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This dissertation develops theoretical and computational advances in discrete directional

time–frequency analysis, phase retrieval, kernel-based inverse problems, and applications to

electron microscopy denoising.

Chapter 3 presents sharp uncertainty inequalities for the Directional Gabor Ridge Trans-

form (DGRT) and its weighted variant (DWGRT) within a discrete-frame framework, yield-

ing explicit bounds on spatial support and directional frequency localization. These results

can extend classical continuous uncertainty principles to fully discrete directional frames and

provide explicit guidance on window lengths, orientation sampling, and weight functions.

Chapter 4 formulates undersampled short-time Fourier magnitude inversion as a super-

vised learning problem. I design a compact neural network trained with adversarial and

reconstruction losses that reconstructs eight-thousand-length-sample audio segments from

four-thousand magnitude measurements. Extensive experiments demonstrate rapid conver-

gence and superior numerical and perceptual quality compared to Griffin–Lim, including

downstream classification accuracy improvements.



In Chapter 5, I implement and compare three deterministic kPCA pre-image algorithms:

fixed-point iteration, kernel ridge regression, and Sapiro’s Nyström extension method, apply-

ing them across MNIST, CIFAR-10, and SVHN under noise-free and noisy scenarios. Met-

rics of PSNR, SSIM, and PCC identify each solver’s strengths and limitations. Motivated by

these findings, I introduce DCGAN-KPCAnet and WGAN-KPCAnet, two generative adver-

sarial inverse solvers that learn the kPCA mapping directly. WGAN-KPCAnet consistently

exceeds the best deterministic solver in reconstruction fidelity, structural preservation, and

noise robustness.

Chapter 6 integrates cosine-similarity kPCA denoising into graphene-liquid-cell and sin-

gle particle cryo-EM pipelines. By enhancing the previous denoising (masking and averag-

ing) with kPCA inversion, I achieve substantial improvements in two-dimensional projection

quality and enable high-resolution three-dimensional reconstructions that reveal dynamic

structural states. Kernel parameter selection, computational scalability, and software inte-

gration are discussed.

Together, these contributions establish new discrete uncertainty bounds, demonstrate

the efficacy of learning-based phase retrieval, advance kernel pre-image algorithms through

generative modeling, and apply kernel PCA denoising to challenging electron microscopy

data, bridging fundamental mathematics with practical signal processing applications.
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Chapter 1

Introduction

1.1 Motivation and Scope

Discrete directional time{frequency analysis plays a central role in applications that re-

quire orientation-sensitive feature extraction. The directional Gabor ridge transform aug-

ments the classical short-time Fourier transform by projecting signals onto ridge functions

aligned with speci�ed angles, thereby isolating frequency content along those orientations. In

its weighted variant, additional windowing or weight functions emphasize or de-emphasize

particular directions. Continuous-domain uncertainty principles|dating back to Heisen-

berg's original inequality|quantify the trade-o� between time (or space) localization and

frequency concentration, and semi-discrete extensions address mixed continuous{discrete

scenarios. However, practical implementations rely on fully discrete frames whose funda-

mental limits have remained uncharacterized. Without rigorous uncertainty inequalities for

discrete directional transforms, practitioners lack the theoretical bounds needed to choose

window lengths, sampling rates, orientation grids and weight functions that balance spatial

resolution against directional frequency resolution.

Phase retrieval constitutes a second, distinct inverse-problem domain with broad impli-

cations in optics, coherent di�ractive imaging and audio processing. In many measurement

systems, only the magnitudes of short-time Fourier coe�cients are recorded, with phase

information lost. Classical Gri�n{Lim iterations alternate between enforcing magnitude

constraints and synthesizing time-domain estimates, but they often stagnate or converge

slowly under aggressive undersampling or nonideal measurement operators. Moreover, they

o�er no guarantee of global optimality and can be sensitive to initialization. Recent ad-

vances in deep learning suggest that neural networks can learn structural priors from data

and enable accurate inversion even when sampling is well below classical thresholds.

The pre-image problem for Kernel Principal Component Analysis (kPCA) presents a
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third challenge. kPCA embeds input vectors into a high-dimensional feature space via a

Mercer kernel and performs linear PCA to denoise and reduce dimensionality. Recovering

an approximation of the original input|the pre-image|requires solving a nonlinear inverse

problem. Deterministic solvers have been proposed, including �xed-point iterations, kernel

ridge regression, multidimensional scaling-based inversion, direct-approximation formulas

and Nystr•om-based hybrids. Each method o�ers di�erent trade-o�s among reconstruction

accuracy, computational cost and noise robustness, yet their relative performance across

datasets and noise regimes has not been systematically assessed.

Electron microscopy provides the fourth application domain, where kernel methods can

deliver transformative bene�ts under extreme noise. In graphene-liquid-cell (GLC-EM) and

single-particle cryogenic (cryo-EM) work
ows, low electron dose preserves sample integrity

but yields micrographs with signal-to-noise ratios often below 0.1. Conventional denois-

ing|frame averaging, masking or linear �ltering|improves visibility but sacri�ces spatial

resolution or temporal detail. Embedding micrographs into a kernel-de�ned feature space via

cosine similarity kPCA and reconstructing denoised pre-images promises to suppress noise

while preserving �ne structural details, provided one can invert the embedding robustly

under severe noise.

1.2 Contributions and Organization of the Disserta-

tion

In Chapter 3, building on existing discrete-frame constructions of DGRT and DWGRT, I

establish new integral inequalities that quantify the trade-o� between spatial concentration

and directional frequency resolution, and derive parameter guidelines for window lengths,

orientation sampling, and weight functions. These results extend classical uncertainty prin-

ciples to directional transforms and inform parameter choices for window lengths, orientation

sampling, and weighting functions.

Chapter 4 addresses phase retrieval for speech signals. I formulate the inversion of un-

dersampled short-time Fourier magnitude measurements as a supervised learning problem,

design a compact neural network trained with adversarial and reconstruction losses, and

demonstrate through extensive experiments that eight-thousand-length-sample audio seg-

ments can be reconstructed from four-thousand magnitude coe�cients. The learned model

converges rapidly and outperforms the Gri�n{Lim algorithm in both numerical metrics and

perceptual quality, as validated by a downstream classi�cation task.

In Chapter 5 I implement and compare three representative deterministic kPCA pre-image
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algorithms|�xed-point iteration, kernel ridge regression and Sch•olkopf's method|on MNIST,

CIFAR-10 and SVHN under noise-free and noisy conditions. By measuring peak signal-to-noise

ratio, structural similarity index and Pearson correlation, I identify the contexts in which

each solver excels or falters. Motivated by these �ndings, I introduce DCGAN-KPCAnet and

WGAN-KPCAnet, two generative adversarial network{based inverse solvers that learn the

kPCA mapping directly from data. Extensive evaluation shows that WGAN-KPCAnet con-

sistently surpasses the best deterministic solver in reconstruction �delity, structural preser-

vation and robustness to noise.

Chapter 6 integrates cosine similarity kPCA denoising into electron microscopy work-


ows. By replacing conventional masking and averaging steps in both GLC-EM and cryo-EM

pipelines with kPCA inversion, I achieve substantial improvements in two-dimensional pro-

jection quality and enable high-resolution three-dimensional reconstructions that reveal dy-

namic structural states previously obscured by noise. I discuss kernel parameter selection,

computational scalability and integration with existing EM software.

Each chapter stands with full theoretical derivations or model descriptions, implemen-

tation details and comprehensive experimental evaluations. The �nal chapter synthesizes

the results, re
ects on their broader implications for nonlinear inverse problems and outlines

directions for future research in kernel-based and learning-driven signal processing.
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Chapter 2

Preliminaries

2.1 Time-Frequency Representations and Uncertainty

Principles

Time-frequency analysis provides a framework for studying signals that evolve over time

by examining how their frequency content changes. Traditional Fourier analysis is a pow-

erful tool for decomposing functions into sinusoidal components, but it lacks localization

in the time domain, making it unsuitable for analyzing non-stationary signals. To address

this limitation, time-frequency representations such as the Short-Time Fourier Transform

(STFT) and Gabor analysis have been developed to capture both temporal and spectral

characteristics of signals.

A fundamental concept in time-frequency analysis is the uncertainty principle, which es-

tablishes a trade-o� between time and frequency localization. This principle highlights the

inherent limitation that a signal cannot be arbitrarily well-localized in both time and fre-

quency simultaneously. The choice of window functions and the structure of time-frequency

frames play a crucial role in balancing this trade-o�.

Moreover, classical time-frequency representations do not inherently incorporate direc-

tional information. The integration of the Radon transform with Gabor analysis allows for

directional sensitivity, enhancing the ability to analyze anisotropic signals such as images

and biomedical data. This section explores the mathematical foundations of time-frequency

analysis, beginning with the Fourier transform and its extension to the STFT, followed by

a discussion of the uncertainty principle and its implications for Gabor frames.
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2.1.1 Short-Time Fourier Transform (STFT)

The Fourier transform is a fundamental tool in signal processing and time-frequency

analysis. Given an integrable functionf on Rn , its Fourier transform is de�ned as

f̂ p� q �
»

Rn
f pxqe� 2�ix �� dx: (2.1)

This transformation allows for the analysis of the frequency content of a signal by de-

composing it into sinusoidal components. However, the Fourier transform has a limitation:

it provides a global frequency representation of the signal, meaning that it does not retain

any localization in the time domain. This loss of time resolution makes it di�cult to analyze

non-stationary signals whose frequency content changes over time.

To address this limitation, the Short-Time Fourier Transform (STFT) was introduced.

The STFT introduces a window functiong to localize the signal in time before applying the

Fourier transform. The STFT of a function f with respect to a window functiong is given

by

Vgf pt; ! q �
»

Rn
f pxqgpx � tqe� 2�i! �xdx; (2.2)

whereg is a well-localized function, typically a Gaussian, that acts as a window to extract

local frequency content aroundt. The STFT provides a two-dimensional representation of

the signal, capturing both time and frequency information.

A key property of the STFT is that it satis�es an inversion formula, allowing the recon-

struction of the original function:

f pxq �
1

x ; g y

»

Rn

»

Rn
Vgf pt; ! q !;t d!dt; (2.3)

where  is another well-chosen window function. The STFT is widely used in signal pro-

cessing, speech analysis, and time-frequency representations of images.

2.1.2 Radon Transform and Fourier Slice Theorem

The Radon transform is a fundamental mathematical tool in tomography, harmonic anal-

ysis, and time-frequency representations. It provides a way to analyze functions by integrat-

ing them over hyperplanes. This technique is widely used in medical imaging, particularly

in computed tomography (CT) and image reconstruction problems.
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De�nition of the Radon Transform

Let f be a function de�ned onRn . The Radon transformRf of f is given by:

Rf p�; sq �
»

� �t � s
f ptqdt; � PSn� 1; s PR; (2.4)

whereSn� 1 is the unit sphere inRn and the integral is taken over the hyperplane� � t � s.

Here, � represents the normal direction of the hyperplane, ands determines its position.

The Radon transform maps a functionf to a function Rf de�ned on the space of hy-

perplanes inRn . This transformation provides an alternative representation off , where

information about the function is distributed across di�erent orientations and positions.

The Dual of the Radon Transform

The dual operatorR� of the Radon transform is de�ned as:

R� gptq �
»

Sn � 1
gp�; � � tqd�; (2.5)

wheregp�; sqis a function de�ned onSn� 1 � R. This operator reconstructs an approximation

of the original function by integrating over all directions.

The operator R� serves as an adjoint toR in the sense that, when applied to the Radon

transform of a function f , it results in the back-projection formula.

Back-Projection Formula

One of the fundamental results associated with the Radon transform is the back-projection

formula:

Bf ptq � R� pRf qptq �
»

Sn � 1
Rf p�; � � tqd�: (2.6)

This formula provides an estimate off by averaging its Radon transform over all possible

directions. However, the back-projection alone does not perfectly recoverf ; additional

�ltering is required to obtain a precise reconstruction.

Fourier Slice Theorem

A key result linking the Radon transform and Fourier analysis is the Fourier slice theorem,

also known as the projection-slice theorem. It states that the Fourier transform off along

a given direction� is equal to the one-dimensional Fourier transform of its Radon transform

along the same direction:
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R̂f p�; � q � f̂ p�� q; � PR; � PSn� 1: (2.7)

This theorem plays a crucial role in tomographic reconstruction. It implies that the

information contained in the Radon transform off is su�cient to recover f by applying the

inverse Fourier transform.

Implications and Computational Aspects

The Fourier slice theorem provides the foundation for many reconstruction algorithms,

including the �ltered back-projection (FBP) algorithm used in CT imaging. Since the Fourier

transform is computationally e�cient, this theorem enables fast and accurate reconstruction

of images from projection data.

The reconstruction process typically involves the following steps: 1. Compute the one-

dimensional Fourier transform ofRf p�; sqwith respect to s. 2. Extend the transformed data

to higher dimensions using the Fourier slice theorem. 3. Apply the inverse Fourier transform

to obtain f .

2.1.3 Directional Short-Time Fourier Transform

The short-time Fourier transform (STFT) is a fundamental tool in time-frequency anal-

ysis, providing a localized frequency representation of signals. However, the STFT lacks

intrinsic directional sensitivity, making it less e�ective for analyzing signals with signi�cant

anisotropic structures, such as images or multidimensional signals where orientation plays

a crucial role. To address this limitation, the Directional Short-Time Fourier Transform

(DSTFT) was introduced in [17], extending the classical STFT by incorporating a direc-

tional parameter, which allows for frequency analysis along speci�c orientations.

The DSTFT di�ers from the STFT in that it maps a function f de�ned on Rn to a

function on the extended parameter spaceSn� 1 � R� Rn . The additional parameter� PSn� 1

enables the transform to capture frequency components along particular directions, unlike

the STFT, which applies the same window function isotropically across all directions.

De�nition of the Directional Short-Time Fourier Transform

For a function f PL1pRnq, the Directional Short-Time Fourier Transform (DSTFT) with

respect to a window functiong PL8 pRq is given by:

Dgf p�; x; ! q �
»

Rn
f ptqgp� � t � xqe� 2�it �! dt; (2.8)
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ˆ � P Sn� 1 is the directional parameter, which aligns the window function along the

chosen direction.

ˆ x PR is the shift parameter, representing translation along the direction� .

ˆ ! PRn is the frequency variable.

ˆ gp� � t � xq is a window function localized along the direction� , ensuring that the

transform captures frequency information along speci�c orientations.

This directional modi�cation allows the DSTFT to analyze signals by decomposing them

into one-dimensional Gabor-like functions along speci�c orientations. The functiong�;x ptq �

gp� � t � xqbehaves as a one-dimensional windowed function along the direction� while being

constant in its orthogonal complement.

Connection to the Radon Transform

The DSTFT is closely related to the Radon transform, which integrates a function over

hyperplanes parameterized byp�; sq. The Radon transform is de�ned as:

Rf p�; sq �
»

� �t � s
f ptqdt: (2.9)

The relationship between the DSTFT and the Radon transform can be expressed as:

Dgf p�; x; ! q � f̂g �;x p! q � x R� pM � ! f q; Txgy: (2.10)

This expression reveals that the DSTFT is a modulated Radon transform with a win-

dowed function applied before frequency analysis. This connection is crucial for understand-

ing how directional frequency content is preserved in the DSTFT framework.

2.1.4 Preliminary Inequalities

We begin by presenting two fundamental inequalities that will be used in our derivations.

Theorem 2.1 (Hausdor�-Young Inequality) . Let 1 ¤ q ¤ 2, and let p be the H•older con-

jugate of q, i.e., 1
p � 1

q � 1. Then, the Fourier transform acts as a bounded operator from

LqpRnq to LppRnq, satisfying the norm estimate

}f̂ }p ¤ } f }q; @f PLqpRnq:
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The Hausdor�-Young inequality plays a crucial role in understanding the decay and

regularity properties of functions in the frequency domain, providing an essential tool for

analyzing directional transforms.

Theorem 2.2 (Minkowski's Integral Inequality) . Let pX; M ; � q and pY;N ; � q be � -�nite

measure spaces. Suppose thatf : X � Y Ñ R� is a measurable function. Then, for every

1 ¤ p   8 , we have

� »

X

� »

Y
f px; yqd� pyq


 p

d� pxq
� 1{p

¤
»

Y

� »

X
f px; yqpd� pxq

� 1{p

d� pyq:

This integral inequality is particularly useful for bounding integral operators arising in

time-frequency analysis and will be applied to obtain norm estimates for the DGRT and

DWGRT.

Orthogonality Relation

An orthogonality relation for the DSTFT is established similarly to the STFT. Suppose

g1; g2 PL8 pRqand f 1; f 2 PL1pRnqXL2pRnq, and assume at least one of the window functions

gi belongs toL1pRq. Then,

»

Sn � 1

»

R

»

Rn
Dg1 f 1p�; x; ! qDg2 f 2p�; x; ! qd! dx d� � x f 1; f 2yxg2; g1y: (2.11)

This orthogonality condition is a key property for ensuring stability and reconstruction.

Hausdor�{Young Inequality for the DSTFT

The classical Hausdor�{Young inequality states that if f P LppRnq, then its Fourier

transform satis�es:

}f̂ }L q ¤ } f }L p ; where
1
p

�
1
q

� 1; 1 ¤ p ¤ 2: (2.12)

For the DSTFT, a similar norm inequality can be established. Iff P L1pRnq X L2pRnq

and g PL1pRq X L8 pRq, then the DSTFT satis�es:

}Dgf }L p pSn � 1 � R� Rn q ¤ } g}L p pRq}f }L qpRn q; (2.13)

where 1 ¤ q ¤ 2 and 1
p � 1

q � 1. This inequality ensures that the DSTFT maps

LqpRnqinto LppSn� 1 � R� Rnq, establishing a boundedness relation analogous to the classical

Hausdor�{Young theorem.
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Reconstruction and Inversion Formula

A weak-sense inversion formula for the DSTFT states that ifg satis�es xg2; g1y � 0, then:

f ptq �
1

xg2; g1y

»

Sn � 1

»

R

»

Rn
Dg1 f p�; x; ! qg2;�;x;! ptqd! dx d�: (2.14)

This formula guarantees thatf can be recovered from its DSTFT representation under

suitable conditions.

The primary di�erence between DSTFT and STFT lies in the incorporation of the di-

rectional parameter � . The STFT applies the same window function uniformly across all

directions, making it isotropic in nature, whereas the DSTFT aligns the window function

along a speci�c orientation, allowing it to capture directionally dependent frequency com-

ponents. This additional directionality makes the DSTFT particularly e�ective in analyzing

signals with prominent directional structures, such as oriented textures in images, edge-like

structures, and ridges in data. The DSTFT provides a more re�ned representation by taking

into account both spatial and directional variations, making it a powerful extension of the

traditional STFT.

2.1.5 Directional Gabor Ridge Transform and its Weighted Ex-

tension

A fundamental concept in signal analysis is that of a frame, which provides a redundant

and stable representation of signals in a Hilbert space. A sequencet  j uj PJ in a Hilbert space

H is called a frame if there exist constantsA; B ¡ 0 such that for all f PH ,

A}f }2 ¤
¸

j PJ

|xf;  j y|2 ¤ B}f }2: (2.15)

A Gabor frame is a special type of frame constructed using translations and modulations

of a single window functiong. Given parametersa; b ¡ 0, a Gabor system consists of the

functions

gm;n pxq � e2�inbx gpx � maq;

wherem; n PZ. The set t gm;n u forms a Gabor frame if it satis�es the frame condition. The

Gabor transform of a functionf with respect to a windowg is given by

Ggf pm; nq �
»

Rn
f pxqgpx � maqe� 2�inbx dx: (2.16)
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While Gabor analysis provides an e�ective representation of signals, it does not inherently

capture directional features. The Directional Gabor Ridge Transform (DGRT), introduced

in [20], incorporates directional sensitivity into the Gabor framework by projecting onto dif-

ferent orientations before computing the Gabor transform. This is motivated by the need for

translation-invariant and rotation-aware feature extraction in image processing applications,

as discussed in [29].

Directional Gabor Ridge Transform

Let g PSpRq, the space of Schwartz functions, be a real-valued non-zero window function.

A Gabor element onR associated with g is de�ned as

gx;! psq � e2�i! ps� xqgps � xq; for s; x; ! PR:

Then the Gabor ridge function is:

g�;x;! ptq � gx;! p� � tq; for t PRn ;

where� PSn� 1 and x; ! PR.

Let � � Sn� 1 � R � R with the associated Haar measured� p�; x; ! q � d� b dx b d!

Using these functions, the Directional Gabor Ridge Transform (DGRT) of a functionf

on Rn is given by

Dgpf qp�; x; ! q �
»

Rn
f ptqgp� � t � xqe� 2�i! p� �t � xqdt: (2.17)

This transform maps a functionf to a function on Sd� 1 � R� R, encoding both directional

and frequency information. It can also be rewritten in inner product notation as

Dgpf qp�; x; ! q � x f; g �;x;! y: (2.18)

Di�erential Operator

The di�erential operator D � , acting on functions on the real line for� ¡ 0, is de�ned as

D � phq �
�

php� q|� |�
	 _

: (2.19)
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This operator is useful in de�ning weighted functions used in the analysis of directional

transforms.

Directional Weighted Gabor Ridge Transform

Let g P SpRq be a nonzero real-valued window function. For!; x P R, we de�ne the

weighted function

Gx;! psq � D d� 1
2

pgx;! qpsq �
�

ygx;! p� q|� |
d� 1

2

	 _
psq: (2.20)

For � PSd� 1, we then de�ne the weighted Gabor ridge functions as

G�;x;! ptq � Gx;! p� � tq; t PRd: (2.21)

The Directional Weighted Gabor Ridge Transform (DWGRT) improves upon the DGRT

by incorporating a weight function that adjusts the contribution of di�erent directional

components. It is de�ned as

DW gpf qp�; x; ! q � x f; G �;x;! y: (2.22)

This weighted extension re�nes directional analysis by compensating for directional loss in

the DGRT and provides improved feature extraction, making it particularly useful in image

processing and signal analysis. The DWGRT extends the functionality of the DGRT by

incorporating derivative-based weighting, ensuring more stable and accurate reconstruction

properties.

Connections to Discrete Directional Frames and Applications

The continuous transform framework of DGRT and its weighted extension DWGRT laid

the groundwork for the development ofdiscrete directional Gabor frames, as rigorously

constructed and analyzed in [13]. That work demonstrates how ridge-based Gabor ele-

ments can be discretized across spatial and directional parameters to produce systems with

proven frame bounds. Moreover, numerical experiments showed that such frames achieve

competitive performance in tasks such as texture-preserving image denoising and compres-

sion|outperforming several established multiscale anisotropic techniques.

These theoretical developments are complemented by the dissertation [34], which provides

explicit constructions and implementation strategies for directional Gabor systems. The dis-

sertation presents a su�cient condition for discrete directional Gabor frames and includes

practical examples applied to image signals. The framework ultimately supports applica-
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tions including registration, superresolution, and multisensor image fusion, showcasing the

versatility of DWGRT in high-resolution signal recovery and analysis.

2.2 Phase Retrieval and Learning-Based Approaches

Phase retrieval refers to the problem of reconstructing a signal from magnitude-only mea-

surements, a fundamental challenge in �elds such as optics, quantum mechanics, and signal

processing. Many physical measurement systems, such as di�raction imaging and electron

microscopy, inherently discard phase information, requiring computational techniques to re-

cover the missing phase for accurate signal reconstruction. In time-frequency analysis, phase

retrieval is particularly relevant in the context of the Short-Time Fourier Transform (STFT),

where only the magnitude of the transform is recorded, necessitating specialized techniques

for signal recovery.

Classical phase retrieval algorithms have traditionally relied on iterative projection meth-

ods, convex relaxations, and gradient-based optimization techniques. These approaches aim

to reconstruct the missing phase while ensuring consistency with the available magnitude

measurements. However, these methods are often limited by factors such as slow conver-

gence, sensitivity to noise, and the presence of local minima in the optimization landscape.

More recently, learning-based phase retrieval methods have emerged, leveraging neural net-

works to approximate phase reconstruction through data-driven modeling. The following

subsections provide a detailed discussion of classical and deep learning-based phase retrieval

techniques.

2.2.1 Classical Phase Retrieval Algorithms

Classical approaches to phase retrieval primarily fall into three broad categories: projection-

based iterative algorithms, optimization-based methods, and convex relaxation techniques.

Each of these methods attempts to estimate the missing phase while enforcing constraints

that ensure consistency with the observed magnitude measurements.

