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Foreword

In Chapter 1 we consider the small mass asymptotics (Smoluchowski-Kramers ap-
proximation) for the Langevin equation with a variable friction coefficient. The limit of
the solution in the classical sense does not exist in this case. We study a modification
of the Smoluchowski-Kramers approximation. Some applications of the Smoluchowski-
Kramers approximation to problems with fast oscillating or discontinuous coefficients
are considered. This is joint work with Mark Friedlin.

In Chapter 2 we consider the small mass asymptotic (Smoluchowski-Kramers ap-
proximation) for the Langevin equation with a variable friction coefficient. The friction
coefficient is assumed to be vanishing within certain region. We introduce a regulariza-
tion for this problem and study the limiting motion for the 1-dimensional case and a
multidimensional model problem. The limiting motion is a Markov process on a pro-
jected space. We specify the generator and boundary condition of this limiting Markov
process and prove the convergence. This is joint work with Mark Freidlin and Alexander
Wentzell.

In Chapter 3 we consider the Neumann problem with a small parameter

ous(x)

=0.
0ve () oG

<iL0 + L1> u®(z) = f(z) for x € G,

The operators Ly and L; are self-adjoint second order operators. We assume that Lg
has a non-negative characteristic form and Lq is strictly elliptic. The reflection is with
respect to inward co-normal unit vector v¢(z). The behavior of 161%1 u®(x) is effectively
described via the solution of an ordinary differential equation on a tree. We calculate
the differential operators inside the edges of this tree and the gluing condition at the
root. Our approach is based on an analysis of the corresponding diffusion processes.
This is joint work with Mark Freidlin.

In conclusion we will explain how formulas and theorems are numbered. For ex-
ample, Theorem 3.2.1 is the first theorem in the second section in Chapter 3. Inside
Chapter 3, it is written as Theorem 2.1 only. Formulas and figures are numbered in a

similar fashion.
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1. SMOLUCHOWSKI-KRAMERS APPROXIMATION IN THE CASE OF
VARIABLE FRICTION.



1.1 Introduction

The Langevin equation
iy =blg)) =g +o(g) )W, af =q €R" ,gf=peR", (1.1)

describes the motion of a particle of mass p in a force field b(q), ¢ € R", subjected
to random fluctuations and to a friction proportional to the velocity. Here W, is the
standard Wiener process in R™, A\ > 0 is the friction coefficient. The vector field b(q)
and the matrix function o(q) are assumed to be continuously differentiable and bounded
together with their first derivatives. The matrix a(q) = (a;j(q)) = 0(g)c*(q) is assumed
to be non-degenerate.

Put p}' = ¢}'. Then (1.1) can be written as a first order system:

A, 1 . (1.2)
b(q}) — ;pi‘ + ;U(Qf)Wt

The diffusion process (p}, q}') = X} in R*" is governed by the generator L:

1
Lu —(b(q) — Ap) - . .
2 5. 2 ]Z:l aplap] + m ( (q) p) vpu + p vqu

Note that, since functions g} are continuously differentiable with probability one,

t ‘ t
/0 013 (g)dW3 = o3y ()W) — /0 Wi (Vqoiy(q?) - p) ds

This allows to consider equations (1.2) for each trajectory W, individually, and
there is no necessity in the introduction of a stochastic integral. In particular, if (1.2)

is considered as a stochastic differential equation, stochastic integrals in the It6 and in
t t

the Stratonovich sense coincide: / o(qh)dW s = / o(qh) o dW.
0

It is assumed usually that the friction coefficient A is constant. Under this assump-
tion, one can prove that g} converges in probability as x4 | 0 uniformly on each finite
time interval [0,7] to an n-dimensional diffusion process q,: for any x,7 > 0 and any
ph = p € R fixed,

IimP [ ma — >k|=0.
(10 <0<t<)if‘q1t qilra )

Here g, is the solution of equation

1

) 1 . n
q; = Xb(qt) + XU(Qt)Wt y 4o = qg =qeR". (1.3)

The stochastic term in (1.3) should be understood in the It sense.



The approximation of g}’ by g, for 0 < p << 1 is called the Smoluchowski-Kramers
approximation. This is the main justification for replacement of the second order equa-
tion (1.1) by the first order equation (1.3). The price for such a simplification, in
particular, consists of certain non-universality of equation (1.3): The white noise in
(1.1) is an idealization of a more regular stochastic process Wf with correlation radius
§ << 1 converging to W, as § | 0. Let qf’é be the solution of equation (1.1) with W,
replaced by Wf Then limit of g 9 as 1,0 | 0 depends on the relation between p and
. Say, if first 6 | 0 and then u | 0, the stochastic integral in (1.3) should be understood
in the It6 sense; if first ;1 | 0 and then 6 | 0, g} 0 converges to the solution of (1.3) with
stochastic integral in the Stratonovich sense. (See, for instance, [8].)

Consider now the case of a variable friction coefficient A = A(q). We assume that
A(q) has continuous bounded derivatives and 0 < A\g < A(g) < A < oco. It turns out,
as we will see in the next section, that in this case the solution g}’ of (1.1) does not
converge, in general, to the solution of (1.3) with A = A(q), so that the Smoluchowski-
Kramers approximation should be modified. In order to do this, we consider equation
(1.1) with W replaced by Wf described above:

phs 76 76 76 - 76 76 X 6 76 - 76
pgy” = b(qi”) = May)g" +o(gi" )W, , a4’ =q, ;" =p . (1.4)

We prove that after such a regularization, the solution of (1.4) has a limit af as

w | 0, and 6? is the unique solution of the equation obtained from (1.4) as u = 0:

<6 1 ~5 1 ~S\vir0 ~§
Q4 = ——b(@}) + —=-0@)W,, 4y =q . (1.5)
@) @)

Now we can take ¢ | 0 in (1.5). As the result we get the equation

a. = —_— b q + ——0 q (¢] W 5 qo = ) 1.6
q, )\(q ) (qt) )\(qt) (qt) t do q ( )

t
where the stochastic term should be understood in the Stratonovich sense. So the
regularization leads to a modified Smoluchowski-Kramers equation (1.6). We prove this
in Section 3.

Some applications of the Smoluchowski-Kramers approximation are considered in
Sections 4 and 5: the case of fast oscillating in the space variable, periodic or stochastic,
friction coefficient is studied; gluing condition at the discontinuity points of the friction
coefficient are considered.

Notations. We use | ® |ga to denote the standard Euclidean norm in R?. When
d =1 we set |®|g1 = |e|. For a vector-valued function f(x) = (fi(x),..., fa(x)), x € R?,

we set || flloco = max || fillco = max sup |f;(x)|. All the vectors are marked with either
1<i<d 1<i<d gega

bold letters or with an arrow on it.



1.2 Some estimates. The classical Smoluchowski-Kramers approximation does

not work for variable friction coefficients

We consider the following system

pdl =blg)) — Nal)g + Wy, gy =qcR?, g =pecR. (2.1)

Here oo > A > A(e) > X\g > 0 is a function of q}'. We assume that function A\(e) and
the vector field b(e) are continuously differentiable and bounded together with their
first derivatives. The process Wy is the standard Wiener process in R%. For simplicity
of calculations we consider here the case when the diffusion matrix a(e) is the identity

(compare with (1.1)).
Let p}' = ¢}, we have, that (2.1) is equivalent to the system

i

qél :pt 9 ( )
) 1 Mgt 1. 2.2
o = Lp(qry - A ey Ly

p I [

Then

d [P A(g)ds, p Lrtaghyds (op L L rta(gtyds (1 1
0 — 0 s MaMpt ) = (g%) ~b(g"” i v 74
It (6“ pt) er Dy + y (ay)p; | =er u (qy) + 0 t] s

and

eif;m@dspg_pzﬂ /0 5 05 M@y g al)ds-+ /0 wlo Madr gy (2.3)

t
For notational convenience we introduce the function A(u,t) = / A(gt)ds. Tt is
0
clear that tA > A(u,t) > t)\g. Using (2.3) we have, that

b —Lap L (" Lagus)p u L% Lagus)
p, =€ & p—l—ﬁ er b(qs)ds—l—; er dWyg | .
0 0

Therefore we have

t
qé‘qur/ phds
0

t 1 1 t 1 s
_ — 5 Alws) — 5 A(s) ZAGT)
+p ds + — / (/ e b(gh dr) ds+
1 /0 7 0 (a7) (2.4)

+1/ —hA) (/ WdW)ds
1

=q+a(p)+ B8 +



Here a(u), B(u),v(p) are three (vector) functions in the right hand side of (2.4)

t
a(u)zp/o A g
1/t s S 1
Blp) =~ / e w Al < / eiA(f‘”)b(qﬁ)d?") ds
K Jo 0
t s
() M/o e~ uAU) (/ e/ltA(“’r)dWT) ds .

0
In the following we will use the relation
d ¢ dawn)_ L -tawndAwt) 1 Lagnou
%(e " )7 ;e z — = ;e z Agy) - (2.5)

We will also use the estimates

t t t
_chAt _chs _c _cAgs cAqt
i(1—e w) / e rds< / e w AW g < / e
cA 0 0 0

= — K ) S L y
C)\U C)\o
(2.6)
CeA b eA(t—s) t e _
LNTRES / e P S/ o S AG9) g <
cA 70 0 (2.7)
</ 7C>\O<t78>d Iu (1 7c>\0t) Iu’
K = — — € H —_ .
0 € s cA\o ~ cAo
Here c is a positive constant.

We get in this section some bounds for a(p), B(1), (@) which show, in particular,
that the classical Smoluchowski-Kramers approximation does not hold in the case of

variable friction. These bounds also will be used to obtain a modified Smoluchowski-
Kramers approximation.

2.1. Estimates of a(pu).

The estimates of a(p) is relatively simple since we have ()
and A(u,s) > As. Therefore |a(p)|ga — 0 as p | 0.

LA
—p/ e nw g
0
2.2. Estimates of 3(u).

We have, by (2.5), that



t s
st = 1 [ et ([ gy as

K Jo 0
IV _1
L ) (gt
t s 14 1 _1
_ (17) A(p,s)
= en b(gh dr) (—) d(e »
L | @\ "3ty )
s=t S
+/t eiiA(“’S)d </ eiA(“’r)b(q#)dr (1#)>
_ " NMg
s=0 0 0 s
LA(ut) top ol ¢ s
__er L A(u,5) / b(qs) / —L A(p,9) </ L A(uyr) > < 1 )
=————"F0— [ ex b(qt)ds + ds+ [ e *» en b(gh)dr | d
@ @ o 3a ™t o : @) ) 4\ N

It is easy to see that

b o0 t _L —S b oo
Rolas < 100 [ memigy - Bl 1t
0 0

We also have

= te*%A(th) S 1A
(=~ [ oo ( | W’b(qﬁ)dr) VA(g!) - pds |
0 M(q 0

. t =2 Au,s) s s
(1) =~ [ g ( / ei““””)b(q;:‘)dr> VA(gY) - ( / eiAW")dWr) ds .
o Aqs) 0 0

We conclude that

N V)\ 0o t _)\Os S _(S—T))\O
(1T e < Ag” |p|Rd|b||oo/ — (/ e dr) ds
0 0 0

2
_ 9 i
A A5

[PlRalbllo



- 1 Moo 3 s (H)A 2
s < SIS ol, ([ ar)
0

HV)‘HOO Mt
— )\2 ||ngO)\2 )

2 t s s
E‘(Ifg)héd < (;||v}\|opo||oo> )/ ef%A(M,S) (/ eiA(#,r)dr> (/ eiA(M,r)dWT> ds
0 0
s 2
' / ( LA (w))dr> ( / e—;mcu,s)—A(w»dWT) ds
0

1 HVAHOO

15/l

IN

2
<1 HV/\\opoHOO> / </ ~L(A(p,s)- (,u,r))dr> ds /t
K 0 0 0
s o 2 t s

< HVAHOOH ”oo) ( e<#)A0d7“> ds (/ E / e*i(A(Mvs)*A(N:T))dWT

7 0 0
(G ) (L (]
< 2

2

IN

2
R
2

IN

t
LU
t S (s—r) 2 t S (s—r)

|V/\H00Hb||oo /(/ h Hkodr> ds </ </ 6_2 #Aodr>ds>
0 0 0 0
V/\OO t\? [/ ut
192 ey ) () (24

Ao 20

Combining these estimates we see that E|(I_})

Lb(gt) |
E'B(“)‘/o Nl

‘%@d — 0 as p | 0. This implies that

—0aspulO0.

Rd

2.3. Estimates of (i) - the reason why the classical Smoluchowski-

Kramers approximation does not work.

2

, in general, does not tend to 0 as
R4
] 0. Therefore the Smoluchowski-Kramers approximation does not work in the case

t
1
0 S

of purely white noise perturbation.
We have, by (2.5), that

2

Rd

Rd

/ o H (AU =AW) gy
0

ds)
d

2
ds>
R4



1) o T‘)

(e (=g e
= — e AW L) | — d(e” wt

H Jo 0 Ag5) ( )

t s
_ — L A(ut) / ~L Au,s) ( 1 / 1 A(u,r) )
= — e — e » d er dW.,
/\(qf) 0 )\(qé‘) 0

t

— _lA(:U'?t) / 1

=— e n + | —dW+
Aay) o A(g5)

b1y S o1 1
—L A(u,s) / L A(p,r) ) ( )
+ e » et dW, | d
/ot < 0 Agb)

= (M)+/O )\(;g)dWS—i—(IfI).

It is easy to check that

1 [t _220=s u
E 2 < ds < 2.
\R,y(u)!Rd_)\%/o e m 3_2)\3

We have

— t lA s 1 1
I = [ e ufws) ( / euA(W“)dWr> (—
uin= [ ) N (q)

= (ITTy) + (ITTy) + (IT13)

) Vatat) - plds
where

) e AW 4 ops
(IT1) = - /0 SYTAR ( /O er W")dvvr) VA(gl) - pds

2
. 1 t —=Aws) s 1 s
(II) = _/ egiu </ B;A(lt7r)dwr> VA(g") - </ eiA(”’T)b(qﬁ)dT‘> ds |
wlo  Ads) \Jo 0

(I7T3) = —~ /t e Y (/ WA gy )vx( " </ LAGwr) gy )d
= _= en T\ r $)- er r]as,
’ K Jo >\2(q§) 0 1 0

We can estimate



2 2
E|(ITT)%. < (’p’RdgM'“) E

/te—MA<us> (/e L(Als)- A(m))dw)d
0 0 0 ,
A o0 t —_ = L, S t S T
- <\pIRdH2V I ) E</ . 3A(;,>ds> / / o~ B A=A 7 |7
A 0 o |Jo Rd
Al oo b 2ags b/ _2a6en
< <|p|RdH2v H ) </ e m ds) (/ (/ e o dr) ds)
A , Mo 0 0
Plral VAo \™ (1 \ [ 1t
B )\2 20 20 '
The term (If[z) could be estimated in the same way as (Ifg):

P V/\HOO 20N (ot
E|(II)%, < I - = '
I 2)|Rd< oY o] ) </\0) 20

But in general one cannot estimate E‘(II_‘Ig)P up to a term which goes to 0 as

Rd

] 0. As an example, let A = ||A]|o and let us suppose that for 0 < ¢t < T < oo we
have VA(q}') = e;. Here e; is the unit basis vector e; = (1,0,...,0) in R%. Let W} be
the k-th (1 < k < d) component of the Wiener process W,. We have, for 0 < ¢ < T

/ ' ( / ? A (u,r))dWT> ( / T (A (u»r))dW7}> s
0 0 0

1 YO A -a 2\
L / </ o (AGss) - (w))dWTI> is) &

pd 0 0

d s s 2
3 < / ' ( / e—;m(u,s)—A(u,r))de) < / LAl (u7r))dWT1> ds) ]
0 0 0

+
s L(A(p5)—A ?
( / o (As) - (mr))dW?;) s
0 0
/ t / T o 2(Aln8) - AGsr) dr) ds)
0

= 1

N

aazan J, (1@ =oas aallTe )

which does not tend to 0 as o | 0. Since E[(If[g) 2, > (E‘(II_)I3)|Rd)2, we see that

. ‘Rd -
E|(I115)]2

‘Rd does not go to 0 as u | 0. Now we have

E"y(u)— / t A(;g)dW

1

ZE!(IUz)\Rd E| Ry (1) |3 —E|(I111)[a — E|(I112)[3a -




1 2

t
Therefore E ”y(,u) — / T is uniformly bounded from below by a positive
0

dW 4

q?) R4

constant as p | 0.

We can check now that the process g}, 0 < ¢t < T, does not converge as x| 0 to
the process q;, gy = q. We have

d=a+ [ S [ s Wt t
ralo+ (800~ [ FE3as) + (v - [ 5omaw)

0
" b(q,) !
q:q—l—/ sds+/dWs.
! 0 A(qs) 0 )‘(qs)

Suppose that we have, for any x,T > 0 and any pfj = p € R? fixed, that

limP | ma b q,l?, > =0.
110 <0§t§XT‘qt qthRd_ﬁ)

We have, for some A > 0 independent of 1 and k, that

et —a- [ (5@ - Xay) =~ [ (s~ xa) ™

< AE max |g" — q.|?
< Ogsgths qs|pa

2

R4

2 2 2
<[P (oo let — ke > ) By 0t~ alf + P (aglet - e <)

< Al +o(p, k)]

since Eorgaéct lgt — qs\éd < oo. Here the term o(u, k) converges to 0 as p | 0 for every
S

fixed k > 0. Fix k > 0, let u | 0, we see that

L(b(ds)  blgy) o1 1
IimE |(g} — —/< SR S)ds—/( — )dWs < Ak .
el a0 [ (Ko~ Se3) [ G~ ) ™,
Since k > 0 is arbitrary, we see that
' (blat) _blg.) ! 1 i
IimE |(¢} — q —/( - S)ds—/( — )dWS =0.
ulo ‘( ¢ 2 0 \AMd5) Mgy 0 \A(@5)  Ag) R

On the other hand, let us suppose that VA(g}) = e; for 0 < ¢ < T < co. Here e;
is the unit basis vector e; = (1,0, ...,0) in R?. We have

10



2

E ’a(ﬂ) + <ﬂ(u) - /Ot igzg cZiS) + (v(u) - /Ot A((llg)dws)

Rd
1 | 2 " b(qt) ?
> 3810 - [ | Ela(uf B 000 - [ S -

It follows from our estimates that this leads to a contradiction.

1.3 Regularization via approximation of the Wiener process

We could regularize the problem via approximation of the Wiener process. To this

end we introduce the process

1 [ s—t 1 /9 s
Wf:5/0 Wsp< . )ds:(s/o Ws+tp(5)ds,

where p(e) is a smooth C'* function whose support is contained in the interval [0, 1]

such that
1
/ p(s)ds=1.
0

One can prove that (see [2] and the references there)

limE W - W2, =0.
IR E B Wi = Wilg

We have

5 1! .
W, = —5/0 Wissep(r)dr .

