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Chapter 1: Introduction

A conformal structure on a manifold M is defined by an equivalence class of (pseudo-)
Riemannian metrics where two metrics are equivalent if they differ up to scaling by a smooth
positive real-valued function. A manifold that is locally conformally equivalent to a flat affine
space is called conformally flat. Such manifolds can alternatively be characterized as those ad-
mitting a (G, X )-structures for a particular form (for details, see . This locally homogeneous
structure gives rise to a developing pair (0, h) where ¢: M = X, a developing map, is a local
diffeomorphism that maps the universal cover M of M to a model space X, and a holonomy
morphism h: 7w (M) — G is a group homomorphism with respect to which § is equivariant.
Using this tool, one may attempt to classify (G, X)-manifolds in terms of the group-theoretic

properties of holonomy image, as exemplified in the work of Goldman:

Theorem 1.1 ([11, Theorem A)). Let M be a closed conformally flat n-dimensional Riemannian
manifold whose holonomy image is virtually nilpotent (i.e. there exists a nilpotent subgroup of

finite index). Then, M is finitely covered by an n-sphere S", a flat n-torus T", or a Hopf manifold

St x g1,

Here, Goldman proved that in each case the developing map is a diffeomorphism onto an
open subset of X (in which case M is called Kleinian) or onto the entirety of X (in which case M
is called complete). For formal definitions of Kleinian and complete manifolds, see[2.2] Goldman
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could then recover the original manifold M by taking the quotient of the developing image by
the holonomy action.

A similar classification has not been done in the Lorentzian case. A natural stepping stone
to such a classification is to first classify those with unipotent holonomy in dimension three. Let
us remark what specifically these assumptions simplify. First, in the case of dimension three,
the space X appearing in the locally homogeneous structure is Ein*', the (2 + 1)-Einstein uni-
verse, which has a particularly explicit description and which is easily visualized. Some useful
properties of this space and its universal covering are discussed in §2.2] Second, the unipotent as-
sumption forces the holonomy image to lie inside the stabilizer of an isotropic flag, which allows

us to have the following chain of invariant subspaces in Ein®'

{Poo} C A C L(poo), (1.1)

consisting of a distinguished point called the improper point, a photon containing the improper
point, and a lightcone containing such a photon (for details, see §2.3). These subspaces then
allow us to break the classification into more manageable cases. In the Riemannian case, the
geometric simplicity of X = S renders this step unnecessary.

We thus have a developing pair (6, h):

§: M — Ein®', h: 71 (M) — Conf(Ein*").

There are still some complications arising from the fact that Ein*' is not simply connected and



to avoid these we also consider the lifted developing map and the lifted holonomy morphism

~ o~ —2.1 —2,1
0: M —En , h:m(M)— Conf(Ein )

)

27

—2]1
where Ein~~ is a universal covering of Ein®'. The photon A and the lightcone L(ps, ) from (T.1)

~ —2,1
each lift, specifically to a photon A and a lightcone L(p.,) in Ein  (where p, is a point in the

/—\/271 . . . i
preimage of p,, in Ein ), respectively. On the other hand, we will also see in §2.3.1|that h(T"),

which we will denote by G, lies in 71 (Ein*') x G where G = h(T"). We shall use « to denote the

—2,1 —2,1
generator of 7y (Ein ) thought of as a conformal automorphism of Ein ~ (see §2.2.1).

Let us now elaborate on how we break the classification into subcases. There are four major
cases depending on whether the image of the developing image 0(M) intersects the invariant

subspaces:

Case I. the developing image d(M) includes {peo },

Case II. the developing image d(M ) intersects A but not {ps},

Case I1I. the developing image 0(M) intersects L(p,) but not A,

Case IV. the developing image J(M ) does not intersect L(p ).

In each of the first three cases, covered in Chapters 3,4, and 5 respectively, we use the dynamics
of the maximal unipotent group of PO(3,2) to analyze the possible developing image. In the
fourth case, we adopt known results about flat Lorentzian manifolds to obtain the results. The

result of these analyses is the following.

Theorem 1.2. Let M be a closed conformally flat Lorentzian manifold of dimension three with

unipotent holonomy.



1. I]‘é(ﬁ) contains the improper point p.., then M is a complete (ﬁm, Conf(ﬁm))—
manifold and the holonomy group %(F) is an infinite cyclic group generated by an element
of the form o'g € U~ 71 (Ein®t) x U with i # 0 (see for the notation used here).
Consequently, M is homeomorphic to S* x S, up to a finite covering.

2. If (M) does not contain the improper point p., yet still intersects A, then M is Kleinian
(see Definition with S(M) = Min™ (Poo) U L(Poo, @(Pos)) U Min™ (o) (see
for the notation used here). Furthermore, sz(F) is an infinite cyclic group generated by a
conformal automorphism of ﬁm that stabilizes and acts as a timelike translation or an
affine transformation whose translation is timelike on each Min™ (Poo)- Consequently, M

is homeomorphic to S* x S* up to a finite covering.

3. IF6(MYNA =@, then 6(M) N L(pse) = 2.

4. If 5(M) does not intersect L(psy), then M is a complete (R*' Aff(R*'))-manifold and the
holonomy group h(T') is isomorphic to Z? or Z? x 4 7 where A € GL(2,R) is parabolic.

Consequently, M is homeomorphic, up to a finite covering to a 3-torus or a parabolic torus

bundle over S'.

One consequence of the above theorem, is the following topological classification of closed

conformally flat Lorentzian 3-manifolds with unipotent holonomy.

Corollary 1.1. Let M be a closed conformally flat Lorenztian 3-manifolds with unipotent holon-

omy. Then M is finitely covered by S* x S' or a parabolic torus bundle.

In each case, we also observe that the developing map in fact maps the the universal cover
diffeomorphically onto its image, and we thus deduce that M is Kleinian.
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Corollary 1.2. A closed conformally flat Lorentzian 3-manifold with unipotent holonomy is

Kleinian.

We further obtain a topological condition that allows the existence of an essential flow (i.e.
a flow that does not preserve any metric in the conformal class, see [5]) on such manifolds (see

Chapter 7 for details).

Theorem 1.3. Let M be a closed conformally flat Lorentzian manifold of dimension three with
unipotent holonomy. Then the conformal structure on M is essential if and only if M can be

finitely covered by S* x S'.



Chapter 2:  Preliminaries

Before we begin, we note that I' will be often used to denote the fundamental group 7 (M).
Moreover, we will use 7y for the covering map of X and we will often omit X when it is clear

from context.

2.1 Locally Homogeneous Structure

Often referred to as a (G, X)-structure, a locally homogeneous structure can be thought of
as patching together pieces of a model space X via a Lie group G of admissible gluing operations,
which acts transitively on X. More precisely, a (G, X )-structure on M consists of chart maps
that embed open sets of M into a model space X and gluing maps that are “locally G” (see [14]],

[13, Chapter 5.]).

Definition 2.1. When X is a manifold and G is a Lie group acting transitively on X, a (G, X)-

structure on a manifold M comprises
1. {U,} an open covering of M,

2. {ba : Uy — X} afamily of diffeomorphisms where for each o and 3, gog = ¢5 0 ¢,' is a

restriction of an element of G on each connected component of U, N Ug.

Suppose f : M — N is a map between two (G, X)-manifolds M and N. It is a (G, X )-map if
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for each pair of charts

{0a :Ua = X}, {95: V5 — X},

for M and N respectively, the restriction

V50 f 0 Oy guans-1(vi))

is locally G.

Furthermore, by considering a sequence of chart maps along each loop in 71 (M), we obtain

a way to relate the universal covering M to X, as well as a way to relate m; (M) to G.

Theorem 2.1 (Development Theorem, [13, Theorem 5.2.2]). Let M be a (G, X )-manifold with
universal covering space T : M — M and group of deck transformations I' = m(M). Then

there exists a pair (9, h) consisting of
1.6:M—Xa (G, X)-map,
2. h:TI' = G a group homomorphism,

such that for each v € T the following diagram commutes.

f

|

2

We refer to 0 (resp. h) as the developing map (resp. the holonomy morphism), and the
pair (J, h) as the developing pair. When the developing pair satisfies nice conditions, the original
manifold can be recovered by considering the image of the developing map and the action of the
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holonomy group. More specifically, when the developing map maps M diffeomorphically onto a
subset of X, then the holonomy morphism maps the fundamental group 71 () isomorphically to
a discrete subgroup of G that acts freely and properly discontinuously on the developing image.
Ultimately, the manifold M can be recovered as the quotient of the developing image under the
holonomy action.

It is useful to have specific terms for these conditions, and so we have the following defini-

tions.
Definition 2.2 ([6, §6.1]). Given a (G, X)-manifold M we say that:

1. M is complete when I is a discrete subgroup of G that acts freely and properly discontin-

uously on X and M = X/T,

2. M is Kleinian when I is a discrete subgroup of G that acts freely and properly discontin-

uously on an open subset Q) C X and M = Q/T.

We now consider the example of conformally flat Riemannian manifolds. To this end,
we first observe that since the stereographic projections of S™ are conformal, S™ with the usual
round metric is an example of a conformally flat Riemannian manifold. In particular, it is a
conformal compactification of R". In addition, Liouville’s Theorem states that every conformal

map between open sets of R” extends to a conformal automorphism of S™.

Theorem 2.2 (Liouville’s Theorem, [17, Theorem 1.10]). Let n > 3. Then every conformal map
U — R", where U is a domain of R" is a restriction of a conformal automorphism of S™, where

S™ is seen as a one-point compactification of R™.

As the group of conformal automorphisms of S™ is PO(n + 1, 1), we may conclude that
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endowing a manifold with a conformally flat metric is equivalent to endowing it with a locally

homogeneous structure where X = S™ and G = PO(n + 1, 1).

2.1.1 Conformally flat Lorentzian structures on 3-manifolds

We now discuss how a conformally flat Lorentzian structure on 3-manifolds can be sim-
ilarly presented as a (G, X)-structure. First, in the Lorentzian setting, R?*! has a conformal
compactification Ein*' whose group of conformal automorphisms is exactly the group PO(3, 2).
Then as in the Riemannian setting, the following analogue of Liouville’s Theorem allows us to

equate a conformally flat structure with a (PO(3,2), Ein*!)-structure.

Theorem 2.3 (cf.[6, Theorem 2.13]). Every conformal map U — R*', where U is a domain of

R>! is a restriction of a conformal automorphism of Ein>'.

We discuss the details about the model space Ein*' and its conformal group PO(3,2) in
later sections, but we now mention that Ein®' is homeomorphic to the mapping torus of the
antipodal map on S?. Thus, unlike in the Riemannian case, in conformal Lorentzian case, the
model space is not simply connected. This poses a problem when one tries to recover the original
manifold from the image of the developing map. To remedy the situation, we will often consider

21,
a locally homogeneous structure modelled on Ein  instead.
Of course this forces us to consider a different transformation group that acts transitively
21 . " 2l . .
on Ein . The following proposition from [6] shows that Conf(Ein ) should be the right choice

for such a group.

Proposition 2.1 ([6, Proposition 4.51). Each diffeomorphism of Conf(Ein®") lifts to a diffeo-
morphism of Conf (EEM) Conversely, each element of Conf (ﬁm) induces an element of

9



Conf(Ein*).
We will discuss in more detail in §2.3.1]

—21
2.2 The geometry of Ein*! and Ein

We now begin our discussion of Ein*'. The (2 + 1)-Einstein universe Ein*' is defined to
be the projectivization of a nullcone of b, a symmetric bilinear form of signature (3,2) on R3?2,

Note that we may find a basis of R*? such that b is defined by a matrix of the following form

0 0 1
J=10 J 0
1 0 0

where .J is a matrix defining a symmetric bilinear form on R?!. In the sequel, we shall assume
b is of this form unless noted otherwise. This construction gives a natural conformal metric on
Ein®' (see [7, §2.1]).

The Minkowski space R>! embeds into Ein®! via the following map

¢ : R%! — Ein*!
(2.1)

T = (21,22,23) — [—2qa(x):zy 29wy 1],

where

¢@1(x) = o'z,

is the quadratic form defined by the matrix J’ from above. Note that there is a distinguished point

10



“at infinity”

Poo=1[1:0:0:0:0],

called the improper point such that the image ¢(R*?) is exactly the complement of the set

L(pss) = [ J{® € Pho™" : p, € @}.

Here Pho>' denotes a set of photons, which are projectivization of isotropic 2-planes of R>? (see
Remark . One may show then the above map ¢ conformally embeds R?! onto Ein*' \ L(ps)
(see [[7, §2.3]). So, unlike the Riemannian case, in the Lorentzian case the model space has an
infinitude of points at infinity. It is also customary to denote the image ¢(R*!) as Min(py ), the
Minkowski patch associated with the improper point p..,. For more details, see [2, Chapter 2].
To study the topology of Ein*' and to see it is indeed homeomorphic to the mapping torus
of the antipodal map on S?, we choose a basis of R*? under which the quadratic form defined by

J assumes the following form

G2(y) =vo + i + Y5 —v3 — i

We then observe the any y in the nullcone satisfies

Yo+ yi +ys =v5+ ;.

11



Since projectivization allows us to freely scale both sides, we obtain the following equations
otyity=ystyi=1

which define a double covering of Ein®'. This covering is conformally equivalent to S? x S*

equipped with the metric gg2 @ —gg1 where gg2 and gg1 are the round metrics on the spheres S?
/\271 . . . .

and S! of radius one respectively and will denoted by Ein , (see [2, §4]). Then projectivization

identifies each point with its image under the antipodal map, and we thus obtain an identification
Ein®! ~ §% x S1/{£I}

verifying Ein®' is indeed the mapping torus of the antipodal map on S2.

The above topological identification of Ein*' as a twofold quotient of S? x S' allows us
to topologically identify the universal covering Emn as $? x R. More specifically, B is
conformally equivalent to S x R with the metric gg» ¢ —gg. Furthermore, we may lift the

antipodal map on S? x S! to the map

f: 8?xR — S*xR

(x,t) +— (—z,t+m)
and a generator o of 7 (Ein®") can be chosen so that:

—921 .
Ein —— S?xR
al lf

—21
Ein

)

—= 5 52 xR.

12



For details, see [2, §4.3].

