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Abstract

Using homogenization theory we treat the problem of controlled
diffusions in a random medium with rapidly varying composition.
This involves homogenization of a nonlinear Bellman dynamic pro-
gramming equation with rapidly varying random coefficients. The
appropriate “averaged form” of this equation is derived to define the

limiting control problem; and a precise convergence result is given.
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CONTROLLED DIFFUSIONS IN A RANDOM MEDIUM

A. BENSOUSSAN? and G. BLANKENSHIP3

Introduction

Classical homogenization theory deals with the limit of solutions of el-

liptic problems of the form

3 du _
o (a;,-(f)ég—) =fin0, ufp=0 (1)

€
as € — 0, where O is a bounded (smooth) domain of R", whose boundary

J

is denoted by T'. In (1) a;;(y) is a periodic function of all components,
with period 1. For details, see among other works, A. BENSOUSSAN, J.L.
LIONS, and G. PAPANICOLAOU [2].

In treating the control of diffusion processes with highly oscillatory co-

efficients, one is led to Bellman equations which are of the form

a z, du® z C e
~ 3 (aij('g)axj) = H(:c,?,Du ,uf) in O (2)
uelr = 0.

On the right hand side of (2) H represents the Hamiltonian function. It

is a nonlinear operator which has in general quadratic growth in Du¢. In
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A. BENSOUSSAN, L. BOCCARDO, F. MURAT [1] the limit of the solu-
tion of equations of the type (2) was studied for quite general H having
quadratic growth. The limiting solution of (2) as ¢ — 0, satisfies a limit
equation which is also a Bellman equation that “averages” the original
control problem.

Periodic functions are a particular case of stationary processes a;;(y,w).
It makes sense to consider such a generalization to model materials with

characteristics which oscillate rapidly but randomly. On a probability space

(2, A, P) the analogue of (1) in this case is

0 r [ Ouf
- —laj(=,w =fin0, uflr=0 3
2 (i) ! ®

Note that u¢(z,w) is a random field. The homogenization theory for equa-

tions of the type (3) was first treated by JURINSKII [4] and KOZLOV [5].
The most complete treatment is that of G.C. PAPANICOLAOU and S.R.S.
VARADHAN ([7]. In this paper we consider the Bellman equation related
to (3) namely

o z Ouf z
- — lai(=,w)z— | = H(z, -, Du*, v, w) i 4
32, (a,(e w)axj) (z - Duf,uf,w) in O (4)
u‘|p=0.

where H is a random Hamiltonian having quadratic growth in Du¢.
Such systems describe the control of diffusions in a random environment.
They are also related to the control of beams and related structures with

random infrastructure. We shall treat this case in further work.



One important mathematical difficulty related to (4), which does not
appear in the periodic case is worth describing at the outset. Suppose one

proves an estimate of the form

E /O («)?dz + E / |Du[?dz < C. (5)

o
Extracting a subsequence which converges weakly, one cannot assert that u¢
converges in L? strongly and pointwise. Usually this compactness property
is used in homogenization theory, especially in nonlinear problems. We
show here (since we do not have compactness) that the estimate (5) is

sufficient by itself. This complicates the proof slightly, with respect to that

of classical homogenization; but it is a useful fact to know.

1 Preliminary Set Up: Definition of the Cell
Problem

1.1 Notation - Assumptions

We shall consider a framework for stationary processes as presented in
G. PAPANICOLAOU and S.R.S. VARADHAN (7]. Let (2, 4,P) be a
probability space and define ¥ = L?(Q, 4, P). We assume:

X is separable; (6)

there exists a strongly continuous unitary group T, on ¥,y € " (7)

T, is ergodic, which means if f € X satisfies (8)



Tv? =7f, Vy, then f is a constant.
if f>0, then T,f >0and T,1=1 (9)

The group T, has a spectral resolution defined by

T,= | eMU(d))
RBRn

where U(d)) is a projection valued measure. We consider the complex
extension of X, provided with the scalar product E}Z, whenever ], g are

two elements of ¥. The measure U(A), A Borel subset of R", satisfies

EU(A)fU(ANG=0 Vi, eX,ANA =¢

EU(A)JU(A) = EU(A)f

; 7
and by ergodicity
U({o))] = B} (10)
We next define
DF) = 5= (1) @)lemo (1)

which are closed, densely defined linear operators with domains D(D;) in

}. Note that

E{gD:f} = —E{Di5f} Vf,je D(Dy), (12)
and
D;} =i /m AUV (13)
If D;f =0 Vj, then since

BID;J = [ MEBU@)]P
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it follows that U(dA)f =0 VA # 0; hence
f=U{0})f = ET.

