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1. Introduction and preliminaries

The concept of structured stngular value was recently introduced by Doyle [1] as
a tool for the analysis and synthesis of feedback systems with structured uncertain-
ties. It was found later to be a key to the design of control systems under joint
robustness and performance specifications and to very nicely complement the H™®
approach to control system design [2]. In this paper, it is shown that the structured
singular value can be obtained as the solution of several smooth optimization prob-
lems. Properties of these optimization problems are exhibited, leading to fast algo-

rithms for their solution.

Throughout the paper, given any square complex matrix M, we denote by p(M)
its spectrum radius, by (M) its largest singular value and by MY s complex con-

H

jugate transpose. Given any complex vector z, z© indicates its complex conjugate

transpose and ||z || its Euclidean norm. For any positive integer k, we denote by

O, the k Xk matrix whose entries are all zero and by I, the k Xk identity matrix.

We also make use of the following notation and nomenclature, largely inspired from

that used in [1]. We call block-structure of size m any m-tuple k — (kg v v k)

of positive integers. (Note that, in the terminology of [1], this corresponds to struc-

tures with no repeated blocks.) Given a block-structure k of size m, we make use of

the projection matrices

P,' = dlag (Okl’ s 'Oh_l’Ik,'Ok‘.H’ e ’Ok ), (11)

m

of the family of diagonal matrices



d = {diag(d Jy, - dnl )| & € (0,00)} ; (1.2)

of the family of block unitary matrices

U = {diag(U,, - - - ,Uy,) | U;is a k; X k; unitary matrix} ; (1.3)
and, for any positive scalar § (possibly oo), of the family of block diagonal matrices

X5 = {diag(a,, - - - ,A,) | A; is a k; Xk; complex matrix satisfying 5(A;)<6} .

(1.4)

All of the above have dimension n Xn, where
n= k. (1.5)

Definition 1.1.
The structured singular value p(M) of a complex n X n matrix M with respect
to block-structure k is the positive number u having the property that
det(/+M A)5%0 for all A € X (1.6)
if, and only if,
bp < 1. 1.7

In other words, u(M) is O if there is no A in X, such that det (/+M A)=0, and

( min {&(4a) | det(/+M A)=0 })™ otherwise.
A€X,

It should be emphasized that P;, d U, X4 and p(M) all depend on the underlying

block-structure. In most instances however, we will not explicitly specify this block-



structure.

We will make repeated use of the following easily derived fact [1].

Fact 1.0. Forall U € U,

wWM) = p(MU) = w(UM)

and, forall D € d

p(M) = p(DMD )

In order to evaluate the structured singular value, more manageable expressions
than those provided in Definition 1.1 are desirable. Such expressions are provided by
the following facts [1].

Fact 1.1

p(M) = max p(MU) = max p(UM),

(1.8)
vel vell
Fact 1.2. For block-structures of size less than 4,
M)= inf 3(DMD™).
r(M) ( ) (1.9)
ped

In fact, in many (but not all) cases, (1.9) is correct with block-structures of larger

size.



Using (1.8) to compute the structured singular value is discarded in [1] because
the optimization problem it involves generally has non-global maxima. The function
to be minimized in (1.9) is convex [3] and thus all stationary points are global
minima. Algorithms are available for solving this problem and this yields a reliable
way of computing p for block-structures of size less than 4. However such algo-
rithms are iterative in nature, thus requiring a large number of function evaluations,
each of which involves a CPU demanding singular value decomposition. Finally,
both (1.8) and (1.9) pertain to non-differentiable optimization, and such problems are

inherently ‘hard’ to solve.

In view of the above, there is need for a fast, reliable method for computing u
for any block-structure. The results presented in this paper represent a significant
step in that direction. In Section 2, we show that u(M ) can be obtained as the solu-
tion of several smooth optimization problem which do not involve any eigenvalue or
singular value computation. These results are used in Section 3 to show that, for the
purpose of computing g, any matrix can be reduced, together with the given block-
structure, in such a way that no block of the reduced structure has size larger than
the rank of the original matrix. A particular simple expression is then obtained for
the structured singular value of a matrix of rank one. In Section 4, the solutions of
various optimization problems are related to each other, leading to a fast algorithm
for computing p. Numerical experiments are presented in Section 5. To avoid any
loss of continuity, most proofs are given in appendix. Appendices A, B, C, and D

contain proofs of results stated in Sections 2, 3, 4, and 5 respectively.



2. Several smooth optimization problems

Our first theorem gives several new expressions for the structured singular

value.

Theorem 2.1. The following two relations hold (and, in both, the ‘max’ is

achieved):

HM) = max {1IMz || | [I1Piz|[|IMz || = ||P;Mz ||, i=1, - .m } (g1
and

M) = max { Mz || | [1Piz [[|IMz || < [|PiMz ||, i=1, - .m } (59

Furthermore, both equalities are preserved if the maximization is restricted to the

unit sphere {z € C" | ||z || =1} orto theunit ball {z € C" | ||z || < 1}.

