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The goal of this research is to develop algorithms for reconstition and ma-
nipulation of gradient elds for scene analysis, from intensitymages captured under
variable illumination. These methods utilize gradients or derential measurements
of intensity and depth for analyzing a scene, such as estimatingage and intrinsic
images, and edge suppression under variable illumination. Theeatential measure-
ments lead to robust reconstruction from gradient elds in thepresence of outliers
and avoid hard thresholds and smoothness assumptions in manipidg image gra-
dient elds.

Reconstruction from gradient elds is important in several aplications in-
cluding shape extraction using Photometric Stereo and Shap®im Shading, image
editing and matting, retinex, mesh smoothing and phase unwrappy. In these ap-
plications, a non-integrable gradient eld is available, with needs to be integrated
to obtain the nal image or surface. Previous approaches fonércing integrability

have focused on least square solutions which do not work well inetlpresence of



outliers and do not locally con ne errors during reconstrugon. | present a gen-
eralized equation to represent a continuum of surface reconsttions of a given
non-integrable gradient eld. This equation is used to deri@ new types of feature
preserving surface reconstructions in the presence of noise antliers. The range of
solutions is related to the degree of anisotropy of the weighépplied to the gradients
in the integration process.

Traditionally, image gradient elds have been manipulatedusing hard thresh-
olds for recovering re ectance/illumination maps or to renove illumination e ects
such as shadows. Smoothness of re ectance/illumination maps agten assumed
in such scenarios. By analyzing the direction of intensity graent vectors in im-
ages captured under di erent illumination conditions, | present a framework for edge
suppression which avoids hard thresholds and smoothness assumggionhis frame-
work can be used to manipulate image gradient elds to syntheszomputationally
useful and visually pleasing images, and is based on two approahéa) gradient
projection and (b) a ne transformation of gradient elds using cross-projection ten-
sors. These approaches are demonstrated in the context of sevaygblications such
as removing shadows and glass re ections, and recovering ret@uece/illumination

maps and foreground layers under varying illumination.
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Chapter 1

Introduction

Scene analysis from intensity images is the central goal of cpater vision.
This analysis could be in terms of estimating shape of objects the scene, building
3D models, recovering intrinsic scene properties such as re aote of scene ob-
jects and scene illumination, object recognition, motion eshation and so on. This
dissertation presents methods for reconstructing and manipuiag gradient elds
of intensity and depth for scene analysis, such as estimating shapedaintrinsic
images, from intensity images captured under varying illumation.

This research address issues of noise and outliers in reconstrmctirom gra-
dient elds. It also provides a framework for manipulations ofmage gradient elds
that avoid hard thresholds and smoothness assumptions, to obtaimmputation-
ally useful and visually pleasing images. In this chapter, | rstrtroduce the related
problems and the developed methods, and discuss the motivatiohusing gradients.

Then, | present the outline for rest of the dissertation.

1.1 The Problem

This dissertation focuses on two main problems. The rst problensiencoun-
tered while reconstructing an image or surface from a 2D gradie eld. Recon-

struction from gradient elds is important in several applicdions including shape



estimation using Photometric Stereo (PS) [1, 2, 3, 4, 5] and Sha from Shading
(SfS) [6, 7, 8, 9, 10, 11, 12, 13], high dynamic range compressjt4], phase un-
wrapping [15, 16, 17, 18] and image editing [19], matting [RGand fusion [21, 22].
Typically, an estimate of gradient eld is available, and the nal image or surface is
obtained by integrating the available gradient eld.

For example, techniques such as PS utilizes multiple imaget a scene cap-
tured under varying illumination to rst estimate a surface nomal/gradient eld
using a re ectance model (e.g., Lambertian re ectance mod¢23]). The estimated
surface gradient eld needs to be integrated to obtain the nhshape. In image
based manipulations such as image editing [19], the gradientlds of one or more
images are modi ed to achieve the desired goal, and the nal iage is obtained by
integrating the manipulated gradient eld. The Retinex [24 25, 26, 27] algorithm
for estimating lightness from images assumes that illuminatiors slowly varying
in image and re ectance has sharp edges. By removing strong gieats from the
intensity gradient eld, the resulting gradient eld can be integrated to obtain the
lightness values [24, 28].

The gradient eld of a scalar surface should be integrable, i,ethe integral
along any closed loop should be equal to zero. Inherent noise amubiguities in
the estimation process, and linear/non-linear manipulationsf gradient elds results
in non-integrable gradient elds. Common approaches for enforcing integraltty
such as solving the Poisson equation [11, 29] and Frankot-Chelta algorithm [30]
are based on least squares. Itis well known that least square (LS)mapaches are not
robust, i.e., they are sensitive to outliers and favor smooth sdlans. This results in

2



loss of features in shape reconstruction (using PS and SfS) andde to contouring,
pinching and color artifacts in images obtained by integramg manipulated image
gradient elds. In addition, LS approaches do not have the pierty of local error
con nement. Errors in the estimated gradient eld propagate to the entire surface
during reconstruction and are not con ned locally.

The second problem is related to the manipulation of gradienelds itself.
Variable illumination poses a problem for computer vision afgyithms and it is de-
sirable to remove the e ects of illumination such as shadows [Band to recover an
intrinsic image [32, 33, 34, 35, 36] of the scene. Traditionglimage gradient elds
have been manipulated using hard thresholds for estimating rectance/illumina-
tion (as in Retinex [24]) or for removing shadows by setting gdients corresponding
to shadow pixels to zero [31]. However, threshold estimation isallt and a single
threshold cannot account for illumination variations acrosshe entire image. Often,
smoothness assumptions on re ectance/illumination maps are usén these algo-
rithms. These smoothness assumptions are not valid at re ectancadhillumination
boundaries. Scene analysis from a single image is a challengangblem and it is

desirable to avoid these assumptions and hard thresholds.

1.2 The Approach

In this dissertation, the above two problems are tackled as folvs. We wish
to obtain feature preserving reconstruction  from gradient elds in the presence

of noise and outliers to handle the rst problem. This is addresseby analyzing the



problem of 2D integration in several ways. Firstly, it is useful @ think about the
gradient integration problem in terms of robust estimation tohandle outliers. This
is possible because the presented analysis shows that all gradsesate not required
for integration. One could selectively choose the gradients for integration
using information from the given gradient eld itself, to locdly con ne errors.

Secondly, it is shown that the solutions for surface reconstruon lie in a high
dimensional space and the least square solution is one of them. ¥hwne can
try to nd other robust solutions. Least square approaches aresotropic, assigning
equal weights to all the gradients (input data). Anisotropic @proaches for image
restoration [37, 38, 39], motion estimation and optical ow [@, 41], as well as robust
estimation in early vision problems [42, 43] are widely popula Inspired by the
success of these algorithms, this research shows that byaarisotropic treatment
of gradients , one can preserve sharp features in the reconstruction.

The second problem of manipulating image gradient elds is allessed using
illumination invariants and possible use of active illuminatn. In several scenar-
ios, such as a xed surveillance camera, multiple images fromdhsame viewpoint
are available. How can we utilize information from multiple mmages and discount
the illumination variations? Image intensities are not invaiant under illumination
changes and it has been shown that discriminative illuminatmo invariants do not
exist [44]. However, the direction of image intensity gradientemains more or less
stable with the illumination changes [44]. To manipulate thegradient eld, the in-
formation from the direction of image gradients is utilizedor edge suppression .
This enables removal of edges from an image using another iradzpsed solely on
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the intensity gradient direction and can handle large illurmation variations in the
images.

Active illumination  can sometimes be used to acquire multiple images from
the same viewpoint. Digital cameras are equipped with exteah ash, which pro-
vides an easy way to introduce additional illumination and aguire an image within
a short exposure time [45, 46]. By taking a pair of images, one ¢tayed under ash
illumination and the other without ash (only using the ambient illumination), one
can get more information about the scene. Subsequent analysismensity gradient

directions can then be used for edge suppression.

1.3 Why Gradients?

A basic question to ask is: why use gradients? Gradients are more syothan
the input images, so how can gradient domain methods be favofed

Two scenarios need to be considered in answering this importagtiestion:
applications where gradients areestimated and applications where gradients are
computedand subsequently manipulated. The rst scenario occur in probhes such
as Photometric Stereo and Shape from Shading as discussed aboVee surface
gradient eld is estimated from intensity images using a re ectance model (usually
Lambertian). The estimated gradient eld will have noise and pssibly outliers, due
to noise in the input intensity images, inaccuracies in modelgn(non-Lambertian
surfaces) and possible ambiguities [47]. Thus, noise in the estimdtgradient eld

is unavoidable, and it is important to discount noise and outérs to get good re-



constructions. This is one of the main goals of this research artide anisotropic
treatment resulting from the use of generalized equation adelss this issue.

The second scenario occur in applications such as image gratieid manip-
ulations, where the gradient elds of one or more images ammputed and then
manipulated to achieve a desired goal. The nal image is obtaed by integrating
the manipulated gradient eld. Several issues need to be addsed here. Firstly, the
process of computing gradients should baumerically compatible with the process
of integration. By compatibility, | mean the following. Suppose | take an image,
compute its gradient eld and integrate it back without any modi cations. | should
be able to get back the original image up to an unknown constamf integration.
The reconstruction algorithm should beexact In other words, the di erence of the
original and the integrated image should be a constant all ovehe image, if no
modi cations are made to the gradient eld. If forward nite dierences are used
for computing gradients, the corresponding integration shodlre ect this fact. If
instead, central di erences are used, the integration proces$fiould change accord-
ingly. This subtle fact is often ignored. Thus, even without ap modi cations of
the gradient eld, the integrated image will di er from the original image and it be-
comes di cult to analyze the e ect of modi cations themselves. The reconstruction
algorithms that are presented in this dissertation are exact,ral do not introduce
any additional artifacts.

Secondly, even if compatibility is achieved, manipulatiorof noisy gradients
can be problematic. Assuming IID Gaussian noise in image intensgigith mean O

and variance 2, the noise in gradients will have variance 2 (assuming nite di er-
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ences for computing gradients). But it is important to note ttat twice the number

of gradients are available. For amN N grid, there areN 2 intensity values, but 2N 2

gradients (x and y gradients). Thus, if all gradients are used judiciously, noise na
be handled. However, more important fact is that manipulatios presented in this
dissertation use the information from the direction of the gragnts. The magnitude
of the intensity gradients as well as image intensities are sefg to changes in
illumination, but the direction of the intensity gradients remains stable [44]. Pre-
vious research on local structure tensors [48, 49] have used hbmyhood support
and color information for reliable estimation of the intensiy gradient direction [50].

The a ne transformation approach presented in this dissertatio for manipulating

gradient elds handle noise by estimating the cross-projectioiensors using the local
structure tensors.

Another advantage of using gradient domain methods is that thentegration
process used to obtain the nal image automatically provides smothing. For exam-
ple, this is useful in applications such as seamless image stitahi Thus, smoothness
assumptions can be avoided. Finally, rapid improvement in rekgion and reduction
in sensor noise of digital cameras also favor gradient based mangtions. Coupled
with better algorithmic approaches and correct numerical focedures, this disserta-
tion show results from image gradient eld manipulations thatare computationally

useful and visually pleasing.



1.4 Contributions

In this dissertation, | present ideas for reconstructing gradr¢ elds and ma-
nipulating image gradient elds under varying illumination. This dissertation makes

the following contributions:

Gradient Field Integration The idea that all gradients are not required
for integration and least square based Poisson solver is only ongh# several
solutions in the space of all possible solutions. The minimal set ofaglients
required to integrate a 2D gradient eld correspond to the spamng tree of

the underlying 2D planar graph.

Feature Preserving Surface Reconstructions A generalized equation for
surface reconstruction from non-integrable gradient elds, dsed on controlling
the degree of anisotropy of weights assigned to the gradients. &key idea is
to replace gradients by functions of gradients arising fromalid error function-

als. Common approaches such as Poisson solver [29] and FrankoeiGppa

algorithm [30] are special cases of this equation.

Edge Suppression A framework to remove edges in an image based on edge
information in another image for image gradient eld maniplations. The
key idea is to use the direction of the intensity gradient as a oetraint in

manipulating image gradient elds.

The idea of obtaining the information about the direction ofimage intensity

gradients by taking another image usingash as active illumination



This dissertation contributes several new gradient domain abgithms for ma-

nipulating and reconstructing gradient elds. These include:

-surface algorithm for surface reconstruction that can provide tradeobe-

tween smoothness and robustness using the single parameter

A ne transformation of gradient elds using di usion tensor to obtain

feature preserving reconstructions.

Gradient Projection  for removing edges by taking a vector projection of

the image gradient onto the image gradient of another image.

A ne transformation of image gradient elds using cross-projection ten-

sors for edge suppression under varying illumination.

1.5 Thesis Outline

The rest of the dissertation is organized as follows. In Chapter Rdiscuss the
problem of surface reconstruction from gradient elds, analyzthe solution space
and show limitations of least square approaches. | present an dgac solution for
enforcing integrability that achieves local error con nement. The ideas presented
in this chapter are extended in Chapter 3 to derive a generaéd equation for sur-
face reconstruction from gradient elds. | derive several newigorithms using this
equation and provide comparisons with previous approacheshépter 4 presents a
framework for edge suppression using gradient projection and ae transformation

of gradient elds. | introduce cross-projection tensors for a re transformation and



show results on several applications such as foreground layecaeery, removing
shadows and glass re ections and recovering intrinsic images.in&lly, 1 conclude

and outline future directions and applications of this work
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Chapter 2
Surface Reconstruction from Gradient Fields: Analysis and

Algebraic Approach

In this chapter, | analyze the space of all possible reconstructis from a
gradient eld. | show that least square approaches do not work Wen the presence
of outliers and do not have the property of local error con nment. | then present
an algebraic approach for enforcing integrability, which &s the property of local
error con nement. The key idea resulting from this analysis ishat all gradients
are not required for integration. By identifying erroneousgradients using curl of
the given gradient eld, they can be discarded during integrigon which leads to a

better solution.

2.1 Introduction

The notion of integrability arises whenever a surface has to beconstructed
from a gradient eld. In several computer vision problems suchsaSfS [6, 7, 8, 10,
11, 12] and PS [1, 2, 3, 4, 5], an estimate of the gradient eld msvailable. The
gradient eld is then integrated to obtain the desired 2D surfae (shape). How-
ever, the estimated gradient eld often has non-zero curl makg it non-integrable.
Reconstruction from gradient elds is also important in severaother applications

such mesh editing [51], retinex [24, 28], high dynamic rangenspression [14], phase
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unwrapping [15, 16, 17, 18] and image editing [19], mattin@(Q] and fusion [21, 22].
In these algorithms, the gradient elds of one or more images @manipulated to

achieve the desired goal and the nal image is obtained by a 2Dtegration of the

manipulated gradient eld.