Let X' = N}, D(D;) which is dense in ¥. We equip X! with the Hilbert

scalar product
d
((f,9))u» = Efg+>_ED;fD;§ (14)

We identify ¥ with its dual and call ¥~! the dual of ¥1. We have the

inclusions

N el Nel 't

each space being dense in the next one with continuous injection.

The family T}, is also a strongly continuous unitary group on X1, since

~ ~

T,D;f = D;T,}.

It can be extended as a strongly continuous unitary group on ¥~! by the

formula
<T,fo,f>=<f,T_,f> VfeX,f el
and <,> refers to the duality between ¥! and ¥ 1.
REMARK 1.1 The periodic case.
Let 01 be the unit n dimensional torus, £ the o-algebra of Lebesgue

measurable sets and P Lebesgue measure on 1. Then X is the space of

measurable periodic functions (period 1 in each component) such that

/n (F(w))*dw < oco.



We define

~

T,f(w) = F(w+4y)

hence
-8 -
D;f = %f°

An important fact in the periodic case which does not carry over to the
stochastic case, is that there is no analogue of Poincare’s inequality. The
consequence is following. Consider the quotient space ¥1/R of elements of
X' which differ by a constant. Denote by [f] the equivalence class related

to an element }', then the quotient norm is given by
17 I= {BIf - EFI* + 3 EID;F Y2
i

~ oN1/2
This is not equivalent to (Ej ElD,-f|2) / . In the periodic case one has

17V 1= [ 1F = m(Dfde+ 5 [ 12

f' Izdw

W

where m(f) = [, f(w)dw. Poincare’s inequality implies that || [f] || is
equivalent to (Ej I la%i;‘lzdw) 1/2.

O

Consider now random variables not necessarily in ¥. We assume that
T, is a linear group on the set of complex random variables such that

V1 ... % complex random variables, ¢ Borel bounded function on C¥, then
E¢(Tu;lh"'1Tu’~7k) = E‘/’(ﬁlv"'sﬁk) (15)
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y,w — T,7 is measurable,
Iy,n>0ifn > 0.

A stationary process is a stochastic process n(y;w) which can be repre-

sented in the form
n(y;w) = T,7(w). (16)

The space of square integrable stationary processes can be identified

with X. Moreover,

on
d Yi

(y;w) = D;T,5(w) = T, D;# (17)
if 7€ X1

Note that the continuity assumption on T, implies that the square inte-
grable stationary processes are necessarily continuous functions of y with
values in ¥. Hence, if ) € H, n(y;w) € C°(R™; H), the space of uni-
formly continuous functions on ®" with values in X¥. If 4 € X!, then
n(y;w) € CH(R™ X).

Note that D; € L(X!;X). If #i € X, we can consider the distribution
derivative % with values in ¥, defined by

/" —g&ﬂ(y)dy = —./;en n(y;w)aa—idy, Vo € Cg°(R™).

Let us check that

o0 .
- Ann(y,w)—é—idy = /;R" D;T,%6(y)dy (18)



which is an equality in ¥~!. This proves that n(y,w) € C}(R";¥~!) and
the distribution derivative 87 /0y; with values in ¥ can be considered as a
continuous function with values in ¥ 1.

To prove (18) pick é € X*, then

£} [ DTiowdy = —E [ DdTi0()dy

S /R DT, $i(y)dy

B[ 2y

. 0f
— ‘E/m‘f’(“y’w)"ay; (v)dy

~ a0
= —E/W én(v,w) 5 - (v)dy

il

which completes the proof of (18).

1.2 The Cell Problem

We consider stationary processes a;;(y;w) such that

1
aolé* <> aii(y,w)éié; < ;;lflz (19)
$.
V¢ € R", some ag > 0
Let g;(y,w) = T,§; be square integrable stationary processes, Jj=1,...n

We shall solve the problem

x(y;w) € CY (R H), x(0;w) =0, Ex(y) =0 Yy (20)
d
ELX— is a square integrable stationary process Vj

J



d ox ) dg;
— i(y,w)=—= | = —(y,w

in the sense of distributions with values in X

(or as continuous functions with values in X —1).

G. PAPANICOLAOU and S.R.S. VARADHAN (7] have shown the ex-

istence and uniqueness of the solution of (20). For the sake of completeness

we shall reproduce their proof with minor changes. Note that x(y;w) itself

is not a stationary process. This is a major difference relative to the periodic

case and relates to Remark 1.1. Note also that x(y;w) € C*(R"; ¥ 1) .4

Let x; € H such that

ox -
- Yiw) = TyX;
ayj( ) YAJ

we can assert that
EX;Di$¢ = ExxD;$, Vo€ X

Indeed we have to show that

Dy x; = DjiXs
as an equality in ¥ 1. But

T,Dif; = i (5 )
k ¢ = —— . ;
v I

3*x
0y;0uk

(y;w)

By virtue of (9) it is sufficient to have (19) for y = 0.

