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We study regression models for nonstationary categorical time series and
their applications, and address the issues of prediction, estimation and control.
Genaralized Linear Models and Partial Likelihood are the basic tools in the
present study. The models link the probabilities of each category to a covariate
process through a vector of time invariant parameters. Under mild regularity
conditions, asymptotic properties of the estimators are established by appeal-
ing to martingale theory, and certain diagnostic tools are presented for checking
the model adequacy. The methodology is demonstrated using real rainfall data.
Subsequently we discuss a new recursive estimation method for time series fol-
lowing generalized linear models, motivated by the logistic regression model in
conjunction with binary time series. The estimation procedure, suitably mod-
ified, gives rise to a stochastic approximation scheme used here to illustrate a

connection between control theory and generalized linear models.
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Chapter 1

Introduction

1.1 Categorical Time Series

A time series is a collection of random variables, say {Y;},¢ =1,..., N, ordered
in time. The seminal texts [17], [19], [50] [79], to name a few, provide an intro-
duction to the subject while discussing analysis, forecasting and control. The
assumptions of stationarity, Gaussianity and linearity dominate the results in
this area. Recently, however, various attempts have been made to weaken these

assumptions; see [80]. Stationarity, in its strongest form means that ([50, p. 67])
P(}/tl S y1,°",nn S yn) = P()/:‘,1+h S y17"'7}/;n+h S yn)

foralln, ty,...,t., y1,- ..,y and h where {Y;} is a sequence of random variables.

In addition to the aforementioned assumptions, current time series methods
are usually applicable for continuous valued time series, especially Gaussian time
series. However, categorical time series arise in numerous practical applications,
many of which are reported in the recent books [28], [33], [50, Ch. 9], and [61].
Examples of categorical time series include signals quantized at several levels,
clipped binary time series, and any multi-response longitudinal data observed

on ordinal or nominal scales. For instance, [65] examines data on repeated



choices between discrete alternatives. Another example is the amount of daily
rainfall divided into three categories, low/medium/high. A linear model may
not fit such data but a categorical prediction model can accommodate variations
of dynamic structure (see [92]). And just as with “ordinary” time series, the
problem of forecasting or prediction in categorical series is of importance, except
that usually it concerns the estimation of a future transition probability given
past data and auxiliary information. In this regard, the prediction problem is
essentially synonymous with the problem of classification of a future value into
one of several categories, given the past.

Methods for statistical inference concerning such data are less well developed.
Some notable exceptions are [45], [46], [49], [53] and [64]. In [45] and [46] the
authors approach the subject by appealing to ARMA (Autoregressive Moving
Average) methodology. They replace the linear combinations of the continuous-
valued case with a probabilistic mixture and call their models discrete autore-
gressive moving average models (DARMA). In [49] and [64] the authors model
binary time series by clipping an underlying Gaussian process. In [53], the au-
thor assumes that an underlying time series (unobservable) of continuous-valued
data generates the time series of discrete valued data. Another approach is to
assume the process is a homogeneous Markov chain. Then the inference problem
can be attacked using the methods of [13].

Recent advances in categorical time series owe a great deal to the introduction
of generalized linear models and link functions as described in [67]. Generalized
Linear Models (GLM)—introduced in [73]—are regression models for a response
measured along with some covariates. Under the GLM formulation, the response

has a distribution which is member of the exponential family. In addition some



monotonic differentiable function of the expected value of the response—called
the link function-is expressed as linear combination of covariates. We present a
brief description of these models in Section 2.4.

In the context of categorical time series, one can parametrize the one step
transition probability conveniently via the link, and this goes along well with
conditional inference, allowing for some form of non-stationarity. The idea goes
back to Cox [25].

The work that has already been done in this area is based, implicitly or ex-
plicitly, on the use of conditional likelihood by utilizing the Markov assumption.
Examples can be found in [16], [32], [47], [54], [60], [71] and [94]. For the case
of count data see [102], and for a more general setup see [59] , [104] and [106].
The general idea in all these works is to link the transition probabilities, via
a suitable function, to the past responses and covariate information. Then a
conditional likelihood can be calculated explicitly and methods from indepen-
dent data carry over to the dependent data. However, the conditional likelihood
approach implies that the covariates are fixed during the period of observation.

The first part of this thesis studies regression models for nonstationary cate-
gorical time series with random time dependent covariates, without any Markov
assumption. It generalizes the work in [92], where only logistic regression for
binary time series is considered. We perform conditional inference using partial
likelihood, a concept introduced in [23], and extended and ramified in [91] and
[100]. Partial likelihood simplifies conditional inference—for example, it obvi-
ates the Markov assumption—and is particularly useful for time series, where
the dependence is unknown, let alone knowledge of joint distributions. We prove

under some assumptions (Theorem 2.6.1) that the maximum partial likelihood



estimator exists and is unique. In addition, it is consistent and asymptotically

normally distributed.

1.2 Partial Likelihood

This is a brief description of the partial likelihood concept. Assume that we
observe a stochastic process, say (z,y:),t = 1,..., N. In principle, we can write
down the joint distribution of all the observations up to time N, by employing

the law of total probability; that is ([100])
N

N
f(@1,y1,%2,Y2, -, TN, YN) = [I:Il Sy | dt)][H f(z: | e)] (L.1)

t=1

t
where di = (y1, 21, .., Y1, e-1) and ¢ = (Y1, %1, -+, Y21, Lt—1, Yt)-

The second product on the right hand side of (1.1) was defined in [23] as
the Partial Likelihood. It is helpful to note that the o-field generated by c¢;_; is
contained in the one generated by ¢;. This is a key feature which motivates our

definition (see [91] and [92]):

Definition 1.2.1 Let F;, ¢ = 0,1,... be an increasing sequence of o-fields,
FoCFi CFz...,and let X, X,,... be a sequence of random variables on some
common probability space such that X, is F; measurable. Denote the density of
X, given Fi_y, by fi(zy; 8), where B € RP is a parameter. The partial likelihood
(PL) function relative to 3, F;, and the data X;, Xs,...,Xn, is given by the
product
N
PL(B; X1,...,Xn) =[] fi(z58) (1.2)
t=1

This definition generalizes both likelihood and conditional likelihood. Unlike

(full) likelihood, partial likelihood does not require complete knowledge of the



joint distribution of the covariates. Unlike conditional likelihood, complete co-
variate information need not be known throughout the period of observation.
Partial likelihood takes into account only what is known to the observer up to
the time of actual observation.

The vector § that maximizes (1.2) is called the maximum partial likelihood
estimator (MPLE). Its asymptotic distribution has been studied by several au-
thors (see [92] or [100]). In the context of survival analysis and counting processes
see [4] or [7], for example. The key point is that the gradient of the logarithm

of (1.2) is a martingale with respect to the nested sequence of histories F;.

1.3 Motivation

The original motivation for this study is due to an important problem from the
field of meteorology, namely, the prediction of rainfall from spaceborne precipi-
tation radar. Let us be more specific. Due to various technological constraints,
the effective dynamic range of a spaceborne precipitation radar (PR) flying at
an altitude of 350 km is limited at present to intermediate values of rain rate.
In particular at high rain rates—the source of most of the rainfall volume-there
is a degraded signal to noise ratio due to large attenuation (see [69]). Basically
this means the spaceborne PR saturates at some intermediate value (roughly 10-
15 mm/hr) so that high rain rates are indistinguishable from lower rates. It is
therefore useful to construct methods that can help a PR discern instantaneously
high rain rates using covariate information.

On the other hand, instantaneous tropical rain rate snapshots obtained from
a radar over a given large area show that the instantaneous fraction of the

area (FA) where rain rate exceeds a given threshold and the instantaneous area
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Figure 1.1: Area average rain rate versus fractional area for TOGA/COARE
Data.

average (R) are highly correlated quantities. An example of this fact is shown
in figure 1.1. for 3400 pairs (FA,R) from TOGA/COARE data (see Appendix
A). We see for a threshold in the range of 3 to 9 mm/hr that the correlation is
quite high, exceeding 97%. The same has been observed time and again using
different radar data sets of tropical rainfall from different parts of the globe,
yielding correlations well above 95% and at times reaching 99%. In [88] the
authors have observed the same high degree of linearity from rain-gauge data.
This seemingly puzzling phenomenon has attracted a fair amount of attention in

the scientific community and several attempts to explain it have been suggested

including [51], [52], [70] and [84].



We will illustrate in Chapter 3 that the fractional area is a useful covariate
in categorical prediction of the area average rain rate. This has an application
in rainfall measurement from imprecise satellite-borne instruments, for it is still
possible to classify rain rate reliably as being above or below a threshold and to
determine accordingly the fractional area and from it the area average. Moreover,
in Section 2.7 we wil give a diagnostic tool for assessing the fit of these models.

So, the present work was originally motivated by the need to classify or pre-
dict rain rate in several categories given the values of some covariates. However,

we address the more general problem of predicting categorical time series.

1.4 Controlling a Probability

Partial likelihood-as explained in Section 1.2-is an off-line estimation method.
However, it can be modified to accommodate sequential processes. There are
many occasions when data are collected sequentially in time, and one needs to
update an estimator—in our context the estimator of the regression coefficients—
every time a new observation becomes available. An illustration of this phe-
nomenon is apparent in control theory employed by engineers and scientists in
modeling and controlling physical systems. By controlling a system, we mean
choosing optimally an input to the system so that the output is close to some
predetermined value. There is a well developed theory for the so called ARMAX
(Autoregressive Moving Average with External Input Models) models. In this
theory, the system is specified linearly in both the parameters and observations.
Then, the control input is chosen so that a certain cost function, for example, the
variance of the difference between output and target, attains its optimal value.

We give a very brief review of the subject in Section 4.2.



Since our methods generalize the results from the classical theory of time
series, it i1s quite natural to ask how and in what sense one can control categorical
time series.

The second part of this thesis studies the adaptive control of binary time
series. We use a very simple model, the so called logistic model, to control
the transition probabilities of the system. Actually, this gives a method for
the adaptive control of a nonstationary Markov chain when the action space is
uncountable. We first give a new set of recursion formulas for the update of
the regression coefficients and the control law. We show that these recursions
possess crucial geometric properties that can be utilized for proving not only

self-optimality of the control but self-tuning as well.



Chapter 2

Regression Models for Nonstationary Categorical Time

Series: Partial Likelihood Inference

2.1 Introduction

In this chapter, a general regression model for nonstationary categorical time se-
ries is proposed. The model links the probabilities of each category to a covariate
process through a vector of time invariant unknown parameters. This extends
ideas from generalized linear models (see [67]) and provides a convenient frame-
work for the analysis of categorical time series. Partial likelihood, as introduced
in Section 1.2, is used for parameter estimation. We establish good asymptotic
properties of the estimator, under mild regularity conditions, based on the fact
that the partial score is a martingale. We emphasize that no Markovian assump-

tion is necessary. Finally, we propose goodness of fit statistics to examine the

quality of the fit.

2.2 The General Model

Suppose that we observe a nonstationary categorical time series, say {y;, t =

0,1,...,N}. Let m denote the number of possible categories and assume that



the ¢ observation is given by a vector y; = (yu,...,Ys,) of length g =m —1,

where

1 if the jth category is observed at time ¢
Ytj =
0 otherwise
Let p; = (ps,. .- pyy)’ denote the corresponding vector of conditional probabili-
ties given F;_;. In other words p;; = P(y; = 1 || Fi—y) for j = 1,...,9. The
o-algebra F;_; represents all information available to the observer up to and
including time ¢. It follows that
m—1
Ytm = 1 — Z Yis (2-1)
i=1
and
m—1
Pomn=1— Y pij (2.2)
i=1
Equation (2.1) is due to the fact that an observation belongs to one and only one
category at each time t. Equation (2.2) follows either by just taking conditional
expectations in (2.1) or upon noting that }-7°, p;; = 1.
Assume that Z;_; is a p X ¢ matrix that represents a covariate process. In
other words each response y;; corresponds to a vector of random time dependent

th

covariates, say z(;_1);, which is the j*© column of Z;_,. The covariate matrix
usually consists of lagged values of the response process and/or exogenous vari-
ables that evolve in time simultaneously with the response variable. Moreover,
lagged values of the exogenous variables are allowed as well as any interactions
between the response and the covariates. This will become clear in the next
chapter where specific examples are discussed.

The aim of this chapter is to develop an asymptotic theory for a flexible and

parsimonious class of models that link the probability of the jth category with

10



the covariate process in a certain way. This leads to an attractive parametriza-
tion, which extends ideas from the generalized linear models (GLM) and the
autoregressive moving average models (ARMA) ([17]).

Define (see [32], [47] and [92] )

p(B) = h(Z;_,8) (2.3)

Here 3 denotes a p dimensional vector of time invariant unknown parameters
which belongs to an open set B C RP. The function % is called the link function.
We assume that the link function maps a subset H C R? bijectively (one-to-one)
onto {(wy,...,w,) 1 w; >0, j=1,...,q, Yl w;<1}.

The above setup leads to some basic results that we will use throughout this

chapter. These are the main subject of the following section.

2.3 Some Simple Properties

Before proving any result, we would like to emphasize that expectation and
variance are calculated under a family of probabilities measures indexed by g3,
where # € B for some admissible subset B of RP. We state these properties in

the form of lemmas.

Lemma 2.3.1 We have

Ely: || Fia]l = pu(8)-

Proof: It follows from the definition of conditional expectation. O

Lemma 2.3.2 We have

E[Z:1(y: — p(8)) || Fi1] =0,

11



where 0 is a p X 1 vector, with each element identical to 0.

Proof: This follows from Lemma 2.3.1 and from the fact that Z;_; is F;_1

measurable. 0
Lemma 2.3.3 If s < ¢, then

E[Z,1(ys = pa(8))(ye — pe(B)) Zi_y || Fo-r] = O,

where 0 is the p x p null matrix.

Proof: Upon noting that for s < ¢ we have that F,_; C F;_;, the definition of

conditional expectation and its properties lead to

E[Z,—1(ys — ps(B))(ye — pe(B)) Zi_y || Fo-i]
= E[E[Zs_1(ys — ps(8))(y: — pe(8)) Zy_] || Fer] || Fo-il
= E[Z,-1(ys — ps(B))El(ye — pe(B8)) Zi_y || Fer] || Four

=0
The last equality follows from Lemma 2.3.2. o
Lemma 2.3.4 We have that

E[Z—1(y: — pe(8))(ye — pe(B)) Z;_y] = E[Ze-13:(B)Z;_,],

where 3,(f3) is the conditional covariance matrix of y; with generic element

—p:i(8)pe;(B) ife#j
Pti(ﬂ)(l - Pti(ﬁ)) ifi=j

ot (B) =

fore,7=1...,4q.

12



Proof: The above expression follows again from properties of conditional ex-

pectation:

E[Zt_l(yt — pe(B))(ye — Pt(ﬁ))'zi—ﬁ

= E[E[Zi-1(y: — pe(8))(ye — pu(B)) Zi_1] || Fizrl,

and then by noticing that

E[(yt - Pt(ﬂ))(yt - Pt(ﬂ))l ” ft—l] = 2t(ﬁ)

with 3,(/3) as above. |

2.4 (Generalized Linear Models

We are going to give a brief overview of generalized linear models. This will
help us to compute useful quantities involved in asymptotics under our setup.
A comprehensive account of these models can be found in [67]. The original

definition is in [73].

Remark 2.4.1 The notation in the next section is general, and has no connec-

tion with the previous notation.

2.4.1 Definition and Maximum Likelihood Inference

Let y be a g-dimensional random variable distributed according to a natural
exponential family. That means that its density is, with respect to a o-finite

measure v,
F(y;0) = c(y) exp(0'y — ()
where § € R? is a parameter and ¢ > 0 is measurable. We call © = {0 : 0 <

J c(y) exp(0'y)dv(y) < oo} the natural parameter space. It is well known that ©

13



is convex, and in the interior é of © all derivatives of b(#) and all moments of y
exist (assuming that (2)75 0) (see [24], [58]). Actually, Eo(y) = u(6) = 0b(6)/00
and Covg(y) = 9%6(0)/0006' = X(0), say. The covariance matrix is assumed to
be positive definite in the interior of @, implying that the restriction of u(8) =
Es(y) to O is injective. Denote by M the image ,u((g)) of ©.
Generalized linear models are defined by the following three components:
1. The Random Component
The {yn} are independent realizations of y with densities belonging to the
exponential family

F(Yn; 0n) = clyn) exp(0ym — b(6,)), 0, €O

2. The Systematic Component

The matrix Z, affects y, through the linear form

Tn = ZrIn/B’

where Z, is a p X ¢ matrix of fixed covariates and [ is a p-dimensional

unknown vector of parameters.