The gradient eld of a scalar surface should have zero curl or it shld be
integrable. The integral along any closed loop (path) shouldeébequal to zero and
the reconstruction should not depend on the choice of the integgion path. In
practice, the estimated gradient eld is rarely integrable de to the inherent noise
in the estimation process, or manipulation of gradient elds. Iraddition, ambiguities

in the solution and ill-posed problems often lead to non-integble gradient elds.

2.1.1 Related Work

Researchers have addressed the issue of enforcing integrabijipically speci c
to the problem at hand. Previous methods have used the intedyidity constraint
during the estimation of surface (or surface normals) in PS, SfS@ Shape from
Texture as in [11, 52]. In these methods, integrability is enfoed as a constraint to
regularize the solution or to remove the inherent ambiguite

In SfS [6, 7, 8, 10, 11, 12], integrability was enforced as a constrain the min-
imization routine in [11, 53]. Frankot & Chellappa [30] progct the non-integrable
gradient eld on to a set of integrable slopes using the Fourierdsis functions.
However, their method is dependent on the choice of basis fuimis. Several

variants of this approach have been proposed by either choogia di erent basis
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function [54] (cosine functions) or using a redundant non-ortlgonal set of basis
functions (shapelets) [55]. In [29], a direct analytical solidn based on solving the
Poisson equation was proposed, for obtaining the integrableagiient eld closest

to the given gradient eld in the least squares sense. As shown in 8en 2.3.3,

this method ignores the information in the curl and nds a zeo-curl eld which has

the same divergence as the given non-integrable eld. The nimetd also lacks the
property of local error con nement. For a survey of SfS algahms see [12].

Photometric Stereo [1, 2, 3, 4, 5] use multiple images obtained under di er-
ent illumination directions to recover the surface gradiemst In [56], belief propaga-
tion in graphical networks was used to enforce integrabilitfor SfS and PS problems.
In [57, 58], the integrability constraint was used to remove th bas-relief ambiguity
in estimation of shape and albedo from multiple images. Calibtian information
about the illumination geometry is obtained by imposing intgrability constraint
in [59]. In [60], the integrability constraint was used along ih rank constraints
in a minimization routine to estimate surface albedo and nornta Other examples
include [52, 61]. The idea of enforcing integrability has s been used in ow eld vi-
sualization [62, 63] by decomposing the given eld into curkée and divergence-free
parts.

Noise reduction in images is a topic commonly addressed in imagsstora-
tion techniques. Several methods based on solving partial drential equations
(PDE) such as anisotropic di usion [37], shock lters [64] and eergy based methods
[65] (see [66] for detailed analysis and algorithms) have beeroposed for restor-

ing an image while preserving edges or sharp features. Inspiregthe success of
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these approaches, | show how to incorporate robust estimation,gugdarization and

anisotropic di usion in the gradient integration problem.

2.1.2 Shape from Shading

SfS attempts to extract 3D shape from a single image. It is assum#tht the
re ectance map is given or is known. Lest denote the direction of the light source

given by
. 1
r.l —
(1+p2+ @)

s= ( ps ;1) (2.1)

for someps and ;. Let Z be the surface height ang = %, q= %. The surface

normal n is then given by [11]

1

. N\T .
o+ e q2)( p; a;1): (2.2)

n=p

For a Lambertian surface, the image intensityf (x;y) is modeled as [11]

L(x;y) = (X y)n(xy) s

- N 1+ pp+ Qg :
- P P ’
AL+p+@) (1+pi+ )
where is the albedo of the surface anddenotes dot product. Usually, is assumed

(2.3)

to be constant over the surface. If the albedo is constant, onercalso write the

image irradiance equation as

L(x;y) = R(p; 9

- n 1+ pp+qq .
- M = P ’
1+pP+@) (1+p5+ )
where R(p; ) is also called the re ectance map. Given an estimate of the hg

(2.4)

source direction, the problem then reduces to estimating the gsace gradientsp and
g from the image intensity | .
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2.1.3 Photometric Stereo

Photometric Stereo tries to estimate the 3D shape of an objeatoin images
taken from the same viewpoint but illuminated from distant pont light sources from
multiple directions. A minimum of three images are requiredd estimate the shape
with the constraint that the direction of light sources should ot be coplanar. If
l,:::1, are n images captured under distant point light sources whose diregchs

are given bys; :::s,, then assuming a Lambertian re ectance model, one can write
LOGy)= (xy)n(xy) s i=1:nm (2.5)

If si's are known, then for each pixel, one can write a linear systerarfthe scaled

albedoa(x;y) = (X; y)n(x2; y) b% stacking tge image irétensities on top of each other

si 11(X;y)
s 12(X;Y)

a(x;y) = _ : (2.6)
sh In(Xy)

This linear system is solved to estimate the scaled albedo The albedo, , can be
obtained as the norm ofa.

(xy) = ja(x;y)j: (2.7)
And the surface normaln(x;y) is given by

a(x;y) .
ja(xy)i’

n(x;y) = (2.8)

Given n(x;y) = [ny; ny;n,]", the surface gradients can be obtained gs= ny=ny,
g= ny=n,. From now on, | will focus on the problem of obtainingZ, once an
estimate of the gradient eld (p; g) is known.
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2.2 Problem Statement

Let Z(x;y) be a D real valued scalar function de ned on &d W rectangular
grid (y;x) of image pixels. Letfp(y;x);q(y;X)g denote the given non-integrable

gradient eld over this grid. De ne the curl and divergence perators as [67]

Cpq = curl (p;0) = %5 %3 (2.9)
Lpq = div (p;0) = %& %3 (2.10)

Given fp; g, the goal is to obtain a surfaceZ. Let fZ,;Z,g denote the gradient
eld of Z. A common approach is to minimize the least square error funomal

given by [11, 29]

Z Z
I2Z)= (2« PPH(Z, 92 dxdy: (2.12)

The Euler-Lagrange equation corresponding to (2.11) gives

@ @@ @@J_
@Z @@% @y@ZF

@ @ _
)@>£Zx p)"'@)szy Q=0

@z, @z _ @p Qq
@k @ @x @y

) 1?2 = div(p;9

0

(2.12)

This is the Poisson equation [11, 29], wherer 2 = & + & is the Laplacian
operator. This method is referred to as the Poisson solver. Thetégrable eld is
found by di erentiating the estimated surfaceZ. Thus, fZ,;Z,g is the integrable

gradient eld corresponding to the given gradient eldf p; og.
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2.3 Space of All Solutions

SupposeZ denote the surface which is obtained by integrating the givegradi-
ent eld using some algorithm. LetfZ,;Z,g denotes the gradient eld ofZ. Thus,

Cz,z, = 0 everywhere. One can always write
fZx;Zyg=fp,g+ f & yO; (2.13)

wheref ; yg denotes theresidual gradient eld which is added to the given non-

integrable eld to make it integrable. Applying the curl operator in (2.13),

X1y

Cp,q is known from the given non-integrable eldfp;gg. To enforce integrability,
consider the smallest loop made up of 4 square connected pixelg,x{; (y;x +
1);(y+1;x)and (y+1;x+1) (see Figure 2.1(b)). The integral along this loop can

be written as

Coqly + %;X+ %) = ply+1;x) ply;x)+dly;x) qoy;x+1); (2.15)

where the notation f/+ %; x+ %) has been used to emphasize that the curl is calculated

for that loop. Writing (2.15) for the residual gradient eld in (2.14), we get

WL 0+ X XD = Cogly* six+ o)1 (216)

for one particular loop. For anH W image, the number of loops will be equal
toM =(H 1) (W 1), the number of x gradients will be equal toK, =

H(W 1) and the number ofy gradients will be equal toKy, = (H 1)W. Let
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K=Ky+Ky,=2HW H W. Writing the above equation for all the loops in
the image and stacking all of them on top of each other (in lexagraphical order)
we get

AX = b (2.17)

whereb isaM 1 vector containing the negative of the curl value€, for all the
loops,x isaK 1 vector containing all the unknown gradient values correspding
to the residual gradient eld. The matrix A isaM K sparse matrix, where each
row corresponds to a loop equation and has only 4 non-zero eef. two +1's and
two 1's according to (2.16). Note that any other bigger loop can beritten as a
linear combination of these basic 4 pixel loops and will not g¢dinearly independent

rows in matrix A. Thus, it is su cient to consider just the 4 pixel loops.

2.3.1 General Solution for Residual Gradient Field

We haveK M = HW 1 0. For example, fora 3 3 grid, K =12 and

M = 8. Thus, the matrix A has a null space of dimension=K M = HW 1.

general solutionxg is given by the sum of a particular solutiorx, satisfyingA x, = b,
and a homogeneous solutiory, satisfying Ax;, = 0. The homogeneous solution lies
in the null space and can be written as the weighted sum of the badunctions
X .
Xp = iXp ; (2.18)

i=1
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where the coe cients can be obtained by the dot-product ofx;, with the basis
functions

P =<Xpxh>io=1:n: (2.19)
Thus, any solution is of the form

Xg = Xp+ iXp (2.20)

Now if we de ne a space using the coe cients ;'s, then any correction eld will
lie in this space. The dimension of this space is equal to the nidpace of the
matrix A. Thus any solution lies in a spaceR"W 1. Note that all integrable
gradient elds lie in the null space ofA. Thus eachx}, corresponds to an integrable
gradient eld. Interestingly, [68] also showed that the feasilel space is of dimension
HW 1. However, their analysis is based on the choice of a speci ¢ bafsiaction
and projections on to this set of basis. In addition, they de nelie feasible space in

terms of the integrable gradient elds, but we de ne it in terms of the coe cients

2.3.2 Least Square Solution in the Space of All Solutions

The Poisson solver tries to nd that surfaceZ which minimizes the following

least square cost function

ZZz zZ
J(Z)= (Z« P*+(Zy 0)* dxdy= (5+ 2)dxdy : (2.21)

The Euler-Lagrange equation gives the Poisson equation:?Z = div (p;0). Thus,

it tries to nd that solution for which the residual gradient e Id has the minimum
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Figure 2.1: Space of all solutions. (a) Poisson solver nds the sttn corresponding
to the minimum norm residual gradient eld, but this may not be robust. (b) The

2D graph corresponding to a sample 4 4 grid. Nodes correspond to the value of
the surface at the grid points and gradients correspond to thelges.

norm (see Figure 2.1(a)). Hence, the Poisson solver is also equewlto

min XXy subject to  Axg= b= curl (p;Q : (2.22)

Xg
Let x, s be the residual gradient eld for the Poisson solver (solution ofriie above
equation). NowXx, s is a particular solution for the above system of equations as it

satis es AX, s = b. So a general solution can be written as

x .
Xg = X5 + iXp, (2.23)
i=1

Proposition 1. If the general solutionx, is de ned as in (2.23), the solution given
by the Poisson solver lies at the origin ®"W ! independent of the choice of basis

functions x|..

Proof. From the orthogonality principle, the least square error is ahogonal to the
solution space. Thus ; =< X s; x‘b >= 0 for all i, independent of the choice of basis
functions. [
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2.3.3 Interpretation of Poisson Solver in terms of Curl-Divergence
Space

Note that

div (Zx;Zy) = ax’ @y

r 2Z = div (p; 9): (2.24)

Thus, the Poisson solver enforces integrability by nding a zerourl gradient eld
which has thesamedivergence as the given non-integrable gradient eld.

One can visualize a curl-divergence space as shown in Figure A2vector in
this space represents a gradient eld. All integrable (zero-cly irrotational) gradient
elds lie along the real (X) axis. All divergence free (solenoidal) gradient elds lie
along the imaginary (Y) axis.

Let !OAl denotes an integrable gradient eld with divergencéd.. Suppose the
estimated gradient eld is given by!OAz with divergencel ; and curl C;. The residual
(error) gradient eld is then given by!AlAz. As discussed earlier, reconstruction
using the Poisson solver will give a solution which has the same digence as the
given non-integrable eId!OAz. Thus, the integrable eld given by the Poisson solver
will be !OAg. It is important to note that the divergence free part (curl) of !OAZ is
completely ignored during the reconstruction. The approacthat | present in this
chapter tries to utilize the information in curl by estimating the residual gradient

eld.
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Figure 2.2: The Curl-Divergence space. A vector in this spacepresents a gradient
eld. Vectors along X axis (OA;) represents zero curl (integrable) gradient elds.
Usually, a non-integrable eld OA, is given as an estimate oDA;. The residual
gradient eld is given by A;A,. Enforcing integrability by solving the Poisson equa-
tion gives OA; as the integrable gradient eld. By estimating the residual gadient
eld A;A,, one can use the information in the curl to move fronDA, to OA; to
get a better estimate.

2.4 Drawback of Least Square (LS) Approaches

2.4.1 Lack of Robustness

It is well known that a least square solution does not perform wein the
presence of outliers. Consider the surface shown in Figure 2.3(ahich consists of
a ramp and several peaks. Gaussian random noise and uniformly distited outliers
were added to the gradient eld of this surface. The reconstried surface from the
noisy gradient eld using the Poisson solver is shown in Figure 213( However, if we
knew the locations of the outliers, we could use the rest of theagtients to perform
the integration. The corresponding reconstruction is shown ifigure 2.3(c). It is
clear that a better solution can be obtained by removing ou#irs. Thus, gradient

integration can be thought of as a robust estimation problem.
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Ground Trut M J\ﬂ
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Figure 2.3: E ect of outliers in 2D integration. (a) True surface. (b) Gaussian noise
( =0:02g, g = maximum gradient magnitude) and uniformly distributed outliers
were added to the gradients of this surface. Reconstruction ngithe Poisson solver.
Mean Square Error (MSE) = 1081. (c) If the location of outliers were known, rest
of the gradients can be integrated to obtain a much better estiate. MSE = 0:211.
(d) One-D height plots for a scan line across the middle of grid.

However, in practical scenarios, the location of the outliersiivnot be known.
To obtain robust solutions, the information in the given gradiat eld itself need to

be utilized.

2.4.2 Lack of Local Error Con nement

Another drawback with LS approach is the lack of local error conement.
While reconstruction, errors in the gradient eld are propagted throughout the
entire surface. Thus, if only a part of the gradient eld is in eror, it would be
desirable to contain the errors in the reconstructed surface that region only.

An example will help clarify the point. Figure 2.4(a) shows a sythetic surface.

