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Chapter 1

Introduction

All knowledge is simply bringing the essence of life under the laws of reason.

-Leo Tolstoy

1.1 General notions

In all that follows, we will restrict to 3 and 4 dimensions which are the relevant
dimensions for this thesis, though these definitions extend to higher dimensions as
well. Let Y be a smooth 3-manifold. A contact structure £ on Y is a completely
non-integrable 2-plane distribution. The pair (Y, §) is called a contact manifold. In
the case that A is a 1-form on Y so that & = ker A\, we call A\ a contact form, and
denote the contact manifold as the pair (Y, A). Note for ker A to be non-integrable
it is both necessary and sufficient for AAdX > 0. For example, the standard contact
structure &4 on R? is given as the kernel of A\ = dz — ydx.

One could choose as a basis for the contact plane at a point (z,y,z) the tan-
gent vectors d, and y0, + J,. Figure 1 illustrates the 2-plane field. A fundamental
dichotomy of contact structures is the distinction between tight and overtwisted con-
tact structures: an overtwisted contact structure contains an embedded D? whose
boundary D? is a Legendrian knot (see the appendix), while a tight contact struc-
ture contains no such disk. A given Y can have many non-equivalent contact struc-

tures. For example, Honda [13] proved that the lens space L(p, q) has IT%_,|(a; + 1)
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Figure 1.1: Standard contact structure on R3

distinct tight contact structures, where the a; < —1 are the coefficients in the con-
tinued fraction expansion of —p/q.

On any (Y, ) there is a canonical vector field R called the Reeb vector field,
defined by the equations dA(R,-) = 0 and A(R) = 1. Questions surrounding the
dynamics of R are of central interest to the study of contact manifolds. For example
it is known now, due to Taubes [27], that every R has at least one periodic orbit.

The even dimensional counterpart to a contact manifold is a symplectic manifold.
This is a pair (X,w) where X is a smooth 4-dimensional manifold and w is a closed,
non-degenerate 2-form on X. That is, dw = 0 and w A w > 0. The symplectic
volume of X is defined to be fxw A w. Given a smooth function H : X — R, the

Hamiltonian vector field of H is defined by the equation

—dH = w(Xy,").

There are many important relationships between contact and symplectic manifolds.
As one example, given any (Y, A) one can build a symplectic manifold from Y called
the symplectization of Y whose underlying smooth 4-manifold is R x Y and whose
symplectic form is given by w = d(e')\), whereby ) in this context we mean the
pullback of A on Y under the projection R xY — Y and where t is the R coordinate.
On the other hand, symplectic manifolds often contain important hypersurfaces with

some induced contact structure, possibly as a boundary. A common example is a
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generic level set S of a Hamiltonian H : X — R, with contact form defined by ¢,(w),

where v is some vector field transverse to S.

1.2 ECH(Y) and Seiberg-Witten theory

Let (Y, A) be contact and R its Reeb vector field. Choose an almost complex
structure J on the symplectization R; x Y compatible in the sense that J(J;) = R.
The embedded contact homology of (Y, A, J), or ECH(Y,\,J), is the homology of a
chain complex (ECC(Y, A, J), d) whose underlying Z/2-module is generated by finite
orbit sets a = {(m;, ;) } where m; is positive, equal to 1 if «; is hyperbolic (see [17]
for explanation), and each «; is an embedded Reeb orbit. When a class I' € H,(Y; Z)
is fixed, the submodule generated by classes {(m;, «;)} satisfying > . m;[a;] =T is
denoted ECC(Y, A, J,T'). The differential counts J-holomorphic curves in R x Y
asymptotic to two orbits whose ECH index is equal to 1. Hence the differential re-
stricts to ECC(Y, A, J,I') and we denote its homology by ECH (Y, A, J,I'). Taubes
showed that ECH(Y, A, J) is isomorphic to ]—7]\\47*(3/), the monopole Floer coho-
mology (or Seiberg-Witten Floer cohomology) of Y. As a consequence, the ECH
of Y is in fact a topological invariant, independent of A and J. Chapter 2 goes
into greater detail concerning ECH and monopole Floer theory, and discusses their

gradings, which we occasionally suppress from the notation.

1.3 Symplectic embeddings and capacities

The third chapter of this dissertation concerns symplectic embeddings. We say
that there is a there is a symplectic embedding of (X,w) into (X’,w’) if there exists
a smooth embedding f : X — X’ which is also a symplectomorphism, that is, if
f*w" = w. As a shorthand for symplectic embeddings we write X — X’. Note
that an immediate consequence is that the symplectic volume of X is no larger
than X'; in particular, if X and X’ have the same symplectic form (for example as

subsets of R*) then f : (X,w) — (X', w) is volume preserving. Therefore symplectic
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embeddings are volume preserving, but are there more restrictions?

This question owns a great deal of the share of responsibility for spawning interest
in symplectic topology. The first milestone was Gromov’s nonsqueezing theorem,
which states that the symplectic ball (B?"(r),wp), with wy inherited from R?*", em-
beds into the “cylinder” (D?*(R) x R*~2 wy) if and only if r < R. Since the target
has infinite volume, this answered the question in the positive and introduced the

notion of J-holomorphic curves as central objects of study in the symplectic world.

One of the next achievements came by considering embeddings of ellipsoids into

a ball. Namely, given 1 < a < b consider in C? the region

2 2
E(a,b) = {(21,22) c 2 | 7T|Zl| n 7T|/Z2| < 1}

equipped with the restriction of the standard symplectic form wy. What are the
obstructions to embedding F(a,b) into the ball B(u) := E(u, ) of radius /p/m >
0?7 For scaling reasons one of the parameters is redundant so we can consider F(a, 1).

We can codify this question as a function by defining

cla) :==inf{u >0 | E(1,a) = B(u)}.

The volume constraint implies that for all a > 0 we must have c¢(a) > y/a. In [25],
McDuff and Schlenk compute ¢(a), and both the methods and the result itself are
quite remarkable. In short, they discovered that ¢(a) has infinitely many nonsmooth
points (a,),>1, a monotonically increasing sequence whose values a,, are fractions of
Fibonacci numbers, converging to 74, where 7 is the golden ratio. In the intervals
away from these nonsmooth points, the graph of ¢(a) alternates between linear and
constant functions, called steps. The function then has finitely many steps between
7 &~ 6.85 and (17/6)?, after which c(a) follows the volume curve y/a. The so-
called Fibonacci staircase is the first known example of, more generally, an infinite

staircase. The point 7* is called the accumulation point.

Very roughly speaking, in [25] the obstructions to an embedding E(1,a) < B(u)
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Figure 1.2: A Mathematica plot of the Fibonacci staircase. The blue curve is /a,
the orange curve c(a); the red point is (74, 72), and the purple point ((17/6)%,17/6).

at rational values a = p/q come from exceptional divisors in the M-fold blowup
of CP?, where M is the length of the weight sequence of p/q, analogous to the
continued fraction expansion of p/q. An explicit cohomological description of the
symplectic cone &y of X, and Theorem 1.2.2 in [25] lead to Diophantine relations
which provide the computational basis for calculating ¢(a). An alternative route to
determining obstructions is through FCH capacities, which is the route we follow in

Chapter 3.

Let (X, w) be a compact symplectic 4-manifold with oriented boundary Y, whose
symplectic form w is exact, and suppose there is a 1-form A on X so that A restricted
to Y is a contact form and d\ = wl|y. Such a pair (X,w) is called a Liouville domain.

Given a Liouville domain (X, w), there is a sequence of real numbers

0= CO(XaW) < C1(X,w) < 02(X,w) < o< oo

called ECH capacities [15]. When (Y, ) is the boundary of a Liouville domain
(X,w), we define ¢ (Y, ) := cx(X,w). The definition of ECH capacities can be

extended to more general symplectic spaces, but we will not need this.
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Let Y = 0E(a,b) where for simplicity we will assume that a/b ¢ Q. The restric-

tion of the 1-form

1 2
A= 5 ;(%d% - ?Jz‘dl'i)

on R* serves as the contact form for F(a,b). The Reeb vector field in this case is

given by

R_27T 0 +27r 0
_a891 b(%’g

which has exactly two closed integral curves v; and v, (since a/b ¢ Q).
Now recall that Hq(F(a,b); Z) = 0, hence there is only one summand of ECH(E(a,b), \),
namely ECH (Y, A,0). One can compute ECH(E(a,b),\) directly as in [17] to ob-

tain

Z)2 x=0,2,4,...
ECH.(E(a,b),\) =

0 else

The action of an ECH generator « is defined to be A(«) = [, . Hence

A("yg) = am + bn.

In the specific case of Y = E(a, b), the k-th ECH capacity ¢ (F(a,b), \) is the action
of the generator in degree 2k. See [15] for the definition of the U map and the precise

definition of ¢, (Y, A) to see why this is true. Hence we have

Proposition 1.3.1 The ECH capacities of E(a,b) are given by

ce(E(a,b),A) = (am + bn)y,

where (am + bn)y, is the k-th smallest element of the array (am + bn) i nyezz -

This can be extended to the case that a/b € Q.
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There is an interpretation of the sequence (am + bn)j that serves as the starting
point for Chapter 3. Let T, denote the right triangle in R? with vertices (0, 0), (0, a),
and (b,0). Again for simplicity we assume that a/b ¢ Q. If we let ¢; denote the

value of (am + bn)g, then

k+ 1=t Tap NZ.

That is, if N, ,(t) := |t - Tap N Z?| denotes the lattice point counting function of 7,
then N,,(tx) = k + 1. Having said this, suppose N 4(t) is the counting function
for some other irrational ellipsoid E(c,d) where ¢/d # a/b. If at some point ¢
there is an integer k + 1 so that N,;(t) < k+1 < N_4(¢) then we must have that
cx(a, b) > cx(c, d). Hence the capacity cx(a, b) is an obstruction to E(a,b) — E(c,d).
Moreover, the long term behavior of the counting functions tell us whether there
are finitely or infinitely many obstructions. For example, suppose there is a T" > 0
so that ¢ > T" implies that N,;(¢) < N.4(t). Then there are infinitely many such k
for which c¢(a,b) is an obstruction to the embedding. If on the other hand we had
Nap(t) > N, 4(t), then at most finitely many capacities that obstruct the embedding.

Again for scaling reasons we can restrict the question to E(1,a) — E(1,b). In
fact, to further eliminate the volume constraint we consider \/EE (1,a) — E(1,b).
Let 7,5 again stand for the right triangle representing the source \/EE (1,a) and
let 7, represent the target F(1,b). Now it’s generally the case that for a convex

polytope P in R? containing the origin, the counting function has the form

[t - PN Z% = area(P)t* + O(t).

