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Chapter 1: Introduction

While the study of astrophysical systems is sometimes thought of as limited

to astronomical observations, there are many experiments that elucidate di�erent

aspects of the cosmos, starting with the study of spectroscopic lines to identify

elements in distant stars [2] to the more recent developments of tabletop systems

where it is possible to study phenomena predicted and studied by general relativ-

ity. There are a variety of physical platforms that enable the study of relativistic

phenomena under well-controlled laboratory conditions, including but not exclu-

sive to, classical 
uids [3, 4], optical �bers [5, 6], semiconductor microcavities [7],

superconducting circuits [8], ion traps [9], and cold atomic systems [10]. Some

of the recent experiments in the �eld of analogue cosmology include the realiza-

tion of acoustic black hole horizons [3, 5, 7]; stimulated and spontaneous Hawking

radiation [6, 11, 12]; and scattering processes around rotating black holes [13]. Ul-

tracold atoms, with their unprecedented control and measurement capabilities, are

an emerging platform for realizing minimal models in the context of high energy

physics [14], astrophysics [15, 16, 17, 18], and cosmology [19, 20, 21, 22].

This thesis presents the construction and characterization of the experimental

apparatus used to produce toroidal Bose-Einstein condensates (BECs) as well as
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the techniques to study cosmology analogues in expanding and contracting toroidal

BECs.

Chapter 2 reviews the basic theory that describes BECs in dilute atomic gases,

as well as a brief discussion of the connection between BECs and cosmological mod-

els.

Chapter 3 describes the interactions between Alkalai atoms and electromag-

netic �elds. The description is presented in the context of laser and magnetic cooling

and trapping of neutral atoms which forms the basis of tools to engineer BECs for

analogue cosmological experiments.

While chapter 4 presents an overview of the experimental apparatus built

to produce BECs, chapter 5 combines the techniques from chapter 3 with the tools

developed in chapter 4 to produce toroidal BECs and to generate azimuthal phononic

modes in the BECs.

Finally, chapter 6 presents the experimental results from our publication in

preparation, \Hubble Attenuation and Ampli�cation in Expanding and Contracting

Cold-Atom Universes". In this work, we studied the red-shifting and attenuation of

azimuthal phonons in expanding toroidal BECs as well as the time reversed process,

contraction of toroidal BECs, which results in blue-shifting and ampli�cation of

azimuthal phonons.

Appendix A presents a detailed description of the design and construction of

the imaging and projection optics as well as their characterization.

Appendix B summarizes a (non-comprehensive) list of aspects of our experi-

mental system that o�er vast room for improvement.
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Chapter 2: Theoretical Background

Almost a century ago Einstein [23], based on the work of Bose [24], predicted

the existence of a new state of matter now known as a Bose Einstein Condensate

(BEC). London proposed, in 1938, [25] super
uidity and superconductivity as ex-

amples of BEC, however, experimental realization of a dilute atomic-gas BEC did

not happen until several decades later [26, 27]. Since then, the theoretical under-

standing of BECs has become a fruitful �eld in physics [28, 29], and the techniques

that were developed to create these dilute atomic-gas condensates [30] form part

of the toolbox used to study new phenomena beyond traditional atomic, molecular

and optical (AMO) physics with BECs as the experimental platform.

The general approach to understanding the phenomena of Bose-Einstein con-

densation in an ideal gas of bosons|meaning uniform and non-interacting| in 3D

can be found in most graduate-level statistical mechanical books [31, 32, 33, 34], a

summarized version of the derivations will be presented in section 2.1. Understand-

ing the same many-body system in which weak interactions, meaning small coupling,

between particles are taken into account leads to the development of Bogoliubov's

theory of super
uidity [35]. If in addition to weak interactions between particles we

consider the case in which there is an external potential, e.g. a con�ning potential,
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we arrive at the derivation of the Gross-Pitaevskii equation (section 2.2).

The Gross-Pitaevskii equation (GPE) describes a dilute gas of bosons at zero

temperature and provides the framework for studing super
uidity in BECs. It has

been of interest in recent years to use BECs as a platform to study physical phe-

nomena that is described by equations analogous to those that describe the physics

of a super
uid, this phenomena includes models relevant to high energy physics [14],

astrophysics [15, 16, 17, 18], and cosmology [19, 20, 21, 22]. We are currently inter-

ested in studying physics that relates to the in
ationary stage of the early universe

and in section 2.3 we will derive the equations that describe the evolution of elemen-

tary excitations in a condensate which are analogous to the equations that describe

the evolution of elementary excitations of the vacuum in cosmological systems.

2.1 The Ideal Bose-Einstein Gas

The theory of Bose-Einstein condensation in a uniform gas of identical, non-

interacting bosonic particles follows the derivations found in Refs. [31, 32, 33, 34].

This derivation begins with the grand canonical ensemble which assumes a system

that can exchange energy and particles with a reservoir. The system and the reser-

voir exist in thermal equilibrium and are in equilibrium with respect to particle

exchange. The thermodynamical variables that facilitate the description of such

systems are the temperature (T) and chemical potential (� ) of the system. The

chemical potential in this context can be understood as the energy required to add

4



or remove a particle from the system and is de�ned by

� =

 
@E
@N

!

S;V

; (2.1)

whereE is the internal energy of the system,S is its entropy, V is its volume and

N is the number of particles.

Deriving the thermodynamic properties of the system requires knowledge of

the grand canonical partition function, which in turn depends on the probability

distribution function for the occupation of the energy levels of the system. In the

classical limit (high temperature, low phase-space density) the distribution function

takes the form of the Maxwell-Boltzmann distribution in terms of the continuous

energy variable" , f T (" ) = exp [( � � " )=kB T], with kB the Boltzmann constant.

In the low temperature, high phase-space density regime, the thermal de Broglie

wavelength (� T =
q

2� ~2=MkB T, with M the mass of a particle and~ the reduced

Plank constant) becomes comparable to the interatomic separation, in this regime

the quantum nature of the particles must be taken into account through the Bose

distribution

f B (" j ) =
�

exp
� " j � �

kB T

�

� 1
� � 1

; (2.2)

where " j is the energy of thej -th state. In general f B (" j ) � 0 8 j , the particular

case of the ground state, nominallyj = 0, sets the condition � = "0.

The condition for condensation, as well as the critical temperature at which it

occurs (Tc), can be found by settingNe(Tc; � = "0) = N , wereNe =
P

j 6=0 f B (" j ) are
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the particles in all excited states,N = N0 + Ne the total number of particles, andN0

the number of particles in the ground state. Assuming that the energy of the system

(kB T) is much larger than the typical separation between energy states allows us

to approximate the summation by an integral,Ne =
R1

0 g(") f B (" ) d" . Here,g(") is

the density of states which can be calculated given the Hamiltonian of the system

as follows: letG(") be the total number of energy states available with energy equal

to or smaller than ", then the density of states isg(") = d G(") =d". We will derive

the solutions for two cases of interest: particles in a box and particles in a harmonic

oscillator potential (see for example [36, 37]).

Particles in a box. Consider particles with massM in a d-dimentional

box with volume V = Ld, L is the length of the box. The energy eigenvalues

"(k) = ~2k2=2M can be represented as points in a discrete grid ink-space1, then

the number of available energy levels and the density of states are given by

G(k) =
V

(2� )d

 d(k) �! g(") =

V d
2

� M
2� ~2

� d=2 "d=2� 1

�( d=2 + 1)
: (2.3)

Here 
 d(k) is the volume of ad-sphere ink-space and � is the gamma function2.

