`���+ �/�B�b�T�2�`�b�B�Q�M �M�2���` �i�?�2� �T�Q�B�M�i �B�b �/�2�i�2�`�K�B�M�2�/ �#�v

���M�Q�i�?�2�` �B�M�@�T�H���M�2 �a�P�* �i�2�`�K�X �a�m�+�? ���M �a�P�* �i�2�`�K �?���b �i�?�2 �7�Q�`�K

Ĥ �a�P�* = � (kx � x + ky � y) � x �U�k�X�d�V

�6�B�M���H�H�v�- �r�2 �M�Q�i�2 �i�?���i �i�?�2� Z �/�B�b�T�2�`�b�B�Q�M �7�Q�` �6�h�a �B�b �7���` �7�`�Q�K �T���`�i�B�+�H�2�@�?�Q�H�2 �b�v�K�K�2�i�`�B�+�X �h�Q

�b�B�K�m�H���i�2 �i�?�B�b �T���`�i�B�+�H�2�@�?�Q�H�2 ���b�v�K�K�2�i�`�v �r�2 �B�M�+�H�m�/�2 �� �i�2�`�K �i�?���i �#�`�2���F�b �i�?���i �b�v�K�K�2�i�`�v �Q�7

�i�?�2 �#���M�/ �2�M�2�`�;�B�2�b�X �a�m�+�? �� �i�2�`�K �r�Q�m�H�/ �#�2 �b�B�K�T�H�v �B�/�2�M�i�B�i�v �B�M �i�?�2 �T���`�B�i�v ���M�/ �b�T�B�M �#���b�B�b

���M�/ �B�b �;�B�p�2�M �#�v�-

Ĥ �2�?= � 2 coskz � 0 � 0 �U�k�X�3�V

�h�?�2 �i�?�`�2�2 �i�2�`�K�b �i�Q�;�2�i�?�2�` �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 �/�2�b�B�`�2�/ �2�z�2�+�i�B�p�2 �K�Q�/�2�H �7�Q�` �Q�m�` �T�m�`�T�Q�b�2�,

Ĥ = Ĥ �A+ Ĥ �a�P�* + Ĥ �2�? �U�k�X�N�V

�q�2 �m�b�2 �i�?�B�b �K�Q�/�2�H ���M�/ �2�t�T�H�B�+�B�i�H�v �Q�#�i���B�M �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b �b�T�2�+�i�`�� �#�v �M�m�K�2�`�B�+���H�H�v

�b�Q�H�p�B�M�; �i�?�2 �2�B�;�2�M �p���H�m�2�b �T�`�Q�#�H�2�K �r�B�i�? �� �}�M�B�i�2 �b�B�x�2 �b���K�T�H�2 ���H�Q�M�; �x�@�/�B�`�2�+�i�B�Q�M�X �h�?�2

�+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �r�?�B�+�?

�r�2 �i�m�M�2 �i�Q �K���i�+�? �Q�m�` �`�2�b�m�H�i�b �r�B�i�? �i�?�2 ���_�S�1�a �/���i�� ���b �r�2 �/�2�b�+�`�B�#�2 �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X

�R�d



�k�X�j �h�?�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b

�k�X�j�X�R �A�/�2���H �b�m�`�7���+�2 �b�T�2�+�i�`��

�h�Q �+���H�+�m�H���i�2 �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b �r�B�i�? �i�?�2 �K�Q�/�2�H �>���K�B�H�i�Q�M�B���M �1�[�X�k�X�N�r�2 �M�2�2�/ �i�Q

�/�B�b�+�`�2�i�B�x�2 �Q�m�` �K�Q�/�2�H ���H�Q�M�; �x�@�/�B�`�2�+�i�B�Q�M�X �6�Q�` �i�?���i �T�m�`�T�Q�b�2�-coskz �B�b �`�2�T�H���+�2�/ �#�vjzihz +

cj + jz + cihzj ���M�/sinkz �B�b �`�2�T�H���+�2�/ �#�vi (jzihz + cj � j z + cihzj)�X �>�2�`�2z �B�b �i�?�2 �`�2���H�@