Problem (2.1) will be referred to below as P (M) and problem (2.2) as D' (M). The
following corollary will lead, in Section 4, to a simple test of global optimality of a
candidate solution for (2.1) or (2.2).
Corollary 2.1. If D € d and if z € C" satisfies the constraints in (2.2) then

[IMz || < (M) < 5(DMD™) (2.3)

In particular, if ||Mz || = 5(DMD™), then both sides are equal to u(M) and z

solves (2.1) and (2.2).

Remark 2.1. The maximizer in (2.1) and (2.2) is clearly non-unique, for if z* is

such a maximizer, 0z * is also one, for any complex number 8 of unit magnitude.



A major difference between expressions (1.8) and (1.9) on the one hand, and
(2.1) and (2.2) on the other hand, is that the objective and constraints appearing in
the latter are inexpensive to compute and that, after squaring all the norms, objec-
tive and constraints in the latter are smooth. However, it is not clear whether the
global maximum in these optimization problems can easily be obtained. A first step

towards answering this question is taken in the next section.

3. Block-structure reduction. Matrices of rank one

Given a complex matrix M and a block-structure IC, the algorithm below con-

structs a reduced matrix M of same rank as M, and a corresponding reduced block-

structure ]C in which no block size is larger than the rank of M. Proposition 3.1
then asserts that the structured singular value is invariant under such transforma-

tion.
Algorithm 3.1
Data.
M e orxn k = (ky - k)

Step 1.
Perform a singular value decomposition of M. Let r=rank(M). For

t=1, -+ - ,m, let U; and V; be k; X r matrices such that

- - r -

U, Vi

and




consist respectively of the first r left and right singular vectors of M. Thus

one has

- - - “H

U, V,

M = =

Un Vi

L o - -
for some positive definite diagonal matrix S=diag(oy, * - * ,0,).

Step 2.

Obtain WU=diag(WU, < ,W,,l,j) and WV=diag(WV, - ,W,X), both in U,
such that, for i=1, - -,m, WU, and WYV, have respectively their
U V- . . U \4
(k; = r;°) and (k; ~—r;") last rows identically zero, where r,” and r;" are the

ranks of U; and V; respectively.
Step 3.
For i1=1, - - - ,m, let
k;

; = max (r,-U,r,-V)

and let U; and V; be k; Xr matrices consisting of the first k; rows of wlu;

and W,-VV,- respectively. Let

Let



It should be noted that the WY and WV matrices are not unique. Thus we

will refer to M merely as ‘a’ reduced matrix corresponding to M .
Proposition 3.1.
p(M) = B(M)
where @ indicates the structured singular value with respect to block-structure

k, and M and k are constructed by Algorithm 3.1.

Proposition 3.2 and Theorem 3.1 give analytical expressions in the case of rank

one matrices.

Proposition 3.2. Suppose that M=uvT where u, v € R" are in the nonnega-
tive orthant and suppose that the given block-structure is k=(1, +++,1). Then
pM)=uTv.

Theorem 3.1. Suppose that matrix M has rank one, ie, M = uwf for some

u,v €EC". Let 7, ¥ € R™ be defiped as

2|

[
|
°
®
3

<

I
o
=
2
3

where
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Then

Proof. 1t is easily checked that, for the given M, there is a reduced matrix M, con-
structed by Algorithm 3.1, given by

M=uvT

and the reduced block-structure is given by

%:(1,-~,1).

The result then follows directly from Propositions 3.1 and 3.2.

4. Properties of various optimization problems

Suppose that z € C" is a global maximizer for (2.1). Then, from Theorem
2.1, it also solves (2.2). Consider problem (2.2) as an optimization problem in IR?*".

Rezx

Imx] € IR?", the constraints on z in (2.2) can be written as

With z = [

0 (z) 2 ||Piz |?|IMz |2 - ||PiMz|P<0, i=1,-"",m.

If the Kuhn-Tucker constraint qualification holds at 2, the Kuhn-Tucker first order
conditions of optimality for problem (2.2) must be satisfied. This leads to the follow-

ing definition and proposition.

Definition 4.1. We call regular point for (2.1) and z € C" for which the
corresponding z € IR®*" is such that {g;(z),i=1, - - ,m } forms a set of vectors

that are linearly independent over the field of real numbers.
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Proposition 4.1. Suppose z € C" is a regular point and a local maximizer for
(2.1). Then there exists a unique m-tuple of real numbers X\,, - * * ,\,,,, such that the

following relations hold:

m
MAIMz + SINMEP Mz - ||Pjz ||PME Mz - || Mz ||?P;2) =0 (4.1)

i=1
A; 20, 5=1, - ,m (4.2)

PiMz || - [Pz ||[IMz || 20, i=1,---.m (4.3)

The \;’s are called multipliers associated with z.

We are now ready to state the main result of this section, exhibiting relationships
between the arguments solving various optimization problems encountered so far for

the computation of the structured singular value.