We add noise to a central region of its gradient eld as shown ini§ure 2.4(d). The
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(a) True Surface (b) ox (©) 9

LI5S

(d) Mask for Noise (e) Noisy gy (f) Noisy gy

(g) Least Square Reconstruction (h) Corresponding Error

Figure 2.4: Lack of local error con nement in the reconstruabn using the Poisson
solver. (a,b,c) A synthetic surface with ramp and peaks and theradient eld

fox; 0,9 of the surface. (d) Mask region where noise was added to the omigi
gradient eld. (e,f) Modi ed gradients. (g,h) Reconstruction from the noisy gradient
eld and the corresponding error. Note that the error is not comed to the mask

region.
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reconstruction from the noisy gradient eld is shown in Figure 2i(g). Note that
the error is not con ned to the mask region. Thus, errors in the dient eld

have propagated to the entire surface. We would like the errdo be con ned to
the mask region. In the next section, | present an algorithm to &deve local error

con nement.

2.5 An Algebraic Solution

In this section, | present an algebraic solution for curl corréion which has
the property of local error con nement. In Section 2.3, whé discussing the space
of all possible solutions, | formulated curl correction as estinian of the residual
gradient eld. For completeness, | again present the curl equation. Lép; ¢g be the

given gradient eld. The curl equation can be written as

Cly+ 5ix+ )= py+1ix) Py + ayix) ayix+1)  (225)

In terms of residual gradient eld, the above equation can be ngten as

WHL) LT ) XD = Cpgly+ X+ 3) i (226)

To enforce integrability, we wish to nd an integrable gradiet eld with zero curl
all over. In other words, if we can solve for the residual gradiereld, it can be
subtracted from the given gradient eld to get the integrablegradient eld. Thus,
curl correction is equivalent to solving for the residual gradnt eld f ,; 0.

We begin by observing that for an integrable gradient eld, ct is zero every-

where and hence the residual gradient eld is zero everywhe(teivial solution). So,
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we consider only those box loops (of 4 pixels) which have non-aesurl. Thus, if
Cpg(Y+ 3 x+ %) is non-zero, we consider the gradients in the residual gradteeld
for that loop to be non-zero and those gradients need to be estited. Note that in
absence of any auxiliary information, all four gradients inhe loop are considered
to be erroneous.

SupposeK loops have non-zero curl in the image. For each such loop, waca

write (2.26). Stacking all such equations on top of each othewe get
AX = b; (2.27)

where x denotes the unknown residual gradient eld values that need® be esti-
mated, bis aK 1 vector, containing the negative of the curl values for allnese
loops. The matrix A is a sparse matrix, with each row having only 4 non-zero
entries, two +1's and two 1's corresponding to left hand side of (2.26).

To solve the above linear systemA must have full rank. This raises the

following questions.
How do we know when the matrixA has full rank?
How do we solve for this system when it is not full rank?

In the next section, | present a graph analogy to understand therpblem.

2.5.1 Graph Analogy

Using a graph analogy, | outline conditions under which the systeof equation

Ax = bis solvable. Graph analogy has also been used for residue-cubathm [16]
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for phase unwrapping. We assume Dirichlet boundary conditionsg. the surface
values are known at the boundaries. However, the discussion hofds Neumann
boundary conditions as well.

We de ne an undirected graphG = (V; E) on the image plane. Each node in
the graph corresponds to a pixel in the image (including bouradly nodes). Each
node in the interior (not on boundary) has four edges, conneny it to nodes in
north, south, east and west directions. For nodes on boundary,dke at the corners
of the image have two edges and the rest have three edges eachchEedge in the
graph between two nodes represent the gradieptor g between the nodes.

With the above terminology, given a non-integrable gradidneld, one knows
the value of the graph edges and the value of graph nodes at theundary points
(from Dirichlet conditions). The goal is to integrate the gralient eld or to nd the
value of nodes (pixels) in the interior of the image.

If the estimated gradientp or g is erroneous at a node (or the curl is non-zero
for that loop), we break the corresponding edge in the graph. Thus, when curl is
non-zero everywhere, all the edges in the graph (except thosetween boundary

points) will be broken.

Proposition 2. If the broken edges are such that the graph remains connectee
corresponding system of equatioAx = b can be solved. If however, the graph breaks

into n pieces, rank de cit of A is equal ton 1.

If the graph remains connected, one can reach any node of thajgh starting

from some boundary node. Thus for each node (pixel), one carways nd at
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() (b)

(c) (d)

Figure 2.5: Graph analogy and rank considerations. (a) A samplgraph on a
8 8 grid. Lines denote edges and dots denote nodes. (b) A con @gtion such as
this cannot happen as boundary edges are assumed to be knowrn). Agarticular

con guration of broken edges where the graph is broken into = 4 parts. Total

number of broken edges = 34rank (A) = 31. rankdecit=34 31=3=n 1. (d)

If 3 more links are known to connect the graph (dashed edges),mher of unknowns
reduces to 31 =rank(A).

28



least one integration path from some boundary pixel. Thus, theade value can be
obtained for all the pixels. This in turn implies that the value of broken edges can
be obtained. Thus the systemAx = b has to be full rank.

If however the graph breaks intan pieces, the minimum number of edges that
are needed to connect it isv 1. If we have known the edge value af 1 more
edges, we could have solved the system. Thus, the rankfofwill be n 1 less than
required. Figure 2.5 shows an example.

Thus, the basic idea is to identify the given gradients as good bad based
on the non-zero curl values for each loop. We would like to iegrate only using the
good gradients. Considering the gradient eld as a graph, we éak all the edges
corresponding to the bad gradients. If the graph remains concted, integration
can be done using the good gradients. Otherwise, we need to cartribe graph by

assuming that some bad gradients are good.

2.5.1.1 Connecting the Graph

We need to nd the minimum number of edges that should be joinedo that
the graph gets connected. To connect the graph, we de ne angalweight for each
edge and nd that minimal set of edges which connects the graph and has the
minimum total weight. For edges corresponding to thex gradient between nodes
Vyx+1 and V., and corresponding to they gradient between noded/,, and Vy.1 ,

the edge weight is de ned as the curl value of the loop.
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2.5.2 Algorithm Outline

The complete algorithm can be specied as follows. Given a nontegrable

gradient eld (p;0),

1. Obtain the curl of the given gradient eld all over the image. Form the image
graph. For each edge in graph, assign a weight as described in firevious

section. Assign all the boundary nodes to sé,.

2. ldentify nodes corresponding to loops where curl is greatban some threshold
( =10 2). Assign all such nodes to seB; if it is not a boundary node. Assign
the remaining nodes to seB,. Note that when the curl is non-zero all over,
B, will contain just the boundary nodes andB; will contain the remaining

nodes.

3. Break all the edges connecting any node B, to any node inB,. Also break

all the edges between the nodes ;.

4. Finding minimal set of edges to join

While B, is not empty
(a) Find the shortest path from any node inB, to a node inB;. Let V;,;, be
the node inB; and V,,;, be the node inB, corresponding to this path.

(b) RemoveV;, ., from B; and put in B,.

131
(c) Join the edge connecting/,j, and Vi, ;.

5. Now the graph will be connected. For all the edges still broke form the
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equation Ax = b. Solve forx and subtractx from the corresponding locations

in the given gradient eld.

6. Now we have obtained an integrable gradient eld. The undssing 2D surface

can be obtained by integrating using a Poisson solver.

2.5.3 Results

2.5.3.1 Local Error Con nement

We rst show that errors in the reconstruction can be con ned loally using
the algebraic approach. Figure 2.6 shows the same noisy gradiesdd as shown in
Figure 2.4, along with its curl values. We nd all loops wherelte curl is non-zero
and break the corresponding edges in the graph. For this exalapthe number of
broken edges was 4004, which formed 1770 disconnected segsefa connect the
graph, 1770 1 = 1769 gradients were assumed to be good. The values of the rdst o
4004 1769 = 2235 erroneous gradients were obtained by solving theear system
as described above. The nal integrable gradient eld was obined by subtracting
the residual gradient eld from the given noisy gradient eld.

Figure 2.6 compares the reconstruction using the Poisson solvardausing
the algebraic approach. Note that using the algebraic apprdacthe error in the

reconstructed surface is con ned to the mask region where noisasvadded.
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(a) Noisy g (b) Noisy gy (c) Curl

(d) LS Reconstruction using Poisson solver (e) Reconstruction using algebraic approach

(f) Error for LS Reconstruction (g) Error for Proposed Reconstruction

Figure 2.6: Local error con nement. (a,b) Noisy gradient eldas shown in Fig-
ure 2.4. (c) Curl of the noisy gradient eld. (d,e) Comparison bLS reconstruction
with the curl correction method. (f,g) Corresponding error wh respect to the true
surface. Note that in our method, the error is con ned to the maskegion where

noise is added.
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2.5.3.2 Shape from Shading

For SfS, we implemented the algorithm by Brooks and Horn [13hd extended
it to incorporate our integrability method. This algorithm assumes a Lambertian

re ectance model for the sugaces. In this method, at each itation, new estimages

p p
of the surface gradient§ é are obtained from the previous estimateg Z
g

k+1 k
3 3

2 2
g Bé + R)g e Z (2.28)
k Ry

]

as 2 3

§°1
b B

WhereBK and B< denotes the smoothed values & and p, respectively,| is the

k+1

input image, R is the re ectance map andRy, R, denotes its derivatives.

In [30], Frankot & Chellappa proposed to impose integrabilityat each iter-
ation of the above algorithm by projecting the non-integrale gradients on to the
Fourier basis functions. Similar to them, we impose integraliy as follows. At each
iteration, we rst nd the new update using the above equation. Then we nd the
integrable eld using our method and use the integrable eld irnthe next iteration.

Figure 2.7 shows a synthetic example for Vase and a real exampethe Lena
image. For vase, we use the illumination direction ¢05;0:05;1) to generate the
image using a Lambertian re ectance model. For Lena, the illaination direction
(1:5;0:866 1) was used as suggested in [12]. For both examples, 50 iteratiais
Brooks & Horn algorithm were performed. Figures 2.7(b) and 2(d) compare the
reconstructed surfaces using the Poisson solver and the proposedhod. Note

that in the vase image, enforcing integrability using the Poissosolver does not
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properly maintain the boundaries of the object, whereas irhe reconstruction using
our method, the boundaries are well maintained. For the Lenanage, a better visual

reconstruction is obtained as shown in Figure 2.7(d).

2.5.3.3 Photometric Stereo

For PS, we present results using the Mozart depth map and the Yalace
database B [Y aleB01poo). For the Mozart dataset, ve images were generated
assuming Lambertian re ectance model using the ground truth gegh map. For the
Yale database, all 64 images corresponding to the frontal pose the rst subject
were used. We assume that the light source directions are known. simple LS
approach was used to estimate the surface normai,(ny;n,) at each pixel. The
gradient eld was obtained asp=n,=n,, q=ny=n,.

Figure 2.8(a) shows four of the ve input images generated uginthe Lam-
bertian model for the Mozart face, whose true depth map is shown Figure 2.8(e).
Figure 2.8(b) shows the curl of the estimated gradient eld. Fjure 2.8(e)(center)
shows the reconstruction from the estimated gradient eld usinthe Poisson solver.
As described in Section 2.5.2, we nd those edges which can pdtelly give rise
to non-zero curl values. Nodes connecting these edges (Begj are shown in Fig-
ure 2.8(c) in white. It is clear that the resultant graph will not be connected. We
then nd the minimal set of edges to join so as to connect the gréyp Figure 2.8(d)
shows the nal con guration of the connected edges. Note that ithis graph, all

nodes can be reached using the edges present in the graph. Fayesdnot present

34



(@)

Original Proposed

(b)

"7

Proposed

Figure 2.7: SfS on Vase and Lena image. (a) Synthetic vase imagmerated using
(0:05,0:05;1) as the illumination direction. (b) Original depth map, reconstructed
surface using the Poisson solver and using the proposed algorithm.t&that in the
Poisson solver reconstruction, the surface is globally distorteashd boundaries are
not preserved. (c) Lena Image. (d) Reconstructed surface usiniget Poisson solver
and using the proposed algorithm. There are distortions alondné lips and top left
of the reconstructed surface using the Poisson solver.
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between the nodes, the system of equatiolx = b was solved. The gradient eld
was then updated using thex values. Figure 2.8(e) shows the reconstruction using
curl corrected gradient eld which is much better than using he Poisson solver. The
percentage depth error between the true depth map and the mtstructed depth
map was 426 using Poisson solver and:2 using our method.

Figure 2.9(a) shows four (out of sixty four) input images for oa of the subjects
in frontal pose from Yale database. Figure 2.9(b) shows the cuof the estimated
gradient eld. Figures 2.9(c) and 2.9(d) show the reconstruan using the Poisson
solver and using our method. Note that the reconstruction using oumethod is
much better especially along the face boundaries. Poisson solean have global
distortions since the gradients at any location a ect the recastruction all over
the image. In contrast, our method can locally con ne errors, @es not have any
global distortions and all features (sharp gradients) are presed. Also notice the
transitions between the right cheek and the back plane whicls ismoothed out in

the reconstruction using Poisson solver.

2.6 Summary

In this chapter, | analyzed the space of all possible solutionsrfsurface recon-
struction from gradient elds. | showed that least square approdmes such as Poisson
solver do not give feature preserving reconstructions in the @sence of noise and
outliers and do not have the property of local error con nem@&. Using a graph

analogy, | presented an algebraic approach for curl corregti and enforcing inte-
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(b)

(d)

ary

Original Poisson Solver

(€)

4

Proposed

Figure 2.8: Photometric Stereo on Mozart dataset. (a) Samplenages. (b) Curl
values for estimated gradient eld. (c) Initial nodes in setB; (Section 2.5.2 step
3). (d) Final image graph which is connected. Nodes are represed by dots and
edges by lines. Edges not present can be solved for by form#vg = b. (e) Original
depth map, reconstructed surface using the Poisson solver and usthg algebraic

approach.
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(@) (b)

() (d)

Figure 2.9: Photometric Stereo on Yale face database. (a) Roaut of sixty four

input images. (b) Curl values of the estimated gradient eld. ¢) Reconstructed
depth map using the Poisson solver. Global distortions are present{d) Recon-
structed depth map using our method. Our method exploits infanation in curl

often ignored in gradient reconstruction. This brings in hif gradients that are
smoothed out in the Poisson solver. In addition, the reconstruan has a local er-
ror con nement property so that errors in the gradient eld do not create global
distortions in the reconstructed surface.
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grability, which provides local error con nement. Using thisanalysis, | describe a
generalized equation for robust reconstruction from gradiéerelds in the following

chapter.