Since area(7,,) = area(7y) we focus our attention to the O(t) terms of N,;(t) and
Nea(t).
Remark. When a is rational, 7, is an irrational scaling of a rational polytope.

Ehrahdt polynomials were extended to the reals by Linke in [21], so in the rational

case N, (1) is a degree 2 quasi-polynomial, that is, has the form
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1
Nap(t) = 2_bt2 + Q1(Tap, )t + Qo(Tap, t),

where Q;(Tap,t) for i = 0,1 are periodic functions in ¢. In general this may not be
true.

One can easily show using Weyl’s criterion that

1 1 1
|t-7ZﬂZ2|:%t2+§<1+g>t+0(1).

Now fix a > 1. If for sufficiently large ¢ one has that

>1 1+1
-2 b

then only finitely many ECH capacities can obstruct \/EE(L a) — E(1,b).

1 1
—IN,,(t) = —=¢2
t‘ o) = 5

This motivates the basic idea behind Chapter 3: the first two propositions prove
that a hypothetical accumulation ag of an infinite staircase would have to lie on the
volume curve and that, in any neighborhood of that accumulation point, there need
to be infinitely many ECH capacities that are obstructive in order to actually gen-
erate the staircase. The idea behind the calculations that follow is to show, through
direct comparison of the lattice point counting function N, ;(t) with the counting
function for F(1,b), that in almost all cases whether aq is rational or irrational, only
finitely many obstructions are actually generated in some small enough neighbor-
hood of ag. This is done by the lemmas that bound sums of fractional parts, which
show up in the lattice point counting functions. The rational case ends up being
a bit more subtle than the irrational; to rule out denominators > 2, this is done
by using some apriori knowledge about the embedding function, and is done on a
case-by-case basis. The ¢ = 1 case is not resolved when a( is an integer exactly

equal to b+ % + 2.



Chapter 2

A canonical Q-grading on

embedded contact homology

Author: Matthew Salinger

Abstract: We introduce a canonical Q-grading of ECH (Y, A\, I") when ¢;(£)+2PD(I)
is torsion in H*(Y;Z). We then show that this grading is preserved under Taubes’
isomorphism with Seiberg-Witten Floer cohomology, as defined by Kronheimer and
Mrowka. We also demonstrate how to compute the Q-grading of the empty set

generator of FCH(Y,£,0) when Y is a lens space with tight contact structure &.

2.1 Introduction

Let (Y, A) be a closed 3-manifold with contact form A, Reeb vector field R, and
associated contact structure £ = ker \. The embedded contact homology of Y, or
ECH(Y,\), is the homology of a chain complex ECC(Y, A, J) generated by finite or-
bit sets of the Reeb vector field whose differential is a signed count of J-holomorphic
curves in R XY, where J is an almost-complex structure on R x Y satisfying certain
conditions. ECH does not depend on J. The ECH chain complex comes with a rel-
ative grading for the subgroups ECC, (Y, A, I'), consisting of those generators whose
underlying orbit sets are in the same homology class I'. To compute the relative

grading between two generators a and 8 in ECC,(Y, A, T'), one chooses a relative
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homology class Z € Ho(R x Y, a, B), where R x Y is the symplectization of Y, and
evaluates I(Z) modulo d, where I is the fundamental ECH index and d is the divisi-
bility of the class ¢;(£) +2PD(T") € H?*(Y'; Z) modulo torsion. When ¢;(¢)+2PD(T)
is torsion, d = 0 and the relative grading is Z-valued. The purpose of this paper is to
define a relative Q-grading for a more general class of cobordisms from (Y, ,A;) to
(Y_, A_) when the appropriate classes are torsion. An important consequence of this

is that if (Y, \) is fillable, then this will define a canonical Q-grading on ECH,(Y, A).

Definition 2.1.1 Let (Yi, Ay, T'y) be nonempty, closed, contact 8-manifolds so that
c1(€x) +2PD(Ty) is torsion in H*(Yy;Z). Let (X,w,J) be a symplectic cobordism
from (Yi,Ay) to (Y-, A2). Ifay, € ECH(Y;, A, T'y) and p— € ECH(Y_,A_,T'_)
so that the inclusions of I'y and T'_ are equal in Hi(X;Z), then one can assign a

rational number between them defined by

gr¥ay, f-) = 1(Z) — d(&:, 2) (2.1)

where Z is any element of Ho(X,ay,[-), I is the ECH index, and d(&x,”Z) =
H(a(X,J)+2PD(2))* = u(X) — 10(X).

4

Here ¢; (X, J) is the Chern class of (T'X,J), o(X) is the signature of the inter-

section pairing on X, and ¢(X), called the index, is introduced in [KM; sec 2.4.2],
and is an integer when both Y, and Y_ are nonempty.
Remark. An almost complex cobordism is the minimal structure needed to de-
fine . However in practice symplectic cobordisms are more relevant, since for
example this is the structure needed to make any connections with Seiberg-Witten
theory.

Now fix a generator a € ECC,(Y,\,T'). Let us suppose hypothetically that we
have a symplectic cobordism X, one of whose components is S® endowed with the
standard contact structure, and that the inclusion of I" into Hy(X;Z) is zero. Let
[0] denote the empty set of Reeb orbits in ECC(S?, \g). For the sake of argument

suppose that Y_ is the S component. Then one can assign to « the rational number

10



gr@(a, [0]). After filling S? with a symplectic ball one obtains a new symplectic
cobordism X’ from Y to (), and where the choice of Z € Hy (X, o, [(}]) can be identified
as an element of Hy( X', o). After filling with a ball, only the topological term d(&, Z)
changes by +3. So then one can also assign the same rational number as gr@(a, [0)])
with respect to a filling Y — (), provided we compensate for the contribution of %
One can make a similar argument when the Y, component is S3, in which case we
are capping the positive end by CP? minus a ball. If that rational number only
depends on « and is independent of the filling and choice of Z € Hy(X, o), then this
will canonically grade ECC,(Y,\,T") by Q.

There are two special types of fillings that will be of interest to us in the context
of symplectic geometry. Given a contact 3-manifold (Y, \), a symplectic cobordism
from Y, =Y to Y_ = () is called a convez symplectic filling of Y. Going in reverse,
a cobordism from Y, = () to Y_ =Y is a concave symplectic filling. We explicitly

define this grading in terms of both a convex and concave symplectic fillings.

Definition 2.1.2 Suppose that ¢;(€) +2PD(T) is torsion in H*(Y;Z), and let « €
ECC.(Y,\,T). The canonical Q-grading of « is defined as follows. Let (X, w, J) be
any concave symplectic filling of Y, with an admissible almost complex structure J,

so that the inclusion of o is nullhomologous in X . Then

gr%(a) = ~I(2) + d(&_, 2) 22

where Z € Ho(X, 0, ). If (X,w,J) is a convex symplectic filling, then

9r%a) = 1(2) ~ (&, 2) ~ 3. (2.3

where Z € Hy(X, a, ).

Again, (2.2) just re-expresses —gr%([0],a) in terms of a concave filling, while
[2.3) is gr%(a, [0]) in terms of a convex filling. The signs and constants are chosen

to agree with the usual absolute grading of ECH on S®. Having said that, in section
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2.4 the proof of additivity over cobordism will show that and are in fact
the same rational number. It should be noted at this point that Definition 1.2 could
be vacuous, since it is only applicable when such fillings even exist. Nevertheless,
one can attach a symplectic 2-handles to a Legendrian approximate to « to obtain
obtain a cobordism to a new contact manifold (Y’,¢’) in which [o] = 0 in H; [10];
it is known also that concave symplectic fillings always exist [13]. So by composing
a cobordism from (Y’,¢’) to (Y, &) with a cobordism from the empty set, one can
always obtain a concave symplectic filling of Y in which « is nullhomologous. It
will be proven in section 2.4 that gr@(a) is independent of the chosen cobordism.
Consequently, formula canonically grades ECH,(Y, A\, T') by Q.

Readers familiar with Seiberg-Witten theory may notice a somewhat obvious
resemblance of these formulas to the Q-grading of monopole Floer groups as con-

structed in [19]. This is summarized in

Theorem 2.1.3 Assuming the relevant conditions of definitions (2.1.1) or (2.1.2)),

1. The formula (2.1)) is additive over cobordisms, and is independent of the choice
of cobordism and relative homology class. Consequently (2.2)) and (2.3) are well

defined and equal.

2. The absolute Q-grading of ECH has the reverse sign of the Q-grading of its

image in @_*(Y,s; A\, 1) under Taubes’ isomorphism.

Here, s is the spin® structure on Y determined by ¢;(§) + 2PD(T).

One last point of interest is in computing the Q-grading of the empty set generator
0] € ECC(Y, ), 0). In this paper we will compute some examples for convex fillings.
In fact, let (X,w) be a convex filling of Y. Since « is the empty set generator,

Z € Hy(X;Z) which means that

[(Z) = (c(X.]),2)+ Z - Z. (2.4)

12



Since Z € Hy(X;Z) the cup square term can be expanded and one gets
1
A€, 7) = 1(2) + d(€) + 50 (V). (2.5)

where d(£) = 1(c1(X, J)* — 30(X) — 2x(X)). [ So then we have the following

Proposition 2.1.4 The Q-grading of [0], the empty set generator of ECH(Y, X,0),
18
1 1

gr2(10) = —d(©) = 3hi(¥) — 5, (26)

with respect to a convex symplectic filling, and where d(€) = 1(cy(X, J)? — 30(X) —

2x(X)).

1
4

An analogous formula for a concave filling can be derived in the same way. As an
immediate check, when Y is the boundary of an irrational ellipsoid equipped with
the standard contact structure and X is (D?,wgyg), one gets d(§) = —1 so
yields gre([0]) = 0 as expected. More generally in section 2.3 we demonstrate the
application of to a lens spaces Y = L(p,q) equipped with any tight contact

structure &.

2.2 Preliminaries

2.2.1 Embedded contact homology

Let (Y, A) be a closed 3-manifold with contact form A. The contact requirement
means that AAd)\ > 0 is a volume form on Y. The 1-form \ determines a canonical

vector field R called the Reeb vector field, defined by the equations

A Reeb orbit is a closed integral curve of the Reeb vector field, namely a map

"When X is compact and b*(X) > 1, the integer d(&, Z) is also the dimension of the moduli
space of solutions to the 4-dimensional Seiberg-Witten equations with respect to the spin® structure
associated to ¢1(X) 4+ 2PD(Z) [19, Thm. 1.4.4].
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v :R/TZ — Y for some T > 0 so that 7/(t) = R(y(¢)). The orbit 7 is said to be
nondegenerate when the linearized return map P,, a symplectic automorphism of
(&5(0), dA), does not have 1 as an eigenvalue. If all Reeb orbits are nondegenerate,
then A is said to be nondegenerate. When 7" > 0 is minimal, v is said to be simple.
Every orbit is a multiple cover of a simple orbit. From now on a finite collection of
orbits will be denoted o = {(«a;, m;)}, where the pair («;, m;) designates a simple
Reeb orbit «; along with a multiplicity m;. When «; is hyperbolic, m; is required
to be 1.