—21
To have a more concrete model, we further identify Ein = with R? \ {0} as follows

Em — R3\ {0}

(,0) — €z,

Under this identification, o corresponds to the following map:

a: Ein ~R3\ {0} — Emn ~R%\{0}

z — —e"z.

Furthermore, each photon becomes a logarithmic spiral contained in a 2-dimensional linear sub-
space of R3, and a lightcone at a point p becomes the revolution of a photon that passes through
p around the axis defined by the straight line that connects p and «(p). The complement of a
lightcone is now a disjoint union of Minkowski patches where « as above acts as a permutation.
Given a point p € E—\iﬂll and the lightcone L(p), there are two distinguished Minkowski patches
inEin \ L(p) that shall be denoted by Min™ () and Min~ (p) (see Figure . There is a confor-
mal isomorphism of each Minkowski patch onto R*! and in particular, for each p,, € WE;FJ (Poo)
such a conformal embedding can be given by ¢! o ;21 where ¢ is the conformal embedding

of the Minkowski space R>! in Min(ps,) C Ein*' (see (2.1) for the definition of ¢). For details

see [2, §4.3].

13



Min™* (o) Min™ (Poo)

?Pos Poo

=21, . ..
Figure 2.1: The above figure shows the cross section of Ein  in the its embedding in R? \ {0},
where the solid lines indicate a lightcone and the orange line indicates a photon in the lightcone.

—21
2.2.1 The causality structures of Ein

=21 . .. .
Another advantage that Ein~ has over Ein?' is its well-behaved causality structure. We

start by introducing some basic causality relations which can be found in [18, Chapter 1-2].

Definition 2.3. Let (M, g) be a Lorentzian manifold and X € T'M be a tangent vector. We say X
is timelike, lightlike (or null or isotropic), or spacelike according to whether g( X, X) is positive,
negative, or zero.

Furthermore, a smooth path is timelike (resp. lightlike or null, spacelike, causal) if the
tangent vector is timelike (resp. lightlike or null, spacelike, causal) at each point along the curve.

For the special case of lightlike geodesics, such smooth paths are called photons.

Remark 1. In the case of Ein®', lightlike geodesics are exactly the projectivization of isotropic

2-planes of R>? (see [2, Chapter 1]).

14



Note that for any timelike tangent vector X, its negation — X is timelike again. This inspires

the notion of time orientation on Lorentzian manifolds.

Definition 2.4. A time-orientation on a Lorentzian manifold M is a smooth vector field 1 such
that at all points © € M the vector n(x) is timelike. When such a vector field exists, we say M is
time-orientable.

When M is time-orientable, a causal (i.e. timelike or lightlike) tangent vector X € T, M is
future-pointing (resp. past-pointing) if its inner product with n(z) is negative (resp. positive). A
causal curve is future-pointing (resp. past-pointing) if the tangent vector is future-pointing (resp.

past-pointing) at each point on the curve.

Luckily ﬁm is time-orientable, as it is conformally equivalent to S? x R, which can be
endowed with a time-orientation given by the standard vector field coming from R. The map « is
time-orientation preserving (as can be easily checked under the identification with S? x R) and
as a consequence Ein*! is time-orientable as well (see [2| §4.2]).

Now we may define the causal relation between two points as shown below.
Definition 2.5. Let M be a time-orientable Lorentzian manifold and x,y be two points of M.

1. x chronologically precedes y (often denoted x < y) if there is a future-directed timelike

curve from x to y.

2. x causally precedes y (often denoted x < y) if there is a future-directed causal curve from

z toy.

With this, we may finally define the future and past sets.
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Definition 2.6. Ler S C M. The causal future set J*(S) and future set I (S) are defined as
JHS)={yeM:3xe S z<y}, IT(S)={yeM:IxesS <y}

The causal past set and the past set are defined similarly as
J(S)={yeM:FxeS y<z}, [(S)={yeM:3zxeS y<uz}

. . . 21
To begin the discussion of the causal structure of Ein , we note that the future and past

—2,1

; . .. . . . L2l
sets of each point in Ein = can be written explicitly using the identification Ein =~ ~ 5% x R.

This is explicated in the following simple lemma whose proof we omit.

— 21
Lemma 2.1. Let p = (xo,to) be a point in Ein . Then the causal past J~(p) and the causal

future J*(p) can be written as

J(p) = {(z,0) € Bin "t —ty <d(z,x0)}, JHp)={(x,t) € Bin " :t—to > d(z, )}

and the past I~ (p) and the future I*(p) as

I(p) = {(x.t) €Bin "+t —ty < d(w,z0)}, I(p)={(w,t) €Bin " :t—to> d(z,z0)}

where d is used to denote the usual distance function on S>.

—2,1
Remark 2. An immediate consequence of the above lemma is that any x € Ein  always causally

precedes ax.
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Of course, the causal future (resp. past) sets are the closure of the future (resp. past) sets.
The boundaries of the causal sets J*(p) are subsets of the lightcone L(p). For a more precise

description we introduce the following notations first.
Notation 2.1. We will use x < y to denote two points where x causally precedes y but © # y.
Notation 2.2. For any two points p and q such that ¢ = o'p for some i € Z~q (thus p < q), we
define the following subsets of the mutual lightcone L:
L(p,q) ={zeL:p<z<q}, Lpg={rel:p<z<gq}
Llp,q)={zeL:p<x<q}, Lipg={xel:p<z<gqg}
With this we may state the following lemma.
Lemma 2.2. Letp € ﬁm. Then following equalities hold.
1. 9I (p) = J*(p) \ I (p) = L[p, ap)
2. 9I7(p) = J=(p) \ I (p) = Lle""p, p]

Proof. We prove only the first statement. The second works mutatis mutandis. Let p = (¢, 0o).

From the definition,

oI (p) = {(¢,0) € Ein~ + 0 — 0 = d(6, é0)}.

However, for any ¢ and ¢ in S?, d(¢, ¢o) < m. Thus we obtain

27

AT (p) = {(6,6) € Bin 0 <0 — by = d(6, ¢) < 7}

17



which is exactly the desired subset of the lightcone L(p). O

Note that given a point p, its future set and its past set are not exactly complementary.

However, there is still a way to relate the future set of p with the past set of ap.

Lemma 2.3. For any point p = (xg,ty) € Ein we have
=21 _
Ein =\ I"(p) = J  (ap)
=21 _
Ein =\ J*(p) = I" (ap)
Proof. We prove only the first statement. The second works mutatis mutandis. Recall that
I"(p) ={(z.t) 1 t —to > d(z,z0)}, J (ap) ={(2,t) : (to +7) —t > d(x, —x0)}

where d(-, -) is again the usual metric on S?. Also recall d(—=¢, ) +d(z, ¢) = 7 for any = € 5>

and we have

B \ It (p) = {(2,0) : t — to < d(z, 70)}
= {(x,t) : t —tg <7 —d(x, —20)}
={(z,t) : t — (to + 7) < —d(z, —20)}

={(x,t): (to+7) —t > d(z,—x0)}

as desired. O]

18



As mentioned earlier in this section, given a point p there are two distinguished Minkowski
=21 . . .
patches Min™ (p) in Ein~ \ L(p). These two patches can be written in a concrete manner using

future and past sets.

Proposition 2.2. The following equalities hold:
1. Min™(p) = I (p) N I~ (a?p),
2. Min~(p) = I (a"'p) N I (ap).

Proof. The first equality can be found in [2, §4.3] and therefore we focus on the second. This is

obtained by applying Lemma[2.3]to the following equality from [2, §4.3]

Min~(p) = Bin "\ (J*(p) UJ~(p)).

On the other hand, their boundaries are subsets of the lightcone L(p).
Corollary 2.1. The following equalities hold:
1. OMin™ (p) = Llp, a?p],
2. OMin~ (p) = L[a™'p, ap).

Proof. We prove only the first statement. The second works mutatis mutandis. Let p = (¢, 0o).

From Proposition [2.2] we obtain the following,

Min't(p) = It (p) N I~ (a?p)
= {(¢,0) : d(¢, o) < 0 — by and d(¢o, ) > (0p + 27) — 0},
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Thus, the boundary of Min™ (p) becomes

OMin™ (p) = {(¢,0) : 0 — b = d($, o)} U {(¢,0) : (00 + 27) — 6 = d(do, ¢)}.

Since 0 < d(¢, ¢o) < 7 for any ¢ € S?, the first set in the above union is equal to

{(¢,0) : 0 <0 =0 = d(¢,p0) <} = {($,0) € L(p) : 0 <0 — 0y <7},

which is exactly the set of points of L(p) that are contained in lightlike curves from p to ap.
For the second set in the union, we let (o, f2,) = (¢, 0o +27) and with this new notation,

we obtain the following

{(¢79) : (90 + 271') —0= d((bOa ¢)} = {(¢79) : ‘9271' —0= d(¢2ﬂ7¢)}7

and again by using the fact that 0 < d(da., ¢) < 7 for any ¢ € S? as before we deduce it is equal

to the following subset of L(p),

{(9,0) : 0 < Oar — 0 = d(dar, ¢) <7} = {(&,0) € L(p) : 0 < bpr — 0 < 7}

Since (¢or, B, ) is simply a’p, we observe the above set is the subset of the lightcone L(p) that
consists of lightlike curves from ap to ap.

Thus the union of the above two sets constitutes precisely L[p, a?p). [
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2.3 A maximal unipotent subgroup of PO(3, 2)

Important in our classification are certain group-theoretic considerations. More specifically,
we will need to understand maximal unipotent subgroups of PO(3, 2).

A maximal unipotent subgroup & of PO(3, 2) is the unipotent radical of a minimal parabolic
subgroup. Fix such a minimal parabolic subgroup. This minimal parabolic subgroup necessarily
stabilizes a pointed photon or equivalently, an isotropic plane with a distinguished line in R32
(cf.[2, §6.4]). We may thus find a basis {ey, ..., es} of R>? such that the distinguished line and
the isotropic plane each corresponds to the span of ey and e, e; respectively. We may further

assume the bilinear form is defined by the anti-diagonal matrix

Namely, given two vectors v = (v;) and w = (w;) of R?

(v, W) = Vowg + VW3 + Vaws + V3w + V4Wo.

We claim that each element of ¢/ is upper triangular under such a basis.

Proposition 2.3. The maximal unipotent subgroup U is upper triangular in the basis {ey, ..., e4}
as defined above.
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Proof. Let g be an arbitrary element of /. First notice that g is clearly upper triangular with
respect to {eg, €1} when restricted to its span. As U is unipotent, we have ge; = cpeg + e; for
some ¢y € R.

Now since g preserves the bilinear form defined by .J, we have

(geo, ges) = (eo,ges) =0

and may conclude gej lies inside ey or equivalently, the span of {eg, €1, 2, €3}. Similarly for e,

we have gey € e and it follows

<9€1a9€2> = (Coeo + 61,9€2> = (61,96’2> = 0.

Thus, ges lies in (Span{eq, 61})L or equivalently in Span{ey, €1, 2} as desired. O

It immediately follows that U/ stabilizes the full flag corresponding to the ordered basis

{eg, ..., e4}. This gives rise to the following nested subspaces in Ein®*

{pc} C A C L(pes), (2.2)

where po, (resp. A) is a point (resp. a photon) that corresponds to the span of {e} (resp. {eo, €1})
in the above basis.

To study a more explicit form of I/, we consider its Lie algebra u. Of course each element
X of u corresponds to an upper triangular matrix under the above choice of basis and one can

check any upper triangular matrix X satisfying the orthogonality condition X7.J +.JX = 0, may
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be decomposed as follows (see [[19, Proposition 5.9] for details about the Lie algebra):

0 cb a 0 000 0 O 0 —c =b —a 0
00 s 0 a 00 s 0 O 0 0 0 0 a
000 —s b|l=]000—-s O0]T[0 0 0 0 b}
000 0 c 000 0 O 0 0 0 0 ¢
000 0 O 000 0 O 0o 0 0 0 O

The matrices obtained by letting s vary over R form a one-dimensional subgroup of I/ consisting

of linear transformations of Min(p,). On the other hand, exponentiating X, gives

2_
1 —c =b —a —%
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This matrix corresponds to translation by the vector (a,b, c¢) in Min(ps,) and, as (a,b,c) vary
over R? form an abelian subgroup isomorphic to R*! in I/. We further notice that the elements of
X, form an ideal in u (see [[19, Proposition 5.9]) and consequently the translations form a normal
subgroup of U.

Finally, since u is generated by elements of the above two subalgebras (see [2, §6.4.1]),

multiplying exp(X; ) exp(Xz) gives us the generic form of an element of &/

1 —¢c =b—cs —a+bs+ %320 —@
0 1 5 _§ a
0 0 1 -5 b (2.3)
0 0 0 1 c
0 0 0 0 1
and we have
U~Rx R

Here, the multiplication is defined as

(R x R*1) x (R x R*!) — R x R?!

(51,v1) - (82,02) = (514 82,01 + 5102).

As noted above, we have an embedding of I/ into Aff(R*') given by sending (s, v) to the

operator L+ T, where T, is a translation by a vector v and L; is the linear transformation defined
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by the following matrix

We shall use this notation when there is a need to emphasize the action of ¢/ on Min(py ).

Lastly, we extend the above notation to the following map

L: U — 0(2,1)

L.+T, — L.

The image of G = h(I") under this homomorphism will be referred to as the linear holonomy.