�b�T���+�2 �+�Q�Q�`�/�B�M���i�2 �`�2�T�`�2�b�2�M�i�B�M�; �T�H���M�2�b �b�i���+�F�2�/ �B�M �i�?�2z �/�B�`�2�+�i�B�Q�M ���M�/c �B�b �i�?�2 �m�M�B�i �+�2�H�H

�H�2�M�;�i�? ���H�Q�M�; �i�?���i �/�B�`�2�+�i�B�Q�M�X �l�b�B�M�; �i�?�2 �`�2�b�m�H�i�B�M�; �/�B�b�+�`�2�i�B�x�2�/ �>���K�B�H�i�Q�M�B���M �r�2 �b�B�K�m�H���i�2

�i�?�2 �b�m�`�7���+�2 �b�i���i�2�b �7�Q�` �2���+�?(kx ; ky) ���`�Q�m�M�/ �i�?�2� �T�Q�B�M�i �M�m�K�2�`�B�+���H�H�v�X

�h�Q �Q�#�i���B�M ���M �2�z�2�+�i�B�p�2 �>���K�B�H�i�Q�M�B���M �Q�M�2 �M�2�2�/�b �i�Q ���/�D�m�b�i �i�?�2 �T���`���K�2�i�2�`�b �b�Q �i�?���i

�i�?�2 �F�2�v �7�2���i�m�`�2�b �Q�7 �i�?�2 �#���M�/ �b�i�`�m�+�i�m�`�2 ���b �?���b �#�2�2�M �Q�#�b�2�`�p�2�/ �B�M ���_�S�1�a �K�2���b�m�`�2�K�2�M�i�b

�K���i�+�? �r�B�i�? �i�?�2 �b�B�K�m�H���i�2�/ �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �K�Q�/�2�H�X �q�2 �`�2�+�Q�;�M�B�x�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�`�2�2

�F�2�v �7�2���i�m�`�2�b �i�Q �#�2 �B�K�T�Q�`�i���M�i �T���`�i �Q�7 �Q�m�` �b�B�K�m�H���i�2�/ �#���M�/ �b�i�`�m�+�i�m�`�2 �r�?�B�+�? ���`�2�,

�U�B�V �i�?�2 �#���M�/ �r�B�/�i�? �Q�7 �i�?�2 �p���H�2�M�+�2 �#���M�/ ���H�Q�M�; �i�?�2� Z �/�B�`�2�+�i�B�Q�M �B�M �6�B�;�X�k�X�R�U���#�Q�m�i

4�K�2�o �(�k�8�)�V

���M�/ �7�Q�` �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �b�m�`�7���+�2 �b�i���i�2�b

�U�B�B�V �i�?�2 �2�M�2�`�;�v �;���T �#�2�i�r�2�2�M �i�?�2 �.�B�`���+ �T�Q�B�M�i ���M�/ �i�?�2 �i�Q�T �Q�7 �i�?�2 �#�m�H�F �p���H�2�M�+�2 �#���M�/

�U� 10�K�2�o�V �(�k�8�)

���M�/

�U�B�B�B�V �i�?�2 �.�B�`���+ �p�2�H�Q�+�B�i�v �7�Q�` �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b �/�B�b�T�2�`�b�B�Q�M �U� 370�K�2�o�@�³ �V �(�k�8�-�k�9�)�X

�h�Q �i�m�M�2 �i�?�2 �#���M�/ �r�B�/�i�? �i�?�2 �i�?�`�2�2� k; � z; � 2 �T���`���K�2�i�2�`�b �+���M �#�2 �p���`�B�2�b �r�?�2�`�2���b �i�?�2

�/�B�b�T�2�`�b�B�Q�M �Q�7 �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b ���`�2 �/�2�i�2�`�K�B�M�2�/ �K�Q�b�i�H�v �#�vA ���M�/� �X

