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2,1
. . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 The causality structures of Ẽin
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Chapter 1: Introduction

A conformal structure on a manifold M is defined by an equivalence class of (pseudo-)

Riemannian metrics where two metrics are equivalent if they differ up to scaling by a smooth

positive real-valued function. A manifold that is locally conformally equivalent to a flat affine

space is called conformally flat. Such manifolds can alternatively be characterized as those ad-

mitting a (G,X)-structures for a particular form (for details, see §2.1). This locally homogeneous

structure gives rise to a developing pair (δ, h) where δ : M̃ → X , a developing map, is a local

diffeomorphism that maps the universal cover M̃ of M to a model space X , and a holonomy

morphism h : π1(M) → G is a group homomorphism with respect to which δ is equivariant.

Using this tool, one may attempt to classify (G,X)-manifolds in terms of the group-theoretic

properties of holonomy image, as exemplified in the work of Goldman:

Theorem 1.1 ([11, Theorem A]). Let M be a closed conformally flat n-dimensional Riemannian

manifold whose holonomy image is virtually nilpotent (i.e. there exists a nilpotent subgroup of

finite index). Then, M is finitely covered by an n-sphere Sn, a flat n-torus T n, or a Hopf manifold

S1 × Sn−1.

Here, Goldman proved that in each case the developing map is a diffeomorphism onto an

open subset ofX (in which caseM is called Kleinian) or onto the entirety ofX (in which caseM

is called complete). For formal definitions of Kleinian and complete manifolds, see 2.2. Goldman
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could then recover the original manifold M by taking the quotient of the developing image by

the holonomy action.

A similar classification has not been done in the Lorentzian case. A natural stepping stone

to such a classification is to first classify those with unipotent holonomy in dimension three. Let

us remark what specifically these assumptions simplify. First, in the case of dimension three,

the space X appearing in the locally homogeneous structure is Ein2,1, the (2 + 1)-Einstein uni-

verse, which has a particularly explicit description and which is easily visualized. Some useful

properties of this space and its universal covering are discussed in §2.2. Second, the unipotent as-

sumption forces the holonomy image to lie inside the stabilizer of an isotropic flag, which allows

us to have the following chain of invariant subspaces in Ein2,1

{p∞} ⊂ ∆ ⊂ L(p∞), (1.1)

consisting of a distinguished point called the improper point, a photon containing the improper

point, and a lightcone containing such a photon (for details, see §2.3). These subspaces then

allow us to break the classification into more manageable cases. In the Riemannian case, the

geometric simplicity of X = Sn renders this step unnecessary.

We thus have a developing pair (δ, h):

δ : M̃ → Ein2,1, h : π1(M) → Conf(Ein2,1).

There are still some complications arising from the fact that Ein2,1 is not simply connected and
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to avoid these we also consider the lifted developing map and the lifted holonomy morphism

δ̃ : M̃ → Ẽin
2,1
, h̃ : π1(M) → Conf(Ẽin

2,1
),

where Ẽin
2,1

is a universal covering of Ein2,1. The photon ∆ and the lightcone L(p∞) from (1.1)

each lift, specifically to a photon ∆̃ and a lightcone L(p̃∞) in Ẽin
2,1

(where p̃∞ is a point in the

preimage of p∞ in Ẽin
2,1

), respectively. On the other hand, we will also see in §2.3.1 that h̃(Γ),

which we will denote by G̃, lies in π1(Ein2,1)×G where G = h(Γ). We shall use α to denote the

generator of π1(Ẽin
2,1
) thought of as a conformal automorphism of Ẽin

2,1
(see §2.2.1).

Let us now elaborate on how we break the classification into subcases. There are four major

cases depending on whether the image of the developing image δ(M) intersects the invariant

subspaces:

Case I. the developing image δ(M) includes {p∞},

Case II. the developing image δ(M) intersects ∆ but not {p∞},

Case III. the developing image δ(M) intersects L(p∞) but not ∆,

Case IV. the developing image δ(M) does not intersect L(p∞).

In each of the first three cases, covered in Chapters 3,4, and 5 respectively, we use the dynamics

of the maximal unipotent group of PO(3, 2) to analyze the possible developing image. In the

fourth case, we adopt known results about flat Lorentzian manifolds to obtain the results. The

result of these analyses is the following.

Theorem 1.2. Let M be a closed conformally flat Lorentzian manifold of dimension three with

unipotent holonomy.
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1. If δ(M̃) contains the improper point p∞, then M is a complete (Ẽin
2,1
,Conf(Ẽin

2,1
))-

manifold and the holonomy group h̃(Γ) is an infinite cyclic group generated by an element

of the form αig ∈ Ũ ≃ π1(Ein
2,1) × U with i ̸= 0 (see §2.3.1 for the notation used here).

Consequently, M is homeomorphic to S2 × S1, up to a finite covering.

2. If δ(M̃) does not contain the improper point p∞, yet still intersects ∆, then M is Kleinian

(see Definition 2.2) with δ̃(M̃) = Min−(p̃∞) ∪ L(p̃∞, α(p̃∞)) ∪ Min+(p̃∞) (see §2.2.1

for the notation used here). Furthermore, h̃(Γ) is an infinite cyclic group generated by a

conformal automorphism of Ẽin
2,1

that stabilizes and acts as a timelike translation or an

affine transformation whose translation is timelike on each Min±(p̃∞). Consequently, M

is homeomorphic to S2 × S1 up to a finite covering.

3. If δ(M̃) ∩∆ = ∅, then δ(M̃) ∩ L(p∞) = ∅.

4. If δ(M̃) does not intersect L(p∞), then M is a complete (R2,1,Aff(R2,1))-manifold and the

holonomy group h(Γ) is isomorphic to Z3 or Z2 ⋊A Z where A ∈ GL(2,R) is parabolic.

Consequently, M is homeomorphic, up to a finite covering to a 3-torus or a parabolic torus

bundle over S1.

One consequence of the above theorem, is the following topological classification of closed

conformally flat Lorentzian 3-manifolds with unipotent holonomy.

Corollary 1.1. Let M be a closed conformally flat Lorenztian 3-manifolds with unipotent holon-

omy. Then M is finitely covered by S2 × S1 or a parabolic torus bundle.

In each case, we also observe that the developing map in fact maps the the universal cover

diffeomorphically onto its image, and we thus deduce that M is Kleinian.
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Corollary 1.2. A closed conformally flat Lorentzian 3-manifold with unipotent holonomy is

Kleinian.

We further obtain a topological condition that allows the existence of an essential flow (i.e.

a flow that does not preserve any metric in the conformal class, see [5]) on such manifolds (see

Chapter 7 for details).

Theorem 1.3. Let M be a closed conformally flat Lorentzian manifold of dimension three with

unipotent holonomy. Then the conformal structure on M is essential if and only if M can be

finitely covered by S2 × S1.
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Chapter 2: Preliminaries

Before we begin, we note that Γ will be often used to denote the fundamental group π1(M).

Moreover, we will use πX for the covering map of X and we will often omit X when it is clear

from context.

2.1 Locally Homogeneous Structure

Often referred to as a (G,X)-structure, a locally homogeneous structure can be thought of

as patching together pieces of a model spaceX via a Lie groupG of admissible gluing operations,

which acts transitively on X . More precisely, a (G,X)-structure on M consists of chart maps

that embed open sets of M into a model space X and gluing maps that are “locally G” (see [14],

[13, Chapter 5.]).

Definition 2.1. When X is a manifold and G is a Lie group acting transitively on X , a (G,X)-

structure on a manifold M comprises

1. {Uα} an open covering of M ,

2. {ϕα : Uα → X} a family of diffeomorphisms where for each α and β, gαβ = ϕβ ◦ ϕ−1
α is a

restriction of an element of G on each connected component of Uα ∩ Uβ .

Suppose f : M → N is a map between two (G,X)-manifolds M and N . It is a (G,X)-map if
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for each pair of charts

{ϕα : Uα → X}, {ψβ : Vβ → X},

for M and N respectively, the restriction

ψβ ◦ f ◦ ϕ−1
α |ϕa(Uα∩f−1(Vβ))

is locally G.

Furthermore, by considering a sequence of chart maps along each loop in π1(M), we obtain

a way to relate the universal covering M̃ to X , as well as a way to relate π1(M) to G.

Theorem 2.1 (Development Theorem, [13, Theorem 5.2.2]). Let M be a (G,X)-manifold with

universal covering space π : M̃ → M and group of deck transformations Γ = π1(M). Then

there exists a pair (δ, h) consisting of

1. δ : M̃ → X a (G,X)-map,

2. h : Γ → G a group homomorphism,

such that for each γ ∈ Γ the following diagram commutes.

M̃ X

M̃ X

δ

γ h(γ)

δ

We refer to δ (resp. h) as the developing map (resp. the holonomy morphism), and the

pair (δ, h) as the developing pair. When the developing pair satisfies nice conditions, the original

manifold can be recovered by considering the image of the developing map and the action of the
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holonomy group. More specifically, when the developing map maps M̃ diffeomorphically onto a

subset ofX , then the holonomy morphism maps the fundamental group π1(M) isomorphically to

a discrete subgroup of G that acts freely and properly discontinuously on the developing image.

Ultimately, the manifold M can be recovered as the quotient of the developing image under the

holonomy action.

It is useful to have specific terms for these conditions, and so we have the following defini-

tions.

Definition 2.2 ([6, §6.1]). Given a (G,X)-manifold M we say that:

1. M is complete when Γ is a discrete subgroup of G that acts freely and properly discontin-

uously on X and M = X/Γ,

2. M is Kleinian when Γ is a discrete subgroup of G that acts freely and properly discontin-

uously on an open subset Ω ⊂ X and M = Ω/Γ.

We now consider the example of conformally flat Riemannian manifolds. To this end,

we first observe that since the stereographic projections of Sn are conformal, Sn with the usual

round metric is an example of a conformally flat Riemannian manifold. In particular, it is a

conformal compactification of Rn. In addition, Liouville’s Theorem states that every conformal

map between open sets of Rn extends to a conformal automorphism of Sn.

Theorem 2.2 (Liouville’s Theorem, [17, Theorem 1.10]). Let n ≥ 3. Then every conformal map

U → Rn, where U is a domain of Rn is a restriction of a conformal automorphism of Sn, where

Sn is seen as a one-point compactification of Rn.

As the group of conformal automorphisms of Sn is PO(n + 1, 1), we may conclude that
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endowing a manifold with a conformally flat metric is equivalent to endowing it with a locally

homogeneous structure where X = Sn and G = PO(n+ 1, 1).

2.1.1 Conformally flat Lorentzian structures on 3-manifolds

We now discuss how a conformally flat Lorentzian structure on 3-manifolds can be sim-

ilarly presented as a (G,X)-structure. First, in the Lorentzian setting, R2,1 has a conformal

compactification Ein2,1 whose group of conformal automorphisms is exactly the group PO(3, 2).

Then as in the Riemannian setting, the following analogue of Liouville’s Theorem allows us to

equate a conformally flat structure with a (PO(3, 2),Ein2,1)-structure.

Theorem 2.3 (cf.[6, Theorem 2.13]). Every conformal map U → R2,1, where U is a domain of

R2,1 is a restriction of a conformal automorphism of Ein2,1.

We discuss the details about the model space Ein2,1 and its conformal group PO(3, 2) in

later sections, but we now mention that Ein2,1 is homeomorphic to the mapping torus of the

antipodal map on S2. Thus, unlike in the Riemannian case, in conformal Lorentzian case, the

model space is not simply connected. This poses a problem when one tries to recover the original

manifold from the image of the developing map. To remedy the situation, we will often consider

a locally homogeneous structure modelled on Ẽin
2,1

instead.

Of course this forces us to consider a different transformation group that acts transitively

on Ẽin
2,1

. The following proposition from [6] shows that Conf(Ẽin
2,1
) should be the right choice

for such a group.

Proposition 2.1 ([6, Proposition 4.5]). Each diffeomorphism of Conf(Ein2,1) lifts to a diffeo-

morphism of Conf(Ẽin
2,1
). Conversely, each element of Conf(Ẽin

2,1
) induces an element of
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Conf(Ein2,1).

We will discuss in more detail in §2.3.1.

2.2 The geometry of Ein2,1 and Ẽin
2,1

We now begin our discussion of Ein2,1. The (2 + 1)-Einstein universe Ein2,1 is defined to

be the projectivization of a nullcone of b, a symmetric bilinear form of signature (3, 2) on R3,2.

Note that we may find a basis of R3,2 such that b is defined by a matrix of the following form

J =


0 0 1

0 J ′ 0

1 0 0

 .

where J ′ is a matrix defining a symmetric bilinear form on R2,1. In the sequel, we shall assume

b is of this form unless noted otherwise. This construction gives a natural conformal metric on

Ein2,1 (see [7, §2.1]).

The Minkowski space R2,1 embeds into Ein2,1 via the following map

ϕ : R2,1 → Ein2,1

x = (x1, x2, x3) 7→ [−1
2
q2,1(x) : x1 : x2 : x3 : 1],

(2.1)

where

q2,1(x) = xTJ ′x,

is the quadratic form defined by the matrix J ′ from above. Note that there is a distinguished point
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“at infinity”

p∞ = [1 : 0 : 0 : 0 : 0],

called the improper point such that the image ϕ(R2,1) is exactly the complement of the set

L(p∞) =
⋃

{Φ ∈ Pho2,1 : p∞ ∈ Φ}.

Here Pho2,1 denotes a set of photons, which are projectivization of isotropic 2-planes of R3,2 (see

Remark 1). One may show then the above map ϕ conformally embeds R2,1 onto Ein2,1 \ L(p∞)

(see [7, §2.3]). So, unlike the Riemannian case, in the Lorentzian case the model space has an

infinitude of points at infinity. It is also customary to denote the image ϕ(R2,1) as Min(p∞), the

Minkowski patch associated with the improper point p∞. For more details, see [2, Chapter 2].

To study the topology of Ein2,1 and to see it is indeed homeomorphic to the mapping torus

of the antipodal map on S2, we choose a basis of R3,2 under which the quadratic form defined by

J assumes the following form

q3,2(y) = y20 + y21 + y22 − y23 − y24.

We then observe the any y in the nullcone satisfies

y20 + y21 + y22 = y23 + y24.
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Since projectivization allows us to freely scale both sides, we obtain the following equations

y20 + y21 + y22 = y23 + y24 = 1

which define a double covering of Ein2,1. This covering is conformally equivalent to S2 × S1

equipped with the metric gS2 ⊕−gS1 where gS2 and gS1 are the round metrics on the spheres S2

and S1 of radius one respectively and will denoted by Êin
2,1

, (see [2, §4]). Then projectivization

identifies each point with its image under the antipodal map, and we thus obtain an identification

Ein2,1 ≃ S2 × S1/{±I}

verifying Ein2,1 is indeed the mapping torus of the antipodal map on S2.

The above topological identification of Ein2,1 as a twofold quotient of S2 × S1 allows us

to topologically identify the universal covering Ẽin
2,1

as S2 × R. More specifically, Ẽin
2,1

is

conformally equivalent to S2 × R with the metric gS2 ⊕ −gR. Furthermore, we may lift the

antipodal map on S2 × S1 to the map

f : S2 × R → S2 × R

(x, t) 7→ (−x, t+ π)

and a generator α of π1(Ein2,1) can be chosen so that:

Ẽin
2,1

S2 × R

Ẽin
2,1

S2 × R.

≃

α f

≃

12



For details, see [2, §4.3].

To have a more concrete model, we further identify Ẽin
2,1

with R3 \ {0} as follows

Ẽin
2,1

→ R3 \ {0}

(x, θ) 7→ eθx.

Under this identification, α corresponds to the following map:

α : Ẽin
2,1

≃ R3 \ {0} → Ẽin
2,1

≃ R3 \ {0}

z 7→ −eπz.

Furthermore, each photon becomes a logarithmic spiral contained in a 2-dimensional linear sub-

space of R3, and a lightcone at a point p̃ becomes the revolution of a photon that passes through

p̃ around the axis defined by the straight line that connects p̃ and α(p̃). The complement of a

lightcone is now a disjoint union of Minkowski patches where α as above acts as a permutation.

Given a point p̃ ∈ Ẽin
2,1

and the lightcone L(p̃), there are two distinguished Minkowski patches

in Ẽin
2,1
\L(p̃) that shall be denoted by Min+(p̃) and Min−(p̃) (see Figure 2.1). There is a confor-

mal isomorphism of each Minkowski patch onto R2,1 and in particular, for each p̃∞ ∈ π−1
Ein2,1

(p∞),

such a conformal embedding can be given by ϕ−1 ◦ πEin2,1 where ϕ is the conformal embedding

of the Minkowski space R2,1 in Min(p∞) ⊂ Ein2,1 (see (2.1) for the definition of ϕ). For details

see [2, §4.3].
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Figure 2.1: The above figure shows the cross section of Ẽin
2,1

in the its embedding in R3 \ {0},
where the solid lines indicate a lightcone and the orange line indicates a photon in the lightcone.