2.3.1 Lifting unipotent holonomy

—2,1 . .
We now consider lifting the holonomy image to Conf(Ein ) as discussed in §2.1.1, By

the above discussion, G, the image of the lifted holonomy map 1 should be contained in
2,1

¢ 'U) c Conf(ﬁ M)

—21
where ¢ is the surjection from Conf(Ein ") to Conf(Ein*') as defined in [6, Proposition 4.5]

and its proof. The map ¢ is a covering map and we have the following short exact sequence

1 — 7 (Ein*!) — Conf(ﬁm) 4, Conf(Ein*') — 1.
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Let U = q Y(U). Since U is simply connected, the restriction of ¢ to each connected component
of U is a homeomorphism. In particular, when Z/NIO is the identity component of U and qo 1s the
restriction of ¢ to Up, this implies ¢y is a homeomorphism. As ¢ is a homomorphism and Uy is
a subgroup of U, we deduce Qo 1s an isomorphism of groups. Thus, we may construct a group-
theoretic section s : U — U as 0"

Now since the image of 7 (Ein*') is exactly the center of Conf (ﬁz’l) (see [[7, §4.7]), we

obtain the following central splitting sequence

1 = m(En®) - U LU —1.
Consequently, we have
U ~ 1 (Ein®') x U

and

Uy ~ {1} x U C m(Bin®") x U.
It follows that when G is assumed to be unipotent, é = E(F), the image of the lifted holonomy
map, lies in 7 (Ein*') x G.
2.4 Dynamics of the maximal unipotent subgroup

A pivotal tool in our classification is the study of the dynamical properties of the maximal
unipotent subgroup ¢/ acting on Ein*'. In particular, these dynamical tools allow us to “roll out”

the developing image and thus are crucial for the ultimate reconstruction of the developing image.
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24.1 7-flow

In the maximal unipotent subgroup ¢/ has a one-dimensional center that corresponds to a
translation by a null vector. More precisely, it is the translation corresponding to the following

element of po(3,2)

0 —zT) 0
0 T
0

where = = (1,0,0) and J’ again is the matrix corresponding to the bilinear form

@1(2,y) = 21Yy3 + Toyo + T3y

on R*!. We now construct and discuss some details about the flow generated by this subgroup as
it will play an important role in the classification.

First, we refer to the R-action of this one-dimensional center as the 7-flow. Note that this
flow is complete as it is defined by an R-action and has a natural lift to ﬁm, which we shall
denote by 7 as well.

Now to obtain the counterpart of the 7-flow on M. , we first pull back Y7, the fundamental
vector field generating the 7-action, to M via the developing map ¢. Since 9 is a local diffeomor-
phism there exists a unique vector field X, on M that satisfies 0, X, = Y,.. The completeness of
the flow on M then follows immediately from the completeness of the 7-flow on M.

By abuse of notation, we denote the resulting flow on M by 7. It can further be shown

that there is a flow on M that lifts to 7 on M. To construct such a flow, we first recall since the

27



original T-action on Ein®' is G-invariant and thus Y, is G-invariant. It can be readily checked
then the vector field X, as above is I'-invariant and it thus follows that X . induces a vector field
X, on M. Since M is compact, X, is automatically complete and again by abuse of notation, we
denote the resulting flow on M as 7. Note that without loss of generality, we may assume each
of these vector fields constructed in this section is future-pointing.

One of the useful aspects of the 7-flow is that it defines a foliation on the space Ein*' \ A,
as well as on a space ﬁm \ A which we will define shortly. We start by describing the points of
Ein*! using projective coordinates. The 7-flow on Ein*' can be computed as follows, as shown
in [

7% [wo t i e w3 my] > (X0 STz — STy Xg T3t @yl

We observe that the fixed points of this flow are exactly the photon from the chain of invariant

subspaces of U given in (2.2):
A={[zg:2,:0:0:0]} C Ein*".

Moreover, each point z € Ein*'\ A converges to a point in A under the 7-flow. We define a map

o

T as

7. Ein®! \A — A

x —  lim 7'.z.
t—o0

—21
As mentioned in every photon in Ein*' lifts to a logarithmic spiral in Ein~ ~ R3.

~ ~ —2.1
Now define A to be ngi%l (A). As the preimage of a photon, A is a connected subset of Ein
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and is homeomorphic to R. We define the map 7 to be

700 - ]/EEQJ\A — A

T —  lim ..
t—o0

We show the two maps 7°° and 7°° are submersions.
Properties 2.1. The maps 7 and 7> are submersions.

Proof. We begin with the case of 7. Recall that the action of 7 on Ein*' can be computed as

7% [wo t i e w3 my] > [To STz — STy Xg T3t @yl

in projective coordinates. Thus when s — oo,

T xo @y xe Xy g (X3 —x4 2 0:0:0].

This map can be lifted to the same map on the nullcone C' of R*!\ {0} with codomain A defined

to be span{eg, e} in R2!\ {0}. Namely, if 7 : C' — A

—~

7 ¢ (29, T1, T2, T3, T4) — (T3, —24,0,0,0),

then there is the following commutative diagram

C\KLA

projl lproj

Ein®>'\ A ——— A
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where the vertical arrows are the projectivization maps. Since both the projectivization map and
7% are submersions, it can be seen from the above diagram that 7°° should be a submersion as
well.
— /\./271 r e . . .
Now, to show 7> : Ein  — A is also a submersion, we observe the following diagram

commutes:

Em \A s A

ﬂEin2v1l lﬂ—Einzl

Ein>' \ A ——— A.
Since the covering map 7,21 is a local diffeomorphism, and 7°° : Ein®' \ A — A is a submer-

~ =21 % % :
sion, it follows 7 : Ein = \ A — A is a submersion as well. ]

By this proposition, both 7 and 7 defines a simple foliation on Ein** \ A and E\i;lm \ A
respectively. The leaves in Ein®' are exactly L(q) \ A, the lightcones at points ¢ € A with the
invariant photon removed and it follows that the set of points p € Ein®'\ A that do not converge
to ¢ (i.e. points such that 7>°(p) # ¢) is exactly the complement of the lightcone Ein*' \ L(q).

In other words, those points form the Minkowski patch associated to a point ¢ € Ein*":
Min(q) = {p € Ein®*' \ A : tlirin 'p #q}.
—+oo

—2,1 ~ . . . .
Similarly, in Ein = \ A, each Minkowski patch can be written as a set of all points that

converges to a particular segment of A under the 7-flow. We denote the segments of A as follows.

Notation 2.3. For any two points p and q of A, the segments ﬁ[p, q] and ﬁ(p, q) are

Alp,ql ={zeL:p<z<gq}, Alp,g={rxel:p<z<q}
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=21, % . .. .
Then, each Minkowski patch in Ein ~ \ A can be written as a limit set as shown in the
following proposition.
2,1

Proposition 2.4. For any p € Ein

Min®(p) = {& € Ein \A: tlim & e A(p,ap)}.
—TFoo
Proof. We will prove this equality only for Min™ () as the proof for Min~ () follows mutatis

mutandis. As our first step, we prove the following weaker containment
Min*(5) C {# € Em \ A lim 'z € Af,0p)}-
From Corollary 2.1, we know that
ANMin*(p) = AN L[p, o*p| = Alp, o>p).
Let 2 € Min™ (§). Since z ¢ L(p), the limit is contained in A(5, o) U A(ap, o2p). Thus,
Min*(5) C {7 € B \ A tim_7'.5 € A5, op) or A(ap, a’p)}.

Now let Z € Min™ () and z and p be the projected images & = 7,21 (Z) and p = 7,21 (P)
respectively. Of course, z € Min(p) and 7°.x converges to a point ¢ € A \ {p} as t — +oo. We
thus have tLiimoo .p € {G,aq} for § € ﬁ(ﬁ, ap), where § is a ;2.1 -preimage of g. However,
in E—\iﬂm the two limits tginoo 7t.p cannot be the same point as this will create a closed causal

=21 . . .. .. .
loop, which Ein  does not possess. Then, since 7 is future-pointing by the original assumption
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in §2.4.1] we may therefore conclude that

Jim =g A(p,ap), lim7'5=qe (A ap))
as desired.

To prove the original equality, let € Eiﬁz’l \ﬁ be a point such that tEIEloo i€ A(ﬁ, ap),
and let x and p again be the images under the covering map, x = mg;,2.1(Z) and p = 7g;,2.1(D)
respectively. By definition, 7°.2 converges to a point in A \ {p} as ¢ — —oo and we thus further
deduce that z is contained in the Minkowski patch Min(p). Consequently, ¥ is contained in a
preimage of the Minkowski patch Min(p) which is a disjoint union |_| Min™(a'p). However, we

i€Z
showed the containment

Mint(a'p) C {7 € Ein \A: tlim % e Ala'p, a't'p)}
——00

and & € Min*(a’p) for an i # 0 leads to a contradiction. Thus the desired equality therefore

follows from the original assumption that . lim 7.7 € Ap, ap). N
——00

The lightcone at infinity with the invariant photon removed L(ps,) \ A is one leaf in the
foliation of Ein*' \ A discussed earlier in this section. It is homeomorphic to R?. Moreover,
since T-action is smooth, free, and proper, it follows that the map L(ps) \ A — (L(pso) \ A)/7

is a principal R-bundle.

Proposition 2.5. The T action on L(ps,)\A is free and proper. Thus, L(poo)\A — (L(pso)\A)/T

is a principal R-bundle.

Proof. The freeness can be easily observed from the direct computation of the action as shown
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below:

1 00¢t 0 y y+i
100 —t —x?/2 —x%/2

1 0 0 x = x

1 0 1 1

1 0 0

For properness, we show for any sequence (p;) in L(ps) \ A and any sequence (¢;) in
R such that (p;) and (7%.p;) both converge, there is a subsequence of (¢;) that converges. First
observe that for any sequence p; = (y;, —1?/2, x;,1,0)7 to converge to p = (y, —2?/2,z,1,0)7,
it is necessary that (y;) converges to y. Then, since 7%.p; is simply (t; + v;, —22/2, 24, 1,0)7,
when (7% .p;) is convergent, it is again necessary that ¢; is convergent. Thus observe (y;) itself
is convergent and 7 is proper on L(ps) \ A. Then the second claim follows from the Quotient

Manifold theorem [16, Theorem 21.10] and the Local Section theorem [ 16, Theorem 4.26] [

It will be useful in later chapters that a certain connected component in the preimage

71 (L(pso) \ A) has the structure of a principal R-bundle (see [4, Proposition 14.1.10]).

Corollary 2.2. Let S be a connected component of 7Y L(pso) \ A). Then the T-action on S is

free and proper. Furthermore, S8 /T is a principal R-bundle structure.

We end this section by mentioning the principal R-bundle structures given by the 7-action

are in fact trivial. This is because all principal R-bundles are trivial (see [4, Theorem 14.4.12]).
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242 o-flow

Now we turn our attention to the dynamics on the invariant photon A. Notice that the action

of U on A may be described using the generic form given in (2.3):

Its action thus commutes with the parabolic flow on A, which has a fixed point at p., but is free

and transitive on A \ {p.} as can be observed from the following computation:

We thus obtain an R-action on A that commutes with the action of the holonomy group. This

2,1

)

action of course lifts to a connected component A of the preimage 7', (A) in Ein~ and we

Ein?!
denote the resulting flows on A and A both by o.

Now, let A be a connected component of §~*(A). We aim to construct the counterparts of
the o-action on A and its image A = 7,21 (K) in M. First we obtain a vector field X, on A by
pulling back Y, the fundamental vector field generating the o-flow on A, via the developing map
0. It follows from the (G-invariance of the o-action on A that X, is I'-invariant and we obtain
an induced vector field X, on M. Notice then the completeness of X, and X, would follow
from the completeness of X and thus to obtain flows generated by X, and X, respectively, it

suffices to show A is closed. To show this, notice that since § " (A) is evidently a I'-invariant set

and since K, by definition, is a connected component of 6‘1(A), A is a closed set. Furthermore,
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since A, being a connected component of a preimage of a locally connected set under a local
diffeomorphism, it is locally connected. Then, the following lemma shows A is closed in M as

desired.

Lemma 2.4. Let M be a manifold with a properly discontinuous action by a group I'. Let U be
a locally connected, closed subset of M that is I'-invariant and V' be a connected component of

U. Then VT is closed in M/T.

Proof. As M/T has the quotient topology, one can check that Z/T" is closed in M/T" for any
['-invariant subset Z C M. Since U is locally connected, it is a disjoint union of its connected
components and thus an arbitrary union of connected components of U is closed. The desired
statement then follows as U (V) and V have the same image in M/I', and each (V) is a

vyel
connected component in U. [

Thus we have the completeness of the vector fields X, and X ,. Again by abuse of notation,

we denote the resulting flows by o.
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Chapter 3: The image ¢ (]Tf ) contains the improper point p..

We now begin our classification in earnest, by considering the first case where the image
) (M ) contains the improper point p... To begin, recall that the 7, 2.1 -preimage of A is a photon
e N271 . . . ~
A in Ein  and is thus connected. In the following lemma, we show the lifted holonomy map ¢

maps any connected component of 6 !(A) diffeomorphically onto its image.

Proposition 3.1. Let A be a connected component of § 4(&). Then gmaps A diffeomorphically

onto its image. In particular,

1. ifo (/N\) does not contain p., then gmaps A diffeomorphically onto a connected component

of A\t (Do),
2. 0f¢ (K) contains peo, then gmaps A diffeomorphically onto A.

Proof. First assume §(A) does not contain p,., and 6(A) is contained in a connected component
&0 of A \ WE&IQJ (P ). Let z be a point in A, and U be an open neighborhood of x in A. Since the
o-flow pulls back to 6 1(A) (see -b and since 6 : 6 1(A) — A is equivariant with respect

to the o-flow, we have

o(|Jo" ) =" (0(0)).

teR teR
Then since o-flow is transitive on A \ {pso}, as noted in §2.4.2] it is transitive on Ay and the

surjectivity follows.
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To show the injectivity, we first note that the action of ¢ is free on ﬁg and thus on A. Now,
assume for a contradiction that there exists two distinct points z; and x5 of A mapping to the
same point under 5. The transivity of the action of o implies z; = 0.2, for some s € R. We
thus have

d(zq1) = 8(0°.22) = 0°.0(x2) = 0°.0(21),

which contradicts the aforementioned freeness of the action of ¢ on 30. We therefore conclude
gmaps Ato &0 injectively as well.

Since 4 is a local diffeomorphism and thus a submersion, ’(SV*I(A) a submanifold. As

5: 01(A) — A s alocal diffeomorphism and A, as a connected component of d~!(A) is open
ino! (ﬁ), the restriction 8 : A — A is a local diffeomorphism. As it is bijective, it is therefore a
diffeomorphism.

Now assume 0(A) contains po. Let o in A such that §(Gec) = 7(8(Gos)) = peo. Set
Doo = g((joo). Let U be an open neighborhood of ¢, in A. Recall from that the o-action is

transitive on A \ {p } and observe the set

U0

surjects onto A via .