Theorem 4.1. Consider the following three optimization problems (Theorem 2.1,

Fact 1.2, Fact 1.1):

max { 1Mz || | 1Pz ] 1M || = 1P L i=1 - m ) ey
. = -1
inf o(DMD™) P2)
ped
max p(MU) (P3)
vel

and suppose that (i) z* is such that the only global solutions to (P1) are of the form

0z *, with @ a complex number of unit magnitude, and z* is a regular points for
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(P1), (ii) there exists a D € d such that p(M) = 5(DMD ™), i.e., the max in (P2) is

achieved and (1.8) holds. Under these assumptions, the following results hold:

(a)

(b)

(c)

(d)

Suppose that D' e d solves (P2), then there exists a right singular vector
corresponding to the largest singular value of D *MD * say y", such that
r = (D '—ly')/HD Tyt || solves (P1).

Let \* = [N\," - - - A+]7 be the (unique) multiplier vector associated with z *.
Then D 4 diag{)\,-*llzlk‘} belongs to d and, up to scalar multiplication, it is
the only solution to (P2).

For 1=1, '+ ,m, let Q; be a k; Xn matrix consisting of all rows of P; from
i-1 §

S k;j+1 to Y k;, ie, @ is the ith block-row of FP;. Let
=1 i=1

U=diag(U, - - -,Up,), where, for i=1, - - - ,m, U; is a k; Xk; matrix satisfy-
ing

U = V; W

where V; and W; are both square and unitary and, if Qiz'%o, have respec-

@z d Q; Mz
an
|1Qiz || |1Q: Mz ||

tively as their first column. Then U solves (P3).

Suppose that U* € U solves (P3), then for any unit norm eigenvector z of
MU?* corresponding to an eigenvalue of magnitude equal to the spectral radius,

.z = U" 2z solves (P1).
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Suppose now that the assumptions of Theorem 4.1 are satisfled. Suppose one
has obtained a candidate z* (resp. U"), possibly solving (P1) (resp. (P3)), but that
one is not sure whether or not u(M) has been achieved, i.e., whether or not z* (resp.
U*) is a global maximizer. Then Theorem 4.1 (together with Corollary 2.1) provides
(i) an infallible test determining whether or not u(M ) has been achieved and (ii) in
case the answer is negative, an initial guess D for problem (P3). In case (1.9) (or any
of the assumptions in Theorem 4.1) does not hold, this test still provides a sufficient
condition and an initial guess D for (P3) in case of failurel. Thus a reasonable
approach to computing u(M) would be as follows. First solve (P1) using a local
optimization algorithm. This will be very fast since problem (P1) is smooth and the
objective and constraints inexpensive to evaluate. Second, check for global optimal-
ity as just suggested. It is hoped that, with an appropriately selected initial guess
for (P1), the outcome of this test will in most cases be positive. Third, if necessary,

solve problem (P2) starting from the initial guess provided by Theorem 4.1.

5. Complexity considerations and computational experiments

In view of the solution scheme just sketched out, the purpose of these experi-
ments is twofold. First, we want to assess how often it may be necessary to resort to
the third phase (solving (P2)). Obviously this test will be fair only if one makes sure
that (1.9) always holds; this question is addressed in Algorithm 5.1 and Proposition

5.1 below. Second, in case of success in the first phase, we want to compare the

computation time necessary for solving (P1) and (P2) respectively?.

! However, unless (1.9) 1s known to hold, one cannot be sure that [J(M) has been computed correctly.

2 (Pa) was not tested since It does not seem to have any clear advantage over (P1) or (P2).
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Experiments were performed on two types of problems. Examples 1 through 3
below have to do with computation of the structured singular value for a number of
independently randomly generated matrices for which (1.9) holds. These matrices

were generated using the following algorithm.

Algorithm 5.1

Step 1.
Arbitrarily generate u,v, €C" such that, for i=1, ' ,m,
[1Piuyl[=[IP;vy|} and |lu,||=[|v,||=1.

Step 2.

Arbitrarily generate U,V , unitary, with respectively 4, and v, as first columns.

Step 8.

Arbitrarily generate X=diag(1,0,, - - - ,0p, ) Where, for 1 =2, - - - ;m, 0; € [0,1].
Step 4.

Arbitrarily generate D € d Let M=D'UsVHED .

Proposition 5.1. A matrix M has the property that, for some D € d,
wWM)=5(DMD™) =1

if, and only if, M can be generated by Algorithm 5.1

Clearly there is no loss of generality in only considering matrices with structured
singular value equal to unity. To best simulate the chronic ill-conditioning of

matrices arising from real-world applications, entries of the various matrices used in
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Algorithm 5.1 were generated according to a logarithmic distribution, with both real
part and imaginary part lying between 107 and 10° in absolute value. One hundred
matrices were generated for each one of the first three examples. The dimension of
these matrices (resp. 10, 10 and 20) and the size (number of blocks) of the block-
structure (resp. 3, 5 and 2) were kept constant throughout each example, while the

sizes of the various blocks were randomly generated.