39



Chapter 3
A General Framework for Surface Reconstruction from Gradient

Fields

In this chapter, | describe a general framework for surface m@tstruction
from gradient elds. Firstly, I show that reconstruction from gradient elds can
be considered as a robust estimation problem and traditional gpoaches such as
RANSAC [69] are computationally prohibitive due to the high dmensionality of the
problem. Then | describe a generalized equation that lead tove&ral new algorithms
for feature preserving reconstructions in the presence of noiged outliers. | show
that previous approaches such as Poisson solver and Frankot-Gaepa algorithm
are special cases of this framework. The key idea behind the gmalized equation
is to replace gradients by suitable functions of gradients ising from general er-
ror functionals. These functions control the degree of anisafpy of the weights
assigned to the gradients in the integration process, resulting feature preserving

reconstructions.

3.1 Robust Estimation

Techniques for robust estimation includes the well-known RANS& algorithm
and M-estimators [70]. Firstly, | show that applying RANSAC to gralient inte-

gration is computationally prohibitive. To apply RANSAC, we reed to nd the
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minimum number m of gradients required for integration. For example, if we wa

to estimate a line from 2D points, we needn = 2 points.

Proposition 3. For a surface de ned over aH W grid, the minimum number of
gradients required for integration ism = HW 1. However, integration cannot be
done using any such set oh gradients. Thesem gradients should form a spanning

tree of the 2D planar graph de ned on the grid.

Proof. De ne a 2D graph over the grid, where the nodes correspond todhvalue of
the surface at each pixel and gradients correspond to the eddsee Figure 2.1). To
be able to integrate, each pixel (hode) should be reachable ngisome integration
path. Since a spanning tree is a minimal con guration which spe all nodes, the
gradients should be in that con guration. ForHW nodes, the number of edges in

any spanning tree isHW 1, hencem = HW 1.

In Section 2.3, it was shown that the subspace of all gradient @ is of
dimensionHW 1, by enforcing integrability using curl correction. The abwe

proposition is an alternative argument using graph analogy.

3.1.1 RANSAC Gradient Integration (Computationally Prohibitive)

RANSAC works by randomly selecting a set of minimum data pointsn and
nding the number of inliers using a given tolerance level. This is repeatedT
times and the set having the maximum number of inliers is used testimate the
parameters. A naive RANSAC based approach to surface reconstructican be as
follows:
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Find a random spanning tree of the 2D planar graph on the grid.
Integrate using the gradients corresponding to the edges indtspanning tree.

Find the number of gradient inliers using the solution given aerror tolerance

RepeatT times and choose that spanning tree using which maximum number

of inliers are obtained.

In [69], it was shown that to ensure with probability that at least one of the
random selections is an error-free set of data points, one must make at leasT

selections, wherd is given by
T=log(1 )=log(1 wm): (3.1)

In (3.1), w is the probability that a particular data point is an inlier. However, T

becomes extremely large as the size of the grid is increasedr &ample, assuming

w = 0:95, even for a 16 16 grid (m = 255), to ensure a probability = 0:95,

T = 1:43 10°. Thus, a random selection process for choosing the inliers set is

practically impossible for decent grid sizes.

3.2 A General Framework

A general solution can be obtained by minimizing the followign" order error
functional
Z Z
J= E(Z;p; q; Zeayb; Pyeya; Ceya; -1 2) dxdy ; (3.2)
whereE is a continuous di erentiable function, a; b; cand d are non-negative integers

such thata+ b= k, c+ d= k 1 for some positive integek, Za» = —9@%é ,
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Pyeyd = gTé@” Ceya = gT@l‘;r and the above equation includes terms corresponding
to all possible combinations of; b;candd for all k, 1 k n. Restricting to rst

order derivatives (1 = 1), we will consider error functionals of the form

Z 7z
J = E(Z;p; q; Z; Zy)dxdy: (3.3)

The Euler-Lagrange equation gives

@E d @E d @E_ @E_, @E @
== - =) 3.4
@z dx@z dy@; =0 or @z div @Z’@ZE) (3.4)
Consider the following form for 8= and @E
E E
OF_ = f1(Z:Zy)  fs(p:0); @F_ fo(Zx;Zy)  fa(p;0) ; (3.5)

@7 @z
wheref; :R  R! C;i=1:::4 are di erent functions. Note that these functions

cannot be arbitrary as they should satlsfy@&@& = @gé&. This implies that

@1(Z2x;Zy) _ @§(Zx;Zy) .
@7 @z

(3.6)

Substituting (3.5) into (3.4) and bringing all Z terms on one side, we get thgen-

eralized equation

dv (132 2):1222) o= dv (apiaifapia) 1 B7)

The generalized equation replaces the gradients by funat® of gradients. In the
next section, | show that previous solutions such as the Poisson sahand Frankot-

Chellappa algorithm (in general, projection onto continuas basis functions) can be
derived using the generalized equation (3.7). Then | presenbwvel solutions using
the above equation. In all solutions, | assume Neumann boundarynzbtions given

byr Z b=0.
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3.3 Previous Solutions as Special Cases

3.3.1 Poisson Solver (Spatially Invariant Isotropic Weights)

The Poisson equation
div (Zx;Zy) = div (p; 0): (3.8)

can be obtained from (3.7) by substituting (see Table 3.1)
8

)

=0

®

f1(Zx;Zy) = Zy

fo(Zx;Zy) = Zy (3:9)
fa(p;d=p
T f4p;0 = q:

Equation (3.6) is satis ed as both sides are zero. Thus, Poisson eqon is the

simplest possible case of the generalized equation, where thections f;'s do not

modify the gradients.

3.3.1.1 Numerical Solution

Let u = div (p; 9. Using nite di erences and vectoring the 2D matrices in

lexicographical order, the Poisson equation can be discretzf9] to give

LZ = u; (3.10)
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of sizeHW HW. Each row ofL has 4 at the diagonal entry and four 1's

corresponding to the isotropic Laplacian kernel 2. Z can be obtained as

Z=1L tu: (3.11)

3.3.2 Reconstruction using Basis Functions

Frankot-Chellappa (FC) algorithm reconstructs the surfaceZ by projecting
fp; g on the set of integrable Fourier basis functions. LeF (s(x;y)) denote the

Fourier transform of s(x;y)2. Given fp;cg, Z is obtained as [30]

g i 2FO F@

) : (3.12)
7
Let (XY; x5 y) = €0X* y¥) We have
x =1 x; y= 0 y: (3.13)
Substituting
8
=0
fl(Zx;Zy) = F(Zx)
fa(Z4:2,) = F(2Z)) (3.14)
gfs(pia) = F(p)

T fa(p;d = F(a)

IThe Laplacian nﬁtrix Ezeeds to be modi ed at the boundary acco rding to the boundary conditions.

2E(s(x;y)) = 5, s(xy)e ICax* ydxdy
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in (3.7), we get

div (F(Zx); F(Zy) )= div(F(p); F(a) )
) 1 xF(Z)+ ] yF(Zy) =] xF(P+] yF(9) ;

) (G DF@ =i GREEF F@)
GF@* SF@) |

(3+ 9

which is equivalent to (3.12). Theprojection on the Fourier basis functions is implicit

) F(@)=

in the above de nition of f;'s which transforms the gradients as weighted basis
functions , the weights being equal to the Fourier transform coe cients.One can
generalize this approach to use any set of ortho-normal basisw@ions . Kovesi's
[55] algorithm is in a similar spirit while using a redundant set bnon-orthogonal
basis functions.

In the next section, | show how these function$;'s can be changed to obtain
a continuum of solutions. Intuitively, in solving the Poisson eqation, the Laplacian
matrix L is obtained by using aspatially invariant isotropic kernel (r 2) which gives
equal weights to gradients. This results in the Poisson solver Ingi non-robust and
favoring smoothness. To obtain robust solutions, we modify the L&xian matrix
by using spatially varying anisotropic kernel depending on local shape, or residual

gradient eld.

3.4 New Solutions

Now | present several new algorithms based on the previous franoely by
changing the degree of anisotropy of weights applied to theaglients in the integra-
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tion process.

3.4.1 -surface: Anisotropic Scaling using Binary Weights

In Section 3.1.1, it was shown that random selection process ftire set of
inlier gradients is computationally prohibitive due to thehigh dimensionality of the
gradient integration problem. If there is a problem relatedrationale for choosing
the set of inliers, one could use a deterministic selection procésstead of a random
one as argued in [69]. In a general estimation problem like itig a line, each data
point is independent and there are natructural constraints. For 2D integration,
integrability enforces a structural constraint. Also, since theoal is to t a surface,
there is an inherent smoothness involved (at regions separatby discontinuities).
Thus, one can decide an initial spanning tree using a determinisfprocess (as shown
in Section 3.4.1.1).

Suppose we decide an initial spanning tree, claiming all gradlits correspond-
ing to the edges in this spanning tree to be inliers. We de ne-surface as an
iterative scheme, where at each iteration, based on the toleree level , all gradi-
ents for which the residual term is less than are added to the inliers set. Formally,
let S denote the set containing the gradients corresponding to thelges in the initial

spanning tree. For an 0, -surface is given by
Initialize: Integrate using the gradients in the setS to get Z°. k 1.
At iteration k: Compute Zy; Z, as the gradients ofzk 1.

Ifjxj=jZx pi andZy notin S, add Z, to setS. If j yj = jZ, q
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and Zy notin S, add Z, to setS. Let n be the number of new additions to

setS.
Integrate using the gradients inS to obtain ZX.

Terminate if n =0, elsek  k+ 1.

Note that the gradients are not removed fronS in the above scheme because the
minimal con guration of spanning tree must be satis ed. The paraeter decides
between outliers and inliers. If = 0, gradients corresponding to the edges in
the initial spanning tree are considered as inliers and are uséat integration. As

is increased, more gradients are used for integration. At a & value of , all
gradients will be treated as inliers and the solution becomesjuivalent to that given
by the Poisson solver.By changing , one can trace a path in the solution
space, where one end is the solution based on a minimal data con guiah and the
other end is the solution based on using all the data. Thus,-surface is a weighted
approach, where the weights are 1 for gradients i (used for integration) and 0

otherwise. If we de ne
8

1 ifZ,2S; 51 ifZ, 2 S;
b, (x;y) = (3.15)

- 0 otherwise - 0 otherwise

b (x;y) =

wW o AW 0o

then the error functional J for each iteration of -surface can be written as

Z Z
J= (Zx P+ b(Zy q)’dxdy : (3.16)

The corresponding Euler-Lagrange equation is

div (b Zy; by Zy) = div (bp; Bo): (3.17)
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Thus, the gradient elds fZ,;Z,g and f p; g are scaledusing the binary weightsh,

and b, in an anisotropic manner.

3.4.1.1 Determining Initial Spanning Tree

An easy way to obtain an initial spanning tree is to assign a weighbteach
edge and nd the minimum spanning tree (MST). In Section 2.5, @ used the curl
values as weights on the edges to connect the graph by ndingd set of links with
minimum total weight. We experimented with two types of edgeveights: one based
on curl values and other based on gradient magnitude. We fourtdat assigning
gradient magnitude as weights gives better results compared curl values. For

results presented in Sect. 3.5, we use gradient magnitude asgis.

3.4.1.2 Determining

Suppose that the gradients are corrupted by additive Gaussianoise (inde-
pendent and identically distributed) N (0; 2). In discrete domain, curl values can
be obtained by considering the smallest loop made up of 4 squareected pixels,
(y;X);(y;x+1);(y+1;x)and (y+1;x + 1) (see Fig. 2.1(middle)). The integral

along this loop is

Coa(y:;x) = p(y +1;x) p(y;x)+ ay;x) ao(y;x+1): (3.18)

Using the above equation, the mean and variance 6%, will be 0 and 4 2 respec-

tively (in practice, variance can be higher due to outliers)\We estimate as

q
= (3= (3.19)
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where ( 2) denote the estimated variance o€, using the given gradient eldf p; cg.

Weuse =1:5.

3.4.1.3 Numerical Solution

Let u, = div (bp; R a). div (bZy; b Z,) can be written asr 2Z, wherer 2 is
the weighted Laplacian kernel(Fig. 3.1, r 2 with bs as weights). This weighted
kernel is applied at each pixel to calculate the weighted L#gcian matrix L, and

the weighted divergencau,. Z is obtained as
Z=1L,'uy (3.20)

Note that the matrix Ly is guaranteed to be invertible since the sef contains
the gradients corresponding to some spanning tree (minimal cgaration). Next |
show how to generalize the inlier/outlier weighting scheme tapproaches based on

continuous weights.