We now prove the the lifted developing map carries A onto A diffeomorphically. For this
we first observe that A, as an image of a plane under projectivization, can be diffeomorphically
identified with RP* and the restriction of the holonomy action to A lies in PSL(2, R) as seen in

§2.4.2| Thus A is a closed (PSL(2, R), RP')-manifold whose holonomy group is unipotent and
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whose developing image contains a fixed point of the holonomy group (i.e. poo).

Then the classification of one-dimensional (PSL(2, R), RP")-manifold tells us such a man-
ifold is projectively equivalent to the quotient of JliPJl by a cyclic group and its lifted developing
map is a diffeomorphism onto HiI\PTl The details of this classification can be found in [[15]], [12,

§2], and in [13} §5.5]. U

Now let Ay be a connected component of § 4(&) for which there exists g, 1n Ao such that
8(Gos) = 7(0(Gos)) = Poo- Set Poe = 0(Gic) as in the proof of the above proposition. By the

above proposition we have 5 maps 7\0 diffeomorphically onto A. To study the behavior of §in

the complement M \ Ao, we also define the sets
WHI) ={z e M\ 6 '(A): tlim ttrel}, QF(J)={z¢€ Ein \A: tlim i e J}
—00 —00

where [ and J each are an open connected subset of a connected component of 511(8) and A

—21
respectively. We first show Q*(.J) is open in Ein .

Lemma 3.1. Let J C A be open and connected. Then the set

—21 . ~
Qf(J)={Z €En \A: tlim 'i e J}
—00

—21
is open in Ein .
Proof. Let p, and p_ be the two end points of .J such that p_ < p,. First assume ;2.1 (J) is
not the entirety of A. This implies a(p_) and a(p, ) are not contained in .J and thus we have
the causal relation o '(py) < p_ < py < a(p_). Then, QT (J) is simply the intersection
QF(Jy) NQT(J_), where J, (resp. J_) is the open subinterval of A whose two endpoints are
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py and o '(py) (resp. p_ and a(p_)) as J = J, N J_. By Proposition we know that
QF(J,) NQF(J_) is equal to the intersection Min™ (o *(p,)) N Min™ (p_) and thus is open.
For an arbitrary J, we simply realize J is a union of subintervals U J; where J; satisfies
il

Tz (Ji) € A. Then QF(J) = U Q" (J;) and is again open. O

icl
With the above lemma, we may now show W () is open in M.

Lemma 3.2. Let [ C 6 '(A) be open and connected. Then the set
WHI) ={z e M\ s (A): lim 'z € I}
—00

is open in M.

Proof. Let x be a point in W (/) and z, € I be the limit tlim 7t.2. Let U be an open neigh-
—00

borhood of z, such that gmaps U diffeomorphically onto its image. Observe that & also maps

U 7t.U onto its image and thus by replacing U with U 7t.U, we may assume U is T-invariant.

teR teR

Now, let J and V be the d-image 4() and 6(U) respectively. Recall by Lemma , the set
O (J)={z €Emn \A: lim 7'z € J}
— 00

is open in E\iﬁzl and by definition it is also invariant under the 7-action. Then the intersection
V N QT (J) is an open set containing d(z) with the property 7.z € V N Q*(J) and tlgglo rtzeJ
forany z € VN Q7 (J) and any ¢ > 0.

Let us now define V' as V' N Q7 (J) and notice that the d-preimage of V' in U, say U, is
also open and 7-invariant. Furthermore, since U’ U [ maps diffeomorphically to V' U J under 5

we observe that each point in U’ converges to a point in / and U’ is contained in W™ (7). In other
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words, U’ is an open neighborhood of z contained in W (I), and since the choice of x € W (1)

is arbitrary, we may conclude W™ (7) is open. ]

Furthermore, when [ and J are connected and / maps diffeomorphically onto J via 5, we

may also show that W (I) maps diffeomorphically onto QF(.J).

Lemma 3.3. Let J C A be open and connected and I be a connected component of 51 (J). If 5

maps I to J diffeomorphically, then the sets

WHI) ={z e M\ 6 (A): Jim 7' € 1)
each map diffeomorphically onto the sets

Q)= {zeBin \A: lim 7'z € J}.

Proof. We prove the lemma for W (7) and 27 (.J) only as the other case follows mutatis mutan-
dis.
We first prove that §is injective when restricted to W7 (I). Assume to the contrary that

there exist two distinct points 1 and 25 of W*(I) with 6(z1) = d(x5). We first assume they

converge to two distinct points z; and z; under the 7-flow. However since d(x1) = d(x2), we

may deduce the following equality

d(=z) = tlggo T'.0(x1) = tlgglo 7'.0(29) = 6(22).

This is clearly a contradiction as ¢ is assumed to be injective on /. Thus, we may assume x;
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and x5 both converge to the same point z € A under the 7-flow. This allows us to choose a
neighborhood U of z small enough so that 5 maps U diffeomorphically onto its image and a
T € R big enough so that 772y and 77 .25 are both contained in U. Then, notice that for both z;

and =, we have the equality

S(z) =776 v (77 .m).

Since § |y is injective and 7 is free outside A, it follows that &(z1) # 0(z2).

For the surjectivity of 5, let y be an arbitrary point in Q7. By definition of Q2" we have
tlggo 7'y = Y € J. Then by the original assumption on I and J, we may find a unique point
ZToo € I in the preimage of y., under 5. Now let U be a small enough neighborhood of z,, and
V' its image under 5. With T big enough, we may assume 7°.y is contained in V for all t > T.
Since we may assume 5 maps U diffeomorphically onto V', we may find = a g—preimage of 1.y
in U that converges to ., within U. Then by replacing = with 7=7 .2 we obtain a g—preimage of
y in W and thus prove surjectivity.

Since 0 is a local diffeomorphism and W is open in M, , the restriction is a local diffeo-

morphism onto its image Q*. As this restriction is shown to be a bijection on onto 2", we thus

deduce it is a diffeomorphism onto Q. [

‘We now define

Wt =wt@A), QF =9 A).

Notice both W and Q% are open by Lemma and Lemma respectively. Furthermore,
. . . 2,1 N . .
since Q7 is simply Ein = \ A, by Lemma we observe that W+ maps diffeomorphically onto

— 21~ . o~ — - '
Ein "~ \ A via §. We now show M \ §~!(A) is connected.
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Lemma 3.4. Let M be a connected manifold of dimension n and N be a closed submanifold of

codimension 2. Then M \ N is path-connected.

Proof. We show M \ N is path-connected.
First, for each connected component N; of IV, let U; be its tubular neighborhood and con-

struct an open covering of M as follows:
{MA\N}U{U}

Since M is connected and thus path-connected, for any two points =,y € M \ N there exists a
path ~ connecting them. For any such path, we have a subdivision {0 < ¢, < -+ < t,, < 1}
of [0, 1] where ~([t;, t;11]) is entirely contained in an open set of the above covering. Then since
each U;\ N is connected, for each j such that y([t;, t;1]) C U, for a U;, there exists an alternative
path v/'([t;, tiy1]) with v/(t;) = v(¢;) and v/ (t;41) = y(ti1+1). Thus, by replacing y([t;, t;11]) with

7' ([ti, ti+1]) wherever necessary, we obtain a path that connects = and y in M \ N. O

=21 ~ .. .
Now, Lemma|3.5|below states that T/ maps to the entirety of Ein  \ A diffeomorphically

via 0, it in fact comprises the entire space M \ 6~ 1(A).

Lemma 3.5 ([3, Lemma 3.4]). Let F': X — Y be a local diffeomorphism where X is connected
and let U be an open subset of X such that F' restricted to U is a diffeomorphism onto Y. Then

U = X and F' is a diffeomorphism.

~ o~ o~ ~ =21 ~ '

By Lemma we conclude M \ 6 1(A) = W* = 6! (Ein ~ \ A). Furthermore, since

W (A,) and W (As) are disjoint for two distinct connected components of 6! (A) by definition,
it follows that 6~ (A) = A, and that M = W+ U A,.
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Now, since the action of I restricted to KO is exactly the deck transformations of the cov-
ering /N\O — Ay = WM(/N\O) where Ay ~ S!, and since the action of I is free and no non-trivial
element acts trivially on Ao, we obtain that T’ ~ Z. In particular, it follows from the classification
of one-dimensional (PSL(2, R), RP')-manifold that the lifted holonomy group is generated by

an element of the form a’g € 7, (Ein*!) x U with i # 0.

Theorem 3.1. Assume 0(M) contains p. Then M, up to a finite covering, is the quotient of

=21 . . x . .
Ein by a free, properly continuous Z-action that leaves A invariant.
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Chapter 4: The developing image o (M/ ) does not contain the improper point

Do but intersects the invariant photon A.

The second case of our classification is when the image 6()/) does not contain p., but
intersects A. Notice that this case does not have an analogue in the conformal Riemannian

setting.

4.1 The image of the lifted developing map and the holonomy morphism

21, . .
Begin by noticing that the 7y, 2.1-preimage of Ag = A\ {p~} in Ein  is a disjoint union

of open subintervals of the following form
A(p.ap) ={r € A:p <z <ap},

where T2 (D) = Poo-
Let A, be a connected component of A \ ngi%l (po) that intersects with the image of &,

and let p,, be a point of A such that

Ao = A(foo; o)
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To study its counterparts in M , We again use /~\0 to denote a connected components of the 5-

preimage of ﬁo and let I'y < I" be its stabilizer subgroup in I'. We have the following result.
Proposition 4.1. The lifted developing map § carries /N\O diffeomorphically onto ZO and 'y ~ 7.

Proof. The first part of the statement is an immediate consequence of Proposition [3.1] It follows
that Ko is also homeomorphic to R, and that it is the universal covering of its image Ag = 7 M(KO).
It also follows that Ty = 1 (Ao). Now, since 4~ !(A) is locally connected and closed, and since
I'.Ao, as a union of connected components of gfl(ﬁ), is closed, it further follows from Lemma

that A is closed and is homeomorphic to S'. Thus we obtain that I'y ~ Z. [

Now, let S be the connected component of L(pso) \ ﬂéﬁlm (pso) that contains Ay. Notice
that when p., and ap,, are the two “endpoints” of EO mentioned in the beginning of this section,
S is exactly the set of the lightlike curves from p., to ap.,. Following Notation we set
S = L(fro, ac)-

We furthermore let 3 denote the connected component of the g—preimage of S that contains

/~\0. Our eventual goal is to show 5 maps diffeomorphically to S. Asa necessary intermediary

step, we first prove Ay is the only connected component of 51 (ﬁo) contained in ¥.
Lemma 4.1. The subset Ko is the only connected component of 51 (&0) contained in 3.

Proof. To begin, denote by {Ka} the set of connected components of o1 (ﬁo) where Ko denotes
the distinguished choice of the connected component from earlier. Then for each o denote by
W the set of all points = of M \ /N\a such that 7*.2 converges to a point in /N\a as t approaches
infinity:

W ={zeM\A,: tlim mta e Ay}
—00
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~ —2,1
We observe that 6 maps each W into the following similarly defined set €2 in Ein :

Oy ={z € Ein \ Ay : tlim mta e Ay}
—00

Notice that Proposition indicates that (2, is the Minkowski patch Min™ (p.,), and thus it
—2,1 o~ ~
follows from Corollary that its boundary in Ein = \ 77 (peo) is S L™ 1S,
Now, letz € £ N OW, and let U be an open neighborhood of x small enough so that 5

maps U diffeomorphically onto its image. Then,
UNas Q) =Uno "09;) =Und " (SUas),

where the first equality follows from gbeing a local diffeomorphism and thus an open map.
Now by assuming U is sufficiently small, we may additionally assume that the intersection

S(U) N (L(Poo) \ ngii“ (Pxo)) is connected. In this case, the above equality becomes

UNnao(Qy)=Uno (S),

and since ¥ is originally defined as a connected component of 6! (§ ) we have the final equality

UNos ' (Qy)=UN.

LetW =UnNd! (Qy ). Again by shrinking U if necessary, we may assume that IV is connected.
We now prove the desired claim in the following steps.

ClaimI: W C W .
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From Lemma it follows that gmaps W, diffeomorphically onto €2, . Then by Lemma
and Lemma Wy 1s a connected component of the g—preimage 5*1(95 ). Since W is
connected by assumption, and WNW; is nonempty as x € iﬂ@WO_ , the containment W C W
follows.

Claim II: %> C OW; .

First, recall that UNY. = UNJ5 (2, ) and notice that any open neighborhood U’ of a point
2/ € UN81(Qy) automatically has nontrivial intersection with both 4~1(€2') and 6 (€25 )°.
It immediately follows that U’ has nontrivial intersection with U N 5t (Qy ). Furthermore, since

571(Q5)° C (U NG 1)<, we deduce that U intersects nontrivially with (U N 0-1(€2))€ as

well and we obtain 2’ € (U N6~(Qy)). We thus have

UNS=UnNd5 Q) C ol nd () = oW.

Since the containment W© C W was shown above, we deduce that

UNS=UNas ' (Qy) c oW .

As the choice of = € X N OWj is arbitrary, the above containment U N Y C OW, implies that
>N oW, is open in 5. Since ¥ N OW, is obviously closed in 5, we see that ¥ N oW, is a
nonempty clopen set of 5. Then it follows from the connectedness of 3 that ¥ oW, is the
entire set 3. as desired.

Claim III: Ay is the only connected component of 6 (ﬁo) contained in 3.

Assume /N\a C ¥ and let U,, be an open neighborhood of a point in /N\a. Thus, both U, N ¥
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and U, N W, are non-empty. Again by shrinking U, if necessary, we may assume that U, N
5*1(95 ) is connected, which in turn guarantees that U, N 311(95 ) is exactly the set U, N W, .
However, we arrive at a contradiction as we had already proved that U, N X cU,N oW, , and
U, necessarily intersects with W~ (as U N S is non-empty). Consequently, the previous claim

that  C OW, precludes 3 from containing any other connected component Ka for a # 0 as

desired. [
We now prove g|§J .Y — S is a diffeomorphism.
Proposition 4.2. The map S carries ¥ diffeomorphically onto S.

Proof. In order to show this, we use the principal R-bundle structure on S \ ﬁo discussed in
Corollary Since R is contractible, such a principal R-bundle structure is trivial (see [4,
Theorem 14.4.12]), and thus S \ A, may be identified with ((S \ A¢)/R) x R. As 5\ A is
simply connected, (S \ Ag)/R is homeomorphic to R, giving an identification 5\ Ay ~ R x R.

