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Abstract
We consider estimation of system order and parameters for ARX systems with martingale
difference noise. The order estimation criterion used is the accumulated prediction error (or
predictive least-squares error) criterion which generates strongly consistent order estimates.
High computational load and over-complex (when real data are processed) models are two
glaring problems occurring in order estimation. We develop a fast and parallel algorithm
for strongly consistent estimation of system order and parameters. This shows that order
estimation by minimizing the APE cost function could be performed on-line. We also modify
the APE criterion by adding a device for tradeoffs between model complexity and model
accuracy. This modification helps to solve the over-complexity problem. Furthermore, we

present a simulation study on order estimation to complement the theoretical analysis.
1 Introduction

Estimating the order of a dynamic system from knowledge of its inputs and outputs is an important
problem in adaptive control and adaptive IIR (infinite impulse response) filtering, where order
estimation amounts to the determination of the number of poles and perhaps the number of zeros
of a linear model based on sequences of measurements. Neither having a more complex model than
the system itself nor having an overly simple model is desirable in practice. A model should cover
the dominant part of system dynamics. Too many poles and zeros in the model demand a stronger
persistent excitation condition, lead to a larger variance of parameter estimates, and significantly

increase the condition number involved in parameter estimation. Moreover, the extra poles and
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zeros often cluster together, which may lead to severe problems in many approaches for designing
adaptive controllers and filters. It is equally bad when a model is overly simple and cannot represent
the dominant system dynamics. This may significantly reduce the performance of IIR filters [1]
and cause instability problems in adaptive control[2,3,4].

There have been many attempts to study the order estimation problem and some consistent
estimation criteria have been developed for linear systems, provided that the system inputs and
outputs are stationary and ergodic random signals [5]. Order estimation for linear systems with
feedback inputs is, however, more difficult because the conventional stationarity and ergodicity
assumption is no longer valid in this case. This difficulty was not overcome until very recently,
Chen et al. and Hemmerly and Davis, respectively, develop two strongly consistent order estimation
approaches for adaptive control systems [6,7,8,9].

The consistency of order estimation is a common theoretical goal. It brings, however, some
potential problems to practical applications. Note that the consistency of an order estimation algo-
rithm requires the algorithm to chase the “true” model. On the other hand, in practical situations,
the “true” model is very likely to be a very high order linear model or even infinite-dimensional
because physical systems often have some slight nonlinearity, parasitic high frequency dynamics,
and/or complicated noise structure. Therefore, the “true” model is often technically too compli-
cated to handle or is inefficient and uneconomical in designing and implementing controllers and
filters. Thus, consistent order estimation often results in a model which is much more complicated
than what is wanted. We will call this problem the over-complexity problem.

High computational complexity is another glaring problem occurring in the order estimation
approaches for linear systems with feedback inputs. This is due to the fact that LS parameter
estimates for a finite group of interesting models, say, ARX models with different numbers of poles
and zeros, have to be determined before order estimation is performed.

In this paper, we show some modifications to the strongly consistent order estimation approach
by Hemmerly and Davis [8,9] to (i) produce dominant models with model accuracy as great as
desired and (ii) reduce the computational complexity without significantly sacrificing the perfor-
mance of order estimation. The basic class of models discussed is ARX models. We also include
results of numerical simulation upon short and medium length data sequences to provide further
understanding of order estimation. Qur main results are as follows:

(1) A fast and parallel order estimation approach, exploiting a structural property of least

squares, ensures that the parameter and order estimation is strongly consistent, when the approach



is applied to the ARX systems considered in [9].

(2) A method of balancing model complexity and model accuracy, attached to the above theo-
retically consistent order estimation approaches, generates dominant models with arbitrarily small
model inaccuracy.

(3) An investigation of the previous and proposed approaches, through numerical simulation
upon computer-generated and real data.

The rest of this paper is organized as follows. Section 2 reviews and analyses the APE criterion.
A fast and parallel algorithm for strongly consistent estimation of system order and parameters
is developed in Section 3. To overcome the over-complexity problem occurring in consistent order
estimation, the concept of dominant models is introduced by means of accumulated prediction error
in Section 4. This concept is then applied to the APE criterion leading to the quasi-APFE criterion.
Section 5 conducts a simulation study of order estimation, including APE and quasi-APE criteria,
to complement the theoretical convergence analysis. In order to illustrate the feasibility of order
estimation in practical situations, the APE and quasi-APE criteria are applied to a laboratory-scale

process in Section 6. Finally, Section 7 provides some conclusions.

2 Background on Accumulated Prediction Error Criterion

In this section, we will review some previous results on the APE criterion in terms of consistency
of parameter and order estimation and the assumptions involved. These facts will be used in
subsequent sections to prove consistency of our fast algorithm and correctness of our method for
identifying dominant moaels. The generic form of the APE criterion for a linear regression model

is expressed as follows
mkiﬂz llye — Ge(Be—1 (k)|
=1

where ét_l(k) is a least squares parameter estimate determined by data measurements up to time
t — 1, k denotes the number of parameters, and n is the time at which the latest datum arrives.
Thus §:(6;_1(k)) 2 0;_1(k)pL (k) is the “honest” least squares prediction of y,,, where ¢, (k) is
the regression vector associated with the linear regression model.

The APE criterion has been applied to order estimation for an m-output and l-input ARX

system[9]:

Yn + Alyn—l +--- 1+ AptYn-——pt = Coun + Clun-—l + - thun—qt + Wy, (1)



where the order (p;,¢:) and parameter matrix
A
0T (pr,q) E[-A1 -+ — Ap, Co -+ Cy]

are unknown. The ARX system is assumed to satisfy:

A-I The noise {w,} is a martingale difference process satisfying
E||wn|*|Fnet) = 0% a.s. (2)

sup El|wn||*|Fnz1) < o - a.s., for some a > 2. (3)

A-II The true 6rder (pt, 1) belongs to a known finite set, which we call the model complexity set,

o 2 {(,q);po < P < ", 0 < 4 < ¢*,p and ¢ are positive integers } (4)

A-II The matrices A,, and Cy, are of full row rank.

Remark 2.1 (Martingale assumptions) The martingale assumption on the noise is less restrictive
in modeling problems, especially those corresponding to feedback systems, than the stationary or
ergodic assumption on outputs and inputs of the systems in question. The stationary or ergodic
assumption on output is usually not satisfied for feedback control systems. However, the assump-
tion of martingale stochastic noise is true for many closed-loop systems. For example, consider
a stochastic control system described in (1) with initial condition: {y_i...y—p, o u—1...u_g}.
The system input u, at time n > 1 is a measurable function of past system outputs and the current
reference signals, i.e., u, = c({yt}?z"}pt; r,), where r,,n > 1, are reference signals. Suppose that
(7). the initial condition is independent of noise {w, },n € Z. (i7). the reference signals r,,n € Z,,
are independent of noise {wy,},n € Z. (iit). the model noise {w,} is a sequence of independent
random variables with zero mean. Then, the model noise {wy} is a martingale difference process
w.r.t. an increasing family of o-fields {F,} generated by available output/input measurements at

time n and noise w;, ¢ < n. [ |

Remark 2.2 (Finite-dimensional ARX systems) Assumption A-III is made to insure the unique-
ness of the true order (py, ¢;). Assumption A-II implies that (1) finite-dimensional ARX systems are
considered, and (2) the true system is in the model set to be considered. This assumption is needed
for studying the consistency of order estimation. However, this assumption could be violated in

practical situations. This issue will be addressed in Section 4.