(21)

(22)



hence
TkaiJ’ = TVDjjzk

which implies (22).

We have also

E%; =0. (23)
This follows from
x(yiw) = Z/OI ToyX5y;d0
hence J
Ex(y) = 2. BX;y; =0
i
by the assumption. Therefore (23) follows.

We can then state

THEOREM 1.1 There ezists one and only one solution of (20).

PROOF.
Uniqueness.

Assume that dg;/0dy; = 0. Define
. —ix = B),
¢ﬂ(w) = / Z ‘(——l——z-)'U(d/\)XJ(w) (24)
"y IZA - ﬁ'
Note that (20) can be written as
-—D.~T,,(&.—,,>”<,~) =0in }(_1

Hence, as is easily seen,

Ea;xiDigP = 0. (25)

10



Because of (22) we have

/ MU(dN5%; _ / AU (dN) R
me [IA—B2 Jee [iA— B2

which implies

-t — B)(iAx — B) .
Did - p3 = / z e e OV

- /n Z ]z)\ (,;/|\2 f) U(dA)xe(w) = X

Therefore (25) reads

Ba;%;%: + BEa;%;4° = 0. (26)

However,

; —iXj — B)(—iAx — . .

— ZEU{O})?_.;)'Z;c as § — 0
5k

and by ergodicity and property (23), we get
E|84°)* = 0 as § — 0.
Therefore, (26) implies
Eaixixi =0
Hence, X; = 0, which implies also x = 0.

Ezistence:

Let B > 0, we solve the problem

11



Bg,-

2] axP
+B8xF = L.
)+ hx Oy;

—_—— a.  ———
ay( 1] ayj
x*(y;w) = T,x%, P e ¥’
This problem is equivalent to

E&;D;X°Di¢ + PEX*$ = —Eg;D;¢ Vé € X*

We deduce easily the estimates

E\D;x** < C, BE(x?)* <C.

Let us extract a subsequence such that
D;%? — %; in X weakly.
ED;%"Dv¢ = EDX’D;¢
ED;x* =0
we deduce (22) and (23). Going to the limit in (28) we have

E&,‘j)?ij(;S = _-Engja V& € Xt (29)

Define then

X(ww) = [ (€ =15 D005 () (30

then
dx . . iy 1 ) -
s 09 = [ i EAMU (@)% ()

12



= TyXx
and x(0;w) = 0, Ex(y) = 0. Then (29) can be written as
~D;ai;%; = D;g; equality in ¥ ™*

which is indeed (20).

1.3 Some Technical Results

We shall prove some useful technical results in this paragraph. Let O be
a smooth bounded domain of R". We define CF(O; X) to be the space of
infinitely differentiable ¥ valued functions that vanish outside a compact
subset of 0. We define H'(0; ¥) and H}(O; X) as done for Sobolev spaces.
Note that since X is separable, a function ¢ € H*(0; ¥) can be written as

the expansion
$(z;w) = 3_ du(z)hi(w)
k

where h;, is an orthonormal basis in ¥ and ¢x(z) € H!(0) with

Setting

Furthermore,

I ¢ Wasomn=2_ Il éx 0y -
k

13



We begin with
LEMMA 1.1 Let ¢ € ¥ and ¢(y;w) = T,¢(w). Let 2 € HY(O; X). Assume
that

Il 2° llaom< C (31)
E$=0 (32)
then
E,/; ¢(§,w)z‘(:c;w)dx —~0ase—0 (33)
PROOF.
Define
apt(y;w) — /"(eiky _ 1) (_l_;i)‘zl) U(d)\)%(w) € Cl(§R"; }()
then
o
Tot(uiw) = d(uiw)
hence

$(= ,w)—f—’l’e( W)

Using this representation in (33) yields

X = E/ ¢(E,w)z‘(z;w)d:z:

- —EE/ ¢, sw)dz

th
Hence, using (31)

| X]* < CczE/o Zwt(%;w)zdx.
[4

14



But
iIAE 112 -~
eEy w@y = [ o pwang, g
I} € » |?|
— E(U{0}¢,¢) = |E¢|* =0

which implies the desired result (33).

O

REMARK 1.2 By the mean ergodic theorem it is easy to check that
¢(z;w) = ¢(z/e,w) — 0 in L?(0;X) weakly. Indeed, we have to prove
that

X, = E/o $(Z,w)z(ziw)ds — 0 ¥z € L(0; X).