In each one of examples 4 through 8, the structured singular value was com-
puted over a range of frequencies for a fixed rational transfer function matrix.
Coeflicients in the entries of the latter matrices were also randomly generated. Each
one of these examples correspond to one such transfer function matrix. All the
matrices have dimension 6. Block-structures are (2,2,2) for examples 4 through 7 and
(1,1,1,1,1,1) for example 8. Frequency ranges from 1 to 100, with 50 points per

decade.

Problem (P2) was solved using an algorithm due to one of the authors [4], to
our knowledge the best algorithm currently available for this problem. Locally
around the solution, the algorithm performs Newton iterations. Problem (P1) was
solved using an algorithm combining Harwell routine VF02AD [5], based on a
successive-quadratic-programming type algorithm due to Powell [6], and a Newton
iteration on both primal and dual variables. Again the latter was used in the neigh-

borhood of a solution.

When solving (P2), computation was terminated when the objective value was
within 107 (relative distance) of the exact structured singular value (which is 1 for

examples 1 through 3 and was precomputed for examples 4 through 8). In solving
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(P1), it was further required that constraint violations be less than 10~ As initial
guess for problem (P1) we used an unconstrained maximizer, i.e., a right singular
vector corresponding to the largest singular value. The corresponding value of D, as
provided by Theorem 4.1, was used as initial guess for (P2). In examples 4 through
8, this initial guess was used only for the first frequency in the given frequency range.
The solution obtained at any given frequency was then used as initial guess at the
next frequency. All the experiments were performed on a Pyramid 90X machine,

running UNIX 4.2 bsd, using double precision complex arithmetic.

The results are shown in Tables 5.1 through 5.4. In all cases, T, indicates the
central processor time used in solving (P1), and similarly with T, for (P2). Dashes
in the T, column indicate that the global maximizer was not achieved. In each of
the first three examples (Tables 5.1 through 5.3), the number of such ‘failures’ is of
the order of 1095. This is relatively low in view of the fact that, due to the loga-
rithmic distribution of entries, some matrices are severely ill-conditioned, making it
likely that our initial guess be away from the global maximizer. The damage caused
by such failures is in any case limited since they can be detected and since one can
then switch to phase 3 of our scheme (see end of Section 4), i.e., solve (P2) with an
‘educated’ initial guess. Concerning computational speed, Tables 5.1-5.3 show that
(P1) often has a dramatic advantage over (P2), while (P2) is slightly faster than (P1)
in about 109 of the cases. On the average, the superiority of (P1) is significant.
Examples 4 through 8, which are representative of problems arising in the context of
control system design, demonstrate the full power of the new approach. There, typi-

cal speedup of (P1) compared to (P2) is of one full order of magnitude.
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Appendix A.

Proof of Theorem 2.1. Let

pM) 2 sup,_ { Mz || | [I1Ps= |||IMz || = [||P; Mz ||, i=1,---,m }a)
z
If z is feasible for (A.1), then

Hz |P]IMz || = S [IPia [P[IMz | P = 5 ||PiMz [P = |IMz ||° (a2)

i=1 i=1

ie,, ||z ||=1 or ||Mz ||=0. Clearly, the optimal objective value will not change if
one restricts z to lie on the unit sphere. Since the resulting constraint set is com-

pact, (A.1) can be written as

M) = max {[IMz || | 1Pz [||IMz || = |IPiMz [ i=1 - om Y ag)

or, equivalently, as
wM) = max { Mz || | HPiz|||IMz || = [|PiMz ||, ¢=1, - m, ||z ||=1}
z

(A.4)
Similarly, u(M) defined as

p(M) = sup, {{IMz || | [IPiz |[|IMz || < JIPiMz ||, i=1, - -~ ,m }(4 5)
z

can be written as



18
M) = max, { UMz ||| 1Pz [1}IMz || < JIPiMz ||, =1, - - - .m } (a6)
or as

WM) = max { Mz || | "Piz|[[IMz || < [IPiMz |}, i=1,- - ,m ||z ||€4h

Obviously ﬂ(M)Z;L(M). To complete the proof of Theorem 2.1, we now show that
wM) 2 p(M) 2> p(M) . (A.8)

First, since every eigenvector of M with unit norm satisfies the constraints in (2.1),

we have
(M) > p(M) . (A-9)
Second, forany U € U, P;U = UP; and ifv € C", ||Uv || = ||v ||. Thus
;‘(M)=z“€‘a§, { UMz || | [|Piz ||[||UMz || = ||P; UMz ||, i=1, - -, m }
= w(UM) . (A.10)

From (A.9) and (A.10) we conclude that, for any Ueu,
;l(M) = ;t( UM) 2 p(UM). In view of Fact 1.1, this implies
p(M) > max p(UM) = p(M)

vel

and the first inequality in (A.8) is proven. In order to prove the second inequality in

(A.11)

(A.8), suppose that " solve (A.6), thus u(M) = ||Mz*||. If u(M) == 0, the claim
obviously holds. Thus suppose that (M) > 0. Since z* is feasible for (A.6), for
t=1, - - - ,m, there exists a k; X k; matrix R;, with ||R; || < 1, such that

R, P;Mz* — - py(M)P;z" (A.12)
Hence R = diag (R;) € X, satisfles
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RMz* — — uy(M)z* (A.13)
or
(I+p(M)'RM)z* =0 (A.14)
which implies
det [+MA)=det [+AM)=0 (A.15)
with
A =puM)YR € Xy (A.16)

which, from Deflnition 1, implies

p(M) < p(M) (A.17)

which proves the second inequality in (A.8). This completes the proof of Theorem

2.1

Appendix B.