3. The Link Function

The systematic component is linked to the random component by a smooth

invertible function g with g : M — R? in the following way:
Tn = g(1(6n))-

Remark 2.4.2 If g = y~! then v, = 6,,. In such a case, g is called the canonical
link.
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Maximum likelihood is the estimation method that is used for fitting these
models. We can see that the log-likelihood of a sample of independent observa-

tions y1,.- -, Ys is given by

1.(B) = 2:(013/z b(6;)) 0, =u(Z.8), i1=1,...,n (2.4)

where u = (g o )~ and C does not depend on . Let pn(B) = p(u(Z;,B)),
2.(8) = B(u(Z,8)), Un(B) = [0u(Z,,8)/ 0] Differentiating (2.4), we get the

score function s,(3) and the information matrix I,(83), respectively

on(B) = a’"“’) f:zu wi(8), (25)

L,(8) = covp(sa(B)) = 2: Z.U;(B)%.Ui(B)Z;. (2.6)
Further differentiation shows that
_ LB _ B

where

n 4
R.(8) = Z E Z;Wir(B)Zi(yir — tir(B)),
i=1r=1

i = (Yir, - - Yig) and Wi (8) = [0%u,(Z}B)/0+:07]]. For natural link functions
the above formulas simplify to

sn(B) = 2 Zilyi — mi(B)), =Y ZS(A)Z, Ho(A)=L(6). (28)

=1 =1

The maximum likelihood estimator B is given as the solution of the equations

sn(B) = 0. Generally speaking this solution does not guarantee a global max-

imum. However, for many important applications the log-likelihood is concave

so that /5’ corresponds to a global maximum. Furthermore, if the likelihood is
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strictly concave, the maximum likelihood estimator is unique. Existence and
uniqueness of the maximum likelihood estimator has been studied by several
authors. Among them are [2], [42], [48], [90], [99]. Large sample properties of

the estimator have been studied extensively in [31].

2.4.2 Iterative Reweighted Least Squares

We saw that the MLE is given as solution to the following system of non-linear

equations
sn(B) =0.

An iterative procedure can be used to locate the estimator. The most widely
used method is Fisher scoring. This updates the new estimator by using the
Fisher information matrix rather than the second derivative of the log-likelihood

in the Newton-Raphson iterations. In other words the recursions are given by

Bty = By + L1 (Bwy)s(Bwy) k=0,1,..., (2.9)

where ,@(0) is an initial guess. The algorithm terminates if a certain convergence
criterion is satisfied, for example, if the absolute difference of the results of
two iterations is less than a small positive number. Notice that in the case of
the canonical link, the Fisher information coincides with the negative second
derivative of the log-likelihood. Then the iterations (2.9) reduce to the Newton-
Raphson method.

One can give a nice interpretation to these recursions. Define the observations
(see [1], [67])

3(8) = (§1(8)s - .-, Gn(B))

§:(B) = Z;8 + U; ' (y: — pi(8))
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Then, it can be shown that the above recursions can be written as
Biesry = (W Z) " ZW (1 (2.10)
with
Z=\72,...,Z,)
W = diag(W;)
W, = U3, U;

and W), §x mean evaluation of W and § at 8 = é(k). This shows that at
each iteration the updated estimator is a solution to a weighted least squares
problem. However, note that we update the weights at each iteration, whence

the name iterative reweighted least squares.

2.5 Partial Likelihood Estimation

Now we compute the standard quantities that are involved in asymptotics for par-
tial likelihood estimation, based on the results of Section 2.4. More specifically
we will calculate the partial score function, the conditional covariance matrix,
and the second derivative of the log-likelihood, establishing some notation. But

first let us give the following definition:

Definition 2.5.1 Let ¢ = (zy,... z,)' belong to R? with 0 < z; < 1 for every

i=1,...,qand }}_; z; < 1. The logit function of = is defined as

I(z) = |log(——mt—),...log(

q .
1 - z=1 .’IJz
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We pay special attention to this function since it is the canonical link function
for the multinomial distribution.

Assume now that the general model, which was described in Section 2.2 holds
for # € B C RP. Then, the partial likelihood (Section 1.2) based on the observed
process Yi,...,Yyn is easily obtained by means of the multinomial distribution.

Since each component of {y;} can take either 0 or 1 as possible values, we have

that

fye | Fer) = H (B)¥.

Consequently, the corresponding partial likelihood is:

=

PLy(8) = 1l/f(y: |l Fer)

o~
1l
—

Il
—=
s

pi(B)¥".

el
1
-
.
Il
—

It follows that the partial log-likelihood is given by

N m
pIn(B) =D yiilog pii(B),

t=1 j=1
where p;j(8) = h;(Z;_,B) for j = 1,...,q. Writing the partial likelihood in the
form of a natural exponential family, we get that

N
PLN(B) = Hexp(ytllogpﬂ(ﬂ)+---+ytm log pim(8))

t=1
N

= H exp({(p:)'y: — log pum (8)),

=1
where [ is the logit function from Definition 2.5.1. So the partial log-likelihood

can be written as
N

pin(B) = D (U(pe)'ye — log pim(B))- (2.11)

t=1
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Comparing (2.11) and (2.4) we can identify 0; as [(p;) and b(6;) as 1/(1 +

i_1exp(lj(p:))) and by letting

hy hq

=), -+ log(

d=1loh=|log(——r———
g(l_zgzlhl

we get the partial score function

psn(B) = aplaNﬂ(ﬁ ZZt 1D:—1(8)(y: — p:(B))

t=1

where

0dy (Ye-1)/ 0711
Di-1(8) = [0d(72-1)/0vea] =
0dy(71-1)[ i1
with v¢—; = Z}_, 8. Equation 2.12 follows from the chain rule

Opin(B) i A(U(ps)'ye — 108 Pem (B)) Dl 0 b Oy,—1
8,8 - =1 ol 8%_1 aﬂ

Furthermore, the conditional information matrix is given by

N

Gn(f) = Z;Var [Z:-1D:-1(8)(y: — pi(8)) | Fii]

= 2_:Zt—lDt—l(ﬂ)zt(ﬂ)Di_1(ﬂ)Zi_1

(2.12)

(2.13)

utilizing Lemmas 2.3.3 and 2.3.4. The unconditional information matrix is

Fn(B) = Es[Gn(B)]

(2.14)

and plays a significant role in asymptotic considerations. Finally, the second

derivative of the partial log likelihood, multiplied by —1, is

9*pin(B)

HN(:B) = - 8,38,8'

= Gn(8) —Rn(B)

19
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where

Bn(8) = 33" Zes Wiy (B)Zor (e — po(3))

t=1r=1
with W_1),(8) = [0%d,(Z;_,8)/0v1-107;_4].

The solution of the non-linear equations psy(3) = 0 is the maximum partial
likelihood estimator (MPLE). The discussion about existence and uniqueness at
the end of Section 2.4 applies here as well. Asymptotics concerning the behavior

of MPLE have been studied under different setting by several authors; see [4],
[7), 191}, [92].

2.6 Large Sample Theory

Now we prove existence, consistency and asymptotic normality of the maximum
partial likelihood estimator (MPLE).

First we state the assumptions that we are going to use for the proof of
our main theorems. These are clearly regularity conditions and have been used
previously in the literature for establishing good asymptotic properties of the

maximum likelihood estimator in problems involving regression.

A.1 The parameter 3 belongs to an open set B C RP.

A.2 The covariate matrix Z;_, almost surely lies in a nonrandom compact subset
[ of RPX? such that P[YN,Z;1Z!_, > 0] = 1. Furthermore we assume
that Z;_,0 lies almost surely in the domain H of h for all Z;_; € I' and
B € B.

A.3 The probability measure P which governs {y;,Z:—1}, t = 1,..., N obeys

(2.3) with 8 = fo.
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A.4 The link function A is twice continuously differentiable and det[0h(vy)/07] #
0.

A.5 There is a probability measure p on RP*? such that [gpyxs ZZ'p(dZ) is
positive definite and such that under (2.3) with 8 = [, for Borel sets

A C RP*?, we have

N
ZI[Zt—leA] 5 u(A),as N — .

1
N
Assumptions A.1 and A.4 guarantee that the second derivative of the partial log-
likelihood is a continuous function of 3. The condition det[h(y)/dv] # 0 implies
in particular that D;_; is not singular, so from A.2 the conditional information
matrix is positive definite with probability one. To prove it, note that for any
vector A € RP
N
NGy = N Z,1D; 3D Z;_ )X

t=1

N
> mtin Amin(Dt—lztD;_l)A’(Z 2y Zt-l)/\/

t=1
> 0

with Amin(.) denoting the minimum eigenvalue. Indeed, since the variance-
covariance matrix is positive definite and the matrix of derivatives is not sin-
gular we have that the minimum eigenvalue is positive almost everywhere. It
follows that the unconditional information matrix is positive definite as well.
The last part of assumption A.2 assures that we have a well defined model. The
compactness assumption will be useful in deriving bounds for the asymptotics.
Assumption A.5 comes from the ergodic theorem of Birkhoff in the setting of

independent ergodic stationary processes. It simply states that the empirical
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measure of the set {Z;—y, t = 1,..., N} converges weakly almost surely to a
nonrandom measure g. In conclusion we can say that, if g is any continuous and

bounded function on I' taking values on RP*?, then we have

N
Z_i]\gz__) 5 [ 9(@udz)

by using the definition of weak convergence. Thus the conditional information

matrix Gy(f8) has a nonrandom limit

Glj\;ﬂ) = /Rpxq ZD(8)S(6)D'(8)Z'u(dZ) = G(8), (2.16)

where D(8) = [0h(Z'3)/0(Z'B)] and X has generic element
h(@PZE) i

hi(Z'B)(1 - h(Z'B)) ifi=

for i, = 1...,q. Note that integration with respect to a matrix means that

a(ij)(ﬂ) —

we integrate with respect to each element of the matrix. From A.4, G(f8) is a
positive definite matrix at the true value and therefore its inverse exists. We
would like to emphasize at this point that no Markovian property was necessary
(compare with [47]).

Our proof of consistency and asymptotic normality is based on the classical
approach of Cramér. Namely, ee first exhibit a solution of the score equations
and then prove that it is consistent and asymptotically normally distributed.

For this end, we will need some helpful lemmas. The following lemmas show
that the partial score process is a square integrable martingale which has mean
zero and satisfies the conditions for an application of a martingale central limit

theorem.

Remark 2.6.1 We use the following convention throughout the chapter. De-

note by Bz (B3) the left (right) square root of a positive definite matrix B, that
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is B = B?Bs. Furthermore, let (B~z) = (B'If)‘l. Square roots of a positive
definite matrix are unique up to an orthogonal transformation. Unique square
roots of a positive definite matrix are given by the Cholesky decomposition. The

right Cholesky square root B? is defined as the unique upper triangular matrix

with positive elements such that B = (Bz)/(B?) where (B3)’ = B3.

Remark 2.6.2 Our proofs will make use of the notion of the norm of a matrix.
There are several norms in the vector space of p x g matrices (see [40]). An
example is:
Al = (% s Y2
ij
where a;; is the (7, ) element of A. However, since we are dealing with a finite

dimensional vector space, all the norms are equivalent.

From now on, we suppress the notation which involves 8y, the true value of 3. It
is understood, however, that all the calculations are being made under the true

probability model.

Lemma 2.6.1 Under A.1-A .4 the partial score function {psy} evaluated at G,

is a mean zero square integrable martingale with respect to {Fn}.

Proof: Obviously Fy C Fny41, since at time N + 1 there is more information
than at time N. That psy is Fy-measurable follows from (2.12). We now show

that its expectation is 0.

E[psn]

N
E[Z_: 21Dy (y: — pi)

I
M=

E[Z:1D;_1(y: — p:)]

)
1l

1

I
M=

E[E[Z;— D1 (y: — p1) || Feal]

.
Il

1
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I
M=

E[Z;_ 1D 1 E[(y: — p:) || Fe-1l]

1

I
T}

Furthermore, by decomposing the sum,

Elpsy || Fn-1] = Elpsn-1+Zn-1Dn_1(yn —pn) || Fr-1]
= psn-1+ E[Zy_1Dn_1(yn — pn) || Fn-i]

= DPSN-1

utilizing Lemma 2.3.2. Thus the partial score function evaluated at the true
parameter is a mean zero martingale. In order to show that it is square inte-
grable it is sufficient to prove that the increments are square integrable. But the
increments are
aN = PSN — PSN-1
which turns out to be
ZNn-1Dn_1(yn — pN)

It follows that

E[G,Na%, || ]:N—l] = ZN_IDN_lzND%,_l 5\/’—1 (2.17)

We first need to observe that Dp_; is a matrix of derivatives of continuous
functions. This follows from A.4 and the fact that d = [ o h is twice continuously
differentiable. So the whole expression in (2.17) is a continuous function which
is supported in a compact set. We conclude that ||Flanyaly || Fn-1]]| £ M, where
M is a constant. Hence square integrability of the increments follows. O

The following two lemmas will give sufficient conditions for the application

of a multivariate central limit theorem for martingales. The basic idea is to use
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the Cramér-Wold device (see [14]). That is, a vector X,, of random variables
converges in distribution to a random variable X if and only if the univariate
random variable X' X,, converges in distribution to )’ X, for every vector A. This
technique is useful in dealing with multivariate convergence theorems. It will be

demonstrated below.

Lemma 2.6.2 Under A1-A5 the following is true:
-1 —t
Fy°GyFy B
as N — oo.

Proof: Let A € R? with A # 0 and assume, without loss of generality, that its
Euclidean norm is one; that is, || A ||= 1. We are going to show the equivalent

result that
NGy

P
NFAA — 1.

Then the required results follows. Indeed, if the above relations holds for any

A € RP, then there exists a subsequence which has a further subsequence such

that
NG Ny, A

———1 a.s.
NFy, X
But this implies that

FI_Vt,GNkz —1I as.

and therefore the required relation. Consider {(y = Mpsy . Then clearly (y is
a martingale with respect to {Fn}. Its conditional covariance matrix is NGy
which, suitably normalized, has a limit, due to A.5 and (2.16). That is

NGy

P NG
N ’
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where G = [ppxq ZDED'Z'u(dZ). On the other hand, its unconditional covari-
ance matrix is 'Fy A = ME[Gy]A. We know, however, that if { X, } is a sequence
of random variables with X,, % X and |X,| < ¢, where c is a constant, then
E[X,] = E[X]. Inour case VGNyA/N B XGXand |NGyA/N|| < NM/N =M

from the proof of Lemma 2.6.1. So
NFn) = NE[GN]A B NE[G]A = NG

It follows that

XEn) _ XExMN 5
NGyA  NGyA/N

from Slutsky’s theorem, which was to be proved. : a

We now demonstrate that psy satisfies the Lindeberg’s condition.

Lemma 2.6.3 Let (y = X psy, as in the proof of Lemma 2.6.2. Then under

A1-A5 Lindeberg’s condition holds for (. That is, for every € > 0, we have

1 X ,
MFn A Z E[|A at|2INt(€) | Fi-1] 50
t—

=1

as N — oo, where Iny(¢) is the indicator of the set {|Na,| > (MFyA)ze} and
Q¢ = PS¢ — PSt-1-
Proof: We have that

1 X 1 X
E 1 2[ _ — / ! 2
NF tz; [N as|*Ine(€) || Fioal ——)\'FN)\ ; Va2 (WEanbe | a|*dQen

where @;n is the conditional probability measure given F;_;. But |[Na; >

(/\'FN)\)%e implies that |/\’at|/(/\’FN)\)5‘e > 1 and therefore we have:

1 X 1 N
Nag|*d < —— N E[Na.? || Fiu
/\’FN/\;ANMZ(,\/FN,\)%EI ' dQun < (/\'FN)\)%CE [Xad™ || Fi-i]
NM,
=~ (NFy))ie
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where M; is a bound. Such a bound exists from A.2. It follows that

N l 1 — 0.
€

(WFyNFe  VN(Ex)S

Thus, Lindeberg’s condition is established for {; and consequently for psy. O

LN

The next lemma parallels a well known result from linear models ([57)])
Lemma 2.6.4 Under A1-A5 we have that
)\min(FN) — o0

as N — oo, where A\yin(Fn) is the minimum eigenvalue of the unconditional

information matrix.