Fix I' € H1(Y). Then the embedded contact homology ECH,.(Y,\,T',J) is the
homology of a chain complex ECC, (Y, A, I', J) generated by orbit sets a« = {(a;, m;)}
whose total homology class ) . m;[a;] is I'. The differential (Oc, §) is a mod 2 count
of punctured J-holomorphic curves in R x Y asymptotic to o and 5 at the +00 ends
and whose relative ECH index is equal to 1. Here, J is an almost complex structure
on R x Y rotating the contact planes £ positively with respect to d\ and satisfying
J(0s) = R. Almost complex structures on R x Y satisfying these properties are said
to be admissible. It turns out that ECH is independent of the chosen J, which is
why one can write ECH,(Y, A\, T") for the homology groups. Apriori ECC,(Y, A\, T
is a Z/2-module relatively graded by Z/d, where d stands for the divisibility of
c1(§)+2PD(T) in H?*(Y,Z) modulo torsion. When ¢;(£) +2PD(T) is torsion, d = 0
so the relative grading is Z-valued. The highly nontrivial fact that 9> = 0 is discussed
in [I7, Sec. 5.4].

2.2.2 Symplectic cobordisms

To explain a little bit about where the relative grading on ECH comes from and
set the stage for explaining definition ([2.1.1)), we review the definition of the ECH
index. In this context, a symplectic cobordism from (Yi, A1) to (Y-, A_ ) will mean
a smooth 4-manifold

X=FE_ Uy XUy, E, (2.7)

2The convention in other sources (including [19]) is to say from Y_ to Y.. We adopt the
opposite convention throughout this paper, following [14].
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where E, = [0,00) x Y, and E_ := (—00,0] x Y_ and where X is a compact sym-
plectic 4-manifold with boundary —Y_ UY, . The signs of the boundary components
are determined by a Liouville vector field on X. This is a smooth vector field v
satisfying £,w = w which points into Y, and out of Y_. The positive boundary

component Y, is called the convex end while Y_ is called the concave end.

Consider two generators a, € ECC(Yy,A\;) and f_ € ECC(Y_, A\_) with equal
class in Hy(X;Z). The set Hyo(X, ary, 5_) consists of equivalence classes of 2-chains

with boundary

0z =73 mi{1} xof =3 Jm;{~1} x f;

modulo boundaries of 3-chains. The set Ho(X, ay,B-) is affine over Hy(X;Z).
Whenever (Y, \;) = (Y_,A_) and X is empty, the cobordism is just the usual

symplectization R x Y.

Fix a trivialization of 7 of £ over the Reeb orbits of aw and 8. The ECH index is

defined by the formula

1(2) = ¢(2) + Q-(2) + pr (@) = p1=(8) (2.8)

where ¢, (Z) is a signed count of zeros of a generic section of & restricted to a
representative of Z, Q) (Z) is the self intersection term, and CZ,(«, ) is a Conley-
Zehnder term. Each of the terms in depends on 7, but their sum does not. See
[17] for more details. In the special case that X = ) so that the cobordism is just
R x Y, then this is equivalent to choosing a Z in Hs(Y, «, 5). A crucial feature of

the ECH index in this case is that if Z’ is any other element of Hy(Y, a, ), then
1(Z2)-1(Z")=(Z - Z',¢1(€) + 2PD(I")) (2.9)

hence the relative index defined by I(«, ) := I(Z) is well defined as an element of
Z/d(ci(§)+2PD(T")). When ¢1(€)+2PD(I) is torsion the right hand side vanishes.

The analog to that statement in a cobordism is an expression on the right hand side

15



that vanishes on closed 4-manifolds.

Remark. The relative grading on ECC.(Y,\,I') can be refined to an absolute
grading by homotopy classes of 2-plane fields (regardless of torsion). Let P(Y)
denote the set of homotopy classes of 2-plane fields on Y, and let P(Y,¢) denote
the subset consisting of those 2-plane fields whose first Chern class is ¢ € H*(Y,Z).
There is a transitive Z-action on this set whose stabilizer is d(c), meaning that
P(Y,c) and Z/d(c) are isomorphic as Z sets, see [14] sec. 3.1] for example. In [14]
sec. 3], Hutchings describes how to construct a homotopy class of 2-plane fields
out of a given « € ECC(Y,\,I'). This construction is canonical, hence there is a

decomposition

ECC,(Y,\T) = ) ECC,(Y,\,T)
P

where p ranges over P(Y,c(§) + 2PD(I")). Once again, when ¢;(§) + 2PD(I") is
torsion, the set P(Y, c(§) +2PD(I")) is affine over Z.

2.2.3 Spin‘ structures

Here we review spin® structures in dimensions 3 and 4. All of what follows can
be found in various resources including [19], Hutching and Taubes’ introduction
[18], or Francesco Lin’s wonderfully concise introductory notes [20]. The convention
adopted in this paper is to denote pairs consisting of a spin®-connection and spinor
as (B,) in dimension 3 and (A, V) in dimension 4.

Spin‘ in dimension 3
Let Y be a closed, oriented, Riemannian 3-manifold. The data for a spin® struc-

ture on Y consists of a unitary rank 2 vector bundle S and a bundle map
p:TY — End(S)

which identifies 7Y isometrically with the subbundle su(S) of traceless, skew-adjoint

endomorphisms equipped with the inner product %tr(a*b). The map p respects ori-
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entation in the sense that

plei)p(es)ples) =1

where the e; form an orthonormal frame T'Y. This means that one can always find an
orthonormal basis e, ..., ey for which p(e;) = o;, where ;s denote Pauli spin ma-
trices. On any oriented 3-manifold, spin® structures exist since T'Y is parallelizable.

Clifford multiplication is extended to forms by the rule

pla A 8) = 5 (p(@)p(B) + (1) =15 p(B)o(c)). (2.10)

On the space of spin® structures Spin®(Y") there is an action by H*(Y,Z): tensor S

by a complex line bundle L and update the Clifford multiplication by
pr =1, ® p.

Since line bundles are characterized by first Chern class, this a well defined action

by H%(Y,Z). The action is free and transitive [19, sec. 1.1].

Let C(Y,s) denote the configuration space of pairs (B,1)) consisting of a spin®
connection B and spinor v. The gauge group G(Y,s) = {Y — S'} is the group of

automorphisms of s defined by
(B,¢) = (B — u™ du, up)).

This action is free except when ¢ = 0. In this case the stabilizer of the action is
S1. This is a major source of technical difficulty in defining Morse homology on the
configuration space since quotienting by the S'-action ruins the manifold structure.

A configuration with ¢ = 0 is said to be reducible, and irreducible otherwise.

The relevant notion of differentiation for spinors begins with a choice of spin®-

connection. This is a unitary connection B on S which is parallel to p. In particular
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the covariant derivative of B satisfies

Ve(p(v)¥) = p(Vu)¥ + p(v)VpY,

where v is any smooth vector field on Y and V is the usual Levi-Civita covariant
derivative. The space of spin“-connections is affine over Q!(Y,iR). Given a spin‘-
connection B, the connection induced on det(S) is denoted B*. Associated to a spin®
connection is the Dirac operator Dy : I'(S) — I'(S). This is a first order elliptic

operator. Consequently, if Y is compact then D, is Fredholm.

Spin® in dimension 4

Let X be an oriented Riemannian 4-manifold. A spin® structure on X is again
a pair (S, p), where this time S is a rank 4 Hermitian vector bundle over X and

Clifford multiplication is a bundle map

p:TX — End(5)

which identifies each fiber of TX isomoetrically with su(4) given the usual metric
1tr(ab). In particular, this means that at each fiber in TX there is some orthonormal

basis e, ..., ez so that

where the o; again denote Pauli spin matrices. Clifford multiplication is extended
to forms by the same rule as ([2.10]), and one can check that Clifford multiplication

by the Riemannian volume form voly = ey A e1 A es A e3 satisfies

-1, 0
p(voly) =
0 I
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hence there is a splitting

S=S5tTa® S

where ST and S™ are defined to be the -1 and +1 eigenspaces of p(voly), respectively.
Clifford multiplication changes sign in the sense that p(e) : ST — S~ and vice versa

for any e € TX.

On a Riemannian 4-manifold X a spin® connection A is defined in the same way,
and the space of spin® connections is affine over Q!(X,iR). Having chosen a spin®

connection A, the Dirac operator D4 is defined to be the composition

T(S*) —45 T(T*X ® St) —2 T(S7)

where V4 is the covariant derivative of A and p : T*X ® ST — S~ means p(a ®
) = p(a)rp. It should be pointed out that there is no analogous decomposition in

dimension 3.

2.2.4 Monopole Floer homology

Basic setup

Let (Y, g) be an oriented Riemannian 3-manifold. Fix a spin® structure s on Y,
a reference connection By on det(S) so that B — By is an imaginary valued 1-form
for any other B € Conn(S), and a real closed 2-form p. Monopole Floer homology is
the Morse homology of a chain complex generated by critical points of the perturbed
Chern-Sitmons-Dirac functional L. The functional £ is a real valued function on

C(Y,s) defined by

L(B.) = —= /Y (B~ B) A (Fan + Fay —2in) + 5 [ (D, vy



Critical points of L are solutions to grad £ = 0, namely solutions to the (3-

dimensional) perturbed Seiberg- Witten equations

S0, 0) + xlip — F) =0,

Dp1p =0,

where x denotes the Hodge star operator. Solutions to these equations are called

monopoles and are gauge invariant, meaning that if (B, ) is a solution, then so is

u- (B,vY) = (B —utdu,uy).

As in finite dimensional Morse theory one would like to study solutions to the

gradient flow equations

d

5 (B(@),¥(t) = —grad L(B(t),¥(t)) (2.11)

See, for example, [4, sec. 3.3] for a summary of the relevant metrics. The PDE’s
derived from are the 4-dimensional Seiberg-Witten equations, but we will
not need them here. There are considerable technical difficulties in constructing
the homology groups. For example the quotient of the configuration space by the
gauge action fails to be a smooth manifold at reducible points. See [20} sec. 3]
for a summary. Roughly speaking, Kronheimer and Mrowka’s solution to this is to
perform Morse homology on a configuration space in which the reducible points are

blown-up. The resulting monopole Floer groups are denoted

HM,(Y,s), HM,(Y,s), HM.(Y,s).