Proof of Proposition 8.1

By Fact 1.0, it is clear that
p(M) = p(M,)

Suppose z is feasible for p’ (M,), and without loss of generality, suppose that

||z || = 1. Define

P,~ = diag (OEI, SR ,Ok"_l,fk—',o[ , ,Ogm);

t+1
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El
f2
7 =
Lfm
i-1 i-1 —
where, for 1=1, - - - ,m, Z; consists of the entries 33 k; +1to > k; +k; of z.
i=1 j=1
Then,
[IMyz || = ||Mz || (B.1)
and, for 1=1, - - - ,m,
[1PiMyz || = ||P; Mz ||
and
[IPiz || > |IP7 ||
Therefore,

WPz || [IMzZ || < [|Piz]|] [IMyz]]
< [IPiMz ||

= ||P: Mz ||
Hence T is feasible for D' (M) (see Theorem 2.1) and in view of (B.1),

E(M) > u(M)y)

where g indicates the structured singular value with respect to block-structure

k =E, - E).

t'm

To prove p(M,) > H(M), suppose T is feasible for D' (M). Again, without loss of

generality, suppose that ||Z ||=1. Let
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Z,
Z2
I =
Im
where z; is a k;-vector given by
Z;
0
r; —
0
Then
[|Mz || = ||M,= ] (B.2)
and, for 1=1, - - - ,m,
[|P; Mz || = ||P; M,z ||
and
PZ || = ||P;z ||
Therefore,
Pz || [IMyz || = ||P; M,z ||

So, z is feasible for P’ (M) and in view of (B.2),

p(M,) 2 I_‘(M)

which completes the proof.
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Proof of Proposition 8.2

Let # 2 uTvy. From Definition 1.1, it is clear that p(M) > B since, if S50

andAziI,

B

det (I +M A) = det ([ -u vT—;—I)zl— 5 =0

and A€X,. On the other hand, according to (1.8), there is a
]

U 2 diag{y; | vy, €C,|y; |=1,1i=1, - ,m }such that
(M) = p(MU)

Therefore there exists a complex number ¢ with unit magnitude such that

6
det (I + MU)=o0
(M)
Since
det (I+—0—MU) = det (1 + 9 vT Un),
(M) n(M)

this implies that

lvT Uu | = M) .

Since, in view of the structure of U,
B> |vTUu|,

the proof is complete.
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Appendix C.

Proof of Proposition 4.1

Define

o= (M|

and, for 1=1, - - - ,m,
g = |IPiz|PP|IMz ||* - ||P; Mz |]?

Let us write M and z in terms of their real and imaginary parts, respectively as

M =M, + jM; and 2 = 2, + jz;. Define

Ir
2 = (C1)
Z;

Suppose that z is a local maximizer for problem (2.2), or equivalently that z, defined

in (C.1), is a local maximizer for problem

max f
z € R* (C.2)

subject to
g; <0, 1=1,---,m

where f and the g;’s are now viewed as defined on IR*" . Since z is a regular point

for (2.1), there is a unique m -tuple of real numbers X, - - - ,\,,, such that

v.f(z) - g)*.‘vzg.'(z)=0, (C.3)

$=1

Since
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o= |IMz ||P = [[(M, + jM; )z, + jz;)||?
= |[|M,z, - MiziH2 + |IMyz, - Jwr-'”i”2

Mr z, - AJ, x;
2
- ‘ |M I, - Mr Z; | ‘

Mr _Mi
= || M, M z|[*,
M, -M; T [M, -M,
Vel =2m oM | Mom |

Re(MH¥ Mz)
= limME MY}

we have

A similar manipulation yields

Re(||P;z |[°M¥ Mz +||Mz ||*P;z - M¥ P; Mz)

Vedi = 2 im(||Pix |[PMY Mz +| Mz ||PPiz - ME P My | 0™

Therefore, (C.3) is equivalent to (4.1).

In order to prove Theorem 4.1, we need the following lemma.

Lemma C.1. Suppose z and y, both of unit norm, are related by

y = Dz

for some D € d Then z is feasible for P (M) if and only if y is feasible for
P (DMD™), in which case

||Mz || = [IDMDy || .