Clearly, we can take z to be a step function, then it is sufficient to prove

that VM €0

EBf ¢(§,w)dx =0 (34)

where B)s is a cube with center M, such that By, C 0. But the left hand
side of (34) is equal to

Eq?) Mes By =0  since E(}S =0

This property, however, does not immediately imply (33) since, despite (31),
we cannot extract a subsequence of 2 which converges strongly in L2(0; X).
Indeed, there is no compactness of the injection of ¥*(0; ¥) in L?(0; X),

unlike for the usual Sobolev spaces where ¥ = R.

15



LEMMA 1.2 Let ¢(z) = ¢(z;w) € L*(0; X) and ¢(z,y,w) =

z* € H}(O; X) satisfying (81). Assume also that

then one has
E/o é(z,—,w)z*(z,w)dz - 0as e — 0
PROOF.

Let us consider a triangulation of O

N(h)
0= of
k=1
OFUOF =¢ifk#K

diameter of Of < Ch

We define
=Y tar [
¢(z)dr
ot g Joy #)

then

;5,, — ;5 in Lz(O;)().
Let

¢h($9y,w) = Tﬂah(x;w)

then

2

'Efo(qS( ,w) onlz, — ,w)) ‘(z,w)dz

16

O

T,¢(z;w). Let

(35)

(36)



< CEf ( — éu(z, )>2d:v
= [ 134(2) - $(2) Iy d= = 6(n).

On the other hand

N{k)

E/¢hx—w) (zwdz—ZE/ dE(= w)z(zw)

where

~

1 -
k(o)) —
() = 155 [, $@rw)da
and
$h(yw) = Tyéh(w).
Since E¢E = 0, we deduce from Lemma 1.1 that for fixed h,
E_/;) d);.(:z:,%,w)z‘(z,w)dz —0

which with the estimate (37) implies (36).

LEMMA 1.3 Let ¢ € LY(f, 4, P), such that

E¢$=0. (38)
Let

~

¢(y;w) = Typ(w)

and 2¢(z,w) such that

17



2 € L*(0 x Q)N Hy(0; X), satisfies ($1) (39)

then one has

T
E/o ¢(;,w)z‘(z,w)dm — 0 as e —0. (40)
PROOF.
Let ~ ~
¢(w) if |¢|<N
¢vw)=| N if $=N.

-N if ¢<-—-N

and

From Lemma 1.1 we have
E [ (¢n(2,0) - En)#(z,w)dz - 0 as € -0, (41)
for fixed N. But also
B [ (¢C.0) - én(E 0 mw)de] < ClOIBIB-dn] (42
= C|O|E|@|1 ;< — 0 as N — oo.
and
|B3nE [ #(z,w)da| < C|Edw|

= C|E(¢n— ¢)| = 0 as N — oo. (43)

From the uniform estimates (42),(43), together with (41), the desired result

follows.

18



O

LEMMA 1.4 Let c;S(x) = J)(x;w) € C°(0;LY N, A, P)), and ¢(z,y,w) =
T,¢(z;w). Let z¢ verifying (39). Assume also ($5) then one has

E/ z, ,w)z (z,w)dz — 0, as € — 0.

PROOF.

Consider the sequence 55,, as in Lemma 1.2. We have

N(n)

|E/( a:—w ¢h(:t:—w)) (mwdz|<CZE/ — ¢¥|dz
=6(h) — 0 as h — oo.
We also have
E¢t =o.
From Lemma 1.3, we deduce that for fixed h, one has
E/o b(z, Z,w)#" (z,w)dz — 0

and the desired result (1.3) follows.

2 Setting of the Problem

2.1 Notation

We shall consider the operator

e O T d
A= (“w(:""):a;;)



where a;;(y,w) is the stationary process introduced in (19). Define also

~

H(z,y,p,2,w) =T, H(z,p,z,w) (44)

to be a family of stationary processes, depending on z,p, 2. The functional

H depends measurably on all parameters. Moreover, assume

H(z,y,p,z + b,w) < —fb+ H(z,y,p, z,w) (45)
Vb positive constant, § > 0
H(z,y,p,2 +b,w) > —pb+ H(z,y,p, z,w) (46)
Vb negative constant,
|H(z,y,0,0,w)] <M constant
|H(z,y,p,21,w) — H(z,y,p,22,w)| < H|z — 2z (47)
|2 (<,y,p,2,w) — H(z,y,9,p,w)| < Hlp— q|(1 + |p| + |g| + |2[*/?), (48)
where H is a constant®
|H(z,y,p,2,w)—H(z',y,p,2,w)| < Hlz—2'|°(1+|p|*+]|2]), 0 < § < 1 (49)

We introduce the problem: Find u¢(z,w) the solution of

12) T out T e
_ = (a,-j(?w)azj> = H(z, ;,Du s uf,w) (50)
ut =0
80

®As for (19) it is sufficient to assume (45)(47)(48) for y = 0.