Order estimation in the Hemmerly and Davis approach is performed in two steps:



1. Determine LS parameter estimates,
/\T A -~ ~ ~ ~
ot (pa q) = [_At,la sy _At,p7 Ct,Oa ey Ct,q]a t= 07 e, 17

for each ARX model in (1) with order (p,q) € (’)go ’go

2. Determine order estimates,
(Pn,§n) = arg  min . LS-APE(p,q,n),
(p, Q)Eopo %

where

LS-APE(p,q,n) = Z||Yt“0T1(P7Q)¢t (2 @)l

and

VAY T .. T T \T
¢t—1(p7Q):(yz—1"'Yt—p U -y q) .

A significant advantage of using the APE criterion to estimate ARX model order is that strongly

consistent order estimates can be generated even when the noise is not stationary and ergodic. This

is shown by Hemmerly and Davis and is presented as follows.

Theorem 2.1 [Hemmerly and Davis, [9]] Suppose that ARX system (1) satisfies assumptions A-
a n
I— A-II. Let Vn(l’, q) = Zt:l ¢t—1(17, q)¢§tr—1(pvq) and /\mm(p, t],n) and /\maa:(paqvn) denote the

minimum and maximum eigenvalues of V,(p, q). If for each model order (p, q) € OF /%

¢Z(P’ Q)Vil(% Q)bn(p,q) — 0 a.s. as n — 00

Amin(p, ¢, 1) — 00 a.s. as n — o0
and
2
Amaz(Ps ¢, 7) = O(Amin(p, ¢, n)(log Apin(p, g, 1)) a.s.,7 <1 — o

where a is the constant appearing in (3), then for n big enough,

LS-APE(p,¢,n) > LS-APE(p;, ¢, n) a.s. V(p,q) # (pe, ) and (p,q) € O5'%

As a result of (8),
(Prs Gn) = (Prsqt) a.5. as n— o0,

and, also due to Theorem 3.1 in [5, chap. 6],

0n(PrsGn) — O(pirq1) a.s. as n— oo,

with a convergence rate of Q((128lmar(pan))y1/2y

)\mzn p,q n)

[

(8)

(9)

(10)



Remark 2.3 (Persistent excitation) It follows from Lemma 3.1(i) in [5, chap. 6] that assumption
(5) implies that det(V,(p, ¢)) cannot increase too fast as time n gets large. Note that det(Vi(p, q))
is bounded below by Ap.in(p, g, n) to some power and above by A,q.(p, g, n) to some power. Thus,
Amaz(P, ¢, 7) cannot increase too fast. In addition, when the input and output processes u and y are
almost surely and uniformly bounded, assumption (5) is implied by assumption (6). Assumption (6)
is a sort of persistent excitation condition and is also a necessary condition for consistent parameter
estimation. Assumption (7) means that the condition number of the normal matrix V,.(p, ¢) could
approach infinity, but not faster than some power of log(Amin(p, ¢, n)). From the point of view of
éomputational accuracy, the condition number must be finite; otherwise the computational error

involved in determining LS parameter estimates could become unbounded. (]

Remark 2.4 (Constraints on eigenvalues of V,(p,q)) As seen from (10), the larger Apin(n) =
Amin(D, ¢, 1) is, the faster the convergence rate of parameter estimation could be. However, Apin(n)
can not be arbitrarily large. For example, the almost sure boundedness of input and output
processes implies that Ap,s,(7n) = O(n) a.s.. In addition, a big growth rate of A,,;,(n) is not always
permitted because A,;n(n) is bounded above by the “total energy” of input signals:
n
Amin(n) = Amin(prg,n) < D |Juel?,  Vp >0, ¢>0, (11)
=1
for any data sequences {yx}7_o and {u;}7_,. Remember that for any p > 0 and ¢ > 0, Apnin(p, ¢, n)
is the minimum eigenvalue of normal matrix V,(p,q) = 31 é:—1(p, Q)L (P, q) and ¢;_1(p,q) =
(y?_1~~-y;‘r_p u;‘r---uf_q)T. Specifically, V,(0,0) = Y%, usu?. To show (11), recall that for a

symmetric matrix R the following relationships hold:

Amin = min X! Rx  and  Apgr = max x! Rx. (12)
[]x|I=1 [Ixl=1
) ) R, =
So, if {R,,} is a sequence of nested symmetric matrices such that R4 = , where the
* %

asterisks represent the elements of R,, 41 which are not interesting to us, it follows from (12) that

Amin(Bm+1) € Amin(R)  and  Aao(Rmt1) > Aman(Rim) (13)
and the condition number satisfies:
K(Rma1) > K(Rm)- (14)
Obviously, V,,(p, ¢) is nested matrices when either p or ¢ is decreased. It follows from (13) that

Z lugl)? = trace(V,(0,0)) > Anin(0,0,n) > Apin(p, ¢, ). (15)
t=1



Remark 2.5 (Effect of extra parameter estimates) Obviously, any parameter estimator is not
consistent if the corresponding system is strictly undermodeled , i.e., p < p; or ¢ < ¢;. Now
consider the overmodeled case, i.e., parameter estimators of order (p,q), p > p:, ¢ > ¢;. Recall
from (1) that an ARX system with order (p;,q;) can be described, through introducing some zero
coefficients, by a linear regression model of order (p,q) satisfying p > p; and ¢ > ¢;. And the
parameter matrix of the model is equal to
07 () = (—As = Ap, Q=20 Co +-Co Q:::0)
P—pt 7=

For such a linear regression model, the least-squares parameter estimate, ,(p,¢), is equal to the

solutions to the following normal matrices:

(qu 1(p, )9-1(, 1)) 0 (P, q) Z@ 1(psq)

t=1

Vn(p.q)
Thus, the convergence rate can be described as

1623 0) = 3. )] = O((ELzBL LIy g (16)

provided that the assumptions of Theorem 2.1 hold, where Ap;n(p,q, ) and Apaz(p, ¢, n) denote

the minimum and maximum eigenvalues of V,(p, ¢). Note from the structure of the matrix V,,(p,q)
that in the strictly overmodeled case: p > py, ¢ > @, p+ ¢ > pt + a1, Va(pr, @) is always a nested
symmetric matrix of V,,(p, ¢). Applying (13) to (16), we have the expected result that estimation of
extra zero coefficients would slow the convergence rate of parameter estimation for all coefficients.

In addition, it follows from (14) that «(V.(p:,¢)) <

k(Vu(p, q))- So, assumption (7) could

become very restrictive to consistent order estimation when p* (or ¢*) is much bigger than p, (or
qt)- n

Remark 2.6 (Computational complexity of order estimation) When order estimation is approached
by minimizing the APE criterion, a finite group of LS ARX models of different order should be
determined. The computation of the APE’s associated with all the models usually does not form a
major computational load for each time iteration. However, as discussed in the following section,
the computational complexity involved in the determination of all the LS ARX models is as high
as O(Eg;po . qo(mp—{— 1q)?). Thus, order estimation could be prohibitive for on-line computation
if there are many candidate models. This is often the case when the prior knowledge of the model

is poor. | |



3 A Fast and Parallel Algorithm for Order Estimation

The LS parameter estimation for a group of models with both poles and zeros is computationally
expensive. This is due to the fact that most currently available fast algorithms, for instance, the
recursive LS lattice algorithm [10], the QR-based fast algorithms [11], and the algebraic methods for
Toeplitz-like systems [12,13], cannot be applied in this case because the data matrix involved is not
a Toeplitz matrix and the Yule-Walker matrix involved has no explicit displacement representation.
As a result, the computational complexity is as high as O(p*s g+ p*q*s) when the standard time
recursive LS algorithm is used, where p* and ¢* represents, respectively, the maximum number of
poles and zeros. Such a computational complexity is not practical in adaptive control and adaptive
IIR filtering. Researchers have proposed several methods to reduce the computational complexity.
An over-parameterization method is suggested in [14], where only models with the same numbers
of poles and zeros are used for purposes of parameter estimation. Chen et al. suggested a scheme
of truncating parameter estimates of the model having the maximum numbers of poles and zeros
and then using the truncated estimates to replace the desired. However, as discussed in Remark 2.5
and shown in [15], the performance of these methods is not good because the over-parametrization
causes the parameter estimates to have large variance and this could delay the arrival of the right
order estimates which are consistent with the true model order. Karaboyas et al. developed an
efficient ARX identification algorithm but it is inordinately complex at present [16].