Particles in a harmonic potential. Consider a harmonic potential ind-

dimensions. The energy eigenvalues are" =
P d

j =1 (nj + 1=2)~! j where j labels the

dimension andnj is the number of particles in thej -th mode with angular frequency

1The dimensionality of the k-space is alsod.
2Mathematical curiosity: the � function in Eq. (2.3) arises from integrating the volume of a

d-sphere.
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System � �( � ) � (� )

Box in 1D 1/2
p

� � 1:46

Box in 2D 1 1 1

Box in 3D 3/2
p

�= 2 2.612

HO in 1D 1 1 1

HO in 2D 2 1 � 2=6

HO in 3D 3 2 1.202

Table 2.1: Values of� and corresponding �(� ) and � (� ) for particles in a box and
in a harmonic potential up to dimension 3.

! j , then

G(") =
"d

d!
Q

j (~! j )
�! g(") =

"d� 1

�( d)
Q

j (~! j )
: (2.4)

Generally, the density of states can be written asg(") = C� " � � 1, whereC� is

a constant and� depends on on the geometry of the system. We can rewrite the

condition N = Ne(Tc; � = 0) to determine the critical temperature as

N =
Z 1

0
d"

C� " � � 1

exp("=kB Tc) � 1
;

= C� (kB Tc)
�

Z 1

0
du

u� � 1

eu � 1
;

= C� �( � )� (� ) (kB Tc)
� ; (2.5)

where u = "=kB Tc is a change of variables used for integration and� (� ) is the

Reimann zeta function. From this expression we �nd the critical temperature

kB Tc =

 
N

C� �( � )� (� )

! 1=�

: (2.6)

Table 2.1 shows the values of� and corresponding �(� ) and � (� ) for particles in a box
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and particles in a harmonic potential. The value ofC� for particles in ad-dimensional

box is found from Eq.(2.3),C� = ( V d=2)(M=2� ~)d=2; for particles in ad-dimensional

anisotropic harmonic potential we �nd from Eq.(2.4) that C� = (
Q d

j ~! j )� 1 where

j labels the dimension. The cases of a 2D-box and a 1D-harmonic potential are

interesting in that � (� = 1) diverges, thus condensation can only occur atTc = 0.

By contrast, systems withTc > 0 exhibit Bosonic stimulation [38] which refers to

how, even though the system atTc has enough energy to occupy excited energy

levels, having atoms in the ground state favors further accumulation of atoms in the

ground state due to bosonic quantum statistics. In general, the number of atoms

that are in the condensed state,N0 = N � Ne, is

N0 = N

"

1 �
� T

Tc

� � #

: (2.7)

2.2 Weakly-Interacting Bose Gas

The theory of Bose-Einstein condensation presented in the previous section,

while illustrative, does not fully represent atomic gases like sodium in which interac-

tions exist between atoms. The solution to the weakly-interacting Bose gas problem

was �rst derived by Bogoliubov [35], the general approach can be found in [28, 29]

and assumes that:

1. The gas is atT = 0.

2. The gas is rari�ed, the condition for diluteness beingjaj � n� 1=3 where a is

the s-wave scattering length andn = N=V is the number density of the gas.
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The �rst assumption allows us to consider only slow particles in the derivations, the

second assumption allows us to ignore interactions between more that two particles.

Together, the assumptions justify describing the weak interactions between particles

in terms of the two-particle s-wave scattering length characterized bya (see for

example [36, 37]).

The problem at hand concerns the large number of particles, in experimental

settings, N is typically of the order 105 to 106 atoms, a mean-�eld approach sim-

pli�es the many-body wave function expressing it in terms of a single-particle wave

function. Then, the Hamiltonian of the system can be written in the notation of

the second quantization as

Ĥ =
Z

dr 	̂ y(r )

"

�
~2

2M
r 2 + Vext (r ; t)

#

	̂( r )

+
1
2

Z
drdr 0	̂ y(r )	̂ y (r 0) V (r � r 0) 	̂ ( r 0) 	̂( r ): (2.8)

With M the mass of a particle,Vext the external potential, V (r � r 0) the interaction

potential and 	̂ y the bosonic creation �eld operator which is normalized to the total

number of particles,N =
R1

0 dr
D
	̂ y(r )	̂( r )

E
. The �rst integral in Eq. (2.8) corre-

sponds to the Hamiltonian of the system in the absence of interactions, the second

integral models the interactions of the particles in terms of a two-body potentialV .
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The �eld operator in the Heisenberg representation satis�es the equation

i~@t 	̂ y(r ; t) =
h
	̂ y(r ; t); Ĥ

i
;

=

"

�
~2

2m
r 2 + Vext (r ; t) +

Z
dr 0	̂ y (r 0; t) V (r 0 � r ) 	̂ ( r 0; t)

#

	̂( r ; t):

(2.9)

The �rst simpli�cation to this equation comes from the Bogoliubov approximation

where we consider that the condensate fraction is large,N0=N � 1, and replace the

�eld operator with the mean value and a small 
uctuating �eld 	̂( r ; t) = 	 0(r ; t) +

�̂( r ; t). Here, 	 0 is a complex number (and a classical �eld) representing the ground

state wave function, �̂( r ; t) represents the non-condensed component of the �eld

operator and is treated as a small perturbation.

The second approximation used in simplifying Eq. (2.9) takes into account the

diluteness of the atomic cloud and the fact that atT < T c only particles with small

momentum play a role, this justi�es substituting the interatomic potential V(r � r 0)

by a \soft" potential Ve� (r ) that results in the same value ofa, the scattering length3.

Then, we can rewrite the interaction term in Eq. (2.9) as

Ĥ I =
Z

dr 0	̂ y (r 0; t) V (r 0 � r ) 	̂ ( r 0; t) ;

= g
�
�
� 	̂( r ; t)

�
�
�
2

; (2.10)

whereg := 4� ~2a=M is the interaction coupling constant. Using Eq. (2.9) and (2.10)

3The purpose of a \soft" potential is to allow integrability of the Schr•odinger equation
that would otherwise diverge for r ! 0 for typical interatomic potentials of the form V(r ) /�
1=r2 � 1=r6

�
.
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and the Bogoliubov approximations result in the equation

i~@t 	 0(r ; t) =

"
� ~2

2m
r 2 + Vext (r ; t) + gj	 0(r ; t)j2

#

	 0(r ; t): (2.11)

Equation (2.11) is known as the time-dependent Gross-Pitaevskii equation (GPE)

after Gross [39] and Pitaevskii [40] who independently derived the equation in the

context of super
uid liquid 4He.

Let us consider an external potential that does not depend ont, then we can

write the the ground state wave function as

	 0(r ; t) =  0(r ) exp
� � i�t

~

�

; (2.12)

where � = @E=@Nis the chemical potential and the wavefunction satis�es the

normalization condition
R

dr j 0(r )j2 = N . Then, j 0(r )j2 = n(r ), where n(r ) is the

number density. Equation (2.11) and (2.12) yield the time-independent GPE

"
� ~2r 2

2m
+ Vext (r ) � � + g j 0(r )j2

#

 0(r ) = 0 : (2.13)

Equation (2.13) admits multiple solutions, the one with the lowest energy plays the

role of order parameter of the condensate, for a speci�c choice of the overall phase

this solution is typically a real function. In contrast, the higher energy solutions

corresponding to excited states are usually complex functions.

The ground state solution forVext (r ) = 0 corresponds to the zero momentum

state, in the momentum basisj 0(p)j2 = N� (p). The energy of the ground state is

11



E0 = N 2g=2V. From the expression for the energy of the condensate we can derive

a quantity that will be of importance in describing the low momentum excitation

spectrum4 of the condensate in section 2.2.3, namely the speed of sound, which is

de�ned in terms of the mass density (� = Mn ) as

c2 =
@P
@�

=
@
@�

 

�
@E0
@V

!