Note that as . is a connected surface, » \ KO can either have one or two connected compo-
nents. We handle the two cases separately.

In the first case where 3 \ /NXO is disconnected, let U; and Us the two connected components.
By Lemma [2.2] each component U; has the structure of a principal R-bundle pulled back by that
of S \ ﬁo. Then each U; can be identified with a trivial bundle B; x R where B; is a 1-manifold.
We obtain local homeomorphisms &; for i € {1,2}, induced from 8, each mapping B;, the
base space of Uj, to the base space of S \ &0, which is diffeomorphic to R. Necessarily 0; are
homeomorphisms to their images, so each B; and By are homeomorphic to open intervals in R,
and U, and U, are homeomorphic to R?. Let V; = U; U KO and V5, = Uy U KO. Each is the
complement in Y of U, and Uy, respectively; moreover, V3 U V, = 5 and invy, = /N\o. The
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closed version of van Kampen’s theorem implies that S is simply connected. It follows that 5
is the universal cover of >, where Y is the image of 3. under the covering map 7y : M — M
and the fundamental group (%) is I's, the stabilizer subgroup of 5. Further note that ¥ can
equivalently be defined as the 7,-image of the closed ['-invariant set .Y and by Lemma is
a closed surface of M.

However, KO is exactly the set of 7-fixed points in f], and since the action of I' commutes
with the 7-flow, any « € I that stabilizes 5 stabilizes /N\g as well. In other words, the restriction
map

Resg :I'g = To~Z

where ['j is the stabilizer subgroup of /N\O in I', is well-defined and surjective. It is also injective
because the action of I is free, so in fact 'y ~ Z. We arrive at a contradiction for 7 (X) cannot
be isomorphic to Z.

When & \ /~\0 is connected, we may again pull back the principal R-bundle structure on
S \ ﬁo oY \ KO via . Using 6, the local homeomorphism induced on the base spaces of these
bundles, we may conclude by arguments similar to those above that 5 \ /NXO is diffeomorphic to
R2. Thusif 6 : & — S is not surjective, then gmaps 5 diffeomorphically to a subset of S that
is homeomorphic to R?. It again follows that 3 is the universal cover of & = 7TM(§> and the
fundamental group 71 (X) = I'. However, as above, X is closed and I'; is isomorphic to I'y ~ 7Z
via the restriction map Resg . As mi(X) cannot be isomorphic to Z, we conclude §:% — Sis

surjective and 5 maps diffeomorphically onto the entirety of S, as desired. [

We now show that the image of 4 includes the two Minkowski patches Min® (Poo) sur-
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Min™ (poo)

Min™ (foo )

Figure 4.1: The above figure shows where Min™(f,,) are located relative to S.

rounding S (see Figure . Following Lemma observe that & maps the following two sets

Wi ={zeM\A: tggloo mtx € Ao}

diffemorphically onto the two similarly defined sets

+ —2,1 ~ ) . ¢ ~
Q5 = {z € Ein \A.tginooTxer}
respectively. Then, Proposition says that the sets Qoi are exactly Min™ (Poo ), the two Minkowski

patches surrounding S.
Denote W™ U S and Min™(j) U S by Wy and € respectively, and set Gy = h(T'y). As

observed above, the Minkowski patch Min™ (p,) (resp. Min™ (js)) is the set of points z such
thm 7t.2) exists and belongs to ﬁg. Since, by definition, ’g}) stabilizes 30,
—00

that lim 7'z (resp.
t——o00

it also stabilizes Min™(f.,) and acts on them. Moreover, (), can be rewritten in terms of causal
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relations.

Lemma 4.2. The following equality holds:

Qo =T (®Ppos) N T (1 pss).

Proof. First notice that using Lemma the set I~ (a?ps,) can be decomposed as follows:

[7(6“21500) = (Ii(a2ﬁ00> n IJF(ﬁOO)) U ([7(0521500) N Jﬁ(aﬁm))'

Proposition [2.2| then indicates that the first set is simply Min™ (). Furthermore, using Lemma

[2.2]the second set can be further decomposed as follows:

I7(0%Poc) N T (aPo) = (I7(0?Poo) N LlPoos aPoo]) U (I7(0PPos) N I (Pc))
= (L[ﬁooa 047300] \ J+(O‘ﬁ<>0)) U (I_(O‘22500) N I—(O‘ﬁoo»

= L[Poo, WPoo) U T (Pso)-

Thus we have that I~ (0?0 ) = Min™ (o) U L{Poo, @Pos) U I~ (P ), and thus the intersection

I (0®pos) NI (™1 Ps) becomes

I (0®Poo) NI (@ Poe) = (Min™ (Poc) U Llfocs Poc) U T (aPio)) NI (P
= Min* (Pos) U L(Poc, o) U (I~ (aPse) NI (0 ' Pc))

— Min™ (fise) U S U Min™ (o)
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which is exactly €. [

Now, using this action of Go on the Min* (Poo ), We argue that the image of & does not extend

beyond €2, and therefore M consists precisely of Wj.
Proposition 4.3. The equality M = Wy holds.

Proof. First, assume to the contrary that 0W, # &. Because §is alocal diffeomorphism, it maps
OWj to 02 in Eﬁm \7?5&12,1 (Poo)- Using the Lorentzian metric of E\iﬁz’l and the causal definition
of )y from lemma above, we may obtain that J{2 consists of two connected components a(g)
and a(S) (cf. proof of Lemma . Without loss of generality, we may assume 0(9W,)
intersects with a(S). Set £F to be W, N 6 («(S)). Proposition {4.2] then applies to £, and
implies that X7 in fact maps diffeomorphically to the entirety of «(S) under 5. We thus have a
set ST U W™ U S that maps (via 0) diffeomorphically to a(S) U Min™ (fs) U S which is the
closure Min™ (jo ) in B \ T (Poo)-
Now, let K be the affine lightcone L*(gp) (see Figure[4.2) in the Minkowski patch Min™ ()

where ¢ is the point that corresponds to the origin in R*! under the identification of Min™ ()
with R?! (see . Since any two lightcones in a Minkowski patch intersect with each other, K

necessarily intersects with its image under the action of any element of 50. Furthermore, K has

compact closure K in Min™ (j, ). Now, as 50 is infinite, the subgroup
Gr=1{9€Go:KNgK #2)

is infinite and the action of (50 is not proper on the image of 5. Since Lt U Wy U 5 maps

diffeomorphically to Min™ () via 5, and ¢ is equivariant with respect to I'y and Go, it would

52



0?Poo qo Do J a Yo /| Poo

Figure 4.2: The lightcone L*(gq) in Min™ (j). It has compact closure in Min™ (j ).

then follow that 'y does not act properly on Wg= U 5, which would contradict the properness of
T action on M.
We conclude that 0W, = & and M = Wy as M is connected.

]

Now observe that by Lemmawe have 11 is open in M. Proposition shows that W,
maps to the entirety of €2y diffeomorphically under 8, and Lemma implies that W} is in fact
the entirety of M.

Recall from ~ that G = h(T") lifts to a subgroup of U ~ m;(Ein*') x U. Notice that
since 6 : M — Q) is a surjective diffeomorphism, and is equivariant with respect to the action
of I on M and G on o, the action of G on () is necessarily free and proper. This certainly
imposes restrictions on G, and we will discuss the existence and classification of such groups in

the sequel. First, as a corollary of Proposition , we show that G in fact equals g}.
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Corollary 4.1. The equality G = 'g} holds.

Proof. Recall from §2.3.1|that the maximal unipotent subgroup I in PO(3, 2) lies entirely inside
—21
the identity component POO(3, 2) and thus preserves the time orientation of Ein  (see [2, §4.1]).

Moreover, as discussed in the beginning of this section, we have the equality

Zoz{xeﬁzﬁm<x<aﬁo@}.

An arbitrary element § = a‘u € G where u € U stabilizes ZO if and only if it stabilizes p.., which
is exactly when g = u. In other words, éo is exactly the subgroup consisting of the elements of
the form o’y = uin G.

However, Qy = Min™ (j,) US as Min* (Poo) U L(Poos P ) 18 not invariant under the action
of 7T1(Ein2’1). Since § acts on {2y, we conclude § does not contain any element of the form o‘u

for 7 > 0 and thus 5 = 50. OJ

4.2 The construction of the fundamental domain

The proof of the previous corollary shows that éo is an infinite cyclic subgroup contained
in ﬁo ~ U. Accordingly, we investigate infinite cyclic subgroups of &/ ~ R x R?! which act
freely and properly on €2y = Min® (j) U S.

Lemma will give that there are sufficient conditions on a generator of 50 to ensure
freeness and properness of its action on €2y, which will be verified by constructing a fundamental

domain.

Lemma 4.3. Let M be a Lorentzian manifold. For any subset S C M, if there exists v € S such
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ayqo ~-- -7 Y40

aqo qo

Figure 4.3: Fundamental domain of T'y. The dotted blue line indicates the boundary of J*(qp)
and the green line indicates the boundary of I~ (ayqo).

that ' < x (resp. x < ') for all ¥’ € S, then

I7[S] =1 (z) (resp.I"[S]=1I"(z)).

Proof. In the proof we shall freely use the fact that for any given a set .S and its closure the
following equality holds:

I#[S] = I*[S].

This result can be found as [ 18, Proposition 2.11].
Now, the containment /~(z) C I~[S] follows and it suffices to prove the other containment.

However, from the causality relations 2’ < z (resp. x < z’) we have
I=(2") C I (x) (resp. IT(2") C I (x))
for each 2’ € S. Since
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- U rw)

z’'eS

the desired containment therefore follows. O]

We establish sufficient conditions for () to act freely and properly discontinuously on €2

by constructing a fundamental domain in the following lemma.

Lemma 4.4. Let qq be the point that corresponds to the origin in the Minkowski patch Min™ (P )
under the identification with R*! (see , and assume there is a generator vy of QNO that satisfies

the following two conditions:
1. qo < 7qo,
2. lim ¥'qo = o and lim ~igy = o 'Pu.
1—>00 1——00

Then, the action of (jo on Qg has a fundamental domain given by

D = J* (o) N I~ (ayao).

Proof. We first prove the union U 7' D covers the entirety of ). Observe that
i€Z

A (T (@) NI (evq0) = [ ' (T (avg0) \ T (ago))

€L 1€EL

= JU (v ) \ T (a7'q0))

€L

where the first equality follows from Lemma 2.3 and the second equality follows from the fact

that « commutes with ~y. Then, as both o and  preserve time orientation, we have

ayigy < oy gy, Vi€ Z
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derived from the first condition, we obtain

I"(ay'q) C I ("™ qo), VieZ

It thus follows that

U (@ ) \ I (av'0) = J T (av'q0) \ () I (@7 q0)

i€z i€z jEL
= U I (ay'qo) N (ﬂ I (v q0))".
i€z jEz

Then we notice that as lim 7'qy = i, from the second condition, we have the equality
1—00

lim av'gy = a*Pec

71— 00
and P, is then in the closure of the set {ay'qo }icz. Since a’p,, succeeds each ay'q,

I"(av'q0) C I (0%pec), Vi€ Z.

Then apply Corollary 4.3|to the union U I~ (ay'qp) to obtain the equality

i€Z

U I (ay'qo) = I (*Pos).

1EZL

JEZ

We can similarly apply Corollary 4.3|to ( ﬂ I (ay? qo))c to obtain the following equality

(NI (vq) =T (V).

JEZ JEZ
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Then since for any = < v'qo, we have © < 7" gy and J ™ (v'q0) C I (7o), it follows

U T (Y q0) = U I (Y q0)

= JEZ.

= IJF(Oéilﬁoo)a

where the second equality follows from the equality lim 7’gy = o 'p in the second condition
1—— 00

and Lemma 4.3|as for any i € Z, viqo is in Min™ (jss) C I (a1 ps), implying vigy < @ 'Pc.

This thus proves

i€Z
as the equality Q) = I~ (a*pse) N I (@™ P) holds from Lemmald.2]
It remains to show that each v*D does not intersect with D. Without loss of generality, we

check D N~'D = @ for i > 0. Recall that as we have the causal relation

Qo < Yo < Vg0 < - < Y'qo

for any 7 > 0, we have the containment of the causal future sets

J+('7iQO) C J(vq0)-

The desired result then follows from the identifications

D=J"(q)\ J"(v@), +'D=J"(vq)\ Jt (v q),
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which can be obtained by applying Lemma[2.3]to the original definition of D. O

Finally, in Theorem 4.1|below, we discuss all possible cases for G. Before we do so, we

recall that U/ can be explicitly presented as follows:

R x R* 22y := 1 —s bl:s,abcelR

-

\ (871}) J

where a generic element of the above form will be denoted by (s, v) where v = (a,b,c). Also
recall that an element of the form (0, v) will be called a translation by the vector v = (a, b, ¢) and

an element of the form (s, 0) will be called linear.

Theorem 4.1. The group QNO may be identified with one of the following subgroups of U:
(1) a subgroup {(0,v)) where v = (a,b,c), is a timelike vector with ¢ # 0,

(2) a subgroup {(s,v)) where v = (a,b, ¢) with ¢ # 0.

Consequently, if 0 (M ) does not contain the improper point P, yet still intersects A, M is dif-

feomorphic to S? x S up to a finite covering.

Proof. First observe there are two possibilities for a cyclic subgroup of U, depending on whether

or not it is generated by a translation.
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We first look at the subgroups of U/ that are generated by a translational element . Observe

the action of an arbitrary translation on an element of S \ ﬁo can be computed as

1 —c —=b —a —(b*+2ac)/2 Yy y+cr?/2—br—a
1 0 0 a —x2/2 —12/2
1 0 b x = x ;
1 c 1 1
1 0 0

and that it has a fixed point on S precisely when the following equality holds:

y—cx’/2+br+a=y.

Applying the quadratic formula to the above equation, we observe that the above equation does

not have a real root exactly when a, b, ¢ satisfy the following inequality

b2 + 2ac < 0.

This coincides with the condition that (a, b, ¢) is timelike, and we thus restrict our attention to

timelike translations only as otherwise the action will not be free contrary to the assumption.