Recently, a fast and parallel algorithm has been developed for approximating LS parameter
estimates of a group of ARX models[15]. The algorithm is called the time and order recursive
algorithm (TORA). The TORA can generate desired parameter estimates, which we will call the
TORA estimates throughout this paper, in O((p* + ¢*)?) flops. Equally importantly, the TORA
estimates converge to the corresponding LS estimates under some mild conditions. Therefore, it is
natural to consider replacing the LS estimates in the LS~APE by the TORA estimates. This idea

results in the following fast method for simultaneous estimation of system order and parameters.

1. Obtain TORA parameter estimates
éér(P’Q) = {—/it,l T — fit,p ét,O ét,l ét,q] t=0,---,n—1 (17)

for each ARX system in (1) with order (p,¢) € (’)z’,’;;g(: . The tilde emphasizes that the param-

eter estimates are determined by using the fast time and order recursive algorithm.



2. Obtain order estimates

n
(Pn,@n) = arg  min_ > |y = 61 (p, O $r-1(p, DI (18)

p»Q)eogo,’qo t=1

Note that the only difference between the proposed method and Hemmerly and Davis approach
presented in Section 2 is the parameter estimates used. In their approach, LS parameter estimates
0:_1(p, q) are used. Instead, in the proposed method, TORA parameter estimates 6,_1(p, q) are used
to reduce the computational burden. Besides the computational efficiency, the proposed method
preserves the asymptotic property of the Hemmerly and Davis approach when the input and output

processes are uniformly bounded for each realization. This is illustrated in the following statement.

Theorem 3.1 Consider ARX systems in (1). Suppose that the input and output processes are
uniformly bounded for each realization. If system order and parameters are estimated following

the procedure described in (17) and (18), then , under assumptions A-I — A-MI and (5) — (7),

(Br>Gn) = (1, q1) @.5. as n— oo, (19)

and

én(ﬁnv Qn) - 0(pt9qt) a.s. as n — 00, ‘ (20)
with a convergence rate of 0((%%2)1/2)_ .

This theorem can be proved by analyzing some previous results.

Observation 3.1: Suppose that the driving noise w, satisfying A—I and the “honest” pre-
diction y,(p,¢) is measurable with respect to F,_1. Let C 2 Y1 lye = ¥i(p, ) — wil[* denote
the accumulated pure prediction error (APPE). Then applying Lemma 2(iii) in [17] to the APE
immediately yields:

n n
Yo lye=3up, @l = D llwill® + Cal(1 +0(1)) a.s. (21)
t=1 t=1
on the set {C,, — oo} and
Y lye =3, Ol = D llwill® + Ca(1 + O(1)) aus. (22)
t=1 t=1
on the set {lim,,_,, C, < 00}. C,,0(1) and C,,O(1) denote o(C,,) and O(Cy). (21) and (22) reflect
that the limit behavior of APE (p,g,n) is decided by the APPE C,(p,q) and the accumulated

energy of noise.



Specifically, we define the LS-APPE as

Cu(prq) 2 i llye = 6F 1 (p, )be-1(p, @) — we||% (23)
t=1
Then,
Z ly: — é;fT—l(pa q)bi-1(p, Q)“2 - Z lly: — étT—l(pta 1) be-1(ps, qt)”2
t=1 t=1
= (Culp,9) = Culpe, 9:))(1 + o(1)) (24)

on the set {Crh(p,q) — 00,Cu(ps,q:) — o0}. Thus, the APPE becomes a key factor for consistent
order estimation when the LS-APFE is used as an order estimation criterion. |
Observation 3.2: It has been shown in Lemma 2.2 [9] that under the assumptions of Theorem

2.1, LS-APPE Cy(p, q) defined in (23) has the following limit behavior:
Cn(p,q) = (1 + 0(1))o* log det(Va(p, q)) a.s. (25)

when p > p; and ¢ > ¢,. It has also been proved [(67), [9]] that in the undermodeled case, for

instance, p < py,

LS-APE(p, ¢,m) > 3" [lusll? + (1 + (1) ApelZAmin(ps s 1) + O(L). a.s

t=1

Thus, (6), (21), and (22) imply that C,(p,q) — oo a.s. as n — oo and

Cu(p,9) 2 (1+ o()|Ap I*Ain(p, 4, 1) a.s. (26)

in the undermodeled case. (']

Lemma 3.1 Suppose that y and u are almost surely and uniformly bounded. Then, under the

assumptions of Theorem 2.1,

olye = 01 (p, ) be—1(p @) = wi|? ~ Crlpyq) acs. (27)

t=1

To prove Lemma 3.1, we need the following lemma.

Lemma 3.2 Let {a;,t € Z,} be a sequence of positive numbers. If the partial sums {b, =
f—pai,t € Z,} are divergent, then
n

> ay/b, < 1+ logh, — log by. (28)

t=0

10



In addition, if {z,t € Z,} is a sequence of positive numbers which converges to zero, then .

2": Ty0p = 0(2”: a). (29)
t=0 t=0

|
Proof:
(¢) tZ::O aifby =1+ t‘;(bt —bi1)/b; <1+ té log(bi/bi—1) = 1 + log b, — log bg.
(%) For any given ¢ > 0, 3¢, N > 0 such that 2, < € < ¢, n > N. Hence, for any n > N,
0< Yoy _ Lo ziay 4 €Y N1 Mt < YN o Tiay Ll
2im00t T Yot Yh=00t T Xf—o
Letting n be big enough, we have 0 < %ﬁi < e since Y p @ — 00 as N — 00. [

Lemma 3.3 [Pan and Levine, [15]] Suppose that y and u are almost surely and uniformly bounded.
If (¢) Amin(p, q,n) — 00 a.s. as n — oo, (%) the LS parameter estimates 8,,(p, ¢),n < 1, are almost

surely and uniformly bounded; i.e., 3K such that ||én(p, 9)|| < K1 a.s.,Vn > 1, then
162(p,0) = 6u(p, 9)| = OO\ (po gy m)) aus. (30)
where 5n(p, q), n < 1, are the corresponding TORA parameter estimates. |

Returning now to Lemma 3.1, from the definition of C,,(p, ¢) in (23) we have that for any (p, q),

C(p,Q)JrEII(O (P, 9) = 61 (p, ))br-1(p, @) |I?
>Z||Yt t 1(P, Q)pt-1(p, q) — wt“2

> Cn(p,q) - Z”(Ot 1(ps g 0? 1(P,0))$e1(p, )”2
This implies that
|Cn(psq) — EHYt 0 1(p, )be-1(p, q) — we ||

< S 1T 0) = 67 (0 o2, )