Gri�n{Lim Algorithm

The Gri�n{Lim algorithm is an iterative approach designed for phase retrieval from

Short-Time Fourier Transform (STFT) magnitude measurements. Introduced by Gri�n and

Lim in 1984, it attempts to reconstruct a signal by alternating between time and frequency

domains, iteratively re�ning the estimated phase to ensure consistency with the observed

magnitude.
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Given an initial phase estimate� p0qpm; nq, the algorithm follows these iterative steps:

1. Construct a complex-valued STFT using the observed magnitudes:

V pkqpm; nq � | Vwxpm; nq|ei� pk qpm;n q

2. Compute the inverse STFT to reconstruct a time-domain signal:

xpkqptq � ISTFT pV pkqq

3. Compute the STFT ofxpkqptq and update the phase estimate:

� pk� 1qpm; nq � argpVwxpkqpm; nqq

4. Iterate until the solution converges.

While the Gri�n{Lim algorithm is widely used in applications such as speech processing

and audio reconstruction, it has several limitations. The STFT magnitude data may not

uniquely determine the original signal, leading to cases where di�erent signals yield the same

magnitude measurements. The algorithm does not necessarily converge to a globally optimal

solution, but instead settles on a local minimum. It also relies on the Nonzero Overlap-Add

(NOLA) condition for STFT inversion. If this condition is not met, for example, due to a

large hop size in STFT computation, the algorithm fails.

Several modi�cations of the Gri�n{Lim algorithm have been proposed to improve its

performance. The Fast Gri�n{Lim Algorithm introduces acceleration techniques to im-

prove convergence speed. However, these modi�cations do not fundamentally resolve the

uniqueness and stability issues inherent to STFT phase retrieval.

Wirtinger Flow and Amplitude Flow

Phase retrieval can also be approached through optimization-based techniques that min-

imize an objective function de�ned over the space of possible signals. Wirtinger Flow and

Amplitude Flow are two such methods that use gradient-based optimization to estimate the

missing phase.

Wirtinger Flow reformulates phase retrieval as a nonlinear optimization problem:

min
x

¸

m;n

p|Vwxpm; nq|2 � | ypm; nq|2q2;

whereypm; nq represents the measured magnitudes. The method uses Wirtinger deriva-

tives to compute gradients in the complex domain, enabling e�cient optimization.
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Wirtinger Flow follows these main steps. First, an initial estimatexp0q is computed using

spectral methods. The algorithm then iteratively updatesxpkq using gradient descent:

xpk� 1q � xpkq � � r F pxpkqq

where � is the step size andr F pxq is the Wirtinger gradient of the loss function. This

process continues until the solution converges.

Amplitude Flow modi�es the Wirtinger Flow approach by optimizing the amplitude error

directly:

min
x

¸

m;n

p|Vwxpm; nq| � | ypm; nq|q2:

This reformulation leads to a smoother loss function with fewer spurious local minima,

improving convergence behavior. Amplitude Flow reduces sensitivity to initialization and

noise compared to Wirtinger Flow while maintaining similar computational e�ciency.

PhaseLift and Convex Relaxation Methods

Convex relaxation techniques, such as PhaseLift, reformulate phase retrieval as a convex

optimization problem. Instead of directly estimating the phase, these methods lift the prob-

lem to a higher-dimensional space by constructing a rank-one matrix representation of the

signal:

X � xx � :

By converting the phase retrieval problem into a rank-constrained semide�nite program,

convex relaxation methods transform the original non-convex problem into a convex one that

can be solved e�ciently. However, these methods have practical limitations:

ˆ The computational complexity is signi�cantly higher than iterative and gradient-based

methods.

ˆ They require additional constraints, such as sparsity or low-rank assumptions, to per-

form well in practical scenarios.

ˆ They do not generalize well to STFT-based phase retrieval due to the structured nature

of STFT measurements.
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2.2.2 Deep Learning Approaches to Phase Retrieval

Recent advancements in deep learning have introduced data-driven approaches to phase

retrieval, o�ering an alternative to traditional optimization-based methods. Instead of rely-

ing on iterative updates, neural networks are trained to approximate the inverse mapping

from magnitude measurements to phase reconstructions.

Supervised Neural Network-Based Phase Retrieval

A common approach in learning-based phase retrieval involves a neural network on a

dataset containing paired magnitude-phase information. Given an STFT magnitude mea-

surement|Vwxpm; nq|, the neural network learns a mappingF that predicts the corresponding

phase:

~� pm; nq � F p|Vwxpm; nq|q:

The reconstructed signal is then computed as:

~xptq �
¸

m;n

|Vwxpm; nq|ei ~� pm;n qwpt � nTqe2�imt :

Deep learning models trained on large-scale datasets have demonstrated superior perfor-

mance compared to classical phase retrieval methods, particularly in settings where tradi-

tional algorithms struggle due to limited data or noise.

2.3 Principal Component Analysis and Kernel Princi-

pal Component Analysis

2.3.1 Principal Component Analysis

Principal Component Analysis (PCA) is a classical linear method for dimensionality re-

duction that identi�es the directions of maximal variance in a dataset. GivenN observations

in Rd, one �rst subtracts the sample mean and forms the centered data matrixX P RN � d.

The empirical covariance

� �
1
N

X J X

is then decomposed via

� vi � � i vi ; � 1 ¥ � 2 ¥ � � � ¥ � d ¥ 0:
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The top k eigenvectorst v1; : : : ; vku de�ne a k-dimensional subspace onto which one projects

X to obtain a reduced representation that captures most of the variance while discarding

noise and redundant dimensions [36, 24].

2.3.2 Kernel Principal Component Analysis

Kernel PCA (kPCA) extends PCA to capture nonlinear structure by �rst mapping each

data point x i PRd implicitly into a high-dimensional feature spaceF via � : Rd Ñ F . Inner

products in F are computed by a kernel function

kpx i ; x j q � x � px i q; � px j qyF ;

yielding the N � N Gram matrix K . Common choices include the Gaussian (RBF) kernel

expp�} x i � x j }2{p2� 2qqand the cosine similarity kernel.

In practice, kPCA is carried out as follows:

1. ComputeK PRN � N with entries K ij � kpx i ; x j q.

2. CenterK in feature space:

K c � K � 1
N 1N K � 1

N K 1N � 1
N 2 1N K 1N ;

where1N is the N � N matrix of all ones.

3. Solve the eigenvalue problem

K c vi � � i vi :

4. Select the topm eigenvectorst v1; : : : ; vmu corresponding to the largest eigenvalues.

5. Project a new pointx via r kpx; x1q; : : : ; kpx; xN q svi for i � 1; : : : ; m:

Introduced by Sch•olkopf, Smola, and M•uller [41, 40], kPCA uncovers nonlinear manifolds

that are invisible to classical PCA. A broader treatment of kernel eigenmap techniques, in-

cluding kernel PCA, and their application to hyperspectral data can be found in Widemann's

dissertation [43].

Both PCA and kPCA are widely used for denoising, compression, manifold learning, and

visualization, accelerating downstream algorithms by isolating dominant modes of variability

in complex datasets.
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2.4 Generative Adversarial Network and Wasserstein

Generative Adversarial Network

2.4.1 Generative Adversarial Networks

Generative Adversarial Networks (GANs) consist of two neural networks, a generatorG

and a discriminator D, which are trained simultaneously through a minimax game. The

generator G maps a samplez from a simple prior distribution pzpzq (e.g., a multivariate

normal) to the data space, producingGpzq, while the discriminator D outputs a scalarDpxq

representing the probability that x came from the real data distributionpdata pxqrather than

from G. The objective function is

min
G

max
D

VpD; Gq � Ex� pdata

�
logDpxq

�
� Ez� pz

�
log

�
1 � D

�
Gpzq

���
:

In this framework, D is trained to maximize the probability of assigning the correct label to

both real samples and generated samples, whileG is trained to minimize log
�
1 � D

�
Gpzq

��
,

which is equivalent to maximizing logD
�
Gpzq

�
in practice for stronger gradients. Once

G perfectly replicates the real data distribution,D outputs 1{2 everywhere. Empirically,

GANs can generate high-�delity samples in complex domains. However, training may su�er

from instability, mode collapse, and vanishing gradients when the supports of the model

distribution and the data distribution lie on low-dimensional manifolds that do not overlap.

[19]

2.4.2 Wasserstein Generative Adversarial Networks

Wasserstein GAN (WGAN) addresses the instability and mode collapse issues of the origi-

nal GAN by replacing the Jensen{Shannon divergence with the Earth-Mover (Wasserstein-1)

distance between distributions. Letpg denote the distribution induced byG, and let pdata

denote the real data distribution. The Wasserstein-1 distance is de�ned as

W
�
pg; pdata

�
� inf


 � P�
�

pg ; pdata

� Epx;y q� 
 �

�
}x � y}

�
;

where � ppg; pdata q is the set of all joint distributions 
 � px; yq with marginals pg and pdata .

Using the Kantorovich{Rubinstein duality, the optimization becomes

W
�
pg; pdata

�
� sup

} f }L ¤ 1
Ex� pdata

�
f pxq

�
� Ez� pz

�
f

�
Gpzq

��
;
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where the supremum is taken over all 1-Lipschitz functionsf . In practice, one parametrizes

f by a neural network D (often called the critic) whose weights are clipped to a compact

space to enforce the 1-Lipschitz constraint. The training criterion becomes:

min
G

max
D PD

Ex� pdata

�
Dpxq

�
� Ez� pz

�
D

�
Gpzq

��
;

where D is the set of all neural networks with weights constrained to lie withinr� c; cs for

some constantc. This objective yields meaningful learning curves correlated with sample

quality and signi�cantly improved training stability compared to the original GAN. [3]

2.5 EM Nanoparticle and Cryo-EM Bio-Molecule Struc-

ture Reconstruction Using SIMPLE and SINGLE

Pipelines

Two open-source pipelines, SIMPLE (Single-particle IMage Processing Linux Engine) and

SINGLE (Single-Nanoparticle LIquid-Cell EM), demonstrate how near-real-time electron

microscopy (EM) data can be processed to reconstruct three-dimensional (3D) structures

of both biological macromolecules and inorganic nanocrystals. SIMPLE is primarily ori-

ented toward single-particle cryo-EM work
ows (including contrast transfer function (CTF)

correction) and streaming data analysis, whereas SINGLE focuses on graphene-liquid-cell

EM (GLC-EM) data for nanocrystals, where the major challenge is background subtrac-

tion rather than CTF. GLC-EM encapsulates colloidal nanocrystals between two monolayer

graphene sheets, maintaining a thin liquid environment and allowing imaging at ambient

temperature in an aberration-corrected TEM with direct electron detection at millisecond

frame rates [39]. Despite these di�erences, the pipelines share similar computational steps,

as discussed by Elmlund et al. in [6].

2.5.1 Motion Correction and Image Preprocessing

In each pipeline, the raw data arrive as detector-frame stacks that typically exhibit drift

or other forms of motion. SIMPLE addresses beam-induced motion in cryo-EM by aligning

individual frames, often applying dose weighting to mitigate radiation damage. In SINGLE,

frames capture nanocrystals undergoing Brownian motion inside a graphene liquid cell; short

windows of frames can be co-averaged if the nanocrystal's orientation remains relatively

unchanged, thereby improving the signal-to-noise ratio (SNR) before further classi�cation.
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2.5.2 CTF Correction or Graphene Background Subtraction

For cryo-EM biomolecules, SIMPLE explicitly estimates and corrects the CTF:

CTFpgq � � sin
�
� pgq

�
;

where � pgq encodes defocus, spherical aberration, and related parameters. This step is

critical for achieving high resolution in single-particle cryo-EM reconstructions. By contrast,

SINGLE deals with strong graphene signals in liquid-cell datasets. Instead of a standard

CTF correction, the pipeline identi�es and masks the hexagonal graphene peaks in Fourier

space, removing background interference from each micrograph.

2.5.3 Particle or Nanocrystal Identi�cation and Extraction

After motion correction, the next step is locating and extracting the 2D views of inter-

est. In SIMPLE, thousands of candidate biomolecular particles are typically picked from

a cryo-EM micrograph using template-based or reference-based methods. In SINGLE, a

nanocrystal's position is tracked across frames in a time-lapse manner; each group of frames

that capture the crystal at di�erent orientations can be gathered into a coherent \trajectory"

for downstream analysis.

2.5.4 2D Classi�cation and Class Averaging

Both pipelines rely on 2D classi�cation to enhance SNR. SIMPLE applies clustering

and alignment of many cryo-EM particle images, discarding poorly aligned or contaminated

subsets. Each group yields a class average that highlights key features more clearly than

any single raw image. SINGLE similarly forms local 2D averages of nanocrystal frames if

the orientation remains stable over a short interval (class averaging). Out-of-focus frames

or abrupt changes are excluded, boosting the clarity of crystal lattice views and facilitating

reliable 3D reconstruction.

2.5.5 3D Reconstruction Under the Fourier Slice Theorem

Finally, both pipelines assemble the 2D class averages into a 3D density map using the

Fourier slice theorem. Each 2D projection is treated as a central slice of the 3D Fourier

transform. By placing these slices in their correct orientations and performing an in-

verse transform, one obtains the 3D distribution. SIMPLE often uses iterative Bayesian

or maximum-likelihood approaches typical of single-particle cryo-EM, re�ning orientation
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and CTF parameters together. SINGLE may start from a lattice-based model or rely on

incremental angle assignments, aided by the previously removed graphene background, to

reveal near-atomic details of a nanocrystal's core.
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Chapter 3

Uncertainty Principles in Directional

Gabor Ridge Transform

3.1 Introduction

The study of uncertainty principles has been a fundamental topic in harmonic analysis

and signal processing. These principles establish intrinsic limitations on the simultaneous

localization of a function and its frequency representation. Classical uncertainty principles,

such as Heisenberg's inequality, state that a function and its Fourier transform cannot both

be sharply localized. This concept has been extensively generalized in various contexts,

including time-frequency analysis and directional transforms.

A signi�cant development in time-frequency analysis is the introduction of the directional

short-time Fourier transform, which extends the classical short-time Fourier transform by

incorporating directional sensitivity. The directional short-time Fourier transform was in-

troduced by Giv [17] as a tool for analyzing signals with directional characteristics. Mejjaoli

and Omri [32] further investigated this transform and established various quantitative un-

certainty principles associated with it. Their work provided a deeper understanding of how

directional information a�ects time-frequency localization.

Grafakos and Sansing [20] pioneered the directional Gabor ridge transform, �rst in a fully

continuous setting and then in a semi-discrete form. Building on their framework, Murphy

developed the �rst fully discrete directional Gabor ridge transform in Chapter 3 of his 2015

dissertation [34], where he constructed discrete DGRT frames and proved their frame bounds

and reconstruction properties.

Motivated by these works, I study uncertainty principles in the setting of the directional

Gabor ridge transform and its weighted variant. My goal is to establish new uncertainty
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inequalities that characterize the limitations of simultaneous localization in this framework.

This chapter presents uncertainty principles for the directional Gabor ridge transform

and the directional weighted Gabor ridge transform. Following the ideas developed for

the directional short-time Fourier transform, I derive quantitative bounds that govern the

time-frequency concentration of functions under these transforms. The results extend previ-

ous uncertainty principles to a broader class of directional time-frequency transforms.

3.2 Comparison between directional short time Fourier

transform and directional Gabor ridge transform

The directional short-time Fourier transform (DSTFT) and the directional Gabor ridge

transform (DGRT) are both extensions of classical time-frequency analysis methods that in-

corporate directional sensitivity. Their formulations share similarities in structure but di�er

in the way they apply directional analysis and localization. Understanding their di�erences

and similarities provides insight into their respective advantages and applications.

3.2.1 Mathematical Comparison

The DSTFT of a function f is given by equation (2.8), where a window function is applied

along a speci�ed direction before computing the Fourier transform. Similarly, the DGRT is

de�ned in equation (2.18), where the function is projected onto a subspace aligned with the

directional parameter before analyzing its frequency content.

Both transforms share the fundamental structure of projecting onto a directionally de-

pendent function before applying modulation. However, the DSTFT operates directly in the

time-frequency domain using a localized Fourier analysis, while the DGRT is tied to Gabor

frames, incorporating both translation and modulation in a more structured frame-theoretic

way.

3.2.2 Directional Sensitivity in DSTFT and DGRT

Directional sensitivity in both the DSTFT and DGRT arises from the inclusion of the

directional parameter � P Sn� 1. Instead of applying an isotropic window function as in

the classical STFT or Gabor transform, these directional methods integrate along speci�c

orientations. The key factor that enables directional sensitivity is the modi�cation of the

window function g so that it aligns with a given direction before being applied to the signal.
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In the DSTFT, the localization function g is applied along the direction� , meaning that

the transform emphasizes frequency components that are dominant along that particular ori-

entation. Similarly, the DGRT applies its window function along a ridge direction, allowing

it to capture structural features such as edges and anisotropic patterns.

Directional sensitivity is crucial in many applications, particularly for signals that exhibit

strong directional behavior. Examples include medical imaging, where directional analysis

improves edge detection in tomography, and image processing, where detecting ridges and

oriented features is fundamental for object recognition.

3.2.3 Importance of Directional Sensitivity in Time-Frequency Anal-

ysis

In classical time-frequency representations such as the STFT or standard Gabor trans-

form, frequency content is analyzed without taking into account the orientation of features

within the signal. However, many real-world signals, particularly in higher dimensions, ex-

hibit strong anisotropic characteristics.

For instance, in image processing, natural images contain edges and textures that are

primarily oriented along speci�c directions. A standard time-frequency analysis method

would treat all directions equally, failing to highlight the underlying structure of the image.

By introducing directional components, the DSTFT and DGRT allow for a more re�ned

representation of signals, where frequency components are analyzed with respect to their

orientation.

In medical imaging, directional sensitivity is essential for techniques such as computed

tomography (CT) and magnetic resonance imaging (MRI). These modalities rely on ana-

lyzing structures within the body that have inherent directional properties, such as blood

vessels or muscle �bers. By incorporating directional sensitivity, time-frequency methods

can improve the accuracy of reconstructions and feature extraction.

In applications such as radar and seismic analysis, signals often contain waves that prop-

agate in speci�c directions. Standard time-frequency analysis methods struggle to isolate

such direction-dependent information, while directional transforms like DSTFT and DGRT

can provide a clearer picture of how energy is distributed across di�erent orientations.

The key takeaway is that directional sensitivity enables time-frequency methods to align

better with the underlying geometry of signals, making them more e�ective for analyzing

structured data. Both the DSTFT and DGRT achieve this by incorporating a directional

parameter that modi�es the analysis window, but their formulations di�er in how they

structure time-frequency decomposition. The DSTFT extends the classical STFT by incor-
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porating an oriented window function, while the DGRT builds upon the Gabor framework

with ridge-based directional �ltering.

3.3 Giv's Theorems and Operator Properties of the

Directional Short-Time Fourier Transform

We begin by de�ning the underlying space on which the Directional Short-Time Fourier

Transform (DSTFT) acts.

3.3.1 The Space � �

For a function f on Rn , the DSTFT is de�ned with respect to a window functiong on R,

mapping f to a function on the space

Sn� 1 � R � Rn :

Explicitly, for p�; x; ! q PSn� 1 � R � Rn , the DSTFT is given by

Dgf p�; x; ! q �
»

Rn
f ptqgp� � t � xqe� 2�i! �tdt: (3.1)

The spaceSn� 1 � R � Rn is denoted by � � , with the associated Haar measure

d� � p�; x; ! q � d� b dx b d!;

wheredx and d! are Lebesgue measures on the corresponding Euclidean spaces, andd� is

the normalized surface measure onSn� 1. The DSTFT operator introduced by Giv [17] is

denoted asDg.

3.3.2 Boundedness and Orthogonality of the DSTFT

The following theorems establish fundamental properties of the DSTFT, including bound-

edness, orthogonality, andLp-mapping properties.

Theorem 3.1 (Proposition 2.2, [17]). If g P L8 pRq, then the operatorDg is bounded from

L1pRnq to L8 p� � q, with the norm estimate

}Dg} ¤ } g}8 : (3.2)
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Proof. For every p�; x; ! q P�, we have

|Dgf p�; x; ! q| �

�
�
�
�

»

Rn
f ptqgp� � t � xqe� 2�i! �tdt

�
�
�
�

¤
»

Rn
|f ptq||gp� � t � xq|dt

¤ } g}8

»

Rn
|f ptq|dt:

Thus, Dgf PL8 p� � q and the operator norm satis�es}Dg} ¤ } g}8 .

Theorem 3.2 (Theorem 2.4, [17]). Supposeg1; g2 PL8 pRq and f 1; f 2 PL1pRnq XL2pRnq. If

at least one of thegi is in L1pRq, then the following orthogonality relation holds:

»

� �
Dg1 f 1p� � qDg2 f 2p� � qd� � � x f 1; f 2yxg2; g1y: (3.3)

In particular, if g PL1pRq X L8 pRq and f PL1pRnq X L2pRnq, then Dgf PL2p� � q, and

}Dgf }2 � } g}2}f }2: (3.4)

Proof. Using the de�nition of Dgf and Fubini's theorem, we obtain

»

� �
Dg1 f 1p� � qDg2 f 2p� � qd� � �

»

Rn
f 1ptqf 2ptq

»

� �
g1p� � t � xqg2p� � t � xqd� � dt:

Since at least one of thegi is in L1pRq, the integral in the inner product is absolutely

convergent, which gives the desired result.

Theorem 3.3 (Theorem 2.5, [17]). For f P L1pRnq X L2pRnq and g P L1pRq X L8 pRq, we

haveDgf P L2p� � q X L8 p� � q. By the properties ofLp-spaces, for all2   p   8 , we have

Dgf PLpp� � q. Moreover,

}Dgf }p ¤ } g}p}f }q: (3.5)

Proof. Applying the Hausdor�{Young inequality, we estimate:

}Dgf }p �
� »

� �
|Dgf p� � q|pd� �


 1{p

¤
� »

� �

�
�
�
�

»

Rn
f ptqgp� � t � xqe� 2�i! �tdt

�
�
�
�

p

d� �


 1{p

:
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Using Minkowski's integral inequality and Fubini's theorem, we obtain

}Dgf }p ¤
»

Rn
|f ptq|

� »

� �
|gp� � t � xq|pd� �


 1{p

dt

� } g}p}f }q:

These results establish fundamental properties of the DSTFT, setting the stage for the

development of uncertainty principles in the directional setting.

3.4 Uncertainty Principles in the Directional Short-

Time Fourier Transform

This section presents key uncertainty inequalities for the Directional Short-Time Fourier

Transform (DSTFT), following the approach developed by Mejjaoli and Omri [32]. These

results re�ne the classical uncertainty principles by incorporating directional and phase-space

localization estimates.

3.4.1 Weighted Norm Inequalities for the DSTFT

To establish uncertainty principles associated with the DSTFT, we �rst introduce a

fundamental weight function that encodes the spatial-frequency structure:

|p�; x; ! q| :�
a

x2 � | ! |2 � 1:

Using this, we de�ne the heat kernel:

htp�; x; ! q:� e� t |p�;x;! q|2 :

This kernel plays a crucial role in deriving weighted norm inequalities. We also denote the

H•older conjugate ofp as q, where 1
p � 1

q � 1.

Lemma 3.4. Let 1   p ¤ 2 and 0   a   n
q . Supposeg PL2pRq X L8 pRq. Then there exists

a constantC ¡ 0 such that for all f pyq PL1pRnq X L2pRnq and t ¡ 0, we have

}htp�; x; ! qDgf }q ¤ Cp}g}8 � } g}qqt � pn � 1qa
2n }|y|af }p; (3.6)
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where

C �
�

�
q


 n � 1
2q

e� t � max
"

1;
�

2� n{2

� pn
2 q


 1
q
*

:

Proof. We assume}|y|af pyq}p   8 . For s ¡ 0, de�ne the truncated function:

f spyq:� f pyq1B p0;sqpyq; f s :� f pyq � f spyq:

Since|f spyq| ¤ s� a||y|af pyq|, applying Theorem 3, we obtain:

}htp�; x; ! qDgf s}q ¤ } Dgf s}q; since }htp�; x; ! q}8 ¤ 1

¤ } g}q}f s}p

¤ } g}q

�
s� a}|y|af }p

�
:

On the other hand, using Theorem 1 and H•older's inequality, we estimate:

}htp�; x; ! qDgf s}q ¤ } htp�; x; ! q}q}Dgf s}8

¤ } htp�; x; ! q}q}g}8 }f s}1

¤ } htp�; x; ! q}q}g}8 � }|y|� a1B p0;sq}q � }|y|af }p:

By direct computation, we �nd:

}|y|� a1B p0;sq}q �
�

2� n{2

� pn
2 q


 1{q

� : C2:

Furthermore, we use the known bound:

}ht }q ¤
�

�
q


 n � 1
2q

e� t � t � n � 1
2q :

Setting C1 :�
�

�
q

� n � 1
2q e� t , and choosings � t

n � 1
2n , we obtain:

}htp�; x; ! qDgf }q ¤ } htp�; x; ! qDgf s}q � } htp�; x; ! qDgf s}q

¤ C2s� a

�
}g}q � } g}8 sn{q}ht }q



}|y|af }p

� Cp}g}8 � } g}qqt � pn � 1qa
2n }|y|af }p;

whereC � C1 � maxt 1; C2u.
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The result obtained in this lemma provides a key inequality relating the weighted norm of

the DSTFT with the weighted norm of the function itself, indicating the decay properties of

the transform under heat kernel modulation. This plays an essential role in deriving re�ned

uncertainty principles.