3.4.2 Anisotropic Scaling using Continuous Weights

3.4.2.1 M-estimators

M-estimators reduce the e ect of outliers by replacing the squared error
residual () = (:)? by another function of residuals. Here is a symmetric, positive-
de nite function with a unique minimum at zero, and is chosena be less increasing
than square. Several functions such as Huber, Cauchy, Tuckeydthose based om.P

norm have been proposed [71, 70]. The error function corresplarg to M-estimators
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can be minimized using an iterative re-weighted least squareppoach [72], where

at each iteration a new error function is de ned as

Z Z
J = w( i NZe PP+ w(y (Zy d)?dxdy : (3.21)

The weights (v, = w( ¥ ');w, = w( § 1)) at iteration k depends on the residual at

iteration k 1 using the function . The Euler-Lagrange equation of (3.21) gives
div (WxZy; WyZy) = div (Wyp; W, 0): (3.22)

This is similar to the -surface method described above, except that the weights are

continuous. Z can be obtained as

Z=1L,'uy: (3.23)

3.4.2.2 Regularization

lll-posed problems in computer vision are often solved bggularization (e.g.
estimating optical ow [73]). The Poisson solver can be regula@d by modifying

the error function as

Z Z
J(2) = (Zx P?+(Zy 9 + ((Z)+ (Zy)dxdy; (3.24)

where the second term is the regularization term using the fution . Common
examples include (s) = P 1+ s2and (s) = log(1+ s?)[66, 65]. The Euler-Lagrange

equation of the above error functional gives
div (Zx; Zy) + ( =2)div ( 4Zx); Zy)) = div (p; 9: (3.25)
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In terms of (3.7), this corresponds to (Table 3.1)

8
€f=0
f1(Zx;Zy) = Zu + 5 9Zx)
f2(Zx:Zy) = Zy+ 5 XZy) (3.26)
fa(p;d) = p

T fa(pid = a

Minimizing (3.24) is di cult due to the error functional bei ng non-linear. Using the
principle of half-quadratic minimization (see Appendix A and65] for details), one
can introduce auxiliary variablesw = (wy; wy). Minimizing (3.24) is then equivalent

to the following iterative minimization

Z° 0.k 1. Repeat until convergence
wi = qZE HzE Y, W= (Zf H=zs Y
Solve forz*: r 2Z*+ div (WEZ);wiZy) = div (p; 9

The equation for solvingZ* can be rewritten as

(r 2+ 120z = div (p;0); (3.27)

wherer 2,

is the weighted Laplacian kernel (Fig. 3.1). The solution isigen by

Z=(L+ L) u: (3.28)
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3.4.3 A ne Transformation of Gradients using Di usion Tensors

Image restoration from noisy images has been a classical problemimage
processing. Anisotropic di usion [37] and energy minimization ethods [65, 66] are
some of the common approaches for image restoration. Weick§B8] proposed a

generalization of divergence based equation for image restion, given by
¢ = div(Dr I); (3.29)

where 2 3

g dis(y; X)  di2(y; X) Z

D(y;x) = (3.30)

da1(y; X)  daa(y; X)

isa2 2 symmetric, positive-de nite matrix at each pixel (a eld of di usion ten-
sors). In image restoration, image intensities are modi ed usinifpe above equation.
For the problem of surface reconstruction, let us consider geabzing the Poisson

equation usingD as
2 3 2 3

div(Dg & é) = div(D§ P é) : (3.31)
Zy q

The above equation is the Euler-Lagrange equation of the lolving valid error func-

tional

Z Z
J(2) = d11(Zx p)2 +(di2+ dar)(Zx  PI(Zy Q)+ d(Zy CI)dedy (3.32)

and can be written as

div (di1Zy + dipZy; dr1Zy + doZy) = div (dyip + dio0; cbip + d2o0) : (3.33)
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Note that (3.33) can be obtained from (3.7) by substituting (Talte 3.1).
8

I
o

o
N'm

f1(Zx;Zy) = diZy + dinZy
f2(Zx; Zy) = dnnZy + 0aZy (3.34)
f3(p; 0 = dip+ diq

T fa(p;d) = darp+ d22q
Thus, Di usion corresponds to the functionf;'s beinga ne in their arguments. The
gradients are scalednd linearly combined. The symmetry of the tensoD comes
directly from the fact that (3.6) must be satis ed, leading tod,; = d;,. The positive-
de niteness criteria is required to avoid ill-conditioningin the numerical solution
obtained from discretization. Although, | loosely call this sceme as Di usion,

there is no notion of time or iteration in this scheme. Let
Up = div (dyip + di2q; chip + d220): (3.35)
Equation (3.33) can be written as
r2zZ=up; (3.36)

wherer 2 denotes the weighted Laplacian kernel based on the di usionneor D

(Fig. 3.1). The solution is given by

Z=1Ly'up (3.37)
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3.4.3.1 Obtaining Di usion Tensor

Several schemes for obtaining di usion tensor that preserves gab [66](EqQ.
3.60) and coherence [38] have been proposed. We use an edgeepri@g di usion

tensor similar to edge preserving tensor de ned in [66] as fojew At eagh pixel,

2

we rstobtaina 2 2 matrix H by convolving component wis§ qé with a
pa o
Gaussian kerneK (x;y) = 72, exp( 5L).
2 3
A(xy) B(xy)
H(xy) = § Z (3.38)
B(xy) C(x:y)
where
ZZ
A(xy) = p(x uy V)’K (u;v)dudv
ZZ
B(x;y) = p(x uy Vv)gx uy V)K (u;v)dudv (3.39)
Z Z
C(x;y) = ax uy  v)2K (u;v)dudv

Let 1 » denote the eigen-values dfl and v, v, denote its eigen-vectors.
2 32 3

H= v, v, § l Oég\/{é: (3.40)

0 2 V'2I'
The eigen-values oH are modi ed following [66](Eq. 3.60).
8
% if ;=0 (3.41)
1

w o AW oo
=

T +1 exp( 3315=%) if >0
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D is obtained from the eigen-vectors dfi and the new eigen-values as
2 32 3

D="vi v, g 1 OZEVIZ: (3.42)

0o vy
Here =0:02 to ensure positive-de niteness ob .

The tensor D transforms the gradient eld so as to remove large gradients.
Note that the left hand side of (3.31) is also modied byD. Intuitively, recon-
struction is done only using the low gradients information. Hoexample, consider
a horizontal ramp in the surface starting from depth value zerdo a large depth
value. One can integrateacrossthe ramp using largex gradients, or one can inte-
grate along the ramp using smallerx gradients. The a ne transformation approach
e ectively integrates along the ramp by transforming the grdient eld to remove

large gradients.

3.4.4 Discussion

The weighted solutions can be explained as follows. In a weight solution,
the Laplacian matrix is obtained using aspatially varying anisotropic kernel based
on weights. This is in contrast with a spatially invariant isotrqpic kernel used in
the Poisson equation. for M-estimators, the weights depend ondhresidual error,
while in Diusion and Regularization, it depends on the unddying surface. In
Regularization, the divergence of the given gradient eld is not modi ed according

to the weights, while it is modi ed in other approaches (see Tdb 3.1).
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3.4.4.1 Exactness of the Solution

Let us compare the algorithms in terms of exactness of the sdln. By
exactness, we mean that if there was no noisefip; ag, i.e., if Z, = pandZ, = q, will
the reconstruction algorithm give the originalZ back (up to an unknown constant)?
This can be analyzed using the error function for di erent appaches. The LS
based Poisson solver is exact becauseZif = p and Z, = q, the error function
J = 0. Similarly, M-estimators, -surface and ane transformation are exact.
However, Regularization is not exact as the original cost fution is modi ed. For

> 0, evenifZy = pandZy, = q,J 0 for Regularization. The Regularization
approach does not give good solutions as compared to other eggches as it does
not minimize the correct error function.

Although | described a range of solutions, the choice of using a paular al-
gorithm for a given application remains an open problem. Inamneral, for smooth
surfaces without discontinuities, LS approaches may give gogdlutions while han-
dling noise. With sharp features on a surface, diusion and alphsurface gives
better feature preserving reconstructions in the presence abise and outliers. In all
the above solutions%g: 0. This framework could also be used when thg values
are known at some control points or while combining sparse dep#énd orientation

information to obtain a surface [74, 75, 76] by utilizing the%?term.
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2 3 2 3
0 1 O 0 wy (Y F,1; X) 0
rz 41 4 15 r2 4 w(y;x 1) Wy (y; X) O
0 1 0 0 wy (Y; X) 0
r 2
2 D
0 do(y LX) 4ptaa(y 1) doa(y 1,X)
4 dig(y;x 1)+ dio(y;x 1) dia(y; X) + daa(y; x)
dia(y;x 1) da2(Y; X) + di2(Y; X) 0

r 2: Isotropic kernel,r 2: Anisotropic kernel,r 2: Di usion kernel

Figure 3.1: A continuum of solutions can be derived by changirf;'s in the general-
ized equation (3.7). At one end is the Poisson solver which givegual weights to all
the gradients, resulting in a spatially invariant isotropic Lagacian kernelr 2. Indi-
vidual scaling of the gradients using spatially varying weights (binary for -surfa,;,e,
continuous for M-estimator and Regularization) results in aisotropic kernelr 2 (
denotes the sum of neighboring values). In Di usionx and y gradients are scaled
and linearly combined, resulting in an a ne transformation of gradients. This re-
sults in di usion kernel r 2.
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Figure 3.2: Reconstruction in the presence of noise and outbgiRamp-Peaks). (Top
two rows) (Left) Reconstructed surfaces using various algoriths. (Right) One-D
height plots for a scan line across the middle of grid for varisusolutions. (Bottom
row) x and y gradient weights for the last iteration of -surface, M-estimator &
Regularization. Last three images showd,;;; d,» & di» for Diusion. (white= 1,
black= 0) except for d;, (white= 0:5, black=0:5). Notice that -surface and
Di usion give much better results compared to other approactse

3.5 Experimental Validation

We comparé Poisson solver, Frankot-Chellappa (FC) algorithm, -surface, M-
estimator using Huber function, Di usion and Regularization usig (s) = P 1+ 82,

= 10. Table 3.1 gives summary of the functiong;'s and the equation for each
algorithm.

3.5.1 Ramp-Peaks

Figure 3.2 shows the reconstructed surfaces using various altons from the

noisy gradient eld of the synthetic surface shown in Figure 2.3.Note that the

3Matlab code is available at http://www.umiacs.umd.edu/  aagrawal/ , [77].

59



Figure 3.3: Photometric Stereo on Vase. (Top row) Noisy input iages and the true
surface. (Next two rows) Reconstructed surfaces using various alghms. (Right
column) One-D height plots for a scan line across the middle o$e. Better results
are obtained using -surface, Diusion and M-estimator as compared to Poisson
solver, FC and Regularization.

surface reconstructed using -surface and Diusion are much better than those
reconstructed using other approaches.

We also present results on calibrated photometric stereo using $iyatic and
real images. The synthetic images were generated using the Laartian re ectance
model under distant point light sources. We rst estimate the surfae normals
(ny;ny;n;) at each pixel. The gradient eld is then obtained asp = ny=n,,
g= ny=n,. Pixels where the surface normal cannot be estimated (beingshadow
in most of the images) give rise to outliers. Table 3.2 gives the @@ square error
between the estimated surface and the true surface for synthetilatasets using

various algorithms, along with some of the properties of theségarithms.
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Figure 3.4: Photometric Stereo on Mozart. Top row shows noisyput images

and the true surface. Next two rows show the reconstructed surfacasing various

algorithms. (Right Column) One-D height plots for a scan line eross the Mozart

face. Notice that all the features of the face are preserved ihd solution given by
-surface, Di usion and M-estimator as compared to other algahms.
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Figure 3.5: Photometric Stereo on Flowerpot. Left column skofour real images of
a owerpot. Right column show the reconstructed surfaces usingkious algorithms.
The reconstructions using Poisson solver and FC algorithm are sgiand all features
(such as ne variations on the top of the owerpot) are not recwered. Di usion,

-surface and M-estimator methods discount noise while recovagi all the salient
features.

3.5.2 Vase

Six images generated using the Vase depth map are shown in Figl®&.
We add Gaussian random noise (= 10% of maximum intensity) to the images.
In addition, we also add small amount of uniformly distributed mwise to the light
source directions. The reconstructed surfaces using various @ithms are shown
in Figure 3.3. -surface, Diusion and M-estimator give better shape estimates

compared to the rest of algorithms.

3.5.3 Mozart

Five images generated using the Mozart depth map are shown ingkre 3.4.

Gaussian random noise ( = 5% of maximum intensity) was added to the images.
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The reconstructed surfaces using various algorithms are also simoin Figure 3.4.
While the discontinuities in the shape are smeared in solutionssimg the Poisson
solver, FC and Regularization, these are preserved in reconsttions obtained from

-surface, Di usion and M-estimator approaches.

3.5.4 Flowerpot

Figure 3.5 shows results on calibrated photometric stereo usifaur real images
of a owerpot. Notice that LS solutions (Poisson solver and FC algihm) are
noisy and do not recover all features (such as the ne variati@non the top of the
owerpot). Diusion, -surface and M-estimator approaches recovers all salient

features while discounting noise.

3.6 Summary

In this chapter, | presented a general framework for surfacea@nstruction from
gradient elds, based on controlling the anisotropy of weightassigned to gradients
during the integration. | showed that previous solutions such saPoisson solver
and Frankot-Chellappa algorithm are special cases of this frework. Using the
generalized equation, | derived a continuum of solvers:-surface (binary weights),
where allows tradeo between smoothness and robustness, Regularizatiand M-
estimators (continuous weights) and Di usion (a ne transformation on gradients).
The new approaches give consistently better feature presergimeconstructions in

the presence of noise and outliers.
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Chapter 4

Edge Suppression by Gradient Field Manipulations

In this chapter, | present a framework for edge suppressing op&oam on images
by manipulating image gradient elds. Edge-suppression can beuwseful tool in a
class of problems. These problems involve analyzing imageshsd same scene under
variable illumination. Traditionally, edge suppression is ddeved by setting image
gradients to zero based on thresholds. A common application rsthe Retinex prob-
lem [24, 28], where the illumination map is recovered by supgssing the re ectance
edges, assuming that it is slowly varying.

| present two new approaches for edge-suppressing operationsirmages: (a)
gradient projection and (b) a ne transformation of image intensity gradient elds.
| introduce cross-projection tensors for a ne transformations. The key idea is
to utilize the information from the direction of the intensity gradients, in images
captured under varying illumination. These approaches carvaid hard thresholds
and smoothness assumptions on re ectance/illumination and cadme used for image
gradient eld manipulations. These approaches are demonsted in the context
of several applications such as (a) recovering the foregrouteder under varying
illumination, (b) estimating intrinsic images in non-Lambetian scenes, (c) removing
shadows from color images and obtaining the illumination mamnd (d) removing

glass re ections.

66



4.1 Introduction

Image formation depends on shape and re ectance of the objsch the scene
and scene illumination. Scene analysis involves, for exampfactoring the image
to recover the re ectance or illumination map. In techniqus that use local per-
pixel operations, a common approach is to preserve (or suppressiage gradients
at known locations so that in the recovered map, correspondiragiges and textures
are preserved (or suppressed). For instance, the Retinex algbrit by Land and
McCann [27] assumes re ectance to be piece-wise constant (Moiadr scenes) and
illumination to be smooth. Horn [24] proposed to manipulate themage gradient
eld under these assumptions, by setting large derivatives cosponding to the
re ectance edges to zero using thresholds. By integrating the adi ed gradient
eld, one can recover the illumination map.

However, a single threshold for the entire image cannot accouiar illumina-
tion and re ectance variations across the image. The approaes presented here
provide a principled way of removing scene texture edges framages as compared
to thresholding (or zeroing the corresponding gradients). No assptions on ambi-
ent lighting and smoothness of the re ectance or illuminatiormaps (as in [24]) are
made and explicit shadow masks (as in [31]) are not used.

Scene analysis from a single image is a challenging task. We useertban
one image under variable illumination for recovering the ngs and show techniques
that work under natural as well as active illumination varidions. For natural illumi-

nation, we use an approach proposed by Weiss [32], which uses ipldtimages for
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estimating intrinsic images and improve on the estimation ofliimination maps. For
active illumination, we use the attached ash unit in digital cameras to introduce
additional illumination in the scene. These additional image are used to extract
reliable information about scene texture edges, thus avoidjnhard thresholds and

assumptions on smoothness of re ectance/illumination maps.