These are, respectively, the “HM-to”, “HM-from”, and “HM-bar” groups. Sum-
ming over all spin® structures on Y one obtains diffeomorphism invariants H M, (Y),

HM,(Y), and HM,(Y).

The monopole Floer groups are relatively Z/d-graded. The relative grading be-

tween two critical points a and b in the blown-up configuration space is obtained
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by computing a spectral flow, and is the expected dimension of the moduli space of
trajectories connecting a and b [20] sec. 4]. Here d denotes the divisibiliy of the first
Chern class of s. This relative grading can also be lifted to an absolute Z/d-grading
by homotopy classes of 2-plane fields P(Y") exploiting a bijection between P(Y") and
pairs (s, ), where ® represents the homotopy class of a unit spinor. See [19, ch.

28] for more details.

The Seiberg-Witten index in a cobordism

A spin® cobordism from (Y, ,s.) to (Y_,s_) is a smooth oriented 4-manifold
(X,sx) with boundary Y, U —Y_ with a spin® structure restricting to s+ on the
boundary components. On the boundary, Clifford multiplication by the outward
normal vector naturally identifies ST and S~ and induces the Dirac operators on
Y., see [19, sec. 4.5]. Following the notation in [4, sec. 3.4], let cx € C(Yy,s4)
satisfy the 3-dimensional Seiberg-Witten equations and let ¢ denote the combined
configuration on the disjoint union Y, U —Y_. Let B(X,¢,sx) denote the moduli
space of gauge equivalence classes of configurations (A, V) in the spin® structure
sx that limit to ¢ on the cylindrical ends. The union over all spin® structures is
denoted B(X,c¢). Then define M (X, ¢,sx) to be those configurations in B(X,¢,sx)
satisfying the 4-dimensional Seiberg-Witten equations, while denoting the union
over spin® extensions as M (X, ¢). The space m(B(X, ¢)) is affine over H*(X,0X;Z).
Having chosen a z € mo(B(X,¢)), the Seiberg- Witten index gr.(X,c) is defined to
be the dimension of the moduli space of solutions M (X, ¢) in the component z. If
(A, ) is a chosen lift of the gauge equivalence class of an element of B(X,¢), then
gr-(X,¢) is equal to the index of the Fredholm operator DYy, the linearization of

the 4-dimensional Seiberg-Witten equations with gauge fixing term.

Taubes’ perturbation

Important for us is the following version of Seiberg-Witten Floer homology, de-
fined by Taubes, that sees the contact form on (Y, A). First, let ¢ be a Riemannian
metric on (Y, \) defined so that |A] = 1 and d\ = 2% \. Let J be the admissible
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almost-complex structure on the symplectization (R x Y, d(e*))) defined by
1
g(v,w) = id)\(v, Jw)

for any vectors v,w € £. Having defined J, regard £ as a Hermitian line bundle,
denoted K !, where K is the canonical line bundle on R x Y. Associated to & there

is a natural spin® structure s¢ determined by
S=Cq K

where C is the trivial complex line bundle. Any other spin® structure s is obtained
from s¢ by tensoring with a complex line bundle E to obtain S = E@ K 'E. Taubes

defines the following R>;-family of perturbed Seiberg-Witten equations:

wFp =r((p()Y, ¢) —id) + i

DB@D = 07

where B is now a connection on F; see [16], sec. 10]. One should think of ¢;(E) €
H?*(Y;Z) as dual to I' € H{(Y;Z) in the ECH picture. In fact, what Taubes

constructed was an isomorphism of graded chain complexes
ECCE(Y,\T) — CM, (Y,s;\7).

For very large r, the direct limit determines an isomorphism between ECH (Y, A, T)

and }7]\\4_*(}/,5) where ¢;(F) is Poincare dual to I'.

The absolute (Q-grading on monopole Floer groups
In this section we discuss the Q-grading on Seiberg-Witten theory while also
introducing the topological terms in equation ({2.1)). To begin, let X be any oriented

4-manifold with non-empty boundary. There is a bilinear pairing

H*(X,0X;Q) x H*(X;Q) » Q
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given by evaluating the cup-product on the fundamental class [X,0X]. Let I,(X)
denote the image of H*(X,0X;Z) in H*(X;Z) under the restriction map. If ¢ €
H?(X;Z) so that c|px is torsion, then ¢ lies in the image I3(X) and has a well
defined cup square by choosing a lift ¢ € H*(X,0X;Q) and defining ¢* to be (¢ —
¢)[X,0X]. This determines a nondegenerate pairing on Io(X). Letting o(X) denote
the signature of this pairing, the characteristic number of X is defined to be

(X) = S ((X) + () + bi(¥y) — by (V). (2.12)

If X is a cobordism and neither Y nor Y_ is empty, ¢(X) is an integer, as opposed

to a half integer. Having said all of this we have the following

Definition 2.2.1 Let s be a torsion spin® structure on Y, and let [a] be a corre-
sponding critical point. Then let X be any cobordism from Y to S® over which s
extendsf| Let z be a X-path from [ao] to [a]. Then the rational number gr@([a]) is

defined by the formula

gr((a]) = —gr(fas]. X, [o]) + 1e(S7V —(X) — jo(X) (213

where (X)) is the characteristic number, o(X) the signature of X, and ST is the

spinor bundle with spin® structure associated to the choice of z.

Here gr, is the Seiberg-Witten index. Analogous formulas to (2.2)) and (2.3) can be

given by composing with a cobordism to or from the empty set.

2.3 Some calculations on lens spaces

In this section we will consider calculating gr®([0)]) when Y is a lens space. For p, g
relatively prime integers, L(p, q) is obtained by rational —§—surgery on an unknot in
S3. Alternatively, a description of this surgery that will be useful for our purposes

is the following. Let —§ = [ay,...,a,] denote the continued fraction expansion of

3In [19, def 28.3.1] this is stated as “from S3 to Y.
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—’5’, where / refers to the length of the continued fraction and a; < —1 for 1 < i < /.
That is,

:al—
a9 —

3

L
ap

Then —g—surgery on an unknot is equivalent to integral surgery along the chain of
unknots L given in Figure 1, each of whose components is given the framing —aj.
Moreover, if the unknots are placed in Legendrian position with tb(L;) — 1 = a;
then integral (—1)-Legendrian surgery yields (L(p, q), &), where £ is a tight contact
structure on L(p, ¢). Beautifully, the tight contact structures on L(p, q) that one can
obtain from Legendrian surgery correspond precisely to the possible stabilizations
of the Legendrian chain. Since the Thurston-Bennequin number of each component
is fixed at a; + 1, the possible stabilizations of the ith component correspond to the

number of ways to arrange the “zig-zags”, which is just |a; + 1| [13].

(0000

Figure 2.1: Chain of unknots in S3

Now assume that each component of the chain of unknots is put into Legendrian
position, and denote the resulting Legendrian link as £ = Ule L;. For each 1 <
1 < ¢, attach a symplectic 2-handle with framing a;. As a result, one obtains a
symplectic filling (X, w) with contact boundary (L(p, q), ). To compute the grading
of the empty set generator with respect to the filling X, by Corollary 1.4, we need
only compute d(§).

Let 3; denote the image of D? x 0 after the handle attachment. Denote its relative

homology class by [¥;] € Ho(X,0X;Z). By proposition 8.2.4 of [26] (c1 (X, J), [E:]) =

24



rot(K;) which implies that

(X, J) =rTQxr (2.14)

where r € Z* is the integer vector consisting of rotation numbers of the components
L; and Qx is the intersection form on X. The intersection pairing is defined on all
of Hy(X,0X;Z) since Hi(L(p,q)) = Z/p is torsion. In fact, [X;] - [£;] = k(K;, Kj)
hence the matrix representing the intersection form in that basis is the same as the

linking matrix of £. That is

aq 1 0
1 . :
Qx = : (2.15)
R |
0 1 Ay

Since we’ve only attached 2-handles, b; and b3 both equal 0, and according to ([2.15)),
by = by. So it follows that x = 1 — 0. But by = ¢ hence o(X) = —/, so after

simplifying one gets

1
d(€) = Z(TTQXT—FE— 2). (2.16)
< r=0
< r=-1
th = -1
P r=1
th=-2 |

L

th =4

Figure 2.2: front diagram of 3-chain in a Legendrian position
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As an example, consider L(23,14), where —% = [—2,—3,—5], and let us put L,
Ly and L3 into Legendrian position as illustrated by the front diagrams in Figure 4.
For reference, the Thurston-Bennequin number is tb(L;) = w(L;) — ¢(L;), where the
writhe w(L;) is a signed count of crossings (which is 0, since L; is unknotted), and
c(L;) is the number of upper right hand corners. The rotation number rot(L;) is
equal to the number of “up” pegs minus the number of “down” pegs. Let £ denote

the tight contact structure on L(23,14) that resulting from the surgery. Now then
r=(0,—1,1) and

2.4 Proofs

2.4.1 Proof of Theorem [2.1.3

1. Independence of and additivity over cobordisms of gr®

First, the the ECH index and the terms ¢ and x are already additive over cobor-
disms, so the only thing to check is the additivity of the cup-square term. Sup-
pressing some notation for clarity, let X be the symplectic cobordism obtained by
composing two cobordisms X; and X, and let ¢; := ¢1(X;, J;)+2PD(Z;) fori =1, 2.
By definition each ¢; lifts to an element of H?(X;, 0X;;Z), which we’ll also denote
¢;. Since each ¢; and ¢ have disjoint supports, it follows that (PD(c;)+ PD(cy))? =
PD(c1)? + PD(cy)?. Hence (1) is additive.