Theorem 3.5. Let 1   p ¤ 2, 0   a   n
q , and 0   b ¤ 2. Supposeg P L2pRq X L8 pRq.

Then, there exists a constantC3 ¡ 0 such that for all f pyq PL1pRnq X L2pRnq, we have the

following weighted norm inequality:

}Dgf }q ¤ 2C3

��
�
}g}8 � } g}q

�
}|y|af }p


 bn
an � bn � a

}|p�; x; ! q|bDgpf q}
an � a

an � bn � a
q

�
; (3.7)

where the constantC3 is given by:

C3 � max
"�

�
q


 n � 1
2q

e� t ;
�

2� n{2

� pn
2 q


 1
q
�

�
q


 n � 1
2q

e� t ; 1
*

:

Moreover, the optimal parametert satis�es:

t �
�

p}g}8 � } g}qq}|y|af }p

}|p�; x; ! q|bDgf }q


 2n
an � bn � a

:

Proof. Following a similar argument as in Lemma 3.4, we estimate:

}p1 � htqDgf }q � tb{2

�
�
�
� pt|p�; x; ! q|2q� b{2p1 � htq|p�; x; ! q|bDgf

�
�
�
�

q

:

Sincep1 � e� kqk� b{2 is bounded fork ¡ 0, the result follows by direct calculation and the

bounds established in Lemma 3.4.

Corollary 3.6. Let 1   p ¤ 2, 0   a   n
q , and b ¡ 2. Assume thatg P L2pRq X L8 pRq.

Then, there exists a constantC3 ¡ 0 such that for all f pyq PL1pRnq X L2pRnq, we have

}Dgf }q ¤ 2
bp2an � 2a � b1n q

b1pbn � an � aq pC3q
bpan � b1n � aq
b1pbn � an � aq

��
�
}g}8 �} g}q

�
}|y|af }p


 bn
bn � an � a

}|p�; x; ! q|bDgpf q}
an � a

bn � an � a
q

�
;

(3.8)

where C3 is the constant de�ned in Theorem 3.5 andb1 is the H•older conjugate ofb, i.e.,
1
b � 1

b1 � 1.

Proof. If b ¡ 2, then b1 ¤ 2   b. Let us de�ne the auxiliary variable:

u :�
|p�; x; ! q|

�
:
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By a fundamental inequality, we have

ub1
  1 � ub; @u ¡ 0; � ¡ 0:

Applying this to the transformation of norms,

}|p�; x; ! q|b
1
Dgf }q ¤ } � b1

r1 �
|p�; x; ! q|b

� b
sDgf }q

¤ � b1
}Dgf }q � � b1� b}|p�; x; ! q|bDgf }q:

Optimizing by choosing

� �
�

}|p�; x; ! q|bDgf }q

}Dgf }q


 1{b

;

we get

}|p�; x; ! q|b
1
Dgf }q ¤ 2}Dgf }

b� b1

b
q }|p�; x; ! q|bDgf }

b1

b
q :

Applying Theorem 3.5 forb1, we obtain

}Dgf }q ¤ 2C3

��
�
}g}8 � } g}q

�
}|y|af }p


 b1n
an � b1n � a

}|p�; x; ! q|b
1
Dgf }

an � a
an � b1n � a
q

�

¤ 21� an � a
an � b1n � a C3

��
�
}g}8 � } g}q

�
}|y|af }p


 b1n
an � b1n � a

}Dgf }
pb� b1qpan � aq
bpan � b1n � aq
q }|p�; x; ! q|bDgf }

b1pan � aq
bpan � b1n � aq
q

�
:

Rearranging, we obtain:

}Dgf }
b1pbn � an � aq
bpan � b1n � aq
q ¤ 2

2an � 2a � b1n
an � b1n � a C3

��
�
}g}8 � } g}q

�
}|y|af }p


 b1n
an � b1n � a

}|p�; x; ! q|bDgf }
b1pan � aq

bpan � b1n � aq
q

�
:

Taking appropriate exponents on both sides, we conclude:

}Dgf }q ¤ 2
bp2an � 2a � b1n q

b1pbn � an � aq pC3q
bpan � b1n � aq
b1pbn � an � aq

��
�
}g}8 � } g}q

�
}|y|af }p


 bn
bn � an � a

}|p�; x; ! q|bDgf }
an � a

bn � an � a
q

�
:

Remark 1. Corollary 3.6 extends Theorem 3.5 to the case whereb ¡ 2, which leads to a

re�ned estimate through interpolation techniques. This result generalizes classical uncertainty

inequalities in the DSTFT setting.

Corollary 3.7. Let a; b be two positive real numbers, and leta1 be the H•older conjugate of

30



a, satisfying 1
a � 1

a1 � 1. Assumeg P L2pRq X L8 pRq. Then, there exists a positive constant

C4 such that, for everyf pyq PL1pRnq X L2pRnq, we have

}f }L 2pRn q ¤ C4}|y|af }
bn

an � bn � a

L 2pRn q }|p�; x; ! q|bDgf }
an � a

an � bn � a

L 2p� � q : (3.9)

For the case wherep � q � 2, the constantC4 is given by

C4 �

$
''&

''%

rC p}g}8 �} g}2q
bn

an � bn � a

}g}2
; for 0   a   n

2 ;

r2p}g}8 � } g}2qs
abn

a1pan � bn � aq

�
rC

}g}2


 apa1n � bn � a1q
a1pan � bn � aq

; for a ¥ n
2 ;

(3.10)

where

rC :�

$
&

%

2C3; for b¤ 2;

2
bp2ad � 2a � b1dq

b1pbd� ad � aq pC3q
bpad � b1d� aq
b1pbd� ad � aq ; for b ¡ 2:

Proof. By applying Theorem 3.5 and Theorem 3.2, we use the Plancherel-type formula to

obtain the desired bound for 0  a   n
2 .

To analyze the casea ¥ n
2 , we apply a standard technique using the auxiliary variable

u �
|y|
�

:

As in the derivation of Corollary 3.6, we obtain the inequality

}|y|a
1
f }2 ¤ 2}f }

a� a1

a
2 }|y|af }

a1

a
2 :

Optimizing over the choice of� yields the expression forC4.

Remark 2. Corollary 3.7 establishes a weighted uncertainty principle for the DSTFT,

demonstrating a trade-o� between the spatial localization off and its corresponding represen-

tation in the transformed domain. The result strengthens classical uncertainty inequalities

by incorporating directional dependencies in the DSTFT setting.

3.5 Fundamental Properties of DGRT and DWGRT

The Directional Gabor Ridge Transform (DGRT) and the Directional Windowed Gabor

Ridge Transform (DWGRT) extend classical time-frequency analysis techniques by incorpo-

rating directional features. To establish a solid theoretical foundation for these transforms,
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we �rst recall key functional inequalities and structural properties essential for the subse-

quent analysis.

3.5.1 Structural Properties of the DGRT

We now introduce fundamental properties of the DGRT, beginning with an essential

lemma from Grafakos and Sansing [20].

Lemma 3.8 ([20, Lemma 1]). For any function f P L1pRnq and g P SpRq, the following

identity holds:

xf; g �;x;! y � x R� pf q; gx;! y:

Proof. By direct computation, we obtain:

xf; g �;x;! y �
»

Rn
f ptqe� 2�i! p� �t � xqgp� � t � xqdt

�
»

R

� »

� �t � s
f pxqe� 2�i! p� �t � xqgp� � t � xqdt



ds

�
»

R
R� f psqgx;! psqds

� x R� pf q; gx;! y:

3.5.2 Boundedness Properties of the DGRT

The following theorem establishes norm estimates for the DGRT operator.

Theorem 3.9. (a) If g P L8 pRq and f P L1pRnq, then the DGRT operatorDg is bounded

from L1pRnq to L8 p� q, with operator norm satisfying

}Dg}8 ¤ } g}8 :

(b) Moreover, if f P L1pRnq X L2pRnq and g P L2pRq X L8 pRq, then Dg maps L1pRnq X

L2pRnq into L2p� q, with norm estimate

}Dgf }2 � } g}2}f }2:
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Proof. (a) For any p�; x; ! q P�, we estimate:

|Dgf p�; x; ! q| ¤
»

Rn
|f ptqg�;x;! ptq|dt

¤
»

Rn
|f ptq||g�;x ptq|dt

¤ } g�;x }8 }f }1

¤ } g}8 }f }1:

(b) For f PL1pRnq X L2pRnq, we use Plancherel's theorem:

}Dgf }2
2 �

»

�
|Dgf p
 q|2d


�
»

Sn � 1

»

R

»

Rn
f ptqf ptqg�;x ptqg�;x ptqdtdxd�

�
»

Rn
|f ptq|2

� »

Sn � 1

»

R
|gptq|2dxd�



dt

� } f }2
2}g}2

2:

Lemma 3.10 ([20, Lemma 2]). Let f P L1pRnq X L2pRnq. Then D n � 1
2

�
R� pf q

�
P L2pRq for

almost every� PSn� 1. Moreover,
�
�xf; G �;x;! y

�
� is �nite for almost all x; ! PR and � PSn� 1.

Proof. By the Fourier slice theorem, we have

}f }2
L 2pRn q �

»

Rn
jf ptqj2 dt �

»

Rn
j pf p
 qj2 d


�
»

Sn � 1

» 8

0

�
� {R� pf qp� qj� j

n� 1
2

�
�2

d� d� �
1
2

»

Sn � 1

»

R

�
�
�D n� 1

2

�
R� pf q

�
psq

�
�
�
2

ds d�:

Hence,D n � 1
2

�
R� pf q

�
belongs toL2pRq for almost every� PSn� 1.

Next, let � be the Dirac-� distribution. Observe that

@pf; {G�;x;!

D
�

»

Rn

pf p
 qpg
�
� �
 � !

�
e2�i p� �
 qx j� � 
 j

n � 1
2 �

�

 � p � �
 q�

�
d


�
»

R

pf
�
��

�
pg
�
� � !

�
e2�i�x j� j

n � 1
2 d�:

Since
�
� pf p� � q

�
� ¤ } f }L 1pRn q and pgp� � ! qdecays rapidly, the above integral is �nite. This shows

that for almost all � , x, and ! , the inner product xf; G �;x;! y remains bounded as claimed.
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3.5.3 Square Integrability in the DWGRT Setting

Next, we consider the DWGRT, which involves additional windowing in the frequency

domain.

Theorem 3.11. If g PSpRq and f PL1pRnq X L2pRnq, then

}DW gf }2 � 2}f }2}g}2:

Proof. Applying the Fourier slice theorem and Plancherel's theorem, we �nd that:

}DW gf }2
2 � 2}g}2

L 2pRq}f }2
L 2pRn q:

This result establishes the isometry property of the DWGRT, ensuring stability inL2-

norms.

3.6 Uncertainty Principles for DGRT and DWGRT

The uncertainty principle in harmonic analysis provides fundamental limits on the simul-

taneous concentration of a function and its transform. In the context of the Directional Gabor

Ridge Transform (DGRT) and Directional Windowed Gabor Ridge Transform (DWGRT),

this principle extends to characterizing trade-o�s between spatial and frequency localization.

This section presents a series of results that quantify such relationships using weighted norm

inequalities.

3.6.1 Notation and Preliminaries

Consider the phase-space domain

� � Sn� 1 � R � R;

where the triplet p�; x; ! q represents a directional coordinate system incorporating spatial

and frequency variables.

For analysis in the DGRT setting, we de�ne the weighted function

|p�; x; ! q| :�
?

x2 � ! 2 � 1;
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which extends the Euclidean norm inRn� 2. Additionally, we introduce the heat kernel

htp�; x; ! q:� e� t |p�;x;! q|2 ;

which acts as a smoothing operator. As before, letq be the H•older conjugate ofp, i.e.,
1
p � 1

q � 1.

3.6.2 Weighted Norm Inequalities for DGRT

We begin with a fundamental weighted norm inequality for the DGRT.

Lemma 3.12. Let 1   p ¤ 2 and 0   a   n
q . Supposeg PL2pRq XL8 pRq. Then there exists

a constantC1 ¡ 0 such that for all f pyq PL1pRnq X L2pRnq and t ¡ 0, we have

}htp�; x; ! qDgf }q ¤ C1p}g}8 � } g}qqt � pn � 1qa
2n }|y|af }p; (3.11)

where

C �
�

�
q


 n � 1
2q

e� t � max
"

1;
�

2� n{2

� pn
2 q


 1
q
*

:

Proof. We assume}|y|af pyq}p   8 . For s ¡ 0, de�ne

f spyq:� f pyq1B p0;sqpyq; f s :� f pyq � f spyq:

By the properties of indicator functions, we obtain the bound

|f spyq| ¤ s� a||y|af pyq|:

Applying Theorem 3.9(a), we get:

}htp�; x; ! qDgf s}q ¤ } Dgf s}q; since }htp�; x; ! q}8 ¤ 1

¤ } g}q}f s}p

¤ } g}q

�
s� a}|y|af }p

�
:
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On the other hand, using Theorem 3.9(b) and H•older's inequality, we have:

}htp�; x; ! qDgf s}q ¤ } htp�; x; ! q}q}Dgf s}8

¤ } htp�; x; ! q}q}g}8 }f s}1

¤ } htp�; x; ! q}q}g}8 � }|y|� a1B p0;sq}q � }|y|af }p:

By direct computation, we �nd:

}|y|� a1B p0;sq}q �
�

2� n{2

� pn
2 q


 1{q

� : C1:

Furthermore, we use the known bound:

}ht }q ¤
�

�
q


 n � 1
2q

e� t � t � n � 1
2q :

Setting C2 :�
�

�
q

� n � 1
2q e� t , and choosings � t

n � 1
2n , we obtain:

}htp�; x; ! qDgf }q ¤ } htp�; x; ! qDgf s}q � } htp�; x; ! qDgf s}q

¤ C2s� a

�
}g}q � } g}8 sn{q}ht }q



}|y|af }p

� Cp}g}8 � } g}qqt � pn � 1qa
2n }|y|af }p;

whereC � C2 � maxt 1; C1u.

3.6.3 Generalized Uncertainty Inequalities for DGRT

We now establish a more general uncertainty inequality associated with the DGRT.

Theorem 3.13. Let 1   p ¤ 2, 0   a   n
q , and 0   b ¤ 2. Assumeg P L2pRq X L8 pRq.

Then, there existsC1 ¡ 0, such that for all f pyq PL1pRnq X L2pRnq, we have

}Dgf }q ¤ 2C1

� � �
}g}8 � } g}q

�
}jyjaf }p

	 b n
a n � b n � a

�
�
� jp�; x; ! qjb Dgpf q

�
�
�

a n � a
a n � b n � a

q

�
; (3.12)
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where

C1 � max
!�

�
q

	 n � 1
2q

e� t ;
�

2 �
n
2

� p
n
2 q

	 1
q

�
�
q

	 n � 1
2q

e� t ; 1
)

;

t �

�
p}g}8 � } g}qq }jyja f }p�

� jp�; x; ! qjb Dgf
�
�

q

� 2 n
a n � b n � a

:

Proof. Let 1   p ¤ 2 and 0  a   n
q . Assumeb¤ 2. Then

}p1 � htqDgpf q}q � t
b
2

�
� � t jp�; x; ! qj2

� �
b
2 p1 � htqjp�; x; ! qjb Dgpf q

�
�

q
: (3.13)

Notice that
�
1 � e� k

�
k�

b
2 is bounded by 1 fork ¡ 0 and b ¡ 0. Hence,

}Dgpf q}q ¤ }p1 � htqDgpf q}q � } ht Dgpf q}q (3.14)

¤ C1
� �

}g}8 � } g}q

�
t �

a pn� 1q
2 n }jyjaf }p � t

b
2

�
� jp�; x; ! qjb Dgpf q

�
�

q

�
; (3.15)

where

C1 � maxt 1; Cu; C as in Lemma 3.4.

We then set

t �

�
p}g}8 � } g}qq }jyjaf }p

}jp�; x; ! qjb Dgf }q

� 2 n
a n� b n� a

; (3.16)

which balances the contributions fromp1 � htq and ht . Substituting this choice oft yields

}Dgpf q}q ¤ 2C1
��

p}g}8 � } g}qq }jyj af }p

	 b n
a n� b n� a �

� jp�; x; ! qj b Dgpf q
�
�

a n� a
a n� b n� a

q

�
: (3.17)

Corollary 3.14. Let 1   p ¤ 2, 0   a   n
q , and b ¡ 2. Assumeg PL2pRqXL8 pRq. Let b1 be

the H•older conjugate ofb. Then there existsC1 ¡ 0 such that, for all f pyq PL1pRnqXL2pRnq,
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the following inequality holds:

}Dgf }q ¤ 2

b

�
2 a n � 2 a � b1n

�

b1
�

b n � a n � a

� �
C1

	
b

�
a n � b1n � a

�

b1
�

b n � a n � a

�

�

�
� �

}g}8 � } g}q

�
}jyja f }p

	 b n
b n� a n� a �

� jp�; x; ! qjb Dgpf q
�
�

a n� a
b n� a n� a

q

�

; (3.18)

whereC1 is the same constant as in Theorem 3.13.

Proof. Let b ¡ 2 and let b1 be its conjugate exponent (sob1 ¤ 2   b). De�ne

u :�
jp�; x; ! qj

�
;

and employ the same argument used in Corollary 3.6. We obtain

}jp�; x; ! qjb
1
Dgpf q}q ¤

�
� � b1

�
1 � jp�;x;! qjb

� b

�
Dgpf q

�
�

q

¤ � b1
}Dgpf q}q � � b1� b

�
� jp�; x; ! qjb Dgpf q

�
�

q
:

Choosing

� �
�

} jp�;x;! qjb Dg pf q}q
}Dg pf q}q

	 1
b ;

we deduce

}jp�; x; ! qjb
1
Dgpf q}q ¤ 2}Dgpf q}

b� b1

b
q

�
�
� jp�; x; ! qjb Dgpf q

�
�
�

b1

b

q
:

By combining this with Theorem 3.13 (applied to the exponentb1 ¤ 2), we �rst get

}Dgf }q ¤ 2C1

� � �
}g}8 � } g}q

�
}jyjaf }p

	 b1n
a n� b1n� a }jp�; x; ! qj b1

Dgpf q}
a n� a

a n� b1n� a
q

�
:

An additional step of isolating }Dgpf q}q and raising it to the relevant exponent leads to

}Dgf }
b1pb n� a n� aq
bpb n� a n� aq

q ¤ 2
2 a n� 2 a� b1n

a n� b1n� a C1

� � �
}g}8 �} g}q

�
}jyjaf }p

	 b1n
a n� b1n� a �

� jp�; x; ! qjb Dgpf q
�
�

b1pa n� aq
bpa n� b1n� aq
q

�
;

which, upon simpli�cation, establishes the �nal inequality in the statement:

}Dgf }q ¤ 2

b p2 a n � 2 a � b1n q

b1
�

b n � a n � a

� �
C1

	 bpa n� b1n� aq

b1
�

b n� a n� a
� �

� �
}g}8 �} g}q

�
}jyjaf }p

	 b n
b n� a n� a �

� jp�; x; ! qjb Dgpf q
�
�

a n� a
b n� a n� a

q

�

:
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Corollary 3.15. Let a; b be two positive real numbers, and leta1 denote the conjugate expo-

nent of a. In the special casep � q � 2, assumingg P L2pRq X L8 pRq. Then there exists a

positive constantC2 such that, for everyf pyq PL1pRnq X L2pRnq, we have

}f }L 2pRn q ¤ C2
�
�
� jyja f

�
�
�

b n
a n � b n � a

L 2pRn q

�
�
� jp�; x; ! qjb Dgf

�
�
�

a n � a
a n � b n � a

L 2p� q
:

Then, the constantC2 can be expressed as

C2 �

$
'''''&

'''''%

rC

�
}g}8 �} g}2

� b n
a n � b n � a

}g}2
if 0   a   n

2 ;

�
2

�
}g}8 � } g}2

� � a b n

a1
�

a n � b n � a

� �
rC

}g}2

	
a

�
a1n � b n � a1

�

a1
�

a n � b n � a

�
if a ¥ n

2 ;

where

rC :�

$
&

%

2C1; for b¤ 2;

2
bp2ad � 2a � b1dq

b1pbd� ad � aq pC1q
bpad � b1d� aq
b1pbd� ad � aq ; for b ¡ 2:

Proof. By Theorem 3.9 (b) and Theorem 3.13, the Plancherel-type formula yields the stated

result when 0  a   n
2 :

To treat the casea ¥ n
2 ; we apply a similar argument as in Corollary 3.14 but substitute

u � jyj
� and optimize over � �

� } jyja f }2

} f }2

� 1
a: This balancing step leads to the estimate

�
� jyj a1

f
�
�

2
¤ 2}f }

a� a1

a
2

�
� jyjaf

�
�

a1

a
2

;

which completes the argument fora ¥ n
2 :

3.6.4 A Nash-Type Inequality for the Directional Gabor Ridge

Transform

We now turn our attention to a Nash-type inequality in the context of the directional

Gabor ridge transform. Nash-type inequalities generally link certain geometric concentra-

tion features of a function in the physical domain with its transform-domain behavior under

a suitably chosen operator. In the Euclidean Fourier setting, these have been used to es-

tablish phenomena such as decay estimates, smoothing properties, and to quantify how a
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function must \spread out" when subject to a transform. Here, we adapt similar ideas to

the directional short-time Fourier transform scenario, more speci�cally to the operatorDg.

The central point is that if a function f is controlled in both a low-frequency (or low-

index) measure|like an L1- or L2-norm|and in the transform domain with an appropriate

weight jp�; x; ! qja, then Dgpf qitself must obey an interpolation-type bound. Such results are

reminiscent of standard Nash inequalities that interlace the geometry of concentration in one

domain with an imposed norm control in another. The following theorem accomplishes this

goal by showing thatDgpf qcannot be simultaneously too large in} � } L p1p� q while preserving

the prescribed integrability constraints onf and on jp�; x; ! qjaDgpf q.

Theorem 3.16 (Nash-type inequality for Dg). Let 1   p ¤ 2 and a ¡ 0. Let p1 be the dual

of p. Assumeg PL2pRq X L8 pRq. Then for f PL1pRnq X L2pRnq, we have

}Dgpf q}L p1p� q ¤ C
�
� f

�
�

2 a
2 a� n � 1

L 1pRn q

�
� jp�; x; ! qja Dgpf q

�
�

n � 1
2 a � n � 1

L p1p� q
: (3.19)

Proof. We use a modi�cation of Theorem 2.5 in [17], replacing the operatorDg by Dg.

Observe that if f PL1pRnq XL2pRnqand g PL1pRq XL8 pRq, then p1 is the dual exponent to

p. Hence,Dgpf q PLp1
p� q and

}Dgpf q}p1 ¤ } g}p1 }f }p:

The idea of this Nash-type inequality is to balance how muchDgpf q can concentrate, given

that both f and jp�; x; ! qja Dgpf q are controlled in appropriate norms. One exploits local

smoothing or partition-of-unity arguments on the spatial side (forf ) and a corresponding

argument on the transform side (forjp�; x; ! qja Dgpf q). These techniques show that ifDgpf q

were too large inLp1
p� q, it would force a contradiction with the assumed integrability con-

ditions on both f and the weighted version ofDgpf q. Thus, the Nash-type inequality follows

by carefully combining these estimates.

3.6.5 General Uncertainty Inequality for DWGRT

In this section, we extend the uncertainty principles derived for the DGRT to the Di-

rectional Weighted Gabor Ridge Transform (DWGRT). Our goal is to establish a general

uncertainty inequality for the DWGRT operator and explore its consequences.

Theorem 3.17 (Plancherel-type identity for DW g). If g P SpRq is non-zero and f P

L1pRnq X L2pRnq, then

�
� DW gpf q

�
�

L 2p� q
� 2}f }L 2pRn q }g}L 2pRq:
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Proof. First note that, for f PL1pRnq X L2pRnq and g PSpRq, we have

xf; G �;x;! y � x R� pf q; Gx;! y �
»

R
R� pf qpsq

�
D n � 1

2

�
gx;!