At this point we care about the limit behavior of the sum

S I8 0) ~ B s )Pl ()

It follows from Lemma 3.3 and (7) that for almost every realization of (y,u), there exists an finite

number N such that

11



1. |16n(p,9) — 6,(p,q)|| < K1\;% (p,q,n) for some finite positive number K7,

2. Amaz(P,q,n) < Ko\ mm(p, g, n) for some finite positive number K.

Hence, for any n > N,

Y 110-1(p, 0) = Bema(p, @) |e1(p, 9|2
t=1

N
Z 10e-1(p, 9) = e-1(p, )*llbs-1(p, )% + Z EIA5 (00 ) beaa(ps )| (31)
t— t=N+1

Note that the first term on the right side of (31) is finite. The second term satisfies

I(12 Z /\7_n3n(p7 q, t)ll¢t—1(pv Q)”2

t=N+1
< KT Y A (0,0, 00000, 0. 8) | bema (9, 0)| > (32)

t=1
Using assumption (6) and (29) in Lemma 3.2, we have that

> Nbi-1(p, @) = Be—r(p, DN Pl be—1(p, )|
t=1

= O(Z Amaz(Ps 4 Ollbe-a(p, 9)lIF) + O(1)

o C ”¢'t—1(p’q)||2 33
: (f_?Btrace(z:le¢1_1(p,q)¢f_l(p,q)))’ (33)

where K3 is the dimension of matrix "7, ¢;_(p, )oF_1(p, q). Applying (28) in Lemma 3.2 to (33)
and then using (7) yield

> Nbe-1(pr @) = Bema(p, )| b1 (p, 0)||* < o(log trace(Va(p, ¢))) + O(1)

= 0(log Amaz(p, ¢, 1)) + O(1) < o((1 + 0(1)) log Ain(p, ¢, 1)) + O(1). (34)

Comparing (34) with either (25) or (26) yields
> 18e-1(p, @) = 61(p, )l 6e-1 (P, DI = o(Cua(p, ) as.
t=1

for V(p,q) € Op &7 "

Proof of Theorem 3.1: Note that the assumptions of Theorem 2.1 are implied by the assumptions
of Theorem 3.1. Lemma 3.1 and Observation 3.1 illustrate that the LS-APE(p,¢,n) used in the
Hemmerly and Davis approach has the same limit behavior as the following quantity

> iy — 611 (p, 9)ra(p, D)%,

t=1
which we will call the TORA-APE. Thus, Theorem 3.1 holds. ]

12



Remark 3.1 (Applications to adaptive control) The LS—APE, combined with the adaptive control
strategy devised in [18], has been used in self-tuning control of ARX systems with martingale
difference noise[9]. It is shown there that, under the assumptions of Theorem 2.1, the parameters
and order are estimated in a strongly consistent way while the optimal cost of the whole adaptive
control system is achieved asymptotically. This implies that the TORA-APE can also be applied
to self-tuning control of ARX systems. | |

Remark 3.2 (Generalization to other fast algorithms) It is worth pointing out that Theorem 3.1
is an extension to Theorem 2.1 and there are only two extra assumptions used in proving Theorem
3.1. They are the boundedness of outputs and inputs and the upper bound on the convergence rate
of TORA parameter estimates to the corresponding LS parameter estimates. Thus, Theorem 3.1
holds if the TORA estimates in the procedure (described in (17) and (18) ) are replaced by some
other parameter estimates which, under assumptions of Theorem 3.1, converge to corresponding
LS parameter estimates at the same or faster rate than that in (30). Hence, we call this kind of

parameter estimates the approximate .S parameter estimates. [ |

4 Dominant Models

Besides the over-complexity problem pointed out in Section 1, the order estimation algorithm via
the APE criterion has a special problem in that the model order is often overestimated for a quite
long sequence of data. This phenomenon can be observed both experimentally, as shown later in
Section 5, and theoretically. Recall that order estimates are virtually decided by the accumulated
pure prediction error (APPE) defined below (22). It follows from Observation 3.2 that the APPE
has the following limit behavior: for any (5,§) € (’)g;;g; with p > p; and ¢ > ¢;, and for any
(p,q) € OB, %" with p < p; or q < gi,

Cn(B,§) = O(log Aaz(, G, 1)) a.s. (by (25))
< O(log Aez(PV D, GV q,n)) a.s. (by (12))
= O(log Apin(PV P, GV q,n) + vloglog Apin(BV 0, GV q,n)) a.s. (by (7))
and
Ca(p,q) 2 (14 0(1)KAmin(p,q,7) a.s. (by (26))
> (1+0(1)KAnin(PV p,GV ¢q,n) a.s. (by (12)),
where 7 is the constant appearing in (7) and K is a positive number. This implies that the APPE

increases in the overmodeled case at most at the rate of log Apin (P V p, ¢V ¢,n), but it gets big
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in the undermodeled case at least at the rate of Ap,;n(PV p, ¢V q,n). Therefore, the undermodeled
models can be easily rejected. However, in the overmodeled case, the APPE C,(5,§) is not that
sensitive to the model order. As a result, overestimation of system order remains true for a long
time until (p;, ¢:) becomes the argument minimizing the APE criterion over the model complexity
set. ‘

As a result of the above arguments, some improvement should be made to have the APE
criterion fit engineering applications. Before coming up to some modification, we explore some

interpretations of consistency of order estimation.

Remark 4.1 (Model accuracy and model complexity) Consider an ARX system of order (py, ¢;)
(expressed in (1)) subject to A-I — A-HI. Suppose that the output and input processes satisfy the
persistent excitation condition defined in (5) — (7) for any model order (p,q) € Of*{*, where p,
and g, are two finite integers. Theorem 2.1, Lemma 3.1, and Observation 3.1 state that the APE

criterion has the following limit behavior:

APE(p,q,n) > APE(pt,q1,n) a.s. (35)

for any (p,q) € Opw% if (pi, 1) € (’)g;;gg C Og%, where the APE can be cither LS-APE or
TORA-APE. Note that the order estimate (p,, g,) is the argument minimizing the order estimation
criterion over the model complexity set. This implies that the order estimate (pn,¢,) and the
associated parameter estimate 8,(p,, ¢,) represent the most accurate model of interest. The model
accuracy is then measured in terms of the APE (accumulated prediction error). When the “true”
model order (p:, ¢:) € (’)gf_"’“ is out of the model complexity set, which is the primary case we will
discuss?, the estimates (py,¢,) and 0,.(pn, gn) stand for the most accurate approzimation of the
“true” model or the most accurate approzimate model. This is because the inequality (35) holds
and then asymptotically,
(P, qn) = arg min,  APE(p,q,n)=arg min, NAPE(p,q,n)~ APE(ps, qi,m)|  a.s..
(.9)€O%, /4 (P,2) €084

As discussed before, the most accurate model could be overly complex. In other words, a slight

sacrifice of accuracy could gain a large reduction of model complexity. Here, we use the number of

’Due to considerations of computational burden and, in particular, the usefulness of a model in the intended
application, the model complexity set cannot be too large. In other words, the upper bound (p*,¢*) cannot be too

big. Thus, in practice, the “true model” could be out of the model set.
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poles to measure the model complexity. For this reason, we define a set of acceptable approximate

models:

APE.(p,q) — a,
<
€+ o, - p},

Ma(p) & {(p,q) € OB (36)

where the quantity a,, representing the accuracy of the most accurate approximate model, is

defined as

a

an min__ APE(p,q,n). (37)

(P9)E0k %
The small positive number ¢ is introduced to prevent the divisor in (36) from being zero when n is

very small. The positive number p will be explained below.