We can then introduce the following regularization of our problem: first we consider

the system

.S 5 TR ) ) . 1,8
pd’ =b(@’) = Na@" )@ + W, , gh° =qeR?, g° =pe R (3.1)

Equivalently it is the first order system

1,8 ¥
a”’ =pl"°,

1

5
) s Al s 1.5 (3.2)
s Z*b(q%)*i( L )pi" +-W, .
p [ 7

t
We can proceed with the estimates similar to the previous sections. Making use of

the formula .
. 5 1 .
Wi / Wi g0p(r)dr (3.3)
0
11



we could prove that all the terms

t I t
Elo (1) g , E‘ﬁ( )= i(zg;ds gt E‘V(’“‘)_/o /\(jls)dW(;

Rd

goes to zero as | 0. (To be precise, we should write a(u,d), B(u,d) and ~(p,0) to
indicate the dependence on ¢, but for brevity we neglect that.) In particular, with § > 0
fixed, we can estimate the term (If[g) up to a term which tends to 0 as | 0. We have

ds

a 1[VAeo [*
E!(Ingnmﬂ” | [E
0

s 2
| / ¢~ (Al = Al piyd g,
A 0

Rd

2

t s 1
= LVl [P g | 7 b= ([ gy smydm ) dr| s
oS 0 0
. 0 9 Rd
1 1 (AGps)
szHoo / S| [ AW s / o B AW =AW) g | g
M Aj 62 0 Rd

Ve : P TN
H A /52 02me1 p(m)] | B Oﬁfﬁalwlh@d /Oe wdr) ds
||V>\||oo >2 ( )2

S H )\% 52 aX ‘p( ) O<Hll<a)-{1-5’ 1|ra

Therefore, for fixed § > 0, we have E‘(II_)I3)|Rd — 0as p | 0. By (2.4), we get:

T ¢ b(qg’é) ds ! 1 Wé
W =0t | St h ) t -
) + <B(u) / Aiqz %ds) " (wm— / A(qlg,g)dv@) -

Then
t b(qd) t 1
~5 s
qt:q+/ - ds+/ ~ : (3.6)
0 M@)o a@)
Let M(t,0,p) = Eorgai(t ]q’;"s — @’|ga. By (3.4) and (3.6), using estimate (3.3), we
_s_

have

¢ t
M(t,0,pn) < Kl/ M (s, 9, p)ds +K2(t,5)/ M(s,0,p)ds + o,(1) .
0 0

Here o,,(1) is a term which goes to 0 as p | 0. The positive constant K is inde-
pendent of u, 6 and ¢. The positive constant Ky = Ks(t,) may depend on ¢ and §, but

is independent of pu. Now we use the Bellman-Gronwall inequality:

12



M(t,6,11) < 0,(1) exp((Ky + Ka(t, 6))1) -

We conclude that for any 9, x, T > 0 fixed and any po’(S = p fixed,

. 5 ~6
LmP | ma B >k|=0.
lim <O<t<xT @i — d;|ra )

Now we can take 0 | 0. Using Theorem 6.7.2 from [22] we get the following result.

Theorem 3.1. We have, as 6 | 0, that

lim E max |q0 — Gy|pa =0 ,
S B mee (7 — G [po

where q, is the solution of the problem

q) 1
q)  Ma)

oW, , gy=qeR?. (3.6)

Here the stochastic term is understood in the Stratonovich sense.

In the general case

-« (1,0 ,0 0N = 11,0 N ,0 - 11,0
pg” =b(q") = Mai )" +o(a" )W, , ¢4 =q, @° =p , (3.7)
where the matrix o(e) satisfy assumptions made in Section 1, we have, similarly, that

for any 4§, k,T > 0 fixed and any pﬁ’é = p fixed,

limP | max |¢"° —@lpa > K| =0.
i P (g

The process fjf is governed by the equation

w5 b@) | o@)
@) M@)

L R
W, , @d=qeR?. (3.8)

And we conclude with

Theorem 3.2. Under the assumptions mentioned above,

lim E max ¢ — G,|ge =0,
yim B o 190 = Gz

where @, is the solution of the problem

A b(q,) o(qy;)
%= Xa) " Na

oW;, gy=qcR?%. (3.9)



1.4 One dimensional case

In the case of one space variable, Smoluchowski-Kramers approximation leads to
an one-dimensional diffusion process ¢; which is defined by the following stochastic
differential equation written in the It6 form:

b(qr) N(qt) 1

i = — + Wi, qo=qeR. 4.1
= Na) 2@ g0 1)

Put

q

ulg) = [ A)exp (—2 I b(y)A(y)dy) x|

o) =2 [ A@es (2 / b(ywy)dy) i

0 0

(4.2)

xT

Since A(x) > 0, u(q) and v(q) are strictly increasing functions. Following [7] we

introduce an operator D, D,,, where D, means the differentiation with respect to the

h) —
monotone function u(q): D, f(q) = ]ll:né igi i h; — igg
a similar way. One can check that D,D, is the generator of the diffusion process g

defined by (4.1).
Suppose now that the friction coefficient A(q) = A:(q) depends on a parameter

; the operator D, is defined in

e > 0. We assume that, for each ¢ € (0,1], A\-(¢) has a bounded continuous derivative
Ao(q), and 0 < A < A(q) < X < oo. Let us(q) and v-(q) be the functions defined by
(4.2) when A(q) is replaced by A:(q).

Consider the stochastic process g; %€ in R! defined by the equation

v 761 )6’ 157 767 I ’67 S 157
pi e = b(a ") = At WYL gt =g, @ = (4.3)

where Wt‘s is, as before, a “smoothed” white noise converging to W; as d | 0.

Theorem 4.1. Assume that the function \:(q) converge weakly as e | 0 on each
finite interval [a, 8] C RY to a function \(q) (maybe, discontinuous). Then processes
qf’é’e converge weakly on each finite time interval to the diffusion process g, governed by
the generator DyDy (where u(q) and v(q) defined by (4.2) with A = X(q)) as, first u | 0,

then § | 0, and then e | 0.

Proof. According to Section 3, processes g, 0 converge weakly as first p | 0 and
then § | 0 to the process @ which solves equation (4.1) with A(q) = A\°(q). It follows
from our assumptions that functions u.(g) and v.(q) converge as ¢ | 0 to functions u(q)
and ¥(q) respectively for each ¢ € R'. The functions u(q) and ©(q) are continuous and
strictly increasing. Therefore ([7]) a diffusion process g, exists governed by DzDg. As

shown in [19], convergence of u.-(q) and v:(q) as € | 0 to u(q) and v(q) respectively

14



implies weak convergence of processes g; to the process corresponding to DyDy as € | 0.
O

Theorem 4.2. Let A\.(q) = A (g) Assume that one of the following conditions
1s satisfied:

1. X(q) s a continuously differentiable positive 1-periodic function;

2. X(q) is an ergodic stationary process (independent of the process Wy in (4.3))
with continuously differentiable trajectories and 0 < A_ < X(q) < Ay < o0 for some
constants A_, At.

1~ P ~
Put A = / A(q)dq if condition 1 is satisfied, and X = EX(q) is condition 2 is
0
satisfied.

Then the process g, 9€ defined by (5.3) converge weakly when first u | 0 and then
€ | 0 to the process q, defined by the equation

1 1.
q. = :bi +:W 5 g, = .
qy 3 (Qt) 3 ty 4o = ¢

Proof of this theorem follows from Theorem 4.1 since each of conditions 1 and 2

implies conditions of Theorem 4.1 and A(q) = A. O

Assume now that A:(q) is a bounded and separated from zero uniformly in € € (0, 1]

positive function such that liﬁ)l Ae(q) = A\ for ¢ < 0, and lig]l Ae(q) = Mg for ¢ > 0.
€ €

Assume that A:(q) is continuously differentiable for each ¢ > 0. Let }\\(q) be the step
function equal to A; for ¢ < 0 and to Ay for ¢ > 0. Let functions u(q) and v(q)
be defined by formula (4.2) with A(q) = X(q); u(q) and v(q) are continuous strictly
increasing functions. Denote by g; the diffusion process in R! governed by the generator
A = D;Dj;. The process ¢; behaves as )\—1Wt on the negative part of axis ¢ and as )\12Wt
on the positive part. Its behavior at ¢ = 0 is defined by the domain of definition © 4
of the generator A: a continuous bounded function f(q), ¢ € R!, twice continuously
differentiable at ¢ € {R\ {g = 0}} belongs to D 4 if and only if left and right derivatives
at ¢ = 0, f.(0) and f% (0) respectively, satisfy the equality )\11]“_(0) = )\12]‘;(0) and
Af(q) is continuous.

It is easy to see that functions u.(q) and v.(q) defined by (4.2) with A(¢) = Az(q)
converge as ¢ | 0 to u(q) and v(q) respectively for each ¢ € R'. This implies the following

result.

Theorem 4.3. Let the friction coefficient \o(q) satisfies the conditions mentioned

15



above. Then the stochastic process qf";’e defined by (4.3) converges weakly to the diffusion
process G in R governed by A = DDy as first i | 0, then 6 | 0, and then e | 0.

This means, roughly speaking, that, if the friction coefficient is close to the step-
function X(q), then process ¢}, for 0 < p << 1, can be approximated by the diffusion

process ¢y.

1.5 Multidimensional case

In this section we consider the problem of fast oscillating periodic environment in

multidimensional case. We consider the system

1,0, 1,0,
s 767 q q - 767 i 0 767 - 757
pdy 5=b< = )—A< = )qi‘ LWL, g =qeR?, ¢ =peR?. (5.1)

Here as in Section 3 the process Wf is the approximation of the Wiener process in
R?. We make the same assumptions about the functions \(e) and b(e) as in Section 2. In
addition we assume that the functions A(e) and b(e) are 1-periodic, i.e. A(x+ey) = A(x)
and b(z + ey) = b(x) for x € R? and e; = (0,0, ..., 1(k-th coordinate), ...,0), 1 < k < d.
Under this assumption our system (5.1) could be regarded as a system on the d-torus
T¢ = R?/Z?. Fix € > 0, we can proceed as in Section 3 to see that first as ;| 0 then as
0 | 0 the process g, € converges in probability to the process g7 subjected to

o (%
e € 1 . - d
q; = pe + e oW, ,qp=qcR".
(%) A(%)
€ €
The above equation, written in the form of It6 integral, will be
£ &
b( L va (L
s e) 1 € n 1
() () ()
€ € €
The generator corresponding to (5.2) is the second order differential operator

Lfu(x) = ’ (g) 1 VA (g) -Vu(x) —1—1 ! Au(x)

Our goal is to study the homogenization properties of (5.3) for general multidimen-

W, .,q¢5=qecR?. (5.2)

(5.3)

sional case. Homogenization problems are considered by many authors. However, we

16



provide here an elementary probabilistic way of doing this. Our method follows [10] and
[11] (pp. 104-106).

t 1
Let us first make a change of variable q_ y and — = s. The process y; = —q;
€ € €

corresponds to the generator

1 VA(y) b(y)
“ Y ) T VY

We regard y¢ as a process on T¢. Then we have the bound

AE

< Ke % .

By w) - [ @@

Here K > 0 and a > 0 are independent of € for small . The function f is bounded

and measurable. The function p®(x) is the density of the unique invariant measure of
yS on T¢ and / pf(x)de = 1. We have

'I[‘d

lim p*(2) = p(a) . lim | flapr(@)de = [ f@)p()d

for f € C(T%) and p(x) the unique invariant measure for the process with generator A°
on T¢ and / p(x)dx = 1. Combining these estimates we have, that for any n, for any

Td
t >0 > 0, there exist eg(n,d) > 0 such that for any 0 < € < g¢9(n,d), we have

1
< —.
n

2,7 (%) - [ sy

This implies that for any f € C(T%),

154
limsup |Eq f <qt) — flx)p(x)dz| =0 .
el ¢>5 € Td
Finally we calculate the density pu(x). Since
1 VAy 1
A7 W) g, = (A, - V(InA®m) - Vy)

T2 (y) Y 23(y) 2)2(y)

—1
we see that p(x) = CA(x) with C = < A(m)dw) and we have the following result:

Td
Lemma 5.1. For any f € C(T%), we have
fl@)\(z)dx

£
hmwaJ<%>— T =0. (5.4)
el0 26 € / Ax)dx
'ﬂ*d

17



Corollary. For any bounded continuous function f(x) on T¢, q € T¢ we have

2
t| fle)\(z)dx

! qs T4
E Fl2)ds— -0
q
0 &

/Jl‘d AMx)dx

ase |0, for 0 <t < oo.

The proof of this corollary follows the same proof of the corollary after Lemma 1
in [10].

Now let us consider auxiliary functions Ni(y), k = 1, ..., d, which are the periodic

bounded solutions (i.e., on T¢) of the equations

VyNi(y) = A(N()) = —o— (), y T (5.5)

1 VyA(y) oA
2X3(y) Oy

xSV T ey

The solvability of this equation comes from the fact that (A°)*A(y) = 0 and

1 09X
/ ) —————(y)M(y)dy = 0. The boundedness of solution comes from our assump-
T

2X33(y) Oy
tions on the function A(e). Now we apply It6’s formula:

O\ <q§>
t 5 b 15 X 1 Y
:/ VN, <q> 2 (q8> FRLLATEN (R AN
0 € A qs 2e Jo A3 qs
€ €

Let N(y) = (Ni1(y), ..., Nqg(y)). Using (5.5) we have

18



<(x(2)-~(2)

3 > c Y= (Y1, ..., yq) € T
Yi J1<ij<d
Therefore using the corollary after Lemma 1, we see that q; converges weakly to a

Here (DN)(y) = <

process q;, qp = q € R? governed by the operator

R 02 )
L=—- Qji ——— b; , .
2 Z.JZ:I i 0y;0y; * ; yi (5.7)

with coeflicients

iy — /Td (VNi(y/z(.?XNj(y) n )\<1y) <%]Z: (y) + ZZZ (y)> + 5”)\(174)) dy/(/w )\(y)dy> :

ON;
/ biy)dy  d / b () 2 (y)dy
b, — 21 " Td Oy,

/Td AMy)dy k=1 /Td AMy)dy

Here 0;; = 1 if i = j, and §;; = 0 otherwise.

We could simplify the expression for a;;: using (5.5) we get

‘_’”:/w (v]]:fyxz(;%(y) ! N(i))(ijg <y>+?ajyvj ) ”A(ly Zdy/ ( )dy>
:/Td (div( A(;) ng,(,y» —8?35) AN;(y) — 1 Ni(y)VN;(y) -V ((y)> +
) <?y] (y) +18y; (y)) + 5%@)) dy/( AMy)dy

ON; )
“(y) +
)

o ) g+
3w oy <y>+ayj<y>> wosgg )@ /([ @

aNJ( )Ld / idy
v oy AW 5 e d@) ™
(y)dy

/w A(y)dy ’ /Td A

So we have

19



Theorem 5.1. Ase | 0, the process qi converges weakly to a process q;, qy = q €
RY governed by the operator (5.7) with coefficients given by (5.8) and (5.9).

This Theorem implies a homogenization result for the process g, € defined by

equation (5.1).
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2. SMALL MASS ASYMPTOTIC FOR THE MOTION WITH VANISHING
FRICTION.



2.1 Introduction

The Langevin equation
iy =blg)) =g +o(g) )W, af =q €R" ,gf=peR", (1.1)

describes the motion of a particle of mass p in a force field b(q), ¢ € R", subjected
to random fluctuations and to a friction proportional to the velocity. Here W, is the
standard Wiener process in R™, A\ > 0 is the friction coefficient. The vector field b(q)
and the matrix function o(q) are assumed to be continuously differentiable and bounded
together with their first derivatives. The matrix a(q) = (a;j(q)) = 0(g)c*(q) is assumed
to be non-degenerate.

It is assumed usually that the friction coefficient A is a positive constant. Under
this assumption, one can prove that g} converges in probability as | 0 uniformly on
each finite time interval [0, 7] to an n-dimensional diffusion process q,: for any &, 7 > 0

and any pj = p € R", g = ¢ € R" fixed,

IimP [ ma g >k | =0.
110 <0§t§XT‘Qt qt|ra )

Here g, is the solution of equation

q; = %b((h) + %U(Qt)wt Qo =qy =qE€R". (1.2)

The stochastic term in (1.2) should be understood in the It6 sense.

The approximation of g}’ by g, for 0 < p << 1 is called the Smoluchowski-Kramers
approximation. This is the main justification for replacement of the second order equa-
tion (1.1) by the first order equation (1.2). The price for such a simplification, in
particular, consists of certain non-universality of equation (1.2): The white noise in
(1.1) is an idealization of a more regular stochastic process W with correlation radius
0 << 1 converging to W, as d | 0. Let qf’é be the solution of equation (1.1) with W,
replaced by Wf Then limit of g 9 as 1,0 | 0 depends on the relation between p and
. Say, if first 6 | 0 and then p | 0, the stochastic integral in (1.2) should be understood
in the Ito sense; if first ;v | 0 and then § | 0, g 0 converges to the solution of (1.2) with
stochastic integral in the Stratonovich sense. (See, for instance, [8].)

We considered in [12] the case of a variable friction coefficient A\ = A(q). We
assumed in that work that A(g) is smooth and 0 < A\g < A(g) < A < co. It turns out
that in this case the solution g}’ of (1.1) does not converge, in general, to the solution
of (1.2) with A\ = A(q), so that the Smoluchowski-Kramers approximation should be
modified. In order to do this, we considered in [12] equation (1.1) with W, replaced by
Wf described above:
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phs 76 76 76 - 76 76 X 6 75 - 76
pgy” = b(qi”) = Maq})q" +o(gi" )W, , a4’ =q, ;" =p . (1.3)

It was proved in [12] that after such a regularization, the solution of (1.3) has a
limit qf as u | 0, and qf is the unique solution of the equation obtained from (1.3) as
p=0:

1 1 L5

0 1 1) 1

a4 = ——50a) + ——50@)W, , as=q. (1.4)
M) Y Me) T

Now we can take ¢ | 0 in (1.4). As the result we get the equation

1 1 .
q=——blq)+——0c(q)oW:, qo=q, 1.5

t )‘(qt) ( t) )‘(qt) ( t) t 0 ( )

where the stochastic term should be understood in the Stratonovich sense. We have, for

any 0, x, T > 0 fixed and any po’(S = p fixed, that

limP { ma o — >k =0,
10 <O<t<XT|qt qt’]Rd )

and we have

lim E max — =0.
jm B max 4 — @lrs =

So the regularization leads to a modified Smoluchowski-Kramers equation (1.5).