���7�i�2�` �T���`���K�2�i�2�` �i�m�M�B�M�; �i�?�2 �`�2�b�m�H�i���M�i �K�Q�/�2�H �T�`�Q�/�m�+�2�b �i�?�2 �b�m�`�7���+�2 �/�B�b�T�2�`�b�B�Q�M ���M�/
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�6�B�;�m�`�2 �k�X�k�, �a�m�`�7���+�2�@�r�2�B�;�?�i�2�/ �T���`���#�Q�H�B�+ �#�m�H�F �/�B�b�T�2�`�b�B�Q�M ���M�/ �i�?�2 �.�B�`���+ �/�B�b�T�2�`�b�B�Q�M �7�Q�` �i�?�2

�b�m�`�7���+�2 �b�i���i�2�b ���H�Q�M�; �r�B�i�? �i�?�2�B�` �2�M�2�`�;�v �/�B�b�T�2�`�b�B�Q�M �+�m�`�p�2�b �U�1�.�*�V �b�?�Q�r�M �B�M �#�H�m�2 ���M�/ �`�2�/

�`�2�b�T�2�+�i�B�p�2�H�v ���b �Q�#�i���B�M�2�/ �7�`�Q�K �Q�m�` �K�Q�/�2�H �r�B�i�? �i�?�2 �T���`���K�2�i�2�`�b �b�T�2�+�B�}�2�/ �B�M �i�?�2 �i�2�t�i�X

�i�?�2 �#�m�H�F �#���M�/�b �M�2���` �i�?�2� �T�Q�B�M�i �i�?���i ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�k�X�k�X �h�?�2 �2�M�2�`�;�v �/�B�b�T�2�`�b�B�Q�M �+�m�`�p�2

�U�1�.�*�V �7�Q�` �i�?�2 �#�`�Q���/ �T���`���#�Q�H�B�+ �#�m�H�F �#���M�/ �?���b �#�2�2�M �b�?�Q�r�M �#�v �i�?�2 �#�H�m�2 �H�B�M�2 ���M�/ �i�?���i �Q�7

�i�?�2 �.�B�`���+ �/�B�b�T�2�`�b�B�Q�M �#�v �i�?�2 �`�2�/ �H�B�M�2�X �h�?�2 �T���`���K�2�i�2�`�b �B�M �1�[�b�X�k�X�e�@�k�X�3���`�2 �i�m�M�2�/ �i�Q �#�2

� z = � 9:3�K�2�o; � k = � 3�K�2�o; t0 = 7:5�K�2�o; � 2 = 1:2; �K�2�o; A = 798 �K�2�o�@�³
2
; ���M�/� =

266�K�2�o�@�³ �b�m�+�? �i�?���i �i�?�2 �`�2�H�2�p���M�i �[�m���M�i�B�i�B�2�b �7�`�Q�K �i�?�2 �b�B�K�m�H���i�2�/ �/�B�b�T�2�`�b�B�Q�M �K���i�+�? �i�?�2

�2�b�i�B�K���i�2�b �7�`�Q�K �i�?�2 ���_�S�1�a �K�2���b�m�`�2�K�2�M�i�b �B�M �(�k�8�-�k�9�) ���b �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�X

�a�Q �M�Q�r �r�2 �?���p�2 ���M �2�z�2�+�i�B�p�2 �K�Q�/�2�H �7�Q�` �i�?�2 �b�m�`�7���+�2 �b�i���i�2�b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �>���K�B�H�i�Q�M�B���M
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�1�[�X �k�X�N���M�/ ���H�b�Q �� �b�2�i �Q�7 �T���`���K�2�i�2�`�b �i�?���i �`�2���b�Q�M���#�H�v �7�2���i�m�`�2�b �i�?�2 �2�t�T�2�`�B�K�2�M�i���H�H�v

�K�2���b�m�`�2�/ �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �h�a�a�X �q�2 ���H�b�Q �/�2�b�+�`�B�#�2�/ �?�Q�r �i�?�2 �`�2�H���i�B�p�2 �K���;�M�B�i�m�/�2�b �Q�7j� zj

���M�/� k �+�Q�M�i�`�Q�H�b �i�?�2 �b�i�`�Q�M�; �h�A �T�?���b�2 �B�M �Q�m�` �K�Q�/�2�H�X �L�Q�r �r�2 �T�`�Q�+�2�2�/ �i�Q �b�T���i�B���H�H�v �p���`�v �i�?�2

j� kj �T���`���K�2�i�2�` �i�Q �b�B�K�m�H���i�2 �� �T�?���b�2 �r�?�2�`�2 �T���i�+�?�2�b �Q�7 �i�?�2 �b���K�T�H�2 �#�2�+�Q�K�2�b �i�Q�T�Q�H�Q�;�B�+���H�H�v