Proof: We have that if A and B are both positive definite matrices,
[Amin(A) — Amin(B)| < ¢||A — B, (2.18)

where the positive constant ¢ depends only on the norm of the matrix. Then,

by the proof of Lemma 2.6.2 we get

Fn
|)‘mm(7) — Amm(G)l — 0.
It follows that Aynin(Fn) = O(N) and the claim is true. o

We now prove a continuity condition. Namely, we would like to have the matrix
of second derivatives as close as possible to the information matrix. This is a

technical lemma and the proof is along the lines of {47].
Lemma 2.6.5 Under A.1-A.5 the following continuity condition holds

_1 ~ L
sup [|Fy* (Hn(8) — GN)FA | 50
BeON(8)

with On(8) = {8 : |[F%(8 — Bo)|| < 6}, holds for any 6 > 0.
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Proof: Let A € RP with A # 0, and assume without loss of generality that
IAl = 1. We will show the equivalent condition (see the discussion at the
beginning of the proof of lemma 2.6.2) that, for any § > 0,
sup NFF(Hy(f) — Gu)FRiA B0, (2.19)
PEON(8)
using the Cramér-Wold device. By decomposing HN(,[}) = GN(B) — RN(,é), we

only need to show that

1 ~ _t
gy = sup NFy(Gn(B8) — GN)F2A B0 (2.20)
BeOn(9)
and
sup )\'F]_V%RN(B)F;,%/\ 50 (2.21)
BeEON(5)

hold simultaneously. Define the vectors wzt_l)N = /\’F;,%Zt_l, for1 <t <N,
and wy = Ef;l w{t_l)Nw(t_l)N. Then we have that
N ~
gN = ) sup szt—l)N(Lt—l(lg) - Lt—l)w(t—-l)N,

,BEON(J) t=1
where L;_;(8) = D;—1(8)X:(8)D,_,(8) for t = 1,..., N. It follows that

gn S wN _ sup ||Lt—1(,§) — L.

BeEON(8),t

Using A.2, sup; <y |ILi-1(B) — Le_y|| can be estimated from above by a con-
tinuous function of 8 with a zero at § = B. Notice that {On(d)} shrinks to S.
Hence

sup  [[Le-a(B) = Liea|| = 0
ﬁeoN(‘s)vt

By applying Markov’s inequality we have that

Pllgn| >4 < Elonl
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< E[wn] sup ||Li1(B) — Li|

BeOn(8),t
= ,\'[F_N]—%Eﬁl E[Zt-lzé—l][F_N]—%)\
N N N
X sup ||Lt—1([3) —Liq|| =0
Geon(d).t

since the other terms converge to a limit by the continuity of the square root
and the assumption A.5 (compare with the proof of Lemma 2.6.2). By further

decomposition we obtain that

N
sup > wip_yyn(We-1);(8) — Wemnj)we-nn(ye — ) 20, (2.22)

BeOn(8) t=1
i P b P
sup > wiemyyv Wie—1);(B)wie-nyn (py — pii(B8)) 5 0, (2.23)
BEON(S) t=1

and
Al P
Y Wie-1yn W (=) 0(e-1)N (Yt; — Pt5) = 0 (2.24)
t=1
for any j, 1 < j < g, are sufficient for (2.21). The proofs of (2.22), (2.23),
are similar to the proof of (2.20). We prove (2.24). Consider the increments of
(2.24), that is,

U(t-1)N = wzt_l)NW(t—l)jw(t—l)N(ytj - ptj)

Then we see that

E[u(t—l)N || -7'—1:—1] =0

and

Varfug-yn || Fi-1] = wimiynW-1)jwe-1)n
Var(ys; — pij || Feorwis_yynWi—1);0e-1)n

< K(wit_l)Nw(t—l)N)z,
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where K is a bound on [[W_y);||*Var[y,; — ps; || Fi-1]. From A.2 and A4
and the boundedness of y;;, such a bound exists. This follows from the re-

lation z’Az < z'z||A||. Actually, the above two relations make clear that
{ug-yn, t = 1,..., N} are the orthogonal increments of a square integrable

mean zero martingale. It follows that

N
E(} uu-nn) =0
t=1

and
N N
Vard ug-yn] < K, E[(w{;_yywi-1)n)?]
t=1 =1
< K Sl:P w(t—1)Nw(t—1)NE['wN]-
However

-1 -t
sgp w(t-l)Nw(t—l)N = SI:P NFN 212y FP A

< XNFRX sup || Zey|?
Z,_1€er

supg,_,er [ Ze-1]|*
- Amin(:FN)

due to Lemma 2.6.4. Since E[wy] is bounded, from its convergence, relation
(2.24) holds and therefore the continuity condition is established. 0

Now we aprove the main result of this chapter. We prove existence and con-
sistency of the sequence BN together, and then we use the asymptotic normality

of the partial score to establish the asymptotic distribution (see also [9]).

Theorem 2.6.1 Under A.1-A.5, the probability that a locally unique maximum
partial likelihood estimator exists converges to one. Moreover there exists a

sequence of maximum partial likelihood estimators By which is consistent and
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asymptotically normal. That is,

VN(By — Bo) B N(0,G(Bo)).

Proof: From Lemmas 2.6.2 and 2.6.3 (see [43]) we get that
-1 _L -1 p
(FszSNa Fy* GNFN2) - (N’ I)v

L L1

where N is a standard normal vector . Choosing G2 such that Fy2G3 is the
-1 _1

Cholesky square root of F,?>GnFp?, we have from the continuity of the square

root that

-1 _1 1
(FszsN, FN2 G]if) 2) (Na I)

where N is as above.
We first prove asymptotic existence and consistency. By Taylor expansion

we have that

~
‘~

pin(B) = pin(6o) + (5~ Bo)'pon ~ (B ~ Bo H(B)(f — o),

where é lies between 3 and Bo. Equivalently

pin(B) — plw (o) = (B~ o) psn — 5(5 — BV EN(BYB — fo). (2.29)

Now let A = F]%V(B——ﬁo)/é. Then it follows that (8— o) = S\'F;,%& Substituting
into (2.25), we have
~ N | 8%, 1L 3t
plN(,B) - plN(ﬂo) =4 FN2pSN - 5)\ FN2 I’I]\](,@)].:‘N2 A (226)

We are going to prove that for every n > 0 there exists N and § such that

Plpln(B) — pln(Bo) < 0 VB € DON(8)] 2 1 — 1. (2.27)
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This shows that, with probability tending to one, there exists a local maximum
inside On(8). This follows from the definition of the local maximum. If we are
able to show that the maximum is not attained at the boundary, then necessarily
it is attained in the interior from the almost sure continuity of the partial like-
lihood. Demonstration of (2.27) is based on the proof of Theorem 1 in [31]. It
provides a weaker condition of asymptotic existence. Note, however, that we do
not assume any conditions for the third derivatives of the partial log-likelihood.

From (2.26), we recognize that it is sufficient to show

1 ~ t
2 2 -2
P ”F]—\-/%pSN”2 352/\mm(FN HN(/B)FN ) 21

2 — 1. (2.28)

This is so because of the inequality

~

~ _1 S~ _1L _
AFN’psy — EAFNz Hy(B)Fy

e

~ ~L ) _L Xt
A S N vl 5 Amin(Fn* Hy (B)F ).

The last inequality follows from Cauchy-Schwartz and the fact that XX = 1.

Consequently we have that

1 b t 1
2 (P2 =3 e 2
4 8202 (FVPHN(B)FN?)

Since E[||F]_V% psn||?] is bounded and the denominator is bounded as well, the
above expression can become arbitrarily small. The last claim follows from
(2.18) and Lemma 2.6.5. Asymptotic existence therefore is established. More
specifically, we have that there exists a sequence {BN} of MPLE’s such that for

any n > 0, there is a §, N, with
PlBy € On(6)] > 1—1n VN > N;. (2.29)

From Lemmas 2.6.4 and 2.6.5, we obtain that Hy(f3) is positive definite
throughout On(§) with probability converging to 1. Therefore the MPLE By is
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also locally unique. Consistency was established as well, upon noting

PlIFE(Bx — Bo)l| < 6]

. )
< P — < —
< PllIBn = Boll < /\min(FN)],

and using lemma 2.6.4. One can determine such a sequence of estimators which

IA

I—n

does not depend on § (see [58, Theorem 6.2.2]).
We prove now asymptotic normality. By Taylor expansion around 8y, and

(2.30)

using the mean value theorem for multivariate functions we obtain
psy = Hy(Bn — Bo)

where Hy = fol Hy (8o + S(BN — fBo)ds and the integration is taken elementwise.

We need to show that
Fy HyF 5L (2.31)

LM Ld

But
VHNFN = Fof(Hy - Gy)Fy? + Ff GyFy?
5 04I=1

1o~ _t
The quantity Fy? (Hy — Gn)Fp? converges to 0 in probability from Lemma

2.6.5 and from the first part of the proof (see equation 2.29). The rest follows

from Lemma 2.6.2. Therefore, from (2.30)

Fyfpsy = (PRt EVEY ) (B4 (By — o).
Thus
Fi (A — o) B N,
But
G]%V(BN — o) = GI%VF]_V%F]%V(ﬁN —Bo) BN
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to_t
since G4Fy? 5 I. From the continuity of the square root

2
k3
N 2 Gz,

v N

An application of Slutsky’s theorem yields the conclusion of the theorem. O

Corollary 2.6.1 Under A.1-A.5 we have

VN(Bx — Bo) — %G_lpsN 5 0.

Proof: Again using Slutsky’s theorem and the continuity of the square root, we

obtain that

%G_IPSN B N(0,G™Y).

The claim follows. i

Now, assume that each component of the link function is log-concave. That
is log h; is concave for every j = 1,...,m with hy, =1 - Y J_; h;. It follows
that the logarithm is concave, and if the parameter space B is RP, we obtain the

following:

Corollary 2.6.2 Suppose A.1-A.5 holds. Assume further that log h; is concave
for j = 1,...,m. Then the probability that a unique maximum partial likelihood
estimator exists converges to one. This sequence is consistent and asymptotically

normal as in Theorem 2.6.1.

Remark 2.6.3 If we have k (with k not depending on N) independent processes
{y{,Zi} and we model each one as before, the claim of Theorem 2.6.1 is still true

provided that Nk — oo. (see the proof of Theorem 3.1 in [92].)
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2.7 Goodness of Fit Statistics

A question which arises naturally after every procedure that involves regression
is that of goodness of fit. A clear way to examine goodness of fit is to use the
residuals, defined as , the observed minus the predicted values. Our approach
will be the following. We classify the responses y; according to mutually exclusive
events in terms of the covariates Z;_;, and then for each category we examine
the deviation of the number of positive responses from its conditional expected
value (see [87], [92]). Before we proceed to the development of our test statistic,
we need to give a couple of definitions, which will be found useful in what follows.

These definitions can be found in [40].

Definition 2.7.1 Let B;,B; be matrices of any order. The direct sum of B,

and B,, denoted by B; @ B, is defined as the square matrix

B, O
B, ®B; =

0 B,

The operation of direct sum extends to any finite number of matrices. We have

that ] -

B, 0 --- 0

k 0 B2 0
69l=1Bl=B1€B]3263...EBB]‘,=

0 0 --- By

Definition 2.7.2 Let A be an r X ¢ matrix with elements a;; and B be an s x d

matrix. The Kronecker product of A and B, denoted by A ® B, is defined as
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the following rs x ed matrix:

anB a2B -+ a;.B
AQB= anB axpB - B
arlB arZB e ach

Now we proceed to develop diagnostic tools for the model at hand.
Suppose that Aj,..., Ay constitute a partition of R?*?. For [ = 1,...,k
define

N
MJIV = Z I[Zt_leA,]yt
t=1
and
. N
EN(IB) = E I[Zt—leAz]pt(/B)7
t=1
where Ijz,_,c4, is the indicator of the set {Z;,_; € A}, for{ =1,...,k. In addi-
tion set the kg x 1 vectors My = (MY, ..., ML), En(B) = (EX(8),..., E&(B)).

If we let the k x 1 vector I,y = (Ijz,_,ca,]s- - - > [[Z,_1c4,])> then we can see that

the kq x 1 vector

dn(B) = My — En(B) = ;It—l ® (y: — p(B))

just by applying Definition 2.7.2.

We are going to study the asymptotic properties of the kg x 1 vector dn
evaluated at the true value. Note that once again we drop the dependence of the
various quantities on the true value. Under our assumptions it will be shown that
dy is a mean zero square integrable martingale. Then, we will verify necessary

conditions for the application of a central limit theorem, working as before.
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Lemma 2.7.1 Under A1-A.3 {dy, Fn} is a zero mean square integrable mar-

tingale.

Proof: We have that the sequence of o-fields is nested and that dy is Fy-

measurable, just by its definition. Now we see that

E[Z: L1 ® (y: — pi)]
- 2_: E[l,-1 ® (y: — p¢)]
N

Eldn]

= 2 E[E[L,-1® (y: — po) || Fe-1l]
N

B Z—; E[l—1 @ E[(ye — pe) || Feal]

= 0.

Moreover

Eldy || Fn_i] = Eldy_1+ In_1 @ (ynv — pn) || Fn-i]
= dn_1+ Ino1® E[yn — pn || Fv-1]

= dn-1.

So, we conclude that dy is a zero mean martingale with respect to Fy. To prove

square integrability we consider the increments of dy

dyv —dn-1 = In_1 ® (yny — pN)

We have that

E[[In-1® (yv — pn))(IN-1 ® (ynv — pN)]' || FN-1] = ©},Cnvi,
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where

PN1(1 - PNl) —PN1PN2 —PN1PNq
—pnipN2 pn2(l —pn2) - —PN2PNg
Cni = IZ,_ea)
| —PNePM PNePN2 *++ PNg(1 —png) |

The above equation follows from properties of the multinomial distribution and
the fact that Ijz,_, ¢4, and Ijz,_,e4,) have zero product for [ # rfor [,r = 1,... k.
The boundedness follows by the same reasoning as in Lemma 2.6.1. O

Now we prove the following.
Proposition 2.7.1 Under A.1-A.5 we have that

Ay v
\/I_V_—w\f(O,C)

where C = ®F_,C; and C; is a ¢ x ¢ symmetric matrix which is given by

[ Ly 2 (Bo) (1= P (BN(dZ) =Ly py(Bo)pa(Bou(dZ)
C = :

| S, Pr(Bo)pe(Bo)u(dZ) -+ fa, Po(Bo)(1 — pg(Bo))n(dZ) |
Proof: Once again we are going to use the Cramér-Wold device. Let A €
RF1 )\ # 0 and assume again, without loss of generality that [A] = 1. Consider
¢n = Ndy. Clearly ¢n is a mean zero square integrable martingale. The

conditional covariance matrix of ¢y is given by

N
Ay = Z @f:lctl-

t=1

Thus the unconditional information matrix is

Ay = E[AN].
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Hence, the conditional covariance matrix of ¢n is A’Axy A and its unconditional
covariance matrix is A'AnA. Now, following the steps of the proof of Lemma

2.6.2, we have that

4
A "]\VN’\ A NCA

and
NANn
N
It follows from Slutsky’s theorem that
YANA 5, ).
ANANA

So the first condition for the application of a multivariate central limit theorem

2 NCA.

for martingales has been established. To prove Lindeberg’s condition for ¢y,

that is,

/\’AN/\ Z E[|¢d*Ini(e) || Fier] = 0,

where In,(€) is the indicator of the set {|¢;| > (MAnA)ze}, we will need to work

as in the proof of Lemma 2.6.3. By the same argument we have that

1 1 5
/\'AN/\) 6; Ell¢el” || Feal
NM, 1

(VAnNE€E

where M, is a bound which exists from A.2. Lindeberg’s condition therefore

)\'A AZE[|¢t|2INt( ) ” .7:,:_1] < (

follows and hence the proposition. a
Since we have already established asymptotic normality of the residuals the

following proposition is a natural consequence.