4.1.1 Related Work

Intrinsic images were proposed as a useful mid-level scene description by
Barrow and Tenenbaum [78]. The observed image is considere®sthe product of
a re ectance image and an illumination image [32, 24]. Decquusing a given image
into intrinsic images is an ill-posed problem. Funet al. [28] extended the Retinex
problem to color images, again using thresholds but correctirigr the non-zero curl
of the modi ed gradient eld. Kimmel et al. [25] proposed a variational approach
assuming re ectance is smooth and illumination is close to inputnages. However,
smoothness of illumination is not valid at shadows and speculaés. A learning
based approach was used in [33] to separate illumination and extance edges.
However, the training depends on the given illumination dirgtion and is di cult
to generalize to other directions. Impressive results were shovay Finlayson et
al. [31] for removing shadows from a single color image, by projex) the 2D
log-chromaticities along an invariant direction. Howevertheir approach requires
imaging under Planckian lights (daylight is a close approxiation). In addition,

they have an explicit shadow mask for zeroing edges correspargito shadows.
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Recently, Weiss [32] proposed to use multiple images of a scenelamchanging
illumination for estimating intrinsic images. A probabilistic approach, based on
maximum-likelihood (ML) estimation was proposed in [32], assung the scene to
be Lambertian. However, fomon-Lambertian scenes , the estimated re ectance
image does not accurately represent the scene re ectance andnsoportion of the

scene re ectance will be included in the illumination imagef35]. Matsushitaet al.

[35] proposed to remove the scene texture edges from the illmaiion images using
a manually speci ed threshold. The approach presented here pides a natural way
to remove scene texture edges from the intensity image by transfing the image
gradient eld, thus avoiding the thresholding altogether.

Background subtraction is used to segment moving regions in ig@ sequences
taken from a static camera [79, 80]. There exists vast literataron background
modeling using adaptive/non-adaptive Gaussian mixture modgland its variants.
See review by Piccardi [81] and references therein. Layer aegiion in the presence
of motion has been discussed in [82, 83]. | show how mutual edgegsegsion can
be e ectively used forforeground extraction  of opaque layers. The presented
gradient-based approach relies on local structure rather thaabsolute intensities
and can handle signi cant illumination variations across imges. This approach can
also be used to remove complex scene structures suchr@sction layers due to
glass. For example, while photographing through glass, ash imag usually have
undesirable re ections of objects in front of the glass. Methadfor re ection removal
include changing polarization or focus [84, 85], IndepenideComponent Analysis
(ICA) [86] and using local features [87].
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Local structure tensors anddi usion tensors derived from them have been
used for spatio-temporal image processing and optical ow [8&nd PDE based
image regularization [66, 50, 89, 90]. These approaches aasdd on modifying the

image intensities using the non-linear di usion equation
Iy = div (Dr 1); (4.1)

wherediv denotes the divergence operator, | is the image gradient andD denotes
the di usion tensor. In comparison, my approach is a gradient doain approach
based on transforming the gradient eldr |1 using suitably de ned projection ten-

SOrs.

4.2 Gradient Projection

| rst explain the technique of gradient projection (GP) and then show that
it can also be described by an a ne transformation of the gradieneld. The goal
is to capture properties of intensity images that remain invaant under change of
illumination (illumination invariants ). We use the observation that the orienta-
tion of image gradients remains stable under variable illumation, if the gradients
are due to local changes in re ectance and geometric shape amot due to local
changes in illumination [91, 92]. Cheret al. [44] showed that for an object with
Lambertian re ectance, discriminative functions that are nvariant to illumination
do not exist. However, to a large extent, the direction of the imge gradients is
insensitive to changes in illumination. To utilize informaton from multiple images,
we use thedirection of the image gradients as a constrainfor gradient eld ma-
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nipulation. This is achieved by taking avector projection of the image gradient
vector from one image onto the corresponding image gradiergator of another im-
age. This projection results in a gradient eld that preservesommon edges in both
the images.

SupposeA and B denote the two input images andr A, r B denote the
gradient eld of these images. Let! denote the operation of taking the vector
projection. The modi ed (projected) gradient eld r A®is obtained fromr A and
r B as

rA°=r Alr B (4.2)

The projected gradient eld constraints the direction of thegradients in imageA to
be the same as those in imagg.

Let us look at an example to understand the concept. Considerdhproblem
of removing photography artifacts from digital images. Figre 4.1 show two images
of a painting. The top left image was taken under ambient illmination (referred
to as the ambient imagg. Due to the glossy surface of the painting, the ambient
image has re ections of the photographer. The zoomed regishows the re ections
of the hands and face of the photographer. An easy way to remougese re ections
is to take another image under ash illumination (referred toas the ash image)
using the on-board ash of the camera and a short exposure time (4 ms). Due
to the short exposure time, the e ect of ambient illumination & reduced. However,
ash may result in a hotspot (specularity) at the center of the im@e as shown in

Figure 4.1. The goal here is to use information from the ash inge to remove the
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Figure 4.1: Glass re ections. Two images of a painting taken aler ambient and
ash illumination. The zoomed in region shows the self-re ectin of the photogra-
pher in the ambient image.

re ections in the ambient image and to possibly recover the rection layer.

Let us compare the intensity gradient vectors in ash and ambi@ images at
di erent regions. For regions with no re ections, we speculatehat the intensity
gradient direction will be same in both the images as shown in dtire 4.2(a). At
regions where re ections are present in the ambient image, gldirection of intensity
gradient vectors in the ambient image will be di erent from tose in the ash image
(see Figure 4.2(b)).

To remove re ections from the ambient image, we constrain thdirection of
the ambient image gradients using the ash image. This is doneyliaking a vector

projection of the ambient image gradient onto the ash imagemdient. If and
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(b)

Figure 4.2: Relationship of intensity gradient vectors in ashand ambient images
at various image regions. (Top) The direction of the image gdéent vector will be
same in ash and ambient images at regions where artifacts (rections) are not
present. (Bottom) Due to re ections in the ambient image, thedirection of the
intensity gradients in the ambient image is perturbed at thoseegions.
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Figure 4.3: Gradient Projection. To constrain the directionof the image gradient
using the ash image, a vector projection of the ambient imagergdient on to the
ash image gradient is taken. Re ections are removed in the pjected gradient eld.
The residual gradient eld (orthogonal component) correspats to the re ection
layer.

denote the ambient and ash images respectively, the projeategradient eld r e is
obtained as

re=r Ir (4.3)

Figure 4.3 shows that the re ection free image can be obtained by integrating the
projected gradient eld r el. In addition, the re ection layer can be obtained by
integrating the orthogonal gradient eld given byr r e.

Figure 4.4 shows another example on removing glass re ectiofiem a ash

YIn practice, projection cannot be done at ash hotspot due to lack of information. High

dynamic range (HDR) images might be useful in such cases.
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Figure 4.4: Overview of the re ection removal approach. (aJmage of an o ce
scene under ash illumination. (b) Image under ambient illurmation. (c) The
glass re ections in the ash image can be removed by taking a et projection of
the ash image intensity gradient vector onto the ambient imag intensity gradient
vector, and integrating the projected gradient eld.
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image ( 9 using an ambient (no- ash) image (). The top row in Figure 4.4 show
images of an o ce scene taken under ambient and ash illuminatin, where the
camera is looking through a glass window. The ambient image siéow contrast
and although using a ash improves the contrast, it brings in reections of the
checkerboard outside the o ce. We also captured a ground-trit ash image

without the checkerboard. With no re ections, we expect the ash and ambient
image intensity gradients to be aligned in the same directionin the presence of
re ections in the ash image, its gradient vectors are pertuped. To remove the
re ections from the ash image using the ambient image, we taka vector projection

ofr %ontor to getthe projected gradient eldr €

ré r Oy (4.4)

The re ection free ash image €can be obtained by integrating the projected gradi-
ent eld r € The re ection layer ( e-) can be obtained by integrating the orthogonal
gradient eld

ree=r %9r € (4.5)

For comparison, we show the ground truth ash image . Note that inthis example,
the re ections are in the ash image while in the previous examle, the re ections

were in the ambient image.
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4.3 Local Structure Tensors
2 3

Ox
Let I (x;y) be an intensity image andr | = g Z denote the gradient vector

Y
of | at each pixel. The smoothed structure tensoG is de ned as [50]
2 3
% &
G =(rirlh) Kzg gyé K ; (4.6)
%% &

where denotes convolution andK is a normalized 2D Gaussian kernel of variance

. The matrix G can be decomposed as

G =V Vi= y v, § ' °Z§VI§; (4.7)

wherevi; Vv, denote the eigen-vectors corresponding to eigen-values , respec-
tively and 1. The eigen-values and eigen-vectors @ give information
about the local intensity structures in the image [66]. For homwgeneous regions,
1= .,=0.1f ,=0and ;> 0, it signi es the presence of an intensity edge.
The eigen-vectorv, (corresponding to the higher eigen-value;) corresponds to the
direction of the edge.
For the problem of image restoration based on diusion process, \kert
[39, 90] proposed a generalization of the divergence basedatmun given by (4.1),
whereD is a eld of di usion tensors. At each pixel, D(x;y)isa 2 2 symmetric,
positive de nite matrix. Weickert proposed to design the di uson tensorsD by

selecting its eigen-vectorsi; u, and eigen-values ;; , based on the eigen-values
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and eigen-vectors ofs . D is then obtained as
2 3 2 32 3

DZEDM Dlzé: Up Up g l OZEUIZ:

D12 D22 0 o uz
Several designs for obtainind® have been proposed for coherence enhancing dif-
fusion [66, 90], edge enhancing di usion [66], color image resdtion, in-painting,
and magni cation [89]. Usually, D is obtained from the given imagd . All these
approaches modify the image intensities using the di usion eqtion (4.1). In the
next section, | show how to obtainprojection tensors and discuss the properties
and applications of a ne transformation of the gradient eld r | of an image using

them.

4.4 Self-Projection Tensors

Now | show that taking a projection can also be de ned by an a ne tansfor-
mation of the gradient eld using self-projection tensors. Thisanalysis will lead us
to the main idea of cross-projection tensors: to estimate these tors from a second
image and apply them to the given image to suppress edges.

As discussed in Section 4.3, the eigen-vector of the structure tensor matrix
G corresponds to the direction of the local edge. Suppose we de the self-

projection tensorD**" as

Ui = Vi Uzx= Vy 21:0322:1:;

T
Vi Vo ()
01 vy
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Figure 4.5: Visualizing a ne transformation on gradient vectas. At each pixel in an
image, Vv, corresponds to the direction of the local edge. After a ne trasformation
using D¢ | any vector gets projected along the direction orthogonabtv .
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It is easy to see that an a ne transformation of the image gradienusing D' will

remove the local edge.

2 32 3
self 00 VI
D V1= Vi Vo Vi

01 vy

2 32 3 2 3 (4.9)
00 1 0

Vi V2 g ég Z:g Z

01 0 0

Figure 4.5 shows the e ect of transforming gradient vectors usg DS . All
vectors are projected along the directiomrthogonal to the local gradient vectorv;.
Thus, we can establish the following relationship.

Transforming a vector usingD " is equivalent to projecting along the orthog-
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onal direction of the local gradient vector.

Figure 4.6 shows the reconstructed images obtained by integray the trans-
formed gradient eld of the Lena image usind . To handle noise, it is useful to
have a larger spatial support by using > 0 for reliable estimation of the direction
of the local edge. In that case, although the estimated; may not lie in the null
space ofDs¢ | the a ne transformation can still remove the dominant edges fom
the gradient eld r |. Figure 4.6 shows that with = 0, the reconstructed imagel °

is zero everywhere. With =0:5, | °has most of its edges removed.

4.4.1 Limitations of Gradient Projection

The gradient projection approach cannot handle homogenenpuegions and
introduces color artifacts (see Figure 4.14). This is becausedoes not include
neighborhood support for gradient direction estimation, with is unstable in the
presence of noise and low frequency regions. In addition, theopgction is done for
each channel separately which leads to color artifacts. In theext section, | show
how to estimate cross-projection tensors . This approach combines information
spatially (using > 0) and across channels to handle noise in gradient direction

estimation and has no color artifacts.

4.5 Cross-Projection Tensors

Now | show how to remove the scene texture edges from an image bgris-

forming its gradient eld using cross projection tensors obtaied from a second image
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Figure 4.6: A ne transformation of image gradient eld using D¢ for di erent
values of . (Top row) Lena image and the corresponding gradient eld g,; g,0.
(Second row) Componentd;; Dy, and Dy, of D% with = 0. (Third row)
Transformed gradientsg?, ¢, and the imagel ° reconstructed from them.g?; g and

| ®are zero all over. (Last two rows) Components of the projectiotensor, modi ed
gradient eld and the reconstructed image corresponding t® using = 0:5.
Even if > 0, all dominant edges are removed. A non-zeroincorporates spatial
information over the neighborhood for better estimation of ross projection tensors
in the presence of noiseD; and D,, are between [01]. Dy, is between [ 1;1].
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Figure 4.7: Suppressing edges in an imageusing another imageB by a ne trans-
formation of gradient eld using cross projection tensors. Theross projection tensor
DB is obtained using images. The gradient eld A is transformed usingD® to give

r A% removing all those edges from which are present inB. Reconstruction from

r A%gives an imageA® with all the corresponding edges suppressed. Reconstruction
from the di erence gradient eld (r A r A9 gives an imageA® which preserves
those edges irA which are also present irB.

of the same scene (see Figure 4.7). The nal image is obtained byB integration
of the modi ed gradient eld.

Let A and B denote the two images. LetG* and G® denote the smoothed
structure tensors for imagesA and B respectively. The eigen-values and eigen-
vectors of G* and G® will be denoted by superscriptsA and B respectively. The
technique for obtaining the cross projection tensdd® is explained now. Note that
by transforming r A with DB, we wish to (a) remove all edges froA which are
present inB, and (b) retain all edges inA which are not in B. To obtain DB, we

use the following rules:

ur=ve; u=v5.
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If B is homogeneous ¢ = 0)

{If Alis alsg hom@eneous ¢ =0),set 1 = ,=0. This results in

00
D(x;y) = g é for that pixel.
00

{ If A is notjromoggneous ¢ > 0), set ; > = 1. This results in

10

D(x;y) = g é and edges which are iPA but not in B can be
01

retained.

Else, if there is an edge iB ( ® > 0), remove that edge by setting ; = 0,

2:1.

In practice, due to noise and gradient estimation using nite derences, a
small non-zero value is used as a threshold to check for homoggneOne might
think that the above homogeneity threshold needs to vary acss the image, if the
image has spatially varying illumination. Since we take intaccount the direction
of the edge, we do not need spatially adaptive thresholds. Figu#d.8 shows such an
example where illumination is spatially varying in the imags. Also note that there

are no other thresholds in this scheme.