�i�`�B�p�B���H ���b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �/�B�b�Q�`�/�2�` �b�2�+�i�B�Q�M�X

�k�X�j�X�k �h�?�2 �i�Q�T�Q�H�Q�;�B�+���H �/�Q�K���B�M �/�B�b�Q�`�/�2�`

�h�Q �b�B�K�m�H���i�2 �� �i�Q�T�Q�H�Q�;�B�+���H �/�Q�K���B�M �/�B�b�Q�`�/�2�`�2�/ �T�?���b�2 �r�2 �B�M�+�Q�`�T�Q�`���i�2 �� �/�B�b�Q�`�/�2�`

�T�Q�i�2�M�i�B���H �B�M �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �b�T���i�B���H�H�v �p���`�v�B�M�;� k �T���`���K�2�i�2�`�X ���b �/�B�b�+�m�b�b�2�/ �B�M �i�?�2

�B�M�i�`�Q�/�m�+�i�B�Q�M�- �b�m�+�? �� �T�?���b�2 �+���M ���`�B�b�2 �7�`�Q�K �H�Q�+���H �~�m�+�i�m���i�B�Q�M�b �B�M �i�?�2 �h�2�f�a�2 �+�Q�M�+�2�M�i�`���i�B�Q�M�-

�B�X�2�X�- �~�m�+�i�m���i�B�Q�M�b �B�Mx �B�M �6�2�h�21� x �a�2x �X �q�2 �K�Q�/�2�H �i�?�2�b�2 �~�m�+�i�m���i�B�Q�M�b �#�v ���H�H�Q�r�B�M�; �i�?�2

�T���`���K�2�i�2�`� k �B�M �i�?�2 �>���K�B�H�i�Q�M�B���M �U�1�[�X�k�X�e�V �i�Q �+�Q�M�i�B�M�m�Q�m�b�H�v �p���`�v �B�M �`�2���H �b�T���+�2 �Ux�@y�@z�V�X

�q�2 ���/�/ �� �/�B�b�Q�`�/�2�` �T�Q�i�2�M�i�B���Hw(x; y; z) �i�Q� k ���b� k(x; y; z) = � k + w(x; y; z)�Xw(x; y; z) �B�b

�`���M�/�Q�K �r�B�i�? �� �:���m�b�b�B���M �+�Q�`�`�2�H���i�B�Q�M �Q�7 �� �b�T�2�+�B�}�+ �H�2�M�;�i�? �b�+���H�2 �r�?�B�+�? �r�2 �r�B�H�H �/�2�M�Q�i�2 �#�v

� �X

�J�Q�i�B�p���i�2�/ �#�v �i�?�2 �H���v�2�`�2�/ �b�i�`�m�+�i�m�`�2 �Q�7 �6�h�a�- �r�2 ���b�b�m�K�2 �i�?���iw(x; y; z) �B�b �m�M�+�Q�`�`�2�H���i�2�/

�#�2�i�r�2�2�M �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �H���v�2�`�b�- �#�m�i �b�K�Q�Q�i�? �B�M �i�?�2x�@y �T�H���M�2 ���i �2���+�? �H���v�2�`�X �6�Q�`

�i�?�2 �T�m�`�T�Q�b�2 �Q�7 �+�Q�M�+�2�T�i�m���H ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �b�B�K�T�H�B�+�B�i�v�- �r�2 �b�i���`�i �Q�m�` ���M���H�v�b�B�b �#�v

���b�b�m�K�B�M�; �i�?���iw(x; y; z) �p���`�B�2�b ���H�Q�M�; �i�?�2x ���M�/z �/�B�`�2�+�i�B�Q�M �#�m�i �B�b �m�M�B�7�Q�`�K ���H�Q�M�; �i�?�2

y�@�/�B�`�2�+�i�B�Q�M�- �B�X�2�X�-w(x; y; z) = w1D (x; z)�X ���b �K�2�M�i�B�Q�M�2�/ �2���`�H�B�2�`�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2