=
�g
M 2

(2.14)

There are two characteristic lengths of importance when studying conden-

sates, the �rst one|introduced earlier in this chapter|is the thermal de Broglie

wavelength which determines the distance over which quantum statistics become

relevant; the second one, known as the healing length, is the characteristic length

over which the wave function of the condensate varies. The healing length is de�ned

through the relation ~2=2M� 2 = ng, where the kinetic energy per particle is equated

to the bulk interaction energy. Then,

� =

s
1

8�na
: (2.15)

2.2.1 Thomas-Fermi Approximation

Let us consider two cases of interest regarding the time-independent GPE.

First, we note that in the absence of interactions, i.e.g = 0, Eq. (2.13) reduces to the

time-independent Schr•odinger equation. On the other hand, when the interaction

energy (g j( 0)j2) is much higher than the ground state kinetic energy, we can ignore

4In the low momentum (p) regime the dispersion relation of the elementary excitations is
approximately linear in p.
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the contribution of the latter,

Vext (r ) � � + g n(r ) = 0 : (2.16)

This equation is known as the Thomas-Fermi (T-F) approximation of the GPE and

shows that the density distribution resembles the shape of the con�ning potential.

The implications of the T-F approximation can be studied by considering a

BEC con�ned by an isotropic harmonic potential5, Vext (r ) = M! 2r 2=2. At the

edge of the condensate (r = rTF ) the density vanishes and Eq. (2.16) results in

V(rTF ) = � , this condition is used to de�ne the Thomas-Fermi width (or radius) of

the condensate, in this caserTF =
q

2�=M! 2. On the other hand, at the center of

the condensate (r = 0) the external potential vanishes and we �nd� = gn0, where

n0 is the peak density of the condensate. In this context the chemical potential can

be understood as the value of the mean-�eld interaction at peak density.

2.2.2 Hydrodynamic Equations

There are a couple of conservation laws associated with the time-dependent

GPE. Let us write the condensate �eld function as

	 0(r ; t) =
q

n(r ; t) exp[i� (r ; t)]; (2.17)

5The choice of a harmonic potential is not arbitrary, it is rather a pragmatic choice since
experimentally BECs are typically produced in harmonic traps. The isotropy of the potential is
chosen to simplify the derivations.
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with � (r ; t) the phase of the condensate. The �rst quantity to be conserved, derived

from the normalization condition for 	 0(r ; t), is mean particle number

N =
Z 1

0
dr j	 0(r ; t)j =

Z 1

0
dr n(r ; t): (2.18)

The second conservation law relates to the condensate current density, de�ned as

j (r ; t) = �
i~

2M
(	 �

0r 	 0 � 	 0r 	 �
0) ;

= n(r ; t)
~r � (r ; t)

M
; (2.19)

= n(r ; t) vs(r ; t);

where we have introduced the velocity of the condensate 
ow,vs(r ; t) = ~r � (r ; t)=M.

We �nd from Eq. (2.11) that density of the condensate satis�es the continuity equa-

tion

@tn(r ; t) + r � j = 0: (2.20)

From Eq. (2.18), (2.19) and (2.20) follows thatr � vs = 0, which implies that the

condensate is irrotational6.

Using the explicit form of 	 0 [Eq. (2.17)] and and the time independent GPE

[Eq. (2.11)] we �nd

~@t � +

"
M v2

s

2
+ Vext + gn �

~2

2M
p

n
r 2p

n

#

= 0: (2.21)

6A common feature of super
uids is being irrotational.
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The last term inside the square brackets is known as the quantum pressure and

arises from the kinetic energy associated with the curvature of the wave function,

the length scale over which the wave function changes in the BEC is the healing

length (� ) de�ned by Eq. (2.15).

2.2.3 Elementary Excitations

The low-energy excitations of a Bose gas can be studied as small oscillations

around the equilibrium state, these excitations play a crucial role in the physics

of a condensate [41]. Consider the trial function 	0(r ; t) = 	 0(r ; t)e� i �t= ~ with

	 0(r ; t) =  0(r ) + � (r ; t), where � is a small perturbation of the from

� (r ; t) =
X h

ui (r )e� i! i t + v�
i (r )ei! i t

i
; (2.22)

here ! i is the frequency of the oscillation. Using the trial function and the time-

dependent GPE [Eq. (2.11)] we �nd a set of di�erential equations forui (r ) and vi (r ),

2

6
6
6
4

Ĥ 0 g(	 0(r ))2

g(	 �
0(r ))2 Ĥ 0

3

7
7
7
5

2

6
6
6
4

ui (r )

vi (r )

3

7
7
7
5

= ~! i

2

6
6
6
4

ui (r )

� vi (r )

3

7
7
7
5

; (2.23)

with Ĥ 0 = � (~2=2m) r 2 + Vext (r ) � � + 2gn(r ).

The solution to Eq. (2.23) depends on the con�ning potential and may not

necessarily have an analytical solution. One instance where an analytical solution

does exist is the case of the uniform Bose gas,Vext = 0, in this case � = gn and
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	 0 =
p

n. Using the ansatzu(r ) = u exp(i k � r ) and v(r ) = v exp(i k � r ) we �nd

(~! )2 =

 
~2k2

2M

! 2

+
~2k2

M
gn; (2.24)

which can be rewritten in terms of the energy (� = ~! ) and momentum (p = ~k)

of the excitations,

� (p) =

vu
u
t

 
p2

2M

! 2

+ ( cp)2 (2.25)

wherec is the speed of sound de�ned in Eq. (2.14). The dispersion relation of the

low momenta solutions can be approximated by� (p) � cp, which corresponds to

phononic excitation modes. Conversely, the high momenta solutions resemble the

free-particle solution with � (p) � p2=2M .

Consider a condensate in a harmonic potential

Vext (r ) =
1
2

M! 2
xx2 +

1
2

M! 2
yy2 +

1
2

M! 2
zz2: (2.26)

The characteristic length of the harmonic oscillator isaHO =
q

~=M �! , with �! =

(! x ! y ! z)1=3. In the T-F limit ( Na=aHO � 1) the quantum pressure term in

Eq. (2.21) can be neglected and the hydrodynamic equations [Eq. (2.20) and (2.21)]

can be linearized for the perturbation�n = n � n0, with n0 the equilibrium density,

yielding

@2

@t2
�n = r �

h
c2(r )r �n

i
: (2.27)

If the harmonic con�nement is isotropic (�! = ! i 8i ), we expect the density
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perturbation will have spherical symmetry, then�n (r ) = P (2n r )
` (r=r TF )r `Ylm l (�; � ),

with P2n r
l polynomial functions, nr the radial quantum number, l the angular mo-

mentum and ml its projection along êz. Using this ansatz in Eq. (2.27) we obtain

the dispersion relation

! (nr ; `) = �!
�
2n2

r + 2nr ` + 3nr + `
� 1=2

(2.28)

for the normal modes of the condensate in the harmonic trap. The dipole mode7

(nr = 0; l = 1) with ! = �! corresponds to oscillations of the center of mass of the

condensate which are decoupled from the internal degrees of freedom of the system.

The dipole mode derivation can be generalized to anisotropic potentials (in this case

ml remains a good quantum number but di�erentl values are coupled), resulting in

oscillation of the center of mass along each trapping direction at the corresponding

trapping frequency. This result is particularly useful in the laboratory to determine

the harmonicity of the trap [42] and the trapping frequency [43].

2.3 Bose Einstein Condensates for Analogue Cosmology

There are certain similarities between the physics of a system comprised of

weakly-interacting massive-bosons and a system comprised of non-interacting massless-

bosons, namely photons [28]. In the case of massive-bosons, a large occupation of

a particular state allows us to describe the system in terms of the classical �eld

�, as opposed to the quantum �eld �̂. Similarly, a large occupation number of a

7Also known as sloshing mode.
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particular mode in a system of photons allow us to describe the system in terms of

the classical electromagnetic �eldE, as opposed to the quantum �eld operator ^a.