2.2.1 The causality structures of Ẽin
2,1

Another advantage that Ẽin
2,1

has over Ein2,1 is its well-behaved causality structure. We

start by introducing some basic causality relations which can be found in [18, Chapter 1–2].

Definition 2.3. Let (M, g) be a Lorentzian manifold andX ∈ TM be a tangent vector. We sayX

is timelike, lightlike (or null or isotropic), or spacelike according to whether g(X,X) is positive,

negative, or zero.

Furthermore, a smooth path is timelike (resp. lightlike or null, spacelike, causal) if the

tangent vector is timelike (resp. lightlike or null, spacelike, causal) at each point along the curve.

For the special case of lightlike geodesics, such smooth paths are called photons.

Remark 1. In the case of Ein2,1, lightlike geodesics are exactly the projectivization of isotropic

2-planes of R3,2 (see [2, Chapter 1]).
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Note that for any timelike tangent vectorX , its negation −X is timelike again. This inspires

the notion of time orientation on Lorentzian manifolds.

Definition 2.4. A time-orientation on a Lorentzian manifold M is a smooth vector field η such

that at all points x ∈M the vector η(x) is timelike. When such a vector field exists, we say M is

time-orientable.

When M is time-orientable, a causal (i.e. timelike or lightlike) tangent vector X ∈ TxM is

future-pointing (resp. past-pointing) if its inner product with η(x) is negative (resp. positive). A

causal curve is future-pointing (resp. past-pointing) if the tangent vector is future-pointing (resp.

past-pointing) at each point on the curve.

Luckily Ẽin
2,1

is time-orientable, as it is conformally equivalent to S2 × R, which can be

endowed with a time-orientation given by the standard vector field coming from R. The map α is

time-orientation preserving (as can be easily checked under the identification with S2 × R) and

as a consequence Ein2,1 is time-orientable as well (see [2, §4.2]).

Now we may define the causal relation between two points as shown below.

Definition 2.5. Let M be a time-orientable Lorentzian manifold and x, y be two points of M .

1. x chronologically precedes y (often denoted x ≪ y) if there is a future-directed timelike

curve from x to y.

2. x causally precedes y (often denoted x ≤ y) if there is a future-directed causal curve from

x to y.

With this, we may finally define the future and past sets.
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Definition 2.6. Let S ⊂M . The causal future set J+(S) and future set I+(S) are defined as

J+(S) = {y ∈M : ∃x ∈ S, x ≤ y}, I+(S) = {y ∈M : ∃x ∈ S, x≪ y}.

The causal past set and the past set are defined similarly as

J−(S) = {y ∈M : ∃x ∈ S, y ≤ x}, I−(S) = {y ∈M : ∃x ∈ S, y ≪ x}.

To begin the discussion of the causal structure of Ẽin
2,1

, we note that the future and past

sets of each point in Ẽin
2,1

can be written explicitly using the identification Ẽin
2,1

≃ S2 × R.

This is explicated in the following simple lemma whose proof we omit.

Lemma 2.1. Let p = (x0, t0) be a point in Ẽin
2,1

. Then the causal past J−(p) and the causal

future J+(p) can be written as

J−(p) = {(x, t) ∈ Ẽin
2,1

: t− t0 ≤ d(x, x0)}, J+(p) = {(x, t) ∈ Ẽin
2,1

: t− t0 ≥ d(x, x0)}

and the past I−(p) and the future I+(p) as

I−(p) = {(x, t) ∈ Ẽin
2,1

: t− t0 < d(x, x0)}, I+(p) = {(x, t) ∈ Ẽin
2,1

: t− t0 > d(x, x0)}

where d is used to denote the usual distance function on S2.

Remark 2. An immediate consequence of the above lemma is that any x ∈ Ẽin
2,1

always causally

precedes αx.
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Of course, the causal future (resp. past) sets are the closure of the future (resp. past) sets.

The boundaries of the causal sets J±(p) are subsets of the lightcone L(p). For a more precise

description we introduce the following notations first.

Notation 2.1. We will use x < y to denote two points where x causally precedes y but x ̸= y.

Notation 2.2. For any two points p and q such that q = αip for some i ∈ Z>0 (thus p < q), we

define the following subsets of the mutual lightcone L:

L(p, q) = {x ∈ L : p < x < q}, L[p, q] = {x ∈ L : p ≤ x ≤ q},

L[p, q) = {x ∈ L : p ≤ x < q}, L(p, q] = {x ∈ L : p < x ≤ q}.

With this we may state the following lemma.

Lemma 2.2. Let p ∈ Ẽin
2,1

. Then following equalities hold.

1. ∂I+(p) = J+(p) \ I+(p) = L[p, αp]

2. ∂I−(p) = J−(p) \ I−(p) = L[α−1p, p]

Proof. We prove only the first statement. The second works mutatis mutandis. Let p = (ϕ0, θ0).

From the definition,

∂I+(p) = {(ϕ, θ) ∈ Ẽin
2,1

: θ − θ0 = d(ϕ, ϕ0)}.

However, for any ϕ and ϕ0 in S2, d(ϕ, ϕ0) ≤ π. Thus we obtain

∂I+(p) = {(ϕ, θ) ∈ Ẽin
2,1

: 0 ≤ θ − θ0 = d(ϕ, ϕ0) ≤ π}

17



which is exactly the desired subset of the lightcone L(p).

Note that given a point p, its future set and its past set are not exactly complementary.

However, there is still a way to relate the future set of p with the past set of αp.

Lemma 2.3. For any point p = (x0, t0) ∈ Ẽin
2,1

we have

Ẽin
2,1

\ I+(p) = J−(αp)

Ẽin
2,1

\ J+(p) = I−(αp)

Proof. We prove only the first statement. The second works mutatis mutandis. Recall that

I+(p) = {(x, t) : t− t0 > d(x, x0)}, J+(αp) = {(x, t) : (t0 + π)− t ≥ d(x,−x0)}

where d(·, ·) is again the usual metric on S2. Also recall d(−x0, x)+d(x, x0) = π for any x ∈ S2

and we have

Ẽin
2,1

\ I+(p) = {(x, t) : t− t0 ≤ d(x, x0)}

= {(x, t) : t− t0 ≤ π − d(x,−x0)}

= {(x, t) : t− (t0 + π) ≤ −d(x,−x0)}

= {(x, t) : (t0 + π)− t ≥ d(x,−x0)}

= J−(αp),

as desired.
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As mentioned earlier in this section, given a point p there are two distinguished Minkowski

patches Min±(p) in Ẽin
2,1

\ L(p). These two patches can be written in a concrete manner using

future and past sets.

Proposition 2.2. The following equalities hold:

1. Min+(p) = I+(p) ∩ I−(α2p),

2. Min−(p) = I+(α−1p) ∩ I−(αp).

Proof. The first equality can be found in [2, §4.3] and therefore we focus on the second. This is

obtained by applying Lemma 2.3 to the following equality from [2, §4.3]

Min−(p) = Ẽin
2,1

\ (J+(p) ∪ J−(p)).

On the other hand, their boundaries are subsets of the lightcone L(p).

Corollary 2.1. The following equalities hold:

1. ∂Min+(p) = L[p, α2p],

2. ∂Min−(p) = L[α−1p, αp].

Proof. We prove only the first statement. The second works mutatis mutandis. Let p = (ϕ0, θ0).

From Proposition 2.2 we obtain the following,

Min+(p) = I+(p) ∩ I−(α2p)

= {(ϕ, θ) : d(ϕ, ϕ0) < θ − θ0 and d(ϕ0, ϕ) > (θ0 + 2π)− θ}.
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Thus, the boundary of Min+(p) becomes

∂Min+(p) = {(ϕ, θ) : θ − θ0 = d(ϕ, ϕ0)} ∪ {(ϕ, θ) : (θ0 + 2π)− θ = d(ϕ0, ϕ)}.

Since 0 ≤ d(ϕ, ϕ0) ≤ π for any ϕ ∈ S2, the first set in the above union is equal to

{(ϕ, θ) : 0 ≤ θ − θ0 = d(ϕ, ϕ0) ≤ π} = {(ϕ, θ) ∈ L(p) : 0 ≤ θ − θ0 ≤ π}.

which is exactly the set of points of L(p) that are contained in lightlike curves from p to αp.

For the second set in the union, we let (ϕ2π, θ2π) = (ϕ0, θ0+2π) and with this new notation,

we obtain the following

{(ϕ, θ) : (θ0 + 2π)− θ = d(ϕ0, ϕ)} = {(ϕ, θ) : θ2π − θ = d(ϕ2π, ϕ)},

and again by using the fact that 0 ≤ d(ϕ2π, ϕ) ≤ π for any ϕ ∈ S2 as before we deduce it is equal

to the following subset of L(p),

{(ϕ, θ) : 0 ≤ θ2π − θ = d(ϕ2π, ϕ) ≤ π} = {(ϕ, θ) ∈ L(p) : 0 ≤ θ2π − θ ≤ π}.

Since (ϕ2π, θ2π) is simply α2p, we observe the above set is the subset of the lightcone L(p) that

consists of lightlike curves from αp to α2p.

Thus the union of the above two sets constitutes precisely L[p, α2p].
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2.3 A maximal unipotent subgroup of PO(3, 2)

Important in our classification are certain group-theoretic considerations. More specifically,

we will need to understand maximal unipotent subgroups of PO(3, 2).

A maximal unipotent subgroup U of PO(3, 2) is the unipotent radical of a minimal parabolic

subgroup. Fix such a minimal parabolic subgroup. This minimal parabolic subgroup necessarily

stabilizes a pointed photon or equivalently, an isotropic plane with a distinguished line in R3,2

(cf.[2, §6.4]). We may thus find a basis {e0, . . . , e4} of R3,2 such that the distinguished line and

the isotropic plane each corresponds to the span of e0 and e0, e1 respectively. We may further

assume the bilinear form is defined by the anti-diagonal matrix

J =



0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0


.

Namely, given two vectors v = (vi) and w = (wi) of R3,2

⟨v, w⟩ = v0w4 + v1w3 + v2w2 + v3w1 + v4w0.

We claim that each element of U is upper triangular under such a basis.

Proposition 2.3. The maximal unipotent subgroup U is upper triangular in the basis {e0, . . . , e4}

as defined above.
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Proof. Let g be an arbitrary element of U . First notice that g is clearly upper triangular with

respect to {e0, e1} when restricted to its span. As U is unipotent, we have ge1 = c0e0 + e1 for

some c0 ∈ R.

Now since g preserves the bilinear form defined by J , we have

⟨ge0, ge3⟩ = ⟨e0, ge3⟩ = 0

and may conclude ge3 lies inside e⊥0 or equivalently, the span of {e0, e1, e2, e3}. Similarly for e2

we have ge2 ∈ e⊥0 . and it follows

⟨ge1, ge2⟩ = ⟨c0e0 + e1, ge2⟩ = ⟨e1, ge2⟩ = 0.

Thus, ge2 lies in
(
Span{e0, e1}

)⊥ or equivalently in Span{e0, e1, e2} as desired.

It immediately follows that U stabilizes the full flag corresponding to the ordered basis

{e0, . . . , e4}. This gives rise to the following nested subspaces in Ein2,1

{p∞} ⊂ ∆ ⊂ L(p∞), (2.2)

where p∞ (resp. ∆) is a point (resp. a photon) that corresponds to the span of {e0} (resp. {e0, e1})

in the above basis.

To study a more explicit form of U , we consider its Lie algebra u. Of course each element

X of u corresponds to an upper triangular matrix under the above choice of basis and one can

check any upper triangular matrix X satisfying the orthogonality condition XTJ+JX = 0, may
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be decomposed as follows (see [19, Proposition 5.9] for details about the Lie algebra):



0 c b a 0

0 0 s 0 a

0 0 0 −s b

0 0 0 0 c

0 0 0 0 0


︸ ︷︷ ︸

X

=



0 0 0 0 0

0 0 s 0 0

0 0 0 −s 0

0 0 0 0 0

0 0 0 0 0


︸ ︷︷ ︸

X1

+



0 −c −b −a 0

0 0 0 0 a

0 0 0 0 b

0 0 0 0 c

0 0 0 0 0


︸ ︷︷ ︸

X2

,

Exponentiating X1 we obtain the following matrix



1 0 0 0 0

0 1 s − s2

2
0

0 0 1 −s 0

0 0 0 1 0

0 0 0 0 1


.

The matrices obtained by letting s vary over R form a one-dimensional subgroup of U consisting

of linear transformations of Min(p∞). On the other hand, exponentiating X2 gives



1 −c −b −a − b2−2ac
2

0 1 0 0 a

0 0 1 0 b

0 0 0 1 c

0 0 0 0 1


.
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This matrix corresponds to translation by the vector (a, b, c) in Min(p∞) and, as (a, b, c) vary

over R3 form an abelian subgroup isomorphic to R2,1 in U . We further notice that the elements of

X2 form an ideal in u (see [19, Proposition 5.9]) and consequently the translations form a normal

subgroup of U .

Finally, since u is generated by elements of the above two subalgebras (see [2, §6.4.1]),

multiplying exp(X1) exp(X2) gives us the generic form of an element of U



1 −c −b− cs −a+ bs+ 1
2
s2c − b2−2ac

2

0 1 s − s2

2
a

0 0 1 −s b

0 0 0 1 c

0 0 0 0 1


(2.3)

and we have

U ≃ R⋉ R2,1.

Here, the multiplication is defined as

(R⋉ R2,1)× (R⋉ R2,1) → R⋉ R2,1

(s1, v1) · (s2, v2) = (s1 + s2, v1 + s1v2).

As noted above, we have an embedding of U into Aff(R2,1) given by sending (s, v) to the

operator Ls+Tv where Tv is a translation by a vector v and Ls is the linear transformation defined
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by the following matrix

Ls =


1 s − s2

2

0 1 −s

0 0 1

 .

We shall use this notation when there is a need to emphasize the action of U on Min(p∞).

Lastly, we extend the above notation to the following map

L : U → O(2, 1)

Ls + Tv 7→ Ls.

The image of G = h(Γ) under this homomorphism will be referred to as the linear holonomy.

2.3.1 Lifting unipotent holonomy

We now consider lifting the holonomy image to Conf(Ẽin
2,1
) as discussed in §2.1.1. By

the above discussion, G̃, the image of the lifted holonomy map h̃ should be contained in

q−1(U) ⊂ Conf(Ẽin
2,1
)

where q is the surjection from Conf(Ẽin
2,1
) to Conf(Ein2,1) as defined in [6, Proposition 4.5]

and its proof. The map q is a covering map and we have the following short exact sequence

1 → π1(Ein
2,1) → Conf(Ẽin

2,1
)

q−→ Conf(Ein2,1) → 1.
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Let Ũ = q−1(U). Since U is simply connected, the restriction of q to each connected component

of Ũ is a homeomorphism. In particular, when Ũ0 is the identity component of Ũ and q0 is the

restriction of q to Ũ0, this implies q0 is a homeomorphism. As q is a homomorphism and Ũ0 is

a subgroup of Ũ , we deduce q0 is an isomorphism of groups. Thus, we may construct a group-

theoretic section s : U → Ũ as q−1
0 .

Now since the image of π1(Ein2,1) is exactly the center of Conf(Ẽin
2,1
) (see [7, §4.7]), we

obtain the following central splitting sequence

1 → π1(Ein
2,1) → Ũ q−→ U → 1.

Consequently, we have

Ũ ≃ π1(Ein
2,1)× U

and

Ũ0 ≃ {1} × U ⊂ π1(Ein
2,1)× U .

It follows that when G is assumed to be unipotent, G̃ = h̃(Γ), the image of the lifted holonomy

map, lies in π1(Ein2,1)× G.

2.4 Dynamics of the maximal unipotent subgroup

A pivotal tool in our classification is the study of the dynamical properties of the maximal

unipotent subgroup U acting on Ein2,1. In particular, these dynamical tools allow us to “roll out”

the developing image and thus are crucial for the ultimate reconstruction of the developing image.
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2.4.1 τ -flow

In the maximal unipotent subgroup U has a one-dimensional center that corresponds to a

translation by a null vector. More precisely, it is the translation corresponding to the following

element of po(3, 2) 
0 −xTJ′ 0

0 x

0


where x = (1, 0, 0) and J ′ again is the matrix corresponding to the bilinear form

q2,1(x, y) = x1y3 + x2y2 + x3y1

on R2,1. We now construct and discuss some details about the flow generated by this subgroup as

it will play an important role in the classification.

First, we refer to the R-action of this one-dimensional center as the τ -flow. Note that this

flow is complete as it is defined by an R-action and has a natural lift to Ẽin
2,1

, which we shall

denote by τ as well.