Furthermore, z solves P (M) if, and only if, y solves P (DMD -,
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Proof. Suppose z is feasible for D (M) and let D =diag(d;[) € d. since
P; D = d; P;, feasibility of z for P (M) implies

||P; Dz ||||IMz || = ||PiDMz || i=1, - - ,m (C.4)

which implies, since ||Dz ||=1,

[|Mz || = ||DMz }| . (C.5)
(C.4) and (C.5) then yield

1P Dz ||[IDMz || = ||P;DMz || i=1, - .m

or, since y = Dz,

Py H[IDMDy || = [|[P;DMDy || i=1,---,m .
Thus y is feasible for P (DMD ™). Since z = D'y, with D' € d, the argument is
reversible. Thus the first claim is proven. The second claim follows from the fact

that (C.5) implies

[IMz || = |IDMDy ||

This completes the proof of Lemma C.1.

Proof of Theorem 4.1. Suppose that D* = diag{d"]k'} c d solves (P2), i.e., from

Fact 1.0,
pM)=pD*"MD*)=35D*"MD"") (C.6)
Then, clearly, there exists a top right singular vector of D * MD *7 say y*, such that

y* solves P (D*MD *"). Lemma C.1 then implies that z = (D *"y*)/||D* v" ||
solves (P1). Thus (a) holds. Moreover, from our uniqueness assumption, z =0z * for

some complex 8 of unit magnitude. Furthermore, from (C.6), such y* must satisfy
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D**MAD*D*MD*?y* =&D MD* )y = pM)y* = ||M@)|]%y"

Since, for some scalar s, y *=sD* x, this implies

MY DMz = ||Mz ||°D *’x (C.7)
Define

Bi = ad” di=1,---,m (C.8)

m m
where o is chosen such that ) 8;||P;z||*=1. Since aD*?=3%)4;P;, (C.7)

=1 i=1

becomes

DB MI P, Mz - ||Mz||?Piz) =0

i=1

or equivalently,

m
MEMz + S 8;(MHP; Mz — ||Mz |°P;z - ||P;z ||°"MIMz) =0

=1

and since z =0z * with |8 |=1,

MEM:* + B MEP,Mz* — ||Mz? |PP;z* - ||Piz* ||PMEMz?*) =0

i=1

From Proposition 4.1, §; = X\; for 1=1, - - - ,m and together with (C.8) this implies
that (b) holds true. To prove (c), first note that for any v € C" and 1=1, - - - ,m,

[|P; v || = ||@:v || Also note that assumption (i) implies that ||Mz * ||5£0. Since
PiMz® || = [IMz" || ||[Piz®}] i=1--".m

P, Mz * || is nonzero whenever ||P;z* || is. Thus for any { such that ||P;z ||5£0,
3 )

we can write, since ||Mz * ||=p(M),
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[P Mz " || .
NZE

*

U QiMz* —

= pM)Q;z*

When ||P; z ||=0, the last relationship holds trivially. Filling identically zero rows,

one gets

U,'P,'MI'=[t(M)P,'I‘ . (Cg)

Since U; and P; commute, one obtains, after summing (C.8) over all values of i,

UMz* = p(M)z* .
Thus

p(UM) 2> p(M)
which implies that U solves (P3) and this proves (c). Suppose now that U* € U

solves (P3). Let z* be any unit norm eigenvector of MU * corresponding to an eigen-

value of magnitude equal to the spectral radius, i.e.,
MU*z2* = 6u(M)z"
where § is some complex number such that |§|=1. Lettingz = U*z*, we get
Mz = 0uM))U*" 2
which implies
HPiMz || = p(M)||Piz || i=L---,m

whence

" 1/2
[IMz || = [E HP; Mz ||2}

§=1
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i=1

m 1/2
= [Eﬂz(M)llesz]

= u(M)

i.e. z solves (P1). Thus (d) holds. The proof of Theorem 4.1 is now complete.

Appendix D

Consider the following algorithm, to be compared with Algorithm 5.1 (steps

have been numbered correspondingly).

Algorithm D. 1

Step 1.a.
Arbitrarily generate M,, a complex n Xn matrix. Obtain its singular value

decomposition

M, = UE{/H = [u, - - - u,]diag(oy, * - ou) v, v, )

If there are several identical largest singular values, arbitrarily pick one of the
corresponding right singular vector as ;)1 (and similarly for u, in a consistent
manner). If there exists a j such that ||Pj;11||=0 but ||P;u,]||50, discard
M1 and restart Step 1.a. [This gives an equivalent singular value decomposition
of M,]

Step 1.b.
Let

m -
v, = Y a;Fv,,
1=1



29

where
HP;uy N
ap = ==t i |[Pyvy | [0
' HP,-vxll ol
=1 otherwise
[Thus ||u,||=]|v,||=1 and, for i=1, - - - \m, [|P;u,||=||P;v,]] ]
Step 2.

Arbitrarily generate a unitary matrix V with v, as first column.

Step 8.

Set
i .
¥ = diag(~—) ifo, 50
0

O, otherwise
Step 4.