Whereas Maxwell's equations govern the evolution of the classical electromagnetic

�eld, the Gross-Pitaevskii equation governs the evolution of the classical �eld 	0.

We derive in this section the equation that governs the evolution of azimuthal

phonons in an expanding toroidal BEC, this equation resembles the �eld equation for

a minimally coupled massless scalar �eld in an expanding homogeneous universe [44,

45]. The evolution of the scalar �eld in an expanding universe exhibits red-shifting,

and attenuation due to \Hubble friction". The concept of Hubble friction refers to

a term that arises from the changing metric of the universe, however, it is not a

real dissipative friction. If time is reversed in the system|implying a contracting

universe as opposed to an expanding universe|the term coined as Hubble friction

will reverse sign, therefore amplifying the scalar �eld.

2.3.1 Evolution of a Phonon in an Expanding Ring Trap

The equations that govern the evolution of phononic excitations in a back-

ground condensate can be derived from the action for the Gross-Pitaevskii wave

function [44, 46]. Using Eq. (2.11) we can write the action of the �eld 	0 de�ned in

Eq. (2.17) as

S =
Z

dt dr

"

i~	 �
0@t 	 0 �

~2

2M
r 	 �

0 � r 	 0 � V (r ; t) j	 0j2 �
g
2

j	 0j4
#

: (2.29)
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Phonons can be thought of as a small perturbations in the density and phase of the

background BEC,

n(r ; t) = n0(r ) + �n 3D(r ; t);

� (r ; t) = � 0(r ) + �� 3D(r ; t);
(2.30)

with the density perturbation ( �n 3D) and phase perturbation (�� 3D) related by

�n 3D = � (~=g)(@t + vs � r )�� 3D , wherevs is the velocity of the background conden-

sate 
ow. From Eq. (2.29) and (2.30), the action can be written, at second order,

in terms of the phase perturbation only

S =
~2

2g

Z
dt dr

n
[(@t + vs � r ) �� 3D ]2 + c2[r (�� 3D)]2

o
: (2.31)

Let us consider a toroidally shaped BEC with the con�ning potential

V(�; z ) = �

" 
�
� �

! n �

+

 
z
z�

! nz
#

= V0 (� n � + znz ) ; (2.32)

where� is the chemical potential,� := r � R(t) is the comoving cylindrical coordinate

(see Fig. 2.1),nz and n� are even positive integers,� � (z� ) is the condensate Thomas-

Fermi width along the � (z) trap direction, and V0 = �=� n �
� = �=z nz

� is the trap

depth. We can derive an equation for the azimuthal phonon modes assuming that

the vertical8 trapping frequency is higher than the radial trapping frequency and

that the ring is thin, r � � R. In this regime, �� 3D(r ; t) ! �� 1D(�; t ) and the action

8In this thesis the vertical direction corresponds to the z axis. See Fig. 4.1 and Fig. 4.9 for
reference regarding the coordinate system.
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Figure 2.1: Ring potential. (a) Horizontal con�nementV(r ) for a ring with radius
R = 20� m. (b) Cross section ofV(r ) which is approximated by the power law
potential V(� ) = V0� n � , with � = r � R; heren� = 4.

given by Eq. (2.31) can be integrated along the transverse coordinates� and z,

yielding
8
<

:
@2

t +
_V(t)
V(t)

@t �

"
c� (t)
R(t)

#2

@2
�

9
=

;
�� 1D = 0; (2.33)

whereV(t) :=
R

r dr d� dz = 2�
R

dz d� [R(t) + � ] is the time-dependent volume9 of

the condensate and

c2
� (t) :=

2�R (t)
V(t)

Z
dz d�

c2

1 + �=R (t)
; (2.34)

is the azimuthal speed of sound. The term_V=V that arises from the changing

metric [47] de�ned by the background condensate is identi�ed as the non-dissipative

\Hubble friction".

From the T-F approximation, Eq. (2.16), and Eq. (2.32) we �nd that the

9The integral is performed inside the T-F distribution found through Eq. (2.16) and Eq. (2.32)
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chemical potential scales withR as

� = R� �

"
gN

2� C(n� ; nz)

#�

V 1� �
0 ; (2.35)

where C(n� ; nz) = 4�(1 + 1 =n� )�(1 + 1 =nz)=�(1 + 1 =� ) is a constant and we have

introduced the geometric factor

� =
1

1 + 1=n� + 1=nz
: (2.36)

From Eq. (2.35) we can derive the scaling withR of relevant parameters in this

model: the e�ective speed of sound scales asc2
� / � / R� � and the volume scales

as V / R� � z� / R� , therefore _V=V = � _R=R.

Assuming azimuthal phonon mode solutions�� 1D(�; t ) = �� (t) sin(m� ), with

�� the time-dependent phonon amplitude andm the integer phonon mode, we can

rewrite Eq. (2.33) as

(

@2
t +

"

2
 m + �
_R(t)

R(t)

#

@t + ! 2
m (t)

)

�� (t) = 0 ; (2.37)

were we have introduced the instantaneous angular frequency! m = mc� (t)=R(t),

and 
 m that accounts for phenomenological damping. This phenomenological damp-

ing term can account for both Landau and Beliaev damping mechanisms [48], as well

as imperfections in the con�ning potential. We note that the term� ( _R=R)@t �� (t)

plays the role of \Hubble friction". Equation (2.37) serves as the model to study

Hubble ampli�cation and attenuation of in our experimental setup (Chapter 6).
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2.3.2 Phonon evolution in terms of observable parameters

This section derives a set of equations that are suitable to analyze the data

obtained from experimental realizations of contraction or expansion of the toroidal

BEC. We measure in our experimental setup the density perturbation�n 2D (r; �; t ) =

R
dz �n 3D(r ; t), which is related to the phase perturbation according to10

�n 3D(r ; t) = � (~=g)@t [�� 3D(r ; t)]: (2.38)

Integrating both sides over the transverse directions yields11

�
~

2�g
@t [�� 1D(�; t )] =

1
V

Z
dz r dr �n 3D(r ; t); (2.39)

=
�n 1D(�; t )

V
; (2.40)

were �n 1D (�; t ) =
R

r dr �n 2D(r; �; t ). We assume�n 1D(�; t ) = �n (t) sin (m� ), then

@t [�� 1D ] /
�n (t) sin (m � + ' 0)

[R(t)]�
: (2.41)

10This relation is derived from Eq. (2.20), (2.21) and (2.30) assuming, as in Ref. [22], thatr � 0

only has components along ^er and êz while r �� 3D only has a component along ^e� .
11It is assumed that the rings are thin such that the trap frequencies are much higher than the

phonon frequency,! z ; ! � � ! m .
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Since we can measure�n (t) and R(t) we de�ne a parameter� that simpli�es ana-

lyzing experimental data, de�ned by

@
@t

� =
�n (t)

[R(t)]�
: (2.42)

Using eq. (2.42) we can rewrite eq. (2.37) as

@2

@t2
� +

"

2
 m (t) + �
_R(t)

R(t)

#
@
@t

� +

"
mc� (t)
R(t)

#2

� = 0: (2.43)

While Eq. (2.37) is the model derived from �rst principles to study Hubble am-

pli�cation and attenuation in a contracting or expanding toroidal BEC, Eq. (2.43)

will be used to understand the response of our system and to analyze the experi-

mental results. This will be presented in Chapter 6.
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Chapter 3: Laser Cooling and Trapping

This chapter presents an overview of the theory that underlies the experimental

techniques used for cooling, trapping, manipulating and probing ultracold neutral

atoms. In section 3.1 we look at the basic properties common to alkali atoms. Sec-

tion 3.2 presents a semi-classical description of interactions between atoms and light,

this is the basis of the techniques used for laser cooling and trapping described in sec-

tions 3.3 and 3.5, as well as for probing atoms using absorption imaging (section 3.6).