Now to obtain the counterpart of the τ -flow on M̃ , we first pull back Yτ , the fundamental

vector field generating the τ -action, to M̃ via the developing map δ. Since δ is a local diffeomor-

phism there exists a unique vector field Xτ on M̃ that satisfies δ∗Xτ = Yτ . The completeness of

the flow on M̃ then follows immediately from the completeness of the τ -flow on M .

By abuse of notation, we denote the resulting flow on M̃ by τ . It can further be shown

that there is a flow on M that lifts to τ on M̃ . To construct such a flow, we first recall since the
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original τ -action on Ein2,1 is G-invariant and thus Yτ is G-invariant. It can be readily checked

then the vector field Xτ as above is Γ-invariant and it thus follows that Xτ induces a vector field

Xτ onM . SinceM is compact, Xτ is automatically complete and again by abuse of notation, we

denote the resulting flow on M as τ . Note that without loss of generality, we may assume each

of these vector fields constructed in this section is future-pointing.

One of the useful aspects of the τ -flow is that it defines a foliation on the space Ein2,1 \∆,

as well as on a space Ẽin
2,1

\ ∆̃ which we will define shortly. We start by describing the points of

Ein2,1 using projective coordinates. The τ -flow on Ein2,1 can be computed as follows, as shown

in [8]:

τ s : [x0 : x1 : x2 : x3 : x4] 7→ [x0 + sx3 : x1 − sx4 : x2 : x3 : x4].

We observe that the fixed points of this flow are exactly the photon from the chain of invariant

subspaces of U given in (2.2):

∆ = {[x0 : x1 : 0 : 0 : 0]} ⊂ Ein2,1.

Moreover, each point x ∈ Ein2,1 \∆ converges to a point in ∆ under the τ -flow. We define a map

τ∞ as

τ∞ : Ein2,1 \∆ → ∆

x 7→ lim
t→∞

τ t.x.

As mentioned in §2.2, every photon in Ein2,1 lifts to a logarithmic spiral in Ẽin
2,1

≃ R3.

Now define ∆̃ to be π−1
Ein2,1

(∆). As the preimage of a photon, ∆̃ is a connected subset of Ẽin
2,1
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and is homeomorphic to R. We define the map τ̃∞ to be

τ̃∞ : Ẽin
2,1

\ ∆̃ → ∆̃

x 7→ lim
t→∞

τ t.x.

We show the two maps τ∞ and τ̃∞ are submersions.

Properties 2.1. The maps τ∞ and τ̃∞ are submersions.

Proof. We begin with the case of τ . Recall that the action of τ on Ein2,1 can be computed as

τ s : [x0 : x1 : x2 : x3 : x4] 7→ [x0 + sx3 : x1 − sx4 : x2 : x3 : x4].

in projective coordinates. Thus when s→ ∞,

τ∞ : [x0 : x1 : x2 : x3 : x4] 7→ [x3 : −x4 : 0 : 0 : 0].

This map can be lifted to the same map on the nullcone C of R2,1 \{0} with codomain ∆̂ defined

to be span{e0, e1} in R2,1 \ {0}. Namely, if τ̂∞ : C → ∆̂

τ̂∞ : (x0, x1, x2, x3, x4) 7→ (x3,−x4, 0, 0, 0),

then there is the following commutative diagram

C \ ∆̂ ∆̂

Ein2,1 \∆ ∆

τ̂∞

proj proj

τ∞
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where the vertical arrows are the projectivization maps. Since both the projectivization map and

τ̂∞ are submersions, it can be seen from the above diagram that τ∞ should be a submersion as

well.

Now, to show τ̃∞ : Ẽin
2,1

→ ∆̃ is also a submersion, we observe the following diagram

commutes:

Ẽin
2,1

\ ∆̃ ∆̃

Ein2,1 \∆ ∆.

τ̃∞

πEin2,1
πEin2,1

τ∞

Since the covering map πEin2,1 is a local diffeomorphism, and τ∞ : Ein2,1 \∆ → ∆ is a submer-

sion, it follows τ̃∞ : Ẽin
2,1

\ ∆̃ → ∆̃ is a submersion as well.

By this proposition, both τ∞ and τ̃∞ defines a simple foliation on Ein2,1 \∆ and Ẽin
2,1

\ ∆̃

respectively. The leaves in Ein2,1 are exactly L(q) \ ∆, the lightcones at points q ∈ ∆ with the

invariant photon removed and it follows that the set of points p ∈ Ein2,1 \∆ that do not converge

to q (i.e. points such that τ∞(p) ̸= q) is exactly the complement of the lightcone Ein2,1 \ L(q).

In other words, those points form the Minkowski patch associated to a point q ∈ Ein2,1:

Min(q) = {p ∈ Ein2,1 \∆ : lim
t→±∞

τ t.p ̸= q}.

Similarly, in Ẽin
2,1

\ ∆̃, each Minkowski patch can be written as a set of all points that

converges to a particular segment of ∆̃ under the τ -flow. We denote the segments of ∆̃ as follows.

Notation 2.3. For any two points p and q of ∆̃, the segments ∆̃[p, q] and ∆̃(p, q) are

∆̃[p, q] = {x ∈ L : p ≤ x ≤ q}, ∆̃(p, q) = {x ∈ L : p < x < q}.
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Then, each Minkowski patch in Ẽin
2,1

\ ∆̃ can be written as a limit set as shown in the

following proposition.

Proposition 2.4. For any p̃ ∈ Ẽin
2,1

,

Min±(p̃) = {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→∓∞

τ t.x̃ ∈ ∆̃(p̃, αp̃)}.

Proof. We will prove this equality only for Min+(p̃) as the proof for Min−(p̃) follows mutatis

mutandis. As our first step, we prove the following weaker containment

Min+(p̃) ⊆ {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→−∞

τ t.x ∈ ∆̃(p̃, αp̃)}.

From Corollary 2.1, we know that

∆̃ ∩Min+(p̃) = ∆̃ ∩ L[p̃, α2p̃] = ∆̃[p̃, α2p̃].

Let x ∈ Min+(p̃). Since x /∈ L(p̃), the limit is contained in ∆̃(p̃, αp̃) ⊔ ∆̃(αp̃, α2p̃). Thus,

Min+(p̃) ⊆ {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→−∞

τ t.x̃ ∈ ∆̃(p̃, αp̃) or ∆̃(αp̃, α2p̃)}.

Now let x̃ ∈ Min+(p̃) and x and p be the projected images x = πEin2,1(x̃) and p = πEin2,1(p̃)

respectively. Of course, x ∈ Min(p) and τ t.x converges to a point q ∈ ∆ \ {p} as t → ±∞. We

thus have lim
t→±∞

τ t.p̃ ∈ {q̃, αq̃} for q̃ ∈ ∆̃(p̃, αp̃), where q̃ is a πEin2,1-preimage of q. However,

in Ẽin
2,1

the two limits lim
t→±∞

τ t.p̃ cannot be the same point as this will create a closed causal

loop, which Ẽin
2,1

does not possess. Then, since τ is future-pointing by the original assumption
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in §2.4.1, we may therefore conclude that

lim
t→−∞

τ t.p̃ = q̃ ∈ ∆̃(p̃, αp̃), lim
t→∞

τ t.p̃ = q̃ ∈ α(∆̃(p̃, αp̃))

as desired.

To prove the original equality, let x̃ ∈ Ẽin
2,1

\∆̃ be a point such that lim
t→−∞

τ t.x̃ ∈ ∆̃(p̃, αp̃),

and let x and p again be the images under the covering map, x = πEin2,1(x̃) and p = πEin2,1(p̃)

respectively. By definition, τ t.x converges to a point in ∆ \ {p} as t→ −∞ and we thus further

deduce that x is contained in the Minkowski patch Min(p). Consequently, x̃ is contained in a

preimage of the Minkowski patch Min(p) which is a disjoint union
⊔
i∈Z

Min+(αip̃). However, we

showed the containment

Min+(αip̃) ⊆ {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→−∞

τ t.x̃ ∈ ∆̃(αip̃, αi+1p̃)}

and x̃ ∈ Min+(αip̃) for an i ̸= 0 leads to a contradiction. Thus the desired equality therefore

follows from the original assumption that lim
t→−∞

τ t.x̃ ∈ ∆̃(p̃, αp̃).

The lightcone at infinity with the invariant photon removed L(p∞) \ ∆ is one leaf in the

foliation of Ein2,1 \ ∆ discussed earlier in this section. It is homeomorphic to R2. Moreover,

since τ -action is smooth, free, and proper, it follows that the map L(p∞) \∆ → (L(p∞) \∆)/τ

is a principal R-bundle.

Proposition 2.5. The τ action onL(p∞)\∆ is free and proper. Thus, L(p∞)\∆ → (L(p∞)\∆)/τ

is a principal R-bundle.

Proof. The freeness can be easily observed from the direct computation of the action as shown
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below: 

1 0 0 t 0

1 0 0 −t

1 0 0

1 0

1





y

−x2/2

x

1

0


=



y + t

−x2/2

x

1

0


.

For properness, we show for any sequence (pi) in L(p∞) \ ∆ and any sequence (ti) in

R such that (pi) and (τ ti .pi) both converge, there is a subsequence of (ti) that converges. First

observe that for any sequence pi = (yi,−x2i /2, xi, 1, 0)T to converge to p = (y,−x2/2, x, 1, 0)T ,

it is necessary that (yi) converges to y. Then, since τ ti .pi is simply (ti + yi,−x2i /2, xi, 1, 0)T ,

when (τ ti .pi) is convergent, it is again necessary that ti is convergent. Thus observe (yi) itself

is convergent and τ is proper on L(p∞) \ ∆. Then the second claim follows from the Quotient

Manifold theorem [16, Theorem 21.10] and the Local Section theorem [16, Theorem 4.26]

It will be useful in later chapters that a certain connected component in the preimage

π−1(L(p∞) \∆) has the structure of a principal R-bundle (see [4, Proposition 14.1.10]).

Corollary 2.2. Let S̃ be a connected component of π−1(L(p∞) \∆). Then the τ -action on S̃ is

free and proper. Furthermore, S̃ → S̃/τ is a principal R-bundle structure.

We end this section by mentioning the principal R-bundle structures given by the τ -action

are in fact trivial. This is because all principal R-bundles are trivial (see [4, Theorem 14.4.12]).
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2.4.2 σ-flow

Now we turn our attention to the dynamics on the invariant photon ∆. Notice that the action

of U on ∆ may be described using the generic form given in (2.3):

1 −c

0 1

 , c ∈ R.

Its action thus commutes with the parabolic flow on ∆, which has a fixed point at p∞ but is free

and transitive on ∆ \ {p∞} as can be observed from the following computation:

1 −c

0 1


x
y

 =

x− cy

y

 .

We thus obtain an R-action on ∆ that commutes with the action of the holonomy group. This

action of course lifts to a connected component ∆̃ of the preimage π−1
Ein2,1

(∆) in Ẽin
2,1

and we

denote the resulting flows on ∆ and ∆̃ both by σ.

Now, let Λ̃ be a connected component of δ−1(∆). We aim to construct the counterparts of

the σ-action on Λ̃ and its image Λ = πEin2,1(Λ̃) in M . First we obtain a vector field Xσ on Λ̃ by

pulling back Yσ, the fundamental vector field generating the σ-flow on ∆̃, via the developing map

δ. It follows from the G-invariance of the σ-action on ∆ that Xσ is Γ-invariant and we obtain

an induced vector field Xσ on M . Notice then the completeness of Xσ and Xσ would follow

from the completeness of X and thus to obtain flows generated by Xσ and Xσ respectively, it

suffices to show Λ is closed. To show this, notice that since δ−1(∆) is evidently a Γ-invariant set

and since Λ̃, by definition, is a connected component of δ−1(∆), Λ is a closed set. Furthermore,
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since Λ̃, being a connected component of a preimage of a locally connected set under a local

diffeomorphism, it is locally connected. Then, the following lemma shows Λ is closed in M as

desired.

Lemma 2.4. Let M be a manifold with a properly discontinuous action by a group Γ. Let U be

a locally connected, closed subset of M that is Γ-invariant and V be a connected component of

U . Then V/Γ is closed in M/Γ.

Proof. As M/Γ has the quotient topology, one can check that Z/Γ is closed in M/Γ for any

Γ-invariant subset Z ⊆ M . Since U is locally connected, it is a disjoint union of its connected

components and thus an arbitrary union of connected components of U is closed. The desired

statement then follows as
⋃
γ∈Γ

γ(V ) and V have the same image in M/Γ, and each γ(V ) is a

connected component in U .

Thus we have the completeness of the vector fieldsXσ andXσ. Again by abuse of notation,

we denote the resulting flows by σ.
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Chapter 3: The image δ(M̃) contains the improper point p∞.

We now begin our classification in earnest, by considering the first case where the image

δ(M̃) contains the improper point p∞. To begin, recall that the πEin2,1-preimage of ∆ is a photon

∆̃ in Ẽin
2,1

and is thus connected. In the following lemma, we show the lifted holonomy map δ̃

maps any connected component of δ−1(∆̃) diffeomorphically onto its image.

Proposition 3.1. Let Λ̃ be a connected component of δ−1(∆̃). Then δ̃ maps Λ̃ diffeomorphically

onto its image. In particular,

1. if δ(Λ̃) does not contain p∞, then δ̃ maps Λ̃ diffeomorphically onto a connected component

of ∆̃ \ π−1
Ein2,1

(p∞),

2. if δ(Λ̃) contains p∞, then δ̃ maps Λ̃ diffeomorphically onto ∆̃.

Proof. First assume δ(Λ̃) does not contain p∞, and δ̃(Λ̃) is contained in a connected component

∆̃0 of ∆̃\π−1
Ein2,1

(p∞). Let x be a point in Λ̃, and U be an open neighborhood of x in Λ̃. Since the

σ-flow pulls back to δ̃−1(∆̃) (see §2.4.2), and since δ̃ : δ̃−1(∆̃) → ∆̃ is equivariant with respect

to the σ-flow, we have

δ̃
(⋃
t∈R

σt.(U)
)
=

⋃
t∈R

σt.(δ̃(U)).

Then since σ-flow is transitive on ∆ \ {p∞}, as noted in §2.4.2, it is transitive on ∆̃0 and the

surjectivity follows.
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To show the injectivity, we first note that the action of σ is free on ∆̃0 and thus on Λ̃. Now,

assume for a contradiction that there exists two distinct points x1 and x2 of Λ̃ mapping to the

same point under δ̃. The transivity of the action of σ implies x1 = σs.x2 for some s ∈ R. We

thus have

δ̃(x1) = δ̃(σs.x2) = σs.δ̃(x2) = σs.δ̃(x1),

which contradicts the aforementioned freeness of the action of σ on ∆̃0. We therefore conclude

δ̃ maps Λ̃ to ∆̃0 injectively as well.

Since δ̃ is a local diffeomorphism and thus a submersion, δ̃−1(∆̃) a submanifold. As

δ̃ : δ̃−1(∆̃) → ∆̃ is a local diffeomorphism and Λ̃, as a connected component of δ̃−1(∆̃) is open

in δ̃−1(∆̃), the restriction δ̃ : Λ̃ → ∆̃ is a local diffeomorphism. As it is bijective, it is therefore a

diffeomorphism.

Now assume δ̃(Λ̃) contains p∞. Let q̃∞ in Λ̃ such that δ(q̃∞) = π(δ̃(q̃∞)) = p∞. Set

p̃∞ = δ̃(q̃∞). Let U be an open neighborhood of q̃∞ in Λ̃. Recall from §2.4.2 that the σ-action is

transitive on ∆ \ {p∞} and observe the set

⋃
t∈R

σt(U)

surjects onto ∆ via δ.

We now prove the the lifted developing map carries Λ̃ onto ∆̃ diffeomorphically. For this

we first observe that ∆, as an image of a plane under projectivization, can be diffeomorphically

identified with RP1 and the restriction of the holonomy action to ∆ lies in PSL(2,R) as seen in

§2.4.2. Thus Λ is a closed (PSL(2,R), RP1)-manifold whose holonomy group is unipotent and
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whose developing image contains a fixed point of the holonomy group (i.e. p∞).

Then the classification of one-dimensional (PSL(2,R), RP1)-manifold tells us such a man-

ifold is projectively equivalent to the quotient of R̃P1 by a cyclic group and its lifted developing

map is a diffeomorphism onto R̃P1. The details of this classification can be found in [15], [12,

§2], and in [13, §5.5].

Now let Λ̃0 be a connected component of δ−1(∆̃) for which there exists q̃∞ in Λ̃0 such that

δ(q̃∞) = π(δ̃(q̃∞)) = p∞. Set p̃∞ = δ̃(q̃∞) as in the proof of the above proposition. By the

above proposition we have δ̃ maps Λ̃0 diffeomorphically onto ∆̃. To study the behavior of δ̃ in

the complement M̃ \ Λ̃0, we also define the sets

W+(I) = {x ∈ M̃ \ δ̃−1(∆̃) : lim
t→∞

τ t.x ∈ I}, Ω+(J) = {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→∞

τ tx̃ ∈ J}

where I and J each are an open connected subset of a connected component of δ̃−1(∆̃) and ∆̃

respectively. We first show Ω+(J) is open in Ẽin
2,1

.