Remark 4.2 (Properties of the set of acceptable approximate models My(p)) The constant p
represents the tolerated amount of model accuracy degeneration in terms of the relative accuracy
of a model with respect to the most accurate approximate model. The set M, (p) shrinks as the
threshold p is reduced. When p = 0, the set M,(p) contains one element that is the order of
the most accurate approximate model. This implies that the set M, (p) is a non-empty set which
contains at least the order of the most accurate approximate model. As will be shown, the threshold

affects the tradeoff between model accuracy and model complexity. |

To solve the over-complexity problem arising in consistent order estimation via the APE cri-
terion, we suggest the use of a less complex but reasonably accurate model, which we call the
dominant model, to replace the most accurate approximate model. The order of the dominant

model is determined below:

pn = argmin{p [(p, q) € Mn(p)}
Pn — 1, if (pann) € Mn(P) (38)
argmin{q |{(pn,q) € My,(p)}, otherwise.

Gn =

The parameters of the dominant model are equal to 8,(pn,¢q,) which has been computed during
the process of order estimation. (38) states that the dominant model is an acceptable approximate
model with lowest model complexity. The determination of the number of zeros comes from the
observation that when sampling a continuous time system, the zero-order-hold equivalent of the
continuous time system generically has same number of numerator coefficients and denominator

coefficients.> As shown in the definition of the set of acceptable approximate models, the order

3The determination of the number of zeros may be refined, which is not pursued in this report. An interested

reader may refer to {19, pp. 88-90].

15



estimation criterion described in (36)—(38) is based on the APE criterion. So, we call the criterion

the quasi-APE criterion.

Remark 4.3 (Relation between the dominant model and the threshold p) The order estimation
procedure in (38) manifests that the order of a dominant model is heavily dependent on the thresh-
old p. The smaller p is, the more accurate the dominant model is with respect to the most accurate
approximate model. When p is reduced to zero, the resulting dominant model is simply the most
accurate approximate model. It should be emphasized that the intended application of a domi-
nant model ought be taken into account and some “physical entities” need be resorted to in the
determination of the value of p. Our experimental study suggests a value of about 1 for p when the

LS-APE is used and a value of about 0.5 for p when the TORA-APE is used. | |

5 Experimental Study of System Identification Using the APE

Criterion

A large number of simulation studies has been done on identifying most accurate approximate
models and dominant models for SISO ARX systems. The parameter estimates are determined by
using either the time-recursive LS algorithm or the TORA. The order estimation is performed by
means of the APE or quasi-APE criterion®.

The simulation study is carried out for three purposes. The first is to observe the transient per-
formance of parameter and order estimation for short sequences of data. The second is to observe
the effect of various system characteristics on parameter and order estimation. These system char-
acteristics include stability, controllability and observability, fast dynamics, and frequency content
of exciting signals. The third is to further investigate the meaning of dominant models in terms of

some other “physical entities” such as Bode plots, step responses, and the grammian of a balanced

realization.

5.1 Stability

Stability is the most important system characteristic in the design of control systems and IIR filters.

To explore its effect on order estimation, the following two systems have been considered.

*The threshold of 1.0 is used for the quasi-LS—APE criterion and 0.5 for the quasi-TORA-APE criterion.
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System 1: The first system is a stable system. The system input-output relation is described as
Yn + 0.68yp—1 + 0.7y,_2 — 0.2692y,,_3 = up—1 — 0.09up_3 + €,. (39)

The poles of the system reside at —0.4792 % 0.8586¢ and 0.2784 and they have magnitude of
0.9833,0.9833, and 0.2784, respectively.

System 2: The second system is an unstable system. Its ARX description is
Yn + 0.09yp—1 + 0.7y, 2 — 0.289y,_3 = up—1 — 0.09u,_3 + €, (40)

with two unstable poles 0.5902 + 0.82627 and one stable pole 0.2803.

The inputs of the systems are white binary signals with variance of 1.0 and the system noises are
white noises with variance of 0.5. The statistics of order estimation are presented in Table 1, which
are obtained through 20 replications of numerical simulation. There are 10 blocks of data in the
table and each of them represents the distribution of order estimates for one of the two systems
using one particular order estimation criterion. For instance, the upper-left block represents the
distribution of order estimates for System 1 through minimizing the LS-APE criterion.
A. Order Estimation via APE Criterion

The consistency of order estimation via the LS—APE criterion can be observed from Table 1.
When only 500 data points are available, the LS—APE criterion generates, in a 55% of the tests,
order estimates consistent with the true system order for the stable system. Another interesting
observation is that the correct number of poles is found in 80% of the tests. This implies that it
is easier to identify the number of poles than the number of zeros. As indicated by Table 1, the
TORA-APE criterion is no better in performance than the LS-APE criterion when 500 data points
are used. This matches the observation that the TORA sacrifices somewhat the accuracy of LS
parameter estimation for computational efficiency and the sacrifice becomes smaller and smaller as
more and more data arrive [20]. An encouraging message from Table 1 is that if only the number
of model poles is interesting, the performance of the TORA-APE criterion is close to that of the
LS-APE criterion even when only 500 data points are available.

Stability has a great impact on order estimation. First, the TORA-APE criterion is subject to
the boundedness of data points. As a result, the TORA—APE criterion cannot be applied to order
estimation for unstable systems. Secondly, the data measurements of larger and larger magnitude

make the condition number of the Yule-Walker matrices involved increase extremely fast. However,
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q 1 2 3 1 2 3 1 2 3 1 2 3
p LS-APE TORA-APE quasi-LS-APE | quasi-TORA-APE
System (39): a stable system; 500 data points
1 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 04 100 O 0 1.00 0 0
31020 055 0.05(055 005 0 0 0 0 0 0 0
41020 0 0 [040 0 O 0 0 0 0 0 0
System (40): an unstable system; 200 data points
11 0 0 0 - - - 0 0 0 - - -
2103 0 0 - - —-{100 0 O - - ~
3(02 015 0 - - - 0 0 O - = -
41025 005 0 - - - 0 0 0 - - -

Table 1: The distribution of order estimates for the stable system (39) and unstable system (40).
The order estimation is conducted by minimizing the LS/TORA-APE criterion or by using the
quasi-LS/TORA-APE criterion.

as the computer simulation results shows, the LS—APE criterion works well when the measurements
are in the numerical range allowed by the computer.
B. Order Estimation via Quasi-APE Criterion

The order of the dominant models for the stable system (35) is (2,1) almost surely no matter
which quasi-APE criterion is used. The same story happens to the unstable system (36) when the
quasi-LS-APE criterion is adopted. This seems quite reasonable for the unstable system because
the two unstable poles are definitely dominant modes. To justify the dominant models of the stable
system, we randomly pick one replication of the simulation and draw, in Figure 1, Bode plots of
the dominant model determined by using the quasi-LS-APE criterion, based on 25 or 1000 data
points. Figure 1 reflects that comparing with the system itself, the dominant models are rather
accurate in terms of Bode plot, in particular when many data points are available. The curves
of order estimates versus the number of data points used are plotted in Figure 2. By comparing
Figure 2 with Figure 1, an interesting fact shows up that the order of a dominant model starts to be
constant much earlier than parameters of the model converge. This would be helpful in applications
because changing structure of controllers or signal processors is much more difficult than changing

their parameters.
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Figure 1: Comparison between Bode plots of different models. The solid line represents the Bode
plot of the stable system (39). For the dominant model of order (2,1), identified based on 1000
data points, the Bode plot is indistinguishable from the solid line. The Bode plot of the dominant
model of order (2,1), identified based on the first 25 data points, is drawn in the dashed line.
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Figure 2: Order estimates for system (39). The solid line represents estimates of the number of

poles; the dashed line that of zeros.
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q 1 2 3 1 2 3 1 2 3 1 2 3
P via LS-APE via TORA-APE || via quasi-LS-APE | via quasi-TORA-APE
1 0 0 0 0 0 0 095 0 0 0 0 0
21025 0 01020 O 0 0.05 0 0 1.00 0 0
37065 010 008 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0

Table 2: The distribution of order estimates for the ARX system (41) via LS/TORA and quasi-
LS/TORA-APE criteria. The distribution is computed throught 20 duplicate tests and 1000 data

points are used for each test.