20



where O is a smooth bounded subset of R", as considered in §1.3. The

precise function space in which the solution of (50) is sought is
u® € L®(0 x N); u* € Hy(O; ¥). (51)

Of course, for each w, we can solve (50) relying on standard results on
elliptic equations (LADYZHENSKAYA - URALT’SEVA [6]). But measur-
ability questions remain. Therefore, it is preferable to consider functions
of £ which are X valued. One can first approximate H by

H

H; = m
This will permit solution of (50) by standard variational techniques
(i.e., the Lax-Milgram theorem). The study of convergence, as § — 0, of
these solutions will result in a priori estimates which we shall establish on

solutions of (50),(51). Therefore, to simplify the writing, we shall operate

on the solution of (50),(51), instead of its approximate u¢’.

2.2 Statement of the Results

We shall introduce “correctors,” which are processes x!(y;w) solving

d Bx‘) 6a¢j
— —|ai(y,w) =2 ) = ,w). 52
oy; ( (v )ayj Ay; (v,) (52)

This problem is similar to (20) with g;(y,w) = as;(y,w), for each £. We

shall denote by X%(w) the element of ¥ such that

dyt .
a_:j,.(y’“’) =Ty %5 (w) (53)

21



Let next

ai; = E(&; + aukl)- (54)

We set (Dx)i; = X!. Consider then the function

H(z,p,2) = EH(z,(I — Dx)p, 2). (55)

Let us begin with a few remarks. First, the matrix ¢;; is symmetric and

positive definite. Indeed we have

g; =E (&.'j + @&k Xy + Gkl + iiaufd) (56)
since
E [51‘1:)”('}, + ii&tk)?i] =FE (&tj + &tki(i) X (57)
=0.

This relation can be established by considering the function ¥*# used

in the existence proof of the correctors. We have from (29)
Eanf,Dex"* = —Ea; Dex™.

Letting § — 0 and using the weak convergence of D,x*? to X} in X, we

deduce (57). The function H is measurable and satisfies

H(z,p,z+b) < —pb+H(z,p,2) Vb>0 (58)
H(z,p,z+b) > -fb+ H(z,p,2) Vb<O

|H(z,0,0)| < M (59)

22



IH(zap, 21) - H(xap’ Zz)l S I_Ilzl - z2| (60)
|H(z,p,2) — H(z,q,2)| < X|p— q|(1 + |p| + lg| + |2/"%).  (61)
where H and ¥ are constants. We can thus solve the Dirichlet problem
9%u

e 62
q"azz:,-azj H(z, Du,u) (62)

u € Hy(0)n L=(0)

THEOREM 2.1 We assume (19),(44),(45),(47). Then one has

u* —u in Hy(O;¥) weakly (63)
Du¢ — (I + Dyx(2))Du — 0 in L*(O;¥)
{u‘ —u in L*(O;X)
We shall write

(64)

- o%u
= % 0z;0z;

A

3 A Prior: Estimates

In this section, we shall derive some a prior: estimates on the solution u¢

of (50). This will permit us to study the limit in the next section.

3.1 An L* Estimate

LEMMA 3.1 One has the estimate
M
wEw)l <

23



PROOF.
Let us proceed formally, considering that a.s. (50) holds Vz. At a

point of maximum z,, which is not on the boundary, one has from (50)
Zo
H(zog, ?,O,u‘(xo),w) >0
and from (45) it follows that if u¢(zo) > 0
0< —Puf(z) + M

hence uf(zy) < M/B. Similar reasoning proves that if zy is a point of

minimum, then

M
u‘(zo) _>_ '—~ﬂ—
hence (65).
O
3.2 An H} Estimate
LEMMA 3.2 One has the estimate
lullmzomy £ C (66)

PROOF.

It is clear that, since O is bounded and the estimate (65) holds, one has

llutllLagomy < C

24



Set
T
H* = H(z, E,Du‘,u‘,w)

and for s > 0, note that exp{s(uf)*}u¢ € H}(O;X) N L*(0;}) (the es-
timate (65) is used here). Multiply (2.5) by exp{s(u¢)?}u¢ and integrate
over O and take the mathematical expectation. Setting af; = a;;(2,w), we

deduce

E / e OuT Ou’ (1+2s(u)?) e“Vdz = E / Heute ) dz.
(o]

% ox; dz;

From (19), the assumptions (45)(47)(48) and the estimate (65), it follows

aoE/ 23 +1 e*(u)?