To prove the independence of with respect to symplectic cobordism, we
will show that is independent of almost complex structure. This is enough

since (2.1)) does not depend directly on the symplectic structure. So let (X, .J;)
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and (X3, Jy) be two almost complex cobordisms from (Y, &) to (Y_,&_). Let
(— X5, —J3) denote the 4-manifold with the opposite orientation to X, induced by
—Jy. Compose X; with — X, to obtain a closed 4-manifold (X, J). Now let Z €
Hy(X;Z). Then by equation for 1(Z),

d(Z)=1(Z) + ;l(c%(X, J) = 30(X) — 2x(X)). (2.17)

But ¢ — 30 — 2 vanishes for closed, almost-complex 4-manifolds by Hirzebruch’s

signature theorem [20, sec. 6.2], so we are left with

hence gr@ = 0.
2. Agreement of absolute Q-grading with monopole Floer Q-grading

To proof of this is almost an immediate consequence of Theorem 5.1 of [4]. The
basic idea behind Theorem 5.1 is to construct an explicit class in Hy(X, o, ) us-
ing the data provided by the symplectic form on X and a generically chosen pair
(A, V) in the space of configurations on X limiting to ¢, and cs on the ends. This
homology class is extracted from the St component of ¥: after observing a complex
splitting of ST, it is shown in [4, sec. 5] that the zero locus C' of one of the com-
plex components of ¥ bounds a and § and that the evaluation of the ECH index
on [C] € Hy(X, a, ) is equal to the Seiberg-Witten index gr,(X, ¢), where ¢ is the
configuration determined by ¢, and cz. We provide a rough sketch of the basic setup

of Theorem 5.1. See [4] for some of the finer details.

So let (X,w,J) be a symplectic cobordism from (Y, Ay) to (Y-, A_) with J an
w-compatible almost-complex structure, and let Y =Y, U—-Y_. Let L > 0 and let o
and 8 be generators of ECCL(Yy, Ay, T'1). Let ¢, and cs be the respective images
of @ and 3 in C/]\\J;*(Y, s¢ + PD(I'); A\, ) under Taubes’ bijection (17). Let s, and
s_ be the spin® structures on Y, and Y_ determined by a and 3, an let s denote the

induced spin® structure on Y.
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Now choose a representative (A, ¥) in the gauge equivalence class of an element in
B(X,c). This determines a spin® structure s, ¢ on X. As usual let ST and S~ denote
the -1 and +1 eigenspaces of p(voly). Clifford multiplication by the symplectic form
induces further a splitting of S* into —2i and +2i eigenspaces (locally write p(w)
in a Darboux basis and apply the rule in (11)). The addition of the almost-complex
structure J and the resulting decomposition of AT*X ® C into Dolbeaux forms

allows one to write this splitting as

St=FaoK'E (2.18)

where K ! is the inverse of the determinant line bundle on X and c¢;(F) is the first
Chern class of 54 ¢. See Lemma 4.3 in [18] for more details. Having said this, one

can write

U = (a,b). (2.19)

Assuming (A, V) is chosen so that a intersects the zero section of E transversely,
this determines a surface C4 ¢ in X. Composing with cobordisms to the orbit sets
a and 3 in the cylindrical ends, this induces a homology class Z4 ¢ which leads to

the following

Theorem 2.4.1 Let z € mo(B(X,¢)) and represent z by a configuration (A, ¥) over

X. The integer gr.(X,c) is equal to I(Z4w).

Now we’re in a position to prove part 2 of Theorem 1.3. For compatability we will
assume we are working with a cobordism in the direction provided by Definition 5,
equivalent to a convex symplectic filling. There is no loss of generality since Theorem
6 is not sensitive to direction, so we could carry out the same proof by making the
appropriate changes to the Seiberg-Witten Q-grading for a cobordism from S? to
Y.

So let (X,w, J) be a symplectic cobordism from (53, \g) to (Y, \) with w admis-
sible almost-complex structure J. Let s denote the spin® structure for which c¢(s) =

c1(§) +2PD(T), and let sx denote any spin® extension of 5. Since ¢;(X) = ¢ (K1),
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by (2.18)) this implies that
Cl(SJr) = Cl<X, J) + 201(E) (220)

Choose a z € mo(B(W, ¢)) and choose a representative (A, V) from the gauge equiv-
alence class of a configuration in the component z. Let Z4 ¢ € Ho(W, o, ) and note
that [ag] is the image of [)] € ECC(S?, \g,0) under Tabues’ bijection. To prove the

theorem, after cancelling constants we reduce to showing that

1(Zaw) — 3(e(X) + 2PD(Za0))? = gr-(foa], X,ca) = gai(ST%. (221)

It follows by Theorem 6 that I(Z4w) = gr.([ao], X, ca). And recall that Cyy is
a generic zero locus of a section of E, hence Z4 y is Poincare dual to ¢;(£) so by

(2.21]) we are done.

2.4.2 Proof that (2) = (3)

This is an immediate consequence of additivity since (2.2)) is equal to —gr@([0)], «)
and (2.3) equals gr®(a, [0]).
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Chapter 3

The infinite staircase problem for

irrational ellipsoids

Authors: Dan Cristofaro-Gardiner and Matthew Salinger

Abstract: We continue the study of infinite staircases for the ellipsoid embedding
function of a convex toric domain. Previous work on this problem has required
that the target is finite type, in other words that the target has a finite negative
weight expansion. Here we study the case where the target is an irrational ellipsoid,
perhaps the simplest case that is not of finite type. We show that in almost all
cases, the embedding function does not admit an infinite staircase. More precisely,
we show that if the target is an irrational ellipsoid of eccentricity b, there is no

infinite staircase, except possibly if b+ 1/b is a positive integer.

3.1 Introduction

Recall the symplectic ellipsoid

B(a,b) = {Z|af + Zlaf < 1} c €
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and fix a number b > 1. Consider the ellipsoid embedding function
cp(a) :=min{\ | E(1,a) - AE(1,0)},

defined for a > 1; here the arrow means that the map is a symplectic embedding.
This is a continuous function [25, 8]. We say that c,(a) has an infinite staircase if it
has infinitely many singular points, that is, non-smooth points. For example, when
b = 1, the pioneering work of McDuff-Schlenk [25] implies that ¢, has an infinite

staircase.

Theorem 3.1.1 If b is irrational and b+ 1/b is not an integer, then the function

cy(a) does not have an infinite staircase

Remark 3.1.2 [t seems likely that the assumption that b+1/b is not an integer can
be dropped, in other words that there is no infinite staircase in these cases. However,
our current methods do not seem strong enough to show this. Our methods do show
that in the case where b+ 1/b is an integer, then if there is an infinite staircases, it

must accumulate at b+ 1/b+ 2.

For context, a series of previous works [25], [7, 30, [8], 3], [6, [T, 22, 23] have studied the
question of when the ellipsoid embedding function, for a convex toric domain, has
an infinite staircase. A tool in many of these works is the “staircase obstruction”,
defined by whether or not there is a full filling of the target by an E(1,ag), where
ag > 1 is the solution of the quadratic equation

2
x2—<’£—2)x+1:0. (3.1)
vol

Here, per denotes the “affine perimeter” of the target, see [§], and vol denotes the
volume. When the target is of finite type, [§] proves that if there is an infinite
staircase, the staircase obstruction must vanish i.e. a full filling by E(1, ay) must
exist. However, at the time of writing, it is not clear whether or not this remains

true without the finite type assumption. If it were true, then one could show much
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more simply that E(1,b) for irrational b never has an infinite staircase, since the
solutionsﬂ of in this case are b and 1/b.

Since we do not know whether or not the finite type assumption for the staircase
obstruction can be dropped, we take here a more ad-hoc approach, although it
is certainly our hope that our methods can be generalized to more targets. For
example, it may well be the case that the staircase obstruction still is an obstruction
without the finite type hypothesis, and this could be an interesting topic for future
study.

As a final point, much previous work on this problem has at some points involved
studying the symplectic cone on blow-ups of CP?. Here, we take a more combinato-
rial approach, studying instead some arithmetic of ECH capacities, which are known
to be sharp for this problem. One reason for this is that an irrational ellipsoid does
not correspond directly to a finite blow-up of CP?. In addition, even on a heuristic
level, some equations that are key for establishing the “staircase obstruction”, in
particular [8, Eq. 4.8] involve the length of the weight expansion as a parameter,
and it is not currently known what the appropriate replacement of this parameter

should be when the length is infinite.

3.2 Accumulation points of infinite staircases and
obstructions

An observation from [8] that remains true here is that if a is sufficiently large, then
cy(a) = y/a/b, in other words there are no obstructions to finding an embedding aside
from the volume. In particular, if ¢, has an infinite staircase, then the nonsmooth
points of ¢, must accumulate at finite values aq called accumulation points.

In this section, we prove some results about accumulation points that we will
need. The results are similar to some parts of [8 Step 3, Thm. 1.11]; however,

the arguments there were proved under a finite type hypothesis that is not assumed

!The fact that the solutions of (3.1)) are b and 1/b in the case of an irrational ellipsoid was first
pointed out to the first named author on this work by Holm.
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here. Since we are not assuming this, we need to give different arguments.

3.2.1 Recollections

Recall the FCH capacities c,(E(a,b)), defined in [15] and computed for integer
k > 0 to be the (k4 1)* smallest number in the matrix (ma + nb)mnez.,. A
fundamental fact [24] is that the ellipsoid embedding problem is completely encoded
by the combinatorics of this sequence: there is a symplectic embedding F(a,b) —
E(c,d) if and only if
cx(E(a, b)) < cr(E(c, d))

for all £. In particular, as a consequence
(3.2)
which is central to our approach.

3.2.2 ECH capacities and infinite staircases

The following proposition is fundamental to our approach. Call a capacity cx

obstructive on an interval [ if there is some x € [ with ¢,(z) = ‘:;((g—((lli)))) > \/g

Proposition 3.2.1 Let ag be an accumulation point. Then, for every open interval

I containing ag, there are infinitely many c; that are obstructive on I.

Proof Assume the opposite. Then, there is some interval I containing ay such that
only finitely many ¢ are obstructive on /. Let S be the set of k, such that ¢ is
obstructive on I; this is a finite set. Then, on I, we have

ce(E(1, ) $>

Cb’l = max (Supkesm> E

by (3.2]). Since S is finite, this is the supremum of finitely many functions. To prove
the proposition, it then suffices to show that each of these functions has only finitely

many singular points.
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To prove this, we will prove that the function ¢ (FE(1,z)) has only finitely many
singular points for 1 < z. To prove this, we consider the functions f,,, = m+n -z,
defined for nonnegative integers m, n; the function ¢y (E(1,x)) is exactly the (k+1)*
smallest value of f,, ,(z). We know that ¢, (E(1,z)) < k. Hence, any f,, ,, satisfying

fmn(z) = cx(E(1,x)) must satisfy
m<k, n<k.

It therefore follows that, for all z, ¢, (F(1,z)) is the (k 4 1)% smallest value among
the finitely many values { f, »(z)|m,n < k}. Since each f,,, is a linear function of
x, in particular has no singular points at all, it now follows that ¢, (F£(1, x)) has only

finitely many singular values, hence the result.

3.2.3 The volume obstruction

We now want to prove that any accumulation point ag must lie on the volume

obstruction.