�/�B�b�Q�`�/�2�` �~�m�+�i�m���i�B�Q�M�b ���`�2 �m�M�+�Q�`�`�2�H���i�2�/ �#�2�i�r�2�2�M �/�B�z�2�`�2�M�i �H���v�2�`�b ���H�Q�M�;z�X �h�?�2 �+�Q�`�`�2�H���i�B�Q�M

���H�Q�M�; �i�?�2 �B�M�@�T�H���M�2 �/�B�`�2�+�i�B�Q�M �+���M �#�2 �2�b�i�B�K���i�2�/ �7�`�Q�K �i�?�2 �H�2�M�;�i�?�@�b�+���H�2 ���b�b�Q�+�B���i�2�/ �r�B�i�?
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�h�2�f�a�2 �/�2�M�b�B�i�v �~�m�+�i�m���i�B�Q�M�b ���b �Q�#�b�2�`�p�2�/ �B�M �a�h�J �i�Q�T�Q�;�`���T�?�v �(�k�k�-�k�e�)�X

�h�?�2 �:���m�b�b�B���M �/�B�b�Q�`�/�2�` �T�Q�i�2�M�i�B���Hw1D (x) �+���M �#�2 �K�Q�/�2�H�2�/ �#�v �+�?�Q�Q�b�B�M�; �B�i�b �K�Q�K�2�M�i�m�K

�b�T���+�2 �+�Q�K�T�Q�M�2�M�i�b �`���M�/�Q�K�H�v �r�B�i�? �� �K�Q�K�2�M�i�m�K �/�2�T�2�M�/�2�M�i �:���m�b�b�B���M �r�2�B�;�?�i�X �h�?�2

�K�Q�K�2�M�i�m�K�@�b�T���+�2 �7�m�M�+�i�B�Q�M �?���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,

w�R�.(kx ; z) =
� wp

2
exp

"

�
(kx � )2

2

#

[X kx + i Ykx ] : �U�k�X�R�y�V

�A�M �i�?�2 ���#�Q�p�2�-X kx ���M�/Ykx ���`�2 �i�r�Q �M�Q�`�K���H �(N (0; 1)�) �`���M�/�Q�K �p���`�B���#�H�2�b �B�/�2�M�i�B�+���H ���M�/

�B�M�/�2�T�2�M�/�2�M�i�H�v �+�?�Q�b�2�M �7�Q�` �2���+�? �p���H�m�2 �Q�7kx �X � w �B�b �i�?�2 �/�B�b�Q�`�/�2�` �b�i�`�2�M�;�i�? ���M�/� �B�b

�i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �H�2�M�;�i�? �b�+���H�2 �Q�7 �i�?�2 �/�B�b�Q�`�/�2�` �T�Q�i�2�M�i�B���H�X �q�2 �2�b�i�B�K���i�2� w �7�`�Q�K �i�?�2

�#�`�Q���/�2�M�B�M�; �Q�7 �i�?�2 ���_�S�1�a �Q�#�b�2�`�p�2�/ �#���M�/ �b�i�`�m�+�i�m�`�2 �r�?�B�+�? �B�b ���#�Q�m�i� 3�K�2�o�X �h�?�2 �i�v�T�B�+���H

�H�2�M�;�i�? �b�+���H�2 �Q�7 �h�2�f�a�2 �/�2�M�b�B�i�v �p���`�B���i�B�Q�M �B�b �+�?�Q�b�2�M �i�Q �#�2 ���#�Q�m�i� 3�M�K ���b �2�b�i�B�K���i�2�/ �7�`�Q�K

�a�h�J �i�Q�T�Q�;�`���T�?�B�+ �B�K���;�2�b �7�`�Q�K �i�?�2 �2�t�T�2�`�B�K�2�M�i�b �(�k�k�)�X
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�6�B�;�m�`�2 �k�X�j�, �U���Vj� k(x)j=j� zj � 1 �T�H�Q�i�i�2�/ ���b �i�?�2 �`�2�/ �+�m�`�p�2 �r�?�2�`�2 �i�?�2 �#�H���+�F �H�B�M�2�b �b�?�Q�r