In this chapter we study a further generalization of the problem considered in [12].
Keeping the assumptions on uniform boundedness and smoothness of A(e), we drop the
assumption that 0 < A9 < A(q) and instead assume that A\(g) = 0 for ¢ € [G] C R"”
and A\(g) > 0 for ¢ € R"\|G]|. Here G is a domain in R" and [G] its closure in the
standard Euclidean metric. For simplicity of presentation we assume in the rest of this
paper that o(e) is the identity matrix. (In Section 3 we further assume that b(e) = 0.)
In order to use the results of [12] we introduce a further regularization of problem (1.5).

We consider the problem
quib(qf)+;owt,q6:q,a>0 (1.6)
Agi) +e Agi) +e
and we study the limit of qf as ¢ | 0. This limiting process can be regarded as a limiting

process of the system
1,0 5 4 s i 0 6, 8,
pdy ™" =b(g") — (M@ ) + )@+ Wy, qg™ =a, @ =p (1.7)

as first ;1 | 0 then ¢ | 0 and then € | 0.

System (1.6), in It6’s form, can be written as follows:

P9 0@ ep P e s (09
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However, as will be shown later, for non-compact region [G], it is sometimes more
convenient to consider the projection of the above system onto another space X. (In
particular, in Section 3 the space X is a cylinder X = S! x [a —1,b+1] for a < 0,b > 0.)
Let us work with system (1.8) on X and compact region [G]. It turns out that, in the
limit, to get a Markov process with continuous trajectories, one has to glue all the points
of [G] and form a projected space €. Let the projection map be w : X — €. We will
prove, for the 1-dimensional case (Section 2) and a multidimensional model problem
(Section 3), that the processes q; = m(q5) converge weakly as € | 0 to a continuous
strong Markov process q, on €. We will characterize the generator of this Markov
process and specify its boundary condition. In particular, we will show that as € > 0 is
very small, certain mixing within [G] is likely to happen for the process gi. This mixing
is the key mechanism that leads to our special boundary condition. We expect that (see
Section 4), within the region that the friction is vanishing, similar mixing phenomenon
will happen for the general multidimensional case.

It is worth mentioning here that some related problems are considered in [27],
[28], [30] and [31]. It is also interesting to note that the limiting process for our two
dimensional model problem (see Section 3) shares some common feature with the so
called Walsh’s Brownian motion (see, for example [1]).

However, at this stage we are not able to prove, in the most general multidi-
mensional case (except for the 2-d model problem in Section 3), the convergence of
q; = w(q5) in (1.8) to some Markov process q,. We will formulate a conjecture about

this in Section 4.

2.2  One dimensional case

Let us consider in this section the 1-dimensional case. Besides the usual as-
sumptions made in Section 1 we suppose that our friction A(e) satisfies A(¢) > 0 for
qg € (—oo,—1)U (1,00). Let A(q) = 0 for ¢ € [-1,1]. Equation (1.8) now takes the

following form:

L blg)  Ng) 1
CTNG) e 20(g) + e M) +e

We suppose that g € [a — 1,b+ 1] for some a < 0 < b. The process ¢} is supposed

Wt,qS:qOGR. (2.1)

to be stopped once it hits g=a —1or g =56+ 1.

Our goal is to study the asymptotic behavior of (2.1) as e | 0. To this end we shall
write the process (2.1) as a strong Markov process subject to a generalized second order
differential operator in the form D,:D,: (see [7], [5], [26]). We have

@) = [0+ 2o (<2 [ 0000 + ) do (22)
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v (g) = 2 /0 " (M@) + £) exp <2 /0 b (M) + 5)dy> dz | (2.3)

For fixed € > 0, the functions u® and v® are strictly increasing functions in their
arguments. As € | 0, they will converge uniformly on finite intervals to the functions u
and v defined by

)= [ Aw)exp (—2 I b(y»(y)dy) e | (2.4

o(q) = 2 /0 " M) exp (2 /O ’ b(y)A(y)dy) da | (2.5)

The functions u and v are strictly increasing outside the interval [—1,1] and have

constant stretches on [—1,1].

Consider a projection map 7: we let 7([—-1,1]) = 0 and 7(q) = ¢+ 1 for ¢ < —1
and m(q) = ¢ — 1 for ¢ > 1. Consider the process ¢ = 7(qf). Process ¢ for fixed ¢ > 0,

in general, is not a Markov process.

Let us define two functions u and v as follows: u(q) = u(q — 1) for ¢ < 0 and
w(q) = u(@+ 1) for ¢ > 0 and w(0) = u(l) = u(—=1) = 0; v(q) = v(g—1) for ¢ < 0
and v(q) = v(g+ 1) for ¢ > 0 and v(0) = v(1) = v(—1) = 0. Here the functions u and
v are defined in (2.4), (2.5). The functions w and v are continuous strictly increasing
functions on [a, b].

Define a Markov process g; on [a, b] as follows. The generator A of ¢; is A = Dz Dj.
The domain of definition D(A) of operator A consists of all functions f that are con-
tinuous on [a, b], are twice continuously differentiable in ¢ € [a, b]\{0}, with finite limit
Z]Liir(lj Af(q) (taken as the value of Af(0)) and finite one-sided limits léiﬂr)l M =

DEf(0) = Dz f(0) = lim FO = F(=0) 15 we have Tim Af(q) = lim Af() =
qg—a q—

)
510 u(0) — u(—0)"
(taken as the value of Af(a) and Af(D)).

Lemma 2.1. There exists the Markov process q; on |a,b].

Proof. The existence of such a process could be checked similarly as in [18, Section
2]. For the sake of completeness and comparison with results in the next section we shall
check it here. To this end we use an equivalent formulation of the Hille-Yosida theorem
(see [18, Section 2] also [32, Theorem 2]). We check three conditions.

e The domain D(A) is dense in the space C([a,b]). This is because we can ap-

proximate every continuous function f with one that is constant in a neighborhood of 0.
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After that in the interior part of the intervals [a,0) and (0, b], at a positive distance from
0, with a smooth function. The approximating smooth function satisfy our boundary
conditions since Af(0) = D7 f(0) = D5 f(0) = 0.
e The maximum principle: if f € D(A) and the function f reaches its maximum at
a point xg € [a,b], then Af(xzg) < 0. If 29 # 0 we have f'(z9) = 0 and f"(z0) < 0 and
f//(xo) :[L'//(mo)

Dabaf(@0) = Sy ~ T @’ 0 <0

If the maximum is achieved at 0, we consider the expansion

f(@) = f(0) + Dgf(0)(u(x) —u(0)) + (Af(0) + o(1)) /Oz@(y) — 0(0))du(y) -

The last integral is O(u(z)v(x)) as  — 0. Since D3 f(0) > 0 and D3 f(0) < 0, by
our boundary conditions at 0 we get Dz f(0) = 0. This implies that Af(0) < 0.

e Existence of solution f € D(A) of \f — Af = F for all F € C([a,b]). On
each of the intervals [a,0) and (0, b] the general solution of equation A\f — DzDzf = F,
F € C([a,b]) can be written as

£ (a) = FE (@) + GE(q) -

Here f*(q) satisfy the equation Af* — DyDyf* = F, fT(0+) = 0 (or f~(0—) = 0),
Dngr(O) =0 (or Dgf_(O) = 0) and G*(q) satisfy the equation \GT — DzDzG* = 0,
GT(04) = kf (or G7(0—-) = k7)), DIGT(0) = k3 (or DG~ (0) = k3 ). Here ki and
k;ﬁ are constants. Our boundary condition gives kf =k, and k; = k5 . The boundary
condition Dz D5 f*(a) = Dz Dy f~(b) = 0 singles out a unique f € D(A).

We have

Theorem 2.1. Ase | 0, for fivred T > 0, the process q; converges weakly in the
space Cjo 1)([a,b]) to the process g;.

The proof of this Theorem is based on an application of the machinery developed
in [14, Ch.8], [17] and [18]. We shall use the following lemma, which is the Lemma 3.1 of
[14, Ch.8, page 301]. We formulate it here in the terminology that meets our purpose.

Lemma 2.2. Let M be a metric space; Y, a continuous mapping M — Y (M),
Y (M) being a complete separable metric space. Let (X{,P%) be a family of Markov
processes in M ; suppose that the process Y (X[) has continuous trajectories. Let (y;, Py)

be a Markov process with continuous paths in Y (M) whose infinitesimal operator is A
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with domain of definition D(A). LetT > 0. Let us suppose that the space Cio (Y (M))
of continuous functions on [0,T] with values in Y (M) is taken as the sample space, so
that the distribution of the process in the space of continuous functions is simply P,,.
Let W be a subset of the space Cjg o) (Y (M)) such that for measures p1, pa on Y (M)

the equality /Fd,ul = /Fd,u2 for all F € VU implies 1 = po. Let D be the subset of

D(A) such that for every F € W and X\ > 0 the equation \f — Af = F has a solution
feD.

Suppose that for every x € M the family of distributions Q5 of Y (X§) in the space
C[07T](Y(M)) corresponding to the probabilities of P%, is weakly pre-compact; and that
for every compact K C Y (M), for every f € D and every X\ > 0,

E; /OO e MY (XP)) — AF(Y (XP)dt — f(Y (x))

0
as € | 0 uniformly in x € Y 1(K).
Then Qg converges weakly as € | 0 to the probability measure Py (,).

Proof of Theorem 2.1. Making use of Lemma 2.2, we take the metric space
M =[a—1,b+ 1] and the mapping Y = 7. The space Y (M) = 7([a — 1,b+ 1]) = [a, b].
We take the process ¢; as (X7, P%). We take the process g; as (y;, Py).

Let ¥ be the space of all continuous bounded functions in [a,b] which are once
continuously differentiable inside [a,0) and (0, b], with bounded derivatives. The space
D C D(A) consists of those functions f € D(A) such that they are continuous and
bounded in [a,b] and are three times continuously differentiable inside [a,0) and (0, b],
with bounded derivatives up to the third order.

Pre-compactness of the family of distributions of the process {q5}c~¢ is checked in
Lemma 2.4. What remains to do is to check that for every compact K C [a, b], for every
f €D and every A > 0,

Eq [/OO e MINf(m(af)) — Af (m(g))dt — f(m(a0))| — O
0

as € | 0 uniformly in ¢y € 7~ 1(K). This is done in Lemma 2.5. This finishes the proof
of Theorem 2.1. [J

For positive § small enough, let G(§) = [a—1,—1—=§]U[1+0,b+1]. Let 0 < ¢’ < 4.
Let C(§') = {—1—-0",1+¢"}. We introduce a sequence of stopping times 79 < 0¢g < 71 <
01 < Ty <oy <.. by

70=0, op =min{t > 7,,¢; € G(0)}, T, =min{t > 0,1 :¢ € C(0')} .
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This is well-defined up to some o (k > 0) such that
P (f4o, hits a —1 or b+ 1 before it hits —1 — dorl+d)=1.

We will then define 747 = min{t > o} : ¢ = a— 1or b+ 1}. And we define
Tl < Opy1 = Tl + 1 < Tggo = Ti1 + 2 < 0py2 = 711 + 3 < ... and so on.

We have lim 7, = lim 0, = oo. And we have obvious relations ¢ € C(¢'),
a, € C(9) fornl_%o n < k:n(_aigolong as k > 1, if k = 0 the process may start from G(J)
and goes directly to a — 1 or b+ 1 without touching C(¢’) and is stopped there, or it
may start from (—1 — 4,1+ 0), reaches {—1 — 4,1 + 0} first and then goes directly to
a—1 or b+ 1 without touching C(¢’) and is stopped there). Also, for n > k+ 1 we have
¢, =q,, =a—1lorb+ 1. If g5 = qo € G(J), then we have og = 0 and 7y is the first
time at which the process ¢f reaches C(0’) or {a — 1,b+ 1}.

Now we check weak pre-compactness of the family of distributions of the processes
{@ }e>0. To this end we need the following lemma, which is Lemma 5.1 in [18]. We

formulate it using our terminology.

Lemma 2.3. Let §5° for every e >0, 6 >0, be a random element in Cj 11([a, b])

such that Jmax lgF — af’é < § on the whole probability space. If for every positive § the

family of distributions of af’(s, e > 0, is tight, then the family of distributions of ¢ is

pre-compact.
Now we have
Lemma 2.4. The family of distributions of {q%}>0 is pre-compact.
Proof. Let 0’ = §/2 so that we need only one parameter 0. Between the times o;_1

and 7; the process ¢f is either in [a, —1—0/2) or in (1406/2,b], and for 0,1 <t <t <7

we have |¢f — ¢5| = |¢f — ¢5|. Since we have

T b(g) N(g2) oo
S = ST s ds—l—/ ——dWj
G / [quw 2@@5)%)3} . M@ +e

we can estimate

El¢ — | < K(®)|t—t']%.

The constant K (§) is independent of € provided that ¢ is small. Now we let

s [ o [ b(gd) N(g)
zi° = / Lo/ (4:) [ng) e 2(\(g) +
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From the above estimate we see that Z; 9 for fixed § > 0 is tight. The trajectories
of these stochastic processes satisfy the Holder condition |Z{° — Zf,’a\ < HSO|t — /|15
where H®? are random variables with E(H®%)* bounded by the same K (§).

For i > 1if ¢;, € C(§/2) and ¢, € C(6) then between the times 7; and o; (< T)
the process ¢; travels a distance at least §/2 and at least this distance in G(§/2) on the
same interval either [a,—1 —§/2) or (1 + d/2,b]. By our estimate on Holder continuity

5
of Zf’(s this implies that o; — 7; > (4;€5> ,i> 1. If ¢, € {a—1,b+ 1} then by our
definition of the stopping time o; = 7; + 1 we can choose § small enough such that the
above inequality also holds.

Now we shall define the process q; 2 as follows.

e For 0;_1 <t <T7; we take (}f’6 =q;.

e For 79 <t < 0g we take ?]f’é = q5,- This gives max ]E]f’(s —¢| = max |, —

T0<t<00 To<t<og 0
g <.

o If 7, < T < o; we take @f’é = ¢;, for 7; <t < T. This gives Iiltaé(T@f’a — | =
7 <t<
max |q;. — gi| <9/2.

T <t<T
o If 0; <T. In this case if g7, and ¢, are within a distance < § from 0, we define
~0 0
Tito; )
2

2(t —7; i i
af,z?:(l_(ﬂ))a%forngtgﬂ—;%’

g; — T

2(t — 1 i i
a§:5:_<1_(m>a§_forwgt§01

o, —T; ‘ 2

Since this is just a linear interpolation it is clear that in this case we have max lq; o
7, <t<o;

g;| < 26. Within this time interval 7; <t < t' < oy, i > 1 we have

d |t_t/|1/5 §211/5H8’5|t—t,’1/5 )

5 5 o
[ |<U,7|t—t/|§

_‘Z_Ti‘ ( 1

I
Another possibility is that ¢5. = ¢5. = a—1 or b+1. In this case we define g; 0 = q;
for m; <t < o;.
On the whole interval 0 < ¢ < ¢’ < T we have ]Z]f’é — (}f,’él < (215 1 2)Hed

for |t/ —t| < < 0

t/ —t|1/5

QA HED
family of distributions of ¢} “ in the space Cio,([a, b]). Since we checked [Jnax ]?]f’é -

5
> . This means that for fixed 6 > 0 we have the tightness of the

g;| < 26, by using Lemma 2.3 with 20 instead of 0 we get the pre-compactness of the
family of distributions of ¢; in Cjg 7([a,d]). O

The proof of the next Lemma 2.5 is based on Lemmas 2.6-2.10. Within the proof
of this lemma and the auxiliary Lemmas 2.6-2.10, we will take ¢ | 0, 6 = d(¢) | 0,
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8" = 4'(¢) | 0 in an asymptotic order such that 0 < e << § << §. Although not very
precise, but for simplicity of presentation we will just refer this choice of order as first
€10, then & | 0 and then ¢ | 0. It could be checked that such an order of taking limit
does not alter the validity of the result.

Throughout the rest of this section and next section when we use symbols U, V,
M;, C;, A;, etc., they are referring to some positive constants. We will not point out
this explicitly unless some special properties of the implied constants are stressed. Also

we sometimes use the same letter for constants in different estimates.

Lemma 2.5. For every compact K C [a,b], for every f € D and every X\ > 0,

Eq, [/OO e M (m(af)) — Af (m(g)dt — f(m(a0))| — O

0

as € | 0 uniformly in qo € 7 1(K).

Proof. The above expectation can be written as

B [ 32| [ e St~ ASrai -+ (65, et ) | +
S [ / T NS (ra)) — AF (@)t + e f (e, L)) — €0 f (w(qin))H
n=0 -’ n

“ By | S ) + 3 e (e

n=0 =0 (2.6)
where

¥ilq) = Eq [/an e MNf(m(ap)) — Af(m(g)ldt + e_A"Of(W(QZO))] —f(=(q), (27)

¥3(q) = Eq [/Tl e MAf(m(ap)) — Af (m(g)ldt + emf(ﬂ(fﬁl))} —f(=(q) . (238

0

We used the strong Markov property of ¢;. Since for n > k4 1 we have 9{(¢: ) =
¥5(q5, ) = 0 we can assume that the function 95 is taken at a point on G(6)\{a—1,b+1}
and the expectation is determined by the values of the process ¢7 in one of the intervals
either (1 + 6’0+ 1] or [a — 1,—1 — ¢’). We will prove, in Lemma 2.6, that under our
specified asymptotic order we can have [§(q)| < (a(8) — u(—9))? as e | 0.

We can assume that the function 15 is taken at a point in [—1 — ¢, 1 + §’] (in the
case when n = 0 and ¢f € G(6), we also have 9{(gp) = 0). We can write
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¥i(q)

g0

= (Bof (n(45,) — f(7(a))) = Eq(1 — ) f(m(g5,)) + Eq/o e MAf(m(af)) — Af(n(4f)))]dt

= (I)*(q) + (11)*(q) + (11T)"(q) -
(2.9)

We are going to prove, in Lemma 2.8, that for ¢ € [-1 — ¢’,1 + ¢'], for a function
f € D we can have the estimate |(1)*(q)| < M7 (u(8) — u(—9))?.

In Lemma 2.9 we will show that E o0 < M;(u(d) — u(—9))(v(6) — v(—6)) and
B,(1 — e0) < My(@(6) — (—5))(3(6) — 5(=3)) so that |(IT(q)| + [(IIT)7(q)] <
My (w(0) —u(—0))(v(6) — v(=0)) for g € [-1 =&, 14 4"].