The interaction of atoms and magnetic �elds together with forced evaporation in

magnetic traps, which is essential to produce BECs, is described in section 3.4.

3.1 Alkali Atomic Structure

Alkali atoms present a hydrogen-like electronic structure, that is, they all have

one valence electron in the ground state. The energy levels of hydrogen-like atoms

can be written in terms of the quantum numbersS, the intrinsic spin of the electron,

L , the orbital angular momentum of the valence electron, andI , the nuclear spin.

The state of the electron is commonly written in spectroscopic notation asn2S+1 L J ,

whereJ is he total angular momentum of the electron given byJ = L + S.

The total angular momentum of the electron couples to the nuclear spin caus-
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ing an energy shift of the degenerateJ states, namely, the hyper�ne splitting. Given

the total atomic angular momentum,F = I + J, we can write the hyper�ne shift as

� EHFS = gN � K BJ

2

4 F (F + 1) � J (J + 1) � I (I + 1)

2
q

J (J + 1)

3

5 ; (3.1)

wheregN is the nuclear g-factor,� K is the nuclear magneton andBJ is the internal

magnetic �eld produced by the electron, which in turn depends on the electron

angular momentum J.

Given the quantization axisẑ, we can fully describe the state of the electron

in the basisjF; mF i wheremF is the projection of the total angular momentumF

along thez-axis.

3.1.1 Atomic Structure of Sodium

We use sodium in our experiment. Sodium is an alkali atom with atomic

number Z = 11, and one stable isotope,23Na. The electronic structure of which

is 1s22s22p63s1. The ground state of23Na has two hyper�ne manifolds because of

its nuclear spin of I = 3=2. The �rst excited electronic state of sodium is a 3p

state that, due to spin-orbit coupling, splits into two states 3P1=2 and 3P3=2. The

transition between the ground state and the 3P3=2 state is known as theD2 line and

has a wavelength of 589 nm. Figure 3.1 shows the hyper�ne levels of theD2 line,

the ground state hyper�ne levels are labeled byF while the excited state hyper�ne

levels are labeled byF 0. Cooling and probing happen on the cycling transition

(F = 2 ! F 0 = 3). Due to o�-resonant scattering atoms can be excited toF 0 = 2
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Figure 3.1: Energy level structure of theD2 line in sodium. Values taken from
[1]. The solid yellow line corresponds to the cycling transition used for Doppler
cooling. The dashed yellow line corresponds to the repumping transition. Inset
shows the Zeeman splitting of the ground state hyper�ne manifolds in the presence
of an applied external magnetic �eld.

from which state they can decay either intoF = 1 or F = 2. This o�-resonant

excitation leads to optical pumping of atoms out of the cycling transition. To prevent

this, repumping into the cycling transition is needed applying light resonant with

the F = 1 ! F 0 = 2 transition.

3.2 Atom light interaction

Ultracold atom experiments rely on the interaction between electromagnetic

�elds and atoms for trapping and cooling. Fine tuning these interactions allow for

precise control of the atoms.
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Figure 3.2: Energy diagram of a two level atom.j1i is the ground state andj2i is
the excited state. The energy di�erence between these states is~! = ~(! 2 � ! 1).
The laser �eld frequency is denoted as! 0 with � = ! � ! 0 the detuning from the
transition. The excited state can spontaneously decay into the ground state with
decay rate �.

3.2.1 The two level atom

A semiclassical description of the interaction of a laser �eld and a two level

atom su�ces to understand the system. This approach regards the laser light as

a classical �eld and the atom as a two level quantum system with dipole coupling

between the ground state and the excited state. The description presented here

follows a standard treatment that can be found in several textbooks [37, 49, 50, 51,

52].

The Hamiltonian that describes the two level atom in the absence of light is

H0 =

0

B
B
B
@

E1 0

0 E2

1

C
C
C
A

; (3.2)

whereE1 is the energy of the ground statej1i , E2 is the energy of the excited state

j2i and E2 � E1 = ~(! 2 � ! 1) = ~! 0. The generalized solution to the time-dependent

27



Schr•odinger equation for this Hamiltonian is the wavefunction

	( r ; t) = c1j1i e� i! 1 t + c2j2i e� i! 2 t : (3.3)

We begin the description of the atom-light interaction assuming that the laser

light is monochromatic and homogeneous. Then, we can write the oscillating electric

�eld as

E(t) =
"̂E 0

2

�
ei!t + e� i!t

�
: (3.4)

Here, E0 is the amplitude of the �eld, "̂ its polarization and ! its frequency. The

interaction between the atom and the �eld in the dipole approximation is described

by the Hamiltonian

H I (t) = � d � E(t) ; (3.5)

whered is the electric dipole moment of the atom. Since this Hamiltonian is pro-

portional to r its matrix representation will only have o�-diagonal elements

H I =

0

B
B
B
@

0 ~


~
 � 0

1

C
C
C
A

cos (!t ) ; (3.6)

where we have de�ned the Rabi frequency as


 := �
h1j "̂ � d j2i

~
E0 : (3.7)
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The full Hamiltonian that describes the atom-light system is then

H (t) =

0

B
B
B
@

~! 1 ~
 cos( !t )

~
 � cos(!t ) ~! 2

1

C
C
C
A

: (3.8)

Using this Hamiltonian and equation 3.3 in the time-dependent Schr•odinger equation

yields the di�erential equations

i _c1 = 

2 e� i! 0 t (ei!t + e� i!t )c2

i _c2 = 
 �

2 e+ i! 0 t (ei!t + e� i!t )c1

(3.9)

The oscillating terms on the RHS of (3.9) oscillate at two di�erent frequencies,

! � ! 0. For near resonant radiation (! 0 � ! ) ! + ! 0 >> j! � ! 0j. Since the

dynamics of the atom are slow compared to the fast oscillating terms we can neglect

the terms proportional to ! + ! 0
1 leading to the equations

i _c1 = 

2 ei�t c2 ;

i _c2 = 
 �

2 e� i�t c1 ;
(3.10)

with � := ! � ! 0 the laser detuning from resonance. Going into the rotating frame

given by the transformation

i~c1 = c1e� i�t= 2 ;

i ~c2 = c2e+ i�t= 2 ;
(3.11)

1This is known as the Rotating Wave Approximation (RWA).
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we can rewrite the equations (3.10) as

_~c1 = 1
2(� ~c1 + 
~c2) ;

_~c2 = 1
2(
 � ~c1 + � ~c2) ;

(3.12)

So far the equations derived here consider the coherent evolution of the atom

interacting with a monochromatic nearly-resonant classical �eld. However, to fully

understand the evolution of this system one must take into account the spontaneous

decay from the excited state. In order to include decay it is easier to work with the

density matrix � = j	 i h	 j,

� =

0

B
B
B
@

c1c�
1 c1c�

2

c2c�
1 c2c�

2

1

C
C
C
A

=

0

B
B
B
@

� 11 � 12

� �
12 � 22

1

C
C
C
A

: (3.13)

Using equations (3.11) and (3.12), we �nd that ~� ii = � ii and ~� 12 = ~� �
21 =

� 12 exp(� i�t ). Then, we can write the time derivative of the population in the

excited state as2

_� 22 = �
i 

2

(~� 12 � ~� 21) : (3.14)

We now include a term to account for decay, rewriting equation (3.14) in the form

_� 22 = �
i 

2

(~� 12 � ~� 21) � � � 22 : (3.15)

Following a similar procedure for all the� ij terms leads to the Optical Bloch Equa-

2Here we assume that 
� = 
.
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tions (OBE):

_� 11 = + i 

2 (~� 12 � ~� 21) + � � 22 ;

_� 22 = � i 

2 (~� 12 � ~� 21) � � � 22 ;

_� 12 = � (
 ? + i� )~� 12 � i 

2 (� 11 � � 22) :

(3.16)

Here, 
 ? = (� =2) + 
 c, with 
 c a term that accounts for dephasing e�ects that do

not a�ect the populations � ii , like atom-atom collisions.