�b�Q�K�2 �Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �U� (x) < 0�V ���M�/ �i�`�B�p�B���H �U� (x) > 0�V �T�?���b�2 �#�Q�m�M�/���`�B�2�b�X �U�#�V �h�Q�T

�H���v�2�` �U�#�H�m�2�V ���M�/ �b�2�+�Q�M�/ �H���v�2�` �U�v�2�H�H�Q�r�V �G�.�P�a �7�Q�` �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �/�Q�K���B�M �/�B�b�Q�`�/�2�`�X �U�+�V

�L�Q�`�K���H�B�x�2�/ �i�Q�T �H���v�2�` �G�.�P�a ���i �/�B�z�2�`�2�M�i �2�M�2�`�;�B�2�b �r�B�i�?�B�M �i�?�2 �.�B�`���+ �/�B�b�T�2�`�b�B�Q�M �r�B�M�/�Q�r

�+�Q�H�H���T�b�2 �Q�M �2���+�? �Q�i�?�2�`�X

�k�k



���7�i�2�` �B�M�i�`�Q�/�m�+�B�M�; �i�?�2 �p���`�B���i�B�Q�M �7�Q�`� k ���H�Q�M�; �i�?�2 �t�@�/�B�`�2�+�i�B�Q�M�- �i�?�2 �T�2�`�B�Q�/�B�+�B�i�v �Q�7 �i�?�2

�K�Q�/�2�H �B�b �+�Q�K�T�`�Q�K�B�b�2�/�X �>�2�M�+�2�- �r�2 �M�2�2�/ �i�Q �`�2�T�H���+�2kx �B�M �1�[�X�k�X�e�#�v� i@x �r�?�2�`�2@x

�b�?�Q�m�H�/ �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�?�2 �/�B�b�+�`�2�i�B�x�2�/ �/�2�`�B�p���i�B�p�2 �r�B�i�? ���M �B�M�@�T�H���M�2 �H���i�i�B�+�2 �T���`���K�2�i�2�`

a�X

�h�Q �;���B�M ���M �B�M�b�B�;�?�i ���#�Q�m�i �i�?�2 �2�z�2�+�i �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �/�B�b�Q�`�/�2�` �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2

�/�B�b�Q�`�/�2�`�2�/ �K���b�b� k(x) �Q�M�H�v �Q�M �i�?�2 �i�Q�T �H���v�2�` �Q�7 �� �}�M�B�i�2 �b�B�x�2 �b���K�T�H�2�X �h�Q �+���T�i�m�`�2 �i�?�2

�#�2�?���p�B�Q�` �Q�7 �i�?�2 �h�a�a �r�?�2�M �i�?�2 �/�B�b�Q�`�/�2�` �B�b �Q�M �i�?�2 �i�Q�T �H���v�2�`�- �r�2 �T�H�Q�i �i�?�2 �H�Q�+���H �/�2�M�b�B�i�v �Q�7

�b�i���i�2�b �7�Q�` �i�?�2 �i�Q�T �H���v�2�` ���M�/ �i�?�2 �H���v�2�` �#�2�M�2���i�? ���b �r�2 ���M�i�B�+�B�T���i�2 �i�?�2 �h�a�a �/�2�M�b�B�i�v ���p�Q�B�/�b

�i�?�2 �i�`�B�p�B���H �`�2�;�B�Q�M�b �Q�M �i�?�2 �i�Q�T �H���v�2�` ���M�/ �B�M�b�i�2���/ ���+�+�m�K�m�H���i�2�b ���i �i�?�2 �H���v�2�` �#�2�H�Q�r�X ���b �r�2

�r�B�H�H �b�2�2 �i�?���i ���b �� �`�2�b�m�H�i �i�?�2 �b�m�T�T�`�2�b�b�B�Q�M �Q�7 �h�a�a �Q�M �i�?�2 �i�Q�T �H���v�2�` �B�b �+�Q�`�`�2�H���i�2�/ �r�B�i�? �i�?�2
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