Proposition 3.2.2 Let ag be an accumulation point of an infinite staircase. Then

cp(ag) = v/ao/b.

Proof
Assume that it does not. That is, ¢,(ag) > \/ao/b, or equivalently \C}(—“L/)b > 1.
ag
Step 1. Preliminaries. We first enlarge this inequality to an entire interval and fix

an explicit lower bound for the difference between these quantities. More precisely,

by continuity of ¢, given this inequality, we can find 1 > € > 0 such that

cp()

Vb

>14m (3.3)

for some m > 0, if € [ag — €, a9 + €]. We know that ag > b, so we can assume in

addition that ag — e > b.
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Step 2. The Buse-Hind estimate. The idea is now to show that, by , one can
show that only finitely many ¢; are obstructive on [ag — €, ag + €], which contradicts
Proposition since ag is an accumulation point. For this, the following estimate
on the number of lattice points in a triangle is very useful; the purpose of this step
is to state this estimate. The estimate says that the number of lattice points is
approximately given by the area of the triangle, with an explicit bound on the error

in the estimate.

To state the estimate, define R,,(T") = sup{k + 1|cx(E(a,b)) < T}. This is the
number of lattice points in the right triangle with legs on the axes and area 5. The

following estimate is proved in [2 Prop. 2.5]

1 b
’Ra,b(T) - _T2| = < 5) T+ 8_a + 1. (34)

Step 3. Completion of the proof. With these preliminaries out of the way, we can
now complete the proof. By Proposition [3.2.1] to establish a contradiction it suffices
to show that only finitely many ¢; are obstructive on the interval [ag — €, ag + €] from
Step 1. Let ¢; be obstructive, say at the point 3. Then, by , the definition of

being obstructive, and continuity of ¢; there is some irrational y in [ag — €, ag + €]

with 2 G E(l’y (1+m)+/y/b. Hence

G(E(Ly) > (1+m)e(E \/_ \/_ (3.5)

Now let T' = ¢;(E(1,y)). We seek a bound on 7', in order to get the desired bound
on 7.

We now derive the needed bound on 7T'. Before going through the relevant calcu-
lations, we state here the underlying combinatorial idea. The inequality relates
capacities of two ellipsoids with strictly different volume. We will show that it can
not hold for infinitely many ¢, because the corresponding lattice point counts are
well enough approximated by the volume, and the volumes are different. A little bit

of care is required to get a “uniform” estimate, that is an estimate that does not
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depend on the choice of y € [ag — €, ag + €.

Let us now provide the details. The estimate we require is not too sensitive, so in

the following, we often simplify the algebraic expressions by applying further simple

b

estimates (e.g. & < ) without commentary.

To get the bound on T, note first that Ry ,(7') = i + 1, because y is irrational,
and R(1+m)\/y—/b,(1+m)\/ﬁ(T) > i+ 1, by (3.5). It follows that
R(1+m)w/y/b,(1+m)\/y7b(T) > RLZJ(T)'

Hence, by the area estimate (3.4))

1 1
L TP> T 4T —2y—2.
2(1+m)%y 2y

Multiplying through by y gives

T

1 2 2

We know that y < ag + ¢ < 2ag hence

~(1-

5 )T? < 8Tag + 8a2 + 8ag < 8T (ag + 8ai + 8ay),

(L +m)?

since T' > 1. Hence, we get the explicit upper bound on 7"

T < 8(ag 1—1— 8a31+ 8ay)

14+m?2

. (3.6)

Now, to get a corresponding bound on ¢, first note that i = Ry ,(7") — 1 from

above. Now by ((3.4)
1
Ri,(T) < ZT2 +2T +y+ 1.

Hence, the explicit upper bound on T, together with the bound y < 2ag, gives an

explicit upper bound on ¢, which completes the proof in view of Proposition [3.2.1]
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3.3 Computation of the lattice points

As already seen in the proof of Proposition [3.2.2] and as is well-known, ECH
capacities of ellipsoids can profitably be encoded in terms of certain lattice point

counts.

Here is the relevant count for our purposes. We want to understand the number

of integer lattice points N, ,(¢) in the triangle 7, (t) with vertices

(0,0),  (ty/1/(ab),0), (0.t\/a/b).

Here, b > 1 is irrational, a > b and ¢t > 0 is real. The motivation is that this is
the triangle corresponding to the lattice point count for the ECH capacities of an
ellipsoid \/EE(l,a), which is normalized to have the same volume as an E(1,b)

target, but with the additional parameter a. More precisely,
#{k o (VO E(1,0)) <t} = #{Z2 0 Top(t)}. (3.7)

To state our formula for this lattice point count, define f := 1 — {-}, where {-}

denotes the fractional part.

Lemma 3.3.1 N,(t) = 3t*/b+3 \/_t—i-z Yo f(t\/a/b—am)+5({t\/1/(ab)}—
{t/1/(ab)}?).

Proof

The proof uses a similar idea to the proof of [5, Lem. 2.3]; however, that proof was
solely about the subleading asymptotics, under an irrationality hypothesis, and here
we give a fuller formula with no such assumption.

We count in vertical slices to obtain the formula

[ty/1/(ab)] [ty/1/(ab)]
Nupt)= > (ta/b—am)+ Y f(ty/a/b—am). (3.8)



We can evaluate the first sum explicitly, which gives

([tA/1/(ad)] + 1)t\/a/b—a [£/1/(ab)] Ltz\/m 1]

which we rewrite as

—t2/b+ t\/_+ ({t\/1/(ab)} — {t+/1/(ab)}?).

This establishes the lemma.
Corollary 3.3.2 N,(t) = 3t2/b+ 2(1+1/b)t + o(t).

Proof

By Weyl’s criteria,

|£4/1/(ab)] )
> {t—bm}= §Lt«/1/(ab)J + o(t)

m=0

hence the corollary follows from Lemma [3.3.1]

Remark 3.3.3 When attempting to apply Lemma|3.35.1|, usually the hardest term is

the >~ f(+). Much of the rest of our arguments involve some estimates on this term.

3.4 Lattice point estimates

In this section, we prove some important estimates regarding lattice point counts.

In view of the formula (3.8]), the crux of the issue is estimating sums of the form

> {8 —ma},

which is the focus of this section. In connection with above, we are interested in the
case &« = a and § = y/a/b. For these estimates, we distinguish two cases, namely

the case where a is irrational and the case where a is rational.
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3.4.1 The irrational case
Here is the bound we need in the irrational case.

Lemma 3.4.1 Fix an irrational ag and fir € > 0. Then, there ezists a 6 > 0 and a

positive number Ny such that for N > Ny,

al 1
Z{B —ma} < (5 + e) N,
m=0
for any B, as long as « is irrational and satisfies | — ag| < 0.

The proof follows from several other lemmas, which we now introduce.

To state the first lemma, write

1

P
a—=| <=,
| q| q?

with p # 0 and (p, ¢) relatively prime; this can be done, for infinitely many different
q, by Dirichlet’s theorem, since « is irrational.
Here is a bound that is rather coarse, but strong enough for what we need at this

stage.

Lemma 3.4.2 fn;lo{ﬁ —ma} < % +3

Proof
We write
Eolopet
q q
Then
1
—mg——<—ma< —m]—?—k—,
qa 4 qa g
hence
k—m—1 1 k — 1
(k= m )p——<6—ma<ﬂ+—. (3.9)
q q q q



Now as m ranges from 0 to ¢ — 1, {@} ranges across the set S = {2, ce

s
SR
—_
——

When
(k—m)p
q

{

b=-, 2<i<q-1,
q

)

it follows from (3.9)) that

{ﬁ—ma}ﬁé—i—%.

In the cases ¢ € {0, 1}, we have the trivial bound
{f —ma} < Y
q

Summing these equations over 7 € .S, we get the upper bound claimed by the lemma.
We can use this bound to get the following estimate. Set N = ¢/ + x with x < ¢

and assume that Na < 3.
Lemma 3.4.3 Y {8 —ma} < 2 1+250+¢

Proof

We write

S (Foma) = 3 (F-ma}+ Y {(F—ga)-ma}t.. 43 {5 (g—V)a)—ma) +5.

where 0 is trivially bounded by ¢q. We then bound the other ¢ terms by using the
previous lemma.
We can now prove the lemma from the beginning of this section.

Proof [Proof of Lemma (3.4.1]

Note that the previous lemma gives the bound
N
N 25
Z{B—mo&}ﬁ 5+7N+Q-
m=0

Now, according to Dirichlet’s theorem, for any N{ there exists p/q with 1 < ¢ < Ny

such that
1
qNg

]a—§< (3.10)
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We now choose ¢’ so small that 275 < €/4, for any § satisfying
lap — 2] < 0. (3.11)
q

Set 6 = ¢'/2 and set N = [$]. Then, if |o — ag| < 4, then any £ satisfying
(3.10]) satisfies (3.11)). We now apply Dirichlet’s theorem with N/ to get a rational
’—; satisfying (3.10) with ¢ < Nj. We now choose Ny large enough that ¢ < §NV

whenever N > Nj.

3.4.2 The rational case

In the rational case, the bound in Lemma |3.4.1]is no longer true, see for example
the proof of Lemma below, but we have a similar, although somewhat weaker,

statement.

Lemma 3.4.4 Fix a rational ag = § and fix € > 0. Then, there exists a 06 > 0 and

a positive number Ny such that for N > Ny,

N

> {8 —ma} < (%(1 + %) + e) N,

m=0

for any B, as long as « is irrational and satisfies | — ag| < 0.

Proof

Let U; = [1/q, (i41)/q] for 0 <2 < g—1. Assume that o < p/q and let 6, = |or—L|.
Assume also that § < 1/(ng?), hence 6, < 1/(ng?), where n is a large positive
number to be fixed later in the proof. For any real number z let [z], € [0, %) denote
the representative of z in the additive group Z modulo (1/¢)Z. That is, x = g—l— 2],
for some integer k. Let b, := { — ma}.

Step 1. A single cycle of length q. We consider first the case where N = ¢q. We

distinguish two possible cases that can occur.

1. Case 1: Each U; for 0 < i < g — 1 contains precisely one element of (b,,).
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2. Case 2: Some U; contains multiple elements of (b,,).