Lemma 3.1. Let J ⊆ ∆̃ be open and connected. Then the set

Ω+(J) = {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→∞

τ tx̃ ∈ J}

is open in Ẽin
2,1

.

Proof. Let p+ and p− be the two end points of J such that p− < p+. First assume πEin2,1(J) is

not the entirety of ∆. This implies α(p−) and α(p+) are not contained in J and thus we have

the causal relation α−1(p+) < p− < p+ < α(p−). Then, Ω+(J) is simply the intersection

Ω+(J+) ∩ Ω+(J−), where J+ (resp. J−) is the open subinterval of ∆̃ whose two endpoints are
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p+ and α−1(p+) (resp. p− and α(p−)) as J = J+ ∩ J−. By Proposition 2.4 we know that

Ω+(J+) ∩ Ω+(J−) is equal to the intersection Min−(α−1(p+)) ∩Min−(p−) and thus is open.

For an arbitrary J , we simply realize J is a union of subintervals
⋃
i∈I

Ji where Ji satisfies

πEin2,1(Ji) ⊊ ∆. Then Ω+(J) =
⋃
i∈I

Ω+(Ji) and is again open.

With the above lemma, we may now show W+(I) is open in M̃ .

Lemma 3.2. Let I ⊆ δ−1(∆̃) be open and connected. Then the set

W+(I) = {x ∈ M̃ \ δ̃−1(∆̃) : lim
t→∞

τ t.x ∈ I}

is open in M̃ .

Proof. Let x be a point in W+(I) and x∞ ∈ I be the limit lim
t→∞

τ t.x. Let U be an open neigh-

borhood of x∞ such that δ̃ maps U diffeomorphically onto its image. Observe that δ̃ also maps⋃
t∈R

τ t.U onto its image and thus by replacing U with
⋃
t∈R

τ t.U , we may assume U is τ -invariant.

Now, let J and V be the δ̃-image δ̃(I) and δ̃(U) respectively. Recall by Lemma 3.1, the set

Ω+(J) = {x̃ ∈ Ẽin
2,1

\ ∆̃ : lim
t→∞

τ t.x ∈ J}

is open in Ẽin
2,1

and by definition it is also invariant under the τ -action. Then the intersection

V ∩Ω+(J) is an open set containing δ̃(x) with the property τ t.z ∈ V ∩Ω+(J) and lim
t→∞

τ t.z ∈ J

for any z ∈ V ∩ Ω+(J) and any t > 0.

Let us now define V ′ as V ∩ Ω+(J) and notice that the δ̃-preimage of V ′ in U , say U ′, is

also open and τ -invariant. Furthermore, since U ′ ∪ I maps diffeomorphically to V ′ ∪ J under δ̃,

we observe that each point in U ′ converges to a point in I and U ′ is contained in W+(I). In other
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words, U ′ is an open neighborhood of x contained in W+(I), and since the choice of x ∈ W+(I)

is arbitrary, we may conclude W+(I) is open.

Furthermore, when I and J are connected and I maps diffeomorphically onto J via δ̃, we

may also show that W+(I) maps diffeomorphically onto Ω+(J).

Lemma 3.3. Let J ⊆ ∆̃ be open and connected and I be a connected component of δ̃−1(J). If δ̃

maps I to J diffeomorphically, then the sets

W±(I) = {x ∈ M̃ \ δ̃−1(∆̃) : lim
t→±∞

τ t.x ∈ I}

each map diffeomorphically onto the sets

Ω±(J) = {z ∈ Ẽin
2,1

\ ∆̃ : lim
t→±∞

τ t.z ∈ J}.

Proof. We prove the lemma for W+(I) and Ω+(J) only as the other case follows mutatis mutan-

dis.

We first prove that δ̃ is injective when restricted to W+(I). Assume to the contrary that

there exist two distinct points x1 and x2 of W+(I) with δ̃(x1) = δ̃(x2). We first assume they

converge to two distinct points z1 and z2 under the τ -flow. However since δ̃(x1) = δ̃(x2), we

may deduce the following equality

δ̃(z1) = lim
t→∞

τ t.δ̃(x1) = lim
t→∞

τ t.δ̃(x2) = δ̃(z2).

This is clearly a contradiction as δ̃ is assumed to be injective on I . Thus, we may assume x1
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and x2 both converge to the same point z ∈ Λ̃ under the τ -flow. This allows us to choose a

neighborhood U of z small enough so that δ̃ maps U diffeomorphically onto its image and a

T ∈ R big enough so that τT .x1 and τT .x2 are both contained in U . Then, notice that for both x1

and x2 we have the equality

δ̃(xi) = τ−T .δ̃ |U (τT .xi).

Since δ̃ |U is injective and τ is free outside ∆̃, it follows that δ̃(x1) ̸= δ̃(x2).

For the surjectivity of δ̃, let y be an arbitrary point in Ω+. By definition of Ω+ we have

lim
t→∞

τ t.y = y∞ ∈ J . Then by the original assumption on I and J , we may find a unique point

x∞ ∈ I in the preimage of y∞ under δ̃. Now let U be a small enough neighborhood of x∞, and

V its image under δ̃. With T big enough, we may assume τ t.y is contained in V for all t ≥ T .

Since we may assume δ̃ maps U diffeomorphically onto V , we may find x a δ̃-preimage of τT .y

in U that converges to x∞ within U . Then by replacing x with τ−T .x we obtain a δ̃-preimage of

y in W+ and thus prove surjectivity.

Since δ̃ is a local diffeomorphism and W+ is open in M̃ , the restriction is a local diffeo-

morphism onto its image Ω+. As this restriction is shown to be a bijection on onto Ω+, we thus

deduce it is a diffeomorphism onto Ω+.

We now define

W+ = W+(Λ̃), Ω+ = Ω+(∆̃).

Notice both W+ and Ω+ are open by Lemma 3.1 and Lemma 3.2 respectively. Furthermore,

since Ω+ is simply Ẽin
2,1

\ ∆̃, by Lemma 3.3, we observe that W+ maps diffeomorphically onto

Ẽin
2,1

\ ∆̃ via δ̃. We now show M̃ \ δ̃−1(Λ̃) is connected.
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Lemma 3.4. Let M be a connected manifold of dimension n and N be a closed submanifold of

codimension 2. Then M \N is path-connected.

Proof. We show M \N is path-connected.

First, for each connected component Ni of N , let Ui be its tubular neighborhood and con-

struct an open covering of M as follows:

{M \N} ∪ {Ui}.

Since M is connected and thus path-connected, for any two points x, y ∈ M \ N there exists a

path γ connecting them. For any such path, we have a subdivision {0 < t0 < · · · < tn < 1}

of [0, 1] where γ([ti, ti+1]) is entirely contained in an open set of the above covering. Then since

each Ui\N is connected, for each j such that γ([tj, tj+1]) ⊂ Ui for a Ui, there exists an alternative

path γ′([ti, ti+1]) with γ′(ti) = γ(ti) and γ′(ti+1) = γ(ti+1). Thus, by replacing γ([ti, ti+1]) with

γ′([ti, ti+1]) wherever necessary, we obtain a path that connects x and y in M \N .

Now, Lemma 3.5 below states thatW+ maps to the entirety of Ẽin
2,1

\∆̃ diffeomorphically

via δ̃, it in fact comprises the entire space M̃ \ δ̃−1(∆̃).

Lemma 3.5 ([3, Lemma 3.4]). Let F : X → Y be a local diffeomorphism where X is connected

and let U be an open subset of X such that F restricted to U is a diffeomorphism onto Y . Then

U = X and F is a diffeomorphism.

By Lemma 3.5 we conclude M̃ \ δ̃−1(∆̃) = W+ = δ̃−1(Ẽin
2,1

\ ∆̃). Furthermore, since

W+(Λ̃1) andW+(Λ̃2) are disjoint for two distinct connected components of δ̃−1(∆) by definition,

it follows that δ̃−1(∆) = Λ̃0, and that M̃ = W+ ∪ Λ̃0.
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Now, since the action of Γ restricted to Λ̃0 is exactly the deck transformations of the cov-

ering Λ̃0 → Λ0 = πM(Λ̃0) where Λ0 ≃ S1, and since the action of Γ is free and no non-trivial

element acts trivially on Λ̃0, we obtain that Γ ≃ Z. In particular, it follows from the classification

of one-dimensional (PSL(2,R), RP1)-manifold that the lifted holonomy group is generated by

an element of the form αig ∈ π1(Ein
2,1)× U with i ̸= 0.

Theorem 3.1. Assume δ(M) contains p∞. Then M , up to a finite covering, is the quotient of

Ẽin
2,1

by a free, properly continuous Z-action that leaves ∆̃ invariant.
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Chapter 4: The developing image δ(M̃) does not contain the improper point

p∞ but intersects the invariant photon ∆.

The second case of our classification is when the image δ(M̃) does not contain p∞ but

intersects ∆. Notice that this case does not have an analogue in the conformal Riemannian

setting.

4.1 The image of the lifted developing map and the holonomy morphism

Begin by noticing that the πEin2,1-preimage of ∆0 = ∆ \ {p∞} in Ẽin
2,1

is a disjoint union

of open subintervals of the following form

∆̃(p̃, αp̃) = {x ∈ ∆̃ : p̃ < x < αp̃},

where πEin2,1(p̃) = p∞.

Let ∆̃0 be a connected component of ∆̃ \ π−1
Ein2,1

(p∞) that intersects with the image of δ̃,

and let p̃∞ be a point of ∆̃ such that

∆̃0 = ∆̃(p̃∞, αp̃∞).
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To study its counterparts in M̃ , we again use Λ̃0 to denote a connected components of the δ̃-

preimage of ∆̃0 and let Γ0 < Γ be its stabilizer subgroup in Γ. We have the following result.

Proposition 4.1. The lifted developing map δ̃ carries Λ̃0 diffeomorphically onto ∆̃0 and Γ0 ≃ Z.

Proof. The first part of the statement is an immediate consequence of Proposition 3.1. It follows

that Λ̃0 is also homeomorphic to R, and that it is the universal covering of its image Λ0 = πM(Λ̃0).

It also follows that Γ0 = π1(Λ0). Now, since δ̃−1(∆̃) is locally connected and closed, and since

Γ.Λ̃0, as a union of connected components of δ̃−1(∆̃), is closed, it further follows from Lemma

2.4 that Λ0 is closed and is homeomorphic to S1. Thus we obtain that Γ0 ≃ Z.

Now, let S̃ be the connected component of L(p̃∞) \ π−1
Ein2,1

(p∞) that contains ∆̃0. Notice

that when p̃∞ and αp̃∞ are the two “endpoints” of ∆̃0 mentioned in the beginning of this section,

S̃ is exactly the set of the lightlike curves from p̃∞ to αp̃∞. Following Notation 2.2, we set

S̃ = L(p̃∞, αp̃∞).

We furthermore let Σ̃ denote the connected component of the δ̃-preimage of S̃ that contains

Λ̃0. Our eventual goal is to show Σ̃ maps diffeomorphically to S̃. As a necessary intermediary

step, we first prove Λ̃0 is the only connected component of δ̃−1(∆̃0) contained in Σ̃.

Lemma 4.1. The subset Λ̃0 is the only connected component of δ̃−1(∆̃0) contained in Σ̃.

Proof. To begin, denote by {Λ̃α} the set of connected components of δ̃−1(∆̃0) where Λ̃0 denotes

the distinguished choice of the connected component from earlier. Then for each α denote by

W−
α the set of all points x of M̃ \ Λ̃α such that τ t.x converges to a point in Λ̃α as t approaches

infinity:

W−
α = {x ∈ M̃ \ Λ̃α : lim

t→∞
τ t.x ∈ Λ̃α}.
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We observe that δ̃ maps each W−
α into the following similarly defined set Ω−

0 in Ẽin
2,1

:

Ω−
0 = {x ∈ Ẽin

2,1
\ ∆̃0 : lim

t→∞
τ t.x ∈ ∆̃0}.

Notice that Proposition 2.4 indicates that Ω−
0 is the Minkowski patch Min−(p̃∞), and thus it

follows from Corollary 2.1 that its boundary in Ẽin
2,1

\ π−1(p∞) is S̃ ⊔ α−1S̃.

Now, let x ∈ Σ̃ ∩ ∂W−
0 and let U be an open neighborhood of x small enough so that δ̃

maps U diffeomorphically onto its image. Then,

U ∩ ∂δ̃−1(Ω−
0 ) = U ∩ δ̃−1(∂Ω−

0 ) = U ∩ δ̃−1(S̃ ⊔ αS̃),

where the first equality follows from δ̃ being a local diffeomorphism and thus an open map.

Now by assuming U is sufficiently small, we may additionally assume that the intersection

δ̃(U) ∩ (L(p̃∞) \ π−1
Ein2,1

(p∞)) is connected. In this case, the above equality becomes

U ∩ ∂δ̃−1(Ω−
0 ) = U ∩ δ̃−1(S̃),

and since Σ̃ is originally defined as a connected component of δ̃−1(S̃) we have the final equality

U ∩ ∂δ̃−1(Ω−
0 ) = U ∩ Σ̃.

Let W = U ∩ δ̃−1(Ω−
0 ). Again by shrinking U if necessary, we may assume that W is connected.

We now prove the desired claim in the following steps.

Claim I: W ⊂ W−
0 .
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From Lemma 3.3, it follows that δ̃ maps W−
0 diffeomorphically onto Ω−

0 . Then by Lemma

3.2 and Lemma 3.5, W0 is a connected component of the δ̃-preimage δ̃−1(Ω−
0 ). Since W is

connected by assumption, andW∩W−
0 is nonempty as x ∈ Σ̃∩∂W−

0 , the containmentW ⊂ W−
0

follows.

Claim II: Σ̃ ⊂ ∂W−
0 .

First, recall thatU∩Σ̃ = U∩∂δ̃−1(Ω−
0 ) and notice that any open neighborhoodU ′ of a point

x′ ∈ U ∩ ∂δ̃−1(Ω−
0 ) automatically has nontrivial intersection with both δ̃−1(Ω−

0 ) and δ̃−1(Ω−
0 )

c.

It immediately follows that U ′ has nontrivial intersection with U ∩ δ̃−1(Ω−
0 ). Furthermore, since

δ̃−1(Ω−
0 )

c ⊆ (U ∩ δ̃−1(Ω−
0 ))

c, we deduce that U ′ intersects nontrivially with (U ∩ δ̃−1(Ω−
0 ))

c as

well and we obtain x′ ∈ ∂(U ∩ δ̃−1(Ω−
0 )). We thus have

U ∩ Σ̃ = U ∩ ∂δ̃−1(Ω−
0 ) ⊂ ∂(U ∩ δ̃−1(Ω−

0 )) = ∂W.

Since the containment W ⊂ W−
0 was shown above, we deduce that

U ∩ Σ̃ = U ∩ ∂δ̃−1(Ω−
0 ) ⊂ ∂W−

0 .

As the choice of x ∈ Σ̃ ∩ ∂W−
0 is arbitrary, the above containment U ∩ Σ̃ ⊂ ∂W−

0 implies that

Σ̃ ∩ ∂W−
0 is open in Σ̃. Since Σ̃ ∩ ∂W−

0 is obviously closed in Σ̃, we see that Σ̃ ∩ ∂W−
0 is a

nonempty clopen set of Σ̃. Then it follows from the connectedness of Σ̃ that Σ̃ ∩ ∂W−
0 is the

entire set Σ̃ as desired.

Claim III: Λ̃0 is the only connected component of δ̃−1(∆̃0) contained in Σ̃.

Assume Λ̃α ⊂ Σ̃ and let Uα be an open neighborhood of a point in Λ̃α. Thus, both Uα ∩ Σ̃
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and Uα ∩ W−
α are non-empty. Again by shrinking Uα if necessary, we may assume that Uα ∩

δ̃−1(Ω−
0 ) is connected, which in turn guarantees that Uα ∩ δ̃−1(Ω−

0 ) is exactly the set Uα ∩W−
α .

However, we arrive at a contradiction as we had already proved that Uα ∩ Σ̃ ⊂ Uα ∩ ∂W−
0 , and

Uα necessarily intersects with W−
0 (as U ∩ Σ̃ is non-empty). Consequently, the previous claim

that Σ̃ ⊂ ∂W−
0 precludes Σ̃ from containing any other connected component Λ̃α for α ̸= 0 as

desired.

We now prove δ̃|Σ̃ : Σ̃ → S̃ is a diffeomorphism.

Proposition 4.2. The map δ̃ carries Σ̃ diffeomorphically onto S̃.