� 	
psqds

�
»

R
R� pf qpsq

�
ygx;! p� qj� j

n � 1
2

	 _
psqds

�
»

R
R� pf qpsq

" »

R
e2�i s y pg

�
y � !

�
e� 2�i y x jyj

n� 1
2 dy

*
ds

�
»

R
pgpy � ! qe2�i y x jyj

n � 1
2

" »

R
R� pf qpsqe� 2�i s y ds

*
dy

�
»

R
pgpy � ! qe2�i y x jyj

n � 1
2 {R� pf qpyqdy

�
� {R� pf qp� qpgp� � ! qj� j

n � 1
2

�_
pxq �

�
{R� pf qp� q {D n� 1

2
pg0;! qp� q

	 _

�
�
R� pf qpxq � D n� 1

2

�
g0;!

��
p� xq � D n� 1

2

�
R� pf qpxq

�
� g0;! p� xq:

Denotegp� xq by rgpxq. Then

»

Sn � 1

»

R

»

R
xf; G �;x;! y xf; G �;x;! yd! dx d�

�
»

Sn � 1

»

R

»

R

A
D n� 1

2

�
R� pf qpxq

�
� rg0;! ; D n� 1

2

�
R� pf qpxq

�
� rg0;!

E
d! dx d�

�
»

Sn � 1

»

R

»

R

� pf
� 2�

� �
�

j� j n� 1
�
� prgp� � ! q

�
�2

d! d� d�:

Integrating over ! and invoking the Fourier slice theorem leads to

}g}2
L 2pRq

»

Sn � 1

»

R

»

R

� pf
� 2�

� �
�

j� j n� 1 d� d� � 2}g}2
L 2pRq }f }2

L 2pRn q:

Hence,
�
� DW gpf q

�
� 2

L 2p� q
� 4}f }2

L 2pRn q }g}2
L 2pRq; that is, }DW gpf q}L 2p� q � 2}f }L 2pRn q }g}L 2pRq:

Theorem 3.18. Let 
 € � be a measurable set of �nite measure. Supposea; b ¡ 0; and

let a1 be the conjugate exponent ofa. Assumeg P SpRq and p � q � 2;, then there exists a

positive constantC1 such that, for every

f pyq PL1pRnq X L2pRnq and for every p�; x; ! q P
 ;
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the following inequality holds:

}f }L 2pRn q ¤ M
�
n; 


�
C1

�
�
� jyja f

�
�
�

b n
a n� b n� a

L 2pRn q

�
�
� jp�; x; ! qjb DW gf

�
�
�

a n� a
a n� b n� a

L 2p� q
;

whereM
�
n; 


�
is a positive constant. Moreover, the constantC1 can be expressed as

C1 �

$
''''''&

''''''%
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p}g}8 � } g}2q
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a n� b n� a
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�
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�

a n� b n� a
� �

rC
}g}2


 a
�

a1n� b n� a1
�
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�
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�

; a ¥
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2

;

for some positive constantrC.

Proof. By Theorem 3.17 in the casep � q � 2, we have

}DW gpf q}L 2p� q � 2}f }L 2pRn q }g}L 2pRq:

From [20, Lemma 2], it follows that for all p�; x; ! q P 
,
�
�xf; G �;x;! y

�
� is �nite, implying

}DW g} ¤ M
�
n; 


�
}f }L 1pRn q }g}8 over 
.

Next, applying Theorem 3.13, along with Corollary 3.14 and Corollary 3.15, relates

}f }L 2pRn q to the norms }jyja f }L 2pRn q and }jp�; x; ! qjb DW gf }L 2p� q, taking into account the

�nite measure of 
. Collecting these pieces yields the stated inequality for}f }L 2pRn q and the

piecewise de�nition ofC1.

Before proceeding to the main result, we note that general uncertainty principles for

structured transforms|particularly those de�ned via frames|have been developed in var-

ious contexts. In particular, Li [28] presents a family of sharp uncertainty inequalities for

uniform covering frames, which share essential features with the directional systems con-

sidered here. The methods introduced in that work inform our analysis of the Directional

Weighted Gabor Ridge Transform (DWGRT), especially in how weighting and localization

can be balanced through functional inequalities. Building on these ideas, we now establish

a general uncertainty principle for the DWGRT operator.

Theorem 3.19 (General Uncertainty Inequality for DW ). Let 
 € � be a measurable set

of �nite measure. Suppose1   p ¤ 2, 0   a   n
q , and b ¡ 2, where q is the conjugate

exponent ofp. Let a1 be the conjugate exponent ofa. Then there exists a positive constantC
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such that, for every

f PL1pRnq X L2pRnq and for every p�; x; ! q P
 ;

we have

}DW gf }L qp� q ¤ C
�

}g}8 � } g}q

	 �
� jyja f

�
�

b n
a n � b n � a

L p pRn q

�
� jp�; x; ! qjb DW gf

�
�

a n � a
a n � b n � a

L qp� q ; (3.20)

Here b1 denotes the conjugate exponent ofb, and the parametert is given by

t �
�

}g}8 �} g}q�
� jyja f

�
�

L p pRn q

�
� jp�;x;! qjb DW g f

�
�

L qp� q

	 2 n
a n � b n � a

: (3.21)

Proof. Let 1   p ¤ 2 and 0  a   n
q . Assumeb ¡ 2. Then

}p1 � htqDW gpf q}L qp� q � t
b
2

�
�
�
�
t jp�; x; ! qj2

� �
b
2 p1 � htqjp�; x; ! qjb DW gpf q

�
�
�

L qp� q
:

Since
�
1 � e� k

�
k�

b
2 is uniformly bounded fork ¡ 0 and b ¡ 0, we deduce

}DW gpf q}L qp� q ¤ }p1 � htqDW gpf q}L qp� q � } ht DW gpf q}L qp� q

¤ C
� �

}g}8 � } g}q

�
t �

apn� 1q
2 n

�
� jyja f

�
�

L p pRn q
� t

b
2

�
� jp�; x; ! qjb DW gpf q

�
�

L qp� q

�
;

where C � maxt 1; Cu, with C taken from Lemma 3.4. De�ning t via (3.21) balances the

two terms optimally and leads to

}DW gpf q}L qp� q ¤ C
�
�
}g}8 � } g}q

� �
� jyja f

�
�

L p pRn q

� b n
a n� b n� a �

� jp�; x; ! qjb DW gpf q
�
�

a n� a
a n� b n� a

L qp� q ;

which yields (3.20) with the explicit form of C being

C � 2 max
!�

�
q

	 n� 1
2 q e� t ;
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2 q

	 1
q
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q
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b p

�
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�
b n � a n � a

�
)

:
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3.7 Summary

In this chapter we begin by revisiting the uncertainty principles for the directional short-

time Fourier transform (DSTFT) as originally formulated by Mejjaoli and Omri. We in-

troduce a natural weight on the combined space{frequency variables, de�ne the associated

heat-kernel modulation, and then give corrected, fully detailed statements and proofs of the

weighted norm inequalities that govern the DSTFT's decay and localization properties.

Building on that foundation, we develop the theory of the directional Gabor ridge trans-

form (DGRT) and its weighted variant (DWGRT). We prove their basic structural and

boundedness properties|including L1 Ñ L8 estimates, exactL2 isometries, and Plancherel

identities|and establish their square-integrability.

Finally, we derive a uni�ed family of uncertainty inequalities for both DGRT and DW-

GRT. Beginning with the same heat-kernel framework, we obtain interpolation-style bounds

that quantify the trade-o� between spatial moments of the input and phase-space moments

of its transform. These general inequalities are then extended to arbitrary �nite-measure

subsets of the phase-space domain, yielding both global and local versions of the uncertainty

principle for directional time{frequency analysis. Together, these results correct earlier gaps,

clarify all hypotheses, and provide a complete, self-contained framework of directional un-

certainty bounds.
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Chapter 4

Learning-Based Phase Retrieval

4.1 Introduction

In our recent conference paper, coauthored by Wojciech Czaja, Canran Ji, Shashank

Sule, and Matthias Wellersho�, titled \Neural Network-Based Speech Reconstruction from

Undersampled STFT Magnitude Data"[12], published in the proceedings of the 2024 32nd

European Signal Processing Conference (EUSIPCO 2024; Electronic ISBN 978-9-4645-9361-

7; PoD ISBN 979-8-3315-1977-3), we developed a neural network{based method for recon-

structing speech from undersampled STFT magnitude data. My contributions included

designing and validating the network architecture, implementing and executing the end-to-

end training pipeline, analyzing the reconstruction performance, and conducting downstream

classi�cation experiments to assess reconstruction quality.

Phase retrieval is the task of reconstructing a signal from magnitude-only measurements,

and it is a central problem in many �elds such as optics, imaging, and speech processing.

In practical applications, phase information is often lost due to hardware limitations or

physical constraints, rendering direct inversion impossible. One prominent application in

audio processing is time-scaling and pitch-shifting, though the problem also underpins tasks

in X-ray crystallography, transmission electron microscopy, radar processing, and coherent

di�ractive imaging.

Let x PCL be the signal of interest, and consider a measurement operatorA that yields

only the magnitudes:

y � | A x| :

The goal is to reconstructx up to a global phase ambiguity|that is, recovery is only possible

up to multiplication by a complex scalar of unit modulus. Since taking the absolute value

discards crucial phase information, reconstruction is typically formulated as the minimization
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of a loss function that measures the discrepancy between the observed and reconstructed

magnitudes. In many formulations, this discrepancy is quanti�ed via the Frobenius norm,

denotedk�kF , which measures the di�erence between two matrices by taking the square root

of the sum of the squares of their entries.

Traditional approaches, such as the iterative Gri�n{Lim algorithm [21], attempt to re-

cover the phase by alternating between an inverse transform and enforcing the magnitude

constraints. Although such methods have been widely used, they often require a good ini-

tialization and a large number of iterations to converge; in practice, they may stagnate in

local minima or converge to solutions that do not match the true signal up to a global phase.

Moreover, the deterministic structure of STFT measurements in audio processing frequently

violates the conditions under which these methods are guaranteed to work.

Recent advances have shown that learning-based approaches can overcome many of these

challenges by leveraging structural priors inherent in real-world data. Neural network models

can be trained to approximate the inverse mapping from magnitude measurements to time-

domain signals, thereby performing phase retrieval even in severely undersampled regimes. In

our work, we demonstrate that a simple neural network model can reconstruct audio signals

of length L � 8000 from as few as 4000 measurements|far below the classical oversampling

requirements.

4.2 STFT Phase Retrieval

Phase retrieval refers to the process of reconstructing a complex-valued signal from its

pointwise absolute values. This problem arises in many domains, including speech processing,

where one often modi�es the magnitudes of the short-time Fourier transform (STFT) of an

audio signal and then recovers the corresponding phase information. Prominent applications

include time-scaling and pitch-shifting audio signals [21], as well as tasks in radar processing,

X-ray crystallography, coherent di�ractive imaging, and electron microscopy.

Formally, suppose we are given magnitude-only data associated with a complex-valued

signal x P CL . Because the absolute value operation discards crucial phase information,

even when one allows for a global phase ambiguity (i.e.,x can only be recovered up to

a multiplicative factor � P C with |� | � 1), reconstruction remains challenging. Classical

results indicate that, to guarantee unique recovery (up to global phase) for real-valued signals

in RL , strictly more than 2L � 2 measurements are typically required [5]. For complex-valued

signals inCL , the requirement increases to strictly more than 4L � 2 log2pLq� 4 measurements

[23]. Despite these oversampling conditions, practical phase retrieval is notoriously sensitive

to noise and may lack numerical stability even when uniqueness is theoretically ensured [7].
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In audio applications, the STFT is a central tool. For a given hop sizea PN and number

of frequency binsM PN, and for a window functionw PCL (typically supported on a subset

of t 0; 1; : : : ; L � 1u with w ` � 0 for ` ¥ M ), the discrete STFT of a signalx PCL is de�ned

as

Vw xpm; nq � Va;M
w xpm; nq �

L � 1¸

` � 0

x ` � a n w ` exp
�

� 2� i
` m
M

	
;

for m P rM s :� t 0; 1; : : : ; M � 1u and n P rN s :� t 0; 1; : : : ; N � 1u, where N � tL{au� 1.

When both x and w are real-valued, conjugate symmetry of the Fourier transform permits

recording only tM {2u� 1 frequency bins. The STFT can be exactly inverted under the

nonzero overlap-add (NOLA) condition, which requires that for everỳ P rLs there exists an

n P rN s such that w ` � a n � 0.

In the STFT phase retrieval problem, one observes only the magnitude of the STFT,

M pxqpm; nq �
�
�
�Va;M

w xpm; nq
�
�
�;

for m P rM s (or the reduced set in the real-valued case) andn P rN s. The goal is then to

recover a signalx PCL (or x PRL for real-valued audio) such that

M pxq � M px � q;

wherex � is the original signal. SinceM pxq � M p� xq for any � P C with |� | � 1, one can

only hope to recoverx � up to a global phase; in the real-valued case, this ambiguity reduces

to a global sign.

Classical algorithms such as the iterative Gri�n{Lim (GL) method [21] alternate be-

tween enforcing the magnitude constraints in the frequency domain and applying the inverse

STFT in the time domain. Although GL is simple and widely used, it often su�ers from

slow convergence and may become trapped in local minima, particularly when the number

of measurements is insu�cient. Other methods, including Wirtinger Flow (WF) [8] and

Amplitude Flow (AF) [44], approach phase retrieval as a non-convex optimization problem

by minimizing a loss function that quanti�es the discrepancy between the measured mag-

nitudes and those computed from a candidate signal. However, these methods typically

require a measurement count on the order of 3L or 4L to guarantee reliable convergence|an

impractical condition when the available data is undersampled.

Recent advances employ deep learning techniques to overcome these limitations. Neural

network approaches learn a direct or approximate inverse mapping from STFT magnitudes

to time-domain signals by exploiting structural priors inherent in real-world datasets, such

as human speech. For example, methods like Deep Gri�n{Lim Iteration integrate denoising
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networks into iterative schemes, while multi-head convolutional architectures [2] are designed

to handle high-dimensional STFT inputs. Although these learning-based techniques often

require large training datasets, careful architectural design, and signi�cant computational

resources, they can successfully perform phase retrieval in severely undersampled settings

where classical methods either fail or yield suboptimal solutions.

4.3 Limitations of Classical Phase Retrieval Algorithms

Classical phase retrieval algorithms rely on an assumption of su�cient redundancy in the

data so that the signal of interest can be reconstructed (up to a global phase or sign). In

many practical applications, however, the number of magnitude measurements is not large

enough to satisfy these theoretical requirements, causing the algorithms to function unreli-

ably. Moreover, phase retrieval is inherently non-convex, so even with careful initialization,

iterative methods can become trapped in local minima.

A commonly used reconstruction framework minimizes a loss function that enforces con-

sistency between the observed magnitudes and those derived from a candidate signal. A

representative example is

`PR pxq �
¸

m;n

�
M px � qpm; nq � M pxqpm; nq

	 2
;

wherex PCL is the unknown signal to be recovered,x � is the true signal, andM p�qdenotes

the STFT magnitude operator. Although minimizing this loss can, in principle, recover the

signal if su�ciently many measurements are available, several drawbacks arise in practice.

One issue is that iterative algorithms for minimizing̀ PR generally require an initial phase

guess. Poor initialization|whether random or based on simple heuristics|often leads to

slow convergence or convergence to suboptimal solutions, as the algorithm must navigate a

high-dimensional, non-convex landscape.

Another limitation is the sensitivity of classical algorithms to speci�c conditions on the

STFT. For instance, when the nonzero overlap-add (NOLA) condition is violated, the stan-

dard inverse STFT formulas break down. Techniques that iteratively re�ne the phase es-

timate and then enforce magnitude constraints become inapplicable in such undersampled

scenarios, rendering certain choices of hop size or window function ine�ective regardless of

iteration count or parameter tuning.

An additional di�culty stems from the dependence on assumptions of random measure-

ments or heavy oversampling. Many convergence guarantees assume that the magnitude

measurements follow a speci�c random distribution, allowing the problem to be treated as a
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generic quadratic system. In contrast, real STFT measurements are highly structured and

deterministic|especially when standard windows (e.g., the Hann window) and �xed hop

sizes are used. In settings with limited data, such oversimpli�ed assumptions fail to capture

the true complexity of the signal's phase, leading to recovery failure or poor accuracy.

Computational e�ciency poses yet another drawback. Methods that directly minimize

`PR via gradient-based updates or that involve repeated inverse transforms can be pro-

hibitively slow for large signals. In typical STFT phase retrieval, an inverse transform is

computed after each iteration to enforce the magnitude constraint. When thousands of it-

erations are required, the computational cost becomes impractical for real-time applications

or high-dimensional signals.

Finally, even if these methods converge to a solution that locally minimizes the loss,

there is no guarantee that the recovered signal agrees with the true one (up to a global

phase or sign). Particularly when the number of measurements falls below the theoretical

threshold, the STFT magnitudes may not uniquely determine the original signal. In such

cases, classical algorithms may converge to spurious critical points corresponding to entirely

di�erent signals that share the same magnitude data.

4.3.1 Gri�n{Lim Algorithm

The Gri�n{Lim (GL) algorithm is one of the most widely used iterative techniques for

phase retrieval in audio signal processing. It relies on alternating projections to iteratively

estimate the missing phase information. Given an initial phase estimate, the algorithm

iterates between:

1. Computing the inverse STFT (ISTFT) using the current phase estimate.

2. Replacing the magnitude of the transformed signal with the observed magnitude while

retaining the estimated phase.

3. Reapplying the STFT to obtain a re�ned phase estimate.

Despite its simplicity, GL has several shortcomings:

ˆ Suboptimal Convergence: The algorithm may stall in local minima and does not

guarantee convergence to the true phase.

ˆ Slow Execution: A large number of iterations are typically required, making it com-

putationally expensive.

ˆ Dependence on Initialization: The quality of the retrieved phase is highly sensitive

to the initial phase estimate.
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4.3.2 Optimization-Based Methods

Optimization-based approaches such as Wirtinger Flow (WF) and Amplitude Flow (AF)

recast phase retrieval as a non-convex optimization problem by minimizing a loss function

like `PR de�ned above.

Wirtinger Flow

Wirtinger Flow (WF) uses gradient descent with Wirtinger derivatives to iteratively

update the signal estimate. While WF o�ers theoretical guarantees under certain random

measurement models, it su�ers from high computational complexity, sensitivity to noise, and

a heavy dependence on proper spectral initialization.

Amplitude Flow

Amplitude Flow (AF) modi�es the WF approach by directly estimating the amplitude-

scaled phase through alternating minimization. AF comes with a theoretical performance

guarantee which certi�es that its iterates converge to the desired signalx � PRL up to a global

sign, provided that the measurementsM Gpx � q are generated from a Gaussian model|that

is, measurements of the formM Gpx � qpj q :�
�
�aJ

j x �

�
� with aj � N p0; I q independently for

j P rJsand J Á L. Despite this guarantee, AF's convergence is limited to idealized measure-

ment models, and in practice, the deterministic nature of real STFT measurements often

invalidates these assumptions. Furthermore, AF may require a number of measurements

on the order of 3L or 4L for reliable convergence, a condition that is di�cult to meet in

undersampled scenarios.

4.3.3 Machine Learning Approaches

The limitations of classical algorithms have motivated recent work on learning-based

phase retrieval methods. One early method [22] attempts to reconstruct signals by minimiz-

ing a loss function de�ned in the range of a generative model for the dataset. Although this

approach enables recovery from very few phaseless measurements, it requires the existence

of a suitable generative model and is ultimately limited by its representational error.

An alternative strategy is presented in [30], termed Deep Gri�n{Lim Iteration, where a

convolutional neural network is trained as a denoiser and integrated into every iteration of

the GL algorithm. This hybrid approach can outperform standard GL; however, it still fails

when the NOLA condition is violated since an invertible STFT is required. Additionally, its

performance in settings with limited data remains unclear.
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Finally, the work in [2] adopts a multi-head convolutional neural network trained on

the Librispeech dataset [35] for phase retrieval. In comparison, the loss function, network

architecture, and dataset considered in our approach are considerably simpler. Notably, the

multi-head convolutional neural network in [2] is not applied in limited data scenarios|in

fact, their setup employs roughly 8L datapoints|whereas our method is designed to perform

phase retrieval from as few as116 of the measurements required by classical methods.

4.4 Neural Network-Based Phase Retrieval

A data-driven framework for phase retrieval can overcome many of the challenges that

arise in classical methods. The essential idea is to approximate the inverse mapping from

STFT magnitudes to time-domain signals by training a neural network on a representative

dataset. Consider audio signals of lengthL, and let X € RL be a collection of such signals.

Given signalsx; y PRL , we de�ne the loss function

LPR px; yq �
�
�
� M a1;M 1

w 1 pxq � M a1;M 1

w 1 pyq
�
�
�

F
;

wherea1 and M 1 (placed as superscripts) denote the hop size and the number of frequency

bins used in computing the loss, andw1 (bolded and placed as a subscript) is the window

used in the loss function. These parameters need not match those used in obtaining the

undersampled measurements. In particular, one can choose a largerM 1 and a smaller hop

size a1 to guarantee that the only global minimizers of the mappingx ÞÑLPR px; yq are

y and � y . Under these circumstances, this loss penalizes di�erences between the STFT

magnitudes of two signals, steering the training process toward solutions that match the

true signal's short-time spectral content up to a global sign.

In our framework, the neural network [12] is trained via empirical risk minimization on

a dataset drawn fromX . The input to the network consists of the undersampled STFT

magnitudes computed using an undersampling scheme with parametersa P t32; 64; 128u and

M P t128; 256u. In practice, each audio signal is �rst downsampled or zero-padded so that all

signals have lengthL � 8000, then normalized by subtracting the mean and dividing by the

standard deviation. This setup yields scenarios ranging from approximately four thousand

measurements up to about thirty-two thousand measurements, with the parameter choices

arranged so that the STFT may or may not be theoretically invertible.

In all four measurement settings, we train a simple fully connected feedforward neural

network with approximately one billion parameters. Our networks have three linear layers

and use SELU activation functions [26]. More precisely, the input data is �rst 
attened

51



and then fed into a linear layer with SELU activation and hidden layer dimensiondh P N.

This is followed by a second linear layer with SELU activation (using the same hidden layer

dimension), and �nally, the data is passed through a third linear layer without an activation

function. In the four setups described above, the hidden layer dimensiondh is set to 27 000,

25 000, 22 000, and 18 000, respectively. In this way, a single neural network has a size of

about four GB, meaning it comfortably �ts within the RAM of most current laptops. In

training, we use an initial learning rate of 2:5 � 10� 5 and the Adam optimizer for stochastic

optimization. We apply a simple learning rate scheduling method: training continues until

a minimum in the average loss over the test set is reached, at which point the learning rate

is halved; this process is repeated iteratively until the learning rate is on the order of single

machine precision (approximately 10� 7). The neural networks for the four settings typically

train for 20{30 epochs before this procedure terminates.

A typical neural network architecture for phase retrieval, as described above, approxi-

mates the mapping from STFT magnitudes to a reconstructed audio signal. Although there

is no guarantee that the network will satisfy classical uniqueness or stability properties, nu-

merical experiments con�rm that it can recover signals from signi�cantly fewer measurements

than classical theory would suggest. This success is attributed to the network's ability to

leverage structural priors learned from the dataset, thereby resolving ambiguities where stan-

dard phase retrieval methods fail. A further bene�t is e�ciency in inference: once trained,

the network reconstructs each signal in a single forward pass, vastly outperforming iterative

approaches that require thousands of iterations and repeated inverse transforms.

A standard metric to evaluate performance is the spectral convergence (SC) between a

reconstructed signalx and a reference signaly :

SCpx; yq � 20 log10

�

�

�
�
� M a1;M 1

w 1 pxq � M a1;M 1

w 1 pyq
�
�
�

F�
�
� M a1;M 1

w 1 pyq
�
�
�

F

�


 : (4.1)

Lower (i.e., more negative) values of SCpx; yq indicate a closer match in the STFT magni-

tudes between the reconstructed signal and the reference. Numerical experiments demon-

strate that neural networks with large hidden layers and carefully tuned hyperparameters

achieve strong reconstruction �delity, with per-signal reconstruction times drastically lower

than those required by classical iterative methods. Even in highly undersampled regimes,

the neural model can exploit the underlying structure of speech signals to recover missing

phase information, thereby surpassing the theoretical limitations imposed by classical phase

retrieval analysis.
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4.5 Experimental Results

In this section, we present detailed experimental results evaluating the performance of

our neural network-based phase retrieval method for audio signal reconstruction. Our ex-

periments are conducted on the AudioMNIST dataset, which comprises 30,000 spoken digit

samples from 60 speakers. All audio signals are preprocessed by downsampling from 48 kHz

to 8 kHz, zero-padding or truncating them to a �xed length ofL � 8000 (corresponding to

1 s), and normalizing by subtracting the mean and dividing by the standard deviation.