Proposition 2.7.2 Suppose that A.1-A.5 hold. As N — oo, the asymptotic

distribution of the statistic

k
X*(Bo) = Z diCrdy



is chi-squared with kq degrees of freedom.

Proof Since d|C;'d;/N is distributed as chi-square with ¢ degrees of freedom,
from Proposition 2.7.1 we have that x?(0,) follows a chi-square with kq degrees
of freedom because x%(3) is a sum of independent chi-square distributed random

variables. The inverse of C;, [ = 1,...,k is guaranteed to exist by assumption

A5 g

We are going to demonstrate now another theorem which gives rise to another

goodness of fit statistic.

Theorem 2.7.1 Suppose that A.1-A.5 hold. Let Aj,..., A be a partition of

RP*1, Then we have, as N — oo,

dy -
\/N(Z_GT_’ (/BN - /60)) _D> N(Oa F)a
where I is a square matrix of dimension p + kq

C B
B G!

Here C is as in proposition 2.7.1, G is the limiting p X p information matrix,

and the /N column of B is given by the matrix

G [ ZDXud(Z).
Ay

2. We also have, as N — oo, that

En(Bw) — En(fo)
VN

—VNB'G(By — o) 5 0.
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Proof: To prove (1) we only need to observe from Corollary 2.6.1 that, for
some integer N greater than Ny, we have that

1 ., p 1
ﬁ(dN’(ﬁ_ﬁO))N\/N(

Now we know that dy and psy are martingales which obey the conditions for

diy, G psy). (2.32)

an application of a central limit theorem for martingales. It follows that jointly
(using again the Cramér-Wold device) the vector on the right hand side of the
above equation converges to normal as N — co. We only need to compute the

asymptotic covariance matrix of its components. We have

1 _ N
~& 'psn Z Iiz,_yea)(y: — pt)

1 _ N
= NG ! E Zs le 1( ps) Z I[Zt_leAl](yt - pt)
t=1

s=1

But for s <t

E[Zs-le—l(ys - Ps)I[Z,_leA,](yt - pt)]
= E[Zs—le—l(ys - Ps)I[Zt_leA,]E[(yt - Pt) || ~7:t—1]]
= 0

Therefore, we have from Assumption (A.5) that

1 _ N
E[=G™'psn Y Iiz,_,ea)(y: — pt)]
N t=1
1 . N N
= E[NG_ Z Zs—le—l(ys - Ps) Z I[Zt_1eA,](yt - Pt)]
s=1 t=1

N
= ED_Iz,_,c4)Z:-1Di 124 B G_I/A ZDXpd(Z)
t=1 1

The first part of the theorem follows. To prove the second part, we have by

Taylor’s expansion for [ = 1,...,k,

aEN( )

EN(Bn) = EN(Bo) + [—22]5,(Bn — Bo) + 0p(||Bn — Boll)
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Op:
op

= EN(Bo) + [Z Z;_11iz,_ €4l ](/BN Fo) +

= E]’V(,Bo)+[21[z,_le,4,] =18 — Bo) + o,(|| B — Bol)

8pt al 6pt a
= F! + Z,_]
N(ﬂO) [; t—-14[Z1€A)) 7 ol ap 6’7_ ](/BN BO)

N
= EN(Bo) + DIz, eanZi-1 D1 2] (Bn — Bo) + o,
t=1

where [ is the logit function and v;—; = Z!_, 3. So the desired result follows. O

Remark 2.7.1 From the second part of Theorem 2.7.1 we obtain that

%(MN — En(By)) = %(MN — En(Bo) + En(Bo) — En(fn)

_Zb_(MN — En(6o)) ~ VNB'G(By — fo).

&

It follows that the asymptotic covariance matrix of (My — EN(,éN)) /N is given
by C — B’GB. So another useful statistic is

%(MN — En(B)'(C — B'GB]™ (My — En(Bn)),

where the inverse is a symmetric generalized inverse. The asymptotic distribu-
tion of this statistic is again chi-squared but the number of degrees of freedom

is less or equal to kg — 1.
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Chapter 3

Models for Categorical Time Series with Applications

3.1 Introduction

This chapter presents models that can be used for the statistical analysis of
nonstationary categorical time series. We briefly first review models for binary
time series. Then we discuss models for nominal and ordinal time series. An
application to the field of meteorology is discussed in detail. We close the chapter

by considering some further generalizations.

3.2 Models for Binary Time Series

Suppose that {y:} is a binary time series. According to our previous discussion,
the general model that links the transition probabilities of {y;} with a linear

function of some covariate process can be expressed as

= P[yt =1 | ft—l] = h(ﬂ’zt—1)

where 2;_; is a vector of random time dependent covariates and (3 is a vector
of unknown parameters. Since p; is a probability, the function A must take

values between zero and one. Models for binary time series have been previously
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considered in [7], [53], [60], [71], and [92]. The case of stationary binary time
series is discussed in [49] in detail.

The modeling aspect—-the choice of the link function—can be resolved by con-
sidering models for independent data (see [25]). The most widely used model is
the logit model ([11], [35]). It is given by letting h(z) = 1/(1 + exp(—=z)), i.e.
the cumulative distribution function of a logistically distributed random vari-
able. The probit model ([34]) is another popular choice. We put h(z) = ®(x),
where ®(z) is the cumulative distribution function of the standard normal dis-
tribution. Finally, for A(z) = 1 — exp(— exp(—z)), we get the complementary
log-log model. We recognize that this link function corresponds to the extreme-
value distribution. Various generalization of these models have been proposed
in the literature. Among them are [6], [26], [37], [77], [78], and [97].

All these models can be applied to time series data. A justification can
be found in [92, pp.92-93]. Although this paper treats the logistic regression
model, the theory applies to other models as well by appropriately modifying

the distribution of the error terms.

3.3 Models for Nominal Time Series

3.3.1 Multinomial Logits Model

Suppose now that we observe a categorical time series, say {y:}, with m cat-
egories. Assume further that the categories do not have any specific structure
and are totally unordered. Such a response variable is called a nominal variable.
Examples of nominal responses are, for instance, the daily choice of transporta-

tion or the daily choice of the newspaper, possibly based on some covariate
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information.
The most widely used model for the analysis of such data is the multinomial

logits model (see [1], for example). In the setting of time series this is given as

xp(B)
1+ Eg=1 eXP(IBz{Zt—l)

ptj=P[yt=j|}-t—l]= L...,q, (3.1)

where (3, is a p-dimensional regression parameter and z;-; is a vector of stochastic
time dependent covariates of the same dimension.
There are two lines of argument for the derivation of this model. The first

one, which extends the logistic model, is to put

p .
log =L = f}zi-1.

=
Now, recall that 37, p;; = 1. Then (3.1) follows.

The second line of argument is by maximizing a random utility, as described
in [68]. Accordingly, the main idea is that an individual chooses a category at
each time, independently of the past, such that a maximization of a random
utility is obtained.

Observe from (3.1) that

log 24 = (8 — B)z1-1.
Pt
So, we see that the ratio p;;/py for the jth and ith category is the same irre-
spective of the total number of categories m. This property is usually referred
to as independence of irrelevant alternatives.

In this section we let 3 be the pg-vector

B=B....0)
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and Z;_, be the ¢gp x ¢ matrix

[ ]
Zio1 0 --- 0
0 z_q - 0
2y, =
0 0 Zt—-1
The partial score function is
N
PSN(,B) = E Zt—l(yt - Pt(ﬁ))o (3-2)
t=1

It readily follows that

N
Gn(B) = Z: Z; 1 34(B)Z;_,

in the notation of Chapter 2. Furthermore the negative of the matrix of second

partial derivatives of the partial log-likelihood coincides with the conditional

information matrix
Hy(8) = Gn(B).

The last equality is of great advantage since it guarantees uniqueness of the

estimator.

3.3.2 Application to TOGA/COARE Data

We apply now the multinomial logits model to TOGA/COARE data set. This
data set is described in Appendix A. We partitioned the original data set into
a training set and a testing set. The training data set has 711 observations and

the remaining 2613 comprise the test data set.
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Covariate r=20 r=1 r=3

Estim. S. E. | Estim. S. E. Estim. S. E.

Intercept | 2.91 .24 7.47 49 16.25 2.45
2.65 23 4.46 .36 12.67 2.47

FA(r), -66.31 6.41 | -2691.12 321.15 | -9193.23 382.87
-46.43  5.01 | -169.18 20.31 | -740.76 159.24

FA(r),—s | 43.26 5.57 | 1305.45 146.6 | -2758.81 422.21

36.07 4.61 75.79 14.57 | -63.29  55.52

Table 3.1: Multinomial Logits fit using r = 0,1, 3 for Y;}(3).

Let R; denote the mean rain rate at time t. We first divide R; in three

categories as follows:
1 if 0 < R; <0.004,
Y'(3)=142 if0.004 <R; <02, (3.3)
3 ifR, >0.2.
Let FA(r); denote the fractional area at threshold r, at time ¢. It is the instanta-
neous fraction of the area where rain rate exceeds r. In our caser = 0,1,3,5,7,9.
We fitted a series of models by using FA(r); , FA(r):—3 and an intercept as co-
variates to the training data set. Tables 3.1 and 3.2 give the resulting estimators
for Y;'(3). We observe that the estimators become larger with higher variability
as the threshold increases. This is due to the presence of a lot of zeroes in the
training data set, which is implied by the fact that as the threshold increases
the fractional area decreases.
Table 3.3 summarizes some diagnostics for the model at hand. The first
column contains the threshold levels. The second column is —2log pl. This

should be as small as possible. The third column gives the x? test statistic that
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Covariate r=5 r=7 r=9
Estim. S. E. Estim. S. E. Estim. S. E.
Intercept 11.84 1.26 9.61 .91 7.55 73
8.65 1.26 7.13 .89 6.45 72
FA(r): -13351.47 446.62 | -17404.71 229.15 | -28674.21 93.24
-622.25 116.29 | -616.28  110.81 | -722.87 124.56
FA(r);—s | -5008.23 483.19 | -6040.53 234.65 | -7793.65 95.85
-262.81  71.53 | -356.23  86.57 | -425.24  102.67
Table 3.2: Multinomial Logits fit using r = 5,7,9 for Y;}(3).
r | —2logpl | 2 Probabilities of Misclassification
Ist Cat. 2nd Cat. 3rd Cat. Total
0 | 1040.26 | 140.61 6.9% 39.1% 52.4%  30.8%
1| 408.27 | 13.99 | 3.8% 4.4% 20.8%  8.9%
31 197.99 1.97 5.1% 5.7% 6.1% 5.2%
5| 242.28 | 13.31 3.8% 8% 3.9% 5.8%
71 308.98 3.45 3.9% 7.8% 4.5% 5.9%
91 392.43 7.28 6.4% 12.1% 5.5% 9.2%

Table 3.3: Multinomial Logits Model diagnostics for Y;*(3).
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9 Probabilities of Misclassification
r| —2logpl | xi

1st Cat. 2nd Cat. 3rd Cat. Total

0| 1101.73 | 87.67 | 30.9% 9.5% 45.5%  26.1%

1| 360.98 [18.23 5% 8.7% 10.4%  8.1%

3| 238.10 |10.44 | 6.7% 10.6% 1.4% 6.8%

5| 314.16 |17.10 | 5.1% 11.8% 3.3% 7.4%

7| 376.22 |23.75| 4.8% 13.9% 4.1% 8.4%

9] 438.19 |[2594| 6.3% 14.9% 5.5% 9.7%

Table 3.4: Multinomial Logits Model diagnostics for ¥;?(3).

was developed in Section 2.7 (see Proposition 2.7.2). This was calculated from
the training data set. We used a fixed partition of the covariate space throughout
the data analysis. This partition had five cells: [0,0.00001), [0.00001,0.0009),
[0.0009,0.005), (0.005,0.01) and [0.1,00). The degrees of freedom were estimated
by subtracting the dimension of the regression parameter from the theoretical
degrees of freedom. More specifically, in this case, 2 X 5 — 6 = 4. This is only
an approximation to the actual degrees of freedom. The appropriate way is
described in [92]. The last column of Table 3.3 illustrates the probabilities of
misclassification by category and total. The total probability of misclassification
is defined as the ratio of the number of misclassified observations to the total
number of observations in the test data set. The predicted probabilities were
calculated using the estimators obtained from the training data set.

We classify an observation, into the ;th category, if p;; = max(Pi,. .., Pm). It
is evident that the fractional area corresponding to level r = 3 appears to give

accurate prediction of mean rain rate. In summary, we have an independent
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verification of the phenomenon first observed by [52].
The above procedure was repeated. We now use
1 1f 0 < R, <0.002,
Y2(3)=4{2 if0.002 <R, <0.1, (3.4)
3 ifR,>0.1.
Table 3.4 illustrates the same phenomenon as before.
We now categorize R; in four categories as follows:
(1 if 0 < R, <0.002,
2 if0.002 < R; < 0.03,

V'4)={ (3.5)
3 if0.03 <R; <0.1,

4 if R, > 0.1.

Tables 3.5 and 3.6 give the estimators and their standard errors. Table 3.7
displays the same phenomenon as in the case of three categories. The fractional
area with rain rate exceeding level 3 seems to give the most accurate prediction
of mean rain rate.

Table 3.8 displays the summary diagnostics for

(1 if 0 < Ry <0.004,

2 if 0.004 < R: < 0.03,

Y2(4) = 4 (3.6)
3 if0.03< R, <02,

(4 if R, >0.2.
The same phenomenon appears again. Finally, we would like to mention that we
also fitted a series of models with five categories. The results were in line with
the models with three and four categories.