Arbitrarily generate D € d Let

M =DWzVHpD

Proof of Proposition 5.1. First, it is clear that any matrix generated by Algorithm
D.1 can be generated by Algorithm 5.1. We now show that (i) any matrix M gen-
erated by Algorithm 5.1 satisfies condition (1.9) and (ii) any matrix M satisfying
condition (1.8) can be generated by Algorithm D.1. Since any matrix M generated
by Algorithm D.1 can be generated by Algorithm 5.1, this will prove the proposition.

Suppose that M is generated by Algorithm 5.1. Then
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w(M) < GDMD™) =5 UsVH)=1

Now, since
U=V v | = |[|u,||=1,
we have, for 1=1, - - - ,m,
NP USVE o |l = [IPiuyl| = [IPivy|| = IUSVH v ||| |P;v,]] -

Thus v, is feasible for P (UL V#) and hence

pUsVE) > [[UsVH v || =1.

Since USVE —DMD ' with D € d,

pM) = p(UsVH)

This proves (i). Suppose now that u(M)=&(D M D 1)=1, for some 5 € d let
M,=DMD™. Then p(M,)=&(M ,)=1. Suppose that M, is generated in Step 1.a
of Algorithm D.1. Since u(M,)=6(M,), there is a right singular vector ;;1
corresponding to the singular value 1 such that

[Piuy|| = [[P;Myv || = ||Pyv || |IM v, ][ = ||P;v,]].

Suppose that v; = v,;. Then M, will not be discarded in Step 1.a. Suppose that
the columns of U and V are respectively left and right singular vectors of M ,.

Then, if Step 4 generates D, the resulting matrix M will be, since o,=1,

M =D'UsV¥D =D'M,D =M .

This proves (ii). The proof of Proposition 5.1 is now complete.
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n =10, m =3,

k=(k1,k2,k3); k,, ko, and k, randomly generated.

For all matrices M, p(M)=1.

Example 1
No. Ti T2 [[No. T1 T2 [[No. TI T2 [[Noo. T T2 ||No. TI T2
1 32.65 76.03 21 33.86 28.01 41 26.06 25.10 el 42.35 100.5 81 83.28 86.68
2 25.60 840.0 22 22.46 750.4 42 4.600 820.4 82 82.18 186.7 82 24.08 608.1
38 24.63 207.9 23 ——— 71.56 43 21.81 31.28 63 — 462.1 83 60.18 286.63
4 48.01 20.88 24 83.78 121.1 44 44.10 110.8 64 6.333 818.0 B84 28.56 585.56
1) ——— 22.66 25 82.71 108.1 45 23.38 841.7 65 — 110.9 85 27.08 728.0
] 65.950 B862.3 26 —— 713.8 46 5.433 10.560 (.1} 20.63 22.83 8o 30.45 481.4
7 30.86 427.8 27 20.43 856.45 47 65.350 655.6 o7 30.31 168.0 87 25.21 27.63
8 5.518 18.83 28 4.816 700.0 48 5.400 177.6 68 381.31 28.38 88 82.98 66.73
9 18.26 31.48 20 40.80 27.68 40 22.08 571.8 60 22.06 178.3 80 206.05 21.76
10 39.10 23.80 80 23.26 748.7 &0 — 108.1 70 85.38 64.78 90 85.16 812.4
n 26.76 163.4 31 0.006 908.4 51 45.18 121.9 71 —_— 520.9 91 34.18 111.7
12 —— 212.56 32 &.900 404.0 62 19.90 255.6 72 — 35.18 02 28.48 81.06
13 21.68 134.8 33 4.800 817.8 &3 29.76 20.01 73 5.400 136.4 93 21.81 862.4
14 ——— 40.51 84 5.633 80.18 54 22.51 870.2 74 4.183 120.6 13 80.20 1060.1
15 65.883 88.03 35 28.20 4063.1 65 26.16 881.6 76 20.08 174.0 /13 32.16 21.01
18 24.01 782.7 8s 26.43 304.8 56 27.7¢ 7900.4 76 5.3338 24.01 08 23.18 873.8
17 ——— 25.83 87 80.00 88.96 &7 75.78 38.41 77 ——— 0605.4 o7 24.61 8063.9
18 ——— 19.80 88 25.70 478.4 58 48.20 53.26 78 20.18 855.0 o8 25.18 181.0
19 24.55 538.5 80 ——— 190.7 &9 6.283 786.8 79 26.30 790.6 1] 32.38 75.50
20 31.85 33.51 40 20.90 350.9 60 b5.810 750.9 80 6.033 670.4 100 - 127.6
Table 5.1




Example 2

n=10; m =35;

k=(kl,k2,k3,k4,k5); ky ko kg k, and kg randomly generated.
For all matrices M, u(M )=1.