Two key results that arise from solving the OBE are:

ˆ For a strong �eld, 
 ! 1 , the populations become equal,� ii ! 1=2.

ˆ The steady-state excited state population is given by

� 22 =
1
2


 2=2
� 2 + 
 2=2 + � 2=4

: (3.17)

3.2.2 Scattering Rate and Power Broadening

The excitation rate and the decay rate are equal in steady state; thus, the

total spontaneous decay rate of light from the laser �eld is given by

Rsc = � � 22 =

 
�
2

!

 2=2

� 2 + 
 2=2 + � 2=4
: (3.18)

However, in the laboratory it is more convenient to think in terms of laser intensity

(I ) rather than Rabi frequency. Using the relation

S :=
I

I sat
=

2j
 j2

� 2
; (3.19)
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whereS is the saturation parameter andI sat := �hc � =(3� 3) is the saturation inten-

sity, we can rewrite equation (3.18) as:

Rsc =

 
�
2

!
I=I sat

1 + ( I=I sat) + (4 � 2=� 2)
; (3.20)

=
� S

1 + S

� � =2
1 + (2�=� 0)2

: (3.21)

Here, (� 0)2 = (1+ S)� 2. For S = 1 we �nd from (3.21) that the maximum scattering

rate is � =4. In the limit S ! 1 the scattering rate saturates at �=2. The e�ect of

increasing the intensity of the laser �eld beyondI sat can be seen as a broadening of

the natural linewidth of the transition. This e�ect is known as power broadening.

3.2.3 AC Stark Shift

We can rewrite equations (3.12) in matrix form

i@t

0

B
B
B
@

~c1

~c2

1

C
C
C
A

=

0

B
B
B
@

�=2 
 =2


 =2 � �=2

1

C
C
C
A

0

B
B
B
@

~c1

~c2

1

C
C
C
A

: (3.22)

Using the ansatz 0

B
B
B
@

~c1

~c2

1

C
C
C
A

=

0

B
B
B
@

a

b

1

C
C
C
A

e� i�t (3.23)
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Figure 3.3: AC Stark shift. Diagram depicting the perturbed states and the corre-
sponding energy shifts.

and solving for the eigenvalues� yields � = �
p

� 2 + 
 2=2. When 
 = 0, the

splitting of the unperturbed dressed-states is! 0
2 � ! 0

1 = � . When j� j >> 
,

� � �

 
�
2

+

 2

4�

!

: (3.24)

Thus, the energy of the perturbed states is shifted with respect to the energy of the

unperturbed states by � EAC = ~! AC with

! AC =

 2

4�
: (3.25)

3.2.4 Light Force on Atoms

The interaction of an atom with light has not only the e�ect of changing the

internal state of the atom but it also has a mechanical e�ect. When light interacts

with an atom it exerts forces on the atom that can be generalized into two types3:

ˆ Radiation pressure forcedue to absorption and re-scattering of light.

3It is worth noting that this separation is historical; both forces are just one interaction. In
the case of radiation-pressure force spontaneous emission dominates; meanwhile, the dipole force
is the limit when stimulated emission dominates.
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ˆ Dipole force due to the potential energy of the atom in the laser electric �eld.

Radiation Pressure Force . The treatment of light so far has been from a

classical perspective. However, in order to understand how light exerts a radiation

pressure force on the atom it is convenient to brie
y treat light as photons.

When an atom absorbs a photon that carries momentum~k, the momentum

of the atom is changed bym� v = ~k. The rate at which an atom can scatter

photons is given by equation (3.20). The force that photons exert on the atom can

be written as

Fsc = ( ~k)Rsc = ( ~k)

 
�
2

!
I=I sat

1 + ( I=I sat) + (4 � 2=� 2)
: (3.26)

The atoms can emit photons either coherently (stimulated emission) or incoherently

(spontaneous emission). While stimulated emission is a reversible process, sponta-

neous emission cannot be reversed. As a consequence, spontaneous emission is the

only emission that results in the dissipative scattering force.

Dipole Force . Let us consider laser light withj� j >> � and j� j >> 
. In this

regime the dipole force can be derived from the potential that an atom experiences

due to the AC Stark shift

Vdipole = ~! AC : (3.27)

From equations (3.19) and (3.25), we can rewrite (3.27) as

Vdipole �
~
 2

4�
=

~�
8

�
�

I
I sat

: (3.28)
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Then,

Fdipole = � r Vdipole ;

� �
~�
8

�
�

r I
I sat

: (3.29)

We can see from equation (3.28) that

ˆ If � < 0 (red-detunedlaser) ! Vd / � I . The potential has a minimum where

the intensity is highest. In this case the atoms will be attracted to the intensity

maximum.

ˆ If � > 0 (blue-detunedlaser) ! Vd / I . The potential has a maximum where

the intensity is highest. In this case the atoms will be repelled from regions of

intensity maxima.

This result becomes the fundamental tool that enables tailoring arbitrary po-

tentials for trapping atoms using light.

3.3 Laser Cooling and Trapping

3.3.1 Optical Molasses

To reduce the temperature of an atomic cloud the velocity of the atoms must

be reduced in three dimensions, this can be achieved with three pairs of counter-

propagating beams. To understand how this works consider the one dimensional

case of an atom moving with speedv along the propagation axis of two counter-
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Figure 3.4: Doppler shift. An atom travels along the propagation axis of two counter-
propagating beams. In the rest frame of the atom the frequency of each beam is
shifted by � k � v. Here ! is the laser frequency in the laboratory frame,k is the
light wave vector andv is the velocity of the atom in the laboratory frame.

propagating beams with wave vectork, see Fig. 3.4, in the rest frame of the atom

the beams have di�erent frequencies

! � = ! � kv; (3.30)

with ! the frequency of the light in the laboratory frame andkv = jk � vj. If the

frequency of the beams is chosen to be red-detuned, the Doppler shift enhances

scattering o� of the counter-propagating beam which has the e�ect of slowing down

the atom. This follows from the force that each of the beams exerts on the atom

which can be found from (3.26) to be

F � = �
~k�

2
S

1 + S + [2 ( � � j ! D j) =�] 2 : (3.31)

For j! D j � � , the denominator can be expanded in powers of (kv=�) 2, the resulting

expression is4

FOM
�=

8~k2�S v

� (1 + S + (2 �=�) 2)2 � � � v : (3.32)

4Terms O((kv=�) 4) and higher are ignored.
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Figure 3.5: Magneto Optical Trap (MOT). (A) Schematic of a 3D-MOT setup
consisting of three orthogonal pairs of counter-propagating beams and a pair of
coils in quadrupole con�guration producing a linear magnetic �eld at the center of
the trap. (B) Energy diagram of the excited state with F=1.

This equation has the form of a frictional force with damping coe�cient� and is

why this e�ective force is typically referred to as Optical Molasses.

Although the atoms cooled down by the technique of Optical Molasses are

e�ectively trapped at the center of the counter-propagating beams, since di�usion

out of the region of overlap is slow (typ.� 5 s), this con�guration is not a robust

trap. However, making a few modi�cations to the Optical Molasses scheme gives

rise to the so called Magneto Optical Trap (MOT) which is a much more robust

trap.

3.3.2 Magneto-Optical Trap

The experimental con�guration of a MOT in three dimensions is depicted in

�gure 3.5. In addition to the three counter propagating beams used for Optical

Molasses, an external magnetic gradient is provided by a pair of coils in quadrupole

con�gurations. The magnetic gradient causes a position dependent Zeeman split-
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ting. This leads to an imbalance between the scattering forces from each of the

beams that results in a position dependent force.