Du‘|*dz < CE / e [uf|(1 + | Dutf? + [uf])dz
and picking s sufficiently large, we deduce
E/o e’(“c)leu‘|2dm <C

which implies the desired result (66).

4 Convergence

4.1 The Limit Problem

The solution u of (62) satisfies the same estimate as (65)

M
fullm < -

25



It follows that

[H(z, Du,u)| < H;(1 + |Dul?) (67)

where H; is a constant. This estimate and the equation (62) imply u €
War(0), V2 < p < oo (see for instance J. FREHSE [3]). In particu-

lar u € Wh*(0). We shall need in the sequel to consider the following

approximation scheme

otuk
~ Y 520z,
uf € HY(O)NL®(0), k>1,

+ Nuf = H(z, Duf,u*) + NuF? (68)

which we initialize with «® = 0. In (68) N is a constant, which will be

chosen later.
We have the

LEMMA 4.1 The sequence u* satisfies

Huk‘f'l — ‘uk“Loo <

N
~N+§8

[lu* ~ u* e (69)
PROOF.

This is derived from a maximum principle type argument. We proceed
formally, assuming that u*t! — u* is C%. Let z, be a point of maximum of

ub+! — u* and suppose that (u**! — u¥)(z) > 0, hence z, € 0. We have
A(uH = ) (z0) + N (85 — ) (20) = H(zo, DuF (z0), b (z0))
—H (2o, Duk(z0), u*(z0)) + N(u* — u* ) (=)
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IA

—B(u*tt — u¥)(zo) + H(zo, Du*+(z0),u*(z0))
—H (zo, Du*(z0),u*(z0)) + N |Juf —uF1.

But from (61)

[H (zo, Du**(z0), u*(x0)) — H(zo, Du*(20), u*(z0))|

< H|D(u**! — u¥)(20)|(1 + | Du*(zo)| + | Du** (o)
+ Jut(z0)[/?) = 0.

Since also

A(uktt — u¥)(z4) > 0

we deduce
Nju* — 1

(‘U.k+1 - 'u,k) (130) < Nt ﬂ

which proves (69).

It is easy to deduce also the estimate

lu*llze < %l (70)

which does not depend on N. Note also that from (69)

k
lutt! — uF|| e < (NJ:’— ﬂ) [lut))
k
< N M < M
~“\N+B8) N+B - N+p
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Hence,
4uH| <M+ [H(z, Dut,u¥)]

<M + H|Du*|(1+ |Du*|)+ H (71)

1B

< Co(1 + |Dur)

and we note that the constant Cy does not depend on k. This permits us
to deduce (see J. FREHSE [3] for instance)
LEMMA 4.2

lutllwas < Cp,  2Sp < o0 (12)

where the constant C, does not depend on k.

It is of course clear that

uF > u in WP weakly

4.2 A Fundamental Relation

We also introduce the sequence u¢* defined by

7} z | Ouk T ch—
T (asj(-g,w)ﬁ—@-) N ust = H(x,?Du"‘,u"‘,w) + Nu-1 (73)

‘uc|ao = 0.

Using the assumptions (45)(47)(48), we deduce in a manner similar to

that of Lemma 4.1

st — upee <

g = u o (74)
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M
[lus*le < 3 (75)

M
uc,k+l € k < . 76
|| i < o (10
Of course the L™ norm refers to L*(0 x 1). We now consider approx-
imation uf to u* such that
uf is smooth, uf—u* in H}(0), as §—0 (77)

lugllw e < @

where the constant & does not depend on k nor 6. This last uniform estimate
is possible, by virtue of the estimate (72).

Define next

duf X z

Oz [1 + €2(x?)?]1/2 (;’

4

ck k
5 —u6+€

w). (78)

We shall also write

(X)) (z,0) = X*(Z,w)
and
Xt = () (x"))
We have
JugMim < Con. (19)
We then compute
Oui’ _ ouf O} X (80)
oz; z; 3:c¢8xJ [1 4+ €2(x*)2]1/2
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N duk ax* 1
Oz, Ay, [1 + €2(x)?]1/2
which yields the estimate

[Dug"| < Cra (L + || Dyx°l) + ehfix‘| (81)
where
= [|D*uf| v,
and || D, x¢||, {x¢| represent the norms of the matrix D,x, and of the vector

x evaluated at z/e, and |DuS*| is the norm of the vector Dut* at point z.