For an illustration we plot the predicted versus the observed rate for Y;?(4)
using the test data set (see Figure 3.1). It is interesting to note that the pictures

are very close. We see that the multinomial logits model does not classify the
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Covariate r=0 r=1 r=3
Estim. S.E.| Estim. S.E. | Estim. S.E.
Intercept | 1.75 18 10.31 .62 17.98 1.81
1.31 A7 7.66 .63 15.59 1.84
.64 18 3.76 A48 10.38 1.75
FA(r), -58.05 6.44 | -5524.81 26.33 | -9196.91 386.31
-35.11  4.83 | -1001.51 113.12 | -2896.41 333.91
-32.73  4.58 | -287.9  40.28 | -1035.67 185.3
FA(r);—3 | 32.07 5.09 | 714.11  29.27 |-2885.31 4294
22.51 431 | 284.34  52.12 | -944.3 205.2
24.03 4.03 | 105.82 21.41 -347.8 98.59
Table 3.5: Multinomial Logits fit using r = 0,1, 3 for Y;!(4).
Covariate r=5 r=T7 r=9
Estim. S. E. Estim. S. E. Estim. S. E.
Intercept 12.45 .99 10.38 .79 8.67 .64
10.76 1.01 9.01 81 7.62 .65
6.84 .92 5.54 71 4.51 .56
FA(r), -17749.81  63.87 | -22008.31 71.85 |-25121.88 92.46
-2982.61 368.54 | -3448.92 427.99 | -4041.11 511.21
-854.25 149.81 | -919.73 166.54 | -1012.99 185.61
FA(r).—3 | -5185.71 64.86 | -7179.92 73.38 | -9215.11  95.80
-1617.43  261.82 | -2061.35 310.51 | -2466.61 387.75
-599.51  131.67 | -688.05 153.52 | -725.72  166.92

Table 3.6: Multinomial Logits fit using r = 5,7, 9 for Y;}(4).
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2

Probabilities of Misclassification

r | —2log pl Xa

Ist Cat. 2nd Cat. 3rd Cat. 4th Cat. Total
0| 1486.13 | 280.24 | 4.2% 91.2% 93.3% 31.6%  50.5%
1| 498.58 | 43.17 5.2% 15.0% 19.5% 9.3%  11.4%
3| 243.50 6.21 1.5% 19.8% 14.4% 1.4% 7.1%
5| 434.86 6.93 5.9% 26.1% 15.5% 3.3%  11.5%
7| 509.71 | 31.09 4.8% 31.1% 16.5% 41%  12.8%
9| 585.73 | 38.01 6.3% 31.9% 17.6% 5.5%  14.1%

Table 3.7: Multinomial Logits Model diagnostics for Y;'(4).

r | —21og pl 2 Probabilities of Misclassification

Ist Cat. 2nd Cat. 3rd Cat. 4th Cat. Total
0| 1492.85 | 258.36 | 1.5% 93.6% 53.9% 49.8% 43.7%
1| 547.75 | 23.69 3.7% 14.6% 9.6% 29.4% 12.2%
3| 269.28 1.09 4.6% 20.7% 5.2% 6.1% 7.8%
5| 367.81 13.58 3.4% 30.6% 8.3% 3.9% 9.75%
7] 448.24 15.49 3.7% 31.0% 8.8% 4.5% 10.1%
9| 496.14 16.13 4.6% 37.8% 11.2% 5.5% 12.5%

Table 3.8: Multinomial Logits Model diagnostics for Y?(4).
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observations abnormally. In other words, the worst that can happen for an
observation that belongs to the first category is to be classified in the second
one. Figure 3.2 gives a plot of the predicted probabilities for model Y;>(4). We
see that the prediction is very good, in the sense that when one category is

predicted with a high probability the other probabilities tend to be close to zero.
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Figure 3.1: Plot of the predicted versus the observed rate using F3=FA(3) as
covariate for Y;?(4) for the Multinomial Logits Model. Graph based on test data

set only.
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Figure 3.2: Time series plot of the predicted probabilities using F3=FA(3) as

covariate for Y;2(4) for the Multinomial Logits Model. Graph based on test data

set only.
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3.4 Models for Ordinal Time Series

3.4.1 Cumulative Odds Model

Assume once again that we observe a categorical time series. Suppose that
its categories are ordered. An example is a consumer’s opinion about a new
product (not satisfactory/good/satisfactory). Such data is called ordinal. The
most widely used models for the analysis of ordinal data are the cumulative odds
models ( [66] ; [93]). We show how one can derive these models by using the
method of a latent variable.

Assume that x; = —y'z;_1+e;, where e; is a sequence of i.i.d random variables,
with cumulative distribution F', 7 is a vector of parameters and z;_; is a covariate

vector of the same dimension. Suppose that we observe
Vi=j<=y =10, <z <9,

for j = 1,...,m, where —co = 0y < 6; < ... < 8,, = oo are the so called

threshold parameters. It follows that

Plys=j|Fie1) = Plio1 <2 <0;| Fiea)

= F0; +7z-1) — F(6j—1 +7'2-1).
The model can be formulated somewhat more compactly by the equation:
Ply: <jlFm1) =F(0;+72%-1) §=1,...,q (3.7)

Since the set of cumulative probabilities corresponds one to one to the set of the
response probabilities, estimating the former enables estimation of the latter.

Various choices for F' can arise. For example, the logistic distribution gives the
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so called proportional odds model. In principle, any link that is used for binary
time series can be used here as well.

In this section we let 3 denote the g + p vector

/Bz (017"'50q17l),

and - -
1 0 -+ 0 2z,
01 -0 Zi—1
Z:‘—l = )
I 00 ---1 Zt—1 |
h = (h],...,hq),
with

hl(/B) = F(’?(t—l)lﬂ),

hi(B) = F(nu-1)iB) — F(ne-nG-nB), 3 =2,-..,4,

and hn,, =1 —31_; h;, where

M-1 = (77(t—1)1, ces 777(t—1)q) =2, 0.

With this notation, the partial score function for the cumulative odds model

becomes
psn(B) = Z_; Z:1 U (B)(y: — pe(B)) (3.8)

where U;_;(8) = [0(l o h)/Ins-1], and [ is the logit function. It follows that the

conditional information matrix is

Gn(B) = ; Z, U1 (B)Z:(8)Us_1(B)Z:_,
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where 3(f) is as before (see Chapter 2). The negativeof the matrix of partial

second derivatives is

Hy(B) = Gn(8) — Rn(8) (3.9)

where Ry(8) = 242, Tf1 Ze-t W (-1)-(8)Zi_ 1 (yer — per(8)) and
Wiy (B8) = [0*(l o h)/On:—10nm,_;]. Uniqueness of the estimator can be es-
tablished in the case that F is log-concave, e.g. if F' the logistic cumulative

distribution function (see the discussion after [66]).

3.4.2 Revisiting TOGA/COARE Data

We continue our investigation using the TOGA/COARE data set by again fitting
a series of models. Tables 3.9 and 3.10 give the estimators and the corresponding
standard errors of a proportional odds model fit for ¥;!(3) (see eq. (3.7)). Re-
call that the proportional odds model means that F' is the logistic distribution
function. Table 3.11 displays the diagnostics for each model. The degrees of
freedom used in the second column were calculated as 2 x 5 — 4 = 6. We see
once again that the fractional area exceeding level three seems to be the most
useful covariate in the prediction of rain rate. Although a direct comparison of
the multinomial logit model and a proportional odds model is not possible, we
would like to mention (see Table 3.3) that the former gave a better prediction.
We also used Y;?(3) as before (see (3.4)). The summary diagnostics are illustrated
in Table 3.12.

Our investigation continues by considering Y,!(4) (eq. (3.5)) and Y;>(4) (eq.
3.6), i.e., models with four categories. Tables 3.13 and 3.14 display the estimators
for Y;'(4). Note that the estimators become larger as the threshold increases as

in the case of the multinomial logits model. This is true for the three category
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Covariate r=0 r=1 r=3
Estim. S.E. | Estim. S.E.| Estim. S.E.
Interceptl .01 .10 33 .10 1.69 A7
Intercept2 | 3.30 19 6.92 .59 55.59 6.43
FA(r). -36.29 3.32 | -226.2 23.31 | -3186.13 387.82
FA(r):—3 23.55 2.95 | 73.72 13.50 | -435.85 136.83

Table 3.9: Proportional Odds Model fit using r = 0,1,3 for Y}}(3).

Covariate r=>5 r=7 r=9
Estim. S.E. | Estim. S.E. | Estim. S.E.
Interceptl 1.05 13 .74 12 .03 A1
Intercept2 | 26.37 3.20 16.64 1.89 11.23 1.29
FA(r), -1962.76  258.43 | -1528.03 207.02 | -1324.61 197.72
FA(r).—s | -852.12 149.35| 867.51 137.63 | -785.2 143.21

Table 3.10: Proportional Odds Model fit using r = 5,7,9 for Y;!(3).

r | —2logpl | 2 Probabilities of Misclassification
Ist Cat. 2nd Cat. 3rd Cat. Total
0| 1079.89 | 160.31 | 16.2% 20.5% 53.3% 25.1%
1| 708.01 |147.01 5% 15.1% 27.1% 12.5%
3| 341.53 | 20.42 1.3% 8.2% 4.9% 5.3%
5| 457.61 86.61 6% 15.7% 3.1% 7.9%
7| 530.01 |115.99 3% 18.7% 3.3% 9.6%
9| 591.92 |127.55 | 13.2% 11.4% 4.5%  10.3%

Table 3.11: Proportional Odds Model diagnostics for ¥;'(3).
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9 Probabilities of Misclassification

r | —2log pl Xa

1st Cat. 2nd Cat. 3rd Cat. Total

0| 1114.46 |222.34 | 96.9% 5.9% 47.6%  43.9%

1| 612.48 |160.80 | 6.8% 11.6% 8.2% 9.2%

335.58 | 45.69 4.6% 13.4% 1.3% 7.3%

482.19 | 78.24 3.0% 19.5% 2.8% 9.9%

540.62 | 82.25 3.6% 19.3% 3.9%  10.3%

O |3 | o | W

587.68 |120.82 | 3.8% 21.4% 4.9%  11.5%

Table 3.12: Proportional Odds Model diagnostics for Y;2(3).

Covariate r=>0 r=1 r=3
Estim. S.E.| Estim. S.E. | Estim. S.E.

Interceptl | -.34 10 .29 11 1.10 15

Intercept2 | 1.11 11 3.18 21 9.26 .97

Intercept3 | 2.30 14 8.98 .67 33.10 3.37

FA(r). -35.37  3.38 | -637.81 49.47 | -3368.42 353.75

FA(r)i-3 22.05 2,96 | 182.32 21.52 | -1164.45 148.72

Table 3.13: Proportional Odds Model fit using r = 0,1,3 for Y;!(4).
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cases as well. Tables 3.15 and 3.16 summarize the diagnostics for each series
of models respectively. The same situation is apparent again. Figures 3.3 and
3.4 exhibit plots of the observed versus the predicted rate and of the predicted
probabilities for the proportional odds model respectively, applied to Y;!(4) using
as a covariate the fractional area exceeding level three. The plots are based on

the test data set only. The same comments apply here as well.
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Figure 3.3: Plot of the predicted versus the observed rate using F3=FA(3) as
covariate for Y;'(4) for the proportional odds model. Graph based on the test

data set only.
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Predicted Probabilities for the First Category using FA(3)
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Figure 3.4: Time series plot of the predicted probabilities using F3=FA(3) as

covariate for Y;'(4) for the proportional odds model. Graph based on test data

set only.
Covariate r=>»5 r=7 r=>9
Estim. S.E. | Estim. S.E. | Estim. S.E.
Interceptl .54 12 .35 A1 12 A1
Intercept2 4.42 .34 3.71 27 2.79 19

Interceptd | 15.50 1.29 12.08 .97 17.59 1.41

FA(r): -2135.21 216.35 | -2215.43 227.51 | -2146.13 221.23

FA(r);—s |-1265.01 158.23 | -1453.16 178.17 |-1223.63 157.76

Table 3.14: Proportional Odds Model fit using r = 5,7,9 for Y;}(4).
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Probabilities of Misclassification

r| —2logpl | X3

Ist Cat. 2nd Cat. 3rd Cat. 4th Cat. Total
0| 1503.05 | 295.46 | 5.4% 78.5% 97.2% 29.6% 47.7%
1| 793.14 |201.27 | 2.6% 23.7% 27.8% 7.5% 13.7%
3| 416.41 62.98 3.4% 27% 14.9% 1.3% 10.3%
5| 608.43 77.46 2.1% 37.2% 19.2% 2.9% 13.6%
7| 68222 | 8204 | 28%  384%  213%  3.9% 14.4%
9| 787.45 |119.89 | 2.7% 42.8% 16.9% 4.3% 16.3%

Table 3.15: Proportional Odds Model diagnostics for Y;}(4).

r | —2l0gpl | X2, Probabilities of Misclassification

1st Cat. 2nd Cat. 3rd Cat. 4th Cat. Total
0 | 1492.85 | 258.36 1.5% 96.9% 53.9% 49.8%  43.7%
1| 960.90 |171.65| 0.0% 82.8% 45.9% 26.5% 24.3%
3| 415.60 25.35 1.1% 28.4% 6.4% 4.7% 8.1%
5| 582.93 67.45 6% 44.8% 10.4% 3.1% 11.7%
7| 681.32 94.54 3% 49.8% 13.1% 3.3% 13.4%
9| T745.65 | 121.24 1% 59.6% 15.9% 4.3% 16.1%

Table 3.16: Proportional Odds Model diagnostics for Y;2(4).
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Covariate r=90 r=1 r=3
Estim. S.E. | Estim. S. E. | Estim. S. E.
Interceptl | -.01 .06 .08 .06 - -
Intercept2 | 1.85 .09 3.17 22 - -
FA(r). -17.88  1.69 | -97.08 9.11 - -
FA(r)i_3 11.06 1.55 | 33.73 6.23 - -

Table 3.17: Cumulative Odds Model fit with probit link using r

Covariate r=»% r=71 r=9
Estim. S. E. | Estim. S.E. | Estim. S. E.
Interceptl - - 31 .06 -.06 .06
Intercept2 - - 6.08 .59 4.63 .46
FA(r), - - | -578.23 74.88 | -565.81 79.56
FA(r):-3 - - |-312.92 54.26 | -314.91 62.02

= 0,1,3 for

Table 3.18: Cumulative Odds Model with probit link using r = 5,7,9 for Y;}(3).

r | —2logpl | 2 Probabilities of Misclassification
Ist Cat. 2nd Cat. 3rd Cat. Total

0| 1088.21 | 165.09 | 21.6% 16.5% 56.7%  25.7%

1] 741.67 | 124.92 3.3% 8.2% 33.5% 11.3%

3 - - - i, - -

5 . - - - - -

7] 569.09 |118.94 2% 21.1% 3.3%  10.7%

9| 613.93 |[135.63 | 95.5% 4.5% 4.3%  31.6%

Table 3.19: Cumulative Odds Model diagnostics with probit link for Y;}(3).
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Covariate r=0 r=1 r=3

Estim. S. E.| Estim. S. E. | Estim. S. E.

Interceptl | -.33 .07 -.06 .07 - -

Intercept2 | 1.68 .09 4.23 .40 - -

FA(r): -18.29 1.89 |-164.52 1847 | - -

FA(r)s | 9.38 1.67 | 4943 1011 | - -

Table 3.20: Cumulative Odds Model with clog-log link using r = 0, 1, 3 for ¥;*(3).

Covariate r=>5 r=T7 r=9
Estim. S. E.| Estim. S.E. | Estim. S.E.
Interceptl - - .74 12 -.49 .07
Intercept?2 - - 16.64 1.89 3.41 .34
FA(r). - - | -1528.08 207.07 | -361.22 68.28
FA(r)_3 - - 867.51  137.62 | -418.91 70.14

Table 3.21: Cumulative Odds Model with clog-log link using r = 5,7, 9 for Y;}(3).

9 Probabilities of Misclassification
r | —2log pl X6

1st Cat. 2nd Cat. 3rd Cat. Total

0| 1061.48 | 129.51 | 25.8% 13.3% 44.3%  23.2%

1| 691.14 | 117.08 0% 20.7% 20.8% 13.8%
3 . B, - - _ .

5 . - - - - .

7| 619.38 | 111.56 5% 26.1% 2.2% 13.1%

9| 664.92 |125.61 | 96.5% 5.8% 2.4% 32.1%

Table 3.22: Cumulative Odds Model diagnostics with clog-log link for Y;'(3).
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Table 3.23: Cumulative Odds Model fit with clog-log link using r = 0,1, 3 for

Y (4).

Table 3.24: Cumulative Odds Model fit with clog-log link using r = 5,7,9 for

Yii(4).

Covariate r=0 r=1 r=3
Estim. S. E. | Estim. S.E.| Estim. S.E.
Interceptl | -.54 .07 - - 14 .08
Intercept2 .52 .06 - - 2.76 .26
Intercept3 | 1.25 .07 - - 9.59 .88
FA(r), -17.67  1.88 - - | -1124.51 111.07
FA(r):—3 691 1.61 - - -395.07  57.95

Covariate r=s r=7 r=9
Estim. S. E. | Estim. S.E. | Estim. S.E.
Interceptl | -.16 .07 -.24 .07 -.41 .07
Intercept2 | 1.46 .09 1.29 .08 91 .06
Interceptd | 4.12 31 3.51 .25 4.39 35
FA(r), -682.23 74.86 | -768.12 92.26 | -489.31 72.70
FA(r);—s |-485.92 67.01 | -628.43 86.23 | -60251 76.46
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9 Probabilities of Misclassification
r | —2log pl Xio

1st Cat. 2nd Cat. 3rd Cat. 4th Cat. Total

0| 1488.69 | 259.89 | 5.9% 81.0% 93.3% 24.7% 47.1
1 - - - - - - -

505.83 |117.21 | 1.1% 34.9% 22.2% 4% 12.7%
735.18 | 168.75 | 1.6% 40.8% 34.3% 1.2%  16.8%

-~ | & | W

797.57 | 180.61 | 2.4% 41.6% 38.9% 2.5%  18.5%

9| 919.56 |228.44 | 2.7% 44.7% 28.1% 1.6% 19.5%

Table 3.25: Cumulative Odds Model diagnostics using clog-log link for Y;'(4).