No. T1 T2 [|Ne. T T2 ||No. T T2 {[No. T1 Te {|No. T To
1 40.55 41.73 21 40.20 880.8 41 23.80 870.0 61 81.56 100.2 81 —_— 524.5
2 32.83 163.8 22 85.20 2104 42 ——— 103.3 82 42,61 200.1 82 30.18 592.6
3 27.80 50.868 23 28.70 $10.1 43 —— 23.01 83 ——— 42 08 83 118.8 53.38
4 48.38 b12.6 24 35.40 108.4 44 —— 158.3 64 74.25 82.98 B84 24.25 24.03
-3 20.80 286.1 26 37.88 271.0 45 —— 48.31 85 —— B0.78 85 86.08 477.6
] 70.00 94.00 26 36.38 1148. 40 8.250 095.0 1.} —— 078.8 86 33.25 879.1
7 53.60 217.8 27 25.80 281.0 47 31.43 242.7 67 82.60 959.0 87 31.06 746.9
8 ——— 368.98 28 42.45 33.08 48 36.68 1562.2 1] 44.28 943.1 88 36.01 24.21
'] 33.50 98.11 20 41.35 2565.4 49 33.48 250.2 09 43.40 236.3 80 50.256 445.8
10 7.018 40.563 30 —— 870.7 50 34.40 553.6 70 23.18 210.8 00 31.03 158.0
11 24.33 £84.2 81 23.51 78.01 81 42.03 213.0 71 81.58 108.4 91 83.93 187.4
12 43.28 173.6 382 3 %.1.] 382.6 52 02.18 438.60 72 56.01 171.6 92 87.93 255.0
18 82.48 150.8 383 62.10 146.4 53 34.65 488.9 78 45.40 38.93 83 390.81 1256.2
14 30.46 8068.8 84 9.208 808.4 54 29.00 254.8 74 33.81 1043, 04 8.783 871.2
16 41.68 420.9 35 50.05 6006.9 &6 76.08 40.70 76 390.80 216.8 1.3 67.00 B70.6
18 20.88 682.9 38 30.43 802.8 56 33.20 605.1 70 40.256 25.71 o0 28.60 621.0
17 30.68 20.70 37 — 587.4 87 28.48 20.26 7 90.83 167.4 97 45.83 48.35
18 28.10 244.4 38 113.4 637.0 58 24.86 1154. 78 — 546.2 o8 7.900 1017.
10 50.08 28.73 39 27.06 130.6 59 28.25 177.0 70 24.26 30.78 9 24.50 903.5
20 31.36 853.5 40 35.48 92.11 00 70.13 87.18 80 27.83 32.00 100 35.83 8143

Table 5.2



n =20; m =2;

k———(kl,kz); k, and k, randomly generated.
For all matrices M, u(M)=1.

Example 3
No. T1 T2 |[No. T1 T2 {|No. T1 T2 |[[No. T1 T2 |{No. T1 T2
1 192.8 2890.6 21 186.6 101.8 41 177.6 221.1 6l 160.3 211.1 81 110.7 180.2
2 20.40 123.3 22 142.8 108.8 42 20.80 108.9 62 123.1 1093. 82 215.4 170.1
8 182.6 106.0 23 130.7 163.¢ 43 260.5 184.8 638 — 261.8 83 —— 108.0
4 250.0 111.1 24 ——— 226.6 44 162.6 177.1 04 ——— 145.1 84 120.3 175.8
& 253.9 180.7 26 121.9 175.4 45 206.2 102.6 .13 125.7 71.238 85 132.2 102.0
o |2r01 2000 || 26 | 1267 1616 || 40 | 2547 2482 || 86 | 176.0 1748 || 86 | 2438 1887
7 195.2 1956.0 27 148.1 207.4 47 131.6 141.7 67 166.5 204.5 87 20.03 164.2
8 16.71 134.5 28 235.0 177.6 48 23.51 182.2 13 117.5 135.8 88 22.83 152.2
¢ 94.08 126.2 20 18.31 131.9 40 215.7 140.9 .3} 103.5 83.40 89 104.2 850.1
10 17.006 81.61 30 152.0 184.7 60 06.95 180.8 70 187.4 104.1 20 — 128.2
11 130.1 158.9 31 22.61 08.98 51 135.2 145.5 71 135.3 260.2 91 175.4 170.2
12 95.08 132.9 32 148.2 216.2 62 164.5 480.8 72 164.8 120.2 o2 128.1 168.7
18 121.0 180.3 83 168.2 146.1 53 124.5 140.2 73 125.5 171.9 93 —_— 185.5
14 -——— 178.1 34 —— 170.8 54 10.08 111.9 74 107.8 174.3 o4 23.33 172.4
16 130.3 122.4 36 98.21 1004. &6 18.66 118.5 76 1538.0 283.0 o5 —— 101.0
10 140.8 283.6 36 112.8 1268, &0 10.20 188.2 76 134.3 196.0 o6 16.33 112.2
17 18.186 130.4 87 124.0 124.0 57 214.0 340.4 77 120.0 188.2 97 16.63 1563.4
18 251.0 224.2 38 214.2 310.¢ 68 173.8 187.3 78 18.41 106.0 8 20.856 141.7
19 —— 150.7 39 180.1 208.¢6 690 185.5 276.1 7 94.08 820.2 o9 183.4 182.1
20 184.9 188.56 40 117.8 154.5 00 136.8 110.4 B8C 278.0 217.7 100 135.7 182.0
Table 5.3