4.5.1 Combining Information across Color Channels

The above formulation can be used for gray scale images. A naivaywof
handling color images would be to obtain the cross projectidansor for each channel
and transform the gradient eld in each channel separately. Hosver, this scheme
introduces color artifacts in the nal reconstructed image a the projection tensor
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does not utilize information across channels. To this end, wd@in a common cross

projection tensor for all the channels by estimating a commo@ matrix as [50]

X3
G =( (rlirl]) K; (4.10)

i=1

wherei denote the color channel.

4.6 Applications

| show applications in recovering the foreground layer undesarying illumina-
tion, estimating intrinsic images for non-Lambertian scenesemoving shadows from
color images, recovering the illumination map, and removinglass re ections from

images. In all experiments, = 0:4 is used.

4.6.1 Recovering Foreground Layer under Varying Illumination

Background subtraction and foreground layer recovery is a alienging problem
in the presence of signi cant illumination variations. Considethe pair of images in
the rst row of Figure 4.8. Image A was captured with a foreground object (raisin
box) illuminated from a table lamp on the right. ImageB was captured with the
table lamp on the left, but without the object. Notice the spatally non-uniform
illumination in the images. Intensity based measures such as frendi erencing
cannot discount such illumination variations across images akown in Figure 4.8(c).

We compute the cross projection tensdd® at each pixel using the background
imageB and transform the gradient eld r A usingD® to obtain r A% The compo-
nents of the cross-projection tensor are shown in Figure 4.9. Bhsuppresses all the
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(a) Image A (b) Image B

(c) jA Bj (d) Image A°

Figure 4.8: Recovering foreground layer under varying illnination. (a) Image A
was captured with a foreground object (raisin box) under illmination from a table
lamp on the right. (b) Image B was captured with the table lamp on the left but
without the object. The images have spatially non-uniform iumination with respect
to each other. (c) The absolute of the image di erenceA B) is confounded by
illumination variations and does not give information abotithe foreground object.
(d) Foreground layer A° obtained using our approach. We remove those edges from
image A which are present in imageB, resulting in A° as the recovered foreground
layer. Notice that A%is free ofall scene texture edges apart from those due to the
box. Although, the shadow of the box overlaps the texture on theed notebook, our
method was able to remove all such texture edgésside the shadow However, all
object edges inA which coincide with the background edges iB will be removed.
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(@ Du (b) D12 (c) D22
Figure 4.9: Components of the cross-projection tensor correspling to the fore-

ground layer example, shown as imagef;; and D,, are between [01] and D, is
between [ 1;1].

texture edges corresponding to the background. The foregruilayer is obtained by
integrating r A° The recovered foreground layer is free of the backgroundxtare,
even inside the shadow of the box. Notice that part of the foreguad (red box) is
similar in color to the background (red book). A color based derencing approach
will fail at such regions. In addition, homogeneous regions dine foreground objects
will leave holes for any local pixel intensity based approachOur method is able
to " ll-in" such regions by propagating information from edges during the integra-
tion of the modi ed gradient eld. However, edges of the foregund object which
align with the background edges (i.e., share the same gradiergctor direction) are
treated as part of the background and suppressed. Fortunatelys is well known, the
likelihood of alignment of 1D features, such as edges, on two drent objects is low.
Nevertheless, in overlapping high frequency regions the likedod is increased and
some foreground edges may be lost. Notice how the top of the texX3UN-MAID"
on the red box is smeared iMA° as it overlaps with the red book binding in the
imageB.

For comparisons with our results, we computed the normalizedass correla-
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(a) (b)

(c) (d)

Figure 4.10: Recovering foreground layer. (aNCOmage (between [ 1;1]). (b)
Foreground con dence map (FCM) obtained as 1 abs(NCE Ideally, the fore-
ground con dence map should be high on the foreground objecha@ low otherwise.
(c) Product of image A with the foreground con dence map does not give good
segmentation. (d) Binary segmentation map obtained by threshaing the obtained
foreground layer using our approach.

tion (NCEof imageA and imageB as

‘- n Co\x;y) .
NCY) = P A y)VaB (y)) @1

where Var denotes local variance over 5 5 neighborhood andCov denotes the

covariance of the local patches i\ and B. Covis given by

Coux;y) = A(XY)B(xy) A(xy) B(xy); (4.12)

where the bar denotes averaging over a local 55 neighborhood. The NCC image
as shown in Figure 4.10 is low around the box region and high other regions.
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However, NCC can only give a qualitative description of a foregund layer. Note
that at homogeneous regions, NCC is not de ned. So it cannot derentiate a
homogeneous region into foreground or background. Figurel@ also shows the
foreground con dence map(FCM) obtained as 1 abs(NCE and the product of
image A with the foreground con dence map. Ideally, this product shold give the
foreground layer. However, the correlation measure cannosdount the illumination

variations whereas our method can easily recover the foregrm layer.

4.6.1.1 Obtaining Foreground Mask

Usually, in background subtraction, a binary mask corresponding the fore-
ground is desired. Figure 4.10(d) shows the binary mask correspling to the fore-
ground object obtained by thresholding the foreground layerChoosing the correct
threshold for segmentation remains an open problem. Howeveyraapproach was
able to successfully discount the illumination variations andhus can give better

segmentations.

4.6.2 Recovering lllumination Images in Non-Lambertian Scenes

Weiss [32] proposed to decompose a setNfintensity imagesl (X;y; t){io1 ob-
tained from a xed view-point under changing illumination into a single re ectance

image R(x;y) and the corresponding illumination imaged.(x; y;t) as:

I(x;y;1) = R(x;y)L(x;y;t) t=0:::N 1L (4.13)
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(@) (b)

() (d)

(e) )

(9) (h)

Figure 4.11: Recovering intrinsic images for an outdoor ndrambertian scene. (a-
¢) Input images of an outdoor scene taken at di erent times offte day. (d) ML
re ectance image. (e,g) Estimated illumination images usinyyIlL estimation. (f,h)
Estimated illumination images using our approach. The scenexiire edges (white
stripes on the road) are visible in the ML illumination images. Tiese are removed in
our result while all the shadows are preserved. However, we make tusual assump-
tion that illumination and re ectance edges do not coincide All such illumination

edges cannot be recovered.
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Taking the logarithm of both sides, we get
ixy;t)=r(xy)+ I(xy;t) t=0:::N L (4.14)

The method in [32] uses a prior that when derivatives lterd, are applied tol, the
output tends to be sparse. Assuming the Iter outputs to be Lapla@n distributed,
the Maximume-Likelihood (ML) estimate of the Itered re ectance imagety = r f,
is given by the median of the Itered images, = i f, along the temporal axis.

The ltered illumination images |, can then be obtained as
(Y ) = in(xy:t) m(xy) t=0:::N L (4.15)

However, if the scene is not Lambertianl,, will have some e ect of scene texture
edges. Matsushitaet al. [35] proposed to remove the scene texture edges frbm

using a thresholdT by setting
8

50 ifjROGY)i > T;
(X y;t) = (4.16)

- 1h(X;y;t) otherwise
However, the threshold was manually speci ed in [35] and is di alt to generalize
to di erent scenes. Our approach provides an elegant way of asiating the illumi-
nation images! by avoiding the two-step process which involves thresholdingiVe
rst estimate r using Weiss's method. For each image we then nd the cross
projection tensorD" usingr and i, and transform the gradient eld r i usingD"'.

This will remove all the edges from which are present inr. Thus,

rl(x;y;t)= D" ri(x;y;t): (4.17)
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The illumination images|(x;y;t) are obtained by integrating the resulting gradient
eld r I(x;y;t) for eacht.

Figure 4.11 shows results on images of an outdoor scene takenemdi erent
times of the day. All illumination images have been shown withogarithmic non-
linearity following [32]. Notice that the ML illumination im ages contains the e ect
of scene texture, especially white lines on the road surface. Ugiour approach, all
such scene texture edges can be successfully removed from thenithation images

while preserving shadows.

4.6.3 Removing Shadows from Color Images

We use a ash imageF of the scene to remove shadows from the ambient (no-
ash) image A. The ash and the ambient images were captured in quick successio
using the remote capture utility with the camera mounted on aripod. We obtain
the cross projection tensoD " usingF and transform the gradient eld r A using it.
Figure 4.12 shows an example on a highly textured book. Notickdt the recovered
shadow free imageA®has no color artifacts and the recovered illumination map
Alis free of strong texture edges on the face of the book. Figurel@ shows the
components of the cross projection tensor obtained from the &ment and ash
images of the book.

Figure 4.14 shows a challenging scenario where the hat on thermaquin cast
shadows on the mannequin's face and neck. Usually, the ambiemtda ash images

have di erent color tone due to the ambient illumination beng yellow-reddish and
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Figure 4.12: Ambient and ash images of a book on a table. We rewmthe edges
from r A usingr B to getr A° which is integrated to obtain the illumination map
A% Even though the face of the book is highly texturedA° does not have scene
texture edges. Reconstruction froom A r A°gives the shadow free imaga®
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Figure 4.13: Components of the cross projection tensor obtai from the ash and
no- ash images of the book.Di; and D,, are between [Q1] and D4, is between
[ 1;1].

the ash illumination being bluish. Figure 4.15 shows the compeents Dy, Di»
and D, of the cross projection tensor obtained from the ambient and sh images
of the mannequin. Our algorithm requires no pre-processing eolor calibration
and has no color artifacts as compared to the result using gradit projection. One
might think that the ratio image A=F could give the illumination map of the scene.
However, the ratio image (shown in Figure 4.14) does not represe¢he illumination
map due to the presence of ash shadows at depth discontinuities.h@& illumination

map obtained by our approach better represents the di use amént illumination.

4.6.4 Removing Glass Re ections

While photographing through glass in low light environments,an ambient
image is usually of low quality and has low contrast. Using a ash iproves the
contrast, but it may result in re ections of objects in front of the glass. Figure 4.16
shows such an example, where the camera is looking into an o ceese through

a glass window. The ash image has undesirable re ections of theheckerboard
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Figure 4.14: Removing cast shadows. (Top row) Ambient and ash inges of a
mannequin. The hat cast shadows on the mannequin's face and ké@tthe ambient
imageA. The ash imageF is taken with a short exposure time. (Second row) Re-
covered shadow free imag&®and the illumination map A° (Last row) Result using
gradient projection has visible color artifacts. One cannotlgain the illumination
map by taking the ratio A=F (shown on right) which is confounded by shadows
due to ash at depth discontinuities. Notice that the color tonesin the ash and
ambient images are di erent due to automatic white balance $#ng during image
acquisition. Despite that there are no color artifacts in ouresult.



Figure 4.15: Components of the cross projection tensor obtaith from the ash
and no- ash images of the mannequinD,; and D,, are between [01] and D, is
between [ 1;1].

outside the glass window. We use the ambient imadeto obtain the cross projection
tensor D* and transform the gradient eld r F of the ash imageF using it. The
re ection layer is obtained by integrating r F° and the re ection free ash image
is obtained by integratingr F r FC Figure 4.17 shows the components of the
cross-projection tensoD”. For this example, we repeat the a ne transformation
5 times as the re ection layer has strong edges. In comparisomencan see a slight

tinge of re ection remaining in the gradient projection resit.

4.7 Summary

In this chapter, | presented two approaches for edge-suppresggioperations
on images: gradient projection and a ne transformation of grdient elds using
cross projection tensors. These approaches utilize the fact thithe direction of the
image intensity gradient is insensitive to changes in illumirteon to a large extent.

The gradient projection approach does a vector projectionf the image gradient of
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Figure 4.16: Removing glass re ections from a ash image usingt@ambient image.
(Top row) Flash imageF of an o ce scene through a glass window. The checker-
board outside the o ce results in re ections on the glass window (Second row)
Zoomed in ash and ambient images. (Third row) Recovered re éion layer F%and
the re ection free imageF % (Last row) Result using gradient projection has a slight
tinge of the re ection layer remaining along with a brownish be (on top of books

in the lower shelf). 96
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Figure 4.17: Components of the cross-projection tensor corresyling to the ash
and no- ash images of the o ce scene.

one image onto the image gradient of another image. The prafed gradient eld

preserves common edges in the two images. | showed that taking r@jpction is a
special case of gradient eld transformation using suitably de ad projection tensors.
| then described how to estimate cross-projection tensors using emage and apply
them to transform the gradient eld of another image for edge fpression.

Both these methods are local and requires no global analysis.rétovering the
illumination map, the usual assumption that the scene texture eges do not coincide
with the illumination edges was made. Hence, all such illumitian edges cannot
be recovered. Similarly, while extracting foreground laygedges of the foreground
object which exactly align with the background edges canndie recovered. This
may be handled by incorporating additional global informabn in designing the
cross projection tensors, which remains an area of future worka addition, image
saturation, specular objects, and black objects will create pblems due to the lack
of reliable information. A xed variance was used for estimating the structure
tensor G , but an adaptive neighborhood scheme might improve results.

The approaches presented here can easily handle color imagéhout the
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need for any color calibration or white balancing. Applicatbns on extracting fore-
ground layer, removing shadows and glass re ections from imeg recovering the
illumination map, and estimating intrinsic images in non-Larbertian scenes were

demonstrated.
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Chapter 5

Conclusions
In this dissertation, | presented algorithms for reconstructig and manipulat-
ing gradient elds. In this chapter, | summarize the main ideagresented in this

dissertation and suggest areas of future exploration.

5.1 Thesis Summary

Surface Reconstruction from Gradient Fields: Shape estimation using
PS and SfS requires integrating the estimated non-integrabbradient eld to obtain
the nal shape. In chapter 2, | analyzed the space of all possiblegonstructions
from a gradient eld and showed that previous LS approaches dwot perform well
in the presence of outliers. In addition, these approaches dotr@ave the important
property of local error con nement. Using the idea that all graients are not required
for integration, | presented an algebraic approach for enfong integrability. This
approach can locally con ne errors during reconstruction.

In Chapter 3, | presented a generalized equation which givesange of feature
preserving surface reconstructions. | showed that previous satuts such as the
Poisson solver and Frankot-Chellappa algorithm are special cas# this framework.
The range of solutions obtained from the framework are reladeto the degree of

anisotropy of weights applied to the gradients during reconsiction. This frame-
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work leads to a better understanding of the 2D gradient inte@tion problem. |
derived several new algorithms using this framework includin -surface and a ne
transformation of gradient eld using di usion tensors. These algrithms were shown
to give signi cantly better feature preserving reconstructios in the presence of noise
and outliers.