We write down upper bounds for each case. In case (1), we have

-1

(z+1>_q+1
==
=0

-1 -1
m=0 =0

(2

In case (2), we take as upper bound the coarse bound

7
L

b, < q.
0

3
]

Step 2. Many full cycles of length q. We next seek to estimate Zﬁi_ol by, Where
N := kq; this is the heart of the estimate. This step collects some first estimates
in that regard. Let Q; = Zzz%jﬂ)*l by, for 0 < 5 < k — 1. For fixed j, any b, for

jqg <m < (j+1)qg — 1 has the form

{(6 —quz) - ma},

for 0 < m < ¢, and so the upper bounds from the above two cases in the previous
step apply for bounding ();, with /3 in the previous step replaced by (5 — jqo); for
future reference we denote g; := 8 — jga. With that understood, let S" denote the
set consisting of j € {0,1,...,k — 1} for which case 2 in the previous step applies

to those b, counted by ;. Then by the previous step, we have the bound

Ng—1 k—1
=) Q=) Qi+ Q
m=0 Jj=0 j¢s JjeSs
kig+1
2
Hence we obtain
P k(q + 1)
Z by < ———2 +19]q. (3.12)

Step 3. Case two rarely occurs. We now wish to bound |S|, which is the goal of
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this step. To do this, we need to clarify those conditions under which Case 2 from
Step 1 occurs; the outcome of this step will be that Case 2 occurs “rarely” when ¢

is sufficiently small, with a precise quantitative estimate given in (3.13]) below.

Consider a sum of elements b,,,, with 0 < m < (¢—1). Write 8 = io/q+[0],- Asm
ranges from 0 to ¢ — 1, 7o — mp ranges over all equivalence classes, modulo ¢, exactly
once, and we seek to understand which Uy contains { — ma}. Let i = iy — mp
(mod ¢). We distinguish three subcases, based on the value of 3], — m(a — ap).
In case 1, —1/q < [B], — m(ov — ap) < 0, in which case [ — ma] € U;_;; in
case 2, 0 < [B], — m(a — ag) < 1/q, in which case [ — ma] € U;; in case 3,
1/q < [B]y —m(a —ag) < 2/q, in which case [ —ma] € U;11. Note that these cases

exhaust all possibilities for the value of [5], — m(a — ap), given our bound on d,.

To better keep track of these subcases, introduce the interval § — (o — o), for
0 <t < gq. This is an interval I C R of length ¢d, < 1/q. Then, by the analysis in
the previous paragraph, Case 2 will occur for all 0 < m < ¢ as long as I does not

contain a lattice point of the form %Z.

Having analyzed the situation for the case where m ranges from 0 to ¢ — 1, which
corresponds to )y, and which applies to all @); by replacing 8 with j3;, we return to

bounding |S|.

For fixed j, the intervals I; given by 3; — t(a —agp) C R for 0 < ¢ < ¢ all have
length ¢d,; and two consecutive intervals /; and I, connect at 3;;,. By the above

analysis, if 7 € S, then I; must contain a lattice point of the form %Z.

In particular, as a coarse bound, the size of S is no more than twice the number
of éZ lattice points in T}, := U?;&[ j, since any lattice point can be contained in at
most two distinct 1;. We therefore have |S| < 2#{ % NTj}. On the other hand, if T

contains ¢ lattice points, then its length must be at least ¢/ — 1, so we get

length(Ty) = kqba > #{= N T} — 1> |S]/2— 1.
q
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In particular, we have obtained the key bound:
|S] < 2kqd, + 2. (3.13)

Step 4. Completion of the proof. We now put this all together to complete the proof

of the Lemma. If we have general N = N/ + ¢, with 0 < ¢ < ¢ and N} = kg, then
we can write ZZ:O b < ( ,Z(I’ZO bm) + q. By (3.12) and (3.13)) above, we have

o N1 , N1
> butag< S+ 5) + 2kq*00 + 3¢ < - (1+ 5) +2¢6,N + N(3¢/N).
m=0

Taking n in the definition of ¢ sufficiently small then ensures that 2¢d,, < €/2, hence

the lemma.

3.5 Putting it all together

We now prove Theorem [3.1.1] If an infinite staircase exists, then as stated before
it must have at least one accumulation point ag. The idea, then, is to show that

such an accumulation point can not exist. The proof consists of two parts.

3.5.1 The large values of a
The first part of the proof of Theorem is the following bound, which follows

from combining the estimates from above.

Proposition 3.5.1 Let a satisfy

a 1 1 1
—- 11— N —=>1+4+ - 3.14
RN (314

where here a = p/q in the rational case, and we formally interpret ¢ = oo (that is,

% = 0) in the irrational case. Then a can not be an accumulation point.

Proof
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Assume that ag satisfies (3.14]) and choose € > 0 such that
1 1 1
D) — —e>14 (3.15)

By combining Corollary with the bound from Lemma [3.4.1] in the case ay
irrational, or Lemma [3.4.4]in the case ay rational, we can then obtain an interval

around ag such that for any irrational a in this interval

1 1 a 1 1
> —¢2 — /= — )= —€/2

for sufficiently large t. We can also choose this interval so that

By (3.15)) and the first item in Corollary |3.3.2] it now follows that if ¢, is sufficiently

large and t > t; then we must have
Nap(t) = Npp(t).

for all irrational @ in /. It now follows from that if ¢x(1,b) = ¢ for some t > ¢,
then ck(\/gE(l, a)) < cx(E(1,b)). Hence, there are only finitely many ¢ that are
obstructive at irrational points in /. It then follows, since being obstructive is an
open condition, that there are only finitely many ¢, that are obstructive in I. It

then follows from Proposition that there can not be an infinite staircase at ay.

3.5.2 The small values of a

In view of Proposition [3.5.1} to complete the proof of Theorem [3.1.1} we just have

to consider points a satisfying

(3.16)



This will be our standing assumption in what follows.
A basic consideration, that will be helpful in what follows, is that the left hand side
of (3.16]), for fixed (b, ¢), is an increasing function of a. Indeed, its partial derivative,

with respect to a, is
q—1
q

2ba\/%7

a —

which is positive for a > 1.

The irrational values

The analysis is simplest when aq is irrational.

Lemma 3.5.2 If ag is irrational and satisfies (3.16]), then ag can not be an accu-

mulation point.

Proof

In this case % = 0, so as the left hand side of is an increasing function of
a, the only such ag is b itself. However, it is known [0, Lem. 2.9] that c¢;(a) = 1 for
1<a<b andE| cy(a) = § for b < a < [b]. In particular, there can not be an infinite

staircase at ag.

Rational numbers with denominator at least six
As proved above, the left hand side of (3.16)) is an increasing function of a. On
the other hand, we have the following.

Lemma 3.5.3 Let b < ag < |b] + 2. Then ag is not an accumulation point of cy.

Proof
Equipped with the new Proposition [3.2.2] the proof then proceeds along the lines

of some related results in [6].

2In [6, Lem. 2.9], it is not actually stated that cy(a) = a/b for b < a < [b]; only the lower
bound is stated. However, the matching upper bound follows by scaling the domain as in the proof
of the subscaling property in [6, Sec. 2.6].
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To elaborate, by Proposition|3.2.2} if there is an infinite staircase at ag, then c,(ag) =
ao/b. Now, by [0, Lem. 2.9], if ag is any point satisfying b < ay < [b] + 2 and

cp(ag) = y/ao/b, then for x sufficiently close to ag, we have

cp() > cp(ao)

if z < ag and

cp(w) > (w/ap)cp(ap)

if © > ap. Thus, by the Monotonicity and Subscaling properties as in [0, Sec.
2.6, if ¢y(ap) = \/m, then in fact equality must hold in the above inequalities.
However, this is a contradiction, since then ay would not be a limit point of an
infinite staircase.

In view of the fact that |b] +2 > b+ 1, the above lemma, together with the fact

that the left hand side of (3.16) is an increasing function of a, motivates solving the

Ve - oaem e (3.17)

as a function of (b,¢). What falls out of this is the following.

equation

Lemma 3.5.4 Let ag = p/q be a rational number in lowest terms, with ¢ > 6. Then

ag can not be an accumulation point of an infinite staircase for cy.

Proof

The equation (3.17)) has a unique solution z}, for z = (1 — é) as a function of b, hence
a unique solution ¢, for q.

We claim that the solution ¢, is a decreasing function of b; it is equivalent to show

that x; is a decreasing function of b. To see this, note that:

d 1 b1
= — 14+ -2/
"’ 2b\/b+b2< ( b )

We claim that the right hand side of the above expression has no zeros for b > 0;

on the other hand, for b = 1, the right hand side evaluates to 2;\2/‘5/5 < 0, and so the
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right hand side is always negative given the claim about no zeros. To see why this
claim about no zeros is true, note that the numerator of the right hand side of the

above expression is
y(y +2)

(y+ 1)

b+1
b -

where y = This has just two roots for y, neither of which correspond to
positive values of b.

Now, since ¢; = 3+2v/2 < 6, we therefore learn in view of this monotonicity that
if ¢ > 6, then either ay > (b+ 1), in which case a = ag does not satisfy and
so there is no infinite staircase at ag; or, ag < (b+ 1), in which case Lemma m

applies to show that there is not an infinite staircase at ag.

Rational numbers with denominators between two and six

For rational numbers with denominators between 2 and 5, we need a somewhat more

ad-hoc approach.

Lemma 3.5.5 Let a = p/q in lowest terms, with 2 < g < 5. Then a can not be an

accumulation point for c.

Proof
We argue case by case, although the general arguments are quite similar from one
case to the next.

Let us first consider the case ¢ = 2. In this case, one first observes that, since a

in this case would have to be an integer with denominator 2 that by Lemma [3.5.3
is at least |b] + 2, we have a > b+ 1.5. Now, if b > /3, then
b+15 1 1 1

S B T
A AT I T I

since solving the corresponding equality (that is, the equality given by setting the
left and right hand sides of the above inequality equal to each other) gives that

the only solution to that equality is b = /3, and so then checking for example
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b = 2 gives a strict inequality as asserted, hence a does not satisfy and so
there is no infinite staircase by Proposition [3.5.1] It remains to consider the case
1 <b<+3 <2 Inthis case, one then has the improvement in view of Lemmam
and the fact that a has denominator 2, that a > [b| +25=0+(2—-0)+1.5=3.5
On the other hand, for b < 2, we have

3.5 1 1 1

D o Eyw T Ty

since solving the corresponding equality gives that the solutions to the equality are

9+4/2

==, and so it suffices to check the inequality for b = 1. Hence, as above,

precisely
a does not satisfy (3.16)) and so there is no infinite staircase. This completes the

analysis in the case ¢ = 2.
The rest of the cases are similar so we are slightly more brief.

In the case ¢ = 4, we have

b+1.25+3 1 >1+1
V™ 1\ b+ 1.25)(0) b

for b > 1: indeed, the corresponding equality has a unique solution at b = 1, and
so one can check the desired inequality by checking, for example, the case where
b = 2. Hence, by combining Lemma |3.5.3| and Proposition there is no infinite

staircase.