We fitted also a series of models using probit and complementary log-log
links. Unfortunately, in some cases, convergence was not attained due to sin-
gularities of the conditional information matrix. The rest of the tables (Tables
3.17-3.25) display the fit and the diagnostics. The probit model is inconclusive
since we did not have convergence for r = 3. However a close look at the clog-log
(complementary log-log) models for ¥;!(4) reveals the fact that we have observed

before, namely, r = 3 is the optimal threshold.

3.5 A Random Coefficients Model

Up to this point, we considered models with time invariant parameters. This is
not always necessarily the case. A possible generalization would be that some
of the coeflicients are realizations of a random variable. For a comprehensive
account of this subject in the case of the usual autoregressive processes, see [75].

Let us be more specific. We use the same notation as in Chapter 2. Then,
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according to what we discussed, set
by = P[ytj =1 | ﬂ—laat] = hj(Z;-hB + U;—lat)’ J=1...,q (3'10)

with U,_; is a d X ¢ stochastic covariate process (possibly a subset of Z; ;)
and a; are independently identically distributed g-dimensional random variables
with continuous density g(as,0), 6 being a parameter. Let’s suppose that a; is
independent of (U;_yZ,_;) for all ¢. In addition assume that a; is independent
of F;_, for all ¢t.

We would like to compute the partial likelihood for this model. By definition

of the partial likelihood we have
f(yt | ~7:t—1) = /f(yt,at | ]:t—l)dat
= /f yt | at,ft—1)g(at,9)dat

= /Hpta (8, a:)* g(as, 0)da;
- 1;11( / pi5(B, at)g(as, 0)da; )"

where the second equality follows by the independence assumption and the last
equality upon noting that y;; can take the value 0 or 1. In conclusion we see

that the partial likelihood for the model (3.10) is given by

m

N
1(8) = ITTL(/ (8, agtars0)dary (3.11)

This shows that the random coefficients assumption results to a modification of

the link function. In particular, suppose that

ptj = hj(z;—llB +at)a .7 = 1" -5 q

the so called random intercept model. For the sake of argument, let &; be a
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cumulative distribution function. Then, the new link function, namely

[ 1i(Zi_18 + a)g(en, )das,

is just the convolution of two random variables; one that has distribution #; and
another which has density g.
Now, assume that 6 is known and consider ( 3.11). Then, under the following

two additional assumptions the results from Chapter 2 are applicable.

RC1
0 0
_8,3/ptj('8’ as)g(as, 0)da, = /“‘aﬂptj(ﬂaat)g(atao)dat'

RC2
0? 0?

W/ptj(ﬂ,at)g(at,ﬂ)dat =/Wptj(ﬂ,at)g(at,9)dat.
In particular, if the integrand of (3.11) is a convex function of both 3 and a, then
the partial maximum likelihood estimator is unique and satisfies the conclusion
of Theorem 2.6.1, according to [18].

If  is not known the problem becomes more challenging, but we will not
proceed any further. However, there is a growing literature on this subject (see
for example [103]) in the independent data case which may be useful for time

series data.
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Chapter 4

Adaptive Control of Binary Time Series

4.1 Introduction

The usual ARMAX methodology provides a complete framework for the adaptive
control of linear models. In this chapter we will extend this methodology to
cover binary time series. A particular example is the adaptive control of Markov
processes with two states. By employing a logistic model, we will analyze a
recursive estimation procedure and an adaptive control law. This enables the
observer to regulate the transition probabilities of the system. Some geometric
properties of the algorithm are discussed. These indicate that the proposed

control law is asymptotically optimal with respect to a certain criterion.

4.2 A Brief Tour of Adaptive Control of Linear Models

We are going to review here some basic results from the theory of adaptive control

for linear models. Appropriate definitions will be given where it is necessary.
The most general linear model, the so-called ARMAX (Autoregressive Mov-

ing Average with External Input) model, is fully described by the following

stochastic difference equation:
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P1 P2 »3
Yep1 = D GilYe—i + D btls_i_g + Y Ciwpi + wigy (4.1)

=0 =0 =0

In the above, y; is the output and u; is the external input at time ¢, while w; is
a sequence of uncorrelated random variables with zero mean and common finite
variance, i.e., {w;} is white noise. The assumed known nonnegative constant d
is called the delay of the system. The above representation makes evident why
such models are termed as ARMAX. The first term on the right hand side of
(4.1) stands for the autoregressive part, the second term is the external input,
and the last one represents the moving average part. A system of this kind can
be regarded as an input-output model. The observer wants to control the input
us so that the output is close to some target value by means of some feedback
mechanism. The problem becomes even more complicated since the parameters
{a;, bi, ¢;} are assumed to be unknown.

Our attention will be focused on ARX models (Autoregressive with External
Input). In other words, we will assume that ¢; = 0 for every ¢+ = 0,... ps. In
addition we assume that there is no delay, i.e., d = 0, and p; = p;. In case
that p; # p, we can set p = max(p;, p2). For an excellent treatment of ARMAX
models see [12], [17], [27], [39], and [56].

Under the above assumptions, the resulting model is reduced to

p p
Yir1 = Z aiYs—i + Z bius_; + wiqy

=0 =0

= /Blwt + Wit (42)

with 8 = (ao,- - -, ap,b0,...,b0,) € R*®*? and z; = (¥z,. .., Yt—p, Uty - - -, Ut—p). The
task is to estimate the parameter vector 3 and then to control such a process.

Our exposition is in line with [55].
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4.2.1 Least Squares Estimation

Suppose first the we have N available observations from (4.2). Define Yy =
(y1,...,y~n) and Xy = (zo,...,2n-1)" Then the well-known least squares esti-
mator of 3 is given by

Ay = (XyXn) XY, (4.3)

provided that the above inverse exists. Suppose now that a new piece of data
becomes available, say (yn4+1,2n). The new estimator, which is based on N +
1 observations, can be calculated explicitly by updating (4.3). Define Ry =

Yio iz} Then the following recursions can be used for updating (4.3):

BN+1 = BN + R]_VI$N(yN+1 — w?vBN)» (4.4)

Ry = RN_1+:L‘N:L'§V. (4.5)

The above recursions require the inversion of a (2p +2) x (2p 4+ 2) matrix. This

can be avoided by using the following equivalent expressions:
Py_iznzyPrn_y
1+ a:fvP N—-1ZN

Py_izn ) A
— 4.7
1+$5VPN_1$N(Z/N+1 $NﬂN) ( )

Py = Pyo1i—

(4.6)

BN+1 = ,éN‘i'

with Py = R3*. These recursions can be proved by utilizing a matrix inversion

lemma [81]. We state it here for the sake of completeness.

Lemma 4.2.1 Suppose that S, Q are non-singular matrices of order n and m

respectively, G is an m X n matrix, and H is an n X m matrix. Then

(S+GQH)! =S~ — S"IG(HS"!G + Q~!)"'HS".
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Proof: By multiplying the right-hand side of the above relation by (S + GQH)
we obtain the result. O

Assume now that Var(w; || Fi—1) = o?vi1, with v; a set of known positive
weights. Then the recursive formulas (4.4)-(4.5) and (4.6)-(4.7) are modified.
By transforming the weighted least squares problem to an ordinary one by the
usual transformation and by letting Ry = N o (x:2})/vs, we get that

N ~ ~ T N
Byn+1 = OBy + R&lﬁ(yNH — zyBN) (4.8)

~

~ TNT)
Ry = Ry + NEN

(4.9)
UN

for (4.4)-(4.5). Furthermore, by letting Py = Ry}, the expressions for (4.6)-(4.7)

become
N . Py_iznzvPr_
Py = Py, - -2 5V~N M=, (4.10)
vy + zyPrnoizn
. . Py_,zNv .
Bny1 = Pn+ NI NVN (Yn41 — T Pw), (4.11)

oN + 2\ Pr_1zN

respectively. For the general asymptotic theory of least squares estimators we

refer to [57]. We quote the results of that paper in the following theorem.

Theorem 4.2.1 Suppose that (4.2) holds, and {w;} is a martingale difference

sequence with respect to an increasing sequence of o-fields JF; such that
sup E[|w|® || Fi-1] < co for some o > 2.
¢

In addition assume that z; is F;-measurable and let Ry be as before. Then if
Amin(Ry) = 00 a.s. and log Amax(Rn) = O((log Amax(RN)/Amin(BRN))/?) ass.

we have that By converges a.s. to 3.

Note that this theorem is true under the assumption of white noise or equiv-
alently of the ARX model. We need to point out here that this is not the case

if the noise entering the system is “colored”, i. e. the ARMAX model.
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4.2.2 Minimum Variance Control of ARX Models

Suppose once again that the data is generated by the model (4.2). Furthermore,
assume that by # 0, E{w;] = 0 and E[w?] = 0?2, and let’s suppose for a moment
that 3 is known. The task will be to choose a control law such that the average
squared error, "~ , y?/N, becomes minimum. In other words, we would like to
have the output as close to zero as possible. If we choose the control input at

each time t by

1 Z” Ep A(z)
Ut bo [i=o i i=1 ] B(z)yt (*412)
with A(2) = % ga;2' and B(z) = Y5, b;z*, where z is the lag operator, then

the variance of the output becomes No?, and this is the minimum value we can
attain. However a problem arises by using this control law. This becomes clear

in the next example (see [55]).
Example 4.2.1 Consider the following system
Ytr1 = — Yt + U — sy + Wiy
By applying the procedure (4.12), the optimal control law is given by
U = Yi + Ous_y.

Under this control law y;4; = wy1, so we have u; = 5u;_; + w; which is an

unstable difference quation, since u; explodes.

The problem is resolved by assuming the minimum phase condition (MPC),

namely, that all roots of B(z) lie strictly outside the unit circle.

Definition 4.2.1 A system which satisfies the minimum phase assumption is

called a minimum phase system.
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Under the assumption that we have a minimum phase system, the control
law (4.12) is optimal in the sense that it minimizes the variance output. Note
that we can use other criteria as cost functions. Then the control law would

have been modified. For detailed examples see [56].

4.2.3 The Self-tuning Regulator

Consider again the ARX model. The problem is again to minimize the variance
of the output. If the system satisfies the minimum phase assumption, then we
saw that (4.12) is optimal provided that all the coeflicients are known. But
in practice the system is never completely known and an estimator must be
used. From the least squares recursions (4.4)-(4.5) we have an estimator at each
time ¢. Denote this by * £, = (do(t), ..., a,(t), bo(t), . - ., by(t)). The principle of
estimation and control ( PEC) ([44, pp. 38]) chooses the optimal control law at

time ¢ by simply substituting estimates into the optimal control law. That is:

[Z )y + z”: Z’i(t)ut—i]- (4.13)

bo(t i=0 =1
In other words, we choose u; implicitly from the equation xiﬁt = 0. Such a
control law is called adaptive. This is an on-line procedure. Given the data up
to time ¢, (yo, wo, - - . , ¥z), We update the estimators and a control law is calculated
by means of (4.13). This is applied to the system and an output y4, is obtained.
The process goes on by calculating a control u;4; and so on.

We now define two optimality properties that will be useful subsequently.

Definition 4.2.2 An adaptive control law is self-optimizing, with respect to

1In spite of the fact that this symbolism is usually reserved for continuous time stochastic

processes, we use it here for convenience.
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some criterion, if it yields (asymptotically) the same cost as the optimal control

law that would have been used if the system were completely known.

Definition 4.2.3 An adaptive control law which asymptotically approaches the

law that would have been used if the system were known is called self-tuning.

The least squares algorithm does not provide a convenient framework for the
analysis of the system and the control law (see the discussion in [55]). So the

following modification is used, which is called the stochastic gradient algorithm.

N ~ z ~
Biyr = B+ ’)’r_:(yt+l - w;ﬁt)Q (4.14)

re = roptaieg r(0)=1 (4.15)

where v is a positive constant. Note that the difference between the above
expressions and (4.4)-(4.5) is the replacement of the matrix Ry by its trace.
The control law is chosen by (4.13).

The first work on self-tuning regulators is from [8]. For the analysis of this
control law using the least squares algorithm by ordinary differential equations
see [62], [63]. In [38] martingale methods were used to exhibit self-optimality of
(4.14)-(4.15). The following theorem was proved there:

Theorem 4.2.2 Suppose that E[w,y; || Fi] =0, as. V ¢, E[w?, || 5] =0? >
0, a.s. V t, sup, E[w},, || Fi] < oo a.s. and the system (4.2) is of minimum
phase. If the stochastic gradient based adaptive control (4.13)-(4.14)-(4.15) is

used, the following statements are true.

1. The adaptive control law is self optimizing with respect to the minimum

variance criterion. That is

1
Lim

4 2 2
N—co N t

= 0 a.s.

M=

Yy

t=1



2. Moreover

Z(—————E[yt I ft_l])2 < 00 a.s.,
t=1 T¢-1
N
Jim S (Blye | Fial)? =0 as,

t=1

1 X,
limsup— ) u; < o0
N—}oopNtz_; t ]

|18; — B|| converges a.s.

The main ingredient of the proof is the following result, which we state here

since we are going to use it too. The proof can be found in [83].

Theorem 4.2.3 Let {M,}, {s:}, and {d;} be nonnegative stochastic processes

adapted to an increasing sequence of o-fields {F;} such that
EMuy || F) < My —s;+d: as. and Zdt < o0 a.s.
¢
Then M; converges a.s. and Y, s; < 00 a.s.

Until now, we have seen that the recursions (4.13)-(4.14)-(4.15) give a self-
optimizing law. The problem of self-tuning has been considered in [10]. In that
work, it was proved that the aforementioned algorithm has crucial geometric
properties that can be heavily utilized for proving convergence of the adaptive
control law. Before we state the main theorems of [10], we will need a couple
of definitions.

Suppose that 3 = (B1,. .., B2p+2) is the estimated parameter at time . Then

the control law
Bt ezt 4 Bpd”
Bp+2 + Bpsz + ... + Bapyaz? !

is applied to the system at each time ¢, with z the lag operator. Recall now that

Ut =

the minimum variance control law for (4.2) is given by (4.12).
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Definition 4.2.4 A parameter 8 produces a minimum variance control law if

ﬁ1+ﬁ22+...+,3p+12p :a0+a1z+...+apzp
,Bp+2 + ﬂp+3z +...4+ ﬁ2p+22’p bo + blz +...+ prp

Let B denote the set of all parameters that produce a minimum variance control

law.

Definition 4.2.5 The adaptive control-law is self-tuning in the Cesaro sense if

.
A}lfioﬁg[[ésw]:l aS.

for every open set O contained in B.

Definition 4.2.6 We say that the ARX model (4.2) does not have reduced order
minimum variance control law if there do not exist polynomials F'(z) and G(2),

both of degree less or equal to p — 1, such that

F(z) ao+aiz+...+a,2”
G(z)  bo+biz+...+byzp

We can now state the main results of [10].

Theorem 4.2.4 The stochastic gradient adaptive control law (4.13),(4.14),

(4.15) is self-tuning in the Cesaro sense.

Theorem 4.2.5 Assume the same hypotheses of Theorem 4.2.2. In addition,
suppose that the system has no reduced order minimum variance control law.
Then, if the stochastic gradient adaptive control law is used, we have the follow-

ing.
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1. The parameter estimates {Bt} converge to some random multiple of 5.