These estimates show that

[Wi(@)] < ((8) — u(=0))* + M (u(8) — u(—0))(T(8) — v(~4))

forall g € [-1—0",1+¢].
As we only consider the arguments ¢5 of 9§ in (2.6) being in [-1—¢', 1+0'] starting
with n = 1 (otherwise ¢ = 0), we have, by strong Markov property of ¢;, that

[eS)
Eq e i(d,)
n=1

< (@(6) = ua(=6))* + Mi(a(8) — a(~0))(0(6) —(=3)) ) Egpe ™

< (a(0) — a(~0))* + Mi(u(8) — a(—8))(3(8) — 0(=3)) ) ( sup qu_m> :

qeG(9)

n=1

We will show, in Lemma 2.10, that E;e ™ < 1 — Myu(8) A (—u(—9)) for all

q € G(§). Since as § | 0 we have 0 < My < _gg(i)&)’ < M3 < 0o, we have
qu Ze ATn¢€ an)
n=1
< ((a(6) = a(=6))* + My (u(6) — u(—=6))((6) — 0(=0)))~—= — — 0

Ma(u()) A (=u(=9))

as 0 | 0. For n =0 the expectation Eg1{(qj) is small as ¢ is small.

For the second term in (2.6) we can estimate

oo
=< Zqu_A”"W )| <D Ege Y5 (g)]

n=0
)(ﬂ(5) — u(~4))”

ZE 6_)\0”1/}2 qg

n=0

< (U G A o)
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which converges to 0 as € | 0. This proves this lemma. [J
Lemma 2.6. We have, for ¢ € G(3), as € is small, that [¢5(q)| < (W(d) —u(—4))2.

Proof. For the initial point ¢ € G(J) and the time interval 0 < ¢t < 7; the trajectory
of ¢ is traveling in one of the intervals either [1 +¢’,1 +b] or [a — 1, —1 — §']. Without
loss of generality let us assume that ¢ € [1+ 9,1+ b] and we are traveling in the interval
[14+0",14b]. Let ¢ = m(q). Let B(q) =b(g+1) and A(q) = A(¢+1). Let us extend the
function A(e) to the whole line R. The extended function K(o) is smooth, bounded, with
uniformly bounded derivatives and such that A(z) > min  A(q), K(I) =142z

qE€[1+6',1+]
for z € [0, 0].

Let the process Ef be subject to the stochastic differential equation

. o~ ~, e
avj _ B(q,) . A(q,)

~ == ~ ==

A(g,) +e  2(A(g) +¢)?

1 . ~
+ == Wt,g’g:q,ogt<oo.
(q)+¢

=

We introduce a stochastic process /q;t, 50 = ¢ with generator ;1\, subject to the

stochastic differential equation

~  B(g) N 1 . =
5=0W M@ 1 oy s G o<t<oo.
A(Qt) 2A3(Qt) A(Qt)

Notice that the modified generator A agrees with A before the process ¢f reaches

¢z,- And before the time 7 the process Ei agrees with the process ¢;. Therefore we

have,

¥5(0) = By [ [ e @ - As@ar - e‘”lf@“;)] @

It is clear by It6’s formula that we have (also see, [16, Section 2]), for the stopping

time 7,

E, [ [ e G - ArGotar - e—mf@l)] _f@=0.
0

Notice that the function f € D C D(A) is three times continuously differentiable
in [0’,b]. This gives the estimate that for some positive U,V > 0 and T = T'(¢) we have
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@l
By [ e MNG@) - @)~ (AFG) - AFGle— " (@) - 1)

T(e) ~
< Eg (/0 Ae™Mdt (Lip(f)) - [, — @+

T(g) ~ =~ ~3 =
/O e Mdt (Lip(Af)) - [@; — Gl + (Lin(£)) - 3, — G, [1(m < T<€)>> i
VP(r > T(e))

2 =
< Eslq, — P >T
< U (o Egld, ~ @) + VP(n 2 T()

>~ =9 1/2
< Ezlq; — P(rn>T .
<U max (Bglas ~@l?) "+ VP(n 2 T(e)

By the integral form of the stochastic differential equations of the processes /Q\f and

q; we have

(ﬁ@ M@ )_({f@i)_ V@) )]d
AG@) +e  2(A(q) +e)? AG@)  2(A())?

<§<§i>_ V@) )_(5@5)_ N@,) )]d
M@ 2(A@)) \A@) 204@)?
1 1

(
/f 1 t 1 ?
— — dW +/ — — — dW .
o |A(@)+e A, o |A(@) A®@,)

1 1
Let a(A) be the Lipschitz constant of — (x > A), 5(A) that of 53 (x > N), v(8)
x x

~ A7
that of @ - /}\(Q) (g >0"), u(0’) that of Al (g >0"). Let m(6') = min A(x).
Alg)  2A(q)? A(q) z€[d".b]
We can estimate

~ / <AB<qi> A )_(f;(qi)_ (@) )]d

o [\A@) +e  2A(@) +¢)? A 2(A(@))?

< Aq (2% [a*(m(8")) + B*(m(d)]) ,

/t <§@’Z>_ V@) )_(fg(fs)_ @) )] s
o [\NA@) 24@)») \A@) 208@)7

< Asty? () / E3lq, — q,|%ds
0

E

Ej
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t 1 1 t
E~/ = - = aw, S/ e2a?(m(0"))ds = e*ta®(m(d")) ,
"o [A@’Zw NGAY I
t 1 1 2 5 t ~ ~ 5
E~/ = =.  ==_ dWS S,U, 5//E~qs_as ds .
"o [A@) 2@ (0, Fald ~

We have, by using the above estimates, with a possible change of the constant C,
that

Eqlq, -3, <C <t62(t(a2(m(5’)) +52(m(8")) + o (m(&))) + (t7*(8") + u2(5'))/0 Eqld, —§s|2d8> -

By Bellman-Gronwall inequality we have

Egla, — &l* < Ct2(Ha (m() + B2(m(&)) + a*(m(5))) exp (Cty*(8) + i2(5))E) -

1 As As
N < ——=< n) < N <
As we can check that [a(m(d"))] < ()’ B(m(d")) < ()’ ~v(9') < () and
A
|u(8")| < —=2— this gives, as &' is small, that

m2(4")

~ 1/2
0<I<T(e) <E5’§: - th) <
< CT(e)e(a?(m(d)) + F2(m(¥)) +

a2(
T(e

3

—~
~—

e

< CT(e) Q) exp (CTQ(g) minl )\S(q)) :

min
q€[1+6,14b] gE[1+6",1+b]

Noticing that by strong Markov property P(m; > T'(¢)) < K exp(—pT'(¢)) for some
p >0, K > 0, we see that

€ 1

[V5(q)] < CT(e) (g &P (CT *(e)

min
q€[1467,1+]

min
q€[1+6',1+b

]/\S(q)) + Vexp(—pT(e)) .

1
Let us choose T'(¢) = 4/Inln —. We will then have
€

€ < C | 1nl 1 V2 € 1 1 e[lréi?iLb]/\S(q) Inl 1
— — q i — —
[W3(a)] < nin - min_ M(q) n + Vexp(—py/In ng)) :

q€[146',14b]
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For fixed ¢’ > 0, one can choose ¢ small enough such that

U()E-?"i 1
[W3(q)| < N(g) + Upexp(—p4/Inln g)

min
qE[1 46" 14b]U[—14a,—1—6']

for some Uy > 0, p > 0 and 0 < k < 1. As we choose first £ | 0 and then ¢’ | 0, this
gives that as ¢ is small we have [15(q)| < (u(8) — u(—9))%. O

Lemma 2.7. We have, as €,6,0" are small, for ¢ € [-1 —0',14+ ] and C > 0,
that

ey _ g W0) —u(=0) _u(¥)—u(0) + Ce
Putrti) =)~ 5| < e

ey _ u(d) — u(0) u(8") —u(0) + Ce
Pr() = ) Sy < A

Proof. Let ¢ = 7(q) € [-4',0']. We have, for bounded positive functions C4 (4, ¢),
C3(9, ¢) and positive constants Cp, Cy, C, that

ey _ s W(0) —u(=9)

Purten =0~ —2p|
B e O

ws(1+0) —us(=1—0) () —u(-0)| _ B
_ |u(0) —a(=6) +u(g) — u(0) + C1(4,e)e  u(0) — u(—9) ‘

B u(0) — u(—0) 4 Ca(d,€)e u(6) — u(—9)
< (a(g) = u(0) + Cie)(u(d) — u(=9)) + Coe(u(0) — u(=9))
T N (u(6) —u(=0))?

u(d8’) — u(0) + Ce

T(6) — (—0)

The estimate of P,(7(q;,) = —9) is similar. OJ

Lemma 2.8. We have, as € are small, for ¢ € [-1 —¢',1+ ], that |(I)¢(q)| <
C(@(0) — u(=0))*.

Proof. We have, using Lemma 2.7, that
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[(1)*(a)]
= [Eqf(7(g5,)) — f(m(q))]

=700 = SOz =)= (0) = S=)Py(rlzy) = =0)+ (0) = Sxa))
S(f@é;{@?)emw()—%fm)—fGﬁDaw)ﬂ(5A+
“()ﬁwé) + (@) — (0))
SO SN w0 (5010, 1010,
ORI i(®) — a(0)  u(0) — ()
O )+ o) )

< C3(u(6) — u(—=6))* + Cy + C5(u(8') — u(0)) .

u(d") —u(0) + Me
u(0) — u(=0)
We have used our gluing condition D+ f(0

|

D= f(0). Now we choose first ¢ | 0
then ¢’ | 0, we get, as ¢ is small, that |(1)°(q) ) —

) =
< C(u(0) — u(-0))*. O

Lemma 2.9. Ase,0,8 are small, for g € [—1—¢',1+ §'] we have,
Eq00 < C(u(8) —u(=0))(0(8) =0(=0)) , Eq(1—e ) < C(u(6) —u(~0))(3(8) —(~5)) -

Proof. We apply the well known formula for the expected exit time (see, for
example [29, Chapter VII, Theorem 3.6]) and we have

146
E o0 :/ G*(q,r)dve(r) ,

16
where the Green function
(u(g) —u(=1=19))(u" (1 +6) —u(r))
() W ) (1 +0) — ()
G(q,r) = ué(r) —uf(—1— ut —ut(q L
(g,7) e s for —1-0<r<q<1+94,
0 otherwise .

for —1-6<¢g<r<1+494,

Therefore it is easy to estimate

E o0

< (u(1+6) —u* (=1 =9))(v*(1 +6) —v° (=1 —-9))
< (u(6) — u(=0) + Cee)(v(d) — v(—0) + Cre)
< C(u(d) — u(=0))(2(8) — v(=0))

as desired.
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This helps us to find

E,(1 — e ) = \E, [ /0 " e_)‘sds} < AE,00 < C((8) — u(—6))(@(8) — v(—0)) .

Lemma 2.10. For g € G(0) and ¢ sufficiently small, we have

3 3 7AT1 < _ ~ _N _
}Sllﬁ%lalﬁ)lqu <1-C(u(d)) A (—u(—=96)) .

Proof. Without loss of generality let ¢ € [1 4+ d,1 4+ b]. The expected value
M?(q) = E4e 7 is the solution of the differential equation DDy, M®(q) = AM¢(q),
ME(1+6") = M5(1+b) = 1.

There exist two solutions f7(q), f3\(¢) of the equation D, D, f = \f with f(1) =
f2(14+0b) =1 and f}(1+0b) = f2(1) = 0. The derivatives D, f(z), Dyfs(x) are
increasing functions, —oco < lqiﬁl Dy (f}+ f3)(q) < 0,0 < qlTiIIEb Dy (f + £3)(q) < oo (see
(7], [26]).

We shall make use of Lemma 2.6. Since ¢ € [1+6, 1+ b] we see that o9 = 0. Lemma
2.6 tells us that, for kK = 1,2, we have

lim
el0

E, b e MR (@F) — DuDufR(g))dt + e 205 | — fr(a)| < (@(6)—u(—5))>.
0

Taking into account the definitions of flA, f2’\ we see that the above inequality gives

i By ) — )| < (@(0) - -0)2.

Since f(¢Z,) = f{(1+6") when ¢5, = 146" and f(¢5,) = fi(1+b) when ¢S, = 1+,
we see that for some K > 0 we have

i e _ UB0ED) — RO+ IR@ + (RO +8) ~ R +H) )

s
i RO+ RO+ - RO+0)FA+) < K(@(8)-u(-9))

(The expression

(f2(1+b) = f31+0) M) + (S A +0) — fr(1+0)f2(q)
A+ 21 4b) = R +b)f2(1+5)

is the solution of the equation \f(q) = D, D, f with f(14+46") = f(1+0)=1.)
This gives
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b L B (1 — e ) = [1 = (fi'@) + 3 (@)]| < K(a(8) —ua(-4))* .

Taking into account that —oo < hﬁl Dy (f+£3)(g) <0,0 < lTilmb Du(f+1)(q) <
q qT1+
oo we see from the above estimate that
limlimE,(1— e *) > C(u
bin Tixn g(1—e"™) = C(u(d))

for ¢ € [1 + 0,1+ b] and ¢ sufficiently small. The case of u(—¢) is handled in a similar
way. [

2.3 A two dimensional model problem

In this section we discuss a two dimensional model problem. We work with a
Smoluchowski-Kramers approximation in the plane R?. Let us suppose that the friction
coefficient \(e) depends on the y variable only: A(x,y) = A(y). Suppose for y € [-1,1]
we have A(y) = 0. For y ¢ [—1,1] we have A(y) > 0. For simplicity of presentation we
also assume that the drift is zero: b(e) = 0. All the other assumptions about \(e) are
the same as was made in Section 1.

In addition, we assume that for ¢ > 0,

-1 1 1+e 1
——dy = / ——dy =00 .
/;E—l )‘(y) 1 )‘(y)

(In the case that both integrals converge the proof of Lemma 3.1 repeat that in the case
of both integrals divergent but we do not know anything about the case of one integral
convergent and the other divergent.)
As we already introduced in equation (1.8) of Section 1, we are actually considering
the stochastic differential equation for the position of the particle i € R? as follows:
q; = — VA(g) + ! W,, gg=q,eR?>, >0. (3.1)
20M(g5) +¢)*  Agf)+e 0T
By taking into account our assumption on the friction coefficient A we can write
the above equation in coordinate form. Let g5 = (a5,y). Let W; = (W, W2). We

have

1 .
B =—— W, i =20 R,
Py e 0 59
.o A/(yf) 1 172 £ ()
Y = — We, yg=y eR.

2NwE) + 2 | A +e
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Let a < 0 < b be given. Throughout this section we will assume that our process
q; is stopped once it exits from the domain {(z,y) € R? :a -1 <y < b+ 1}. We
therefore suppose that yo € [a — 1,0+ 1].

Note that, similarly as in Section 2, the process y; is a strong Markov process

subject to a generalized second order differential operator in the form Dz (,) D, (,) where

Y)

u®(y) = /Oy()\(s) +e)ds , v°(y) = Q/Oy(/\(s) +¢e)ds . (3.3)

Let

u(y) = /Oy A(s)ds , v(y) = 2/0y)\(s)ds . (3.4)

We have the obvious relation u°(y) = u(y) + ey and v*(y) = v(y) + 2¢ey.

Let us identify points in the z direction z ~ x + 27. Therefore we get a process on
the cylinder S' x [a — 1,b + 1], stopped once it hits the boundary {y =a — 1 or b+ 1}.
Let

0; = x; mod 27 ,
{ Yi =Yi -

In the rest of this section we refer to the process g; as the one on a cylinder:
q; = (65,%5) is on the cylinder S! x [a@ — 1,b + 1]. When we speak about the process
q; on the domain {(z,y) € R?:a—1 <y < b+ 1} C R? we will instead refer to the
coordinate representation (zf, ys).

Let @ be the product S' x [a,b] with all points S' x {0} identified, forming the
point 0. A generic point on ¢ will be denoted g = (6,7%) where § € S! and 7 € [a, b]. All
points (6, 0) correspond to o.

Let us consider the following projection map 7 : S* x [a — 1,0+ 1] — €. We let

O,y—1), forl<y<b+1;
w(0,y) =< (B,y+1), fora—1<y<—1; (3.5)
o, for —1<y<1.

Let w(q5) = q; = (65,9;). We see that g7 = 7(y5) where 7 is the projection map
introduced in Section 2.

Let, as in Section 2, u(y) = u(y — 1) for y < 0 and u(y) = u(y + 1) for y > 0 and
w(0) = u(l) = u(—=1); v(y) = v(y—1) for y < 0 and v(y) = v(y + 1) for y > 0 and
v(0) = v(1) = v(—1). The functions u(y) and v(y) are continuous strictly increasing
functions on [a,b]. Let A(§) = A(J — 1) for § < 0 and A(§) = A(J + 1) for § > 0 and
X(0) = 0.

Let A be the operator given, for iy # 0, by the formula
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1 02
a5t -
% (j) 00
Let D(A) be the subset of the space C(€) consisting of functions f(q) for which

Af(0,y) is defined and continuous for y # 0, the derivatives in it being continuous; such
that finite limits

Af(0,y) = Dy mD @f-{- (3.6)

lm Dy (0'.9) ., Im  Diyf(0.5) (3.7)
0'—0,y—0— —0+
exist;
hm Af(0,7) (3.8)
0'—0,y—0
exists and does not depend on ;
lim  Af(@,y) = hn~1 Af(0,9)=0; (3.9)
0'—0,y—a —0,y—b
and
2w 2w
li D; " 9)dO = li D; ! . 1
|, dim D@ o= [ tm D@ @a0)

It is worth mentioning here that the above condition (3.10) in the definition of D(A)
can be replaced by the condition that 9/_)10{%11_)0_ Dy f(¢',y) and 9/-»5,?->0+ Dy f(9',9)
not depending on 6 and coinciding. In this case the proof of Lemma 3.1 remains the
same.

Let us define, for f € D(A), Af(0,a) and Af(0,b) as the limits (3.9) and Af (o) as
the limit (3.8). The operator A defined on D(A) is a linear operator D(A) — C(¢).

Lemma 3.1. The closure A|pay of the operator A|p(a) exists and is the infinites-
imal operator of a Markov semigroup on C(€).

(The corresponding Markov process g, stops after reaching the boundary of €
(y=aorhb).)

Proof. We use the Hille-Yosida theorem and we check the following:

e The domain D(A) is dense in C(€).

This is because we can approximate every function g in C(€) by a function f which
is smooth, close to g outside a neighborhood of 0 and is equal to g(0) in the neighborhood
of 0. This function f satisfies our restrictions on D(A) and can approximate the function
g with respect to the norm of C(€) as we choose the neighborhood of o small enough.

e The operator A|p(4) satisfies the maximum principle: for f € D(A), if this
function reaches its maximum value at a point g € € we have Af(q) < 0.

Indeed, for g = (0,a) or (6,b), we have AQf(fﬂ =0. If g = (0,y), y # 0 the first

. o ~ 0 .
partial derivatives at q are equal to 0 and 202 f0,y) <0, D5 Da) < 0. Finally,
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if ¢ = 0 we have the left-hand derivative Dg@) f(6,0) > 0, the right-hand derivative
Dg(g)f(H, 0) < 0 and by (3.10) both these derivatives are equal to 0. It follows then that
the limit as 4 — 0 of the second y-derivative is non-positive for all § € S*. Since the
integral over S' of the second  derivative is equal to 0 for all § # 0, taking into account
that Af(o) is equal to the limit (3.8), we have that Af(o) <O0.