Proof. In order to show this, we use the principal R-bundle structure on S̃ \ ∆̃0 discussed in

Corollary 2.2. Since R is contractible, such a principal R-bundle structure is trivial (see [4,

Theorem 14.4.12]), and thus S̃ \ ∆̃0 may be identified with ((S̃ \ ∆̃0)/R) × R. As S̃ \ ∆̃0 is

simply connected, (S̃ \ ∆̃0)/R is homeomorphic to R, giving an identification S̃ \ ∆̃0 ≃ R×R.

Note that as Σ̃ is a connected surface, Σ̃ \ Λ̃0 can either have one or two connected compo-

nents. We handle the two cases separately.

In the first case where Σ̃\ Λ̃0 is disconnected, let U1 and U2 the two connected components.

By Lemma 2.2, each component Ui has the structure of a principal R-bundle pulled back by that

of S̃ \ ∆̃0. Then each Ui can be identified with a trivial bundle Bi ×R where Bi is a 1-manifold.

We obtain local homeomorphisms δi for i ∈ {1, 2}, induced from δ̃, each mapping Bi, the

base space of Ui, to the base space of S̃ \ ∆̃0, which is diffeomorphic to R. Necessarily δi are

homeomorphisms to their images, so each B1 and B2 are homeomorphic to open intervals in R,

and U1 and U2 are homeomorphic to R2. Let V1 = U1 ∪ Λ̃0 and V2 = U2 ∪ Λ̃0. Each is the

complement in Σ̃ of U2 and U1, respectively; moreover, V1 ∪ V2 = Σ̃ and V1 ∩ V2 = Λ̃0. The
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closed version of van Kampen’s theorem implies that Σ̃ is simply connected. It follows that Σ̃

is the universal cover of Σ, where Σ is the image of Σ̃ under the covering map πM : M̃ → M

and the fundamental group π1(Σ) is ΓΣ̃, the stabilizer subgroup of Σ̃. Further note that Σ can

equivalently be defined as the πM -image of the closed Γ-invariant set Γ.Σ̃ and by Lemma 2.4 is

a closed surface of M .

However, Λ̃0 is exactly the set of τ -fixed points in Σ̃, and since the action of Γ commutes

with the τ -flow, any γ ∈ Γ that stabilizes Σ̃ stabilizes Λ̃0 as well. In other words, the restriction

map

ResΛ̃0
: ΓΣ̃ → Γ0 ≃ Z

where Γ0 is the stabilizer subgroup of Λ̃0 in Γ, is well-defined and surjective. It is also injective

because the action of Γ is free, so in fact ΓΣ̃ ≃ Z. We arrive at a contradiction for π1(Σ) cannot

be isomorphic to Z.

When Σ̃ \ Λ̃0 is connected, we may again pull back the principal R-bundle structure on

S̃ \ ∆̃0 to Σ̃ \ Λ̃0 via δ̃. Using δ, the local homeomorphism induced on the base spaces of these

bundles, we may conclude by arguments similar to those above that Σ̃ \ Λ̃0 is diffeomorphic to

R2. Thus if δ̃ : Σ̃ → S̃ is not surjective, then δ̃ maps Σ̃ diffeomorphically to a subset of S̃ that

is homeomorphic to R2. It again follows that Σ̃ is the universal cover of Σ = πM(Σ̃) and the

fundamental group π1(Σ) = ΓΣ̃. However, as above, Σ is closed and ΓΣ̃ is isomorphic to Γ0 ≃ Z

via the restriction map ResΛ̃0
. As π1(Σ) cannot be isomorphic to Z, we conclude δ̃ : Σ̃ → S̃ is

surjective and Σ̃ maps diffeomorphically onto the entirety of S̃, as desired.

We now show that the image of δ̃ includes the two Minkowski patches Min±(p̃∞) sur-
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Figure 4.1: The above figure shows where Min±(p̃∞) are located relative to S̃.

rounding S̃ (see Figure 4.1). Following Lemma 3.3, observe that δ̃ maps the following two sets

W±
0 = {x ∈ M̃ \ Λ̃0 : lim

t→∓∞
τ t.x ∈ Λ̃0}.

diffemorphically onto the two similarly defined sets

Ω±
0 = {x ∈ Ẽin

2,1
\ ∆̃ : lim

t→∓∞
τ tx ∈ ∆̃0}

respectively. Then, Proposition 2.4 says that the sets Ω±
0 are exactly Min±(p̃∞), the two Minkowski

patches surrounding S̃.

Denote W±
0 ∪ Σ̃ and Min±(p̃∞) ∪ S̃ by W0 and Ω0 respectively, and set G̃0 = h(Γ0). As

observed above, the Minkowski patch Min+(p̃∞) (resp. Min−(p̃∞)) is the set of points x such

that lim
t→−∞

τ t.x (resp. lim
t→∞

τ t.x) exists and belongs to ∆̃0. Since, by definition, G̃0 stabilizes ∆̃0,

it also stabilizes Min±(p̃∞) and acts on them. Moreover, Ω0 can be rewritten in terms of causal

50



relations.

Lemma 4.2. The following equality holds:

Ω0 = I−(α2p̃∞) ∩ I+(α−1p̃∞).

Proof. First notice that using Lemma 2.3, the set I−(α2p̃∞) can be decomposed as follows:

I−(α2p̃∞) =
(
I−(α2p̃∞) ∩ I+(p̃∞)

)
∪
(
I−(α2p̃∞) ∩ J−(αp̃∞)

)
.

Proposition 2.2 then indicates that the first set is simply Min+(p̃∞). Furthermore, using Lemma

2.2 the second set can be further decomposed as follows:

I−(α2p̃∞) ∩ J−(αp̃∞) =
(
I−(α2p̃∞) ∩ L[p̃∞, αp̃∞]

)
∪
(
I−(α2p̃∞) ∩ I−(αp̃∞)

)
=

(
L[p̃∞, αp̃∞] \ J+(αp̃∞)

)
∪
(
I−(α2p̃∞) ∩ I−(αp̃∞)

)
= L[p̃∞, αp̃∞) ∪ I−(αp̃∞).

Thus we have that I−(α2p̃∞) = Min+(p̃∞) ∪ L[p̃∞, αp̃∞) ∪ I−(αp̃∞), and thus the intersection

I−(α2p̃∞) ∩ I+(α−1p̃∞) becomes

I−(α2p̃∞) ∩ I+(α−1p̃∞) =
(
Min+(p̃∞) ∪ L[p̃∞, αp̃∞) ∪ I−(αp̃∞)

)
∩ I+(α−1p̃∞)

= Min+(p̃∞) ∪ L(p̃∞, αp̃∞) ∪
(
I−(αp̃∞) ∩ I+(α−1p̃∞)

)
= Min+(p̃∞) ∪ S̃ ∪Min−(p̃∞)
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which is exactly Ω0.

Now, using this action of G̃0 on the Min±(p̃∞), we argue that the image of δ̃ does not extend

beyond Ω0 and therefore M̃ consists precisely of W0.

Proposition 4.3. The equality M̃ = W0 holds.

Proof. First, assume to the contrary that ∂W0 ̸= ∅. Because δ̃ is a local diffeomorphism, it maps

∂W0 to ∂Ω0 in Ẽin
2,1
\π−1

Ein2,1
(p∞). Using the Lorentzian metric of Ẽin

2,1
and the causal definition

of Ω0 from lemma above, we may obtain that ∂Ω0 consists of two connected components α(S̃)

and α−1(S̃) (cf. proof of Lemma 2.2). Without loss of generality, we may assume δ̃(∂W0)

intersects with α(S̃). Set Σ̃+ to be ∂W0 ∩ δ̃−1(α(S̃)). Proposition 4.2 then applies to Σ̃+, and

implies that Σ̃+ in fact maps diffeomorphically to the entirety of α(S̃) under δ̃. We thus have a

set Σ̃+ ∪ W+
0 ∪ Σ̃ that maps (via δ̃) diffeomorphically to α(S̃) ∪ Min+(p̃∞) ∪ S̃ which is the

closure Min+(p̃∞) in Ẽin
2,1

\ π−1(p∞).

Now, letK be the affine lightconeLaff(q0) (see Figure 4.2) in the Minkowski patch Min+(p̃∞)

where q0 is the point that corresponds to the origin in R2,1 under the identification of Min+(p̃∞)

with R2,1 (see §2.2). Since any two lightcones in a Minkowski patch intersect with each other, K

necessarily intersects with its image under the action of any element of G̃0. Furthermore, K has

compact closure K in Min+(p̃∞). Now, as G̃0 is infinite, the subgroup

G̃K = {g ∈ G̃0 : K ∩ g.K ̸= ∅}

is infinite and the action of G̃0 is not proper on the image of δ̃. Since Σ̃+ ∪ W0 ∪ Σ̃ maps

diffeomorphically to Min+(p̃∞) via δ̃, and δ̃ is equivariant with respect to Γ0 and G̃0, it would
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Figure 4.2: The lightcone Laff(q0) in Min+(p̃∞). It has compact closure in Min+(p̃∞).

then follow that Γ0 does not act properly on W±
0 ∪ Σ̃, which would contradict the properness of

Γ action on M̃ .

We conclude that ∂W0 = ∅ and M̃ = W0 as M̃ is connected.

Now observe that by Lemma 3.2 we have W0 is open in M̃ . Proposition 4.3 shows that W0

maps to the entirety of Ω0 diffeomorphically under δ̃, and Lemma 3.5 implies that W0 is in fact

the entirety of M̃ .

Recall from §2.3.1 that G̃ = h̃(Γ) lifts to a subgroup of Ũ ≃ π1(Ein
2,1) × U . Notice that

since δ̃ : M̃ → Ω0 is a surjective diffeomorphism, and is equivariant with respect to the action

of Γ on M̃ and G̃ on Ω0, the action of G̃ on Ω0 is necessarily free and proper. This certainly

imposes restrictions on G̃, and we will discuss the existence and classification of such groups in

the sequel. First, as a corollary of Proposition 4.3, we show that G̃ in fact equals G̃0.
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Corollary 4.1. The equality G̃ = G̃0 holds.

Proof. Recall from §2.3.1 that the maximal unipotent subgroup U in PO(3, 2) lies entirely inside

the identity component PO0(3, 2) and thus preserves the time orientation of Ẽin
2,1

(see [2, §4.1]).

Moreover, as discussed in the beginning of this section, we have the equality

∆̃0 = {x ∈ ∆̃ : p̃∞ < x < αp̃∞}.

An arbitrary element g̃ = αiu ∈ G̃ where u ∈ U stabilizes ∆̃0 if and only if it stabilizes p̃∞, which

is exactly when g̃ = u. In other words, G̃0 is exactly the subgroup consisting of the elements of

the form α0u = u in G̃.

However, Ω0 = Min±(p̃∞)∪S̃ as Min±(p̃∞)∪L(p̃∞, αp̃∞) is not invariant under the action

of π1(Ein2,1). Since G̃ acts on Ω0, we conclude G̃ does not contain any element of the form αiu

for i > 0 and thus G̃ = G̃0.

4.2 The construction of the fundamental domain

The proof of the previous corollary shows that G̃0 is an infinite cyclic subgroup contained

in Ũ0 ≃ U . Accordingly, we investigate infinite cyclic subgroups of U ≃ R ⋉ R2,1 which act

freely and properly on Ω0 = Min±(p̃∞) ∪ S̃.

Lemma 4.4 will give that there are sufficient conditions on a generator of G̃0 to ensure

freeness and properness of its action on Ω0, which will be verified by constructing a fundamental

domain.

Lemma 4.3. Let M be a Lorentzian manifold. For any subset S ⊆M , if there exists x ∈ S such
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Figure 4.3: Fundamental domain of Γ0. The dotted blue line indicates the boundary of J+(q0)
and the green line indicates the boundary of I−(αγq0).

that x′ < x (resp. x < x′) for all x′ ∈ S, then

I−[S] = I−(x) (resp. I+[S] = I+(x)).

Proof. In the proof we shall freely use the fact that for any given a set S and its closure the

following equality holds:

I±[S] = I±[S].

This result can be found as [18, Proposition 2.11].

Now, the containment I−(x) ⊆ I−[S] follows and it suffices to prove the other containment.

However, from the causality relations x′ < x (resp. x < x′) we have

I−(x′) ⊂ I−(x) (resp. I+(x′) ⊂ I+(x))

for each x′ ∈ S. Since
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I±[S] =
⋃
x′∈S

I±(x′)

the desired containment therefore follows.

We establish sufficient conditions for ⟨γ⟩ to act freely and properly discontinuously on Ω0

by constructing a fundamental domain in the following lemma.

Lemma 4.4. Let q0 be the point that corresponds to the origin in the Minkowski patch Min−(p̃∞)

under the identification with R2,1 (see §2.2), and assume there is a generator γ of G̃0 that satisfies

the following two conditions:

1. q0 ≪ γq0,

2. lim
i→∞

γiq0 = αp̃∞ and lim
i→−∞

γiq0 = α−1p̃∞.

Then, the action of G̃0 on Ω0 has a fundamental domain given by

D = J+(q0) ∩ I−(αγq0).

Proof. We first prove the union
⋃
i∈Z

γiD covers the entirety of Ω0. Observe that

⋃
i∈Z

γi(J+(q0) ∩ I−(αγq0)) =
⋃
i∈Z

γi(I−(αγq0) \ I−(αq0))

=
⋃
i∈Z

(I−(αγi+1q0) \ I−(αγiq0))

where the first equality follows from Lemma 2.3 and the second equality follows from the fact

that α commutes with γ. Then, as both α and γ preserve time orientation, we have

αγiq0 ≪ αγi+1q0, ∀i ∈ Z
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derived from the first condition, we obtain

I−(αγiq0) ⊂ I−(αγi+1q0), ∀i ∈ Z.

It thus follows that

⋃
i∈Z

(I−(αγi+1q0) \ I−(αγiq0)) =
⋃
i∈Z

I−(αγiq0) \
⋂
j∈Z

I−(αγjq0)

=
⋃
i∈Z

I−(αγiq0) ∩
(⋂
j∈Z

I−(αγjq0)
)c
.

Then we notice that as lim
i→∞

γiq0 = αp̃∞ from the second condition, we have the equality

lim
i→∞

αγiq0 = α2p̃∞,

and α2p̃∞ is then in the closure of the set {αγiq0}i∈Z. Since α2p̃∞ succeeds each αγiq0,

I−(αγiq0) ⊆ I−(α2p̃∞), ∀i ∈ Z.

Then apply Corollary 4.3 to the union
⋃
i∈Z

I−(αγiq0) to obtain the equality

⋃
i∈Z

I−(αγiq0) = I−(α2p̃∞).

We can similarly apply Corollary 4.3 to
(⋂
j∈Z

I−(αγjq0)
)c to obtain the following equality

(⋂
j∈Z

I−(αγjq0)
)c

=
⋃
j∈Z

J+(γjq0).
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Then since for any x < γiq0, we have x≪ γi+1q0 and J+(γiq0) ⊂ I+(γi+1q0), it follows

⋃
j∈Z

J+(γjq0) =
⋃
j∈Z

I+(γjq0)

= I+(α−1p̃∞),

where the second equality follows from the equality lim
i→−∞

γiq0 = α−1p̃∞ in the second condition

and Lemma 4.3 as for any i ∈ Z, γiq0 is in Min−(p̃∞) ⊂ I+(α−1p̃∞), implying γiq0 < α−1p̃∞.

This thus proves

Ω0 =
⋃
i∈Z

γiD

as the equality Ω0 = I−(α2p̃∞) ∩ I+(α−1p̃∞) holds from Lemma 4.2.

It remains to show that each γiD does not intersect with D. Without loss of generality, we

check D ∩ γiD = ∅ for i > 0. Recall that as we have the causal relation

q0 ≪ γq0 ≪ γ2q0 ≪ · · · ≪ γiq0

for any i > 0, we have the containment of the causal future sets

J+(γiq0) ⊂ J+(γq0).

The desired result then follows from the identifications

D = J+(q0) \ J+(γq0), γiD = J+(γiq0) \ J+(γi+1q0),
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which can be obtained by applying Lemma 2.3 to the original definition of D.

Finally, in Theorem 4.1 below, we discuss all possible cases for G̃0. Before we do so, we

recall that U can be explicitly presented as follows:

R⋉ R2,1 ∼= U :=





1 ∗ ∗ ∗ ∗

1 s − s2

2
a

1 −s b

1 c

1


︸ ︷︷ ︸

(s,v)

: s, a, b, c ∈ R



,

where a generic element of the above form will be denoted by (s, v) where v = (a, b, c). Also

recall that an element of the form (0, v) will be called a translation by the vector v = (a, b, c) and

an element of the form (s, 0) will be called linear.

Theorem 4.1. The group G̃0 may be identified with one of the following subgroups of U:

(1) a subgroup
〈
(0, v)

〉
where v = (a, b, c), is a timelike vector with c ̸= 0,

(2) a subgroup
〈
(s, v)

〉
where v = (a, b, c) with c ̸= 0.

Consequently, if δ(M̃) does not contain the improper point p∞, yet still intersects ∆, M is dif-

feomorphic to S2 × S1 up to a finite covering.