60



On the other hand, a similar calculation on ﬁo shows that

1 —¢c —=b —a —(b*+2ac)/2 Yy y—c
1 0 O a 1 1
1 0 b 0= 0
1 c 0 0
1 0 0

and that a translation has a fixed point on ﬁo if and only if ¢ = 0, and we may restrict our attention
to the case when ¢ # 0.

Now without loss of generality, we may assume that the timelike vector (a, b, ¢) is future-
pointing. Then, it follows immediately that ~y satisfies the first condition gy < vqo from Lemma
We also recall that o 'p, Poo, and ap are the only points in the preimage of p., under
w%ﬁl that are contained in m However, we have the following causal identification of

Min™ (P ) from [2, §4.3]
Min™ (o) = Bin "\ (J*(Foe) U J ™ (mc)).

Here we observe that the points in Min ™ (P, ) are exactly the points that are not causally related to

Poo- Moreover it follows from Corollary [2.1|that a'p,, is contained in the closure of Min™ (ps)

only when i € {—1,0,1}. Since, with y being a timelike translation, lim 7'p = p., for any
1—00

-1

p € Min(ps), we have lim gy € T (Poo)- Thus, we obtain the equalities
12— 00

lim 7'qp = aPos,  lim v'go = @ 'Po
11— 00 1—>—0Q
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as a P < P, and observe that ~y also satisfies the second condition of Lemma We
may therefore conclude that when a cyclic subgroup of U/ is generated by the translation by a
future-pointing timelike vector v = (a, b, ¢) with ¢ # 0, it acts freely and properly on €2y. Thus
in this case §0 is of the form indicated in the first case.

We now direct our attention to the subgroups that are generated by an element + that is not
a translation. This is equivalent to v having a nontrivial linear part and we recall that any such ~

will be of the following form.

1 —c % x — (b + 2ac) /2
1 s —s%/2 a
1 —s b )
1 c
1

where s is necessarily non-zero. Notice the action of such v on A, can be computed as

1 —c x  *x  —(b*+2a0)/2] |y y—rc
1 s —s%/2 a 1 1
1 —s b 0= 0
1 & 0 0
1 0 0

and this action should be free, we may again assume ¢ # 0.
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Furthermore, 7" maps ¢ to the point of Min~ (ps,) whose coordinate representation is

—a(an, by, cz) —q(an, by, )
Qp an + sb"(";l) — 320(”—1)?§2n—1)
bn bn — sc"(”;l)

n cn
1 1

Furthermore, for sufficiently large n > 0, q(a,, b, ¢,,) will satisty the inequality

1
q(an, by, cn) ~ —E8202n4 <0
which implies gy < v"qo or v"qy < qp for sufficiently large n > 0. Thus by replacing v with
=™ or 4", we may assume that 7 satisfies the first condition of Lemma 4.4}
To check that +y satisfies the second condition of Lemma[4.4] we make the following obser-

vation on the (~y)-orbits of ¢q: for sufficiently large n, 7"qy can be approximated as follows

—q(an, by, cy) —s2c?nt /12
an + sbn(nz_l) — 820("_1)%2"_1) —s%cn®/6
bn — s ~ | —scn?/2
cn cn
1 1

Clearly the images 7"qo in Ein®' converge to p. as n approaches 4-0c as s, ¢ # 0. This implies
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that the points 4lirin 7'qo are contained in the set {a !, ajis }. Since the causality relations
1— L 00

Y "qo < qo and gy <K Y"qp hold for arbitrary n > 0, we conclude

lim 7'gy = aPoo,  lim 7'go = o P,
i—00 1—>—00

so 7 satisfies the second condition of Lemma as well. Thus, up to replacing M by a finite
covering, we may assume Go is generated by 7/ that satisfies the condition in Lemma
Finally, as g is homeomorphic to S? x R and é'o is isomorphic to Z, it follows that M, as

the quotient manifold /Gy, is homeomorphic to 52 x 5. O

As mentioned in the beginning of this chapter, the manifold €2/ 50 with 50 as in Theorem

M.1] does not have an analogue in the Riemannian setting, as in these examples the developing
. . . . . . . vt

image non-trivially intersects the set of points at infinity while not being the entire Ein . We

will also show that these manifolds along with the manifolds obtained in the previous chapter

admit essential conformal flows (see §7.1)).

Remark 3. The author made the pleasant discovery that the space g/ 50, where 50 is as in the
first case of Theorem had previously been considered by Charles Frances in [6, §10.2.3] as

an example of a non-complete essential structure on S* x S*.

64



Chapter 5: The developing image § (M/ ) intersects the lightcone L(p.,) but not

the invariant photon A.

The goal of this section is to show that the case when §(]M) intersects the lightcone L(poo)
but not the photon A, does not occur. The proof of this claim breaks down into the three following
steps. First, we show that when the developing image does not intersect A, the invariant photon
in %2’1, that the unipotence of the holonomy image G implies that the lifted developing map in
fact carries M onto ﬁz’l \ A. Next, by using the fact that the lifted holonomy map establishes
an isomorphism between the fundamental group I" and G, we are able to study the group structure
of I'. Lastly, using the group structure of I' we deform the conformally flat Lorentzian structure
on M to obtain a contradiction.

The main tool that will be used in this section is the foliation on ﬁzl \ A given by the
level sets of 7 (for its definition, see . By Proposition for each point p € A the
preimage TNOO_l(ﬁ) is a connected component of 7', (L(p) \ A) where p = 7,21 (p). This
shows that the foliation defined by 7% on EEM \ Ais strictly simple, with leaf space identified
with A ~ R, and with leaves homeomorphic to L(p) \ A ~ R%

We begin by setting the following notation. First, p., will again be used to denote a point in

the preimage Wﬁiﬂ’l (poo ). Observe that for such a point p., the lightcone L(p..) is the preimage

-1
Ein21

of the lightcone 7 (L(pss)) in Ein®!, and the space L(fs) \ A consists of infinitely many
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connected components, each of which defines a leaf in the aforementioned foliation. On the
2,1 . . . .
other hand, Ein ~ \ L(p) is exactly the 7, 2.1 -preimage of Min(p.), and we denote this set by

m(poo) to emphasize that it is merely a disjoint union of Minkowski patches.

5.1 The image of the lifted developing map i

s =21 N . L.
As 0 is a local diffeomorphism, the foliation on Ein  \ A pulls back to a foliation on

M. Then by construction, each leaf in M is a connected component of a g—preimage of a leaf in

21 ~ ~ L~ o—21. ~
Ein \ A and 0 maps each leaf in M to aleafin Ein  \ A.

— —~21 ~
Lemma 5.1. Each leaf L in M maps injectively to a leaf L' in Ein =\ A.

Proof. The case where L’ is contained in the lightcone L(p,,) and L is a connected component
of 5‘1(L(1500)) is proved in Proposition 4.2| above. We thus assume the leaf L C M maps to L/
in a connected component of Min(p.). Notice that 7* on each Minkowski patch of Min(ps) is
simply a translation by the vector (¢,0,0)7 and thus is free, and proper. It thus defines a principal

R-bundle structure on L as well as on L’. Quotienting L and L’ by this R-action yields two

one-dimensional manifolds with a map (induced by g)

L/t —L/r~R.

This map is again a local diffeomorphism, and since L’/7 is homeomorphic to R, it maps L/7
diffeomorphically onto an open interval / in L’/7 ~ R. Since all principal R-bundles are trivial
(see [4, Theorem 14.4.12]), it follows that L maps diffeomorphically onto its image in L’ as

well. =
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When L maps via 4 to a leaf in Ein \ A that is a connected component of L(fs) \ A,
one can say more. We in fact show in Corollary [5.1] below that such leaves are each mapped
diffeomorphically onto a connected component of L(Pso) \ A. Before we show this, we first
define the stabilizer of each connected component of L(ps) \ A. First, recall from that G

—2,
lies in the following subgroup of Conf(Ein 1):

U~ 71'1(Ein2’1) XU.

Also recall

LN{O:UCLN{.

Then 50, the stabilizer of any connected component of L(p..) \ 3, is the following normal
subgroup of G:

gozgﬁuo-

Lemma 5.2. Let L, be a connected component of L(pso) \ A and L be a leaf in M that maps

t0 L. The stabilizer subgroup of Stabr (L) of L in T is free abelian of rank 2. Furthermore, h

maps Stabr (L) isomorphically to a subgroup in 50 that does not consists entirely of translations.

Proof. With L being a connected component of the ['-invariant closed set & ! (L(j)), the image
7 (L) is closed in M by Lemma Also, it follows from its trivial R-bundle structure that
L ~ R? and thus is simply connected. Consequently, L is the universal covering of (L),
and Stabr(L), the stabilizer subgroup of L in I, is the fundamental group of m),(L). Notice
Stabr(L) then can be identified with its holonomy image /(Stabr (L)), which stabilizes (L).

Since §(L) is contained in a connected component Lo, of L(fs) \ A, h(Stabr (L)) is a subgroup
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of 60. Furthermore, since the only infinite surface group that can be realized as a subgroup of a
unipotent group is Z?, and we may therefore conclude Stabr (L) ~ Z?* and 75,(L) is a 2-torus.
Now, assume that i(Stabr (L)) is generated by two translational elements ; and 72, with
associated vectors (ay, b1, c;)? and (as, by, c2)T. Since the action of Stabr(L) on L is equivalent
to the action of A(Stabr(L)) on (L), the latter action is also free and properly discontinuous.

Now the action of each ~; on 5(L) can be calculated as follows:

1 —¢ —b; —a; —(b?+ 2a;c;)/2 Yy Y+ cx? /2 — bz — a;
1 0 0 a; —x?/2 —x?/2
1 0 b; T = z
1 e 1 1
1 0 0

When p = (y, —2?/2,z,1,0)7 is an arbitrary point of §(L), we observe from the above calcula-
tion that such an action on U 7t.p, the T-orbit of p, is not proper when c; 2 /2 — byx — a; and

teR
c21? /2 — box — ay are not rational multiples of each other as the set

{y+n1(clx2/2 —bix —ay) +n2(02x2/2 — box — ag) :ny,ng € Z}

is dense in R. However, they also cannot be rational multiples of each other as then the action
would not be free.

Thus, we may conclude Stabr (L) is a free abelian subgroup of rank 2 and /(Stabr (L)) is
not generated by two translational elements and necessarily contains an element with a non-trivial

linear component. 0
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Corollary 5.1. Let L, be a connected component of L(Pso) \ A, and L be a leafin M that maps

t0 Loo. Then L maps diffeomorphically onto L.

Proof. Note that we may explicitly identify L., /7 with R by the following map

)

as 7'y —Z x:1:0]=[y+t: —902—2 : 2 :1:0] and § is invariant under the 7-flow.

By Lemma h(Stabp(L)) contains an element g with a nontrivial linear component

s # 0. The action of g" on 0(L) can be calculated as follows

1 * % * * * *
1 sn —(sn)?/2 x —x%/2 —(z — sn)?/2
1 —(sn) =x x = x —sn
1 * 1 1
1 0 0

and we observe for any [y : —‘%2 cx:1:0] € S_I(x),

g .[y:—%:x:l:O]:[*:— (x—sn)2:x—3n:1:O]Eg_l(x—sn).

N

Then, since 1irin T — sn = Foo, it follows that the only connected subset of L., 1s L it self,
n— 100

and that §(L) is the entirety of L. O

Our next goal is to show that the conclusion of Corollary [5.1| holds true for other leaves in
=21 ¢ . . . oo 21 N
Ein  \ A. That is, for an arbitrary leaf L in Ein \ A, we want each connected component
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of 671(L) to map not only injectively but surjectively onto L under 5. To prove this claim we
modify the method utilized in [10]. In [10, Theorem 6.8], to prove that an affine structure (i.e.
(Aff(R™), R™)-structure) on a closed n-manifold is always complete when its holonomy is unipo-
tent, the authors first construct k-dimensional distributions on R” for £ = 1,--- , n, defined by a
flag in R™ which is invariant under the holonomy action.

We adapt this approach to generate flows on each leaf of the 7-foliation on M that maps to
aleaf in I\E(poo) and furthermore is transverse to the direction of the 7-flow. In order to emulate

the above approach, the following lemma is first needed.
Lemma 5.3. The vector field 0/0x, on Min(ps) extends to Ein*! \ A.

Proof. First we represent the points of Ein*' with the usual projective coordinates:

{[20:21: 22t 23t 2] s 22024 + 22123 + 25 = 0}.

Now, let Min, be the Minkowski patch corresponding to the points where z4 # 0 (notice that
this is the Minkowski patch Min(p,)), and Mingz be the Minkowski patch corresponding to the
points where z3 # 0. Observe that z3 = 24 = 0 necessarily implies zo = 0. In other words
when z3 = 24 = 0, z is automatically contained in A and it follows that Min3 and Miny cover the
entirety of Ein®!' \ A. Thus, it suffices to find a vector field on Mins that agrees with the 9/,
on the intersection Ming N Miny.

First, notice that Min,, embedded as a subset of Ein®!, may be expressed in projective

coordinates as follows:

{[—%(ﬁlﬂ% + I%) B 1 T o) N - B 1] DT, Te, T3 € R},
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Similarly, Ming has a description as follows:

{lr: —2ys +93) 1y Liys] i yn,ya,ys € R

The change of coordinates from Min, to Ming can be represented by the substitutions:

_ 1 2y,.—1 _ -1 o
yl——g(ﬂfliﬁs‘i‘xz)% y Yo = T2z, Y3 = Tz -

The vector field 9/0z5 on Min(p.,) = Miny pushes forward under this change of coordinates to

g Oy 0 dya 0O dys 0

(%2_3_1’28% 8_xgc9y2 3_x2(9y3
1 L0 49 0

= —5(21’2)3:3 C e

0 0

=Y 7 U3
oy 0y

on Mins. The resulting vector field is defined everywhere on Mings, so the original vector field
0/0x, extends to the entirety of Ein*! \ A, O

We are now ready to prove the following lemma.

— —~21 ~ ~ ~
Lemma 5.4. Let L be a leaf in M that maps to a leaf L' in Ein ~ \ A under . Then § maps L

diffeomorphically onto L'

Proof. We have shown this is true for a leaf L that maps to a connected component of L(ps) \ A
in Corollary It thus suffices to consider the leaves that maps to a leaf in M\i—l/l(poo).