The matrix D,y is precisely

_ox
(DvX)Jt = a_y:,

Let Fy™* = exp[ s(u* — ug*)?), where s will be chosen later (as will N).
We have

LEMMA 4.3 The following relation holds

8
E [ a 6 — ugt) o (u* — ugh)[2s(u — ugh)? +1)Ffkde  (82)
azug a ! €(, 6k €,k
—E o Bz:1, (a.,~}-a,¢a e) (us* — uS*)Fitde
d?ul x*
+E | [ %1 920z, [1 + & (X022

€2(
au’g € aX 1 o ek €k
EERCEN ((1 T XN 1>] 5y (4" ")
F;’k(l + 2s(u"" — uf,'k 2)d.'z:
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+NE /o (u* — ug*)?Fy*dz + NE /O ug(u* — ug*) Fytdz
Ouf x*
Oz [1 + €2(xt)2]1/2

B [ H(u* - u) Pt o+ N [ (ub™ = ugh) (u* — ugh) Fitde

+eNE / (uS* — uS*)Fo¥dg =
0

+NE/;) uf M us* — uf,"‘)F;’kda:

Aut™! x*
Oz, [1+4 €2(xt)?]1/2

+€NE./; (u"" — u}’k)F;’kd:z:

PROOF.
Note that (u* — uf*)F5* belongs to H}(0;¥) N L*. We deduce eas-

ily (82) from (73) and some integrations by parts.

4.3 Estimating the Hamiltonian

We first have

E/;(H(:c, %,Du"",u"k) — H(z, %,Du"",ug’k))(u"k — ufF) Fetde (83)
< —ﬁE/o(u"k —uft) Fpkdz
E /0 (H(z, % Dus*, u$*) — H(z, % Dus*, uk))(uk — u*)Fitdz  (84)

_ €x
<
< HE/; 1+ e(x) 2

‘| Oug

6:5,

lus® — u}’k|Fg"‘dm

Then from (48)
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E/ (H(z, g,Duc'k,ué‘) - H(:c, _:E,Duz,k’uz,k))(uc,k _ u;’k)F;’kd:z:
0

< HE / ID(us* — uSh)|(L + |Dus*|
+|Dug*| + [ug|?)[uc* — ug| Fytda

< HE [ ID(u* - ug)Pluc - ug|Ftdz

+EEA |D(u"k )| (1 + 2|Du |+ |u6l1/2) |uek ;’leg’kdx

<HEZE [ D - u P Ftd
I_I €,k &k\12¢, €k €,k\2 e,k
+:2—;E/0|D(u' —ug )| (u* — ug") Fytdz
+HZE [ D - u)PFytds

——E / (1 + 4| Dug* 2 + [ub]) (u* — uS*)2Fekda.

We also notice that

E [ Dt — uiP YRy < 2630701 + BDy)-

E / kg
+E [ 201a%(ID,x | - B|Dyx|?)(u ~ ug*) ' de
+2 (BB [ [P (u - up*) Pt da.

Next we have
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~H(z, %, (I + D) Duk, ) (w* — u§¥) Fitdz

0%ug X'
E/O ? (eaztaz, [1+ e (x4)2]/

1/2

duk ox* 1 2
-1)) d
+ dz, Oy; ([1 + €2(xt)?)3/2 )| dz

Cz(1+ @ + ehf)

4.4 Convergence Proof

We now fix the value of various constants. We pick
Go

2H

2

§= —
2a3

a:p:

N=22 [1+u+86'2 1+ E|Dyx|%)] -

With this choice, we deduce from (82) the estimate

=3 / ID(us* — uSt)PFitdz + BE / — uSh) 2Rk e

62u6 ax?
+E/[ az’ z]+a$tay) +Nu6

—H(:L‘, €’ (I + DVX)Duga u;)
—Nuf™ (u — ugt) Ftde
Zug

(4
€ X
+E./;) [eaij B:claz,- [1 + €(X¢)2]1/2
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aug ax‘ 1 7] k s
(.. — 1 —_— €, —_— il
9z By, \[L+ G oz, )
FE* (1 + 2s(us* — us¥)?)dz

O(uf —us ") X k k-1Y ek
N “F — S Fetd
+E/;e 9z, (14 e2(x)?]/2 (u U )Fsdz

< NE [ (w1 — ugh ) (ot - ugh) Fetdat

dut
6:1:¢

+HE / X’

lust — u}’k|F;’kd:c

+2016°E [ (ID,x“|1* — BIID,x|?) u* — ug*) Fi*ds
+2E(RE)E [ X (u — upt) Fytdo
0

+HC(1+ @ + €hk) E/ v (2 X’
PETRT RN o 2\ *0zidz; [1+ e (x8)?]2

Ouk ax* 1 ? M
+ 2 -1 dz

We also note from (73) and (50) that

lu — ¥l < = | oo

~N+p
hence
N M
€, 6k o < k___.
I = w4 am < (735"
Similarly,
N M
ok o < k____.
u—wHlim < (355