4.5.1 Measurement Settings

We investigate four distinct experimental regimes by varying the short-time Fourier trans-

form (STFT) parameters, namely the window lengthM and the temporal hop sizea. These

choices yield di�erent numbers of phaseless STFT magnitude measurements:

1. Setting 1: a � M � 128, resulting in 4 095 measurements. In this case, the underlying

STFT is non-invertible since the nonzero overlap-add (NOLA) condition is violated.

2. Setting 2: a � 64, M � 128, yielding 8 190 measurements. Here, the STFT is

invertible, yet phase retrieval remains theoretically impossible even for real-valued

signals.

3. Setting 3: a � 64, M � 256, resulting in 16 254 measurements. In this regime, phase

retrieval is theoretically impossible for complex-valued signals.

4. Setting 4: a � 32, M � 256, yielding 32 379 measurements, a setting where no

theoretical barriers exist for phase retrieval.

4.5.2 Reconstruction Performance

Our neural network (NN) is trained separately in each setting using a simple fully con-

nected feedforward architecture with three linear layers and SELU activation functions. The

network sizes (determined by the hidden layer dimensions) are chosen to balance compu-

tational feasibility and representational capacity. Performance is quanti�ed by thespectral

convergence(SC) metric (see Eq. 4.1), which measures the relative di�erence (in dB) between

the STFT magnitudes of the original signalx and its reconstructiony.

Setting 1 (4 095 Measurements): Despite the non-invertibility of the STFT in this

setting, the NN successfully reconstructs the audio signals, achieving an average SC of ap-

proximately -8.55 dB (with a standard deviation of 1.26 dB). Notably, classical methods
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such as Fast Gri�n{Lim (FGL) [37] are not applicable here, since they require an invertible

STFT.

Setting 2 (8 190 Measurements): In this regime, although the STFT is invertible,

theoretical guarantees for phase retrieval fail to hold. The NN achieves an average SC of

about -8.89 dB (std. dev. 1.28 dB), slightly outperforming FGL, which obtains-8.49 dB

(std. dev. 3.30 dB) after 1 024 iterations (see Table 4.1). This demonstrates that the NN can

exploit underlying signal structure to recover phase information even in challenging settings.

Setting 3 (16 254 Measurements): With 16 254 measurements, the NN achieves an

average SC of approximately-10.39 dB (std. dev. 1.32 dB). In this regime, classical

iterative methods such as FGL achieve a markedly better performance, reaching an SC of

-27.03 dB (std. dev. 6.09 dB).

Setting 4 (32 379 Measurements): When 32 379 measurements are available, FGL fur-

ther improves its performance to an average SC of-30.52 dB (std. dev. 6.64 dB), whereas

the NN records an average SC of-10.55 dB (std. dev. 1.29 dB). Additionally, comparisons

with Amplitude Flow (AF) and Wirtinger Flow (WF) reveal that both AF and WF fail in

the lower-measurement regimes but, in the high-measurement setting, AF outperforms FGL

marginally while WF lags behind (see Table 4.1).

4.5.3 Computational E�ciency

An outstanding advantage of our NN-based approach is its computational e�ciency. On

an NVIDIA A100 80GB PCIe GPU, the NN processes the 6 000-signal test set in approxi-

mately 1.4 seconds, corresponding to about 230 ns per signal. In contrast, applying 1 024

iterations of FGL to the same test set takes around 35 minutes and 8 seconds (approximately

350µs per signal). Consequently, the NN is over 1 000 times faster than FGL, with AF and

WF being even slower. This remarkable e�ciency renders the NN method highly attractive

for real-time or large-scale applications.

4.5.4 Extensions via Postprocessing

To further improve reconstruction quality, we also investigate two postprocessing strate-

gies:

1. Postprocessed Neural Network (PNN): Here, the NN output is re�ned via an

additional processing step.
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2. Neural Network Initialized FGL Iteration (NNIFGL): In this approach, the

NN reconstruction serves as an initial guess for a limited number of FGL iterations.

In the 8 190-measurement setting, both methods yield improved spectral convergence scores

compared to the base NN. As reported in Table 4.2, NNIFGL achieves an SC of-9.74

dB (std. dev. 3.16 dB), while the PNN attains -9.39 dB (std. dev. 1.29 dB). These

enhancements suggest that incorporating even a modest number of iterative re�nements or

postprocessing steps can further leverage the strengths of the NN reconstruction.

4.5.5 Qualitative Results

Table 4.1 summarizes the performance of our neural network (NN) approach compared to

three classical methods: Amplitude Flow (AF), Wirtinger Flow (WF), and Fast Gri�n{Lim

(FGL). The table lists mean spectral convergence (SC) values in decibels (dB) across four

di�erent measurement scenarios: 4 095, 8 190, 16 254, and 32 379 STFT magnitude measure-

ments. Lower (more negative) SC scores indicate more accurate reconstructions.

4 095 Measurements (Severely Undersampled). This regime corresponds toa � M �

128, where the STFT is non-invertible. Classical methods either fail outright (FGL cannot be

applied because the nonzero overlap-add condition is violated) or yield poor reconstructions

(AF and WF produce SC scores near� 0:2 dB). By contrast, our NN achieves a mean SC

of � 8:55 dB (std. dev. 1:26 dB), demonstrating that it can recover perceptually meaningful

signals even when conventional phase retrieval algorithms do not work at all.
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(a) The 4 095 phaseless measurements obtained
from the STFT magnitude with Hann window and
a � M � 128.

(b) The original audio signals (in blue) and their
neural network reconstructions (in orange).

Figure 4.1: The neural network recovers signals of length 8 000 from about half as many
measurements. The horizontal axes describe time in seconds. The vertical axes, in Sub�g-
ure 4.1a, describe frequency in kHz.

Sub�gure 1(a) in Figure 4.1 shows the phaseless STFT magnitude in this undersampled

scenario, while Sub�gure 1(b) compares the original audio waveform (blue) with the NN

reconstruction (orange). Despite the drastic reduction in measurements, the NN captures

key audio features, validating its ability to leverage the structural priors learned from the

dataset.

8 190 Measurements (STFT Invertible, but Theoretically Impossible). With a �

64 and M � 128, the STFT becomes invertible, yet classical theory suggests real signals

cannot be uniquely recovered up to phase. Indeed, AF and WF remain far from matching

the target magnitudes, while FGL achieves� 8:49 dB and the NN slightly outperforms it
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at � 8:89 dB. This indicates that, even in a setting where phase retrieval is \impossible" in

the strict theoretical sense, the NN can exploit data-driven priors to produce high-�delity

reconstructions.

16 254 and 32 379 Measurements (Increasing Redundancy). In the more data-rich

regimes of 16 254 and 32 379 measurements, classical methods begin to excel. At 16 254

measurements, FGL attains� 27:03 dB, signi�cantly outperforming the NN's � 10:39 dB.

Similarly, at 32 379 measurements, both FGL (� 30:52 dB) and AF (� 32:00 dB) exceed the

NN's � 10:55 dB result. These results con�rm that classical approaches can yield impressive

accuracy when enough redundancy is present. Nonetheless, as discussed in earlier sections,

the NN remains far more computationally e�cient and robustly handles undersampled con-

ditions (particularly the 4 095-measurement regime) where classical phase retrieval fails or

is inapplicable.

Table 4.1: Benchmarking phase retrieval algorithms: Amplitude Flow (AF), Wirtinger Flow
(WF) and Fast Gri�n Lim (FGL) versus our approach (NN). All metrics are in dB and
represent the mean over the test set. The standard deviation is recorded in brackets.

# NN FGL

4 095 � 8:55 (1:26) na (na)
8 190 � 8:89 (1:28) � 8:49 (3:30)
16 254 � 10:39 (1:32) � 27:03 (6:09)
32 379 � 10:55 (1:29) � 30:52 (6:64)

# AF WF

4 095 � 0:21 (0:44) � 0:16 (0:36)
8 190 � 0:26 (0:60) � 0:23 (0:55)
16 254 0:20 (0:78) � 0:12 (0:29)
32 379 � 32:00 (4:60) � 8:87 (2:46)

Overall, Figure 4.1 and Table 4.1 collectively show that our NN method not only competes

well with classical algorithms in moderate-data regimes but also uniquely succeeds in severely

undersampled scenarios. The NN thus o�ers a compelling solution for phase retrieval in

challenging audio reconstruction tasks where conventional methods struggle or are entirely

inoperative.
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Table 4.2: The performance of the postprocessed neural network (PNN) and neural network
initialised FGL iteration (NNIFGL) in the setting with 8 190 measurements.

PNN NNIFGL

SC � 9:39 (1:29) � 9:74 (3:16)

All the three approaches outlined above are promising: in particular, both the post-

processed neural network and the neural network initialised FGL iteration achieve better

spectral convergence scores than our neural network in the setting with 8 190 measurements

4.2. However, all the three approaches also su�er from a common drawback: they are not

applicable when the NOLA condition is violated because a STFT needs to be inverted.

4.5.6 Final remarks

On di�erent loss functions and larger networks

Apart from training on the loss function LPR , one might try to train on the related loss

functions

R2 Q px; yq ÞÑ






�

M a1;M 1

w 1 pxq
	 p

�
�

M a1;M 1

w 1 pyq
	 p







F
P r0; 8q ;

where p P r1; 8q . When p � 1, we recoverLPR ; when p � 2, we recover the loss function

used in Wirtinger Flow [8]. Similarly, one might train on a loss function that is inspired by

the PhaseMax method [18]. We have tried both of these things and were not successful in

outperforming the neural network trained based onLPR .

Similarly, one might be tempted to train wider and deeper networks to improve the

performance of the neural network models for phase retrieval. Neither of these led us to a

decrease in the average spectral convergence, however. Of course, this raises the question

whether a smaller neural network could achieve the same performance while being much

more e�cient. We leave this question to future research.

On training times

The training of our networks took approximately 10 h 4 min (32 379), 7 h 46 min (16 254),

10 h 0 min (8 190) and 5 h 33 min (4 095). The large di�erences are likely explained by other

(training) processes that were run on the same GPU at the same time. Learning curves for the

training can be found here:https://umd.box.com/s/5gey8m0r98o9ycll8or23lvecl5i0wiu .
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4.6 Classi�cation Results

We evaluate the e�ectiveness of our phase-retrieval reconstructions in a downstream digit-

classi�cation task using a two-dimensional convolutional neural network originally developed

by Christian Lillelund on Kaggle.1 This network operates on single-channel spectrogram

inputs of sizep1� H � Wqand consists of four convolutional blocks with feature-map widths

t 8; 16; 32; 64u. Each block applies ak � k convolution (�rst block: 5 � 5, subsequent blocks:

3� 3), stride 2, and padding chosen to preserve spatial alignment, followed by ReLU activation

and batch-normalization. Convolutional weights are initialized with Kaiming normal (Leaky

ReLU parametera � 0:1); biases are zeroed. After the �nal conv-block, an adaptive average-

pool reduces to a 64-dimensional vector, which is fed to a linear layer producing logits for

the 10 digit classes.

In the original audio condition, raw waveform segments are converted directly to spec-

trograms (via a GPU-accelerated SpectrogramCUDA routine) and passed to the classi�er.

In each phase retrieval condition withM P t4 095; 8 190; 16 254; 32 379u measurements, the

measurement vectors are �rst input to our pre-trained reconstruction network (run in evalua-

tion mode) to produce approximate waveforms; those are then spectrally transformed before

classi�cation.

Training uses the Adam optimizer (learning rate 0:001), cross-entropy loss, and 30 epochs

per trial, with all operations carried out on the GPU. For each condition we conducted 10

independent trials (reinitializing both reconstructer and classi�er), and report in Table 4.3

the mean and variance of the �nal test accuracy (%).

Table 4.3: Mean (variance) of classi�cation accuracy (%) over 10 runs for original audio and
phase-retrieved reconstructions via NN and FGL methods, across di�erent numbers of STFT
magnitude measurements.

Method Original 4 095 meas. 8 190 meas. 16 254 meas. 32 379 meas.

NN { 88.49 (0.16) 80.02 (0.55) 94.39 (0.07) 98.41 (0.01)
FGL { n/a (n/a) 99.45 (0.13) 99.47 (0.03) 99.38 (0.05)
Original Audio 99.41 (0.01) { { { {

The table above reports classi�cation accuracies for reconstructions obtained from NN

and FGL methods using increasing numbers of STFT magnitude measurements, along with

the original audio as a reference. Among the reconstruction methods, FGL maintains a

consistently high accuracy above 99.3% for all applicable measurement levels. In contrast,

NN reconstructions show lower accuracy, particularly in 8,190 measurements, where the

1https://www.kaggle.com/code/christianlillelund/classify-mnist-audio-using-spectrograms-keras-cnn
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performance drops to 80.02%. However, NN accuracy improves with more measurements,

reaching 98.41% at 32,379 measurements. FGL is not applicable for 4,095 measurements,

where NN achieves 88.49%. These results suggest that, while the performance of the NN is

measurement dependent, FGL yields more classi�er-consistent reconstructions at moderate

and high measurement levels.

4.6.1 Analysis of Measurement-Dependent Accuracy Anomalies

Table 4.4 reports the per-class test accuracies (%; correct/total in parentheses) for the

4,095 and 8,190 STFT-magnitude measurement conditions, each after 30 epochs of training.

Table 4.4: Per-class accuracy (%) for 4,095 and 8,190 measurement cases after 30 epochs.

Class 4,095 meas. 8,190 meas.

0 94.31 (580/615) 92.52 (569/615)
1 76.46 (458/599) 54.42 (326/599)
2 81.54 (499/612) 76.96 (471/612)
3 85.42 (533/624) 78.69 (491/624)
4 95.96 (594/619) 93.54 (579/619)
5 100.00 (584/584) 100.00 (584/584)
6 94.19 (551/585) 87.35 (511/585)
7 91.99 (563/612) 92.32 (565/612)
8 74.36 (435/585) 51.97 (304/585)
9 83.72 (473/565) 70.97 (401/565)

In the 8,190-measurement condition, overall accuracy drops to 80.02%, driven primarily

by steep declines in classes 1 and 8 (from 76.46% to 54.42% and from 74.36% to 51.97%,

respectively). Other digits also exhibit moderate decreases relative to the 4,095 case, except

class 7 (stable) and class 5 (remains at 100%).

Theory 1: Spectral Sampling Resonance. At 8,190 measurements the chosen sam-

pling density may align poorly with key spectral bands that distinguish digits 1 and 8. Class

1 relies on sharp, high-frequency transients, and class 8 on dual formant peaks; if the in-

termediate sampling omits or attenuates these components, classi�cation su�ers. At lower

(4,095) the coarse grid captures only broad low-frequency energy, and at higher (16,254) the

grid is dense enough to recover all relevant frequencies, avoiding the mid-range "blind spot"

at 8,190.

Theory 2: Time-Frequency Resolution Mismatch. The intermediate measurement

count yields a time-frequency tiling that is neither coarse enough to emphasize long-term
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temporal envelopes nor �ne enough to capture rapid spectral transitions. Digits "one" de-

pend on brief plosive onsets (high time resolution), while "eight" depends on fast formant

sweeps (high frequency resolution); this resolution gap degrades both types of cues simulta-

neously. Coarser sampling (4,095) preserves envelope shape, and denser sampling (16,254)

restores full spectral detail, but the 8,190 case falls into a resolution mismatch.

A comprehensive investigation into the underlying causes of this non-monotonic accuracy

behavior is not feasible due to personal time constraints and will be undertaken in future

work.
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Chapter 5

Comparative Analysis in Pre-image

Algorithms of Kernel PCA

5.1 Introduction

Kernel Principal Component Analysis (kPCA) extends linear PCA by mapping data

into a high-dimensional feature space via Mercer kernels. Recovering an approximation of

the original data point from its low-dimensional kPCA embedding, known as the pre-image

problem, is fundamental for applications such as image denoising. Classical deterministic

approaches|including �xed-point iteration, kernel ridge regression, multidimensional scal-

ing inversion, direct approximation, and Nystr•om-hybrid schemes|have been developed to

address this problem, yet their relative strengths and limitations under varying noise and

dimensionality conditions remain unclear.

In this chapter I �rst implement a selection of representative deterministic pre-image

algorithms and conduct a systematic quantitative comparison across multiple image datasets

and evaluation metrics. By analyzing reconstruction quality under clean and corrupted

inputs, I determine which traditional method o�ers the best overall performance.

Building on these insights, I then present my original contribution: two neural network-based

inverse solvers, DCGAN-KPCAnet and WGAN-KPCAnet. These models leverage adversar-

ial training to learn the inverse kPCA mapping directly from data. Through extensive

experiments, I demonstrate that WGAN-KPCAnet, in particular, outperforms the best de-

terministic algorithm, yielding more faithful reconstructions and greater robustness to noise.

The remainder of this chapter is organized as follows. I begin by describing the architec-

tures and training procedures of DCGAN-KPCAnet and WGAN-KPCAnet. Next, I present

the results of the comparative evaluation against classical algorithms. Finally, I discuss the
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implications of these �ndings for algorithm selection in high-noise imaging scenarios and

outline directions for future work.

5.2 Mathematical Background

5.2.1 Mathematical Formulation of kPCA

Image denoising is a fundamental task in image processing and computer vision, aiming to

suppress noise while preserving meaningful structure. Kernel Principal Component Analysis

(kPCA) extends linear PCA by mapping each data vectorI i P Rd into a high-dimensional

feature space via an implicit mapping� , with inner products computed by a Mercer kernel

kpI i ; I j q.

Common kernel choices include:

Linear (equivalent to PCA)

kpx; yq � xJ y

Polynomial

kpx; yq � p a xJ y � cqp

Gaussian (RBF)

kpx; yq � exp
�
�} x � y}2{p2� 2q

�

Laplacian

kpx; yq � exp
�
�} x � y}{ �

�

Sigmoid

kpx; yq � tanhpa xJ y � cq

Cosine similarity

kpx; yq �
xJ y

}x} } y}

Given N data points, one constructs theN � N Gram matrix K with entries

K ij � kpI i ; I j q;

centersK in feature space, and solves the eigenproblem

K c vi � � i vi :

Retaining the top m eigenvectors yields a reduced representation inRm , where m is cho-
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sen to balance noise reduction against detail preservation. The pre-image problem then

asks how to reconstruct an original-domain vector from its low-dimensional feature coor-

dinates. A variety of numerical pre-image algorithms|ranging from iterative optimization

and �xed-point schemes to regression-based approaches|have been developed, each trading

o� reconstruction �delity, computational cost, and robustness to noise.

5.2.2 Kernel Methods and Feature Spaces

Kernel methods rely on implicitly mapping data from the original input spaceRd into a

(possibly in�nite-dimensional) feature spaceH via a nonlinear feature map

� : Rd ÝÑ H:

Rather than computing � pxq explicitly, one de�nes a symmetric positive-de�nite function

(Mercer kernel)

k
�
x; y

�
�

@
� pxq; � pyq

D
H

; x; y PRd;

which computes inner products inH directly. By Mercer's theorem, if k is continuous,

symmetric, and

»

Rd

»

Rd
f pxqkpx; yqf pyqdx dy ¥ 0 for all compactly supportedf;

then there exists an orthonormal basist ui u8
i � 1 of L2pRdq with nonnegative eigenvaluest � i u

such that

kpx; yq �
8̧

i � 1

� i ui pxqui pyq;

and � pxq �
� ?

� 1 u1pxq;
?

� 2 u2pxq; : : :
�
. Common choices of kernels include the Gaussian

(RBF) kernel, polynomial kernels, and the cosine similarity kernel. In electron microscopy,

where shot noise can be extreme, the cosine similarity kernel

kpx; yq �
xJ y

}x} } y}

is often favored for its robustness under high noise levels [25]. Through kernelization, one can

apply linear algorithms (e.g., PCA, support vector machines) inH without ever computing

� pxq explicitly.
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5.2.3 Eigenvalue Problem in Reproducing Kernel Hilbert Space

Kernel Principal Component Analysis (kPCA) generalizes linear PCA by performing

PCA in the implicit feature spaceH. Given a datasett I i un
i � 1 € Rd, de�ne the kernel (Gram)

matrix K PRn� n with entries

K ij � k
�
I i ; I j

�
�

@
� pI i q; � pI j q

D
H

:

To center the data in feature space, let1n be the n � n matrix whose entries are all 1{n.

The centered Gram matrix is

K c � K � 1n K � K 1n � 1n K 1n :

We then solve the eigenvalue problem inH:

C u � � u; C �
1
n

n¸

i � 1

� pI i q� pI i q� ;

whereC is the covariance operator inH . By the representer theorem, any eigenvectoru PH

lies in the span oft � pI i qu. Hence the eigenproblem reduces to solving

K c v � n � v;

wherev � p v1; : : : ; vnqJ PRn . Denote the eigenpairs bytp� i ; v i quni � 1, with � 1 ¥ � 2 ¥ � � � ¥ 0.

The i -th principal component in feature space for a sampleI j is

@
ui ; � pI j q

D
H

�
n¸

k� 1

vik k
�
I k ; I j

�
;

wherevik is the vk of v i , so that the m-dimensional embedding ofI j PRd is

zj �
�
xu1; � pI j qy; : : : ; xum ; � pI j qy

� J
�

�
v1j ; v2j ; : : : ; vmj

� J
PRm :

Truncation to the top m eigenvalues yields a nonlinear dimensionality reduction that sup-

presses noise while preserving underlying manifold structure [40]. Applications in image

denoising have demonstrated that kPCA can e�ectively extract signal components from

high-noise imaging modalities [25].
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5.3 Pre-image Algorithms of kPCA

In kernel principal component analysis (kPCA) the data are nonlinearly mapped into

a high-dimensional feature space, and denoising or dimensionality reduction are performed

there. Because the feature map

' : Rd Ñ H

is implicit, an exact inverse is unavailable. Thepre-image problemseeks

x � � arg min
xPRd

}' pxq �  }2;

where PH is a feature-space vector (e.g., a denoised or projected point).

Approximate solutions to this pre-image problem have also been studied in the context

of Laplacian Eigenmaps by Doster [14], who extended earlier kPCA techniques using con-

strained optimization and the Nystr•om method to enable data reconstruction in spectral

graph-based frameworks.

5.3.1 Fixed-point iteration and kernel-ridge regression (Bakir et

al., 2003)

Using a Gaussian kernel

kpx; x i q � exp
�
�} x � x i }2{c

�
;

one may compute the pre-image by iterating the �xed-point update

x t � 1 �
° N

i � 1 kpx t ; x i qx i
° N

i � 1 kpx t ; x i q
;

which drives ' px tq toward the target  . Alternatively, one can learn an inverse map �1 :

H Ñ Rd by solving

min
� 1

Ņ

i � 1

}x i � � 1p' px i qq}2 � � }� 1}2;

so that x � � � 1p q once �1 is �tted [4].

5.3.2 MDS-based inversion (Kwok & Tsang, 2003)

This non-iterative approach exploits the isometry between feature-space and input-space

distances for isotropic kernels. De�ne~di � }  � ' px i q} and invert the kernel-induced dis-
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tance function to obtain estimates of the corresponding input-space distances. Applying

multidimensional scaling (MDS) to these distances then yields the pre-imagex � [27].

5.3.3 Direct-approximation pre-image algorithm (Rathi et al., 2006)

For kernels with a closed-form distance inversion, one observes

f pd2
ij q � 1

2

�
K ii � K jj � ~d2

ij

�
ùñ d2

ij � f � 1
�

1
2pK ii � K jj � ~d2

ij q
	

:

Approximating ' px � q � P ' pxq, one derives the single-step estimator

x � �
° N

i � 1 ~
 i x i
° N

i � 1 ~
 i

;

where the weights ~
 i are algebraic functions of the feature-space distances~dp' px i q; P ' pxqq.

This yields a unique pre-image without iteration [38].