Edge Suppression using Gradient Field Manipulations: Variable lllu-
mination poses problem for computer vision algorithms. In Chder 4, | presented
a framework for edge suppressing operation on images taken undarying illu-
mination. Under illumination variations, although pixel intensities do not remain
invariant, the direction of the image intensity gradient renains stable. | rst pre-
sented thegradient projection technique to constrain the direction of the intensity
gradient in one image using another image. This is achieved hyector projection
of the intensity gradient from one image onto the correspondinintensity gradient
from the second image. The projected gradient eld preservesramon edges in the
images. The orthogonal (residual) gradient eld have commondges suppressed.

Then | showed that gradient projection approach is a special sa of a ne
transformation of gradient eld using suitable de ned projecton tensors. Using this
analysis, | introduced cross-projection tensors. These tensors aetained using
another image of the scene taken under di erent illuminatiorconditions and are
used to transform the gradient eld of the given image to achievedge suppression.
| showed how to use the on-board ash as an active illumination de&e to obtain
the additional image. These approaches were demonstrated hetcontext of several

applications such as recovering foreground layer, removisgadows in color images,
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removing glass re ections and recovering intrinsic images mon-Lambertian scenes.

5.2 Future Directions

This work opens up several new possibilities in various areas. |8g, | dis-
cuss applications and future directions in gradient domainmage processing, surface

reconstruction, and edge analysis.

5.2.1 Reconstruction from Gradient Fields

Other Vision and Graphics Applications: As discussed earlier, recon-
struction from gradient elds is also important in other problems such as retinex,
phase unwrapping, image editing, image matting, high dynamirange compression,
mesh smoothing and seamless image stitching. In these methods, thedgnt eld
of an image or multiple images is modi ed and the nal image i®btained by a
2D integration of the modi ed gradient eld. Least square recastruction in these
problems often lead to pinching and contouring artifacts ithe nal image. It would
be desirable to apply the framework presented here to these pleins.

Incorporating Prior Information: In PS and SfS, only the surface gradi-
ents are estimated from images. Prior work has been done on usouantrol points
in PS along with surface gradients [93]. The depth values at ol points can be
obtained using other methods such as laser scanning or stereopsig] are used as
constraints in the reconstruction. But even in these scenariossually LS recon-

struction is obtained. The presented algorithms could be appd in these settings
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for better reconstructions.

Integration under Gradient and Intensity Constraints: A similar and
useful application in image editing would be to integrate anmage gradient eld
using both gradients and image intensity constraints. Usually, image editing ap-
plications, only the gradient eld of images is manipulated However, manipulation
of gradient elds is less intuitive than manipulation of intensities. An extension
would be to use the image intensities as constraints (hard or spfiuring the inte-
gration process. In my framework, this could be done by incluadg the %; term,
which at present is set to zero. This can give a totally new avoto the end-users
in image editing applications.

New Solutions for Surface Reconstructions: Although | presented a
range of algorithms, the choice of using a particular algorith remains an open
guestion. In general, for smooth surfaces with no outliers in ¢hgradient eld, LS
approaches can work well, while for a surface with discontirtigs, -surface and
a ne transformation gives better feature preserving reconstictions.

While my framework presented a range of solutions, further resea can lead
to new solutions not covered by my framework. | believe that en within a par-
ticular solution, there might be a class of solutions. For examg] for the a ne
transformation based approach, | considered edge preservingudion tensor, but
other tensors such as those used in coherence preserving image gmmgpmight be

useful.
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5.2.2 Gradient Field Manipulations

Depth Edges: In my framework, edge suppression was done on intensity
edges but could be extended to other types of edges, such as Hegdges. A simple
and practically viable method for depth edge extraction waproposed by Raskaet
al. [94] using a multi- ash camera. If depth edges are rst extract, then using the
techniques presented in Chapter 4, they can be suppressed to obtee ectancelil-
lumination edges.

Cross-Di usion Tensors: The idea of cross-projection tensors may have
interesting applications in image restoration. Usually, in PDBbased image restora-
tion, di usion tensors are estimated using the given image and gped to the same
image. By estimatingcross-di usion tensors, one might be able to use other similar
images for noise reduction in the given image.

Image Inpainting:  The main focus in this work was to remove edges, but
inserting edgescould be a next step. Previous work in this direction includefo5,
96]. Image completion algorithms usually hallucinate pixehtensities but recovering
image intensities under the guidance of a gradient eld coulde useful.

Background Subtraction: I have showed an application in foreground layer
extraction using a single foreground and background image. &aground subtraction
is an important problem in computer vision and illumination \ariations are prob-
lematic. Usually, information from intensity and color is utiized. Incorporating my
gradient domain method with intensity based methods could impve background

subtraction. Multiple frames could be used to build distributons of direction of the
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image gradients for foreground and background. These distutions can then be
used for classifying edges as foreground/background. Also, ongyht be able to

delay hard thresholds and decisions further down the algorith pipeline.

5.2.3 Gradient Camera

Traditional digital cameras su er from the dynamic range priolem. Natural
scenes have extremely high dynamic range (contrast ratio of 1 : 1), while a
traditional cameras's dynamic range is limited ( 1 : 1000). Thus, one cannot
capture extremely bright and dark objects in the scene in a sifggimage. Human
vision tries to overcome this limitation by adapting to the laal brightness level.

Many ingenious high dynamic range (HDR) photography methodsierge mul-
tiple mutually-aligned images with di erent exposure settirgs [97, 98, 99], or have
varied or self-adjusting gain. For example, the Smal [100] camas AutoBrite self-
adapting method reduces out-of-range contrasts before meesment, while Dal-
star [101] and others extended A/D measurement abilities. A novasynchronous
binary camera for measuring wide-ranging intensity by varidb pulse rate was de-
scribed in [102]. Nayar et al. [103] proposed a suite of HDR techo@p that includes
spatially-varying exposures and adaptive pixel attenuatiorand micro-mirror arrays
to re-aim and modulate incident light on each pixel sensor Nay&t04]. Logarithmic
intensity cameras also avoid saturation well [105], but theimcreased quantization
error and noise can hide small contrasts.

A gradient camera can o er an alternative solution without the need for cap-
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turing multiple images. The central idea is to sense intensity gdients rather than
static intensities. A large dynamic range of the scene cannot tio the low A/D
range of the sensor. However, the distribution of gradients in h&al images is
strongly zero peaked [32]. Thus, most of the gradients are smail matural images.
By locally adapting the A/D range to measure these gradients, thenal image can
be obtained by a 2D integration of the sensed gradients. A gradiecamera can
also o er low quantization error as the nal image is obtainedas a piece-wise lin-
ear approximation resulting from integration of gradients ather than a piece-wise
constant approximation in a traditional camera. In addition certain gradient based
image processing algorithms could also be implemented on thepckubject to the
processing power limitations. A prototype for gradient camer& described in [106].
In a practical gradient camera, even the sensed gradients widhturate due
to very large intensity ratios. These, along with image sensor inepfections will
lead to a non-integrable intensity gradient eld. Our undersanding of local error
con nement and discontinuity preserving reconstructions cdd be used to obtain

meaningful images from the sensed gradient eld.
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Appendix A

Half-Quadratic Minimization

Image restoration from noisy images has been a classical problemimage
processing. There is a wide literature on edge-preserving régization including
anisotropic di usion [37], total variation methods [107], ad energy based meth-
ods [65, 66]. Given a noisy image,, edge preserving image restoration can be

posed as the problem of ndingu which minimizes the following energy

Z 2z
J(u) = (u ug)*+  (r uj) dxdy; (A1)

where the rst term is the data delity term and the function  controls smoothing
using the gradient magnitudgr uj. should satisfy certain requirements as given in
[65] to be edge-preserving, i.e., small gradients must be smoadrand large gradients
must be preserved. Common examples includgs) = P 1+s2, (s)=log(l+ s?).

The problem of gradient integration can be posed as edge preseg regular-
ization as follows. Given a gradient eld p; ), we wish to nd a surfaceZ which
minimizes

Z 7
J(2) = (Z« P?+(Zy 9+ ((ZJ+ (Zy) dxdy: (A.2)

The Euler-Lagrange equation gives
r 2Z + Ediv( 1zy); 4zy)) = div (p; 9: (A.3)

However, minimizing the energy as above is di cult because (A)3is non-linear.
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In [65], the principle of half-quadratic regularization wa proposed to solve this
problem by introducing auxiliary variablesb = (b*;b’). The above error function

can be solved by minimizing the dual energy

J(2)=inf J (Z;b50); (A.4)
whereJ is given by
Z Z
J (Z,b D) = (Zx P?+(Zy @+ (BZZ+DZ)+ ( (B)+ (b)dxdy:
(A.5)

The function s strictly convex and decreasing and satis es
()= inf (Wt?+ (w)); (A.6)
O<w M

whereM =1limy o % The energy is then minimized by alternate minimizations

overZ and b. It was also shown that givenZ, the minimum for b occurs at
b= 9Z,)=(2Z)): b= 9z,)=2z,): (A.7)

Given b, the minimum for Z can be found by writing the Euler-Lagrange equation
for (A.5) which gives
(r 2+ r§)Z=div(p;a); (A.8)

wherer 2 is the weighted Laplacianobtained by using theb values as weightsg The

1

normal Laplacian can be calculated as applying theame kernel® 1 4 1 % at

1
each pixel. The weighted Laplacian is obtained by applyinghte following kernel at
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'y 1,x)

P
pixel (y;Xx): b(y;x 1) P b(y;x) 7 where  denotes the sum of

b’ (y; x)
the neighboringb values.

Thus, the regularization approach can be summarized as follswIn solving
the Poisson equation, one applies a spatially invariant Lapla&n kernel (with 4 at
center and 1's around). While regularizing, this is changed to a spatibl varying
kernel depending on the underlying surface. If the surface is eoth, and have
low gradients, an isotropic smoothing will be done. Otherwise, sathing will be

inhibited along the edges. The entire minimization procedercan be written as
Z° 0
Repeat until convergence

{ "1 = argminy[J (Z";b)]

{ z"*1 = arg minz[J (Z;b"*1)]

Appendix B

Matlab Codes

In this section, | present Matlab code for edge suppression usingadrent
eld transformations described in Chapter 4. This code along ih Matlab codes
for surface reconstruction algorithms discussed in Chapter 2 arthapter 3 can be

found at [77].
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The following code takes as input two imagesA and B which have been
obtained from xed view-point under di erent illumination conditions. It then esti-
mates cross-projection tensors using these images, and transfothesgradient eld
of imageA using the estimated tensors. The transformed gradient eld is ietgrated
to obtain an imageA° with edges suppressed. The input images used in this code

can also be found at [77].
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THRESHOLD SMALL = 1

% Read image A

imgstr = 'Mannequin/MannequinAmbient.png"';

disp (sprintf ('Reading.image.%s',imgstr))

Aimage = imread(imgstr); Aimage = double(Aimage);

% Read image B

imgstr = 'Mannequin/MannequinFlash.png"';

disp (sprintf ('Reading.image.%s"',imgstr))

Bimage = imread(imgstr); Bimage = double(Bimage);

% Convert to YUV color space
Aimage = RGB2YUV(Aimage); Bimage = RGB2YUV(Bimage);

% find size of images
[ho,wo,ch] = size(Aimage); clear ch

% zero padding for 2D integration

PAD = 100

Aimage = padarray (Aimage,[PAD PAD],0, 'both");
Bimage = padarray(Bimage, [PAD PAD],0, 'both");
[HW,CH] = size(Aimage);

disp ('Finding .cross.projection_tensor"')
sigma = 0.4 %
ss = floor (6 sigma);
if (ss<=3)
ss = 3;
end

% K_sigma in the paper; gaussian kernel for smoothing
ww = fspecial('gaussian',ss,sigma);

% find G_sigma for image A and image B
% T11, T12 and T22 are elements of matrix Gsigma
[T11,T12,T22,EigD.1,EigDh_2,X1,X2,Y1,Y2] = ...
. TensorAnalysis (Bimage ,ww);
[T11.2,T122,T222,EigD.1.2 ,EigDh.2.2,X12,X22,Y12,Y22]...
= TensorAnalysis(Aimage ,ww);
clear T11.2 T122 T222 X12 X2.2 Y12 Y22

110



% L1 = mu2 , L2 = mul
% initially set to 1,1 to retain all edges in image A
L1 = ones(HW); L2 = ones(H,W);

%Ilf there is an edge in Bimage, set mul = 0. mu2 = 1
%to remove that edge from image A

idx = find (EigD_2 > THRESHOLD.SMALL): L2(idx) = O;

% if both A and B are homogeneous
idx = find (EigD_2 < THRESHOLD SMALL & ...
... Eigh_2_2 < THRESHOLD SMALL);

L1(idx) = 0; L2(idx) = O;

% Get cross projection tensor terms
D11 = L1. (X1.72) + L2. (Y1.72);

D12 = L1. (X1. X2) + L2. (Y1l. Y2);
D22 = L1. (X2.72) + L2. (Y2.72);

% allocate some memory
Ap_color = zeros(H,W,3); App_color = zeros(H,W,3);

% do for each channel
for channel = 1:CH
disp (" ")
disp (sprintf ("Processing.channel.=%d"',channel))

u = Aimage(:,:,channel);
Ap = u;

% find gradient field
[gx,gy] = CalculateGradients (Ap,0);

% Affine transformation using tensors
gxl = (D11. gx + D12. gy);
gyl = (D12. gx + D22. gy);
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% 2D Integration
Ap = Integration2D (gx1,gyl, zeros(H,W));
App = Integration2D (gx gx1,gy gyl,zeros(HW));

% save
Ap _color (:,:,channel) = Ap;
App_color(:,:,channel) = App;
end
clear Ap App gx gy gxl gyl

% remove zero padding

Aimage = Aimage (PAD+1:end PAD,PAD+1: end PAD,:); Bimage =
Bimage (PAD+1:end PAD,PAD+1:end PAD,:); D11 =

D11 (PAD+1:end PAD,PAD+1:end PAD,:); D12 =

D12 (PAD+1:end PAD,PAD+1:end PAD,:); D22 =

D22 (PAD+1:end PAD,PAD+1: end PAD,:); Ap _color =
Ap_color(PAD+1:end PAD,PAD+1: end PAD,:); App _color =
App_color(PAD+1:end PAD,PAD+1: end PAD,:);

% YUV to RGB transformation
Aimage = YUV2RGB(Aimage);
Bimage = YUV2RGB(Bimage);
Ap_color = YUV2RGB(Ap _color);
App_color = YUV2RGB(App _color);

% for display
Ap _color = Ap _color min (Ap_color(:));
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