5.2 Controllability and Observability

In this example, our attention is devoted to an uncontrollable ARX system:
Yn — 1.6386y,_1 + 0.8646y,_3 — 0.1225y,_3 = 0.036Tu,—1 + 0.0218up_9 — 0.0067u,_3 + €,, (41)

where the noise is a white noise with a variance of 0.2 and the white binary input has a unit
variance. The poles of the system are located at 0.2231 and 0.7077 &+ 0.2189¢ and the zeros reside
at —0.8182 and 0.2231. The distribution of order estimates is presented in Table 2.

At first glance, Table 2 looks surprising because the LS—~APE and TORA-APE criteria have 75%
chance or more to generate pole estimates which are consistent with the true system. This indicates
that even for uncontrollable SISO ARX systems, the APE criterion is still able to asymptotically
determine the right order of the system. Note that the system output is the summation of two
parts. The first part is stimulated by the system input and is not affected by the cancelable pole
and zero. The second part is equal to the output of a pure AR model excited by the system
noise. The denominator of the pure AR model is exactly the same as the denominator of the
original ARX system and it contains the cancelable pole. Consequently, the true order of the
uncontrollable system could be identified. However, uncontrollability indeed causes big trouble to
order estimation in aspect of the number of the data points needed for consistent order estimation.
As seen from Table 2, even when long sequences of 1000 data points have been available, there is
still very small chance of 0.1 that the order éstimates are equal to the true order.

The order of the dominant models suggested by the quasi-LS-APE and TORA-APE criteria is
mainly equal to (1,1) and (2, 1). respectively. The order (2, 1) appears to be a right choice in terms
of model input-output relation because the cancelable pole and zero have no effect on the system

response to system input and compared with system noises, system inputs usually contribute to
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1 2 3 1 2 3
LS-APE TORA-APE
71.6777 71.8812 72.4218 || 71.5529 71.5691 72.1031
39.8992 40.2544 40.5511 || 40.5053 41.0865 41.6239
39.3537 39.5944 39.9123 || 39.9523 40.5676 41.1423
39.6032 39.9410 40.3547 || 40.1792 40.7686 41.3350

B N e R

Table 3: The LS-APE and TORA-APE of one test when 1000 data points are used. The ARX

system considered in order estimation is described in (41).

system outputs dominantly. The order (1,1) comes from the improper choice of the threshold for
the quasi-LS—APE criterion. As you see from Table 3, when the threshold is reduced from 1.0 to
0.7, the order of the dominant model, estimated via the quasi-LS—APE criterion, becomes (2,1)

instead of (1,0).

5.3 Fast Dynamics

Order estimation has also been done for two discrete time ARX systems with fast dynamics. Their

transfer functions are the zero-order-hold (zoh) equivalents of the following two continuous time

systems:
% 4+0.25 + 4.01 (42)
(52 +0.2s5+ 1.01)(52 +2-0.4472-11.1803s + 11.18032)
and
2
8+ 0.2s +4.01 (43)

(52 4+ 0.2s + 1.01)(s% + 2 - 0.0100 - 10.0005s + 10.00052)
The sampling interval is, respectively, 0.1 sec for system (42) and 0.05 sec for system (43). These
ARX systems are excited by white binary inputs with unit variance. The noise of these systems is
white noise having variance of 0.3 and independent on the model inputs. The distribution of order
estimates based on 500 data points is presented in Table 4. The LS-APE criterion always gives the
right estimate of the number of poles. In contrast, the performance of the TORA-APE criterion
is not good for the systems (42) and (43). To have better performance, we can use the modified
TORA in the APE criterion [20]. Of course, as predicted by the previous theoretical analysis, their
performance should be the same asymptotically when data sequences are uniformly bounded.
According to both the quasi-LS—APE criterion and the quasi-TORA-APE criterion, the number
of poles of the dominant models should be 2 for the first case and 4 for the second case. Intuitively,
this is quite believable because the fast dynamics in the first case has a damping ratio of 0.4472,

but 0.01 in the second case. This very small damping ratio causes a big jump in the magnitude
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q| 1 2 3 411 2 3 4 1 2 3 4] 1 2 3 4 5
P via LS-APE via TORA-APE || via quasi-LS-APE via quasi-TORA-APE
Case 1: fast dymanics with a mediate damping ratio
2| 0 0 0 0] 0. 0 0 0200 0 o0 07100 O 0 0 0
31 0 0 0 01005 0 0 O 0o 0 o0 o0} 0O 0 0 0 0
4107 020 005 0({060 0 0 0 0 0 0 0] O 0 0 0 0
51 0 0 0 0005 0 0 0 0 0 0 0| O 0 0 0 0
6| 0 0 0 07030 0 0 0 0 0 0 0} O 0 0 0 0
Case 2: fast dymanics with a small damping ratio
21 0 0 0 o0f 0 0 0 O 0O 0 0 o0 O 0 0 0 0
3| 0 0 0 0] 0 0 0 O 0 0 o0 0| 0 010 ©O 0 0
41070 020 010 0] 0 0 0 O 0 0 100 0f O 0 050 0 0
51 0 0 0 0 0 0 O O 6 0 0 o0f O 0 0 020 O
6| 0 0 0 0100 0 0 O 0 0 0 o0f 0 0 0 0 0.20

Table 4: The distribution of order estimates via LS/TORA and quasi-LS/TORA APE criteria. It

is obtained throught 20 replications of tests.

of the transfer function of the system at the frequency of 10.0005 rad/sec. Also, we can use a
balanced realization to evaluate the order of the dominant models. The balanced realization of the
z-o-h equivalents of systems (42) and (43) has been generated by using MATLAB. The realization
has four states. By comparing the diagonal elements of the grammian of the balanced realization,
reduced-order models having one state, two states and three states are generated and then the
step responses of the equivalents and their reduced-order models are drawn in Figure 3. There
is no noticeable difference in step response between the z-o-h equivalent of system (42) and its
reduced-order models except for the one-state model. For system (43), ﬁo model reduction can be
done without obviously changing the model step response. This exactly matches the order of the

dominant models estimated through the quasi-LS/TORA-APE criteria.