Although the principle of a MOT will be explained in terms of a system where

the ground state hasFg = 0 and the excited state hasFe = 1, this mechanism

can be generalized to atoms for which there is a transitionFg ! Fe = Fg + 1. By

means of optical pumping, for example by the� + beam, the atoms will end up in

the stretched statemg = + Fg which forms a closed system withme = + Fe.

The force on an atom in the simple one-dimensional case is

F � = �
~k�

2
S

1 + S + [2 ( � � ) =�] 2 ; (3.33)

where the detuning is given by

� � = � � ! D � ! Z : (3.34)

Here, ! D = � k � v is again the Doppler shift and! Z := � 0B=~ is the Zeeman

shift with an e�ective magnetic moment � 0 := ( g2m2 � g1m1) � B . For ! D � � and

! Z � � the expression can be approximated as was done with (3.32), yielding

FMOT = � � v � � r ; (3.35)

where� is de�ned in (3.32) and� := ( � 0B 0=~k)� , with B 0 the magnetic �eld gradi-

ent.

The minimum expected temperature for a gas of two-level atoms is set by the
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balance of the Doppler cooling forces and the recoil forces experienced by the atoms,

this limit known as the Doppler limit is given by

TD =
~�
2kB

(3.36)

with kB Boltzmann's constant. For sodiumTD = 235� K [1].

3.4 Magnetic Trapping and Evaporative Cooling

Atoms placed in an external magnetic �eldB experience an energy shift given

by

HB =
� B

~
(gsSz + gL L z + gI I z) Bz; (3.37)

whereSz, L z and I z are the z-component of the angular momentum operatorsS, L

and I , and gi the corresponding Land�e g-factors.

When the energy shift due to the external magnetic �eld is small compared

to the hyper�ne splitting, the Hamiltonian from equation (3.37) can be treated

as a perturbation of the atomic Hamiltonian. Thus, we can still work in the ba-

sis jn; L; J; F; m F i to describe the state of the atom (F ,mF remain good quantum

numbers). In this regime

HB = � B gF mF Bz ; (3.38)

with gF the corresponding Land�e g-factor. The resulting Zeeman energy shift is

given by

UB (r ) = � � F � B (r ) = � B gF mF Bz ; (3.39)
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and the resulting force exerted on an atom can be written as

FB (r ) = �r UB (r ) = � � B gF mF r Bz : (3.40)

Since (for static �elds) there cannot be a magnetic �eld local maximum, the

only way for equation (3.39) to have a local minimum is ifgF mF > 0. States for

which this is true are called low-�eld seeking and only those states are magnetically

trappable using static magnetic �elds. In the case of sodium there are three low-�eld

seeking states:j1; � 1i ,j2; 1i and j2; +2 i .

3.4.1 Evaporative Cooling

The basic principle behind evaporative cooling is to remove the most energetic

atoms form the trap and to allow the remaining atoms to re-thermalize to a lower

temperature. This process usually takes place while atoms are trapped in a a mag-

netic trap. In order to remove atoms from said trap, a radio frequency (RF) �eld is

applied to 
ip the spin of the more energetic atoms. Once an atom undergoes this

transition, the atom is no longer trappable by the magnetic potential.

The energy of the atoms in the magnetic trap is given by

E =
1
2

mv2 + � jB (r )j : (3.41)

Since the magnitude of the magnetic �eld is position dependent, the atoms interact
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with the RF �eld where

~! RF = � jB (r )j : (3.42)

Atoms with energy higher than this will be removed from the trap. The truncation

potential energy is given by

" t = ~(! RF � ! 0); (3.43)

with ! 0 = � jB (0)j =~. The truncation parameter is de�ned as

� t =
" t

kB T
; (3.44)

where kB T is the average energy of the atoms in the trap (given their average

temperature T).

In order to e�ciently cool the atoms the ratio of elastic to inelastic collisions

must be large. Elastic collisions lead to re-thermalization while inelastic collisions

lead to atom loss. During evaporation the dominant loss process is collisions with

the background gas. This is why having good vacuum (at least a few 10� 10 Torr)

is essential for ultra-cold atom experiments. In our system (full details will be

presented in chapter 5) the evaporation sequence lasts approximately 10 s while

the lifetime in the hybrid trap where the �nal stage of evaporation takes place is

approximately 25 s.
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3.4.2 Majorana Losses

When placed in a magnetic �eld,B , the atom's magnetic dipole moment pre-

cesses about the local external �eld at the Larmor frequency! L = � B B
~ . Magnetic

trapping works as long as the atom moves adiabatically in the trap, this implies slow

variations in the local magnetic �eld direction compared to the Larmor frequency.

The condition for adiabaticity can be written as [50]

! L �
1
B

�
�
�
�
�
dB
dt

�
�
�
�
�

: (3.45)

When this criterion is satis�ed, the orientation of the atom's magnetic moment can

follow the direction of the �eld. If equation (3.45) is violated the atom may transition

into a state with oppositemF value, this phenomena is known as a Majorana spin-


ip [53]. Once the atom transitions from the state jF; mF i to jF; � mF i it is no

longer magnetically trappable; thus, it is ejected from the trap.

Typically, atoms that have been optically cooled and transferred to a magnetic

trap are energetic enough to spend most of the time in orbits for which adiabaticity is

satis�ed. However, as atoms are further cooled down via RF evaporation, they spend

more time near the zero �eld point of the trap where equation (3.45) no longer holds.

There are a number of common techniques used to prevent atoms from escaping the

trap due to Majorana losses, e.g., Time Orbiting Potentials [26, 54] that keep the

atoms away from the zero-�eld point. Alternatively, one can take advantage of

this loss process to load the coldest atoms into a red detuned dipole trap [55]. We
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implement the latter method in our laboratory to reach degeneracy.

3.5 Red Detuned Dipole Trap

A tightly focused Gaussian beam far detuned to the red from resonance pro-

duces an attractive dipole trap. The intensity of the beam, in cylindrical coordinates,

is given by

I (�; z ) =
P

�w (z)2
exp

"

�
2� 2

w(z)2

#

; (3.46)

whereP is the power of the laser beam and

w(z) = w0

q
1 + ( z=zR)2: (3.47)

Herew0 is the beam waist andzR = �w 2
0=� is its Rayleigh length. The potential can

be found from equation (3.28). In the case of atoms with energykB T � U0, where

U0 is the trap depth, the potential can be Taylor expanded and approximated as a

harmonic trap

U(�; z ) = � U0

"

1 � 2
� �

! 0

� 2

�
� z

zR

� 2
#

: (3.48)

This harmonic trap has characteristic frequencies

! � =
q

4U0=m! 2
0 ;

! z =
q

2U0=mz2
R :

(3.49)
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In most applications ! � � ! z which makes necessary the addition of extra con�ne-

ment along the weak trapping axis (z in this case).

3.6 Resonant Absorption Imaging

The general idea of absorption imaging is to record on a CCD camera the

shadow that the atoms cast as a near-resonant probe beam traverses the cloud. The

probe beam is attenuated due to light being scattered by the atoms. The attenuation

of a near-resonant probe beam is given by [56]

dI
dz

= � n�I ; (3.50)

wheren is the atomic cloud density, and� is the absorption cross section,

� =
� 0

1 + 4(�=�) 2 + ( I=I sat)
: (3.51)

Here, � 0 is the on-resonance cross section,� is the detuning, and � the transition

linewidth.