It follows from the maximum principle that for A > 0 the operator Al — A|pa)
does not send to zero any function that is not equal 0, and this linear operator has an
inverse (that is not defined on the whole C(€)), with [[(AI — A|p(4)) '] < A7'. Every
bounded linear operator does have a closure (which is just its extension by continuity),
and with it the operators Al — A|p(4) and A|p(4) also have closures.

e Finally, to check that we can apply Hille-Yosida theorem to the closure m
we have only to check that the bounded operator (Al — Afp( A))*l is defined on a dense
set. That is, for a dense subset of F' € C(€) there exists a solution f € D(A) of the
equation

AN —Af=F. (3.11)

Let us take F(6,7) = ¢ G(y), defining F(o0) as its limit as 7 — 0. Of course for
n # 0 we have to have lir% G(y) (which limit we’ll take as the value G(0)) equal to 0.
y—)

We shall look for the solution f € D(A) of the equation (3.11) in the form f(6,y) =
e g(7) (again, for n # 0 it should be g(0) = lir% g9(y) =0).
y—)
The differential equation for g(y) following from (3.11) is the ordinary differential

equation
2

A+ ;@)M@ — Dy Da9(@) = G() (3.12)
2

and it should be solved with the boundary conditions X;L( )g(a) — Dy Dagy9(a) =
a
2
X?(b)g(b) — Dy D9 () = 0, Dg19(0) = Dy 519(0) and for n # 0, g(0) = 0. From

the boundary conditions we get at once g(a) = A"1G(a) and g(b) = A"1G(b).
For n = 0 the equation (3.12) with the boundary conditions Dy Dygg(a) =

Dy 5 D3(59(b) = 0 and the gluing condition Dio g(0) = Dg@) g(0) is just the ordinary
differential equation for a one-dimensional diffusion process that has been considered
infinitely many times, and it has a solution for every G € C|a,b|. Let us go to the case
n # 0. We are going to consider the intervals [a,0) and (0, b] separately; what follows is
about the interval (0, b].

Similarly to how it is done in, e.g.[7], we can prove that there exist two non-negative
solutions &1 (y) and &»2(y) of the equation

2

22(7)

A+

)&M) — Dy Daéi(y) =0, 0 <y <b, (3.13)
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) =0, &1(b) < o0,
0, D “)52( ) <

the first one increasing and the second one decreasing, £1(0) = &2(b
§2(0+) = oo. The derivatives Dy §:(y) are increasing, Dy £1(0) =
It is easily checked that the Wronskian

Dyé1(y) Da@)&@)
1(y) 3100

(both summands Dyg)&1(9) - €2(y) and — Dy &2(y) - §1(y) are positive) does not depend
ony: W(y) =W > 0.
Now we define, for y € [0, 0],

W (y) = det (

1 v b
9(y) = W lfz(@ /0 £1(2) - G(2)dv(2) + & () /~ éz(Z)-G(Z)dﬁ(z)] - (3.14)

It is easily checked that Ag(y) — Ag(y) = G(¥y) for 0 < y < b.

Of course
b
@) < [ ) / 61(2)di(2) + & (7) / s<z>d5<z>] SENERE)
Let us check that this goes to 0 as y — 0+.
We have:
i(z) = Da@)Da@fz‘(z)
' A+ n2/X2(2)

so the first summand in the brackets in (3.15) is less or equal

&) - Dag&1(y) — Da&i(0) _ &) - Dag&i(v) - w
’ Olglzln [\ +n2/32(2)] Orgﬂzigg[)\Jrﬁ/p(z)] Oglzigg[/\Jrn?/p(Z)] ,

and it goes to zero as y — 0+.

The second summand in (3.15) is less or equal

Dy é2(c) — Dy@)&2(v) 8@ Dy 5)62(b) — Dy§2(c)

i [A+n?/ X2 (2)] oin, [A + n2/X3(z)]

&(y) -

: (3.16)

where y < ¢ < b. The first term in (3.16) is less or equal

—&1(y) - Dané2(v) < w
yglzlgc[AJrnz/Az( 2) yglzlgc[AJrnz/V( 2)]

and it can be made arbitrarily small by choosing a positive ¢ close enough to 0. The
second term in (3.16), for a fixed ¢ > 0, converges to 0 as § — 0+. So we get that
hm g( y) =0.
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Now we are going to find Dg(5g(0+). We have:

- 1
Da9(®) = 37

b 0]
Da@&@l 52(2”)'G(Z)d5(2)+Da@€2(?7)/0 El(z)-G(z)d”ﬁ(z)]
(5.17)

c b
The first integral here is equal to / + / , and it is not greater than
Y c

G - [&2(w) - v(e) + &ale) - 0(b)]

and the first summand is not greater than

IGIl/W - W -5(c) + &2(c) - v(b) - D& ()] -

By choosing ¢ € (0,b) close enough to 0 we make v(c) arbitrarily small; and we
know Dg&1(y) — 0 as y — 0+. So the first summand in (3.17) goes to 0 as y — 0+.

The second summand in (3.17) does not exceed in absolute value

1G]l - &) - 1 Dagy&e@)] - 02(H) < |G- W -9(y) =0 (¥ — 0+) .

Now we are looking for the solution ¢(y) of the equation (3.12) with the boundary
conditions under this formula in the form g(y) = g(y) + C - &1(y). For the undetermined
coefficient C' we get one linear equation, and it does have a solution since &;(b) # 0.

The same way we get, for n # 0, a solution g(y) for y < 0 with g(0—) =
Dy59(0—) = 0, g(a) = p~'G(a).

So we get a solution f € D(A) of the equation (3.11) for every function F(0,y) =
N .
S €m.G (), Gu(y) € Cla,b], such that Gy, (0) = 0 for n # 0 (we take f(0) = Go(0)).
N

n—=——

The set of such functions is dense in C(€) so that the closure operator (A — A|p(4))~
is defined on the whole C(€) which finishes the proof. [J

1

Let q; be the Markov process corresponding to A| D(4), whose existence was proved

in Lemma 3.1. We prove the following

Theorem 3.1. Ase | 0, for fited T > 0, the process q; = w(q5) converges weakly
in the space Cjo 1)(€) to the process q;.

The proof is again based on an application of Lemma 2.2.

Proof of Theorem 3.1. Making use of Lemma 2.2, we take the metric space
M = S'x[a—1,b+1] with standard metric. The mapping Y = 7. The space Y (M) = ¢
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is endowed with the metric d, defined as follows. For any two points (61,%1) and (62, 92)
on € with y1, y2 having the same sign we let d((61,91), (62, y2)) be the Euclidean distance
between points (|71 | cos 61, [71]sin61) and (|72 cos fa, |ga] sin 63) in R?; if §; and 7o have
different sign we take d((01,91), (02,92)) = d((61,91),0) + d(o, (02,72)). With respect
to this metric the space € is a complete separable metric space. We take the process
(X7, P%) as ¢f and the process (y;, P,) is taken as g;.

For the uniqueness of solution of martingale problem we set the space ¥ be the
N
space of all continuous functions on € which has the form F(6,7) = > €™ . G.(¥),
n=—N

G, € Cla,b] is continuously differentiable inside [a,0) and (0, ], also Gr(0) = 0 for
n # 0. We take f(0) = Go(0). It is proved in the proof of Lemma 3.1 that the equation
Af — Af = F always has a solution f € D C D(A) for all F € ¥ and A > 0. The space
D contains those functions f € C(€) that are bounded and are three times continuously
differentiable inside €+ = {(0,7) € €:a <y <0} and €~ ={(0,y) € €: 0 < y < b}.
We will state pre-compactness of family of distributions of processes q; in Lemma
3.2. What remains to do is to check that for every compact K C € and for every f € D

and every A > 0 we have

B, | [ e e — Afa (e~ siay)] o
0

as € | 0 uniformly in q, € 7w~ !(K). The proof of this is essentially the same as the
proof we did in Lemma 2.5, based on the following auxiliary Lemmas 3.9 (for the proof
of convergence for processes near 0) and 3.10 (for the proof of convergence for processes
away from o) and the auxiliary Lemmas 2.9 and 2.10 (for the estimates on the exit times,
notice that the stopping times o,, and 7,, we will work with in this section are essentially
the same stopping times that we worked with in Section 2 since we are discussing about

a model problem). We omit the details in the proof. [J

Let x be a real number with small absolute value. Let G(r) = {(6,y) € S* x
[a—1,0+1]:a-1<y<-1—-krorl+kr <y <b+1}. Let CT(r) = {(0,y) €
Stxla—1,b+1]:y=1+k}and C~ (k) ={(0,y) € St x[a—1,b+1]:y=—1—k}.
Let C(k) = CT (k) UC~ (k). Let 6 > &’ > 0 be small. We shall introduce a sequence of
stopping times 1) < 09 < 71 < 01 < T2 < 02 < ... by

70=0, 0, =min{t > 7,,¢5 € G(0)} , 7, = min{t > 0,,_1,¢5 € C(&')} .
This is well-defined up to some o (k > 0) such that

Py (Y10, hits a —1 or b+ 1 before it hits —1—¢" or 14+4') =1.
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We will then define 7441 = min{t > o} : yf = a —1or b+ 1}. And we define
Tl < Opt1 = Tht1 + 1 < Thgo = Tpp1 + 2 < 042 = Tp41 + 3 < ... and so on.

We have lim 7, = lim 0, = co. And we have obvious relations ¢S € C(¢'),
q;, € C(9) fornfOSO n < kn(?tzolong as k > 1, if k = 0 the process may start from G(9)
and goes directly to S' x {a — 1} or S x {b+ 1} without touching C(¢’) and is stopped
there, or it may start from St x (—1— 6,1+ d), reaches C(4) first and then goes directly
to S x {a—1} or S* x {b+ 1} without touching C(6’) and is stopped there). Also, for
n>k+1wehave g =q5 €S'x{a—1}or S'x{b+1}. If gf = qo € G(6), then we
have o9 = 0 and 7 is the first time at which the process g reaches C(¢') or S' x {a—1}
or St x {b+1}.

Note that these stopping times are the same as those defined in Section 2 since our

process y; is essentially the process ¢; in Section 2.

The pre-compactness of the family {gj }c~o in Cjg11(€) for 0 < T' < oo is proved
in the same way as in the one-dimensional case. We shall make use of the technical
Lemma 2.3 with 35° and ¢ replaced by =% and ¢ and the space Cio,)(€) instead of
Cio,([a,b]). We omit the proof of the next lemma.

Lemma 3.2. The family of distributions of {qj }e>o is pre-compact in Cpg p)(€).

The next few lemmas establish the estimates on the asymptotic joint law of the
processes (y5,07) at first exit from a small neighborhood of the domain within which

the friction vanishes. This is the key part to the proof of Theorem 3.1.

Let §” > 0 be small. We consider the process ¢ starting from g5 = g, € S* x
[-1—¢",1+¢']. Let us introduce another sequence of stopping times a1 < 1 < ag <
Bo < ... < Qn(e) by

a; =min{0 <t <op:q; € C(0)}, f1 =min{ag <t <og:q;eC(=5")},
and for £ > 2 we define
ar =min{f_1 <t <op:q; € C(0)}, Br =min{ay <t <og:q; € C(=5")}.

Here we take the convention that the minimum over an empty set is oo. The
number n(¢) is a non-negative integer-valued random variable such that a,,) < oo and

Br(e) = 0o. If a1 = oo we set n(e) = 0.

Lemma 3.3. For q, € G(§') we have

(3.18)

_ ;o ,
qu(o‘1<00)21—max<u(6)+56 u( 5)+86>

u(d) +ed’ —u(—d)+¢d
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Proof. If 1 < y§ = yo <1+ ¢’ we have

us (14 8) —u(y) - ut(1+0) —ws(140) . a(d)+ed
us(1+6) —wus(1) = we(14+6) —wus(l) u(d) +ed

If -1 -0 <y§=yo<—1we have

qu(a1 < OO) =

Wy —wE(-1-0) | wE(-1= ) —uS(-1-0) _ —u(—d) + &’
qu(al < OO) = us(—l) — ua(—l — 5) > ug(_l) _ us(_l _ 5) - _m .

If =1 <y5=w90<1wehave Py (a1 <o0)=1.0

Lemma 3.4. For qy € G(¢') we have

ed” "
w(6) +e(d+8") —u(=06) + (6 + 5//)) . (3.19)

Py (61 < oola < 00) > 1 — max <

Proof. If y;,, = 1 we have

w46 —wE(l) ed”
Pg, (01 < oolag < o0) = w1 +0)—w(l—0") ad) +e(0 4"
If y5, = —1 we have
) w1y 8"
P g, (b1 < oofan < o0) = (=146 —us(—1—-0) ! —u(—=0) +e(d+6")

Let M(e) — oo as € | 0 be an integer. The exact asymptotics of M(g) will be
specified later. We prove

Lemma 3.5. For q, € G(¢§') we have

ed” ed” M(e)-1
Pgy(n(e) = M(e)lar < o0) 2 [1 e <a(5) Fe(6+0") —u(=0) +e(0 + 5//))] '
(3.20)

Proof. This is because trajectories of g; between times o; < ¢t < ;41 are inde-
pendent and by iteratively using Lemma 3.4 we get the desired result. [J
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Lemma 3.6. We have

5" 5
ip1 — i > €2 <HZ> (3.21)

with H; being i.i.d. positive random variables with BE(H;)* < oo fori=1,2,...,n(c) — 1.
Proof. This is a result of the Holder continuity of the standard Wiener trajectory

Wy — Ws| < Hi|t — 5\1/5 and the fact that between times 3; <t < ;41 the process y;

is a time-changed Wiener process —W; traveling at least a distance of ¢”. [J
€

Let us define an auxiliary function

Q(e,0,0",0", M(e))

52[1‘[1‘“1‘“( (5)+e§</:s+5~’ (- )f;@w"))]m)l*

e (1220 HO1)]

Lemma 3.7. For q, € G(') and for some A >0, kK > 0 and C > 0, there exists
go > 0 such that for all 0 < & < &g, for any 0 < 07 < 05 < 27 we have

0y — 6,

a0, € 10, = 140) — 24P, 15, = 149)
< Cexp(—A(6")°kM(e)) 4+ 29Q(e, 6,6, 6”, M(e))

and 0 0
’qu(effo € [bh,02), 95, = —1—6) — 227r :

< Cexp(—A(8")kM(e)) + 29Q(e, 6,8, 8", M(¢)) .

g0

Py (12 :15)’

Proof. As we have

xs—/tl dWl—W1</tdS )
o Ayp) +e o (Myg) +e)2) 7

t
we set T°(t) :/ 0\(:?15)2 Using Lemma 3.6 for g, € G(¢') the random time
0 Ys

T¢(0p) can be estimated from below by

n(e)— n(e)—
70 ds 1 [0
ro [ ez ) tossd2 Z<ﬂ > @) 2

(If n(e) = 0,1 the sum is supposed to be 0.)
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And we also notice that the random time 7°(o() only depends on the behavior of

the process y{ and is therefore independent of the Wiener process W}! in the stochastic

differential equation & = W} (see (3.2)). For the same reason the random
€

Ayg) +
variables yg , n(¢) and oy are of course also independent of Wik

1\ 1
As we have the elementary inequality (E(H)5> (E(H;)Y)Y* > (EH> (EH;) >
1 (2

1, we have, by Strong Law of Large Numbers

1 1 1 1
Tim ——~—— _E N . »
slng(s)—l — (H;)® (( ) = (E(H,) 5/ >c>0 a.s

M(e)—1

for some constant ¢ > 0. (We can always assume that H; is uniformly bounded from

below by a positive constant so that (E ) < oo and we can apply SLLN.)

1
(Hi)°
Now we see that we can find some g9 > 0 such that for all 0 < ¢ < gy we will have

Py, (T5(00) > (8" kM()|n(c) > M(e),on < 00) = 1

for some constant x > 0.

This gives

Py, (T=(00) > (") RM(E), 5, = 1+ 3ln(e) = M(e), a1 < )

= qu(yf,o =1+4dn(e) > M(e),a; < 00) .

Recall that we have 05 = x; mod 27 = Wr}e (00) mod 27. Using this, the inde-
pendence of T%(0y), ¥5,, a1 and n(e) with W}, and the above estimates we have, as

0 < e < gp, that

Py, (05, € [01,05], 55, = 1+ 0ln(e) > M(e), a1 < )
_ / P, (T5(00) € dt,ye, = 1+ 8ln() > M(), a1 < 00)Pg, (W) mod 21 € [0, 6))

OOO
/ Pg, (T(00) € dt,y5, = 1+ 6|n(e) > M(c), a1 < 00)Pgq, (W) mod 2 € [0y, 65]) .
(0")5AM (e)

Since we have the exponential decay

02 — 01

‘P(th mod 27 € [0y, 62]) — < Cexp(—At)

for some C' > 0 and A > 0, we could estimate

Py, (65, € [61,69] , 5, = 1+ d|n(e) > M(
—0
2% L Py (e, = 1+ 8n(e) > M(e), a1 < o0)]

< Cexp(—A(8") kM (¢))

g),a; < 00)—
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for 0 < € < g9.
Notice that we have, by using Lemmas 3.5 and 3.3,

‘qu(efro € [91792]7%6;0 =1+ 5) - Pq()(eg'() € [91702] ) yffo =1 +6‘n(5) > M(E)val < OO)‘
= |Pgq, (65, € [61,02],y5, =1+ d|n(e) > M(e), a1 < 0c0)P(n(e) > M(e), a1 < 00) —
Py, (05, € [01,05] » 45, = 1+ 61n(e) > M(2), a1 < 00)| + Pgy (n(e) < M(e)) + Pgy (a1 = o)

< 2(Pg,(n(e) < M(e)) + Pg, (a1 = 00))
< 2(Pg, (n(e) < M(e)|ar < o) + 2P (a1 = )
ed” ed” M(e)-1
<2|1—-|1-
= [ max( (0) + (0 + 6" —u(—d )+5(5+5~)>] *
u(d") +ed —u(=9") +ed
2
max( U(0) + €0 —u(—0) + 20
=Q(e,8,8,8", M) .
By the same argument we can estimate
0y — 61 0y — 6, roen
TP%( =1+4+9)— 5 Py (Y5, =1+ 6|n(e) > M(e), a1 < 00)| < Q(e,0,0,6", M) .