Proof. First observe there are two possibilities for a cyclic subgroup of U , depending on whether

or not it is generated by a translation.
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We first look at the subgroups of U that are generated by a translational element γ. Observe

the action of an arbitrary translation on an element of S̃ \ ∆̃0 can be computed as



1 −c −b −a −(b2 + 2ac)/2

1 0 0 a

1 0 b

1 c

1





y

−x2/2

x

1

0


=



y + cx2/2− bx− a

−x2/2

x

1

0


,

and that it has a fixed point on S̃ precisely when the following equality holds:

y − cx2/2 + bx+ a = y.

Applying the quadratic formula to the above equation, we observe that the above equation does

not have a real root exactly when a, b, c satisfy the following inequality

b2 + 2ac < 0.

This coincides with the condition that (a, b, c) is timelike, and we thus restrict our attention to

timelike translations only as otherwise the action will not be free contrary to the assumption.
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On the other hand, a similar calculation on ∆̃0 shows that



1 −c −b −a −(b2 + 2ac)/2

1 0 0 a

1 0 b

1 c

1





y

1

0

0

0


=



y − c

1

0

0

0



and that a translation has a fixed point on ∆̃0 if and only if c = 0, and we may restrict our attention

to the case when c ̸= 0.

Now without loss of generality, we may assume that the timelike vector (a, b, c) is future-

pointing. Then, it follows immediately that γ satisfies the first condition q0 ≪ γq0 from Lemma

4.4. We also recall that α−1p̃∞, p̃∞, and αp̃∞ are the only points in the preimage of p∞ under

π2,1
Ein that are contained in Min−(p̃∞). However, we have the following causal identification of

Min−(p̃∞) from [2, §4.3]

Min−(p̃∞) = Ẽin
2,1

\
(
J+(p̃∞) ∪ J−(p̃∞)

)
.

Here we observe that the points in Min−(p̃∞) are exactly the points that are not causally related to

p̃∞. Moreover it follows from Corollary 2.1 that αip̃∞ is contained in the closure of Min−(p̃∞)

only when i ∈ {−1, 0, 1}. Since, with γ being a timelike translation, lim
i→∞

γip = p∞ for any

p ∈ Min(p∞), we have lim
i→∞

γiq0 ∈ π−1
Ein2,1

(p∞). Thus, we obtain the equalities

lim
i→∞

γiq0 = αp̃∞, lim
i→−∞

γiq0 = α−1p̃∞
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as α−1p̃∞ ≪ αp̃∞, and observe that γ also satisfies the second condition of Lemma 4.4. We

may therefore conclude that when a cyclic subgroup of U is generated by the translation by a

future-pointing timelike vector v = (a, b, c) with c ̸= 0, it acts freely and properly on Ω0. Thus

in this case G̃0 is of the form indicated in the first case.

We now direct our attention to the subgroups that are generated by an element γ that is not

a translation. This is equivalent to γ having a nontrivial linear part and we recall that any such γ

will be of the following form.



1 −c ∗ ∗ −(b2 + 2ac)/2

1 s −s2/2 a

1 −s b

1 c

1


,

where s is necessarily non-zero. Notice the action of such γ on ∆̃0, can be computed as



1 −c ∗ ∗ −(b2 + 2ac)/2

1 s −s2/2 a

1 −s b

1 c

1





y

1

0

0

0


=



y − c

1

0

0

0


and this action should be free, we may again assume c ̸= 0.
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Furthermore, γn maps q0 to the point of Min−(p̃∞) whose coordinate representation is



−q(an, bn, cn)

an

bn

cn

1


=



−q(an, bn, cn)

an+ sbn(n−1)
2

− s2c (n−1)n(2n−1)
12

bn− scn(n−1)
2

cn

1


.

Furthermore, for sufficiently large n > 0, q(an, bn, cn) will satisfy the inequality

q(an, bn, cn) ≈ − 1

12
s2c2n4 < 0

which implies q0 ≪ γnq0 or γnq0 ≪ q0 for sufficiently large n > 0. Thus by replacing γ with

γ−n or γn, we may assume that γ satisfies the first condition of Lemma 4.4.

To check that γ satisfies the second condition of Lemma 4.4, we make the following obser-

vation on the ⟨γ⟩-orbits of q0: for sufficiently large n, γnq0 can be approximated as follows



−q(an, bn, cn)

an+ sbn(n−1)
2

− s2c (n−1)n(2n−1)
12

bn− scn(n−1)
2

cn

1


≈



−s2c2n4/12

−s2cn3/6

−scn2/2

cn

1


.

Clearly the images γnq0 in Ein2,1 converge to p∞ as n approaches ±∞ as s, c ̸= 0. This implies
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that the points lim
i→±∞

γiq0 are contained in the set {α−1p̃∞, αp̃∞}. Since the causality relations

γ−nq0 ≪ q0 and q0 ≪ γnq0 hold for arbitrary n > 0, we conclude

lim
i→∞

γiq0 = αp̃∞, lim
i→−∞

γiq0 = α−1p̃∞,

so γ satisfies the second condition of Lemma 4.4 as well. Thus, up to replacing M by a finite

covering, we may assume G̃0 is generated by γ′ that satisfies the condition in Lemma 4.4.

Finally, as Ω0 is homeomorphic to S2 × R and G̃0 is isomorphic to Z, it follows that M , as

the quotient manifold Ω0/G̃0, is homeomorphic to S2 × S1.

As mentioned in the beginning of this chapter, the manifold Ω0/G̃0 with G̃0 as in Theorem

4.1 does not have an analogue in the Riemannian setting, as in these examples the developing

image non-trivially intersects the set of points at infinity while not being the entire Ẽin
2,1

. We

will also show that these manifolds along with the manifolds obtained in the previous chapter

admit essential conformal flows (see §7.1).

Remark 3. The author made the pleasant discovery that the space Ω0/G̃0, where G̃0 is as in the

first case of Theorem 4.1, had previously been considered by Charles Frances in [6, §10.2.3] as

an example of a non-complete essential structure on S2 × S1.
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Chapter 5: The developing image δ(M̃) intersects the lightcone L(p∞) but not

the invariant photon ∆.

The goal of this section is to show that the case when δ(M̃) intersects the lightcone L(p∞)

but not the photon ∆, does not occur. The proof of this claim breaks down into the three following

steps. First, we show that when the developing image does not intersect ∆̃, the invariant photon

in Ẽin
2,1

, that the unipotence of the holonomy image G implies that the lifted developing map in

fact carries M̃ onto Ẽin
2,1

\ ∆̃. Next, by using the fact that the lifted holonomy map establishes

an isomorphism between the fundamental group Γ and G̃, we are able to study the group structure

of Γ. Lastly, using the group structure of Γ we deform the conformally flat Lorentzian structure

on M to obtain a contradiction.

The main tool that will be used in this section is the foliation on Ẽin
2,1

\ ∆̃ given by the

level sets of τ̃∞ (for its definition, see §2.4.1). By Proposition 2.4, for each point p̃ ∈ ∆̃ the

preimage τ̃∞
−1
(p̃) is a connected component of π−1

Ein2,1
(L(p) \ ∆) where p = πEin2,1(p̃). This

shows that the foliation defined by τ̃∞ on Ẽin
2,1

\ ∆̃ is strictly simple, with leaf space identified

with ∆̃ ≃ R, and with leaves homeomorphic to L(p) \∆ ≃ R2.

We begin by setting the following notation. First, p̃∞ will again be used to denote a point in

the preimage π−1
Ein2,1

(p∞). Observe that for such a point p̃∞, the lightcone L(p̃∞) is the preimage

of the lightcone π−1
Ein2,1

(L(p∞)) in Ein2,1, and the space L(p̃∞) \ ∆̃ consists of infinitely many
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connected components, each of which defines a leaf in the aforementioned foliation. On the

other hand, Ẽin
2,1

\L(p̃∞) is exactly the πEin2,1-preimage of Min(p∞), and we denote this set by

M̃in(p∞) to emphasize that it is merely a disjoint union of Minkowski patches.

5.1 The image of the lifted developing map δ̃

As δ̃ is a local diffeomorphism, the foliation on Ẽin
2,1

\ ∆̃ pulls back to a foliation on

M̃ . Then by construction, each leaf in M̃ is a connected component of a δ̃-preimage of a leaf in

Ẽin
2,1

\ ∆̃ and δ̃ maps each leaf in M̃ to a leaf in Ẽin
2,1

\ ∆̃.

Lemma 5.1. Each leaf L in M̃ maps injectively to a leaf L′ in Ẽin
2,1

\ ∆̃.

Proof. The case where L′ is contained in the lightcone L(p̃∞) and L is a connected component

of δ̃−1(L(p̃∞)) is proved in Proposition 4.2 above. We thus assume the leaf L ⊂ M̃ maps to L′

in a connected component of M̃in(p∞). Notice that τ t on each Minkowski patch of M̃in(p∞) is

simply a translation by the vector (t, 0, 0)T and thus is free, and proper. It thus defines a principal

R-bundle structure on L as well as on L′. Quotienting L and L′ by this R-action yields two

one-dimensional manifolds with a map (induced by δ̃)

L/τ → L′/τ ≃ R.

This map is again a local diffeomorphism, and since L′/τ is homeomorphic to R, it maps L/τ

diffeomorphically onto an open interval I in L′/τ ≃ R. Since all principal R-bundles are trivial

(see [4, Theorem 14.4.12]), it follows that L maps diffeomorphically onto its image in L′ as

well.
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When L maps via δ̃ to a leaf in Ẽin
2,1

\ ∆̃ that is a connected component of L(p̃∞) \ ∆̃,

one can say more. We in fact show in Corollary 5.1 below that such leaves are each mapped

diffeomorphically onto a connected component of L(p̃∞) \ ∆̃. Before we show this, we first

define the stabilizer of each connected component of L(p̃∞) \ ∆̃. First, recall from §2.3.1 that G̃

lies in the following subgroup of Conf(Ẽin
2,1
):

Ũ ≃ π1(Ein
2,1)× U .

Also recall

Ũ0 ≃ U ⊂ Ũ .

Then G̃0, the stabilizer of any connected component of L(p̃∞) \ ∆̃, is the following normal

subgroup of G̃:

G̃0 = G̃ ∩ U0.

Lemma 5.2. Let L∞ be a connected component of L(p̃∞) \ ∆̃ and L be a leaf in M̃ that maps

to L∞. The stabilizer subgroup of StabΓ(L) of L in Γ is free abelian of rank 2. Furthermore, h̃

maps StabΓ(L) isomorphically to a subgroup in G̃0 that does not consists entirely of translations.

Proof. With L being a connected component of the Γ-invariant closed set δ̃−1(L(p̃∞)), the image

πM(L) is closed in M by Lemma 2.4. Also, it follows from its trivial R-bundle structure that

L ≃ R2 and thus is simply connected. Consequently, L is the universal covering of πM(L),

and StabΓ(L), the stabilizer subgroup of L in Γ, is the fundamental group of πM(L). Notice

StabΓ(L) then can be identified with its holonomy image h̃(StabΓ(L)), which stabilizes δ̃(L).

Since δ̃(L) is contained in a connected component L∞ of L(p̃∞) \ ∆̃, h̃(StabΓ(L)) is a subgroup
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of G̃0. Furthermore, since the only infinite surface group that can be realized as a subgroup of a

unipotent group is Z2, and we may therefore conclude StabΓ(L) ≃ Z2 and πM(L) is a 2-torus.

Now, assume that h̃(StabΓ(L)) is generated by two translational elements γ1 and γ2, with

associated vectors (a1, b1, c1)T and (a2, b2, c2)
T . Since the action of StabΓ(L) on L is equivalent

to the action of h̃(StabΓ(L)) on δ̃(L), the latter action is also free and properly discontinuous.

Now the action of each γi on δ̃(L) can be calculated as follows:



1 −ci −bi −ai −(b2i + 2aici)/2

1 0 0 ai

1 0 bi

1 ci

1





y

−x2/2

x

1

0


=



y + cix
2/2− bix− ai

−x2/2

x

1

0


.

When p = (y,−x2/2, x, 1, 0)T is an arbitrary point of δ̃(L), we observe from the above calcula-

tion that such an action on
⋃
t∈R

τ t.p, the τ -orbit of p, is not proper when c1x2/2 − b1x − a1 and

c2x
2/2− b2x− a2 are not rational multiples of each other as the set

{y + n1(c1x
2/2− b1x− a1) + n2(c2x

2/2− b2x− a2) : n1, n2 ∈ Z}

is dense in R. However, they also cannot be rational multiples of each other as then the action

would not be free.

Thus, we may conclude StabΓ(L) is a free abelian subgroup of rank 2 and h̃(StabΓ(L)) is

not generated by two translational elements and necessarily contains an element with a non-trivial

linear component.
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Corollary 5.1. Let L∞ be a connected component of L(p̃∞) \ ∆̃, and L be a leaf in M̃ that maps

to L∞. Then L maps diffeomorphically onto L∞.

Proof. Note that we may explicitly identify L∞/τ with R by the following map

δ : [y : −x2

2
: x : 1 : 0] 7→ x

as τ t.[y : −x2

2
: x : 1 : 0] = [y + t : −x2

2
: x : 1 : 0] and δ is invariant under the τ -flow.

By Lemma 5.2, h̃(StabΓ(L)) contains an element g with a nontrivial linear component

s ̸= 0. The action of gn on δ̃(L) can be calculated as follows



1 ∗ ∗ ∗ ∗

1 sn −(sn)2/2 ∗

1 −(sn) ∗

1 ∗

1





∗

−x2/2

x

1

0


=



∗

−(x− sn)2/2

x− sn

1

0



and we observe for any [y : −x2

2
: x : 1 : 0] ∈ δ

−1
(x),

gn.[y : −x2

2
: x : 1 : 0] = [∗ : −1

2
(x− sn)2 : x− sn : 1 : 0] ∈ δ

−1
(x− sn).

Then, since lim
n→±∞

x − sn = ∓∞, it follows that the only connected subset of L∞ is L∞ it self,

and that δ̃(L) is the entirety of L∞.

Our next goal is to show that the conclusion of Corollary 5.1 holds true for other leaves in

Ẽin
2,1

\ ∆̃. That is, for an arbitrary leaf L in Ẽin
2,1

\ ∆̃, we want each connected component
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of δ̃−1(L) to map not only injectively but surjectively onto L under δ̃. To prove this claim we

modify the method utilized in [10]. In [10, Theorem 6.8], to prove that an affine structure (i.e.

(Aff(Rn),Rn)-structure) on a closed n-manifold is always complete when its holonomy is unipo-

tent, the authors first construct k-dimensional distributions on Rn for k = 1, · · · , n, defined by a

flag in Rn which is invariant under the holonomy action.

We adapt this approach to generate flows on each leaf of the τ -foliation on M̃ that maps to

a leaf in M̃in(p∞) and furthermore is transverse to the direction of the τ -flow. In order to emulate

the above approach, the following lemma is first needed.

Lemma 5.3. The vector field ∂/∂x2 on Min(p∞) extends to Ein2,1 \∆.

Proof. First we represent the points of Ein2,1 with the usual projective coordinates:

{[z0 : z1 : z2 : z3 : z4] : 2z0z4 + 2z1z3 + z22 = 0}.

Now, let Min4 be the Minkowski patch corresponding to the points where z4 ̸= 0 (notice that

this is the Minkowski patch Min(p∞)), and Min3 be the Minkowski patch corresponding to the

points where z3 ̸= 0. Observe that z3 = z4 = 0 necessarily implies z2 = 0. In other words

when z3 = z4 = 0, z is automatically contained in ∆ and it follows that Min3 and Min4 cover the

entirety of Ein2,1 \∆. Thus, it suffices to find a vector field on Min3 that agrees with the ∂/∂x2

on the intersection Min3 ∩Min4.

First, notice that Min4, embedded as a subset of Ein2,1, may be expressed in projective

coordinates as follows:

{
[−1

2
(x1x3 + x22) : x1 : x2 : x3 : 1] : x1, x2, x3 ∈ R

}
.
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Similarly, Min3 has a description as follows:

{
[y1 : −1

2
(y1y3 + y22) : y2 : 1 : y3] : y1, y2, y3 ∈ R

}
.

The change of coordinates from Min4 to Min3 can be represented by the substitutions:

y1 = −1
2
(x1x3 + x22)x

−1
3 , y2 = x2x

−1
3 , y3 = x−1

3 .

The vector field ∂/∂x2 on Min(p∞) = Min4 pushes forward under this change of coordinates to

∂

∂x2
=
∂y1
∂x2

∂

∂y1
+
∂y2
∂x2

∂

∂y2
+
∂y3
∂x2

∂

∂y3

= −1

2
(2x2)x

−1
3 · ∂

∂y1
− x−1

3 · ∂

∂y2
+ 0 · ∂

∂y3

= −y2 ·
∂

∂y1
− y3 ·

∂

∂y2

on Min3. The resulting vector field is defined everywhere on Min3, so the original vector field

∂/∂x2 extends to the entirety of Ein2,1 \∆.