That is

tlim B: = kB a.s. for some scalar random variable k.
—00

2. The adaptive control law is self-tuning. That is,

lim (u: — —Myt) =0 as.

i—oo B(z)

4.3 An Extension to the Logistic Model

In this section, we establish the framework for generalizing the previous results
to the case of binary data. Let us be more specific. Assume that we observe a
system. The output of the system, denoted again by {y:}, is a binary variable.
We would like to build a class of models, such as the ARX class, so that the
observer can control the transition probabilities of the system. By our exposition
from the previous chapters, a natural candidate for modeling such a process

would be

F4 Y4
Aty1 = log I—M— =Y aiye—i + ) bius;. (4.16)
— Pt+1 i=0 i=0

In the above, piy1 = Ply:41 = 1 || F], where F; stands for the o-field generated
by past observations, {a;, b;} are unknown coefficients and {u.} is the control se-
quence. Let 8 = (ag,...,ap,b0,-..,0,) € RPT2 24 = (Yty. ey Yimpy Uty -« Usp)'

and by # 0. Therefore (4.16) can be written as
/\t+1 = ,B,Zt, (417)

which closely resembles equation (4.2). We will first consider the problem of

regulation. Equivalently we will try to keep the transition probabilities close to
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1/2, so that in the long run we can expect equal numbers of occurrences of both
states. To this end, we will need a recursive formula for the estimator and a
control law as in the case of ARX models. Our exposition is as follows. We first
prove a recursive formula for updating the estimators and then we propose a
control law. We will show that this law is self-optimizing with respect to some
criteria. We will also see that this law is self-tuning by using a similar line of
argument as in [10]. As a matter of fact, our recursive estimation algorithm
possesses the same geometric properties as theirs. This does not come as a
surprise when one recalls the definition of generalized linear models. The linear
predictor is the one that influences the expected value of the response.

Note that (4.17) can be regarded as a regression model for the adaptive
control of Markov processes. It is clear that {y;} is a Markov chain of order
p. For a comprehensive account of the adaptive control of Markov processes see
[44] and the references cited there. In spite of this fact, we would like to view
(4.17) as an extension of the ARX model. It will become clear in what follows,

that the cost function we use points to a close connection between (4.17) and

the ARX models.

4.4 A Recursive Estimation Procedure

The assumed model is given by eq. (4.17). Denote the estimator of 3, up to
time ¢, by Bt- Suppose that a new observation, say (y:41,2:) becomes available.
How can we update 3; to ,@H_l? Note that 3, does not admit a closed expression
as in the case of least squares. However, a recursive formula can be proved, and

we give two different approaches to this fact.
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4.4.1 Expanding the Partial Score

We know from Chapter 2 that the maximum partial likelihood estimator of 3 is

given as a solution to the following nonlinear equations system (see (2.12)):

ps:(B) = Zzs 1(ys — ps(B))-

Furthermore, the conditional information matrix is

_ ézs_lzg_lps(m(l — ()

Now, following [30] and [85] (for a comprehensive account of recursive estimation

see [74]) we have, by noting that pst+1(ﬁt+1) = 0 (since Bt+1 is a root of this

equation),

pses1(Ber1) = pses1(Bs) — Berr — Be)Gear(B) + 0p(||Bs1 — Bill),

where 3 lies in the line segment connecting 3; and Bi11. The above relations

lead to

0 = 2:(yer1 — Pex1(Be)) — (Bewr — Bi)Gir1(B) + 0p(]|Be41 — Bil1),

since pst+1([3t) = pst(,ét) + 2t(Yeg1 — pt_H(ﬁAt)) and pst(ﬂAt) = 0. A summary of

the above calculations shows that:

Bt+1 =B + G (B)Zt(yt+1 — Pt+1(ﬁAt)) + OP(HG;}I(E)Bi+1 — Bt”),

provided that the above inverse exists. Now, 3 lies between B, and Bt+1, and
we know that the conditional information matrix is a continuous function of g
under some assumptions. The above indicates the possibility of replacing 3 by

Bt- Note however that this sequence does not necessarily produce the maximum
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partial likelihood estimator. Therefore, the recursive algorithm we propose is

the following
Bt+1 = Bt + Gt—+11 (Bt)zt(ytﬂ - Pt+1(Bt)) (4-18)

The above discussion makes evident that this recursive estimation procedure
can be generalized to any time series which is modeled by means of generalized
linear models with any link function, such that the maximum partial likelihood
estimator is unique and the inverse of the conditional information matrix exists.
We need to note however that in the Taylor expansion, we used the fact that the
link is canonical. In other words the conditional information matrix coincides

with the negative matrix of second derivatives of the log-partial likelihood.

4.4.2 Utilizing the Fitting Procedure

The second derivation of (4.18) utilizes the fitting procedure, i.e., the iterative
reweighted least squares method as explained in Section 2.4. Suppose that we
have a fixed number of observations, say f. In the limit of the Fisher-scoring
method, the solution of the partial score equations, [3}, is given approximately

by the following least squares problem

(gl,...,’gt)/ = (Zo,...,Zt_]_)/,B-}-Wt_lT‘t (419)

in the notation of Section 2.4, with

W, = diag(ps(8)(1 — ps(6)))5=1
and
re = (Y1 — Py Yt —Pt)/-

Observe that E[W;'r; || Fi—1] = 0 and Var[W;'r; || ;] = W; ! under the true

model. Therefore, since this is a weighted least squares problem, the recursive
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formulas (4.8) and (4.9) can be applied by using v; = 1/(per1(8:)(1 — pes1(B3:)))-
The last quantity really depends only on ¢, since pt+1(ﬁt) =1/(1+ exp(—Btzt)).

Then we have
Benr = Be + G (B)2(yer — pesa(Br))

upon noting that vezs(Yr41 — ztﬂAt) = z4(Ye1 _pt+1(,ét)) by employing (4.19). This

result is in accordance with (4.18). Furthermore

Gea1(Be) = GulBy) + 22 (4.20)

Now, if we use (4.10) and (4.11), we get that

A _ A Dt(:ét)zt . P 9
Bis1 B + 5 2.6 e (B )(yt+1 pr41(0Bt)), (4.21)
A 5 D,(5:)2Dy(5:)
Di1(B:) = Du(B:) — 4.22
Al = DA = )+ e B (4:22)

with Dy(3;) = G;1(8;). The result is in line with [98], the authors of which used
a very similar argument for the derivation of (4.21)-(4.22). The last argument
just takes advantage of the fitting procedure. Namely, at each time ¢, the cor-
responding estimator at the limit of the iterations is a solution to a weighted
least squares problem. Notice, however, that the weights are determined by the

fitting procedure.
Now, we have all the necessary ingredients to propose and study a control

law with respect to some criteria.

4.5 Self-Optimality

Having developed the recursive estimation scheme , one would like to know how

to control a system such as (4.16). Although there is no available corresponding
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minimum variance control theory for such systems, it would be sensible to choose
the control law such that the right hand side of (4.16) becomes zero. In other

words we would be able to regulate such a system if we choose

1 P P
Uy = _B_[Z aiYe—i + 3 bity_;] (4.23)
0 ;=0 =1

in the case that the coefficients are known. Equivalently, this can be written as

(4.24)

with A(z) = Y0y a:i2', B(z) = %, b;z; and z denotes the lag operator. Even
though that y, is binary, we define (4.24) by means of (4.23). It is clear again,
from the discussion of the linear systems, that we need to assume that B(z) has
all its roots outside the unit circle. That is, our system satisfies the minimum
phase condition.

Now, by acting in the same way as in the linear case, we propose the following

stochastic approximation type algorithm ([82]):

A A z a
Biy1 = Bi+ ’YT—:(ytH — pes1(B)); (4.25)

re = T+ Zéztpt+1 (/Bt)(l - Pt+1(ﬁt)) QT(O) =1 (4-26)

where v is a constant greater than or equal to 1. Based on the parameter estimate
/;’t available at time ¢, the control input u; is chosen to satisfy z;,ét = 0. In other

words,
1 & ~;
ur = =3 &i(t)ye—i + 3 bi(t)ui-i]. (4.27)
bo(t) i=o i=1

A natural criterion for the performance of this system would be the following

cost function

N
Cn = Zt]=V1 yt_
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If Cy is close to 1/2, then the self-optimality would hold. Indeed, if the system
was completely known and (4.23) had been used, then p, = 1/2 for all t. This

means that we have a homogeneous stationary Markov chain, so
Cn —1/2 as.

However, this is not a usual cost function in the sense that it doesn’t depend on
previous observations, control inputs or parameters. An appealing measure of

performance would be

_ TN
N

which depends on the unknown parameters, past observations and control ac-

Dy

tions. Convergence of Dy to 0 indicates again self-optimality. The last criterion
can be interpreted as “variance output” in line with the linear models. We will
examine both measures of performance in the following theorem. First, we need

to state some assumptions.
C.1 The polynomial B(z) has all its roots strictly outside the unit circle.

C.2 The true probability measure which governs {y;, z:} obeys (4.16) with the

true parameter being j.
C.3 The random variables z; belong to a non-random compact subset of R?12

C.4 There exists a probability measure p such that under the true parameter
and for all Borel subsets A of R?P12,

N
VI,
————Zt_ll\; €4 u(A) a.s.

Theorem 4.5.1 Consider the system (4.16). Suppose that assumptions C.1-
C.4 hold. If the stochastic gradient based adaptive control law (4.25)-(4.26)-
(4.27) is used then we have:
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1. the adaptive control law is self-optimizing with respect to both criteria Cy

and Dy;

2. ||8; — B|| converges a.s.

Proof: The proof will be based on the following quadratic form

Vi =16 - 8

which is also known as stochastic Lyapounov function. We will first calculate

E[Vi41 || Fi]- Notice that

A

Bip1— B = (Bt - B)+ ’Yi—:(ytﬂ — pe+1(Bt))

Since zéﬁAt = 0, we have that

Bt+1 -B= (Bt - pB)+ ’)’i_:(ytﬂ - %)

We now square both sides and take conditional expectations given F;. Therefore,

we get

EVir | F] =Vi+ 292 2D p((y,,, — 1) || F)
+7? LE4E B (ye4a — 1) || i)

But E[(yi41—1/2) || Fi] = pt41 — 1/2 and E[(ys41 — 1/2)% || Fi] = 1/4. Tt is also
helpful to note that z)(3; — 8) = —2/8 = —Ayy1. Thus

Vi | 7] = Ve 2725 gy = 5y 2120
t+1 t t r, t+1 9 47'7‘:?
Define now the function,
1 1

f(z) = w(m - 5)-
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This is a continuous function which is positive except at the point z = 0. At

this point, f(0) = 0. So, we can write now, in a somewhat more compact form

2 , 2
EVii | F] < Vi- Lf(#B) + 72__||Zt|2|
Tt 4r;

Now, observe that f(2,3)/r: > 0, and ||z;||*/4r? > 0 as well. Furthermore, using

assumption C.3,

It follows from Theorem 4.2.3 that

< OO a.s.

Tt
IL.

”Bt — B> < oo converges a.s.

Statement (II) above proves the second assertion of the theorem. Now, using (I)

and Kronecker’s lemma, we have that
T
— > f(#B) =0 as.
N t=1

since r; > 0 and limy_,, r;: = co. However, if we observe the fact that

we get that
1 N
— '
tE=1 f(z8) = 0 as.

On the other hand, by assumption C.4

N
N 2 1E8) [ Bt
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since the function f is continuous on a bounded set. Now, from the uniqueness
of the limit we conclude that [ f(z'3)u(dz) = 0. Thus, by the properties of f it
follows that

2B =0 as. p. (4.28)

Therefore we get that
1N
Dy = I YA /(z'ﬂ)2,u(dz) =0 as.
t=1

Therefore, asymptotic optimality of the proposed control law with respect to Dy
is established. Now, we examine the behavior of Cy. Upon noting that y; — p; is
a uniformly bounded martingale difference sequence with finite second moment,

we have that

Z El(y: — Pt)2 || Fei]

t ) < 00 a.s.

By the martingale stability theorem ([95, theorem 3.3.1]), we can conclude there-

fore that

Sy (ye — pe)

N — 0 a.s.

It follows that

Zf;(yt — Pt) + Zi\; Pt
N N

1
= 0+/1+exp(_z,ﬁ)u(dz)
— 12

Cn

as was supposed to be proved. The theorem therefore follows. a

Remark 4.5.1 Another possible measure of performance is the following

By =15 Ly
N_Ntzlpt 2 .
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Then if the above quantity converges at 0 as N — oo, the control law would be

self-optimal with respect to this criterion too. But this is the case since

Dy — /(1 n eX;(—z'ﬁ) — %)%(dz) =0.

Remark 4.5.2 The relation (4.28) is a strong conclusion which follows from the

hypotheses C.3 and C.4. These are very strong assumptions but we use them
here as a first approximation to the problem at hand. It is an interesting problem

to consider relaxation of these conditions.

4.6 Geometric Properties of the Proposed Algorithm

We now investigate the geometric properties of the proposed algorithm (4.25)-
(4.26)-(4.27). These properties are crucial for the proof of self-tuning. We first

give the following proposition.

Proposition 4.6.1 Consider the recursions (4.25)-(4.26)-(4.27). Then By1 — B

is orthogonal to B.

Proof: Since

Bt+1 = /ét +Y—(yt41 — .5)

2t
T
due to the relation z{ﬂAt = 0, we have that Bt+1 — Bt is parallel to z;. However,
zz,ét = 0 implies that Bt is orthogonal to z;. Therefore the conclusion of the
proposition holds true. o

We must point out here that the last proposition is a property of the algorithm

and has no relation with the system being controlled. We state now another

proposition which is a direct consequence of Proposition 4.6.1.

83



Proposition 4.6.2 Consider again the recursions (4.25)-(4.26)-(4.27). Then

the following are true:
L 1B = 186l 2 + Toes 1B — B |5
2. |1Besll? = ||Belf? for t > 0;
3. If sup, ||3:|] < oo, then {||Z||} converges a.s.;
4. Tf sup, ||Bi|| < oo, then ||Bir1 — B]] = 0 a.s. as t — oo;

5. If ||8; — B|| converges, so does {||3]|}.

Proof:

1. By Pythagoras’s theorem we get that

18:l1? = 1Be=s|? + 1B — Be-r]|* for ¢ > 1

The assertion follows by summation.

2. This is a consequence of (1). In other words the sequence of estimators is

nondecreasing.

3. Since sup, ||3|| < oo and {||3]|} is a nondecreasing sequence, it follows

that Bt converges.

4. If the sequence of estimators is bounded, then necessarily the summation

in (1) converges and therefore the desired result follows.

5. If ||8; — B|| converges, then sup, ||3|| < oo and the result follows
from (2). ]
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The last item of proposition 4.6.2 and the second assertion of proposition 4.6.1

give the following lemma:
Lemma 4.6.1 ||3,]| and ||3; — || both converge.

The above lemma shows that (; converges to the intersection of two random
spheres. The one sphere is centered at the origin and the other at §. The
intersection of two spheres is a hypersphere, say H, of strictly smaller dimension.
If we want to show that H consists of only one point, the we need to show that the
two spheres are tangential. But if this is the case, then the point of intersection
belongs to the straight line L which passes through 0 and 8. Now H consists of
only one point if and only if H N L # (. To show that H and L have only one

point in common , it suffices to show that there exists a subsequence t; such that
lim B, = kB
=200

since we know that all the limit points belong to H. For the sake of completeness,

we give the following proposition (see [56]), which makes the argument precise.

Proposition 4.6.3 Let 8(:) and 3:(:) denote the jth component of the vectors

B and ,é’t, respectively, for 1 = 1,...,2p + 2. Then the following statements are

equivalent:

1. There exists a subsequence t; such that
lim £, = kp;
=00

2. There exists a subsequence ¢; such that

Hm (B(5)Bn(p +2) = Blp+2)fu(i) =0 fori=1,...,2p+2;  (4.29)
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tl_i’rgﬁ‘t:kﬁ.

Proof: It is clear that (1) implies (2) and (3) implies (1). We only need to verify
that (2) implies (3). To this end, noticing that 3(p + 2) = by # 0, (2) implies

lim 3, = 2,6(i) fori=1,...,2p+2,

where 3(p + 2) is the (p + 2)th component of § = limy_ Bt,. This limit exists,

from Lemma 4.6.1. The above relation can be written as
lim 3, = k8 (4.30)
=00
with k = B(p + 2)/B(p + 2). Consider now the quadratic form
118: — kBII-
We have, by properties of the inner product, that
18 = kBl = 1elI* = 2k < B, . > +K2||B] 1"

From the convergence of ||3; — 8||, we conclude that < B, B > converges. It

follows from (4.30) that
lim |18 — kB||> =0 aus.

proving the proposition. O

4.7 Self-tuning of the Control Law

We now prove that the proposed control law is self-tuning. The proof will be
based on the following three lemmas. The first and the third can be found in

[10]. We quote their proof for the sake of completeness.
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Lemma 4.7.1 Suppose that s; is a real-valued sequence that satisfies

lim —Zst =0.