Summing up these estimates we have

qu(efro € [01792]7:%&;0 =1+ 5) -
< [Pg, (65, € [01,02], 55, = 14 8) — Pq (65, € [01,602] , y5, = 1+ dln(e) > M(e), a1 < 00)| +
Py, (05, € [61,02] , 45, = 1+ 6|n(e) > M(e),a1 < 00)—
0y — 0
2% L Py, (v, = 1+ dn(e) > M(e), a1 < o0)|+

0, — 0 9 —0
g Pay (U5, = 1+8) = =5 =Py (5, = 1+ dln(e) = M(e), a1 < 0)

< 20(e,8,68",6", M) + Cexp(—A(8")kM(g)) ,

0y — 0
‘ 2 1Pq0(y30:1+5)'

as desired. The other inequality is established in a similar way. [J
Combining Lemma 3.7 and Lemma 2.7 we can have

Lemma 3.8. For q, € G(¢') and for some A > 0, k > 0 and C1,Cy > 0, there
exists eg > 0 such that for all 0 < e < gg, for any 0 < 01 < 0y < 27 we have

< Oy exp(—A("PRM(E)) +20(e. 5,8, 8", M <e>>+“(f;)(‘) (F)C”’zp(e),
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and

0, — 01 u(6) — w(0)
or  a(0) — a(—0)

< Cpexp(—A(0")’kM(€)) + 290(e, 8,8, 6", M(e)) + ﬂ(‘;)( 5’ ?(gzjé)cﬁ = p(e) .
(3.23)

Py, (05, € [01,02], 95, = —1—6) —

Now let us specify the asymptotic order of M(g) — o0, d = d(e) — 0,8 =d'(e) = 0
and 0" = 0"(e) — 0 as e | 0. Since for 0 < k < 1 we have the elementary estimate
1—(1-r)"=k(1+(1—k)+..+ (1 —k)"1) < kn we can estimate

Q(e,8,d,0", M(e))
86// 65//

<2(M()-
= [ (€) - max <a(5) Te(0+07) —(—0) 100+ 5//)) *

5 e u(d') +ed —u(=98") +ed

w(d) +ed —u(—d)+¢eb
We shall choose 6" = §"(¢) << § and M (¢) such that the requirements of Lemmas
2.6, 2.7 and 2.8 hold. At the same time, we need

11\5 e n 1
(6")°M(e) 2 1 @0) —a(=0))? (3.24)
and 5
M(e) = < (@(8) — (—9))? . (3.25)

1 1 1/5

(Foaen) MG .

1 .
ln(g)

the same time we keep our asymptotic order of choice of €, § and ¢’ as in Section 2. This

1
To this end we let M(e) =In (8> and 0" = (

means that we need

(n(2))" = " (r—) <0

It could be checked that this is possible to make (3.24) and (3.25) to hold. We formulate

this as a corollary.

Corollary 3.1. Let q, € G(8'). Under the above specified asymptotic order we
have, there exist eg > 0 such that for any 0 < € < €9 we have

0 — 0, 4(0) — W(—3)
o w(0) — u(—9)

Poy (65, € [01,05], 45, = 146) <O (@) - T-0)° . (320

0y — 61 u(d) —u(0) | _ C-(@(8)—u(—5))2 . (3.27)

P, (05, € [01,00],y5, = —1—10) — o u(6) — ﬂ(—;)’ -
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Lemma 3.9. For any q € G(&') and for any p > 0 there exist £g = £o(p) such that
for any 0 < e < g, for any f € D(A) we have, for some K >0

[Eqf(m(g5,)) — f(m(q)] < K(a(5) —a(-0)) . (3.28)
Proof. We have, using Corollary 3.1, that

[Eqf(7(q5,)) — f(w(q))|
= \quf(eiom(yio)) — f(m(q))| ,

= /0 f(0,0)Pq(05, € db,y;, =1+ ) +/O f(0,=0)Pq(0;, € db, y;, = —1—0) — f(ﬂ(q))’

217r 0, ggg; — gg—gg 27 u(6) — u(—9)
= 9r ) W(f(9a5)—f(°))d9 -

(

2 Za
o [ S o) = F0.-8)d8 + (£(0) ~ S(m(@)| + Ka@(6) — 7(-0))
WO) (L (70,0~ ), 1 [T f(0) (0, -)
7(®) — (o) S e, e )|
o) — F (@) + K (@(5) ~ ()"

IN

for some K1 > 0 and K > 0. We have used the gluing condition (3.10) and our specified

choice of asymptotic order of 4, 6’ and . [J

Lemma 3.10. We have, as €,0,0" are small, for q, € G(9), that

T1
Eq, [ [ e (tai)) - Af(aa)lar + e‘*”f(ﬁ(qil))] - f(ff(qO))‘ < (@(0)~i(~0))?
’ (3.29)
The proof of this Lemma is essentially the same proof in Lemma 2.6 modified into

a two-dimensional version and we omit it.
Finally we would like to mention that our boundary condition given in this section

also appears naturally in other model problems. As an example let consider the following

system:

t

1

€ _ dWl ’

{ Tt /0 AyE) +e ! (3.30)
yf = ’Wt2| .

51

<o [T o+ o [ R EO f0.-51d0 — sl |+ Kai5) - -y
0



Here A(e) is a smooth function on Ry that vanishes at 0 and is strictly positive
in (0,00); W} and W2 are two independent standard Wiener processes on R. Let
the process 2§ = (2§,y{) on R x Ry be stopped once it hits the boundary {(z,y) €
R? : y = R} for some R > 0. Let 65 = 2 mod 27. Let w : S! x Ry — R? be
the mapping defined by m(6,y) = (ycosf,ysinf). For each fixed ¢ > 0, the process
wi = (05, y5) is a diffusion process on S* x [0, R] with normal reflection at the boundary
{(0,y) : y = 0} and is stopped once it hits the other boundary {(0,y) : y = R}. Let
m; = m(w§) (i.e., we glue all points {(6,y) : y = 0}). The process m; moves within
the disk B(R) = {m € R? : |m|g2 < R} and is stopped once it hits the boundary. In
general, this process is not a Markov process. But we expect that, as € | 0, this process
w§ will converge weakly to a Markov process w; on B(R) with generator A and the
domain of definition D(A), defined as follows: The operator A at points (6,7) (we use
polar coordinates, that is, a point (z,y) € R? is represented by (rcosf,rsinf)) with
r # 0 is defined by

1 9 16°

Af(@,r):mﬁf(&r)—i—§ﬁf(0,r) . (3.31)

The domain of definition D(A) of the operator A consists of those continuous functions
f on B(R) for which Af(0,r) is defined and continuous for r # 0, the derivative in r

being continuous; such that finite limit

0/ b0+ %(9/’ ) (3.32)
exists;
yim AF(E,7) (3.33)
exists and does not depend on 8;
yoam, AJOr) =0 (3.34)
and . o
/0 b 0p Ew,’ r)df = 0. (3.35)

We define, for f € D(A), Af(0, R) as the limit (3.34) and Af(O) as the limit (3.33).
The weak convergence of wi to w; in Cpg 77(B(R)) described above shall be a result
of fast motion xf running at the local time of the slow motion y; on the boundary
{(z,y) € R xRy : y = 0}. The proof of this result shall follow the same method of this

section.
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3. ON SECOND ORDER ELLIPTIC EQUATIONS WITH A SMALL
PARAMETER.



3.1 Introduction

Let G be a bounded domain in R¢ with the smooth boundary 0G,

L~ o Pu ) du d
Lku(x):§ Zaij (x)axiaxj +Zbi (m)axl , k=0,1, xeR".

i,j=1
The coefficients are assumed to be smooth enough, say, in c® (Rd), i.e., having
continuous second derivatives.
Boundary problems for the operator L. = Lg + €L in the domain G and corre-
ous(t, x
Mngua,t>0,x€G,

are considered. The operator L. is assumed to be elliptic for € > 0. One can study the

sponding initial-boundary problems for the equation

limiting behavior of solutions of stationary problems as € | 0 and the limiting behavior
of solutions of initial-boundary problems as € | 0 and t — .

If the operator Ly is elliptic in G U G, the problem is simple: u® converges to the
solution of corresponding problem for the operator Lg. In the case of degenerate operator
Ly, situation is more complicated, and the question was considered in numerous papers.
First, the case of first order operator Ly was considered: Ly = b0 (z) - V, b0 (z) =
(bgo) (), ..., bg]) (x)). N.Levinson [25] showed in 1950-th that, if the characteristics of Lo
(e.g., trajectories of the dynamical system X; = b(*)(X;) in R%) leave the domain G in
finite time and cross the boundary in a regular way, then the solution of the Dirichlet
problem L.u® = 0, x € G, u®(z)|sg = ¥(x), converges as € | 0 to the solution of
degenerate equation Lou’(z) = 0, € G, with the boundary condition (x) (v (z) is
assumed to be continuous) on the part of dG through which the characteristics leave
the domain. Such a solution u°(x) is unique.

Most of subsequent results concerning this problem were obtained by probabilistic
methods. With each operator L., € > 0, one can (see [9], notice that the coefficients of
ag?) (z) are in C@(R)) connect a diffusion process X§ in R? defined by the stochastic

differential equation

€

X, = b0 (X7) + &b (XF) + o O(X5)W + eo D (X)W,
Xg=2eR?, 1>0, o®(@)(e® (@) = (o} (2)) = W) , k=0,1.

Here W? and W} are independent Wiener processes in R?. Then the solution of

the Dirichlet problem for the equation L.u®(z) = 0, z € G, and of the initial boundary
Ous (t, )
ot

functionals of )N(f . The trajectories Xf , in a sense, play the same role as characteristics

problem for = L.u®(t,x) can be represented as expectations of corresponding

in the case of first order operator Lg. Using these representations and studying limiting
behavior of process )?f one can describe the limiting behavior of the boundary problems
(see [11], [14]).
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If problems with the Neumann boundary conditions are considered, one can use the
corresponding diffusion process with reflection on the boundary (see, for instance, [11,
§2.5]). Various cases of first order operators Lo not satisfying Levinson’s conditions were
examined using the probabilistic approach (see [11], [14] and the references therein).

If the operator Ly has terms with second derivatives, one can introduce a generalized
Levinson condition ([11, §4.2]). Under this condition the equation Lou®(z) =0, z € G,
with appropriate Dirichlet type boundary conditions has a unique solution, and the
solution u®(z) of the Dirichlet problem for equation L.u®(x) = 0, z € G converges
to u%(z) as € | 0. The difference with the classical Levinson case is just in the rate of
convergence: under mild additional assumptions |u®(z)—u(z)| < &7 for some v > 0 and
0 < e << 1, but for any 7/ > 0 one can find Ly with infinitely differentiable coefficients
non-degenerating on G such that |u®(z) — u®(z)| is greater than €7 at a point = € G
and 0 < e << 1.

A convenient way to specify the degeneration of Ly is given by the conservation
laws. A function H(z) is called a first integral for the process X} corresponding to Lg
if P,(X? € S(H(z))) =1for all t > 0 and z € R, where S(z) = {y € R?: H(y) = z};
here and below the subscript z € R? in the probability P, or expected value E, means
that the trajectory of the process starts at the point x.

We consider in this chapter self-adjoint operators Ly and Lq:
1
Lyu(z) = SV - (a® (2)Vu(z)) .

Then a smooth function H(x) is a first integral for the process )Z'? (for the corresponding
operator Ly) if and only if a(®) (2)VH(z) = 0. In general, the process X? can have several
independent smooth first integrals. To restrict ourselves to the case of one smooth first
integral we assume that e-(a(?) (z)e) > a(x)|e|2, for each e € R9 such that e-VH (x) = 0:
It is assumed that a(z) is smooth and strictly positive if x is not a critical point of H (z);
if xg is a critical point, a(®)(z¢) = 0 and a(zg) = 0.

To be specific we consider the Neumann problem

ou® ()
0= (x)

7% (z) here is the inward co-normal unit vector to G corresponding to L.. Let X} be the

=0; (1.1)
oG

%Lgua = (iLo + L1> us(z) = f(z),

process in GUJG governed by the operator inside G with reflection along the co-normal
to 0G. Since L. is self-adjoint, the Lebesgue measure is invariant for the process X;,
and the problem (1.1) is solvable for continuous f(z) such that / f(z)dz = 0. Together
with the last condition, we assume that L; is not degenerate in G UJG, so that to single

out a unique solution of (1.1), we shall fix the value of u®(x) at a point zp € G U 9G
which is fixed the same for all € > 0. We let u®(xp) = 0.
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Fig. 3.1.

Then the solution of problem (1.1) can be written in the form (see, for instance

[11])

W) = — /0 B, f(X{)dt + /0 B, f(XF)dt (1.2)

If the first integral H(x) has in G U OG no critical points, one can describe the

li{g u®(z) in the way similar to [18]: One shall introduce a graph G corresponding to
€

the set of connected components of the intersections of the level sets of H(z) within
G. A boundary problem on G with appropriate gluing conditions at the vertices can be

formulated, and the solution of this problem defines hﬁ)l u®(z). If the function H(x) has
3

saddle points inside G, additional branchings in the graph appear. The gluing conditions
at these new vertices can be calculated using the results of [13].

All mentioned above results concern the case when the rank of a(?)(z) is constant
and equal to d—1 for all x € GUIG except the critical points of H(x). In this paper, we
consider the case when L is non-degenerate in a connected subdomain £ C G, and we let
H(x) be equal to a constant on £. Outside £ the first integral H(x) has a finite number
of critical points (see Fig.1). For convenience of presentation, we shall then introduce
several first integrals Hy(x) (k =1, ...,7) for each of the connected components Uy, ..., U,
on which Lg is degenerate. We shall let H(z) = Hy(z) for € Ui. A more concrete
setup of the problem is in Section 2. Existence of the domain £ where the operator L
is not degenerate leads to more general gluing conditions. The limiting process on the
graph spends a positive time at the vertex corresponding to £.

Let S(z) ={zr € GUOG : H(x) = z}. The graph G is the result of identification
of points of each connected component of every level set S(z). Let 9 : GUIG — G
be the identification mapping. We call 2 (x) the projection of x onto G. We consider
the projection Y;® = 9(X7) of the process X; on G and prove that processes Y on G

converge weakly in the space of continuous functions [0,7] — G to a diffusion process
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Y; on G. The process Y; is defined by a family of differential operators, one on each
edge, and by gluing conditions at the vertices. We calculate the operators and the gluing

condition. The function u®(z) = hﬁ)l u®(x) is constant on each connected component of
3

every level set of H(z): u’(z) = v(Y(x)). We formulate a boundary problem for the
function v(y), y € G, which has a unique solution, and actually can be solved explicitly.

The organization of this paper is as follows: Section 2 sets up the problem and
gives the main results. Section 3 is devoted to the proof of the main results in Section

2. Section 4 proves auxiliary results needed in Section 3.

3.2 Main results

Let us first speak about our assumptions.
Suppose we have a bounded domain G C R?, with smooth boundary 0G. Let Lo

be a self-adjoint operator

d
Lou(z) = % ‘ZI 61- <a§?>($) 3;2)) _ %v (a9 (z)Vu(z)) .

Let Uy, ...,U, be several regions inside G. They are simply connected open sets
and they do not intersect each other. Let us assume, that the matrix a(o)(x) =

(ag))(a:))lgmgd is strictly elliptic on & = [G]\ (U;_,[Ux]) (here [D] is the closure of
a domain D). For z € [£], the coefficients az(-?)
CE([E).

Let us discuss the case when z € U;_,[Uy]. For each k = 1,...,7 and z € [Uy],

the coefficients al(;-)) (2),1 < i,j < d are assumed to be in C®)([U;]). We assume that
(0)

the matrix (a;;"(2))1<i,j<a is degenerate on Uy_, [Ug]. To specify this degeneration, we

(x),1 < i, < d are assumed to be in

assume that within each [Uy] there is a function Hj which is a first integral of the
(degenerate) operator Lo, i.e., a9 (x)VHy(z) = 0 for = € [Uy]. Let Hj, have only one
minimum my, inside Uy. (We can always make this assumption since if my, is a maximum
we work with —Hj, instead of Hj.) Let xp(my) be the point in Uy corresponding to
the minimum my. This minimum is assumed to be non-degenerate, i.e., the matrix

9°H,
(8 6k (g (mk))> is positive definite. Since the choice of Hy, is up to a constant
s l’j

1<i,j<d
we can assume that Hy = 0 on OU. For h € (my,0] the level surfaces Cx(h) = {z €

Uk : Hi(x) = h} of the functions Hy, inside Uy are closed surfaces of dimension (d — 1)
and the operator Ly is non-degenerate on Ci(h). Let 74 = 90U = Ci(0). A non-
degeneracy condition of a9 (x) on Cy(h) is assumed: for any vector e € R% such that
e-VH;, =0 we have e - (a9 (z)e) > Q(:E)|e|]éd for some a(x) > 0 and = # zx(my). We
set a0 (zy(my)) = 0 and Cy(my) = {zx(mg)}. We assume that the level surfaces Cy(h)
for h € (my, 0] divide Ug\{zx(ms)} into pieces of (d — 1)-dimensional surfaces.
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For simplicity of presentation we will assume that VHy(z) # 0 for € 4,. One can
introduce a global first integral H(z) on [G] as in Section 1: H(z) = Hy(z) for x € Uy,
and H(z) = 0 for = € [£]. However, this function H(x) is not smooth at Uj_;7 but
this is only a result of non-essential technical assumptions.

Let v = Uj,_;v%x. We assume that the order of degeneracy is given by the condition

that for a certain unit vector field e4(x) in a small neighborhood of Uj_, [Uy] we have
consty - dist?(z,7) < eq(z) - (a9 (2)eq(x)) < consty - dist?(z, 7)

for some consty, consty > 0. The distance dist(x,~) is the Euclidean distance between
_ VH;
|V Hp|pa
In particular, our assumptions imply that the matrix a(®) (z) has rank d in £ and
rank (d — 1) in U;_,[Ux]. However, the coefficients az(?) (z), 1 <i,j < d are only in C(V
for x € . We notice that in this case results of [9] do not apply. We shall then assume
that there is a decomposition a(®(z) = ¢ (z)(c(®(x))* for all € [G]. The square

x and . The vector field ey(x) for z € .

matrix ¢(?) (x) has bounded Lipschitz continuous terms.
We shall assume, that the operator L; governing the perturbation is self-adjoint

and strictly elliptic within [G]:

1,7=1

d
L) =3 3 g (V@5 ) = 57 (V@) Vate))

Again we denote the matrix a(!) (z) = (al(-jl.) (x))1<i,j<a and we assume that the terms
0
oM (z)(eW(x))* for all z € [G]. The square matrix o) (z) have bounded Lipschitz

continuous terms.

(z) are in class C?(R?). In this case results of [9] apply and we have a)(z) =

Let us put a Neumann boundary condition with respect to co-normal unit vector

+¢(z) pointing inward on 0G. Let X§ be the diffusion process in [G], corresponding to
1

the operator — Ly 4+ L1 inside G with co-normal reflection at 0G. We see that Lebesgue
€

measure is invariant for the process X;.

Let us then speak about the results.