5.4 Rohrs’ Example

Adaptive control algorithms which are theoretically stable could become unstable in the presence
of mild unmodeled dynamics. This fact was first reported in the example of Rohrs et al. [3]. The
adaptive control scheme of Rohrs’ example is designed based on a first-order model with transfer

function g(s) = sil. The actual plant is a third-order system with a transfer function

2 229
s+1 824308+ 229°

P(s) = (44)
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Figure 3: Step responses of the z-o-h equivalents of Systems (42) and (43) as well as their reduced-
order models. The z-o-h equivalents have four states and their step responses are drawn in solid

lines. The step responses of reduced-order models of three states, two states, and one state (only

for System (42)) are plotted in dashed, dotted, and dashdot lines, respectively.
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When the sampling interval is 0.05 sec, its z-o-h equivalent is

0.0976  0.0676(1 + 2.57032~1)(1 + 0.1792271)
~0.9512271 1-0.94002-1 +0.2231z=2

P = 1 (45)

Much research on tobust adaptive control has been stimulated by Rohrs’ example [21,22]. A
major difficulty in robust adaptive control is that the amount of unmodeled dynamics tolerated
by a robust adaptive control algorithm is very problem-dependent. In this section, we investigate,
through numerical simulation, what model order should be estimated for the system (45).

An ARX system with transfer function P(271) in (45) is considered in the simulation:
ye = P(z7Yus + Po(z7 e (46)

where 2! represents the one-step delay operator and

P(zY) = !
¢ (1-0.951221)(1 — 0.94002~1 + 0.2231272)"

(47)

We have modified Rohrs’ example by the addition of a driving noise term. Such a term is likely to
be present in real applications. Of course, in a real system, there would also be some measurement
noise. We have not included measurement noise yet. The Bode plots of P(271) and P.(27') are

drawn in Figure 4. The system input and noise are sinusoidal signals:

4
u =2+ Z 0.1sin(w;Tst) and e = acsin(wTst). (48)

i=1

Specifically, four combinations of system input and noise with different frequency content are used®:
(1) no noise and high frequency input: w; = 1,5,10,15; a. = 0,

(2) low frequency noise and low frequency input: w; =1,1.3,1.6,2; a. = 0.2,w, = 5,

(3) low frequency noise and high frequency input: w; = 1,5,10,15; a, = 0.2,w, = 5,

(4) high frequency noise and low frequency input: w; = 1,1.3,1.6,2; a. = 0.2,w, = 16.1.

The simulation results are summarized in Table 5 and Table 6. After 25 iterations, order (1,1)
or (1,0) is not suggested as the order of any dominant model except for one case in which the

threshold p is larger than 200%. Surprisingly, this is quite different from the model used in most

5The signals considered here are out of the range covered by the convergence theorems at present. However, these
signals, including input signals and noise signals, are quite typical in engineering. Most importantly, we want to
explore the effect of frequency content of input and noise signals on order estimation by means of these sinusoidal

noise and dither.
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Figure 4: Bode plots of P(z71) (in solid lines) and P.(271) (in dashed lines)

case 1 2 3 4

n | [25,31] [32,500] | [25,31] [32,500] | [25,31] [32,500] | [25,31] [32, 500]
MAM | (2,1) (2,1) (2,1) (3,1) (2,1) (3,1) (4,3) (4,3)
DM | (21) (2,1) (2,1) (2,1) (2,1) (2,1) (3,2) (3,2)

Table 5: Order estimates of System (46) by using LS-APE and quasi-LS-APE criteria. The MAM
stands for the order of most accurate models and the DM represents the order of dominant models,

where the threshold p is set as 1.0.
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case | ¢ 1 2 3 4 p order
p accumulated prediction error estimate

1( 0.0729 0.0585 0.0712 0.0946 0 (2,1)

2| 0.0232 0.0406 0.0654 0.0926 | 0.3 (2,1)

1 3| 0.0235 0.0411 0.0660 0.0927 | 1.0 (2,1)

4| 0.0238 0.0414 0.0662 0.0930 | 2.0 (2,1)

5| 0.0238 0.0414 0.0663 0.0931 | 5.0 (1,1

1(104.6901 104.9540 105.2291 105.4041 | 0 (3,1)

2| 0.6335 0.9139 1.2201 1.4655 | 0.3 (3,1)

2 3] 0.3828 0.6671 0.9705 1.1990 | 1.0 (2,1)

4| 0.3843 0.6704 0.9738 1.1955 | 2.0 (2,1)

5| 0.3864 0.6718 0.9755 1.1975 | 5.0 (2,1)

1| 104.3822 104.6759 104.6472 103.9399 | 0 (3,1)

21 0.5273 0.8131 1.1408 1.4258 | 0.3 (3,1)

3 |31 0.3807 0.6761 1.0083 1.2794 | 1.0 (2,1)

4| 0.3825 0.6792 1.0108 1.2751 | 2.0 (2,1)

5| 0.3847 0.6803 1.0123 1.2770 | 5.0 (2,1)

1| 31.5488  31.6364  31.7723 31.7963 | 0 (4,3)

2| 14.0029  13.9382 13.8531 13.4541 | 0.3 (3,2)

4 |3 0.6285 0.5959 0.5983 0.6357 | 1.0 (3,2)

4| 0.6356 0.6005 0.5898 0.6382 | 2.0 (3,2)

5| 0.6352 0.6055 0.5911 0.6443 | 5.0 (3,2)

Table 6: Order of dominant models and corresponding model accuracy when 500 data points are

used
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considerations of Rohrs’ example [3,4,21,22]. In addition, the order of dominant models varies as
exciting signals change. This desired feature would help to reduce model uncertainty to a level that
a robust adaptive control algorithm can tolerate.

Before explaining the simulation results, we analyze the time responses of the ARX system (46)
to system inputs and noise described in (48). It is easy to show from (46) and (48) that

4 . ' .
g = |P(D)| + 5 |P(em#T2)]0.1 sin(w; Tyt + LP(e™7%iT%)) (19)
=1

+|Pe(e=iweTe)|aq sin(we Tst + LPo(e7%14)),
where T is the sampling interval.
A. Case 1: no noise and high frequency input

All the APE’s are very small in this case because there is no system noise. Note that the
frequency range of input signals is from 0 to 15 rad/sec and as shown in Figure 5, the magnitude of
P(jw) decays about 30 dB within the range. So, all the three modes of the system (45) are excited
and only the slow mode, e~ T, is energetically stimulated. This results in that all the APE’s are in
same order.

To justify the dominant model of order (2, 1), we compare, in terms of Bode plots, the dominant
model with the original system (44) and the model g(s) = ﬁ_-f, which is used for controller design
in Rohrs’ example. Figure 5 shows that the dominant model of order (2,1) is more accurate than
the model g(s).

B. Case 2 and Case 3: low/high frequency input and low frequency noise

It seems puzzling that APE’s are nearly same in Case 2 and Case 3 even though all the three
modes, e~Ts and eT+(-15%72)  are excited in Case 3 instead of only the slow mode e~¢ in Case 2.
However, the excitation of the slow mode and the pair of fast modes is much different in the degree
of strongness. Note that the mode e~7* is excited by both input signals and noise signals. As shown
in Fig. 4, |P.(e75T¢)| is about 15dB larger than |P(e~T¢)| and |P(e~T+)| is about 25 dB larger than
| P(e~157%)|. Consequently, it follows from (49) that the dominant frequency components of y; are
composed of the system response to low frequency input signals and noise in these cases. In other
words, only the slow mode e+ is strongly excited rather than the fast modes. That is the reason
why we have nearly same APFE’s in both cases.