The solution to equation (3.50), accounting on �rst order in (I=I sat) for satu-

ration e�ects, is

~n(x; y)� 0 = � ln
I a � I b

I p � I b
+

I p � I a

I sat
; (3.52)

where ~n(x; y) is the column density|the density of the cloud integrated along the

propagation of the probe beam|, I a is the intensity of the probe in the presence of

atoms scattering light, I p is the intensity of the probe in the absence of atoms, and
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Figure 3.6: PTAI scheme in23Na. The initial population is in the ground state
j1; � 1i , a short microwave pulse (blue arrow) transfers a small fraction of the pop-
ulation to the stretched state j2; � 2i . We image the population in the latter state
by applying a short pulse of probe light on-resonance with the cycling transition
(yellow line).

I b is the intensity of the background when no probe light is shone. Equation (3.52)

is known as the Beer-Lambert law and the term ~n(x; y)� 0 is refer to as the optical

density (OD) of the cloud.

3.6.1 Partial-Transfer Absorption Imaging (PTAI)

Although absorption imaging with probe powers belowI sat works well when

imaging thermal clouds, once the atoms reach condensation, typical ODs are greater

than 5. At this point it is di�cult to detect subtle atom density variations with high

�delity.

From equation (3.51) we see that the tunable parameters in absorption imag-

ing are the detuning and the intensity of the probe beam. A work around for high
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ODs when imaging dense clouds is implementing o�-resonant imaging or high probe

intensity imaging. However, reconstructing the density distribution from such im-

ages is complicated and not always accurate [30, 57]. We have taken a more straight

forward approach which involves transferring a fraction of the population into a

state that is resonant with the probe light while the rest of the atoms remain in

the dark (see �gure 3.6). This technique is known as Partial-Transfer Absorption

Imaging (PTAI) [58]. Another advantage of this technique is that it is (relatively)

non-destructive; it allows us to take multiple images of the same cloud since the

atoms that remain in the dark are undisturbed by the probe beam [59].

46



Chapter 4: Experimental Apparatus

The sodium rings experiment in the JQI at UMD is the second generation of

this experiment in the Campbell group. We designed and built an upgraded version

of the original apparatus that was formerly at NIST Gaithersburg [60, 61]. The

vacuum chamber is described in section 4.1 and the design is completely di�erent

from the design of the chamber used in previous generations. Section 4.2 describes

the optical layouts of the laser systems used for production of the BEC. The optics

used for imaging the atoms and to project arbitrary potentials using a DMD are

described in sections 4.3 and 4.4, respectively.

4.1 Vacuum Chamber

Production of ultra-cold atomic clouds can only be achieved in chambers at

ultra-high-vacuum (UHV) pressures, i.e., below 10� 7 mbar. The quality of the

vacuum system limits the lifetime of the atomic cloud since collisions with the back-

ground gas can exchange energy with the cold atoms and kick them out of their

shallow traps [30]. Figures 4.1 and 4.2 show front and top views of our vacuum sys-

tem, respectively, which is divided into two main chambers|the production chamber

and the science chamber|. The chambers are connected via a di�erential pumping

47



Figure 4.1: Vacuum Chamber (front view).

tube and a gate valve to maintain UHV on the science chamber. The ion gauges

read 4� 10� 9 mbar in the production chamber and 4� 10� 10 mbar in the science

chamber.

The production chamber, right section of �gures 4.1 and 4.2, follows the de-

sign of [62]. This chamber contains the sodium oven which consists of a reservoir|a

capped 2.75" half-nipple containing� 5 mg of metallic sodium|, and a nozzle|a

copper pinch o� adapter gasket for 2.75" 
ange1. Both the reservoir and the noz-

zle are heated by out-of-vacuum clamp heaters and the whole assembly is insulated

using a ceramic insulation blanket. Each heater is independently controlled by a pro-

portional integral derivative (PID) temperature controller (Omega CNi16D44-EIT)

that actuates a solid state relay (Omega SSRL240DC25). The reservoir's operation

temperature is 215� C and the nozzle's is 265� C; both are kept at room temperature

during downtime. We control the oven's PIDs via ethernet to automate turning on

1Unless stated otherwise, all 
anges are CF con
ats.
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Figure 4.2: Vacuum Chamber (top view).

and o� the oven using LabVIEW2. The only pumping element on the production

chamber is a non-evaporative getter (NEG) ion combination pump (SAES NEXTorr

D 100-5); we measure the pressure using an ion gauge (Agilent UHV-24P).

Atoms exiting the nozzle are trapped and cooled using a 2D MOT. The

magnetic �eld required for trapping in the 2D MOT is produced by permanent

neodymium magnets, as described in reference [62] (see also [63]). The magnets

produce a quadrupole magnetic �eld that is used for magneto-optical trapping and

a gradient that is used to slow down hot atoms out of the oven in similar fashion to a

Zeeman slower (see Fig. 4.8). Additionally, there are two pairs of coils in Helmholtz

con�guration to shim the magnetic �elds in the production chamber.

The production chamber is connected to the main body of the science chamber,

central section of �gures 4.1 and 4.2, via a di�erential pumping tube and a gate valve

(MDC UHV Gate Valve 302000). The gate valve is connected to an interlock that

2The temperature of the oven is ramped on or o� at a rate of � 2� C/min to minimize thermal
stress and to avoid overshooting during ramp-up.

49



shuts if the pressure read by the ion gauges on either side exceeds a given threshold.

The main body of the science chamber is from Kimball Physics (8 in \spherical

square", MCF800-SphSq-G2E4C4A16). The top and bottom viewports are custom

order recessed CF 
anges with 2.75 in diameter windows to increase optical access

for imaging, more details can be found in Appendix A (see also �gure A.1).

The pumping elements in the science chamber are located on the left section of

�gures 4.1 and 4.2. The chamber was originally designed with only one active pump,

a NEG ion combination pump (SAES NEXTorr D 500-5) and a passive titanium

sublimation pump (TSP) from Agilent Technologies (916-0050). We found that

additional pumping capacity was needed to bring the pressure down to the UHV

regime3, thus we installed a 35 L/s ion pump (Gamma Vacuum TiTan 45S-DIX).

In addition to the vacuum pumps, the left section of the chamber hosts an ion

gauge (Agilent UHV-24P) to monitor the pressure and a residual gas analyzer (SRS

RGA200) which was mainly used during initial pump-down.

There are three sets of magnetic coils and their mounts located around the

experiment chamber, in addition to the elements depicted on �gures 4.1 and 4.2.

These sets are:

ˆ Shimming coils. Two pairs of coils in Helmholtz con�guration to shim the

�elds in the x and y axis.

ˆ Quadrupole coils. Two pairs of coils4 in the receded vertical viewports to

3We found that �ring the TSP only helps during the initial pump-down of the chamber, right
after bake-out, decreasing the vacuum pressure by a factor of about two. Subsequent activations
of the TSP did not have a signi�cant e�ect in decreasing the pressure.

4The pairs of coils are wound around each other, which is why we typically refer to them as
inner-quadrupole-coils and outer-quadrupole-coils
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Figure 4.3: Electrical Connections and Water Manifold. Picture showing the ele-
ments that form part of the electrical connections to the magnetic coils as well as
the water manifold that runs chilled water through the coils.

provide a quadrupole �eld for magnetic trapping.

ˆ Conical coils. A pair of coils on the top and bottom of the chamber.Currently

they are used as the additionalz axis shimming coils.

While the Shimming coils are designed to run a couple of amperes through

them, the quadrupole coils and conical coils are designed to operate at high currents

on the order of 200 A. The high currents will heat the coils substantially, therefore

the coils are constructed of hollow copper tubing which allows us to run chilled water

through them to keep them at room temperature. The water cooling and current

delivery assembly is depicted in �gure 4.3. On the input, two manifold blocks

distribute water coming from the chiller (NESLAB ThermoFlex 5000) to the 12

coil lines, each of them has an in line Swagelok �lter on the input and independent

Swagelok valves on the input and output to facilitate servicing the line. On the
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