We construct a graph G as follows. The graph G has r edges Iy, ..., I, joined
together at one vertex O. Let the other endpoint of I} be V. Let us write I, = [my, 0].
The coordinate (k, Hy,) is a global coordinate on G. The root O corresponds to all (k,0)
for k =1,...,7. Let us introduce an identification map Q) : [G] — G: for x € [£] we have
D(z) = O and for x € Uy, we have Y(z) = (k, Hr(x)). Let the process Y7 = 9(X;). We
are going to prove, that as ¢ | 0 the processes Y;° converge weakly in the space Cjg 77(G)

to a Markov process Y; on G.
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The process Y; is defined as follows. It is a diffusion process on the graph G with
generator A and the domain of definition D(A). Inside each I it is governed by an
operator Ly, defined as

d

£of (ke H) = M (H) 7

(a7

Here

a®(z T x
aM(h) = M *(h) / (@ )!gffzgx;’!;m( Do |

and normalizing factor i
o
W00 = [ o
Cr(h)
The notation do denotes the integral with respect to the area element on C(h).
We set Af = Ly f for (k, Hy) € (I) ((Ix) is the interior of the interval Ij). Let the
limit  lim  Af(k, Hg) be finite and independent of k. This limit is set to be Af(O).

(k7 k:)_)

The domain of definition D(A) of the operator A consists of those functions f that

of
o B, ——(k, Hy,).

are twice continuously differentiable inside each Ij having the limit hm

These functions satisfy the gluing condition at the vertex O:

_ af
0 = Volume(€) Zpk liril O, ——(k, Hy) . (2.1)

Here Volume(&) is the d-dimensional volume of the domain & and

- [ GOV,
Tk

|V Hy()|ga

For the exterior vertices V1, ..., V, no additional assumptions are to be imposed on
the behavior of the function f in the domain D(A).

It was proved in [16] the the process Y; exists and is a strong Markov process on
the graph G.

We have

Theorem 2.1. As e | 0 the processes Y,F converge weakly to Y: in C[07T](G).
Let pZ be the distribution of the trajectory Y = (X;) starting from a point
r € [G] in the space Cp7](G): for each Borel subset B C Cjo11(G) we set u3(B) =

P ngm(Yf € B). Similarly, for each y € G we let ug be the distribution of Y; in the
space Cp 77(G) with MS(B) = Py,—,(Ys € B). Theorem 2.1 can be reformulated as
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Theorem 2.2. For every x € [G] and every T > 0 the distribution p5, converges
weakly to ,u%(x) as € | 0. For every bounded continuous functional F' on Cp11(G) we

have
Ex:=:F(Y;) — Ey,—g2) F(Ys)

ase | 0.

The process Y, can be viewed as the slow component of the process X;. The
fast component Z; of X7 is a process governed by the operator gLo. The process Z;
moves on 91 (y) for each y € G: it is moving on [€] when y = O and it is moving on
Cr(Hy) when y = (k, Hy). Since Lebesgue measure is invariant for the process Xy, the

fast component Z7, as € > 0 is small, has, approximately, a distribution with density
1 1 1

Volume(€) My (Hy) |V Hg|pa ?
Cr(Hy) (with respect to the area element do on Cy(Hy)). Using this we can formulate

on [£] (with respect to Lebesgue measure on R%) and n

the above two theorems in terms of differential equations:

Theorem 2.3. Consider the Neumann problem

Ou ()

ove () =0

z€0G

%Lsug(x) = <iL0 + L1> u®(z) = f(x) forx e G,

with a Hélder continuous function f(x) satisfying / f(z)dz =0. Let u*(xp) = 0 for
G

some xp € G. Then we have

where v(y) is a continuous function on G such that

ﬁkv(y) = _f(y) fO?” S (Ik‘) ) k= 17 e T

Here

1
70) = Gormne(® /g f(@)do
when y = O and

_ 1 do
fly) = / f@) 77—
W= N ey T W H
wheny = (k, H,). The function v(y) satisfies the gluing condition (2.1) and v(Y(xo)) =

0. Such a function v(y) is unique.
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3.3 Proof of Theorem 2.1

The Proof of Theorem 2.1 follows the arguments of [14], [17], [3] and [4].

Heuristically, the idea of [4] can be explained as follows. The process X moves
within [G] and has Lebesgue measure as its invariant measure. Since the process X7
has a ”fast” component governed by the operator 1LO, it will spend a positive amount
of time proportional to Volume(€) within £ as € | 0. As we project X onto the graph
G and the whole ergodic component £ corresponds to O, the limiting process Y; has
a boundary condition with a ”delay” at O. (We recommend a nice article [23] and
a brief summary [24, §5.7] about this boundary condition.) Our gluing condition (2.1)
ensures that the process Y; has an invariant measure on G that agrees with the Lebesgure
measure on [G]. We also refer to [14, Ch.8, pp. 347-350] for an explanation of this.

Let us first introduce some notations. Below we will often suppress the small
parameter ¢ and it could be understood directly from the context. Let 7, = Cy(—¢/?)
and ¥ = Uy _,7. Let o be the first time when the process Xy hits . Let 7 be the first
time when the process X; hits 7. Let g = 0. Let 7, be the first time following o,, when
the process reaches 7. For n > 1 let ,, be the first time after 7,,_; when the process X;
reaches ~.

Let o* € {00,01,...} and we denote by m?. the measure on « induced by X:.

starting at . That is,

mZ.(A) = Py(X:. € A), A€ B(y).

Let v(e) be the invariant measure of the induced chain X; on v. The key lemma

of [4] is the following

Lemma 3.1. Let x € [E]. For each § > 0 and all sufficiently small £ there is a

stopping time o* which may depend on §,& and x and such that
E,0c" </, (3.1)
sup Var(mZ.(dy) — v(dy)) < ¢, (3.2)

xey

where Var is the total variation of the signed measure.
Our proof of this lemma is a bit simpler than that of [4].

Proof. We will prove, in Lemma 4.11 that X; satisfies the Doeblin condition on ~y
uniformly in €. This implies that one can choose an N depending on § but independent
of ¢ such that the distribution of X7 is d-close to the invariant measure v(e) on .

That is, as we set ¢* = oy the condition (3.2) is satisfied.
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We are going to prove in Lemmas 4.8, 4.9, 4.10, respectively, that

lim sup E,o =0, (3.3)
€l0 zelg]
limsupE,7 =0, (3.4)
el0 zey
limsupE,oc =0, (3.5)
el0 zevy
N
uniformly in e. We can write oy = > [(0; — 7i—1) + (Ti-1 — 0i—1)] + 00. For each

i=1
i =1,..., N the random variable o; — 7;_1 has the same distribution as ¢ for the process

X} starting at some point on 7; similarly, the random variable 7;_; — 0;_1 has the same
distribution as 7 for the process X; starting at some point on 7. The results (3.3),
(3.4), (3.5) imply that as ¢ is small (notice that N is fixed at this stage) we can choose
0* = oy and the condition (3.1) is also satisfied. OJ

Proof of Theorem 2.1. The proof of Theorem 2.1 is the same as the proof of
Lemma 2.1 (including the proof of Lemma 3.4) stated in [4] using the above Lemma 3.1.
For the sake of completeness let us briefly repeat it here. Reasoning as in [3], [4], [14],
[17], it suffices to prove that for a function f € D(A), for every T' > 0 and uniformly in
x € [G] we have

T
B, [f(H(X%)) — ) - | Af<H<X§>>ds] 0
0

as € | 0. Here H(z) = Hi(x) if x € Uy and H(z) = 0 if x € [£]. Let us replace the time
interval [0, 7] by a larger one [0, 5], where & is the first of the stopping times o, which

is greater than or equal to T: 0 = minT on. Let 0 = 05,11. We have
n:onp>

T
B, [f(H(X:?)) ~ ) - [ Af<H<X§>>ds]
0

~E, [f(H(Xfi)) - ) - [ Af(H(X:))ds} +E Y

k=0
“BaBg | ) - FHOE) - [ Af()]
=)+ {I)—(I1I) .

/ T AR ds—

If v € U,_, Ui, we have |(I)| — 0 uniformly in  as € | 0 due to averaging principle.
If z € [€] then |(I)| — 0 uniformly in z as € | 0 due to Lemma 4.8. In a similar way we
see that [(I1])| — 0 uniformly in = € [G] as € | 0.
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Ok41 0
Let oy = / Af(H(XZ))ds and let B = ZEz(ak+n|fk) (F is the filtration
Ok n=0

generated by the process X for t < oy). We have E, (o — Ok + Br+1|Fr) = 0 and there-

n

fore (Z(ak — Br + Br+1), Fnt1 | , m > 0is a martingale. Using the optimal sampling
k=1

theorem we have

E. Y ok =E;» (o — Bi + Brsr) + Ee(Bo — Bir1) = Ea(Bo — Bara) -

k=0 k=0
The above argument shows that for the proof of |(I)| — 0 uniformly in = € [G] as

€ | 0 it suffices to prove sup Z E;ay,| — 0 uniformly in z € vy as ¢ | 0.
ey

=0
Let us first show that E,,Oé(] = 0. By Lemma 4.11 the Markov chain X7 , n > 0
on v is ergodic and has invariant measure v. Therefore we have lim In _ E,01. By
n—oo N
ergodicity of the process X; and self-adjointness of Ly and L; we also have

t
lim E,,l/ AF(H(X))ds = [ Af(H(2))dz .
t=oe Lo C]
o1
These two equalities imply that E,ap = El,/ Af(H(X?:))ds = (Eyoy) - / Af(H(z))dz.
0 (@
We have

Af(H(z))dzr = Volume(E Z Mk, Hy) Ly f(Hy)dHy, .
[G]

(The notations agree with those in the definition of the process Y;.)
Since

My (Hy) Ly f(Hy)dHy, = /

df 1 df
M. (H o) H H, — 1 ——(k, H
i ( w(Hi)a W (Hy)——— )d k= gpe lim k(k, k)

I dHy,

we can use our boundary condition (2.1) to have / Af(H(z))dz = 0 and therefore

(G]
EVQOZZO.
From the fact that E,ag = 0 one first derives that sup E,a,, decays to 0 expo-
xey
(o)
nentially fast and therefore sup | Y. Eya,| < oco. It also gives, for = € ~, that, for
€y |n=0
o* € {o1,09,...} we have
o0
Z E.an| < ||Afl|lco - Ezo™ + Var(mZ. - sup Z E,o,
n=0 ey

Using Lemma 3.1 we see that for any 6 > 0 we can choose ¢* such that
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(o)
Z E.qa,

n=0

)

oo
sup ZExan <||Af|loc - 6 + 6 - sup
xey n—0 xey

xTEY
|(IT)] — 0 uniformly in € [G] as € | 0 and Theorem 2.1 follows. [J

o0
which proves that sup Z E.a,| — 0 uniformly in « € v as ¢ | 0. This implies that
n=0

3.4 Auxiliary results needed in the proof of Theorem 2.1

We establish in this section all the auxiliary results needed in Section 3 for the
proof of Theorem 2.1.

Let us make some further geometric constructions. Since we assumed that all
these Ug’s do not intersect each other we see that for sufficiently small neighborhoods
of these Uy’s they also do not intersect each other. Without loss of generality let us
speak about one of these Uj’s. We remind that the matrix a(%(z) = (ag-)) (x))1<i j<d is
non-negative definite inside [G] and has rank d on [G]\ U;_, [Ux] and rank (d — 1) on
UZ_,[Uk]. Since the operator Lg is non-degenerate on Cy(h) for h € (my, 0] we see that
a®)(z)VHy, = 0 on Ci(h) and e - (a(V(z)e) > a(x)|e|2, for any unit vector e tangent
to Ck(h). Here a(x) > 0 for x € Cy(h) and h € (mg,0]. The eigenvalue A(z) = 0 for
a9 (z), z € Cr(0) = 4 is simple and is the smallest one in the spectrum of a(®)(z).
For z € 4, the family of eigen-polynomials p(\; z) = det(M — a9 () pass through the
origin. They are transversal (i.e. not tangent) to the axis p = 0. The transversality is
preserved under a small perturbation. From here one can see that the eigenvalue \(x)
will remain simple and is still the smallest one in the spectrum of all the matrices a9 (z)
as x belongs to a small neighborhood of Uj. We then see from implicit function theorem
that this eigenvalue \(z) is a C®) function in a small enough neighborhood of Uy. As a
consequence, the unit eigenvector ey4(z) (for different k it is different vector fields but for
simplicity of notation we ignore that &k in our notation) corresponding to this smallest
VH(x)

" V(@)
: . dX*(t)

x € . Let X*(t) be the integral curve of this vector field. We let T eq(X*(t)),

X*(0) = z € . As we are working within a small neighborhood of 7 and e4(z) in

eigenvalue is a C(®) vector field in a neighborhood of Uy, with ey(z)

this neighborhood is a C®) vector field, being transversal to 7, when = € vz, we see
that for ¢ € [0,h] with h sufficiently small the points X?(t) for fixed ¢ and all z € 7
form a surface C®) diffeomorphic to . In this way we obtain an extension of Hj, to a
neighborhood of Uy, by letting Hy(X*(t)) = t for t € [0, h]. The Euclidean distance from
a point X7(t) to vy is > d - t for some d > 0. Let us denote by Cy(+t) the level surface
{H, = +t} for t € [0,h]. Let Y, = Cr(+e'/*) and 2. = Cr(+2e'/*). Let 7 = Up17,
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and 7= Up_ 1, We can take ¢ small such that all 2, ’s do not intersect each other

and do not touch dG. We denote by E(e'/*) those points of x € £ which lie outside
the union of the neighborhoods of the Uy’s bounded by 7, , and we denote £(2¢/*) in a
similar way.

We shall denote, for 2 € £(c!/4), the stopping time o(¢'/%) to be the time when
Xy first hits 7. Notice that by our assumption, for a point x € £ (e1/%) we have

Z a;; (x)&&; > const - gl/? Z &2

3,j=1 1,j=1

for all (&1, ...,&;) € R? and some const > 0.

Lemma 4.1. For any 0 < 3 < 1/2, for any ¢ small enough we have

sup  Eyo(e¥/*) < Cel/?
z€[E(e1/4)]

for some C > 0.

Proof. Our argument follows from [20, Ch.6]. Let u®(x,t) = P,(o(c'/*) > t).
Then u®(x,t) solves the problem

ou® 1
= (“Lo+L
ot <5 ot 1>u
uf(y,0) =1 for y € E(e'/4)
u(y,t) =0fory € yand t >0,

g:g(y,t) =0 fory € IG .

Let ¢(z) = e*® — 21 for some a > 0. Here R > 0 is so chosen that R > 2z for
all z = (x1,...,24) € [G]. We have ¢(x) > 0 for x € [G]. We have

<1L0+L1 - gt) o(2)

1 0
— 25‘19(53)@26%1 1 0ayy (1) 2porr 1 aall

2e Oxq §a11 (z)a 2 axl

One can choose « large enough but independent of € such that

1 0 P
<5L°+L1 8t> S an

with P = inf e®*1
z€[G]

Let Py = 111[2 ] (x) and Py = sup ¢(z). Consider an auxiliary function
z€ z€[G]
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_ (:O(ZE) 90(1') (p(l’) —B(t/e—p)
Y(x,t) =¢ D +e 7 +A 2 e .

Here p > 0 is a small constant (which can be chosen arbitrarily small) such that

u®(y,t) = 0 for y € vy and t > pe. The constants A > 0 and 3 > 0 are to be chosen later.
We can calculate

1 0
( L0+L1—8t>¢

c_p_Pap P A _saep BB s
- Py 61/2 Po 6 Po
1/2p
Letting 8 = 3(¢) = c we have

1

_ p@)  e@) @) 2ol sey)
Wa,t) =57 te = +A o .

We have
( Lo+ Ly — ) < —
Also ¢(x,t) > € for x € y and t > 0.
Let A > sup |u®(x, pe)| so that (x, pe) > A > sup |[u®(z, pe)| for = € [G].

z€[G] z€[G]
Since

1 0
< L0+L1_at> (j:ug):O
and +u®(z,t) =0 < e < (x,t) for x € y and t > 0, by comparison, we have

|U€(x)t)| < @D(w,t) < A1€ —|—A2 exp( A3 1/2 +51/2A4)

for some constants Ay, Ag, A3, Ay > 0 and z € [G], t > pe.
This implies

sup  Po(o(e¥?) > el /27%) < Aje + Agexp(—Aze™* + Y2 Ay) .
zelE(e1/4))
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By strong Markov property of the process Xi we see that
E,o(c'/%)
o0
_ / Po(o(c/4) > t)dt
0

< 81/2—% Z Px(U(EIM) > n€1/2—%)
n=0

< 81/27;{ Z( sup Px(a(el/‘l) > 81/27%))n
n=0 ze[f(c/9)

81 2—3
T 1-  sup P, (o(cl/4) > gl/2-%)
ze[£(e!/4)]
51/2—%

S 081/27%

<
T 1— Aje — Agexp(—Aze* + el/2Ay)

for £ small enough. This implies the statement of the Lemma. [J

We shall denote by Si([0,£'/4]) the closed set bounded by the surfaces 7, and vk
and by S([0,e/4])) = U;_,Sk(]0,'/4]). We denote Sk ([0,2c'/4]) and S([0,2¢/4]) in a
similar way by replacing Vs by 2,

Following the geometric construction stated before Lemma 4.1, for ¢ > 0 small
enough, and each k = 1,...,r, at any point = € S([0,2¢/4]) one can introduce an or-
thonormal frame {e; (m)}glzl smoothly depending on z € S([0,2¢1/4]) such that eq(z) =

VHy(x)
|VH(2)|pa
Also a®(z)ey(x) = Ax)eq(z). The eigenvalue A(z) is in CO)(Sk([0,2¢/4])) with
A, = 0 and A(z) > 0 for x € Sk([0,2¢'/4])\ 7. Furthermore, for € small enough we
have C -dist?(x,y) < M) < Oy -dist?(z, vx) for some C1,Cy > 0 and x € S([0, 2¢'/4]).

Within the rest of this section implied positive constants denoted by C;’s will not

and e; () (a¥ (z)e;(x)) > alej(z)3, = aforsomea > 0and j =1,...,d—1.

be explicitly pointed out unless necessary. Also, sometimes we use the same symbol C'
to denote different implied positive constants which are not important.