Recall from that the linear holonomy group L(G) is the image in O(2, 1) of G under
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the homomorphism

L: U — 0(21)
(s,0) = (5,0).
Then, since G is a subgroup of U~ 71 (Ein*') x U, we may define L(g) to be the image under

L of the projection of G to G. Since G is unipotent, L(QV ) preserves the full flag
{0} C <€1> C <61,€2> C <€1,€2,63> = RZ’l

for the basis {ej, €2, e3} on R*! under which I/ is upper triangular (see Proposition . We de-
note each k-dimensional subspace in the above flag by F*. Each F* defines a rank k distribution

F¥. on Min(ps,) =~ R?! and by pulling back these distributions to each connected component of

—_—

Min(peo) via T2t m(poo) — Min(p.,), we obtain rank k distributions ]-"1%;1 on m(poo).

More specifically, we have
Y; € Fin (@) = (mouen)(Ys) € Fn0)

where ¢ = mg;,2.1(¢). Note that when Y; € ]:I%m((j) with (721 ).Y; = (¢, (z1, -+ , 2%, 0,---,0))

and § = o'g € G,

(TRin21 )« (G« Yg) = (T2 © (O/Q))*(Y(j)
=(go 7TEin2v1)*(YcI)
= g, (q7 ($1,"' T, 0,0 - ,0))

= (9.q, L(g)-(w1,- -+ , 21,0, - 0))
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and by the L(G)-invariance of F*, we obtain .Y; € Fi-(.q)-

Now let p € m(poo) with § = (7). When Y; € .7-"1{“%(@) and )N(Z; is a unique vector in

T m(poo) such that ’g*j\(:ﬁ = Y;, we observe

0u(1X5) = (6 07)u(Xp) = (h(7) 0 0).(Xp) = h(7).(Ys) € Foza (h(7).0)-
Thus, we obtain I'-invariant rank % distributions F J% ond! (m(poo)) by the following relation:

X5 € FE(p) <= (0).(X;) € FE_(5()).

Min

Consequently, the ['-invariance of ]—"]% allows us to construct distributions F¥, on 7y, (5! (m(poo)))
as follows:

X, € Fi(p) — X; € Fr(p).

where § € 73 (p) and X; € T M is the unique vector with (1), (X;) = X,,.

Notice that these distributions are integrable as Fy;; are integrable. Also, by definition, the
leaves of ]-}j are exactly the 7-orbits and the leaves defined by }"]%j coincide with the leaves of
the foliation defined by the submersion 7. Furthermore, L(G) acts trivially on each F},/F,_;

(k = 1,2,3) and thus preserves the following nonzero linear functionals

lkiFk—> R

v U-eg

(here, the dot product denotes the usual inner product on R?), whose kernels are exactly Fj,_;.

We also define 1-forms w;, on each F* that vanish on F*~! using ;.
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Now, the goal is to construct vector fields ¢ on M for & = 1,2 that satisfy the following

two conditions:
(i) ér(p) € Ffy(p) forall p € may (5~ Min(po)),
(i) wy(dr) = 1 on my (6~ Min(pao)).

For k£ = 1, we may simply let ¢; be the vector field that generates the 7-flow on M. For
k = 2, the choice of such a vector field is not canonical. To obtain one, we find suitable vector

fields that are defined locally and use a partition of unity to glue them together as follows:

(1) The vector field 3/0x5 on Min(ps,) extends to the entire Ein>' \ A by Lemma The

—21 ~ _
extended vector field can be pulled back to Ein ~ \ A. Denote this vector field by Xs.

(2) Let {U;} be a finite covering of M. We may assume each U; is small enough and there is
a (PO(3,2), Ein®")-chart map ; : U; — Ein \ A defined on U;. Define a vector field
®2,; on each U; as the pullback of X, by the diffeomorphism ;. These vector fields satisfy
the desired conditions on each U;, because .7-']%4 and wy on M, by definition, are pullbacks of

F fﬁl and [}, respectively.
(3) Let p; be a partition of unity subordinate to {U;} and define ¢ = > p;¢o.;.

From the compactness of M, both ¢, are complete and lift to complete vector fields on M.
Let @, be the one parameter families of diffeomorphisms on M defined by the flows of ¢. Of
course, ¢, is simply 7 but we will continue to denote it by ®; for the duration of this proof. By

construction, ®, acts on the 2-dimensional leaves of ]-']%7 and satisfies the following equation

lo(0 0 Dy(w)) = 12(0()) + ¢,
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where [, is viewed as a functional on Min(p,,) ~ R,
Now, let L and L’ be as in the proposition statement. By Lemma 5.1} to show that L maps
diffeomorphically onto L' under 8, it suffices to prove L maps surjectively onto L’ under 5. Fix a

point xy € L. Given an arbitrary point y € L/, let
I = (I)? (.%0) where t2 = lg(’ﬂ'Einz,l (’y) — (5(.7)0))

Since y and 0(zo) are both contained in L/, and thus in the same Minkowski patch of Min(pso),

it makes sense to subtract one from the other. Now, the point
Ty = O (1) where t; = Iy (7,21 (y) — 6(z1)),

maps to y under 5. Since the choice of y was arbitrary we conclude the map g| L — Lis

surjective as desired. [

The above lemma shows that 6( /) is saturated with respect to the foliation defined by T
—~21  ~ o —
on Ein =\ A. Now, denote by Eﬁll\ 5 and Ly the leaf spaces of the foliation defined by 7
—~21 -~ —~ ~ ~
on Ein  \ A and its pullback to M respectively. Observe ﬁﬁQ,l\z ~ A ~ R, and ¢ induces the

following map between the two leaf spaces

Since ¢ is induced by 5, a local homeomorphism, it itself is a local homeomorphism as well.

Lemma 5.5. The leaf space L7 is Hausdorff.
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Proof. Let Ly, Lo be two distinct leaves in M. The goal is to find disjoint saturated open neigh-
—21  ~ )
borhoods of L; and Ls. If L; and L, map to different leaves in Ein ~ \ A, the existence of such

neighborhoods follows easily from Eﬁz, being Hausdorff, namely by pulling back disjoint

LA
neighborhoods of §(L1) and 6(Ls).

Assume L; and L, maps to the same leaf Ly. Since L, and L, each map diffeomorphi-
cally onto Ly, for a point yy € L there are unique points z; € L; and x2 € Ly such that
g(:vl) = g(xg) = 1. Since M is Hausdorff, there exist U; and Us,, each an open neighborhood of
x1 and xo, that separate x, and x5. By shrinking U; and U, we may assume that they map diffeo-
morphically onto the same set V' C /E\iHQ’1 \ A under 0. We may further assume that for each leaf
L, the intersection V' N L is either empty or consists of one connected component. This ensures
that there is a transverse section 7' C V such that for all leaves L that intersects non-trivially
with V, that 7" intersects L at a single point. The preimages 7; = gfl(T) M U are also transverse
sections that meet with each leaf in U; at a single point. By definition we have L; C S(T;) where
S(T;) denote the saturation of 7;. We will now show that the S(77) and S(73) are disjoint.

To the contrary, assume there is a leaf L' € S(77) N S(13). By the original assumption on
T, and T5, the intersection L' N T; (for i = 1, 2) consists of a single point p;. Since p; and po
are two distinct points on the same leaf L/, they necessarily map to two distinct points y; and y»
under 4 by Lemma Let L] and L), be leaves in En \ A that contains y; and y» respectively.
Since y; and y» are two distinct points of 7', we see that L and LY are two distinct leaves that
both contain L’ in their preimages. However, we notice this is a contradiction as a leaf on M is
defined to be a connected component of the preimage of a leaf in ﬁzl \ A. Thus, the saturated
neighborhoods S(7}) and S(7%) of L, and L, do not intersect and we conclude the leaf space of

M is also Hausdorft. ]
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We are now equipped to show that developing map 5 maps M diffeomorphically onto
—21 ~
Ein  \ A.

Proposition 5.1. When the developing image 6(M) does not intersect the lightcone L(ps), the

~ —~ —~21 . ~
lifted developing map § maps M diffeomorphically onto Ein =\ A.

Proof. Since L3; is HausdorfT, it is a 1-dimensional manifold. As ¢ is a local homeomorphism,

L7; maps homeomorphically to an open interval I C Eﬁ,vz,l and it follows that & maps M

in” \A
diffeomorphically onto an open subset homeomorphic to R? x R in ﬁm \ A. Thus, we may
identify M with its image in Ein~ \ A.

Now, the holonomy morphism hisan isomorphism between ' and G and we identify I with
G. Since ¢ is injective, for each Lo a connected component of L(js) \ A with g(]\Af )N Lo # 9,
its 0-preimage 6 (Lo ) contains only one connected component L. Thus, h(Stabr(L)) equals
Stabg(Loo) = 50 and it follows from Lemma that QNO ~ 72. By the definition of QNO, any
element of G \ G, is of the form g with i # 0 where o is a generator of 7, (Ein*') and g € U.
However, Z? cannot be a fundamental group for a compact 3-manifold and consequently, §0
cannot comprise the entirety of G. Thus, it follows that G necessarily contains an element of the

. o~ 21 21~
form a'g where i # 0. The existence of such an element implies 6(A/) = Ein  \AasEin \A

is the only connected saturated set that is invariant under the action of o’ € 7, (Ein*?). [l

Corollary 5.2. The lifted holonomy morphism h is an isomorphism. Furthermore, G'O ~ 72 and

G\ Go # @.
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5.2 The structure of the holonomy image

To study the structure of the holonomy image, we first study the subgroup 50. We recall
from Lemma|5.2|that G, contains an element that is not purely a translation. The following lemma

concerns the case when the image of G, contains a translation in Uy ~ U.

Lemma 5.6. Let T, € U be a translation. If there exists some L, + T, € U with s # 0 which

commutes with T, then T, lies in the one-dimensional center of U.

Proof. First, let T, be an arbitrary translational element that commutes with a non-translational

element L, + T,. Let x € R*! be arbitrary. Then,

Tw((Ls + T0)(2)) = (Ls + To)(Tw())
Ly(z)+v+w=Ls(x)+ Ls(w) +v

w = Lg(w).

Since the vectors of the form (¢, 0,0)” are the only fixed points of L, the concolusion follows.

O]
However, the existence of such an element contradicts the properness of the 300 action.
~ . . . 5. 21, %
Lemma 5.7. When G, contains a translation, the action of Gy is not proper on Ein =\ A.

—~21  ~
Proof. We will find a compact subset K of Ein ~ \ A that satisfies:

g.K N K = & for infinitely many g € G.
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—21 ~ —
Let K be the closure in Ein ~ \ A of the following subset of a Minkowski patch in Min(p.)

{(=t/2,2,0,t,1)" : |z| < R,t € R}

where R is chosen so that 7 € G. Notice that K can be obtained by taking the following union

where ¢ is the closure of the curve

¢=1{(0,0,0,¢t,1)" : t € R}

inEm \ A. Since (0,0,%)7 for any ¢ € R is lightlike, £ has endpoints in the lightcone L(fso),
and thus, ¢, and also K, are compact.

When gy = L, + T, with v = (a, b, ¢) is an element of QN with a non-trivial linear part,
whose existence is guaranteed by Lemma|5.2] then compute the action of g on an arbitrary point

p € Kin m(poo):

n
1 % x * * * *
1 s —s?/2 a * *
1 —s b 0| =1—-snt+bn—sc(n*—n)/2|- (S.D
1 c t t+cn
1 1 1
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For an arbitrary n, let t = b/s — ¢(n — 1)/2. Then the right hand side of (5.1)) becomes

* *
T '
—snt +bn —sc(n®>—n)/2 | = 0 € K.
t+cn t+cn
1 1

For m satisfying the inequality

—R <2 —mR<R,

the element g = (77)™gp € G, one has g.p € K. Thus, g.K N K for infinitely many g € G. [

Now we may assume G, does not contain any translation, and consists solely of elements

with nontrivial linear component. For further discussion of é , we use the following lemma.

Lemma 5.8. /2], Lemma 2] Let G be a non-abelian nilpotent group in a short exact sequence

12A—->G—C—1,

where A is free abelian of rank 2 and C' is infinite cyclic. Then the above extension splits and the

action of C on A is defined by the matrix

Iy

01

where y # 0.
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By applying the above lemma to G, we obtain:

Proposition 5.2. The holonomy image G is free abelian of rank three, generated by g1, g, &' gs

where each g; is an element of Uj.

Proof. Recall Gisa subgroup of U~ 71 (Ein*') x U, and Q'O is the central subgroup G N iio

where Z]o = {1} x U (see ~i By Corollary (j / (j() is not trivial and we have

(j/goﬁz

as 7 (Ein*!) ~ Z.
For contradiction, assume G is not abelian. By Lemma we may choose generators
1, g2, and a'gs of G with g; € Uy such that the action of (a'gs) on Gy = (g1, go) on is defined by

the matrix

where y # 0. Then since Go does not contain any translation by Lemma , we may assume g,
and g, each have a nontrivial linear part.
. . . 21 . . . ;
Now, since « is central in Conf(Ein ), the conjugation action of a’g3 on g, can be com-

puted as follows:

(a'gs).g2 = (@'g3)ga(g5 ™) = 939295 "

Thus, it makes sense to apply L to (a’g3).g, and we obtain the following two equations:

L((a'g3).g2) = L(gsgag5 ') = L(g3) + L(g2) — L(g3) = L(g2).
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However, we also obtain the following equation by applying Lemma 5.8}

L((a'gs).92) = L(g{92) = v - L(g1) + L(g2).

Since L(g1) and y are both assumed to be nonzero, we obtain the desired contradiction and
conclude QN is abelian.
Then since 5 is a central extension of 5 / 50 ~ 7 by QVO ~ 72, we further conclude it is free

and abelian of rank three. O]

Since I and G are isomorphic by Corollary it immediately follows from Proposition

[3.2lthat T is free abelian of rank three as well.

Corollary 5.3. The fundamental group 1 is free abelian of rank three.

5.3 The application of the deformation principle

To summarize, we have shown the following must hold when ¢ (M ) does not intersect A

yet still intersects the lightcone L(py.):

~ —~ —~21 -~
1. the lifted developing map § maps M diffeomorphically onto Ein =~ \ A,

2. the image G of the lifted holonomy map does not contain translations and is free and abelian

of rank three.