5.3.4 Nystr•om-based hybrid pre-image algorithm (Sapiro et al.,

2007)

Sapiro et al. build upon the Nystr•om out-of-sample extension and fuse ideas from the

MDS-based method and the direct-approximation method. Given the centered Gram eigen-

decomposition

K c � U r� UJ ;

the feature map of a new pointx is approximated by

'̂ pxq � r� � 1{2 UJ kcpxq;

wherekcpxq is the centered kernel vector. For a target feature , they normalize onto the

unit sphere in H and compute

k̂x � r� � 1{2 UJ  
} }

:

The pre-image is then recovered either by solving

x � � arg min
xPRd

�
� kcpxq � k̂x

�
� 2
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or|in the common case that k̂xpiq ¥ 0|in closed form as

x � �
° N

i � 1 k̂xpiqx i
° N

i � 1 k̂xpiq
:

This hybrid scheme inherits the robustness of Nystr•om extension, the global consistency of

MDS inversion, and the e�ciency of the direct-approximation estimator, achieving state-of-the-art

performance in reconstruction �delity and speed [1].

5.4 Comparative Evaluation of kPCA Pre-image Algo-

rithms

In this section, we present a comparative evaluation of three distinct Kernel PCA (kPCA)

pre-image reconstruction methods, which were applied to three widely recognized image

datasets: Yann LeCun's MNIST, CIFAR-10, and SVHN. The evaluation framework was

devised to measure reconstruction performance under varying experimental conditions. For

each dataset, speci�c preprocessing was applied that included the addition of Gaussian noise,

rigorous trimming of pixel intensities, and normalization to maintain the dynamic range of

the image data. In the case of MNIST, two experimental con�gurations were adopted: one

without any normalization or trimming and another with both applied. Both the CIFAR-

10 and SVHN datasets, originally in RGB and subsequently converted to grayscale, were

processed with normalization and trimming. Additionally, the reconstruction experiments

were conducted for three di�erent con�gurations of principal components (20, 120, and

220) and for two kernel functions (Radial Basis Function and Cosine). The quality of the

reconstructions was quantitatively assessed by averaging the Peak Signal-to-Noise Ratio

(PSNR), the Structural Similarity Index (SSIM), and the Pearson Correlation Coe�cient

(PCC) over all samples.

The three pre-image reconstruction algorithms compared in this study include Sapiro's

method, an approach based on kernel ridge regression implemented via the Sklearn package,

and the method developed by Sch•olkopf [4]. Sapiro's algorithm [1] was implemented following

the procedures outlined in Sapiro's original work as well as methodologies discussed in related

works by Kwok [27] and Cloninger [11][9]. The Sklearn-based method leverages the kernel

ridge regression framework, and the Sch•olkopf method is implemented with �xed iteration

constraints and tolerance levels. Each of these techniques was rigorously tested under similar

conditions to ensure a fair comparison and to identify their relative strengths and limitations

when confronted with various noise levels and preprocessing protocols.
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Implementation Credits. The implementation of the Sch•olkopf algorithm was completed with

the assistance of Dr. Cong Tuan Son Van (National Cancer Institute, NIH). The implementa-

tion of Sapiro's algorithm was adapted from code originally written by Alexander Cloninger,

Timothy Doster and Jeremiah Emidih during their time as graduate students at the Uni-

versity of Maryland, College Park, under the mentorship of our shared advisor Dr. Wojciech

Czaja. Alexander Cloninger is currently a professor in the department of mathematics and

the Hal�c�o�glu data sciencei institute at UC San Diego, Timothy Doster is a senior data

scientist at Paci�c Northwest National Laboratory and Jeremiah Emidih is currently a pro-

fessor in the Mathematics Department at Montgomery College, Takoma Park/Silver Spring

Campus. The methodological foundations of their implementations draw heavily from their

doctoral work on Laplacian eigenmap [9][14], graph-based multimodal data fusion [15], and

the applications of pre-image algorithms[10][16]. The Sklearn-based reconstruction method

is credited to the Scikit-learn developers, particularly Andreas M•uller and Arnaud Joly, who

contributed to the implementation of sklearn.decomposition.KernelPCA and its inverse

transform functionality.

5.4.1 Experiment 1: MNIST KPCA Reconstructions Without Nor-

malization or Trimming

The results for Experiment 1 (MNIST dataset without normalization or trimming) are

summarized in the following tables and �gures. Each table reports average PSNR, SSIM, and

PCC values across three principal component settings (20, 120, and 220) for both noise-free

and noisy conditions.
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(a) PC = 20, left panel: original data, right panel: noisy data

(b) PC = 120

(c) PC = 220

Figure 5.1: Reconstruction results for selected samples using Sapiro's algorithm in (a){(c),
with principal component numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and
120th samples: original images, the reconstructions using Gaussian and Cosine kernels on
clean data, noise-added images, and the reconstructions using Gaussian and Cosine kernels
on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.2: Reconstruction results for selected samples using Sklearn's algorithm in (a){(c),
with principal component numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and
120th samples: original images, the reconstructions using Gaussian and Cosine kernels on
clean data, noise-added images, and the reconstructions using Gaussian and Cosine kernels
on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.3: Reconstruction results for selected samples using Sch•olkopf's algorithm in (a){(c),
with principal component numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and
120th samples: original images, the reconstructions using Gaussian and Cosine kernels on
clean data, noise-added images, and the reconstructions using Gaussian and Cosine kernels
on noisy data.
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Table 5.1: Experiment 1: Reconstruction performance on MNIST with RBF kernel (PSNR
in dB, SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 16.063 dB
SSIM: 0.59167
PCC: 0.59177

PSNR: 19.2189 dB
SSIM: 0.74353
PCC: 0.85626

PSNR: 34.2829 dB
SSIM: 0.87190

PCC: 0.95176

Sklearn's

PSNR: 15.0141 dB
SSIM: 0.38596
PCC: 0.54920

PSNR: 18.1582 dB
SSIM: 0.59377
PCC: 0.84769

PSNR: 19.2051 dB
SSIM: 0.67285
PCC: 0.92504

Sch•olkopf's

PSNR: 29.2248 dB
SSIM: 0.81090
PCC: 0.80031

PSNR: 25.9994 dB
SSIM: 0.74986
PCC: 0.96948

PSNR: 20.3593 dB
SSIM: 0.62812

PCC: 0.97790

With noise

Sapiro's

PSNR: 14.8575 dB
SSIM: 0.17427
PCC: 0.52694

PSNR: 17.4915 dB
SSIM: 0.30864
PCC: 0.78266

PSNR: 18.5474 dB
SSIM: 0.33622
PCC: 0.83029

Sklearn's

PSNR: 14.3378 dB
SSIM: 0.27887
PCC: 0.51226

PSNR: 16.5479 dB
SSIM: 0.28118
PCC: 0.75467

PSNR: 17.6918 dB
SSIM: 0.31541
PCC: 0.82208

Sch•olkopf's

PSNR: 17.0432 dB
SSIM: 0.32336
PCC: 0.82860

PSNR: 18.2186 dB
SSIM: 0.32548
PCC: 0.86955

PSNR: 14.6645 dB
SSIM: 0.25925
PCC: 0.82111

Table 5.2: Experiment 1: Reconstruction performance on MNIST with Cosine kernel (PSNR
in dB, SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 16.8079 dB
SSIM: 0.65989

PCC: 0.76849

PSNR: 16.1836 dB
SSIM: 0.58499

PCC: 0.72452

PSNR: 15.0487 dB
SSIM: 0.52058
PCC: 0.65029

Sklearn's

PSNR: 14.6620 dB
SSIM: 0.32013
PCC: 0.67446

PSNR: 16.2781 dB
SSIM: 0.34753
PCC: 0.82555

PSNR: 16.3100 dB
SSIM: 0.35044
PCC: 0.82764

Sch•olkopf's

PSNR: 13.1369 dB
SSIM: 0.50397

PCC: 0.79498

PSNR: 13.7107 dB
SSIM: 0.53358

PCC: 0.99037

PSNR: 13.9573 dB
SSIM: 0.53302
PCC: 0.99487

With noise

Sapiro's

PSNR: 16.0498 dB
SSIM: 0.27048

PCC: 0.72219

PSNR: 15.4797 dB
SSIM: 0.23087
PCC: 0.65784

PSNR: 14.2854 dB
SSIM: 0.18748
PCC: 0.57396

Sklearn's

PSNR: 14.2645 dB
SSIM: 0.15176
PCC: 0.63737

PSNR: 15.5264 dB
SSIM: 0.11324
PCC: 0.74780

PSNR: 15.5779 dB
SSIM: 0.10984
PCC: 0.75071

Sch•olkopf's

PSNR: 12.9426 dB
SSIM: 0.48545

PCC: 0.67415

PSNR: 13.4329 dB
SSIM: 0.45204
PCC: 0.86313

PSNR: 13.6587 dB
SSIM: 0.38389
PCC: 0.82548
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Table 5.3: Experiment 1: Highest reconstruction performance metrics (PSNR in dB, SSIM,
PCC) on MNIST for each principal-component count and noise condition, indicating kernel
and algorithm.

PC = 20 PC = 120 PC = 220

Without noise

PSNR: 29.2248 dB
(rbf, Sch•olkopf)
SSIM: 0.81090

(rbf, Sch•olkopf)
PCC: 0.80031

(rbf, Sch•olkopf)

PSNR: 25.9994 dB
(rbf, Sch•olkopf)
SSIM: 0.74986

(rbf, Sch•olkopf)
PCC: 0.99037

(cos, Sch•olkopf)

PSNR: 34.2829 dB
(rbf, Sapiro)

SSIM: 0.87190
(rbf, Sapiro)

PCC: 0.99487
(cos, Sch•olkopf)

With noise

PSNR: 17.0432 dB
(rbf, Sch•olkopf)
SSIM: 0.48545

(cos, Sch•olkopf)
PCC: 0.82860

(rbf, Sch•olkopf)

PSNR: 18.2186 dB
(rbf, Sch•olkopf)
SSIM: 0.45204

(cos, Sch•olkopf)
PCC: 0.86955

(rbf, Sch•olkopf)

PSNR: 18.5474 dB
(rbf, Sapiro)

SSIM: 0.38389
(cos, Sch•olkopf)
PCC: 0.83029
(rbf, Sapiro)

5.4.2 Experiment 2: MNIST KPCA Reconstructions with Noise

Trimming and Normalization

The results for Experiment 2 (MNIST dataset with noise trimming and reconstruction

normalization) are summarized in the following tables and �gures. Each table reports average

PSNR, SSIM, and PCC values across three principal component settings (20, 120, and 220)

for both noise-free and noisy conditions.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.4: MNIST reconstruction results for selected samples using Sapiro's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.5: MNIST reconstruction results for selected samples using Sklearn's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.6: MNIST reconstruction results for selected samples using Sch•olkopf's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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Table 5.4: Experiment 2: Reconstruction performance on the MNIST dataset processed with
noise trimming and reconstruction normalization, using the RBF kernel (PSNR in dB, SSIM,
PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 15.5741 dB
SSIM: 0.54797
PCC: 0.59177

PSNR: 18.0449 dB
SSIM: 0.59500

PCC: 0.85626

PSNR: 30.4618 dB
SSIM: 0.50114
PCC: 0.95176

Sklearn's

PSNR: 11.9164 dB
SSIM: 0.32384
PCC: 0.54920

PSNR: 17.5857 dB
SSIM: 0.47228
PCC: 0.84769

PSNR: 21.1803 dB
SSIM: 0.66136

PCC: 0.92504

Sch•olkopf's

PSNR: 28.1679 dB
SSIM: 0.57661
PCC: 0.80031

PSNR: 20.7142 dB
SSIM: 0.34627

PCC: 0.96948

PSNR: 20.4680 dB
SSIM: 0.35505

PCC: 0.97779

With noise

Sapiro's

PSNR: 14.7157 dB
SSIM: 0.14669
PCC: 0.60750

PSNR: 17.4915 dB
SSIM: 0.30864

PCC: 0.78266

PSNR: 17.6585 dB
SSIM: 0.29364

PCC: 0.88384

Sklearn's

PSNR: 11.3695 dB
SSIM: 0.11425
PCC: 0.53936

PSNR: 15.1428 dB
SSIM: 0.23284
PCC: 0.81303

PSNR: 17.5032 dB
SSIM: 0.28775
PCC: 0.87774

Sch•olkopf's

PSNR: 17.9833 dB
SSIM: 0.28058
PCC: 0.80314

PSNR: 16.4429 dB
SSIM: 0.29106

PCC: 0.91387

PSNR: 16.0327 dB
SSIM: 0.29379

PCC: 0.88028

Table 5.5: Experiment 2: Reconstruction performance on the MNIST dataset processed
with noise trimming and reconstruction normalization, using the Cosine kernel (PSNR in
dB, SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 16.4763 dB
SSIM: 0.57914

PCC: 0.76849

PSNR: 14.9552 dB
SSIM: 0.40150

PCC: 0.72452

PSNR: 13.8741 dB
SSIM: 0.38981

PCC: 0.65029

Sklearn's

PSNR: 8.0572 dB
SSIM: 0.14921
PCC: 0.67446

PSNR: 10.5753 dB
SSIM: 0.23731
PCC: 0.82555

PSNR: 10.6072 dB
SSIM: 0.23924
PCC: 0.82764

Sch•olkopf's

PSNR: 13.2347 dB
SSIM: 0.19400

PCC: 0.79498

PSNR: 22.0578 dB
SSIM: 0.36058

PCC: 0.99037

PSNR: 23.2792 dB
SSIM: 0.38152

PCC: 0.99487

With noise

Sapiro's

PSNR: 15.4668 dB
SSIM: 0.22014
PCC: 0.74468

PSNR: 14.5595 dB
SSIM: 0.21454
PCC: 0.65784

PSNR: 13.2614 dB
SSIM: 0.18060
PCC: 0.64381

Sklearn's

PSNR: 8.0694 dB
SSIM: 0.14551
PCC: 0.65497

PSNR: 10.2582 dB
SSIM: 0.22523
PCC: 0.78807

PSNR: 10.3974 dB
SSIM: 0.23083
PCC: 0.79180

Sch•olkopf's

PSNR: 16.2480 dB
SSIM: 0.28578
PCC: 0.91144

PSNR: 16.0002 dB
SSIM: 0.29795
PCC: 0.88574

PSNR: 11.2041 dB
SSIM: 0.17691
PCC: 0.76137
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Table 5.6: Experiment 2: Highest reconstruction performance metrics (PSNR in dB, SSIM,
PCC) on MNIST with noise trimming and reconstruction normalization for each principal-
component count and noise condition, indicating kernel and algorithm.

PC = 20 PC = 120 PC = 220

Without noise

PSNR: 28.1679 dB
(rbf, Sch•olkopf)
SSIM: 0.57914
(cos, Sapiro)
PCC: 0.80031

(rbf, Sch•olkopf)

PSNR: 22.0578 dB
(cos, Sch•olkopf)
SSIM: 0.59500
(rbf, Sapiro)

PCC: 0.99037
(cos, Sch•olkopf)

PSNR: 30.4618 dB
(rbf, Sapiro)

SSIM: 0.66136
(rbf, Sklearn)
PCC: 0.99487

(cos, Sch•olkopf)

With noise

PSNR: 17.9833 dB
(rbf, Sch•olkopf)
SSIM: 0.28578

(cos, Sch•olkopf)
PCC: 0.91144

(cos, Sch•olkopf)

PSNR: 17.4915 dB
(rbf, Sapiro)

SSIM: 0.30864
(rbf, Sapiro)

PCC: 0.91387
(rbf, Sch•olkopf)

PSNR: 17.6585 dB
(rbf, Sapiro)

SSIM: 0.29379
(rbf, Sch•olkopf)
PCC: 0.88384
(rbf, Sapiro)

5.4.3 Experiment 3: CIFAR-10 KPCA Reconstructions with Noise

Trimming and Normalization

The results for Experiment 3 (CIFAR-10 dataset with noise trimming and reconstruction

normalization) are summarized in the following tables and �gures. Each table reports average

PSNR, SSIM, and PCC values across three principal component settings (20, 120, and 220)

for both noise-free and noisy conditions.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.7: CIFAR-10 reconstruction results for selected samples using Sapiro's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.8: CIFAR-10 reconstruction results for selected samples using Sklearn's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.9: CIFAR-10 reconstruction results for selected samples using Sch•olkopf's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
images, the reconstructions using Gaussian and Cosine kernels on clean data, noise-added
images, and the reconstructions using Gaussian and Cosine kernels on noisy data.
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Table 5.7: Experiment 3: Reconstruction performance on the CIFAR-10 dataset processed
with noise trimming and reconstruction normalization, using the RBF kernel (PSNR in dB,
SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 13.3551 dB
SSIM: 0.26482
PCC: 0.50601

PSNR: 15.0723 dB
SSIM: 0.44356
PCC: 0.70060

PSNR: 18.7937 dB
SSIM: 0.66653
PCC: 0.83195

Sklearn's

PSNR: 11.0242 dB
SSIM: 0.19281
PCC: 0.25295

PSNR: 16.3620 dB
SSIM: 0.65102
PCC: 0.80105

PSNR: 21.5711 dB
SSIM: 0.85209
PCC: 0.93341

Sch•olkopf's

PSNR: 32.0257 dB
SSIM: 0.70647
PCC: 0.79872

PSNR: 26.1939 dB
SSIM: 0.81574
PCC: 0.94018

PSNR: 29.5793 dB
SSIM: 0.92645
PCC: 0.98085

With noise

Sapiro's

PSNR: 13.5640 dB
SSIM: 0.14792
PCC: 0.44617

PSNR: 15.0851 dB
SSIM: 0.30266
PCC: 0.63775

PSNR: 16.0939 dB
SSIM: 0.38900
PCC: 0.70653

Sklearn's

PSNR: 11.7004 dB
SSIM: 0.14974
PCC: 0.22353

PSNR: 15.1307 dB
SSIM: 0.38930
PCC: 0.64222

PSNR: 17.0450 dB
SSIM: 0.45480
PCC: 0.75785

Sch•olkopf's

PSNR: 17.4573 dB
SSIM: 0.45129
PCC: 0.78380

PSNR: 19.9966 dB
SSIM: 0.52633
PCC: 0.83514

PSNR: 18.6666 dB
SSIM: 0.49187
PCC: 0.80486

Table 5.8: Experiment 3: Reconstruction performance on the CIFAR-10 dataset processed
with noise trimming and reconstruction normalization, using the Cosine kernel (PSNR in
dB, SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 12.1369 dB
SSIM: 0.23665
PCC: 0.35143

PSNR: 12.4989 dB
SSIM: 0.35425
PCC: 0.38891

PSNR: 12.9765 dB
SSIM: 0.39891
PCC: 0.43788

Sklearn's

PSNR: 15.4442 dB
SSIM: 0.44480
PCC: 0.80553

PSNR: 18.1776 dB
SSIM: 0.71850

PCC: 0.92225

PSNR: 18.3461 dB
SSIM: 0.74413

PCC: 0.92846

Sch•olkopf's

PSNR: 14.2991 dB
SSIM: 0.37769
PCC: 0.80149

PSNR: 14.1913 dB
SSIM: 0.59229

PCC: 0.96454

PSNR: 14.1961 dB
SSIM: 0.67017

PCC: 0.98687

With noise

Sapiro's

PSNR: 12.6982 dB
SSIM: 0.23339
PCC: 0.40311

PSNR: 13.0409 dB
SSIM: 0.28657
PCC: 0.41246

PSNR: 12.9027 dB
SSIM: 0.27318
PCC: 0.39939

Sklearn's

PSNR: 15.6678 dB
SSIM: 0.37599
PCC: 0.77861

PSNR: 17.6525 dB
SSIM: 0.51045
PCC: 0.85174

PSNR: 18.0116 dB
SSIM: 0.52890
PCC: 0.85676

Sch•olkopf's

PSNR: 14.3595 dB
SSIM: 0.34727
PCC: 0.76893

PSNR: 13.9715 dB
SSIM: 0.43463
PCC: 0.81220

PSNR: 12.0706 dB
SSIM: 0.41633
PCC: 0.78565
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Table 5.9: Experiment 3: Highest reconstruction performance metrics (PSNR in dB, SSIM,
PCC) on the CIFAR-10 dataset processed with noise trimming and reconstruction normaliza-
tion for each principal-component count and noise condition, indicating kernel and algorithm.

PC = 20 PC = 120 PC = 220

Without noise

PSNR: 32.0257 dB
(rbf, Sch•olkopf)
SSIM: 0.70647

(rbf, Sch•olkopf)
PCC: 0.80553
(cos, Sklearn)

PSNR: 26.1939 dB
(rbf, Sch•olkopf)
SSIM: 0.81574

(rbf, Sch•olkopf)
PCC: 0.96454

(cos, Sch•olkopf)

PSNR: 29.5793 dB
(rbf, Sch•olkopf)
SSIM: 0.92645

(rbf, Sch•olkopf)
PCC: 0.98085

(rbf, Sch•olkopf)

With noise

PSNR: 17.4573 dB
(rbf, Sch•olkopf)
SSIM: 0.45129

(rbf, Sch•olkopf)
PCC: 0.78380

(rbf, Sch•olkopf)

PSNR: 19.9966 dB
(rbf, Sch•olkopf)
SSIM: 0.52633

(rbf, Sch•olkopf)
PCC: 0.85174
(cos, Sklearn)

PSNR: 18.6666 dB
(rbf, Sch•olkopf)
SSIM: 0.52890
(cos, Sklearn)
PCC: 0.85676
(cos, Sklearn)

5.4.4 Experiment 4: SVHN KPCA Reconstructions with Noise

Trimming and Normalization

The results for Experiment 4 (SVHN dataset with noise trimming and reconstruction

normalization) are summarized in the following tables and �gures. Each table reports average

PSNR, SSIM, and PCC values across three principal component settings (20, 120, and 220)

for both noise-free and noisy conditions.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.10: SVHN reconstruction results for selected samples using Sapiro's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
image, noisy counterpart, and reconstructions using Gaussian and Cosine kernels on both
clean and noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.11: SVHN reconstruction results for selected samples using Sklearn's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
image, noisy counterpart, and reconstructions using Gaussian and Cosine kernels on both
clean and noisy data.
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(a) PC = 20

(b) PC = 120

(c) PC = 220

Figure 5.12: SVHN reconstruction results for selected samples using Sch•olkopf's algorithm
with noise trimming and reconstruction normalization in (a){(c), with principal component
numbers 20, 120, and 220. Each sub�gure shows the 1st, 60th, and 120th samples: original
image, noisy counterpart, and reconstructions using Gaussian and Cosine kernels on both
clean and noisy data.
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Table 5.10: Experiment 4: Reconstruction performance on the SVHN dataset processed with
noise trimming and reconstruction normalization, using the RBF kernel (PSNR in dB, SSIM,
PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 12.3936 dB
SSIM: 0.37956
PCC: 0.61667

PSNR: 14.2204 dB
SSIM: 0.54410
PCC: 0.81778

PSNR: 15.0195 dB
SSIM: 0.62858
PCC: 0.86206

Sklearn's

PSNR: 12.0862 dB
SSIM: 0.19137
PCC: 0.24956

PSNR: 13.6059 dB
SSIM: 0.52245
PCC: 0.77528

PSNR: 14.7445 dB
SSIM: 0.68296
PCC: 0.95147

Sch•olkopf's

PSNR: 16.7435 dB
SSIM: 0.57350
PCC: 0.74058

PSNR: 31.7435 dB
SSIM: 0.91557
PCC: 0.96251

PSNR: 31.1285 dB
SSIM: 0.97229
PCC: 0.99497

With noise

Sapiro's

PSNR: 13.7993 dB
SSIM: 0.16785
PCC: 0.42652

PSNR: 15.1871 dB
SSIM: 0.28619
PCC: 0.59697

PSNR: 15.5463 dB
SSIM: 0.29977
PCC: 0.61197

Sklearn's

PSNR: 12.2307 dB
SSIM: 0.07551
PCC: 0.07839

PSNR: 14.7209 dB
SSIM: 0.25983
PCC: 0.50085

PSNR: 15.8751 dB
SSIM: 0.29318
PCC: 0.59656

Sch•olkopf's

PSNR: 17.3959 dB
SSIM: 0.31339
PCC: 0.61693

PSNR: 19.7507 dB
SSIM: 0.42549
PCC: 0.71086

PSNR: 18.2819 dB
SSIM: 0.35540
PCC: 0.63739
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Table 5.11: Experiment 4: Reconstruction performance on the SVHN dataset processed
with noise trimming and reconstruction normalization, using the Cosine kernel (PSNR in
dB, SSIM, PCC) for di�erent pre-image algorithms and principal-component (PC) counts.