Let us introduce a new coordinate (¢¥,..,% | Hy) in S([0,2e'/4]). We take
H; = Hj(z), which is the extended first integral of Hj to Sk([0,2¢/4]); and we take
(o, sk ) = (¥ (), ..., ok, (2)) to be the coordinate for a point " (x) = (¢} (z), ..., % | (z))
on v,. The point p*(z) € 7 is such that X¢“®(Hy(z)) = z for the flow X%(t)
introduced in the geometric construction before Lemma 4.1. In the more or less sim-
pler case we can arrange the coordinate (p§(z), ..., 0% (), Hi(x)) in such a way that
(e1(x),...,eq(x)) is the orthonormal frame corresponding to axis curves of this new co-
ordinate system. (We will discuss the general case a bit later.) The metric tensor of this
new coordinate system is given by ds® = E1(z)(d¢}(2))? + ... + Eq—1(x)(deh_,(2))? +
E4(z)(dHg(x))%. Here the functions 0 < C3 < Eq(x), ..., E4(x) < Cy < oo are in class
CB)(Sk([0,2¢'74])) with bounded derivatives. We notice that by our geometric construc-
tion we have Cs - HZ () < A(z) < Cg - HE ().
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The theory of orthogonal curvilinear coordinate system (see, for example, [33,
Ch.14]) tells us that for a differentiable function f on Sy([0,2c'/4]) we have

IS

-1

1 f 1 af
VE 8(,01 w/ 8Hk

and for a differentiable vector field B(z) = Z Bi(z)e;(z) on Sk([0,2c'/4]) we have

Vi(z) =

(z)ea(z) ,

1™

! S [1j_. Ej(2) , ) 1%, Ej(z)
VBz)= : Bi(a) | + J B(z)

Consider a function (so called ”barrier function”, see [21] and [11, Ch.3]) ug(z) €
C®)(8,([0,2¢'/4])) which depends only on Hj and is a constant on each level surface

{H}, = const}. We can write ug(z) = ux(Hy) and we apply the above two formulas to
get

10 [, Ei(z) [ A(z) du
3 9m, ( %(x) < . +Nd(x)> de (Hk)>

——— (Hy)

" dH,

Here the functions p1(z), ..., ttq(z) are defined via the relation V) (z)eq(z) = p1(x)e; (z)+
... 4 pg(z)eq(z). These functions are in C®)(S([0, 2e7/4])) with bounded derivatives. No-
tice that since L is strictly elliptic, the matrix a(l)(x) is positive definite, and therefore

the function pg(x) is uniformly bounded from below by a certain positive constant.
A
For simplicity of notation let us define A(x) = Hle E;(x) and A;(z) = (z)

Ei(z)Eq(z)
for i = 1,...,d. These functions are strictly positive (with uniform lower bound) in

C®(8([0,2¢/4])) with bounded derivatives. Under this notation we can write

N 1 1 9 )\(33) duk d-11 0 ‘ ' duk
— i |3 (40 (M2 4 naw)) G0 ) + T § o (Aol - G
As a further simplification we shall define

%Ad(:ﬁ))\(az) — Ki(x)
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SAa@a(e) = Ka(a)

IS

-1

10
- 5@(&(@%(@) = K3(7) .
We have
CLO + L1> wp(x) = A(lm [6; <<K16(x) . K2(x)> %(H@) + Kg(:ﬁ)%(Hk)
(4.1)
For a point = € Si([0,2¢'/4]) and & small enough we have
C.H? (z) < Ky(x) < CyHE(x) ; (4.2)
Calfi(a) < 5o (K1(#) < CaoMi(o) (43)
0< 011 < KQ(I‘) < 012 < 00 ; (4.4)
'82[}6(;(2(:6)) <O < oo (4.5)
‘Kg(x)’ <Ciy <. (46)

We also notice, that since we are working in a small neighborhood S ([0, 2e/4]),
the functions Agq(x) = Ag(k, ..., @Idf,kaz) and \(z) = A(¢h, ..., gpld";l,Hk) have Taylor
expansions

A, 051, Hi) = Aa(#, ooy 0l 1,0) + O(Hy)

10%x,

Ak, b Hy) = 5@(@17 1, 0)HE + O(H}) .
k

Therefore we see that for 2 € Sp([0,2c/4]) we have

Ki(2) = Ci(ph, ..., o) HE + O(H}) (4.7)

with a certain positive function Cy (¢}, ..., % ).

In the general case the axis curve corresponding to Hy will be orthogonal to those
corresponding to the gof’s, but the axis curves corresponding to the ()0? ’s are not neces-
sarily orthogonal. The calculation will be more bulky since the metric tensor have cross
terms with respect to the coordinate ¢;’s, but the essence is the same as it is only impor-
tant to have the axis curves corresponding to Hy, being orthogonal to those corresponding
to the gof’s. To be more precise, let (gi;)1<i j<d be the metric tensor corresponding to the
coordinate system (¢}, ..., 0% |, Hy). We introduce a frame e;(z), ...,eq(z). Here e;(z)
is the unit tangent vector on the axis curve corresponding to gof for 1 <i<d-—1;e4(x)

is the unit tangent vector on the axis curve corresponding to Hy. We have g;q = g4; =0

fori=1,...,d—1and ggq > 0. Let (gij)lgingd be the dual tensor, i.e., (gij)lgi,jgd is the
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4 : 1
inverse matrix of (g;;)1<;j<d- We have g = g% =0for 1 <i<d—1and g = —.
T 9dd

For uy, = ug(Hy) we have

1 du
Vil®) = s, o)
and
@) Vu(x) = (@)

o) (2)Vuy(z) = maf{k eq(x \/ngde (i(z)er(z)+...4+ pa-1(z)eq-1(z)) .

Here, as before, we have a™)(z)eq(x) = ui(x)ei(x) + ... + pa(x)eq(z). We shall
d . .
then apply a general formula that for a vector field B(x) = ) B*(x)e'(x) we have
i=1

d—1

V-B(z) = \FZ 5 (Bi(2)\/ g7 (2)\/g(@)) + FaHk NNy

=1

Here g(z) = det(gij(z)). The basis e!(z),...,ed(z) is the reciprocal basis (normalized)
dual to e (z),...,eq4(x), i.e., (e, ej)(gij) = §;; with respect to the inner product (e, o)(gij)
defined by the metric tensor (g;;). By the fact that the metric tensor has no cross terms
between Hj, and ¢f’s, we actually have e(z) = e4(z) and span{e;(x),...,eqs_1(x)} =
span{e!(z),...,ed"1(x)}.

We then see that the operator 1Lo + L applied to ug(z) = ur(Hy) will result
in a formula which is the same as (4?1). The functions Ki(z), Ks(z) and K3(z) will

somehow be different but they still satisfy the conditions (4.2) —(4.7).

Let ¢([0,2¢/4]) be the first time when the process X§, starting from a point x €
S([0,2e/)), hits « or 4.
Lemma 4.2. We have

sup  E,.([0,2e4]) < ¥4
2€85([0,2¢1/4])

for some C > 0.

Proof. Let

K
K4(Hy) = min < 1) + Kg(a:)) :
2€8([0,261/4)),Hy (x)=H}, 15

By (4.2) and (4.4) we can estimate
H} H}
Cis (; + 1) < Ky(Hy) < Cis <Ek + 1) (4.8)
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for C15,Chg > 0.
Let

B 1 Ki(x)
Kolo) = ey (e ) 2 1

The function K5(z) is a bounded function with bounded derivatives for 2 € S([0, 26/4]).
Let the barrier function ug)(x) = ug)(Hk) be defined by

WOy = [ Kole) —y
g (Hk)_/o Ka(y) "

Ko(e) = /26”4 ay ) /QE”“ ydy
R Ky(y) 0 Ka(y) )

It is easy to check that

with

ut?(0) = ul (2 =0 .

We can estimate Kg(¢) < 2¢/* and we have, by (4.8), that

He g He g
Y < 017/ 27‘@ < Cyqell? arctan(Hks_l/z) < O15e'/? . (4.9)
o Kiy) o Y
—+1
€
This gives the estimates
0 < ul")(Hy) < Croe?/t (4.10)
and O
du,
Hy)| < 1/4 4.11
de( k)| < Caoe (4.11)

for 0 < Hj, < 2¢'/4. Apply (4.1) to the function u,(cl) we can see, using (4.11), that,

1
<€L0 + L1> ug)(x)

L [0 dug) dug)
~AG) | (KS(@K“H’“(“’”DWH’““”) IS0 g <H’“<”"”] w12
< A(lﬂs) afik ((Ko(e) — Hy(x)) K5(2) + 02151/4]
- A(lx) __K5(x) + Cf;(;C(KE)(fU))(KG(E) — Hy(x)) + 02151/4] < —Cyy

for z € S(]0,2¢/4]) and e small enough.
We notice that this process Xj before hitting v or v is restricted to one of the

Si([0,2¢'/4))’s and the bound (4.12) can be made uniform in .
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(1)

Now we apply Ito’s formula to the function u,; * constructed above up to the stop-

ping time ¢([0, 2e/4]). Taking expectation we get
¢([0,21/4]) 1
ul(z) = - / E, <€L0 + L1> ul(XE)ds > CoaBr(([0,26V4]) . (4.13)
0

From (4.10) and (4.13) we see that the statement of this Lemma follows. [

Lemma 4.3. For x € v we have
Px(XE([o,le/Al]) €v) > Cel/t

for some C > 0.

Proof. Let

9 (Klg(x) - KQ(x)> + Ks(a)

_ OHj,
K (H) = €S ([0.25VT) H (2)—H K (z)

Let, for a fixed Hy, € [0,2¢'/4], the above maximum be achieved at a point

Sok = (Splf(Hk)v 7@’;71(Hk)7Hk) .

By Lemma 4.4 we have

Cr(@®)HE + e Ko (0", Hy)

Let the barrier function u,(f) (x) = u,(f)(H 1) be defined by

/O " (- /0 ! K7(z)dz) dy
/ oo (~ [ (o= |

uW0)=1, P2 =0.

< Oy . (4.14)

’K7(Hk) -

ul) (Hy) =1 -

It is easy to see that we have

Apply formula (4.1) we can see that

1
<5L0 + L1) u,(f) (z)

1 Ki(z) d?u? 0 [(Ki(x) du'?
= A(x) < 16 + K2($)> dI{k’z (ch) + (m ( - —|—K2(33‘)> + K3(,1:)> d];k (Hk:)
>0.

(4.15)
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However, by (4.14), (4.4) and the property of C(¢*) in (4.7) we can estimate

0p1/4 Yy 2e1/4 y 25
exp | — K-(z)dz | dy > C: / ex (—/ dz> dy 4.16
/ (- [ nis) dy > [ e (- [ gt ). 10

261/4 y 281/4 y 2Z
— | Kq(2)dz ) dy < C | = dx)dy . (417
/0 eXp< /0 7(2) Z) y < Co /0 eXP( /0 21 Gyt Z> Y (4.17)

By Lemma 4.5, (4.16) and (4.17) we see that
’U/](f) (61/4) > C28€1/4 . (4.18)

This bound (4.18) can actually be made uniform in k. We can apply It6’s formula
to the function u,(f) constructed above up to the stopping time ¢([0,2¢'/4]). Taking

expectation we get

(2)/.1/4 ¢([0:2¢1%]) 1 2)
Px(Xg([oﬁkl/LlD €v)—u (e / ) = / E, <5L0 + L1> uy (X5)ds >0 (4.19)
0

for 2 € 7. Now (4.18) and (4.19) imply the statement of this Lemma. O]

Lemma 4.4. For a fired Hy € [0,251/4] and the corresponding ©* defined as in
the proof of Lemma 4.3, we have

20y (%) Hy, <C

K-(Hy) —
7(H) Cr(@P HZ + e Kook, Hy) | ~

for some C > 0.

Proof. Using (4.7), we can write

_ 203 (") Hy, + O(HE) + e Ko 3(", Hy,)
Cr(¢F)HE + O(H}) + e Kok, Hy)

Here Ko 3(p", Hy) is a bounded function. We then have

Kr(Hy)
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20% (©*) Hy,
K-(Hy) —
’ 7< k) Ck(tpk)H,z—i-EKg((pk,Hk)
_ ‘QCk(SOk)Hk + O(H}) 4 e K 3(¢", Hy) 205 (") Hy,

Cr(e*)HE + O(HP) + eKa(p*, Hy)  Cy(p*)HE + Ko (%, Hy)
O(H}) + eKa (", Hy,) N
Cr(®)HE + O(H}) + e Ka(o*, Hy,)

S ’

QCk(QDk)Hk QCk(QDk)Hk

(pF)HZ + O(H}) + eKo(ok, Hy)  Cr(@*)HE + e Kok, Hy)
’ O(H?) + Ko 3(", Hy)
C(p*)HE + O(HP) 4 e Ko (o*, Hy,)

2Ck (") Hy O(H})

. <C.
Cr(pF)H} + eKa(ph, Hy,)  Cr(oF)Hy + O(H}) + e Ko (", Hy)

Lemma 4.5. We have

2e1/ v 2z
— — 22 dz ) dy > Cage®/*
/51/4 €xp ( /0 22 + CE Z> Yy = Cag€ ;

1/2 Caze!/t voo2z 1/2
C > — dz | dy > C .
31€ _/0 eXP< /0 21 Ce Z) Yy = L30€

Proof. Evaluating the integrals, we have

/y%dz—ln y + Ce
0 22+C€ - 05 ’

b v 2z 1 b a
_ — VC:1/2 A =
/a exp < /0 N dz) dy =V Ce (arctan(mglﬂ) arctan(@€1/2)> .

If a = 0 and b = Cyoe/* we already get the second inequality of this Lemma. Now

suppose a = e¥/% and b = 2%, We shall make use of an asymptotic expansion of
arctan(y) as y — oo:

1

1
arctan(y) = g - =+ 0(=

) as y — 00 .
Y )

This gives

261/4

v 2z
— —dz | d
/51/4 exXp ( /0 224+ Ce Z) y

1 1
> Cise!® (g + e+ OCY) 2 O
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Lemma 4.6. We have

limsup Ezo =0
el0 ey

uniformly in €.

Proof. Lemmas 4.1, 4.2 and 4.3 imply the statement of this Lemma. For x € v
we have

E,o

= B0, 2 LX) € 7) + BalC0 225 + B )X 00y € )
< sup  E([0,2¢Y4])) + Ey(sup Eyo(e'/4) + sup Eq0)1(X¢

€
wES([0,2€1/4]) yel r€y ([07261/4}) l)

< sup  E;C(]0,2e4]) 4 (sup E,o('/4) + sup EJCU)PI(XE([O ge1/a]) € v) -
z€5([0,2¢1/4]) ver z€Y ’ -
(4.20)
Taking a sup over all z € 7 we get

sup  E;C([0,2e'4]) 4+ sup E,o (/%) -P:C(Xf([0 pet/a]) € )
reS([0,261/4) vey ’ =
supE,o <

ey Px<X§([07251/4D € 7)

Using Lemmas 4.1, 4.2 and 4.3 we see that the statement of this Lemma follows.
(We choose 7 = 1/8 in Lemma 4.1.) O

Lemma 4.7. We have

lim sup Epo=0
el0 zes((o,e1/4))

uniformly in €.
Proof. This is a consequence of Lemmas 4.1, 4.2 and 4.6. [J

Lemma 4.8. We have

lim sup Ezo =0
€10 z¢[g)

uniformly in €.
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Proof. This is a consequence of Lemmas 4.1 and 4.7. [J

We shall denote by Si([—¢'/2,'/4]) the closed set bounded by the surfaces 7, and
7,, and by S([—e'/2, V%)) = U;_ Sk([—'/2,£1/4]). We notice that by the same reason as
before, a coordinate (¥, ..., ok |, Hy) exists in Sg([—'/2,£'/4]). We denote Si.([0, /),
S([0,'/4)) (replacing 7, by i) and Si([—'/2,0]), S([—€'/2,0]) (replacing Y, by k) in

a similar way.

Lemma 4.9. We have

limsup E,7 =0
el0 xey

uniformly in €.

Proof. The proof of this lemma is very similar to and is a bit simpler than that of
Lemma 4.6. We shall construct two barrier functions u,(f) (for estimating the exit time
from Sy([—e~1/2,'/4])) and ul(j) (for the probability of hitting 7).

For the construction of u,(:’) all the arguments of Lemma 4.2 can be carried here
with 7 replaced by 7, v replaced by v and ~ replaced by 7. We are working now with
Si([—'/2,eV4)) and Hy, € [—'/2,e!/4]. We apply formula (4.1) with the change of
the estimates (4.2) — (4.6) as follows: when z € Si([0,'/4]) there is no change in the
estimates; when = € Si([—€'/2,0]) we replace (4.2) and (4.3) by K (x) = W(Kl () =
0 and (4.4) - (4.6) remain the same. The function Ky(x) is then defined in g same way
as in Lemma 4.2 with an estimate 0 < Cyy < K4(Hy) < Cs5 < oo for & € S([—€'/2,0]).

Again we let
) He g —
®) () — / 6(e) —y
w,’ (Hy) = ——d
k ( k) =y K4(y) Yy
with

-1
Ko(e) = / S dy / S ydy
‘ _ez Ka(y) o Ka(y) )
It is then checked that wuy(—e'/?) = ug(e'/4) = 0 and Kg(e) < 2¢'/%. The estimate

(4.9) is still working for Hy € [—'/2,e'/4]. The estimates (4.10), (4.11) and (4.12) are
still working. Let ¢([—£'/2,'/4]) be the first time when the process X¢ starting from a

point x € v, first hits v or . A similar statement of (4.13) is then obtained. We have
lim sup E.(([-€?,eY) =0 (4.21)

el0 T€S([—e/2 g1/4])

uniformly in €.
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The estimate of the hitting probability is a bit simpler. We construct a barrier
(4)

function u, ’ similarly as in Lemma 4.3. The function K7(H}) is defined as in Lemma
4.3. But now we have the property that |K;(H})| < C for Hy, € [—'/2,0]. We let

Hy, Yy
/ exp <— K7(z)dz> dy
_e1/2 _el/2
c1/4 y :
/ exp (— K7(z)dz> dy
_el/2 _el/2

We have u,(f4)(—z—:1/2) =1, u,(:l) (e1/*) = 0. We have

uf:l)(Hk) =1-

0 y
Caeel/? < / exp (— K7(Z)d2> dy < Cyret/?
_e1/2

_el/2

and by the second inequality in Lemma 4.5 we see that

1/4

€ y
Csgel/? < / exp (—/ Ky(z)dz> dy < Csgel/? .
0

_el/2
These estimates ensure that an analogue of (4.19) works, but the lower bound is a

positive constant, and hence situation is a bit simpler. We have
_ 4
1> Po(XE s ijay €7) 2 ul(0) > Cy > 0. (4.22)
uniformly in x € v and € > 0. The results (4.21), (4.22) and Lemma 4.8, combined with

a similar analysis of (4.20) in Lemma 4.6, give the statement of this Lemma. [J

Lemma 4.10. We have

limsupE, o =0
510 TEY

uniformly in .
Proof. This is a result in the same essence of Lemma 3.2 (formula (10)) of [4]. O
Lemma 4.11. The process X satisfies the Doeblin condition on v uniformly in
Proof. For each fixed ¢ > 0 we have the ergodicity of the process X;. Uniformly
in e the Doeblin condition is satisfied for the process X; in [£] and each of these [Uy|’s

for k =1,...,7. As we have Lemmas 4.8, 4.9 and 4.10, we see that the statement of this

Lemma follows. [J

7
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