Nooco N

Then for any real valued sequence g;,

lim —th =0+ l

Noco N

ia
=
M=
3
+
9
|
o

Proof:Assume first that

Then, we have that

and this proves the if part of the lemma. Now, assume that

lim —Z 8¢ +q) =0,

Nooco N
Using the inequality
G <287 +2(q + s1)%,

the conclusion of the lemma follows.

]

Lemma 4.7.2 Assume that {n:} and {s;} are stochastic processes adapted to

F:, such that {n;} is bounded. Let {y:} be a binary stochastic process such that

Ely: || Fi-1] = ps. Furthermore, assume that

N
] 1
A}l_f)folo E :N(m_lyt + 3t—l)2 =0 a.s.

t=1

Then

hmz —n? =0 a.s.

N—)oo

92

(4.31)



and
N

: 1,
]\}grgo; N = 0 as.

Proof: Since Ely: || Fi-1] = p:, it follows that E[y; — p; || Fi—1] = 0 a.s. and
therefore the sequence {y; — p:} is a martingale difference. Relation (4.31) can

be written as

1 & 1 ¥
Z (Ne=1(ye — pt) + Me—1pe + 5¢21)" = _N'E(T]t—l'wt + vyy)?
t=1

t=1

with w; = y; — p; and vy_; = m_1p; + $¢—1. The last equation implies that

z

1

lwt + = th 1

Nt—1V4—1Ws. (4.32)

1
N Z(nt—l'wt +vi)? =

+

||[\/]2 uMz

N ¢
3
N :

Using [57, lemma 2.iii], we have that Zf;l Nt—1vz—1w; converges a.s. on ) = {w:
T mivi, < oo}. Therefore, we have that
1 N

]—V-Zm_lvt 1w — 0 a.s.
t=1

on §. Thus, we conclude from (4.32) and (4.31) that

1 X,
¥ > oniw? 0 as.
t=1
and
1 i 2
<D v, —0 as.
N t=1
on . Now, on Q° = {w: 32,72 ,v2, = oo} we have again from the same

lemma that

N N N
Znt—lvt—lwt = O(Z 77t2_1vt2_1) = O(E ”t2_1)
t=1 t=1 t=1
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The last inequality follows from the fact that {7} is bounded. Thus, from (4.32)
we have

1Y N o(2N, v2,)
— N (Mpoqwy + v = w? [ __t#i
N; t—1 Wy tl zz: 1% Nztl Zf\;lvf_l

a.s. on §2°. Because of (4.31) we once again have that

N
Z w2 =0 as.

and

N

Z v;_; = 0 a.s.
on 2°. Hence, we obtain that

1
N

M=

(Me—1p: + st)2 — 0 a.s.
1

o~
1l

and

N
WZ 1 (ye — 250 as.

Now, note that
irld Elln_y(y: — pe)* — Elnf_y(ye — po)* || Feca] 72 || Fica] < 00 as.
since {n;} is bounded. Hence from [95, theorem 3.3.1}], it follows that
1 X,
— > n; =0 as.
N2
proving the first part of the lemma. Upon noting again that

st < 2m0 Pl + 2(me-1pe + 50)?

< 2n7 g+ 2(me-1pe + 81)2,

we conclude also that the second assertion of the lemma holds true. a.
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Lemma 4.7.3 Assume that {2}, {u;} and {s:} are real valued sequences sat-

isfying
L limsupy e, (1/N) £l uf < oo,
II. limt_,oo(xt - wt—l) = 0,

1. limye0(1/N) YN (zou + 8)% =0.

Then, we have that

1 N
Z (ze— Iut—i—st =0 forevery! > 1.
t=1

Proof: From (II), we get that for all € > 0, |z; — z:—;| < € for all ¢t > to. Now,

for N > t,,

to

N
1
‘N‘zz: Tt — Te)uy)? < NZ(fvt 1 — T )ug)? +_]\—7 Z ul.

t=to+1

Letting N — oo, since € > 0

1 N

TV"Z T I—il:t ut] —)0

From lemma 4.7.1 the desired result follows. O
We summarize our results in the following theorems. The proofs follow the

lines of {10], [56]. We will not repeat the arguments here. However their results

are quite applicable ([10, Theorem 22]).

Theorem 4.7.1 Asuume that C1-C4 hold. Then the stochastic adaptive control
law (4.25)-(4.26)-(4.27) is self-tunning in the Cesaro sense for the system (4.17).

In other words,

I\LI_I)%O N : Z I[ﬁt €0] —

for every open set O contained in B ( see Definition 4.2.4 and 4.2.5).
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To prove self-tuning of the proposed control law, Lemmas 4.7.1, 4.7.2, 4.7.3
and the fact that Dy — 0 a.s. play a crucial role. By combining these facts, the

main idea is to show that

N3oco N

N A
lim —Zj (B:Be(p +2) — B(p + 2)B4(1)) = 0 a.s.

fori=1,...,2p+ 2, verifying (2) of Proposition 4.6.3. In summary, we get the

following.

Theorem 4.7.2 Consider the system (4.17). Suppose that the system has no

reduced minimum variance controllers [(see (4.2.6)] and assume C1-C4. If the

control law (4.25)-(4.26)-(4.27) is used then

1. the parameter estimates {Bt} converge to a random multiple of 3, vis.
Jim o= 49

where

BOIE &zl
k2 =
o TS

2. the adaptive control law is self-tuning:

- ) -

For the calculation of the random constant, note from (1) of Proposition (4.6.2)

that as ¢t — oo we have

K181 = 11B0)]12 + %; ;

Ti_

since {y;} is taking only the values 0 or 1.
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4.8 Simulations

We now illustrate some important points by simulations. We first generated a
time series of length equal to 850 according to the model iy = —1.5y; + 2u; —
us—1 with u; = sin(t) + cos(t). We ran 15 simulations and then we averaged
the results. The first two hundred observations gave a preliminary estimator
using the method of partial likelihood. We found k& = 1.1209, Dy = 0.0590,
Cn = 0.4958 and Dy = 0.0033.

(a) (b)
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=1

V] 100 200 300 400 500 600

Figure 4.1: (a) Norm of the estimators (b) Controlled probabilities around 1/2
(c) Norm of the difference [}t — k3 for the model A\;y1 = —1.5y; + 2uy — uy—q with

uy = sin(t) + cos(t).
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Figure 4.2: (a) Iterations for 3, (b) Iterations for 3, (c) Iterations for 85 for the

model Ay = —1.5y; + 2uy — ug—y with u, = sin(t) + cos(¢).

Figure 4.1 illustrates (a) the norm of the estimators, (b) the transition prob-
abilities of the system and (c) the norm of the difference i.e. ||3; — kB|[>. We see
that the norm of estimators seems to be an increasing and bounded sequence.
The transition probabilities fluctuate around 0.5 and the norm of the difference
converges to 0. An unfortunate characteristic is the slow rate of convergence
being evident in Figure 4.1(c). Although the initial partial likelihood estimator
used to start the recursions is satisfactory, we see that the rate of convergence
is very slow.

Figure 4.2 demonstrates the recursions for the estimators. The iterations

for the first two estimators are quite satisfactory. However, the iterations for
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the third estimator do not exhibit the expected result. Note however that the
difference between recursion and the horizontal line is of the order of 1072, We
did not draw all the graphs in the same horizontal scale. However, we can see
that there is some early oscillation and the recursions seem to converge after
the first two to three hundred observations. We fitted the same model using
the same number of data points. We now generate u; according to a first-order

autoregressive process with parameter 0.3. That is, u; = .3us—1 + ;. Now

k = 1.0897, Dy = 0.0521, Cy = 0.4973 and Dy = 0.0029.

(a) (b)

2.752.802.852.90
0.48 0.50 0.52 0.54

0 100 200 300 400 500 600 0 100 200 300 400 500 600

—_
(2)
~

0.0 0.020.040.060.08

(=]

100 200 300 400 500 600

Figure 4.3: (a) Norm of the estimators (b) Controlled probabilities around 1/2.
(c) Norm of the difference Bt — k3 for the model A\;yy = —1.5y; + 2us — ug—y with

Uy = .3Ut + €.
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Figure 4.4: (a) Iterations for 3, (b) Iterations for 3, (c) Iterations for 85 for the

model )\t+1 = —15yt + 2ut — U1 with Uy = Sug + €s.

We again use the partial likelihood estimator as a starting value for the recursion
based on the first two hundred observations. Figures 4.3 and 4.4 correspond to
Figures 4.1 and 4.2. The same conclusions as in the previous case can be drawn.

By changing the starting values for the estimators to (—2,3.1,2) and still
using the same model we got £ = 1.4360, Dy = 0.0981, Cy = 0.4566 and
Dn = 0.0070.

Figure 4.5 demonstrates the same results as Figure 4.1. Note that Figure
4.5(c) shows that the norm of the difference converges toward zero but again in
a very slow rate (the horizontal line indicates 0). A more striking point emerges

from Figure 4.6 which illustrates the recursions for the estimators. We see that
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Figure 4.5: (a) Norm of the estimators (b) Controlled probabilities around 1/2
(c) Norm of the difference Bt — k3 for the model A\;y; = —1.5y; + 2uy — ug—; with

starting values (-2,3.1,2).

the recursions for the first and the third estimator are far from convergence.
Thus, if we want to control such a system it would be better to obtain a pre-
liminary estimator, like the maximum partial likelihood estimator, and then use
this as a starting value.

We next fitted now the model A;y1 = y; — 5y;—1 — 2uy + us—y, with u; being
generated by a first-order autoregressive process with parameter 0.3. There we
used a time series of length 1850. The first two hundred observations were used
to compute a preliminary estimate by the method of partial likelihood. We found
k =1.1718, Dy = 0.0846, Cx = 0.4810 and Dy = 0.0041.

101



S =
o
(=]
N 2
o
< S
i Qi
0 100 200 300 400 500 600 0 100 200 300 400 500 600
(c)
o
o
n
]
o
0
"o 100 200 300 400 500 600

Figure 4.6: (a) Iterations for 3; (b) Iterations for 3, (c) Iterations for F3 for the

model Aty = —1.5y: + 2u; — uy—q with starting values (-2,3.1,2).

Figure 4.7 exhibits the same phenomena as before. Figure 4.8 shows that
the parameter estimates do not quite converge, because the algorithm, as we
have already mentioned, does not posses a satisfactory rate of convergence. In
addition the number of parameters have been increased.

The next model we fitted was A;yy = —1.2y; — 1.32u; + 1us—g + us—2. We
used 1050 data of points and the control was generated again by a first-order
autoregressive process with parameter 0.3. Our results are k = 1.2627, Dy =
0.0647, Cny = 0.4881 and Dy = 0.0084. Figures 4.9 anf 4.10 illustrate the results.

Figures 4.11 and 4.12 display data from the model first considered, namely,

Aiy1 = —1.5y; + 2u; — us—;. But now we would like to control the probabilities
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Figure 4.7: (a) Norm of the estimators (b) Controlled probabilities around 1/2

(c¢) Norm of the difference Bt — kG for the model A\iyy = y; — Bys—1 — 2us + uy—y.

around .2 (see Figure 4.11(b)). Suppose that we want to control the probabilities
around a known number r, 0 < r < 1. Then the control law should be modified

to
1 P P
ur = =——[c— D ai(t)ye—i — ) bi(t)usi]
bo(t) i=0 i=1
with
r

1—7r

¢ = log(—)

Note, however, that this law does not preserve the orthogonality property of the
proposed algorithm. Hence some adjustments must be made. Our idea, in this

particular example was not to model the response probabilities but rather the
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Figure 4.8: (a) Iterations for #; (b) Iterations for B2 (c) Iterations for S5 (d)

Iterations for 34 for the model Aip1 = yr — Bys—1 — 2us + us_s.

log-odds ratio. In other words we can consider the following model

1— P P
log [M] = aiyi+ Y bius;
=0 1=0

(1 — Peg1)T

and then use the proposed control law. The cost functions must modified to

1 N
DN = N E ()\t — lOg )2
t=1

1—-r
and

N 1 X

Dy = N;(Pt —r)?
With this discussion in mind, we have then that & = 1.0239, Dy = 0.0264, Cy =
0.1971 and Dy = 0.0007. Figure (4.12) gives the iterations for the estimators.
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Norm of the difference Bt—kﬂ for the model Aiy; = —1.2y:—1.32u; 4+ . 1us—1 +us—s.

We would like to point out however that proving self-tuning and self optimality

are more difficult problems which are not going to be discussed here.
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Chapter 5

Main Results and Further Research

5.1 Main Results

We now summarize the chief results of this dissertation.

In Chapters 2 and 3 we studied regression models for nonstationary categor-
ical time series. Specifically, we investigated the asymptotic properties of the
maximum partial likelihood estimator. We proved that this estimator exists, it
is unique, consistent and asymptotically normally distributed (Theorem 2.6.1).
The results were applied to rainfall data. We judged the quality of the various
models by a goodness of fit test (Section 2.7). We saw the importance of a
certain covariate in the categorical prediction of rain rate.

In Chapter 4 we studied the adaptive control of binary time series. We derived
a method of updating estimators in generalized linear models as data keep coming
sequentially in time. The recursions are given by (4.21)-(4.22). These recursions
suitably modified lead to a stochastic approximation type scheme. The last one
was used to connect the areas of generalized linear models and control theory.
Some optimality criteria (self-optimality and self-tuning) were proved for the

proposed control law.
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5.2 Further Research

In this chapter we discuss some further problems for study that follow from this
dissertation.

An essential feature of every model building procedure is the assessment of
its validity. Our goodness of fit tests (Section 2.7) are not the only ones that can
be used. The area of regression diagnostics for categorical time series models
has not been developed fully yet.

Estimation of parameters in the random coefficients model (Section 3.5) is
another area that deserves special attention. We conjecture that the Gibbs
sampler (see [29]) is a promising way to estimate parameters and predict the
random effects.

The recursive algorithm (4.22) for updating the estimators is a promising
way to obtain strongly consistent estimators for time series models based on
generalized linear models. It can be easily generalized in the case of the canonical
link ([36]). Furthermore this thesis did not address the statistical properties of
the algorithm. This can be a very promising area of research. In addition,
we believe that these recursions can be extended to the case of arbitrary link as
well, under some assumptions. The modification of this algorithm to a stochastic
approximation with the help of a logistic regression model gave us an opportunity
to link the area of control and the area of generalized linear models. Further
research needs to be done on this topic. Especially proof, of self-optimality
and self-tuning for an adaptive control law that tracks the probabilities along a
specified trajectory is of interest (see the discussion at the end of Section 4.8).
Applications of this theory is certainly of importance. If we generalize it, say,

to the case of a categorical time series with three categories, then a possible
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application will be in the area of quality control. In other words, one would like

to control the observed process within some limits (see [17]).
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Appendix A

The TOGA/COARE Data

Radar rainfall measurements over the western Pacific warm pool were collected
by two shipboard Doppler radars as part of the Tropical Oceans Global Atmo-
sphere (TOGA) Coupled Ocean Atmosphere Response Experiment (COARE)
during the Intensive Observing Period (IOP), November 1992— February 1993.
The MIT and TOGA radars were carried by the Research Vessel (R/V) John V.
Vickers (U.S.A.) and R/V Xiang Yang-Hong #b5 (People’s Republic of China)
in a series of three cruises during which the ships maintained station with the
Intensive Flux Array (IFA) near 2°S, 156°E. Merged and single radar rainfields
having a spatial resolution of 2 km x 2 km and a temporal resolution of 10
minutes were produced from these observations. In order to obtain a constant
sized averaging domain under a wide variety of meteorological conditions, the
gridded rainfall data used in this study are from the MIT radar, covering a circle
of diameter 290 km, during Cruise 3, January 29 to February 23, 1993. For more
details see [89).
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