The goal now is to obtain a contradiction, by showing any structure on M can be deformed into
a structure that violates either condition 1. or 2. above, while still satisfying the initial condition
that (5(M ) does not intersect A yet still intersects the lightcone L(p). The following theorem of
Thurston gives an explicit way of deforming such a structure.
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Theorem 5.1 ([22, Proposition 5.1]). Let M be a compact (G, X )-manifold with holonomy map
ho. Then, there exists an open subset U of hy in Hom(m (M), G) such that all h € U can be

realized as the holonomy map of a (G, X )-structure on M.

This will allow us to arrive at a contradiction by enabling us to give an explicit construction

. . = /\./271 e
of a deformed structure whose developing map still maps M to Ein  \ A, yet whose holonomy
image contains a translation, violating property 2. from above. The following lemma can be

checked with direct computations and the proof will be omitted.

Lemma 5.9. Let (s1,v1) and (s, v9) be elements of U ~ R x R*! where

v=(21,y1,21), V2= (T2, Ya,22).

Then (s1,v1) and (S2,v2) commute if and only if
1.2 1.2
L. s1y2 — 58122 = Say1 — 55571,
2. S1%29 = S9221.

Theorem 5.2. There exists no conformally flat, closed, Lorentzian manifold of dimension three

with unipotent holonomy whose developing image §( M) intersects L(pn,) but not A.

Proof. Recall, by Corollary [5.3] that I' ~ Z3. Let ~;, 72, and ~y3 be three generators of I so that
g1 = ﬁ(yl) and g = E(’h) generate G, and E(’Yg) =algs € é\ Go.

Now fix an isomorphism &/ ~ R x R*! as usual and for each i € {1,2,3}. Set

g = (si,v;) € R x R*!,
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where s; € R and v; = (4, ys, 2;) € R*!. We shall now construct a continuous family

{h,} C Hom(Z?,U)

that deforms the original holonomy morphism h. Let %t send each ~; to ¢. defined as follows:
1. g; = g1 and ¢} = g,
2. gy = (s, v) with vy = (25, 3, 7)
(a) sy = e'sy,
(b) @ = Ta, yh = sy (3etsTzy — Le?sdz + elsoyr), and 2 = €'z,
To show that this indeed defines a homomorphism, we check ¢/, g5, and o'gy commute
with each other. Since « is central, this amounts to proving the commutativity of gi, g5, and gj.
This will be shown via direct calculations.

First, we know from Lemma [5.9]that ¢} and g, commute if and only if the following two

equations are satisfied:

/ 1.2 1.2
S1Yg — 55172 = Sol1 — 552 21,

S126 = Sy21.

The first equality holds by the definition of /, and the following series of logical implications:

1.2, _ 1.2 -1(1 '2
S1Yy — 55125 = SoY1 — 555 21 = Yy = S| (5 5+ Spy1 — ‘32 Z1>
/ —1(1,t.2 1,2t 2
> Yy = S (26 8122 + e'soyy — 5€ 8221)
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The second equality follows from the commutativity of ¢g; and g5, which implies

S1%29 = S9%71.

Now we show the commutativity of g5 and g}. Again, the second condition of Lemma/[5.9)

follows immediately from the commutativity of the original g, and gs. It thus remains to check

/ 1.2/ / 1.2
S3Yy — 58325 = So¥3 — 585 23- (5.2)

For the left hand side of (5.2), we have the following equality:
2 —1 2 2t 2 2
S3yhy — 25525 = s3 [s7" (3€'s720 — 2e* 53z + efsoyn)| — $s32h

1.2

1,2t t.—1 1.t.2
558321 + €51 S283Y1 — 5€ 5329.

_ 1.t —
= 56 §18329 — 56 S1

By iteratively applying the identity s;2; = s;z; (for i, j € {1,2,3}) to the second term we obtain

;1.2 1 ¢ 1 2t 2 t.—1 1,t2
S3lfp — 553% = 5€ S153%2 — 5€7 533+ €5, S2S3Y1 — € Sz

On the other hand, for the right hand side of (5.2), we employ the equality

—1/1.2 1.2
Yz = 83 (58123 — 58321 + 83y1)
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which follows from the commutativity of g; and g3. With this we obtain the following:

/ 1.2, _ / J.—1(1_.2 1.2 1.2
Sols — 35923 = 59 [51 (55123 — 55321 + 531/1)] — 55223

Ut —1(1.2 1.2 1,2t .2
=€ '8y [sl (55123 — 58321 + 83y1)} — 5675523

1 1.2t .2

_ 1t 1 ¢t .— 2 t
= 56 S§189%23 — 56 S§1 828321 +e 81—18283y1 — 56 S923

_ 1. 1. t.2 t 1.2t .2
= 56 §183%29 — 56 S322 +e 81—18283y1 — 56 5923.

Again we have here applied the identity s;2; = s;2; (for 4, j € {1,2,3}) to the first and the

second term. By rearranging the terms we obtain the following as desired:

1
2

2t 2 1.2/

t 1,.t.2 t,—1 1 _ /
€ 518322 — 5€ S329 +e §1 8283Y1 — 56 S923 = S3Yy — 58322.

/ 1.2,
S9Y3 — 559 23 = 3

Finally, it also can be observed that 7Lt approaches hast approaches 0. Thus it follows from
Theorem that for an arbitrarily small ¢, the map Py is the holonomy map of a conformally flat
Lorentzian structure on M as well. Since Et(F) is still isomorphic to Z3, the developing image
of the locally homogeneous structure that realizes Tlt cannot contain p.,, or even intersect A
(in these two cases, the holonomy image is simply Z as shown in Theorem [3.1]and Theorem [4.1]
respectively). On the other hand, since 7Lt<")/3) remains unchanged as ags with i # 0 and since no
connected component of M\i—l/l(poo) is invariant under the action of such an element, the image of
the corresponding lifted developing map is not contained in a connected component of m(pm).
Thus we conclude the developing image again intersect with L(p.,) but not A.

We established in Proposition 5. 1|that any conformally flat Lorentzian structure on a closed

3-manifold whose developing image intersect with L(p,,) but not A must be Kleinian with
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5(1\7 ) = B \ A and the corresponding holonomy action on En \ A must be proper as
well. However, there exists arbitrarily small ¢ such that s;s5 ' = els;s,' € Q. With such a
choice of ¢, we may find two integers n; and ns such that (¢})™ (g5)~"2 is a translation. This
leads to a contradiction by Proposition and we conclude there can be no conformally flat
Lorentzian structure on a closed 3-manifold whose developing image intersect with L(p.,) but

not A. O
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Chapter 6: The developing image 0 (]\7 ) does not intersect the lightcone L(po).

We finally handle the case where the image 6(//) does not intersect the lightcone L(p).
In this case, 6(M) is contained entirely in the Minkowski patch Min(p.,) and M has a flat
Lorentzian structure. Furthermore, since & (and thus G) acts on Min(p.,), we may apply the

following result to show that M is in fact complete.

Theorem 6.1 (|10, Theorem 6.8.(a)]). Let M be a closed manifold equipped with a (Aff(R?), R?)-

structure. If the corresponding holonomy image is unipotent, then M is complete.

The holonomy image G may now be identified with I', and similarly M may be identi-
fied with the quotient R3/T". The classification of such quotient manifolds is done in [9]. One

implication of their classification is the following theorem.

Theorem 6.2 (|9, Theorem 5.5]). Let M be a closed 3-manifold that admits a complete affine
structure (i.e. M = R3/T, where T < Aff(R3)). If 71 (M) is solvable and M is aspherical then

M is finitely covered by a 2-torus bundle over the circle.

In fact, not only do the authors prove that M (up to a finite covering) is a 2-torus bundle over a
circle, but they also give explicit presentations for the fundamental group. Specifically, when I is
nilpotent, it can either take form of Z?* or Z? x4 Z where A is an parabolic element of GL(2, Z)

(i.e. A has one eigenvalue of multiplicity two). This result is discussed in [9, §5.4].
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Of course when I consists purely of translations, then it is isomorphic to Z* and we have
M ~ T3. To handle the case when I" contains more than just translations, observe that L(T")
(being a subgroup of L(U) ~ R) is abelian. We may thus employ the following results by

Auslander and Markus to study the geometry of M in greater detail.

Theorem 6.3 (|1, Theorem 4, Theorem 9]). Let M be a closed Lorentzian 3-manifold of the form
R>Y/T. If L(T") is abelian and is further assumed to stabilize a photon inside R*', then there is

a basis of R*! (albeit not necessarily orthonormal), in which T is one of the following groups:

1. the group generated by the set {L,T,T5} where

0 Bk

oo+ gl Tarz—xz+ ]| 0
0 0

where k > 0 an integer and 3 > 0 a real number,

2. the group generated by { Ly, Lo, T'} where

1 11 0 1t tt+1)/2 0
Li:z— 1 1lz+]0l, Loz 1 t z+ 1 s,
1 1 1 t
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n/k

T:z—=x+ | 0

where t is irrational and n = s — t(t + 1)/2 is a nonzero real number and k > 0 as above

is an integer.

Furthermore, for any positive integers ki1, ko € 7, the manifolds obtained as the quotient R*! /T,

with ' as in Case 1 with k = ky and Case 2 with k = ko, are diffeomorphic if ki = ko.

Thus, to study the topology of an arbitrary closed flat Lorentzian manifold M with unipotent
holonomy, it suffices to consider the topology of the quotient R?!/T" with T" as in Case 1 of
the above theorem. In particular, Theorem [6.3] allows one to see M is topologically a parabolic

2-torus bundle whose monodromy is (} 1). In summary, we obtain the following result.

Theorem 6.4. Suppose that §(M) does not intersect with the lightcone L(ps,). Then, up to a
finite covering, M is a 2-torus bundle over the circle obtained by quotienting R*!' by one of the

following two groups: 73 or Z2 x 4 Z where A € GL(2,R) is parabolic.
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Chapter 7: Main theorem and applications

Summarizing the results from the four cases we obtain the following theorem.

Theorem 7.1. Let M be a closed conformally flat Lorentzian manifold of dimension three with
unipotent holonomy.

— — 21 —21
1. If 6(M) contains the improper point p.., then M is a complete (Ein , Conf(Ein ))-

manifold and the holonomy group E(F) is an infinite cyclic group generated by an element
of the form a'g € U ~ 71 (Ein®') x U with i # 0 (see for the notation used here).
Consequently, M is homeomorphic to S* x S, up to a finite covering.

2. If 6(M) does not contain the improper point p,, yet still intersects A, then M is Kleinian
(see Definition with 0(M) = Min™ (fse) U L(Pso, 2(fs)) U Min™ (jsg) (see
for the notation used here). Furthermore, E(F) is an infinite cyclic group generated by a
conformal automorphism of E\iﬁm that stabilizes and acts as a timelike translation or an
affine transformation whose translation is timelike on each Min™ (). Consequently, M

is homeomorphic to S? x S up to a finite covering.

3. If6(M)NA = @, then (M) N L(pse) = @.

—~

4. If (M) does not intersect L(ps,), then M is a complete (R*!, Aff(R*'))-manifold and the
holonomy group h(T') is isomorphic to 7> or 72 x4 7 where A € GL(2,R) is parabolic.

91



Consequently, M is homeomorphic, up to a finite covering to a 3-torus or a parabolic torus

bundle over S*.
One may first observe there is the following topological classification of all such manifolds.

Corollary 7.1. Let M be a closed conformally flat Lorentzian manifold of dimension three whose

holonomy group is unipotent, then M is up to finite covering S* x S* or a parabolic torus bundle.

One may also observe that in each case that arises in the classification, the lifted developing

map carries the universal covering of M diffeomorphically to its image.

Corollary 7.2. Let M be a closed conformally flat Lorentzian manifold of dimension three whose

holonomy group is unipotent. Then M is Kleinian.

7.1 Condition for essentiality

Another implication of the above classification is a topological condition to determine

whether or not such a manifold is essential. The definition of essentiality is given below.

Definition 7.1. A conformal manifold is said to be essential if its conformal group does not

preserve any metric in the conformal class.

One way to prove essentiality of a Lorentzian manifold is to make use of the volume form
defined by the metric. Namely, since any metric preserving transformation would preserve this
volume form and the measure induced by it, to prove a transformation is essential, it suffices
to check it does not preserve any such measure. With this we may show that the 7-flow is
essential when the developing image intersects A (equivalently when M can be finitely covered
by S? x S1).
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Lemma 7.1 (cf.[7, Proposition 5]). Let M be a closed conformally flat Lorentzian 3-manifold

with unipotent holonomy. If it can be fintely covered by S* x S1, then it is essential.

Proof. Let U be an open set of M whose image 6(U) intersects with A c E\iﬁm. We may
assume U is a small enough neighborhood, restricted to which both the projection map 7 and the
developing map § are diffeomorphisms. Let Ibea open interval of 51 (&) contained in U. From
Lemma it follows that the subset V' of M consisting of points that converge to a point in I
under the 7-flow is open. Let V be any nonempty, open, precompact subset of V. Denoting the
images under the covering map I = 7(I) and V = x(V), we conclude that each point = € V
converges to a point in / under the 7-flow.

Now consider an arbitrary Lorentzian metric g in the conformal class of metrics on M and
the measure defined by its volume form p. If 7 preserves the metric g, and thus preserves the
measure /i, it follows that (V') = p(I). However, this is a contradiction as I is a null set of such

a measure. Since g is arbitrary, we may conclude 7 does not preserve any metric in the conformal

class of metrics on M, and thus M itself is essential. OJ

On the other hand, recall when the developing map does not intersect A, that M possesses a
flat, complete, Lorentzian structure. However, any conformal transformation on a flat, complete,
Lorentzian manifold is a homothety as it lifts to a transformation in Sim(R*') C Conf(R>!).
Then, any homothety on a compact pseudo-Riemannian manifold is an isometry (see [20, Propo-
sition 2.4]) and we conclude that when the developing image does not intersect A, M is not
essential. Again, recall this is exactly when M is not finitely covered by S? x S! and notice we
obtain a topological condition to determine whether or not M is essential. These observations

are summarized in the theorem below.
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Theorem 7.2. Let M be a closed conformally flat Lorentzian manifold of dimension three with
unipotent holonomy. Then the conformal structure on M is essential if and only if M can be

finitely covered by S* x S'.
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