Similarly, in the case ¢ = 5, we have

for12 4 1 .l
b 5\ (b+1.2)(b) b’

for b > 1, since the corresponding equality has a unique solution at b = —Vl%r”?’,

and
one can then check for example at b = 1 that strict inequality holds. So, a staircase

can not occur by the same analysis as above.
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Finally, as for the case ¢ = 3, as long as b > 2, we have

b+4/3 2 1 .
Vo s\ mrem e

since the corresponding equality has a unique root at @, and one can then check

at for example b = 2 that strict inequality holds. In the case b < 2, we have the
improvement a > b+4/3+ (2—b) = 2+4/3, similarly to in the case of denominator

2. Then, since for 1 < b < 2, we have

2+4/3 2 1 .
Vo e eriem e

7+2/6
t 5

since the corresponding equality has solutions a , and one can then check that
strict inequality holds at for example b = 1. Hence, there is no infinite staircase in

this case as well, and the result now follows.

3.5.3 The case of integers

When ay is an integer, we use a different set of arguments; at the time of writing,
these are not strong enough to handle the case where b+ 1/b is an integer, which is
why our result in Theorem has this assumption.

More precisely, we prove here the following.

Lemma 3.5.6 Let 1 < ag < b+ 1/b+ 2 be an integer. Then aqy is not an accumu-

lation point for cy.

In view of the above work handling all other cases for ag, this proves Theo-
rem since if ag > b+1/b+2 = (b+1)?/b, then ag does not satisfy and
we can then apply Proposition [3.5.1}

Proof
[Proof of Lemma
By Proposition , if ag is an accumulation point, then ¢,(ag) = \/m. However,

we will show that under the assumptions on aq in the lemma, ¢, is actually obstructed
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at ag, in other words is not equal to the volume obstruction.

To see this, it suffices by to find an integer t with N, ,(t) < Nyp(t). To pro-
duce such a ¢, we use the formulas for N,; from . We know that \/a_/b is
irrational, since a is rational and b is irrational. There are infinitely many rational

approximations to y/a/b; choose an upper convergent p/q. This means that

[Va/b—p/dl < %, pla> /afb.
Now take ¢ = ¢. Then, since a is an integer,
f(tv/a/b—am) < %,
and so the final summand in the formula for N,;(¢) in (3.8) is no more than

1
(lgv/1/(ab) + H)E
Now this stays bounded as ¢ gets large. On the other hand, the equation

1

implies that

valb <1+ %

Thus in view of Corollary [3.3.2] there are in fact infinitely many integer ¢ with
Na,b(t) < Nl,b(t)-

Va/b <1+ %,

Remark 3.5.7 The above argument in fact shows that at such an aqg, there are
infinitely many obstructive ECH capacities.
This is important to keep in mind when attempting to form heuristics about infinite

staircases. For example, it follows that, for any N one can find an irrational number

o1



close to ag with an obstructive ECH capacity of index at least N. One might have
hoped that the subleading asymptotics of the ECH capacities at such an irrational
number might preclude this from occurring, since for such an irrational number
they will eventually imply that at high enough index the capacities can no longer be
obstructive. This “subleading asymptotic argument” has previously been mentioned
as a heuristic for finding accumulation points; however, this remark shows that in
practice trying to implement this seems subtle due to non-uniformity of the subleading

estimates as one varies the domain.
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Appendix A

Surgery

This section is a cursory summary of the basic notions for symplectic handlebody
attachments that are used to compute the Q-grading of the empty set generator of
a lens spaces. The essential details for this construction are taken directly from [26]

and [9], and are presented solely for the convenience of the reader.

A.1 Legendrian knots and their invariants

Let (Y,€) be a contact 3-manifold. An oriented knot L C Y is said to be Legen-
drian if it is tangent to the contact distribution &, that is, if TL C £&. A framing of
L is a choice of trivialization of the normal bundle vL with L x R2. For a general
knot K there may not be a canonical choice of framing (unless it is nullhomologous,
in which case one has a canonical trivialization induced by a Seifert surface), but
in the case of a Legendrian knot L, there is a canonical choice of framing. Indeed,
since the contact planes of ¢ intersect vL transversely, a trivialization is obtained
by choosing a nonvanishing section of the real line bundle ¢/ = ¢ Nv. In other words
we can also think of a framing as a nonvanishing vector field along L, transverse
to T'L and contained in £. The framing given by such a vector field is called the
Thurston-Bennequin framing.

Now if L is nullhomologous, then we get an invariant (up to orientation) of L

called the Thurston-Bennequin number, denoted tb(L). This is obtained as follows:
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let v be a nonvanishing section of £. Then let L’ denote a pushoff of L in the direction
of v. Then tb(L) is defined to be the linking number (k(L, L’). Intuitively, tb(L)
measures how many times ¢ twists around L.

The second invariant of a nullhomologous L is the rotation number, r(L). Let 3
denote a Seifert surface with boundary L. The contact distribution £ restricted to
Y is trivial, so choose a trivialization ¢|y =2 ¥ x R2. This trivialization induces a
trivialization £|;, = L x R% Now let v be any vector field tangent to L in the same
direction as the orientation on L. Using this trivialization, we can think of v as a
path of nonzero vectors around the origin in R? parameterized by L. As such it has
a winding number, and this defines r(L). This depends on the choice of orientation
of L.

Suppose L is a C"'-embedded Legendrian knot in (R?_, &a) and let IT: R* — R?
denote the “front projection” map, sending (z,y, z) — (z,z). Recall that T'L C &.

Consequently, if ST — L: ¢+ (z(t),y(t), z(t)) is a parameterization of L, then
(1) — 2/ (D)y(t) = 0.

Hence 2/(to) = 0 if and only if 2/(¢y) = 0 at a point t; € S'. Roughly speaking,
the consequence of this is that the image of L under II has cusps instead of vertical
tangencies; see [Etnyre] for a more careful discussion of this. For our purposes there
are convenient formulas for tb(L) and r(L) that one can read off from the front

projection of L: namely
) 1
tb(L) = writhe(II(L)) — 5(#cusps)

and

r(L) = %(D —U), (A.1)

where D is the number of “down” cusps and U is the number of “up” cusps, which
of course depends on the orientation of L. An equivalent description of the rotation

number that will be important for us is that it is also the obstruction to extending
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a nonzero vector field v along L to &y, if ¥ is a surface bounding L. In addition,
for our purposes we only consider Legendrian unknots, which have no writhe so we

omit discussing the term writhe(II(L)). That is, for a Legendrian unknot L,
1
tb(L) = —5(#cusps). (A.2)

An important operation on Legendrian knots is stabilization, which is to add a
zig-zag to the front projection of L. The knot can be stabilized either positively or
negatively, denoted Si(L). It follows from forumulas (A.1]) and (A.2) that

tb(Sy(L)) = th(L) — 1 and r(Sy(L)) =r(L)£1.

A.2 Symplectic handle attachments

We will only focus on surgery in 3 and 4 dimensions. Let Y be a smooth manifold

3-manifold. The basic data involved in topological surgery on Y is the following:
e Aknot KCY
e A framing of K, that is, a choice of trivialization ¢ : vS! — St x D?

e The gluing map f := P|ys1xp2), an orientation reversing diffeomorphism of

T2

The gluing map f determines the diffeomorphism type of the resulting surgered
manifold Y’. The diffeomorphism type of Y’ is only distinguished by the isotopy
type of f: T? — T2, and this is determined precisely by the induced isomorphism
on homology f. : H\(T*7Z) — H,(T*Z). In fact, f, is specified by the image
f«([pt x 0D?)) € H,(T? Z) = Z*, which a primitive class. Therefore the manifold
resulting from surgery along K is fully specified by a pair (p,q) of relatively prime
integers. Reversing the orientation of the knot changes the sign of both p and ¢

which means that p/q is independent of the orientation of K. In particular, when
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Y = 5% and K C S? is the unknot, —p/g-surgery on K is called a lens space and is

denoted L(p, q). See [26], 2.2] for more details.

Here is another description of —p/q surgery on an unknot K C S? that will
be useful for us. Let [ag,...,a;| denote the continued fraction expansion of p/q,
where a; > 2 for 0 < i < k. Then —p/q surgery is equivalent to integral surgery
along a chain of unknots |J K; where each K; has framing —a;. This is easy to
see by iterating “slam dunks”. With this in mind, one can also realize L(p,q) as
the boundary of a (k + 1)-handlebody: attach k four dimensional 2-handles to D*
along the chain of unknots on the boundary dD* = S3 with framings given the
continued fraction coefficients a;, for 0 < ¢ < k. This yields a 4-manifold W with

oW = L(p, q).

The importance of the handlebody description is that the construction works in
the symplectic category: in fact, we can realize L(p, q) with any tight contact struc-
ture £ as the w-convex boundary of a symplectic 4-manifold obtained by attaching
symplectic 2-handles, also known as Weinstein handles. To illustrate, the standard
4-dimensional symplectic 2-handle is taken to be the region in C? bounded by the

the hypersurface

1 € €
{steat-Jut e =—1julatra-Sur e -5}

(the interior of this region is in fact a Stein domain). Now the boundary is a contact
hypersurface in C? with contact form o = 1, (wg), where wy is the standard symplectic
form on C? and v is the gradient of 27 + 3 — £ (¥} +¥3), and, importantly, both the

attaching and belt circles

S={z1=2,=0, y{ +y5 =2}

B={y=y=0, 2] +15=¢/2}

are Legendrian with respect to a. Roughly speaking, the contact neighborhood

theorem provides the gluing contactomorphism between a normal neighborhood of
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S and the target Legendrian knot L C Y, where Y is the w-convex boundary of
some symplectic manifold X. See Chapter 7 of [26] for the definitions and technical
propositions that make this work. The framing of the 2-handle H relative to the

canonical Legendrian framing of L is -1, leading to the following

Theorem A.2.1 Suppose that (X,w) is a symplectic 4-manifold with w-convex bound-
ary 0X and L C 0X 1is a Legendrian curve with respect to the induced contact
structure. If we attach a 2-handle H with framing (—1) with respect to its canonical

contact framing to 0X along L then w extends to X U H.

Remark: There is a construction involving w-concave boundaries, in which case
one glues along the belt circle B rather than S.

In particular, when (X,w) = (D* wp) and v is the radial vector field on R*, then
attaching symplectic 2-handles to a chain of Legendrian unknots U; L; with framings
tb(L;) —1 results in a symplectic (actually Stein) filling X of the resulting lens space.
The tight contact structure on the lens space is determined by the positioning of

the zig-zags on the components L;.
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