We are now ready to prove the following lemma.

Lemma 5.4. Let L be a leaf in M̃ that maps to a leaf L′ in Ẽin
2,1

\ ∆̃ under δ̃. Then δ̃ maps L

diffeomorphically onto L′.

Proof. We have shown this is true for a leaf L that maps to a connected component of L(p̃∞) \ ∆̃

in Corollary 5.1. It thus suffices to consider the leaves that maps to a leaf in M̃in(p∞).

Recall from §2.3 that the linear holonomy group L(G) is the image in O(2, 1) of G under
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the homomorphism

L : U → O(2, 1)

(s, v) 7→ (s, 0).

Then, since G̃ is a subgroup of Ũ ≃ π1(Ein
2,1) × U , we may define L(G̃) to be the image under

L of the projection of G̃ to G. Since G is unipotent, L(G̃) preserves the full flag

{0} ⊂ ⟨e1⟩ ⊂ ⟨e1, e2⟩ ⊂ ⟨e1, e2, e3⟩ = R2,1

for the basis {e1, e2, e3} on R2,1 under which U is upper triangular (see Proposition 2.3). We de-

note each k-dimensional subspace in the above flag by F k. Each F k defines a rank k distribution

Fk
Min on Min(p∞) ≃ R2,1 and by pulling back these distributions to each connected component of

M̃in(p∞) via πEin2,1 : M̃in(p∞) → Min(p∞), we obtain rank k distributions Fk
M̃in

on M̃in(p∞).

More specifically, we have

Yq̃ ∈ Fk
M̃in

(q̃) ⇐⇒ (πEin2,1)∗(Yq̃) ∈ Fk
Min(q)

where q = πEin2,1(q̃). Note that when Yq̃ ∈ Fk
M̃in

(q̃) with (πEin2,1)∗Yq̃ = (q, (x1, · · · , xk, 0, · · · , 0))

and g̃ = αig ∈ G̃,

(πEin2,1)∗(g̃∗Yq̃) = (πEin2,1 ◦ (αig))∗(Yq̃)

= (g ◦ πEin2,1)∗(Yq̃)

= g∗ (q, (x1, · · · , xk, 0, · · · , 0))

= (g.q, L(g).(x1, · · · , xk, 0, · · · 0))
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and by the L(G)-invariance of F k, we obtain g̃∗Yq̃ ∈ Fk
M̃in

(g̃.q̃).

Now let p̃ ∈ M̃in(p∞) with q̃ = δ̃(p̃). When Yq̃ ∈ Fk
M̃in

(q̃) and X̃p̃ is a unique vector in

Tp̃ M̃in(p∞) such that δ̃∗X̃p̃ = Yq̃, we observe

δ̃∗(γ∗X̃p̃) = (δ ◦ γ)∗(X̃p̃) = (h̃(γ) ◦ δ̃)∗(X̃p̃) = h̃(γ)∗(Yq̃) ∈ Fk
M̃in

(h̃(γ).q̃).

Thus, we obtain Γ-invariant rank k distributions Fk
M̃

on δ̃−1(M̃in(p∞)) by the following relation:

X̃p̃ ∈ Fk
M̃
(p̃) ⇐⇒ (δ̃)∗(X̃p̃) ∈ Fk

M̃in
(δ̃(p̃)).

Consequently, the Γ-invariance of Fk
M̃

allows us to construct distributions Fk
M on πM(δ̃−1(M̃in(p∞)))

as follows:

Xp ∈ Fk
M̃
(p) ⇐⇒ X̃p̃ ∈ Fk

M(p̃).

where p̃ ∈ π−1
M (p) and X̃p̃ ∈ Tp̃ M̃ is the unique vector with (πM)∗(X̃p̃) = Xp.

Notice that these distributions are integrable as Fk
Min are integrable. Also, by definition, the

leaves of F1
M̃

are exactly the τ -orbits and the leaves defined by F2
M̃

coincide with the leaves of

the foliation defined by the submersion τ̃∞. Furthermore, L(G̃) acts trivially on each Fk/Fk−1

(k = 1, 2, 3) and thus preserves the following nonzero linear functionals

lk : Fk → R

v 7→ v · ek

(here, the dot product denotes the usual inner product on R3), whose kernels are exactly Fk−1.

We also define 1-forms ωk on each Fk
∗ that vanish on Fk−1

∗ using lk.
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Now, the goal is to construct vector fields ϕk on M for k = 1, 2 that satisfy the following

two conditions:

(i) ϕk(p) ∈ Fk
M(p) for all p ∈ πM(δ̃−1M̃in(p∞)),

(ii) ωk(ϕk) ≡ 1 on πM(δ̃−1M̃in(p∞)).

For k = 1, we may simply let ϕ1 be the vector field that generates the τ -flow on M . For

k = 2, the choice of such a vector field is not canonical. To obtain one, we find suitable vector

fields that are defined locally and use a partition of unity to glue them together as follows:

(1) The vector field ∂/∂x2 on Min(p∞) extends to the entire Ein2,1 \ ∆ by Lemma 5.3. The

extended vector field can be pulled back to Ẽin
2,1

\ ∆̃. Denote this vector field by X2.

(2) Let {Ui} be a finite covering of M . We may assume each Ui is small enough and there is

a (PO(3, 2),Ein2,1)-chart map ψi : Ui → Ẽin
2,1

\ ∆̃ defined on Ui. Define a vector field

ϕ2,i on each Ui as the pullback of X2 by the diffeomorphism ψi. These vector fields satisfy

the desired conditions on each Ui, because F2
M and ω2 on M , by definition, are pullbacks of

F2
M̃in

and lk respectively.

(3) Let ρi be a partition of unity subordinate to {Ui} and define ϕ2 =
∑
ρiϕ2,i.

From the compactness of M , both ϕk are complete and lift to complete vector fields on M̃ .

Let Φk be the one parameter families of diffeomorphisms on M̃ defined by the flows of ϕk. Of

course, Φ1 is simply τ but we will continue to denote it by Φ1 for the duration of this proof. By

construction, Φ2 acts on the 2-dimensional leaves of F2
M̃

and satisfies the following equation

l2(δ ◦ Φt
2(x)) = l2(δ(x)) + t,
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where l2 is viewed as a functional on Min(p∞) ≃ R2,1.

Now, let L and L′ be as in the proposition statement. By Lemma 5.1, to show that L maps

diffeomorphically onto L′ under δ̃, it suffices to prove L maps surjectively onto L′ under δ̃. Fix a

point x0 ∈ L. Given an arbitrary point y ∈ L′, let

x1 = Φt2
2 (x0) where t2 = l2(πEin2,1(y)− δ(x0)).

Since y and δ̃(x0) are both contained in L′, and thus in the same Minkowski patch of M̃in(p∞),

it makes sense to subtract one from the other. Now, the point

x2 = Φt1
1 (x1) where t1 = l1(πEin2,1(y)− δ(x1)),

maps to y under δ̃. Since the choice of y was arbitrary we conclude the map δ̃|L : L → L′ is

surjective as desired.

The above lemma shows that δ̃(M̃) is saturated with respect to the foliation defined by τ̃∞

on Ẽin
2,1

\ ∆̃. Now, denote by L
Ẽin

2,1
\∆̃ and LM̃ the leaf spaces of the foliation defined by τ̃∞

on Ẽin
2,1

\ ∆̃ and its pullback to M̃ respectively. Observe L
Ẽin

2,1
\∆̃ ≃ ∆̃ ≃ R, and δ̃ induces the

following map between the two leaf spaces

δ : LM̃ → L
Ẽin

2,1
\∆̃ ≃ R.

Since δ is induced by δ̃, a local homeomorphism, it itself is a local homeomorphism as well.

Lemma 5.5. The leaf space LM̃ is Hausdorff.
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Proof. Let L1, L2 be two distinct leaves in M̃ . The goal is to find disjoint saturated open neigh-

borhoods of L1 and L2. If L1 and L2 map to different leaves in Ẽin
2,1

\ ∆̃, the existence of such

neighborhoods follows easily from L
Ẽin

2,1
\∆̃ being Hausdorff, namely by pulling back disjoint

neighborhoods of δ̃(L1) and δ̃(L2).

Assume L1 and L2 maps to the same leaf L0. Since L1 and L2 each map diffeomorphi-

cally onto L0, for a point y0 ∈ L0 there are unique points x1 ∈ L1 and x2 ∈ L2 such that

δ̃(x1) = δ̃(x2) = y0. Since M̃ is Hausdorff, there exist U1 and U2, each an open neighborhood of

x1 and x2, that separate x1 and x2. By shrinking U1 and U2 we may assume that they map diffeo-

morphically onto the same set V ⊂ Ẽin
2,1

\ ∆̃ under δ̃. We may further assume that for each leaf

L, the intersection V ∩ L is either empty or consists of one connected component. This ensures

that there is a transverse section T ⊂ V such that for all leaves L that intersects non-trivially

with V , that T intersects L at a single point. The preimages Ti = δ̃−1(T )∩Ui are also transverse

sections that meet with each leaf in Ui at a single point. By definition we have Li ⊂ S(Ti) where

S(Ti) denote the saturation of Ti. We will now show that the S(T1) and S(T2) are disjoint.

To the contrary, assume there is a leaf L′ ∈ S(T1) ∩ S(T2). By the original assumption on

T1 and T2, the intersection L′ ∩ Ti (for i = 1, 2) consists of a single point pi. Since p1 and p2

are two distinct points on the same leaf L′, they necessarily map to two distinct points y1 and y2

under δ̃ by Lemma 5.1. Let L′
1 and L′

2 be leaves in Ẽin
2,1

\ ∆̃ that contains y1 and y2 respectively.

Since y1 and y2 are two distinct points of T , we see that L′
1 and L′

2 are two distinct leaves that

both contain L′ in their preimages. However, we notice this is a contradiction as a leaf on M̃ is

defined to be a connected component of the preimage of a leaf in Ẽin
2,1

\ ∆̃. Thus, the saturated

neighborhoods S(T1) and S(T2) of L1 and L2 do not intersect and we conclude the leaf space of

M̃ is also Hausdorff.
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We are now equipped to show that developing map δ̃ maps M̃ diffeomorphically onto

Ẽin
2,1

\ ∆̃.

Proposition 5.1. When the developing image δ(M̃) does not intersect the lightcone L(p∞), the

lifted developing map δ̃ maps M̃ diffeomorphically onto Ẽin
2,1

\ ∆̃.

Proof. Since LM̃ is Hausdorff, it is a 1-dimensional manifold. As δ is a local homeomorphism,

LM̃ maps homeomorphically to an open interval I ⊂ L
Ẽin

2,1
\∆̃ and it follows that δ̃ maps M̃

diffeomorphically onto an open subset homeomorphic to R2 × R in Ẽin
2,1

\ ∆̃. Thus, we may

identify M̃ with its image in Ẽin
2,1

\ ∆̃.

Now, the holonomy morphism h̃ is an isomorphism between Γ and G̃ and we identify Γ with

G̃. Since δ is injective, for each L∞ a connected component of L(p̃∞) \ ∆̃ with δ̃(M̃)∩L∞ ̸= ∅,

its δ̃-preimage δ̃−1(L∞) contains only one connected component L. Thus, h̃(StabΓ(L)) equals

StabG̃(L∞) = G̃0 and it follows from Lemma 5.2 that G̃0 ≃ Z2. By the definition of G̃0, any

element of G̃ \ G̃0 is of the form αig with i ̸= 0 where α is a generator of π1(Ein2,1) and g ∈ Ũ0.

However, Z2 cannot be a fundamental group for a compact 3-manifold and consequently, G̃0

cannot comprise the entirety of G̃. Thus, it follows that G̃ necessarily contains an element of the

form αig where i ̸= 0. The existence of such an element implies δ̃(M̃) = Ẽin
2,1

\∆̃ as Ẽin
2,1

\∆̃

is the only connected saturated set that is invariant under the action of αi ∈ π1(Ein
2,1).

Corollary 5.2. The lifted holonomy morphism h̃ is an isomorphism. Furthermore, G̃0 ≃ Z2 and

G̃ \ G̃0 ̸= ∅.
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5.2 The structure of the holonomy image

To study the structure of the holonomy image, we first study the subgroup G̃0. We recall

from Lemma 5.2 that G̃0 contains an element that is not purely a translation. The following lemma

concerns the case when the image of G̃0 contains a translation in Ũ0 ≃ U .

Lemma 5.6. Let Tw ∈ U be a translation. If there exists some Ls + Tv ∈ U with s ̸= 0 which

commutes with Tw, then Tw lies in the one-dimensional center of U .

Proof. First, let Tw be an arbitrary translational element that commutes with a non-translational

element Ls + Tv. Let x ∈ R2,1 be arbitrary. Then,

Tw((Ls + Tv)(x)) = (Ls + Tv)(Tw(x))

Ls(x) + v + w = Ls(x) + Ls(w) + v

w = Ls(w).

Since the vectors of the form (t, 0, 0)T are the only fixed points of Ls, the concolusion follows.

However, the existence of such an element contradicts the properness of the G̃∞ action.

Lemma 5.7. When G̃0 contains a translation, the action of G̃0 is not proper on Ẽin
2,1

\ ∆̃.

Proof. We will find a compact subset K of Ẽin
2,1

\ ∆̃ that satisfies:

g.K ∩K = ∅ for infinitely many g ∈ G̃.
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Let K be the closure in Ẽin
2,1

\ ∆̃ of the following subset of a Minkowski patch in M̃in(p∞)

{
(−xt/2, x, 0, t, 1)T : |x| ≤ R, t ∈ R

}

where R is chosen so that τR ∈ G̃. Notice that K can be obtained by taking the following union

⋃
−R≤r≤R

τ r.ℓ

where ℓ is the closure of the curve

ℓ =
{
(0, 0, 0, t, 1)T : t ∈ R

}

in Ẽin
2,1

\ ∆̃. Since (0, 0, t)T for any t ∈ R is lightlike, ℓ has endpoints in the lightcone L(p̃∞),

and thus, ℓ, and also K, are compact.

When g0 = Ls + Tv with v = (a, b, c) is an element of G̃ with a non-trivial linear part,

whose existence is guaranteed by Lemma 5.2, then compute the action of gn0 on an arbitrary point

p ∈ K in M̃in(p∞):



1 ∗ ∗ ∗ ∗

1 s −s2/2 a

1 −s b

1 c

1



n

∗

∗

0

t

1


=



∗

∗

−snt+ bn− sc(n2 − n)/2

t+ cn

1


. (5.1)

79



For an arbitrary n, let t = b/s− c(n− 1)/2. Then the right hand side of (5.1) becomes



∗

x′

−snt+ bn− sc(n2 − n)/2

t+ cn

1


=



∗

x′

0

t+ cn

1


∈ K.

For m satisfying the inequality

−R ≤ x′ −mR ≤ R,

the element g = (τR)mgn0 ∈ G̃, one has g.p ∈ K. Thus, g.K ∩K for infinitely many g ∈ G̃.

Now we may assume G̃0 does not contain any translation, and consists solely of elements

with nontrivial linear component. For further discussion of G̃, we use the following lemma.

Lemma 5.8. [21, Lemma 2] Let G be a non-abelian nilpotent group in a short exact sequence

1 → A→ G→ C → 1,

where A is free abelian of rank 2 and C is infinite cyclic. Then the above extension splits and the

action of C on A is defined by the matrix

1 y

0 1


where y ̸= 0.
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By applying the above lemma to G̃, we obtain:

Proposition 5.2. The holonomy image G̃ is free abelian of rank three, generated by g1, g2, αig3

where each gi is an element of Ũ0.

Proof. Recall G̃ is a subgroup of Ũ ≃ π1(Ein
2,1) × U , and G̃0 is the central subgroup G̃ ∩ Ũ0

where Ũ0 = {1} × U (see §2.3.1). By Corollary 5.2, G̃/G̃0 is not trivial and we have

G̃/G̃0 ≃ Z

as π1(Ein2,1) ≃ Z.

For contradiction, assume G̃ is not abelian. By Lemma 5.8, we may choose generators

g1, g2, and αig3 of G̃ with gi ∈ Ũ0 such that the action of ⟨αig3⟩ on G̃0 = ⟨g1, g2⟩ on is defined by

the matrix 1 y

0 1


where y ̸= 0. Then since G̃0 does not contain any translation by Lemma 5.7, we may assume g1

and g2 each have a nontrivial linear part.

Now, since α is central in Conf(Ẽin
2,1
), the conjugation action of αig3 on g2 can be com-

puted as follows:

(αig3).g2 = (αig3)g2(g
−1
3 α−i) = g3g2g

−1
3 .