Algorithm PC = 20 PC = 120 PC = 220

Without noise

Sapiro's

PSNR: 12.8540 dB
SSIM: 0.23984
PCC: 0.30650

PSNR: 12.4582 dB
SSIM: 0.24595
PCC: 0.27282

PSNR: 12.7154 dB
SSIM: 0.32673
PCC: 0.37398

Sklearn's

PSNR: 14.1107 dB
SSIM: 0.54278
PCC: 0.86218

PSNR: 14.6252 dB
SSIM: 0.66889
PCC: 0.96097

PSNR: 14.6214 dB
SSIM: 0.67028
PCC: 0.96153

Sch•olkopf's

PSNR: 16.9369 dB
SSIM: 0.64507
PCC: 0.86238

PSNR: 19.5307 dB
SSIM: 0.85444
PCC: 0.99223

PSNR: 20.1440 dB
SSIM: 0.88409
PCC: 0.99711

With noise

Sapiro's

PSNR: 13.8262 dB
SSIM: 0.21423
PCC: 0.39036

PSNR: 13.9075 dB
SSIM: 0.21702
PCC: 0.38562

PSNR: 13.4711 dB
SSIM: 0.19750
PCC: 0.33372

Sklearn's

PSNR: 14.6909 dB
SSIM: 0.41227

PCC: 0.78210

PSNR: 15.9465 dB
SSIM: 0.39721

PCC: 0.76703

PSNR: 16.2722 dB
SSIM: 0.39007
PCC: 0.76122

Sch•olkopf's

PSNR: 15.8020 dB
SSIM: 0.50728

PCC: 0.76408

PSNR: 16.3494 dB
SSIM: 0.42270

PCC: 0.68424

PSNR: 14.7307 dB
SSIM: 0.35094
PCC: 0.63071

Table 5.12: Experiment 4: Highest reconstruction performance metrics (PSNR in dB, SSIM,
PCC) on the SVHN dataset processed with noise trimming and reconstruction normalization
for each principal-component count and noise condition, indicating kernel and algorithm.

PC = 20 PC = 120 PC = 220

Without noise

PSNR: 16.9369 dB
(cos, Sch•olkopf)
SSIM: 0.64507

(cos, Sch•olkopf)
PCC: 0.86238

(cos, Sch•olkopf)

PSNR: 31.7435 dB
(rbf, Sch•olkopf)
SSIM: 0.91557

(rbf, Sch•olkopf)
PCC: 0.99223

(cos, Sch•olkopf)

PSNR: 31.1285 dB
(rbf, Sch•olkopf)
SSIM: 0.97229

(rbf, Sch•olkopf)
PCC: 0.99711

(cos, Sch•olkopf)

With noise

PSNR: 17.3959 dB
(rbf, Sch•olkopf)
SSIM: 0.50728

(cos, Sch•olkopf)
PCC: 0.78210
(cos, Sklearn)

PSNR: 19.7507 dB
(rbf, Sch•olkopf)
SSIM: 0.42549

(rbf, Sch•olkopf)
PCC: 0.76703
(cos, Sklearn)

PSNR: 18.2819 dB
(rbf, Sch•olkopf)
SSIM: 0.39007
(cos, Sklearn)
PCC: 0.76122
(cos, Sklearn)
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5.4.5 Data Analysis

Based on Tables 5.1-5.11, we observe distinct patterns in reconstruction quality across

the three pre-image algorithms when using RBF and Cosine kernels. The best values are

typeset in bold .

RBF kernel

Across all four experiments, Sch•olkopf's method consistently attains the highest PSNR

and SSIM under noise-free conditions at low and moderate PC counts (e.g. PC=20 and

PC=120), and it dominates at high PC counts in Experiments 3 and 4. Even in the pres-

ence of noise, Sch•olkopf's algorithm typically yields the best PSNR and SSIM, especially at

smaller PC counts (e.g. Experiment 1 PC=20 and Experiment 2 PC=20), and retains strong

correlation (PCC) performance in most settings. Sapiro's approach occasionally matches or

exceeds Sch•olkopf's in speci�c noisy scenarios at high PC counts (e.g. Experiment 1 PC=220

and Experiment 2 PC=220), but Sklearn's pre-image reconstruction remains uniformly out-

performed by the other two methods on the RBF kernel.

Cosine kernel

Performance under the Cosine kernel is more nuanced. In MNIST experiments (Exper-

iments 1 and 2), Sapiro's method excels at low PC counts (PC=20), securing the highest

PSNR and SSIM without noise, while Sklearn's overtakes PSNR at higher PCs (PC=120

and PC=220). Sch•olkopf's consistently achieves the best PCC at moderate to high PCs and

often leads SSIM at the largest PC in Experiment 1. On natural image datasets (Experi-

ments 3 and 4), Sklearn's method dominates PSNR and SSIM at PC=20-220 in noise-free

settings, whereas Sch•olkopf's can edge out in PCC at speci�c PC settings. Under noisy

conditions, Sklearn's reconstruction generally attains top PSNR and PCC at mid to high

PCs (e.g. Experiments 2-3 PC=120,220), but Sch•olkopf's maintains superior SSIM at low

PCs (e.g. Experiment 4 PC=20). This indicates that for Cosine kernels, Sklearn's inverse

mapping is most robust at higher dimensional truncations, while Sapiro's and Sch•olkopf's

may be preferable at lower PCs or when structural similarity is paramount.

Aggregated Comparison Across Experiments

Tables 5.3-5.12 summarize the highest PSNR, SSIM and PCC achieved by each algorithm

in each experiment, irrespective of kernel choice. Overall, Sch•olkopf's method dominates

PSNR across all four experiments under both noise-free and noisy conditions, and it also

secures the highest SSIM in three of the four experiments (Experiments 1, 3 and 4). Sapiro's
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algorithm occasionally attains the top SSIM at low PC counts in Experiment 2, and it leads

PSNR in Experiment 1 at PC=220 under noise-free data. Sklearn's inverse mapping only

outperforms the others in PCC, notably in the noisy condition of Experiment 4, indicating

strong linear correlation in that speci�c setting. These aggregated results con�rm that

Sch•olkopf.

Table 5.13: Aggregated reconstruction performance metrics (PSNR in dB, SSIM, PCC)
without noise on four datasets: MNISTOri (original MNIST, Experiment 1), MNIST Norm
(MNIST with reconstruction normalization, Experiment 2), CIFAR10 Norm (CIFAR-10
with reconstruction normalization, Experiment 3), SVHNNorm (SVHN with reconstruc-
tion normalization, Experiment 4); for each algorithm the highest metric among all
principal-component counts and kernels is reported, with kernel and PC count indicated
in parentheses.

Sapiro Sklearn Scholkopf

MNIST Ori

PSNR: 34.2829 dB
(rbf, PC = 220)
SSIM: 0.87190
(rbf, PC = 220)
PCC: 0.95176

(rbf, PC = 220)

PSNR: 19.2051 dB
(rbf, PC = 220)
SSIM: 0.67285

(rbf, PC = 220)
PCC: 0.92504

(rbf, PC = 220)

PSNR: 29.2248 dB
(rbf, PC = 20)
SSIM: 0.81090
(rbf, PC = 20)
PCC: 0.99487
(cos, PC = 220)

MNIST Norm

PSNR: 30.4618 dB
(rbf, PC = 220)
SSIM: 0.59500

(rbf, PC = 120)
PCC: 0.95176

(rbf, PC = 220)

PSNR: 21.1803 dB
(rbf, PC = 220)
SSIM: 0.66136
(rbf, PC = 220)
PCC: 0.92504

(rbf, PC = 220)

PSNR: 28.1679 dB
(rbf, PC = 20)
SSIM: 0.57661
(rbf, PC = 20)
PCC: 0.99487
(cos, PC = 220)

CIFAR10 Norm

PSNR: 18.7937 dB
(rbf, PC = 220)
SSIM: 0.66653

(rbf, PC = 220)
PCC: 0.83195

(rbf, PC = 220)

PSNR: 21.5711 dB
(rbf, PC = 220)
SSIM: 0.85209

(rbf, PC = 220)
PCC: 0.93341

(rbf, PC = 220)

PSNR: 32.0257 dB
(rbf, PC = 20)

SSIM: 0.92645
(rbf, PC = 220)
PCC: 0.98687
(cos, PC = 220)

SVHN Norm

PSNR: 15.0195 dB
(rbf, PC = 220)
SSIM: 0.62858

(rbf, PC = 220)
PCC: 0.86206

(rbf, PC = 220)

PSNR: 14.7445 dB
(rbf, PC = 220)
SSIM: 0.68296

(rbf, PC = 220)
PCC: 0.96153

(cos, PC = 220)

PSNR: 31.7435 dB
(rbf, PC = 120)
SSIM: 0.97229
(rbf, PC = 220)
PCC: 0.99711
(cos, PC = 220)
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Table 5.14: Aggregated reconstruction performance metrics (PSNR in dB, SSIM, PCC)
with noise on four datasets: MNISTOri (original MNIST, Experiment 1), MNIST Norm
(MNIST with noise trimming and reconstruction normalization, Experiment 2), CI-
FAR10 Norm (CIFAR-10 with noise trimming and reconstruction normalization, Experiment
3), SVHN Norm (SVHN with noise trimming and reconstruction normalization, Experiment
4); for each algorithm the highest metric among all principal-component counts and kernels
is reported, with kernel and PC count indicated in parentheses.

Sapiro Sklearn Scholkopf

MNIST Ori

PSNR: 18.5474 dB
(rbf, PC = 220)
SSIM: 0.33622

(rbf, PC = 220)
PCC: 0.83029

(rbf, PC = 220)

PSNR: 17.6918 dB
(rbf, PC = 220)
SSIM: 0.31541

(rbf, PC = 220)
PCC: 0.82208

(rbf, PC = 220)

PSNR: 18.2186 dB
(rbf, PC = 120)
SSIM: 0.48545
(cos, PC = 20)
PCC: 0.86955
(rbf, PC = 120)

MNIST Norm

PSNR: 17.6585 dB
(rbf, PC = 220)
SSIM: 0.30864
(rbf, PC = 120)
PCC: 0.88384

(rbf, PC = 220)

PSNR: 17.5032 dB
(rbf, PC = 220)
SSIM: 0.28775

(rbf, PC = 220)
PCC: 0.87774

(rbf, PC = 220)

PSNR: 17.9833 dB
(rbf, PC = 20)
SSIM: 0.29795

(cos, PC = 120)
PCC: 0.91144
(cos, PC = 20)

CIFAR10 Norm

PSNR: 16.0939 dB
(rbf, PC = 220)
SSIM: 0.38900

(rbf, PC = 220)
PCC: 0.70653

(rbf, PC = 220)

PSNR: 18.0116 dB
(cos, PC = 220)
SSIM: 0.52890
(cos, PC = 220)
PCC: 0.85676
(cos, PC = 220)

PSNR: 19.9966 dB
(rbf, PC = 120)
SSIM: 0.52633

(rbf, PC = 120)
PCC: 0.83514

(rbf, PC = 120)

SVHN Norm

PSNR: 15.5463 dB
(rbf, PC = 220)
SSIM: 0.29977

(rbf, PC = 220)
PCC: 0.61197

(rbf, PC = 220)

PSNR: 16.2722 dB
(cos, PC = 220)
SSIM: 0.41227
(cos, PC = 20)
PCC: 0.78210
(cos, PC = 20)

PSNR: 19.7507 dB
(rbf, PC = 120)
SSIM: 0.50728
(cos, PC = 20)
PCC: 0.76408
(cos, PC = 20)

Aggregate Performance With and Without Noise

In the noise-free aggregated results (Table 5.13), Sapiro's algorithm achieves the highest

PSNR and SSIM on the original MNIST dataset, while Sch•olkopf's method secures the top

PCC. On normalized MNIST, Sch•olkopf's leads in PSNR and PCC, with Sklearn's o�ering

the best SSIM. For CIFAR-10 and SVHN (both normalized), Sch•olkopf's outperforms both

rivals across all three metrics. Under noisy conditions (Table 5.14), Sch•olkopf's again delivers

the highest PSNR on three of four datasets and the best SSIM on two, whereas Sapiro's

maintains superior SSIM on both MNIST variants, and Sklearn's inverse mapping produces
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the strongest correlation (PCC) on CIFAR-10 and SVHN.

5.4.6 Statistical Signi�cance Testing

To assess whether Sch•olkopf's algorithm truly outperforms its two competitors, for each

metric, we conducted a one-way ANOVA followed by Dunnett's post-hoc test comparing

Sch•olkopf's to each competitor, all at� � 0:05. All computations were performed with R on

48 experimental scenarios (4 datasetsÖ 3 principal-component settingsÖ 2 noise levels

Ö 2 kernel types).

One-way ANOVA Analysis of variance (ANOVA) is a statistical method that tests for

di�erences among more than two group means by partitioning total variance into within- and

between-group components. By using a single omnibus F-test, ANOVA controls the overall

Type I error rate, which would in
ate if we simply ran multiple pairwise t-tests. Only after

establishing that at least one group mean di�ers do we proceed to targeted post-hoc com-

parisons.

Test the global null

H0 : � Sapiro � � Sklearn � � Sch:olkopf vs. Ha : at least one mean di�ers;

via one-way ANOVA at � � 0:05. All global tests rejectH0.

Table 5.15: P-values from one-way ANOVA omnibus tests at� � 0:05.

Metric Global p-value

PSNR 9:5089� 10� 5

SSIM 2:7778� 10� 3

PCC 2:7923� 10� 7

Post-hoc Dunnett's Test Control: Sch•olkopf . We perform one-sided Dunnett compar-

isons

H0;j : � Sch:olkopf � � j Ha;j : � Sch:olkopf ¡ � j ; j P tSapiro; Sklearnu;

at � � 0:05.
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Table 5.16: One-sided Dunnett post-hocp-values and estimated mean di�erencespp� Sch•olkopf �
p� j q comparing Sch•olkopf against each competitor at� � 0:05.

Metric vs Sapirop p� Sch•olkopf � p� Sapiro vs Sklearnp p� Sch•olkopf � p� Sklearn

PSNR 9:1689� 10� 4 2:9845 4:7501� 10� 5 3:7047
SSIM 1:7326� 10� 3 0:1264 4:7124� 10� 3 0:1135
PCC 4:8945� 10� 8 0:2106 7:7250� 10� 4 0:1253

In all three metrics the ANOVA omnibus test yields p   0:05, indicating signi�cant

di�erences among the methods. It is essential that each estimated mean di�erencep� Sch•olkopf �

p� j be positive in order to rejectH0;j in favor of the one-sided alternativeHa;j : � Sch•olkopf ¡ � j .

A positive estimate indicates the observed data actually lie in the direction of superiority for

the control (Sch•olkopf), whereas a negative estimate would contradict the claim of \greater

than" even if the p-value were small under a two-sided test. Dunnett's post-hoc comparisons

con�rm that Scholk•opf's algorithm achieves signi�cantly higher mean PSNR, SSIM, and

PCC than both Sapiro's and Sklearn's methods.

(a) PSNR across algorithms (b) SSIM across algorithms (c) PCC across algorithms

Figure 5.13: Boxplots of PSNR, SSIM, and PCC metrics across the three algorithms. Boxes
show the interquartile range, horizontal lines indicate medians, and whiskers extend to 1.5Ö
the interquartile range.

Figure 5.13 shows that Sch•olkopf's algorithm consistently achieves the highest median

and narrower interquartile range on PSNR, SSIM, and PCC, while Sapiro and Sklearn exhibit

larger variability and lower central tendency. These boxplots visually support the statistical

�ndings from the ANOVA and Dunnett tests.

R code for ANOVA and Dunnett's tests

# 48 PSNR measurements across all test scenarios for each algorithm

Sapiro_PSNR <- c(...)

Sklearn_PSNR <- c(...)
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Scholkopf_PSNR <- c(...)

# 48 SSIM measurements across all test scenarios for each algorithm

Sapiro_SSIM <- c(...)

Sklearn_SSIM <- c(...)

Scholkopf_SSIM <- c(...)

# 48 PCC measurements across all test scenarios for each algorithm

Sapiro_PCC <- c(...)

Sklearn_PCC <- c(...)

Scholkopf_PCC <- c(...)

library(multcomp)

alpha <- 0.05

names <- c("PSNR","SSIM","PCC")

metrics <- list(

list(Sapiro_PSNR, Sklearn_PSNR, Scholkopf_PSNR),

list(Sapiro_SSIM, Sklearn_SSIM, Scholkopf_SSIM),

list(Sapiro_PCC, Sklearn_PCC, Scholkopf_PCC)

)

for(i in seq_along(names)){

cat("\nMetric:",names[i],"\n")

cat("H0: mu_Sapiro = mu_Sklearn = mu_Scholkopf\n")

cat("Ha: at least one mean differs\n")

vecs <- metrics[[i]]

groups <- rep(c("Sapiro","Sklearn","Scholkopf"),

each=length(vecs[[1]]))

values <- unlist(vecs)

df <- data.frame(value=values,

group=factor(groups,

levels=c("Scholkopf","Sapiro","Sklearn")))

model <- aov(value~group,data=df)

pAll <- summary(model)[[1]]$"Pr(>F)"[1]

cat(sprintf("alpha = %.2f, pValue_global = %.4e\n",alpha,pAll))

if(pAll<alpha)

cat("Reject H0: at least one algorithm differs\n")

else {
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cat("Fail to reject H0: no evidence of any difference\n")

next

}

boxplot(value~group,data=df,

main=paste("Boxplot of",names[i]),

xlab="Algorithm",ylab=names[i])

dun <- glht(model,

linfct=mcp(group="Dunnett"),

alternative="less")

dunSum <- summary(dun,test=adjusted("single-step"))

coefs <- dunSum$test$coefficients

estDiff <- -coefs

pOne <- dunSum$test$pvalues

competitors <- c("Sapiro","Sklearn")

for(j in seq_along(competitors)){

comp <- competitors[j]

cat("\nH0: mu_Scholkopf = mu_",comp,"\n",sep="")

cat("Ha: mu_Scholkopf > mu_",comp,"\n",sep="")

cat(sprintf("alpha = %.2f, pValue = %.4e\n",alpha,pOne[j]))

cat(sprintf("estimate = % .4f\n",estDiff[j]))

if(estDiff[j]>0 && pOne[j]<alpha)

cat("Reject H0: Scholkopf outperforms ",comp,"\n",sep="")

else

cat("Fail to reject H0: no evidence Scholkopf outperforms ",comp,"\n",sep="")

}

}

5.4.7 Conclusion and Summary

Overall, Sch•olkopf's pre-image reconstruction o�ers the most consistent high-�delity per-

formance across datasets and noise conditions, excelling in PSNR, SSIM, and PCC in the

majority of scenarios. While Sapiro's method may achieve the highest SSIM or PSNR on

clean MNIST variants, and Sklearn's inverse mapping can yield strong PCC on CIFAR-10

and SVHN under noisy conditions, the one-way ANOVA omnibus tests (Table 5.15) and Dun-

nett's post-hoc comparisons (Table 5.16) con�rm that Sch•olkopf's method outperforms both

competitors at � � 0:05 for all three metrics. These �ndings support selecting Sch•olkopf's

algorithm when robustness across kernels, principal-component settings, and noise levels is

required.
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5.5 Inverse Kernel PCA Reconstruction via Genera-

tive Models

Let t x i uN
i � 1 € Rd denote the clean training samples and let ~x i � x i � � i be their corrupted

counterparts, where� i is random noise. Kernel PCA (kPCA) with a suitable kernelkp�; �q

implicitly de�nes a feature map ' : Rd Ñ H and projects each noisy sample ~x i onto the �rst

n principal components in feature space. Denote by

zi � 	 p~x i q �
�
x' p~x i q; v1y; : : : ; x' p~x i q; vny

� J
PRn

the latent representation obtained by kPCA, wheret vj un
j � 1 are the top n eigenvectors of the

centered kernel matrix. The classical pre-image problem seeks

x �
i � arg min

xPRd

�
� ' pxq � � i

�
� 2

H
; � i �

n¸

j � 1

x' p~x i q; vj yvj ;

but no closed-form inverse' � 1 exists. To address this, we propose to learn a parametric

mapping

G� : Rn ÝÑ Rd; G� pzi q � x i ;

where � are the network parameters. In particular,G� is implemented as a convolutional

generator network, trained under an adversarial framework to approximate the kPCA pre-

image of each noisy latent codezi .

5.5.1 Adversarial Training Framework

Let pdata be the empirical distribution of the clean datat x i u, and let pz be the distribution

of the latent codest zi u produced by kPCA on noisy samples. We introduce a discriminator

network

D � : Rd ÝÑ r 0; 1s; � are discriminator parameters;

which aims to distinguish real samplesx i � pdata from generated reconstructionsG� pzqwith

z � pz. The generatorG� is then trained to fool D � while simultaneously minimizing a

pixel-wise reconstruction error. Concretely, the adversarial loss and reconstruction loss are

de�ned as follows.

Generator Loss. The generatorG� minimizes

L Gp�; � q � � Ez� pz

�
logD �

�
G� pzq

� �
� � Epz;xq� ppair

�
} G� pzq � x}2

2

�
;
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where � ¡ 0 is a trade-o� parameter andppair is the joint distribution pairing each latent

codez with its corresponding clean samplex. The �rst term encouragesG� pzq to lie on the

manifold of real images, and the second term enforces �delity to the true pre-image in the

Euclidean sense.

Discriminator Loss. The discriminator D � is trained to solve

L D p�; � q � � Ex� pdata

�
logD � pxq

�
� Ez� pz

�
log

�
1 � D �

�
G� pzq

�� �
:

At each iteration, � is updated by descendingr � L D p�; � q, and � is updated by descending

r � L Gp�; � q. This adversarial optimization follows the original GAN framework in [19].

Wasserstein GAN Variant. In the WGAN formulation[3], the discriminator (often called

the critic) D � is unconstrained in its output, and the losses become

L W
D p�; � q � � Ex� pdata

�
D � pxq

�
� Ez� pz

�
D �

�
G� pzq

��
;

L W
G p�; � q � � Ez� pz

�
D �

�
G� pzq

��
� � � Epz;xq� ppair

�
} G� pzq � x}2

2

�
:

Under appropriate Lipschitz-continuity constraints (enforced via weight clipping or gradient

penalty), this yields a more stable training procedure and a meaningful notion of distance

between distributions in terms of the Earth-Mover's distance.

5.5.2 Network Architecture and Training Details

Deep Convolutional GAN (DCGAN)

The DCGAN model employs a deep convolutional generator and a multilayer perceptron

discriminator. All experiments usensamples � 20000 MNIST images normalized tor0; 1s,

corrupted by additive Gaussian noise of standard deviation� � 0:5, then split without

shu�ing into 80% noisy training and 20% clean test sets.

Generator. A latent vector z P R3000 is �rst mapped by a fully{connected layer to a

256� 7 � 7 feature map, followed by

ConvTranspose2dp256Ñ 128; 4 � 4; stride � 2; pad � 1q; BatchNorm; ReLU;

ConvTranspose2dp128Ñ 64; 4 � 4; stride � 2; pad � 1q; BatchNorm; ReLU;

Conv2dp64 Ñ 1; 3 � 3; stride � 1; pad � 1q; tanh :

Discriminator. A fully{connected network maps 
attened 28� 28 � 784 inputs through
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linear layers of sizes 512, 256, 128 (each followed by LeakyReLU with slope 0.2) and a �nal

sigmoid output.

Training. Batch size 128, for 1500 epochs on GPU if available. Optimizers are Adam

with
Generator: lr � 1 � 10� 4; � � p 0:5; 0:999q;

Discriminator: lr � 2 � 10� 4; � � p 0:5; 0:999q:

The loss combines binary cross{entropy adversarial term and reconstruction term

LG � E
�
BCEpDpGpzqq; 1q

�
� � recon MSE

�
Gpzq; x

�
; � recon � 10:

At each epoch, PSNR and SSIM are computed on the �rst 16 test samples; the model with

highest average PSNR (and separately SSIM) is recorded.

Wasserstein GAN (WGAN)

The WGAN uses the same generator architecture. The discriminator (critic) di�ers by

omitting the sigmoid activation and producing a real{valued score. Its loss is

LD � E
�
DpGpzqq

�
� E

�
Dpxq

�
; LG � � E

�
DpGpzqq

�
:

After each discriminator update, all its weights are clipped tor� 0:01; 0:01s. We perform

ncritic � 5 critic updates per generator update and adjust the Adam hyperparameters to

� � p 0:5; 0:9q. All other settings (batch size, � recon, number of epochs =1500, data split,

noise level) remain as in the DCGAN.
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5.5.3 Experimental Results

Table 5.17: Summary of best and worst 5 PSNR values (dB) per digit for DCGAN-KPCAnet
after 500 training epochs on MNIST without noise. The �nal row reports the column-wise
mean.