People may ask why the dominant models listed in Table 6 always have more than one pole since
only the slow mode is strongly excited. Remember that dominant models are some approximation

of a most accurate model. As illustrated in Figure 6, the most accurate model has a sharp resonance
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Figure 5: Bode plots of the System (44), the first-order model g(s) =

10t

102

—2__and the continuous-time
541

equivalent of the dominant model of order (2,1). They are, respectively, drawn in solid, dashed,

and dashdot lines. The output sequence is generated as the noise-free measurements of the output

of system (44) which is excited by the high frequency input described in the case 1.
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Figure 6: Bode plots of the System (45), the most accurate model and second-order dominant

model in Case 2. The plots are drawn in solid, dashdot, and dashed lines, respectively.

mode®. Therefore, any good approximation of the model should have two or more poles.
C. Case 4: low frequency input and high frequency noise

In this case, the slow mode is excited by the low frequency input signal and the pair of fast modes
is stimulated by the high frequency noise. Note that |P(e~%1%)| is about the same as | P,(e™16-17%)].
This results in that all the three modes are excited nearly at a same level. Therefore, the dominate
model should have three poles; otherwise the APE’s would be increased significantly, as shown in

Table 6.

®The most accurate model depicted in Figure 6 is not accurate in terms of Bode plot. This is due to a small

signal-to-noise ratio which is equal to

500 4 . .
SSIP)] 4+ Y | P(e77«iT+)]0.1 sin(wiTet + £P(e™79iTe))]?
t=1 i=1

500

Mo

[|Pe(e=19eTs )|ae sin(weTst + £ Po(e3weTs)))?

t=1

In Case 2, the SNR has a value of 4.3149.
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5.5 Summary

As illustrated in the above simulation results and heuristic analyses, order estimates usually quickly
enter a steady state after tens iterations. The number of poles of dominant models is dependent on
the threshold p and in particular, the number of (unknown) system poles which are energetically
excited by exogenous signals and noise. The number of poles of a dominant model is often equal
to, or is one more than, the number of the energetically excited poles when the threshold p is not
larger than 2. The performance of a dominant model measured in terms of Bode plots is subject

to that of the most accurate model.

6 Application to a Laboratory-Scale Process

To illustrate the feasibility of order estimation in practical situations, we performed order estimation
on real data. The data were collected from output-input measurements of a laboratory temperature-
control process and were stored in the System Identification Toolbox by Ljung [23]. Ljung has
performed system identification on the data using several identification techniques in [23,24]. By
means of the standard performance measure of parameter estimation, Akaike loss function, and
some physical entities like time response and Bode plots, a conclusion has been drawn that the
proper model for the process is an ARX model with two poles, one zero, and three steps of input
delay. Here, we use the data again to perform system identification using the LS/TORA-APE and
quasi-LS/TORA-APE criteria. Specifically, the data will partitioned into two parts. The first part,
which will be directly used for identification, consists of 1000 pairs of output-input measurements.
The input actually is a realization of a binary random signal with a shifting probability of 0.2.
The second part will be used to evaluate the identified model and is composed of input-output
measurements of the process excited by a binary random signal with a shifting probability of 0.5.
The simulation results are summarized in Table 7 and Figure 7.

Order estimation is conducted through an ARX model with a presumably assigned value of the
step of model input delay. When three steps of input delay are assumed, the LS-APE criterion
suggests an over-estimated model order (5,2) and the TORA-APE criterion generates a less over-
estimated model order (3,1). This matches our concern on over-estimation of model order discussed
in Section 4. It is worth pointing out that, as stressed in [24], this temperature-control process is
“well behaved: it has reasonably simple dynamics with quite small distances.” So, for industrial-

scale processes, the over-estimation problem of the APE criterion may become more severe.
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q 1 2 3 1 2 3 order
P LS-APE TORA-APE estimate
no input delay

1 37.1025 31.0525 15.2163 |} 38.6826 33.2420 17.9491 LS: (3,3)

2| 11.9800 9.9968  4.1492 | 13.9334 12.7757 7.4572 QL: (2,3)

3 || 10.3306 8.9175  4.0111 | 12.5401 11.9558 7.6617 TO: (2,3)

4 || 10.3671 89504  4.0245 | 12.7541 12.1687 7.8810 QT: (2,1)
one step input delay

1 [ 30.6897 14.5275 5.3256 || 32.4458 17.1604 7.9843 LS: (4,3)

2 [ 9.6751  3.5141  2.6993 || 11.8406 6.6487  5.7242 QL: (2,2)

3 || 8.5958  3.3816  2.5991 || 10.9813 6.6912  5.9484 TO: (2,3)

4| 8.6293  3.3905  2.5751 || 11.1511 6.8591  6.1715 QT: (3,1)
two step input delay

1 143304 4.7496  2.5228 || 16.3053 7.1459  5.2024 LS: (3,3)

2] 3.3529 21344  2.0359 5.59014  4.7864  4.9953 QL: (2,1)

34 3.1921  2.0239  1.9132 || 5.5939 4.8360 5.1664 TO: (2,2)

4 | 3.1914 1.9984 1.9170 5.7237  5.0093 5.4212 QT: (2,1)
three step input delay

1] 46565 24755  2.0608 6.3974  4.4363  4.2813 LS: (5,2)

2] 2.0473 2.0014 1.9581 3.8839  4.1392  4.4098 QL: (2,1)

3 19772  1.8876  1.9140 3.8755  4.1378  4.5797 TO: (3,1)

4 || 1.9594 1.8809  1.9111 3.9839  4.3035  4.7586 QT: (2,1)

5 || 1.9627  1.8680  1.9095 | 4.1188 4.4780 4.9766

6 || 1.9762 1.8852  1.9281 4.2654 4.6748  5.2240

LS— LS-APE; QL — quasi-LS-APE; TO — TORA-APE; QT — quasi-TORA-APE

Table 7: APE’s and order estimates via LS/TORA~APE and quasi-LS/TORA APE criteria
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Figure 7: Comparison of time responses of the process and dominant model

In contrast, the quasi-APE criteria yield the order estimate of (2, 1) no matter which quasi-APE
criterion is used. This matches the results obtained in [23,24]. To further illustrate the accuracy of
the dominant models, time responses of the original process and the dominant model determined
by using the quasi-LS-APE criterion have been plotted in Figure 7. The dominant model matches
the dynamics of the process in time response very well.

Another interesting fact is that, as the model input delay assumed in order estimation is suc-
cessively increased up to the true one, the values of the corresponding minimum APE’s become
smaller and smaller. For instance, as shown in Table 7, the minimum LS-APE falls down from
4.0111 to 1.8680 when the assumed input delay approaches the true input delay. This indicates

that the APE criterion may also be used to estimate input delay.

7 Conclusions

This paper presents three-fold results. We have developed a fast and parallel algorithm for on-

line estimation of ARX system order and parameters. Compared with the algorithm in [9], the
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proposed algorithm reduces the computational complexity of order estimation significantly while
preserving the strong consistency of order estimation. This algorithm is, however, limited to uni-
formly bounded data sequences.

We have invented a device attached to consistent order estimation criteria for solving the over-
complexity problem. The device makes tradeoffs between model complexity (measured in terms
of the number of model poles) and model accuracy (measured by means of order estimation cri-
teria). As a result, a dominant model with a satisfactory accuracy, instead of a most accurate
but over-complex model, is estimated. Simulation results show that the order of dominant models
determined through order and parameter estimation rather precisely matches the order of conven-
tional dominant models which are justified by means of Bode plots, time responses, and balanced
realization, etc..

We have conducted a comprehensive simulation study to help understanding of order estima-
tion. Many factors which are not studied in theoretical analysis have been carefully considered
in simulation. These factors include stability, controllability/observability, and fast dynamics of
unknown systems, as well as the feasibility of order estimation in practical situations. The sim-
ulation results show that the quasi-APE criterion — a modified version of the APE criterion has
satisfactory performance in various situations.
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