We also have the estimate
llu* ||z 0wy < C
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where the constant does not depend on ¢, k. This is obtained as in Lemma
3.2, multiplying (73) by
u“F exp [s(u"")z]

and using the L™ estimates (74)(75)(76). Now from (81) we also deduce

lug® |z om) < Ca(1 + €hf). (94)

By Lemma 1.4 and the assumptions on H, we conclude that

62u5 aX’ € k x E k
E./o[ 9291, ——(ai; +a'l8y¢) + Nug “H(za?(I'i“DuX)Du.s,ug) (95)

—Nuf"l] (ue* — u§*)Fekdz

dz;0z;
—Nug’_l] (ue* — o) Fokde

32”6 ko k
—E /o 5—5—0ij + Nuf — H(z, Duf, u{)

—0 a €—0, for 6,k fixed.

Moreover, we have

azu €, € €
‘E /o [ Ie: 36 gij + Nuf — H(z, Dul,uf) — Nut- 1] (u* — uS*)Fetdz
(96)

_ 3“6 uok &ky e,k .k €k\2
‘ f ¢ 61:, 6:1:, uy ) Fytdz(1 + 2s(u®* — ug™)*)

+ E/ (Nuf — H(z, Duf,uf) — Nub 1) (u® — u&*) Fotde

u —uk) 9 ¢ €k e, ek e,
'E/ ¢j ng £ (v Wk _ uj k)F6 k(1 + 28(us* — up k)Z)dx (97)
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+ E / _ H(z, Dut, u) (98)
+H(z, Du®, u*) — N(uf™ — u*- 1)] (usk — u}'k)F;’kd:c
< ¢i(6)(1 + €hy)
where ¢;(6) — 0 as § — 0. Let us check next that
£\ 2
EEY (xl(€)) -0 Ve (99)
¢

This follows from the formula (see (30))

1

o) = [ -DEEDEUEIE a0)

and the proof is the same as that used in Lemma 1.1. Also, noting that

3 (¢(3) < l«PEID (101

we have by Lebesgue’s theorem

52/; zt: (x‘(—::s))2 dz — 0. (102)

Let us also check that

X, = E/ (ay,) ([1 - ez(lxt)z]s/z - 1)2 (-:—)d:z: —0. (103)
Indeed,

1 2
X = E/ ayJ ([1+€2(xl)2]3/z _1) (1|§§§I>k lzz‘-|<k)( )d:l: (104)
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<I0IB(&) 1gos + 98 [ Bt (E)ds
and since k is arbitrary, one obtains (103). Also from Lemma 1.3
E [ (IDix I - BIDixI*)(ue* - g Fs*dz — 0

as € = 0, Vk,é fixed. Finally, we note that

k t
6k k ek €k k k Oug X r

—u=u U+ uy—u ‘axe [1+€2(X¢)2]1/2(E)

U

dusk _Ouk guF oyt T

oz; az,- Oz, Oy, "€

(92 k Xt
8:1:581:_., [1+ e2(xt)2] /2
d(uf —ub) + O (uf — uf) 9x’ (_1_3)

8.’12]' 63:, ay,- €

duf axt 1 1
3z, dy; \[1 + e(x})?P

(u —ug") +

:—é-—x;

+

Hence,
E/ (u* — uk)2dz < E/ —uF) 2 ek dr

T

<2E/ F;"dz+¢k()+2u2E/ (—))2dz

€

and

E/o |Dus* — (I + D,x)¢Du*|*dz
<E /o |Dus* — (I + Dyx) DutPFikdz

<28 [ D — u ) Efdz + 64(6)
2
+2(h'6‘)2E/; € (x(f)) dz

€
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ax* 1 ? z
a2 2 —1) (9)d
424 %;E/o(ayj) ([1+62(X‘)2]3/2 ) (E) T
Using (95)(96)(99) (103)(105), we deduce from (89) and (107) that (let-
ting first € tend to 0, then §)

T {E /0 |Dus* — (I + D,x)*Du*|*dz + E /O (u* — u")zd:v} (109)
< Ti—ri—lc_.oE/ (w1 — u* )24z, Vk
0
However, u% = u° = 0; hence, by induction
E /o |Dus* — (I + D,x) Du*|*dz + E /o (u* — u¥)2dz -0 (110)

as € — 0, Vk fixed. This result and the estimates (91)(92) show at least
that

E/;)(ue —u)’dz >0 as €—0. (111)

Once this is proved it is possible to consider (50) and (62) and to perform
operations similar to those made for (73) and (68). In particular, one
can prove a fundamental relation similar to (82) and on inequality similar

to (89). Operating as for (110) we deduce
E/o \Duf — (I + D,x)*Dul*dz — 0 (112)

and thus the proof of Theorem 2.1 has been completed.
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