Digit Best 5 PSNR (dB)
Avg

Best 5 Worst 5 PSNR (dB)
Avg

Worst 5

Rank 1 Rank 2 Rank 3 Rank 4 Rank 5 Rank 1 Rank 2 Rank 3 Rank 4 Rank 5

0 38.94 38.44 38.33 38.19 38.08 38.39 29.62 29.61 29.29 28.65 28.60 29.15
1 46.03 45.78 45.60 45.48 44.80 45.54 32.61 32.22 31.91 31.29 31.05 31.82
2 38.40 38.09 37.86 37.52 37.36 37.85 29.51 29.44 29.00 28.98 28.21 29.03
3 39.58 38.66 38.63 38.51 38.17 38.71 29.51 29.34 29.20 28.75 28.68 29.10
4 39.16 38.65 38.61 38.58 38.33 38.67 30.75 30.45 30.40 30.20 29.74 30.31
5 38.34 38.12 37.84 37.77 37.65 37.94 29.56 29.30 29.16 29.11 28.98 29.22
6 39.24 38.98 38.97 38.94 38.76 38.98 30.20 30.00 29.78 29.55 29.21 29.75
7 40.44 40.18 40.13 40.09 40.08 40.18 30.18 30.08 30.03 29.90 29.20 29.88
8 37.94 37.73 37.50 37.49 37.47 37.63 29.42 29.37 29.30 29.04 28.86 29.20
9 39.83 39.49 39.45 39.33 39.33 39.49 28.72 28.71 28.35 27.89 27.80 28.69

Mean 39.79 39.41 39.29 39.19 39.00 39.34 30.01 29.85 29.64 29.34 29.03 29.57

Table 5.18: Summary of best and worst 5 PSNR values (dB) per digit for WGAN-KPCAnet
after 500 training epochs on MNIST without noise. The �nal row reports the column-wise
mean.

Digit Best 5 PSNR (dB)
Avg

Best 5 Worst 5 PSNR (dB)
Avg

Worst 5

Rank 1 Rank 2 Rank 3 Rank 4 Rank 5 Rank 1 Rank 2 Rank 3 Rank 4 Rank 5

0 37.63 36.84 36.83 36.77 36.35 36.88 28.64 28.54 28.46 28.42 28.04 28.42
1 44.10 43.37 42.79 42.60 42.41 43.06 32.41 31.69 31.32 31.30 30.92 31.53
2 37.75 36.58 36.10 36.03 35.98 36.49 28.91 28.81 28.50 28.36 27.97 28.51
3 37.18 37.17 36.79 36.69 36.60 36.89 29.06 29.05 28.98 28.96 28.75 28.96
4 38.68 37.61 37.58 37.51 37.49 37.77 30.00 29.93 29.86 29.33 29.09 29.64
5 37.17 37.05 36.89 36.40 36.31 36.77 28.78 28.32 28.29 28.28 28.11 28.36
6 38.38 37.31 37.19 37.04 36.90 37.36 28.17 27.60 27.28 27.16 26.84 27.41
7 39.08 38.84 38.72 38.66 38.58 38.78 29.33 28.99 28.91 28.86 28.64 28.95
8 37.03 36.80 36.63 36.51 36.43 36.68 28.45 28.13 28.10 28.04 28.04 28.15
9 39.16 39.06 38.98 38.65 38.52 38.87 28.89 28.85 28.85 28.25 27.64 28.50

Mean 38.62 38.06 37.85 37.69 37.56 38.00 29.26 28.99 28.86 28.70 28.40 28.84
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Table 5.19: Summary of best and worst 5 PSNR values (dB) per digit for DCGAN-KPCAnet
after 500 training epochs on MNIST with noise. The �nal row reports the column-wise mean.

Digit Best 5 PSNR (dB)
Avg

Best 5 Worst 5 PSNR (dB)
Avg

Worst 5

Rank 1 Rank 2 Rank 3 Rank 4 Rank 5 Rank 1 Rank 2 Rank 3 Rank 4 Rank 5

0 18.89 18.72 18.56 18.49 18.39 18.61 13.73 13.69 13.66 13.64 13.35 13.61
1 20.62 20.14 19.71 19.66 19.50 19.93 12.44 12.40 12.31 12.22 12.21 12.32
2 18.48 18.40 18.15 17.96 17.89 18.18 12.84 12.81 12.73 12.71 12.71 12.76
3 18.69 18.41 18.23 18.08 17.89 18.26 13.34 13.29 13.23 13.15 13.11 13.22
4 19.06 18.30 18.15 18.12 18.04 18.33 13.34 13.30 13.29 13.23 13.16 13.26
5 18.53 18.20 18.00 17.99 17.87 18.12 13.63 13.58 13.58 13.58 13.58 13.59
6 18.87 18.85 18.44 18.28 18.09 18.51 13.17 13.17 13.10 12.98 12.93 13.07
7 20.07 19.93 19.77 19.72 19.70 19.84 13.35 13.29 13.27 13.23 13.22 13.27
8 17.96 17.72 17.59 17.56 17.39 17.64 12.72 12.71 12.68 12.61 12.54 12.65
9 19.46 18.79 18.55 18.44 18.39 18.73 13.35 13.29 13.19 13.18 13.18 13.24

Mean 19.15 18.75 18.51 18.42 18.25 18.62 13.09 13.06 13.01 12.92 12.90 13.00

Table 5.20: Summary of best and worst 5 PSNR values (dB) per digit for WGAN-KPCAnet
after 500 training epochs on MNIST with noise. The �nal row reports the column-wise mean.

Digit Best 5 PSNR (dB)
Avg

Best 5 Worst 5 PSNR (dB)
Avg

Worst 5

Rank 1 Rank 2 Rank 3 Rank 4 Rank 5 Rank 1 Rank 2 Rank 3 Rank 4 Rank 5

0 33.99 33.05 32.85 32.68 32.44 32.80 26.95 26.94 26.90 26.74 26.62 26.83
1 37.88 37.31 37.20 37.20 37.16 37.35 30.27 30.10 30.06 30.00 29.57 30.00
2 33.38 33.31 33.10 32.94 32.88 33.12 27.14 26.69 26.28 26.13 26.12 26.46
3 33.25 33.21 33.20 33.07 33.05 33.16 27.23 27.16 26.97 26.77 26.74 26.97
4 33.89 33.57 33.55 33.49 33.46 33.59 28.17 28.12 28.04 28.02 27.94 28.06
5 33.45 33.31 33.10 33.05 32.95 33.17 27.21 27.20 27.13 27.11 26.66 27.06
6 34.64 34.02 33.84 33.71 33.67 33.98 27.09 27.00 26.89 26.79 26.75 26.90
7 35.20 35.04 34.79 34.64 34.59 34.85 27.14 27.11 26.96 26.62 26.40 26.85
8 33.49 33.03 33.02 32.87 32.85 33.05 27.23 27.22 27.22 27.21 27.03 27.18
9 35.56 35.30 34.49 34.34 34.08 34.76 27.55 27.50 27.49 27.44 27.14 27.42

Mean 34.48 34.01 33.81 33.61 33.47 33.88 27.78 27.60 27.50 27.42 27.20 27.50

Quantitative Evaluation. Tables 5.17 and 5.18 report the best and worst 5 PSNR values

per digit for DCGAN-KPCAnet and WGAN-KPCAnet after 500 training epochs on MNIST,

evaluated both with and without added noise.

Without noise, DCGAN-KPCAnet yields the highest average PSNR among the best

5 reconstructions, reaching 39.34 dB, followed by WGAN-KPCAnet at 38.00 dB. In the

worst cases, DCGAN-KPCAnet again leads at 29.57 dB, compared to 28.84 dB for WGAN-

KPCAnet. Thus, under ideal conditions, DCGAN and WGAN achieve better peak and

minimum reconstruction quality.

With noise, both methods degrade. WGAN-KPCAnet performs best, averaging 33.88

dB in the best 5 and 27.50 dB in the worst 5, while DCGAN-KPCAnet yields 18.62 dB and
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13.00 dB. These results con�rm that WGAN-KPCAnet maintains superior reconstruction

quality under corruption.

In summary, WGAN-KPCAnet o�ers the most balanced performance, preserving high

reconstruction quality with and without noise, whereas DCGAN-KPCAnet excels on clean

inputs but is highly sensitive to corruption.

(a) The Best DCGAN-KPCAnet MNIST Recon-
struction of digit 1 (without noise)

(b) The Worst DCGAN-KPCAnet MNIST Re-
construction of digit 9 (without noise)

Figure 5.14: Representative reconstructions from DCGAN-KPCAnet after 500 epochs of
training on MNIST without noise. Sub�gure (a) shows an example with the highest PSNR
among the test samples, while (b) shows an example with the lowest PSNR.
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(a) The Best WGAN-KPCAnet MNIST Recon-
struction of digit 1 (with noise)

(b) The Worst WGAN-KPCAnet MNIST Recon-
struction of digit 2 (with noise)

Figure 5.15: Representative reconstructions from WGAN-KPCAnet after 500 epochs of
training on MNIST with added noise. Sub�gure (a) shows an example with the highest
PSNR among the test samples, while (b) shows an example with the lowest PSNR.

The �gures above provide representative examples of the reconstruction quality achieved

by the proposed GAN-based kPCA inverse solvers under di�erent training conditions. Fig-

ure 5.14 shows DCGAN-KPCAnet reconstructions without added noise. Sub�gure (a) il-

lustrates a test sample with the highest PSNR, where the reconstruction closely matches

the original clean digit. In contrast, sub�gure (b) highlights one of the poorest-performing

reconstructions, which exhibits shape distortion and structural loss, particularly in complex

digits.

Figure 5.15 presents the corresponding results for WGAN-KPCAnet trained with noisy

data. Despite the corrupted inputs, the best-case reconstruction in sub�gure (a) demon-

strates e�ective denoising and shape recovery. However, in the worst-case example (sub�g-

ure b), residual noise and artifacts remain visible, leading to degradation in digit clarity.

These examples visually con�rm the quantitative trends observed in PSNR metrics: while

both models can approximate the kPCA preimage, WGAN-KPCAnet exhibits greater re-

silience to input noise and yields more stable reconstructions.
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5.5.4 Comparison with Sch•olkopf 's Pre-image Algorithm and Sum-

mary

Table 5.21 presents the per-digit and overall average PSNR values for WGAN-KPCAnet

(cosine kernel, PC=300) and Sch•olkopf's pre-image algorithm (RBF kernel, PC=90) on

MNIST reconstructions using 400 input samples.

Table 5.21: Per-digit and overall average PSNR (dB) for WGAN-KPCAnet and Sch•olkopf's
pre-image algorithm with 400 input samples.

Digit WGAN-KPCAnet Sch•olkopf

0 21.31 16.22
1 24.82 18.22
2 20.26 16.03
3 20.94 16.38
4 21.19 16.52
5 20.66 16.25
6 21.19 16.44
7 22.12 16.86
8 20.42 16.40
9 21.70 16.94

Overall 21.46 16.66

Both algorithms are evaluated on the same set of 400 MNIST inputs. WGAN-KPCAnet

employs a cosine kernel with PC=300, leveraging a high component count and larger feature

dimension to maximize reconstruction �delity. Sch•olkopf's pre-image algorithm uses an RBF

kernel with PC=90 (25% of the sample size), which was found optimal for classical kernel-

based recovery under low-sample conditions.

As shown in Table 5.21, WGAN-KPCAnet achieves an overall average PSNR of 21.46 dB,

outperforming Sch•olkopf's algorithm by 4.80 dB. The largest per-digit improvement occurs

for digit 1 (+6.60 dB), and even the smallest gain for digit 7 (+1.24 dB) con�rms consistent

superiority across all classes.

Notably, WGAN-KPCAnet not only surpasses the classical algorithm in the high-dimensional

reconstruction regime (PC=300), where Sch•olkopf's method tends to degrade on larger,

heterogeneous sample sets, but also maintains superior PSNR performance in the lower-

dimensional setting (PC=90). This dual advantage underscores the ability of generative

inverse solvers to deliver robust, high-�delity reconstructions across both low- and high-

dimensional feature spaces.

In the preceding section, Sch•olkopf's algorithm was demonstrated to be the leading classic
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solver in PSNR, SSIM, and PCC. The present comparison extends that analysis by showing

that neural-network-based inverse methods can exceed classical performance even in low-

sample, modest-component scenarios, and further widen the �delity gap as feature dimension

increases. Future work will systematically explore the interplay of kernel choice, component-

to-sample ratio, and data heterogeneity to de�ne optimal reconstruction strategies for both

classical and generative frameworks.
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Chapter 6

Kernel PCA in Electron Microscopic

Image Denoising

6.1 Introduction

Prior to this work, the SINGLE pipeline for graphene-liquid-cell electron microscopy

(GLC-EM) relied solely on masking and temporal frame averaging to suppress noise, which

limited both spatial resolution and the ability to resolve dynamic structural changes. In

our recent manuscript, "Time-resolved atomic-resolution Brownian tomography of single

nanocrystals reveals size-dependent dynamics"[31] (currently under review atScience Ad-

vancesand coauthored by Rub�en Meana-Pa~neda, Canran Ji, Cong T. S. Van, Hans Elmlund,

Wojciech Czaja, et. al.), we introduced kernel principal component analysis (kPCA) denois-

ing into the SINGLE pipeline, replacing the masking-and-averaging step. This modi�cation

signi�cantly improved the signal-to-noise ratio of two-dimensional projection images and en-

abled high-resolution three-dimensional reconstructions of nanoparticle structures, including

separation of distinct temporal states, that were previously obscured by noise.

Electron microscopy (EM) is a cornerstone technique for imaging structures at the

nanometer scale. In conventional EM, specimens are examined at room temperature under

high vacuum using high-energy electron beams; contrast is often enhanced via heavy-metal

stains or direct-electron detectors, but noise sources such as detector readout 
uctuations,

beam-induced charging, and multiple scattering still degrade image quality and complicate

quantitative morphology analysis.

Kernel Principal Component Analysis (kPCA) provides a nonlinear denoising framework

by embedding each image vectorI i PRd into a high-dimensional feature space via an implicit
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mapping � . A Mercer kernelkpI i ; I j q de�nes the Gram matrix K with entries

K ij � kpI i ; I j q;

which, after centering in feature space, is spectrally decomposed:

K c vi � � i vi :

Retaining the top m eigenvectors yields a low-dimensional representation inRm that sup-

presses noise while preserving structural detail. In our implementation we use the cosine

similarity kernel

kpx; yq �
xJ y

}x} } y}
;

chosen for its robustness to the extreme shot noise encountered in low-dose cryo-EM.

This kPCA denoising framework is applied to both modalities: in conventional EM it

enhances feature visibility for morphology studies, and in cryo-EM it improves the reliabil-

ity of downstream steps such as particle picking and three-dimensional reconstruction. The

core challenge is the pre-image problem|recovering an image from its reduced kPCA coor-

dinates|and in the following sections we compare several numerical pre-image algorithms

in terms of reconstruction �delity, computational cost, and noise robustness.

6.2 Kernel PCA Denoising Algorithm

6.2.1 Kernel Matrix Computation and Centering

Given a set of noisy image vectorst I i un
i � 1 € Rd, we �rst select a Mercer kernelk :

Rd � Rd Ñ R. In this work, we employ the cosine similarity kernel:

kpI i ; I j q �
I J

i I j

}I i } } I j }
;

which is robust under extremely low signal-to-noise ratios [25]. We form then � n Gram

matrix K with entries

K ij � kpI i ; I j q; i; j � 1; : : : ; n:

To perform PCA in the feature spaceH, we must center the data inH . Let 1n denote the

n � n matrix with all entries equal to 1{n. The centered Gram matrixK c is

K c � K � 1n K � K 1n � 1n K 1n :
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In practice, one computes each term as follows:

pK cqij � K ij �
1
n

n¸

r � 1

K rj �
1
n

n¸

s� 1

K is �
1
n2

n¸

r;s � 1

K rs :

Centering ensures that the empirical mean in feature space is zero, i.e.
° n

i � 1 � pI i q � 0. All

subsequent computations occur onK c.

6.2.2 Eigen-decomposition and Feature Extraction

Once the centered Gram matrixK c is formed, we solve the eigenvalue problem inRn :

K c v i � n � i v i ; i � 1; : : : ; n;

where � 1 ¥ � 2 ¥ � � � ¥ � n ¥ 0 are the eigenvalues andv i P Rn are the corresponding

normalized eigenvectors (normalized so that}v i }2 � 1). We then select the topm eigenpairs

tp� i ; v i qumi � 1.

For each imageI j , its projection onto the i -th principal direction in feature space is

zij �
@
ui ; � pI j q

D
H

�
n¸

k� 1

vik k
�
I k ; I j

�
; i � 1; : : : ; m;

wherevik is the k-th component ofv i , and ui �
° n

k� 1 vik � pI kq is the i -th principal direction

in H [40]. Collectingt zij um
i � 1 yields the m-dimensional coordinate vector

zj �
�
z1j ; z2j ; : : : ; zmj

� J
P Rm :

Since� i measures the variance of data alongui , truncating to the top m components e�ec-

tively removes components dominated by noise [33].

In implementation, one typically performs the following steps:

1. Compute the uncentered Gram matrixK PRn� n .

2. CenterK to obtain K c.

3. Perform an eigen-decomposition ofK c, yielding t � i ; v i un
i � 1.

4. Form the embedding coordinateszj � p
°

k v1kK kj ; : : : ;
°

k vmk K kj qJ for j � 1; : : : ; n.
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6.2.3 Reconstruction of Denoised Images

After embedding each noisy imageI j into the m-dimensional feature space via coordinates

zj , we solve thepre-image problemusing �xed-point iteration. Denote the projection in

feature space by

 j �
m̧

i � 1

zij ui �
m̧

i � 1

zij

n¸

k� 1

vik � pI kq P H:

To recover a denoised imagepI j PRd such that � ppI j q lies in the span oft ui um
i � 1, one uses the

�xed-point formula adapted for the chosen kernel. For a general kernelk, the �xed-point

iteration is

xpt � 1q �

n¸

i � 1

� ptq
i I i

n¸

i � 1

� ptq
i

; � ptq
i � k

�
I i ; xptq

�
;

with initialization xp0q � I j . Iteration proceeds until

}xpt � 1q � xptq}   ";

where" ¡ 0 is a convergence tolerance. Although originally formulated for Gaussian kernels

[33], for the cosine similarity kernel

kpx; yq �
xJ y

}x} } y}
;

one replaces each kernel evaluation accordingly:

� ptq
i �

I J
i xptq

}I i } } xptq}
:

Convergence is typically slower under severe noise but empirically yields satisfactory denois-

ing when combined with appropriate choice ofm.

Algorithm Summary.

1. Form Kernel Matrix: Compute K ij � kpI i ; I j q for i; j � 1; : : : ; n.

2. Center Gram Matrix: Compute K c � K � 1nK � K 1n � 1nK 1n .

3. Eigen-decomposition: SolveK c v i � n � i v i and retain top m eigenpairstp� i ; v i qumi � 1.
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4. Project to Rm : For eachj , set

zij �
n¸

k� 1

vik K kj ; i � 1; : : : ; m:

5. Fixed-Point Pre-image: For eachzj , initialize xp0q � I j . Iterate

xpt � 1q �
° n

i � 1 � ptq
i I i

° n
i � 1 � ptq

i

; � ptq
i �

I J
i xptq

}I i } } xptq}
;

until }xpt � 1q � xptq}   " , and setpI j � xpt � 1q.

6.3 Application to Nanocrystal Time Trajectories

6.3.1 Data Preprocessing and Particle-Tracking

Each nanocrystal time trajectory comprises a sequence of 2D projection imagest I tuT
t � 1

acquired at high frame rate under solution-phase conditions. Prior to denoising via kPCA,

we perform the following preprocessing steps, as detailed in Reboulet al. [39]:

First, time-window averagingis applied to overlapping blocks ofW consecutive frames.

Denote by Wk � t I pk� 1qW � 1; : : : ; I kW u the k-th window. For each window, we compute a

weighted average

I k �
kW¸

t �p k� 1qW � 1

wt I t ;
kW¸

t �p k� 1qW � 1

wt � 1;

where weightswt are determined via anisotropic motion correction and correlation-based

frame scoring to mitigate beam-induced drift and motion [39]. This improves the signal-to-

noise ratio (SNR) of each averaged frameI k .

Next, particle-tracking is performed on the sequencet I ku. Let t cku € R2 denote the 2D

center coordinates of the target nanocrystal in each averaged frame. We estimate eachck by

maximizing the cross-correlation betweenI k and I k� 1 over a search window, using a subpixel-

re�ned phase-correlation algorithm [39, 42]. Simultaneously, total-variation (TV) denoising

is applied to eachI k to suppress high-frequency noise while preserving edge features. The

TV denoised image is given by

rI k � arg min
X

1
2

}X � I k}2
2 � � � TV pX q;

where TVpX q �
°

u;v

b �
X u� 1;v � X u;v

� 2
�

�
X u;v � 1 � X u;v

� 2
, and � � ¡ 0 is a penalty param-
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eter chosen empirically. The TV-denoised, motion-corrected framestrI ku are then cropped

around t cku to yield a stack of aligned particle viewst I i un
i � 1, wheren is the total number of

extracted views for this trajectory.

6.3.2 Parameter Selection and Implementation Details

Let each denoised, centered imageI i P Rd be vectorized into ad � p � p dimensional

column. To construct the kernel matrix, we choose the cosine similarity kernel

k
�
I i ; I j

�
�

I J
i I j

}I i } } I j }
;

which is robust whenI i contains extreme shot noise [25, 39]. In practice, eachI i is �rst

normalized to zero mean and unit̀ 2 norm prior to kernel evaluation.

Let K PRn� n be the uncentered Gram matrix with entriesK ij � kpI i ; I j q, and let K c be

its centered counterpart:

K c � K �
1
n

1n K �
1
n

K 1n �
1
n2

1n K 1n ;

where1n is the n � n matrix of all entries 1. We compute the eigenpairstp� i ; v i quni � 1 of K c

satisfying

K c v i � n � i v i ; � 1 ¥ � 2 ¥ � � � ¥ 0; }v i }2 � 1:

We then choose the truncation dimensionm by inspecting the relative eigenvalue decay

� i {
° n

j � 1 � j . In our experiments, selectingm so that
° m

i � 1 � i Á 0:95
° n

j � 1 � j yielded a good

trade-o� between noise suppression and detail preservation.

For the pre-image �xed-point iteration (Section 5.3.1), we set the convergence tolerance

" � 10� 4 in `2 norm and initialize xp0q � I j . Empirically, fewer than 50 iterations su�ce to

reach convergence for eachI j . All linear algebra routines (kernel matrix centering, eigen-

decomposition) are implemented using optimized BLAS/LAPACK calls on a multicore CPU.

To avoid numerical instabilities when}I i } is very small, any zero-norm image is excluded

from the Gram matrix assembly.

6.3.3 Quantitative Performance Evaluation

To evaluate the e�cacy of kPCA denoising on each nanocrystal time trajectory, we

compute the following four structural metrics as de�ned in Reboulet al. [39]:

1. Crystallinity Score. At each time point t, an atomic model of the nanocrystal is
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obtained via SINGLE [39]. The crystallinity scoreCptq measures the degree of long-

range order by correlating the �tted atomic positionst r i ptquwith an ideal reference

lattice. Numerically,

Cptq �
1
N

Ņ

i � 1

exp
�

�



 r i ptq � r ref

i




 2

{ � 2
	

;

whereN is the total number of atoms,r ref
i is the ideal lattice position of atomi , and �

is a tolerance parameter chosen to capture thermal 
uctuations . Values ofCptq near

1 indicate high crystalline order, while lower values re
ect increasing disorder.

2. Fraction of Core Atoms. The core region of a nanocrystal comprises atoms with

coordination numbers equal to the bulk lattice value. At timet, let Ncoreptqdenote the

number of atoms whose coordination number (computed by counting neighbors within

a cuto� radius r c) matches the ideal bulk value. Then

Fcoreptq �
Ncoreptq

N
:

A decrease inFcoreptq over time signals core etching or structural disorder progressing

inward from the surface.

3. Radial Strain. For each atomi at time t, de�ne its radial distance from the nanocrys-

tal center of massRptq as

r i ptq �



 r i ptq � Rptq




 :

Let r i p0q be the initial radial distance in the �rst frame. The radial strain for atom i

is " i ptq � r r i ptq � r i p0q s{r i p0q. We report the mean radial strain at timet:

" radptq �
1
N

Ņ

i � 1

" i ptq:

Positive values of" radptq indicate expansion, while negative values indicate contraction

relative to the initial con�guration.

4. Solvent Penetration Depth. Solvent penetration depthDsolvptq quanti�es how far

solvent molecules in�ltrate the nanocrystal lattice. We compute the radial distance of

the closest solvent-access point to the surface at timet. Formally,

Dsolvptq � max
sPSptq

!
min

i � 1;:::;N




 s � r i ptq





)

;
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