Thus, it makes sense to apply L to (αig3).g2, and we obtain the following two equations:

L((αig3).g2) = L(g3g2g
−1
3 ) = L(g3) + L(g2)− L(g3) = L(g2).
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However, we also obtain the following equation by applying Lemma 5.8:

L((αig3).g2) = L(gy1g2) = y · L(g1) + L(g2).

Since L(g1) and y are both assumed to be nonzero, we obtain the desired contradiction and

conclude G̃ is abelian.

Then since G̃ is a central extension of G̃/G̃0 ≃ Z by G̃0 ≃ Z2, we further conclude it is free

and abelian of rank three.

Since Γ and G̃ are isomorphic by Corollary 5.2, it immediately follows from Proposition

5.2 that Γ is free abelian of rank three as well.

Corollary 5.3. The fundamental group Γ is free abelian of rank three.

5.3 The application of the deformation principle

To summarize, we have shown the following must hold when δ(M̃) does not intersect ∆

yet still intersects the lightcone L(p∞):

1. the lifted developing map δ̃ maps M̃ diffeomorphically onto Ẽin
2,1

\ ∆̃,

2. the image G̃ of the lifted holonomy map does not contain translations and is free and abelian

of rank three.

The goal now is to obtain a contradiction, by showing any structure on M can be deformed into

a structure that violates either condition 1. or 2. above, while still satisfying the initial condition

that δ(M̃) does not intersect ∆ yet still intersects the lightcone L(p∞). The following theorem of

Thurston gives an explicit way of deforming such a structure.
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Theorem 5.1 ([22, Proposition 5.1]). Let M be a compact (G,X)-manifold with holonomy map

h0. Then, there exists an open subset U of h0 in Hom(π1(M), G) such that all h ∈ U can be

realized as the holonomy map of a (G,X)-structure on M .

This will allow us to arrive at a contradiction by enabling us to give an explicit construction

of a deformed structure whose developing map still maps M̃ to Ẽin
2,1

\ ∆̃, yet whose holonomy

image contains a translation, violating property 2. from above. The following lemma can be

checked with direct computations and the proof will be omitted.

Lemma 5.9. Let (s1, v1) and (s2, v2) be elements of U ≃ R⋉ R2,1 where

v = (x1, y1, z1), v2 = (x2, y2, z2).

Then (s1, v1) and (s2, v2) commute if and only if

1. s1y2 − 1
2
s21z2 = s2y1 − 1

2
s22z1,

2. s1z2 = s2z1.

Theorem 5.2. There exists no conformally flat, closed, Lorentzian manifold of dimension three

with unipotent holonomy whose developing image δ(M) intersects L(p∞) but not ∆.

Proof. Recall, by Corollary 5.3, that Γ ≃ Z3. Let γ1, γ2, and γ3 be three generators of Γ so that

g1 = h̃(γ1) and g2 = h̃(γ2) generate G̃0 and h̃(γ3) = αig3 ∈ G̃ \ G̃0.

Now fix an isomorphism U ≃ R⋉ R2,1 as usual and for each i ∈ {1, 2, 3}. Set

gi = (si, vi) ∈ R⋉ R2,1,
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where si ∈ R and vi = (xi, yi, zi) ∈ R2,1. We shall now construct a continuous family

{h̃t} ⊂ Hom(Z3, Ũ)

that deforms the original holonomy morphism h̃. Let h̃t send each γi to g′i defined as follows:

1. g′1 = g1 and g′3 = g3,

2. g′2 = (s′2, v
′
2) with v′2 = (x′2, y

′
2, z

′
2)

(a) s′2 = ets2,

(b) x′2 = x2, y
′
2 = s−1

1 (1
2
ets21z2 − 1

2
e2ts22z1 + ets2y1), and z′2 = etz2.

To show that this indeed defines a homomorphism, we check g′1, g
′
2, and αig′3 commute

with each other. Since α is central, this amounts to proving the commutativity of g′1, g
′
2, and g′3.

This will be shown via direct calculations.

First, we know from Lemma 5.9 that g′1 and g′2 commute if and only if the following two

equations are satisfied:

s1y
′
2 − 1

2
s21z

′
2 = s′2y1 − 1

2
s
′2
2 z1,

s1z
′
2 = s′2z1.

The first equality holds by the definition of y′2 and the following series of logical implications:

s1y
′
2 − 1

2
s21z

′
2 = s′2y1 − 1

2
s
′2
2 z1 ⇐⇒ y′2 = s−1

1

(
1
2
s21z

′
2 + s′2y1 − 1

2
s
′2
2 z1

)
⇐⇒ y′2 = s−1

1

(
1
2
ets21z2 + ets2y1 − 1

2
e2ts22z1

)
.
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The second equality follows from the commutativity of g1 and g2, which implies

s1z2 = s2z1.

Now we show the commutativity of g′2 and g′3. Again, the second condition of Lemma 5.9

follows immediately from the commutativity of the original g2 and g3. It thus remains to check

s3y
′
2 − 1

2
s23z

′
2 = s′2y3 − 1

2
s
′2
2 z3. (5.2)

For the left hand side of (5.2), we have the following equality:

s3y
′
2 − 1

2
s23z

′
2 = s3

[
s−1
1 (1

2
ets21z2 − 1

2
e2ts22z1 + ets2y1)

]
− 1

2
s23z

′
2

= 1
2
ets1s3z2 − 1

2
e2ts−1

1 s22s3z1 + ets−1
1 s2s3y1 − 1

2
ets23z2.

By iteratively applying the identity sizj = sjzi (for i, j ∈ {1, 2, 3}) to the second term we obtain

s3y
′
2 − 1

2
s23z

′
2 =

1
2
ets1s3z2 − 1

2
e2ts22z3 + ets−1

1 s2s3y1 − 1
2
ets23z2.

On the other hand, for the right hand side of (5.2), we employ the equality

y3 = s−1
1

(
1
2
s21z3 − 1

2
s23z1 + s3y1

)
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which follows from the commutativity of g1 and g3. With this we obtain the following:

s′2y3 − 1
2
s
′2
2 z3 = s′2

[
s−1
1

(
1
2
s21z3 − 1

2
s23z1 + s3y1

)]
− 1

2
s
′2
2 z3

= ets2
[
s−1
1

(
1
2
s21z3 − 1

2
s23z1 + s3y1

)]
− 1

2
e2ts22z3

= 1
2
ets1s2z3 − 1

2
ets−1

1 s2s
2
3z1 + ets1−1s2s3y1 − 1

2
e2ts22z3

= 1
2
ets1s3z2 − 1

2
ets23z2 + ets1−1s2s3y1 − 1

2
e2ts22z3.

Again we have here applied the identity sizj = sjzi (for i, j ∈ {1, 2, 3}) to the first and the

second term. By rearranging the terms we obtain the following as desired:

s′2y3 − 1
2
s
′2
2 z3 =

1
2
ets1s3z2 − 1

2
ets23z2 + ets−1

1 s2s3y1 − 1
2
e2ts22z3 = s3y

′
2 − 1

2
s23z

′
2.

Finally, it also can be observed that h̃t approaches h̃ as t approaches 0. Thus it follows from

Theorem 5.1 that for an arbitrarily small t, the map h̃t is the holonomy map of a conformally flat

Lorentzian structure on M as well. Since h̃t(Γ) is still isomorphic to Z3, the developing image

of the locally homogeneous structure that realizes h̃t cannot contain p∞ or even intersect ∆

(in these two cases, the holonomy image is simply Z as shown in Theorem 3.1 and Theorem 4.1

respectively). On the other hand, since h̃t(γ3) remains unchanged as αig3 with i ̸= 0 and since no

connected component of M̃in(p∞) is invariant under the action of such an element, the image of

the corresponding lifted developing map is not contained in a connected component of M̃in(p∞).

Thus we conclude the developing image again intersect with L(p∞) but not ∆.

We established in Proposition 5.1 that any conformally flat Lorentzian structure on a closed

3-manifold whose developing image intersect with L(p∞) but not ∆ must be Kleinian with
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δ̃(M̃) = Ẽin
2,1

\ ∆̃ and the corresponding holonomy action on Ẽin
2,1

\ ∆̃ must be proper as

well. However, there exists arbitrarily small t such that s1s′−1
2 = ets1s

−1
2 ∈ Q. With such a

choice of t, we may find two integers n1 and n2 such that (g′1)
n1(g′2)

−n2 is a translation. This

leads to a contradiction by Proposition 5.7 and we conclude there can be no conformally flat

Lorentzian structure on a closed 3-manifold whose developing image intersect with L(p∞) but

not ∆.
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Chapter 6: The developing image δ(M̃) does not intersect the lightcone L(p∞).

We finally handle the case where the image δ(M̃) does not intersect the lightcone L(p∞).

In this case, δ(M̃) is contained entirely in the Minkowski patch Min(p∞) and M has a flat

Lorentzian structure. Furthermore, since U (and thus G) acts on Min(p∞), we may apply the

following result to show that M is in fact complete.

Theorem 6.1 ([10, Theorem 6.8.(a)]). LetM be a closed manifold equipped with a (Aff(R3),R3)-

structure. If the corresponding holonomy image is unipotent, then M is complete.

The holonomy image G may now be identified with Γ, and similarly M may be identi-

fied with the quotient R3/Γ. The classification of such quotient manifolds is done in [9]. One

implication of their classification is the following theorem.

Theorem 6.2 ([9, Theorem 5.5]). Let M be a closed 3-manifold that admits a complete affine

structure (i.e. M = R3/Γ, where Γ < Aff(R3)). If π1(M) is solvable and M is aspherical then

M is finitely covered by a 2-torus bundle over the circle.

In fact, not only do the authors prove that M (up to a finite covering) is a 2-torus bundle over a

circle, but they also give explicit presentations for the fundamental group. Specifically, when Γ is

nilpotent, it can either take form of Z3 or Z2 ⋊A Z where A is an parabolic element of GL(2,Z)

(i.e. A has one eigenvalue of multiplicity two). This result is discussed in [9, §5.4].
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Of course when Γ consists purely of translations, then it is isomorphic to Z3 and we have

M ≃ T 3. To handle the case when Γ contains more than just translations, observe that L(Γ)

(being a subgroup of L(U) ≃ R) is abelian. We may thus employ the following results by

Auslander and Markus to study the geometry of M in greater detail.

Theorem 6.3 ([1, Theorem 4, Theorem 9]). Let M be a closed Lorentzian 3-manifold of the form

R2,1/Γ. If L(Γ) is abelian and is further assumed to stabilize a photon inside R2,1, then there is

a basis of R2,1 (albeit not necessarily orthonormal), in which Γ is one of the following groups:

1. the group generated by the set {L, T1, T2} where

L : x 7→


1 1 1

1 1

1

x+


0

0

1

 ,

T1 : x 7→ x+


0

β

0

 , T2 : x 7→ x+


β/k

0

0


where k > 0 an integer and β > 0 a real number,

2. the group generated by {L1, L2, T} where

L1 : x 7→


1 1 1

1 1

1

x+


0

0

1

 , L2 : x 7→


1 t t(t+ 1)/2

1 t

1

x+


0

s

t

 ,
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T : x 7→ x+


η/k

0

0


where t is irrational and η = s− t(t+ 1)/2 is a nonzero real number and k > 0 as above

is an integer.

Furthermore, for any positive integers k1, k2 ∈ Z, the manifolds obtained as the quotient R2,1/Γ,

with Γ as in Case 1 with k = k1 and Case 2 with k = k2, are diffeomorphic if k1 = k2.

Thus, to study the topology of an arbitrary closed flat Lorentzian manifold M with unipotent

holonomy, it suffices to consider the topology of the quotient R2,1/Γ with Γ as in Case 1 of

the above theorem. In particular, Theorem 6.3 allows one to see M is topologically a parabolic

2-torus bundle whose monodromy is ( 1 1
0 1 ). In summary, we obtain the following result.

Theorem 6.4. Suppose that δ(M̃) does not intersect with the lightcone L(p∞). Then, up to a

finite covering, M is a 2-torus bundle over the circle obtained by quotienting R2,1 by one of the

following two groups: Z3 or Z2 ⋊A Z where A ∈ GL(2,R) is parabolic.
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Chapter 7: Main theorem and applications

Summarizing the results from the four cases we obtain the following theorem.

Theorem 7.1. Let M be a closed conformally flat Lorentzian manifold of dimension three with

unipotent holonomy.

1. If δ(M̃) contains the improper point p∞, then M is a complete (Ẽin
2,1
,Conf(Ẽin

2,1
))-

manifold and the holonomy group h̃(Γ) is an infinite cyclic group generated by an element

of the form αig ∈ Ũ ≃ π1(Ein
2,1) × U with i ̸= 0 (see §2.3.1 for the notation used here).

Consequently, M is homeomorphic to S2 × S1, up to a finite covering.

2. If δ(M̃) does not contain the improper point p∞, yet still intersects ∆, then M is Kleinian

(see Definition 2.2) with δ̃(M̃) = Min−(p̃∞) ∪ L(p̃∞, α(p̃∞)) ∪ Min+(p̃∞) (see §2.2.1

for the notation used here). Furthermore, h̃(Γ) is an infinite cyclic group generated by a

conformal automorphism of Ẽin
2,1

that stabilizes and acts as a timelike translation or an

affine transformation whose translation is timelike on each Min±(p̃∞). Consequently, M

is homeomorphic to S2 × S1 up to a finite covering.

3. If δ(M̃) ∩∆ = ∅, then δ(M̃) ∩ L(p∞) = ∅.

4. If δ(M̃) does not intersect L(p∞), then M is a complete (R2,1,Aff(R2,1))-manifold and the

holonomy group h(Γ) is isomorphic to Z3 or Z2 ⋊A Z where A ∈ GL(2,R) is parabolic.
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Consequently, M is homeomorphic, up to a finite covering to a 3-torus or a parabolic torus

bundle over S1.

One may first observe there is the following topological classification of all such manifolds.

Corollary 7.1. LetM be a closed conformally flat Lorentzian manifold of dimension three whose

holonomy group is unipotent, thenM is up to finite covering S2×S1 or a parabolic torus bundle.

One may also observe that in each case that arises in the classification, the lifted developing

map carries the universal covering of M diffeomorphically to its image.

Corollary 7.2. LetM be a closed conformally flat Lorentzian manifold of dimension three whose

holonomy group is unipotent. Then M is Kleinian.

7.1 Condition for essentiality

Another implication of the above classification is a topological condition to determine

whether or not such a manifold is essential. The definition of essentiality is given below.

Definition 7.1. A conformal manifold is said to be essential if its conformal group does not

preserve any metric in the conformal class.

One way to prove essentiality of a Lorentzian manifold is to make use of the volume form

defined by the metric. Namely, since any metric preserving transformation would preserve this

volume form and the measure induced by it, to prove a transformation is essential, it suffices

to check it does not preserve any such measure. With this we may show that the τ -flow is

essential when the developing image intersects ∆ (equivalently when M can be finitely covered

by S2 × S1).
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Lemma 7.1 (cf.[7, Proposition 5]). Let M be a closed conformally flat Lorentzian 3-manifold

with unipotent holonomy. If it can be fintely covered by S2 × S1, then it is essential.

Proof. Let Ũ be an open set of M̃ whose image δ̃(Ũ) intersects with ∆̃ ⊂ Ẽin
2,1

. We may

assume Ũ is a small enough neighborhood, restricted to which both the projection map π and the

developing map δ̃ are diffeomorphisms. Let Ĩ be a open interval of δ̃−1(∆̃) contained in Ũ . From

Lemma 3.2 it follows that the subset Ṽ ′ of M̃ consisting of points that converge to a point in Ĩ

under the τ -flow is open. Let Ṽ be any nonempty, open, precompact subset of Ṽ ′. Denoting the

images under the covering map I = π(Ĩ) and V = π(Ṽ ), we conclude that each point x ∈ V

converges to a point in I under the τ -flow.

Now consider an arbitrary Lorentzian metric g in the conformal class of metrics on M and

the measure defined by its volume form µ. If τ preserves the metric g, and thus preserves the

measure µ, it follows that µ(V ) = µ(I). However, this is a contradiction as I is a null set of such

a measure. Since g is arbitrary, we may conclude τ does not preserve any metric in the conformal

class of metrics on M , and thus M itself is essential.

On the other hand, recall when the developing map does not intersect ∆̃, thatM possesses a

flat, complete, Lorentzian structure. However, any conformal transformation on a flat, complete,

Lorentzian manifold is a homothety as it lifts to a transformation in Sim(R2,1) ⊂ Conf(R2,1).

Then, any homothety on a compact pseudo-Riemannian manifold is an isometry (see [20, Propo-

sition 2.4]) and we conclude that when the developing image does not intersect ∆, M is not

essential. Again, recall this is exactly when M is not finitely covered by S2 × S1 and notice we

obtain a topological condition to determine whether or not M is essential. These observations

are summarized in the theorem below.
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Theorem 7.2. Let M be a closed conformally flat Lorentzian manifold of dimension three with

unipotent holonomy. Then the conformal structure on M is essential if and only if M can be

finitely covered by S2 × S1.
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